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Chapter 1: Introduction

In this chapter, we will introduce all the physics and mathematics necessary for

a fundamental understanding of how pulsar timing arrays (PTAs) can be used

to search for gravitational waves (GWs). First, in §1.1, we outline (very briefly)

why PTAs can be used to detect GWs. Next, in §1.2, we will derive the pulsar

timing residuals (see §1.1 for the definition of a “timing residual”) induced by a

GW following the pedagogical derivation in Ref. [85]. Then, in §1.3 we will present

the residuals induced by several different types of GW signals. Next, in §1.4, we

will discuss the pulsar timing model in full and present a short derivation of the

likelihood function used in PTA data analysis. Finally, in §1.5, we will discuss how

Bayesian inference techniques are used in PTA data analysis.

1.1 Pulsar Timing Arrays

Pulsars are neutron stars that emit beams of electromagnetic radiation from their

magnetic poles that can be detected as periodic pulses in telescopes on Earth.

Millisecond pulsars (MSPs) fast-spinning pulsars that have incredibly stable rota-

tional frequencies, and their rotational phases can be precisely tracked over very

long timescales (∼ decades)[44, 79]. The electromagnetic radiation from a pulsar

can be detected as periodic pulse in a telescope on Earth.
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PTAs use a network of millisecond pulsars (MSPs) to detect changes in the

space-time metric. As gravitational waves (GWs) pass over the line of sight from

the Earth to an MSP, the geodesics of the emitted photons are lengthened or short-

ened, and the pulse times of arrival (TOAs) are delayed or advanced, respectively.

The difference between the observed TOA and the expected TOA is defined as the

“timing residual”. The rotational stability of an MSP makes it possible to detect

the incredibly small timing residuals induced by a GW. As a result, an array of

MSPs can be used to form a GW detector [44, 51, 57, 103].

1.2 Pulsar Timing Residuals from GWs

We can understand the effect of a GW on a timing residual by studying the effect

that a GW has on the geodesic of photons emitted from a pulsar as they travel

to Earth. The steps of this derivation closely follow those shown in Ref. [85].

Consider a system with the Earth, a single pulsar, and a GW. Without loss of

generality, let us orient the system so that the GW is traveling along the z-axis

and place the pulsar at the origin with the Earth a distance da away along the

unit vector n̂ = (nx, ny, nz) with |n̂| = 1. Finally, let Tpsr be the rotational period

of the pulsar. The spacetime interval ds2 with a metric perturbation originating

from a GW traveling along the z-axis in the transverse-traceless (TT) frame

ds2 = −dt2 + dxidxj[δij + hTT
ij (t,x(t))], (1.1)
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where i and j index the three spatial dimensions, hTT
ij is the time-dependent GW

strain, x(t) gives the path of the photon, and we have used a unit system in which

the speed of light c = 1. Then, we can parameterize the unperturbed trajectory of

the photon with an affine parameter λ

xi(λ) = niλ, (1.2)

so that

dxi = nidλ. (1.3)

Substituting into Equation 1.1, and using the fact that photons travel along null

geodesics (ds2 = 0)

dt2 = dλ2[1 + ninjhij(t,x(t)]. (1.4)

Assuming the perturbation hij is small, we can approximate

dt ≈ dλ[1 +
ninj

2
hij(t,x(t))]. (1.5)

Rearranging and approximating again yields

dλ = dt[1 − ninj

2
hij(t,x(t))]. (1.6)
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We can now integrate this from the photon emission time tem to some observation

time tobs

∆λ = dEarth =

∫ tobs

tem

[1 − ninj

2
hij(t,x(t))] dt

= tobs − tem − ninj

2

∫ tem+dEarth

tem

hij(t,x(t)) dt, (1.7)

where dEarth is the distance from the pulsar at the origin to the Earth. We have

also used the unperturbed travel time of the photon in hij(t,x(t)) since the integral

on the right-hand side is already to first order in the small quantity hij. Solving

for the observation time yields

tobs = tem + dEarth +
ninj

2

∫ tem+dEarth

tem

hij(t,x(t)) dt. (1.8)

Repeating this for the subsequent pulse that later emitted one rotation of the

pulsar (Tpsr) and introducing a small variable change tem → tem + Tpsr, we obtain

t′obs = tem + Tpsr + dEarth +
ninj

2

∫ tem+dEarth

tem

hij(t+ Tpsr,x(t)) dt. (1.9)

Taking the difference between these two times yields

t′obs − tobs = Tpsr +
ninj

2

∫ tem+dEarth

tem

∂hij(t,x(t))

∂t
dt

= Tpsr + ∆T, (1.10)
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where the quantity ∆T is defined to be the perturbation to the rotational period of

the pulsar induced by the GW (the integral term). Again, we use the unperturbed

time and trajectory

x(t) = −(tem + da − t)n̂, (1.11)

since the perturbations introduce higher order effects to the already-small hij. We

also make the remark that this expression comes from Taylor approximation in

the first argument of hij(t,x(t)). As such, the partial derivative only acts on the

explicit t-dependence, not the dependence of the path x(t) on the time. If we

assume the functional form of the gravitational wave to be

hij(t,x(t)) = Aij(n̂GW)u(t− n̂GW · x), (1.12)

where the tensor Aij is a linear combination of +- and ×-polarization tensors, e+ij

and e×ij, and u(t− n̂GW ·x) carries the time-dependent propagation of the GW. For

a GW travelling along the z-axis, these basis tensors are

e+ij =


1 0 0

0 −1 0

0 0 0

 e×ij =


0 1 0

1 0 0

0 0 0

 . (1.13)

The general polarization vectors for any GW may be simply computed using stan-

dard rotation matrices. then, condensing tem + da = tobs and using a substitution,
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we can evaluate the integral

∫ tobs

tem

∂hij(t,x(t))

∂t
dt =

1

(1 − n̂GW · n̂)
[hij(tobs,x(tobs)) − hij(tem,x(tem))]. (1.14)

We find the surprising result that apparent fractional change in the pulsar

rotational period ∆T/T depends only on the difference between the metric at the

observation point and the deferred time at the emission point. We define this

fractional change in the period (or equivalently rotational frequency) to be the

redshift z(t) induced by some perturbation to the metric hij(t,x(t))

z(t) ≡ ν0 − ν(t)

ν0
=

∆T

Tpsr
, (1.15)

where ν0 is the actual rotational frequency and ν(t) is the observed rotational

frequency after accounting for the effect of the GW. Substituting our previous

result to compute the redshift gives

z(t) =
ninj

2(1 − n̂GW · n̂)
[hij(t,xEarth) − hij(t− da,xpsr)]. (1.16)

The timing residuals with respect to some reference time t0 = 0 are computed by

integrating the redshift until the observation time of the photon tobs

R(t) =

∫ tobs

0

dt′ z(t′). (1.17)

This quantity then gives the total advance/delay induced by perturbations to the
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spacetime metric by some GW. We can use this formula to predict the residual

signature of different kinds of GWs.

1.3 GW Signal Models

1.3.1 Nonlinear GW Memory

Linear GW memory was first predicted in Zel’dovich and Polnarev [130] to arise

from unbound scattering events of compact objects like neutron stars. They find

that over the course of a single scattering event, there is a change to the stress-

energy tensor resulting from the change in the “Coulomb-like” gravitational poten-

tial. This causes a permanent change in the spacetime metric after the scattering

event. This effect is called “linear” memory. Later, it was discovered that the en-

ergy carried away by GWs in any GW-producing event also sources a permanent

change to the stress-energy tensor and thus the spacetime metric [19, 32, 115].

Although this effect comes from higher order terms that are usually neglected in

linearized gravity, the resulting permanent changes in the metric from this type of

memory are the same order of magnitude as the metric perturbations in linearized

theory. Thus, the memory originating from emitted GWs is called “nonlinear”

memory. While any GW-emitting event can produce this type of memory, it is

expected that the only sources which will yield detectable memory are those which

emit huge amounts of energy via GWs [115, 124].

For a circularized orbit of two black holes with reduced mass-ratio η, total mass
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Mtot, at a comoving distance R, whose orbital plane has an inclination angle of ι,

the difference in GW strain ∆h+ before and after the coalescence is [53]

∆h+ =
ηMtot

384πR
sin2 ι(17 + cos2 ι)h0 (1.18)

There is no cross-polarized component from circularized binaries [10, 124]. The

intrinsic strain h0 is determined by the evolution of the mass quadrupole moment

of the source [53]

h0 =
1

ηMtot

∫ Tf

−∞
dt |d

3I22
dt3

|2 (1.19)

Pulsar timing experiments have observation cadences which are infrequent enough

to be insensitive to the rise-time of the memory signal [35, 118]. Thus, we consider

only the DC-component of the signal. In other words, as a memory wavefront

crosses over either the Earth or over the α-th pulsar, there will be a nonzero

difference in the metric at the two objects, resulting in an observed redshift in the

rotational frequency of the observed pulsar. This can be quantitatively expressed

using Equation 1.16

zα(t) = ∆h+Bα(θ, ϕ)(Θ(t− te) − Θ(t− tp)) (1.20)

where we have adopted a more condensed notation B(θ, ϕ) for the antenna pattern

more commonly used in literature [35, 82, 118]. B(θ, ϕ) captures the geometric

antenna response pattern of the pulsar to the GW, Θ is the Heaviside function

representing the DC-effect of the memory signal, te is the time the burst passes
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over the Earth, and tp is the time at which the same burst passes (or passed) over

a pulsar. The new parameters θ and ϕ give the angle between the propagation

direction of the wave n̂GW and the pulsar direction n̂α, and ϕ is the angle between

the principal polarization vector of the wave and the projection of the pulsar

direction onto a plane perpendicular to n̂GW, respectively.

This signal is completely deterministic. We can compute the integral of this

redshift in the α-th pulsar analytically, since the only time dependence is in the

Heaviside function. We also remark that the inter-pulsar distances and Earth-

pulsar distances in a PTA experiment are long enough (∼ kpc) that pulsar timing

experiments (with observation times lines of ∼ decades) are not able to see the

same memory wave front travel over both the Earth and a pulsar. Additionally, a

memory wavefront that crosses over only one pulsar will not produce compelling

evidence for a detection of memory. This is because pulsars are known to spon-

taneously “glitch”. A pulsar glitch is a rapid spin-up event resulting in a sudden

increase in the rotational frequency [62]. It is believed that glitches are the result of

While MSPs glitch less often than canonical pulsars, there have been observations

of MSP glitches [34, 91]. There has also been a report of the first “anti-glitch”, or

sudden decrease in rotational frequency, observed in a pulsar [116]. However, this

phenomenon seems to be relatively rare.

With this in mind, we will consider the memory signal resulting from a memory

wave front passing over the Earth. The integral of the Earth-term in Equation 1.20
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Figure 1.1: An example of the expected residual signature in a pulsar whose rota-
tional frequency is red-shifted by the GW memory effect. In this plot, the memory
wavefront passes by the Earth at some burst epoch t0 = 2000 MJD.

gives the expected timing residuals for the alphath pulsar

Rmem
α (t) = ∆h+Bα(θ, ϕ)Θ(t− te)(t− te) (1.21)

A cartoon of this residual signature is shown in Figure 1.1. When searching for this

signal in PTAs, it is possible to use the deterministic antenna response to coherently

search for this signal. In other words, the addition of data from multiple pulsars

will compound the detectability of the signal.
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We will conclude this brief discussion of the nonlinear GW memory signal

here. However, there will are more details on the physics of nonlinear memory in

section 2.1.

1.3.2 Stochastic GW Background

In this section, we will discuss the expected residual signature from a stochastic

GW background (SGWB). While the focus of this work is on the search for nonlin-

ear GW memory, it has been shown that there is strong evidence for a SGWB [1].

Additionally, several works have shown that the expected signature of the SGWB

has a strong covariance with nonlinear GW memory and adversely affects detec-

tion prospects [35, 82, 111]. As a result, it is important to understand the effect

that the SGWB has on pulsar timing residuals and the detectability of nonlinear

memory.

The SGWB is assumed to be a direct result of the combination of many

monochromatic signals from an ensemble of uniformly distributed SMBHB sys-

tems. This background is assumed to be isotropic, unpolarized, and stationary.

The “smoking gun” signature of a SGWB comes in the form of correlations be-

tween the GW-induced redshifts of different pairs of pulsars. It can be shown that

for two pulsars α and β, the correlation in redshifts ⟨z∗β(t)zα(t)⟩ resulting from a

stochastic background [64]

⟨z∗β(t)zα(t)⟩ =
1

2

∑
A=+,×

∫ ∞

−∞
df

∫
d2n̂GW

4π
Sh(f)FA

α (n̂GW)FA
β (n̂GW), (1.22)
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where the quantity FA
α (n̂gw) is the antenna response function of the α-th pulsar to

the GW given by

FA
α (n̂gw) =

niαn
j
αe

A
ij(n̂gw)

2(1 + n̂gw · n̂α)
, (1.23)

and Sh(f) is the one-sided power spectral density of the SGWB defined by the

correlator

⟨h̃∗A(f, n̂)h̃A′(f ′, n̂′)⟩ =
δ2(n̂GW − n̂′

GW)

4π
δ(f − f ′)δAA′

1

2
Sh(f). (1.24)

The integral over solid angle can be analytically computed after some tedious

algebra [7]. We skip the details involved and report the final result. We define the

function

C(θαβ)≡
∫
d2n̂GW

4π

∑
A=+,×

FA
α (n̂GW)FA

β (n̂GW) (1.25)

= xαβ log xαβ −
1

6
xαβ +

1

3
, (1.26)

where xαβ is a parameter determined solely by the angular separation of the α-th

and β-th pulsars

xαβ ≡ 1

2
(1 − cos θαβ) (1.27)

We can also express the correlations in the residuals instead of the redshifts

⟨Rα(t)Rβ(t)⟩ ≃ ζ(θαβ)

∫ fh

fl

df Pg(f), (1.28)
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where fl and fh are low- and high-frequency cutoffs determined by the total timing

baseline and pulsar observation cadence (see §1.4 for how these are defined in PTA

experiments), Pg(f) is defined to be

Pg(f) =
h2c(f)

12π2f−13/3
, (1.29)

where hc(f) is called the “characteristic strain” of the background and ζ(θαβ) is

related to the above correlator C(θαβ) by

ζ(θαβ) ≡ 3

2
C(θαβ) =

3

2
xαβ −

1

4
xαβ +

1

2
. (1.30)

This correlation pattern is shown in Figure 1.2, and is the smoking gun for

detecting a SGWB. This correlation pattern is nearly quadrupolar, resulting from

the quadrupolar shape of the +- and ×-polarization tensors. However, the direc-

tion of photon travel breaks the perfectly symmetric quadrupolar correlations by

introducing a preferred direction. Some photons will “surf” along the same phase

of any gravitational waves that are parallel to their trajectories. This results in

the “broken” quadrupole shape for pulsars with separations of about 180◦.

The characteristic strain is defined to be

hc(f) ≡
√
fSh(f), (1.31)

and describes the strain of the SGWB at different frequencies weighted by the

number of cycles that different frequency components spend in-band. For a SGWB
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from an ensemble of SMBHBs as a function of pulsar angular separation θαβ.
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of inspiralling SMBHB systems, the characteristic strain is predicted to be [99]

hc(f) = ASGWB,1yr

(
f

1yr−1

)−2/3

, (1.32)

where we have used the traditional expression that uses a reference frequency of

fref = 1yr−1 and a reference strain amplitude at this frequency ASGWB,1yr. Sub-

stituting this characteristic strain into Equation 1.29 yields the expected power

spectrum of the SGWB

Pg(f) =
A2

SGWB,1yr

12π2

(
f

1yr−1

)−13/3

. (1.33)

This signal is stochastic because it is the incoherent combination of many sources

distributed throughout the universe. Furthermore, the GW strains at the Earth

and at each pulsar are effectively decoupled, since they are separated by distances

far greater than the decades-long operational timelines of pulsar timing exper-

iments. Thus, the evidence for a SGWB comes from detection of significantly

HD-correlated noise that has the power spectrum in Equation 1.33.

We conclude the description of the signal here, and discuss further how to

detect this signal quantitatively in pulsar timing data in the next section.

1.4 Pulsar Timing Models and the PTA likelihood

In this section, we will explain the pulsar residual models as used in PTA GW

data analysis. The full expression of the residual model for a single pulsar that
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we will use is a sum of time series contributions from different physical processes.

This can be written [15] as

r⃗α = n⃗+ F a⃗+ FGWa⃗GW +M ϵ⃗+ δ⃗tdet, (1.34)

where n⃗ are contributions from Gaussian white noise (WN), F and a⃗ are the

Fourier basis and coefficients, respectively, which model Gaussian noise at different

frequencies, FGW and a⃗GW are the Fourier basis and coefficients, respectively, which

model the power spectrum of the background, M and ϵ⃗ are the so-called “design

matrix” and errors in the linearized pulsar timing model, and δ⃗tdet is a timeseries

of deterministically computable residuals from a GW signal (such as nonlinear GW

memory). We will discuss each of these terms in more detail.

The white noise term accounts for contributions to the residuals which are as-

sumed to be Gaussian-distributed. In practice, this noise process is parameterized

by a few different quantities that account for contributions to the noise from dif-

ferent parts of the data acquisition pipeline. However, it is still assumed that the

overall statistics of the noise follow a normal distribution. Arzoumanian et al. [12]

contains more details about each of the white noise parameters.

The components FGWa⃗GW and F a⃗ both use a Fourier series to model noise at
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different frequencies. Quantitatively:

F =



cos(2πf1t0) sin(2πf1t0) · · · cos(2πfNf
t0) sin(2πfNf

t0)

cos(2πf1t1) sin(2πf1t1) · · · cos(2πfNf
t1) sin(2πfNf

t1)

...
...

...
...

cos(2πf1tNtoas) sin(2πf1tNtoas) · · · cos(2πfNf
tNtoas) sin(2πfNf

tNtoas)


,

(1.35)

and

a =



a1

b1

a2

b2
...

aNf

bNf



, (1.36)

Where in F , each frequency fn is defined to be

fn =
n

T
. (1.37)

where T is the total observing time span of either the pulsar (if we are considering

intrinsic pulsar noise) or the entire PTA (when considering the SGWB). The col-

umn vector a contains all the Fourier coefficients that parameterize the Gaussian

noise process. Following Nyquist’s theorem, the high-frequency cut off is bounded

by the cadence of pulsar timing observations, and the low-frequency cutoff is lim-
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ited by the total timing baseline such that f1 = 1/T . However, in practice, the

high frequency cutoff is selected based on how much of the power spectrum will be

contained within the frequency cutoffs for both the pulsar-intrinsic red noise and

global GWB red noise.

Recall that the SGWB is expected to have a power spectrum consistent with

red noise (as in Equation 1.29 and Equation 1.32). The intrinsic noise exhibited

by MSPs has been shown to have very similar properties that can be similar to

the SGWB power spectrum [105]. As a result, it is necessary to model both

noise processes independently. It is common to model the intrinsic spin-noise of

MSPs as a red noise process. Unlike the SGWB, there is no expected value for

the amplitudes and spectral indices of these noise processes in different pulsars.

Quantitatively, we use a similar red noise power law for the spin-noise as we use

for the SGWB defined by some amplitude and spectral index

Ppsr(f) = A2
psr,1yr

(
f

f1yr

)−γ

. (1.38)

The second-to-last term on the right-hand side of Equation 1.34 (M ϵ⃗) accounts

for errors in the timing model for each pulsar. When the full TOA series for each

pulsar is created, the timeseries is fit with a timing solution which estimates many

different parameters that account for variations in pulse TOAs such as changes

to the rotational period and period-derivative, parallax, proper motion, binary

parameters (for pulsars in binary systems), and more. The parameters of these

complex timing solutions have some uncertainties. We assume that the timing
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parameters are close to the “true” values and that we can Taylor expand linearly

around the parameter values chosen by the timing solution. The vector ϵ⃗ represent

the variations of each timing parameter, and the matrix M is called the “design

matrix” and gives the basis which determines how small variations in timing pa-

rameters affect the full TOA series. For example, in a model in which we allow for

variations in initial pulsar rotational phase, frequency and frequency-derivative,

the design matrix M and parameter errors ϵ⃗ schematically look like:

M =



1 t0 t20

1 t1 t21
...

1 tNTOA
t2NTOA


, (1.39)

and

ϵ⃗ =


ω0

ω1

ω2

 . (1.40)

This corresponds to fitting out constant, linear, and quadratic contributions which

arise from having incorrect values for the three aforementioned parameters in the

timing solution.

The final term in the time series represents any deterministic contributions

induced by a GW signal, such as nonlinear GW memory.

Using this residual model, it is possible to construct a likelihood for all model

parameters described above. Let us call the collection of parameters that describe
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the full residual model θ⃗. Then, we construct the likelihood by computing the

probability that the residuals minus the modeled processes gives a Gaussian white

noise time series. In other words, from Equation 1.38, given a set of model parame-

ters θ⃗, we compute the corresponding contributions (denoted by primed quantities)

to the total residual model and subtract them from the full residual model to form

a guess for the underlying white noise process

r⃗− F a⃗′ − FGWa⃗
′
GW −M ϵ⃗′ − δ⃗t′det = n⃗′. (1.41)

Thus, the likelihood that these θ⃗, denoted by p(r⃗|θ⃗) below, accurately describe

the residuals is

p(r⃗|θ⃗) =

(
1√

det(2πN)

)
exp

(
n⃗′TN−1n⃗′

)
, (1.42)

where above, the matrix N is a white-noise covariance matrix that describes the

underlying white noise process. In practice, this turns out to be computation-

ally impractical. The high dimensionality of total residual model means that it

is impossible in practice to explore the entire parameter space when performing

parameter estimation or model selection. Fortunately, it is possible to simplify the

parameter space by marginalizing over some nuisance parameters. First, we make

the remark that the Fourier coefficients used to model the SGWB and intrinsic pul-

sar spin noise are less interesting to GW astronomers than the parameters of the

power spectra which describe them. This is because the dominant belief is that the

background is completely stochastic, and the details of one particular realization
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of the background (in the form of the Fourier coefficients), and more interested in

the statistical characteristics of the background encoded by the hyperparameters.

As a result, we can parameterize the red noise processes using the hyperparam-

eters A and γ from Equation 1.38 and Equation 1.32. This makes it possible to

marginalize over the independent Fourier coefficients using hyperpriors informed

by these hyperparameters. Additionally, it has been shown that it is possible to

analytically marginalize over timing model errors (carried by ϵ⃗), further reducing

the dimensionality of the parameter space. We will skip over the mathematical

details, but more detail on these two elegant “tricks” are discussed in detail in

Arzoumanian et al. [12], Lentati et al. [76]. The resulting marginalized likelihood

used in practice is

L(θ⃗) = p(r⃗|θ⃗) =

(
1√

det(2πC)

)
exp

(
(r⃗′ − δ⃗t′det)TC−1(r⃗′ − δ⃗t′det)

)
(1.43)

where the new covariance matrix is defined

C = N + TBT T (1.44)

with N being the white noise covariance matrix, T defined by

T =

[
M F FGW

]
, (1.45)

and B defined to be a matrix which gives the covariances for the parameters which



22

we marginalize over and encode with hyperparameters

B =


∞ 0 0

0 ϕ 0

0 0 ϕGW

 , (1.46)

where the ∞ gives the priors on the timing model errors, and ϕ and ϕGW are

the Gaussian covariance prior matrices on the Fourier coefficients which describe

pulsar spin noise and the SGWB-induced red noise informed by the amplitudes

and spectral indices of the two processes.

In this discussion, we have provided a very brief description of the full marginal-

ized likelihood used in PTA data analysis. The key point is that this form of the

likelihood eliminates consideration of the timing model parameters and encodes the

intrinsic pulsar spin noise and SGWB using only the hyperparamaters required to

characterize a power spectral density in the form of a red noise power law. Sta-

tistical inferences made about pulsar spin noise and the SGWB are mostly in the

form of constraints on these hyperparameters.

1.5 Statistical Inference in PTAs

In this work, we often use Bayesian inference to perform two different kinds of

analyses: model selection and parameter estimation. Bayesian inference relies on

the use of Bayes’ theorem to evaluate the posterior probability of model parameters

conditioned on observed data. Consider a model M with model parameters θ⃗M
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and some observed data d⃗. Bayes’ theorem gives the posterior probability for a

set of model parameters

p(θ⃗M|d⃗) =
p(d⃗|θ⃗M)p(θ⃗M)

p(d⃗)
, (1.47)

where the left-hand-side term is called the “posterior” probability of θ⃗M, p(d⃗|θ⃗M)

is called the “likelihood” (which we have shown an example of in Equation 1.43

above), p(θ⃗M) is called the “prior”, and p(d⃗) is called the “evidence”. The posterior

probability gives the probability distribution for the model parameters conditioned

on the observed data. The likelihood gives the probability that the observed data

resulted from the model parameters being evaluated. The prior encodes any previ-

ous knowledge about the model parameters; often in PTA data analysis, the priors

used are ignorance priors in the form of uniform or log-uniform priors which are

uniform over the parameter space or uniform over each order of magnitude of the

parameter space, respectively. Finally, the evidence is the probability of having

observed this data integrated over all possible values of the model parameters. In

Bayesian parameter estimation problems, however, this term is constant and has

the function of normalizing the posterior probability distribution. For parame-

ter estimation problems, these posterior distributions can be estimated using

a Monte-Carlo sampling technique. The resulting posteriors then represent the

possible parameter values conditioned on observed data.

These posterior probability distributions can also be used to compute odds

ratios for different models in model selection problems (e.g. selecting between
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a model with a global HD-correlated SGWB versus a model with only intrinsic

pulsar red noise, or selecting between models including or excluding a nonlinear

GW memory event at some epoch). We can compute the posterior for some i-th

model p(Mi|d⃗) using Bayes’ theorem.

p(Mi|d⃗) =
p(d⃗|Mi)p(Mi)

p(d⃗)
, (1.48)

where the likelihood p(d⃗|Mi) is

p(d⃗|Mi) =

∫
dθ⃗i p(Mi|d⃗, θ⃗i)p(θ⃗i|M). (1.49)

Note that in this likelihood, we have integrated over all possible values of the

model parameters θ⃗i for the model Mi so that this is now a global likelihood for

this model. The odds ratio Oij in favor of Mi over Mj is then the ratio of the

posterior probabilities for the two models

Oij =
p(Mi|d)

p(Mj|d)
=
p(d⃗|Mj)

p(d⃗|Mj)

p(Mi)

p(Mj)
≡ Bij

p(Mi)

p(Mj)
. (1.50)

The likelihood ratio Bij is called the “Bayes factor”. In model selection problems

in which each model is equally preferred by the prior, the Bayes factor is exactly

equal to the odds ratio.

For both parameter estimation and model selection in PTA searches for GWs,

the posterior probabilities are computed using Markov-Chain Monte Carlo (MCMC)

sampling methods. In general, MCMC samplers can obtain samples from a target
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probability distribution that may be otherwise infeasible to sample from. In this

case, the target distribution is either the multivariate posterior probability distri-

bution of model parameters for parameter estimation problems, or the posterior

distribution over signal-model space. It has been shown that MCMCs are capa-

ble of directly computing odds ratios of different models through product-space

sampling [77].

The common algorithm used for MCMC sampling in PTA data analysis is the

Metropolis-Hastings algorithm. This algorithm uses the following steps to compute

some target distribution Ptarget(θ⃗):

1. Pick some random initial point in parameter space θ⃗.

2. Use a proposal distribution π(θ⃗
′|θ⃗) to choose a new point in parameter space

3. Accept or reject the new point θ⃗
′

with an acceptance probability defined by

pacc(θ⃗
′
, θ⃗) = min

(
1,
ptarget(θ⃗

′
)π(θ⃗

′|θ⃗)

ptarget(θ⃗)π(θ⃗|θ⃗′)

)

4. If the step is accepted, record the proposed point θ⃗
′

and replace the current

point with the accepted new point θ⃗ → θ⃗
′
; otherwise, record the original

point θ⃗.

5. Repeat creating and accepting/rejecting proposals (steps 2 and 3) until there

are enough recorded points in parameter space to resolve the target distri-

bution ptarget(θ⃗)
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This algorithm is guaranteed to asymptotically approach the target distribu-

tion. If the acceptance ratio shown above is chosen to be the posterior probability

ratio, then the target distribution is simply the full posterior probability distribu-

tion. Additionally, this algorithm is very efficient for sampling high-dimensional

parameter spaces. For PTA analyses, which can require order 100-dimensional

parameter spaces, this efficiency is key. There are additional features which can

be used to further increase the efficiency, such as adaptive jump proposals and

parallel tempering.

While MCMC sampling using an adaptive Metropolis-Hastings algorithm is

generally popular, there are also alternative sampling algorithms, such as Hamil-

tonian Monte Carlo [58] and Gibbs sampling [72]. Each sampling algorithm has its

own advantages and disadvantages, and the choice of sampling technique is best left

determined by the problems involved in each data analysis problem. Additionally,

for some GW analyses, it is possible to define elegant frequentist statistics which

are generally faster to compute (see Refs. [7] and [46] for examples of frequentist

statistics for the SGWB and continuous GWs). Useful frequentist statistics can

take some work to construct. However, they are often useful as additional cross-

validation tests against Bayesian results. They are also often fast to compute. We

will present a frequentist method for nonlinear memory in Chapter 5.

In the remainder of this work, we will summarize the state of the literature in

nonlinear GW memory in Chapter 2. Then, we will present the we will discuss

a new expedited methodol for searching pulsar timing data for nonlinear GW

memory in Chapter 3. We will then discuss results of the first search for nonlinear
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memory in a data set which has been shown to include evidence for a global

red noise process that is expected to be the SGWB that uses the aforementioned

method in Chapter 4. Next, we will discuss the adaptation of a fast frequentist

statistical technique designed for continuous GW searches to searches for nonlinear

GW memory in Chapter 5. Finally, we conclude with a summative discussion of

the future of searches for nonlinear memory in pulsar timing data.
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Chapter 2: Literature Review

Since nonlinear memory can result from any GW-emitting event, it can serve as

a catch-all for many exotic types of GW-emitting physical processes [38]. Ad-

ditionally, it showcases a very interesting higher-order nonlinear effect of general

relativity. Nonlinear memory does not appear in linearized theories. However,

despite originating from a higher order expansion term (2.5 post-Newtonian), it

miraculously contributes to the same order as effects from linearized gravity. Thus,

any detection of nonlinear memory would serve as a very powerful validation of

gravitational theory.

2.1 Prediction

Nonlinear memory was first predicted by Blanchet and Damour [19], Christodoulou

[32] independently. Blanchet and Damour [19] and Thorne [115] understood this

final permanent DC effect to be a hereditary result of all prior GW emission.

Thorne [115] presents the metric perturbation formulated in terms of the energy

emitted through GWs

∆hij =
4

r

∫
dΩ

dE

dΩ

ΩiΩj

1 − cos θΩ,det
, (2.1)
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where Ω is the solid angle around the source, Ω̂ is the unit vector in the direction

of dΩ̂, r is the comoving distance from the source to the detector, and θΩ,det is the

angle between the detector and Ω̂. This is exactly the result found by Blanchet

and Damour [19], Christodoulou [32] with the connection between emitted GWs

and memory made explicit. Thorne [115] estimates that the order of magnitude of

this effect is approximately

∆h ∼ 0.1
Eem

r
, (2.2)

where Eem is the total energy emitted through GWs. This means that any strong

transient GW event such as the coalescence of compact objects may come with an

additional observable memory signal. Additionally, even strong events which are

out of a GW detector’s band width may still produce a memory signal with no

obvious source [93]. Such a signal is called “orphan memory”.

Kennefick [71], Wiseman and Will [124] evaluate Equation 2.1 for the inspiral

phase of a circularized binary black hole system. Favata [53] extends this result us-

ing an effective one-body approach (Buonanno and Damour [24, 25]) calibrated to

results of numerical relativity simulations to compute the mass quadrupole past the

inspiral phase to show that there are significant contributions to the memory from

the merger phase. Additionally, Favata [53] uses an analytic minimum-waveform

model which continuously transitions the time-dependent mass quadrupole from

the inspiral phase into the merger phase to compare with the numerical result from

the effective one-body approach and finds that the memory saturates at similar

values. However, there is a so-called “fudge factor” difference of 0.77 between the
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two approaches, with the minimum-waveform model over-estimating compared to

the numerical results (see Figure 1 in Favata [53]).

Early discussions of nonlinear memory were contextualized in ground-based and

space-based GW detectors like LIGO and LISA. Then, following the reinvigoration

of interest in nonlinear GW memory starting from Favata [53], Pshirkov et al. [100],

Seto [104], van Haasteren and Levin [118] simultaneously release work regarding

the prospects of finding nonlinear memory in PTA data. Seto [104] assumes that

detection of nonlinear memory will occur in one of two cases: 1) PTA data is

dominated by white noise and the most sensitive frequency bin is defined by fopt =

1/Tobs; 2) PTA data is dominated by the red-noise SGWB, in which case the

optimal frequency bin is the frequency at which the red noise and white noise

spectra intersect (see Fig. 1 of Seto [104]). Using the Parkes PTA and planned

Square Kilometer Array (SKA) sensitivities as representative of contemporary and

next-generation projects, the expected number of detections of memory events is

approximately 10−6 for each project (See Fig. 2 in Seto [104]). A very notable

result from this work shows that if the PTA data set is SGWB-dominated, then

the number of detectable events decreases.

This key fact is something that some contemporary papers (such as Pshirkov

et al. [100], van Haasteren and Levin [118]) ignore in preliminary calculations

of signal-to-noise ratios of memory in pulsar timing data. However, other work

which does account for extraneous red noise corroborate the results of Seto [104].

Cordes and Jenet [35] show that “red noise has a strong deleterious effect on burst

detection”. Using two different sets of simulations, one of which has only 100ns of
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RMS white noise, and one which has a total of 100ns of RMS noise split equally

between red and white noise, their changepoint analysis becomes much less reliable

at estimating the epoch and amplitude of an injected memory signal (see Figure

1 of Cordes and Jenet [35]). Madison et al. [82] use simulated data to verify

the theoretical predictions made in van Haasteren and Levin [118] regarding the

sensitivity of PTAs to memory in white-noise dominated timing data. While van

Haasteren and Levin [118] do not include effects of red noise, Madison et al. [82]

extend their results to data sets including both types of noise and show that, all

else held constant, the simple inclusion of red noise increases the uncertainty of

any estimates of the memory amplitude by a factor of ∼ 5. This work shows

that early estimates of the detectability of nonlinear memory in PTA data were

too optimistic. Future searches for nonlinear memory will have limited sensitivity

unless they can be made robust to red noise, especially considering recent results

from the PTA community, which show strong evidence for a global red-noise signal

in PTA data [1, 128].

2.2 Search Methodologies and Detection Prospects for Memory in

PTA Data

Earlier searches for memory in PTAs used frequentist techniques to fit for memory

signals. Wang et al. [123] define the memory source parameters A1 = hmem cos(2ψ)

and A2 = hmem sin(2ψ) in addition to burst epoch and source sky position. They

include these parameters in the Tempo2 [65] timing model and use the built-in
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linear least squares fit to minimize the Gaussian white noise. The amplitude

parameters A1 and A2 are correlated, and so they compute a decorrelator matrix

U−1 to obtain statistically uncorrelated amplitude estimates A1w and A2w. Then,

the statistic D = A2
1w + A2

2w follows a χ2 distribution. Then, the maximum value

of D computed over the entire sky at each trial epoch gives the maximally loud

memory signal. Note that this is a coherent fit because it fits one global signal to

residuals in each pulsar simultaneously using the antenna responses determined by

the pulsar locations relative to the source orientation.

Arzoumanian et al. [11] similarly uses Tempo2 [65] to fit for a memory signal

in the pulsar timing models. Additionally, they perform two searches; one is an

incoherent search for memory in each individual pulsar’s residual time series (the

“pulsar-term search”), and the other looks for a global signal coherently using

the deterministic antenna response of the PTA to a memory signal (the “Earth-

term search” similar to Wang et al. [123]). For the pulsar-term search, rather than

maximizing the sum of the squared amplitude parameters A2
1w+A2

2w, Arzoumanian

et al. [11] compute the ratio of likelihoods for the residuals with the additional

memory signal in the timing model to the residuals without the memory signal

(see Equation (12) in Arzoumanian et al. [11]). This likelihood is χ2 distributed,

and may be used to compute the maximally likely memory event in each pulsar

individually. For the Earth-term search, Arzoumanian et al. [11] recognize that

the methods used in Wang et al. [123] work well for smaller data sets, but it

may become too computationally intensive for larger PTA data sets. As a result,

Arzoumanian et al. [11] propose an accelerated Earth-term likelihood calculation
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relying on the factorizability of the PTA likelihood. This method allowed them

to quickly compute a global Earth-term likelihood surface over the entire memory

signal parameter space.

The PTA community has since moved towards using Bayesian inference to

estimate GW parameters in the form of Markov-Chain Monte Carlo (MCMC)

sampling. The most recent search for nonlinear memory in the NANOGrav 11-

year data set was performed by using MCMC methods to compare various signal

models and compute upper limits on GW signal parameters Aggarwal et al. [5].

MCMC samplers use a sampling scheme that allow them to numerically compute

target probability distributions (in the case of PTAs, the posterior probability dis-

tribution for different noise and signal parameters) in very high-dimensional spaces

very efficiently [94]. As such, for PTA data analysis, in which many noise and sig-

nal model parameters must be fit simultaneously, these methods allow for more

efficient parameter estimation. These samplers can also include an index for differ-

ent signal models. These additional indices allow for efficient model comparisons

through product space sampling in addition to parameter estimation [28]. Notably,

however, some GW searches, such as searches for continuous GWs and nonlinear

memory, have parameter spaces that are large enough that MCMC methods remain

onerous on a more absolute scale.

Finally, there have also been some recent efforts to develop a method to search

for memory using astrometric deflection. Over long timescales, GWs can cause per-

manent deflections of the apparent locations of visible light sources in the universe

[21]. These results have been extended to gravitational wave memory. Preliminary
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calculations show that it may be possible to detect nonlinear memory by observ-

ing changes to the proper motions of distant light sources [22, 84]. This method

may be promising, as there are many more distant sources of light than there are

pulsars. The increased number of pairs means that it will be much easier to reduce

excess noise when searching for cross-correlated power. However, the astrometric

deflections are very small, and this technique will still benefit from improvements

to current telescope sensitivity.

2.3 Current Limits on Nonlinear Memory

Since the discovery that nonlinear memory is potentially observable by PTAs,

PTAs have published many results of searches for this signal. Thus far, there have

been no detections. However, two PTAs have published upper limits on memory

signals. Wang et al. [123] apply the D-statistic described above in §2.2 to the

initial Parkes Pulsar Timing Array (PPTA) data release (Manchester et al. [90])

and find a maximum D-statistic of Dmax = 12.4, which corresponds to a false-

alarm probability of 15%. They also compute rate event upper limits and find

that the upper limits on event rates set in this search are still orders of magnitude

greater than estimated event rates. In other words, the sensitivity of the PPTA

was shown to be low enough to be unlikely to make a detection of a memory event.

They find a global upper limit of hmem ≤ 2.4 × 10−13, with an event rate upper

limit of 0.75 events yr−1 [123].

Similarly, Aggarwal et al. [5] find no compelling evidence for gravitational wave
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memory in the NANOGrav 11-yr data set [14]. They also find a global maximum

upper limit of hmem ≲ 1.5 × 10−13 (estimate based on the color map in Figure 4

of Aggarwal et al. [5]). These upper limits are still very far away from astrophys-

ical estimates of merger rates. Islo et al. [67] finds that mergers which produce

memory events with ∆h > 5 × 10−16 are extremely rare, ranging from ∼ 1 × 10−3

mergers per century to fewer than one merger per Hubble time, depending on the

choice of merger model. Cordes and Jenet [35] estimate that the rate of mergers

with memory signals ∆h > 10−15 to be up to 0.02 events per year. Overall, the

estimates for merger rates vary because of uncertainties about the physics involved

in SMBHB mergers, such as how SMBHBs evolve into a GW-dominated regime

and dark matter halo interactions. However, it suffices to say that even optimistic

estimates of merger rates predict that it will be unlikely for PTAs to make many

detections of nonlinear memory events.
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3.1 Abstract

The standard Bayesian technique for searching pulsar timing data for gravita-

tional wave (GW) bursts with memory (BWMs) using Markov Chain Monte Carlo

(MCMC) sampling is very computationally expensive to perform. In this paper,

we explain the implementation of an efficient Bayesian technique for searching for

BWMs. This technique makes use of the fact that the signal model for Earth-term

BWMs (BWMs passing over the Earth) is fully factorizable. We estimate that

this implementation reduces the computational complexity by a factor of 100. We

also demonstrate that this technique gives upper limits consistent with published

results using the standard Bayesian technique, and may be used to perform all of

the same analyses of BWMs that standard MCMC techniques can perform.

3.2 Introduction

Millisecond pulsars (MSPs) have very stable rotations. Because the rotational

period is so stable, it is possible to detect small deviations in times-of-arrival

(TOAs) of radio pulses from an array of these pulsars caused by gravitational waves

(GWs) passing between the pulsar and radio observatories on Earth [57, 64, 89, 92].

Pulsar timing arrays (PTAs) are expected to be able to use TOA data from many

MSPs to either detect or provide constraints on GWs [44, 103].

One signal of interest is a gravitational wave burst with memory (GW BWM).

“Memory” is a permanent change in the spacetime metric that remains after a GW

passes through a region of space arising from the nonlinearity of Einstein’s field
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equations [32, 115]. In particular, it is expected that mergers of super massive black

hole binaries (SMBHBs) will leave behind detectable memory. Detections of (or

constraints on) the rates of BWM events would allow for a better understanding

of the rates at which these events occur in the universe [e.g. 67]. Additionally,

because all GW events leave behind GW memory, detections of BWMs could lead

to discoveries of new sources of GWs [38].

A GW BWM passing over an Earth-pulsar pair will shift the pulsar’s observed

rotational frequency [e.g., 118]. This shift causes a difference between the observed

frequency of the pulsar and the frequency expected from the timing-model fit, and

will therefore contribute to a potentially detectable signal in the pulsar’s TOAs

[35, 67, 82, 100, 104, 118]. The observed rotational frequency may change to be

either faster or slower depending on the orientation and polarization of the memory

wavefront, which determines the sign of the memory.

In this paper, we will discuss the adaptation of analysis techniques used in the

NANOGrav 5 yr search for GW BWMs [11, hereafter NG5-bwm] to expedite the

Bayesian methods used in the NANOGrav 11 yr search for BWMs [5, hereafter

NG11-bwm]. This search was performed on the NANOGrav 11 yr data set [14].

In NG11-bwm, no detection of GW BWMs was reported. Thus, the authors pre-

sented Earth-term upper limits (ULs) as a function of burst epoch and sky location

(among other results, but these will be our focus). Our goal in this paper is to

show that the adapted techniques from NG5-bwm may be used to efficiently per-

form Bayesian analyses comparable to those in NG11-bwm with a similar degree

of accuracy.
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In section 3.3, we describe the effect of a BWM on the TOA residuals of a pul-

sar. In section 3.4, we discuss the current standard Bayesian approach to searching

for GW BWMs in PTA data and the implementation of an efficient technique for

speeding up this search. In section 3.5, we compare the results of UL calculations

using our more efficient technique against results previously published in the lit-

erature. We also discuss the improvements in computational efficiency that come

from this technique.

3.3 Signal and Data Model

The rise time for the memory component of a GW BWM is much shorter than

the typical observing cadence of PTAs; thus, we may ignore it and consider the

frequency-shifting effect to be instantaneous [55, 82, 118]. This manifests as a

linear “ramp” in the residuals, since a constant excess or deficit of pulse phase

will accrue with each rotation of the pulsar. Consider a memory event from a

source at (θ, ϕ). The event wavefront propagates in the direction k̂, with strain

h0, passing over the Earth from which we observe a pulsar located at position p.

The memory wavefront has the principal polarization vector ψ̂ described by an

angle ψ, which gives the principal polarization direction of the wavefront relative

to an orthonormal basis (δ̂, β̂). In particular, the principal polarization vector ψ̂

is defined:

ψ̂ = δ̂ cosψ + β̂ sinψ (3.1)
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Following NG5-bwm and NG11-bwm, the perturbation to pulse times of arrival

from this pulsar, δtbwm, may be modeled as:

δtbwm(t) = B(k̂, p̂, ψ)hmem(t), (3.2)

where hmem(t) is the time-dependent strain of the memory wave front, and the

geometric factor B accounts for the relative orientation of the source and pulsar

[51, 64]. The geometric projection factor is:

B(k̂, p̂, ψ) =
1

2
cos(2ψp̂)(1 − cosα), (3.3)

where α is the angle between p̂ and k̂ (pulsar location and propagation di-

rection, respectively) and the angle ψp̂ is defined to be the angle between the

principal polarization vector and the projection of the pulsar line-of-sight onto the

(δ̂, β̂) plane:

α = cos−1
(
p̂ · k̂

)
(3.4)

ψp̂ = tan−1

(
p̂ · β̂
p̂ · δ̂

)
− ψ (3.5)

We include this description for completeness, and a diagram with more details

may be found in Madison et al. [82]. For this analysis, we simply characterize the

polarization using the principal polarization angle ψ. The time-dependent strain
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term is [100, 118]:

hmem(t) = h0[(t− t0)Θ(t− t0) − (t− tp)Θ(t− tp)] (3.6)

where h0 is the strain of the memory; t0 is the time that the memory wave

front passed over the Earth; tp = t0 + (|p|/c) [1 + cos(α)], the time at which the

memory wave front passed over the pulsar, with p and α still defined to be the

position of the pulsar and angle between pulsar and BWM propagation direction,

as in Equation 3.3. Additionally, Θ(t) is the Heaviside function. Because each

pulsar in NANOGrav’s 11-year data release (and more generally, current PTA

datasets) is on the order of thousands of light-years away from the Earth, and

total observation times are order tens of years, we only expect that one of the

two terms in Equation 3.6 will be nonzero. The first term in Equation 3.6 is

called the “Earth term”, and the second is called the “pulsar term”. A BWM may

be observed either when it passes over a single pulsar, or when it passes over the

Earth. In the former case, we will see the frequency of a single pulsar spontaneously

change. In the latter case, we expect to see the rotational frequency of each pulsar

change simultaneously with a characteristic quadrupolar amplitude pattern. In

either case, the time at which the BWM wave front causes an apparent rotational

frequency change is defined as the burst epoch.

This signal model is implemented in enterprise extensions1 [113]

1https://github.com/nanograv/enterprise extensions
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3.4 Methodology

We begin by discussing the standard Bayesian approach to searching for a GW

BWM. This discussion will summarize the approach taken in NG11-bwm, which

searched the NANOGrav 11-year data set for GW BWMs. Then, we will discuss

the the adaptation of the techniques used in NG5-bwm that expedites both the

pulsar- and Earth-term searches.

3.4.1 Bayesian Approach

NG11-bwm modeled the timing residuals δt of a pulsar as:

δt = s + Tb + n, (3.7)

where δt are the remaining perturbations to the TOAs from a pulsar after fitting

parameters in the pulsar’s timing model using a general-least-squares fit [14]. These

remaining perturbations, the timing residuals, are expected to originate from a

combination of noise processes, errors in the timing model fit, and GW signals.

s are the contributions to the timing residuals from a GW BWM. Tb are the

contributions to the residuals from any Gaussian processes. In this paper, we

consider two different Gaussian processes, and so our T -matrix and b vector may

be broken down into:

T =

[
M F

]
, b =

ϵ
a

 ,
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where above, M is the design matrix for the linearized timing model that

accounts for uncertainty in the residuals from an imperfect timing model fit ϵ.

F is the design matrix for pulsar-intrinsic red noise, modeled as a Fourier series

with coefficients a. Finally, the elements of vector n are Gaussian white-noise

uncertainties in the observed TOAs.

The red-noise spectrum, for example from a stochastic background of GWs, is

expected to behave as a power law [99]:

P (fj) = A2
j

(
fj

yr−1

)−γ

, (3.8)

where P (fj) is the power spectral density of the red-noise process, Aj is the char-

acteristic amplitude of the red-noise process in the j-th frequency bin using a

reference frequency of yr−1, and γ is the spectral index of the power law.

From Equation 3.7, we can construct an approximation of the Gaussian white

noise given an estimation of the model parameters:

n = δt− s− Tb. (3.9)

This is only an approximation of the white noise since the terms on the right-hand

side are estimations. However, if the white noise is expected to be Gaussian, we

can write the probability of observing this particular series of white noise residuals

as:

p(n) =
exp (−1

2
nTN−1n)√

2π detN
(3.10)
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where N is a covariance matrix of white-noise uncertainties in each observed

TOA and nT is the transpose of n.

Then, the likelihood of a BWM signal in the pulsar timing residuals is equivalent

to the likelihood that the remaining residuals after subtracting out deterministic

effects is Gaussian white noise. In other words:

p(δt|b, s) = p(δt|b, hmem, t0, k̂, p̂, ψ)

=
exp [−1

2
(δt− s− Tb)TN−1(δt− s− Tb)]√

2π detN
,

(3.11)

where we have explicitly written out the parameters that determine s. This

parameter space, when including each Fourier coefficient and timing model param-

eter, is very high-dimensional.

It is possible to analytically marginalize the likelihood in Equation 3.11 over

the parameters that describe the Gaussian processes and reduce the dimensionality

of the parameter space [76, 119, 120]. The reduced likelihood is:

p(δt|hmem, t0, k̂, p̂, ψ) =
exp (−1

2
qTC−1q)√

2π detC
(3.12)

where

q = δt− s (3.13)
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where C is defined as

C = N + TDTT (3.14)

and D is defined as

D =

 ∞ 0

0 ϕ

 , (3.15)

where ∞ is a diagonal matrix of infinities, which effectively give unconstrained

priors on the timing model parameters, and ϕ is a diagonal matrix containing

the red noise power at each frequency bin in Equation 3.8. The Woodbury [125]

matrix identity is used to evaluate C−1 efficiently. The D matrix also only appears

as an inverse in this identity. Thus, in practice, the diagonal matrix of infinities

only appears as a matrix of zeros in the likelihood calculation. This likelihood

is implemented in the ENTERPRISE2 [49] pulsar-timing GW analysis software

package.

Now that the likelihood has been constructed, samples from the posterior dis-

tributions are drawn using the Markov-Chain Monte Carlo (MCMC) sampler im-

plemented in the PTMCMCSampler3 package [47].

Great care must be taken when computing ULs over the sky because of a

strong selection bias. If there is no support for a signal in the data, then the

maximum posterior probability will be determined largely by the prior. Because

2https://github.com/nanograv/enterprise
3https://github.com/jellis18/PTMCMCSampler
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our amplitude prior spans many orders of magnitude, there is much more prior

volume at higher amplitudes. This means the posterior will be maximized for

bursts with very large amplitudes at insensitive areas of the sky. Because the burst

is placed at an insensitive area of the sky, the data cannot exclude this strong signal.

This will cause the one-dimensional marginal posterior to be biased towards very

high amplitude for combinations of burst epochs, sky locations, and polarization

angles where the PTA has low sensitivity. This would not fairly represent the

sensitivity of the Earth-term search [NG11-bwm].

To remedy this, NG11-bwm sampled individual “source-orientation” bins, in

which the burst epoch, sky location, and polarization are all fixed. Then, a full

Earth-term posterior is constructed by concatenating an equal number of samples

from each source-orientation bin. This sampling scheme is the equivalent of imple-

menting a prior which exactly cancels the selection effect, resulting in a posterior

that is uniform in source-orientation. This is related to the technique used in

Malmquist [88].

More specifically, to place an amplitude UL as a function of burst epochs,

NG11-bwm created 48 HEALPix4 [61] sky bins using healpy5 [132], with 8 po-

larizations in each sky bin. This gives a total of 384 source-orientation bins in

each of the 40 burst epoch bins. An MCMC sampler is then used to sample the

posterior probability distributions of the BWM amplitude. Then, to compute an

amplitude posterior marginalized over source-orientations for a fixed burst epoch,

4https://healpix.jpl.nasa.gov/
5https://github.com/healpy/healpy
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equal numbers of samples are taken from each source-orientation bin and concate-

nated.

To place ULs as a function of sky position, NG11-bwm used 768 HEALPix sky

bins and directly sampled polarization (rather than sampling in fixed polarization

bins). Then, the amplitude upper limit may be computed from the marginalized

amplitude posterior for each sky position.

For a summary of the priors, see Table 3.2.

3.4.2 Accelerated Bayesian Search

For the accelerated Bayesian search, we mimic the Bayesian approach described in

subsection 3.4.1 as closely as possible. We found that the computational cost of

the MCMC sampling required was prohibitively expensive to perform on machines

we have access to. Thus, to expedite the Bayesian search, we leverage a fact from

NG5-bwm: the Earth-term likelihood is able to be factorized into a product of

pulsar-term likelihoods. In other words:

p(δt|k̂, ψ, tB, hB) =

Npsr∏
i=1

pi(δt|k̂, ψ, tB, hB)

=

Npsr∏
i=1

pi(δt|hi, tB),

(3.16)

and:

hi = B(k̂, p̂i, ψ) × hmem, (3.17)
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Table 3.1.

Parameter Prior Description

log10Arm LinearExp(−17,−11) Amplitude of intrinsic pulsar red noise
γrn Uniform(0, 7) Spectral index of intrinsic pulsar red noise

log10ABWM LinearExp(−17,−10) Amplitude of global BWM
ψBWM Uniform(0, π) Polarization of BWM
θBWM Uniform(0, π) Polar angle of BWM source
ϕBWM Uniform(0, 2π) Azimuthal angle of BWM source

tBWM
Uniform(MJD 56000,MJD 57000)
Uniform(MJD 53216,MJD 57387)

Earth-term BWM epoch

Table 3.2. Priors used for each of the model parameters in the Bayesian search for
global Earth-term GW BWMs using the full PTA. There are a total of five global

BWM parameters, as well as two parameters for each pulsar in the PTA. The priors
on the logarithm of the amplitude are equivalent to setting uniform priors over the
amplitude. Because of selection effects, it is nontrivial to implement uniform priors

over the sky location of the burst. More details on this may be found in
subsection 3.4.1. The prior on tBWM also varies depending on the particular upper

limit calculation. For upper limits (ULs) as a function of sky location, we use priors
between MJD 56000 and MJD 57000. For upper limits as a function of burst epoch,

we use priors that encompass all the timing data (approximately MJD 53216 to
MJD 57387). There is more detail on the burst epoch prior in subsection 3.4.2.
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where p(δt|k̂, ψ, tB, hB) is the global likelihood of a burst propagating in the di-

rection k̂, polarization ψ, an Earth-term epoch tB, and strain hB. Additionally,

pi is the pulsar-term likelihood of this burst in the i-th pulsar, with hi being the

observed amplitude of the burst after accounting for the geometric projection,

B(k̂, p̂i, ψ), of the burst onto the pulsar-Earth line-of-sight. Finally, Npsr is the

number of pulsars. As pointed out in NG5-bwm, the pulsar’s TOAs have no infor-

mation about the parameters of the burst other than the apparent burst amplitude

after being projected onto the pulsar-Earth line-of-sight. This allows us to pre-

compute the individual pulsar-term likelihoods over a grid of only post-projection

BWM amplitude and burst epoch without losing any information. Then at run

time, the geometric projection factor, Equation 3.3, may be applied to give the cor-

rect post-projection amplitude for any given global trial burst. This way, we may

then look up the corresponding likelihoods of the global burst in the pre-computed

lookup tables and combine them using Equation 3.16.

With this in mind, we begin the accelerated Bayesian search by first generating

five-dimensional lookup tables for the likelihood of each pulsar (the far right-hand

side of Equation 3.16). In addition to the BWM amplitude |hi|, epoch tB, and the

sign of hi, we include the amplitude Arn and spectral index γ of a red-noise pro-

cess described in Equation 3.8. We emphasize that we must keep track of the sign

separately because any trial BWM may delay or advance the TOAs, depending on

the relative orientation of the BWM polarization to the pulsar-Earth line of sight.

Recall that a single BWM has a quadrupolar antenna pattern. Consider a pulsar

that is in a part of the sky such that a particular BWM would cause the TOAs to
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be advanced by some amount. Rotating the trial burst by 90 degrees would cause

the TOAs to be delayed—rather than advanced—by the same amount. Thus, for

global searches of BWMs with every possible orientation, we have to include the

likelihoods for every amplitude of BWM with both positive and negative signs. We

then numerically integrate over the red-noise parameters using composite Simp-

son’s rule to obtain one red-noise-marginalized three-dimensional likelihood lookup

table for each pulsar (with the remaining parameters being {|hi|, tB, sign(hi)}).

Then, we may compute marginal amplitude likelihoods for any pulsar-term BWM

by integrating over the burst epoch.

Next, we can combine the pulsar-term likelihood tables to construct global

likelihood lookup tables which contain the Bayesian likelihoods of finding an Earth-

term trial burst with fixed sky position (θ, ϕ), polarization ψ, and strain h0 at

some fixed trial burst epoch t0. To do so, we project a burst with these fixed

global parameters onto each pulsar line-of-sight to find the amplitude and sign

with which this burst will appear in the pulsar’s timing residuals. This allows us

to compute the observed amplitude in each of the pulsar terms. We then simply

look up the likelihood for each pulsar-specific projected amplitude in the single-

pulsar lookup tables. Finally, the global likelihood of this trial burst is computed

by multiplying the pulsar-term likelihoods, Equation 3.16. We compute one two-

dimensional lookup table varying over trial bursts characterized by (h0, t0) for each

set of trial parameters (θ, ϕ, ψ).

We can then construct global amplitude posteriors as a function of sky position

and epoch by integrating out any nuisance parameters against their prior distribu-
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tions. We do so in the same way as in NG11-bwm (described in subsection 3.4.1);

whenever we marginalize over source-orientation, we are careful to do this by tak-

ing equal samples from each source-orientation bin to demand a posterior that is

uniform in source orientation.

Specifically, to compute the ULs as a function of burst epoch, we compute

two-dimensional posterior distributions of BWM amplitude and epoch in each of

48 HEALPix sky pixels with one of eight fixed polarizations (for a total of 384

total source-orientation bins). Then, we compute the marginal BWM amplitude

posterior for each trial burst epoch. Finally, we concatenate an equal number

samples from each source-orientation bin to compute the full-sky, polarization-

marginalized 95% upper limits as a function of burst epoch.

To compute the ULs as a function of sky location, we use 768 HEALPix skypixels

and eight polarization bins, with the prior for BWM epochs limited between MJD

56000 and MJD 57000. We use this limited prior because after MJD 56000, there

are no new pulsars added to the PTA. It is challenging to come up with a scheme for

determining representative BWM amplitude posteriors over a period in which new

pulsars are continually added, so we limit our search only to the period in which

we already have data for each pulsar. For each source-orientation bin, we then

marginalize over burst epochs to obtain the marginal BWM amplitude posterior,

and concatenate samples from all eight polarization bins. Finally, we marginalize

over polarization by concatenating samples from each polarization bin to obtain

the marginal amplitude posterior for each sky location. In very brief summary:

1. Compute pulsar-term BWM likelihoods on a grid of
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{log10 |hi|, sign(hi), t0, log10Arn, γrn}

2. Marginalize pulsar-term BWM likelihoods over red noise parameters.

3. Use pulsar-term likelihoods, Equation 3.16 and Equation 3.17 to compute

Earth-term BWM likelihoods on a grid of {log10 h0, tB} for each set of trial

burst parameters θ, ϕ, ψ

4. Marginalize over:

(a) Burst epoch and polarization to compute amplitude posterior over sky

location

(b) Sky location and polarization to compute amplitude posterior over burst

epoch

We computed these global BWM amplitude posteriors using a prior that is log-

uniform in the burst amplitude. However, to compute ULs on the burst amplitude,

we need to use a posterior with a prior that is uniform in the burst amplitude.

Although our marginal posteriors have log-uniform priors built in, we can still

readjust the prior. Under a log-uniform prior, the burst amplitude posterior is:

plog-uni(Abwm|d) ∝ p(d|Abwm) πlog-uni(Abwm)

∝ p(d|Abwm)
1

Abwm

(3.18)

where π(Abwm) ∝ 1
Abwm

is the prior distribution on Abwm. We can see that

multiplying the (log-uniform) posterior by the amplitude will then correctly adjust

the prior to have equal volume at each burst amplitude instead of equal volumes
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at each order of magnitude of burst amplitude. Once this posterior is recomputed

with the correct prior, we can compute the 95% amplitude ULs by numerical

integration or rejection sampling.

We would also like to emphasize a new, unique advantage of this accelerated

search for BWMs. One challenge of using PTAs to detect GWs is the necessity

of accurate, well-understood pulsar noise models. Because our global likelihood is

computed using individual pulsar-term likelihoods, we are free to experiment with

different noise models for each pulsar individually. In contrast, using the traditional

techniques would require a full recomputation of the Bayesian posteriors using

MCMC, even when altering just one of the pulsars’ noise models. There has been

much work done to improve pulsar noise models, and this factorized approach very

robustly allows for adjustments of noise models during analysis, while minimizing

the computational cost. Furthermore, this would also allow us to use bespoke noise

models for each pulsar, if necessary.

3.5 Results

In this section, we will compare ULs on the amplitudes of GW BWMs computed

using this more efficient search and the previously published ULs in NG11-bwm.

Then, we discuss the improvements in efficiency.
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Figure 3.1: Percent difference in the pulsar term amplitude upper limits (ULs) for
each pulsar used in [5]. These percent differences are computed by comparing the
95% ULs from Bayesian MCMC runs and lookup-table-based methods for positive-
and negatively-signed memory. Overall, we see good agreement, with percent
differences less than 5% and largely consistent with 0% . For this comparison, we
limit the search by excluding the first 180 days and last 270 days from the data set.
This is because many pulsars have very sparse observations early on. Furthermore,
there will be little evidence for a BWM near the end of a data set since there will
not be enough observed TOAs after the trial epoch to accurately detect a BWM.
This results in extremely large posterior probabilities for bursts at late times, which
heavily reduced the accuracy of our numerical marginalization. The red points are
the percent differences for amplitude upper limits of positively-signed memory, and
the blue points are the differences for negatively-signed memory, and the error bars
show the 95% confidence intervals computed from bootstrapping.
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Figure 3.2: Marginal amplitude and burst epoch posteriors for three different sets
of lookup tables. The leftmost pair show the marginal amplitude and burst epoch
posteriors with 180 days excluded from the beginning and end of the epoch prior.
The marginal posteriors computed using lookup tables are in red, and the marginal
posteriors computed using the MCMC sampler are in red. In this case, the grid
density is too low, and the last two points in the burst epoch grid do not fully
characterize the true distribution. This results in a biased marginal amplitude
posterior. The center pair shows the posteriors if we exclude an additional 90
days from the end of the burst epoch prior (orange). We can see that removing
the large feature at the end of the data set gives good agreement between the
amplitude posteriors. Additionally, the rightmost pair shows that a higher grid
density which has enough grid points to accurately characterize the features in the
burst epoch posterior also gives very good agreement of the amplitude posteriors.
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3.5.1 Pulsar-Term Comparisons

Figure 3.1 shows the percent difference between the pulsar-term BWM ULs for both

positively- and negatively-signed memory computed using direct MCMC methods

and our lookup-table-based method. It also shows the 95% confidence intervals

computed by bootstrap sampling the posteriors from the likelihood tables and the

MCMC runs. We can see that these confidence intervals are essentially consistent

with zero difference for the chosen grid density. We chose to compare the differ-

ently signed memory upper limits separately in order to fully compare the two

techniques.

Additionally, we narrowed the priors on burst epoch to exclude the first 180

and last 270 days of each pulsar’s TOAs. This choice is largely motivated by

extremely large posterior probabilities for bursts at very early and late times in

several pulsars. These early- and late-time bursts are not credible, and only exist

because they cannot be ruled out by data (there is not enough data before/after

an early/late burst to constrain the amplitude). Furthermore, the posteriors in

these cases vary on very short timescales, and therefore require more grid points

to fully capture the feature. We can ameliorate this by either excluding early

and late times from the pulsar-term search, or by using a much denser grid to

characterize the posterior probability as a function of burst epoch. Figure 3.2

shows that both of these methods sufficiently address this problem. The left-

hand side of the figure shows both the numerically marginalized posteriors (red)

and the MCMC-computed posterior (blue). We can see that without any special
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adjustments made, the last two points of the burst epoch grid do not sufficiently

characterize the posterior, and the resulting marginal amplitude posterior is biased

towards high amplitudes. However, both the exclusion of early and late trial burst

epochs (orange, center) and using a denser grid (purple, right) give agreement

between the marginal amplitude posteriors.

3.5.2 Earth-Term Comparison

For the Earth-term ULs, we report two results: 1) the ULs as a function of burst

epoch and 2) the ULs as a function of position in the sky. These results are shown

in Figure 3.3 and Figure 3.4, respectively.

In Figure 3.3, we see that both methods return nearly identical ULs as a func-

tion of burst epoch. There are some significant differences, however, at early

epochs. Although the ULs appear very discrepant, at these early epochs, there are

very few recorded TOAs. As such, it is impossible to place very accurate limits on

a BWM, since very large amplitude BWMs can be fit to the sparse data. Therefore,

despite the apparent differences, we are not very concerned, since we expect a very

non-constraining UL at these early epochs. More importantly, as more pulsars and

more data are added to the PTA, the ULs become nearly identical.

Figure 3.4 shows the ULs on the BWM amplitude as a function of sky location

using the method described in subsection 3.4.2. The resulting amplitude posterior

is sampled to compute the 95% UL. We find that the amplitude ULs as a function

of sky location are similar to those reported in NG11-bwm.
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Although we can comment on general similarities between the results, we can-

not directly compare them. NG11-bwm included an additional model, called

BayesEphem, in their analysis. The BayesEphem model accounts for uncertainty in

the solar system ephemeris. This is especially important in the NANOGrav 11 yr

dataset, because the observation baseline is very close to Jupiter’s orbital period.

This model introduces 11 extra parameters, which is far too many to use on

our parameter grid. It is therefore impossible to include BayesEphem using the

techniques described in this work. Since there are no published results for ULs on

BWMs in the NANOGrav 11-year data set as a function of sky position that do

not include BayesEphem, we report our results without a comparison.

This technique of using pulsar-term likelihood tables can be used to reproduce

the same types of analyses and results that MCMC-based methods can. The funda-

mental Bayesian methodology is identical; both techniques compute marginalized

posterior probabilities for model parameters. This method simply takes advantage

of the factorizable likelihood to more efficiently carry out the marginalization.

3.5.3 Computational Improvement

The computational complexity of computing the pulsar-term lookup tables is dom-

inated by the cost of inverting the covariance matrix in Equation 3.12. This

is an Ngp × Ngp matrix, where Ngp is the number of Gaussian process param-

eters needed for a single pulsar-term BWM signal model [47, 49]. One inver-

sion has computational complexity O(N3
gp) To compute a full pulsar-term lookup
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Figure 3.3: The 95% BWM amplitude upper limits (ULs) as a function of obser-
vation epoch. The original results are plotted in red, and the blue curve is used
with permission from the authors of Aggarwal et al. [5]. There is good agreement
for the vast majority of the data set, with some discrepancy at early times. We
believe that these discrepancies arise from the lack of data early in the data set,
and expect uninformative, unconstraining upper limits at these trial burst epochs.

table, we evaluate the likelihood once for each point on a five-dimensional grid

(Arn, γrn, |h0|, sign(h0), t0). Thus, the total cost of the inversions we must perform

for one lookup table is NArnNγNAbwmNsignNt0N
3
gp, where each of these terms rep-

resent the number of grid points in the lookup tables for red noise amplitudes, red

noise spectral indices, BWM amplitudes, BWM signs, burst epochs and Gaussian

process parameters, respectively. For this paper, for a pulsar which has 10 years

of data, the total number of grid points is approximately 32 × 106. Then, if we

compute one lookup table for each pulsar, for the purpose of convenient compari-

son, we can consider the complexity to be approximately 107 NpsrN
3
gp, where Npsr

is the number of pulsars in the PTA.

The computational complexity of one pulsar-term search for BWMs using an
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Figure 3.4: Left: 95% BWM amplitude upper limits (ULs) as a function of sky
location. The stars mark the locations of the pulsars in NANOGrav’s 11-year data
release. As expected, the PTA is most sensitive to BWMs in sky locations where
many pulsars are being timed.
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MCMC sampler may be approximated to be just the product of the complexity

of one likelihood evaluation and the number of evaluations needed. This means

the complexity of the pulsar-term search for BWMs is approximately NiterNpsrN
3
gp,

whereNiter is the number of iterations used per sampling run. Normally, Niter ≈ 106

is sufficient for parameter estimates to converge, so we can consider the complexity

to be 106 NpsrN
3
gp.

It is very clear that the cost of producing one lookup table is significantly

more expensive than performing one pulsar-term BWM search. However, once

the pulsar-term likelihood tables are computed, it is very cheap to compute the

global likelihoods in a full-PTA, Earth-term BWM search. For example, to com-

pute the upper limits as a function of trial burst epoch (the results shown in

Figure 3.3), a full-PTA covariance matrix must be inverted. Because the signal

model does not contain correlations between pulsar pairs, we may take advantage

of the block diagonal structure of the covariance matrix and invert it in O(NpsrN
3
gp).

In other words, the matrix inversion itself is no less expensive. However, because

of the sampling scheme, we must perform one MCMC sampling run for each set

of (Nθ, Nϕ, Nψ, Nt). Thus, the total complexity of computing upper limits as a

function of burst epoch is approximately NiterNθNϕ NψNtNpsrN
3
gp. In NG11-bwm,

this total cost is approximately 8 × 108 NpsrN
3
gp.

We see that, although the search is less efficient for computing pulsar-term

upper limits, it is far more efficient when computing certain full-PTA searches.

On an Intel i9-9900K CPU with 8 physical cores operating at 3.60GHz, it takes

approximately two weeks to compute all the single pulsar lookup tables. Once the
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lookup tables have been produced, each of the full-PTA searches may be completed

in approximately two days. Using only MCMC sampling to compute full-PTA

upper limits would have taken approximately three years.

3.6 Conclusion

In this paper, we have implemented a more efficient technique for performing a

Bayesian search for GW BWMs by using precomputed lookup tables to circumvent

repeated, expensive matrix inversions to compute a factorizable likelihood. This

method is faster and gives very similar results to those given by MCMC sampling.

In addition, because all deterministic signals necessarily factorize, this method is

not limited only to GW BWM searches. However, the BWM signal lends itself very

well to this method because both the pulsar-term and Earth-term signals have a

very low-dimensional parameter space. This is not generally true of GW signals,

and any extra parameter incurs significant costs in both computation and storage.

We believe that there are still improvements to be made. For example, a robust

solution for any errors arising from our finite density grid may be implementing a

scheme for adaptive grid spacing depending on the local variation of the likelihood

surface. This way, we would spend less time over-characterizing regions of param-

eter space that do not vary much, while maintaining accuracy in quickly-varying

regions of parameter space.

Overall, we find that our sky-averaged upper limits as a function of burst

epochs (see Figure 3.3) match well with previously published results, with almost
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no difference in the most sensitive regions of the data set (although the upper limits

differ somewhat significantly at early trial epochs). This is somewhat unsurprising;

there is very little timing data at early epochs, and we expect very weak constraints

on any BWMs appearing this early in the data set.

Furthermore, we are able to perform the same full-PTA search for GWs over

the entire sky. Although we cannot compare results with NG11-bwm, since they

use an additional Bayesian ephemeris model, our results are still quite similar. For

future data sets with more accurate ephemeris models, we expect these differences

to become smaller. Specifically, when using the ephemeris model DE438 in Arzou-

manian et al. [15], the Bayesian ephemeris model, BayesEphem, no longer made a

significant difference in common noise parameter estimation.

In the future, given the results in Arzoumanian et al. [15], in which a detection

of a common red-noise process was made, it will be important to include this

common process in the signal model for future BWM searches. This additional

signal requires introducing two new model parameters. While this would make

this method take significantly longer, it may be possible to find improvements

in computational costs by using Python vectorization or simply by reducing the

resolution of the parameter grid. Preliminary testing shows that a reduction in

grid resolution of approximately 20% still maintains a similar degree of accuracy

to the results shown in this work. Even with the addition of two more signal

parameters, we expect that this method will still be significantly faster than the

traditional MCMC sampling method.

As pulsar timing baselines become longer and PTAs become populated with
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more pulsars, it will be difficult to use current MCMC sampling techniques to

search for GW BWMs, and it will be important to find faster methods to do so.

This method is a very efficient way to perform search for BWMs as PTAs continue

growing, and data sets become too large for MCMC sampling to be tractable

without significant computational resources.
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4.1 Abstract

We present the results of a Bayesian search for gravitational wave (GW) memory

in the NANOGrav 12.5-yr data set. We find no convincing evidence for any gravi-

tational wave memory signals in this data set. We find a Bayes factor of 2.8 in favor

of a model which includes a memory signal and common spatially uncorrelated red

noise (CURN) compared to a model including only a CURN. However, further in-

vestigation shows that a disproportionate amount of support for the memory signal

comes from three dubious pulsars. Using a more flexible red noise model in these

pulsars reduces the Bayes factor to 1.3. Having found no compelling evidence, we

go on to place upper limits on the strain amplitude of GW memory events as a

function of sky location and event epoch. These upper limits are computed using

a signal model that assumes the existence of a common, spatially uncorrelated red

noise in addition to a GW memory signal. The median strain upper limit as a

function of sky position is approximately 3.3 × 10−14. We also find that there are

some differences in the upper limits as a function of sky position centered around

PSR J0613−0200. This suggests that this pulsar has some excess noise which can

be confounded with GW memory. Finally, the upper limits as a function of burst

epoch continue to improve at later epochs. This improvement is attributable to

the continued growth of the pulsar timing array.
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4.2 Introduction

Any system which radiates gravitational waves (GWs) will also cause a permanent

change in the spacetime metric. This effect, which was first derived in Zel’dovich

and Polnarev [130], is called gravitational wave memory. Later on, it was discovered

that the gravitational waves emitted by a system are themselves a source of memory

[19, 32, 115, 124]. This effect is known as nonlinear memory, since it arises from

nonlinearities in the Einstein field equations. Much work has been done to estimate

the size of the effects of nonlinear GW memory, and it has been shown that there

is a reasonable chance that the GW memory effect is significant enough to be

observed using modern GW detectors [10, 53–55, 124].

One such GW detector is a pulsar timing array (PTA). A PTA is a collection

of millisecond pulsars (MSPs) which have extremely stable rotational periods [79].

Because of their stability, it is expected that by carefully observing times-of-arrival

(TOAs) of radio pulses from these MSPs, it is possible to observe timing resid-

uals induced by the passage of GWs [44, 64, 103]. The combination of multiple

MSPs into a PTA also offers boosted sensitivity when trying to detect GW signals

that produce predictable correlations amongst multiple pulsars [57, 78]. Currently,

there are several PTA collaborations in operation, including the North American

Nanohertz Observatory for Gravitational Waves [NANOGrav, 92], the European

Pulsar Timing Array [EPTA, 43], the Parkes Pulsar Timing Array [PPTA, 90],

and the Indian Pulsar Timing Array [InPTA, 98]. Together, these collaborations

form the International Pulsar Timing Array [IPTA, 121]. In addition, the Chi-
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nese Pulsar Timing Array [CPTA, 127] and the MeerTime Pulsar Timing Array

[MPTA, 96] have recently released their first analyses.

In the absence of any exotic physics, PTAs are expected to first detect a gravi-

tational wave background originating from an ensemble of supermassive black hole

binary (SMBHB) systems, followed by continuous waves from particularly bright

SMBHBs [102]. Much work has already been done to characterize the GW back-

ground and place limits on continuous GWs [e.g., 1, 8, 12, 13, 15, 17, 30, 52].

During the final inspiral and merger of a SMBHB system, the SMBHB strongly

emits GWs which are outside the frequency band detectable by PTAs. However,

the accumulated memory from these GWs may be significant enough to be detected

by PTAs [35, 82, 100, 104, 118]. In addition to these signals, it is also possible to

detect or constrain more exotic GW sources using PTA data. For example, cosmic

strings are expected to emit strong bursts of GWs [39, 106]. Yonemaru et al. [129]

have placed limits on GW bursts from cosmic strings based on the second PPTA

data release.

Several studies have already been done using PTA data to constrain GW mem-

ory. NANOGrav has published constraints on GW memory using their 5-year and

11-year data sets [5, 11, hereafter NG5-bwm and NG11-bwm, respectively]. The

PPTA has also published constraints in Wang et al. [123]. Madison et al. [83] have

published the results of a search for GW memory from five galaxy clusters using

PPTA data.

Additionally, several studies have considered GW memory using ground- and

space-based detectors like LIGO-Virgo-KAGRA and LISA. Lasky et al. [75] suggest
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a method to detect accumulated memory of many individual mergers, each of which

is too weak to see by itself. Hübner et al. [66] find no evidence of memory using

data from 50 detections of GWs made during the third observation run of LIGO

and Virgo. Boersma et al. [20] forecasted that GW memory could be detected

with total SNR = 3 after approximately five years of aLIGO operation at design

sensitivity. Favata [53] estimated that memory from SMBHB mergers may be

detectable (SNR ∼ 5) out to z ≲ 2 with LISA, and Islo et al. [67] estimated that

LISA may see between 1 and 10 memory events in its lifetime.

In this paper, we present our analysis of the NANOGrav 12.5-year data set [6]

for GW memory. We find that there is no significant evidence for GW memory

in the data set. The model including a memory signal and a common spatially

uncorrelated red noise (CURN) process is only very marginally favored, with a

Bayes factor of 2.8, when compared to a model including only a CURN process.

The posteriors from a full PTA analysis show that there is a very weak hint for

GW memory at three different epochs: MJDs 54000, 55400, and 57300. However,

a more detailed analysis shows that these three features are spurious. Each event

is only supported by one or two pulsars, and one even lies inside a data gap in

which there are no TOAs. When using more flexible red noise models for three of

the pulsars in the data set, the Bayes factor drops to BF = 1.3.

Thus, finding no GW memory events, we present upper limits constraining the

amplitudes of any GW memory as functions of trial burst epoch and sky location.

In addition, we use the constraints as a function of burst epoch to set constraints

on rates of all astrophysical events which produce GW memory.
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In section 4.3, we will describe the NANOGrav 12.5-year data set. Then, in

section 4.4, we will discuss how a GW memory wavefront affects TOAs from a

PTA. Next, in section 4.5, we will summarize the mathematical techniques and

software used in this search. Finally, we will discuss the results in section 4.6.

4.3 Data

In this paper, we analyze the NANOGrav 12.5-year narrowband data set [6]. We

will briefly summarize some key points about this data set, but more details may

be found in Alam et al. [6] (hereafter NG12).

This data set contains TOAs from observations of 47 pulsars made between

July 2004 and June 2017. However, in this analysis, we used only the 45 pul-

sars with at least three years of data. These observations were performed using

the Arecibo Observatory (AO) and Green Bank Telescope (GBT). All pulsars in

the declination range 0◦ < δ < +39◦ were observed at Arecibo, with the re-

maining pulsars observed at GBT. In addition, PSRs B1937+21 and J1713+0747,

which lie within the aforementioned declination range, were also observed at GBT.

Based on work by Burt et al. [26] and Christy et al. [33], six pulsars were also ob-

served in a high-cadence program: PSRs J0030+0451, J1640+2224, J1713+0747,

J1909−3744, J2043+1711, and J2317+1439. These six pulsars were observed

weekly starting from 2013 at GBT and 2015 at AO. The remaining pulsars were

observed monthly.

Each pulsar was, where possible, observed using two different receivers at differ-
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ent frequency ranges to help understand and model out interstellar medium (ISM)

and dispersion measure (DM) effects. At Arecibo, observations were performed

with the 1.4 GHz receiver, and one of either the 430 MHz or 2.1 GHz receivers de-

pending on the noise characteristics of the observed pulsar. At the GBT, monthly

observations used the 1.4 GHz and 820 MHz receivers. Weekly observations, how-

ever, only used the 1.4 GHz receiver. The observations were initially recorded using

the ASP/GASP backends at AO and GBT, respectively [40]. Later, between 2010

and 2012, these backends were replaced by the wideband backends PUPPI/GUPPI

at AO and GBT, respectively [45, 56].

Each pulsar’s timing model was fitted using TEMPO1[97] and checked for consis-

tency using TEMPO22[65] and PINT3[80].

4.4 Signal and Noise Model

In this section, we will discuss the effects of GW memory on TOA residuals in

pulsar timing data and summarize all of the components of the signal model and

noise model used in this search.

Qualitatively, a memory wavefront passing over a single pulsar will cause the

observed rotational frequency of the pulsar to suddenly increase or decrease by

a constant amount. A memory wavefront passing over the Earth will cause the

observed rotational frequencies of all pulsars in the PTA to suddenly increase

1https://tempo.sourceforge.net/
2https://bitbucket.org/psrsoft/tempo2
3https://github.com/nanograv/PINT



73

or decrease by a constant amount. In either case, this sudden change to the ob-

served rotational frequency will introduce timing residuals because of the difference

between the pulsar’s timing-model fitted rotational frequency and the observed ro-

tational frequency. Because the difference between the expected frequency and

observed frequency is a constant, this will cause residuals to accumulate linearly

over the course of the observation. In the case of a memory wavefront passing

over just one pulsar, we will only see residuals in the TOAs of that pulsar. If a

wavefront passes over the earth, we will see the residuals begin accumulating in

the TOAs of every single observed pulsar.

For a GW memory wavefront propagating in the direction k̂ with polarization

angle ψ passing over the line-of-sight to a pulsar at sky position p, the residuals

induced may be calculated [51, 64]:

δtmem(t) = B(k̂, p̂, ψ)hmem(t). (4.1)

The projection factor B(k̂, p̂, ψ) accounts for the fact that the GW memory has a

quadrupolar antenna pattern. The effect of the GW memory on the TOAs from a

pulsar depends on where that pulsar lies inside the antenna pattern. For a pulsar

at p and a wavefront propagating in the direction k̂ separated by an angle α, we

can write the projection factor as:

B(k̂, p̂, ψ) =
1

2
cos(2ψp̂)(1 − cosα), (4.2)

where α is the angle between p̂, and k̂, and ψp̂ is the angle between the principal
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polarization vector (defined by ψ) and the pulsar line-of-sight projected onto a

plane perpendicular to k̂.

The second factor in Equation 4.1 carries the strength and time dependence

of the burst. For a wavefront with a characteristic strain of h0, we may write the

time-dependence as

hmem(t) = h0[(t− t0)Θ(t− t0) − (t− ti)Θ(t− ti)] (4.3)

where t0 is the time at which the memory wavefront passes over the Earth, ti =

t0 + (|p⃗i|/c) [1 + cos(θi)] is the retarded time at which the same wavefront passed

over the pulsar, and Θ is the Heaviside function. The left- and right-hand terms

in Equation 4.3 are called the “Earth term” and “pulsar term”, respectively. In

reality, because the distance to each pulsar in our PTA is on the order of thousands

of light-years, and the observation baselines of ongoing PTA experiments is tens

of years, we expect only one nonzero term in Equation 4.3.

The characteristic strain of GW memory h0 depends on the amount of energy

radiated as GWs, ∆Erad, and the orientation and distance of the source relative

to the observer. For a binary merger

h0 =
∆Erad

24r
sin2 ι

(
17 + cos2 ι

)
, (4.4)

where r is the comoving distance to the source, ι is the orbital inclination angle

of the binary, and ∆Erad is a function of the individual masses and spins. As our
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signal model includes only the memory portion, we are agnostic to the particulars

of the signal’s origin and parameterize our model with h0 directly.

Because of the significance of the detection of a CURN process in NG12gwb,

we also include a CURN with a fixed spectral index as part of our model. The

CURN is modeled as a power law, with a power spectrum characterized by two

hyperparameters (A, γ) [99]:

P (f) = A2

(
f

yr−1

)−γ

, (4.5)

where f is the frequency of the spectral component, A is the characteristic ampli-

tude of the red-noise process at the reference frequency yr−1, and γ is the spectral

index of the process. A stochastic gravitational wave background generated by an

ensemble of SMBHB is expected to have a spectral index of γSMBHB = 13/3 ≈ 4.33.

However, the maximum a posteriori value found for the spectral index of the CURN

in NG12gwb was approximately γMAP = 5.5. In this paper, we present two sets of

results using both of these fixed spectral indices for the CURN.

In addition to these signals, we include Gaussian white noise and Gaussian red

noise on a per-pulsar basis. The Gaussian red noise accounts for long-timescale

changes in the pulsar’s rotational frequency. Some examples of processes which can

cause these changes include spin noise [74, 105], stochastic variations in dispersion

measure [41, 69, 70], and mode changing [81, 95].

The Gaussian white noise is parameterized by three parameters known as

EQUAD, EFAC, and ECORR. EQUAD and EFAC modify the measured TOA
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uncertainty: EQUAD adds additional white noise in quadrature, and EFAC multi-

plies the total TOA uncertainty after including EQUAD. ECORR describes white

noise that is correlated between TOAs gathered in the same observation epoch

but uncorrelated between different observations. This term nominally accounts

for pulse jitter noise. For this analysis, the white noise parameters are fixed to

their median values as determined by single pulsar noise analyses for the sake of

computational efficiency.

4.5 Methods

The techniques used in this search are documented in Sun et al. [110]. As such,

in this section, we will give only a brief overview of the techniques. The residuals

in a single pulsar’s TOAs may be written as the sum of multiple stochastic and

deterministic processes:

δt = δtmem +Mϵ+ Fa + Fgwagw + n. (4.6)

Above, δt are the residual timeseries for the pulsar. The term δtmem are the

residuals induced by GW memory; M is the design matrix accounting for small

errors in the linearized pulsar timing model ϵ; F is the design matrix for a pulsar-

intrinsic Gaussian red-noise process modeled as a Fourier series with coefficients

a; Similarly, Fgw and agw, are the design matrix and Fourier coefficients for the

CURN; finally, n are the uncertainties in the TOAs from Gaussian white noise.

Given estimations of the timing model parameters, GW memory signal, and
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Gaussian process parameters, we can construct residuals r:

r = δt− δtmem −Mϵ− Fa− Fgwagw. (4.7)

Since the residuals r are expected to arise only from Gaussian white noise

(having subtracted out all other effects), we can compute the likelihood of any set

of model parameters as:

L(ϵ, a, agw, δtmem) = p(δt|ϵ, a, agw, hmem, t0, k̂, p̂, ψ)

=
exp

(
−1

2
rTN−1r

)
√

2π detN
.

(4.8)

It is also possible to analytically marginalize this likelihood over the timing

model and red noise parameters. For a full description, see Lentati et al. [76], van

Haasteren and Vallisneri [119], and van Haasteren and Vallisneri [120]. The final

marginalized likelihood is:

p(δt|hmem, t0, k̂, p̂, ψ) =
exp

(
−1

2
qTC−1q

)
√

2π detC
(4.9)

where we have the definitions:

q = δt− δtmem, (4.10)

C = N + TDT T , (4.11)
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T =

[
M F

]
, (4.12)

D =

 ∞ 0

0 ϕ

 , (4.13)

where ∞ above is a diagonal matrix of infinities (which we can understand as

unconstrained priors on timing model parameters), and ϕ is a covariance matrix

for the individual red noise and CURN Fourier coefficients. Because we are using a

CURN, these ϕ matrices are also diagonal, and simply contain the red noise power

at each frequency bin given by Equation 4.5.

Following the procedure of Sun et al. [110], which is based on methods in §6 of

NG5-bwm, we then compute the pulsar-term likelihoods (marginalized over intrin-

sic pulsar red noise and fixed spectral index CURN) on a grid of trial parameters

{hi, tB} where hi is the post-projection strain of the memory signal in the i-th

pulsar, and tB is the burst epoch. The post-projection strain is given by the prod-

uct of the projection factor (Equation 4.2) and the intrinsic strain of the memory

signal h0. We can only use the post-projection strain since the residuals of one

pulsar cannot break the degeneracy between the location of the signal’s origin

and the intrinsic strain. Additionally, Sun et al. [110] do not include a CURN,

but we choose to include this additional noise process because of the results of

NG12gwb, in which it was shown that there is significant evidence for a CURN

in the NANOGrav 12.5-year data set [NG12]. These pulsar-term likelihood tables
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may be used to set upper limits on pulsar-term GW memory.

Then, we can combine the pulsar-term likelihoods to compute Earth-term like-

lihoods by making use of the factorizability of the signal model:

p(δt|k̂, ψ, tB, h0) =

Npsr∏
i=1

pi(δt|k̂, ψ, tB, h0)

=

Npsr∏
i=1

pi(δt|hi, tB),

(4.14)

where above we have implicitly used Equation 3.3 to combine the burst parameters

k̂, ψ, and h0 into the post-projection, pulsar-term GW memory strain hi. In

this way, it becomes very computationally inexpensive to compute the red-noise-

marginalized Earth-term likelihoods of any GW memory events on a full grid of

trial parameters {log10 h0, tB, θB, ϕB, ψB} where h0 is the intrinsic strain of the

memory event, tB is the event epoch, (θB, ϕB) are the polar and azimuthal angles

of the sky location of the event source, and ψB is the polarization angle of the

memory wavefront. Once we have the likelihoods on a grid of trial parameters,

we can simply numerically marginalize over any of the trial parameters to obtain

marginalized likelihoods or posterior probability distributions.

These signal models and this likelihood calculation are implemented in enterprise4

[49] and enterprise extensions5 [113]

4https://github.com/nanograv/enterprise
5https://github.com/nanograv/enterprise extensions
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4.6 Results

4.6.1 Earth-term Memory Search

We began by performing an Earth-term Bayesian search for GW memory using

MCMC sampling. We compared two models: 1) a noise-only model and 2) a noise

and GW memory model. The noise-only model included intrinsic pulsar red noise,

white noise, and a common red noise process. The signal model included the same

noise processes with an additional GW memory signal. The two models were si-

multaneously sampled using the product-space sampling method [28, 59], allowing

us to determine the posterior probability for the memory signal and compute the

Bayes factor for the signal model compared to noise only. The resulting Bayes

factor of 2.8, shows the GW memory model is marginally favored over noise only.

However, this Bayes factor is too small to be considered a detection. The posterior

probability distributions for the memory signal and global spatially uncorrelated

red-noise process are shown in Figure 4.1. Based on the posterior probability of

the burst epoch, we can identify three “hot spots” near MJDs 54000, 55400 and

57300.

The features near MJD 54000 and 55400 were both present in the analysis of

NG11-bwm, where they were the most significant GW memory false alarm events

in NG11 and NG9, respectively. The feature near MJD 54000 lies near the start

of our observations and at a time where there were large data gaps for several

pulsars. At early times in our dataset there were fewer pulsars being observed,

and the observations were less regular. The sparsity of data makes it harder to
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constrain any signal in these times. Events that occur early in the data are also

more degenerate with the quadratic pulsar timing model fit to the pulsar rotational

frequency and frequency derivative. This means that the signal model can be

consistent with a high amplitude memory event that is effectively removed by the

marginalization of the timing model.

Using a dropout analysis, we identified three pulsars in particular which sup-

ported each of the three aforementioned features: PSRs J0030+0451, J1744−1134

and J2043+1711. We performed another Bayesian search using a free spectral

noise model, which treats the power in each frequency bin in the power spectral

density as an independent parameter, rather than requiring a power-law red noise

power spectral density for these three pulsars. We found that using a more flexible

noise model in these pulsars completely removes the features at MJD 55400 and

MJD 57300. Because each of these features has no support from any other pulsars,

we conclude that these events are related to noise in individual pulsars and not

actual GW memory events. The analysis using the free spectral noise model in

three pulsars results in a Bayes factor for GW memory of 1.3. In general, more

complex noise models like those used in Simon et al. [108, in prep] should help

prevent noise features from contaminating searches for GW memory in the future.

4.6.2 Pulsar-term Upper Limits

Because we make no detection, we report upper limits on GW memory strain

amplitude.
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Figure 4.1: A corner plot showing 1D and 2D marginalized posteriors for three
key model parameters: burst epoch tB, burst strain amplitude log10 h0, and CURN
amplitude log10ACURN. The good localization log10ACURN shows that the CURN is
still detected in the presence of the memory model. Furthermore, the tail of log10 h0
extends to very low amplitude, which indicates that h0 ∼ 0 is still supported by
the model.
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Figure 4.2: A plot of the pulsar-term upper limits on memory strain amplitude.
The pulsars are listed in order of shortest to longest timing baseline. To find these
upper limits, we compute amplitude posteriors from the pulsar-term lookup tables
marginalized over the burst epoch, pulsar intrinsic red noise and a fixed spectral
index common uncorrelated red noise (CURN) process. Overall, we do not find
much difference in pulsar-term upper limits when comparing the results using a
fixed CURN spectral index of γSMBHB = 4.33 and γMAP = 5.5.
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Figure 4.2 shows the pulsar-term upper limits on GW memory using both

γMAP and γSMBHB. Because the pulsar-term upper limits are computed one pulsar

at a time, we lose all information relating to the sky location of the signal. This

amplitude upper limit is a constraint on the product of B(k̂, p̂, ψ) and h0, since

these two terms are fully degenerate in the pulsar-term search. In other words, it

is impossible to differentiate between a weak memory event or one that originated

in the sky such that the antenna pattern is weak at the pulsar’s sky location.

We see that the choice of spectral index does not affect the pulsar-term upper

limits very much in most cases. Some pulsars (e.g., PSRs B1937+21, J0613−0200,

J0645+5158, J1713+0747) show small, but significant differences.

4.6.3 Earth-term Upper Limits

Figure 4.3 and Figure 4.4 show the upper limits on GW memory strain amplitude

in the NANOGrav 12.5-year data set as a function of burst epoch and sky location,

respectively.

To compute the upper limits as a function of burst epoch (Figure 4.4), we

must compute amplitude posteriors which have uniform priors over the sky and

polarization. Thus, we started by splitting up the sky into 48 HEALPix6[61] sky

pixels using healpy7 (nside=2) [132]. Then, for each sky pixel, we computed

likelihood tables for global GW memory events using Equation 4.14 and the pulsar-

term likelihood tables. Finally, for each trial burst epoch, we took an equal number

6https://healpix.sourceforge.io/
7https://github.com/healpy/healpy
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of samples from the amplitude posteriors from each source-orientation bin at that

trial epoch. We then concatenated the samples taken from each of these amplitude

posteriors together to form a sky-averaged strain amplitude posterior.

We must sample each source-orientation bin independently to construct our

sky-averaged posteriors because of the nature of the memory signal. Our PTA

does not have uniformly-distributed pulsars, and as such, there are parts of the

sky in which we have little to no sensitivity. If we are not careful about sampling,

and instead search over the entire sky simultaneously, our amplitude would be

dominated by samples taken from source orientations to which our PTA is com-

pletely insensitive. Furthermore, because there is much more prior volume at high

amplitudes, these samples would all heavily bias our amplitude posteriors towards

higher amplitudes which our PTA has no way of ruling out. This sampling scheme,

in which we concatenate samples from different source orientation bins, guarantees

that our posterior is marginalized uniformly over the prior [88].

Figure 4.3 shows the upper limits on memory strain as a function of sky location

and fixed common red-noise spectral index. To obtain these upper limits, we

first computed Earth-term lookup tables for 768 HEALPix sky pixels (nside = 8)

marginalized over the polarization of the memory wavefront (c.f., the upper limits

as a function of burst epoch). For these Earth-term lookup tables, we limit the

prior on the burst epoch to the last three years because some pulsars do not

have more than three years of data. We can see from this comparison that the

upper limits differ slightly depending on the choice of fixed spectral index for the

common red noise. While we do not believe these differences are significant, there
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is a difference pattern that is very similar to the antenna response of a GW memory

event around PSR J0613−0200. After repeating the same analysis, but omitting

this pulsar, the nearby differences largely disappear. This suggests that this pulsar

contains a noise feature which is difficult to model accurately using only a red noise

power law and white noise. When mismodeled, the excess noise is conflated with

a GW memory signal, thus causing the upper limit differences in Figure 4.3.

Figure 4.4 shows the upper limits on GW memory in the NANOGrav 12.5-year

data set plotted as solid curves. We also show the results of the NANOGrav 11-

year search for GW memory plotted as a dashed green curve. The upper limits

computed from the NANOGrav 12.5-year data set do not improve significantly

upon those computed from NG11-bwm in the overlapping epochs. However, the

increased volume of timing data and number of pulsars do clearly result in im-

provements on the upper limits of approximately half an order of magnitude when

compared to early upper limits. Continued observation and growth of this PTA

will cause the upper limits in the future to be even lower, and give much more

stringent limits on GW memory.

Figure 4.5 shows the upper limits on the rate of SMBHB mergers that produce

GW memory computed using the results shown in Figure 4.4. We do this by

counting the number of epochs which have lower strain upper limits than a given

fixed strain. From this, we can then constrain the rate of events that have strains

at or below this fixed strain. In addition, this figure shows the predicted rate in

Islo et al. [67]. From the right-hand-side plot, we can see that our rate upper limits

do not improve much when compared to the NANOGrav 11-year results. We also
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Figure 4.3: Top left: The upper limits on memory strain amplitude as a function
of skypixel including a CURN law process using a fixed spectral index of γSMBHB =
4.33, as expected for a stochastic gravitational wave background originating from
an ensemble of uniformly, isotropically distributed SMBHBs. Top right: The upper
limit on memory strain amplitude as a function of sky pixel including a CURN
power law process using a fixed spectral index of γMAP = 5.5, the maximum a
posteriori value for the detected CURN in Arzoumanian et al. [15]. Bottom: The
difference between the top two panels. A positive value indicates that the upper
limits on strain using a spectral index of 5.5 are higher. We see that overall, the
upper limits change slightly when the red noise model uses the preferred red noise
spectral index. However, these changes are localized to a small part of the sky. It
can be shown that these upper limit differences can be largely attributed to PSR
J0613−0200.
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include the sky-marginalized pulsar term upper limits. Notably, in this analysis,

the Earth term rate upper limits are more constraining than the combined pulsar

term upper limits. This indicates that the PTA contains enough pulsars that the

sensitivity at low strain amplitudes is no longer dominated by a few pulsars. In

addition, the NANOGrav 12.5-year pulsar-term rate upper limits are worse than

the 11-year rate upper limits. This is due to the additional red noise model used

in the analysis of the 12.5-year data set.

4.7 Discussion and Conclusion

In this paper, we have shown that there is no significant detection of GW memory in

the NANOGrav 12.5-year data set. We have therefore set upper limits on the strain

amplitude of any GW memory events in the NANOGrav 12.5-year data set in the

presence of the CURN detected in NG12gwb. The addition of a CURN to the noise

model does not significantly affect the upper limits, but does have some covariance

with the GW memory signal. We also see from Figure 4.3 that PSR J0613−0200

gives significantly different strain upper limits for sources in its vicinity depending

on the choice of spectral index for a CURN process. Furthermore, these differences

have a quadrupolar shape, similar to the antenna response of a GW memory signal.

This indicates the presence of some excess low-frequency noise in this pulsar which

can be conflated with GW memory. From Figure 4.4 and Figure 4.5, we see that

the additional data in the 12.5-year data set continue to increase our sensitivity to

GW memory, especially later in the data set. This in turn will allow us to continue
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placing more stringent limits on the rates of memory-producing events.

It is important to remember that the predicted event rate upper limits shown

in Figure 4.5 are only for SMBHB mergers. While the prospects for detecting GW

memory from SMBHB mergers are low, there are many exotic sources which may

be expected to emit GWs and produce GW memory [38]. Furthermore, it has

been recently discovered that there is some evidence of a GW background in the

NANOGrav 15-year data set [1]. The spectrum detected in Agazie et al. [1] may be

used to update estimations of SMBHB systems and recompute merger event rates.

This work is critical for continued development of future searches for GW memory.

Additionally, pulsar glitches, which are instantaneous changes in the rotational

frequencies, produce an almost identical signal as a pulsar-term GW burst with

memory [35]. Pulsar glitches have been observed in two millisecond pulsars, PSRs

B1821−24 and J0613−0200 thus far [34, 91]. Of these two, J0613−0200 is in

NANOGrav’s timing data set. However, this glitch occurred before NANOGrav

began timing the pulsar, and this glitch should therefore have no effect on this

pulsar’s timing model or residuals. The pulsar-term upper limits presented in this

analysis may be used to set upper limits on glitches in every other pulsar as well.

In general, this analysis may be used to cross-validate any detection of any loud

GW-producing event.

Finally, the search for GW memory can reveal interesting noise features of a

PTA’s constituent pulsars. For example, the analysis presented in NG11-bwm

shows that PSRs J1909−3744 and J0030+0451 had some excess, unmodeled noise.

This analysis shows that there is some excess noise in PSRs J1744−1134 and
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J2043+1711 that conspire to give support for a memory event at MJD 57300. This

makes them good candidates for any future studies of noise characteristics, like

those presented in Lam et al. [73] and Hazboun et al. [63]. In addition, Figure 4.3

suggests that PSR J0613−0200 may have a noise transient which is highly covariant

with red noise. Previous work has shown that scattering variations may result

in excess correlated noise in pulsar timing data sets [29, 60, 70]. Main et al.

[86, 87] have shown that in particular, data from PSR J0613−0200 shows significant

evidence of scattering variations. These scattering variations may be the source of

the differences in GW memory upper limits in the vicinity of this pulsar when using

different CURN spectral indices. As pulsar timing baselines become longer and

PTA sensitivity to red noise increases, it will be critically important to explore how

strong red noise and components of each pulsar’s timing models affect detection

prospects of GW memory.

Overall, the search for GW memory remains a critical part of the GW analysis

pipeline because of its use in cross-validation of any potential detections of loud

GWs, its ability to reveal unmodeled noise, and the possibility that a GW memory

event may reveal exotic GW sources. Continued methods development, as applied

to both GW memory and intrinsic pulsar noise, will allow us to perform more

robust searches for these sources using future data sets.
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5.1 Abstract

In this work we derive two computationally efficient frequentist detection statistics

that can be used in searches for gravitational-wave bursts with memory in pulsar

timing data. By maximizing the likelihood ratio in two different ways we construct

a coherent statistic and an incoherent statistic, which are analogs of the Fe and Fp

statistics commonly used for continuous-wave searches in pulsar timing data. We

show that both statistics are χ2-distributed with varying degrees of freedom and

non-centrality parameters given by the signal-to-noise (SNR) ratio of the signal

present in our data. The statistics can also be used to compute the maximum like-

lihood estimators of amplitude parameters of a possible gravitational-wave memory

signal in pulsar timing data. We find that in the low-signal regime (SNR ≲ 5),

the estimators are inaccurate. However, in intermediate- to high-signal regimes,

we show that these estimators can accurately determine the correct signal param-

eters. We also study the effects of red noise on these statistics, and find that the

inclusion of red noise reduces the signal-to-noise ratio for injected memory signals.

5.2 Introduction

Pulsar timing arrays (PTAs) have been very successful at probing the low-frequency

part of the gravitational wave (GW) spectrum. There are many ongoing efforts to

search for a diverse set of GW signals including continuous GWs from super massive

black hole binary (SMBHB) systems [2, 9, 52, 131], a stochastic background of GWs

from ensembles of SMBHBs [1, 8, 50, 101, 128], nonlinear GW memory [3, 123],
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non-Einsteinian GW polarization modes [16, 31, 37, 126], and short-duration GW

bursts from various sources [27, 42]. Pulsar timing experiments use the fact that

millisecond pulsars (MSPs) are extremely stable rotators [79]. The regularity of

the radio pulses emitted by these pulsars make it possible to use changes in the

pulse times of arrival (TOAs) to detect or set limits on various GW phenomena

and perform tests of Einsteinian relativity [44, 64, 103]

One such test is the search for GW bursts with memory (BWMs). As a SMBHB

system completes the final phase of a merger, the burst of gravitational waves

radiated through the event act as a source of so-called “nonlinear” GW memory

[19, 32, 115, 124, 130]. This phenomenon is called “nonlinear” because it originates

from the nonlinearity of Einstein’s field equations. When this memory wave front

crosses the line of sight between the Earth and an MSP, it has the effect of changing

the observed rotational frequency of this MSP. Currently, there are efforts by PTAs

and ground-based GW observatories to detect nonlinear memory [2, 75]. The work

in Refs. [35, 67, 82, 118] also shows the detection prospects for nonlinear memory

in space-based, and PTA GW experiments.

Several methods have been developed for searches for nonlinear GW memory

across all GW-frequency regimes. PTA experiments largely use Markov Chain

Monte Carlo sampling methods to compute posterior probabilities of memory

model parameters. Because these methods are computationally intensive, we pre-

viously [110] proposed an efficient method using pre-computed likelihood tables to

numerically compute posteriors on nonlinear memory model parameters.

In this work, we present two frequentist statistics which can be used in searches
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for nonlinear GW memory by PTAs. These statistics are optimal in the sense that

they are derived by maximizing the ratio of the likelihoods of a nonlinear GW sig-

nal event to the null signal model, following the optimal frequentist strategies laid

out for the stochastic GW background [7], and for continuous GWs [46]. These

statistics can also be used to compute estimators for the parameters that deter-

mine the amplitude of the signal. This work builds on [46], in which analogous

statistics are derived for searches for continuous GWs. In turn, the results in [46]

built on previous work [18, 36, 68] on frequentist statistics analytically maximized

over waveform parameters for continuous GWs in LIGO, LISA, and PTA data.

Finally, [11, 123] derived the maximum likelihood estimator for the strain ampli-

tude of a GW memory event in PTA data. In this work we re-parameterize the

signal differently allowing us to compute maximum likelihood estimators for the

polarization, the amplitude, and, for the incoherent statistic, the sky location of

the memory event.

In previous work for continuous GWs [36, 46, 68], the statistic derived by

maximizing the likelihood ratio was referred to as the F -statistic. Ref. [46] further

split this into a coherent statistic which they call the Earth-term F -statistic (Fe),

and an incoherent statistic called the pulsar-term F -statistic (Fp) depending on

how the likelihood ratio was maximized. In this work, for GW memory events,

we will refer to the two different statistics that result from the two maximizations

as the coherent F -statistic (FC), and the incoherent F -statistic (FI). Despite

progress in [110] to increase the efficiency of full Bayesian searches for nonlinear

GW memory, such searches remain very computationally expensive. These new
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F -statistics are useful additions to the standard set of tools used in pulsar timing

data analysis. They are very fast to compute and can be used to independently

cross-validate a full Bayesian search without significant additional computational

costs. We expect a noise-marginalized approach analogous to that used for GW

stochastic background searches Vigeland et al. [122] to be necessary for robust

GW memory searches using our frequentist techniques. We will develop these

techniques in future work.

5.3 Background

In this section, we begin by reviewing the signal model for nonlinear GW memory

in pulsar-timing data. We then apply a similar framework to that presented in

Ellis et al. [46] for CWs to nonlinear GW memory and develop both coherent and

incoherent frequentist statistics by maximizing the likelihood ratio in two different

ways.

5.3.1 Signal Model

As a GW memory front passes through the Earth or a pulsar, the apparent ro-

tational frequency of the pulsar changes by a fractional amount proportional to

the strain-amplitude of the memory. This sudden mismatch between the pulsar’s

modeled rotational frequency and apparent rotational frequency induces a linear

drift in the residuals of the pulsar’s TOAs. This occurs because the change in
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rotational frequency is a constant, and we accrue a constant timing residual with

every subsequent rotation of the pulsar. In this paper we consider the effect of

a GW memory front passing over only the Earth, the so-called Earth-term. The

rationale for this assumption is explained in detail below. The residuals induced

by the Earth-term GW memory signal in the a-th pulsar of a PTA may be written

as

ra(t; t0, Ω̂, h0, ψ) = h0Θ(t− t0)(t− t0)(F
a
+(Ω̂) cos (2ψ) + F a

×(Ω̂) sin (2ψ)), (5.1)

where h0 is the intrinsic strain of the memory signal, t0 is the time at which

the memory wavefront passes over the Earth, Ω̂ is the location of the source of

the GW memory, and ψ is the polarization angle, the angle between the principal

polarization vector and pulsar line of sight projected onto the plane perpendicular

to the propagation direction of the wave. The antenna pattern functions F+(Ω̂)

and F×(Ω̂) for plus- and cross-polarized GWs are given by

Fa,+(Ω̂) =
1

2

(m̂ · p̂a)2 − (n̂ · p̂a)2
1 + Ω̂ · p̂a

, (5.2)

Fa,×(Ω̂) =
1

2

(m̂ · p̂a)(n̂ · p̂a)
1 + Ω̂ · p̂a

, (5.3)

where p̂a is the unit vector that points to the a-th pulsar. m̂ and n̂ are two

orthogonal vectors that define the plane perpendicular to the propagation direction
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of the memory wavefront and are given by

m̂ = sinϕx̂− cosϕŷ (5.4)

n̂ = −(cos θ cosϕ)x̂− (cos θ sinϕ)ŷ + (sin θ)ẑ, (5.5)

where θ and ϕ are the polar and azimuthal angles of the source.

It is worth pointing out that the choice of only including the Earth-term GW

memory signal is well motivated. The distances from the Earth to pulsars in

a PTA, and their distances from one another, are on the order of hundreds to

thousands of light-years. Therefore, the time it takes a GW memory front to pass

over both one pulsar and the Earth, or over two different pulsars in a PTA, is

hundreds to thousands of years. This timescale is much longer than typical pulsar

timing experiment durations which are on the order of a decade. This means we

do not expect to observe the same GW memory event passing the Earth and a

pulsar, or two different pulsars in a PTA, during the course of typical pulsar timing

experiments.

It is difficult to make a compelling case for detection using single-pulsar GW

memory measurements [35, 118]. This is because we observe sudden changes,

called “glitches” [62], in the rotational frequencies of some pulsars which produce

a signal in the timing residuals identical to a GW memory burst. These glitches

have also been observed in MSPs, albeit very rarely [91].

Therefore only when a GW memory front passes over the Earth, affecting the

residuals of all pulsars in the PTA in a correlated way, are we in a position to make
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a compelling case for detection. Individual pulsar GW memory searches, however,

can still be used to place upper limits.

5.3.2 Likelihood

The total signal and noise model for a pulsar’s residuals δt may be written as

δt = δtbwm + n, (5.6)

where δtbwm are the residuals induced by the memory signal, and n is a timeseries

containing red and white Gaussian noise (see Ref. [119] for descriptions of Gaussian

process noise). It is important to include red noise in n for our analyses since

recent PTA data sets have been found to contain a strong GW background red

noise process in addition to pulsar-intrinsic red and white noises [1, 15]. Both the

intrinsic and common red noise processes are paramaterized using the amplitude

ARN and spectral index γ via [99]

PRN(f) = A2
RN

(
f

f1yr

)−γ

, (5.7)

where ARN is the dimensionless noise amplitude at a reference frequency of f1yr =

1yr−1 and γ is the spectral index. For a sense of the expected magnitude of these

parameters, current results from Agazie et al. [1] give estimates for the amplitude

and spectral index of ARN = 6.4+4.2
−2.7 × 10−15 and γ = 3.2+0.6

−0.6 for the gravitational

wave background. Ref. [12] contains a detailed explanation of the parameterization
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of red and white noises in PTA data analysis.

The residuals are obtained from the TOAs by subtracting out a timing model.

To account for the effects of this subtraction we use the R-matrix formalism de-

scribed in refs. [41, 48], including only the quadratic terms which originate from

fitting for the rotational phase, frequency, and frequency-derivative. The R matrix

that fits out the least-squares-minimized quadratic is

R = I −M(MTΣ−1M)−1MTΣ−1, (5.8)

where I is the identity matrix and M is the following design matrix

M =



1 t1 t21

1 t2 t22
...

...
...

1 tNtoas t2Ntoas


. (5.9)

The columns of M use all TOAs for the pulsar. Finally, Σ is the pre-fit noise

variance matrix

Σ = ⟨nnT ⟩. (5.10)

The post-fit residuals δ̃t and post-fit noise covariance matrix Σ̃ then become

δ̃t = Rδt = R(δtbwm + n) ≡ δ̃tbwm + ñ, (5.11)
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with

Σ̃ = RΣRT . (5.12)

We can then write the likelihood for the signal as the probability that the

residuals with the signal subtracted out follow the expected Gaussian noise distri-

bution

p(δ̃t|δ̃tbwm) =
exp

[
−1

2
(δ̃t− δ̃tbwm)TΣ̃−1(δ̃t− δ̃tbwm)

]
√

det (2πΣ̃)
. (5.13)

5.3.3 General F -statistic

The derivation presented in Ellis et al. [46] can also be applied to the case of

nonlinear gravitational-wave memory. For completeness, we reproduce the steps

involved in this derivation. We begin by defining the inner product between two

vectors

(x|y) ≡ xTΣ̃−1y. (5.14)

This allows us to rewrite the log-likelihood (Eq. 5.13) as

log p(δ̃t|δ̃tbwm) = −1

2
(δ̃t− δ̃tbwm|δ̃t− δ̃tbwm) − 1

2
log det (2πΣ̃), (5.15)

where we have suppressed the explicit dependence on the red noise parameters.

For simplicity, in this work we will keep the red noise parameters fixed, and thus

the resulting covariance matrix (Eq. 5.12) will be constant. Although the previous

expressions for the likelihood (Eq 5.13) are only for a single pulsar, we can easily
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generalize this to the full PTA case by writing

δ̃t =



δ̃t1

δ̃t2
...

δ̃tNpsr


, (5.16)

and

δ̃tbwm =



δ̃tbwm,1

δ̃tbwm,2

. . .

δ̃tbwm,Npsr


. (5.17)

In other words, the full residual time series is a vector containing each of the

pulsar’s timing residual time series. The full R matrix can be written in a block

diagonal form

R =



R1 0 · · · 0

0 R2 · · · 0

...
...

. . . 0

0 0 · · · RNpsr


. (5.18)

Finally, for this work, we ignore the small off-diagonal Hellings and Downs (HD)

spatial correlations that result from the gravitational-wave background and assume

the full PTA noise covariance is block-diagonal (see § 5.5 for further discussion on
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this assumption).

Σ̃ =



Σ̃1 0 · · · 0

0 Σ̃2 · · · 0

...
...

. . . 0

0 0 · · · Σ̃Npsr


. (5.19)

To construct the full PTA noise covariance for simulations including intrinsic red

noise, we can simply add the intrinsic red noise covariance matrices for each pulsar

in the corresponding block along the diagonal. We then write the log-likelihood

ratio as

log Λ = log
p(δ̃t|δ̃tbwm)

p(δ̃t|0)
= (δ̃t|δ̃tbwm) − 1

2
(δ̃tbwm|δ̃tbwm), (5.20)

where p(δ̃t) is the likelihood that these residuals arise from only noise.

We can write the pre-fit signal template δtbwm as a sum of amplitudes ai mul-

tiplied with template vectors Ai

δtbwm =
∑
i

aiA
i, (5.21)

Just like for the continuous-wave case [46], there is more than one way to decompose

the signal into the product of an amplitude and template vector. In general, the

template vectors Ai carry the “ramp”-shaped template, and therefore the time

dependence. In this work, Eqs. 5.26 and 5.42 show two different possible choices

for template vectors. For now, we will not specify the decomposition used in Eq.

5.21 but will assume it gives us the full BWM-induced residual time series defined

by Eq. 5.1 for each pulsar in the full PTA. This will allow us derive general results
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now that we can apply to the coherent (see § 5.3.4 ) and incoherent (see § 5.3.5)

decompositions later.

Using Eq. 5.21 for the BWM-induced residuals, we can write the log-likelihood

ratio (Eq 5.20) as

log Λ = ai(δ̃t|Ãi) − 1

2
aiaj(Ã

i|Ãj), (5.22)

where Ãi = RAi are the post-fit time-dependent signal templates. We can then

define the matrix elements Ni = (δ̃t|Ãi) and Mij = (Ãi|Ãj) and maximize this

ratio over the amplitude parameters

∂ log Λ

∂ak
= 0 = Nk −Mikai. (5.23)

This gives the maximum likelihood estimator for the amplitude parameters

âi = MikN
k, (5.24)

with Mik = [M−1]ik , and the maximized log-likelihood ratio

log Λ =
1

2
NiMijN

j ≡ F (5.25)

The statistic 2F then follows a χ2 distribution. As we will show below, depend-

ing on our choice of decomposition of the signal, this statistic may be coherent or

incoherent. In subsequent sections, we show the choices that give the coherent and

incoherent F -statisics, FC and FI , respectively. We note that the dimensions of
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the M and N matrices are determined solely by the number of template vectors.

We also show that the coherent statistic FC can be computed using two template

vectors, with M a 2×2 matrix, and N a vector of length 2, whereas the incoherent

statistic FI only requires one template vector and both M and N are scalars.

5.3.4 Coherent F -statistic

For the coherent statistic, we include the sky-location dependence that comes from

the antenna-pattern functions F a
+ and F a

× in Eq. 5.1 as part of the time-dependent

template Ai when we decompose the signal using Eq. 5.21. We write this sky-

location dependent time-domain template as

Cα,m(Ω̂, t; t0) = Fα,m(Ω̂)Θ(t− t0)(t− t0), (5.26)

where m = +,× specifies the polarization, and α specifies the pulsar. The corre-

sponding amplitudes are

c+(h0, ψ) = h0 cos(2ψ), (5.27)

c×(h0, ψ) = h0 sin(2ψ). (5.28)

This allows us to rewrite the pre-fit signal template of Eq. 5.21 as follows

δtbwm(h0, ψ, Ω̂, t; t0) =
∑

m=+,×

cm(h0, ψ)Cm(Ω̂, t; t0), (5.29)
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where

Cm(Ω̂, t; t0) =



C1,m(Ω̂, t; t0)

C2,m(Ω̂, t; t0)

. . .

CNpsr,m(Ω̂, t; t0)


. (5.30)

and C̃+,× = RC+,× are the post-fit time-dependent signal templates. Following

the above derivation, the log-likelihood ratio is maximized for the amplitude pa-

rameters

∂ log Λ

∂ck
= 0 = (δ̃t|C̃i) − ci(C̃

i|C̃k) (5.31)

= Nk − ciM
ik, (5.32)

where the M and N matrices are defined by

[
Mij

]
=

(C̃+|C̃+) (C̃+|C̃×)

(C̃×|C̃+) (C̃×|C̃×)

 (5.33)

[
Ni
]

=

(δ̃t|C̃+)

(δ̃t|C̃×)

 . (5.34)

Then, the maximum log-likelihood ratio is

2FC = NiMijN
j, (5.35)
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where Mij is the inverse of Mij. The full expression of 2FC includes the sum

of two correlated random Gaussian variables with unit variance. It is possible to

perform a linear transformation to uncorrelate them (§3 of Ref. [68] shows this in

detail). As such, because 2FC is computed as the sum of two random Gaussian

variables, it follows a χ2 distribution with two degrees of freedom. In the presence

of a signal, it becomes a non-central χ2-disribution with a non-centrality parameter

ρ̄2 = (δ̃tbwm|δ̃tbwm) [46, 68]. Note that this non-centrality parameter is also exactly

the optimal signal-to-noise ratio (SNR),

⟨2FC⟩ = 2 + ρ̄2 = 2 + (δ̃tbwm|δ̃tbwm). (5.36)

In addition, for the coherent statistic, we can use the maximum likelihood ampli-

tude estimators to easily find the maximum likelihood amplitude parameters for

h0 and ψ yielding

ψ̂ =
1

2
tan−1

(
ĉ×
ĉ+

)
, (5.37)

and

ĥ0 =
√

(ĉ+)2 + (ĉ×)2. (5.38)

We note that this calculation can only be done with two or more pulsars. In the

case that the PTA consists of only a single pulsar, the matrix Mij is non-invertible.

This is expected, since a single pulsar cannot simultaneously constrain the GW
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strain h0 and polarization ψ.

5.3.5 Incoherent F -statistic

The other possibility is to decompose the signal using the time-domain signal

template D

D =



D1(t; t0)

D2(t; t0)

...

DNpsr(t; t0)


, (5.39)

where each element of the column vector is the time-dependent template for a

single pulsar

Dα(t, t0) = Θ(t− t0)(t− t0), (5.40)

where again Θ(t− t0) is the Heaviside function. The corresponding amplitude for

a pulsar indexed by α is

dα(h0, ψ, Ω̂) = h0(cos(2ψ)F+
α (Ω̂) + sin(2ψ)F×

α (Ω̂)). (5.41)
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The post-fit signal for the entire PTA can then be expressed as

δ̃tbwm(h0, ψ, Ω̂, t; t0) =



d1(h0, ψ, Ω̂)D̃1(t; t0)

d2(h0, ψ, Ω̂)D̃2(t; t0)

...

dNpsr(h0, ψ, Ω̂)D̃Npsr(t; t0)


. (5.42)

where again we use the post-fit time-dependent template D̃ = RD. The log-

likelihood ratio for a memory signal to the null-signal model is

log Λ = (δ̃t|δ̃tbwm) − 1

2
(δ̃tbwm|δ̃tbwm) (5.43)

=

Npsr∑
α

[
(δ̃t

α|δ̃tαbwm) − 1

2
(δ̃t

α

bwm|δ̃t
α

bwm)

]
(5.44)

=

Npsr∑
α

[
dα(δ̃t

α|D̃α) − 1

2
d2α(D̃α|D̃α)

]
. (5.45)

Maximizing over the β-th amplitude gives

∂ log Λ

∂dβ
= 0 = (δ̃t

β|D̃β) − dβ(D̃β|D̃β) (5.46)

Solving yields the maximal likelihood estimator for the β-th amplitude parameter

d̂β =
(δ̃t

β|D̃β)

(D̃β|D̃β)
= NβM

−1
β (5.47)
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with

Mβ = (D̃β|D̃β) (5.48)

Nβ = (δ̃t|D̃β), (5.49)

where Mβ and Nβ are both scalars since there is only one amplitude and one

template in this factorization of the signal.

The maximal log-likelihood (which we define as FI) is then Eq. 5.43 after

substituting the maximum likelihood estimates for the amplitudes

FI =

Npsr∑
α

[
d̂α(δ̃t

α|D̃α) − 1

2
d̂2α(D̃α|D̃α)

]
(5.50)

=

Npsr∑
α

[
1

2

N2
α

Mα

]
. (5.51)

Finally,

2FI =

Npsr∑
α

N2
α

Mα

(5.52)

Because 2FI is a sum of Npsr independent Gaussian random variables with

unit variance, it follows a χ2 distribution with Npsr degrees of freedom. However,

the non-centrality parameter ρ̄2 = (δ̃tbwm|δ̃tbwm) remains the same as the non-

centrality of the 2FC statistic

⟨2FI⟩ = Npsr + ρ̄2 = Npsr + (δ̃tbwm|δ̃tbwm). (5.53)
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As in the case for the FC statistic it is possible to solve for the signal parameters

using the maximum likelihood estimators for the amplitude. Since there are four

independent parameters in the amplitudes d̂β (see Eq. 5.41), it is possible to

numerically solve for the maximum likelihood estimators by using a minimum of

four pulsars.

5.4 Methodology and Results

5.4.1 Simulated Data Sets

To test our statistics we perform two different sets of simulations. First, we simu-

late PTAs with 40 pulsars placed in random, uniformly distributed sky locations,

with time baselines of 10 years. Each pulsar timing residual data set is composed

of Gaussian white noise, power-law red noise, and a BWM signal. The signal

source is placed at the average of the random right-ascensions and declinations

of all the pulsars in the PTA. The injected Gaussian white noise has an ampli-

tude of σWN = 100ns. The red noise (following Eq. 5.7) has an amplitude of

A = 3.0 × 10−15 and a spectral index γ = 13
3

. Finally, the memory signal is

constructed with a log-strain log h0 = −13.5, burst epoch t0 = 2
5
TPTA, and a po-

larization angle ψ = 0. These injection parameters are summarized in Table 5.1.

While red noise from a stochastic gravitational wave background has quadrupolar

spatial correlations, we exclude these in this work for simplicity. The red noise in-

jected in these data have the same power spectrum in each pulsar and are spatially
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Parameter Name Variable Injected Value

Gaussian White Noise Amplitude σWN 100 ns
Common Red Noise Amplitude ARN 3 × 10−15

Common Red Noise Spectral Index γ 13/3
Intrinsic Pulsar Red Noise Amplitude AIRN log-uniform(−17,−14)
Intrinsic Pulsar Red Noise Spectral Index γIRN uniform(2, 6)
Memory Strain Amplitude h0 3.16 × 10−14

Memory Epoch t0 4 yr
Memory Polarization ψ 0 rad

Table 5.1: This table summarizes the values of the injected noise and signal param-
eters used to create 5000 realizations of simulated data sets. These realizations
were used to compute the F -statistics shown in Figure 5.1. For data sets that
include intrinsic red noise, the red noise parameters were fixed to be constant for
all realizations.

uncorrelated. This common uncorrelated red noise is often called CURN. We then

create 5000 realizations for each combination of noises and signal, and compute

both FI and FC . The results are shown in Figure 5.1.

We also show the parameter estimation capabilities of the FC statistic using

Eqs. 5.37 and 5.38.

To do this, we simulate data sets with the same white noise (σwn = 100ns)

and red noise (ARN = 3.0 × 10−15, γ = 13/3), and inject signals at three different

strengths Abwm = {5×10−15, 8.5×10−15, 1.5×10−14} at a polarization angle of ψ =

π/8 ∼ 0.39 rad. We also created data sets which include intrinsic pulsar red noise.

The intrinsic red noise, like the common uncorrelated red noise, is parameterized

using an amplitude and spectral index. These amplitudes and spectral indices

were taken from uniform distributions with log10AIRN ∼ uniform(−17,−14) and

γIRN ∼ uniform(2, 6), and fixed throughout all simulations which include pulsar-
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Signal Regime SNR Injected Parameters Recovered Parameters

log10 h0 ψ log10 ĥ0 ψ̂
Weak 1.74 (1.46) −14.30 0.39 −14.19+0.20

−0.28 (−14.17+0.20
−0.27) 0.29+0.31

−0.67 (0.29+0.32
−0.69)

Intermediate 5.03 (4.22) −14.07 0.39 −14.03+0.16
−0.21 (−14.02+0.16

−0.22) 0.38+0.20
−0.33 (0.37+0.21

−0.33)
Strong 15.67 (13.34) −13.82 0.39 −13.81+0.11

−0.13 (−13.81+0.1
−0.13) 0.39+0.12

−0.15 (0.39+0.13
−0.16)

Table 5.2: This table shows the signal-to-noise ratio, the injected signal parameters,
and maximum-likelihood estimators for the signal parameters recovered using FC

in multiple signal regimes over 5000 realizations of simulations for data sets both
including and excluding intrinsic pulsar red noise. The values in parentheses are the
results for the data sets including intrinsic pulsar red noise. The signal regimes are
determined based on the SNR of the signal compared to the injected noise, which
was kept constant (see 5.1 for a summary of the injected noise and signals). The
maximum-likelihood estimators for the injected memory strain-amplitude are very
imprecise for low-SNR signals, but become much more accurate at higher SNR.
This is because GW memory signal has a similar power spectrum to a red noise
with γ = 13/3. However, the background is loud compared to the GW memory
signal expected from a modest SMBHB merger. The sensitivity of the PTA to
memory thus has a lower limit determined by the amplitude of the red noise.

intrinsic red noise. These parameters are also included in Table 5.1.

Table 5.2 shows the injected signal parameters as well as the results of these

parameter estimations. We also present 2-dimensional histograms of the recovered

signal parameters in Figure 5.2.

5.4.2 Results and Discussion

We compute both the FC and FI statistics for each combination of injected noise

and signals over 5000 realizations of the noise processes. To compare the results

with analytic expectations we calculate the non-centrality parameters ρ̄2 as defined

in Eqs. 5.36 and 5.53, and we use them to show the consistency between the best-fit

χ2-distributions and the theoretically predicted χ2-distributions in Figure 5.1.
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Figure 5.1: This figure shows the best-fit χ2-distributions to the FC and FI statis-
tics in multiple scenarios containing different combinations of gaussian white noise,
a common spatially uncorrelated red noise (CURN), and a nonlinear memory sig-
nal. We see that in these cases, the theoretically predicted distributions and the
theoretical non-centrality parameter match almost exactly with the distributions
of the F -statistics from 5000 simulated realizations. Notably, the SNR decreases
significantly when comparing the statistics in the presence of red noise.
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Figure 5.2: This figure shows the results of maximum-likelihood parameter recov-
ery using Eqs. 5.37 and 5.38 in multiple signal regimes. The top row show the
recovered parameters for the data sets without injected pulsar-intrinsic red noise,
and the bottom row shows the results for the data sets that contain additional
pulsar-intrinsic red noise. The summary of the injection and recoveries may be
found in Table 5.2. As expected, the maximum likelihood estimators for the strain
amplitude h0 and ψ do very poorly at small SNR (leftmost column, SNR = 1.74
and SNR = 1.46). However, with a moderately large signal (middle column, SNR
= 5.03 and SNR = 4.22), the strain amplitude estimator becomes more accurate,
while the polarization is not well measured in some realizations. Only when the
signal is very loud relative to the noise (rightmost column, SNR = 15.67 and SNR
= 13.34) does the maximum likelihood estimator for the ψ become accurate. The
weak sensitivity to polarization angle is largely due to the total size (40 pulsars)
and distribution (uniform) of the pulsars in this PTA. A PTA with more pulsars
distributed more densely near the sky location of the signal source would better
constrain the polarization of the signal.
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In all cases where there is no signal present, the top four plots in Fig. 5.1,

the post-fit covariance matrix properly accounts for both red and white noise. In

these cases, the best-fit χ2-distribution is nearly identical to the expected null-

signal χ2-distribution. When a signal is present in our data, bottom four plots

in Fig. 5.1, the best-fit non-centrality parameter is in excellent agreement with

analytic predictions.

Notably, the addition of red noise into a data set with a signal significantly

decreases the non-centrality parameter, which is just the optimal SNR. This is

consistent with our expectations, since our BWM signal (which is just a ramp in

the time domain) is partially covariant with powerlaw red noise processes. We find

that the non-centrality parameter is reduced from approximately ∼ 5000 in the

case of signal and white noise to ∼ 150 in the case of signal, white noise, and red

noise. This reduction in the non-centrality parameter means that — even using

the exact values of the injection parameters to compute the F−statistics — our

ability to the detect a BWM signal is hampered significantly by the presence of

red noise. This corroborates the results from refs. [35, 82] regarding the effects of

red noise on the detectability of GW memory in PTAs.

We can also see this degeneracy between red noise and nonlinear GW memory

in Figure 5.2. In these parameter estimation runs, we attempt to recover the

injected signal parameters using the maximum-likelihood estimators in Eqs. 5.37

and 5.38 for simulated data sets both including and excluding additional pulsar-

intrinsic red noise. The injected and recovered strain-amplitudes and polarizations

are summarized in Table 5.2. The 2-dimensional histograms of the estimated
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maximum-likelihood parameters are also shown in each constituent figure.

As seen in the figures, as the injected signal amplitude becomes weaker, pa-

rameter recovery becomes less accurate. In the weak-signal case (leftmost column

of Fig. 5.2), the amplitude of the memory is small compared to the red noise

amplitude. We see that the median recovered maximum likelihood amplitudes in

both cases are larger than the injected value (log10 h0,inj = −15), and the polariza-

tion angle is not well recovered in many realizations. This is because the memory

signal is completely hidden by the red noise. As a result, the coherent statistic,

which makes use of the correlations between pulsars in the antenna response to

the signal, cannot correctly recover the injected signal parameters. Thus, red noise

sets a high noise “floor” for GW memory detection.

In the intermediate case (middle column of Fig. 5.2), we see that the maximum

likelihood estimator for the amplitude of the memory signal estimates the injected

strain-amplitude accurately (log10 h0 = −14.07) for many realizations. The esti-

mator for the polarization is improved, but still inaccurate in some realizations.

In the case of very strong signals (rightmost column of Fig. 5.2), we see that

the median maximum-likelihood estimators over all realizations are more accurate.

To obtain an order-of-magnitude estimate of the size of the merging objects and

provide a sense of scale, we can use Eq. 1 in [82]

h0 =
1 −

√
8/3

24

Gµ

c2r
sin2 ι(17 + cos2 ι), (5.54)

where G is the gravitational constant, µ is the reduced mass of the SMBHB merger
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system, c is the speed of light, r is the comoving distance to the SMBHB, and ι

is the inclination angle of the binary. At a fiducial comoving distance of r = 1

Gpc, the strain amplitudes in the intermediate- and strong- regimes, hintermediate =

8.5× 10−15, and hstrong = 1.5× 10−14, correspond to the merger of two equal-mass

SMBHs of 2.7 × 109 M⊙ and 4.8 × 109 M⊙, respectively.

Finally, we can see that additional pulsar-intrinsic red noise does not signifi-

cantly affect the recovery of the parameters when using the F -statistic. However,

the introduction of additional noise clearly reduces the SNR. In these simulations,

the red noise amplitude and spectral index were fixed for each pulsar, with only

new realizations generated for each data set. Because the memory signal is local-

ized in the sky and only induces significant residuals in nearby pulsars, the relative

reduction in SNR is mostly dependent on the red noise in pulsars which are close

to the memory source location. As such, these SNR reductions will be sensitive to

the source sky location, and it is difficult to draw any more generalized conclusions

about effects pulsar-intrinsic red noise.

5.5 Conclusion

We have presented the derivation of two statistics analogous to the continuous

GW F -statistic for use in the detection of nonlinear GW memory in PTA data.

These statistics are computed by analytically maximizing the likelihood over the

amplitude parameters of the nonlinear GW memory signal model. This may be

done in two different ways: coherently, in which case we fix a source sky location
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and use the resulting antenna response of the PTA in the construction of the

time-domain templates; or incoherently, in which case we do not use the antenna

response of the PTA as part of the template and maximize over sky-locations along

with the strain and polarization of the GW. The coherent statistic FC is the analog

of the continuous wave Fe, and the incoherent statistic FI is the analog of Fp [46].

We have shown that in simple data sets including both Gaussian white and red

noise, both statistics follow the expected non-central χ2-distributions with the non-

centrality parameters given by the optimal SNR ρ̄2 = (δ̃tbwm|δ̃tbwm). We have also

demonstrated the parameter-estimation capabilities of the coherent statistic. As

expected, at low SNR (SNR ≲ 5), the maximum likelihood estimators for both the

strain amplitude and polarization of the nonlinear memory signal are inaccurate.

In the intermediate SNR regime, only the amplitude estimator becomes reliably

accurate. The polarization estimator only becomes accurate at very high SNR.

This can be mitigated by increasing the number of pulsars in the PTA, since

increased sky coverage allows the PTA to rule out more source orientations. We

also further corroborate the result shown in many other works [e.g 35, 82, 104]

that red noise heavily reduces the detectability of nonlinear memory. In the era of

background-dominated PTA data sets, it is paramount to look for alternative ways

to detect nonlinear memory, such as searching for persistent astrometric deflections

as a result of memory [22, 84].

In our work, we have presented the results of computing the coherent and

incoherent F -statistics on data sets that do not contain HD-correlated red noise. In

light of the discovery of GW-induced correlations in pulsar timing data sets Agazie
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et al. [1], EPTA Collaboration and InPTA Collaboration: et al. [50], Reardon et al.

[101], Xu et al. [128], we discuss some of the limitations of these techniques, along

with expectations for the case of HD-correlated data, below.

For the coherent F -statistic, this amounts to including off-diagonal components

in the covariance matrix defined in Eq. 5.19. The Fc-statistic is still χ2-distributed

with two degrees of freedom, but has a different non-centrality parameter. The

non-centrality parameter (the optimal SNR) changes because the covariance matrix

used in the evaluation of the inner product in Eq. 5.36 has additional off-diagonal

components. Preliminary checks with 5000 realizations of HD-correlated data,

similar to those used in section 5.4, indicate that the inclusion of the off-diagonal

components gives comparable SNR to the common (uncorrelated) red noise case.

We believe this is due to the fact that the off-diagonal contributions from the

correlations are small, since the HD coefficients are never greater than 0.5, and

taking the covariance to be block diagonal is a reasonable approximation. The

scope of these preliminary checks is limited, and more detailed work is required to

fully understand the effects of correlated red noise on the Fc-statistic, optimal SNR,

and parameter estimation. It is worth pointing out that because the covariance

matrix is no longer block-diagonal, its inversion becomes significantly (O(N2
psr))

more computationally expensive.

On the other hand, the incoherent statistic relies on the likelihood being fac-

torizable, which is a direct result of the block-diagonal structure of the covariance

matrix (Eqs. 5.43 and 5.44). As such, the incoherent statistic as presented in this

work cannot be adapted to use a covariance matrix with off-diagonal components.
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We are currently working to incorporate the the FC and FI statistics into the

standard pulsar timing analysis software extension enterprise extensions pack-

age 1[112]. This will allow the statistics to be used in future searches for nonlinear

GW memory in PTA data sets. Compared with a full Bayesian search, the FC

and FI statistics are efficient because we maximize, rather than marginalize, over

signal parameters. However, we anticipate that as with other frequentist meth-

ods it will be necessary to develop noise-marginalized versions of these statistics

to properly account for the broad posterior distributions of the pulsars’ intrinsic

noise parameters and avoid potential biases (such as those found in the optimal

statistic for the GWB [122]). Despite the need for noise marginalization we still

expect this procedure to be significantly more efficient than a full Bayesian search,

similar to the case of the noise-marginalized optimal statistic for the stochastic

GW background [122].

In future studies we will also use these statistics on more realistic data sets

to better understand the impacts of different intrinsic red and white noises for

each pulsar, different time baselines for different pulsars, searching over source

sky locations, and correlations of the common red noise process that will more

accurately model the stochastic gravitational-wave background.

1https://github.com/nanograv/enterprise_extensions

https://github.com/nanograv/enterprise_extensions
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Chapter 6: Conclusion

The work presented in this dissertation represents significant advances in searches

for nonlinear memory. First, we have developed techniques which greatly reduce

the computational costs of Bayesian searches for nonlinear memory. Without the

use of the efficient factorized likelihood tables, these searches would be computa-

tionally impossible to run without access to large clusters. However, using this new

method, it is possible to carry these searches out on a single desktop computer in

a shorter time with no demonstrably significant sacrifices. As PTA data sets grow

and PTA collaborations produce larger and larger combined data sets [8], efficient

data analysis techniques will be critical to intensive GW searches like the search

for nonlinear memory. We have also demonstrated that this method remains viable

in the coming era of background-dominated PTA data sets. However, the method

shown in this dissertation assumed that the SGWB induces spatially uncorrelated

residuals. This is a simplification, and it should be expected that as PTAs become

better at probing the lower frequencies in the GW spectrum, these correlations

will become more significant. As such, it may be possible to obtain even better

sensitivity to nonlinear memory by using a more accurate model for the SGWB.

This will require further innovation; as is, the method presented in this dissertation

is incompatible with the inclusion of Hellings-Downs spatial correlations.

The fact that future data sets may include a spatially correlated background
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poses a general problem for PTA data analysis. These spatial correlations in-

troduce off-diagonal components into the noise covariance matrix, which causes

the calculation of the inverse covariance matrix to be significantly more difficult.

This problem compounds as pulsar timing data sets become larger, since matrix

inversions scale nonlinearly with the dimensions of the matrix. As such, timing

new pulsars and extending older timing baselines can quickly overwhelm available

computational resources.

In this work, we have also introduced the frequentist Fc and Fi statistics.

These statistics are similar to the frequentist statistics used earlier in searches for

nonlinear memory. However, they can also be used to maximize polarization in

addition to strain. This allows for better localization of a potential signal in the

data set, and avoids the need to recompute the statistics over binned polarization

angles. It may be the case that future searches for nonlinear memory will have to

rely on these frequentist techniques to find preliminary high-SNR “hot spots” on

the sky before resorting to the slower Bayesian parameter estimation techniques.

There are also much larger ongoing efforts by the PTA community to speed up

GW data analysis in light of the burgeoning problem of larger data sets with more

complex noise models. For example, work by Vallisneri et al. [117] shows that it can

be possible to use a neural network to approximate a Baysian posterior distribution

by minimizing the Kullback-Leibler divergence of the two distributions. This allows

for extremely fast parameter estimation. Additionally, there has been an effort to

reimplement the standard GW analysis code (Ellis et al. [49], Taylor et al. [113])

to run on JAX (Bradbury et al. [23]), a Python library optimized for accelerated
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computation and parallelization. Such work is crucial to the future of GW data

analysis, and will allow for more complex and accurate models of ever-growing

pulsar timing data sets. Needless to say, the PTA community is keenly aware

of the necessity for improvements in computational efficiency to push GW data

analysis smoothly towards the next generation. If these tools become standard,

they will very easily facilitate searches for nonlinear memory.

Finally, as we have seen throughout this work, nonlinear memory is extremely

covariant with red noise. This may pose a problem for future searches for nonlinear

memory. The search for memory in the NANOGrav 12.5-yr data set shows that

upper limits cannot be expected to become monotonically lower (in other words,

the data sets become uniformly more sensitive to memory) [3]. This corroborates

many results from past literature about the detectability of nonlinear memory

in the presence of red noise [35, 82, 104]. Simple simulations in the efforts to

search for nonlinear memory in the NANOGrav 15-yr data release (Agazie et al.

[4], Figure 5) show that in the presence of red noise, the SNR of a nonlinear

memory signal does not always increase with longer timing baselines. Instead, the

signal eventually saturates when the timing baseline is long enough to see a strong

background-dominated global red noise. The main result of this paper further

corroborates the idea that memory is very easily contaminated by global red noise,

and mimics results as the study of the NANOGrav 12.5-year search for memory.

Neither data set offers a strict improvement in sensitivity to memory relative to

their respective prior data sets. This result still needs to be verified with formal

scaling law calculations (such as those for a stochastic background in Siemens et al.
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[107]). The results of such a study will be paramount in strategic decisions about

observation campaigns.

It is also worth noting that the results of the 12.5-year search for memory may

induce pessimism about future searches. This is understandable since the upper

limits set by PTAs are still very far away from predicted memory signals from

SMBHB mergers (see Figure 4.5). However, it is important to remember that all

GW events produce GW memory. As such, searches for nonlinear memory remain

valuable as more generic probes of GWs. Furthermore, it is hard to overstate

how monumental a detection of nonlinear memory would be as a confirmation of

general relativity theory.

Through this work, we have successfully bridged the gap to background-dominated

data sets by making advances in data analysis techniques to expedite tradition-

ally computationally intensive analysis methods. We have also performed the first

search for nonlinear memory in a global-red-noise-dominated data set and demon-

strated the effects of red noise on upper limits on nonlinear memory. Finally, we

have developed a fast, red-noise-robust frequentist technique for searching for and

estimating parameters of a nonlinear memory signal. These advancements, along

with contemporary work on even faster Bayesian inference methodologies, will be

critical in the coming era of GW astronomy.



127

Bibliography

[1] Gabriella Agazie, Akash Anumarlapudi, Anne M. Archibald, Zaven Arzou-
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