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ABSTRACT OF DISSERTATION

THEORETICAL STUDIES OF C AND CP VIOLATION IN η → π+π−π0 DECAY

A violation of mirror symmetry in the η → π+π−π0 Dalitz plot has long been
recognized as a signal of C and CP violation. In this thesis, we show how the isospin
of the underlying C- and CP-violating structures can be reconstructed from their
kinematic representation in the Dalitz plot. Our analysis of the most recent experi-
mental data reveals, for the first time, that the C- and CP-violating amplitude with
total isospin I = 2 is much more severely suppressed than that with total isospin I =
0.

In searching for C- and CP-violating sources beyond the SM, we enumerate the
leading-dimension, CP-violating effective operators that share the gauge symmetry
and particle content of the Standard Model (SM), carefully separating the operators
that are P-odd from those that are C-odd below the electroweak scale. The P-odd
and CP-odd effective operators that generate permanent electric dipole moments
have been the subject of much investigation in the literature; we now focus on C-odd
and CP-odd operators and study their effects systematically. We emphasize that
while for flavor-changing interactions the C-odd and CP-odd operators appear in
mass dimension 6, for flavor-conserving interactions the C-odd and CP-odd operators
appear in mass dimension 8, though some operators can be of mass dimension 6 in
numerical effect. In the flavor-changing case, the C-odd and CP-odd operators and P-
odd and CP-odd operators probe different linear combinations of common low-energy
coefficients in SM effective field theory. Remarkably, however, in the flavor-conserving
case, we find that low-energy coefficients probed by a P-odd and CP-odd observable,
such as by the permanent electric dipole moment of the neutron, and by a C-odd
and CP-odd observable, as probed by mirror symmetry breaking in the η → π+π−π0

Dalitz plot, can be completely different.
Finally, from the C-odd and CP-odd flavor-conserving operators, we determine

the operators with definite isospin that can contribute to η → π+π−π0 decay. We
illustrate how these operators can be represented in chiral perturbation theory, for
the eventual determination of their contribution to mirror-symmetry breaking in the
η → π+π−π0 Dalitz plot.
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chapter 1

INTRODUCTION

Particle physics, also known as high energy physics, is a branch of physics that ex-
plores what nature is made of and how it evolves with time at both the smallest
microscopic scale and the largest cosmological scale. How a system behaves under
certain kinds of transformations plays important roles in particle physics. If a sys-
tem remains invariant under a certain transformation, we say that the system has a
symmetry under that transformation. Symmetries can substantially constrain how a
system evolves and interacts with other systems. However, the breaking of a symme-
try can be more essential sometimes, mainly due to the fact that it can indicate new
physics beyond our knowledge.

1.1 Histories of C, P, and T in Particle Physics

Charge conjugation (C), parity (P), and time reversal (T) are three discrete trans-
formations of wide interest in particle physics. A charge conjugation transformation
interchanges a particle with its antiparticle, parity relates to space inversion, and
time reversal is just as its name implies.

Until the 1950s, all three discrete symmetries were believed to be valid throughout
the macroscopic and microscopic world. In 1956, in order to explain the τ − θ puzzle,
Lee and Yang [1] proposed the idea that parity might not be conserved in the weak
interactions, even though it had been verified to be conserved in processes mediated by
strong and electromagnetic interactions. They also suggested possible experimental
tests [1]. Inspired by Lee and Yang [1], parity breaking in the weak interaction
was first experimentally verified in beta decay by Wu et al. in 1957 [2]. Soon after,
Garwin, Lederman, and Weinrich [3] verified that both parity and charge conjugation
are not conserved in the successive decays π+ → µ+ + νµ and µ+ → e+ + νe + ν̄µ.
The Nobel Prize in Physics in 1957 was jointly awarded to Yang and Lee “for their
penetrating investigation of the so-called parity laws which has led to important
discoveries regarding the elementary particles”. After that, people supposed that
although charge conjugation and parity could be violated separately, the combined
symmetry CP should still be conserved. However in 1964, Cronin and Fitch [4] first
discovered CP violation in the decay of neutral K mesons, and their discovery earned
them the Nobel Prize in Physics in 1980.

Then we can wonder how about the fate of time reversal symmetry? In 1951,
Schwinger [5] first proved the CPT theorem, which states the combined operation of
charge conjugation, parity, and time reversal is an exact symmetry of any interaction
and that under the three transformations all physical laws must be invariant. Shortly
after that, Lüders [6], Pauli [7], and Bell [8] independently gave a more explicit
proof, which is based on Lorentz invariance in local quantum field theory with a
Hermitian Hamiltonian. We refer to Streater and Wightman [9], pp. 175-176 for
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further discussion of this early work. As a basic principle in particle physics, the
CPT theorem indicates that when CP violation appears, then time reversal is also
violated.

These symmetry violating discoveries drastically changed people’s perspective on
discrete symmetry transformations and aroused great interest in studying violations
of CP symmetry.

1.2 Baryon Asymmetry in Universe

The Big Bang theory [10, 11, 12, 13] is a cosmological model of the universe describing
its origin and subsequent large-scale evolution. It is the leading explanation of how
our universe began. According to the Big Bang theory, the beginning of the universe
was extremely hot and matter and anti-matter were created and annihilated in pairs
in thermal equilibrium [14]. But today, everything we see from our life on Earth to
stellar objects in space is made mostly of matter. After the big bang, but before big-
bang nucleosynthesis (BBN), it is believed that some yet to be determined mechanism
involving the interactions between particle physics and cosmology [15] induced a small
but crucial asymmetry of matter and antimatter in the universe at that time [16].
The baryon asymmetry of the universe (BAU) ηB is a parameter that can reflect the
excess of matter. Since once all the nucleon-antinucleon annihilation and e+ − e−

annihilation have occurred in the early universe, the number of nucleons and the
number of photons in a comoving volume stay conserved [16], thus the ratio of the
number of baryons to that of photons stays unchanged. Therefore we can conveniently
estimate the BAU by the baryon to photon ratio observed nowadays [14]

ηB =
NB

Nγ

∣∣
T=3K

=
NB −NB

Nγ

∣∣
T=3K

. (1.1)

BBN constrains the possibility of new, light degrees of freedom (dark radiation) ex-
pressed as the number of equivalent neutrinos ∆Nν , the baryon density η10, where
η10 ≡ 1010ηB, and a possible lepton asymmetry ξ. From the BBN-predicted pri-
mordial abundances, ηB = (5.96 ± 0.28) × 10−10 when taking ∆Nν = 0 = ξ, ηB =
(6.27 ± 0.28) × 10−10 when only ξ = 0, and ηB = (6.01 ± 0.28) × 10−10 when only
∆Nν = 0 [16]. The latest Planck experiment [17] determined that ηB is about
(6.14± 0.25)× 10−10, which is calculated from η10 = 1010ηB = 273.9Ωbh

2 [18], where
Ωbh

2 = 0.0224± 0.0001 [17] denotes the combination of the critical mass density and
the Hubble parameter [18].

The nonzero BAU indicates that before BBN, physical laws for matter and an-
timatter should act differently. In 1967, Sakharov [15] formulated three necessary
conditions to produce a BAU from particle physics interactions:

i) baryon number violation,
ii) C and CP violation,
iii) deviation from thermal equilibrium.

The three Sakharov conditions must be met in order for a mechanism of baryogenesis
to be successful. Baryon number violation is obviously a necessary condition to pro-
duce an unequal number of baryons over antibaryons. But C violation is also needed

2



so that interactions producing more baryons will not be counterbalanced by inter-
actions with more production of antibaryons. CP violation is also required because
otherwise equal numbers of left-handed baryons and right-handed antibaryons would
be produced, as well as equal productions would occur for right-handed baryons and
left-handed antibaryons. Finally, out of thermal equilibrium is an essential role be-
cause otherwise CPT symmetry would assure equal compensations between processes
decreasing and increasing the baryon number [19]. There have been some compet-
ing hypotheses explaining matter and antimatter through electroweak baryogenesis,
but there are not as yet widely agreed explanations on the observed BAU. As said
in a research paper [14],“the origin of matter remains one of the great mysteries in
physics”.

1.3 BAU effects from the Standard Model

The Standard Model (SM) of particle physics encapsulates our best understanding
of how fundamental particles and three of the four fundamental interactions in the
universe – the strong interaction, electromagnetic interaction, and weak interaction –
are related to each other. Developed in the 1970s, it has successfully explained almost
all experimental observables and given precise predictions to a variety of phenomena.

It is very natural that we would first wonder whether the SM can meet the
Sakharov conditions and explain the large BAU. For the first Sakharov condition,
baryon number can be violated through anomalies in the SM electroweak interac-
tion [20, 21, 22, 23, 24, 25]. For the second Sakharov condition, the phase in the
Cabibbo-Kobayashi-Maskawa (CKM) matrix [26] breaks CP and the structure of
the charged weak currents show that C and P are broken “maximally”. The third
Sakharov condition in the SM could also be large enough [27, 24] if a first order weak
phase transition in the Coleman-Weinberg scenario [28, 29] with a lighter Higgs took
place in the evolution of the universe [30]. So at first glance, it would seem that
the SM could fulfill all three Sakharov conditions. However, the weak baryogenesis
from the CP violation in the SM gives rise to an upper bound on the magnitude of
ηB as |ηB| < 10−26 [31, 32, 33, 19, 34], which is negligibly small compared with the
observed BAU value. It has been thought for a long time that the too small values of
ηB showed that the mechanism of CP violation in the SM was much too restrictive,
so that new sources of CP violation should exist. Meanwhile, since the discovery of
the Higgs and the determination of its mass it has become clear that the first or-
der phase transition does not exist and the SM does not satisfy the third Sakharov
condition [35, 36, 37, 38]. Therefore the result for ηB in the SM under the Sakharov
conditions is zero.

The failure to explain the observed BAU is one of the primary reasons why people
search for new physics beyond the SM, other reasons include no explanation of dark
matter or dark energy, not involving gravity, and no neutrino oscillations or origins
of neutrino masses. In this thesis we explore the possibility of new sources of C and
CP violation.
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1.4 Why search for CP violation in η → π+π−π0 decay

As for the CP-violating effects studied thus far, much effort has been put into
flavor-changing meson decays and into searches for permanent electric dipole mo-
ments (EDMs), the latter being promising ways to test for CP violation beyond
the SM. Flavor-changing meson decays, like B, D, and K decays, are loosely con-
sistent with the SM [39, 40, 41]. An EDM breaks P and T, which breaks CP
if CPT symmetry is assumed. But the existing experimental measurements con-
tinue to find null results, for example the latest neutron EDM is tested to be dn =
(0.0 ± 1.1stat ± 0.2sys) × 10−26e · cm [42]. Theoretically, new P and CP violating
sources [43, 44, 45] and flavor diagonal meson decays such as η → ππ [46, 47, 48, 49]
and η → 4π0 [50, 51] that are P and CP violating have also been extensively studied,
but they appear to be strongly connected with or constrained by the existing EDM
limits. However, C and CP violating processes are far from adequately studied.

The charge asymmetry in η → π+π−π0 decay is a little-studied CP violating
process that has special features. The quantum numbers of η and π0 are1 IGJPC =
0+0−+ and IGJPC = 1−0−+ separately, for π±, IGJP = 1−0−. This process breaks
G parity, and the charge conjugation of π+π−π0 is related to their total isospin
C = −(−1)I [52], so η → π+π−π0 can happen either through isospin breaking or C
violating mechanisms. For example, if we assume isospin is conserved, then the charge
conjugation of the final state is C = −1, compared with C = +1 for the eta, so that
charge conjugation symmetry is violated. To see the parity of the final state, working
in the rest frame of two pions coupled to angular momentum l, the parity of the three
pions is [53] P |[π1(p)π2(−p)]lπ3(p′)l〉 = −1 = P |η〉, so that parity is conserved. Thus
if there exists CP violation in η → π+π−π0 decay, it would be C and CP violating. If
we plot the Dalitz distribution in terms of the Mandelstam variables t ≡ (pπ−+pπ0)2

and u ≡ (pπ+ + pπ0)2 , the asymmetry of the momentum distribution of π+ and π−,
that is the charge asymmetry, corresponds to a failure of mirror symmetry, i.e., of
t↔ u exchange, in the Dalitz plot. An observation of the mirror symmetry breaking
in the Dalitz plot in terms of t and u would provide definite evidence of C and CP
violation in η → π+π−π0 decay. More details are explained in Chapter 3.

In order for a CP-violating observable to be nonzero in the SM, all three gener-
ations of quarks have to contribute. So CP violation is invariably associated with
the appearance of loop effects in charged current processes involving hadrons. Since
η → π+π−π0 decay is a flavor-diagonal process, the contribution of SM should be neg-
ligibly small since only flavor-changing elements of the CKM matrix contain the non-
zero phase that leads to CP violation. Moreover, since the CP-violation in η → 3π
decay is also C violating, there should be no strong constraints from EDMs which are
P and CP violating. Thus the study of mirror-symmetry breaking in η → π+π−π0

decay is an ideal process to search for new CP violation.
CP violation in η → π+π−π0 first attracted people’s attention after the discovery

of CP violation in the observation of KL → π+π− decay in 1964 [4], because it can

1I, G, J , P , and C stand for isospin, G parity, spin, parity, and charge conjugation quantum
numbers, respectively.
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be used to test whether CP violation in KL → π+π− could be generated by an inter-
action much stronger than the usual weak interaction [54, 55]. Under this alternative
viewpoint, e.g., CP violation in KL → π+π− decay can occur from the interference
of the CP-conserving weak interaction with a new “strong” interaction that breaks C
and CP, which can be identified through the presence of a charge asymmetry in the
momentum distribution of π+ and π− [54, 52, 56]. Such a charge asymmetry could
arise through the interference of a C-conserving, but isospin-breaking amplitude with
a isospin-conserving, but C-violating one in η → π+π−π0 [52]. Numerical estimates
were made by assuming that the isospin-violating contributions were driven by the
electromagnetic interaction [52, 56, 57]. Since those early works, our understanding of
meson decays within the SM has changed completely: the weak interaction does break
CP in flavor-changing transitions driven by the phase in CKM matrix. Moreover, it is
known that the dominant effect in η → 3π is provided by isospin breaking in the strong
interaction mediated by the up-down quark mass difference [58, 59, 60, 61, 62, 63, 64].

Modern theoretical studies of η → 3π focus on a complete description of the final-
state interactions within the SM, in order to precisely extract the isospin-breaking,
light-quark mass ratio Q ≡

√
m2
s − m̂2/

√
m2
d −m2

u, with m̂ = (md + mu)/2. There
has been no further theoretical study of CP violation in η → π+π−π0 since 1966.

There has been a number of experiments conducted over the years to test for
a charge asymmetry in η → π+π−π0. Some early experiments found evidence for a
nonzero asymmetry [65, 66, 67], but there could be some possible systematic problems
which have become apparent only later, such as those discussed in Ref. [68]. Other
experiments [69, 70, 71, 72, 73, 74] find no evidence for a charge asymmetry or C
violation. However, some new, high statistics experiments [75, 76, 77] are planned.
Our study of C and CP violation in η → π+π−π0 will give important insights into
the analysis of these upcoming experiments [75, 76, 77].

1.5 Organization of this thesis

Here we will give an the outline of the following chapters.
Chapter 2 touches on some of the basic definitions and fundamental properties of

C, P, and T transformations in classical dynamics, quantum mechanics, and quantum
field theory, respectively. This theoretical background can give us some conceptual
feeling for the effects of the three discrete transformations and help us to understand
the later chapters better.

In Chapter 3, CP violation within and beyond the SM is explained, with a brief
introduction to general CP-violating observables there as well. In the part of CP
violation within the SM, the mechanism of how the CKM matrix gives rise to CP
violation is carefully investigated, and another CP violating source that does not
seem to operate – the θ term, which is natural in the QCD Lagrangian, but with a
coefficient forced to be extremely small because of experimental constraints on the
neutron EDM, a mismatch termed the ”strong CP problem” – is discussed. We do not
understand the resolution to the strong CP problem, but that one solution, axions,
which are the Goldstone bosons associated with spontaneously broken Peccei-Quinn
symmetry [78], could also help to solve the dark matter problem. For CP violation
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beyond the SM, we note several popular new-physics models to give us an impression
as to how new physics can be formulated.

We can also describe the appearance of new physics in a minimally model-independent
way. In this approach, termed SM effective field theory (SMEFT), assumes new
physics enters at very high energy scale, so that new physics effects can be encap-
sulated in higher-dimensional operators composed of the SM fields and sharing SM
gauge symmetries. SMEFT is introduced more specifically in Chapter 4. The SMEFT
shares the same gauge symmetries and fundamental fields as the SM, with new physics
effects embedded in the appearance of new, low-energy operators. It is the basis for
a significant portion of this thesis..

In Chapter 5, we talk about meson decays at low energy, where chiral perturbation
theory (ChPT) plays an essential role and therefore it is also concisely introduced.
The theoretical analysis of η → 3π and formulation of isospin-breaking sources is also
presented.

Based on the content of the previous chapters, in Chapter 6, patterns of C and CP
violation in η → π+π−π0 decay are studied through its Dalitz plot. There we show
how the isospin of the underlying C- and CP-violating structures can be reconstructed
from their kinematic representation in the Dalitz plot. Our analysis of the most recent
experimental data reveals important features of C- and CP-violating amplitudes with
different total isospin.

In searching for C- and CP-violating sources beyond the SM, in Chapter 7, leading-
dimension CP violating effective operators from the SMEFT are enumerated and
subsequently P-odd and C-odd operators below the electroweak scale are carefully
separated. The C- and CP-odd operators and P- and CP-odd operators for flavor-
changing and flavor-conserving interactions are both studied explicitly. We show that
the relations between the constraints from P- and CP-odd observables and C-odd and
CP-odd observables for flavor-changing and flavor-conserving cases are remarkably
distinct.

From the C-odd and CP-odd flavor-conserving operators derived in the last chap-
ter, in Chapter 8, the operators with definite isospin that can contribute to η →
π+π−π0 decay are also given. We also illustrate how these operators can be rep-
resented in ChPT for the eventual determination of their contributions to mirror-
symmetry breaking in the η → π+π−π0 Dalitz plot.

Finally, Chapter 9 provides a summary of the thesis as well as an outlook on other
work that can be completed.

Copyright c© Jun Shi, 2020.
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chapter 2

C, P, AND T IN PHYSICS

In this chapter, we give some introduction to the parity, charge conjugation, and time
reversal transformations in classical physics, quantum mechanics, and quantum field
theory in particular. More detailed information can be found in Bigi and Sanda [79],
Branco, Lavoura, and Silva. [80], and Peskin and Schroeder [81].

2.1 Parity and time reversal in classical physics

Let us first look into the discrete transformations in classical physics, which is closely
related to our daily life. This part mainly follows the structure and content of Branco,
Lavoura, and Silva [80]. Since a charge conjugation transformation associates the ex-
istence of an antiparticle with that of any particle, and there is no concept of antipar-
ticles in classical physics, we mainly discuss parity and time reversal transformations
here.

2.1.1 Parity

The transformation of parity, denoted by P, sends the 3-dimensional space coordinate
r to −r. This is equivalent to the inversion of the three coordinate axes through the
origin. Such a transformation changes the handedness of a system of axes, for exam-
ple the left-handed system becomes right-handed under parity transformation. The
inversion of the coordinate system can also be achieved through a mirror reflection on
a coordinate plane followed by a ±180 degree rotation around the axis perpendicular
to that plane, so that parity symmetry is sometimes called mirror symmetry.

The general physical quantities - velocity v, momentum p, force F , and angular
momentum l are defined as

v =
dr

dt
, p = mv, F = ma = m

d2r

dt2
, l = r × p. (2.1)

Since under P, r
P−→ −r, we have

v
P−→ −v, p

P−→ −p, F
P−→ −F , l

P−→ l. (2.2)

Using the International System of Units (SI) (SI is used throughout this chapter),
the Lorentz force acting on a particle with charge q is defined as

FL = q(E + v ×B), (2.3)

where E is the electric field strength and B is the magnetic field strength. Since

FL
P−→ −FL and v

P−→ −v, the transformation properties of E and B are

E
P−→ −E, B

P−→ B. (2.4)
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The scalar potential Φ and vector potential A are defined as

E = −∇Φ− ∂A

∂t
, (2.5)

B = ∇×A, (2.6)

since ∇ = ∂/∂x changes sign under P, to fulfill Eq. (2.4), A should change sign
under P, whereas Φ stays unchanged.

We can classify vectors and scalar products according to their properties under
P. Vectors that change sign under P, or equivalently that are P odd, are called polar
vectors, for example E. Vectors that do not change sign under P, or that are P even,
such as B, are called axial vectors or pseudovectors. P-even vector products such as
p1 · p2 are called scalars, whereas P-odd ones such as E ·B are called pseudoscalars.

2.1.2 Time reversal

The time reversal transformation, denoted as T, sends t to −t, leaving the space
coordinate x unchanged.

Under T, the quantities defined in Eq. (2.1) become

v
T−→ −v, p

T−→ −p, F
T−→ F , l

T−→ −l. (2.7)

Meanwhile, from the general definition of any force in Eq. (2.1, Lorentz force defined
in Eq. (2.3) is invariant under T, and it constrains the electric field and magnetic
field to transform as

E
T−→ E, B

T−→ −B. (2.8)

Accordingly, the dependance of the electric field E and magnetic fieldB on the scalar
potential Φ and vector potential A shown in Eq. (2.6) indicates

Φ
T−→ Φ, A

T−→ −A. (2.9)

The fundamental time reversal transformation T goes beyond the above discussed
mathematical transformations with entities changing sign or not, since it also inter-
changes the initial and final states.

2.1.3 Maxwell equations

The Maxwell equations govern electrodynamics. We will investigate the properties of
Maxwell equations under P and T discrete transformations. The differential Maxwell
equations are

∇ ·E =
ρ

ε0
, (2.10)

∇ ·B = 0, (2.11)

∇×E = −∂B
∂t

, (2.12)

∇×B = µ0

(
J + ε0

∂E

∂t

)
, (2.13)
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where ρ is the charge density and J denotes the electric current vector, ε0 and µ0 are
the permittivity and permeability of free space, respectively. Note that ρ is expected
to stay the same under P as well as T. Since the electric current vector J is parallel

to v of a moving charged particle, it changes sign either under P or T, i.e. J
P−→ −J

and J
T−→ −J . Recalling ∇ P−→ −∇, E

P−→ −E, B
P−→ B, ∂/∂t

P−→ ∂/∂t , and ∇ T−→ ∇,

E
T−→ E, B

T−→ −B, ∂/∂t
T−→ −∂/∂t , the Maxwell equations remain invariant under

P and T. Thus we can conclude that Maxwell equations are invariant under P and T
just as the Lorentz force law is.

The charge conjugation transformation, denoted by C, has no analogue in classical
physics, since it relates the existence of an antiparticle to that of a particle. However,
upon noting that the effect of C on a charged particle is to make its charge opposite, it

is natural to consider ρ
C−→ −ρ , J

C−→ −J , while ∇ and ∂/∂t remain unchanged. From
the general definition of any force in Eq. (2.1, the Lorentz force should be invariant

under C. From the definition of Lorentz force in Eq. (2.3), under C, E
C−→ −E,

B
C−→ −B should hold. Thus the Maxwell equations as Eq. (2.10) stay invariant

under C.

2.1.4 Spin, dipole moments, and helicity

Spin s is an intrinsic angular momentum carried by an elementary particle. It does
not appear in classical physics. But we can treat it as a special angular momentum

with the same properties as a classical angular momentum. Thus we have s
P−→ s and

s
T−→ −s.
If a particle with spin s moves in an electric field with field strength E or magnetic

field with field strength B, there may arise terms in Hamiltonian of the form

−de
s

|s|
·E, (2.14)

−dm
s

|s|
·B. (2.15)

If the interaction in Eq. (2.14) exists, we say the particle possesses a permanent
electric dipole moment de. If the interaction in Eq. (2.15) emerges, the particle is
said to have an magnetic dipole moment dm. Note that for a particle with a spin
and electrically charged constituents, even if it has no net electric charge, it will have
a nonzero magnetic moment. But whether it also has a permanent electric dipole
moment needs to be established. According to the transformation properties of E
and B in Eq. (2.4) and Eq. (2.8), we conclude that dm stays unchanged under either
P or T, while de → −de under any of them. Thus, the electric dipole moment breaks
both P and T, which is equivalent with breaking P and CP when the CPT theorem
is assumed.

Another important quantity that depends on the spin of a particle is the helicity
h, which is defined as

h =
s · p
|s||p|

. (2.16)
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Helicity h describes the handedness of a particle. If the helicity of a particle is positive
(negative), we call the particle right-handed (left-handed). Helicity is the same as
chirality in the case of a massless particle. According to the transformation properties

of s and p, under P and T , we have h
P−→ −h and h

T−→ h.
We summarize the P and T transformation properties of the quantities discussed

above in Table 2.1 [80].

Table 2.1: Transformations properties under P and T in classical physics.

name symbol P T

velocity v − −
momentum p − −

force F − +
angular momentum l + −

electric field E − +
magnetic field B + −

spin s + −
helicity h − +

2.2 C, P, and T in quantum mechanics

Quantum mechanics describes nature at microscopic scales and serves as the foun-
dation of modern physics. The state of a system in the quantum world is usually
represented by the wave function |ψi〉. The superposition principle is one of the basic
concepts in quantum mechanics, which can be stated that if |ψi〉 are vectors in Hilbert
space, so are their linear combinations. An operator O acting on the states can be
expressed as

|ψi〉
O−→ O|ψi〉, 〈ψi|

O−→ 〈ψi|O†. (2.17)

If such an operation represents a symmetry, we must have

|〈ψ′|O†O|ψ〉|2 = |〈ψ′|ψ〉|2 (2.18)

so that the quantum-mechanical probabilities associated with the measurement re-
main uninfluenced. This can be satisfied either by

〈ψ′|O†O|ψ〉 = 〈ψ′|ψ〉 ⇒ O†O = I, (2.19)

or
〈ψ′|O†O|ψ〉 = 〈ψ′|ψ〉∗. (2.20)

An operator O that operates as in Eq. (2.19) is called a linear or unitary operator,
whereas if the operator satisfies Eq. (2.20), it is called an anti-linear or anti-unitary
operator. In the later sections we will see that P and C are unitary operators and T
is an anti-unitary operator.
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In quantum theory, the fundamental operator is the Hamiltonian H, which is
Hermitian and generates the time evolution operator U(t, ti) = exp(−i/~ H∆t)
where ∆t = t− ti. With the definition |ψ(t)〉 ≡ U(t, t0)|ψ(t0)〉, we immediately have
the Schrödinger equation of the state vector |ψ(t)〉 as

i~
∂

∂t
|ψ(t)〉 = H|ψ(t)〉, (2.21)

with

H =
p̂2

2m
+ V (x̂). (2.22)

where p̂ and x̂ are the momentum and position operators, respectively. A symmetry
requires the invariance of the Hamiltonian under the corresponding transformation
O, i.e. O should commute with H: [O, H] = 0. This implies that if the operator is
not explicitly time dependent, 〈O〉 is a constant of motion.

2.2.1 Parity and charge conjugation

The transformation T requires a mathematical formalism distinct from the one used
for P and C transformations. We will first treat P and C jointly, and then discuss
the properties of T later.

The relation [P , H] = 0 would imply that P is a good symmetry in nature. This is
not true since there exists P violation in weak interactions, so that we cannot write a
general form for all the states which adequately represents the parity transformation
in quantum mechanics [82]. C is also not a good symmetry in nature if we are to
account for that our description of the weak interaction has only left-handed neutrinos
and right-handed anti-neutrinos. Therefore, there is no general expression which
represents correctly the C transformation for every state. We will follow the procedure
of Branco et al. [80], that we first restrict ourselves to an appropriate part of the
complete Hamiltonian that is C and P invariant, then define operators P and C
suitable to this part, and if some of the other parts of the Hamiltonian are not
invariant under P or C, we say that there is P or C violation.

The simple way to obtain the behavior of observables under P is to apply the
correspondence principle passing from classical mechanics to quantum mechanics [83]
and to require the expectation value of the position operator x̂ to change sign under
P [79]:

〈ψ(t)|x̂|ψ(t)〉 P−→ 〈ψ(t)|Px̂P†|ψ(t)〉 = −〈ψ(t)|x̂|ψ(t)〉, (2.23)

which is guaranteed to happen if

Px̂P† = −x̂ or {x̂,P} = 0, (2.24)

where {x̂,P} ≡ x̂P +Px̂ is an anti-commutator. In the position representation, the
momentum operator can be expressed as

p̂ = −i~ ∂

∂x
. (2.25)
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Similarly we have
Pp̂P† = −p̂ or {p̂,P} = 0. (2.26)

Assuming [P , H] = 0 is satisfied with H defined in Eq. (2.22) with an even potential,
i.e. V (x̂) = V (−x̂), in order for the Schrödinger equation to hold, we must have

PiP† = i, (2.27)

which guarantees that P is an unitary operator, i.e. P−1 = P†. Applying the
transformation properties of i, x̂ and p̂ under P, we see that the basic quantum
commutator

[x̂i, p̂j] = iδij (2.28)

still holds under P.
For the charge conjugation transformation, we introduce the minimal electromag-

netic coupling to the Hamiltonian

H =
1

2m
(p̂− eA)2 + eφ, (2.29)

where e is the charge of the particle, A is the vector potential and φ is the electric
potential. Note that the potential V = H − p̂2/(2m) is momentum dependent here.
The Hamiltonian is invariant under C when we have the following transformation
properties

e
C−→ −e, A

C−→ −A, φ
C−→ −φ, (2.30)

with p̂ and x̂ remaining unchanged. Thus to make the Schrödinger equation, Eq(2.21)
invariant under C, we must require C to be a unitary operator, i.e. CiC† = i and
C−1 = C†.

2.2.2 Time reversal

Now let us turn to the case of time reversal. Similarly as in the derivation of Eq.
(2.24), we deduce the following properties

T x̂T † = x̂, (2.31)

T p̂T † = −p̂. (2.32)

A straightforward way to realize that the time reversal transformation must be anti-
unitary is to consider Eq. (2.28), which is the most important foundation of quantum
mechanics. Under time reversal, p̂j changes sign but x̂i does not. So Eq. (2.28) can
stay undisturbed if and only if

T iT † = −i. (2.33)

Using the T transformation properties of x̂, p̂, and i together, the Schrödinger equa-
tion 2.21 is invariant under T.
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2.3 C, P, and T in quantum field theory

Quantum field theory (QFT) is a set of notions and mathematical tools that combines
three of the major themes of modern physics: the quantum theory, the field concept,
and the principle of relativity. The theory underlies modern elementary particle
physics, and supplies comprehensive applications to nuclear physics, atomic physics,
condensed matter physics, and astrophysics.

In this section, we discuss the transformation properties of some basic and essential
fields under parity, charge conjugation and time reversal in QFT, which is closely
connected to my research projects. This part mainly follows Bigi and Sanda [79].

2.3.1 Conventions

Some notations and conventions need to be addressed for later convenience. We will
use the natural unit system from now on, i.e.,

c = ~ = 1. (2.34)

Following Peskin and Schroeder [81], we use the metric tensor

gµν = gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1


with Greek indices µ, ν running over 0, 1, 2, 3 or t, x , y , z. Roman indices i, j,
etc. denote only the three spatial components. The 4-vector and the product of two
4-vectors take the general following form

vµ = (v0, v), vµ = gµνv
ν = (v0, − v), (2.35)

v · u = vµuµ = gµνv
µuν = v0u0 − v · u (2.36)

For the position and momentum 4-vectors, we have

xµ = (t, x), pµ = (E, p), (2.37)

and p2 = pµpµ = E2− |p|2 = m2 for a particle with mass m. The derivative operator
is defined as follows

∂µ =
∂

∂xµ
= (

∂

∂t
, ∇) (2.38)

2.3.2 The Photon Field

The Lagrangian for the photon field is [80, 81]

Lγ = −1

4
FµνF

µν , (2.39)

with Fµν = ∂µAν − ∂νAµ being the field strength tensor, and Aµ = (Φ,A) where
Φ denotes the electric scalar potential and A the vector potential. The relativistic
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form of Maxwell’s equations can be expressed in a compact and manifestly Lorentz
invariant form [81]

εµνρσ∂νFρσ = 0, ∂µFµν = eJν , (2.40)

where Jµ is the current density vector.
The electric field E and magnetic field B can be related with the photon field as

Ei = F0i = −∂A
∂t
−∇Φ. (2.41)

Bi = −εijk∂jAk = −1

2
εijkFjk (2.42)

From our experience with the classical field, we can postulate the transformation
properties for the quantized fields

PAµ(t,x)P† = (−1)µAµ(t,−x), PJµ(t,x)P† = (−1)µJµ(t,−x) (2.43)

CAµ(t,x)C† = −Aµ(t,x), CJµ(t,x)C† = −Jµ(t,x) (2.44)

T Aµ(t,x)T † = (−1)µAµ(−t,x), T Jµ(t,x)T † = (−1)µJµ(−t,x), (2.45)

with the convention [81]

(−1)µ ≡ +1 for µ = 0 and (−1)µ ≡ −1 for µ = 1, 2, 3. (2.46)

For the differential operator, we have

P∂µP† = (−1)µ∂µ, C∂µC† = ∂µ, T ∂µT † = −(−1)µ∂µ. (2.47)

Using the transformation properties above, we can check that the form of the La-
grangian remains invariant under P, C, and T

PLγ(t,x)P† = Lγ(t,−x), (2.48)

CLγ(t,x)C† = Lγ(t,x), (2.49)

T Lγ(t,x)T † = Lγ(−t,x). (2.50)

2.3.3 Klein-Gordon field

The Klein-Gordon Lagrangian for a spin-0 field φ with mass m and electric charge q,
moving in the electromagnetic field given by the potential Aµ, is

Lφ = (∂µ − iqAµ)φ†(∂µ + iqAµ)φ−m2φ†φ. (2.51)

After second quantization, φ is a field with the conditions

[φ(t,x), φ(t,y)] = [φ†(t,x), φ†(t,y)] = 0 (2.52)

[φ(t,x), ∂tφ
†(t,y)] = [φ†(t,x), ∂tφ(t,y)] = iδ(3)(x− y). (2.53)

The field can be expanded as

φ(t,x) =

∫
d3p

(2π)3

1√
2Ep

(bpe
−ipx + d†pe

ipx), (2.54)
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where bp is the annihilation operator for particle and d†p is the creation operator for
antiparticle. Note that for a scalar that does not carry a charge, there is no difference
between bp and d†p.

Under parity, we can postulate that [80]

Pφ(t,x)P† = eiαpφ(t,−x), (2.55)

with an arbitrary phase αp which is real. We use the phase convention of Branco
[80]. Note that as discussed by Gardner and Yan [84], where they discuss Majorana
fermions only if baryon number or lepton number is broken., the associated phase of
the transformation is not arbitrary if it is associated with Majorana fermions. When
the phase is taken to be zero, the transformation properties are consistent with Peskin
and Schroeder [81]. Taking the hermitian conjugate of Eq. 2.55. we get

Pφ†(t,x)P† = e−iαpφ†(t,−x). (2.56)

With these properties together with those of ∂µ and Aµ, we see that the Lagrangian
and the quantization conditions Eq. 2.52 stay invariant. Moreover,

P2φ(t,x)P†2 = e2iαpφ(t,x). (2.57)

Note that the phase choice that is appropriate to the Majorana case requires exp(iα) ∝
i, so that the phase on the right-hand-side of Eq. (2.57) is -1 [84].

Under charge conjugation,

CbpC† = dp, Cb†pC† = d†p, (2.58)

then we have [80]

Cφ(t, x)C† = eiαcφ†(t, x), (2.59)

Cφ†(t, x)C† = e−iαcφ(t, x). (2.60)

The Lagrangian and the quantization conditions Eq. 2.52 remain invariant under C
upon applying the transformation properties. Notice that

C2φ(t, x)C†2 = φ(t, x), (2.61)

which is different for the case of P as Eq. (2.57).
For time reversal, we can define

T φ(t, x)T † = eiαtφ†(−t,x), (2.62)

T φ†(t, x)T † = e−iαtφ(−t,x), (2.63)

meanwhile using T iT † = −i, T ∂µT † = −∂µ, and T AµT † = Aµ, the Lagrangian and
the quantization conditions Eq. 2.52 are invariant under T. Notice that

T 2φ(t, x)T †2 = φ(t, x). (2.64)
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2.3.4 Dirac Field

The Dirac Lagrangian for a free spin 1/2 particle is

Lψ = ψ(x)(iγµ∂µ −m)ψ(x), (2.65)

where ψ(x) satisfies the anti-commutation relations

{ψa(t,x), ψ†b(t,y)} = δ3(x− y)δab (2.66)

{ψa(t,x), ψb(t,y)} = {ψ†a(t,x), ψ†b(t,y)} = 0. (2.67)

The spinor fields can be conveniently expressed as

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(aspu
s(p)e−ipx + bs†p v

s(p)eipx), (2.68)

where asp annihilate the particle and bs†p create the antiparticle with momentum p
and spin index s, respectively. The Dirac spinors us(p) and vs(p) represent solutions
to the Dirac equation in momentum space

(/p−m)us(p) = 0 (2.69)

(/p+m)vs(p) = 0. (2.70)

The Dirac matrices γµ are four 4 × 4 matrices which obey the anti-commutation
algebra (Clifford algebra)

{γµ, γν} = 2gµν . (2.71)

We use the Weyl or chiral representation to write γµ in 2× 2 block form as

γ0 =

(
0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
1 0
0 −1

)
.

where σi are Pauli matrices expressed as

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Then spinors us(p) and vs(p) are given by [81]

us(p) =

(√
p · σξs√
p · σ̄ξs

)
, vs(p) =

( √
p · σξ−s

−
√
p · σ̄ξ−s

)
. (2.72)

where s = 1, 2 (spin “up” or “down”), σµ = (1, σ), σ̄µ = (1,−σ), and

ξ−s =
(
ξ2, − ξ1

)
. (2.73)

Associating s with the physical spin component of the fermion along a specific axis
with polar coordinate θ and φ, the two-component spinors with spin up and down
are

ξ1 =

(
cos θ

2

eiφsin θ
2

)
, ξ2 =

(
−e−iφsin θ

2

cos θ
2
.

)
(2.74)
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There is another important matrix γ5 defined as

γ5 ≡ iγ0γ1γ2γ3, (2.75)

which satisfies
{γ5, γ

µ} = 0, (γ5)2 = 1. (2.76)

Using the Weyl or chiral representation γ5 can be expressed in 2× 2 block form as

γ5 =

(
1 0
0 −1

)
.

Following the discussion from Peskin and Schroeder [81] and phase convention
from Branco, Lavoura, and Silva [80], we give the transformation properties of Dirac
fields under P, C, and T, respectively as follows. The resulting transformation prop-
erties are consistent with Peskin and Schroeder [81] when choosing the phases to be
1.

Parity

The parity transformation should reverse the momentum of a particle without flipping
its spin, which can be expressed mathematically as

PaspP
† = ηaa

s
−p, P bspP

† = ηbb
s
−p (2.77)

where ηa and ηb are possible phases. Using the relation [81]

us(p) = γ0us(p̃), vs(p) = −γ0vs(p̃), (2.78)

where p̃ = (p0,−p), we have

Pψ(t,x)P† =

∫
d3p

(2π)3

1√
2Ep

∑
s

(ηaa
s
−pu

s(p)e−ipx + η∗b b
s†
−pv

s(p)eipx)

=

∫
d3p̃

(2π)3

1√
2Ep̃

∑
s

(ηaa
s
p̃γ

0us(p̃)e−ip̃(t,−x) − η∗b b
s†
p̃ γ

0vs(p̃)eip̃(t,−x)).

(2.79)

This should equal some constant matrix times ψ(t,−x), then we need

eiβp ≡ ηa = −η∗b , (2.80)

and as a result we have

Pψ(t,x)P† = eiβpγ0ψ(t,−x), (2.81)

Then
Pψ(t,x)P† = e−iβpψ(t,−x)γ0, (2.82)
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Notice that
P2ψ(t,x)P†2 = e2iβpγ0ψ(t,−x). (2.83)

Note that for Majorana case eiβp ∝ i, thus the phase on the right-hand side of the
above equation is −1 [84].

The quark bilinears we list below are all the ones that could appear in a La-
grangian, and it is convenient to write down their behaviors under certain discrete
transformation.

ψψ, ψγ5ψ, ψγµψ, ψγµγ5ψ, ψσµνψ, ψσµνγ5ψ. (2.84)

Note that the above quark bilinears are independent of each other except for ψσµνγ5ψ,
which can be written as a linear combinations of the other ones. Using the anti-
commutation relations of the gamma matrices and the transformation properties of
ψ under P, we have

Pψ(t,x)ψ(t,x)P† = +ψ(t,−x)ψ(t,−x) (2.85)

Pψ(t,x)γ5ψ(t,x)P† = −ψ(t,−x)γ5ψ(t,−x) (2.86)

Pψ(t,x)γµψ(t,x)P† = (−1)µψ(t,−x)γµψ(t,−x) (2.87)

Pψ(t,x)γµγ5ψ(t,x)P† = −(−1)µψ(t,−x)γµγ5ψ(t,−x) (2.88)

Pψ(t,x)σµνψ(t,x)P† = (−1)µ(−1)νψ(t,−x)σµνψ(t,−x) (2.89)

Pψ(t,x)σµνγ5ψ(t,x)P† = −(−1)µ(−1)νψ(t,−x)σµνγ5ψ(t,−x). (2.90)

Time reversal

The time reversal operator reverses the 3-momentum of the particle as well as flips
the spin, which can be expressed as

T aspT † = eiβta−s−p, T bspT † = eiβtb−s−p. (2.91)

We take the phase factor in the transformation of asp and bsp to be the same, which
is required to make the ψ(t,x) transforms to some constant matrix times ψ(−t,x)
under T, which can be seen upon further derivation. Accounting for the anti-unitary
property of T, we have T iT † = −i. The Dirac spinors of the particle and antiparticle
have the following properties [81]

u−s(p̃) = −γ1γ3[us(p)]∗, v−s(p̃) = −γ1γ3[vs(p)]∗. (2.92)

Then we have

T ψ(t,x)T † =

∫
d3p

(2π)3

1√
2Ep

∑
s

eiβt(a−s−p[us(p)]∗eipx + b−s†−p [vs(p)]∗e−ipx)

= eiβt(γ1γ3)

∫
d3p̃

(2π)3

1√
2Ep̃

∑
s

(a−sp̃ u−s(p̃)e−ip̃(−t,x) + b−s†p̃ v−s(p̃)eip̃(−t,x)),

= eiβt(γ1γ3)ψ(−t,x). (2.93)
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Notice that

T 2ψ(t,x)T †2 = eiβt(γ1γ3)∗T ψ(−t,x)T † = e−iβteiβt(γ1γ3)(γ1γ3)ψ(t,x) = −ψ(t,x).
(2.94)

So T 2 acting on the Dirac field equals −1, whereas it results in +1 for the Klein-
Gordon field as shown in the previous section. T 2 = −1 and T 2 = +1 can generate
very different physical impacts [79]. Suppose there is a system invariant under T and
|E〉 and |E(T )〉 = T |E〉 are eigenstates of T with the same eigenvalue. If T 2 = −1
which implies (T †)2 = −1 as well, we have

〈E|E(T )〉 = 〈E(T )|T †T |E〉 = 〈E|(T †)2T |E〉 = −〈E|T |E〉 = −〈E|E(T )〉, (2.95)

which means |E〉 and |E(T )〉〉 are orthogonal and they describe different physical
states. This is called Kramers’ degeneracy [79]. For ψ, we obtain

T ψ(t,x)T † = T ψ†T †(γ0)∗ = e−iβtψ†(−t,x)(γ1γ3)†γ0 = −e−iβtψ(−t,x)(γ1γ3).
(2.96)

Then using
(γ1γ3)γµ∗(γ1γ3) = γµ = (−1)µγµ, (2.97)

we have the transformation properties of fermion bilinears

T ψ(t,x)ψ(t,x)T † = +ψ(−t,x)ψ(−t,x) (2.98)

T iψ(t,x)γ5ψ(t,x)T † = −iψ(−t,x)γ5ψ(−t,x) (2.99)

T ψ(t,x)γµψ(t,x)T † = (−1)µψ(−t,x)γµψ(−t,x) (2.100)

T ψ(t,x)γµγ5ψ(t,x)T † = (−1)µψ(−t,x)γµγ5ψ(−t,x) (2.101)

T ψ(t,x)σµνψT † = −(−1)µ(−1)νψ(−t,x)σµνψ(−t,x), (2.102)

T ψ(t,x)σµνγ5ψ(t,x)T † = −(−1)µ(−1)νψ(−t,x)σµνγ5ψ(t,−x), (2.103)

2.3.5 Charge conjugation

Charge conjugation is defined to turn a fermion with a given spin orientation into an
anti-fermion with the same spin orientation. This can be conveniently expressed as

CaspC† = eiβcbsp, CbspC† = eiβcasp, (2.104)

where we take the phase factor of asp and bsp to be equal for the same reason stated in
the time reversal section 2.3.4. The Dirac spinors of the particle and its antiparticle
have the relation [81]

us(p) = −iγ2[vs(p)]∗, vs(p) = −iγ2[us(p)]∗. (2.105)

Then we have

Cψ(x)C† =

∫
d3p

(2π)3

1√
2Ep

∑
s

ηc
(
bsp[−iγ2(vs(p))∗]e−ipx + as†p [−iγ2(us(p))∗]eipx

)
= −ieiβcγ2ψ∗(x) = −ieiβcγ2[ψ†(x)]T = −ieiβc [ψ(x)γ0γ2]T , (2.106)
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where we used (γ2)T = γ2, (asp)
∗ = as†p , and (bsp)

∗ = bs†p because asp and (bsp) are not

matrices. For ψ, we find

Cψ(x)C† = Cψ†(x)C†γ0 = ie−iβc(−γ2ψ)Tγ0 = −ie−iβc(γ0γ2ψ)T (2.107)

Notice that

C2ψ(x)C†2 = −eiβcγ2Cψ∗(x)C† = eiβce−iβcγ2(−γ2)ψ(x) = −(γ2)2ψ(x) = ψ(x).(2.108)

Under charge conjugation, the transformation properties of the fermion bilinears
are

Cψ1(x)ψ2(x)C† = +ψ2(x)ψ1(x) (2.109)

Cψ1(x)ψ2(x)C† = +ψ2(x)γ5ψ1(x) (2.110)

Cψ1(x)γµ(x)ψ2(x)C† = −ψ2(x)γµψ1(x) (2.111)

Cψ1(x)γµγ5(x)ψ2(x)C† = +ψ2(x)γµγ5ψ1(x) (2.112)

Cψ1(x)σµνψ2(x)C† = −ψ2(x)σµνψ1(x), (2.113)

Cψ1(x)σµνγ5ψ2(x)C† = −ψ2(x)σµνγ5ψ1(x), (2.114)

where we have used
γ0γ2(γµ)T = −γµγ0γ2. (2.115)

Giving the derivation of ψ1(x)γµψ2(x) as an example,

Cψ1γ
µψ2C† = Cψ1C†CγµC†Cψ2C†

= −e−iβc(γ0γ2ψ1)Tγµeiβc(ψ2γ
0γ2)T

=
[
ψ2γ

0γ2(γµ)Tγ0γ2ψ1

]T
= −ψ2γ

µγ0γ2γ0γ2ψ1

= ψ2γ
µγ0γ0 γ2γ2ψ1.

= −ψ2γ
µψ1, (2.116)

where a minus sign appears on the third step due to fermion anticommutation and
applying Eq. (2.115) results in a minus sign on the fourth step.

2.3.6 Gluon field

The Lagrangian of quantum chromodynamics (QCD) based on an internal SU(3)C
symmetry with C denoting color is

LQCD = −1

4
Ga
µνG

aµν +
∑
f

q̄f (i∂µ −mf + gsG
a
µt
a)γµqf , (2.117)

where gs is the strong interaction coupling constant, qf is a quark field with flavor
index f = u, d, c, s, t, b , and qf has an implicit color index i = 1, 2, 3, mf is
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the mass of qf , G
a
µ with a = 1, 2, ..., 8 are the gluon fields, ta = λa

2
where λa are the

Gell-Mann matrices [85]

λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =

0 −i 0
i 0 0
0 0 0

 , λ3 =

1 0 0
0 −1 0
0 0 0

 ,

λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 , λ6 =

0 0 0
0 0 1
0 1 0

 ,

λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

1 0 0
0 1 0
0 0 −2

 , (2.118)

and
Ga
µν = ∂µG

a
ν − ∂νGa

µ − gsfabcGb
µG

c
ν , (2.119)

where fabc are the structure constants of SU(3) defined as

[ta, tb] = ifabctc, (2.120)

given by [86]

f 123 = 1

f 147 = −f 156 = f 246 = f 257 = f 345 = −f 367 =
1

2

f 458 = f 678 =

√
3

2
. (2.121)

The quantum numbers of the gluon are the same as that of the photon, so that
Gµ = Ga

µt
a should transform in the same way as the photon does under P, C, and T

as shown in Eq. (2.43) - Eq. (2.45). We write down the transformation properties of
Gµ = λaGa

µ for convenience:

PGµ(t,x)P† = (−1)µGµ(t,−x), (2.122)

T Gµ(t,x)T † = (−1)µGµ(−t,x), (2.123)

CGµ(t,x)C† = −Gµ(t,x), (2.124)

Here we also need to figure out the transformation properties of Ga
µ and Ga

µν . Since
P transformation has no effect on ta, for Ga

µ, we have

PGa
µ(t,x)P† = (−1)µGa

µ(t,−x). (2.125)

The Gell-Mann matrices are Hermitian, and they are either symmetric and real, or
antisymmetric and pure imaginary, so we have (λa)T = (λa)∗ = caλ

a, with ca = +1
for a = 1, 3, 4, 6, 8 and ca = −1 for a = 2, 5, 7. When applying T or C transformation
to the Lagrangian, λa will turn (λa)∗ under T and (λa)T under C. Accounting for
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the transformation properties of Gµ = Ga
µt
a under T and C as Eq. (2.123) and Eq.

(2.124) respectively, we should have

T Ga
µ(t,x)T † = ca(−1)µGa

µ(−t,x), (2.126)

CGa
µ(t,x)C† = −caGa

µ(t,x). (2.127)

Finally for Ga
µν defined in Eq. (2.119), using the transformation properties of ∂µ and

Ga
µ, we have

PGa
µν(t,x)P† = (−1)µ(−1)νGa

µν(t,−x), (2.128)

T Ga
µν(t,x)T † = −ca(−1)µ(−1)νGa

µν(−t,x), (2.129)

CGa
µν(t,x)C† = −caGa

µν(t,x), (2.130)

where ca = +1 for a = 1, 3, 4, 6, 8 and ca = −1 for a = 2, 5, 7.
Given these transformation properties, it is obvious that the Lagrangian remains

invariant under P, C, and T.

2.3.7 CPT theorem

Any of the discrete symmetries P, C, or T, or their combinations, may be violated in
nature. However, the combined operation of P, C, and T is an exact symmetry of any
interaction and under the three transformations all physical laws must be invariant,
which is known as the “CPT theorem” [5, 6, 8, 7]. The CPT theorem can be stated
that any theory, of which the Lagrangian is Hermitian, Lorentz invariant, local, and
with commutation or anti-commutation relations obeying the spin-statistics theorem
under a general set of conditions, is asserted to be CPT invariant.

Basic consequences of CPT symmetry include the equality of the masses as well
as the lifetimes or decay widths of a particle and its antiparticle. The CPT theorem
also guarantees that for a system with CPT symmetry, the violation (conservation)
of one discrete symmetry implies the violation (conservation) of the complementary
ones. Thus when dealing with the CP transformation acting on the operators of a
Lagrangian with the basic conditions to guarantee CPT symmetry, we can examine
their T transformation property, rather than analyzing their behaviors under the
combined P and C transformations, which can be very convenient.

2.3.8 Summary of C, P, and T in QFT

The transformation properties of various fields discussed here are to be used in Ch. 7
where specific CP violating operators are investigated.

Table 2.2: Transformation properties for fermion bilinears, ∂µ, Aµ, and Gµ.

ψψ ψγ5ψ ψγµψ ψγµγ5ψ ψσµνψ ψσµνγ5ψ ∂µ Aµ/Gµ

P +1 −1 (−1)µ −(−1)µ (−1)µ(−1)ν −(−1)µ(−1)ν (−1)µ (−1)µ

T +1 +1 (−1)µ (−1)µ −(−1)µ(−1)ν −(−1)µ(−1)ν −(−1)µ (−1)µ

C +1 +1 −1 +1 −1 −1 +1 −1

CPT +1 −1 −1 −1 +1 −1 −1 −1
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We list the transformation properties of fermion bilinears, ∂µ, photon field Aµ, and
gluon field Gµ = Ga

µλ
a in Table 2.2. Notice that for quark bilinears ψ̄1(x)Γµ(ν)ψ2(x),

under C transformation, it turns in to ψ̄2(x)Γµ(ν)ψ1(x) with the specific C transfor-
mation factor listed in Table 2.2.

Copyright c© Jun Shi, 2020.
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chapter 3

CP VIOLATION IN AND BEYOND THE STANDARD MODEL

The CP transformation combines the transformations of charge conjugation C and
parity P. In this chapter, we will first discuss different mechanisms of CP violation in
meson decays and consider the observables that can reveal each of them. In this thesis
we focus on the possibility of studying CP violation through a charge asymmetry in
the η → π+π−π0 Dalitz plot — a probe of direct CP violation, as we discuss in the
next section. Finally we discuss sources of CP violation both within and beyond the
SM.

3.1 CP-violating observables

CP violation can be experimentally tested in many processes, such as meson decays,
electric dipole moments (EDM), neutrino oscillations, and so forth. Note that meson
decays and neutrino oscillations can occur without breaking CP, but there are exper-
imental tests that can be made by combining meson decay and neutrino oscillation
measurements. CP violation has been observed in meson decays, but not in neutrino
oscillations thus far. In the case of permanent EDM searches, experimental searches
have all yielded null results thus far. The limit on the magnitude of an EDM that
comes out from such a search is an indication of that experiment’s sensitivity. We
know that CP is broken is the SM, but the permanent EDM that comes from SM
effects is extremely small, much smaller than any experiment can yet detect. Thus
if an experiment finds a nonzero EDM at current levels of sensitivity, then we have
found new physics. We will focus on CP violation in meson decays, because this is
central to my research project. This part is largely based on Branco, Lavoura, and
Silva [80] and the review “CP violation in the quark sector” of PDG [41].

Generally, there are three types of CP violation in meson decays: direct CP
violation (which reflects CP violation in the decay amplitudes), indirect CP violation
(which reflects CP violation in meson mixing), and CP violation that appears through
the interference of meson mixing and decay. Note that all three types of CP violation
only appear for |∆F | = 1 decays, where F is a flavor quantum number, say S, C, or
B, which represents strange number, charm number or beauty number, respectively.
The topic of my thesis, the charge asymmetry of η → π+π−π0 is a direct CP violating
observable, and its test is like EDM searches in that if an experiment accurately finds
a nonzero result for it we have found physics beyond the SM.

3.1.1 Direct CP violation

For a meson M and its antiparticle M , considering the transitions of the initial
state meson M and its CP conjugate M to a final state f and its CP conjugate f̄ ,
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respectively, we can define the decay amplitudes

Af = 〈f |H|M〉, Af̄ = 〈f̄ |H|M〉,
Af̄ = 〈f̄ |H|M〉, Af = 〈f |H|M〉, (3.1)

where H is the Hamiltonian involving the transitions of initial states to final states.
Under a CP transformation,

CP |M〉 = eiξM |M〉, CP |f〉 = eiξf |f〉, (3.2)

where ξM and ξf are real numbers. If CP is conserved by the dynamics, which means

(CP )H(CP )† = H or [CP,H] = 0, (3.3)

we have
Af̄ = ei(ξf−ξM )Af , (3.4)

which means Af and Af̄ have the same magnitude but can differ in an overall

phase [80]. Since the observables are related to the magnitudes of Af and Af̄ , the
phase is unobservable. CP violation appears if

|Af̄/Af | 6= 1; (3.5)

this is often called direct CP violation, which is the only possible CP violating effect
in charged meson decays. The existence of this effect can be determined through a
rate asymmetry A, which can be defined as

A =
Γ(M

0 → f̄)− Γ(M0 → f)

Γ(M
0 → f̄) + Γ(M0 → f)

=
|Af̄/Af |2 − 1

|Af̄/Af |2 + 1
. (3.6)

There are three kinds of phases that could appear in Af and Af̄ . The phase that
appears as a complex conjugate in the CP-conjugate amplitude is usually called a
weak, or CP-odd phase, whereas the phases that are the same in Af and Af̄ are
called strong, or CP-even phases. In addition to the weak and strong phases, as can
be seen from Eq. (3.4), there is another global relative phase between Af and Af̄ that
is called a spurious phase, which appears because of an arbitrary choice of convention.
A spurious phase does not originate from any dynamics, and it does not induce any
CP violation, so that we can conveniently set it to zero.

Suppose the decay amplitudes are expressed as a sum of two interfering amplitudes

Af = |a1|ei(δ1+φ1) + |a2|ei(δ2+φ2),

Af̄ = |a1|ei(δ1−φ1+θ) + |a2|ei(δ2−φ2+θ) (3.7)

where δ1 and δ2 are strong phases, φ1 and φ2 are weak phases, and θ is a spurious
phase and we can set θ = 0 without loss of generality. We have [41]

A =
−2|a1a2| sin(δ2 − δ1) sin(φ2 − φ1)

|a1|2 + |a2|2 + 2|a1a2| cos(δ2 − δ1) cos(φ2 − φ1)
. (3.8)
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Thus a non-zero rate asymmetry, and thus CP violation, will appear when the in-
terfering amplitudes have different strong phases (δ1 6= δ2) and different weak phases
(φ1 6= φ2). The absolute value of the asymmetry reaches its maximum value 1 in the
limiting case |δ1 − δ2| = |φ1 − φ2| = π/2 and |a1| = |a2|.

There are other probes of direct CP violation: ε′ in the B system [87, 88]; effects
in the angular distribution in B → V1V2 [89]; a population asymmetry about the
mirror line in |A(B → fCP )|2 + |A(B → fCP )|2 decay [90], and so forth.

The topic of this thesis is CP violation in η → π+π−π0 decay, which is an observ-
able of direct CP violation that can be probed through a population asymmetry [90].
We will introduce the method of studying a population asymmetry in the distribu-
tion of the Dalitz plot, which is first proposed by Gardner [90] and has been used to
study untagged B decay [53] and untagged D meson decay [91], and which we have
extended to η → π+π−π0 decay [92].

Studying CP violation through a Dalitz plot

Considering a spinless meson, with mass M and four momentum P µ = (M, 0), decay-
ing to three pseudo-scalar particles with masses mi and four momenta pµi = (Ei, p),
where i = 1, 2, 3, we can define the Lorentz invariant masses

m2
ij = (pi + pj)

2 = (P − pk)2 = M2 +m2
k − 2MEk, (3.9)

with i 6= j 6= k. With the relation

m2
12 +m2

23 +m2
13 = M2 +m2

1 +m2
2 +m2

3, (3.10)

there are two independent invariant values of m2
ij. If we choose to use m2

12 and m2
23,

starting with m2
12, the minimum value of m2

12 is (m1 + m2)2 and its maximum is
(M −m3)2. Given a value of m2

12, the minimum and maximum values of m2
23 can be

obtained when p2 is parallel or antiparallel to p3 [41], respectively:

(m2
23)max = (E∗2 + E∗3)2 − (

√
E∗2 −m2

2 −
√
E∗3 −m2

3)2,

(m2
23)min = (E∗2 + E∗3)2 − (

√
E∗2 −m2

2 +
√
E∗3 −m2

3)2, (3.11)

where E∗2 = (m2
12 − m2

1 + m2
2)/(2m12) and E∗3 = (M2 − m2

12 − m2
3)/(2m12) are the

energies of m2 and m3 in the rest frame of m12 [41].
The decay width can be expressed as

Γ =

∫
1

256π3M3
|M|2dm2

12dm
2
23, (3.12)

where |M|2, with invariant amplitude M, reflects the dynamics. R. H. Dalitz intro-
duced the convenient technique [93] to analyze three-body decays through the scatter
plot in m2

12 versus m2
23, which is called the Dalitz plot. If |M|2 is a constant, or

equivalently if the decay is through non-resonant processes, the events distribution
will be uniform across the kinematically allowed region in the Dalitz plot. However
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if a decay is dominated by resonant processes, there will be a varying population
distribution in the Dalitz plot, with peaks around the masses of the final-state reso-
nances. Given the Dalitz plot of D0 → K−π+η shown in Fit. 3.1.1 from Belle [94] as

an illustration, it includes six resonances, which are a0(980)+, a2(1320)+, K
∗
(892)

0
,

K
∗
(1410)

0
, K∗(1680), and K∗2(1980) [94].

Figure 3.1: Dalitz plot of D0 → K−π+η from Belle [94].

The Dalitz plot technique is also widely used in studying CP violation.
For the untagged meson decay, where the amplitudes of decaying particle and its

antiparticle are combined, where we give B0(B
0
) → π+π−π0 decay as an example.

Defining the Mandelstam variables as

s = (pπ+ + pπ−)2, , t = (pπ− + pπ0)2, , u = (pπ+ + pπ0)2, (3.13)

the untagged decay width can be expressed as

Γ3π =

∫
dtdu

256π3m3
B0

(|M3π|2 + |M3π|2), (3.14)

where M3π stands for the amplitude of B0 → π+π−π0 and M3π represents the

amplitude of B
0 → π+π−π0. Under CP, we have [53]

|M3π(pπ+ , pπ− , pπ0)|2 + |M3π(pπ+ , pπ− , pπ0)|2
CP←→ |M3π(pπ− , pπ+ , pπ0)|2 + |M3π(pπ− , pπ+ , pπ0)|2. (3.15)

So the untagged decay width, that integrating |M3π|2 + |M3π|2 over the physical
phase space, as in Eq. (3.14), is a CP even quantity because the integration region
is pπ+ ↔ pπ− symmetric [53]. However, as first proposed by Gardner [90], the CP
transformation corresponds to the mirror transformation of the Dalitz plot with t
versus u, equivalent with pπ+ ↔ pπ− , thus the direct CP violation can be observed
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through the population asymmetry across the mirror line (u = t) of the Dalitz plot [90,
53] as

A3π ≡
Γ3π[u > t]− Γ3π[u < t]

Γ3π[u > t] + Γ3π[u < t]
, (3.16)

or equivalently,

ALR =
N+ −N−
N+ +N−

, (3.17)

where N+ (N−) stands for the number of events that π+ has greater(smaller) energy
than π−. We see that the test of the CP violating observable A3π or ALR needs not

separate the initial particles B0 and B
0
. However the theoretical dynamics [53] is

embedded inM3π andM3π in Eq. (3.14), of which some theoretical parameters can

be determined by the study of B0(B
0
)→ π+π−π0 decay [90, 53].

The topic of this thesis, η → π+π−π0 is analogous to the untagged B meson
decaying to π+π−π0, though there is no M3π because η is its own antiparticle. The
Dalitz plot for η → π+π−π0 with t versus u is shown in Fig. 3.2. For η → π+π−π0

0.08 0.10 0.12 0.14 0.16
u (GeV2)

0.08

0.10

0.12

0.14

0.16

t (
G

eV
2 )

Figure 3.2: Dalitz plot with t versus u for η → π+π−π0. The dashed line indicates
the t = u mirror line.

decay, it is convenient to introduce the normalized variables commonly defined as [95]

X ≡ ρ sinφ ≡
√

3
Tπ+ − Tπ−

Qη

=

√
3

2mηQη

(u− t),

Y ≡ ρ cosφ ≡ 3Tπ0

Qη

− 1 =
3

2mηQη

[(mη −mπ0)2 − s]− 1, (3.18)

where (ρ, φ) is the polar coordinate of the Dalitz-Fabri plot [93, 96], Ti are the
kinematic energies of the pions in the rest frame of η, and Qη = Tπ+ + Tπ− + Tπ0 =
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Figure 3.3: Dalitz plot with X versus Y for η → π+π−π0. The dashed line indicates
the X = 0 mirror line.

mη −mπ+ −mπ− −mπ0 . The Dalitz plot with Y versus X is depicted in Fig. 3.1.1.
Under CP, t↔ u implies

X
CP−−→ −X, Y

CP−−→ Y. (3.19)

Accordingly, the left-right asymmetry in Eq. (3.16) or (3.17) can be observed from
the asymmetry across the mirror line X = 0. The absolute squared amplitude can
be expressed in the polynomial expansion around (X, Y ) = (0, 0) as [72]

|A(X, Y )|2 ' N(1+aY +bY 2 +cX+dX2 +eXY +fY 3 +gX2Y +hXY 2 + lX3 + . . . ),
(3.20)

where N is the normalization factor, and a, b, . . . are usually called Dalitz plot
parameters, which can be set by fitting the Dalitz plot distribution using the above
formula. The non-zero coefficients multiplying odd powers of X (c, e, h, or l) would
show proof of the existence of CP violation in this decay.

In Ch. 6, we are going to introduce the method of studying isospin-dependent
patterns of CP violating amplitudes through the distribution asymmetry of the Dalitz
plot [92].

3.1.2 Indirect CP violation

In this part, we will discuss the mixing and decays of neutral mesons M and M ,
of which M may refer to either K0, D0, B0

d , or B0
s . Under a CP transformation,

assuming (CP )2 = 1, we can define

CP |M〉 = eiξ|M〉, CP |M〉 = e−iξ|M〉. (3.21)

Because of the weak interaction, M and M both mix and decay to other states. A
state that is initially a superposition of M and M evolves in time with the form

a(t)|M〉+ b(t)|M〉+ c1(t)|f1〉+ c2(t)|f2〉+ ... (3.22)
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where f1, f2... are all possible final states to which M and M can decay. When we
only want to figure out a(t) and b(t), rather than the values of ci(t), and if the time
scale we consider is much larger than the typical strong interaction scale, a simplified
formalism [97, 98] can be used, which is determined by a 2× 2 Hamiltonian H that
is not Hermitian. It can be written in terms of Hermitian matrices T and Γ as

H = T + iΓ. (3.23)

T and Γ are associated with (M,M)↔ (M,M) transitions. Assuming the system is
invariant under CPT, the eigenvectors of H can be written as

|MH〉 = p|M〉+ q|M〉, |ML〉 = p|M〉 − q|M〉 (3.24)

where p and q are complex parameters with the normalization condition |p|2+|q2| = 1.
MH and ML have well defined mass and decay widths, with the label representing
heavy or light (notice that in neutral K meson decays, KL and KS are used instead,
with KL for the long-lived state and KS for the short-lived state). We define

m ≡ mH +mL

2
, Γ ≡ ΓH + ΓL

2
, (3.25)

∆m ≡ mH −mL, ∆Γ = ΓH − ΓL. (3.26)

Diagonalizing H yields (
q

p

)2

=
T ∗12 − (i/2)Γ∗12

T12 − (i/2)Γ12

. (3.27)

The CP invariance condition reads [80]

T ∗12 = e2iξT12, Γ∗12 = e2iξΓ12, (3.28)

which yields ∣∣∣∣qp
∣∣∣∣ = |eiξ| = 1. (3.29)

Note that this result does not require CPT symmetry. If Eq. 3.29 is not satisfied,
there exists CP violation in the mixing between M and M , which is usually called
indirect CP violation.

3.1.3 Interference CP violation

CP violation can also exist from the interference between a decay without mixing,
that is a direct M → f decay, and a decay with mixing, M →M → f . The complex
parameter that manifests this kind of CP violation is defined as

λf ≡
q

p

Af
Af

, (3.30)

and the condition for the presence of CP violation is

Im(λf ) 6= 0. (3.31)

This form of CP violation can be observed from an asymmetry in M and M decaying
to CP eigenstates [99, 100, 80].
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3.2 CP violation in the SM

3.2.1 CKM matrix

The Standard Model Lagrangian is determined by its gauge symmetry with the gauge
group SUC(3)× SUL(2)× UY (1), renormalizability, and its particle content, that is,
quark fields, lepton fields, Higgs field, and gauge fields. Quark and lepton fields
carry a generation index 1, 2, 3 running over the three generations of up-type quarks
u = (u, c, t), down-type quarks d = (d, s, b), charged leptons e = (e, µ, τ), and
neutrinos ν = (νe, νµ, ντ ). The left-handed fermions are doublets of SUL(2),

qLp =

(
uiLp
dLp

)
, lLp =

(
νLp
eLp

)
, (3.32)

while the right-handed fields uRp, dRp, and eRp are SU(2)L singlets, where the super-
script p stands for the generation index which we will leave as implicit for convenience
in the following discussion. The Higgs field ϕ denotes an SUL(2) doublet of scalar
fields that can be expressed as

ϕ =

(
ϕ+

ϕ0

)
, (3.33)

and

ϕ̃ = iσ2(ϕ†)T =

(
ϕ0

−ϕ−
)
, (3.34)

where σi are Pauli matrixes. The left and right handed quarks are in the fundamen-
tal representation of SUC(3). The gauge bosons associated with the gauge groups
SUC(3), SUL(2), and UY (1) are Ga

µ, W i
µ, and Bµ, respectively, with a = 1, 2, ...8 and

i = 1, 2, 3.
The standard mass dimension-four Lagrangian L(4)

SM is

L(4)
SM = −1

4
(GA

µνG
Aµν +W I

µνW
Iµν +BµνB

µν)

+q̄Li/DqL + ūRi/DuR + d̄R/DdR + l̄Li/DlL + ēRi/DeR +Dµϕ
†Dµϕ

+µ2ϕ†ϕ− λ

2
(ϕ†ϕ)2 − q̄LYdϕdR − q̄LYuϕ̃uR − l̄LYeϕeR + H.c.

−ε
µναβ

64π2
(g2
sθG

a
µνG

a
αβ + g2θwW

i
µνW

i
αβ), (3.35)

where
Dµ = ∂µ − igsGa

µT
a − igW i

µS
i − ig′Y Bµ, (3.36)

Ga
µν = ∂µG

a
ν − ∂νGa

µ + gsf
abcGb

µG
c
ν (3.37)

W i
µν = ∂µW

i
ν − ∂νW i

µ + gεijkW j
µW

k
ν (3.38)

Bµν = ∂µBν − ∂νBµ. (3.39)
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Here T a = 1
2
λa and Si = 1

2
σi are SU(3) and SU(2) generators, where λa and σa are

Gell-Mann and Pauli matrices, respectively. We relate these gauge fields to those of
the physical basis via

W 1
µ =

1√
2

(W+
µ +W−

µ ), (3.40)

W 2
µ =

i√
2

(W+
µ −W−

µ ), (3.41)

W 3
µ = cos θWZµ + sin θWAµ, (3.42)

Bµ = cos θWAµ − sin θWZµ, (3.43)

cw ≡ cos θW =
g√

g2 + g′2
, sw ≡ sin θW =

g′√
g2 + g′2

, (3.44)

where εµναβ is the four-dimensional Levi-Civita symbol with ε0123 = +1. Note that
the terms with θ and θW in the last line of Eq. (3.35) break P and CP, and in-
cluding them in the SM Lagrangian is not standard, because the CP-violating effects
they would generate are immeasurably small. The mass-dimension 4 SM Lagrangian
is renormalizable, whereas renormalizability is not guaranteed in the higher mass-
dimensional Lagrangians of SM effective field theory. Using the relations above, we
have

−igW i
µS

i − ig′Y Bµ = −ig(W+
µ S

+ +W−
µ S
−)− i g

cw
Zµ(S3 −Qs2

w)− ieAµQ, (3.45)

where

S± ≡ S1 ± S2

√
2

, Q = S3 + Y, g =
e

sw
. (3.46)

The U(1)Y hypercharge of qL, uR, dR, lL, eR, νR, and ϕ is shown in Table 3.1 [101].
The SU(2)× U(1) Yukawa couplings involving the quarks are

Table 3.1: Hypercharge of particle content of the SM.

particle liLp eRp qiLp uRp dRp ϕi

Y −1
2
−1 1

6
2
3

−1
3

1
2

LY = −q̄LYdϕdR − q̄LYuϕ̃uR + h.c. (3.47)

where Y d and Y u are 3×3, complex matrices in the quark generation space, and they
need not be either Hermitian or symmetric. Under a CP transformation the operators
in Eq. (3.47) interchange with their Hermitian conjugates, without changing the
couplings. So the CP operation is equivalent to the substitution[81]

Y ij
d → (Y ij

d )∗, Y ij
u → (Y ij

u )∗. (3.48)
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Since there is no reason to require Y ij
d and Y ij

u to be real-valued, it seems Eq. (3.47)
breaks CP symmetry. However, we can try to eliminate this by applying chiral trans-
formations that are independent for left- and right-handed fields. Defining unitary
matrices Uu, W u, Ud, and W d by [81]

YuY
†
u = Uu(Du)

2U †u, Y †uYu = Wu(Du)
2W †

u , (3.49)

YdY
†
d = Ud(Dd)

2U †d , Y †d Yd = Wd(Dd)
2W †

d , (3.50)

where D2
u and D2

d are diagonal matrices with positive eigenvalues. Then we have

Yu = UuDuW
†
u ,

Yd = UdDdW
†
d , (3.51)

where Du and Dd are also diagonal matrices and their diagonal elements are the
square root of eigenvalues of Eq. (3.49) and Eq. (3.50), respectively [81]. Now
making the transformations

uiR → W ij
u u

j
R, diR → W ij

d d
j
R,

uiL → U ij
u u

j
L, diL → U ij

d d
j
L. (3.52)

We find Wu, Wd, Uu, and Ud are eliminated from Eq. (3.47), as well as other couplings
involving quark currents [81] in the SM Lagrangian, Eq. (3.35), except for those with
W±
µ . For example, for the quark bilinear coupled with W+

µ from q̄Li/DqL in Eq. (3.35),
since Wu, Wd, Uu, and Ud are matrices in the quark generation space, they commute
with the covariant derivative. Using Eq. (3.52), we find

1√
2
ūiLγ

µdiL →
1√
2
ūiLγ

µ(U †uUd)
ijdjL, (3.53)

which means the charged weak interaction links the three uiL quarks with a unitary
rotation of the three diL quarks by a unitary matrix

V = U †uUd ≡

Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 . (3.54)

The matrix V is called the Cabibbo-Kobayashi-Maskawa(CKM) matrix. We can see
that the weak charged interaction mixes quark flavors. Defining [102, 103, 104]

λ =
|Vus|√

|Vud|2 + |Vus|2
, Aλ2 = λ

Vcb
Vus

,

V ∗ub = Aλ3(ρ+ iη) =
Aλ3(ρ̄+ iη̄)

√
1− A2λ4

√
1− λ2[1− A2λ4(ρ̄+ iη̄)]

, (3.55)

where ρ̄ and η̄ can be expressed as ρ̄ = ρ(1− λ2/2 + . . . ), η̄ = η(1− λ2/2 + . . . ), the
CKM matrix can be conveniently expressed in Wolfenstein parametrization [102] as

V =

 1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4), (3.56)
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where λ ≈ 0.23 [41] plays the role of an expansion parameter and η represents the
CP violating phase. If we replace ρ and η in the CKM matrix with ¯rho and ¯eta, it
becomes unitary to all orders in lambda. [41].

For a general unitary n × n complex matrix contains 2n2 real parameters, it
contains n(n − 1)/2 independent rotation angles and (n − 1)(n − 2)/2 independent
phases [79]. Thus when there are 2 generations with u, d, c, and s, V is a 2 × 2
real matrix with one rotation angle [81] called the Cabibbo angle. When there are 3
generations, the CKM matrix contains 3 rotation angles, of which one is the Cabibbo
angle, and one phase, which is the CP violating source of the SM and called KM
phase.

The CKM matrix which mixes the 3-generation quarks is the dominant source
of the CP violation in meson decays; moreover, there is no compellingly significant,
direct evidence for more CP violating sources beyond the SM in K, B, and D meson
decays. However, the CP violation within the SM cannot explain the observed baryon
asymmetry in universe[31, 32, 105, 15]. The search for new sources and the precision
of tests of CPV in the SM suggests that we can have subdominant CPV from new
physics.

3.2.2 The strong CP problem

In the SM, there is an intriguing problem of the strong and electroweak interactions:
the “strong CP problem”. Standard Model gauge symmetry and renormalizabilty
should suffice to yield a term that breaks CP, that is,

Lθ = θQCD
g2
s

32π
GaµνG̃a

µν , (3.57)

where G̃a
µν = εµναβG

aαβ. According to the CP transformation properties in Ch. 2,
under parity P, charge conjugation C, and time reversal T, we have

GaµνG̃a
µν

P−→ (−1)µ(−1)ν(−1)α(−1)βGaµνG̃a
µν , (3.58)

GaµνG̃a
µν

C−→ (−1)(−1)GaµνG̃a
µν = +GaµνG̃a

µν , (3.59)

GaµνG̃a
µν

T−→ (−1)µ(−1)ν(−1)α(−1)βGaµνG̃a
µν . (3.60)

Since εµναβ(−1)µ(−1)ν(−1)α(−1)β = −1, the θ term Lθ is P and T violating, whereas
it is C conserving. This is incomprehensible, since all of our experimental results are
in good agreement with the assumption that QCD automatically conserves C, P, and
T. This problem is called the “strong CP problem”.

The θ term in Eq. (3.57) is closely related to the U(1)A problem [106, 107] of
QCD, which is posed as that of a missing light state [106], or of why the η′ is so
heavy [108].As shown by ’t Hooft [21, 20, 109], including instantons can give rise to
the U(1)A symmetry breaking without producing a Goldstone boson, thus solving the
U(1)A problem. This solution to the U(1)A problem forces the QCD Lagrangian to
include the θ term. Note that there is another solution with large Nf (the number of
quark flavors) limit in QCD that does not need the inclusion of instantons raised by
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Witten [110] and Veneziano [111]. This approach relates the η′ mass to the Witten-
Veneziano relation χt = F 2

π/12
(
m2
η +m2

η′ − 2m2
K

)
[110, 111, 112], where χt is the

topological susceptibility which is defined as [110, 111]

χt ≡
1

4
〈
(
εµναβGa

µνGαβ

) (
ερσκλGa

ρσGκλ

)
〉. (3.61)

If εµναβGa
µνG

a
αβ has an effect, then χt 6= 0 and the mass of η′ can be large. Solving χt

from the Witten-Veneziano relation gives χt = (174 MeV)4 [110, 111, 112].
We see that the θ term is a total derivative:

GµνG̃
µν = ∂µJ

µ, (3.62)

with

Jµ ≡ εµνρσ(Ga
νG

a
ρσ −

2

3
fabcAaνA

b
ρA

c
σ). (3.63)

One might think that we can adopt Jµ = 0 for the gluon field at spatial infinity, so
that the inclusion of Lθ would have no effect on physics in QCD. This is not true due
to the complex topological structure of the QCD vacuum state, and the gauge fields
do not fall off to zero at infinity. This is consistent with our conclusion that the θ
term should appear in the QCD Lagrangian so that it can explain the η′ puzzle.

When including the weak interactions, the strong CP problem becomes more
entangled. Considering the Yukawa coupling after electroweak symmetry breaking,
when the Higgs field ϕ0 obtains a vacuum expectation value (VEV) with the form
〈ϕ〉 = (0, v)T , then quarks obtain their masses from Eq. (3.47)

− v√
2
d̄iLY

ij
d d

j
R −

v√
2
ūiLY

ij
u u

j
R + h.c. (3.64)

After diagonalizing Y u and Y d using Eq. (3.51) and making the transformation of
uL, uR, dL and dR as in Eq. (3.52), we have

− v√
2
d̄iLD

ii
d d

i
R −

v√
2
ūiLD

ii
uu

i
R + h.c. (3.65)

with
mi
d =

v√
2
Dii
d ,m

i
u =

v√
2
Dii
u . (3.66)

Writing the up quark mass term as an example,

Lum = − v√
2
ūLDuuR −

v√
2
ūRD

†
uuL = − v

2
√

2
[ū(Du +D†u)u+ ū(Du −D†u)γ5u] (3.67)

The terms proportional to ūγ5u can be removed by the chiral rotation [79]

ui → e−i
1
2
αiγ5ui, (3.68)

when denoting the matrix elements of v√
2
Dii
u as mi

ue
iαi . However, the current con-

nected to this rotation is not conserved

∂µj5i
µ = ∂µūiγγµ5u

i = 2mi
uiūγ5u+

g2
s

16π2
G · G̃ 6= 0 (3.69)
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This induces a contribution to the θ term with [79]

θ̄ = θQCD − θM , (3.70)

with
θM = arg det(MuMd), (3.71)

where Mu and Md are diagonal matrices with mi
u and mi

d as their diagonal elements,
respectively.

The most pertinent restriction on the θ term comes from the neutron electric
dipole momentum (nEDM). The relation between the nEDM and the θ term is [113]

dQCDn ≈ −θ̄(0.9− 1.2)× 10−16 e · cm. (3.72)

The most recent result for the value of nEDM is [42]

dn = (0.0± 1.1stat ± 0.2sys)× 10−26 e · cm, (3.73)

then we have
|θ̄| < 1.5× 10−10. (3.74)

This is strange that a dimensionless parameter should be so tiny, and it is considered
to be unnatural because it is so small for no apparent reason, which is the other
puzzle of the “strong CP problem”.

The most widely accepted solution to the “strong CP problem” is the axion, which
is generated by the spontaneously breaking of another U(1)A symmetry added to the
SM proposed by Peccei and Quinn [78, 114]. The Peccei-Quinn mechanism can be
equivalently comprehended as promoting θ̄ from a constant coefficient to a dynamical
field – the axion, which was first proposed by Weinberg [115] and Wilczek [116]. A
general review can be found in Brubaker [117].

3.3 CP violation beyond the SM

Accounting for the failure to give adequate explanation to the baryon asymmetry in
universe, there should exist new CP violating mechanisms beyond the SM. In this
part, we briefly introduce some popular beyond the SM models like the two Higgs
doublet model [118, 119, 120, 121], the left-right symmetric model [122, 123, 124, 125],
and weak scale supersymmetry[126, 127, 128, 129, 130, 131].

3.3.1 two Higgs-doublet model

The SM consists of only one doublet of the scalar sector with weak hypercharge
Y = 1/2. Adding a second Higgs doublet is one of the simplest extensions of the
SM. Our description of the two-Higgs-doublet model (2HDM) is taken from Branco,
Lavoura, and Silva [80].

The 2HDM has gauge group SU(2) × U(1) and the usual fermion content. The
scalar sector of the model consists two doublets, φa, a = 1, 2 with hypercharge Y =
1/2 as

φa =

(
ϕ+
a

ϕ0
a

)
, (3.75)
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and φ̃a with Y = −1/2 as

φ̃a ≡ iσ2(φ†a)
T =

(
ϕ0
a

−ϕ−a

)
. (3.76)

With the assumption that the vacuum preserves a gauge symmetry related to elec-
tromagnetism, we have

〈0|φa|0〉 =

(
0

vae
iθa

)
, (3.77)

where va are real and non-negative and

v2 ≡ v2
1 + v2

2 =
4m2

W

g2
(3.78)

We can make the VEV of ϕ0
1 real and positive using a U(1) gauge transformation

without loss of generality. Thus θ1=0 and setting θ2 = θ, we have

〈0|φ1|0〉 =

(
0
va

)
, 〈0|φ2|0〉 =

(
0

v2e
iθ

)
. (3.79)

The most general scalar potential in the 2HDM is

V = m1φ
†
1φ1 +m2φ

†
2φ2 + (m3φ

†
1φ2 + h.c.)

+λ1(φ†1φ1)2 + λ2(φ†2φ2)2 + λ3(φ†1φ1)(φ†2φ2) + λ4(φ†1φ2)(φ†2φ1)

+{λ5(φ†1φ2)2 + [λ6(φ†1φ1) + λ7(φ†2φ2)](φ†1φ2) + h.c.}, (3.80)

where the coupling constants m1, m2, λ1, λ2, λ3, and λ4 are real, m3 = |m3|eiδ3 ,
λ5 = |λ5|eiδ5 , λ6 = |λ6|eiδ6 , and λ7 = |λ7|eiδ7 are complex, and we take m3, λ5, λ6

and λ7 to be nonnegative without loss of generality. The vacuum expectation value
of the potential is

V0 ≡ 〈0|V |0〉 = m1v
2
1 +m2v

2
2 + 2|m3|v1v2 cos(δ3 + θ)

+ λ1v
4
1 + λ2v

4
2 + (λ3 + λ4)v2

1v22 + 2|λ5|v2
1v

2
2 cos(δ5 + 2θ)

+ 2|λ6|v3
1v2 cos(δ6 + θ) + 2|λ7|v1v

3
2 cos(δ7 + θ). (3.81)

The stability of the vacuum demands that

0 =
−1

2v1v2

∂V0

∂θ

= |m3| sin(δ3 + θ) + 2|λ5|v1v2 sin(δ5 + 2θ) + |λ6|v2
1sin(δ6 + θ) + |λ7|v2

2 sin(δ7 + θ).
(3.82)

When defining the CP transformation in this model, the gauge-kinetic terms of
the Lagrangian being CP invariant is required. Then we have

(CP)φa(CP)† = UCP
ab (φ†b)

T (t,−r), (3.83)
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where the 2× 2 unitary matrix UCP is determined by vae
iθa = UCP

ab vbe
−iθb as UCP =

diag(1, e2iθ).
Consider a discrete symmetry under which φ2 → −φ2, the scalar potential then

has m3 = λ6 = λ7 = 0. Then there is only one θ-dependent term in Eq. (3.81) and
the minimum is obtained when

cos(δ5 + 2θ) = −1. (3.84)

Using the CP transformation property as Eq. (3.83) and the expression of UCP , we
have

(CP)(φ†1φ2)2(CP)† = e4iθ(φ†2φ1). (3.85)

Then the λ5-term in the scalar potential as Eq. (3.80) is CP invariant if the following
relation is satisfied

ei(δ5+4θ) = e−iδ5 . (3.86)

Actually Eq. (3.84) and Eq. (3.86) are equivalent. So there is no CP violation
under this model when not considering the Yukawa couplings. However when allowing
the discrete symmetry φ2 → −φ2 to be softly broken, which means it can be added
and not impact the renormalizability of the theory, the situation changes. Under this
circumstance, there will be another term present in the potential, the m3-term. Now
CP invariance requires

e2i(δ5+2θ) = 1, (3.87)

e2i(δ3+θ) = 1. (3.88)

Meanwhile, θ is determined by the stability condition in Eq. (3.82), with a6 =
a7 = 0, which generally shows θ satisfies neither Eq. (3.87) nor Eq. (3.88). Therefore,
CP is violated.

As a conclusion, when allowing the CP symmetry to be softly broken in the scalar
potential, generally there would be CP violation in the 2HDM, when only analyzing
the scalar potential. It should be noticed that when considering the Yukawa coupling
or the scalars coupling with weak gauge bosons, there should be more CP violation
sources, as discussed in Ref. [79, 80].

3.3.2 Left-right symmetric model

In the SM, the left-handed fermions are in doublets while the right-handed fermions
are singlets, which makes the Lagrangian parity not symmetric, since parity trans-
formation will interchange left- and right-handed fermions . The main motivation of
the left-right symmetric model (LRSM) [132, 133, 134, 135] is to make an extension
of the SM in which parity can be spontaneously broken. Thus the gauge group of the
LRSM is SU(2)L × SU(2)R × U(1).
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The lepton fields and quark fields are in doublets of SU(2)L and SU(2)R, respec-
tively

LL =

(
νL
eL

)
, LR =

(
νR
eR

)
, (3.89)

QL =

(
uL
dL

)
, QR =

(
uR
dR

)
. (3.90)

The gauge bosons WLk and WRk with k = 1, 2, 3 are associated with the gauge
groups SU(2)L and SU(2)R, respectively. Under parity P , we have

LL ↔ LR, QL ↔ QR, WLk ↔ WRk. (3.91)

Then the covariant derivative can be expressed as

∂µ − ig
3∑

k=1

(WLkTLk +WRkTRk)− ig′BY, (3.92)

where TLk and TRk are the generators of SU(1)L and SU(2)R. The hypercharge Y
takes different values in the LRSM from those of the SM. When making the extension
Q = TL3 +TR3 +Y for the electric charge, the hypercharge acquires a simple physical
meaning with the general formula Y = (B − L)/2, where B and L represents the
baryon number and the lepton number, respectively.

Under the restrictions that the Higgs sector should lead to an appropriate sym-
metry breaking of SU(2)L × SU(2)R × U(1), and it should give quarks and charged
leptons a mass, while giving either zero or naturally small masses to the neutrinos,
the Higgs sector should contain a scalar multiplet φ,

φ =

(
ϕ0†

1 ϕ+
2

−ϕ−1 ϕ0
2

)
, (3.93)

with

φ̃ ≡ σ2(φ†)Tσ2 =

(
ϕ0†

2 ϕ+
1

−ϕ−2 ϕ0
1

)
, (3.94)

with hypercharge Y = 0, as well as a triplet of SU(2)L which is a singlet of SU(2)R,
and a triplet of SU(2)R which is a singlet of SU(2)L, termed as ∆L and ∆R, separately:

∆L =

(
∆+
L/
√

2 −∆++
L

∆0
L −∆+

L/
√

2

)
, (3.95)

∆R =

(
∆+
R/
√

2 −∆++
R

∆0
R −∆+

R/
√

2

)
, (3.96)

with hypercharge Y = (B − L)/2 = 1. The SU(2)L doublets are(
ϕ+

1

ϕ0
1

)
and

(
ϕ+

2

ϕ0
2

)
, (3.97)
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and the SU(2)R doublets are (
ϕ+

1

−ϕ0†
2

)
and

(
ϕ+

2

−ϕ0†
1

)
. (3.98)

The Yukawa coupling of φ and φ̃ will generate Dirac masses for all fermions,
including neutrinos. While the Yukawa couplings of the triplets can generate |∆L| = 2
Majorana masses, leading to naturally small neutrino masses through the seesaw
mechanism [136, 137]. The VEV of ϕ0

1 and ϕ0
2 are k1 and k2, respectively, both of

which are generally complex. The VEV of ∆0
L and ∆0

R are FL and FR, respectively.
All other Higgs fields are assumed to have vanishing VEV.

The Yukawa couplings of quarks are expressed as

L(q)
Y = QL(φΓ1 + φ̃Γ2)QR +QR(φ†Γ†1 + φ̃†Γ†2)QL, (3.99)

where Γ1 and Γ2 are ng × ng matrices in generation space, with ng the number of

generations of quarks. Assuming under parity φ
P−→ φ†,the parity invariance restricts

the Yukawa-coupling matrices to be Hermitian, i.e. Γ1 = Γ†1, Γ2 = Γ†2. The mass
matrices for the up-type and down-type quarks, defined from ūLMuuR and d̄LMddR,
are

Mu = k∗1Γ1 + k∗2Γ2,Md = k2Γ1 + k1Γ2. (3.100)

Defining

TL± ≡
TL1 ± iTL2√

2
, TR± =

TR1 ± iTR2√
2

, (3.101)

WL± ≡
WL1 ± iWL2√

2
,WR± =

WR1 ± iWR2√
2

, (3.102)

the charged-current Lagrangian written in the quark mass eigenstates is

g√
2
ūγµ(W+

LµVL
1− γ5

2
+W+

RµVR
1 + γ5

2
)d+H.c., (3.103)

where the charged-current mixing matrices

VL ≡ Uu†
L U

d
L, VR ≡ Uu†

R U
d
R, (3.104)

are ng × ng unitary matrices.
As in the neutral-current Lagrangian does not change its form when expressed in

the quark mass eigenstates, due to the fact that all quark fields of a given charge and
helicity have the same TL3, TR3, and Y . The total number of meaningful phases in
the mixing matrices VL and VR are [80]

NLR
phase = n2

g − ng + 1. (3.105)

Therefore, even when there is only one generation, there will be a phase that gives
rise to CP violation. This is very different from the SM, because in that case there
exists only one phase that leads to CP violation for ng = 3.
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Above all, there are three types of CP violation sources in the LRSM [79]: the
VEVs of ϕ0

1 and ϕ0
2, which can turn out to be complex; the left-handed quark mixing

matrices VL corresponding to the usual CKM matrix in the SM; and its right-handed
analogue VR existing due to the presence of the right-handed currents.

3.3.3 Weak scale supersymmetry

In this part, we will give a very brief introduction to weak scale supersymmetry.
Supersymmetry(SUSY) is a generalization of the space-time symmetries in quan-

tum field theory. In SUSY, fermions can transfer to bosons and vice versa [138]. It
also forms a bridge to gravity, providing a unification of particle physics and grav-
ity [139] at the Plank energy scale, MP ∼ 1019 TeV. So SUSY is the ultimate
symmetry. SUSY is also an important possible “loophole” of a no-go theorem in the-
oretical physics, the Coleman-Mandula theorem [140, 141], stating that combining
space-time and internal symmetries in any but a trivial way is impossible, which also
means that the symmetry group of a consistent 4-dimensional quantum field theory
is a direct product of the internal symmetry group and Poincaré group [140]. SUSY
can be considered as a possible way to evade the Coleman-Mandula theorem because
it contains additional generators – supercharges, providing a nontrivial extension of
the Poincaré algebra, namely the supersymmetry algebra [142, 143].

In SUSY, each state has a superpartner, a state whose spin differs by half a unit.
Since no superpartners have ever been observed, supersymmetry must be a broken
symmetry. This can be achieved by setting the superpartners with sufficiently heavy
masses so that they could escape detection by experiments, say well in excess of 100
GeV [79]. The SUSY Lagrangian should contain soft-supersymmetry-breaking terms,
whose total mass dimension is less than 4, which still maintains the stability of the
gauge hierarchy [41].

There are many additional gateways for CP violation to enter in the SUSY theory.
For example, CP odd operators can arise both in chirality conserving and changing
couplings, flavor-diagonal couplings can also give rise to CP violation and so on.
The CP violating sources can enter through the superpotential, which introduces the
non-gauge interactions, and/or the soft breaking terms.

The minimal supersymmetric extension of the SM is usually called the minimal
supersymmetric Standard Model (MSSM) [144, 139], which considers the minimum
number of new particle states and new interactions consistent with phenomenol-
ogy [145]. In MSSM, R parity is introduced as a multiplicative quantum number,
assigning it to be +1 for ordinary fields and −1 for their superpartners. The ordi-
nary fields are quarks, leptons, gluons, gauge bosons, Higgs, and gravitons, and their
superpartners are named squarks, sleptons, gluinos, gauginos, higgsinos, and grav-
itinos, respectively. Each of the field in the SM is extended into a superfield, which
combine fields differing by half a unit in their spin, i.e. the fields and the relevant su-
perpartners. The MSSM consists of the two-Higgs-doublet extension of the SM and
their superpartners. In MSSM, the flavor-changing neutral currents (FCNC) even
happen in the strong sector, but they arise radiatively and are reduced significantly
in strength [79]. In general FCNC do not conserve CP. Moreover, in the MSSM,
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CP violation occurs even in flavor diagonal transitions [79]. Explicitly, there are two
observable phases that induce CP violation in the MSSM, one is the usual KM phase
with its origin in the misalignment of the mass matrices for up and down type quarks,
which also migrates into the squark mass matrices and controls the CP properties of
the quark-squark-gluino couplings; the other one reflects soft SUSY breaking, which
is strongly constrained by the experimental bound on the neutron EDM [79]. Com-
paring with the SM, the existence of CP violation in flavor-diagonal transitions from
KM ansatz in MSSM allows EDM to arise on an observable level. MSSM contribu-
tions to ∆b 6= 0 6= ∆s (where b and s stand for beauty number and strange number,
respectively) rare decays can be sizable and remarkable, but they can only modify
the SM predictions by a factor of two difference in the rate at most. However, non-
minimal implementation of SUSY can give rise to quite dramatic modifications [79].
When we once enter the non-minimal SUSY models, even by a slightly modification
of the MSSM, there will be considerable extra sources of CP violation. Those extra
CP-violating sources can have observable effects likely or quite possibly for the EDMs
of neutrons and electrons, as well as very distinct CP violating scenarios compared
with the MSSM, that due to |∆B| = 2 dynamics being modified by SUSY, dramatic
deviations from the KM expectations occur [79].

3.4 Summary

In this chapter, we introduced some model independent CP violating observables,
CP violating mechanisms within the SM, as well as some popular models beyond the
SM that can have new CP violating sources. The topic of my thesis, CP violation in
η → π+π−π0 is a kind of direct CP violating process that can be observed through a
production asymmetry of its Dalitz plot [90]. The KM phase as a crucial CP violating
source of the SM does not support η → π+π−π0, which is a flavor-diagonal process,
and the θ term in the SM, which is P and T violating, does not contribute directly
to η → π+π−π0 whose CP violation property is C and CP violating. Of all the CP
violation mechanisms in the beyond the SM scenarios introduced in this chapter, the
only possible new source that can contribute to CP violation in η → π+π−π0 decay is
the CP violation in flavor-diagonal transitions from KM ansatz in MSSM [79], but it
contributes mainly to EDM, so its contribution to η → π+π−π0 decay would be very
small. In the next chapter, we will discuss another very important beyond the SM
theory, the SM effective field theory, from which we will investigate out CP violating
sources that can contribute to η → π+π−π0 decay shown in Ch. 7.

Copyright c© Jun Shi, 2020.
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chapter 4

BEYOND THE STANDARD MODEL PHYSICS AS AN
EFFECTIVE FIELD THEORY

4.1 Effective field theory

The Standard Model (SM) [146, 147, 148, 149] of particle physics has been very
successful in describing the strong and electroweak interactions. In the year 2012,
the ATLAS [150] and CMS [151] collaborations at CERN the Large Hadron Collider
(LHC) discovered a scalar particle with a mass around 126 GeV and with properties
that were roughly consistent with the SM Higgs boson. With that discovery, all
the particles included in the SM theory were verified; as of this writing no particles
beyond the SM have been found as yet. Nevertheless the SM is not perfect regarding
the many features of Nature that it does not explain, such as the strong CP problem,
neutrino masses, dark matter and dark energy, the baryon asymmetry in universe,
and the precise values of the fermions’ masses (e.g. the top quark is so much heavier
than the other quarks). New physics beyond the SM should exist without doubt,
however at a sufficiently high energy scale (because no new physics has been detected
yet), say at around 500 GeV [152] or at the TeV scale [153], and/or interact with
the SM particles with very weak couplings. A theory of new physics above a certain
scale, for which the SM is no longer applicable, should

• contain the SU(3)C × SU(2)L × U(1)Y gauge symmetry of the SM,

• incorporate all the SM degrees of freedom either as fundamental or composite
fields,

• reduce to the SM at low energies.

All the above properties can be satisfied by an effective field theory (EFT) [154, 155,
156, 157], that the low-energy physics can be described using an effective Lagrangian
without the necessity of considering degrees of freedom of new physics appearing
at high energies [154]; and it is convenient to use it as a phenomenological tool to
study new physics. The main advantage of an EFT is that it is general and model-
independent. An EFT usually can be constructed in one of two ways: the top-down
approach, where the ultraviolet physics is known and the EFT can be formulated by
integrating out the heavy degrees of freedom, or the bottom-up procedure, where the
underlying high energy physics is unknown. The bottom-up EFT Lagrangian can be
constructed by enumerating the most general possible operators consistent with the
present degrees of freedom, say, e.g., forming the operators with the SM fields, and
imposing the symmetries required.
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Integrating out heavy fields means the process of removing particular fields present
in the Lagrangian. Suppose Φ 1 is a heavy, real scalar boson with mass M that will
be integrated out and S[Φ, φ] is the action containing Φ and its interactions with
the SM fields φ. If we work at energies at which the Φ can no longer be produced
as a physical (i.e., on its mass shell) state, then the resulting effective action after
integrating out Φ is given by

eiSeff[φ] =

∫
DΦeiS[Φ, φ]. (4.1)

We can compute the effective action to one-loop order by expanding the action around
the minimum of Φ as

S[Φc + η, φ] = S[Φc, φ] +
1

2
η2 δ

2S

δΦ2
+O(η3), (4.2)

where the minimum Φc is determined by

δS[Φ, φ]

δΦ

∣∣∣∣
Φ=Φc

= 0. (4.3)

Then the integral can be computed as [158]

eiSeff[φ] =

∫
DηeiS[Φc+η, φ] ≈ eiS[Φc, φ]

[
det

(
−δ

2S

δΦ2
|Φc
)]− 1

2

. (4.4)

And the effective action is given by [158]

Seff[φ] ≈ S[Φ, φ] +
i

2
Tr ln

(
−δ

2S

δΦ2
|Φc
)
. (4.5)

The first term is the tree-level piece, which can be obtained by solving the heavy
field’s equation of motion and plugging it back into the action, while the second term
is the one-loop piece. This result comes from the path-integral formalism. It can also
be computed through the perturbation theory where the effect of the path-integral is
represented by a sum of the Feynman diagrams [159]. Given the scattering process
ν̄ + d→ e−+ u through the exchange of a virtual charged weak gauge boson W with
the Feynman diagram depicted in Fig. 4.1 as an example, the interactions from the
SM Lagrangian responsible for this process come from

g√
2

(ν̄Lγ
µeL + ūLγ

µdL)W+
µ + h.c. (4.6)

Then the amplitude is expressed as

g2

2
(ūLγ

µdL)
−i

q2 −m2
W

(gµν − qµqν

m2
W

)(ēLγ
ννL), (4.7)

1The procedure and notations are chosen to coincide with Henning, Lu, and Murayama [158].
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Figure 4.1: Feynman diagram for ν̄ + d→ e− + u through W exchange.

where q is the 4-momentum of the W and mW denotes the mass of the W . At energies
much smaller than the mass of the W gauge boson, we can neglect the q2 dependence
as well as the qµqν/m2

W term and describe the diagram by an effective Lagrangian

∆LW = i
g2

2m2
W

(ūLγ
µdL)(ēLγ

µνL). (4.8)

The coefficient is usually written in terms of the Fermi constant

GF√
2

=
g2

8m2
W

. (4.9)

We have introduced some general features of EFT. Now we are going to discuss a
very important kind of effective field theory explicitly, the Standard Model effective
field theory (SMEFT), which is closely related to Chapter 7 of this thesis.

4.2 Standard Model effective field theory

Accounting for the success of the SM at low energy, assuming new physics appears
only at very high energies, we can construct an EFT Lagrangian extended from the
SM in an expansion in 1/Λ, where Λ represents the energy scale that new physics
occurs, by imposing the SM gauge symmetry SU(3)C×SU(2)×U(1)Y and using the
SM fields for the new terms. We have

Leff = L(4)
SM +

1

Λ
L(5) +

1

Λ2
L(6) + · · ·

= LSM +
1

Λ

∑
k

C
(5)
k O

(5)
k +

1

Λ2

∑
k

C
(6)
k O

(6)
k + . . . , (4.10)

where L(4)
SM is the renormalizable Lagrangian of the SM which contains all possi-

ble dimension-four operators, O(n)
k denotes dimension-n operators, and C

(n)
k rep-

resents the corresponding dimensionless effective coupling constants (Wilson coef-
ficients [160]). This scenario is usually called SMEFT. At low energies, the new
physics interactions are suppressed by inverse powers of Λ, such that the theory will
be well-described by the renormalizable SM Lagrangian at an energy scale µ� Λ.
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The SM fields are left-handed doublets of SU(2)L,

qL =

(
uL
dL

)
, lL =

(
νL
eL

)
, (4.11)

right-handed singlets uRp, dRp, and eRp, where p = 1, 2, 3 are generation indices,
SU(3)C gauge field GA

µ , electroweak gauge fields W I
µ and Bµ, and the Higgs field ϕ,

which are introduced in Sec. 3.2.1. A field’s mass-dimension refers to its dimension
in terms of the dimension of mass [M ]. Giving the SM standard Lagrangian to be
mass-dimension 4 as Eq. (3.35), the mass dimensions of the Higgs field ϕ, fermion
fields ψ (quark and lepton fields), gauge fields GA

µ , W I
µ , and Bµ are

[ϕ] = 1, [ψ] =
3

2
, [Ga

µ] = 1, , [W I
µ ] = 1, and [Bµ] = 1. (4.12)

In the following operators, p, r, s, and t represents generation indices, and the
chirality of fermions is left implicit, so that lp and qp indicate left-handed doublets lLp
and qLp, and up, dp and ep mean right-handed singlets uRp, dRp, and eRp, respectively.
Taking the potential of the Higgs field from the mass-dimension 4 SM Lagrangian in
Eq. (3.35),

V (ϕ) = µ2ϕ†ϕ− λ

2
(ϕ†ϕ)2, (4.13)

with µ2 > 0, the Higgs field can obtain a vacuum expectation value (VEV) v =
√
µ2/λ

by taking the minimum of this potential, while the electroweak symmetry of the SM
is spontaneously broken.

There is only one mass-dimension-5 operator [161, 162, 163, 164, 101]

O(5) = εjkεmnϕ
jϕm(lkp)

TClnr ≡ (ϕ̃†lp)
TC(ϕ̃†lr), (4.14)

where C denotes the charge conjugation matrix with C = iγ2γ0 in the Dirac repre-
sentation [101], ϕ is the Higgs doublet, ϕ̃ = iσ2ϕ, l is the left-handed lepton doublet,
and p, r are the generation indices. The charge conjugation commutes with the gen-
erator of Lorentz boots, which is essential to make the operator in Eq. (4.14) Lorentz
invariant [165]. The lepton number of (lp)

T and lr are both 1, so that O5 violates
lepton number by 2 units. Eq. (4.14) generates Majorana masses for the neutrinos
after the electroweak symmetry is spontaneously broken once the Higgs field obtains
its VEV.

Complete sets of the possible dimension-6 operators are given by Buchmuller and
Wyler [164] and Grzadkowski et al. [101]. Ref. [101] identified and removed some
redundant operators by applying equations of motion(EOM), integration by parts,
and Fierz identities in comparison to Ref. [164]. The classes contributing to the
complete set of dimension-6 operators are X3, ϕ6, ϕ4D2, ψ2ϕ3, X2ϕ2, ψ2Xϕ, ψ2ϕ2D
and ψ4, where X denotes the gauge field strength tensor GA

µν , W
I
µν , and Bµν , D stands

for the covariant derivative Dµ = ∂µ− igsGa
µT

a− igW i
µS

i− ig′Y Bµ and ψ represents
the fermion fields, i.e., the quark and lepton fields. From Ref. [101], when we take the
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Table 4.1: Mass-dimension 6 SMEFT operators from Ref. [101] other than the four-
fermion ones, which are listed in Table 4.2.

X3

QG fABCGAνµ GBρν GCµρ

QG̃ fABCG̃Aνµ GBρν GCµρ

QW εIJKW Iν
µ W Jρ

ν WKµ
ρ

Q
W̃

εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ

ϕ6 and ϕ4D2

Qϕ (ϕ†ϕ)3

Qϕ� (ϕ†ϕ)(ϕ†ϕ)

QϕD
(
ϕ†Dµϕ

)∗ (
ϕ†Dµϕ

)
ψ2ϕ3

Qeϕ (ϕ†ϕ)(l̄perϕ)

Quϕ (ϕ†ϕ)(q̄purϕ̃)

Qdϕ (H†H)(q̄pdrϕ)

X2ϕ2

QϕG ϕ†ϕGAµνG
Aµν

QϕG̃ ϕ†ϕ G̃AµνG
Aµν

QϕW ϕ†ϕW I
µνW

Iµν

Q
ϕW̃

ϕ†ϕW̃ I
µνW

Iµν

QϕB ϕ†ϕBµνB
µν

QϕB̃ ϕ†ϕ B̃µνB
µν

QϕWB ϕ†τ IϕW I
µνB

µν

Q
ϕW̃B

ϕ†τ IϕW̃ I
µνB

µν

ψ2Xϕ

QeW (l̄pσ
µνer)τ

IϕWϕ
µν

QeB (l̄pσ
µνer)ϕBµν

QuG (q̄pσ
µνTAur)ϕ̃G

A
µν

QuW (q̄pσ
µνur)τ

I ϕ̃W I
µν

QuB (q̄pσ
µνur)ϕ̃ Bµν

QdG (q̄pσ
µνTAdr)ϕG

A
µν

QdW (q̄pσ
µνdr)τ

IϕW I
µν

QdB (q̄pσ
µνdr)ϕBµν

ψ2ϕ2D

Q
(1)
ϕl (ϕ†i

←→
D µϕ)(l̄pγ

µlr)

Q
(3)
ϕl (ϕ†i

←→
D I
µϕ)(l̄pτ

Iγµlr)

Qϕe (ϕ†i
←→
D µϕ)(ēpγ

µer)

Q
(1)
ϕq (ϕ†i

←→
D µϕ)(q̄pγ

µqr)

Q
(3)
ϕq (ϕ†i

←→
D I
µϕ)(q̄pτ

Iγµqr)

Qϕu (ϕ†i
←→
D µϕ)(ūpγ

µur)

Qϕd (ϕ†i
←→
D µϕ)(d̄pγ

µdr)

Qϕud + h.c. i(ϕ̃†Dµϕ)(ūpγ
µdr)

generation number to be 1, there are 59 Hermitian operators that conserves baryon
number and 5 operators that violate baryon number. We list the operators from
Ref. [101] in Table 4.1 and Table 4.2.

We will study CP violation in the mass-dimension 6 SMEFT operators without
baryon number and lepton number violation in Chapter 7.

4.3 Spontaneously broken electroweak effective field theory

In the SM, the Higgs is a fundamental particle whose dynamics is weakly coupled,
and electroweak symmetry is spontaneously broken to U(1)em when the Higgs field
develops a vacuum expectation value. Although the LHC experiments [150, 151]
observed the Higgs boson of the SM to some precision and the Higgs mechanism is
certainly at work; the precise mechanism of electroweak symmetry breaking remains
mysterious. Whether the underlying dynamics of Higgs field is strongly or weakly
coupled is not completed determined yet [166, 167, 168]. SMEFT has the hidden
assumption that the electroweak symmetry is broken in the same way as the SM.
Meanwhile, data on the Higgs parameters [169] allow deviations from the SM of the
order of 10% [170].

The simplest option for a weak-coupled scenario is to introduce a scalar doublet
for the Higgs field. In addition to the required 3 Goldstone bosons, another massive
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Table 4.2: Mass-dimension 6 SMEFT operators composed of four fermions from Ref.
[101].

(L̄L)(L̄L)

Qll (l̄pγ
µlr)(l̄sγµlt)

Q
(1)
qq (q̄pγ

µqr)(q̄sγµqt)

Q
(3)
qq (q̄pγ

µτ Iqr)(q̄sγµτ
Iqt)

Q
(1)
lq (l̄pγ

µlr)(q̄sγµqt)

Q
(3)
lq (l̄pγ

µτ I lr)(q̄sγµτ
Iqt)

(R̄R)(R̄R)

Qee (ēpγ
µer)(ēsγµet)

Quu (ūpγ
µur)(ūsγµut)

Qdd (d̄pγ
µdr)(d̄sγµdt)

Qeu (ēpγ
µer)(ūsγµut)

Qed (ēpγ
µer)(d̄sγµdt)

Q
(1)
ud (ūpγ

µur)(d̄sγµdt)

Q
(8)
ud (ūpγ

µTAur)(d̄sγµT
Adt)

(L̄L)(R̄R)

Qle (l̄pγ
µlr)(ēsγµet)

Qlu (l̄pγ
µlr)(ūsγµut)

Qld (l̄pγ
µlr)(d̄sγµdt)

Qqe (q̄pγ
µqr)(ēsγµet)

Q
(1)
qu (q̄pγ

µqr)(ūsγµut)

Q
(8)
qu (q̄pγ

µTAqr)(ūsγµT
Aut)

Q
(1)
qd (q̄pγ

µqr)(d̄sγµdt)

Q
(8)
qd (q̄pγ

µTAqr)(d̄sγµT
Adt)

(L̄R)(R̄L) and (L̄R)(L̄R)

Qledq (l̄jper)(d̄sqtj)

Q
(1)
quqd (q̄jpur)εjk(q̄ksdt)

Q
(8)
quqd (q̄jpT

Aur)εjk(q̄ksT
Adt)

Q
(1)
lequ (l̄jper)εjk(q̄ksut)

Q
(3)
lequ (l̄jpσµνer)εjk(q̄ksσ

µνut)

B−violating

Qduq εαβγεjk
[
(dαp )TCuβr

] [
(qγjs )TClkt

]
Qqqu εαβγεjk

[
(qαjp )TCqβkr

] [
(uγs )TCet

]
Q

(1)
qqq εαβγεjkεmn

[
(qαjp )TCqβkr

] [
(qγms )TClnt

]
Q

(3)
qqq εαβγ(τ Iε)jk(τ Iε)mn

[
(qαjp )TCqβkr

] [
(qγms )TClnt

]
Qduu εαβγ

[
(dαp )TCuβr

] [
(uγs )TCet

]

scalar field, the Higgs field, is obtained, with its mass taken as a free parameter.
The SM electroweak symmetry breaking mechanism is one weak-coupling scenario.
Introducing a new scalar particle – the Higgs boson, and treating it as a fundamen-
tal particle has a problem of naturalness, and additional stabilization mechanism is
needed so as to make the theory meaningful [166]. Supersymmetry may be the most
concrete framework to understand the lightness of of a weakly coupled Higgs [166].

The alternatives are strong-coupled scenarios with dynamical symmetry breaking,
in which case electroweak symmetry is spontaneously broken by a trigger of conden-
sate that is generated by new interactions strongly coupled at the electroweak scale
[166]. Analogous to how chiral symmetry is broken in QCD, the strong-coupled sce-
narios has a feature of compositeness and large number of bound states. Generally,
strong-coupled scenarios allow for a light scalar with mass naturally at the order
of electroweak scale [171] when it is interpreted as a pseudo-Goldstone boson of a
spontaneously broken symmetry [169, 172, 173, 174, 175, 176]. Such scenario can be
called strongly-interacting light Higgs (SILH) [173, 177] and can be studied through
an effective field theory involving electroweak chiral Lagrangian [178, 167].

Copyright c© Jun Shi, 2020.
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chapter 5

MESON DECAYS AT LOW ENERGY

Quantum chromodynamics (QCD) is the quantum field theory considered as the fun-
damental theory of the strong interactions. Due to the running of the strong coupling
constant, the coupling decreases logarithmically as the energy increases, leading to
asymptotic freedom [179]; and it increases as the energy decreases, which means the
coupling becomes large at low energy, and leads quarks to be confined. Thus, with
quarks and gluons as its fundamental degrees of freedom, QCD is not practical to use
at low energy because of quark confinement. Meanwhile the perturbative methods for
calculating QCD processes, which are successful at high energies, cannot be applied
at low energies because the strong coupling constants are no longer small quantities
that can be treated perturbatively. However, we can use effective field theory (EFT).
Chiral perturbation theories (ChPT) is one of the most prominent effective theories
to study QCD at low energy.

In this chapter I will first introduce some basics of ChPT that can be used to
study meson decays, and then I will introduce the theoretical analysis of η → 3π
decay. The ChPT part is mainly based on Scherer and Schindler [180], Bernard and
Meißner [181], and Ecker [182].

5.1 Chiral symmetry of low energy QCD

The QCD Lagrangian satisfies SU(3)C gauge invariance, and it is given by [180]

LQCD =
∑

f=u,d,s,c,b,t

q̄f (i 6D −mf )qf −
1

4
Ga
µνG

aµν (5.1)

where qf represents the color triplet of each quark flavor f as

qf =

qf,1qf,2
qf,3

 (5.2)

and

Dµ = ∂µ − igsGa
µta, (5.3)

Ga
µν = ∂µG

a
ν − ∂νGa

µ + gsfabcG
a
µG

c
ν , (5.4)

where ta = λa/2 and λa are the Gell-Mann matrices with a = 1, 2, . . . 8 with the
following commutation and anticommutation relations

[
λa
2
,
λb
2

] = ifabc
λc
2
,

{λa, λb} =
4

3
δab + 2dabcλc, (5.5)
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where fabc are totally antisymmetric real constants and dabc are totally symmetric real
constants. The QCD Lagrangian is invariant under the local SU(3) transformation

qf (x) 7→ q′f (x) = exp(−iΘa(x)ta)qf (x) ≡ U(x)qf (x),

Gµ(x) ≡ Ga
µ(x)ta 7→ G′µ = U(x)Gµ(x)U †(x) +

i

gs
∂µU(x)U †(x), (5.6)

where Θa(x) are smooth, real functions in Minkowski space [180]. The 6-flavor quarks
are usually divided into light quarks u, d, s and heavy quarks c, b, t according to
their masses [180], in comparison to the typical hadronic scale of ∼ 1 GeV, where [41]

mu = (2.16+0.49
−0.26) MeV, md = (4.67+0.48

−0.17) MeV, ms = (93+11
−5 ) MeV,

mc = 1.27± 0.02 GeV, mb = 4.18+0.03
−0.02 GeV, mt = (172.76± 0.30) GeV.

(5.7)

It could be a good starting point to discuss the low energy limit of QCD from L0
QCD,

which contains only the light-flavored quarks and works in the chiral limit, namely
that mu, md, ms → 0, so that

L0
QCD =

∑
f=u,d,s

q̄f i 6Dqf −
1

4
Ga
µνG

aµν . (5.8)

Introducing the chiral projection operators

PL =
1− γ5

2
, PR =

1 + γ5

2
, (5.9)

where γ5 = iγ0γ1γ2γ3 with {γ5, γµ} = 0, we have the relations

PL + PR = 1, (PL)2 = PL, (PR)2 = PR, PLPR = PRPL = 0. (5.10)

The projection operators PL and PR project the Dirac field variable q to its chiral
components qL and qR

qL = PLq, qR = PRq. (5.11)

For the quark current q̄Γq where Γ = 1, γ5, γµ, γµγ5, or σµν = i
2
[γµ, γν ], we have

q̄Γq =

{
q̄LΓqL + q̄RΓqR for Γ ∈ γµ, γµγ5

q̄RΓqL + q̄LΓqR for Γ ∈ 1, γ5, σµν
(5.12)

The low energy QCD Lagrangian in the chiral limit can be written as

L0
QCD =

∑
f=u,d,s

(q̄R,f i 6DqR,f + q̄L,f i 6DqL,f )−
1

4
Ga
µνG

aµν , (5.13)

where the left-handed and right-handed quarks are decoupled. Thus L0
QCD is invari-

ant under the transformations which act differently on left-handed and right-handed
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fields: [180]

qL =

uLdL
sL

 7→ UL

uLdL
sL

 = exp

(
−i

8∑
a=1

ΘLata

)
e−iΘL

uLdL
sL


qR =

uRdR
sR

 7→ UR

uRdR
sR

 = exp

(
−i

8∑
a=1

ΘRata

)
e−iΘR

uRdR
sR

 (5.14)

where ta = λa/2 act in flavor space, UL and UR are unitary independent 3× 3 matri-
ces indicating the transformations of U(3)L and U(3)R, and we have decomposed the
U(3)L×U(3)R transformation into SU(3)L×SU(3)R×U(1)V ×U(1)A transformation.
QCD at chiral limit has a global SU(3)L× SU(3)R×U(1)V ×U(1)A symmetry. The
U(1)V is a symmetry of QCD even when quark masses are included [112], and it gen-
erates baryon number conservation. The invariance of L0

QCD under SU(3)L×SU(3)R
is often referred to as a chiral symmetry. According to Noether’s theorem [183, 184],
one might expect 9 left-handed and 9 right-handed conserved currents

Lµa = q̄Lγ
µtaqL,

Rµ
a = q̄Rγ

µtaqR,

Lµ = q̄Lγ
µqL,

Rµ = q̄Rγ
µqR. (5.15)

The U(1)A under which qL(R) → exp(iΘL(R)γ5)qL(R) is not an exact symmetry of QCD
with massless quarks at the quantum level due to the Abelian anomaly [21]. We can
form axial-vector currents from the linear combinations of the above chiral currents

V µ
a = Rµ

a + Lµa = q̄γµtaq,

Aµa = Rµ
a − Lµa = q̄γµγ5taq,

The chiral symmetry is a symmetry of the Lagrangian of QCD with massless
quarks, but it is not a symmetry of the ground state, resulting in a spontaneously
symmetry breaking, which can be easily seen from the fact that hadrons with exactly
the same quantum numbers and the same mass but opposite parity do not exist [181].
This leads to a quark condensate in the vacuum, 〈0|q̄q|0〉 = 〈0|q̄LqR + q̄RqL|0〉, which
connects the left-handed with the right-handed quark fields. The chiral symmetry
SU(3)L × SU(3)R is spontaneously broken to SU(3)V . According to the Goldstone
theorem [185, 186], there are 8 massless pseudoscalar Goldstone bosons arising from
such spontaneous symmetry breaking. We can collect the Goldstone fields in a unitary
matrix U(φ) with the chiral transformation behavior

U(φ) 7→ URU(φ)U−1
L , (5.16)

and U(φ) can be conveniently parametrized in the exponential form

U(φ) = exp (iφ/F0) , (5.17)

φ = λaφ
a ≡

π3 + 1√
3
η8

√
2π+

√
2K+

√
2π− −π3 + 1√

3
η8

√
2K0

√
2K−

√
2K

0 − 2√
3
η8

 , (5.18)
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where F0 is the meson decay constant in the chiral limit. To the lowest order of π0−η
mixing angle, which breaks isospin symmetry, π3 and η8 can be expressed in terms of
the physical π0 and η mesons as [64]

π3 = π0 cos(ε)− η sin(ε),

η8 = π0 sin(ε) + η cos(ε), (5.19)

where the corresponding lowest order mixing angle is given by

tan(2ε) =

√
3

2

md −mu

ms − m̂
(5.20)

with m̂ = (mu +md)/2.
Including the finite masses of u, d and s quarks explicitly breaks chiral symmetry

since the mass terms mix the left- and right-handed fields

LM = −q̄Mq = −(q̄LMqR + q̄RMqL) (5.21)

with

M =

mu 0 0
0 md 0
0 0 ms

 . (5.22)

The vector and axial vector currents are no longer conserved except for the baryon
number current V µ [180]

∂µV
µ
a = iq̄[M, ta]q, (5.23)

∂µA
µ
a = iq̄{M, ta}q,

∂µA
µ = 2iq̄γ5Mq +

3g2
s

2π2
εµνρσG

µν
a G

ρσ
a , (5.24)

where we include the axial anomaly of U(1)A [180].
When considering only u and d quarks where L0

QCD is said to have SU(2)L ×
SU(2)R symmetry, rewriting the mass term makes the strong isospin violation explicit

LudM = muūu+mdd̄d =
1

2
(mu +md)(ūu+ d̄d) +

1

2
(mu −md)(ūu− d̄d), (5.25)

where the first term is an isoscalar and the second one is an isovector.
By applying the Lehmann-Symanzik-Zimmermann (LSZ) reduction formalism [187],

the Green functions, which are vacuum (in QCD) matrix elements of time-ordered
products of color-singlet, Hermitian products of light-quark fields, can be connected
to physical processes concerning mesons and their interactions with the electroweak
gauge fields of the SM [180], when the scalar and pseudoscalar densities are also
included:

Sµa = q̄taq

P µ
a = iq̄γ5taq

Sµ = q̄q

P µ = iq̄γµγ5q. (5.26)
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For example, the Green functions 〈0|T [Pa(x)Jµ(y)Pb(z)]|0〉 and
〈0|T [Pa(w)Pb(x)Pc(y)Pd(z)]|0〉 are related to the pion electromagnetic form factor (Jµ

represents the electromagnetic current) and pion-pion scattering, respectively.
Following Gasser and Leutwyler [188, 189], we can extend the chirally invariant

low energy QCD Lagrangian by introducing the coupling of quark currents to external
hermitian matrix fields vµ, aµ, s and p which are vector field, axial-vector field, scalar
field and pseudoscalar field, respectively:

LQCD = L0
QCD + Lext

= L0
QCD + q̄γµ(vµ + γ5aµ)q − q̄(s− iγ5p)q

= L0
QCD + q̄Lγ

µ(vµ − aµ)qL + q̄Rγ
µ(vµ + aµ)qR − q̄R(s+ ip)qL − q̄L(s− ip)qR,

(5.27)

with the following chiral transformation properties

rµ ≡ vµ + aµ 7→ URrµU
†
R + iUR∂µU

†
R

lµ ≡ vµ − aµ 7→ ULlµU
†
L + iUL∂µU

†
L

s+ ip 7→ UR(s+ ip)U †L. (5.28)

The global chiral symmetry is promoted to a local one after including the external
fields [188, 190, 182, 191]. The general functional relates to the vacuum-to-vacuum
transition amplitude when including the external fields [180]

exp (iZ[v, a, s, p]) = 〈0, out|0, in〉v,a,s,p, (5.29)

and the Green functions can be involved in the general functional

exp (iZ[v, a, s, p]) = 〈0|T exp

[
i

∫
d4xLext(x)

]
|0〉0, (5.30)

where the subscript 0 means that the quark field operators in Lext and the ground
state |0〉 refer to the chiral limit. The external fields should be distinguished from
dynamical fields in that the former do not propagate and are introduced to generate
Green functions of quarks. The external photons and weak gauge bosons can be
incorporated in the gauge fields vµ, aµ [182]

rµ = vµ + aµ = −eQAext
µ + · · ·

lµ = vµ − aµ = −eQAext
µ −

e√
2 sin θW

(W ext,+
µ T+ + h.c.) + · · · ,

with Q =
1

3
diag(2,−1,−1), T+ =

0 Vud Vus
0 0 0
0 0 0

 , (5.31)

where Q is the quark charge currents and Vij are the CKM matrix elements. In ad-
dition to generating Green functions of scalar quark currents, s also provides a con-
venient way to incorporate explicit chiral symmetry breaking through quark masses.
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The relevant physically Green functions are functional derivatives of the general func-
tional Z[v, a, s, p] at v = a = p = 0 and s = diag(mu,md,ms).

Though there is no physical realization of the tensor field coupled to the tensor
quark bilinear q̄σµνq in QCD, the tensor source is important when studying new
physics beyond the SM. The QCD Lagrangian with an external tensor field and the
relevant ChPT terms are introduced in Cata and Mateu [191]. We will discuss this
part explicitly in Ch. 8.

5.2 Chiral perturbation theory with mesons

The general functional admits a Taylor expansion in powers of the external momenta
and quark masses [192, 190, 193]. Such an expansion is most conveniently made in an
effective field theory using the pseudo-Goldstone bosons, which are outcomes of the
spontaneous chiral symmetry breaking of low-energy QCD, as the dynamical degrees
of freedom. When choosing the effective Lagrangian properly, the resulting Green
functions are identical to those from low-energy QCD [192, 190]. Counting the quark
masses as quadratic powers of the momenta, the expansion of the effective Lagrangian
starts at O(p2) and is in the form

Leff = L2 + L4 + · · · (5.32)

which generates the expansion of the generating functional as

Z = Z2 + Z4 + · · · (5.33)

Such a procedure to analyze the low-energy structure of the SM is called chiral pertur-
bation theory (ChPT) [192, 188, 189]. The subscript 2k denotes the order of momenta
O(p2k). For example, the subscript 2, represents each operator in the Lagrangian con-
tains either two derivatives or one quark mass term. According to the Feynman rules,
derivatives generate four-momenta. On account of Eq. (5.39) discussed later with
the assumption that the chiral condensate in Eq. (5.38) does not vanish in the chiral
limit, together with the on-shell condition p2 = M2, quark mass mq ∼M2 ∼ q2 with
M as meson masses. Note that there is an alternate formulation called “generalized
chiral perturbation” theory [194, 195, 196], in which chiral condensate could be small
in the chiral limit, making the power counting of the possible contributions some-
what different. A definitive test of the two scenarios can be made through a precise
measurement of the pionium atom (π+π−) lifetime, and that experimental effort is
still ongoing [197]. We will proceed with the usual approach. The chiral orders in
Eq. (5.32) are all even because Lorentz indices of derivatives should be contracted
and the quark-mass terms are counted as O(p2) [180].

The effective chiral Lagrangian is constructed from the field U(φ) as defined in
Eq. (5.18) and the external fields v, a, s and p, which are subjected to the general
chiral counting rules [182]

U ∼ O(p0),

vµ, aµ ∼ O(p),

s, p ∼ O(p2). (5.34)
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These can be understood by the definitions of U and the covariant derivative DµU as
Eq. (5.36), and s ∼ mq. The leading-order chiral effective Lagrangian takes the form

L2 =
F 2

0

4
〈DµUD

µU † + χU † + χ†U〉, (5.35)

where χ = 2B0(s+ ip), 〈A〉 indicates the trace of matrix A, and the covariant deriva-
tive is defined as

DµU = ∂µU − irµU + iUlµ, (5.36)

with the chiral transformation property

DµU 7→ UR(DµU)U †L. (5.37)

There are only two low-energy constants in the lowest-order chiral Lagrangian, i.e.
F0 and B0, which relate to the pion decay constant and to the quark condensate in
the chiral limit:

Fπ = F0[1 +O(mq)]

〈0|ūu|0〉 = −F 2
0B0[1 +O(mq)], (5.38)

where Fπ is the physical pion decay constant, with value 92.4 MeV [181] determined
from leptonic pion decay [198]. Upon setting the external fields as vµ = aµ = p = 0
and s = diag(mu, md ,ms), when neglecting π0 − η mixing, i.e., the mixing angle
ε = 0, π3 = π0, and η8 = η from Eq. (5.19), and expanding U(φ) to φ2, we have [182]

Tr(B0sφ
2) = 2(mu +md)π

+π− + 2(mu +ms)K
+K− + 2(md +ms)K

0
K0

+ (mu +md)π
0π0 +

2√
3

(mu −md)π
0η +

1

3
(mu +md +ms)η

2.

(5.39)

Then we obtain the masses of the Goldstone bosons to the leading order in quark
masses [182]:

M2
π+ = 2m̂B0

M2
π0 = 2m̂B0 +O[

(mu −md)
2

ms − m̂
]

M2
K+ = (mu +ms)B0

M2
K0 = (md +ms)B0

M2
η =

2

3
(m̂+ 2ms) +O[

(mu −md)
2

ms − m̂
] (5.40)

with m̂ ≡ 1
2
(mu+md). These are called the Gell-Mann–Oakes–Renner relations [199].

If we take the isospin-symmetric limit mu = md = m̂, the π0η term vanishes and there
is no π0− η mixing. The squared masses satisfy the Gell-Mann–Okubo relation [200,
201]

4M2
K = 4(m̂+ms)B0 = 3M2

η +M2
π . (5.41)
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The most general Lagrangian of the next-to-leading order, which respects the local
chiral gauge invariance, Lorentz invariance, parity(P) and charge conjugation(C), can
be expressed as [188, 182, 193, 180]

L4 = L1〈DµU
†DµU〉2 + L2〈DµU

†DνU〉〈DµU †DνU〉
+ L3〈DµU

†DµUDνU
†DνU〉+ L4〈DµU †DµU〉〈χ†U + χU †〉

+ L5〈DµU †DµU(χ†U + U †χ)〉+ L6〈χ†U + χU †〉2

+ L7〈χ†U − χU †〉2 + L8〈χ†Uχ†U + χU †χU †〉
− iL9〈FR

µνD
µUDνU † + FL

µνD
µU †DνU〉+ L10〈U †FR

µνUF
Lµν〉

+ H1〈FRµνF µν
R + FLµνF

µν
L 〉+H2〈χ†χ〉. (5.42)

where the field strength tensors are of the form

F µν
R = ∂µrν − ∂νrµ − i[rµ, rν ],
F µν
L = ∂µlν − ∂νlµ − i[lµ, lν ]. (5.43)

The numerical values of the low-energy constants cannot be determined by chiral sym-
metry. In principle, they contain information on the underlying dynamics and should
be calculable from QCD. In practice, they are either extracted from experiments
or theoretically estimated using lattice QCD or with additional model dependent
assumptions. [182, 180].

Power counting is very important when calculating processes to a certain order
O(p2n). Considering a connected Feynman diagram with NL loops and N2k vertices
from L2k, the chiral dimension of this diagram is given by [202, 180]

D = 2NL + 2 +
∞∑
k=1

(2k − 2)N2k. (5.44)

Therefore, up to order O(p4) or next-to-leader order (NLO), we have [193]

D = 2 : NL = 0, k = 1; (5.45)

D = 4 : NL = 0, k = 2, (5.46)

NL = 1, k = 1. (5.47)

5.3 Theoretical analysis of η → 3π

Let us first take a glance at η → π0π0π0 where all three pions are identical.
The quantum numbers of η is IG(JPC) = 0+(0−+). In η → π0π0π0, two pions of

the final state would seem to be able to form states of total isospin I2π = 0, 1, 2.
Coupling with the remaining pion to make the total isospin of the final 3π0 system to
be I3π = 0 only exists when I2π = 1. However (π0π0)I=1 does not exist according to
Bose-Einstein statistics (or Clebsch-Gordan coefficients) because the two-pion state
must be symmetric under particle exchange. As a result η → π0π0π0 must violate
isospin conservation. Based on angular momentum conservation and that the pions

56



are spinless, the orbital angular momentum of the two coupled pions and the one
between the two coupled pions and the third or “bachelor” pion should be the same.
Then we have that the parity of the J = 0 3-pion final state is [53],

P |[π1(p)π2(−p)]lπ3(p′)l〉 = −|[π1(p)π2(−p)]lπ3(p′)l〉, (5.48)

so that η → π0π0π0 conserves parity. Since the final pions are all identical and not
distinguishable, there is no charge conjugation violation in this process, and there is
no CP violation either.

As for η → π+π−π0, the final-state pions can form total isospin 0, 1, 2, and 3.
For the I = 0 final state which conserves isospin, we can write

(3π)I=0 =
1√
3

{
[(π+π0)I=1|π−〉+ |π−〉(π+π0)I=1]− (π+π−)I=1|π0〉

+[(π−π0)I=1|π+〉+ |π+〉(π−π0)I=1]
}
, (5.49)

with

(π+π0)I=1 =
1√
2

(|π+〉|π0〉 − |π0〉|π+〉)

(π+π−)I=1 =
1√
2

(|π+〉|π−〉 − |π−〉|π+〉)

(π−π0)I=1 =
1√
2

(−|π−〉|π0〉+ |π0〉|π−〉). (5.50)

Then the full wave functions for the (π+π−π0)I=0 system is

(π+π−π0)I=0 =
1√
6

[(
|π+〉|π0〉 − |π0〉|π+〉

)
|π−〉+ |π−〉

(
|π+〉|π0〉 − |π0〉|π+〉

)
+

(
−|π−〉|π0〉+ |π0〉|π−〉

)
|π+〉+ |π+〉

(
−|π−〉|π0〉+ |π0〉|π−〉

)
−

(
|π+〉|π−〉 − |π−〉|π+〉

)
|π0〉

]
(5.51)

The wave function is antisymmetric by exchanging π+ ↔ π−, which indicates that
under charge conjugation we have

C[(π+π−π0)I=0] = −(π+π−π0)I=0. (5.52)

Since C(η) = +1, the process η → π+π−π0 should violate either charge conjugation
symmetry or isospin conservation or both. Moreover, the relation between the charge
conjugation eigenvalue and the total isospin of the final π+π−π0 state can be expressed
as [52]

C = −(−1)I (5.53)

which indicates that for the I = 0 final state, I is conserved while C should be broken,
whereas for I = 1 and I = 3 final states, C is conserved while I should be broken,
and for the I = 2 final state, both C and I should be broken. According to the
parity of the 3-pion final states given by Eq. (5.48), parity is conserved in the decay
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η → π+π−π0. Thus if there exists CP violation in this decay, it would be C and CP
violation.

In 1965, Lee [52], Bernstein et al. [203] and Nauenberg [56] supposed that η →
π+π−π0 could happen via second order EM interaction to a C = +1 and I = 1
final state, and C breaking interaction to a C = −1 and I = 0 or I = 2 final
states. The interference between the C = +1 and C = −1 amplitudes would result
in asymmetry in the energy distribution of π+ and π−. Refs. [52, 56, 57] assumed
simple phenomenological forms of the C-conserving and C-breaking amplitudes and
calculated the size of the π+ and π− energy distribution asymmetry across the mirror
line of the Dalitz plot, as discussed in Sec. 3.1.1.

There has been no more consideration of CP violation in η → π+π−π0 decay after
1966. However, at that early time the quark model was not well established and well
accepted. Now we know that in η → π+π−π0 decay, the amplitude with C = +1 and
I = 1 is dominant, and within the SM there are two ∆I = 1 sources, one is from
strong interaction (QCD) as

HQCD(x) =
md −mu

2
(d̄d− ūu)(x), (5.54)

the other is from the electromagnetic interaction as

HQED(x) = −e
2

2

∫
dyDµν(x− y)T (jµ(x)jν(y)), (5.55)

where Dµν(x−y) is the photon propagator and jµ(x) is the current density containing
charged fields. The tree level electromagnetic contribution was studied by Sutherland
and Bell [204, 205] and found to be much too small compared to the decay rate. Baur
et al. [206] studied the one-loop level electromagnetic contribution neglecting terms
proportional to e2(md −mu) and found it to be very small, at the percent level with
respect to the decay width. Ditsche [207] re-evaluated the one-loop level contribution
by including terms proportional to e2(md −mu) and found those terms to be of the
same order as those considered in Ref. [206]. The dominant contribution is from the
QCD ∆I = 1 source. The decay will vanish if mu = md and the amplitude of η → 3π
should be proportional to (mu −md). The amplitude can be expressed as

A(s, t, u) = − 1

Q2

M2
K

M2
π

M2
K −M2

π

3
√

3Fπ
M(s, t, u), (5.56)

with
1

Q2
=
m2
d −m2

u

m2
s − m̂2

. (5.57)

Using ChPT, the leading-order (LO) amplitude was given by Osborn and Wallace
[208]. Gasser and Leutwyler [61] and Bijnens [64] gave the next-to-leading-order
(NLO) amplitude considering ππ scattering unitarity, and Bijnens and Ghorbani [64]
gave the next-to-next-leading-order (NNLO) description of this process. In addition
to ChPT, the SM contribution is also studied in frameworks tailored to address various
final-state-interaction effects [209, 210, 211, 62, 212, 213, 214, 215, 216, 217, 218, 219].
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The η → π+π−π0 decay has aroused much modern interest because we can extract
the u quark and d quark mass difference from it. However it has not been well consid-
ered that this channel can also appear through the C and CP violating interactions
to I = 0 and I = 2 final states. Previous theoretical literatures studying this decay
channel treated those C and CP violating amplitudes to be negligible by default.
Since the SM CP violating contribution to this channel should be vanishingly small,
and there is no direct connection to the popular and highly studied permanent EDM
searches, searching for and studying C and CP violation in η → π+π−π0 decay is
very important to understand new CP violating mechanisms beyond the SM.

In this chapter, we discussed the chiral symmetry of QCD and the effective field
theory that is prominently used to describe QCD at low energy – ChPT, as well as a
general theoretical analysis of η → 3π. In the next chapter, we are going to introduce
a new method to study the patterns of CP violating amplitudes of η → π+π−π0 decay
through the mirror symmetry breaking of its Dalitz plot.

Copyright c© Jun Shi, 2020.
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chapter 6

PATTERNS OF CP VIOLATION FROM MIRROR SYMMETRY
BREAKING IN THE η → π+π−π0 DALITZ PLOT

A violation of mirror symmetry in the η → π+π−π0 Dalitz plot has long been rec-
ognized as a signal of C and CP violation. Here we show how the isospin of the
underlying C- and CP -violating structures can be reconstructed from their kine-
matic representation in the Dalitz plot. Our analysis of the most recent experimental
data reveals, for the first time, that the C- and CP -violating amplitude with total
isospin I = 2 is much more severely suppressed than that with total isospin I = 0.

This chapter has been published as a Regular Article in Physical Review D. [92]
in collaboration with Dr. Susan Gardner.

6.1 Introduction

The decay η → 3π first came to prominence after the observation of KL → π+π−

decay and the discovery of CP violation in 1964 [4], because it could be used to
test whether KL → π+π− decay was generated by CP violation in the weak in-
teractions [54, 55]. Rather, CP violation could arise from the interference of the
CP -conserving weak interaction with a new, “strong” interaction that breaks C and
CP ; this new interaction could be identified through the appearance of a charge asym-
metry in the momentum distribution of π+ and π− in η → π+π−π0 decay [54, 52, 56].
Since η → π+π−π0 breaks G parity, isospin I and/or charge-conjugation C must be
broken in order for the process to occur. Thus a charge asymmetry could arise from
the interference of a C-conserving, but isospin-breaking amplitude with a isospin-
conserving, but C-violating one [52]. Numerical estimates were made by assuming
that the isospin-violating contributions were driven by electromagnetism [52, 56, 57].
Since that early work, our understanding of these decays within the Standard Model
(SM) has changed completely: the weak interaction does indeed break CP sym-
metry, through flavor-changing transitions characterized by the Cabibbo-Kobayashi-
Maskawa (CKM) matrix. Moreover, isospin breaking in the strong interaction, me-
diated by the up-down quark mass difference [58, 59, 60], is now known to provide
the driving effect in mediating η → 3π decay [61, 62, 63, 64], with isospin-breaking,
electromagnetic effects playing a much smaller role [204, 205, 206, 207].

Modern theoretical studies of η → 3π decay focus on a complete description of the
final-state interactions within the SM, in order to extract the isospin-breaking, light-
quark mass ratio Q ≡

√
(m2

s − m̂2)/(m2
d −m2

u), with m̂ = (md+mu)/2, precisely [62,
63, 64, 213, 215, 216, 218, 217, 219]. There has been no further theoretical study of
CP violation in η → π+π−π0 decay since 1966. Since the η meson carries neither
spin nor flavor, searches for new physics in this system possess special features. For
example, η → π+π−π0 decay must be parity P conserving if the π and η mesons
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have the same intrinsic parity, so that C violation in this process implies that CP
is violated as well. There has been, moreover, much effort invested in the possibility
of flavor-diagonal CP violation via a non-zero permanent electric dipole moment
(EDM), which is P and time-reversal T violating, or P and CP violating if CPT
symmetry is assumed. Studies of flavor-diagonal, C and CP violating processes
are largely lacking. We believe that the study of the Dalitz plot distribution in
η → π+(pπ+)π−(pπ−)π0(pπ0) decay is an ideal arena in which to search for C and
CP violation beyond the SM. Were we to plot the Dalitz distribution in terms of the
Mandelstam variables t ≡ (pπ− + pπ0)2 and u ≡ (pπ+ + pπ0)2, the charge asymmetry
we have noted corresponds to a failure of mirror symmetry, i.e., of t↔ u exchange, in
the Dalitz plot. In contrast to that C and CP violating observable, a nucleon EDM
could be mediated by a minimal P - and T-violating interaction, the mass-dimension-
four θ̄ term of the SM, and not new weak-scale physics. The θ̄ term can also generate
η → ππ and η/η′ → 4π0 decay, breaking P and CP explicitly, so that limits on the
decay rate constrains the square of a CP -violating parameter [46, 220, 49, 51]. Since
the θ̄ term is C even, it cannot contribute to the charge asymmetry, at least at tree
level. Moreover, SM weak interactions do not support flavor-diagonal C and CP
violation. Note that the charge asymmetry is linear in CP -violating parameters.

The appearance of a charge asymmetry and thus of C (and CP) violation in
η → π+(pπ+)π−(pπ−)π0(pπ0) decay can be probed experimentally through the mea-
surement of a left-right asymmetry, ALR [69]:

ALR ≡
N+ −N−
N+ +N−

≡ 1

Ntot

(N+ −N−) , (6.1)

where N± is the number of events with u >
< t, so that the π+ has more (less) energy

than the π− if u > (<)t in the η rest system. A number of experiments have been
conducted over the years to test for a charge asymmetry in η → π+π−π0 decay,
with early experiments finding evidence for a nonzero asymmetry [65, 66, 67], but
with possible systematic problems becoming apparent only later, as, e.g., in Ref. [70].
Other experiments find no evidence for a charge asymmetry and C violation [71, 69,
72, 73, 74, 70], and we note that new, high-statistics experiments are planned [75,
76, 77]. It is also possible to form asymmetries that probe the isospin of the C-
violating final state: a sextant asymmetry AS, sensitive to the I = 0 state [56, 52],
and a quadrant asymmetry AQ, sensitive to the I = 2 final state [52, 69]. These
asymmetries are more challenging to measure and are only poorly known [69]. In
this paper we develop a method to discriminate between the possible I = 0 and
I = 2 final states by considering the pattern of mirror-symmetry-breaking events they
engender in the Dalitz plot. Mirror-symmetry breaking as a probe of CP violation
has also been studied in untagged, heavy-flavor decays [221, 90, 53, 91], with Ref. [53]
analyzing how different CP -violating mechanisms populate the Dalitz plot. We also
note Refs. [39, 40] for Dalitz studies of CP violation in heavy-flavor decays.
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6.2 Theoretical Framework

The η → 3π decay amplitude in the SM can be expressed as [61, 62]

A(s, t, u) = − 1

Q2

M2
K

M2
π

M2
K −M2

π

3
√

3F 2
π

M(s, t, u), (6.2)

where we employ the Mandelstam variables u, t, and s = (pπ+ + pπ−)2 and work to
leading order in strong-interaction isospin breaking. Since C = −(−1)I in η → 3π
decay [52], the C- and CP -even transition amplitude with a ∆I = 1 isospin-breaking
prefactor must have I = 1. The amplitude M(s, t, u) thus corresponds to the total
isospin I = 1 component of the π+π−π0 state and can be expressed as [62, 222]

MC
1 (s, t, u) = M0(s) + (s− u)M1(t) + (s− t)M1(u)

+ M2(t) +M2(u)− 2

3
M2(s) , (6.3)

where MI(z) is an amplitude with π− π rescattering in the z-channel with isospin I.
This decomposition can be recovered under isospin symmetry in chiral perturbation
theory (ChPT) up to next-to-next-to-leading order (NNLO), O(p6), because the only
absorptive parts that can appear are in the π − π S− and P -wave amplitudes [64].
An analogous relationship exists in η → 3π0 decay [62], though there is no Dalitz
plot asymmetry and hence no effect linear in CP violation in that case because the
final-state particles are all identical.

Since we are considering C and CP violation, additional amplitudes can appear
— namely, total I = 0 and I = 2 amplitudes. The complete amplitude is thus

A(s, t, u) = − 1

Q2

M2
K

M2
π

M2
K −M2

π

3
√

3F 2
π

MC
1 (s, t, u) + αM 6C

0 (s, t, u) + βM 6C
2 (s, t, u) ,(6.4)

where α and β are unknown, low-energy constants — complex numbers to be deter-
mined by fits to the experimental event populations in the Dalitz plot. If they are
determined to be non-zero, they signal the appearance of C- and CP -violation. To
construct ALR in Eq. (6.1), we compute

N± =
1

256π3M3
η

∫
u
>
<t

dtdu |A(s, t, u)|2 , (6.5)

using Eq. (6.4) and working to leading order in CP violation. Since the phase space
is symmetric and the CP -violating terms are antisymmetric under u ↔ t exchange,
we see that the CP -violating terms leave the total decay rate unchanged in O(α),
O(β).

We now turn to the amplitudes M 6C
0,2(s, t, u). Here, too, we introduce functions

MI(z) for amplitudes that contain π − π scattering in the z channel with isospin I.
After using angular-momentum conservation and the Clebsch-Gordon coefficients for
the addition of the possible isospin states, as shown in the appendix, we have

M 6C
0 (s, t, u)=(s− t)M ′

1(u) + (u− s)M ′
1(t)− (u− t)M ′

1(s) (6.6)
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and

M 6C
2 (s, t, u) = (s− t)M ′′

1 (u) + (u− s)M ′′
1 (t) + 2(u− t)M ′′

1 (s)

+
√

5[M ′′
2 (u)−M ′′

2 (t)] , (6.7)

where the superscripts distinguish the functions that appear in each state of total
isospin. In what follows we do not compute M ′

I(z) and M ′′
I (z) explicitly, but, rather,

estimate them. With this, we can use the experimental studies we consider in this
paper to set limits on the possibilities, by constraining α and β. For context we note
that the particular new-physics operators that would give C- and CP -violation are not
well-established, though examples have been discussed in the literature [223, 224, 225,
226, 227]. From the viewpoint of SM effective field theory (SMEFT) [164, 101], we also
know that there are many more examples, even in leading-mass dimension, than have
been discussed thus far [228]. Nevertheless, we can draw conclusions about M ′

I(z)
and M ′′

I (z) irrespective of the choice of new-physics operator. In particular, since the
operators that mediate I = 0 or I = 2 amplitudes break C, they cannot mediate a
η → π0 transition, as we suppose that the neutral meson states remain of definite C-
parity in the presence of C-violation. Thus if we were to evaluate the decay diagrams
in NLO ChPT in these exotic cases, they would have the same decay topology as the
diagrams that appear in that order in the SM amplitude for η → π+π−π0 decay. Thus
there is a one-to-one map of the two-body rescattering terms in the SM to the C- and
CP -violating amplitudes. To proceed, we assume that the phases of the functions
MI(z), M ′

I(z) and M ′′
I (z) arise from the strong-interaction dynamics of final-state,

π−π scattering of isospin I in channel z, making the phase of each function common
to all three isospin amplitudes. Such treatments are familiar from the search for non-
SM CP violation, such as in the study of B → π(ρ→ ππ) decays [229, 230, 231, 79].
Moreover, at the low energies we consider here, the scattering of the two-pions in
the final state is predominantly elastic, as mixing with other final-states can only
occur through G-parity breaking. Regardless of the total isospin of the final state
pions, the effective Hamiltonian that mediates the decay separates into a C- and/or
I-breaking piece and a C- and I-conserving piece. Working to leading order in C-
and/or I-breaking, and assuming that the final-state interactions are two-body only,
Watson’s theorem [232], familiar from K → ππ decays [79], also applies to this case
and makes the phase of the function MI(z) common to the three cases. However,
the functions MI(z), M ′

I(z) and M ′′
I (z) could differ by polynomial prefactors that

depend on z. Nevertheless, we believe these effects are relatively negligible, because
the energy release in η → π+π−π0 decay is small. We illustrate this explicitly later
in this section.

We wish to study the possible patterns of C- and CP -violation across the Dalitz
plot, so that we now turn to the explicit evaluation of Eq. (6.4) and its associated
Dalitz distribution. Much effort has been devoted to the evaluation of the SM con-
tribution, with work in ChPT [208, 61, 64], as well as in frameworks tailored to
address various final-state-interaction effects [209, 210, 211, 62, 212, 213, 214, 215,
216, 218, 217, 219]. In what follows we employ a next-to-leading-order (NLO) ChPT
analysis [61, 64] because it is the simplest choice in which the C- and CP -violating
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coefficients α and β can have both real and imaginary parts. A comparison of the
NLO and NNLO analyses of Bijnens et al. [64], noting Table I of Ref. [70], shows that
this is an acceptable choice. We thus think it is rich enough to give a basic view as to
how our idea works. To compute the C-violating amplitudes, we decompose the I = 1
amplitude into the isospin basis MI(z). As well known [233, 64, 217, 218], the isospin
decompositions involving the π−π rescattering functions JrPQ(s) are unique, whereas
the polynomial parts of the amplitude are not, due to the relation s + t + u = 3s0,
where s0 = (M2

η + 2M2
π+ + M2

π0)/3. Thus there are MI(z) redefinitions that leave
the I = 1 amplitude invariant, as discussed in Ref. [233]. However, since we assume
that strong rescattering effects dominate MI(x), we can demand that the I = 0, 2
amplitudes remain invariant also. As a result, only the redefinition M0(s)− 4

3
δ1 and

M2(z)+δ1, with δ1 an arbitrary constant, survives. In what follows we adopt the NLO
analyses of Refs. [61, 64], and our isospin decomposition of Ref. [61] is consistent with
that in Bijnens and Ghorbani [64] — its detailed form can be found in the information
in the appendix. Small differences in the numerical predictions exist, however, due
to small differences in the inputs used [61, 64], and we study their impact explicitly.
Returning to the would-be NLO ChPT computation of the total I = 0, 2 amplitudes,
we note that C- and CP -violating four-quark operators are generated by operators
in mass dimension 8 in SMEFT [228], so that these amplitudes start beyond O(p4),
though this is not at odds with pulling out a strong rescattering function. The p2-
dependence of a C- and CP -violating operator from physics beyond the SM would
in part be realized as dimensionless ratios involving the new physics scale and would
appear in the pre-factors α or β as appropriate.

Irrespective of the particular new-physics operator, we note, by analyticity, that
the MI(x) for the total I = 0, 2 amplitudes could differ from the SM form, which
is driven by the strong π − π phase shifts, by a multiplicative polynomial factor,
nominally of form 1 + CI

1x/M
2
π + CI

2x
2/M4

π + . . . , where CI
1 and CI

2 are constants.
(We note polynomials of similar origin appear in the time-like pion form factor [234].)
We emphasize that in assuming that strong-interaction phases dominate we suppose
these corrections to be unimportant. We believe this to be an excellent approximation,
which we illustrate through a plot of the functions MI(s), as shown in Fig. 6.1. The
physics of π−π scattering make the functionsMI(s) vary substantially with s, whereas
s itself only changes by about a factor of 2 in η → 3π decay. As a result we expect
that the ignored polynomial factors are numerically unimportant, so that their neglect
does not impact the conclusions of this paper.

6.3 Results

The Dalitz distribution in η → π+π−π0 is usually described in terms of variables X
and Y [95]:

X ≡
√

3
Tπ+ − Tπ−

Qη

=

√
3

2MηQη

(u− t), (6.8)

Y ≡ 3Tπ0

Qη

− 1 =
3

2MηQη

[(Mη −Mπ0)2 − s]− 1 , (6.9)
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Figure 6.1: Amplitudes of MI(s) from Eqs. (A.9), (A.10) and (A.11). The solid lines
represent the real part of MI(s) and the dashed lines denote the imaginary part.
Their s-dependence is driven by that of the π-π phase shift [61]. Note that the M0(s)
and M2(s) amplitudes are dimensionless, whereas M1(s) has units of GeV −2. Since
the form (u− t)M1(s) appears in the final C- and CP -violating amplitudes, we note
that M2(s) is typically a factor of a few larger across the Dalitz plot.

where Qη = Tπ+ + Tπ− + Tπ0 = Mη − 2Mπ+ −Mπ0 , and Tπi is the πi kinetic energy
in the η rest frame. The decay probability can be parametrized in a polynomial
expansion around the center point (X, Y ) = (0, 0) [70]:

|A(s, t, u)|2 = N(1 + aY + bY 2 + cX + dX2 + eXY

+ fY 3 + gX2Y + hXY 2 + lX3 + . . .) . (6.10)

Since the C transformation on the decay amplitude is equivalent to t ↔ u ex-
change [53], we see that the appearance of terms that are odd in X would indicate
both C and CP violation. The KLOE-2 collaboration [70] has provided a more pre-
cise estimate of the C-even parameters in Eq. (6.10) and bounded the C-odd ones.
Returning to Eq. (6.4), we see that the C- and CP -violating contributions to the
decay probability are

1

ξ
|A(s, t, u)|26C = MC

1 [αM 6C
0 + βM 6C

2 ]∗ +H.c.

= 2Re(α)[Re(MC
1 )Re(M 6C

0 ) + Im(MC
1 )Im(M 6C

0 )]

− 2Im(α)[Re(MC
1 )Im(M 6C

0 )− Im(MC
1 )Re(M 6C

0 )]

+ 2Re(β)[Re(MC
1 )Re(M 6C

2 ) + Im(MC
1 )Im(M 6C

2 )]

− 2Im(β)[Re(MC
1 )Im(M 6C

2 )− Im(MC
1 )Re(M 6C

2 )] , (6.11)

where ξ ≡ −(M2
K/M

2
π)(M2

K−M2
π)/(3

√
3F 2

πQ
2), and the existing experimental assess-

ments of |A(s, t, u)|26C correspond to the set of odd X polynomials in |A(s, t, u)|2. The
parameter N drops out in the evaluation of the asymmetries, and the parameters
c, e, h, and l are taken from the first line of Table 4.6 in the Ph.D. thesis of Caldeira

Balkest
◦
ahl [68],

c = (−4.34± 3.39)× 10−3, e=(2.52± 3.20)× 10−3,

h = (1.07± 0.90)× 10−2, l=(1.08± 6.54)× 10−3 , (6.12)
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which fleshes out Ref. [70] — the results emerge from a global fit to the Dalitz
distribution. There is a typographical error in the sign of c in Ref. [70]. We now turn
to the extraction of Re(α), Im(α), Re(β), and Im(β) using the experimental data and
Eqs. (6.3,6.6,6.7) using the MI(z) amplitudes from O(p4) ChPT [61, 64]. We evaluate
the denominators of the possible charge asymmetries by computing ξ2|MC

1 (z, t, u)|2
only.

Herewith we collect the parameters needed for our analysis. We compute the phase
space with physical masses, so that s+ t+u = 3s0, but the decay amplitudes [61, 64]
on which we rely, namely, M(s, t, u) in Eq. (6.2), should be in the isospin limit, imply-
ing some adjustment of the input parameters may be needed. We adopt the hadron
masses and

√
2Fπ = (130.2 ± 1.7) × 10−3 GeV from Ref. [41] for both amplitudes.

For the Gasser and Leutwyler (GL) amplitude [61] we use Mπ ≡
√

(2M2
π± +M2

π0)/3,

MK ≡
√

(M2
K+ +M2

K0)/2, where we discuss our treatment of the two-particle thresh-
olds in the supplement, with F0 = Fπ, FK/Fπ = 1.1928 ± 0.0026 [41], and L3 =
(−3.82 ± 0.30) × 10−3 from the NLO fit with the scale µ = 0.77 GeV [235]. We use
these parameters in the prefactor in Eq. (6.2) also, as well as Q = 22.0 [217], to find
ξ = −0.137. For the Bijnens and Ghorbani (BG) amplitude through O(p4) [64], we
use M(s, t, u) = M (2)(s) + M (4)(s, t, u) and multiply the prefactor in Eq. (6.2) by
−(3F 2

π )/(M2
η −M2

π) to yield that in Ref. [64]. In the O(p2) term, which contributes

to M0(s), M (2)(s) = (4M2
π − s)/F 2

π , and we use Mπ and Fπ as defined for the GL
amplitude [61]. In the O(p4) term, we use Mπ0 and MK0 as indicated, as well as
∆ = M2

η −M2
π0 and L3, L5, L7, L8 from fit 10 of Ref. [236].

We solve for α and β in two different ways for each of the decay amplitudes [61, 64].
We begin with the GL amplitude [61], first making a Taylor expansion of Eq. (6.11)
to cubic power in X and Y about (X, Y ) = (0, 0). We then equate coefficients
associated with the X, XY , XY 2, and X3 terms to c, e, h and l, respectively, and
then solve the four equations to obtain Re(α), Im(α), Re(β), and Im(β). The resulting
values of α and β are

Re(α) = 16± 24 ,

Re(β) = (−1.5± 2.7)× 10−3 ,

Im(α) = −20± 29 ,

Im(β) = (−1.3± 4.7)× 10−3 . (6.13)

In the first row of Fig. 6.2 we compare the resulting assessment of Eq. (6.11)
with the KLOE-2 results. Large discrepancies exist, particularly at large values of X
and/or Y , where the empirical Dalitz plot [70] shows considerable stength. Thus we
turn to a second procedure, in which we make a global fit of α and β in Eq. (6.11) to
the KLOE-2 results. That is, we assess the Dalitz distribution N(X, Y ) and its error
by using the Dalitz plot parameters in Eq. (6.12), discretized onto a (X, Y ) mesh with
682 points. To determine N(X, Y ) and its error we use the odd-X terms in Eq. (6.10)
with the normalization factor N = 0.0474 as per the GL amplitude [61] and compute
the covariance matrix using Eq. (6.12) and the correlation matrix given in Table 4.3
of Ref. [68]. We then fit |A(s, t, u)|26C using the GL amplitude [61] to N(X, Y ) using
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Figure 6.2: Results for the C- and CP -violating (CPV) interference term, |A(s, t, u)|26C
in Eq. (6.11), using the GL amplitude [61] and two methods for the determination
of α and β: (i) a Taylor expansion (top row) and (ii) a global fit (bottom row) as
described in text using the GL decay amplitude [61]. The blue dashed lines with a
one-σ error band (dark) are our results, and the red solid lines with a one-σ error
band (light) are the KLOE-2 results, as per Eq. (6.12) [68].

a χ2 optimization to find

Re(α) = −0.65± 0.80 ,

Im(α) = 0.44± 0.74 ,

Re(β) = (−6.3± 14.7)× 10−4 ,

Im(β) = (2.2± 2.0)× 10−3 , (6.14)

and we show the results of this method in the second row of Fig. 6.2. Enlarging the
(X, Y ) mesh to 1218 points incurs changes within ±1 of the last significant figure.
The comparison with experiment shows that the fitting procedure is the right choice.
We draw the same conclusion from the use of the BG amplitude [64], noting that the
global fit in that case (with N = 0.0508) gives

Re(α) = −0.79± 0.91 ,

Im(α) = 0.61± 0.93 ,

Re(β) = (−1.4± 2.3)× 10−3 ,

Im(β) = (2.3± 1.4)× 10−3 , (6.15)

so that the results are compatible within errors. Using these solutions, we obtain
ALR = (−7.18 ± 4.51) × 10−4 using Ref. [61] and ALR = (−7.20 ± 4.52) × 10−4

using Ref. [64]. These compare favorably with ALR = (−7.29± 4.81)× 10−4 that we
determine using the complete set of Dalitz plot parameters and the covariance matrix
we construct given the information in Ref. [68]. We note that our ALR as evaluated
from the Dalitz plot parameters, which are fitted from the binned data, is a little
different from the reported value using the unbinned data, i.e., (−5.0±4.5 +5.0

−11 )×10−4,
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reported by KLOE-2 [70]. The discrepancy is not significant, and we suppose its origin
could arise from the slight mismatch between the theoretically accessible phase space
and the experimentally probed one, or other experimental issues. Although NLO
ChPT does not describe the CP -conserving Dalitz distribution well [64], we find it
can confront the existing CP -violating observables successfully.

We have shown that the empirical Dalitz plot distribution can be used to deter-
mine α and β. These, in turn, limit the strength of C-odd and CP -odd operators
that can arise from physics beyond the SM [223, 224, 225, 226, 227, 228]. That β is
so much smaller than α can be, in part, understood from the differing behavior of the
MI(z), as illustrated in Fig. 6.1, which follows because the L=0, I=2 π−π phase shift
is larger than the L=1, I=1 one for the kinematics of interest [237, 61, 238, 239], mak-
ing it easier to veto the I = 2 operators. Crudely, the ratio of β to α we have found is
that of the SM electromagnetic interactions that would permit an I = 2 amplitude to
appear in addition to an I = 0 one. The utility of our Dalitz analysis is underscored
by our results for the quadrant asymmetry AQ and sextant asymmetry AS defined
in Fig. 6.3. Using Ref. [61] and Eq. (6.14), e.g., we find AQ = (2.85 ± 3.72) × 10−4,
and AS = (3.87 ± 4.04) × 10−4; the asymmetries by themselves hide the nature of
the underlying strong amplitudes. For reference we note the KLOE-2 results using
unbinned data [70]: AQ = (1.8± 4.5 +4.8

−2.3)× 10−4 and AS = (−0.4± 4.5 +3.1
−3.5)× 10−4,

with which our results are compatible within errors.
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Figure 6.3: The Dalitz plot geometry in η → π+π−π0 decay, broken into regions for
probes of its symmetries. The solid line is the boundary of the physically accessible
region. The asymmetry ALR, Eq. (6.1), compares the population N+ (X > 0) with
N− (X < 0). The quadrant asymmetry AQ probes I = 2 contributions, NtotAQ ≡
N(A) + N(C) − N(B) − N(D) [52], and the sextant asymmetry AS probes I = 0
contributions, NtotAS ≡ N(I) + N(III) + N(V)−N(II)−N(IV )−N(VI) [56, 52].
All asymmetries probe C and CP violation.
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6.4 Summary

We propose an innovative way of probing C- and CP -violation in the η → π+π−π0

Dalitz plot. Working to leading order in charge conjugation C and isospin I breaking,
we have shown that the strong amplitudes associated with the appearance of C-
and CP -violation can be estimated from the SM amplitude for η → π+π−π0 if the
decomposition of Eq. (6.3) holds [62]. We have illustrated this in NLO ChPT, though
the use of more sophisticated theoretical analyses would also be possible. New-physics
contributions that differ in their isospin can thus be probed through the kinematic
pattern they imprint in the Dalitz plot. Our method opens a new window on the
study of C- and CP -violation in η → π+π−π0 decay, and it holds promise for the
high-statistics experiments of the future [75, 76, 77].

6.5 Appendix

We begin by showing how Eqs. (6.6) and (6.7) emerge from elementary considerations.
Working in the isospin limit, a |π+π−π0〉 state with J = 0 must obey Bose symmetry,
so that it is proportional to

|π+π−〉s|π0〉+ |π+π0〉s|π−〉+ |π−π0〉s|π+〉 , (A.1)

where “s” denotes a symmetrized combination of distinct pion states. In what follows,
as in the CP -conserving case, Eq. (6.3) [62], we consider S- and P -wave π − π
amplitudes only. The symmetrized two-pion states can be written as a S-wave I = 0
or I = 2 state or as a P -wave I = 1 state. We choose |πi〉 ≡ |I = 1, I3 = i〉. For
S-waves, we write

|πiπj〉s ≡
1√
2
{|πiπj〉+ |πjπi〉} , (A.2)

whereas for P -waves we note

|πiπj〉I=1,L=1|πk〉︸ ︷︷ ︸
L=1

(A.3)

with i+ j + k = 0 contributes to the J = 0 state. Defining

|πiπj〉a ≡
1√
2
{|πiπj〉 − |πjπi〉} , (A.4)

we see, e.g.,
|(π+π−)I=1〉s|π0〉 = |π+π−〉a(pπ+ − pπ−) · pπ0|π0〉 . (A.5)

We can also label particular η → π+π−π0 decay amplitudes by the isospin of the
two-pion state, as used in Eq. (6.3). Enumerating the possibilities, we find

|(π+π−)I=0〉|π0〉 →M0(s) , (A.6)
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which contributes to the total I = 1 amplitude, MC
1 , only, as well as

|(π+π−)I=1〉|π0〉(pπ+ − pπ−) · pπ0 →M1(s)
u− t

2
,

|(π+π0)I=1〉|π−〉(pπ+ − pπ0) · pπ− →M1(u)
s− t

2
,

|(π−π0)I=1〉|π+〉(pπ0 − pπ−) · pπ+ →M1(t)
u− s

2
, (A.7)

which contribute to the amplitudes with total I = 0, 1, and 2, and

|(π+π−)I=2〉|π0〉 →M2(s) ,

|(π+π0)I=2〉|π−〉 →M2(u) ,

|(π−π0)I=2〉|π+〉 →M2(t) , (A.8)

which contribute to the total I = 1 and 2 amplitudes. Using the Clebsch-Gordan
coefficients tabulated in Ref. [41], we find, after redefining M1/2

√
2 → M1 and

M2

√
3/10→M2, that MC

1 (s, t, u), M
/C
0 (s, t, u), and M

/C
2 (s, t, u) are precisely as given

in Eqs. (6.3) [62], (6.6), and (6.7). Note that only the C-odd amplitudes are odd
under t ↔ u as needed. Adding the possible total I amplitudes in leading order in
C, CP , and I violation, with their associated coefficients, yields Eq. (6.4).

We now turn to our isospin decomposition of the η → π+π−π0 amplitude of Gasser
and Leutwyler through O(p4) [61]:

M0(s) =

[
2(s− s0)

∆
+

5

3

]
1

2F 2
π

(2s−M2
π)Jrππ(s)

+
1

6F 2
π∆

(4M2
K − 3M2

η −M2
π)(s− 2M2

π)Jrππ(s)

+
1

4F 2
π∆

[
− 6s2 + s(5M2

π + 4M2
K + 3M2

η )− 4M2
K(M2

η +
1

3
M2

π)
]
JrKK(s)

+
M2

π

3F 2
π∆

(
2s− 11

3
M2

π +M2
η

)
Jrπη(s)−

M2
π

2F 2
π

Jrηη(s)

− 3s

8F 2
π

(3s− 4M2
K)

(s− 4M2
K)

(
JrKK(s)− JrKK(0)− 1

8π2

)
+

[
1 + a1 + 3a2∆ + a3(9M2

η −M2
π) +

2

3
d1

+
8M2

π

3∆
d2

](
1 + 3

s− s0

∆

)
+ a4 −

8

3

M2
π

∆
d1

− 3

∆
(2µπ + µK)(s− s0) +

( 4L3

F 2
0 ∆
− 1

64π2F 2
π∆

)(4

3
s2 − 9s0s+ 9s2

0

)
− 1

64π2F 2
π∆

3(s− s0)(4M2
π + 2M2

K) , (A.9)

M1(z) =
1

4∆F 2
π

[
(z − 4M2

π)Jrππ(z) +
(1

2
z − 2M2

K

)
JrKK(z)

]
, (A.10)
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and

M2(z) =

(
1− 3

2

z − s0

∆

)[
− 1

2F 2
π

(z − 2M2
π)Jrππ(z) +

1

4F 2
π

(3z − 4M2
K)JrKK(z)

+
M2

π

3F 2
π

Jrπη(z)

]
+

(
1

64π2F 2
π∆
− 4L3

F 2
0 ∆

)
z2 , (A.11)

where ∆ = M2
η −M2

π , M2
π = (2M2

π+ + M2
π0)/3, and M2

K = (M2
K+ + M2

K̄0)/2. We
refer to Ref. [189] for JrPQ(z), noting Eqs. (8.8-8.10) and (A.11), where P and Q
denote the mesons π, K, or η, and to Ref. [61] for ai and di. We note that the
JrPQ(z) carry renormalization-scale µ dependence, though cancelling that dependence
is beyond the scope of our current approach — we note a similar issue arises in
the use of the pion form factor in the analysis of B → π(ρ → ππ) decay [231].
For this choice of Mπ and the use of physical phase space we need to evaluate the
possible two-particle thresholds with care. The rescattering function Jrππ(z) contains
σ(s) =

√
1− 4m2

π/z. If we use m2
π = M2

π , then for MI(z) with z = t or u evaluated
at its minimum value the argument of the square root is less than zero. To avoid
this problem, we use σ(z) =

√
1− (Mπ± +Mπ0)2/z for z = t or u. For MI(s),

though, smin = 4M2
π+ and this problem does not occur. However, for consistency

we use σ(s) =
√

1− 4M2
π+/s for MI(s). Moreover, we note Jrπη(s) contains ν(s) =√

(s− (Mη −mπ)2)(s− (Mη +mπ)2). If we use mπ = Mπ, then for MI(s) at the
maximum of s, we once again find the argument of the square root to be less than
zero. To avoid this, we use ν(s) =

√
(s− (Mη −Mπ0)2)(s− (Mη +Mπ0)2) for MI(s).

To be consistent, we use ν(z) =
√

(z − (Mη −Mπ+)2)(z − (Mη +Mπ+)2) for MI(z)
with z = t or u. As a check of our assessments we have extracted the C- and CP -
conserving Dalitz plot parameters from this amplitude. Describing the CP -conserving
piece of |A(s, t, u)|2 by N(1 + aY + bY 2 + dX2 + fY 3 + gX2Y ), recalling Eq. (6.10),
we find using a global fit that a = −1.326, b = 0.426, d = 0.086, f = 0.017, and
g = −0.072. These results compare favorably to the global fit results of Ref. [218];
namely, a = −1.328, b = 0.429, d = 0.090, f = 0.017, and g = −0.081. That work
also uses the decay amplitude of Ref. [61] through O(p4) and the same value of L3

but includes electromagnetic corrections through O(e2p2) as well.
In evaluating the BG amplitude [64] we note that an overall 2 should not appear

on the second right-hand side of Eq.(3.23); this is needed for the result to agree with
that of Ref. [61].

Values of the strong functions associated with the CP -violating parameters Re(α),
Im(α), Re(β), Im(β) in Eq. (6.11) on our analysis grids in (X, Y ) are available upon
request.

Copyright c© Jun Shi, 2020.
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chapter 7

LEADING-DIMENSION, EFFECTIVE OPERATORS WITH CP
AND C OR P VIOLATION IN STANDARD MODEL EFFECTIVE

FIELD THEORY

In this chapter, we will show our enumeration of the leading-dimension, CP-violating
effective operators that share the gauge symmetry and particle content of the Stan-
dard Model (SM), carefully separating the operators that are P-odd from those that
are C-odd just below the electroweak scale. The P-odd and CP-odd effective opera-
tors that generate permanent electric dipole moments have been the subject of much
investigation; we now consider C-odd and CP-odd operators systematically as well.
We will discuss the operators contributing to flavor-changing and flavor-conserving
interactions separately.

This chapter forms the basis for an forthcoming paper with Dr. Susan Gardner,
which we would place on the arXiv and submit for publication as a regular journal
article.

7.1 Introduction

We believe that new CP violating mechanisms exist beyond the Standard Model
(SM), while it has not been found yet. Generally new physics are presumed to
contain new particles with much higher mass or weakly coupled with well-known
fundamental particles. Assuming new physics enter at high energies well in excess
of the electroweak scale, new physics can affect physics at energies much lower than
the new physics scale through an effective field theory (EFT) [240]. Considering the
great success of the SM in describing and predicting experimental observations so
far, the Standard Model Effective Field Theory (SMEFT) [164, 101], an effective
field theory which satisfies SM gauge symmetry and contains SM fields only, is a
pertinent method to study low energy physics with underlying new physics effects.
The SMEFT Lagrangian is composed of the usual renormalizable dimension-4 SM
Lagrangian supplemented with higher dimensional operators. The dimension of SM
operators with different baryon violation ∆B and lepton violation ∆L is investigated
by Kobach [241] that in the SMEFT when the electroweak symmetry is unbroken,
the operators with (∆B −∆L)/2 even (odd) are of even (odd) dimension.

The SMEFT has been used in processes like B physics[242] which is flavor-
changing and neutron electric dipole moment (NEDM)[243, 244, 45, 245] which is
flavor-conserving and P and CP violating. Starting from SMEFT operators, Jenkins
et al.[246, 247] classified operators up to dimension six in the low-energy effective field
theory (LEFT) and showed the matching from SMEFT onto these operators. The
LEFT works at energies much smaller than the electroweak scale and its gauge group
is SUC(3) × UQ(1). Jenkins et al. [246] gave the numbers of CP-even and CP-odd
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operators up to dimension 6, but did not give explicit forms of CP-odd operators,
and they did not separate P-odd and C-odd sources either.

In search of new CP violating mechanisms from SMEFT, P-odd and CP-odd
operators have been studied extensively [244, 243, 245, 45], basically due to their
connections to the permanent EDM of the neutron. However there is no systematic
study of C-odd and CP-odd operators so far.

In this work, we show our studies about the CP-odd operators starting from the
compendium of Grzadkowski et al. [101], where an updated complete set of mass-
dimension 6 operators from SMEFT is given. Considering one symmetry breaking
at a time, which is CP symmetry breaking in our case, we will not include baryon
number violation, lepton number violation operators [248], or neutrino-mixing here.
In our analysis, we first write down the mass-dimension-6 CP-odd operators in all
fundamental fields from the SM at energies above the weak scale, then we integrate out
the weak gauge bosons after electroweak symmetry is broken, which is essential to get
operators of specific P or C. We then give a complete list of the lowest-mass-dimension
C-odd and CP-odd operators, as well as the P-odd and CP-odd operators for flavor-
changing and flavor-conserving interactions respectively. We find that the flavor-
changing and flavor-conserving CP violating operators are really different regarding
either C violating or P violating cases. Our analysis is more general and complete
that includes CP-odd operators which is explicitly P-odd or C-odd for both flavor-
changing and flavor-conserving interactions. Our list of C-odd and CP-odd operators
for flavor-conserving interactions is without precedent, and it gives direct insight
into studies of low energy C-odd and CP-odd flavor-conserving processes such as
η → π+π−π0 [92].

7.2 Preamble

The Standard Model is the fundamental theory which explains how the elementary
particles interact through three of the four fundamental forces in universe–strong,
electromagnetic, and weak interactions. The SM Lagrangian is invariant under gauge
group SUC(3) × SUL(2) × UY (1) and it is constructed of quark fields, lepton fields,
gauge boson fields and a Higgs field. Quark and lepton fields carry a generation index
p = 1, 2, 3, running over the three generations of up-type quarks up = (u, c, t),
down-type quarks dp = (d, s, b), charged leptons ep = (e, µ, τ), and neutrinos
νp = (νe, νµ, ντ ). The left-handed fermions are doublets of SUL(2),

qL =

(
uL
dL

)
, lL =

(
νL
eL

)
, (1)

where as the right-handed fields uR, dR, and eR are singlets. The left-handed and
right-handed quarks are in the fundamental representation of SUC(3) and also carry
color indices α = 1, 2, 3, which should be contracted and will be left implicit. The
Higgs field ϕ denotes an SUL(2) doublet of scalar fields. The gauge bosons associated
with the gauge groups SUC(3), SUL(2), and UY (1) are GA

µ , W I
µ and Bµ, respectively,

with A = 1, 2, ...8 and I = 1, 2, 3.
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We choose the Higgs field as the SU(2) doublet expressed as

ϕ =
v√
2
U(x)

(
0

1 + h(x)
v

)
, (2)

where h(x) is real and represents fluctuations around the vacuum where the Higgs
field acquires the vacuum expectation value (VEV) v =

√
µ2/λ, and U(x) is an

SU(2) matrix which encodes the Goldstone bosons. Since the Goldstone bosons are
not physical degrees of freedom, we choose unitary gauge to set U(x) to one. Although
the Higgs mechanism is surely at work, the way how electroweak symmetry is broken
remains a mystery. We take the popular assumption that the electroweak symmetry
is spontaneously breaking when Higgs field acquires its VEV. As pointed out by
Jenkins, Manohar, and Stoffer [247], if the electroweak symmetry breaking (EWSB)
is not perfectly Higgs-like, the Wilson coefficients for all the new LEFT operators that
are only SU(3)C × U(1)Q at the matching scale (electroweak scale) can be nonzero,
and the non-SM EWSB can be incorporated as boundary conditions on the running
of their effective field theory [247]. Independent of this, as discussed by Buchalla et
al. [166, 178, 167, 170, 168], the non-SM effects in the Higgs sector are only about
10 % in size.

The mass-dimension of fermion fields, gauge boson fields and Higgs field is 3/2, 1
and 1, respectively. The hypercharge of ljLp, eRp, q

j
Lp, uRp, dRp, and ϕj are −1

2
, −1,

1
6
, 2

3
, −1

3
and 1

2
, respectively, where j = 1, 2 is the isospin indices.

The standard dimension-four Lagrangian L(4)
SM [101] is

L(4)
SM = −1

4
(GA

µνG
Aµν +W I

µνW
Iµν +BµνB

µν)

+q̄Lpi/DqLp + ūRpi/DuRr + d̄Rpi/DdRp + l̄Lpi/DlLp + ēRpi/DeRp +Dµϕ
†Dµϕ

+µ2ϕ†ϕ− λ

2
(ϕ†ϕ)2 − q̄LpY uϕ̃uRp − l̄LpY eϕeRp + H.c.

− g2
sθ

32π2
GA
µνG̃

A
µν , (3)

where ϕ̃ = iτ 2ϕ∗ and X̃µν = εµναβXαβ. Moreover,

GA
µν = ∂µG

A
ν − ∂νGA

µ + gsf
ABCGB

µG
C
ν , (4)

W I
µν = ∂µW

I
ν − ∂νW i

µ + gεIJKW J
µW

K
ν , (5)

Bµν = ∂µBν − ∂νBµ, (6)

Dµ = ∂µ − igsGA
µT

A − igW I
µS

I − ig′Y Bµ, (7)

where TA = 1
2
λA and SI = 1

2
τ I are SU(3) and SU(2) generators, with λA and τ I the
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Gell-Mann color and Pauli isospin matrices, respectively; and

cw ≡ cos θW =
g√

g2 + g′2
=

e

g′
, sw ≡ sin θW =

g′√
g2 + g′2

=
e

g
, (8)

W 1
µ =

1√
2

(W+
µ +W−

µ ), (9)

W 2
µ =

i√
2

(W+
µ −W−

µ ), (10)

W 3
µ = cwZµ + swAµ, (11)

Bµ = cwAµ − swZµ, (12)

where θW is the weak coupling angle and e = −|e| is the electron electric charge.
Our sign convention of Dµ and Xµν is consistent with Peskin and Schroeder [81] and
Buchmuller and Wyler [164]. Note that Ref. [101, 244, 41] used different conventions
1.

The CP violating mechanisms within the SM come from the non-zero phase
of Cabibbo-Kobayashi-Maskawa (CKM) matrix elements and θ term. The former
mainly contributes to specific flavor-changing processes and the latter has the so-
called “strong CP problem“. We believe new CP violating sources should exist be-
yond the Standard Model. And we will study higher dimensional operators from
SMEFT.

Assuming new physics enters above the energy scale Λ, according to SMEFT, at
energy E � Λ, the SM Lagrangian can be extended as

LSM = L(4)
SM +

∑
i

Ci
ΛD−4

OD, (13)

where the new operatorsOD have mass dimensionD > 4 and Ci are the corresponding
dimensionless coefficients (Wilson coefficients). It is natural to treat the energy scales
for lepton-number violation and baryon-number violation to be much larger than the
energy scale that conserve both, so operators violate lepton-number or baryon-number
can be much suppressed comparing to lowest mass dimension operators beyond SM
that conserve lepton and baryon numbers [246].

The only dimension 5 operator obeying the SM gauge symmetry constraints
is [161]

O5 = εjkεmnϕ
jϕm(lkp)

TC(lnr ) ≡ (ϕ̃†lp)
TC(ϕ̃†lr), (14)

where C is the charge conjugation matrix. This operator breaks lepton number
by 2. The operator picks out neutrino and Higgs interactions when we choose the
unitary gauge in Eq. (2). If the Higgs acquires its VEV which induces the electroweak
symmetry to be spontaneously broken, this operator generates neutrino masses and
mixing.

1In Ref. [101, 41], Dµ = ∂µ+igsG
A
µT

A+igW I
µS

I+ig′Y Bµ, GAµν = ∂µG
A
ν −∂νGAµ−gsfABCGBµGCν ,

and W I
µν = ∂µW

I
ν −∂νW i

µ− gεIJKW J
µW

K
ν . In Ref. [244], Dµ = ∂µ− igsGAµTA− igW I

µS
I − ig′Y Bµ,

GAµν = ∂µG
A
ν − ∂νGAµ − gsfABCGBµGCν , and W I

µν = ∂µW
I
ν − ∂νW i

µ − gεIJKW J
µW

K
ν .
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Thus the first operators with mass-dimension bigger than four, conserving baryon
numbers (B) and lepton numbers (L), meanwhile respect the SM gauge symmetries,
will come from dimension-six operators. At energy scales beyond the SM, Buchmuller
and Wyler [164] and Grzadkowski et al. [101] gave the complete set of dimension-
six operators. With the constraint of baryon number conservation, Buchmuller and
Wyler [164] gave 80 operators (excluding flavor structure and Hermitian conjugates)
in SMEFT, while Grzadkowski et al. [101] found 59 such operators (the number
would be 76 when counting Hermitian conjugates). In contrast with Buchmuller and
Wyler [164], Grzadkowski et al. [101] added one missing operator [249, 250, 101] and
removed some redundant operators considering equations of motion (EOM), total
derivatives, Fierz identities and so forth. We will study the discrete transformation
(C, P and T) properties of the B conserving and L conserving dimension-six operators
from Grzadkowski et al. [101].

The paper is organized as follows. In Section 7.3, we show general analysis of the
CP odd operators from mass dimension 6 SMEFT [101] at energy higher than the elec-
troweak scale. In Section 7.4, we list the CP odd operators after electroweak symme-
try breaking where the Higgs field obtains its VEV and after rotating SU(2)L×U(1)Y
gauge fields to physical ones. When going down to energy just below masses of weak
gauge bosons, in Section 7.5, we respectively show the lowest mass-dimension C-odd
and CP-odd operators for flavor-changing and flavor-conserving interactions after in-
tegrating out weak gauge bosons and give more discussions therein. Since P odd and
CP-odd operators are more prevalently studied before, as a completeness of lowest
mass-dimension CP odd operators beyond SM, we list our results of the lowest mass-
dimension P-odd and CP-odd operators for flavor-changing and flavor-conserving
interactions in Appendix 7.8.2 and 7.8.3 respectively and discuss our analysis com-
paring with previous literatures.

7.3 Dimension-6 CP Violating Operators from SMEFT

According to the CPT theorem that any Lorentz covariant local quantum field theo-
ries must respect CPT symmetry [5, 6, 7, 8, 251], operators that break T also break
CP. So first we will pick out the operators that break T from Ref. [101] on the ba-
sis of the transformation properties of SM fields listed in Appendix 7.8.1. Since the
operators listed in Ref. [101] have no coefficients involved, we write down the ef-
fective Lagrangians with specific low energy coefficients. Following Ref. [101], the
subscripts of Lagrangians mean which classes the operators belong, with X stands
for Xµν ≡ {GA

µν , W
I
µν , Bµν}, ψ fermion fields, ϕ the Higgs field, and D the covariant

derivative Dµ, respectively. The mass-dimensions of Xµν , ψ, ϕ and D are 2, 3/2, 1
and 1, respectively.
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Operators that are explicitly T-odd from Ref. [101] are

LX3 = CG3fABCεµναβGAαβG
B
µρG

Cρ
ν + CW 3εIJKεµναβW I

αβW
J
µρW

Kρ
ν (15)

LX2ϕ2 = CG2ϕ2εµναβGAαβG
A
µν(ϕ†ϕ) + CW 2ϕ2εµναβW I

αβW
I
µν(ϕ†ϕ)

+ CB2ϕ2εµναβBαβBµν(ϕ†ϕ) + CWBϕ2εµναβW I
αβBµν(ϕ†τ Iϕ), (16)

Lψ2ϕ3 = (ϕ†ϕ)l̄LpiIm(Cprleϕ3)ϕeRr + (ϕ†ϕ)(q̄LpiIm(Cprquϕ3)ϕ̃uRr

+ q̄LpiIm(Cprqdϕ3)ϕdRr) +H.c. (17)

Lψ2Xϕ = l̄Lpσ
µνiIm(CprleWϕ)τ IW I

µνϕeRr + l̄Lpσ
µνiIm(CprleBϕ)BµνϕeRr

+ q̄Lpσ
µν
[
iIm(CprquGϕ)TAGAµν + iIm(CprquBϕ)Bµν + iIm(CprquWϕ)τ IW I

µν

]
ϕ̃uRr

+ q̄Lpσ
µν
[
iIm(CprqdGϕ)TAGAµν + iIm(CprqdBϕ)Bµν + iIm(CprquWϕ)τ IW I

µν

]
ϕdRr

+ H.c. (18)

Lψ2ϕ2D = (ϕ†i
←→
D µϕ)(l̄LpiIm(C

(1)pr
l2ϕ2D)γµlLr) + (ϕ†i

←→
D I
µϕ)(l̄Lpτ

I iIm(C
(3)pr
l2ϕ2D)γµlLr)

+ (ϕ†i
←→
D µϕ)(ēRpiIm(Cpre2ϕ2D)γµeRr)

+ (ϕ†i
←→
D µϕ)(q̄LpiIm(C

(1)pr
q2ϕ2D)γµqLr) + (ϕ†i

←→
D I
µϕ)(q̄Lpτ

I iIm(C
(3)pr
q2ϕ2D)γµqLr)

+ (ϕ†i
←→
D µϕ)(ūRpiIm(Cpru2ϕ2D)γµuRr) + (ϕ†i

←→
D µϕ)(d̄RpiIm(Cprd2ϕ2D)γµdRr)

+ (iϕ̃†Dµϕ)(ūRpiIm(Cprudϕ2D)γµdRr) +H.c. (19)

Lψ4 = iIm(Cprstl4 )(l̄LpγµlLr)(l̄Lsγ
µlLt) + iIm(C

(1)prst
q4 )(q̄LpγµqLr)(q̄Lsγ

µqLt)

+ iIm(C
(3)prst
q4 )(q̄Lpγµτ

IqLr)(q̄Lsγ
µτ IqLt)

+ iIm(C
(1)prst
l2q2 )(l̄LpγµlLr)(q̄Lsγ

µqLt) + iIm(C
(3)prst
l2q2 )(l̄Lpγµτ

I lLr)(q̄Lsγ
µτ IqLt)

+ iIm(Cprste4 )(ēRpγµeRr)(ēRsγ
µeRt)

+ iIm(Cprstu4 )(ūRpγµuRr)(ūRsγ
µuRt) + iIm(Cprstd4 )(d̄RpγµdRr)(d̄Rsγ

µdRt)

+ iIm(Cprste2u2)(ēRpγµeRr)(ūRsγ
µuRt) + iIm(Cprste2d2)(ēRpγµeRr)(d̄Rsγ

µdRt)

+ iIm(C
(1)prst
u2d2 )(ūRpγµuRr)(d̄Rsγ

µdRt) + iIm(C
(8)prst
u2d2 )(ūRpγµT

AuRr)(d̄Rsγ
µTAdRt)

+ iIm((Cprstl2e2 ))(l̄LpγµlLr)(ēRsγ
µeRt) + iIm(Cprstl2u2 )(l̄LpγµlLr)(ūRsγ

µuRt)

+ iIm(Cprstl2d2 )(l̄LpγµlLr)(d̄Rsγ
µdRt)

+ iIm(Cprstq2e2)(q̄LpγµqLr)(ēRsγ
µeRt) + iIm(C

(1)prst
q2u2 )(q̄LpγµqLr)(ūRsγ

µuRt)

+ iIm(C
(8)prst
q2u2 )(q̄LpγµT

AqLr)(ūRsγ
µTAuRt)

+ iIm(C
(1)prst
q2d2 )(q̄LpγµqLr)(d̄Rsγ

µdRt) + iIm(C
(8)prst
q2d2 )(q̄LpγµT

AqLr)(d̄Rsγ
µTAdRt)

+ iIm(Cprstledq )(l̄jLpeRr)(d̄Rsq
j
Lt) + iIm(C

(1)prst
lequ )(l̄jLpeRr)εjk(q̄kLsuRt)

+ iIm(C
(3)prst
lequ )(l̄jLpσµνeRr)εjk(q̄kLsσ

µνuRt)

+ iIm(C
(1)prst
quqd )(q̄jLpuRr)εjk(q̄kLsdRt) + iIm(C

(8)prst
quqd )(q̄jLpT

AuRr)εjk(q̄kLsT
AdRt)

+ H.c. (20)

Definitions of ϕ†i
←→
D µϕ and ϕ†i

←→
D I

µϕ can be found in Ref. [101] and in the footnote 2.
The factor 1/Λ2 are left implicit in the coefficient of each operator. The subscripts
p, r, s, and t are generation indices. The operators listed in Ref. [101] contain
no coefficients. We add relevant dimensionless coefficients to the operators with

2ϕ†
←−
Dµϕ ≡ (Dµϕ)†ϕ, ϕ†i

←→
D µϕ ≡ iϕ†

(
Dµ −

←−
Dµ

)
ϕ, and ϕ†

←→
D I
µϕ ≡ iϕ†

(
τ IDµ −

←−
Dµτ

I
)
ϕ.
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subscripts according to their constituents and superscripts as matrix or tensor indices
if the coefficient is not a number. For example, the coefficient Cpr

quϕ3 added to operator

(ϕ†ϕ)(q̄Lpϕ̃uRr) indicates the operator is composed of qL, uR and three Higgs fields,
the matrix indices pr tells the generation of the first and the second fermion to
be p and r, respectively. Following the convention of Ref. [101], the superscripts
(1), (3) and (8) of some coefficients are used to distinguish operators with the same
constituents but different fermion-bilinear structures, where operators with notation
(3) contains τ I or σµν and operators with (8) contains TA.

7.4 Effective CPV Operators after Electroweak Symmetry Breaking

When the Higgs field acquires its VEV, the electroweak symmetry is spontaneously
broken. Using Eq. (9) – (12) we can rotate W i

µ and Bµ to the physical fields W±
µ , Zµ

and Aµ basis, thus L/TX3 , L/TX2ϕ2 , L/Tψ2ϕ3 , L/Tψ2Xϕ, L/Tψ2ϕ2D and Lψ4 turn to
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L/TX3 = CG3fABCεµναβGAαβG
B
µρG

Cρ
ν

+ 2iCW 3εµναβ
{

[∂αW
−
β − ∂βW

−
α + ig(cwZα + swAα)W−β − igW

−
α (cwZβ + swAβ)]

[∂µW
+
ρ − ∂ρW+

µ + igW+
µ (cwZρ + swAρ)− ig(cwZµ + swAµ)W+

ρ ]

[cwZ
ρ
ν + swF

ρ
ν + ig(W−ν W

+ρ −W+
ν W

−ρ)]

− [∂αW
+
β − ∂βW

+
α + igW+

α (cwZβ + swAβ)− ig(cwZα + swAα)W+
β ]

[∂µW
−
ρ − ∂ρW−µ + ig(cwZµ + swAµ)W−ρ − igW−µ (cwZρ + swAρ)]

[cwZ
ρ
ν + swF

ρ
ν + ig(W−ν W

+ρ −W+
ν W

−ρ)]

+ [cwZαβ + swFαβ + ig(W−α W
+
β −W

+
αW

−
β )]

[∂µW
−
ρ − ∂ρW−µ + ig(cwZµ + swAµ)W−ρ − igW−µ (cwZρ + swAρ)]

[∂νW
+ρ − ∂ρW+

ν + igW+
ν (cwZ

ρ + swA
ρ)− ig(cwZν + swAν)W+ρ]

}
(21)

L/TX2ϕ2 =
v2

2
εµναβ

{
CG2ϕ2GAµνG

A
αβ + 8CW 2ϕ2 [∂αW

+
β + igW+

α (cwZβ + swAβ)]×

[∂µW
−
ν − igW−µ (cwZν + swAν)]

+ (CW 2ϕ2cw
2 + CB2ϕ2sw

2 + CWBϕ2cwsw)ZαβZµν

+ (CW 2ϕ2sw
2 + CB2ϕ2cw

2 − CWBϕ2cwsw)FαβFµν

+ [2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw
2 − sw2)]ZαβFµν

+ (4iCW 2ϕ2g cw + 2iCWBϕ2gsw)W−α W
+
β Zµν

+ (4iCW 2ϕ2g sw − 2iCWBϕ2gcw)W−α W
+
β Fµν − 4CW 2ϕ2g2W−α W

+
β W

−
µ W

+
ν

}
(22)

L/Tψ2ϕ3 =
v3

2
√

2

[
iIm(Cprleϕ3)(ēLpeRr − ēRreLp) + iIm(Cprquϕ3)(ūLpuRr − ūRruLp)

+ iIm(Cprqdϕ3)(d̄LpdRr − d̄RrdLp)
]

(23)

L/Tψ2Xϕ = 2viIm(CprleWϕ)
{
ν̄Lpσ

µνeRr[∂µW
+
ν + igW+

µ (cwZν + swAν)]

− ēRrσ
µννLp[∂µW

−
ν − igW−µ (cwZν + swAν)]

}
+

1√
2
vi(ēLpσ

µνeRr − ēRrσµνeLp)
[
CprleZϕZµν + CprleFϕFµν − 2igIm(CprleWϕ)W−µ W

+
ν

]
+

1√
2
v
[
iIm(CprquGϕ)(ūLpσ

µνTAGAµνuRr − ūRrσµνTAGAµνuLp)

+iIm(CprqdGϕ)(d̄Lpσ
µνTAGAµνdRr − d̄RrσµνTAGAµνdLp)

]
+

1√
2
vi(ūLpσ

µνuRr − ūRrσµνuLp)[CprquZϕZµν + CprquFϕFµν + 2Im(CprquWϕ)igW−µ W
+
ν ]

+
1√
2
vi(d̄Lpσ

µνdRr − d̄RrσµνdLp)[CprqdZϕZµν + CprqdFϕFµν − 2Im(CprqdWϕ)igW−µ W
+
ν ]

+ 2viIm(CprquWϕ)
{
d̄Lpσ

µνuRr[∂µW
−
ν − igW−µ (cwZν + swAν)]

− ūRrσ
µνdLp[∂µW

+
ν + igW+

µ (cwZν + swAν)]
}

+ 2viIm(CprqdWϕ)
{
ūLpσ

µνdRr[∂µW
+
ν + igW+

µ (cwZν + swAν)]

− d̄Rrσ
µνuLp[∂µW

−
ν − igW−µ (cwZν + swAν)]

}
(24)
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L/Tψ2ϕ2D = −v
2

2
iIm(C

(1)pr
l2ϕ2D)gZZµ(ν̄Lpγ

µνLr − ν̄LrγµνLp + ēLpγ
µeLr − ēLrγµeLp)

+
v2

2
iIm(C

(3)pr
l2ϕ2D) {−gZZµ(ν̄Lpγ

µνLr − ν̄LrγµνLp − ēLpγµeLr + ēLrγ
µeLp)

+
√

2g[(eLpγ
µνLr − eLrγµνLp)W−µ + (νLpγ

µeLr − νLrγµeLp)W
+

µ ]
}

− v2

2
iIm(Cpre2ϕ2D)gZZµ(ēRpγ

µeRr − ēRrγµeRp)

− v2

2
iIm(C

(1)pr
q2ϕ2D)gZZµ(ūLpγ

µuLr − ūLrγµuLp + d̄Lpγ
µdLr − d̄LrγµdLp)

+
v2

2
iIm(C

(3)pr
q2ϕ2D)

{
−gZZµ(ūLpγ

µuLr − ūLrγµuLp − d̄LpγµdLr + d̄Lrγ
µdLp)

+
√

2g[(dLpγ
µuLr − dLrγµuLp)W−µ + (uLpγ

µdLr − uLrγµdLp)W
+

µ ]
}

− v2

2
iIm(Cpru2ϕ2D)gZZµ(ūRpγ

µuRr − ūRrγµuRp)

− v2

2
iIm(Cprd2ϕ2D)gZZµ(d̄Rpγ

µdRr − d̄RrγµdRp)

+
v2

2
√

2
iIm(Cprudϕ2D)g

{
W+
µ [ūRpγ

µdRr]−W−µ [d̄Rrγ
µuRp]

}
(25)
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Lψ4 = iIm(Cprstl4 ) [(ν̄LpγµνLr)(ν̄Lsγ
µνLt) + (ēLpγµeLr)(ēLsγ

µeLt)

+ (ν̄LpγµνLr)(ēLsγ
µeLt) + (ēLpγµeLr)(ν̄Lsγ

µνLt)]

+ iIm(C
(1)prst
q4 + C

(3)prst
q4 )[(ūLpγµuLr)(ūLsγ

µuLt) + (d̄LpγµdLr)(d̄Lsγ
µdLt)]

+ iIm(C
(1)prst
q4 − C(3)prst

q4 )[(ūLpγµuLr)(d̄Lsγ
µdLt) + (d̄LpγµdLr)(ūLsγ

µuLt)]

+ 2iIm(C
(3)prst
q4 )[(ūLpγµdLr)(d̄Lsγ

µuLt) + (d̄LpγµuLr)(ūLsγ
µdLt)]

+ iIm(C
(1)prst
l2q2 + C

(3)prst
l2q2 )[(ν̄LpγµνLr)(ūLsγ

µuLt) + (ēLpγµeLr)(d̄Lsγ
µdLt)]

+ iIm(C
(1)prst
l2q2 − C(3)prst

l2q2 )[(ν̄LpγµνLr)(d̄Lsγ
µdLt) + (ēLpγµeLr)(ūLsγ

µuLt)]

+ 2iIm(C
(3)prst
l2q2 )[(ν̄LpγµeLr)(d̄Lsγ

µuLt) + (ēLpγµνLr)(ūLsγ
µdLt)]

+ iIm(Cprste4 )(ēRpγµeRr)(ēRsγ
µeRt)

+ iIm(Cprstu4 )(ūRpγµuRr)(ūRsγ
µuRt) + iIm(Cprstd4 )(d̄RpγµdRr)(d̄Rsγ

µdRt)

+ iIm(Cprste2u2)(ēRpγµeRr)(ūRsγ
µuRt) + iIm(Cprste2d2)(ēRpγµeRr)(d̄Rsγ

µdRt)

+ iIm(C
(1)prst
u2d2 )(ūRpγµuRr)(d̄Rsγ

µdRt) + iIm(C
(8)prst
u2d2 )(ūRpγµT

AuRr)(d̄Rsγ
µTAdRt)

+ iIm(Cprstl2e2 )[(ν̄LpγµνLr)(ēRsγ
µeRt) + (ēLpγµeLr)(ēRsγ

µeRt)]

+ iIm(Cprstl2u2 )[(ν̄LpγµνLr)(ūRsγ
µuRt) + (ēLpγµeLr)(ūRsγ

µuRt)]

+ iIm(Cprstl2d2 )[(ν̄LpγµνLr)(d̄Rsγ
µdRt) + (ēLpγµeLr)(d̄Rsγ

µdRt)]

+ iIm(Cprstq2e2)[(ūLpγµuLr)(ēRsγ
µeRt) + (d̄LpγµdLr)(ēRsγ

µeRt)]

+ iIm(C
(1)prst
q2u2 )[(ūLpγµuLr)(ūRsγ

µuRt) + (d̄LpγµdLr)(ūRsγ
µuRt)]

+ iIm(C
(8)prst
q2u2 )[(ūLpγµT

AuLr)(ūRsγ
µTAuRt) + (d̄LpγµT

AdLr)(ūRsγ
µTAuRt)]

+ iIm(C
(1)prst
q2d2 )[(ūLpγµuLr)(d̄Rsγ

µdRt) + (d̄LpγµdLr)(d̄Rsγ
µdRt)]

+ iIm(C
(8)prst
q2d2 )[(ūLpγµT

AuLr)(d̄Rsγ
µTAdRt) + (d̄LpγµT

AdLr)(d̄Rsγ
µTAdRt)]

+ iIm(Cprstledq )[(ν̄LpeRr)(d̄RsuLt) + (ēLpeRr)(d̄RsdLt)]

+ iIm(C
(1)prst
lequ )[(ν̄LpeRr)(d̄LsuRt)− (ēLpeRr)(ūLsuRt)]

+ iIm(C
(3)prst
lequ )[(ν̄Lpσ

µνeRr)(d̄Lsσ
µνuRt)− (ēLpσ

µνeRr)(ūLsσ
µνuRt)]

+ iIm(C
(1)prst
quqd )[(ūLpuRr)(d̄LsdRt)− (d̄LpuRr)(ūLsdRt)]

+ iIm(C
(8)prst
quqd )[(ūLpT

AuRr)(d̄LsT
AdRt)− (d̄LpT

AuRr)(ūLsT
AdRt)]

+ H.c. (26)

where we used σµν = −σνµ in L/Tψ2Xϕ, gZ = g/cw =
√
g2 + g′2, Zµν = ∂µZν − ∂νZµ,

Fµν = ∂µFν − ∂νFµ, and

Cpr
leZϕ = −[cw Im(Cpr

leWϕ) + sw Im(Cpr
leBϕ)],

Cpr
leFϕ = [−sw Im(Cpr

leWϕ) + cw Im(Cpr
leBϕ)],

Cpr
quZϕ = [cwIm(Cpr

quWϕ)− swIm(Cpr
quBϕ)],

Cpr
quFϕ = [swIm(Cpr

quWϕ) + cwIm(Cpr
quBϕ)],

Cpr
qdZϕ = −[cw Im(Cpr

qdWϕ) + sw Im((Cpr
qdBϕ)ΓdB)],

Cpr
qdFϕ = [−sw Im(Cpr

qdWϕ) + cw Im(Cpr
qdBϕ)]. (27)
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7.5 Lowest Mass-dimensional C-odd and CP-odd Operators after Inte-
grating Out Weak Gauge Bosons

From the mass-dimension-4 SM Lagrangian in Eq. (3), the charged and neutral
current weak interactions are [81]

H =
g√
2

(J−µW
+µ + J+

µW
−µ) + gZJ

0
µZ

µ (28)

where gZ = g/ cos θW and

J−µ = ν̄LpγµeLp + ūLpγµVpxdLx (29)

J+
µ = ēLpγµνLp + d̄LxγµV

∗
pxuLp (30)

J0
µ = ν̄Lpγµ(

1

2
)νLp + ēLpγµ(−1

2
+ s2

w)eLp + ēRLγµ(s2
w)eRL

+ūLpγµ(
1

2
− 2

3
s2
w)uLp + d̄Lpγµ(−1

2
+

1

3
s2
w)dLp

+ūRpγµ(−2

3
s2
w)uRp + d̄Rpγµ(

1

3
s2
w)dRp (31)

where Vpx are the Cabibbo-Kobayashi-Maskawa(CKM) matrix elements mixing down-
type quarks, with VpxdLx = VpddL+VpssL+VpbbL [246]. The neutrinos of different gen-
erations can also mix through the Pontecorvo-Maki-Nakagawa-Sakata matrix. Since
we focus on quark interactions in this work, we neglect the neutrino transitions here.

The weak gauge fields couple both to vector and axial-vector current, so operators
containing weak gauge fields do not have definite C or P transformation properties.
At energy E < MW , we can integrate out the weak gauge bosons and replace them
with relevant fermion bilinear as follows

W+
µ → 4GF√

2
J+
µ , (32)

W−
µ → 4GF√

2
J−µ , (33)

Zµ →
8GF√

2
J0
µ, (34)

where GF is the Fermi weak interaction constant and we used GF√
2

= g2

8M2
W

.

In our following analysis, we will keep the VEV of the Higgs field in our operators
and count its dimension to the operator’s total mass-dimension based on the fact that
the operators are inherited from SMEFT, and thus they retain the dimension counting
theorem of Kobach [241] for SMEFT operators, that operators with ∆B − ∆L = 0
are of even dimension, where B and L are baryon and lepton numbers, respectively.

Jenkins et al. [246] gave effective operators up to dimension six in the LEFT
which is SUL(3) × UQ(1) invariant and showed the matching from SMEFT onto
these operators. Comparing with their ∆B = 0 and ∆L = 0 LEFT operators listed
in Table 7 of Ref. [246], our operators without weak gauge bosons in Eq. (21) ∼
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Eq. (26) are consistent with theirs at energies just below the weak scale, which is
the energy scale we study, though with a little difference in convention. Explicitly, in
Eq. (24), our operators contains Higgs VEV and we treat them as mass-dimension-6
operators, while Jenkins et al. [246] did not show the VEV explicitly and claimed
them as dimension-five operators. After integrating out W±

µ in the last line of Eq.

(25), we have
√

2v2GF (ν̄LpγµeLr)(d̄Rsγ
µuLt)+h.c. and

√
2v2GF (ūLpγµdLr)(d̄Rsγ

µuLt)+
h.c., where the later would induce another operator with extra color structure [244]
(ūLpγµT

AdLr)(d̄Rsγ
µTAuLt) that is absent at electroweak scale due to its gauge-

symmetry-breaking properties. All these three operators without v2GF were in-
cluded in Table 7 of Ref. [246]. Ref. [246] contains (ūLpγ

µTAuLr)(d̄Lsγ
µTAdLt) which

is not shown in our list, but we have (ūLpγµdLr)(d̄Lsγ
µuLt) which is not included

in Ref. [246]. However, using TAαβT
A
κλ = 1

2
δαλδκβ − 1

6
δαβδκλ with α, β, κ and λ

as color indices, together with left-handed Fierz identity (ψ̄1Lγµψ2L)(ψ̄3Lγ
µψ4L) =

(ψ̄1Lγµψ4L)(ψ̄3Lγ
µψ2L) [252, 101], these two operators can be related as

(ūαLpγ
µTAαβu

β
Lr)(d̄

κ
Lsγ

µTAκλd
λ
Lt) =

1

2
(ūαLpγ

µuβLr)(d̄
β
Lsγ

µdαLt)−
1

6
(ūαLpγ

µuαLr)(d̄
β
Lsγ

µdβLt)

=
1

2
(ūLpγ

µdLt)(d̄Lsγ
µuLr)−

1

6
(ūLpγ

µuLr)(d̄Lsγ
µdLt),

(35)

so these two operators are actually alternating.
When going down to much lower energy scales, Ref. [246] had extra operators

that are generated by QCD and QED

(ēLpeRr)(ēLseRt),

(ēLpeRr)(d̄LsdRt),

(ēLpσ
µνeRr)(d̄LsσµνdRt),

(ūLpuRr)(ūLsuRt),

(ūLpT
AuRr)(ūLsT

AuRt),

(d̄LpdRr)(d̄LsdRt),

(d̄LpT
AdRr)(d̄LsT

AdRt),

(ēLpeRr)(ūRsuLt), (36)

together with their Hermitian conjugates. We do not have these operators because
they have non-zero hypercharge and no matching from SMEFT at tree level. These
mass-dimension 6 operators can contribute to both C- and CP-odd, and P- and
CP-odd flavor-changing interactions and P-odd and CP odd flavor-conserving inter-
actions. Notice that there could be extra LEFT operators contributing to flavor
conserving C- and CP-odd interactions but their mass-dimension have to be higher
than 6. We will add these missing operators with some annotation in our following
discussion about CP odd operators.
We will not consider the LEFT operators that have no matching to SMEFT for now.
(IF choose this, later parts need modifications)
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After replacing the W±
µ and Zµ fields with relevant fermion bilinears, we can

separate each operator with definite P and C transformation properties. We will
show C-odd CP-odd, versus P-odd CP odd operators for flavor-changing and flavor-
conserving interactions respectively. We find that the C-odd CP-odd and P-odd CP-
odd operators in flavor-changing case are analogous, however they are very different
in flavor-conserving cases. Since P odd and CP odd operators have been extensively
studied by other work, we focus on the lowest-mass dimensional C-odd and CP-odd
operators, meanwhile we list the P odd and CP odd operators in Appendices to
construct a complete list of CP odd operators from SMEFT.

7.5.1 Lowest Mass-dimensional C-odd and CP-odd Operators Contribut-
ing to Flavor-Changing Interactions

Some constraints of the generation indices are required to guarantee the operators to
be flavor-changing and non-vanishing. For example p 6= r for the operators in classes
ψ2ϕ3 and ψ2Xϕ. As for the operators in class ψ4, given Quu = (ūRpγµuRr)(ūRsγ

µuRt)
as an example, the relations p 6= r and s 6= t, or, p 6= t and r 6= s should be applied.

The classes X3 and X2ϕ2 contain no fermions. The C-odd and CP-odd flavor-
changing operators come from classes ψ2ϕ3, ψ2Xϕ, ψ4, and ψ2ϕ2D.

The C-odd and CP-odd operators with the lowest mass-dimension are

L/Cψ2ϕ3 =
v3

4
√

2

[
iIm(Cpr

leϕ3)(ēper − ērep) + iIm(Cpr
quϕ3)(ūpur − ūrup)

+ iIm(Cpr
qdϕ3)(d̄pdr − d̄rdp)

]
, (37)

L/Cψ2Xϕ =
1

2
√

2
v[iCpr

leFϕ(ēpσ
µνer − ērσµνep)Fµν

+
1

2
√

2
v
[
iIm(Cpr

quGϕ)(ūpσ
µνTAur − ūrσµνTAup)GA

µν

+ iIm(Cpr
qdGϕ)(d̄pσ

µνTAdr − d̄rσµνTAdp)GA
µν

]
+

1

2
√

2
viCpr

quFϕ(ūpσ
µνur − ūrσµνup)Fµν

+
1

2
√

2
viCpr

qdFϕ(d̄pσ
µνdr − d̄rσµνdp)Fµν , (38)

where Cpr
leFϕ and Cpr

quFϕ are defined in Eq. (27), together with the operators from
class ψ4 listed in Table 7.1 and Table 7.2. Their mass-dimension is 6.

For operators in Lψ2ϕ2D, note that the original mass-dimension 6 operators have
an implicit factor 1/Λ2, after integrating out the weak gauge bosons, each operator
contains GF/Λ

2 ∼ 1/Λ4, so the operators become mass-dimension 8. In the SM,

v2GF =
√

2
4
∼ O(1), so the mass-dimension 8 operators in Eq. (39) below can give

comparative numerical effects as the mass-dimension 6 operators listed before
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Table 7.1: Flavor-changing C-odd and CP-odd operators from class ψ4.

1: lepton-only interaction

operator coefficient

(ν̄pγµνr)(ν̄sγ
µνt)− (ν̄tγ

µνs)(ν̄rγµνp)
1
4 iIm(Cprstl4 )

(ν̄pγµγ5νr)(ν̄sγ
µγ5νt)− (ν̄tγ

µγ5νs)(ν̄rγµγ5νp)
1
4 iIm(Cprstl4 ),

(ēpγµer)(ēsγ
µet)− (ētγ

µes)(ērγµep)
1
4 iIm(Cprstl4 + Cprste4 + Cprstl2e2 )

(ēpγµγ5er)(ēsγ
µγ5et)− (ētγ

µγ5es)(ērγµγ5ep)
1
4 iIm(Cprstl4 + Cprste4 − Cprstl2e2 )

(ν̄pγµνr)(ēsγ
µet)− (ētγ

µes)(ν̄rγµνp)
1
4 iIm(Cprstl4 − Ctsrpl4 + Cprste4 )

(ν̄pγµγ5νr)(ēsγ
µγ5et)− (ētγ

µγ5es)(ν̄rγµγ5νp)
1
4 iIm(Cprstl4 − Ctsrpl4 − Cprste4 )

2: lepton-quark interaction

(ν̄pγµνr)(ūsγ
µut)− (ūtγ

µus)(ν̄rγµνp)
1
4 iIm(C

(1)prst
l2q2 + C

(3)prst
l2q2 + Cprstl2u2 )

(ν̄pγµγ5νr)(ūsγ
µγ5ut)− (ūtγ

µγ5us)(ν̄rγµγ5νp)
1
4 iIm(Cprstl2q2 + C

(3)prst
l2q2 − Cprstl2u2 )

(ν̄pγµνr)(d̄sγ
µdt)− (d̄tγ

µds)(ν̄rγµνp)
1
4 iIm(C

(1)prst
l2q2 − C(3)prst

l2q2 + Cprstl2d2 )

(ν̄pγµγ5νr)(d̄sγ
µγ5dt)− (d̄tγ

µγ5ds)(ν̄rγµγ5νp)
1
4 iIm(C

(1)prst
l2q2 − C(3)prst

l2q2 − Cprstl2d2 )

(ēpγµer)(ūsγ
µut)− (ūtγ

µus)(ērγµep)
1
4 iIm(C

(1)prst
l2q2 − C(3)prst

l2q2

+Cprste2u2 + Cprstl2u2 − Ctsrpq2e2)

(ēpγµγ5er)(ūsγ
µγ5ut)− (ūtγ

µγ5us)(ērγµγ5ep)
1
4 iIm(C

(1)prst
l2q2 − C(3)prst

l2q2

+Cprste2u2 − Cprstl2u2 + Ctsrpq2e2)

(ēpγµer)(d̄sγ
µdt)− (d̄tγ

µds)(ērγµep)
1
4 iIm(C

(1)prst
l2q2 + C

(3)prst
l2q2

+Cprste2d2 + Cprstl2d2 − C
tsrp
q2e2)

(ēpγµγ5er)(d̄sγ
µγ5dt)− (d̄tγ

µγ5ds)(ērγµγ5ep)
1
4 iIm(C

(1)prst
l2q2 + C

(3)prst
l2q2

+Cprste2d2 − C
prst
l2d2 + Ctsrpq2e2)

(ν̄pγµer)(d̄sγ
µut)− (ūtγ

µds)(ērγµνp)
1
2 iIm(C

(3)prst
l2q2 )

(ν̄pγµγ5er)(d̄sγ
µγ5ut)− (ūtγ

µγ5ds)(ērγµγ5νp)
1
2 iIm(C

(3)prst
l2q2 )

(ēpγµνr)(ūsγ
µdt)− (d̄tγ

µus)(ν̄rγµep)
1
2 iIm(C

(3)prst
l2q2 )

(ēpγµγ5νr)(ūsγ
µγ5dt)− (d̄tγ

µγ5us)(ν̄rγµγ5ep)
1
2 iIm(C

(3)prst
l2q2 )

(ν̄per)(d̄sut)− (ūtds)(ērνp)
1
4 iIm(Cprstledq + C

(1)prst
lequ )

(ν̄pγ5er)(d̄sγ5ut)− (ūtγ5ds)(ērγ5νp)
1
4 iIm(−Cprstledq + C

(1)prst
lequ )

(ēper)(d̄sdt)− (d̄tds)(ērep)
1
4 iIm(Cprstledq )

(ēpγ5er)(d̄sγ5dt)− (d̄tγ5ds)(ērγ5ep) − 1
4 iIm(Cprstledq )

(ēper)(ūsut)− (ūtus)(ērep) − 1
4 iIm(Cprstlequ)

(ēpγ5er)(ūsγ5ut)− (ūtγ5us)(ērγ5ep) − 1
4 iIm(C

(1)prst
lequ )

(ν̄pσµνer)(d̄sσ
µνut)− (ūtσ

µνds)(ērσµννp)
1
4 iIm(C

(3)prst
lequ )

(ν̄pσµνγ5er)(d̄sσ
µνγ5ut)− (ūtσ

µνγ5ds)(ērσµνγ5νp)
1
4 iIm(C

(3)prst
lequ )

(ēpσµνer)(ūsσµνut)− (ūtσµνus)(ērσµνep) − 1
4 iIm(C

(3)prst
lequ )

(ēpσµνγ5er)(ūsσµνγ5ut)− (ūtσµνγ5us)(ērσµνγ5ep) − 1
4 iIm(C

(3)prst
lequ )
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Table 7.2: Flavor-changing C-odd and CP-odd operators from class ψ4 (Continued).

3: quark-only interaction

(ūpγµur)(ūsγ
µut)− (ūtγ

µus)(ūrγµup)
1
4 iIm(C

(1)prst
q4 + C

(3)prst
q4

+Cprstu4 + C
(1)prst
q2u2 )

(ūpγµγ5ur)(ūsγ
µγ5ut)− (ūtγ

µγ5us)(ūrγµγ5up)
1
4 iIm(C

(1)prst
q4 + C

(3)prst
q4

+Cprstu4 − C(1)prst
q2u2 )

(d̄pγµdr)(d̄sγ
µdt)− (d̄tγ

µds)(d̄rγµdp)
1
4 iIm(C

(1)prst
q4 + C

(3)prst
q4

+Cprstd4 + C
(1)prst
q2d2 )

(d̄pγµγ5dr)(d̄sγ
µγ5dt)− (d̄tγ

µγ5ds)(d̄rγµγ5dp)
1
4 iIm(C

(1)prst
q4 + C

(3)prst
q4

+Cprstd4 − C(1)prst
q2d2 )

(ūpγµur)(d̄sγ
µ dt)− (d̄tγ

µds)(ūrγµup)
1
4 iIm

(
C

(1)prst
q4 − C(3)prst

q2u2

−C(1)tsrp
q4 + C

(3)tsrp
q4 + C

(1)prst
u2d2

−C(1)tsrp
q2u2 + C

(1)prst
q2d2

)
(ūpγµγ5ur)(d̄sγ

µγ5dt)− (d̄tγ
µγ5ds)(ūrγµγ5up)

1
4 iIm (C

(1)prst
q4 − C(3)prst

q4

−C(1)tsrp
q4 + C

(3)tsrp
q4 + C

(1)prst
u2d2

+C
(1)tsrp
q2u2 − C(1)prst

q2d2 )

(ūpγµT
Aur)(ūsγ

µTAut)− (ūtγ
µTAus)(ūrγµT

Aup)
1
4 iIm(C

(8)prst
q2u2 )

(ūpγµγ5T
Aur)(ūsγ

µγ5T
Aut)− (ūtγ

µγ5T
Aus)(ūrγµγ5T

Aup) − 1
4 iIm(C

(8)prst
q2u2 )

(d̄pγµT
Adr)(d̄sγ

µTAdt)− (d̄tγ
µTAds)(d̄rγµT

Adp)
1
4 iIm(C

(8)prst
q2d2 )

(d̄pγµγ5T
Adr)(d̄sγ

µγ5T
Adt)− (d̄tγ

µγ5T
Ads)(d̄rγµγ5T

Adp) − 1
4 iIm(C

(8)prst
q2d2 )

(ūpγµT
Aur)(d̄sγ

µTAdt)− (d̄tγ
µTAds)(ūrγµT

Aup)
1
4 iIm(C

(8)prst
u2d2 − C(8)tsrp

q2u2 + C
(8)prst
q2d2 )

(ūpγµγ5T
Aur)(d̄sγ

µγ5T
Adt)− (d̄tγ

µγ5T
Ads)(ūrγµγ5T

Aup)
1
4 iIm(C

(8)prst
u2d2 + C

(8)tsrp
q2u2 − C(8)prst

q2d2 )

(ūpγµdr)(d̄sγ
µut)− (ūtγ

µds)(d̄rγµup)
1
2 iIm(C

(3)prst
q4 )

(ūpγµγ5dr)(d̄sγ
µγ5ut)− (ūtγ

µγ5ds)(d̄rγµγ5up)
1
2 iIm(C

(3)prst
q4 )

(d̄pγµur)(ūsγ
µdt)− (d̄tγ

µus)(ūrγµdp)
1
2 iIm(C

(3)prst
q4 )

(d̄pγµγ5ur)(ūsγ
µγ5dt)− (d̄tγ

µγ5us)(ūrγµγ5dp)
1
2 iIm(C

(3)prst
q4 )

(ūpur)(d̄sdt)− (d̄tds)(ūrup)
1
4 iIm(C

(1)prst
quqd )

(ūpγ5ur)(d̄sγ5dt)− (d̄tγ5ds)(ūrγ5up)
1
4 iIm(C

(1)prst
quqd )

(d̄pur)(ūsdt)− (d̄tus)(ūrdp) − 1
4 iIm(C

(1)prst
quqd )

(d̄pγ5ur)(ūsγ5dt)− (d̄tγ5us)(ūrγ5dp) − 1
4 iIm(C

(1)prst
quqd )

(ūpT
Aur)(d̄sT

Adt)− (d̄tT
Ads)(ūrT

Aup)
1
4 iIm(C

(8)prst
quqd

(ūpγ5T
Aur)(d̄sγ5T

Adt)− (d̄tγ5T
Ads)(ūrγ5T

Aup)
1
4 iIm(C

(8)prst
quqd )

(d̄pT
Aur)(ūsT

Adt)− (d̄tT
Aus)(ūrT

Adp) − 1
4 iIm(C

(8)prst
quqd )

(d̄pγ5T
Aur)(ūsT

Aγ5dt)− (d̄tγ5T
Aus)(ūrγ5T

Adp)
1
4 iIm(C

(8)prst
quqd )
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L/Cψ2ϕ2D = −
√

2v2GF i[Im(C
(1)pr
l2ϕ2D) + Im(C

(3)pr
l2ϕ2D)] {(ν̄pγµνr − ν̄rγµνp)×

gZ [
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds]

+
1

4
(ν̄pγ

µγ5νr − ν̄rγµγ5νp)gZ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)
}

+
√

2v2GF i[Im(C
(3)pr
l2ϕ2D)− Im(C

(1)pr
l2ϕ2D)− Im(Cpre2ϕ2D)](ēpγ

µer − ērγµep)×

gZ

[
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds

]
+
√

2v2GF i[Im(C
(3)pr
l2ϕ2D)− Im(C

(1)pr
l2ϕ2D) + Im(Cpre2ϕ2D)]

1

4
(ēpγ

µγ5er − ērγµγ5ep)×

gZ
(
ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds

)
+

v2GF
2

iIm(C
(3)pr
l2ϕ2D)g [(epγ

µνr − erγµνp)(ν̄sγµes + ūsγµVsxdx)

+(νpγ
µer − νrγµep)(ēsγµνs + d̄xγµV

∗
sxus)

+(epγ
µγ5νr − erγµγ5νp)(ν̄sγνγ5es + ūsγνγ5Vsxdx)

+(νpγ
µγ5er − νrγµγ5ep)(ēsγµγ5νs + d̄xγµγ5V

∗
sxus)

]
−
√

2v2GF i[Im(C
(1)pr
q2ϕ2D) + Im(C

(3)pr
q2ϕ2D) + Im(Cpru2ϕ2D)](ūpγ

µur − ūrγµup)×

gZ

[
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds

]
−
√

2v2GF i[Im(C
(1)pr
q2ϕ2D) + Im(C

(3)pr
q2ϕ2D)− Im(Cpru2ϕ2D)](ūpγ

µγ5ur − ūrγµγ5up)×

gZ
1

4

(
ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds

)
+
√

2v2GF i[Im(C
(3)pr
q2ϕ2D)− Im(C

(1)pr
l2ϕ2D)− Im(Cprd2ϕ2D)](d̄pγ

µdr − d̄rγµdp)×

gZ

[
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds

]
+
√

2v2GF i[Im(C
(3)pr
q2ϕ2D)− Im(C

(1)pr
q2ϕ2D) + Im(Cprd2ϕ2D)](d̄pγ

µγ5dr − d̄rγµγ5dp)×

gZ
1

4

(
ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds

)
+

v2GF
2

iIm(C
(3)pr
q2ϕ2D)g

[
(dpγ

µur − drγµup)(ν̄sγµes + ūsγµVsxdx)

+(upγ
µdr − urγµdp)(ēsγµνs + d̄xγµV

∗
sxus)]

]
+

v2GF
2

iIm(C
(3)pr
q2ϕ2D)g

[
(dpγ

µγ5ur − drγµγ5up)(ν̄sγµγ5es + ūsγµγ5Vsxdx)

+(upγ
µγ5dr − urγµγ5dp)(ēsγµγ5νs + d̄xγµγ5V

∗
sxus)

]
+

v2GF
4

iIm(Cprudϕ2D)g
[
(ūpγ

µdr)(ēsγµνs + d̄xγµV
∗
sxus)

−(drγ
µup)(ν̄sγµes + ūsγµVsxdx)− (ūpγ

µγ5dr)(ēsγµγ5νs + d̄xγµγ5V
∗
sxus)

+(drγ
µγ5up)(ν̄sγµγ5es + ūsγµγ5Vsxdx)

]
(39)

The mass-dimension 8 operators in Eq. (40) containing vGF from class ψ2Xϕ can
also give important contributions:

87



L/Cψ2Xϕ =
√

2vGF iIm(CprleWϕ)
{

(ν̄pσ
µνer)[∂µ(ēsγννs + d̄LxγνV

∗
sxus)

+ig(ēsγµνs + d̄LxγµV
∗
sxuLs)swAν ]

−(ērσ
µννp)[∂µ(ν̄sγνes + ūsγνVsxdLx)− ig(ν̄sγµes + ūsγµVsxdLx)swAν ]

−(ν̄pσ
µνγ5er)[∂µ(ēsγνγ5νs + d̄Lxγνγ5V

∗
sxus) + ig(ēsγµγ5νs + d̄Lxγµγ5V

∗
sxuLs)swAν ]

+(ērσ
µνγ5νp)[∂µ(ν̄sγνγ5es + ūsγνγ5VsxdLx)− ig(ν̄sγµγ5es + ūsγµγ5VsxdLx)swAν ]}

+ 2vGF iC
pr
leZϕ {(ēpσ

µνer − ērσµνep)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2w)ēsγνes + (

1

4
− 2

3
s2w)ūsγνus + (−1

4
+

1

3
s2w)d̄sγνds

]
+

1

4
(ēpσ

µνγ5er + ērσ
µνγ5ep)∂µ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)

}
+ 2vGF iC

pr
quZϕ {(ūpσ

µνur − ūrσµνup)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2w)ēsγνes + (

1

4
− 2

3
s2w)ūsγνus + (−1

4
+

1

3
s2w)d̄sγνds

]
+

1

4
(ūpσ

µνγ5ur + ūrσ
µνγ5up)∂µ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)

}
+ 2vGF iC

pr
qdZϕ

{
(d̄pσ

µνdr − d̄rσµνdp)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2w)ēsγνes + (

1

4
− 2

3
s2w)ūsγνus + (−1

4
+

1

3
s2w)d̄sγνds

]
+

1

4
(d̄pσ

µνγ5dr + d̄rσ
µνγ5dp)∂µ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)

}
+
√

2vGF i[Im(CprquWϕ)− Im(CrpqdWϕ)]
{

(d̄pσ
µνur) [∂µ(ν̄sγνes + ūsγνVsxdx)

−ig(ν̄sγµes + ūsγµVsxdx)swAν ]− (ūrσ
µνdp)

[
∂(ēsγννs + d̄xγνV

∗
sxus)

+ig(ēsγµνs + d̄xγµV
∗
sxus)swAν

]}
−
√

2vGF i[Im(CprquWϕ) + Im(CrpqdWϕ)]
{

(d̄pσ
µνγ5ur) [∂(ν̄sγνγ5es + ūsγνγ5Vsxdx)

−ig(ν̄sγµγ5es + ūsγµγ5Vsxdx)swAν ] + (ūrσ
µνγ5dp)

[
∂µ(ēsγνγ5νs + d̄xγνγ5V

∗
sxus)

+ig(ēsγµγ5νs + d̄xγµγ5V
∗
sxus)swAν

]}
(40)

The flavor-changing P-odd and CP-odd operators with the lowest mass-dimension
which are listed in Appendix 7.8.2 also come from classes ψ2ϕ3, ψ2Xϕ, ψ4, and
ψ2ϕ2D. We find that the flavor-changing P-odd and CP-odd operators and C-odd
and CP-odd operators are related either with the same factors or with factors com-
posed from different linear combinations of the same low-energy coefficients. Ex-
plicitly, the relevant P-odd and CP-odd operators and C-odd and CP-odd operators
from classes ψ2ϕ3, ψ2Xϕ, ψ2ϕ2D and many from ψ4 share the same factors, the
rest from ψ4 have factors with different linear combinations of the same low-energy
coefficients, for example one of the C-odd and CP-odd operator [(ūpγµur)(ūsγ

µut)−
(ūtγ

µus)(ūrγµup)] has factor 1
4
iIm(C

(1)prst

q4 +C
(3)prst

q4 +Cprst
u4 +C

(1)prst

q2u2 ), and one of its
relevant P-odd and CP-odd operators [(ūpγµγ5ur)(ūsγ

µut)− (ūtγ
µus)(ūrγµγ5up)] has

factor 1
4
iIm(−C(1)prst

q4 −C(3)prst

q4 +Cprst
u4 −C(1)prst

q2u2 ), as shown in Table 7.2 and Table 7.6.
The situation will be very different for flavor-conserving interactions which will be
discussed later.

The operators we listed also contain possible charged-lepton-flavor-violation
(CLFV) interactions. De Gouvea and Jenkins [253] investigated some operators that
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can contribute to CLFV processes like µ → eγ and µ → e-conversion which are
included in our Eq. (38), lepton-only interaction ands lepton-quark interactions in
our four-fermion C-odd and CP-odd operators listed above, but they did not discuss
the CP properties of these operators, and we have more operators contributing to
CLFV interactions.

7.5.2 Lowest Mass-dimensional C-odd and CP-odd Operators Contribut-
ing to Flavor-conserving Interactions

When only considering flavor-conserving interactions, many CP-odd operators exist-
ing in flavor-changing case obviously vanish, e.g. in Eq. (25), −v2

2
iIm(Cpr

d2ϕ2D)gZZµ
(d̄Rpγ

µdRr − d̄Rrγ
µdRp) = 0 when p = r. For operators involving two fermion bi-

linears, operators like (ūLpγµuLp)(d̄Lrγ
µdr)− (d̄rγ

µdr)(ūpγµup) do not vanish naively
when considering non-factorizable effects [254]. However, it is reasonable to presume
extra interactions of non-factorization are from electromagnetic or strong interactions
that are C invariant, which makes the CP odd operators like (ūLpγµuLp)(d̄Lrγ

µdr)−
(d̄rγ

µdr)(ūpγµup) still vanish.
Before integrating out the weak gauge fields W±

µ and Zµ, the CP-odd operators

in L/TX3 , L/TX2ϕ2 , L/Tψ2ϕ3 , and L/Tψ2Xϕ remain the same as Eq.(21), Eq. (22), Eq. (23)

with p = r and Eq. (24). As for L/Tψ2ϕ2D and L/Tψ4 , we have

L/T
ψ2ϕ2D

=
v2

2
iIm(C

(3)pr
l2ϕ2D

)
√

2g[(eLpγ
µνLr − eLrγµνLp)W−µ + (νLpγ

µeLr − νLrγµeLp)W
+

µ ]

+
v2

2
iIm(C

(3)pr
q2ϕ2D

)
√

2g[(dLpγ
µuLr − dLrγµuLp)W−µ + (uLpγ

µdLr − uLrγµdLp)W
+

µ ]

+
v2

2
√

2
iIm(Cpr

udϕ2D
)g{W+

µ ūRpγ
µdRr −W−µ d̄RrγµuRp} (41)

L/T
ψ4 = iIm(C

(1)pprr
quqd )

[
(ūLpuRp)(d̄LrdRr)− (d̄RrdLr)(ūRpuLp)

−(d̄LpuRr)(ūLrdRp) + (d̄RpuLr)(ūRrdLp)
]

+iIm(C
(8)pprr
quqd )

[
(ūLpT

AuRp)(d̄LrT
AdRr)− (d̄RrT

AdLr)(ūRpT
AuLp)

−(d̄LpT
AuRr)(ūLrT

AdRp) + (d̄RpT
AuLr)(ūRrT

AdLp)
]

(42)

Next we will investigate the C-odd and CP-odd operators after integrating out the
weak gauge bosons. We note that for the flavor-changing C-odd and CP-odd operators
in Eq. (39), the terms that do not obviously vanish for flavor-conserving interactions
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are

Lψ2ϕD ∼ v2GF
2

iIm(C
(3)pr
q2ϕ2D

)g
[
(dpγ

µur)(ūrγµVrpdp)− (drγ
µup)(ūpγµVprdr)

+(d̄rγµV
∗
prup)(upγ

µdr)− (d̄pγµV
∗
rpur)(urγ

µdp)]
]

+
v2GF

2
iIm(C

(3)pr
q2ϕ2D

)g
[
(dpγ

µγ5ur)(ūrγµγ5Vrpdp)− (drγ
µγ5up)(ūpγµγ5Vprdr)

+(d̄rγµγ5V
∗
prup)(upγ

µγ5dr)− (d̄pγµγ5V
∗
rpur)(urγ

µγ5dp)
]

+
v2GF

4
iIm(Cpr

udϕ2D
)g
[
(ūpγ

µdr)(d̄rγµV
∗
prup)− (drγ

µup)(ūpγµVprdr)

−(d̄rγµγ5V
∗
prup)(ūpγ

µγ5dr) + (ūpγµγ5Vprdr)(drγ
µγ5up)

]
=

v2GF
2

iIm(C
(3)pr
q2ϕ2D

)g
{(
Vrp − V ∗rp

) [
(dpγ

µur)(ūrγµdp) + (dpγ
µγ5ur)(ūrγµγ5dp)

]
−
(
Vpr − V ∗pr

) [
(drγ

µup)(ūpγµdr) + (drγ
µγ5up)(ūpγµγ5dr)

]
+

v2GF
4

iIm(Cpr
udϕ2D

)g
(
V ∗pr − Vpr

) [
(ūpγ

µdr)(d̄rγµup) + (drγ
µγ5up)(ūpγµγ5dr)

]
(43)

which are actually P-even and C-even so CP-even. So there is no contribution to
flavor-conserving C-odd and CP-odd operators from Lψ2ϕ2D.

The C-odd and CP-odd terms with the lowest mass-dimension come from L/CX2ϕ2

and L/Cψ2Xϕ:

L/CX2ϕ2 =
2v2GF√

2
εµναβ[2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw

2 − sw2)]×

∂α[−1

2
(ūpγβγ5up) +

1

2
(d̄pγβγ5dp)]Fµν (44)
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L/Cψ2Xϕ =
GF√

2
viIm(Cpp

leZϕ)(ēpσ
µνγ5ep)×

∂µ(−ν̄rγνγ5νr + ērγνγ5er − ūrγνγ5ur + d̄rγνγ5dr)

+
2GF√

2
viIm(Cpp

leWϕ) {(ν̄pσµνep)[∂µ(ēpγννp) + ig(ēpγµνp)swAν ]

−(ēpσ
µννp)[∂µ(ēpγνep)− ig(ν̄pγµep)swAν ]

−(ν̄pσ
µνγ5ep)[∂µ(ēpγνγ5νp) + ig(ēpγµγ5νp)swAν ]

−(ēpσ
µνγ5νp)[∂µ(ν̄pγνγ5ep)− ig(ν̄pγµγ5ep)swAν ]}

+
GF√

2
vi[(ūpσ

µνγ5up)C
pp
quZϕ + (d̄pσ

µνγ5dp)C
pp
qdZϕ]×

∂µ(−ūrγνγ5ur + d̄rγνγ5dr − ν̄rγνγ5νr + ērγνγ5er)

+
2GF√

2
vi[Im(Cpr

quWϕ)− Im(Crp
qdWϕ)]

{
(d̄pσ

µνur)×

[∂µ(ūrγνVurdpdp)− ig(ūrγµVurdpdp)swAν ]

−(ūrσ
µνdp)[∂µ(d̄pV

∗
urdpγνur) + ig(d̄pV

∗
urdpγµur)swAν ]

}
− 2GF√

2
vi[Im(Cpr

quWϕ) + Im(Crp
qdWϕ)]

{
(d̄pσ

µνγ5ur)×

[∂µ(ūrγνγ5Vurdpdp)− ig(ūrγµγ5Vurdpdp)swAν ]

+(ūrσ
µνγ5dp)[∂µ(d̄pV

∗
urdpγνγ5ur) + ig(d̄pV

∗
urdpγµγ5ur)swAν ]

}
(45)

The dimension of the lowest mass dimension C-odd and CP-odd operators for flavor-
conserving interactions is 8. The mass dimension of our operators which conserve B
and L are consistent with the SMEFT dimension theorem of Kobach [241].

We list the lowest mass-dimensional C-odd and CP-odd operators for quark-flavor-
conserving interactions analyzed from mass-dimension 6 SMEFT operators in Ta-
ble 7.3.

The flavor-conserving P-odd and CP-odd operators have been studied by other
literatures, e.g. de Vries et al. [244]. We list our results in Appendix 7.8.3 as part
of the complete list of lowest mass-dimensional flavor-conserving CP-odd operators
and compare our list with those previous works therein. The dominant P-odd CP-
odd operators are from classes X3, X2ϕ2, ψ2ϕ3, ψ2Xϕ, ψ2ϕD and ψ4 and their
lowest mass-dimension is 6, whereas the dominant C-odd CP-odd operators come
from classes X2ϕ2 and ψ2Xϕ and they are mass-dimension 8. There is only one
correspondence from the P-odd and CP operators to the C-odd and CP-odd operators
that share the same factor, that is Eq. (44) and Eq. (C.10). So most flavor-conserving
P-odd and CP-odd operators and C-odd and CP-odd operators will be probed through
very different experimental effects.

Our lowest-dimensional quark-flavor-conserving C-odd and CP-odd operators arise
from mass-dimension 6 SMEFT operators and their mass-dimension is 8 after inte-
grating out the weak gauge bosons. One of them contains photon field strength
tensor with v2GF ∼ O(1) in SM and some constants vGF∂µ ∼ vGFp ∼ p/v, where
p represents the momentum of fermion current. Considering electroweak symmetry
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Table 7.3: Lowest mass-dimensional C-odd and CP-odd operators contributing to
flavor-conserving interactions

1a
v2

2 ε
µναβ∂α(ūpγβγ5up)Fµν − 4GF√

2
[2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw

2 − sw2)]

1b
v2

2 ε
µναβ∂α(d̄pγβγ5dp)Fµν

4GF√
2

[2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw
2 − sw2)]

2a
v√
2
(ūpσ

µνγ5up)∂µ(ūrγνγ5ur) −GF iCprquZϕ
2b

v√
2
(ūpσ

µνγ5up)∂µ(d̄rγνγ5dr) GF iC
pr
qdZϕ

2c
v√
2
(d̄pσ

µνγ5dp)∂µ(ūrγνγ5ur) −GF iCprquZϕ
2d

v√
2
(d̄pσ

µνγ5dp)∂µ(d̄rγνγ5dr) GF iC
pr
qdZϕ

3a
v√
2

[
Vurdp(d̄pσ

µνur)∂µ(ūrγνdp) 2GF i[Im(CprquWϕ)− Im(CrpqdWϕ)]

−V ∗urdp
(ūrσ

µνdp)∂µ(d̄pγνur)
]

3b
v√
2

[
Vurdp(d̄pσ

µνγ5ur)∂µ(ūrγνγ5dp) −2GF i[Im(CprquWϕ) + Im(CrpqdWϕ)]

+V ∗urdp
(ūrσ

µνγ5dp)∂µ(d̄pγνγ5ur)
]

4a
v√
2

[
Vurdp(d̄pσ

µνur)(ūrγµdp)Aν 2GF gsw[Im(CprquWϕ)− Im(CrpqdWϕ)]

+V ∗urdp
(ūrσ

µνdp)(d̄pγµur)Aν

]
4b

v√
2

[
Vurdp(d̄pσ

µνγ5ur)(ūrγµγ5dp)Aν −2GF gsw[Im(CprquWϕ) + Im(CrpqdWϕ)]

−V ∗urdp
(ūrσ

µνγ5dp)(d̄pγµγ5ur)Aν

]

breaking effects induced by new physics [166, 178, 170, 168] may be different from the
SM, we believe there are more mass-dimension 8 C-odd and CP-odd flavor-conserving
operators from the SMEFT that can have important contributions. Therefore we will
investigate the mass-dimension 8 SMEFT operators and list the C-odd and CP-odd
flavor-conserving operators as follows.

Other Possible C-odd and CP-odd Mass-Dimension 8 Operators from
SMEFT

Lehman and Martin [255] and Henning et al. [256] gave the operators with possible
class types and listed their constituents of fundamental fields using SMEFT, but did
not show the explicit structures of these operators. Lehman and Martin [255] had 931
operators for Nf = 1 when including hermitian conjugates. Henning et al. [256] found
895 B-conserving operators for Nf = 1 and 36971 for Nf = 3, with Nf the generation
number. We will try to pick the possible mass-dimension 8 flavor-conserving operators
that are C-odd and CP-odd.

Here for simplicity we will not consider lepton interactions. Since we finally focus
on effective operators just below the weak scale, where the weak gauge bosons W±, Z
are integrated out, we just need to investigate the operators with quarks, gluons
and photons. Applying the fundamental fields’ transformation properties listed in
Appendix 7.8.1, we found quark flavor-conserving C-odd and CP-odd operators from
ψ4X, ψ2X2ϕ, ψ2X2D, ψ2XϕD2, ψ4D2, ψ4ϕD,ψ4ϕ2, ψ2ϕ2D3, ψ2ϕ3D2 and ψ2ϕ4D.
We show the complete list with some useful notes in the Appendix 7.8.5. Each low
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energy operator can come from some different SM gauge invariant mass-dimension 8
operators. For simplicity, we just show their compositions of fundamental fields and
omit their coefficients there. Operators without the imaginary unit i indicates the
operator is C-odd and CP-odd with the real part of coefficients, for example hermitian
operators, while operators with i are C-odd and CP-odd only when adding i times
the imaginary parts of the coefficients to them.

The flavor-conserving mass-dimension 8 SMEFT operators should be more sup-
pressed comparing with the mass-dimension 8 operators we found originated from
mass-dimension 6 SMEFT operators. The operators in classes ψ2Xϕ2D and ψ4ϕD
should be dominant among all flavor-conserving mass-dimension 8 SMEFT operators
and have the same structure as Eq. (44) and Eq. (45), which are originated from
mass-dimension 6 SMEFT operators in class X2ϕ2 and ψ2Xϕ, respectively. We show
their forms explicitly in this section.

For operators in class ψ4ϕD, the fermion chiralities can only be LLLR and RRRL
and the covariant derivative should act on either the Higgs field or fermion with the
dominant chirality [255]. We show flavor-conserving C-odd and CP-odd operators we
found from mass-dimension 8 SMEFT which are new or already found in our analysis
of the mass-dimension 6 SMEFT operators.
i) Operators that are new:

ψ2Xϕ2D : v2εµναβ∂α(ūpγβγ5T
Aup)G

A
µν , (46)

v2εµναβ∂α(d̄pγβγ5T
Adp)G

A
µν . (47)

ψ4ϕD : iv[(d̄pσ
µνγ5dr)∂µ(d̄rγνγ5dp) + (d̄rσ

µνγ5dp)∂µ(d̄pγνγ5dr)], (48)

iv[(ūpσ
µνγ5ur)∂µ(ūrγνγ5up) + (ūrσ

µνγ5up)∂µ(ūpγνγ5ur)], (49)

iv[(ūpσ
µνur)∂µ(ūrγνup)− (ūrσ

µνup)∂µ(ūpγνur)], (50)

iv[(d̄pσ
µνdr)∂µ(d̄rγνdp)− (d̄rσ

µνdp)∂µ(d̄pγνdr)], (51)

The above operators are similar to those found in previous part of this work, but
with different quark-flavors.
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iv[(d̄pσ
µνγ5dr)(d̄r

←−
Dµγνγ5dp) + (d̄rσ

µνγ5dp)(d̄pγνγ5Dµdr)], (52)

iv[(ūpσ
µνγ5ur)(ūr

←−
Dµγνγ5up) + (ūrσ

µνγ5up)(ūpγνγ5Dµur)], (53)

iv[(ūpσ
µνur)(ūr

←−
Dµγνup)− (ūrσ

µνup)(ūpγνDµur)], (54)

iv[(d̄pσ
µνdr)(d̄r

←−
Dµγνdp)− (d̄rσ

µνdp)(d̄pγνDµdr)], (55)

iv(ūpσ
µνγ5up)(ūr

←−
Dµγνγ5ur) + iv(ūpσ

µνγ5up)(ūrγνγ5Dµur), (56)

iv(ūpσ
µνγ5up)(d̄r

←−
Dµγνγ5dr) + iv(ūpσ

µνγ5up)(d̄rγνγ5Dµdr), (57)

iv(d̄pσ
µνγ5dp)(ūr

←−
Dµγνγ5ur) + iv(d̄pσ

µνγ5dp)(ūrγνγ5Dµur), (58)

iv(d̄pσ
µνγ5dp)(d̄r

←−
Dµγνγ5dr) + iv(d̄pσ

µνγ5dp)(d̄rγνγ5Dµdr), (59)

iv[(ūpσ
µνγ5dr)(d̄r

←−
Dµγνγ5up) + (d̄rσ

µνγ5up)∂µ(ūpγνγ5Dµdr)], (60)

iv[(ūpσ
µνdr)(d̄r

←−
Dµγνup)− (d̄rσ

µνup)∂µ(ūpγνDµdr)], (61)

v∂µ(ūpup)(ūrγµur), (62)

iv∂µ(ūpγ5up)(ūrγµγ5ur), (63)

v[∂µ(ūpur)(ūrγµup) + (ūpγµur)∂µ(ūrup)], (64)

iv[∂µ(ūpγ5ur)(ūrγµγ5up) + (ūpγµγ5ur)∂µ(ūrγ5up)], (65)

v∂µ(ūpup)(d̄rγµdr), (66)

iv∂µ(ūpγ5up)(d̄rγµγ5dr), (67)

v∂µ(d̄pdp)(d̄rγµdr), (68)

iv∂µ(d̄pγ5dp)(d̄rγµγ5dr), (69)

v[∂µ(d̄pdr)(d̄rγµdp) + (d̄pγµdr)∂µ(d̄rdp)], (70)

iv[∂µ(d̄pγ5dr)(d̄rγµγ5dp) + (d̄pγµγ5dr)∂µ(d̄rγ5dp)], (71)

v∂µ(d̄pdp)(ūrγµur), (72)

iv∂µ(d̄pγ5dp)(ūrγµγ5ur), (73)

v
[
∂µ(ūpdr)(d̄rγµup) + (ūpγµdr)∂µ(d̄rup)

]
, (74)

iv
[
∂µ(ūpγ5dr)(d̄rγµγ5up) + (ūpγµγ5dr)∂µ(d̄rγ5up)

]
, (75)

v[ūp(Dµ +
←−
Dµ)up](ūrγµur), (76)

v[ūp(Dµ +
←−
Dµ)up](d̄rγµdr), (77)

v[d̄p(Dµ +
←−
Dµ)dp](d̄rγµdr), (78)

v[d̄p(Dµ +
←−
Dµ)dp](ūrγµur), (79)
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v[(ūpDµur)(ūrγµup) + (ūr
←−
Dµup)(ūpγµur)], (80)

v[(d̄pDµdr)(d̄rγµdp) + (d̄r
←−
Dµdp)(d̄pγµdr)], (81)

v
[
(ūpDµdr)(d̄rγµup) + (ūpγµdr)(d̄r

←−
Dµup)

]
, (82)

v(ūp(Dµ −
←−
Dµ)γ5up)(ūrγµγ5ur), (83)

v(ūp(Dµ −
←−
Dµ)γ5up)(d̄rγµγ5dr), (84)

v(d̄p(Dµ −
←−
Dµ)γ5dp)(d̄rγµγ5dr), (85)

v(d̄p(Dµ −
←−
Dµ)γ5dp)(ūrγµγ5ur), (86)

v[(ūpDµγ5ur)(ūrγµγ5up)− (ūr
←−
Dµγ5up)(ūpγµγ5ur)], (87)

v[(d̄pDµγ5dr)(d̄rγµγ5dp)− (d̄r
←−
Dµγ5dp)(d̄pγµγ5dr)], (88)

v[(ūpDµγ5dr)(d̄rγµγ5up)− (ūpγµγ5dr)(d̄r
←−
Dµγ5up)]. (89)

ii) Operators that are already found from analyzing mass-dimension 6 SMEFT in
this work:

ψ2Xϕ2D : v2εµναβ∂α(ūpγβγ5up)Fµν , (90)

v2εµναβ∂α(d̄pγβγ5dp)Fµν . (91)

ψ4ϕD : iv(ūpσ
µνγ5up)∂µ(ūrγνγ5ur), (92)

iv(ūpσ
µνγ5up)∂µ(d̄rγνγ5dr), (93)

iv(d̄pσ
µνγ5dp)∂µ(ūrγνγ5ur), (94)

iv(d̄pσ
µνγ5dp)∂µ(d̄rγνγ5dr), (95)

iv[(ūpσ
µνγ5dr)∂µ(d̄rγνγ5up) + (d̄rσ

µνγ5up)∂µ(ūpγνγ5dr)], (96)

iv[(ūpσ
µνdr)∂µ(d̄rγνup)− (d̄rσ

µνup)∂µ(ūpγνdr)]. (97)

Previous Literatures about C-odd and CP-odd Operators

In this section, we will compare our C-odd and CP-odd analysis with those from
other papers with lowest mass-dimension.

Khriplovich [223] started with the T odd and P odd interaction

Vd =
1

2
dψ̄γ5σµνψFµν , (98)

with d the electric dipole moment and Fµν the electromagnetic field strength tensor,
then substituted the vector potential with an axial-vector current to get the following
mass-dimension 7 T-odd, P-even (C-odd) operators

GF√
2

q1

2mp

ψ̄1iγ5σ
µν(p′1 − p1)νψ1ψ̄2γµγ5ψ2, (99)

GF√
2

q2

2mp

ψ̄1γµγ5ψ1ψ̄2iγ5σ
µν(p′2 − p2)νψ2, (100)
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where mp is the proton mass and q1,2 are dimensionless. Actually Eq. (99) and Eq.
(100) are equivalent when considering non-factorization effects [254] do not contribute.

Conti and Khriplovich [224] used identical operator with Eq. (99), though with
different factors

4πβ

µ2 − k2

1

2m
iψ̄1γ5σ

µρkρψ1ψ̄2γµγ5ψ2, (101)

where β a the dimensionless coupling constant, k = p′1− p1, µ is the mass of an axial
boson which mediates the interaction, m equals to the proton mass mp.

Engel et al. [225] gave two mass-dimension 7 T-odd and P-even operators which
are SU(3)C × U(1)Q-invariant

C7

(
1

Λ3

)
q̄1γ5D

µq2q̄3γ5γµq4 +H.c., (102)

C ′7

(
1

Λ3

)
q̄σµνλAqGAµρF ν

ρ , (103)

where C7 and C ′7 are dimensionless constants, q1 = q2, q3 = q4 6= q1 or q1 = q4,
q2 = q3 6= q1. The momenta of Eq. (99) are results of acting derivatives to the quark
fields. Replacing the derivative of Eq. (99) with covariant derivative, then using

Gordon decomposition which relates Dµ −
←−
Dµ to σµν(D

ν +
←−
D ν) will result in Eq.

(102).
Ramsey-Musolf [226] listed three TVPC operators with dimension 7,

Off
′

7 = Cff ′

7 ψ̄f
←→
D µγ5ψf ψ̄f ′γµγ5ψf ′ (104)

Oγg
′

7 = Cγg′

7 ψ̄σµνλ
AψF µαGAν

α (105)

OγZ
′

7 = CγZ′

7 ψ̄σµνψF
µαZν

α (106)

where f and f ′ are distinct fermions. The first two operators cited Ref. [224, 225].
Eq. (104) [226] equals to Eq. (108) [225] when q1 = q2 6= q3 = q4,

Over all, the lowest mass-dimension T-odd and P-odd (C-even) operators from
these literatures are

GF√
2

q1

2mp

ψ̄1iγ5σ
µν(p′1 − p1)νψ1ψ̄2γµγ5ψ2 , (107)

C7

(
1

Λ3

)
q̄1γ5D

µq2q̄3γ5γµq4 +H.c., (108)

C ′7

(
1

Λ3

)
q̄σµνλ

AqGAµρF ν
ρ , (109)

CγZ′

7 ψ̄σµνψF
µαZν

α. (110)

and they are mass-dimension 7.
Ref. [257] gave a complete set of dimension-7 operators from the Standard Model

effective field theory, but they eliminated ψ2X2 operators due to hypercharge con-
straints [257]. Eq. (109) [225] and Eq. (110) [226] are not SU(3)C ×SU(2)L×U(1)Y
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invariant. Meanwhile, the mass dimension of the above operators is inconsistent with
the dimension of Kobach [241].

Comparing with our analysis, operators in Eq. (107) - Eq. (108) are equivalent to
some of our operators in Eq. (45) (see Appendix 7.8.4) and Eq. (83)-Eq. (89). The
operator in Eq. (109) is consistent with the operator we found from mass-dimension
8 SMEFT operators in class ψ2X2ϕ as Eq. (E.63) and Eq. (E.64) listed in Appendix
7.8.5, which contain the Higgs field. The operator in Eq. (110) contains Z boson,
which is not under our consideration at low energy, but can also come from class
ψ2X2ϕ.

Our results are from a systematic analysis from the SMEFT with mass-dimension
consistent with the dimension theorem of SMEFT by Kobach [241], and we have
more operators as in Eq. (44), Eq. (45), Eq. (46) - Eq. (82,) and operators listed in
Appendix 7.8.5 that have not been considered before.

7.6 Constraints on Low-Energy Coefficients

There are some phenomenological studies regarding constraints of C odd and CP
operators from contributing to EDM at loop level [224, 225, 226, 227] and flavor-
changing processes like b → s transition [242]. Here we focus on the experimental
probes of C-odd and CP-odd interactions. We pick B → π+π−π0 as an example
of flavor-changing interactions and η → π+π−π0 as a typical illustration of flavor-
conserving C-odd and CP-odd process.

7.6.1 Untagged Decay B → π+π−π0

Direct CP violation can exist in untagged, neutral B-meson decays to certain self-
conjugate final states containing more than two hadrons [90]. We will discuss about
the operators acting in B0(B̄0)→ π+π−π0 that induce a CP asymmetry. The decay
B0(B̄0) → π+π−π0 can happen through the dominating intermediate states ρπ and
σπ. We can evaluate the resonance contributions to the B0(B̄0)→ π+π−π0 decay by
using a product ansatz [258] as

AR(B → π+π−π0) =
1

2
|εijk|〈(R→ πjπk)πi|Heff |B〉 =

1

2
|εijk|〈Rπi|Heff |B〉ΓRπjπk ,

(111)

where πi = π+, π− or π0 for i = 1, 2, 3, the matrix elements 〈Rπi|Heff |B〉 can be
calculated in factorization assumption [259, 260, 261, 262, 263] , and ΓR

πjπk
stands for

the vertex function of R→ πjπk which can be found in Ref. [231] for σπ and ρπ modes.
The vertex function ΓR

πjπk
conserves CP . So the matrix elements 〈Rπi|Heff |B〉 will

contribute to the CP asymmetry in the untagged neutral B meson decay. The details
of calculating the matrix elements in B0(B̄0) → π+π−π0 can be found in Ref. [261,
53]. Gardner and Tandean [53] showed exactly how the matrix elements behave
under CP and discuss how the population asymmetry emerges due to the amplitude
interferences of distinct intermediate states whose angular momenta are either with
the same parity or with different parity. Here we show that the CP-odd mechanism
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in B0(B̄0) → π+π−π0are actually C-odd which was not declared before and we will
give the list of CP-odd combinations from the ∆b = −1 and ∆b = +1 operators, with
b the bottom quark number.

Considering the match between the flavor quantum numbers of the quark currents

and those of B0, B
0
, ρ±, ρ0, σ, π± and π0,the key matrix elements contributing to

B
0 → ρ−π+ and B0 → ρ+π− are

〈ρ−(p, ε)|d̄γµu|0〉〈π+(pπ)|ūγµb|B0
(k)〉, (112)

〈ρ+(p, ε)|ūγµd|0〉〈π−(pπ)|b̄γµu|B0(k)〉. (113)

For B
0 → ρ+π− and B0 → ρ−π+, the relevant matrix elements that contribute are

〈π−(pπ)|d̄γµγ5u|0〉〈ρ+(p, ε)|ūγµγ5b|B
0
(k)〉, (114)

〈π+(pπ)|ūγµγ5d|0〉〈ρ−(p, ε)|b̄γµγ5u|B0(k)〉. (115)

For B
0 → ρ0π0 and B0 → ρ0π0, the relevant matrix elements that contribute are

〈ρ0(p, ε)|ūγµu|0〉〈π0(pπ)|d̄γµb|B0
(k)〉, (116)

〈ρ0(p, ε)|ūγµu|0〉〈π0(pπ)|b̄γµd|B0(k)〉, (117)

〈π0(pπ)|ūγµγ5u|0〉〈ρ0(p, ε)|d̄γµγ5b|B
0
(k)〉, (118)

〈π0(pπ)|ūγµγ5u|0〉〈ρ0(p, ε)|b̄γµγ5d|B0(k)〉. (119)

As for B
0 → σπ0 and B0 → σπ0, the relevant matrix elements that contribute are

〈π0(pπ)|d̄γµγ5d|0〉〈σ(p)|d̄γµγ5b|B
0
(k)〉, (120)

〈π0(pπ)|d̄γµγ5d|0〉〈σ(p)|b̄γµγ5d|B0(k)〉, (121)

〈σ(p)|d̄γµd|0〉〈π0(pπ)|d̄γµb|B0
(k)〉, (122)

〈σ(p)|d̄γµd|0〉〈π0(pπ)|b̄γµd|B0(k)〉. (123)

Since

(d̄γµu)(ūγµb)− (b̄γµu)(ūγµd) (124)

(d̄γµγ5u)(ūγµγ5b)− (b̄γµγ5u)(ūγµγ5d) (125)

(ūγµu)(d̄γµb)− (b̄γµd)(ūγµu) (126)

(ūγµγ5u)(d̄γµγ5b)− (b̄γµγ5d)(ūγµγ5u) (127)

(d̄γµd)(d̄γµb)− (d̄γµb)(d̄γµd) (128)

(d̄γµγ5d)(d̄γµγ5b)− (d̄γµγ5b)(d̄γµγ5d) (129)

that contribute to the tree level matrix elements in the untagged process B0(B
0
)→

(ρ±π∓, ρ0π0, σπ0) → π+π−π0 are all C-odd and CP-odd, the CP-odd mechanism in
B0(B̄0)→ π+π−π0are actually C-odd.
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In the SM and SMEFT, the effective, weak interactive Hamiltonian for b→ qq′q̄′,
where q = d, s, q′ = u, d, s, c, and its CP conjugate is [264, 261]

Heff =
GF√

2

[
VubV

∗
uq(C1O

u
1 + C2O

u
2 ) + VcbV

∗
cq (C1O

c
1 + C2O

c
2)

−VtbV ∗tq

(
10∑
i=3

CiOi + CgOg

)]
+H.c.+Hnew, (130)

where GF is the Fermi coupling constant, the factor Vij are CKM matrix elements,
and Ci are the Wilson coefficients evaluated at the renormalization scale µ, O1,··· ,10

are four-quark operators, and Og is the chromomagnetic penguin operator. Given
b→ d transition as an example, Oi and Og are

Ou
1 =

(
d̄Lαγ

µuLα
)

(ūLβγ
µbLβ) ,

Ou
2 =

(
d̄Lαγ

µuLβ
)

(ūLβγ
µbLα) ,

Oc
1 =

(
d̄Lαγ

µcLα
)

(c̄Lβγ
µbLβ) ,

Oc
2 =

(
d̄Lαγ

µcLβ
)

(c̄Lβγ
µbLα) ,

O3 =
(
d̄Lαγ

µbLα
)∑

q′

(
q̄′Lβγ

µq′Lβ
)
,

O4 =
(
d̄Lαγ

µbLβ
)∑

q′

(
q̄′Lβγ

µq′Lα
)
,

O5 =
(
d̄Lαγ

µbLα
)∑

q′

(
q̄′Rβγ

µq′Rβ
)
,

O6 =
(
d̄Lαγ

µbLβ
)∑

q′

(
q̄′Rβγ

µq′Rα
)
,

O7 =
3

2

(
d̄Lαγ

µbLα
)∑

q′

(
eq′ q̄

′
Rβγ

µq′Rβ
)
,

O8 =
3

2

(
d̄Lαγ

µbLβ
)∑

q′

(
eq′ q̄

′
Rβγ

µq′Rα
)
,

O9 =
3

2

(
d̄Lαγ

µbLα
)∑

q′

(
eq′ q̄

′
Lβγ

µq′Lβ
)
,

O10 =
3

2

(
d̄Lαγ

µbLβ
)∑

q′

(
eq′ q̄

′
Lβγ

µq′Lα
)
,

Og = (gs/8π
2)mbd̄Lασ

µνTAαβbRβG
A
µν .

The usual tree-level W-exchange contribution in the effective theory corresponds to
O1, O2 emerges due to the QCD corrections, O3, . . . , O6 arise from the QCD-penguin
diagrams and operator mixing due to QCD corrections, and O7, . . . , O10 arise from
the electroweak-penguin diagrams [261]. In spite of QCD corrections, the dimension 6
four-quark operators from our analysis in Eq. (26) and Eq. (25) after integrating out
weak gauge bosons contains Ou,c

1 , O3, O5, Eq. (24) contains 1√
2
viC13

qdFϕ(d̄Lσ
µνTAbR−
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b̄Rσ
µνTAdL)GA

µν which is the same form as Og that can generate quark chromo-electric
dipole moment. Hnew contains more mass-dimension-6 operators from our analysis
which are

v3

2
√

2
iIm(C13

qdϕ3)(q̄LqbR − b̄RqLq), (131)

1√
2
viImC13

qdFϕ(q̄Lqσ
µνbR − b̄RσµνqLq)Fµν , (132)

iImCq3pp
d4

[
(q̄RqγµbR)(d̄Rpγ

µdRp)− (b̄RγµdRq)(d̄Rpγ
µdRp)

]
, (133)

iImC
(1)ppq3

u2d2

[
(ūRpγ

µuRp)(d̄RqγµbR)− (ūRpγ
µuRp)(b̄RγµdRq)

]
, (134)

iImC
(8)ppq3

u2d2

[
(ūRpγ

µTAuRr)(d̄RqγµT
AbR)− (ūRrγ

µTAuRp)(b̄RγµT
AdRq)

]
,(135)

iImC
(8)q3pp

q2u2

[
(d̄LqγµT

AbLq)(ūRpγ
µTAuRp)− (b̄LγµT

AdLq)(ūRpγ
µTAuRp)

]
,(136)

iImC
(1)ppq3

q2d2

[
(ūLpγ

µuLr)(d̄RqγµbR)− (ūLrγ
µuLp)(b̄Rγ

µTAdRq)
]
, (137)

iImC
(8)ppq3

q2d2

[
(ūLpγµT

AuLr)(d̄Rqγ
µTAbR)− (ūLrγµT

AuLp)(b̄Rγ
µTAdRq)

]
(138)

iImC
(8)q3pp

q2d2

[
(d̄LqγµT

AbL)(d̄Rpγ
µTAbRp)− (b̄LγµT

AdLq)(d̄Rpγ
µTAbRp)

]
, (139)

iImC
(1)q3pp
quqd

[
(ūLpuLp)(d̄LqbR)− (ūLpuLp)(b̄RdLq)

]
, (140)

iImC
(8)q3pp
quqd

[
(ūLpT

AuLp)(d̄LqT
AbR)− (ūLpT

AuLp)(b̄RT
AdLq)

]
, (141)

iImC
(1)qpp3
quqd

[
(d̄LquRr)(ūLsbR)− (ūRrdLq)(b̄RuLs)

]
, (142)

iImC
(8)qpp3
quqd

[
(d̄LqT

AuRp)(ūLpT
AbR)− (ūRpT

AdLq)(b̄RT
AuLp)

]
, (143)

−4v2GF√
2

iImCq3
d2ϕ2DgZ

[
(d̄RqγµbR)− (b̄RγµdRq)

]
×[

ūLpγµ(
1

2
− 2

3
s2
w)uLp + d̄Lpγµ(−1

2
+

1

3
s2
w)dLp

+ūRpγµ(−2

3
s2
w)uRp + d̄Rpγµ(

1

3
s2
w)dRp

]
, (144)

2v2GF√
2

iImCp3
udϕ2Dg

[
(ūRpγ

µbR)
(
d̄LqγµV

∗
rduLr

)
−
(
b̄Rγ

µuRp
)

(ūLrγµVrddLq)
]
, (145)

2v2GF√
2

iImCpq
udϕ2Dg

[
(ūRpγ

µdRq)
(
b̄LγµV

∗
rbuLr

)
−
(
d̄Rqγ

µuRp
)

(ūLrγµVrbbL)
]
. (146)

In the following we will show operators from SMEFT contributing to b→ d P- and

CP-violating processes like B0(B
0
)→ π+π− as well as C- and CP-violating processes

like B0(B̄0)→ π+π−π0 through ρπ or σπ, where d1 ≡ d and d3 ≡ b. The P-odd and
CP-odd operators that can contribute to b→ d transition are
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Lψ2ϕ3 :
v3

4
√

2
iIm(Cpr

qdϕ3)(d̄1γ5d3 + d̄3γ5d1), (147)

Lψ2Xϕ :
1

2
√

2
viIm(Cpr

qdGϕ)(d̄1σ
µνγ5T

Ad3 + d̄3σ
µνγ5T

Ad1)GA
µν , (148)

1

2
√

2
viCpr

qdFϕ(d̄1σ
µνγ5d3 + d̄3σ

µνγ5d1)Fµν , (149)

Lψ4 :

1

4
iIm(−C(1)13pp

q4 − C(3)13pp
q4 + C13pp

d4 − C(1)13pp
q2d2 )

[
(d̄1γµγ5d3)(d̄pγ

µdp)

−(d̄pγ
µdp)(d̄3γµγ5d1)

]
, (150)

1

4
iIm(−C(1)13pp

q4 − C(3)13pp
q4 + C13pp

d4 + C
(1)13pp
q2d2 )

[
(d̄1γµd3)(d̄pγ

µγ5dp)

−(d̄pγ
µγ5dp)(d̄3γµd1)

]
, (151)

1

4
iIm(−C(1)1pp3

q4 − C(3)1pp3
q4 + C1pp3

d4 − C(1)1pp3
q2d2 )

[
(d̄1γµγ5dp)(d̄pγ

µd3)

−(d̄3γ
µdp)(d̄pγµγ5d1)

]
, (152)

1

4
iIm(−C(1)1pp3

q4 − C(3)1pp3
q4 + C1pp3

d4 + C
(1)1pp3
q2d2 )

[
(d̄1γµdp)(d̄pγ

µγ5d3)

−(d̄3γ
µγ5dp)(d̄pγµd1)

]
, (153)

1

4
iIm

(
−C(1)pp13

q4 + C
(3)pp13
q4 + C

(1)31pp
q4 − C(3)31pp

q4 + C
(1)pp13
u2d2 + C

(1)31pp
q2u2 − C(1)pp13

q2d2

)
×[

(ūpγµγ5up)(d̄1γ
µd3)− (d̄3γ

µd1)(ūpγµγ5up)
]
, (154)

1

4
iIm

(
−C(1)pp13

q4 + C
(3)pp13
q4 + C

(1)31pp
q4 − C(3)31pp

q4 + C
(1)pp13
u2d2 − C(1)31pp

q2u2 + C
(1)pp13
q2d2

)
×[

(ūpγµup)(d̄1γ
µγ5d3)− (d̄1γ

µγ5ds)(ūrγµup)
]
, (155)

−1

4
iIm(C

(8)13pp
q2d2

[
(d̄1γµγ5T

Ad3)(d̄pγ
µTAdp)− (d̄pγ

µTAdp)(d̄3γµγ5T
Ad1)

]
, (156)

1

4
iIm(C

(8)13pp
q2d2

[
(d̄1γµT

Ad3)(d̄pγ
µγ5T

Adp)− (d̄pγ
µγ5T

Adp)(d̄3γµT
Ad1)

]
, (157)

−1

4
iIm(C

(8)1pp3
q2d2

[
(d̄1γµγ5T

Adp)(d̄pγ
µTAd3)− (d̄3γ

µTAdp)(d̄pγµγ5T
Ad1)

]
, (158)

1

4
iIm(C

(8)1pp3
q2d2

[
(d̄1γµT

Adp)(d̄pγ
µγ5T

Ad3)− (d̄3γ
µγ5T

Adp)(d̄pγµT
Ad1)

]
, (159)

1

4
iIm(C

(8)pp13
u2d2 + C

(8)31pp
q2u2 − C(8)pp13

q2d2 )
[
(ūpγµγ5T

Aup)(d̄1γ
µTAd3)

−(d̄3γ
µTAd1)(ūpγµγ5T

Aup)
]
, (160)

1

4
iIm(C

(8)pp13
u2d2 − C(8)31pp

q2u2 + C
(8)pp13
q2d2 )

[
(ūpγµT

Aup)(d̄1γ
µγ5T

Ad3)

−(d̄3γ
µγ5T

Ad1)(ūpγµT
Aup)

]
, (161)

−1

2
iIm(C

(3)p31p
q4 )

[
(ūpγµγ5d3)(d̄1γ

µup)− (ūpγ
µd1)(d̄3γµγ5up)

]
, (162)

−1

2
iIm(C

(3)p31p
q4 )

[
(ūpγµd3)(d̄1γ

µγ5up)− (ūpγ
µγ5d1)(d̄3γµup)

]
, (163)
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−1

2
iIm(C

(3)1pp3
q4 )

[
(d̄1γµγ5up)(ūpγ

µd3)− (d̄3γ
µup)(ūpγµγ5d1)

]
, (164)

−1

2
iIm(C

(3)1pp3
q4 )

[
(d̄1γµup)(ūpγ

µγ5d3)− (d̄3γ
µγ5up)(ūpγµd1)

]
, (165)

1

4
iIm(C

(1)pp13
quqd )

[
(ūpγ5up)(d̄1d3) + (d̄3d1)(ūpγ5up)

]
, (166)

1

4
iIm(C

(1)pp13
quqd )

[
(ūpur)(d̄1γ5d3) + (d̄3γ5d1)(ūpup)

]
, (167)

−1

4
iIm(C

(1)1pp3
quqd )

[
(d̄1γ5up)(ūsd3) + (d̄3up)(ūpγ5d1)

]
, (168)

−1

4
iIm(C

(1)prst
quqd )

[
(d̄1up)(ūpγ5d3) + (d̄3γ5up)(ūpd1)

]
, (169)

1

4
iIm(C

(8)pp13
quqd )

[
(ūpγ5T

Aup)(d̄1T
Ad3) + (d̄3T

Ad1)(ūpγ5T
Aup)

]
, (170)

1

4
iIm(C

(8)pp13
quqd )

[
(ūpT

Aup)(d̄1γ5T
Ad3) + (d̄3γ5T

Ad1)(ūpT
Aup)

]
, (171)

−1

4
iIm(C

(8)1pp3
quqd )

[
(d̄1γ5T

Aup)(ūpT
Ad3) + (d̄3T

Aup)(ūpγ5T
Ad1)

]
, (172)

−1

4
iIm(C

(8)1pp3
quqd )

[
(d̄1T

Aup)(ūpT
Aγ5d3) + (d̄3γ5T

Aup)(ūpT
Ad1)

]
. (173)
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Lψ2ϕ2D :

−
√

2v2GF i[Im(C
(3)13
q2ϕ2D

)− Im(C
(1)13
l2ϕ2D

)− Im(C13
d2ϕ2D)]gZ

{
(d̄1γ

µγ5d3)×[
(
1

4
− 2

3
s2
w)ūpγµup + (−1

4
+

1

3
s2
w)d̄rγµdr

]
−
[
(
1

4
− 2

3
s2
w)ūpγµup + (−1

4
+

1

3
s2
w)d̄rγµdr

]
(d̄3γ

µγ5d1)

}
, (174)

−
√

2v2GF i[Im(C
(3)13
q2ϕ2D

)− Im(C
(1)13
q2ϕ2D

) + Im(Cpr
d2ϕ2D

)]gZ ×{
(d̄1γ

µd3)
1

4

(
ūpγµγ5up − d̄rγµγ5dr

)
− 1

4

(
ūpγµγ5up − d̄rγµγ5dr

)
(d̄3γ

µd1)

}
,

(175)

−v
2GF
2

iIm(C
(3)1r
q2ϕ2D

)g
[
(d1γ

µγ5ur)(ūrγµVr3d3)− (d̄3γµV
∗
r3ur)(urγ

µγ5d1)
]
, (176)

−v
2GF
2

iIm(C
(3)3r
q2ϕ2D

)g
[
(d3γ

µγ5ur)(ūrγµVr1d1)− (d̄1γµV
∗
r1ur)(urγ

µγ5d3)
]
, (177)

−v
2GF
2

iIm(C
(3)p3
q2ϕ2D

)g
[
(upγ

µγ5d3)(d̄1γµV
∗
p1up)− (ūpγµVp1d1)(d3γ

µγ5up)
]
, (178)

−v
2GF
2

iIm(C
(3)p1
q2ϕ2D

)g
[
(upγ

µγ5d1)(d̄3γµV
∗
p3up)− (ūpγµVp3d3)(d1γ

µγ5up)
]
, (179)

−v
2GF
2

iIm(C
(3)1r
q2ϕ2D

)g
[
(d1γ

µur)(ūrγµγ5Vr3d3)− (d̄3γµV
∗
r3ur)(urγ

µγ5d1)
]
, (180)

−v
2GF
2

iIm(C
(3)3r
q2ϕ2D

)g
[
(d3γ

µur)(ūrγµγ5Vr1d1)− (d̄1γµV
∗
r1ur)(urγ

µγ5d3)
]
, (181)

−v
2GF
2

iIm(C
(3)p3
q2ϕ2D

)g
[
(upγ

µγ5d3)(d̄1γµV
∗
p1up)− (ūpγµVp1d1)(d3γ

µγ5up)
]
, (182)

−v
2GF
2

iIm(C
(3)p1
q2ϕ2D

)g
[
(upγ

µγ5d1)(d̄3γµV
∗
p3up)− (ūpγµVp3d3)(d1γ

µγ5up)
]
, (183)

v2GF
4

iIm(Cp3
udϕ2D

)g
[
(ūpγ

µγ5d3)(d̄1γµV
∗
p1up)− (ūpγµVp1d1)(d3γ

µγ5up)

−(ūpγ
µd3)(d̄1γµγ5V

∗
p1up) + (ūpγµγ5Vp1d1)(d3γ

µup)
]
, (184)

v2GF
4

iIm(Cp1
udϕ2D

)g
[
(ūpγ

µγ5d1)(d̄3γµV
∗
p3up)− (ūpγµVp3d3)(d1γ

µγ5up)

−(ūpγ
µd1)(d̄3γµγ5V

∗
p3up) + (ūpγµγ5Vp3d3)(d1γ

µup)
]
. (185)

The C-odd and CP-odd operators that can contribute to b→ d transition are

Lψ2ϕ3 :
v3

4
√

2
iIm(C13

qdϕ3)(d̄1d3 − d̄3d1), (186)

Lψ2Xϕ :
1

2
√

2
viIm(C13

qdGϕ)(d̄1σ
µνTAd3 − d̄3σ

µνTAd1)GA
µν (187)

1

2
√

2
viC13

qdFϕ(d̄1σ
µνd3 − d̄3σ

µνd1)Fµν (188)
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Lψ4 :
1

4
iIm(C

(1)13pp
q4 + C

(3)13pp
q4 + C13pp

d4 + C
(1)13pp
q2d2 )

[
(d̄1γµd3)(d̄pγ

µdp)

−(d̄pγ
µdp)(d̄3γµd1)

]
, (189)

1

4
iIm(C

(1)13pp
q4 + C

(3)13pp
q4 + C13pp

d4 − C(1)13pp
q2d2 )

[
(d̄1γµγ5d3)(d̄pγ

µγ5dp)

−(d̄pγ
µγ5dp)(d̄3γµγ5d1)

]
, (190)

1

4
iIm(C

(1)1pp3
q4 + C

(3)1pp3
q4 + C1pp3

d4 + C
(1)1pp3
q2d2 )

[
(d̄1γµdp)(d̄pγ

µd3)

−(d̄3γ
µdp)(d̄pγµd1)

]
, (191)

1

4
iIm(C

(1)1pp3
q4 + C

(3)1pp3
q4 + C1pp3

d4 − C(1)1pp3
q2d2 )

[
(d̄1γµγ5dp)(d̄pγ

µγ5d3)

−(d̄3γ
µγ5dp)(d̄pγµγ5d1)

]
, (192)

1

4
iIm

(
C

(1)pp13
q4 − C(3)pp13

q2u2 − C(1)31pp
q4 + C

(3)31pp
q4 + C

(1)pp13
u2d2

−C(1)31pp
q2u2 + C

(1)pp13
q2d2

) [
(ūpγµup)(d̄1γ

µ d3)− (d̄3γ
µd1)(ūpγµup)

]
, (193)

1

4
iIm

(
C

(1)pp13
q4 − C(3)pp13

q4 − C(1)31pp
q4 + C

(3)31pp
q4 + C

(1)pp13
u2d2

+C
(1)31pp
q2u2 − C(1)pp13

q2d2

) [
(ūpγµγ5up)(d̄1γ

µγ5d3)− (d̄3γ
µγ5d1)(ūpγµγ5up)

]
,(194)

1

4
iIm(C

(8)13pp
q2d2 )

[
(d̄1γµT

Ad3)(d̄pγ
µTAdp)− (d̄pγ

µTAdp)(d̄3γµT
Ad1)

]
, (195)

−1

4
iIm(C

(8)13pp
q2d2 )

[
(d̄1γµγ5T

Ad3)(d̄pγ
µγ5T

Adp)

−(d̄pγ
µγ5T

Adp)(d̄3γµγ5T
Ad1)

]
, (196)

1

4
iIm(C

(8)1pp3
q2d2 )

[
(d̄1γµT

Adp)(d̄pγ
µTAd3)− (d̄3γ

µTAdp)(d̄pγµT
Ad1)

]
, (197)

−1

4
iIm(C

(8)1pp3
q2d2 )

[
(d̄1γµγ5T

Adp)(d̄pγ
µγ5T

Ad3)

−(d̄3γ
µγ5T

Adp)(d̄pγµγ5T
Ad1)

]
, (198)

1

4
iIm(C

(8)pp13
u2d2 − C(8)31pp

q2u2 + C
(8)pp13
q2d2 )

[
(ūpγµT

Aup)(d̄1γ
µTAd3)

−(d̄3γ
µTAd1)(ūpγµT

Aup)
]
, (199)

1

4
iIm(C

(8)pp13
u2d2 + C

(8)31pp
q2u2 − C(8)pp13

q2d2 )
[
(ūpγµγ5T

Aup)(d̄1γ
µγ5T

Ad3)

−(d̄3γ
µγ5T

Ad1)(ūpγµγ5T
Aup)

]
, (200)

1

2
iIm(C

(3)p31p
q4 )

[
(ūpγµd3)(d̄1γ

µup)− (ūpγ
µd1)(d̄3γµup)

]
, (201)

1

2
iIm(C

(3)p31p
q4 )

[
(ūpγµγ5d3)(d̄1γ

µγ5up)− (ūpγ
µγ5d1)(d̄3γµγ5up)

]
, (202)

1

2
iIm(C

(3)1pp3
q4 )

[
(d̄1γµup)(ūpγ

µd3)− (d̄3γ
µup)(ūpγµd1)

]
, (203)

1

2
iIm(C

(3)1pp3
q4 )

[
(d̄1γµγ5up)(ūpγ

µγ5d3)− (d̄3γ
µγ5up)(ūpγµγ5d1)

]
, (204)
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1

4
iIm(C

(1)pp13
quqd )

[
(ūpup)(d̄1d3)− (d̄3d1)(ūpup)

]
, (205)

1

4
iIm(C

(1)pp13
quqd )

[
(ūpγ5up)(d̄1γ5d3)− (d̄3γ5d1)(ūpγ5up)

]
, (206)

−1

4
iIm(C

(1)1pp3
quqd )

[
(d̄1up)(ūpd3)− (d̄3up)(ūpd1)

]
, (207)

−1

4
iIm(C

(1)1pp3
quqd )

[
(d̄1γ5up)(ūpγ5d3)− (d̄3γ5up)(ūpγ5d1)

]
, (208)

1

4
iIm(C

(8)pp13
quqd )

[
(ūpT

Aup)(d̄1T
Ad3)− (d̄3T

Ad1)(ūpT
Aup)

]
, (209)

1

4
iIm(C

(8)pp13
quqd )

[
(ūpγ5T

Aup)(d̄1γ5T
Ad3)− (d̄3γ5T

Ad1)(ūpγ5T
Aup)

]
, (210)

−1

4
iIm(C

(8)1pp3
quqd )

[
(d̄1T

Aup)(ūpT
Ad3)− (d̄3T

Aup)(ūpT
Ad1)

]
, (211)

1

4
iIm(C

(8)1pp3
quqd )

[
(d̄1γ5T

Aup)(ūpT
Aγ5d3)− (d̄3γ5T

Aup)(ūpγ5T
Ad1)

]
. (212)
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Lψ2ϕ2D :
√

2v2GF i[Im(C
(3)13

q2ϕ2D)− Im(C
(1)13

l2ϕ2D)− Im(C13
d2ϕ2D)]gZ

{
(d̄1γ

µd3)×[
(
1

4
− 2

3
s2
w)ūpγµup + (−1

4
+

1

3
s2
w)d̄rγµdr

]
−
[
(
1

4
− 2

3
s2
w)ūpγµup + (−1

4
+

1

3
s2
w)d̄rγµdr

]
(d̄3γ

µd1)

}
, (213)

√
2v2GF i[Im(C

(3)13

q2ϕ2D)− Im(C
(1)13

q2ϕ2D) + Im(Cpr
d2ϕ2D)]gZ

{
(d̄1γ

µγ5d3)×
1

4

(
ūpγµγ5up − d̄rγµγ5dr

)
− 1

4

(
ūpγµγ5up − d̄rγµγ5dr

)
(d̄3γ

µγ5d1)

}
, (214)

v2GF

2
iIm(C

(3)1p

q2ϕ2D)g
[
(d1γ

µup)(ūpγµVp3d3)− (d̄3γµV
∗
p3up)(upγ

µd1)
]
, (215)

v2GF

2
iIm(C

(3)3p

q2ϕ2D)g
[
(d3γ

µup)(ūpγµVp1d1)− (d̄1γµV
∗
p1up)(upγ

µd3)
]
, (216)

v2GF

2
iIm(C

(3)p3

q2ϕ2D)g
[
(upγ

µd3)(d̄1γµV
∗
p1up)− (ūpγµVp1d1)(d3γ

µup)
]
, (217)

v2GF

2
iIm(C

(3)p1

q2ϕ2D)g
[
(upγ

µd1)(d̄3γµV
∗
p3up)− (ūpγµVp3d3)(d1γ

µup)
]
, (218)

v2GF

2
iIm(C

(3)1p

q2ϕ2D)g
[
(d1γ

µγ5up)(ūpγµγ5Vp3d3)

−(d̄3γµγ5V
∗
p3up)(upγ

µγ5d1)
]
, (219)

v2GF

2
iIm(C

(3)3p

q2ϕ2D)g
[
(d3γ

µγ5up)(ūpγµγ5Vp1d1)

−(d̄1γµγ5V
∗
p1up)(upγ

µγ5d3)
]
, (220)

v2GF

2
iIm(C

(3)p3

q2ϕ2D)g
[
(upγ

µγ5d3)(d̄1γµγ5V
∗
p1up)

−(ūpγµγ5Vsxd1)(d3γ
µγ5up)

]
, (221)

v2GF

2
iIm(C

(3)p1

q2ϕ2D)g
[
(upγ

µγ5d1)(d̄3γµγ5V
∗
p3up)

−(ūpγµγ5Vp3d3)(d1γ
µγ5up)

]
, (222)

v2GF

4
iIm(Cp3

udϕ2D)g
[
(ūpγ

µd3)(d̄1γµV
∗
p1up)− (ūpγµVp1d1)(d3γ

µup)

−(ūpγ
µγ5d3)(d̄1γµγ5V

∗
p1up) + (ūpγµγ5Vp1d1)(d3γ

µγ5up)
]
, (223)

v2GF

4
iIm(Cp1

udϕ2D)g
[
(ūpγ

µd1)(d̄3γµV
∗
p3up)− (ūpγµVp3d3)(d1γ

µup)

−(ūpγ
µγ5d1)(d̄3γµγ5V

∗
p3up) + (ūpγµγ5Vp3d3)(d1γ

µγ5up)
]
. (224)

We see that the operators contributing to P- and CP-violating b → d decay

like B0(B
0
) → π+π0 and C-and CP-violating process like B0(B̄0) → π+π−π0, the

operators are related either with the same factors or with factors composed of different
linear combinations of low-energy coefficients.
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7.6.2 η → π+π−π0 Decays

η → π+π−π0 decay can only occur via isospin breaking or C and CP violating
processes [52]. It is well known that this decay is dominantly contributed through
isospin breaking by 1 (∆I = 1) strong interaction. While the theoretical C and
CP violating patterns have not been further investigated since 1966 [54, 56, 57].
The SM model CP violating mechanism, CKM matrix, does not have substantial
contribution to this decay channel since η → π+π−π0 decay is flavor-conserving. In
our recent work [92], we studied about the C and CP violating amplitudes with isospin
I = 0 and I = 2 and we found that the I = 2 amplitude is much suppressed. In
this section, we will look at the isospin structures of some of the C-odd and CP-odd
operators we found that can contribute to η → π+π−π0.

The lowest dimensional C and CP odd operators from Eq. (45) would contribute
to η → π+π−π0. According to η → π+π−π0 the theorem C = −(−1)I by Lee [52],
the C violating process contains I = 0 and I = 2 (which meanwhile breaks isospin by
∆I = 2) for the final π+π−π0 states. Thus we need to figure out the isospin structure
of our lowest-mass-dimension flavor-conserving C and CP odd operators .

The quarks that act in η → π+π−π0 are u, d, and s. Strange quark s has isospin
0. Up and down quarks can be treated as isospin doublet with I = 1

2
, and I3 = +1

2

and −1
2
, separately

q =

(
u
d

)
, q̄ =

(
−d̄
ū

)
, (225)

A system of quark-antiquark pair composed of u and d has isospin states θ(I,I3) [265]
θ(1,1) = −ud̄
θ(1,0) =

√
1
2
(uū− dd̄)

θ(1,−1) = dū

θ(0,0) =
√

1
2
(uū+ dd̄). (226)

From the above equations, we also have

uū =
1√
2

(θ(1,0) + θ(0,0)),

dd̄ =
1√
2

(θ(0,0) − θ(1,0)). (227)

We pick operators that can contribute to η → π+π−π0 from Eq. (44) and Eq. (45)
showing below as examples to illustrate our idea:
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2v2GF√
2

εµναβ [2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw
2 − sw2)]∂α[−1

2
(ūγβγ5u) +

1

2
(d̄γβγ5d)]Fµν ,

2v2GF√
2

εµναβ [2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw
2 − sw2)]

1

2
∂α(s̄γβγ5s)Fµν ,

GF√
2
vi[C11

quZϕ(ūσµνγ5u) + C11
qdZϕ(d̄σµνγ5d) + C22

qdZϕ(s̄σµνγ5s)]∂µ(−ūγνγ5u+ d̄γνγ5d+ s̄γνγ5s),

2GF√
2
vi[Im(C11

quWϕ)− Im(C11
qdWϕ)]

[
(d̄σµνu)∂µ(ūγνVudd)− (ūσµνd)∂µ(d̄V ∗udγνu)

]
,

2GF√
2
vi[Im(C21

quWϕ)− Im(C12
qdWϕ)] [(s̄σµνu)∂µ(ūγνVuss)− (ūσµνs)∂µ(s̄V ∗usγνu)] ,

− 2GF√
2
vi[Im(C11

quWϕ) + Im(C11
qdWϕ)]

[
(d̄σµνγ5u)∂µ(ūγνγ5Vudd) + (ūσµνγ5d)∂µ(d̄V ∗udγνγ5u)

]
,

− 2GF√
2
vi[Im(C21

quWϕ) + Im(C12
qdWϕ)] [(s̄σµνγ5u)∂µ(ūγνγ5Vuss) + (ūσµνγ5s)∂µ(s̄V ∗usγνγ5u)] ,

Using Eq. (226) and Eq. (227), the isospin structures noted as ϑ∆|I| from combina-
tions of operators in Eq. (45) that may contribute to η → π+π−π0 are
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ϑ|∆I|=0 =
2v2GF√

2
εµναβ[2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw

2 − sw2)]×

1

2
∂α(s̄γβγ5s)Fµν , (228)

ϑ|∆I|=1 =
2v2GF√

2
εµναβ[2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw

2 − sw2)]×

∂α[−1

2
(ūγβγ5u) +

1

2
(d̄γβγ5d)]Fµν , (229)

ϑ|∆I|=1 =
GF√

2
viC22

qdZϕ(s̄σµνγ5s)∂µ(−ūγνγ5u+ d̄γνγ5d), (230)

ϑ|∆I|=0 = Ca
0

GF√
2
vi[(ūσµνγ5u) + (d̄σµνγ5d)]∂µ(s̄γνγ5s), (231)

ϑ|∆I|=1 = Ca
1

GF√
2
vi[(ūσµνγ5u)− (d̄σµνγ5d)]∂µ(s̄γνγ5s), (232)

ϑ|∆I|=1 =
2GF√

2
vi[Im(C11

quWϕ)− Im(C11
qdWϕ)]×[

(d̄σµνu)∂µ(ūγνVudd)− (ūσµνd)∂µ(d̄V ∗udγνu)
]
, (233)

ϑ|∆I|=0 =
2GF√

2
vi[Im(C21

quWϕ)− Im(C12
qdWϕ)]×

[(s̄σµνu)∂µ(ūγνVuss)− (ūσµνs)∂µ(s̄V ∗usγνu)] , (234)

ϑ|∆I|=1 = −2GF√
2
vi[Im(C21

quWϕ) + Im(Crp
qdWϕ)]×

[(s̄σµνγ5u)∂µ(ūγνγ5Vuss) + (ūσµνγ5s)∂µ(s̄V ∗usγνγ5u)] , (235)

ϑ|∆I|=1 = Cb
1

GF√
2
vi[(ūσµνγ5u) + (d̄σµνγ5d)]∂µ(−ūγνγ5u+ d̄γνγ5d), (236)

ϑ|∆I|=0 = Cb
0

GF√
2
vi
{

[(ūσµνγ5u)− (d̄σµνγ5d)]∂µ(−ūγνγ5u+ d̄γνγ5d)

+
[
(d̄σµνγ5u)∂µ(ūγνγ5d) + (ūσµνγ5d)∂µ(d̄γνγ5u)

]}
, (237)

ϑ|∆I|=2 = Cb
2

GF√
2
vi
{

[(ūσµνγ5u)− (d̄σµνγ5d)]∂µ(−ūγνγ5u+ d̄γνγ5d)

−2
[
(d̄σµνγ5u)∂µ(ūγνγ5d) + (ūσµνγ5d)∂µ(d̄γνγ5u)

]}
, (238)
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where

Ca
0 =

1

2

(
C11
quZϕ + C11

qdZϕ

)
, (239)

Ca
1 =

1

2

(
C11
quZϕ − C11

qdZϕ

)
, (240)

Cb
1 =

1

2

(
C11
quZϕ + C11

qdZϕ

)
, (241)

Cb
0 =

1

3

{
C11
quZϕ − C11

qdZϕ − 2Vud[Im(C21
quWϕ) + Im(C12

qdWϕ)]
}
, (242)

Cb
2 =

1

3

{
2[Im(C21

quWϕ) + Im(C12
qdWϕ)] +

1

2
(C11

quZϕ −
3

2
C11
qdZϕ)

}
. (243)

The operators with |∆I| = 0 and |∆I| = 2 can contribute directly to the C- and
CP-violating amplitudes [92] with final states’ total isospin to be I = 0 and I = 2,
respectively. The operators with ∆I = 1 can also contribute to the final state with
total isospin I = 0 and I = 2 by adding an extra |∆I| = 1 factor, which could come
from the SM that is proportional to (mu −md), or from electromagnetic source that
is of order O(e).

7.7 Summary

With the motivation that C and CP violating mechanisms are not sufficiently studied
and could give hint to new physics beyond the SM, we investigated the lowest mass-
dimension C-odd and CP-odd operators from the SMEFT. We started from the energy
scale high above the weak gauge boson masses, showed CP-odd operators of mass-
dimension 6 SMEFT after electroweak symmetry is breaking and rotating the SUL(2)
gauge fields to physical weak gauge boson fields. After integrating out the weak gauge
bosons, we separated the P-odd and CP-odd, meanwhile C-odd and CP-odd operators
and listed them respectively for flavor-changing and flavor-conserving interactions.
We found that the lowest mass-dimension C-odd and CP-odd operators for flavor-
changing processes is 6, while for flavor-conserving processes it is 8, some of which
can be mass-dimension 6 in numerical effect. We found that the P-odd CP-odd
operators and C-odd CP-odd ones in flavor-changing case are strong related, either
with the same factors or with factors composed with different linear combinations
from the same low-energy coefficients However they are very different and have little
connection in flavor-conserving case.

We showed some applications of our results to some experimental probes like
flavor-changing B meson decay and η → π+π−π0 decay which is flavor-conserving.
Our investigation of C and CP violating sources of flavor-conserving interactions
are precedent and will open a new window to studies of C and CP violating flavor-
conserving interactions.
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7.8 Appendix

7.8.1 Discrete Symmetries — Definitions and Other Essentials

Here we give a compact list of the transformation properties of scalar fields, dirac
fields and gauge fields etc. A more detailed discussion can be found in 2.3.

For scalar fields φ(t,x), we have the following transformation properties [80]

Pφ(t,x)P−1 = exp(iαp)φ(t,−x), (A.1)

Cφ(t,x)C−1 = exp(iαc)φ
†(t,x), (A.2)

Tφ(t,x)T−1 = exp(iαt)φ(−t,x), (A.3)

where αp, αc and αt are arbitrary phases.
The discrete-symmetry transformations of a four-component fermion field ψ(x)

are given by [80, 84]

Cψ(x)C−1 = ηcCγ
0ψ∗(x) ≡ ηciγ

2ψ∗(x) = ηci(ψ̄(x)γ0γ2)T , (A.4)

Cψ̄(x)C−1 = η∗c iψ
T (x)γ2γ0 = η∗c i(γ

0γ2ψ(x))T (A.5)

Pψ(t,x)P−1 = ηpγ
0ψ(t,−x), (A.6)

Pψ̄(t,x)P−1 = η∗pψ̄(t,−x)γ0, (A.7)

Tψ(t,x)T−1 = ηtγ
1γ3ψ(−t,x), (A.8)

Tψ̄(t,x)T−1 = −η∗t ψ̄(−t,x)γ1γ3, (A.9)

where ηc, ηp, and ηt denote unimodular phase factors of the charge-conjugation C,
parity P , and time-reversal T transformations, respectively, and we have chosen the
Dirac-Pauli representation for the gamma matrices. The transformation properties
are consistent with those of Ref. [81] when setting ηc = −1, ηp = +1, ηt = +1, and
with those of Ref. [80], though we have chosen a specific representation of the gamma
matrices. More details can be found in Ref. [81, 80, 84].

For fermion bilinears, ∂µ, photon field Aµ, and gluon field Gµ = GA
µT

a, their
transformation properties are listed in Table 7.4, where (−1)µ = +1 for µ = 0 and

Table 7.4: Transformation properties for fermion bilinears, ∂µ, Aµ, and Gµ

ψ̄ψ ψ̄γ5ψ ψ̄γµψ ψ̄γµγ5ψ ψ̄σµνψ ψ̄σµνγ5ψ ∂µ Aµ/Gµ

P +1 −1 (−1)µ −(−1)µ (−1)µ(−1)ν −(−1)µ(−1)ν (−1)µ (−1)µ

T +1 +1 (−1)µ (−1)µ −(−1)µ(−1)ν −(−1)µ(−1)ν −(−1)µ (−1)µ

C +1 +1 −1 +1 −1 −1 +1 −1

CPT +1 −1 −1 −1 +1 −1 −1 −1

(−1)µ = −1 for µ = 1, 2, 3, and Gµ = TAGA
µ . Note that for quark bilinears

ψ̄1(x)Γµ(ν)ψ2(x), under C transformation, it turns to ψ̄2(x)Γµ(ν)ψ1(x) with specific
C transformation factor listed in Table 7.4. For a complex number c, TcT−1 = c∗.
Since for A = 2, 5, 7, the SU(3) generators TA are pure imaginary matrices, so
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TTAT−1 = TA∗ = −TA, while for A = 1, 3, 4, 6, 8 TA stays the same under T, we
have

TGA
µT−1 = −(−1)µ when A = 2, 5, 7,

TGA
µT−1 = (−1)µ when A = 1, 3, 4, 6, 8. (A.10)

We also have

TGA
µνT

−1 = (−1)µ(−1)ν when A = 2, 5, 7,

TGA
µνT

−1 = −(−1)µ(−1)ν when A = 1, 3, 4, 6, 8, (A.11)

where GA
µν = ∂µG

A
ν −∂νGA

µ −gsfABCGB
µG

C
ν . Notice that fABC are nonzero only when

containing odd number of the indices 2, 5, 7.
Similarly, since among the SU(2) generators τ 2 is pure imaginary, we have

TW I
µT−1 = −(−1)µ for I = 2,

TW I
µT−1 = (−1)µ for I = 1, 3,

TW I
µνT

−1 = (−1)µ(−1)ν for I = 2,

TW I
µνT

−1 = −(−1)µ(−1)ν for I = 1, 3. (A.12)

7.8.2 P-odd and CP-odd Operators with Lowest Mass-dimension for Flavor-
changing Process

The P-odd CP-odd flavor-changing operators come from class ψ2ϕ3, ψ2Xϕ, ψ4,
ψ2ϕ2D and ψ2Xϕ.

L/Pψ2ϕ3 =
v3

4
√

2

[
iIm(Cpr

leϕ3)(ēpγ5er + ērγ5ep) + iIm(Cpr
quϕ3)(ūpγ5ur + ūrγ5up)

+iIm(Cpr
qdϕ3)(d̄pγ5dr + d̄rγ5dp)

]
, (B.1)

L/Pψ2Xϕ =
1

2
√

2
viCpr

leFϕ(ēpσ
µνγ5er + ērσ

µνγ5ep)Fµν

+
1

2
√

2
v
[
iIm(Cpr

quGϕ)(ūpσ
µνγ5λ

Aur + ūrσ
µνγ5λ

Aup)G
A
µν

+iIm(Cpr
qdGϕ)(d̄pσ

µνγ5λ
Adr + d̄rσ

µνγ5λ
Adp)G

A
µν

]
+

1

2
√

2
viCpr

quFϕ(ūpσ
µνγ5ur + ūrσ

µνγ5up)Fµν

+
1

2
√

2
viCpr

qdFϕ(d̄pσ
µνγ5dr + d̄rσ

µνγ5dp)Fµν , (B.2)

together with the operators from class ψ4 listed in Table 7.5 and Table 7.6.
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Table 7.5: Flavor-changing P-odd and CP-odd operators from class ψ4.

1: lepton-only interaction

operator coefficient

(ν̄pγµγ5νr)(ν̄sγ
µνt)− (ν̄tγ

µνs)(ν̄rγµγ5νp) − 1
4 iIm(Cprstl4 )

(ν̄pγµνr)(ν̄sγ
µγ5νt)− (ν̄tγ

µγ5νs)(ν̄rγµνp) − 1
4 iIm(Cprstl4 )

(ēpγµγ5er)(ēsγ
µet)− (ētγ

µes)(ērγµγ5ep)
1
4 iIm(−Cprstl4 + Cprste4 − Cprstl2e2 )

(ēpγµer)(ēsγ
µγ5et)− (ētγ

µγ5es)(ērγµep)
1
4 iIm(−Cprstl4 + Cprste4 + Cprstl2e2 )

(ν̄pγµγ5νr)(ēsγ
µet)− (ētγ

µes)(ν̄rγµγ5νp)
1
4 iIm(−Cprstl4 + Ctsrpl4 − Cprstl2e2 )

(ν̄pγµνr)(ēsγ
µγ5et)− (ētγ

µγ5es)(ν̄rγµνp)
1
4 iIm(−Cprstl4 + Ctsrpl4 + Cprstl2e2 )

2: lepton-quark interaction

(ν̄pγµγ5νr)(ūsγ
µut)− (ūtγ

µus)(ν̄rγµγ5νp) − 1
4 iIm(Cprstl2q2 + C

(3)prst
l2q2 + Cprstl2u2 )

(ν̄pγµνr)(ūsγ
µγ5ut)− (ūtγ

µγ5us)(ν̄rγµνp)
1
4 iIm(−Cprstl2q2 − C

(3)prst
l2q2 + Cprstl2u2 )

(ν̄pγµγ5νr)(d̄sγ
µdt)− (d̄tγ

µds)(ν̄rγµγ5νp) − 1
4 iIm(Cprstl2q2 − C

(3)prst
l2q2 + Cprstl2d2 )

(ν̄pγµνr)(d̄sγ
µγ5dt)− (d̄tγ

µγ5ds)(ν̄rγµνp)
1
4 iIm(−Cprstl2q2 + C

(3)prst
l2q2 + Cprstl2d2 )

(ēpγµγ5er)(ūsγ
µut)− (ūtγ

µus)(ērγµγ5ep)
1
4 iIm(−C(1)prst

l2q2 + C
(3)prst
l2q2

+Cprste2u2 − Cprstl2u2 − Ctsrpq2e2)

(ēpγµer)(ūsγ
µγ5ut)− (ūtγ

µγ5us)(ērγµep)
1
4 iIm(−C(1)prst

l2q2 + C
(3)prst
l2q2

+Cprste2u2 + Cprstl2u2 + Ctsrpq2e2)

(ēpγµγ5er)(d̄sγ
µdt)− (d̄tγ

µds)(ērγµγ5ep)
1
4 iIm(−C(1)prst

l2q2 − C(3)prst
l2q2

+Cprste2d2 − C
prst
l2d2 − C

tsrp
q2e2)

(ēpγµer)(d̄sγ
µγ5dt)− (d̄tγ

µγ5ds)(ērγµep)
1
4 iIm(−C(1)prst

l2q2 − C(3)prst
l2q2

+Cprste2d2 + Cprstl2d2 + Ctsrpq2e2)

(ν̄pγµγ5er)(d̄sγ
µut)− (ūtγ

µds)(ērγµγ5νp) − 1
2 iIm(C

(3)prst
l2q2 )

(ν̄pγµer)(d̄sγ
µγ5ut)− (ūtγ

µγ5ds)(ērγµνp) − 1
2 iIm(C

(3)prst
l2q2 )

(ēpγµγ5νr)(ūsγ
µdt)− (d̄tγ

µus)(ν̄rγµγ5ep) − 1
2 iIm(C

(3)prst
l2q2 )

(ēpγµνr)(ūsγ
µγ5dt)− (d̄tγ

µγ5us)(ν̄rγµep) − 1
2 iIm(C

(3)prst
l2q2 )

(ν̄pγ5er)(d̄sut) + (ūtds)(ērγ5νp)
1
4 iIm(Cprstledq + C

(1)prst
lequ )

(ν̄per)(d̄sγ5ut) + (ūtγ5ds)(ērνp)
1
4 iIm(−Cprstledq + C

(1)prst
lequ )

(ēpγ5er)(d̄sdt) + (d̄tds)(ērγ5ep)
1
4 iIm(Cprstledq )

(ēper)(d̄sγ5dt) + (d̄tγ5ds)(ērep) − 1
4 iIm(Cprstledq )

(ēpγ5er)(ūsut) + (ūtus)(ērγ5ep) − 1
4 iIm(C

(1)prst
lequ )

(ēper)(ūsγ5ut) + (ūtγ5us)(ērep) − 1
4 iIm(C

(1)prst
lequ )

(ν̄pσµνγ5er)(d̄sσ
µνut) + (ūtσ

µνds)(ērσµνγ5νp)
1
4 iIm(C

(3)prst
lequ )

(ν̄pσµνer)(d̄sσ
µνγ5ut) + (ūtσ

µνγ5ds)(ērσµννp)
1
4 iIm(C

(3)prst
lequ )

(ēpσµνγ5er)(ūsσµνut)− (ūtσµνus)(ērσµνγ5ep) − 1
4 iIm(C

(3)prst
lequ )

(ēpσµνer)(ūsσµνγ5ut)− (ūtσµνγ5us)(ērσµνep) − 1
4 iIm(C

(3)prst
lequ )
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The mass-dimension 8 operators containing v2GF below can give comparative
contributions as the mass-dimension 6 operators listed previously.

L/Pψ2ϕ2D =
√

2v2GF i[Im(C
(1)pr
l2ϕ2D) + Im(C

(3)pr
l2ϕ2D)] {(ν̄pγµγ5νr − ν̄rγµγ5νp)×

gZ

[
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds

]
+

1

4
(ν̄pγ

µνr − ν̄rγµνp)gZ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)
}

−
√

2v2GF i[Im(C
(3)pr
l2ϕ2D)− Im(C

(1)pr
l2ϕ2D) + Im(Cpre2ϕ2D)](ēpγ

µγ5er − ērγµγ5ep)×

gZ

[
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds

]
+
√

2v2GF i[Im(C
(3)pr
l2ϕ2D)− Im(C

(1)pr
l2ϕ2D)− Im(Cpre2ϕ2D)]

1

4
(ēpγ

µer − ērγµep)

gZ
(
ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds

)
− v2GF

2
iIm(C

(3)pr
l2ϕ2D)g [(epγ

µγ5νr − erγµγ5νp)∂µ(ν̄sγµes + ūsγµVsxdx)

+(νpγ
µγ5er − νrγµγ5ep)(ēsγµνs + d̄xγµV

∗
sxus)

+ (epγ
µνr − erγµνp)∂µ(ν̄sγνγ5es + ūsγνγ5Vsxdx)

+(νpγ
µer − νrγµep)(ēsγµγ5νs + d̄xγµγ5V

∗
sxus)

]
+
√

2v2GF i[Im(C
(1)pr
q2ϕ2D) + Im(C

(3)pr
q2ϕ2D)− Im(Cpru2ϕ2D)](ūpγ

µγ5ur − ūrγµγ5up)×

gZ

[
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds

]
+
√

2v2GF i[Im(C
(1)pr
q2ϕ2D) + Im(C

(3)pr
q2ϕ2D) + Im(Cpru2ϕ2D)](ūpγ

µur − ūrγµup)×

gZ
1

4

(
ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds

)
−
√

2v2GF i[Im(C
(3)pr
q2ϕ2D)− Im(C

(1)pr
l2ϕ2D) + Im(Cprd2ϕ2D)](d̄pγ

µγ5dr − d̄rγµγ5dp)×

gZ

[
1

4
ν̄sγµνs + (−1

4
+ s2w)ēsγµes + (

1

4
− 2

3
s2w)ūsγµus + (−1

4
+

1

3
s2w)d̄sγµds

]
−
√

2v2GF i[Im(C
(3)pr
q2ϕ2D)− Im(C

(1)pr
l2ϕ2D)− Im(Cprd2ϕ2D)](d̄pγ

µdr − d̄rγµdp)×

gZ
1

4

(
ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds

)
− v2GF

2
iIm(C

(3)pr
q2ϕ2D)g

[
(dpγ

µγ5ur − drγµγ5up)(ν̄sγµes + ūsγµVsxdx)

+(upγ
µγ5dr − urγµγ5dp)(ēsγµνs + d̄xγµV

∗
sxus)]

]
− v2GF

2
iIm(C

(3)pr
q2ϕ2D)g

[
(dpγ

µur − drγµup)(ν̄sγµγ5es + ūsγµγ5Vsxdx)

+(upγ
µdr − urγµdp)(ēsγµγ5νs + d̄xγµγ5V

∗
sxus)

]
+

v2GF
4

iIm(Cprudϕ2D)g
[
(ūpγ

µγ5dr)(ēsγµνs + d̄xγµV
∗
sxus)

−(drγ
µγ5up)(ν̄sγµes + ūsγµVsxdx)− (ūpγ

µdr)(ēsγµγ5νs + d̄xγµγ5V
∗
sxus)

+(drγ
µup)(ν̄sγµγ5es + ūsγµγ5Vsxdx)

]
(B.3)

The mass-dimension 8 operators below containing vGF can also give important con-
tributions:
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Table 7.6: Flavor-changing P-odd and CP-odd operators from class ψ4 (Continued).

3: quark-only interaction

(ūpγµγ5ur)(ūsγ
µut)− (ūtγ

µus)(ūrγµγ5up)
1
4 iIm(−C(1)prst

q4 − C(3)prst
q4

+Cprstu4 − C(1)prst
q2u2 )

(ūpγµur)(ūsγ
µγ5ut)− (ūtγ

µγ5us)(ūrγµup)
1
4 iIm(−C(1)prst

q4 − C(3)prst
q4

+Cprstu4 + C
(1)prst
q2u2 )

(d̄pγµγ5dr)(d̄sγ
µdt)− (d̄tγ

µds)(d̄rγµγ5dp)
1
4 iIm(−C(1)prst

q4 − C(3)prst
q4

+Cprstd4 − C(1)prst
q2d2 )

(d̄pγµdr)(d̄sγ
µγ5dt)− (d̄tγ

µγ5ds)(d̄rγµdp)
1
4 iIm(−C(1)prst

q4 − C(3)prst
q4

+Cprstd4 + C
(1)prst
q2d2 )

(ūpγµγ5ur)(d̄sγ
µdt)− (d̄tγ

µds)(ūrγµγ5up)
1
4 iIm

(
−C(1)prst

q4 + C
(3)prst
q4

+C
(1)tsrp
q4 − C(3)tsrp

q4 + C
(1)prst
u2d2

+C
(1)tsrp
q2u2 − C(1)prst

q2d2

)
(ūpγµur)(d̄sγ

µγ5dt)− (d̄tγ
µγ5ds)(ūrγµup)

1
4 iIm

(
−C(1)prst

q4 + C
(3)prst
q4

+C
(1)tsrp
q4 − C(3)tsrp

q4 + C
(1)prst
u2d2

−C(1)tsrp
q2u2 + C

(1)prst
q2d2

)
(ūpγµγ5T

Aur)(ūsγ
µTAut)− (ūtγ

µTAus)(ūrγµγ5T
Aup) − 1

4 iIm(C
(8)tsrp
q2u2 )

(ūpγµT
Aur)(ūsγ

µγ5T
Aut)− (ūtγ

µγ5T
Aus)(ūrγµT

Aup)
1
4 iIm(C

(8)tsrp
q2u2 )

(d̄pγµγ5T
Adr)(d̄sγ

µTAdt)− (d̄tγ
µTAds)(d̄rγµγ5T

Adp) − 1
4 iIm(C

(8)prst
q2d2

(d̄pγµT
Adr)(d̄sγ

µγ5T
Adt)− (d̄tγ

µγ5T
Ads)(d̄rγµT

Adp)
1
4 iIm(C

(8)prst
q2d2

(ūpγµγ5T
Aur)(d̄sγ

µTAdt)− (d̄tγ
µTAds)(ūrγµγ5T

Aup)
1
4 iIm(C

(8)prst
u2d2 + C

(8)tsrp
q2u2 − C(8)prst

q2d2 )

(ūpγµT
Aur)(d̄sγ

µγ5T
Adt)− (d̄tγ

µγ5T
Ads)(ūrγµT

Aup)
1
4 iIm(C

(8)prst
u2d2 − C(8)tsrp

q2u2 + C
(8)prst
q2d2 )

(ūpγµγ5dr)(d̄sγ
µut)− (ūtγ

µds)(d̄rγµγ5up) − 1
2 iIm(C

(3)prst
q4 )

(ūpγµdr)(d̄sγ
µγ5ut)− (ūtγ

µγ5ds)(d̄rγµup) − 1
2 iIm(C

(3)prst
q4 )

(d̄pγµγ5ur)(ūsγ
µdt)− (d̄tγ

µus)(ūrγµγ5dp) − 1
2 iIm(C

(3)prst
q4 )

(d̄pγµur)(ūsγ
µγ5dt)− (d̄tγ

µγ5us)(ūrγµdp) − 1
2 iIm(C

(3)prst
q4 )

(ūpγ5ur)(d̄sdt) + (d̄tds)(ūrγ5up)
1
4 iIm(C

(1)prst
quqd )

(ūpur)(d̄sγ5dt) + (d̄tγ5ds)(ūrup)
1
4 iIm(C

(1)prst
quqd )

(d̄pγ5ur)(ūsdt) + (d̄tus)(ūrγ5dp) − 1
4 iIm(C

(1)prst
quqd )

(d̄pur)(ūsγ5dt) + (d̄tγ5us)(ūrdp) − 1
4 iIm(C

(1)prst
quqd )

(ūpγ5T
Aur)(d̄sT

Adt) + (d̄tT
Ads)(ūrγ5T

Aup)
1
4 iIm(C

(8)prst
quqd )

(ūpT
Aur)(d̄sγ5T

Adt) + (d̄tγ5T
Ads)(ūrT

Aup)
1
4 iIm(C

(8)prst
quqd )

(d̄pγ5T
Aur)(ūsT

Adt) + (d̄tT
Aus)(ūrγ5T

Adp) − 1
4 iIm(C

(8)prst
quqd )

(d̄pT
Aur)(ūsT

Aγ5dt) + (d̄tγ5T
Aus)(ūrT

Adp) − 1
4 iIm(C

(8)prst
quqd )
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L/Pψ2Xϕ =
√

2vGF iIm(CprleWϕ) {(ν̄pσµνγ5er)×
[∂µ(ēsγννs + d̄LxγνV

∗
sxus) + ig(ēsγµνs + d̄LxγµV

∗
sxuLs)swAν ]

+(ērσ
µνγ5νp)[∂µ(ν̄sγνes + ūsγνVsxdLx)− ig(ν̄sγµes + ūsγµVsxdLx)swAν ]

−(ν̄pσ
µνer)[∂µ(ēsγνγ5νs + d̄Lxγνγ5V

∗
sxus) + ig(ēsγµγ5νs + d̄Lxγµγ5V

∗
sxuLs)swAν ]

+(ērσ
µννp)[∂µ(ν̄sγνγ5es + ūsγνγ5VsxdLx)− ig(ν̄sγµγ5es + ūsγµγ5VsxdLx)swAν ]}

+ 2vGF iC
pr
leZϕ {(ēpσ

µνγ5er + ērσ
µνγ5ep)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2w)ēsγνes + (

1

4
− 2

3
s2w)ūsγνus + (−1

4
+

1

3
s2w)d̄sγνds

]
+

1

4
(ēpσ

µνer − ērσµνep)∂µ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)
}

+ 2vGF iC
pr
quZϕ {(ūpσ

µνγ5ur + ūrσ
µνγ5up)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2w)ēsγνes + (

1

4
− 2

3
s2w)ūsγνus + (−1

4
+

1

3
s2w)d̄sγνds

]
+

1

4
(ūpσ

µνur − ūrσµνup)∂µ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)
}

+ 2vGF iC
pr
qdZϕ

{
(d̄pσ

µνγ5dr + d̄rσ
µνγ5dp)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2w)ēsγνes + (

1

4
− 2

3
s2w)ūsγνus + (−1

4
+

1

3
s2w)d̄sγνds

]
+

1

4
(d̄pσ

µνdr − d̄rσµνdp)∂µ(ν̄sγµγ5νs + ēsγµγ5es + ūsγµγ5us − d̄sγµγ5ds)
}

+
√

2vGF i[Im(CprquWϕ) + Im(CrpqdWϕ)]
{

(d̄pσ
µνγ5ur) [∂µ(ν̄sγνes + ūsγνVsxdx)

−ig(ν̄sγµes + ūsγµVsxdx)swAν ] + (ūrσ
µνγ5dp)

[
∂(ēsγννs + d̄xγνV

∗
sxus)

+ig(ēsγµνs + d̄xγµV
∗
sxus)swAν

]}
−
√

2vGF i[Im(CprquWϕ)− Im(CrpqdWϕ)]
{

(d̄pσ
µνur) [∂(ν̄sγνγ5es + ūsγνγ5Vsxdx)

−ig(ν̄sγµγ5es + ūsγµγ5Vsxdx)swAν ]− (ūrσ
µνdp)

[
∂µ(ēsγνγ5νs + d̄xγνγ5V

∗
sxus)

+ig(ēsγµγ5νs + d̄xγµγ5V
∗
sxus)swAν

]}
(B.4)
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7.8.3 P-odd and CP-odd Operators with Lowest Mass-dimension for Flavor-
conserving Processes

The P-odd and CP-odd operators for flavor-conserving processes with the lowest
dimension come from classes X3, X2ϕ2, ψ2ϕ3, ψ2Xϕ, ψ4 and ψ2ϕ2D. They are

L/PX3 = CG3fABCεµναβGA
αβG

B
µρG

Cρ
ν , (C.5)

L/PX2ϕ2 =
v2

2
εµναβ

{
CG2ϕ2GA

µνG
A
αβ

+(CW 2ϕ2sw
2 + CB2ϕ2cw

2 + CWBϕ2cwsw)FαβFµν
}
, (C.6)

L/Pψ2ϕ3 =
v3

2
√

2

[
iIm(Cpp

leϕ3)(ēpγ5ep) + iIm(Cpp
quϕ3)(ūpγ5up)

+iIm(Cpp
qdϕ3)(d̄pγ5dp)

]
, (C.7)

L/Pψ2Xϕ =
1√
2
v[iIm(Cpp

quGϕ)(ūpσ
µνγ5λ

AGA
µνup) + iIm(Cpp

qdGϕ)/v(d̄pσ
µνγ5λ

AGA
µνdp)]

+
1√
2
viCpp

quFϕ(ūpσ
µνγ5up)Fµν −

1

2
viCpp

qdFϕ(d̄pσ
µνγ5dp)Fµν , (C.8)

L/Pψ4 =
1

2
iIm(C

(1)pprr
quqd )

[
(ūpγ5up)(d̄rdr) + (ūpup)(d̄rγ5dr)− (d̄pγ5ur)(ūrdp)

−(d̄pur)(ūrγ5dp)
]

+
1

2
iIm(C

(8)pprr
quqd )

[
(ūpγ5T

Aup)(d̄rT
Adr) + (ūpT

Aup)(d̄rγ5T
Adr)

−(d̄pγ5T
Aur)(ūrT

Adp)− (d̄pT
Aur)(ūrγ5T

Adp)
]
. (C.9)

The mass-dimension of the above P-odd and CP-odd operators for flavor-conserving
interactions is 6.

The mass-dimension 8 operators involving v2GF can effectively give numerical
comparative contributions. Such operators can be from class X2ϕ2 and ψ2ϕD.

L/PX2ϕ2 =
2v2GF√

2
εµναβ[2cwsw(CW 2ϕ2 − CB2ϕ2)− CWBϕ2(cw

2 − sw2)]×

∂α[−1

2
(ūpγβup) +

1

2
(d̄pγβdp)]Fµν (C.10)

The flavor-changing P-odd and CP-odd operators of class ψ2ϕD in Eq. (B.3) that
do not vanish for flavor-conserving interactions are
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Lψ2ϕD ∼ −v
2GF
2

iIm(C
(3)pr
q2ϕ2D

)g
[
(dpγ

µγ5ur)(ūrγµVrpdp)− (drγ
µγ5up)(ūpγµVprdr)

+(upγ
µγ5dr)(d̄rγµV

∗
prup)− (urγ

µγ5dp)(d̄pγµV
∗
rpur)]

]
−v

2GF
2

iIm(C
(3)pr
q2ϕ2D

)g
[
(dpγ

µur)(ūrγµγ5Vrpdp)− (drγ
µup)(ūpγµγ5Vprdr)

+(upγ
µdr)(d̄rγµγ5V

∗
prup)− (urγ

µdp)(d̄pγµγ5V
∗
rpur)

]
+
v2GF

4
iIm(Cpr

udϕ2D
)g
[
(ūpγ

µγ5dr)(d̄rγµV
∗
prup)− (drγ

µγ5up)(ūpγµVprdr)

−(ūpγ
µdr)(d̄rγµγ5V

∗
rpup) + (drγ

µup)(ūpγµγ5Vprdr)
]

= −v
2GF
2

iIm(C
(3)pr
q2ϕ2D

)g
{(
Vrp − V ∗rp

) [
(dpγ

µγ5ur)(ūrγµdp) + (urγ
µγ5dp)(d̄pγµur)

]
−
(
Vpr − V ∗pr

) [
(drγ

µγ5up)(ūpγµdr) + (upγ
µγ5dr)(d̄rγµup)

]}
+
v2GF

4
iIm(Cpr

udϕ2D
)g
(
V ∗pr + Vpr

) [
(ūpγ

µγ5dr)(drγ
µup)− (drγ

µγ5up)(ūpγ
µdr)

]
.

(C.11)

The above operators containing factor C
(3)pr

q2ϕ2D are P-odd and C-odd, and thus CP-
even. So the flavor-conserving P-odd and CP-odd operators from Lψ2ϕ2D are

L 6P
ψ2ϕ2D

=
v2GF

4
giIm(Cpr

udϕ2D
)(V ∗updr + Vupdr)×[

(d̄rγµup)(ūpγ
µγ5dr)− (d̄rγµγ5up)(ūpγ

µdr)
]

+
v2GF

4
giIm(C

(8)pr
udϕ2D

)(V ∗updr + Vupdr)×[
(d̄rγµT

Aup)(ūpγ
µγ5T

Adr)− (d̄′rγµγ5T
Aup)(ūpγ

µTAdr)
]
, (C.12)

where we add extra operators with the coefficient C
(8)pr

udϕ2D with similar field structure
but with additional color structure comparing to the original one, which appears from
QCD when going down to very low energy, or LEFT. These operators do not show
up at electroweak scale due to its gauge-symmetry-breaking properties [244]. The
operators in Eq. (C.12) are P-odd and CP-odd, and they are mass-dimension 8, but
since v2GF ∼ O(1), they can be mass-dimension 6 numerically.

The operators in class ψ2Xϕ containing vGF are also mass-dimension 8 that can
give important contributions:
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L/P
ψ2Xϕ

=
√

2vGF iIm(CppleWϕ) {(ν̄pσµνγ5ep)[∂µ(ēpγννp) + ig(ēpγµνp)swAν ]

+(ēpσ
µνγ5νp)[∂µ(ν̄pγνep)− ig(ν̄pγµep)swAν ]

−(ν̄pσ
µνep)[∂µ(ēpγνγ5νp) + ig(ēpγµγ5νp)swAν ]

+(ēpσ
µννp)[∂µ(ν̄pγνγ5ep)− ig(ν̄pγµγ5ep)swAν ]}

+ 4vGF iC
pp
leZϕ {(ēpσ

µνγ5ep)

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2

w)ēsγνes + (
1

4
− 2

3
s2
w)ūsγνus + (−1

4
+

1

3
s2
w)d̄sγνds

]}
+ 4vGF iC

pp
quZϕ {(ūpσ

µνγ5up)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2

w)ēsγνes + (
1

4
− 2

3
s2
w)ūsγνus + (−1

4
+

1

3
s2
w)d̄sγνds

]}
+ 4vGF iC

pr
qdZϕ

{
(d̄pσ

µνγ5dp)×

∂µ

[
1

4
ν̄sγννs + (−1

4
+ s2

w)ēsγνes + (
1

4
− 2

3
s2
w)ūsγνus + (−1

4
+

1

3
s2
w)d̄sγνds

]}
+
√

2vGF i[Im(CprquWϕ) + Im(CrpqdWϕ)]×{
(d̄pσ

µνγ5ur) [∂µ(ūrγνVrpdp)− ig(ūrγµVrpdp)swAν ]

+(ūrσ
µνγ5dp)

[
∂µ(d̄pγνV

∗
rpur) + ig(d̄pγµV

∗
rpur)swAν

]}
−
√

2vGF i[Im(CprquWϕ)− Im(CrpqdWϕ)]×{
(d̄pσ

µνur) [∂µ(ūrγνγ5Vrpdp)− ig(ūrγµγ5Vrpdp)swAν ]

−(ūrσ
µνdp)

[
∂µ(d̄pγνγ5V

∗
rpur) + ig(d̄pγµγ5V

∗
rpur)swAν

]}
. (C.13)

Comparing with de Vries [244] where they analyzed the flavor-conserving P-odd
and CP-odd operators with light quarks, our operators in Eq.(C.9) is identical with
their effective dimension-6 P-odd and CP-odd operators when the generation indices
of our operators is p = 1 and r = 1. For our operators in Eq. (C.6) and Eq. (C.7),
Ref. [244] claimed that they can be absorbed to the θ and Yukawa terms separately
with redefinitions of the coefficients in the mass-dimension-4 SM Lagrangian. For the
operator in Eq. (C.8), Ref. [244] added coefficients with 1

v
so the VEV of Higgs in

their operators with the same structure does not show up.
As for the operator in Eq. (C.12), the operator in Ref. [244] with the same

structure do not contain v2 explicitly as discussed above.

7.8.4 Discussion of the Flavor-conserving Lowest-mass-dimension C-odd
and CP-odd Operators

Here we show the derivation that the operator in Eq. (107) is equivalent with the
operators with derivatives in Eq. (45) of our work, and how they can evolve to Eq.
(108).

For operators in our Eq. (45) with the form (q̄1σ
µνγ5q1)∂µ(q̄2γνγ5q2) (the sub-

scripts 1, 2 here do not indicate quark generation, they are used to distinguish dif-
ferent quark field), when using derivative by parts and consider the total derivative
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does not contribute, we have

(q̄1σ
µνγ5q1)∂µ(q̄2γνγ5q2) = −∂µ(q̄1σ

µνγ5q1)(q̄2γνγ5q2)

= −
[
q̄1σ

µνγ5i(p
′
1µ − p1µ)q1

]
(q̄2γνγ5q2)

= [q̄1σ
µνγ5i(p

′
1ν − p1ν)q1] (q̄2γνγ5q2) (D.14)

where p′1 and p1 are momenta of q̄1 and q1, respectively. Thus (q̄1σ
µνγ5q1)∂µ(q̄2γνγ5q2)

in our Eq. (45) is equivalent with Eq. (107).
In Eq. (45), we have i(q̄1σ

µνγ5q1)∂µ(q̄2γνγ5q2), i(q̄1σ
µνγ5q2)∂µ(q̄2γνγ5q1)+h.c. and

i(q̄1σ
µνq2)∂µ(q̄2γνq1) + h.c., from Eq. (D.14), they can equivalently expressed as

i(q̄1σ
µνγ5q1)∂µ(q̄2γνγ5q2) = i[q̄1σ

µνγ5(∂ν +
←−
∂ν)q1](q̄2γµγ5q2), (D.15)

i(q̄1σ
µνγ5q2)∂µ(q̄2γνγ5q1) + h.c. = i[q̄1σ

µνγ5(∂ν +
←−
∂ν)q2](q̄2γµγ5q1)

+h.c., (D.16)

i(q̄1σ
µνq2)∂µ(q̄2γνq1) + h.c. = i[q̄1σ

µν(∂ν +
←−
∂ν)q2](ψ̄2γµq1) + h.c. (D.17)

Replacing the derivatives ∂µ with covariant derivatives Dµ, then using Gordon de-
compositions

q̄1σ
µν(Dν +

←−
D ν)q2 = q̄1(m1 +m2)γµq2 − q̄1(iDµ − i

←−
Dµ)q2, (D.18)

q̄1σ
µνγ5(Dν +

←−
D ν)q2 = q̄1(m1 −m2)γµγ5q2 − q̄1(iDµ − i

←−
Dµ)γ5q2, (D.19)

which are derived from equation of motion (i 6D −m)ψ = 0, we have

i[q̄1σ
µνγ5(Dν +

←−
D ν)q1](q̄2γµγ5q2) = [q̄1(Dµ −

←−
Dµ)q1](q̄2γµγ5q2) (D.20)

i[q̄1σ
µν(Dν +

←−
D ν)q2](q̄2γµq1)− i[q̄2σ

µν(Dν +
←−
D ν)q1](q̄1γνq2)

= [q̄1(Dµ −
←−
Dµ)q2](q̄2γµq1)− [q̄2(Dµ −

←−
Dµ)q1](q̄1γµq2), (D.21)

and

i[q̄1σ
µν(Dν +

←−
D ν)γ5q2](q̄2γµγ5q1) + [q̄2σ

µνγ5(Dν +
←−
D ν)q1](q̄1γµγ5q2)

= [q̄1(Dµ −
←−
Dµ)γ5q2](q̄2γµγ5q1) + [q̄2(Dµ −

←−
Dµ)γ5qp](q̄pγµγ5qr), (D.22)

where Eq. (D.20) is equivalent with Eq. (108) when q1 = q2 6= q3 = q4 and Eq.
(D.22) is a linear combination of Eq. (108) when q1 = q3 6= q2 = q4, and we have one
more which is Eq. (D.21) which can not obtained from Eq. (108).

In part 7.5.2, there could also be new flavor-conserving C-odd and CP-odd oper-
ators in ψ4ϕD in the form iv(q̄1σ

µνDνq2)(q̄2γµq1) +h.c., iv(q̄1σ
µνγ5Dνq2)(q̄2γµγ5q1) +

h.c., but actually they are equivalent with operators v(q̄1Dµq2)(q̄2γµq1) + h.c. and
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v(q̄1Dµγ5q2)(q̄2γµγ5q1) + h.c. which are already included there. We show the deriva-
tion here. Using the equation of motion (i 6D −m)ψ = 0, we have

iv(q̄1σ
µνDνq2)(q̄2γµq1) + h.c.)

= iv

[
q̄1
i

2
(2γµγν − 2gµν)Dνq2

]
(q̄2γµq1)− iv

[
q̄2
←−
Dν

i

2
(2gµν − 2γνγµ)q1

]
(q̄1γµq2)

= iv [q̄1(m2γ
µ − iDµ)q2] (q̄2γµq1)− iv

[
q̄2(i
←−
Dµ +m2γ

µ)q1

]
(q̄1γµq2),

= iv [(q̄1D
µq2)(q̄2γµq1) + (q2D

µq1)(q̄1γµq2)] , (D.23)

iv(q̄1σ
µνγ5Dνq2)(q̄2γµγ5q1) + h.c.)

= iv

[
q̄1
i

2
(2γµγν − 2gµν)γ5Dνq2

]
(q̄2γµγ5q1)

+ iv

[
q̄2
←−
Dνγ5

i

2
(2gµν − 2γν)γµq1

]
(q̄1γµγ5q2)

= iv [q̄1(m2γ
µγ5 − iDµγ5)q2] (q̄2γµγ5q1) + iv

[
q̄2(i
←−
Dµ −m2γ

µ)γ5q1

]
(q̄1γµγ5q2),

= iv
[
(q̄1D

µγ5q2)(q̄2γµγ5q1)− (q2
←−
Dµγ5q1)(q̄1γµγ5q2)

]
, (D.24)

7.8.5 Notes for Mass-dimension 8 SMEFT Operators

We show some of our notes when deriving the C-odd and CP-odd operators from
the mass-dimension 8 SMEFT and the list the flavor-conserving C-odd and CP-odd
operators we found.

According to the fundamental fields’ transformation properties listed in Appendix
7.8.1, operators from classes X4, X3ϕ2, X2ϕ4, X2ϕ2D2, ϕ8, ϕ6D2, ϕ4D4 and ψ2ϕ5

obviously do not contain quark-flavor-conserving C-odd and CP-odd operators we are
searching for. The C-odd and CP-odd operators could probably come from classes
Xϕ4D2, ψ4ϕ2, ψ4X, ψ2X2ϕ, ψ2Xϕ3, ψ4ϕD, ψ2ϕ4D, ψ2ϕ3D2, ψ2ϕ2D3, ψ2X2D,
ψ2Xϕ2D, ψ2XϕD2, and ψ4D2.

For operators composed of odd number of Dµ, Higgs and only one quark-bilinear,
acting Dµ on any quark field would produce Equations of Motion (EOMs) [101] and
move Dψ to ϕψ, i.e. to other classes with lower derivatives. Thus for such classes
it is appropriate to consider the bachelor covariant-derivative on scalar fields only.
After electroweak symmetry is spontaneously broken, since

Dµϕ = (∂µ − ig
τ I

2
W I
µ − ig′Y Bµ)ϕ

∼ 1√
2
v(−∂µ+

1

2
igW 3

µ −
1

2
ig′Bµ)

=
1√
2
v(−∂µ+

1

2
i
√
g2 + g′2Zµ), (E.25)

where Zµ will be integrated out at energies lower than the weak gauge bosons and re-
sult in higher dimensional operators, and the minus sign accompanying the derivative
appears when we use derivative by parts, given total derivatives do not contribute,
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and it results with a derivative to the quark-current. Also, we have

DµDνϕ =

[
∂µ∂ν − ∂µ(

i

2
gτ 3W 3

ν +
i

2
g′Bν)− ∂ν(

i

2
gτ 3W 3

µ +
i

2
g′Bµ)

− 1

4
g2τ IτJW I

µW
J
ν −

1

4
g′2BµBν −

1

4
gg′τ 3W 3

µBν −
1

4
gg′τ 3W 3

νBµ

]
ϕ

=
1√
2
v

[
∂µ∂ν −

1

2
i
√
g2 + g′2(Zµ∂ν + Zν∂µ) +

1

4
g2(W+

µ W
−
ν −W−

µ W
+
ν )

−1

4
g′2BµBν +

1

4
gg′(W 3

µBν +BµW
3
ν )

]
=

1√
2
v

{
∂µ∂ν −

1

2
i
√
g2 + g′2(Zµ∂ν + Zν∂µ) +

1

4
g2(W+

µ W
−
ν −W−

µ W
+
ν )

− 1

4
g′2[c2

wAµAν + s2
wZµZν − swcw(ZµAν + AµZν)]

+
1

4
gg′[(c2

w − s2
w)(ZµAν + AµZν) + 2swcw(AµAν − ZµZν)]

}
(E.26)

Thus after integrating out weak gauge bosons, the remaining pieces of DµDνϕ con-
tributing to dimension-8 C-odd and CP-odd operators are 1√

2
v[∂µ∂ν − 1

4
g′2c2

wAµAν +
1
2
gg′swcwAµAν ] = 1√

2
v[∂µ∂ν + 1

4
g2g′2

g2+g′2
AµAν ].

The following are some important notes for classes Xϕ4D2, ψ4ϕ2, ψ2X2ϕ, ψ2X2ϕ,
ψ2Xϕ3, ψ2X2D and ψ4D2, where ”none” means there is no flavor-conserving C-odd
and CP-odd operators in that class.

• Xϕ4D2: none (For example [(ϕ†Dµϕ)∗(ϕ†Dνϕ) − (ϕ†Dνϕ)∗(ϕ†Dµϕ)]F µν does
not contribute after electroweak symmetry is spontaneously broken, since Dµ

acting on Xµν would result in EOMs.)

• ψ4ϕ2: none

• ψ2X2ϕ: Note that vūpσµνupF
µαF ν

α =0, since F µαF ν
α = ∂µFα∂αF

ν+∂αF µ∂νFα−
∂αF µ∂αF

ν − ∂µFα∂νFα is symmetric while σµν is antisymmetric, analogous for
vεµναβūpσµνγ5upF

αρF β
ρ

• ψ2Xϕ3: none (For example v3ūpσ
µνupFµν is T even, v3εµναβūpσµνupFαβ is T

odd and P odd,
iv3εµναβūpσµνγ5upFαβ is T even)

• ψ2X2D: Note that acting Dµ to either ψ̄γµψ or Xµν would result in EOMs [101]
and move operators to other classes.

• ψ4D2: Note that (ūpσ
µνur)(ūr

←−
DµDνup) would result in total derivative plus

EOMs and antisymmetric quark bilinear times symmetric quark bilinear, i.e.
(ūpσ

µνur)(ūrDµDνup) = 0). Also, note that (ūpγ
µDνur)(ūrγ

νDµup) is equiva-
lent with the addition of total derivative and EOMs.
(ūpγ

µ←→D νur)(ūrγ
ν←→D µup) is hermitian and T even. (ūpγ

µγ5
←→
D νup)(ūrγ

ν←→D µur)
is hermitian, T even, P odd and C odd.
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We show the flavor-conserving C-odd and CP-odd operators that we found as
follows. Operators without the imaginary unit i indicates the operator is C-odd and
CP-odd with the real part of coefficients, for example hermitian operators, while op-
erators with i are C-odd and CP-odd only when adding i times the imaginary parts
of the coefficients to them.
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i) Operators that are new:

ψ4X : (ūpγµup)(ūrγνur)F
µν (p 6= r), (E.27)

(ūpγµγ5up)(ūrγνγ5ur)F
µν (p 6= r), (E.28)

(d̄pγµdp)(d̄rγνdr)F
µν (p 6= r), (E.29)

(d̄pγµγ5dp)(d̄rγνγ5dr)F
µν (p 6= r), (E.30)

i[(ūpγµdr)(d̄rγνup)− (d̄rγµup)(ūpγνdr)]F
µν , (E.31)

i[(ūpγµdr)(d̄rγνup)− (d̄rγµup)(ūpγνdr)]F
µν , (E.32)

i[(ūpγµur)(ūrγνup)− (ūrγµup)(ūpγνur)]F
µν (p 6= r), (E.33)

i[(ūpγµγ5ur)(ūrγνγ5up)− (ūrγµγ5up)(ūpγνγ5ur)]F
µν (p 6= r), (E.34)

i[(d̄pγµdr)(d̄rγνdp)− (d̄rγµdp)(d̄pγνdr)]F
µν (p 6= r), (E.35)

i[(d̄pγµγ5dr)(d̄rγνγ5dp)− (d̄rγµγ5dp)(d̄pγνγ5dr)]F
µν (p 6= r), (E.36)

(ūpσµνup)(ūrur)F
µν (p 6= r), (E.37)

(d̄pσµνdp)(d̄rdr)F
µν (p 6= r), (E.38)

i[(ūpσµνur)(ūrup)− (ūrσµνup)(ūpur)]F
µν (p 6= r), (E.39)

i[(ūpσµνγ5ur)(ūrγ5up)− (ūrσµνγ5up)(ūpγ5ur)]F
µν (p 6= r), (E.40)

i[(d̄pσµνdr)(d̄rdp)− (d̄rσµνdp)(d̄pdr)]F
µν (p 6= r), (E.41)

i[(d̄pσµνγ5dr)(d̄rγ5dp)− (d̄rσµνγ5dp)(d̄pγ5dr)]F
µν (p 6= r), (E.42)

i[(ūpσµνdr)(d̄rup)− (d̄rσµνup)(ūpdr)]F
µν , (E.43)

i[(ūpσµνγ5dr)(d̄rγ5up)− (d̄rσµνγ5up)(ūpγ5dr)]F
µν , (E.44)

(ūpγ
µup)(ūrγ

νTAur)G
A
µν (p 6= r), (E.45)

(ūpγ
µγ5up)(ūrγ

νγ5T
Aur)G

A
µν (p 6= r), (E.46)

(d̄pγ
µdp)(d̄rγ

νTAdr)G
A
µν (p 6= r), (E.47)

(d̄pγµγ5dp)(d̄rγνγ5T
Adr)G

A
µν (p 6= r), (E.48)

i[(ūpγµdr)(d̄rγνT
Aup)− (d̄rγµup)(ūpγνT

Adr)]G
A
µν (E.49)

i[(ūpγµdr)(d̄rγνT
Aup)− (d̄rγµup)(ūpγνT

Adr)]G
A
µν (E.50)

i[(ūpγµur)(ūrγνT
Aup)− (ūrγµup)(ūpγνT

Aur)]G
A
µν (p 6= r), (E.51)

i[(ūpγµγ5ur)(ūrγνγ5T
Aup)− (ūrγµγ5up)(ūpγνγ5T

Aur)]G
A
µν

(p 6= r), (E.52)

i[(d̄pγµdr)(d̄rγνdp)− (d̄rγµdp)(d̄pγνdr)]G
A
µν (p 6= r), (E.53)

i[(d̄pγµγ5dr)(d̄rγνγ5dp)− (d̄rγµγ5dp)(d̄pγνγ5dr)]G
A
µν (p 6= r), (E.54)

(ūpσµνup)(ūrT
Aur)G

A
µν (p 6= r), (E.55)

(d̄pσµνdp)(d̄rT
Adr)G

A
µν (p 6= r), (E.56)

i[(ūpσ
µνur)(ūrT

Aup)− (ūrσ
µνup)(ūpT

Aur)]G
A
µν , (E.57)

i[(ūpσ
µνγ5ur)(ūrγ5T

Aup)− (ūrσ
µνγ5up)(ūpγ5T

Aur)]G
A
µν , (E.58)

i[(d̄pσ
µνdr)(d̄rT

Adp)− (d̄rσ
µνdp)(d̄pT

Adr)]G
A
µν , (E.59)

i[(d̄pσ
µνγ5dr)(d̄rγ5T

Adp)− (d̄rσ
µνγ5T

Adp)(d̄pγ5dr)]G
A
µν , (E.60)
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i[(ūpσ
µνdr)(d̄rT

Aup)− (d̄rσ
µνup)(ūpT

Adr)]G
A
µν , (E.61)

i[(ūpσ
µνγ5dr)(d̄rγ5T

Aup)− (d̄rσ
µνγ5up)(ūpγ5T

Adr)]G
A
µν . (E.62)

ψ2X2ϕ : vūpσµνT
AupF

µαG ν
α , (E.63)

d̄pσµνT
AdpF

µαG ν
α . (E.64)

ψ2X2D : (ūpγµDνup)G
AµρGAν

ρ , (E.65)

(d̄pγµDνdp)G
AµρGAν

ρ , (E.66)

(ūpγµDνup)F
µρF ν

ρ , (E.67)

(d̄pγµDνdp)F
µρF ν

ρ , (E.68)

(ūpγµT
ADνup)F

µρGAν
ρ , (E.69)

(d̄pγµT
ADνdp)F

µρGAν
ρ . (E.70)

ψ2XϕD2 : v∂ν(d̄pDµdp)F
µν + v∂ν(d̄p

←−
Dµdp)F

µν , (E.71)

v∂ν(ūpDµup)F
µν + v∂ν(ūp

←−
Dµup)F

µν , (E.72)

v∂ν(ūpT
ADµup)G

Aµν + v∂ν(ūp
←−
DµT

Aup)G
Aµν , (E.73)

v∂ν(d̄pT
ADµdp)G

Aµν + v∂ν(d̄pT
A←−DµT

Adp)G
Aµν , (E.74)

iεµναβv∂ν(d̄pγ5Dµdp)Fαβ − iεµναβv∂ν(d̄p
←−
Dµγ5dp)Fαβ, (E.75)

iεµναβv∂ν(ūpγ5Dµup)Fαβ − iεµναβv∂ν(ūp
←−
Dµγ5up)Fαβ, (E.76)

iεµναβv∂ν(ūpγ5T
ADµup)GAαβ

− iεµναβv∂ν(ūp
←−
Dµγ5T

Aup)GAαβ, (E.77)

iεµναβv∂ν(d̄pγ5T
ADµdp)GAαβ

− iεµναβv∂ν(d̄p
←−
Dµγ5T

Adp)GAαβ. (E.78)
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ψ4D2 : εµναβ(ūpγ
µγ5

←→
D νup)(ūrγ

α←→D βur), (E.79)

εµναβ(d̄pγ
µγ5

←→
D νdp)(d̄rγ

α←→D βdr), (E.80)

εµναβ(ūpγ
µγ5

←→
D νur)(ūrγ

α←→D βup)

+εµναβ(ūrγ
µγ5

←→
D νup)(ūpγ

α←→D βur), (E.81)

εµναβ(d̄pγ
µγ5

←→
D νdr)(d̄rγ

α←→D βdp)

+εµναβ(d̄rγ
µγ5

←→
D νdp)(d̄pγ

α←→D βdr), (E.82)

εµναβ(ūpγ
µγ5
←→
D νdr)(d̄rγ

α←→D βup)

+εµναβ(d̄rγ
µγ5

←→
D νup)(ūpγ

α←→D βdr), (E.83)

εµναβ(ūpσµνur)(ūr
←−
DαDβup) + εµναβ(ūrσµνup)(ūp

←−
DβDαur), (E.84)

εµναβ(d̄pσµνdr)(d̄r
←−
DαDβdp) + εµναβ(d̄rσµνdp)(d̄p

←−
DβDαdr), (E.85)

iεµναβ(ūpσµνγ5ur)(ūr
←−
DαDβup)

+ iεµναβ(ūrσµνγ5up)(ūp
←−
DβDαur), (E.86)

iεµναβ(d̄pσµνγ5dr)(d̄r
←−
DαDβdp)

+ iεµναβ(d̄rσµνγ5dp)(d̄p
←−
DβDαdr), (E.87)

εµναβ(ūpσµνdr)(d̄r
←−
DαDβup) + εµναβ(d̄rσµνup)(ūp

←−
DβDαdr, ),(E.88)

iεµναβ(ūpσµνγ5dr)(d̄r
←−
DαDβup)

+ iεµναβ(d̄rσµνγ5up)(ūp
←−
DβDαdr). (E.89)

ψ2Xϕ2D : Eq. (46) and Eq. (47).
ψ4ϕD : Eq. (48) - Eq. (89).

ψ2ϕ2D3 :
1

4
√

2
v
g2g′2

g2 + g′2
(ūpγ

µDνup)AµAν , (E.90)

1

4
√

2
v
g2g′2

g2 + g′2
(d̄pγ

µDνdp)AµAν . (E.91)

ψ2ϕ3D2 : v3 1

8
√

2

g2g′2

g2 + g′2
(ūpσ

µνup)AµAν , (E.92)

v3 1

8
√

2

g2g′2

g2 + g′2
(d̄pσ

µνdp)AµAν . (E.93)

ii) Operators that are already found from analyzing mass-dimension 6 SMEFT
in this work:
ψ2Xϕ2D : Eq. (90) and Eq. (91).
ψ4ϕD : Eq. (92) - Eq. (97).

iii) Operators that are total derivatives and may not really contribute:

ψ2ϕ4D : v4∂µ(ūpγ
µup), (E.94)

v4∂µ(d̄pγ
µup). (E.95)
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ψ2ϕ3D2 :
1

2
√

2
v3∂µ∂ν(ūpσ

µνup), (E.96)

1

2
√

2
v3∂µ∂ν(d̄pσ

µνdp). (E.97)

ψ2ϕ2D3 :
1√
2
v∂µ∂ν(ūpγ

µDνup), (E.98)

1√
2
v∂µ∂ν(d̄pγ

µDνdp). (E.99)

Copyright c© Jun Shi, 2020.
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chapter 8

MATCHING QUARK-LEVEL OPERATORS ONTO OPERATORS
IN THE CHIRAL PERTURBATION THEORY

We have derived the C and CP violating operators that can contribute to a charge
asymmetry in η → π+π−π0 decay in Ch. 7. The operators we found are written in
quark degrees of freedom. It is more practical to re-express them in terms of meson
degrees of freedom, in order to facilitate the computation of their contribution to
meson decay amplitudes in ChPT.

In this chapter, we introduce the method of matching operators at the quark-level
onto ChPT in which the operators are on the meson-level. Such a method can be
used to calculate C and CP violating amplitudes for η → π+π−π0.

8.1 Chiral Lagrangian with tensor sources

The CP odd operators we obtained in Ch. 7 contain quark bilinears with tensor
Lorentz structures. Before determining how operators can be realized in meson de-
grees of freedom, the chiral Lagrangian with tensor sources need to be introduced
first.

The extension of ChPT to include tensor sources was developed by Catà and
Mateu [191]. Here we briefly discuss the derivation and result. As an extension of the
external field analysis of Gasser and Leutwyler [188] we discussed in Ch. 5, including
an external tensor field to Lext in Eq. (5.27), we have

Lext = q̄γµ(vµ + γ5a
µ)q − q̄(s− iγ5p)q + q̄σµν t̄

µνq

= q̄Rγµ(vµ + aµ)qR + q̄Lγµ(vµ − aµ)qL − q̄R(s+ ip)qL − q̄L(s− ip)qR
+q̄Rσ

µνtµνqL + q̄Lσ
µνt†µνqR, (1)

where the tensor part has the relation

t̄µν = P µνλρ
L tλρ + P µνλρ

R t†λρ,

tµν = P µνλρ
L t̄λρ, (2)

with the projection operators defined as

P µνλρ
R =

1

4
(gµλgνρ − gνλgµρ + iεµνλρ),

P µνλρ
L = (P µνλρ

R )†, (3)

which has the general projector properties

P µνλρ
R P λραβ

R = P µναβ
R ,

P µνλρ
L P λραβ

L = P µναβ
R ,

P µνλρ
L P λραβ

R = 0. (4)
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P µνλρ
R and P µνλρ

L are analogs of PL,R on account of the following discussion. Since
γ5σ

µν = σµνγ5 = i
2
εµνλρσλρ, where εµνλρ is an antisymmetric symbol with ε0123 = 1,

we have

σµν t̄
µν = σµν

[
1

4
(gµλgνρ − gνλgµρ − iεµνλρ)tλρ +

1

4
(gµλgνρ − gνλgµρ + iεµνλρ)t†λρ

]
=

1

4
(σλρ − σρλ − 2σλργ5)tλρ +

1

4
(σλρ − σρλ + 2σλργ5)t†λρ

=
1

2
σλρtλρ(1− γ5) +

1

2
σλρt†λρ(1 + γ5),

such that

σµν t̄
µνPL = σµνtµν

1

2
(1− γ5) = σµνtµνPL

σµν t̄
µνPR = σµνt†µν

1

2
(1 + γ5) = σµνt†µνPR. (5)

Eq. (2) and Eq. (5) indicate that tµν and t†µν are the left- and right-handed projections
of the tensor field.

As discussed in Ch. 5, introducing external fields result in promoting the chiral
symmetry to a local one [188, 190, 182, 191], and the transformation properties of
the external fields are

rµ 7→ URrµU
†
R + iUR∂µU

†
R

lµ 7→ ULlµU
†
L + iUL∂µU

†
L

χ 7→ URχU
†
L,

tµν 7→ URtµνU
†
L, (6)

where rµ = vµ + aµ, lµ = vµ − aµ and χ = 2B0(s + ip), together with the ones for
covariant derivatives on the Goldstone fields as

DµU = ∂µU − irµU + iUlµ, DµU → UR(DµU)U †L,

DµU
† = ∂µU

† + iU †rµ − ilµU †, DµU
† → UL(DµU

†)U †R. (7)

For the right- and left-handed fields, we can naturally get the field strength tensors
as [191] naturally

[Dµ,Dν ]X = iXF µν
L − iF

µν
R X, (8)

with

F µν
L = ∂µlν − ∂νlµ − i[lµ, lν ], F µν

R = ∂µrν − ∂νrµ − i[rµ, rν ]. (9)

The set (U, F µν
L,R, χ, tµν), along with their adjoints and covariant derivatives are the

building blocks to construct a theory with chiral symmetry. These building blocks
transform differently under chiral group. Constructing the following set of Hermitian
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and anti-Hermitian terms can make the building blocks transform in the same manner

uµ = i{u†(∂µ − irµ)u− u(∂µ − ilµ)u†} ≡ iu†DµUu
†,

hµν = ∇µuν +∇νuµ,

fµν± = uF µν
L u† ± u†F µν

R u,

tµν± = u†tµνu† ± utµν†u,
χ± = u†χu† ± uχ†u, (10)

with u(φ) defined as

u(φ) = exp

(
i

2F0

λaφ
a

)
, (11)

and its transformation behavior is [191]

u(φ) 7→ URu(φ)h† = hu(φ)U †L, (12)

where UR ∈ SU(3)R, h ∈ SU(3)V , and we have U(φ) = u2(φ). Their identical
transformation manner under the chiral group is [266, 191]

hXh†, with X = uµ, f
µν
± , t

µν
± , χ± (13)

The C, P transformation properties and hermitian conjugates of (uµ, hµν , f
µν
± , t

µν
±

and χ±) are listed in table 8.1 [191], where we used the P and C transforming con-
ventions of Ref. [267] which are consistent with ours discussed in Sec. 2.3.

Table 8.1: Transformation properties of operators in Eq. (10) under P and C and
their hermitian conjugates.

P C h.c.
uµ −(−1)µuµ (uµ)T uµ
hµν −(−1)µ(−1)νhµν (hµν)

T hµν
fµν± ±(−1)µ(−1)νfµν± ∓(fµν± )T fµν±
χ± ±χ± (χ±)T ±χ±
tµν± ±tµν± −(tµν± )T ±tµν±

The power counting of tensor field can be conveniently chosen to be [191]

tµν ∼ O(p2). (14)

Operators with the tensor fields first appear at O(p4), constituting the lowest order
chiral Lagrangian with external tensor fields to be [191]

Ltensor
4 = Λ1〈tµν+ f+

µν〉 − iΛ2〈tµν+ uµuν〉+ Λ3〈tµν+ t+µν〉+ Λ4〈tµν+ 〉2 (15)

where 〈· · · 〉 stands for the trace in nf space. Note that we have the traceless properties
〈rµ〉 = 0 = F µν

R , 〈lµ〉 = 0 = F µν
L and 〈uµ〉 = 0 = fµν± .
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8.2 Matching quark-level operators onto operators in ChPT

Following de Rafael [268] and Georgi [269], the chiral realization can be made by
taking appropriate variations of the effective actions with respect to the external
fields.

For example, from Eq.(1) and L(2) from Eq. (5.35), the matching of vector quark
bilinear to lowest order can be obtained as [268]:

JµL ≡ q̄Lγ
µqL

.
=
δL(2)

δlµ
+O(p4) =

i

2
F 2

0 〈(DµU
†)U〉+O(p4) (16)

JµR ≡ q̄Rγ
µqR

.
=
δL(2)

δrµ
+O(p4) =

i

2
F 2

0 〈(DµU)U †〉+O(p4). (17)

Then expanding U in powers of φ-matrix fields, we have:

JµL = 〈fπ
1√
2
Dµφ − i

2
[φ(Dµφ) − (Dµφ)φ] + O(φ3)〉 (18)

JµR = 〈−fπ
1√
2
Dµφ − i

2
[φ(Dµφ) − (Dµφ)φ] + O(φ3)〉. (19)

Note that this “bosonization” procedure in ChPT always involves treating each quark
bilinear as independent object to be bosonized, which is equivalent to a factorization
ansatz [270].

Dekens et al. [271] investigated an extended matching for tensor quark bilinears
based on the ChPT operators with tensor external fields from Catà and Mateu [191].
Accounting for contributions beyond the SM, the external fields S ≡ s + ip 1, rµ, lµ
and tµν can be split into two parts as [271]

S → S + S̃, rµ → rµ + r̃µ, lµ → lµ + l̃µ, tµν → tµν + t̃µν . (20)

where S, rµ, lµ, and tµν describe the quark mass matrix and coupling to gauge
fields, which can be fixed to their physical values. For example in QED with Dµ =
∂µ − ieQAµ where we use the convention consistent with Peskin and Schroeder [81],
we have

S 7→Mq, rµ 7→ eQAµ, lµ 7→ eQAµ, tµν 7→ 0. (21)

S̃, r̃µ, l̃µ and t̃µν are spurions that contain the contributions from higher dimen-
sional operators [271], and they have the same power counting as S, rµ, lµ and tµν ,
respectively.

Dekens et al. [271] give the results for q̄LS̃qR, q̄Lσ
µν t̃†µνqR and q̄Rγ

µr̃µqR to order

O(p4) explicitly and note that for q̄L(S̃)†qR and q̄Rσ
µν t̃µνqL, the results are the Her-

mitian conjugates of the one of q̄LS̃qR and q̄Lσ
µν t̃†µνqR respectively, and the result for

q̄Lγ
µl̃µqL would be making the exchange rµ ↔ lµ, U ↔ U † and χ↔ χ†. We show the

1Dekens et al. [271] used a different notation with S† = −(s+ ip) and for the usual ChPT scalar
source they have χ = −2B0S

†.
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resulting replacements together as follows 2.
Scalar:

q̄RS̃qL → −2B0

[
1

4
F 2

0

〈
S̃U †

〉
+ L4

〈
DµU

†DµU
〉〈
S̃U †

〉
+ L5

〈
S̃U †DµU

†DµU
〉

+ 2L6

〈
U †χ+ χ†U

〉〈
S̃U †

〉
+ 2L7

〈
U †χ− χ†U

〉〈
S̃U †

〉
+ 2L8

〈
S̃U †χU †

〉
+H2

〈
χ†S̃

〉]
+O(p6) . (22)

q̄LS̃
†qR → −2B0

[
1

4
F 2

0

〈
S̃†U

〉
+ L4

〈
DµU

†DµU
〉〈
S̃†U

〉
+ L5

〈
S̃†UDµU

†DµU
〉

+ 2L6

〈
U †χ+ χ†U

〉〈
S̃†U

〉
− 2L7

〈
U †χ− χ†U

〉〈
S̃†U

〉
+ 2L8

〈
S̃†Uχ†U

〉
+H2

〈
S̃†χ

〉]
+O(p6) . (23)

Vector:

q̄Rγ
µr̃µqR →

i

2
F 2

0

〈
r̃µDµUU

†〉+ 4iL1

〈
DνU

†DνU
〉〈
r̃µDµUU

†〉
+ 4iL2

〈
DµU †DνU

〉〈
r̃µDνUU

†〉+ 2iL3

〈 (
U †r̃µD

µU −DµU †r̃µU
)
DνU

†DνU
〉

+ 2iL4

〈
r̃µDµUU

†〉〈U †χ+ χ†U
〉

+ iL5

〈 (
U †r̃µD

µU −DµU †r̃µU
)

(U †χ+ χ†U)
〉

+ L9

[
−
〈
r̃µF

µν
R DνUU

†〉− 〈r̃µUDνU
†FµνR

〉
+
〈
r̃µDνUF

µν
L U †

〉
+
〈
r̃µUF

µν
L DνU

†〉]
− iL9

〈
r̃µDν(DµUDνU

† −DνUDµU
†〉+ 2L10

〈
r̃µDν(UFµνL U †)

〉
+ 4H1

〈
r̃µDνF

µν
R

〉
+ ε terms +O(p6) , (24)

q̄Lγ
µ l̃µqL →

i

2
F 2

0

〈
DµU

†Ul̃µ
〉

+ 4iL1

〈
DνU

†DνU
〉〈
DµU

†Ul̃µ
〉

+ 4iL2

〈
DµUDνU †

〉〈
DνU

†Ul̃µ
〉

+ 2iL3

〈 (
Ul̃µD

µU † −DµUl̃µU †
)
DνU

†DνU
〉

+ 2iL4

〈
DµU

†Ul̃µ
〉〈
U †χ+ χ†U

〉
+ iL5

〈 (
Ul̃µD

µU † −DµUl̃µU †
)

(U †χ+ χ†U)
〉

+ L9

[
−
〈
l̃µF

µν
L DνU

†U
〉
−
〈
l̃µU

†DνUF
µν
L

〉
+
〈
l̃µDνU

†FµνR U
〉

+
〈
l̃µU

†FµνR DνU
〉]

− iL9

〈
l̃µDν(DµU

†DνU −DνU
†DµU

〉
+ 2L10

〈
l̃µDν(U †FµνR U)

〉
+ 4H1

〈
l̃µDνF

µν
L

〉
+ ε terms +O(p6) , (25)

where O(p4) terms involving εαβλσ is ommitted as it belongs to the odd intrinsic parity
sector and is related to the U(1)A anomaly [272, 273, 274, 275] as noted by Ref. [271].
Tensor:

q̄Rσ
µν t̃µνqL → Λ1

〈
t̃µν(FµνL U † + U †FµνR )

〉
− iΛ2

〈
t̃µνDνU

†UDµU
†〉+O(p6) . (26)

q̄Lσ
µν t̃†µνqR → Λ1

〈
t̃†µν(UFµνL + FµνR U)

〉
+ iΛ2

〈
t̃†µνDµUU

†DνU
〉

+O(p6) . (27)

2Dekens. et al. [271] used tµν → t†µν for the external tensor field compared with the notations

of Catà and Mateu [191]. We follow the notation of tµν and t†µν of Catà and Mateu [191] and we
have modified the results of Dekens. et al. [271] accordingly.
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8.3 Evaluations of operators contributing to η → π+π−π0

Now we transition to the evaluations of the operators we have in Ch. 7 that can contribute
to η → π+π−π0 using the matching procedure discussed in the previous section.

As an illustration, we pick an operator with |∆I| = 0 from Ch. 7

ϑ = Ca0
GF√

2
vi[(ūσµνγ5u) + (d̄σµνγ5d)]∂µ(s̄γνγ5s), (28)

where Ca0 = 1
2

(
C11
quZϕ + C11

qdZϕ

)
. We first write the operator in chiral basis

(q̄tσ
µνγ5qw) = (q̄Ltσ

µνqRw)− (q̄Rtσ
µνqLw),

(q̄tγνγ5qw) = (q̄RtγνqRw)− (q̄LtγνqLw). (29)

Then despite the coefficient Ca
0
GF√

2
vi, we have[

(ūσµνγ5u+ (d̄σµνγ5d))
]
∂µ(s̄γνγ5s)

=
[
(ūLσ

µνuR)− (ūRσ
µνuL) + (d̄Lσ

µνdR)− (d̄Rσ
µνdL)

]
∂µ [(s̄RγνsR)− (s̄LγνsL)]

(30)

where (q̄Ltσ
µνqRw), (q̄Rtσ

µνqLw), (q̄RtγνqRw) and (q̄LtγνqLw) can be replaced using Eq.
(27), Eq. (26), Eq. (24) and Eq. (25), respectively. Since we want to compute
η → π+π−π0 decay, there are no photons in the final state. Neglecting contributions
from photons which could be more suppressed, the matching operator from ChPT to
lowest order would be

Ca
0

GF√
2
vi · iΛ2

[(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
11

+
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
22

]
·

i

2F 2
0

∂µ
(
∂νUU

† − ∂µU †U
)

33
, (31)

which is O(p4).
Before continuing the analysis, we want to mention that since the C and CP

violating flavor-conserving operators containing four quarks all have a tensor structure
analogous to Eq. (28) that can be matched to operators similar to Eq. (31) and it
can always be expressed as (DµUU

†DνU)tw or (DνU
†UDµU

†)tw times ∂µ(DνUU
†)wt

or ∂µ(DνU
†U)wt with t, w as flavor indices, thus the derived interactions in the

freedom of mesons should contain at least three meson fields because there are three
derivatives of U (†). This is consistent with the fact that there is no C and CP violating
mixing of η and π0 because they have the same C, which means C and CP violating
η − π0 transition does not exist. We also checked that for η → π+π−, Eq. (31)
gives a zero result, which is predictable since a C and CP violating operator can not
contribute to a P and CP violating process.

Then we need to expand U as Eq. (5.17) - Eq. (5.19) and pick the terms containing
just η, π+, π− and π0 to leading order. Neglecting interactions with virtual photons
which is suppressed by O(e) at least, we take rµ = 0 and lµ = 0 and expand U to
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φ4, then pick the terms containing η, π+, π− and π0 only. The resulted matching
operator of Eq. (28) is

ϑ0,a
ChPT = Ca

0

GFv√
2

iΛ2

2F 2
0

16
√

3

F 4
0

[
cos2(ε)

(
π+∂µπ

−∂νπ
0 − π+∂νπ

−∂µπ
0 − π−∂µπ+∂νπ

0

+ π−∂νπ
+∂µπ

0 + π0∂µπ
+∂νπ

− − π0∂νπ
+∂µπ

−) ∂ν∂µη
+ sin2(ε)

(
−η∂µπ+∂νπ

− + η∂νπ
+∂µπ

− + π+∂µη∂νπ
− − π+∂νη∂µπ

−

− π−∂µη∂νπ
+ + π−∂νη∂µπ

+
)
∂ν∂µπ

0
]

(32)

where ϑI
′,a

ChPT indicates the isospin of the operator is |∆I| = I ′ and a, b, . . . is used as
a sequence index of operators with the same |∆I|. Calculating the matrix element
〈π+π−π0|ϑ0,a

ChPT|η〉, we have

〈π+π−π0|ϑ0,a
ChPT|η〉 = Ca

0

GFv√
2

iΛ2

2F 2
0

16
√

3

F 4
0

{
cos2(ε) [(pπ+ · pη)(pπ− · pη)

− (pπ− · pη)(pπ+ · pη)− (pπ+ · pη)(pπ+ · pη) + (pπ− · pη)(pπ+ · pη)
+ (pπ+ · pη)(pπ− · pη)− (pπ+ · pη)(pπ− · pη)]
+ sin2 (ε) [−(pπ+ · pπ0)(pπ− · pπ0) +−(pπ+ · pπ0)(pπ− · pπ0)

− −(pπ+ · pπ0)(pη · pπ0) + (pπ+ · pπ0)(pη · pπ0)

+ −(pπ− · pπ0)(pη · pπ0) + (pπ− · pπ0)(pη · pπ0)]}

= Ca
0

GFv√
2

iΛ2

2F 2
0

16
√

3

F 4
0

[
cos2 (ε) · 0 + sin2 (ε) · 0

]
= 0 (33)

Thus this O(p4) operator matched from Eq. (28) vanishes, and we need to consider
it in higher order for its contribution.

The O(p4) results of the rest operators with definite isospin that can contribute
to η → π+π−π0 listed in Ch. 7 are shown as follows.

ϑa|∆I|=1 = Ca
1

GF√
2
vi[(ūσµνγ5u)− (d̄σµνγ5d)]∂µ(s̄γνγ5s) (34)

⇒ −Ca
1

GFv√
2

iΛ2

2F 2
0

[(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
11

−
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
22

]
· ∂µ

(
∂νUU

† − ∂µU †U
)

33

∼ Ca
0

GFv√
2

iΛ2

2F 2
0

16

3F 4
0

cos(ε) sin (ε)
(
η∂µπ

+∂νπ
−∂ν∂µπ

0

−η∂νπ+∂µπ
−∂ν∂µπ

0 + π0∂µπ
+∂νπ

−∂ν∂µη − π0∂νπ
+∂µπ

−∂ν∂µη
)
(35)

〈π+π−π0|ϑ1,a
ChPT|η〉 = 0 (36)
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ϑb|∆I|=1 =
GF√

2
viC22

qdZϕ(s̄σµνγ5s)∂µ(−ūγνγ5u+ d̄γνγ5d) (37)

⇒ −C22
qdZϕ

GFv√
2

iΛ2

2F 2
0

(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
11

∂µ
[
−
(
∂νUU

† − ∂µU †U
)

11
+
(
∂νUU

† − ∂µU †U
)

22

]
∼ 0 (38)

〈π+π−π0|ϑ1,b
ChPT|η〉 = 0. (39)

ϑc|∆I|=1 =
2GF√

2
vi[Im(C11

quWϕ)− Im(C11
qdWϕ)]

[
(d̄σµνu)∂µ(ūγνVudd)

−(ūσµνd)∂µ(d̄V ∗udγνu)
]
, (40)

⇒ −2GF√
2
v[Im(C11

quWϕ)− Im(C11
qdWϕ)]Vud

iΛ2

2F 2
0[(

∂µUU
†∂νU − ∂νU †U∂µU †

)
21
· ∂µ

(
∂νUU

† + ∂µU
†U
)

12

−
(
∂µUU

†∂νU − ∂νU †U∂µU †
)

12
· ∂µ

(
∂νUU

† + ∂µU
†U
)

21

]
∼ 2GF√

2
v[Im(C11

quWϕ)− Im(C11
qdWϕ)]Vud

iΛ2

2F 2
0

8

F 4
0

sin (ε) cos (ε)(
−η∂µπ+∂νπ

0∂ν∂µπ
− + η∂νπ

+∂µπ
0∂ν∂µπ

−

+η∂µπ
−∂νπ

0∂ν∂µπ
+ − η∂νπ−∂µπ0∂ν∂µπ

+

+π+∂µη∂νπ
−∂ν∂µπ

0 − π+∂νη∂µπ
−∂ν∂µπ

0

−π+∂µπ
−∂νπ

0∂ν∂µη + π+∂νπ
−∂µπ

0∂ν∂µη

−π−∂µη∂νπ+∂ν∂µπ
0 + π−∂νη∂µπ

+∂ν∂µπ
0

+π−∂µπ
+∂νπ

0∂ν∂µη − π−∂νπ+∂µπ
0∂ν∂µη

+π0∂µη∂νπ
+∂ν∂µπ

− − π0∂µη∂νπ
−∂ν∂µπ

+

−π0∂νη∂µπ
+∂ν∂µπ

− + π0∂νη∂µπ
−∂ν∂µπ

+
)

(41)

〈π+π−π0|ϑ1,c
ChPT|η〉 = 0 (42)
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ϑb|∆I|=0 =
2GF√

2
vi[Im(C21

quWϕ)− Im(C12
qdWϕ)] [(s̄σµνu)∂µ(ūγνVuss)

−(ūσµνs)∂µ(s̄V ∗usγνu)] (43)

⇒ −2GF√
2
v[Im(C21

quWϕ)− Im(C12
qdWϕ)]Vus

iΛ2

2F 2
0[(

∂µUU
†∂νU − ∂νU †U∂µU †

)
31
· ∂µ

(
∂νUU

† + ∂µU
†U
)

13

−
(
∂µUU

†∂νU − ∂νU †U∂µU †
)

13
· ∂µ

(
∂νUU

† + ∂µU
†U
)

31

]
∼ 0 (44)

〈π+π−π0|ϑ0,b
ChPT|η〉 = 0. (45)

ϑd|∆I|=1 = −2GF√
2
vi[Im(C21

quWϕ) + Im(C12
qdWϕ)] [(s̄σµνγ5u)∂µ(ūγνγ5Vuss)

+(ūσµνγ5s)∂µ(s̄V ∗usγνγ5u)] (46)

⇒ 2GF√
2
v[Im(C21

quWϕ) + Im(C12
qdWϕ)]Vus

iΛ2

2F 2
0[(

∂µUU
†∂νU + ∂νU

†U∂µU
†)

31
· ∂µ

(
∂νUU

† − ∂µU †U
)

13

+
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
13
· ∂µ

(
∂νUU

† − ∂µU †U
)

31

]
∼ 0 (47)

〈π+π−π0|ϑ1,d
ChPT|η〉 = 0. (48)

ϑe|∆I|=1 = Cb
1

GF√
2
vi[(ūσµνγ5u) + (d̄σµνγ5d)]∂µ(−ūγνγ5u+ d̄γνγ5d), (49)

⇒ −Cb
1

GFv√
2

iΛ2

2F 2
0

[(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
11

−
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
22

]
·

∂µ
[
−
(
∂νUU

† − ∂µU †U
)

11
+
(
∂νUU

† − ∂νU †U
)

22

]
∼ Cb

1

GFv√
2

iΛ2

2F 2
0

16

F 4
0

sin (ε) cos (ε)
(
−η∂µπ+∂νπ

−∂ν∂µπ
0 + η∂νπ

+∂µπ
−∂ν∂µπ

0

+π+∂µη∂νπ
−∂ν∂µπ

0 − π+∂νη∂µπ
−∂ν∂µπ

0

−π+∂µπ
−∂νπ

0∂ν∂µη + π+∂νπ
−∂µπ

0∂ν∂µη

−π−∂µη∂νπ+∂ν∂µπ
0 + π−∂νη∂µπ

+∂ν∂µπ
0

+π−∂µπ
+∂νπ

0∂ν∂µη − π−∂νπ+∂µπ
0∂ν∂µη

−π0∂µπ
+∂νπ

−∂ν∂µη + π0∂νπ
+∂µπ

−∂ν∂µη
)

(50)
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〈π+π−π0|ϑ1,e
ChPT|η〉 = 0. (51)

ϑc|∆I|=0 = Cb
0

GF√
2
vi
{

[(ūσµνγ5u)− (d̄σµνγ5d)]∂µ(−ūγνγ5u+ d̄γνγ5d)

+
[
(d̄σµνγ5u)∂µ(ūγνγ5d) + (ūσµνγ5d)∂µ(d̄γνγ5u)

]}
(52)

⇒ −Cb
0

GFv√
2

iΛ2

2F 2
0

{[(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
11

−
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
22

]
·

∂µ
[
−
(
∂νUU

† − ∂µU †U
)

11
+
(
∂νUU

† − ∂νU †U
)

22

]
+ ∗

[(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
21
· ∂µ

(
∂νUU

† − ∂µU †U
)

12

+
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
12
· ∂µ

(
∂νUU

† − ∂µU †U
)

21

]}
∼ Cb

0

GFv√
2

iΛ2

2F 2
0

8√
3F 4

0

{
cos2 (ε) ·

(
2∂µπ

+∂νπ
−∂ν∂µπ

0 + ∂µπ
+∂νπ

0∂ν∂µπ
−

−2∂νπ
+∂µπ

−∂ν∂µπ
0 − ∂νπ+∂µπ

0∂ν∂µπ
−

−∂µπ−∂νπ0∂ν∂µπ
+ + ∂νπ

−∂µπ
0∂ν∂µπ

+
)
η

sin2 (ε) ·
(
∂µη∂νπ

+∂ν∂µπ
− − ∂µη∂νπ−∂ν∂µπ+

−∂νη∂µπ+∂ν∂µπ
− + ∂νη∂µπ

−∂ν∂µπ
+

−2∂µπ
+∂νπ

−∂ν∂µη + 2∂νπ
+∂µπ

−∂ν∂µη
)
π0
}

(53)

〈π+π−π0|ϑ0,c
ChPT|η〉 = 0. (54)
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ϑa|∆I|=2 = Cb
2

GF√
2
vi
{

[(ūσµνγ5u)− (d̄σµνγ5d)]∂µ(−ūγνγ5u+ d̄γνγ5d)

−2
[
(d̄σµνγ5u)∂µ(ūγνγ5d) + (ūσµνγ5d)∂µ(d̄γνγ5u)

]}
(55)

⇒ −Cb
2

GFv√
2

iΛ2

2F 2
0

{[(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
11

−
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
22

]
·

∂µ
[
−
(
∂νUU

† − ∂µU †U
)

11
+
(
∂νUU

† − ∂νU †U
)

22

]
−2 ∗

[(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
21
· ∂µ

(
∂νUU

† − ∂µU †U
)

12

+
(
∂µUU

†∂νU + ∂νU
†U∂µU

†)
12
· ∂µ

(
∂νUU

† − ∂µU †U
)

21

]}
∼ Cb

2

GFv√
2

iΛ2

2F 2
0

16
√

3

F 4
0

[
cos2(ε)

(
∂µπ

+∂νπ
−∂ν∂µπ

0 − ∂µπ+∂νπ
0∂ν∂µπ

−

−∂νπ+∂µπ
−∂ν∂µπ

0 + ∂νπ
+∂µπ

0∂ν∂µπ
−

+∂µπ
−∂νπ

0∂ν∂µπ
+ − ∂νπ−∂µπ0∂ν∂µπ

+
)
η

+ sin2(ε)
(
−∂µη∂νπ+∂ν∂µπ

− + ∂µη∂νπ
−∂ν∂µπ

+

+∂νη∂µπ
+∂ν∂µπ

− − ∂νη∂µπ−∂ν∂µπ+

−∂µπ+∂νπ
−∂ν∂µη + ∂νπ

+∂µπ
−∂ν∂µη

)
π0
]

(56)

〈π+π−π0|ϑ2,a
ChPT|η〉 = 0. (57)

where

Ca
0 =

1

2

(
C11
quZϕ + C11

qdZϕ

)
, (58)

Ca
1 =

1

2

(
C11
quZϕ − C11

qdZϕ

)
, (59)

Cb
1 =

1

2

(
C11
quZϕ + C11

qdZϕ

)
, (60)

Cb
0 =

1

3

{
C11
quZϕ − C11

qdZϕ − 2Vud[Im(C21
quWϕ) + Im(C12

qdWϕ)]
}
, (61)

Cb
2 =

1

3

{
2[Im(C21

quWϕ) + Im(C12
qdWϕ)] +

1

2
(C11

quZϕ −
3

2
C11
qdZϕ)

}
. (62)

Thus all the quark-only operators with definite isospin that can contribute to η →
π+π−π0 listed in Ch. 7 vanish at O(p4). This conclusion is important to indicate that
the real and imaginary parts of CP violating amplitudes can appear at the same order
in ChPT, which is structurally analogous to that of the CP conserving amplitude
calculation from the SM. This supports the validity of our claim in studying the
patterns of CP violation in η → π+π−π0 decays in Ch. 6 or in Gardner and Shi [92],
that the dominant strong phases of the ChPT amplitudes for the SM CP-conserving
η → π+π−π0 can be used to determine the strong phases associated with the new
physics amplitudes. For the evaluation of η → π+π−π0 decay using the new operators
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we found in Ch. 7, in future work, we can get the π− π scattering amplitudes MI(z)
with I = 1, 2 from any of our new operators in O(p4) in a one–loop graph taken to
O(p6).

Copyright c© Jun Shi, 2020.
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chapter 9

SUMMARY AND OUTLOOK

We have found η → π+π−π0 decay is an ideal process for studying new CP violating
mechanisms beyond the SM, since the CPV contribution from the SM to this channel
is very small as discussed in Ch. 1 and 3, and as we have established in Ch. 7, and
there is no obvious direct relation to limits from permanent EDM searches.

We first studied patterns of CP violating amplitudes from analyzing the possibility
of an asymmetric energy distribution in the η → π+π−π0 Dalitz plot. We found that
the possibility of a CPV I = 2 amplitude is much more suppressed than that of a
CPV I = 0 amplitude. We have shown that our method is a discriminating way
of separating I = 0 and I = 2 final states by only using the distribution of mirror
symmetry breaking in the Dalitz plot.

To discover the CP violating sources contributing to η → π+π−π0, we have in-
vestigated the C, P and CP properties of mass-dimension 6, baryon number conserv-
ing SMEFT operators. Working at energies just below the masses of weak gauge
bosons, we carefully separate the P-odd CP-odd and C-odd CP-odd operators for
flavor-changing and flavor-conserving interactions respectively. We have found that
in flavor-changing processes the P-odd CP-odd operators and C-odd CP-odd opera-
tors from SMEFT are strongly related, either with the same low energy coefficients
or different linear combinations of the same low energy coefficients, and their low-
est mass-dimensions are both 6. However, for flavor-conserving processes, the P-odd
CP-odd operators and C-odd CP-odd operators are very different, with only one oper-
ator which is mass-dimension 8 from each set having the same low energy coefficients.
Moreover, we note that the lowest mass-dimension for P-odd CP-odd operators from
SMEFT is 6, while the one for C-odd and CP-odd operators is 8. The only common
operator for P-odd CP-odd and C-odd CP-odd flavor-conserving interactions will
show some connection from nEDM to η → π+π−π0. We have also determined the C-
odd and CP-odd operators with definite isospin that can contribute to η → π+π−π0

decay.
Finally, we show how the new C and CP violating operators with quarks degrees of

freedom can be matched onto ChPT operators with mesons as the degrees of freedom.
In this way we can evaluate the ChPT CP-violating amplitudes of η → π+π−π0. We
found the operators that can contribute to η → π+π−π0 decay all vanish at lowest
order, i.e. O(p4) of ChPT. These results are consistent with our procedure in Gardner
and Shi [92] that the strong phases in the ChPT SM η → π+π−π0 amplitudes can
be used to determine the strong phases in the CP-violating new physics amplitudes.
Note for the new operators we found in Ch. 7, we can also determine the imaginary
parts of the π − π rescattering amplitudes M1(z) and M2(z) from any of the new
physics operators in O(p4) in a one–loop graph taken to O(p6) as an additional check
of our procedures. With the low energy coefficients constrained by experiments, we
are hopeful that we can figure out which of the new physics operators can give the
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biggest effect.
In the future, we plan to write a separate paper on our extension of Watson’s

theorem [232, 276, 79] to study two body rescattering within three body final states,
with the supporting result that our O(p4) study of the new operators is consistent
with that result and with the SM computation of the strong phases [92]. We could
also use empirical information on the two-pion phase shifts in L, I (where L and I
stand for orbital angular momentum and isospin, respectively) to make a new and
possibly better prediction of the final-state phases in η → π+π−π0 decay.

Copyright c© Jun Shi, 2020.
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