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Abstract
In this thesis, we develop novel techniques to generate superintegrable systems and compute their
symmetry algebras. We develop an efficient method to calculate the compatibility equations of the
potential when separation in Cartesian coordinates is assumed. This is an algorithmic approach which
determines the coefficients of the integral by iterated univariate integrations. We are able to achieve
this derivation without making any additional assumptions on the form of the integral such as assum-
ing the linear compatibility equation is zero trivially. We produce an analysis of rational solutions to
the compatibility equations which allows us to complete the classification of models which possess
an additional fourth-order integral. We show that the so-called standard potentials arise from the exis-
tence of multiple ladder operator pairs and that the full symmetry algebra of quantum superintegrable
models, depending on the parameters in the potential, generally requires addition integrals beyond the
classical limit for closure. We demonstrate this in detail for the singular oscillator model with specially
chosen coefficients on the reciprocal quadratic terms. For systems that separate in polar coordinates,
ladder operators can still be used but are in general algebraic not polynomial. We show how this can
be applied systematically to the TTW and PVZ models with some subtleties regarding the reduction
of order of the integral which do not occur in the Cartesian-separable case. Finally, we introduce an
algebraic framework to derive superintegrable extensions of exactly solvable models. Our method
constructs from scratch, i.e. without the use of coupling-constant metamorphosis, the Darboux sur-
face metrics and some associated superintegrable systems. We derive known potentials involving the
third and sixth Painlevé transcendents via one-dimensional operator and find a new pseudo-Euclidean
model with a potential that depends on the fifth Painlevé transcendent. Our results show that many of
the laborious derivations of third- and fourth-order superintegrable models can be greatly simplified,
and thus opens the way for analysis of superintegrability with higher transcendental potentials.
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Chapter 1

Introduction

The Kepler and isotropic oscillator models have for a long time been regarded as exceptional. In
classical mechanics, they can be completely understood within a geometric framework. Indeed, they
are the only systems which give rise to conic section orbits under the influence of a centripetal force [3],
a result going back to Newton, the former with the attraction being at a focus and the latter at the centre.
Bertrand, albeit with gaps, upgraded this result by showing that they can be characterised by having
stable, periodic orbits [4]. In quantum mechanics, the energy levels of the hydrogen atom and the
harmonic oscillator can be specified by a single quantum number, giving rise to degeneracy well in
excess of their spherical symmetry. It was not commonly recognised at the time that this was due
to parabolic and elliptical symmetry, respectively, [5, 6] and hence the degeneracy was often called
accidental [7]. These systems were studied in a group-theoretic framework [8,9]. However, the group-
theoretic approach does not single out the Kepler and oscillator as unique in the classical case [10]
nor is its relevance clear in the quantum case when the commutation relations are non-linear.

The seminal papers of Smorodinsky, Winternitz and collaborators [11–13] systematically organ-
ised these observations and initiated the classification project of superintegrable systems, notwithstand-
ing some earlier noteworthy contributions [14]. These are systems which possess overabundant, not
necessarily Lie, symmetry. These differ from integrable systems in that the solution to the equations of
motion can be reduced from quadratures to a system of algebraic or transcendental equations. In two
dimensions, with second-order constants of motion, this corresponds to separability in two or more
orthogonal coordinate systems. The Smorodinsky-Winternitz systems comprise four distinct models,
of which their orbits in the classical case lie on quartic curves and in the quantum case, their spectrum
can be calculated exactly with the corresponding Schrödinger equation being reducible to the conflu-
ent hypergeometric equation. Kalnins, Pogosyan and Miller Jr generalised these results to complex
Euclidean, spherical and hyperbolic space [15–17]. The multiseparable systems in real Euclidean 3-
space were classified by Evans [18] and extended to the complexes and the sphere, substantially but
not completely, by Kalnins, Kress and Miller and collaborators [19,20]. The Smorodinsky-Winternitz
systems contain the Kepler and oscillator models as important special cases, but in the general case
preserve the same interesting geometric and algebraic properties [21, 22].

1



2 CHAPTER 1. INTRODUCTION

The commutation or Poisson bracket relations of superintegrable systems describe a polynomial
algebra. The finite-dimensional representation theory of quadratic algebras can be used to describe
the degeneracy levels of the system [23, 24] and the recurrence relations for the eigenfunctions of the
separation equations [25–27] which are usually exactly solvable or quasi-exactly solvable.

The direct method for finding superintegrable systems involves solving a system of compatibility
equations for the potential function. At the first- and second-order these are linear partial differential
equations. For higher-order, there are additional non-linear equations. Thus, the solutions are divided
into the standard cases, those which can be derived from the linear equations, and the exotic cases,
those which are true solutions to the non-linear equations. The exotic potentials have been worked
out in many cases, namely third [28–30], fourth [31] and some of fifth order [32, 33] for systems that
are separable in Cartesian coordinates and third [34] and fourth order [35, 36] in polar coordinates.
The non-linear equations are found to satisfy the Painlevé property [37], indeed, known solutions can
be expressed in all six of the Painlevé transcendents. As we proceed to higher orders, the computa-
tions naturally become more involved. Some work has been made in the attempt to ascertain general
patterns at arbitrary order [38, 39]. In classical mechanics, action-angle variable formalism allows
for the additional constants of motion to be derived via quadratures [40, 41]. Systematic methods
for constructing quantum superintegrable models of arbitrary order were few, limited at first to the
singular anisotropic oscillator [42] and other systems with separation in Cartesian coordinates [43].
The discovery of the Tremblay-Turbiner-Winternitz model [44] presented a novel step in this direction.
Several techniques were developed to prove its superintegrability [45–49]. The search for superinte-
grable systems has also been extended to other geometries [50–52], with vector potentials [53], with
many-body interactions [54] and with reflection operators [55, 56].

The aim of this thesis is to develop techniques to derive higher order superintegrable systems and
calculate their symmetry algebras. In Chapter 2, we give the relevant mathematical background which
we shall make use of throughout this thesis. In Chapter 3, we explore in detail the TTW model on
constant-curvature space together with a sister model. We construct their integrals via formal ladder
operators and prove that the ones found are indeed those of minimal order and generate all others.
In Chapter 4, we develop an original technique to calculate the compatibility equations of systems
separable in Cartesian coordinates. We apply this method to finding rational solutions and thereby
complete the classification of systems with an independent fourth-order integral. In Chapter 5, we
use ladder operators and supersymmetry to extend these results to fifth- and sixth-order. In Chapter
6, we study a particularly simple model, the singular harmonic oscillator in one dimension. We show
that its dynamic algebra is parameter-dependent in the quantum case, giving rise to an ensemble of
distinct ladder operator pairs. We give an example of a superintegrable system in two dimensions,
which is a special case of the Smorodinsky-Winternitz system, that was first observed by Gravel [29]
to have a third-order integral independent of the generic model, whose complete symmetry algebra
we compute. In Chapter 7, we study the most general three-generator polynomial algebra in order
to consolidate all of the component potentials which have so far been discovered in third- and fourth-
order superintegrability into a single equation. We show how to construct from the polynomial algebra
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superintegrable extensions which generalise previous results in the literature and unite the Cartesian
and polar coordinate techniques of the other chapters. Moreover, we add a new model to the catalogue,
which may be written in terms of Painlevé III or V depending on the values of the parameters, which
resides in pseudo-Euclidean space.





Chapter 2

Superintegrability in Classical and Quantum
Mechanics

We give an overview of classical non-relativistic mechanics and separation of variables. We then
discuss a wide class of superintegrable systems in 𝑑-dimensions and show that their formation can be
reduced to elementary one-dimensional components.

2.1 Rational Mechanics

The mechanics of punctual systems is an analytic theory that models the motion of inanimate macro-
scopic bodies whose relative distances are much greater than the size of the individual objects of
consideration. The principle developers of the theory were Newton, Euler and Lagrange. We consider
only non-dissipative forces and non-relativistic motion. While the Eulerian calculus is best suited for
problems particular to the field, the Hamiltonian formulation was given renewed import with quantum
mechanics and we shall therefore follow it.

For an ensemble of point-masses, a configuration is an assignment of a unique position to each
entity. Each point-mass may be assumed to roam free or confined by (holonomic) constraints to a
surface or curve. Let 𝑑 be the total number of degrees of freedom. The space of all possible configu-
rations is an analytic manifold with local coordinates q = (𝑞1, 𝑞2, … , 𝑞𝑑). The present state of motion
of a particular configuration is indicated by the momenta p = (𝑝1, 𝑝2, … , 𝑝𝑑). Together, they form a
mobile (q, p) whic is a point on phase space. By dynamical quantity, we mean an analytic function
on phase space and of time. We shall not consider any quantities that have explicit time-dependence.
The first dynamical quantity of interest is the kinetic energy

𝑇 = 1
2

𝑑

∑
𝑖,𝑗=1

𝑔𝑖𝑗(q)𝑝𝑖𝑝𝑗 (2.1)

where 𝑔𝑖𝑗 is a contravariant metric tensor on the configuration space. The second is the potential
5



6 CHAPTER 2. SUPERINTEGRABILITY IN CLASSICAL AND QUANTUM MECHANICS

energy 𝑉 = 𝑉 (q) which is assumed to depend only on position. The Hamiltonian

𝐻 = 𝑇 + 𝑉 (2.2)

synthesises both the geometric and dynamical information proper to the system. A mobile follows a
trajectory which is the integral curve of the equations of motion

dq
d𝑡 = 𝜕𝐻

𝜕p , dp
d𝑡 = −𝜕𝐻

𝜕q . (2.3)

Two Hamiltonians give rise to equivalent dynamics if they differ by a constant shift. We define the
Poisson bracket J𝐴, 𝐵K ≔ 𝜕𝐴

𝜕q ⋅ 𝜕𝐵
𝜕p − 𝜕𝐴

𝜕p ⋅ 𝜕𝐵
𝜕q (2.4)

A dynamical quantity has the rate of change

d𝐴
d𝑡 = 𝜕𝐴

𝜕𝑡 + [[𝐴, 𝐻K. (2.5)

If the right-hand side is zero, then 𝐴 is an integral of (2.3). This is the case for the Hamiltonian when
it does not depend on time explicitly (which is the case throughout this thesis), and its constant value
𝐸 is called the energy. In the components of the mobile, we have

J𝑞𝑖, 𝑞𝑗K = 0, J𝑝𝑖, 𝑝𝑗K = 0, J𝑞𝑖, 𝑝𝑗K = 𝛿𝑖𝑗 (2.6)

which are called the canonical relations. A canonical transformation is a transformation (q, p) ↦
(Q, P) that preserves the canonical relations. One of the simplest forms of canonical transformations
are the coordinate transformations

Q = f(q), P = (
𝜕f
𝜕q)

−1
p.

The kinetic energy is expressed in the new mobile as

𝑇 = 1
2

𝑑

∑
𝑖,𝑗=1

𝐺𝑖𝑗𝑃𝑖𝑃𝑗 , 𝐺𝑖𝑗 =
𝑑

∑
𝑘,ℓ=1

𝜕𝑓𝑖
𝜕𝑞𝑘

𝜕𝑓𝑗
𝜕𝑞ℓ

𝑔𝑘ℓ.

Another important transformation is coupling-constant metamorphosis [57]. If a Hamiltonian is of
the form 𝐻 = 𝐻0 + 𝛼𝑈(q) and 𝐼 is a time-independent integral which depends analytically on 𝛼 then
𝐻′ = 𝐻0/𝑈 is a new Hamiltonian with integral 𝐼′ = 𝐼(𝛼 ↦ −𝐻′). Time-dependent integrals are
lost however.

Example 2.1. Consider the Smorodinsky-Winternitz Hamiltonian

𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + (𝛼 + 𝛼′)(𝑞2

1 + 𝑞2
2) + 𝛽

𝑞2
1

+ 𝛾
𝑞2

2
+ 𝛿

The Hamiltonian depends on three parameters 𝛼 + 𝛼′, 𝛽, 𝛾 in addition to the trivial additive constant 𝛿.
Ordinarily we would suppress this constant, but it must be carried through so that the transformation
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is invertible. We take here 𝑈 = 𝑞2
1 + 𝑞2

2 . To simplify the resulting expression we perform a coordinate
transformation 𝑄1 = 1

2 (𝑞2
1 − 𝑞2

2), 𝑄2 = 𝑞1𝑞2 so that the new Hamiltonian becomes

𝐻′ = 1
2 (𝑃 2

1 + 𝑃 2
2 ) + 1

2√𝑄2
1 + 𝑄2

2

⎛
⎜
⎜
⎝

𝛽

√𝑄2
1 + 𝑄2

2 + 𝑄1

+ 𝛾

√𝑄2
1 + 𝑄2

2 − 𝑄1

+ 𝛿
⎞
⎟
⎟
⎠

+ 𝛼′.

It is seen that the (extended) harmonic oscillator is dual to the (extended) Kepler model. □

Let 𝐴, 𝐵, 𝐶 be dynamical quantities and 𝛼, 𝛽 constants. The following properties are straightfor-
ward to verify:

(i) J𝐴, 𝐵K = −J𝐵, 𝐴K (Anti-symmetry);

(ii) J𝐴, 𝛼𝐵 + 𝛽𝐶K = 𝛼J𝐴, 𝐵K + 𝛽J𝐴, 𝐶K (Bilinearity);

(iii) J𝐴, J𝐵, 𝐶KK + J𝐵, J𝐶, 𝐴KK + J𝐶, J𝐴, 𝐵KK = 0 (Jacobi’s identity);

(iv) J𝐴, 𝐵𝐶K = J𝐴, 𝐵K𝐶 + 𝐵J𝐴, 𝐶K (Product rule);

(v) If d𝐴
d𝑡 = d𝐵

d𝑡 = 0 then d
d𝑡 J𝐴, 𝐵K = 0 (Poisson’s theorem).

We say that two dynamical quantities 𝐴, 𝐵 are in involution if J𝐴, 𝐵K = 0.

Definition 2.1. A Hamiltonian is integrable if there exists 𝑑 functionally independent integrals that
are in pairwise involution.

Theorem 2.1 (Jacobi-Liouville-Donkin). Let 𝐻 be integrable with integrals 𝐼1, 𝐼2, … , 𝐼𝑑 . If the as-
signment of the integrals to constant values

𝛼𝑖 = 𝐼𝑖(q, p, 𝑡), 𝑖 = 1, 2, … , 𝑑

be solved for the momenta
p = f(q, 𝛼1, 𝛼2, … , 𝛼𝑑 , 𝑡)

then the differential for
p ⋅ dq − 𝐻 d𝑡 (2.7)

will be exact.

Proof. See, for example, Whittaker [58]. □

If 𝑆 is a primitive of (2.7) then

𝜕𝑆
𝜕𝑞𝑖

= 𝑝𝑖,
𝜕𝑆
𝜕𝑡 = −𝐻. (2.8)

We can combine these conditions into a single partial differential equation

𝜕𝑆
𝜕𝑡 + 𝐻 (q, 𝜕𝑆

𝜕q ) = 0 (2.9)

which is called the Hamilton-Jacobi equation.
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Theorem 2.2 (Jacobi). Let 𝑆 = 𝑆(q, 𝛼1, 𝛼2, … , 𝛼𝑑 , 𝑡) be a solution of the Hamilton-Jacobi equation
depending on 𝑑 parameters 𝛼1, 𝛼2, … , 𝛼𝑑 , then the mobile is determined as a function of time by the
2𝑑 equations

⎧⎪
⎪
⎨
⎪
⎪⎩

𝑝𝑖 = 𝜕𝑆
𝜕𝑞𝑖

,

𝛽𝑖 = 𝜕𝑆
𝜕𝛼𝑖

,
𝑖 = 1, 2, … , 𝑑

where 𝛽1, 𝛽2, … , 𝛽𝑑 are additional constants.

Proof. Gelfand and Fomin give two proofs of this classic result [59]. □

Thus integrability facilitates the resolution of the dynamical problem via only half as many quadra-
tures as typically necessary for the order of the system of differential equations. The additional con-
stants 𝛽1, 𝛽2, … , 𝛽𝑑 will not necessarily correspond to integrals since they will in general be multival-
ued functions of the mobile.

Definition 2.2. The symmetry (dynamic) algebra is the set of all time-independent (time-dependent)
integrals of 𝐻 together with the Poisson bracket J⋅, ⋅K.

The advantage in restricting oneself to time-independent integrals is that they encapsulate the
geometric information of the system, often in a very simple algebraic form. The time-dependent
integrals typically involve transcendental functions. From the theory of ordinary differential equations
[60], there can be at most 2𝑑 −1 generators of the symmetry algebra and 2𝑑 generators of the dynamic
algebra. In practice, the Hamilton-Jacobi equation is solved by additive separation of variables:

𝑆 =
𝑑

∑
𝑖=1

𝑆𝑖(𝑞𝑖) − 𝐸𝑡

This places restrictions on the form of the metric 𝑔 and the potential 𝑉 in the coordinates. These con-
ditions were found by Levi-Civita and its explicit form is given by Havas [61]. We shall be interested
in the special case where the metric is orthogonal, that is, when the kinetic energy takes the form

𝑇 = 1
2

𝑑

∑
𝑖=1

𝑔𝑖(q)𝑝2
𝑖

Theorem 2.3 (Stäckel). The Hamilton-Jacobi equation is separable if and only if there exists an in-
vertible matrix Σ = [𝜎𝑖𝑗(𝑞𝑖)]𝑑

𝑖,𝑗=1 and functions 𝑉𝑖(𝑞𝑖) such that

𝑑

∑
𝑖=1

𝑔𝑖𝜎𝑖𝑗 = 𝛿𝑗1,
𝑑

∑
𝑖=1

𝑔𝑖𝑉𝑖 = 𝑉 .

Proof. See [5]. □
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In this case, the Hamilton-Jacobi equation reduces to the system of ordinary differential equations

1
2 (

d𝑆𝑖
d𝑞𝑖 )

2
+ 𝑉𝑖(𝑞𝑖) =

𝑑

∑
𝑗=1

𝛼𝑗𝜎𝑖𝑗(𝑞𝑖), 𝑖 = 1, 2, … , 𝑑 (2.10)

where 𝛼1, 𝛼2, … , 𝛼𝑑 are separation constants. We may invert these linear equations to find 𝛼𝑖 =
𝐼𝑖(q, p, 𝑡) as quadratic integrals in pairwise involution [62].

2.2 Superintegrability
Here we introduce superintegrability following the usual exposition which may be found in standard
texts [5, 63]. The integral

∮ p ⋅ dq − 𝐻 d𝑡

taken along a closed path in phase space is time-independent [64]. We suppose that the Hamilton-
Jacobi equation additively separates and that the orbit consists of libration motions in each coordinate,
i.e. the range is confined to closed and bounded intervals. Then we may construct the action variables

𝐼𝑖 = 1
2π ∮ 𝑝𝑖 d𝑞𝑖 (2.11)

where the path chosen is along a period of the orbit in the 𝑞𝑖 coordinate and 𝑝𝑖 = d𝑆𝑖
d𝑞𝑖

is given by (2.10).
The angle variables 𝜃𝑖 are defined to be the canonical conjugates of 𝐼𝑖, i.e. J𝜃𝑖, 𝐼𝑗K = 𝛿𝑖𝑗 . They are
found by taking

𝜃𝑖 = (
𝜕𝑆𝑖
𝜕𝐼𝑖 )𝑞𝑖

. (2.12)

The angle variables are multivalued functions of the coordinates and momenta, uniquely determined
up to an integer multiple of 2π.

Since the action variables are constants of the motion, Hamilton’s equations expressed in these
coordinates gives

𝜕𝐻
𝜕𝜃𝑖

= 0, 𝑖 = 1, 2, … , 𝑑

so 𝐻 = 𝐻(𝐼1, 𝐼2, … , 𝐼𝑑) can be expressed purely in terms of the action variables. A special case of
a Hamiltonian expressed in action-angle variables occurs when it takes on the additive form

𝐻 = 𝐹 (𝜔1𝐼1 + 𝜔2𝐼2 + ⋯ + 𝜔𝑗𝐼𝑑) (2.13)

where 𝐹 is some analytic function and 𝜔1, 𝜔2, … , 𝜔𝑑 are constants. In the general case, such motion
is called quasi-periodic. As

d𝜃1
d𝜃2

= 𝜔1
𝜔2

,

it is seen that 𝜔2𝜃1−𝜔1𝜃2 has no time-dependence. While we already have similar conserved quantities
𝛽𝑖 defined by Jacobi’s theorem, the action-angle variables show what modifications are required in
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order for the trajectory to be degenerate or partially periodic. If we have integers 𝑛1, 𝑛2, … , 𝑛𝑗 such
that

𝑛1𝜔1 + 𝑛2𝜔2 + ⋯ + 𝑛𝑑𝜔𝑑 = 0

then
sin(𝑛1𝜃1 + 𝑛2𝜃2 + ⋯ + 𝑛𝑑𝜃𝑑)

will be a new integral, functionally independent of the action variables. This motivates the following
definition:

Definition 2.3. An integrable Hamiltonian that possesses additional functionally independent inte-
grals is superintegrable.

Superintegrability is the site of exceptionally well-behaved motion. This being motion, in the case
of confining potentials, which is closed, bounded and stable.

2.3 Quantum Mechanics
The principles of modern quantum mechanics were developed in large part by the Göttingen school
[65, 66]. It encodes a mathematical description of the actions of measurement and observation on a
microscopic configuration. We will make some departures from the usual prescriptions and consider
the theory from the point of view of formal eigenvalue problems which shall better accommodate
special singular oscillators which we treat of in chapter 5.

In quantum mechanics we do not speak of mobiles and dynamical quantities but rather of the state
of the system and observables respectively. A state vector is denoted |𝜓⟩ and resides in a linear space
𝔖 over the complex numbers called the state space. The state space is endowed with a correlation

† ∶ 𝔖 → 𝔖†, |𝜓⟩ ↦ ⟨𝜓|

i.e. a semilinear map. The correlation induces a sesquilinear inner product ⟨𝜓|𝜑⟩ ≔ ⟨𝜓| (|𝜓⟩). The
Hermitian conjugate of a linear operator 𝐴 on the state space is denoted 𝐴†. An observable is a
Hermitian operator. Let [𝐴, 𝐵] ≔ 𝐴𝐵 − 𝐵𝐴 and {𝐴, 𝐵} ≔ 1

2 (𝐴𝐵 + 𝐵𝐴) denote the commutator and
symmetriser of two operators 𝐴, 𝐵. The time evolution of an operator 𝐴 is governed by the Heisenberg
equation

iℏd𝐴
d𝑡 = [𝐴, 𝐻] (2.14)

where 𝐻 is the Hamiltonian of the system. The commutator satisfies the same properties (i)–(v) that
Poisson brackets satisfies but note that the order of multiplication in (iv) is essential. The commutation
relations between the position and the momenta are supposed to be

[𝑞𝑗 , 𝑞𝑘] = 0, [𝑞𝑗 , 𝑝𝑘] = 0, [𝑞𝑗 , 𝑝𝑘] = iℏ𝛿𝑗𝑘, 𝑖 = 1, 2, … , 𝑑.

The commutation relations may be naturally generalised to any observable which is analytic in the
coordinates and polynomial in the momenta [67] by taking

[𝑓(q), 𝑝𝑗] = iℏ 𝜕𝑓
𝜕𝑞𝑗

.
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Integrals, integrability and superintegrability are carried over as before, replacing Poisson brackets
with the commutator. There is however no intrinsic characterisation of functional independence. In the
literature, it is often supposed that some form of algebraic independence may be a suitable substitute,
however this is not sufficient [68]. Independence of observables can only be determined by their action
on state vectors. The matrix elements have time-dependent factors which alter the phase of the state,
however these can always be suppressed for time-independent operators. This may be achieved more
formally by the gauge transformation

𝐴 ↦ exp (− i𝑡𝐻
ℏ ) 𝐴 exp (

i𝑡𝐻
ℏ ) .

The Schrödinger realisation

𝑝𝑖 ↦ 𝑔𝑖(q) − iℏ 𝜕
𝜕𝑞𝑖

, |𝜓⟩ ↦ 𝜓(q)

where 𝑔𝑖 are select functions which preserve the canonical relations, is of great utility in deriving the
states. Typically, in this realisation, one has

⟨𝜓|𝜑⟩ = ∫ 𝜓(q)𝜑(q)𝑣(q) d𝑑q

where the integration runs over a suitable domain. However, we will need to consider states that are
not square-integrable. More precisely, our state spaces shall correspond to the lowest weight modules
of the Hamiltonian. The eigenvalue condition 𝐻𝜓 = 𝐸𝜓 transforms into the Schrödinger equation

−1
2ℏ2Δ𝜓 + 𝑉 (q)𝜓 = 𝐸𝜓. (2.15)

A particular solution is usually looked for in the separable form

𝜓 = 𝜓1(𝑞1)𝜓2(𝑞2) ⋯ 𝜓(𝑞𝑑)

from which the general solution may be obtained by linear superposition.

2.4 Factorisation Methods
Ladder operator techniques have been firmly established as a versatile tool in quantum mechanics.
Schrödinger [69, 70] translated this approach into a factorisation method for solving Sturm-Liouville
eigenvalue problems, whose range of applicability was comprehensively classified by Infeld and Hull
[71]. An alternative route to the problem, using the concept of shape-invariance and supersymmetry
[72], initially lead to the same outcome [73] but has many more applications, such as soliton theory
[74] or models with reflection operators [75]. In particular, it serves as an operator formalism for
the classic work of Darboux [76], Crum and others [77] on the generation of new exactly solvable
Sturm-Liouville equations. Let

𝐻 = 1
2𝑝2 + 𝑉 (𝑞) (2.16)
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be a one-dimensional Hamiltonian. Then 𝐻 admits the factorisation

𝐻 = 𝐸 + 𝐷†𝐷

for a first-order operator
𝐷 = 1

√2
(𝑝 + iℏ𝜛)

if and only if 𝜛 satisfies the Riccati equation

ℏ2

2 (
d𝜛
d𝑞 + 𝜛2

) + 𝐸 = 𝑉 (𝑞) (2.17)

or equivalently, by taking the logarithmic substitution 𝜛 = 1
𝜓

d𝜓
d𝑞 , 𝜓 is a solution to the Sturm-Liouville

or time-independent Schrödinger equation

−ℏ2

2
d2𝜓
d𝑞2 + 𝑉 (𝑞)𝜓 = 𝐸𝜓. (2.18)

We can construct a new Hamiltonian
𝐻′ = 𝐸 + 𝐷𝐷†

which differs from the old by
𝐻′ = 𝐻 − ℏ2 d𝜛

d𝑞 .

The operators 𝐷, 𝐷† intertwine the old and new Hamiltonians

𝐷𝐻 = 𝐻′𝐷, 𝐻𝐷† = 𝐷†𝐻′

So that if |𝜑⟩ is an eigenstate of 𝐻 with energy 𝐸 then 𝐷|𝜑⟩ is an eigenstate of 𝐻′ with the same
energy. However, the state with energy 𝐸 will have been deleted since 𝐷|𝜓⟩ = 0.

The Darboux transformation can be iterated any number of times, generating a sequence of Hamil-
tonians

𝐷(𝑗)𝐻 (𝑗) = 𝐻 (𝑗+1)𝐷(𝑗).

The Crum formula [78] gives the transformed Hamiltonian at each iteration

𝐻 (𝑘) = 𝐻 − ℏ2 d2

d𝑞2 log Wr (𝜓, 𝜓′, 𝜓″, … , 𝜓 (𝑘−1)) (2.19)

where 𝜓, 𝜓′, 𝜓″, … are solutions to Schrödinger’s equation with distinct energies 𝐸, 𝐸′, 𝐸″, … and
Wr is the Wronskian determinant. If any of the energies, say 𝐸 = 𝐸′ = 𝐸″ = ⋯ = 𝐸(𝑙) for 𝑙 < 𝑘,
were to coincide, we must instead choose generalised eigenfunctions

−ℏ2

2
d2𝜓 (𝑗)

d𝑞2 + 𝑉 𝜓 (𝑗) = 𝐸𝜓 (𝑗) + 𝜓 (𝑗−1), 𝑗 = 1, 2, … , 𝑙

as our seed functions [79]. In this case, the transformation is called confluent. Thus from one Hamil-
tonian we generate a whole family of Hamiltonians with similar spectral properties.
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Chapter 3

Constant-Curvature TTW and PVZ Models

Throughout this chapter, the classical analogues are not being considered and we have used the Schrödinger
realisation 𝑝 ↦ −i𝜕 with ℏ = 1.

3.1 Introduction

Several construction procedures have been developed for finding higher order integrals with a potential
specified up to a few rational or integral parameters (see, e.g., [36, 38, 42, 46, 47, 49, 53, 80–84] and
references therein). For separable systems, the symmetry algebra corresponds to the dynamic algebra
of a Hamiltonian of lower dimension. The algebra usually takes the form of a generalised Heisenberg
algebra [82,83] but obtaining explicit formulas is non-trivial. In the quantum case, these algebras are
built up from ladder operators and the recurrence relations [47] of orthogonal polynomials and special
functions from the Askey-Wilson scheme.

The expansion of integrals as a finite power series of the Hamiltonian and other known integrals
so as to represent the whole as a differential operator of reduced order has proved effective [46,49,81].
This technique we shall designate the expansion method. The expansion method is powerful in that
no knowledge of the eigenfunctions are required. Its application to the resolution of higher order
integrals [46] was met with difficulties in producing explicit results, because the equations involved
were of fourth degree. However, this can be simplified if separability is taken into account.

It is our purpose here to apply the expansion and ladder operator methods to the construction
of the symmetry algebra of certain separable Hamiltonians. We shall, throughout, work over a two-
dimensional space of constant curvature 𝜅. Positive curvature corresponds to elliptical space, negative
curvature to hyperbolic space and no curvature to flat Euclidean space. The Hamiltonian families of
interest here are of radial harmonic oscillator type

𝐻 = 1
2[ − 𝜕2

𝑟 − 𝑐
𝑠𝜕𝑟 + 𝑀2

𝑠2 + (𝜔2 − 1
4𝜅2

)
𝑠2

𝑐2 ] (3.1)

where: 𝜔 > 0; 𝑀2 is a second-order differential operator which depends on the angular variable 𝜃
15
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and a rational parameter 𝑘 ∈ ℚ>0;

𝑠 =
∞

∑
𝑖=0

(−1)𝑖𝜅𝑖𝑟2𝑖+1

(2𝑖 + 1)! =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

sin(√𝜅 𝑟)
√𝜅

, 𝜅 > 0,

𝑟, 𝜅 = 0,
sinh(√−𝜅 𝑟)

√−𝜅
, 𝜅 < 0,

and

𝑐 =
∞

∑
𝑖=0

(−1)𝑖𝜅𝑖𝑟2𝑖

(2𝑖)! =

⎧⎪
⎪
⎨
⎪
⎪⎩

cos (√𝜅 𝑟) , 𝜅 > 0,

1, 𝜅 = 0,

cosh (√−𝜅 𝑟) , 𝜅 < 0,

are the trigonometric, flat or hyperbolic sine and cosine respectively. The expansion method, as applied
to this Hamiltonian, consists in writing

𝜕𝑛
𝑟 = ∑

ℓ,𝑚
[𝐹0ℓ𝑚𝑛(𝑠, 𝑐) + 𝐹1ℓ𝑚𝑛(𝑠, 𝑐)𝜕𝑟] (𝑀2)ℓ𝐻𝑚.

We may thus consolidate any differential operator in the variables 𝑟, 𝜃 into the form

𝐼 = 𝐼0(𝑟, 𝜃, 𝜕𝜃, 𝐻) + 𝐼1(𝑟, 𝜃, 𝜕𝜃, 𝜌(𝐻))𝜕𝑟 (3.2)

where 𝐼0 and 𝐼1 are meromorphic in the first two arguments and polynomial in the last two, arranged so
that the 𝐻-terms are ordered to the right of the variables and operators. Here, 𝜌 denotes multiplication
from the right, i.e. 𝜌(𝐻)𝜕𝑟 = 𝜕𝑟𝐻 . This procedure can be extended to a large class of superintegrable
systems.

The chapter is organised in the following way. In section 3.2, we introduce the two classes of
models which we are of focus for this chapter, the Tremblay-Turbiner-Winternitz (TTW) and Post-
Vinet-Zhedanov (PVZ) models, and discuss the different forms that their symmetries will take. The
main result of our research is that we determine the full symmetry algebra of these models where the
ladder operator method does not automatically yield the lowest-order integrals (see, e.g., Theorem
3.3). The approach we shall take in finding their integrals 𝐼 is to expand as a power series in 𝑠. In
section 3.3, we find that an infinite expansion corresponds to an infinite-order differential operator.
The finite expansion enforces upon the operator the constraints that it is a linear expansion of formal
operators 𝐿𝑖 satisfying

[𝑀2, 𝐿𝑖] = 4𝑝𝑖𝐿𝑖(𝑝𝑖 + 𝑀) (3.3)

where 𝑘 = 𝑝/𝑞 in reduced form. The ladder operators 𝐿𝑖 decompose into a product of an angular
operator 𝐽 and radial operator 𝐾 , which we determine by similar expansion techniques in section 3.4.
In section 3.5, the generators of the symmetry algebra are presented, their commutation and closure
relations are given and finite-dimensional irreducible representations are derived. The latter will give
us the spectrum of the Hamiltonian, obtained through purely algebraic means.
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3.2 Models, Eigenfunctions and Spectra
In this section, we discuss the TTW and PVZ models which are of focus for this chapter and give their
spectral decomposition, which will be used for comparison with the representation theory of their
symmetry algebras to be developed in section 3.5. We shall discuss the differences between how their
symmetry algebras will be constructed.

The celebrated TTW model [44, 85] has the Pöschl-Teller operator as angular component:

𝑀2
TTW = −𝜕2

𝜃 + 𝑘2

4 [
4𝛼2 − 1
sin2(𝑘𝜃)

+ 4𝛽2 − 1
cos2(𝑘𝜃)] , (3.4)

where 𝛼, 𝛽 > −1. The Hamiltonian (3.1) is separable in polar coordinates. Therefore the eigenfunc-
tions can be determined analytically by simultaneously diagonalizing 𝐻 and 𝑀2. The eigenfunctions
of (3.4) are

Θℓ(𝜃) = [sin(𝑘𝜃)]𝛼+ 1
2 [cos(𝑘𝜃)]𝛽+ 1

2 P𝛼,𝛽
ℓ (cos(2𝑘𝜃)), ℓ = 0, 1, 2, …

where P is a Jacobi polynomial. The corresponding eigenvalues are 𝑘2(2ℓ + 𝛼 + 𝛽 + 1)2.
This model has attracted intensive interest [45, 86–93] as a higher-order superintegrable system

distinct from the anisotropic oscillator. The TTW model includes, for 𝑘 = 1, 2, 3, the Smorodinsky-
Winternitz model [11], the 𝐵𝐶2 system of Type V in the classification of Olshanetsky and Perelo-
mov [94], and the three-body model introduced by Wolfes [95] respectively. The TTW systems in
their full generality were introduced in 2009 by Tremblay, Turbiner and Winternitz where they ver-
ified the model was superintegrable for 𝑘 = 4 and conjectured superintegrability for all rational 𝑘.
Kalnins, Kress and Miller Jr. [47] and Quesne [45] proposed various approaches to demonstrating su-
perintegrability. Studies of this model have generated new problem-solving techniques [46,47] which
have been applied to other models that are structurally very similar to the TTW model [96]. The ladder
operator method of Kalnins et al. involved decomposing the integral into formal components 𝐿±1 of
the form 1

2𝐼I ± 1
2𝐼II𝑀 , 𝐼I, 𝐼II being differential operators. Then 𝐼I = 𝐿1 + 𝐼−1, 𝐼II = (𝐿1 − 𝐿−1)/𝑀

are integrals of 𝐻 . Even for 𝑘 = 1, this does not yield the lowest degree operators. Indeed, there is a
differential operator 𝐼III and a polynomial 𝑃 such that

𝐼I − 𝑝𝐼II = 𝐼III(𝑀2 − 𝑝2) + 𝑃 (𝐻). (3.5)

The existence of the integral 𝐼III was inferred by Kalnins et al. from algebraic considerations and
computed an expression for 𝑃 (𝐻). That 𝑀2, 𝐻, 𝐼III, 𝐻 generate by multiplication the full symmetry
algebra for all 𝑘 is not evident from their analysis. That this is the case we demonstrate in section 3.5.3.
Moreover, we derive equation (3.5) from the explicit differential operator form. We also provide an
algebraic derivation of the spectrum and a generalisation of the results for curved spaces. The classical
analogue [85] is well-understood and has been shown to be superintegrable on spaces with constant
[91, 97] and non-constant curvature [52]. Anharmonic generalisations [98] have been postulated, but
it is not known at the outset which varieties are superintegrable.



18 CHAPTER 3. CONSTANT-CURVATURE TTW AND PVZ MODELS

We shall also consider a model discovered by Post, Vinet and Zhedanov [55] which has angular
momentum component

𝑀2
PVZ = −𝜕2

𝜃 + 𝑘2
[

𝛼2 − 2𝛼 cos(2𝑘𝜃)𝑅
sin2(2𝑘𝜃)

+ 𝛽2 − 2𝛽 sin 2(𝑘𝜃)
cos2(2𝑘𝜃) ] , (3.6)

where 𝛼, 𝛽 > −1. Here, 𝑅 is a reflection operator on functions of 𝜃, i.e., (𝑅𝑓)(𝜃) = 𝑓(−𝜃). The PVZ
model is similar to the TTW model but exhibits its own peculiar properties. In particular, 𝑀2 is a
perfect square:

𝑀PVZ = [𝜕𝜃 − 𝑘𝛽
cos(2𝑘𝜃)] 𝑅 − 𝑘𝛼

sin(2𝑘𝜃) . (3.7)

The eigenfunctions of (3.6) are

Θℓ(𝜃) = [sin(2𝑘𝜃)]
𝛼
2 [cos(2𝑘𝜃)]

𝛽
2 [1 + sin(2𝑘𝜃)]

1
2 Pℓ(sin(2𝑘𝜃); 𝛼, 𝛽| − 1), ℓ = 0, 1, 2, …

where P is a Little Jacobi polynomial [99]. The eigenvalues of (3.7) are alternating in sign and are
given by

(−1)ℓ+1𝑘(2ℓ + 𝛼 + 𝛽 + 1).

A symmetry algebra had been obtained for this system utilizing the ladder operator method. The ladder
operators satisfy generalised Heisenberg algebra relations:

𝑀𝐿1 = (−1)𝑞𝐿1(𝑀 + 2𝑝),
𝑀𝐿−1 = (−1)𝑞𝐿1(𝑀 − 2𝑝),

[𝐿1, 𝐿−1] = 𝑃 (𝑀, 𝐻)

for some polynomial 𝑃 . The algebra stated by Post et al. was generated by 𝑀, 𝐻, 𝐿1, 𝐿−1 for 𝑞 even
and 𝑀, 𝐻, 𝐿2, 𝐿−2 for 𝑞 odd. However, for 𝑞 odd, we have the property that

𝐿1 = ̃𝐼I(𝑀 + 𝑝) + 𝜉+, 𝐿−1 = ̃𝐼II(𝑀 − 𝑝) + 𝜉−

where ̃𝐼I, ̃𝐼II are differential-difference operators and 𝜉± are constants. Then the full symmetry algebra
is given by 𝑀, 𝐻, ̃𝐼I, ̃𝐼II, which we show in detail in section 3.5.2. The model for even 𝑞 does not pos-
sess this property, and forms only a simple polynomial algebra satisfying the generalised Heisenberg
relations.

The reduction properties associated with the TTW model and the PVZ model for 𝑞 even, do not
appear to necessarily be specific to these models alone but a consequence of the commutation identities
associated with the ladder operators, which are common to a variety of systems.

The eigenfunctions for both systems can be expressed as Ψ𝑚,ℓ(𝑟, 𝜃) = 𝑆𝑚,ℓ(𝑟)Θℓ(𝜃) where the
radial part is found to be

𝑆𝑚,ℓ(𝑟) =
⎧⎪
⎨
⎪⎩

𝑠𝑘(2ℓ+𝛼+𝛽+1)𝑐
1
2 + 𝜔

|𝜅| P
𝑘(2ℓ+𝛼+𝛽+1), 𝜔

|𝜅|
𝑚 (𝑐2 − 𝜅𝑠2), 𝜅 ≠ 0

𝑟𝑘(2ℓ+𝛼+𝛽+1)L 𝑘(2ℓ+𝛼+𝛽+1)
𝑚 (𝜔𝑟2), 𝜅 = 0

𝑚 = 0, 1, 2, …
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and L is a Laguerre polynomial. The spectrum is

𝐸𝑚,ℓ = 𝜔𝜖𝑚,ℓ + 1
2𝜅𝜖2

𝑚,ℓ, 𝜖𝑚,ℓ = 2𝑚 + 1 + 𝑘(2ℓ + 𝛼 + 𝛽 + 1). (3.8)

The spectrum of 𝐻 therefore splits into finite degeneracy levels {𝐸𝑚,ℓ}𝑞𝑚+𝑝ℓ=𝑛. That is, the eigenval-
ues are invariant under the transformation (𝑚, ℓ) ↦ (𝑚 ± 𝑝, ℓ ∓ 𝑞) which is the implicit evidence for
integral operators being built up out of ladder operators, that raise or lower the quantum numbers of
the eigenfunctions.

3.3 General Form of the Symmetry
In this section, we demonstrate from the expansion method that every integral of the TTW and PVZ sys-
tems must be a linear combination of a product of ladder operators 𝐽 𝑢𝐾𝑘𝑢 where 𝐽 𝑢 = 𝐽 𝑢(𝜃, 𝜕𝜃, 𝑅, 𝑀)
and 𝐾𝑘𝑢 = 𝐾𝑘𝑢(𝑟, 𝜕𝑟, 𝑀, 𝐻) which satisfy the commutation relations:

[𝑀2, 𝐽 𝑢] = 4𝑘𝑢𝐽 𝑢(𝑘𝑢 + 𝑀), [𝐾𝑢, 𝐻] = 2𝑢(𝑢 + 𝑀)
𝑠2 𝐾𝑢. (3.9)

In the case of the TTW model, each equation is really two, with 𝑀 being a formal operator.
For an operator 𝐼 consolidated in the manner of (3.2), we write 𝐼,𝑟, 𝐼,𝜃, … as its partial derivatives

with respect to just the variables 𝑟, 𝜃 ignoring any of the operator terms. Then [𝐼, 𝐻] = 0 generates
the following system:

[𝑀2, 𝐼0]
𝑠2 = 𝐼0,𝑟,𝑟 + 𝑐

𝑠𝐼0,𝑟 + 2
𝑠2 𝜌𝑀2𝐼1,𝑟 − 4𝐼1,𝑟𝐻

+ 2𝑠
𝑐3 (𝜔2 − 1

4𝜅2
) (𝑠𝑐𝐼1,𝑟 + 𝐼1) − 2𝑐

𝑠3 𝐼1𝑀2,
(3.10a)

[𝑀2, 𝐼1]
𝑠2 = 𝐼1,𝑟,𝑟 − 𝑐

𝑠𝐼1,𝑟 + 1
𝑠2 𝐼1 + 2𝐼0,𝑟, (3.10b)

For 𝜅 = 0, taking a power series expansion in 𝑟 to solve the system (3.10a)–(3.10b) naturally suggests
itself. For general 𝜅, we find that the appropriate Ansatz is:

𝐼0 = ∑
𝑖

𝑠−𝑖𝐼0,𝑖(𝜃, 𝜕𝜃, 𝑅, 𝐻), 𝐼1 = ∑
𝑖

𝑐𝑠−𝑖+1𝐼1,𝑖(𝜃, 𝜕𝜃, 𝑅, 𝐻).

We obtain the recurrence equations:

0 = 𝜅(𝑖 + 1)(𝑖 + 2)𝐼0,𝑖+2 − [𝑖2 − 𝑀2 + 𝜌(𝑀2)]𝐼0,𝑖

+ 2(𝑖 + 2) (𝜔2 − 1
4𝜅2 + 2𝜅𝐻) 𝐼1,𝑖+4

− 2(𝑖 + 1)[2𝐻 + 𝜅𝜌(𝑀2)]𝐼1,𝑖+2 + 2𝑖𝐼1,𝑖𝑀2,

(3.11a)

0 = 𝜅𝑖(𝑖 + 1)𝐼1,𝑖+2 − [𝑖2 − 𝑀2 + 𝜌(𝑀2)]𝐼1,𝑖 + 2𝑖𝐼0,𝑖. (3.11b)

Combining (3.11a) with (3.11b) in order to eliminate the (𝐼0,𝑖)-sequence, we get

0 = 𝑖(𝑖 + 2)[4𝜔2 + 8𝜅𝐻 − 𝜅2(𝑖 + 2)2]𝐼1,𝑖+4

+ 2𝑖(𝑖 + 1){𝜅[(𝑖 + 1)2 + 1 − 𝑀2 − 𝜌(𝑀2)] − 4𝐻}𝐼1,𝑖+2

+ {4𝑖2𝜌(𝑀2) − [𝑖2 − 𝑀2 + 𝜌(𝑀2)]2}𝐼1,𝑖

(3.12)
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It is not possible for this sequence to admit infinitely many non-zero values without 𝐼 having infinite
degree in 𝐻, 𝑀2. Therefore, we must truncate the series.

If 𝐼1,𝑚 ≠ 0 but 𝐼1,𝑖 = 0 for 𝑖 < 𝑚, then equation (3.12) says

[4𝜔2 + 8𝜅𝐻 − 𝜅2(𝑚 − 2)2](𝑚 − 2)(𝑚 − 4)𝐼1,𝑚 = 0,

so 𝑚 is 2 or 4. Furthermore, 𝐼0,𝑖 = 𝐼1,𝑖 = 0 for odd 𝑖.
In order to cut off the upper bound on the coefficients, we require that for some sufficiently large

integer 𝜇
{[𝜇2 − 𝑀2 + 𝜌(𝑀2)]2 − 4𝜇2𝜌(𝑀2)}𝐼1,𝜇 = 0.

Equation (3.12) gives
1
2 𝜇

∏
𝑖= 1

2 𝑗
{[4𝑖2 − 𝑀2 + 𝜌(𝑀2)]2 − 16𝑖2𝜌(𝑀2)]𝐼1,𝑗 = 0

and, from (3.11b), we have
1
2 𝜇

∏
𝑖=1

{[4𝑖2 − 𝑀2 + 𝜌(𝑀2)]2 − 16𝑖2𝜌(𝑀2)}[𝑀2, 𝐼] = 0

with 𝜇 even. From here we wish to show 𝐼 is a linear combination of operators 𝐿𝑖 satisfying (3.3)
where 𝑖 is any integer with magnitude less than or equal to 1

2𝜇. Let 𝑄𝑖2 satisfy

[𝑀2, [𝑀2, 𝑄𝑖2]] − 16𝑖2 {𝑀2, 𝑄𝑖2} + 16𝑖4𝑄𝑖2 = 0. (3.13)

for a non-zero integer 𝑖. Then

𝐿𝑖 ≔ 1
4𝑖[𝑀2, 𝑄𝑖2] − 𝑖𝑄𝑖2 + 𝑄𝑖2𝑀

satisfies (3.3). Conversely, any 𝐿𝑖 satisfying this commutation relation also satisfies (3.13) in place of
𝑄𝑖2 . Now, if

[𝑀2, [𝑀2, 𝐿]] − 16𝑖2 {𝑀2, 𝐿} + 16𝑖2𝐿 = 𝐿𝑗

where 𝑖 ≠ 𝑗, then 𝐿 resolves into homogeneous solutions 𝐿±𝑖 plus the particular solution

𝐿𝑗 [16 (𝑖2 − 𝑗2) (𝑖2 − 𝑗2 − 2𝑗𝑀 − 𝑀2)]
−1 .

This achieves the desired decomposition. It is evident that the {𝐿𝑖}𝑖 are linearly independent as op-
erators with coefficients formally rational in 𝑀, 𝐻 . It follows that each 𝐿𝑖 must commute with 𝐻
also. Furthermore, there is a finite basis of operators 𝐿𝑖 satisfying (3.3) and we may choose a basis
𝐽 𝑖/𝑝(𝜃, 𝜕𝜃, 𝑅, 𝑀) consisting of operators with no dependence upon 𝑟, 𝜕𝑟. Then 𝐿𝑖 = 𝐽 𝑖/𝑝𝐾 𝑖 where
𝐾 𝑖 = 𝐾 𝑖(𝑟, 𝜕𝑟, 𝑀, 𝐻). These must satisfy (3.9). The basis 𝐽 𝑖/𝑝 can be further decomposed into oper-
ators satisfying either one of the equations

[𝑀, 𝐽 𝑢] = 2𝑘𝑢𝐽 𝑢 or {𝑀, 𝐽 𝑢} = −4𝑘𝑢𝐽 𝑢. (3.14)

However, for the TTW model, this is merely an ambiguity on the sign of 𝑀 acting on the eigenfunc-
tions of 𝑀 . We take its action to always be of the same sign, i.e., we formally set 𝑀𝐽 𝑢 = 𝐽 𝑢(𝑀 +2𝑘𝑢).
The operators 𝐽 , 𝐾 modify respectively the quantum numbers ℓ, 𝑚 of the eigenfunctions of 𝐻 .
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3.4 Ladder Operators
In the previous section we established that the integral must be built up from linear combinations of
ladder operators. We shall in this section derive the ladder operators for the values of the exponents
in which they exist. This is the integers. We consider the angular ladder operators 𝐽 for the PVZ and
TTW model and finally, the radial ladder operator 𝐾 which is the same for both. The result of this
section is that the form of the integral must be

𝐼 = ∑
𝑖

𝐽 𝑖𝑞𝐾 𝑖𝑝𝜒𝑖(𝑀, 𝐻)

where we permit 𝜒𝑖 to be rational functions insofar as 𝐼 is a differential or differential-difference oper-
ator. Having calculated the ladder operators, we determine what forms of coefficients are acceptable,
that being when their fractional residue in 𝑀, 𝐻 (treated as formal operators) on the whole vanishes.
The TTW model has the additional constraint that 𝐼 must be even in 𝑀 .

We use the expansion method to simplify the angular partial derivatives. For the TTW model, we
write

𝜕𝑚
𝜃 = ∑

ℓ
[𝐹2ℓ𝑚(sin(𝑘𝜃), cos(𝑘𝜃)) + 𝐹3ℓ𝑚(sin(𝑘𝜃), cos(𝑘𝜃))𝜕𝜃](𝑀2

TTW)ℓ

in order to realise 𝐽 𝑢 as a first-order operator in the form

𝐽 𝑢(𝜃, 𝜕𝜃, 𝑀) = 𝐽 𝑢
0 (𝜃)(𝑀) + 𝐽 𝑢

1 (𝜃)(𝜌𝑀 )𝜕𝜃. (3.15)

For the PVZ model, we do the same by writing

𝜕𝑚
𝜃 = ∑

ℓ
[𝐹4ℓ𝑚(sin(2𝑘𝜃), cos(2𝑘𝜃)) + 𝐹5ℓ𝑚(sin(2𝑘𝜃), cos(2𝑘𝜃))𝑅]𝑀ℓ

PVZ

Hence, 𝐽 𝑢 can be written as

𝐽 𝑢(𝜃, 𝜕𝜃, 𝑅) = 𝐽 𝑢
0 (𝜃)(𝑀) + 𝐽 𝑢

1 (𝜃)(𝜌𝑀 )𝑅. (3.16)

We can employ an analogous reduction for 𝐾𝑢:

𝐾𝑢(𝑟, 𝜕𝑟, 𝑀) = 𝐾𝑢
0 (𝑟, 𝑀, 𝐻) + 𝐾𝑢

1 (𝑟, 𝑀, 𝐻)𝜕𝑟. (3.17)

In [47], the reducibility of the integrals was induced from simple cases (i.e., 𝑘 = 1), but there was
no way to verify that the results obtained were in fact of minimal degree. This is then an important
problem: to develop systematically a means to obtain the lowest-order integrals. Here we will develop
the method for the TTW and PVZ models on constant-curvature space based on the explicit results of
sections 3.4.1–3.

For polynomials in 𝑀, 𝐻 , we consider their divisibility where 𝑀, 𝐻 are taken to be formal opera-
tors. The greatest common divisors of a family of polynomials 𝑃 = {𝑝𝑖(𝑀, 𝐻)}𝑖 are the polynomials
𝑄 which divide 𝑃 such that all the divisors of 𝑃 are divisors of 𝑄. For a given representative 𝑞 ∈ 𝑄,
we shall write gcd 𝑃 ∝ 𝑞. The units are the non-zero real numbers. A formal differential operator of
the form ∑𝑖 ∑0≤𝑎,𝑏≤1 𝑓𝑎𝑏𝑖(𝑟, 𝜃)𝜕𝑎

𝑟 𝜕𝑏
𝜃𝑔𝑎𝑏𝑖(𝑀, 𝐻) where 𝑔𝑎𝑏𝑖 are polynomials. For the PVZ model, we

substitute 𝑅 for 𝜕𝜃.
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3.4.1 PVZ Angular Operators

We determine the coefficients in (3.16) by finding solutions to (3.14) which are polynomials in 𝑀 .
The resultant system is

𝐽 𝑢
0

′(−𝜃) = 𝑘𝛼
sin(2𝑘𝜃)[𝐽 𝑢

1 (−𝜃) − 𝐽 𝑢
1 (𝜃)]

− 𝐽 𝑢
1 (−𝜃)𝑀 − 𝑣𝐽 𝑢

1 (𝜃)(𝑀 + 2𝑘𝑢);
(3.18a)

𝐽 𝑢
1

′(−𝜃) = 𝑘𝛼
sin(2𝑘𝜃)[𝐽 𝑢

0 (−𝜃) − 𝐽 𝑢
0 (𝜃)] − 2𝑘𝛽

cos(2𝑘𝜃)𝐽 𝑢
1 (−𝜃)

+ 𝐽 𝑢
0 (−𝜃)𝑀 − 𝑣𝐽 𝑢

0 (𝜃)(𝑀 + 2𝑘𝑢),
(3.18b)

where 𝑣 = ±1 is to be determined. To solve this differential-difference system, we develop the coeffi-
cients into a sinusoidal power series with a cosine gauge on 𝐽 𝑢

1 :

𝐽 𝑢
0 (𝜃)(𝑀) =

𝑈

∑
𝑖=𝑉

[sin(2𝑘𝜃)]𝑖𝐽 𝑢
0,𝑖(𝑀), 𝐽 𝑢

1 (𝜃)(𝑀) = cos(2𝑘𝜃)
𝑈

∑
𝑖=𝑉

[sin(2𝑘𝜃)]𝑖𝐽 𝑢
1,𝑖(𝑀).

Substituting these series into (3.18a)–(3.18b), we get the recurrence relations

0 = {[(−1)𝑖 − 𝑣]𝑀/𝑘 − 2𝑢𝑣}𝐽 𝑢
0,𝑖 − [(−1)𝑖 + 1]𝛼𝐽 𝑢

0,𝑖+1 − 2(−1)𝑖(𝑖 + 1)𝐽 𝑢
1,𝑖+1

− 2(−1)𝑖𝛽𝐽 𝑢
1,𝑖 + 2(−1)𝑖𝑖𝐽 𝑢

1,𝑖−1;
(3.19a)

0 = 2(−1)𝑖(𝑖 + 1)𝐽 𝑢
0,𝑖+1 + {[(−1)𝑖 + 𝑣]𝑀/𝑘 + 2𝑢𝑣}𝐽 𝑢

1,𝑖 + [(−1)𝑖 + 1]𝛼𝐽 𝑢
1,𝑖+1. (3.19b)

For finite-order in 𝑀 , the system (3.19a)–(3.19b) requires 𝐽 𝑢
0,𝑖 = 𝐽 𝑢

1,𝑖 = 0 for all but finite 𝑖. The
appropriate limits are 𝑈 = |𝑢|, 𝑈 = |𝑢| − 1, 𝑉 = 𝑉 = 0. In particular,

0 = {[(−1)𝑢 − 𝑣]𝑀/𝑘 − 2𝑢𝑣}𝐽 𝑢
0,|𝑢| + 2(−1)𝑢|𝑢|𝐽 𝑢

1,|𝑢|−1,

0 = 2(−1)𝑢|𝑢|𝐽 𝑢
0,|𝑢| + {[(−1)𝑢 − 𝑣]𝑀/𝑘 − 2𝑢𝑣}𝐽 𝑢

1,|𝑢|−1,

which, for [𝐽 𝑢
0,|𝑢|(𝑀)]2 + [𝐽 𝑢

1,|𝑢|−1(𝑀)]2 ≠ 0, implies

{[(−1)𝑢 − 𝑣]𝑀/𝑘 − 2𝑢𝑣}2 = 4𝑢2

so 𝑣 = (−1)𝑢. Thus, {𝑀, 𝐽 𝑢} = −4𝑘𝑢𝐽 𝑢 when 𝑢 is odd and [𝑀, 𝐽 𝑢] = 2𝑘𝑢𝐽 𝑢 when 𝑢 is even. Up to
proportionality the solution is unique, so we designate our principle solutions to be:

𝐽 ±1 = [sin(2𝑘𝜃) ± cos(2𝑘𝜃)𝑅](𝑀 ± 𝑘) + 𝑘(𝛼 ± 𝛽) (3.20)

and define the rest by 𝐽 ±2𝑗 = (𝐽 ∓1𝐽 ±1)𝑗 and 𝐽 ±2𝑗±1 = 𝐽 ±1𝐽 ±2𝑗 = 𝐽 ∓2𝑗𝐽 ±1. In particular,

𝐽 ±2 = [cos(4𝑘𝜃) ∓ sin(4𝑘𝜃)𝑅](𝑀 ± 𝑘)(𝑀 ± 3𝑘)
∓ 𝑘 sin(2𝑘𝜃)[𝑘𝛼 + 𝛽(𝑀 ± 2𝑘)] ± 𝑘 cos(2𝑘𝜃)𝑅[𝑘𝛽 + 𝛼(𝑀 ± 2𝑘)]
+ 𝑘2(𝛼 − 𝛽)(𝛼 + 𝛽);

(3.21)

Note that in (3.20) but not in (3.21), all the coefficients except the constant term are divisible by a
linear factor in 𝑀 . This, in fact, occurs for every odd 𝑢.
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Lemma 3.1. For all odd integers 𝑢, 𝐽 𝑢(𝜃)(−𝑘𝑢) = 𝐽 𝑢
0,0(−𝑘𝑢).

Proof. This is clearly true for |𝑢| = 1 and we assume the lemma holds for |𝑢| = 2𝑗 − 1, where 𝑗 is a
positive integer. Using 𝐽 ±2𝑗±1 = 𝐽 ±1𝐽 ∓2𝑗±1𝐽 ±1, we have

𝐽 ±2𝑗±1(𝜃)(∓(2𝑗 + 1)𝑘) = 𝐽 ∓2𝑗±1
0,0 (±(2𝑗 − 1)𝑘)Φ±1(∓(2𝑗 + 1)𝑘) (3.22)

which is a constant. □

The combinations (𝐽 𝑢)2 and 𝐽 −𝑢𝐽 𝑢 for 𝑢 odd and even respectively, commute with 𝑀 . We des-
ignate them both by Φ𝑢(𝑀), and is appropriately called the structure function. By induction, we
compute:

Φ±𝑗(𝑀) =
⌈𝑗/2⌉−1

∏
𝑖=0

[𝑘2(𝛼 ± 𝛽)2 − (𝑀 ± 𝑘 ± 4𝑘𝑖)2]
⌊𝑗/2⌋−1

∏
𝑖=0

[𝑘2(𝛼 ∓ 𝛽)2 − (𝑀 ± 3𝑘 ± 4𝑘𝑖)2] . (3.23)

For 𝑢 even, we have Φ−𝑢(𝑀) = Φ𝑢(𝑀 −2𝑘𝑢) and Φ𝑢(𝑀) = Φ𝑗(−𝑀 −2𝑘𝑢) for 𝑢 odd. With knowledge
of the structure function, we may now use equation (3.22) to compute 𝐽 ±(2𝑗+1)

0,0 (∓𝑘(2𝑗 +1)). The result
of the computation, consolidated into a single formula, is:

𝐽 𝑢
0,0(−𝑘𝑢) = 𝑘|𝑢|

[𝛼 + (−1)
𝑢−1

2 𝛽]

|𝑢|−1
2

∏
𝑖=1 {[𝛼 + (−1)

𝑢−1
2 −𝑖𝛽]

2
− 4𝑖2

}

where 𝑢 is any odd integer. By the lemma, it follows that

[𝐽 𝑢 − 𝐽 𝑢
0,0(−𝑘𝑢)](𝑀 + 𝑘𝑢)−1 (3.24)

is polynomial in 𝑀 . We now need to prove that there are no redundant factors in 𝐽 𝑢 generally. First,
we compute some explicit terms in 𝐽 𝑢 so as to illustrate the phenomenon which we shall exploit. For
a concise expression, we use

exp(𝜃𝑅) = cos(𝜃) + sin(𝜃)𝑅.

Then for 𝑗 > 1:

𝐽 ±2𝑗∓1 = ±𝑅e∓2(2𝑗−1)𝑘𝜃𝑅
2𝑗−1

∏
𝑖=1

[𝑀 ± (2𝑖 − 1)𝑘]

+ 𝑘(𝛼 ± 𝛽)e±4(𝑗−1)𝑘𝜃𝑅
2𝑗−1

∏
𝑖=2

[𝑀 ± (2𝑖 − 1)𝑘]

+ 𝑘(𝛼 ± 𝛽)e∓4(𝑗−1)𝑘𝜃𝑅
2(𝑗−1)

∏
𝑖=1

[𝑀 ± (2𝑖 − 1)𝑘]

± 𝑘2(𝛼 ± 𝛽)2𝑅e±2(2𝑗−3)𝑘𝜃𝑅
2(𝑗−1)

∏
𝑖=2

[𝑀 ± (2𝑖 − 1)𝑘]

± 2(𝑗 − 1)𝑘2(𝛼2 − 𝛽2)𝑅e∓2(2𝑗−3)𝑘𝜃𝑅
2(𝑗−1)

∏
𝑖=2

[𝑀 ± (2𝑖 − 1)𝑘] + ⋯

(3.25a)
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𝐽 ±2𝑗 = e∓4𝑗𝑘𝜃𝑅
2𝑗

∏
𝑖=1

[𝑀 ± (2𝑖 − 1)𝑘]

± 𝑘(𝛼 ± 𝛽)𝑅e±2(2𝑗−1)𝑘𝜃𝑅
2𝑗

∏
𝑖=2

[𝑀 ± (2𝑖 − 1)𝑘]

± 𝑘(𝛼 ∓ 𝛽)𝑅e∓2(2𝑗−1)𝑘𝜃𝑅
2𝑗−1

∏
𝑖=1

[𝑀 ± (2𝑖 − 1)𝑘]

+ 𝑘2(𝛼2 − 𝛽2)e±4(𝑗−1)𝑘𝜃𝑅
2𝑗−1

∏
𝑖=2

[𝑀 ± (2𝑖 − 1)𝑘]

+ 𝑘2(2𝑗 − 1)(𝛼2 − 𝛽2)e∓4(𝑗−1)𝑘𝜃𝑅
2𝑗−1

∏
𝑖=2

[𝑀 ± (2𝑖 − 1)𝑘] + ⋯

(3.25b)

where the ellipses indicates trigonometric functions with lower frequency. We observe in the above
that the first few terms in (3.25a) and (3.25b) consist of products of 𝑀 + (2𝑖 − 1)𝑘 where the number
of factors is decreasing along with the frequency of the e𝑘ℓ𝜃𝑅 terms which they multiply. In particular,
the common divisor of the second and third terms is the same as that of the fourth and fifth terms. This
is why 𝐽 𝑢 for 𝑢 even cannot be reduced after removing the constant term, but 𝐽 𝑢 for 𝑢 odd can be.

Theorem 3.1. Suppose 𝛼 + 𝛽, 𝛼 − 𝛽 are not even integers. Then for all odd integer 𝑢,

gcd{𝐽 𝑢
0,𝑖, 𝐽 𝑢

1,𝑖}𝑖≥0 ∝ 1

and for all non-zero even integer 𝑢,

gcd{𝐽 𝑢
0,𝑖+1, 𝐽 𝑢

1,𝑖}𝑖≥0 ∝ 1

Proof. From (3.25a) and (3.25b),

gcd{𝐽 𝑢
0,|𝑢|(𝑀), 𝐽 𝑢

0,|𝑢|−1(𝑀)} ∝
|𝑢|

∏
𝑖=1

[𝑀 + sgn(𝑢)(2𝑖 − 1)𝑘]

so we need to show that there are non-zero terms in 𝐽 𝑢 when 𝑀 is evaluated at each of the roots. By
writing

𝐽 𝑢 = 𝐽 −𝑢+sgn(𝑢)(2𝑗+1)𝐽 sgn(𝑢)(2𝑗+1), 0 ≤ 𝑗 < |𝑢|,

we have
𝐽 𝑢

0,|𝑢|−2𝑗−1(− sgn(𝑢)(2𝑗 + 1)𝑘) ≠ 0

since 𝐽 sgn(𝑢)(2𝑗+1)
0,0 (− sgn(𝑢)(2𝑗 + 1)) ≠ 0 by the hypothesis. Similarly, by writing

𝐽 𝑢−sgn(𝑢)(2𝑗+1)𝐽 2𝑢−sgn(𝑢)(2𝑗+1), 0 ≤ 𝑗 < |𝑢|

we get
𝐽 𝑢

0,|𝑢|−2𝑗−1(−2𝑢𝑘 + sgn(𝑢)(2𝑗 + 1)𝑘) ≠ 0.

The result follows. □
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Theorem 3.1 will be combined with similar results for the 𝐾 operators to determine that only the
factor 𝑀 + 𝑘𝑢 will divide the non-constant terms of 𝐽 𝑢𝐾𝑘𝑢 for 𝑢 odd but this is indivisible for 𝑢 even.

3.4.2 TTW Angular Operators

Here we will solve equation (3.9) for 𝑀2 given by equation (3.4). Substituting (3.15) into (3.9) pro-
duces the system

0 = 𝐽 𝑢
0

″ + 𝑢(𝑢 + 𝜌𝑀 )𝐽 𝑢
0 − 2𝐽 𝑢

1
′𝑀2 + 𝑘2(4𝛼2 − 1)

2 sin2(𝑘𝜃)
[𝐽 𝑢

1
′ − 𝑘 cot(𝑘𝜃)𝐽 𝑢

1 ]

+ 𝑘2(4𝛽2 − 1)
2 cos2(𝑘𝜃)

[𝐽 𝑢
1

′ + 𝑘 tan(𝑘𝜃)𝐽 𝑢
1 ],

0 = 𝐽 𝑢
1

″ + 𝑢(𝑢 + 𝜌𝑀 )𝐽 𝑢
1 + 2𝐽 𝑢

0
′.

We develop the coefficients as a cosinusoidal power series

𝐽 𝑢
0 (𝜃)(𝑀) =

𝑈

∑
𝑖=𝑉

[cos(2𝑘𝜃)]𝑖𝐽 𝑢
0,𝑖(𝑀), 𝐽 𝑢

1 = sin(2𝑘𝜃)
𝑈

∑
𝑖=𝑉

[cos(2𝑘𝜃)]𝑖𝐽 𝑢
1,𝑖(𝑀) (3.26)

to obtain the recurrence relations:

0 = 𝑘(𝑖 + 1)(𝑖 + 2)𝐽 𝑢
0,𝑖+2 + [𝑢(𝑘𝑢 + 𝑀) − 𝑘𝑖2]𝐽 𝑢

0,𝑖

+ (𝑖 + 1)[𝑀2 − 𝑘2(2𝛼2 + 2𝛽2 − 1)]𝐽 𝑢
1,𝑖+1

+ 𝑘2(𝛽2 − 𝛼2)(2𝑖 + 1)𝐽 𝑢
1,𝑖 − 𝑀2𝑖𝐽 𝑢

1,𝑖−1

(3.27a)

0 = 𝑘(𝑖 + 1)(𝑖 + 2)𝐽 𝑢
1,𝑖+2 + [𝑢(𝑘𝑢 + 𝑀) − 𝑘(𝑖 + 1)2]𝐽 𝑢

1,𝑖

− (𝑖 + 1)𝐽 𝑢
0,𝑖+1.

(3.27b)

Again, we require 𝑈, 𝑈, 𝑉 , 𝑉 to be finite. The necessary limits are 𝑈 = |𝑢|, 𝑈 = |𝑢| − 1, 𝑉 = 𝑉 = 0.
We take as our principles

𝐽 ±1 = sin(2𝑘𝜃)𝜕𝜃(𝑘 ± 𝑀) ± cos(2𝑘𝜃)𝑀(𝑘 ± 𝑀) + 𝑘2(𝛼2 − 𝛽2)

and set 𝐽 ±𝑗 = (𝐽 ±1)𝑗 . From 𝐽 −1 = 𝐽[1; −𝑀] we get 𝐽 −𝑢 = 𝐽[𝑢; −𝑀]. In particular, we obtain a
differential operator with no formal part if we consider symmetric combinations:

𝐽 𝑢𝑓(𝑀) + 𝐽 −𝑢𝑓(−𝑀) (3.28)

where 𝑓 is polynomial. We will need to determine, as with the PVZ model, to what extent 𝑓 may be
rational. Indeed, setting 𝑓(𝑀) = 𝑀−1 in (3.28) leaves no residue.

For 𝑗 > 1, we have:

𝐽 𝑗 = [sin(2𝑗𝑘𝜃)𝜕𝜃 + cos(2𝑗𝑘𝜃)𝑀]
2𝑗−1

∏
𝑖=1

(𝑀 + 𝑘𝑖)

+ 2𝑘2(𝛼2 − 𝛽2)[(𝑗 − 1) sin[2(𝑗 − 1)𝑘𝜃]𝜕𝜃

+ cos[2(𝑗 − 1)𝑘𝜃](𝑗𝑀 + 2𝑗𝑘 − 𝑘)]
2𝑗−2

∏
𝑖=2

(𝑀 + 𝑘𝑖) + ⋯

(3.29)
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where the ellipses denote trigonometric terms of lower frequency. The structure function Φ𝑢(𝑀) is
defined as 𝐽 −𝑢𝐽 𝑢. For positive values, we determine:

Φ𝑗(𝑀) =
𝑗−1

∏
𝑖=0

[(𝑀 + 2𝑘𝑖 + 𝑘)2 − 𝑘2(𝛼 + 𝛽)2][(𝑀 + 2𝑘𝑖 + 𝑘)2 − 𝑘2(𝛼 − 𝛽)2].

Observe Φ−𝑗(𝑀) = Φ𝑗(−𝑀) = Φ𝑗(𝑀 − 2𝑗𝑘).
The divisibility property which held for odd integers in section 3.4.1 this time holds for all integers.

Lemma 3.2. For all non-zero integer 𝑢, 𝐽 𝑢(𝜃)(−𝑘𝑢) = 𝐽 𝑢
0,0(−𝑘𝑢).

Proof. We know that 𝐽 𝑢
0,|𝑢|(−𝑘𝑢) = 𝐽 𝑢

1,|𝑢|−1(−𝑘𝑢) = 0. Now, suppose that 𝐽 𝑢
0,𝑗(−𝑘𝑢) = 𝐽 𝑢

1,𝑗−1(−𝑘𝑢) =
0 for all 𝑗 > 𝑖 where 0 < 𝑖 < |𝑢|. Equations (3.27b) and (3.27a) simplify to

0 = −𝑘𝑖2𝐽 𝑢
0,𝑖(−𝑘𝑢) − 𝑘2𝑢2𝑖𝐽 𝑢

0,𝑖−1(−𝑘𝑢);

0 = −𝑘𝑖2𝐽 𝑢
1,𝑖−1(−𝑘𝑢) − 𝑖𝐽 𝑢

0,𝑖(−𝑘𝑢).

This system is non-singular so 𝐽 𝑢
0,𝑖(−𝑘𝑢) = 𝐽 𝑢

1,𝑖−1(−𝑘𝑢) = 0 and therefore the result holds by induction.
□

Consequently,
[𝐽 ±𝑢 − 𝐽 ±𝑢

0,0(−𝑘𝑢)](𝑀 ± 𝑘𝑢)−1

is of the form ±𝐷0+𝐷1𝑀 where 𝐷0, 𝐷1 are differential operators. We wish to find an explicit formula
for 𝐽 𝑢

0,0(−𝑘𝑢). To this end, we express the structure function in terms of the coefficients:

Φ𝑗(𝑀) = 𝐽 𝑗
0,0(−𝑀 − 2𝑗𝑘)𝐽 𝑗

0,0(𝑀) − 2𝑘𝐽 𝑗
1,0(−𝑀 − 2𝑗𝑘)𝐽 𝑗

0,1(𝑀)

+ [𝑘2(2𝛼2 + 2𝛽2 − 1) − 𝑀2]𝐽 𝑗
1,0(−𝑀 − 2𝑗𝑘)𝐽 𝑗

1,0(𝑀).

By Lemma 3.2
Φ𝑗(−𝑗𝑘) = [𝐽 𝑗

0,0(−𝑗𝑘)]2 (3.30)

This gives 𝐽 𝑗
0,0(−𝑗𝑘) up to a sign. By 𝐽 𝑗 = 𝐽 1𝐽 𝑗−1, we have:

𝐽 𝑗
0,0(𝑀) = 𝐽 1

0,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
0,0 (𝑀) − 2𝑘𝐽 1

1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
0,1 (𝑀)

+ [𝑘2(2𝛼2 + 2𝛽2 − 1) − 𝑀2]𝐽 1
1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1

1,0 (𝑀),

𝐽 𝑗
0,1(𝑀) = 𝐽 1

0,1(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
0,0 (𝑀) + 𝐽 1

0,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
0,1 (𝑀)

+ 2𝑘2(𝛼2 − 𝛽2)𝐽 1
1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1

1,0 (𝑀)

+ [𝑘2(2𝛼2 + 2𝛽2 − 1) − 𝑀2]𝐽 1
1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1

1,1 (𝑀),

𝐽 𝑗
1,0(𝑀) = 𝐽 1

1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
0,0 (𝑀) + 𝐽 1

0,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
1,0 (𝑀)

− 2𝑘𝐽 1
1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1

1,1 (𝑀),

𝐽 𝑗
1,1(𝑀) = 𝐽 1

0,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
1,1 (𝑀) + 2𝑘𝐽 1

1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1
1,0 (𝑀)

+ 𝐽 1
0,1(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1

1,0 (𝑀) + 𝐽 1
1,0(𝑀 + 2𝑘(𝑗 − 1))𝐽 𝑗−1

0,1 (𝑀).
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This indicates that in powers of 𝛼:

𝐽 𝑗
0,0 = 𝑘2𝑗𝛼2𝑗 + O(𝛼2𝑗−2); 𝐽 𝑗

0,1 = O(𝛼2𝑗−2);

𝐽 𝑗
1,0 = O(𝛼2𝑗−2); 𝐽 𝑗

1,1 = O(𝛼2𝑗−2);

for all 𝑗 ≥ 1. This enables us to choose the correct square-root in (3.30). At last, we calculate

𝐽 𝑗
0,0(−𝑗𝑘) = 𝑘2𝑗(𝛼2 − 𝛽2)

1−(−1)𝑗
2

⌊𝑗/2⌋−1

∏
𝑖=0

{[(2𝑖 − 𝑗 + 1)2 − 𝛼2 − 𝛽2]2 − 4𝛼2𝛽2}. (3.31)

The result below shows that the coefficients, except in extraordinary cases, have no common factor.

Theorem 3.2. Suppose that 𝛼 + 𝛽, 𝛼 − 𝛽 are not integers. Then gcd{𝐽 𝑢
0,𝑖, 𝐽 𝑢

1,𝑖}𝑖≥0 ∝ 1.

Proof. We shall assume 𝑢 is positive without loss of generality. From (3.29), we have

gcd{𝐽 𝑢
0,2𝑢, 𝐽 𝑢

1,2𝑢−1} ∝
2𝑢−1

∏
𝑖=1

(𝑀 + 𝑘𝑖).

By 𝐽 𝑢 = 𝐽 𝑢−𝑗𝐽 𝑗 we get
𝐽 𝑢

0,2𝑢−2𝑗(−𝑗𝑘) ≠ 0

for 1 ≤ 𝑗 ≤ 𝑢. Now, 𝐽 𝑢(−𝑘(𝑗 + 𝑢)) = 𝐽 𝑢−𝑗(𝑘(𝑗 − 𝑢))𝐽 𝑗(−𝑘(𝑗 + 𝑢)) so

𝐽 𝑢
0,2𝑗(−𝑘(𝑗 + 𝑢)) ≠ 0.

This shows that the coefficients cannot all be equal to zero simultaneously. □

Corollary 3.1. Let 𝑢, 𝑣 be integers with |𝑢| ≥ |𝑣|. Then the operator

[𝐽 𝑢 − 𝐽 |𝑢|−|𝑣|
0,0 (𝑘(|𝑣| − |𝑢|))𝐽 𝑣](𝑀 + 𝑢 + 𝑣)−1

is polynomial in 𝑀 .

3.4.3 Radial Operators

For the determination of the radial operators 𝐾𝑢, we resume the procedure of section 3.3, namely by
expanding as a power series in 𝑠:

𝐾𝑢
0 (𝑟, 𝑀, 𝐻) =

|𝑢|

∑
𝑖=0

𝑠−2𝑖𝐾𝑢
0,𝑖(𝑀, 𝐻), 𝐾𝑢

1 (𝑟, 𝑀, 𝐻) =
|𝑢|−1

∑
𝑖=0

𝑐𝑠−1−2𝑖𝐾𝑢
1,𝑖(𝑀, 𝐻).

Equation (3.9) translates to the system

0 = 𝜅(𝑖 + 1
2 )(𝑖 + 1)𝐾𝑢

0,𝑖+1 − [𝑖2 − 𝑢(𝑢 + 𝑀)]𝐾𝑢
0,𝑖

+ (𝑖 + 1)(𝜔2 − 1
4𝜅2 + 2𝜅𝐻)𝐾𝑢

1,𝑖+1

− (𝑖 + 1
2 )(𝜅𝑀2 + 2𝐻)𝐾𝑢

1,𝑖 + 𝑖𝑀2𝐾𝑢
1,𝑖−1,

(3.32a)
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0 = 𝜅𝑖(𝑖 + 1
2 )𝐾𝑢

1,𝑖 − [𝑖2 − 𝑢(𝑢 + 𝑀)]𝐾𝑢
1,𝑖−1 + 𝑖𝐾𝑢

0,𝑖. (3.32b)

We take as our principles

𝐾±1 = (1 ± 𝑀)𝑐
𝑠 𝜕𝑟 + 𝐻 + 1

2𝜅𝑀(𝑀 ± 1) − 𝑀(𝑀 ± 1)
𝑠2 .

Note that 𝐾−1(𝑟, 𝜕𝑟, −𝑀) = 𝐾1(𝑟, 𝜕𝑟, −𝑀). The effect of curvature is manifested in the 1
2𝜅𝑀(𝑀 ± 1)

term, but otherwise the form of the operators is the same as that on flat space [46]. Unlike in the
computation of the eigenfunctions in section 3.2, there is no need to divide into curved and non-
curved space. This will serve only to increase the order of the symmetry algebra, but not its overall
structure. Indeed, the calculations to compute the integrals remains the same since the 𝐾-operators
only depend explicitly on integer powers of 𝜅, 𝑐, 𝑠, 𝑀, 𝐻 , whereas the Jacobi polynomials degenerate
to the Laguerre polynomials only by a limit process. We set

𝐾±𝑗(𝑟, 𝜕𝑟, 𝑀) = 𝐾±1(𝑟, 𝜕𝑟, 𝑀 ± 2(𝑗 − 1))𝐾±(𝑗−1)(𝑟, 𝜕𝑟, 𝑀)

which gives the identity 𝐾−𝑢 = 𝐾𝑢(𝑟, 𝜕𝑟, −𝑀). Generally, we have

𝐾𝑗 = (−2)𝑗−1

𝑠2𝑗−1 (
𝑐

𝑀 𝜕𝑟 − 1
𝑠 )

2𝑗−1

∏
𝑖=0

(𝑀 + 𝑖)

+ (2𝑗 − 1)(−2)𝑗−2

𝑠2𝑗−3 (
𝑐

𝑀 𝜕𝑟 − 1
𝑠 ) [𝐻 + 1

2𝜅𝑀(𝑀 + 2𝑗 − 1)]
2𝑗−2

∏
𝑖=1

(𝑀 + 𝑖)

− (−2)𝑗−2

𝑠2𝑗−3 (
𝑐

𝑀 𝜕𝑟 + 1
𝑠 ) [𝐻 + 1

2𝜅𝑀(𝑀 + 1)]
2𝑗−1

∏
𝑖=2

(𝑀 + 𝑖) + O(
1

𝑠2𝑗−4 )

(3.33)

for positive integer 𝑗. The operators 𝐾−𝑢(𝑟, 𝜕𝑟, 𝑀 + 2𝑢)𝐾𝑢(𝑟, 𝜕𝑟, 𝑀) commute with 𝑀, 𝐻 and are
thus polynomials in those operators. We designate this operator by the structure function Ψ𝑢(𝑀, 𝐻).
We have the formula

Ψ𝑗(𝑀, 𝐻) =
𝑗−1

∏
𝑖=0

{[𝐻 − 1
2𝜅(𝑀 + 2𝑖 + 1)]2 − 𝜔2(𝑀 + 2𝑖 + 1)2

} . (3.34)

Observe that Ψ−𝑗(𝑀, 𝐻) = Ψ𝑗(−𝑀, 𝐻) = Ψ𝑗(𝑀 − 2𝑗, 𝐻). The base terms have the recurrence

𝐾𝑗
0,0(𝑀, 𝐻) = 𝐾1

0,0(𝑀 + 2𝑗 − 2, 𝐻)𝐾𝑗−1
0,0 (𝑀, 𝐻)

+ (𝜔2 − 1
4𝜅2 + 2𝜅𝐻)𝐾1

1,0(𝑀 + 2𝑗 − 2, 𝐻)𝐾𝑗−1
1,0 (𝑀, 𝐻);

𝐾𝑗
1,0(𝑀, 𝐻) = 𝐾1

1,0(𝑀 + 2𝑗 − 2, 𝐻)𝐾𝑗−1
0,0 (𝑀, 𝐻) + [𝜅𝐾1

1,0(𝑀 + 2𝑗 − 2, 𝐻)

+ 𝐾1
0,0(𝑀 + 2𝑗 − 2, 𝐻)]𝐾𝑗−1

1,0 (𝑀, 𝐻)

and a simple closed-form expression is readily obtainable:

𝐾𝑗
1,0(𝑀, 𝐻) = 1

2√𝜔2 + 2𝜅𝐻

× {
𝑗−1

∏
𝑖=0

[𝐻 + 1
2𝜅(𝑀 + 2𝑖 + 1)2 + √𝜔2 + 2𝜅𝐻 (𝑀 + 2𝑖 + 1)]

−
𝑗−1

∏
𝑖=0

[𝐻 + 1
2𝜅(𝑀 + 2𝑖 + 1)2 − √𝜔2 + 2𝜅𝐻 (𝑀 + 2𝑖 + 1)]};

(3.35)
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𝐾𝑗
0,0(𝑀, 𝐻) = −1

2𝜅𝐾𝑗
1,0(𝑀, 𝐻)

+ 1
2

𝑗−1

∏
𝑖=0

[𝐻 + 1
2𝜅(𝑀 + 2𝑖 + 1)2 + √𝜔2 + 2𝜅𝐻 (𝑀 + 2𝑖 + 1)]

+ 1
2

𝑗−1

∏
𝑖=0

[𝐻 + 1
2𝜅(𝑀 + 2𝑖 + 1)2 − √𝜔2 + 2𝜅𝐻 (𝑀 + 2𝑖 + 1)].

(3.36)

We see that 𝐾𝑗
1,0(−𝑗, 𝐻) = 0 and the latter becomes

𝐾𝑗
0,0(−𝑗, 𝐻) = 𝐻

1−(−1)𝑗
2

⌊𝑗/2⌋−1

∏
𝑖=0 {[𝐻 − 1

2𝜅(2𝑖 − 𝑗 + 1)2
]

2
− 𝜔2(2𝑖 − 𝑗 + 1)2

} . (3.37)

Proposition 3.1. For all non-zero integers 𝑢, 𝐾𝑢(−𝑢, 𝐻) = 𝐾𝑢
0,0(−𝑢, 𝐻).

Proof. By equation (3.33),

𝐾𝑢
0,|𝑢|(−𝑢, 𝐻) = 𝐾𝑢

1,|𝑢|−1(−𝑢, 𝐻) = 0.

Now, suppose that for some 0 < 𝑖 < |𝑢|, 𝐾𝑢
0,𝑗(−𝑢, 𝐻) = 𝐾𝑢

1,𝑗−1(−𝑢, 𝐻) = 0 for all 𝑗 > 𝑖. Then (3.32a)
and (3.32b) read

0 = 𝑖𝐾𝑢
0,𝑖(−𝑢, 𝐻) − 𝑖2𝐾𝑢

1,𝑖−1(−𝑢, 𝐻);

= 𝑖𝑢2𝐾𝑢
1,𝑖−1(−𝑢, 𝐻) − 𝑖2𝐾𝑢

0,𝑖(−𝑢, 𝐻).

This equation is non-singular, so 𝐾𝑢
0,𝑖(−𝑢, 𝐻) = 𝐾𝑢

1,𝑖−1(−𝑢, 𝐻) = 0. This proves the result. □

Lemma 3.3. Let 𝑢 be a non-zero integer, then

𝐿𝑗 ≔ gcd{𝐾𝑢
0,𝑖(𝑀, 𝐻), 𝐾𝑢

1,𝑖−1(𝑀, 𝐻)}𝑖≥|𝑢|−𝑗+1 ∝
2|𝑢|−𝑗

∏
𝑖=𝑗

[𝑀 + sgn(𝑢)𝑖], 𝑗 = 1, … , |𝑢|.

Proof. Proposition 3.1 tells us that 𝑀 + 𝑢 divides 𝐿|𝑢|. We suppose, without loss of generality, that 𝑢
is positive and 𝑗 < 𝑢. We write

𝐾𝑢(𝑟, 𝜕𝑟, 𝑀) = 𝐾𝑢−𝑖(𝑟, 𝜕𝑟, 𝑀 + 2𝑖)𝐾 𝑖(𝑟, 𝜕𝑟, 𝑀)

to obtain
𝐾𝑢(𝑟, 𝜕𝑟, −𝑗) = 𝐾𝑢−𝑗(𝑟, 𝜕𝑟, 𝑗)𝐾𝑗

0,0(−𝑗, 𝐻). (3.38)

It follows that 𝑀 + 𝑗 ∣ 𝐿𝑗 and 𝑀 + 𝑗 ∤ 𝐿𝑗+1. Similarly, by writing

𝐾𝑢 = 𝐾𝑗(𝑟, 𝜕𝑟, 𝑀 + 2𝑢 − 2𝑗)𝐾𝑢−𝑗

it is apparent that
𝐾𝑢(𝑟, 𝜕𝑟, 𝑗 − 2𝑢) = 𝐾𝑗

0,0(−𝑗, 𝐻)𝐾𝑢−𝑗(𝑟, 𝜕𝑟, 𝑗 − 2𝑢) (3.39)
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so 𝑀 + 2𝑢 − 𝑗 ∣ 𝐿𝑗 and 𝑀 + 2𝑢 − 𝑗 ∤ 𝐿𝑗+1. We know that 𝑀 + 𝑢 ∣ 𝐿𝑢. Thus,

2𝑢−𝑗

∏
𝑖=𝑗

(𝑀 + 𝑖)

divides 𝐿𝑗 for all 𝑗 = 1, … , |𝑢|. By (3.33), we know that equality holds for 𝑗 = 1, and so it must hold
for all 𝑗. □

Corollary 3.2. Let 𝑢, 𝑣 be integers with |𝑢| ≥ |𝑣|. Then the operator

(𝐾𝑢 − 𝐾 |𝑢|−|𝑣|
0,0 (|𝑣| − |𝑢|, 𝐻)𝐾𝑣)(𝑀 + 𝑢 + 𝑣)−1

is polynomial in 𝑀 .

We shall use these calculations to begin deriving the linear combinations which are admissible for
an integral of 𝐻 . Since the coefficients of the 𝐽 -operators have no common factor, it is only necessary
to first consider 𝐾-operators by themselves and then extend to their products.

Theorem 3.3. Let 𝑢 be a positive integer greater than one and let 𝑎, 𝑏±, 𝑐±, ⋯ , 𝑧± be a series of 2𝑗 + 1
rational functions of 𝑀, 𝐻 such that

𝑄 = 𝑎 + 𝐾𝑢𝑏+ + 𝐾−𝑢𝑏− + 𝐾2𝑢𝑐+ + 𝐾−2𝑢𝑐− + ⋯ + 𝐾𝑗𝑢𝑧+ + 𝐾−𝑗𝑢𝑧−

is an operator polynomial in 𝑀, 𝜕𝑟. Then 𝑧± ∏2𝑗−1
𝑖=0 (𝑀 ± 𝑖𝑢) is a polynomial function of 𝑀, 𝐻 .

Proof. By denominator, we refer to the minimal polynomial 𝜁± in 𝑀 such that 𝑧±𝜁± is also polynomial.
Up to leading order, we have

𝑄 = (−2)𝑗𝑢−1
[ (

𝑀−1𝑐
𝑠2𝑗𝑢−1 𝜕𝑟 − 1

𝑠2𝑗𝑢 )
2𝑗𝑢−1

∏
𝑖=0

(𝑀 + 𝑖)𝑧+

− (
𝑀−1𝑐
𝑠2𝑗𝑢−1 𝜕𝑟 + 1

𝑠2𝑗𝑢 )
2𝑗𝑢−1

∏
𝑖=0

(𝑀 − 𝑖)𝑧−] + O(
1

𝑠2𝑗𝑢−2 )

so

𝑧+

2𝑗𝑢−1

∏
𝑖=1

(𝑀 + 𝑖) − 𝑧−

2𝑗𝑢−1

∏
𝑖=1

(𝑀 − 𝑖)

and

𝑧+

2𝑗𝑢−1

∏
𝑖=0

(𝑀 + 𝑖) + 𝑧−

2𝑗𝑢−1

∏
𝑖=0

(𝑀 − 𝑖)

must be polynomials in 𝑀 . The denominators of 𝑧± therefore must divide ∏2𝑗𝑢−1
𝑖=0 (𝑀 ±𝑖) respectively.

If 𝑗 = 1 then we are done, otherwise, we shall proceed inductively on 𝑗 > 1. The common factor here
between the two denominators is 𝑀 , so we deduce the existence of polynomial operators

𝑄′ = 𝑎′ + 𝐾𝑢𝑏′
+ + 𝐾−𝑢𝑏′

− + ⋯ + 𝐾 (𝑗−1)𝑢𝑦′
+ + 𝐾−(𝑗−1)𝑢𝑦′

− + 𝐾𝑗𝑢𝑧′
+
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and
𝑄″ = 𝑎″ + 𝐾𝑢𝑏″

+ + 𝐾−𝑢𝑏″
− + ⋯ + 𝐾 (𝑗−1)𝑢𝑦″

+ + 𝐾−(𝑗−1)𝑢𝑦″
− + 𝐾−𝑗𝑢𝑧″

−

such that 𝑄 = (𝑄′ + 𝑄″)𝑀−1. That the leading order terms of 𝑄′ may be polynomial in 𝑀 and 𝜕𝑟,
the denominator of 𝑧′

+ must divide ∏(2𝑗−1)𝑢
𝑖=𝑢 (𝑀 + 𝑖), by Lemma 3.3.

Let 𝑄‴ = 𝑄′(𝑀 + 𝑢)[𝑀 + (2𝑗 − 1)𝑢] and denote by (⋅)‴ all the coefficients therein. This ensures

𝐾𝑗𝑢
0,2(𝑗−1)𝑢𝑧‴

+

and
𝐾𝑗𝑢

1,2(𝑗−1)𝑢−1𝑧‴
+

are polynomials. Then the denominators of 𝑦‴
± must divide ∏2(𝑗−1)𝑢−1

𝑖=0 (𝑀 ± 𝑖). In particular, the
denominators of 𝑦‴

− and 𝑧‴
+ share no common factor. We may thus resolve 𝑄‴ into a sum of two

polynomial operators

𝑄iv = 𝑎iv + 𝐾𝑢𝑏iv
+ + 𝐾−𝑢𝑏iv

− + ⋯ + 𝐾 (𝑗−1)𝑢𝑦iv
+ + 𝐾𝑗𝑢𝑧iv

+

and
𝑄v = 𝑎v + 𝐾𝑢𝑏v

+ + 𝐾−𝑢𝑏v
− + ⋯ + 𝐾 (𝑗−1)𝑢𝑦v

+ + 𝐾−(𝑗−1)𝑢𝑦v
−.

Let 𝑄vi be the result of substituting 𝑀 −2𝑢 for 𝑀 in 𝑄iv and denote by (⋅)vi all the coefficients therein.
Then

𝑄vi𝐾−𝑢 = 𝑏vi
+ Ψ−𝑢(𝑀, 𝐻) + 𝐾𝑢𝑐vi

+ Ψ−𝑢(𝑀, 𝐻) + 𝐾−𝑢𝑎vi

+ ⋯ + 𝐾 (𝑗−1)𝑢𝑧vi
+ Ψ−𝑢(𝑀, 𝐻) + 𝐾−(𝑗−1)𝑢𝑥vi

−

is a polynomial operator. The denominator of 𝑧vi
+ Ψ−𝑢(𝑀, 𝐻) thus divides

2𝑗−3

∏
𝑖=0

(𝑀 + 𝑖𝑢).

There are no common factors between this product and Φ−𝑢(𝑀, 𝐻). So the denominator of 𝑧iv
+ divides

2𝑗−1

∏
𝑖=2

(𝑀 + 𝑖𝑢).

But the denominator of 𝑧‴
+ = 𝑧iv

+ , by definition of 𝑄‴, cannot contain the factor 𝑀 + (2𝑗 − 1)𝑢. As
𝑧+ = 𝑧‴

+ 𝑀−1(𝑀 + 𝑢)−1[𝑀 + (2𝑗 − 1)𝑢]−1, the result is proven. □

3.5 Symmetry Algebra
The construction of the symmetry algebra for superintegrable systems allows us to describe the de-
generacies of the Hamiltonian. Each degenerate family consolidates into the whole eigenspace of the
Hamiltonian, and so gives us the whole spectrum.
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For 𝐽 𝑢𝐾𝑘𝑢 to be well-defined, then 𝑢 and 𝑘𝑢 must both be integers, so 𝑢 is an integral multiple of
𝑞. Therefore the general form of an integral of 𝐻 is

𝐼 = ∑
𝑖∈ℤ

𝐽 𝑖𝑞𝐾 𝑖𝑝𝜒𝑖 (3.40)

where 𝜒𝑖 are formal rational functions, with only finitely many that are non-zero, of 𝑀, 𝐻 such that
𝐼 is a polynomial in those operators, and, for the TTW model, even in 𝑀 . Let 𝜒2

𝑁 + 𝜒2
−𝑁 ≠ 0 and

𝜒𝑖 = 0 for |𝑖| > 𝑁 . Then by Theorem 3.3, we require

𝜒±𝑁 ∏2𝑁−1
𝑖=0 (𝑀 ± 𝑖𝑝)

gcd{𝐽 ±𝑁𝑞
0,𝑗 (𝑀), 𝐽 ±𝑁𝑞

1,𝑗 (𝑀)}𝑗≥0
(3.41)

to be a polynomial in 𝑀 . By Theorems 3.1 and 3.2, the denominator in (3.41) is a unit. So, by linear
independence of {𝐽 𝑖𝑞𝐾 𝑖𝑝}𝑖, the integral must be of order ≥ 2𝑁(𝑝 + 𝑞 − 1) for the TTW model and
≥ 𝑁(2𝑝 + 𝑞 − 2) for the PVZ model. Whether or not we can eliminate any of the factors in the product
must depend, by Corollary 3.2, on

So far the representation theory for the TTW and the PVZ model has not been developed. In this
section we will also provide a description of the representations from the symmetry algebra in the
context of deformed oscillator realisations. This is also interesting in its own right as the construction
of representations has been mainly limited to quadratic algebras such as Racah or some cubic algebras
as in the Heun-Lie algebras.

The deformed oscillator realisation [100] was introduced within the context of quadratically super-
integrable systems. Here we will rely on the analogous construction for polynomial algebras of three
generators of arbitrarily large order. This realisation consists in the system generated by the three
operators 𝔑, 𝔟, 𝔟† satisfying the relations

[𝔟, 𝔑] = 𝔟, [𝔑, 𝔟†] = 𝔟†, 𝔟†𝔟 = Ξ(𝔑), 𝔟𝔟† = Ξ(𝔑 + 1)

where Ξ is, for our purposes, an analytic function. The finite-dimensional irreducible representations
of this algebra are, up to a translation of 𝔑, given by

𝔑|𝑖⟩ = 𝑖|𝑖⟩, 𝔟|𝑖⟩ = √Ξ(𝑖) |𝑖 − 1⟩, 𝔟†|𝑖⟩ = √Ξ(𝑖 + 1) |𝑖 + 1⟩,

where {|𝑖⟩}𝑛
𝑖=0 is the basis of the module. The constraints on finite dimension imply that Ξ(0) =

Ξ(𝑛) = 0 with no intermediate roots of Ξ. The central elements, namely ℝ[𝐻] act as constants on
the representation, and we denote the eigenvalue of 𝐻 as 𝐸. From one of the two roots of Ξ, we may
determine the eigenvalue 𝐸 of 𝐻 . The energy spectrum will include as a subset the physical spectrum
(3.8) found by analysis. However, even the non-physical states can still be interesting in its links with
finding new special functions.
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3.5.1 PVZ q even

For 𝑞 even, 2𝑝 + 𝑞 ≥ 𝑁(2𝑝 + 𝑞 − 2) for all 𝑁 > 1. Thus we need only consider the form

𝐼 = 𝜙0(𝑀, 𝐻)𝑀−1(𝑀2 − 𝑝2)−1 + 𝐽 𝑞𝐾𝑝𝜙1(𝑀, 𝐻)𝑀−1(𝑀 + 𝑝)−1

+ 𝐽 −𝑞𝐾−𝑝𝜙−1(𝑀, 𝐻)𝑀−1(𝑀 − 𝑝)−1

to find the smallest integral with 𝜙0 a polynomial and 𝜙±1 at most quadratic. Let us show that an
integral of order 2𝑝 + 𝑞 − 2 or 2𝑝 + 𝑞 − 1 is impossible. We note that

Res
𝑀=0

𝐼 = 𝑘𝑞(2𝑞 − 1)!![e−2𝑝𝜃𝑅𝜙1(0, 𝐻) − e2𝑝𝜃𝑅𝜙−1(0, 𝐻)]𝐾𝑝(𝑟, 𝜕𝑟, 0)/𝑝 + ⋯

where the ellipses indicate lower frequency terms, cannot be zero unless 𝑀 divides 𝜙±1. Similarly,

Res
𝑀=±𝑝

𝐼 = ±𝑘𝑞e±2𝑝𝜃𝑅𝜙∓1(±𝑝, 𝐻)𝐾𝑝
0,0(−𝑝, 𝐻)

𝑞

∏
𝑖=1

(2𝑖 − 1 − 𝑞)/𝑝 + ⋯

requires that Φ∓1(±𝑝, 𝐻) = 0. Therefore, 𝐻 is a superintegrable Hamiltonian of order 2𝑝 + 𝑞 with
generators 𝑀, 𝐽 𝑞𝐾𝑝, 𝐽 −𝑞𝐾𝑝. We set

𝐴 = 𝑀
2𝑝 , 𝐵 = 𝐽 𝑞𝐾𝑝, 𝐶 = 𝐽 −𝑞𝐾−𝑝,

and Λ± = Φ±𝑞(2𝑝𝐴)Ψ±𝑝(2𝑝𝐴, 𝐻). The symmetry algebra relations are

[𝐴, 𝐵] = 𝐵, (3.42a)

[𝐴, 𝐶] = −𝐶, (3.42b)

[𝐵, 𝐶] = Λ− − Λ+. (3.42c)

The algebra of order 4𝑝+2𝑞−1 if 𝜅 ≠ 0 and of order 2𝑝+2𝑞−1 if 𝜅 = 0. The enveloping algebra 𝔘 of
𝐴, 𝐵, 𝐶, 𝐻 , regarded as purely abstract operators, joined by the relations (3.42a), (3.42b), (3.42c) with
𝐻 central, satisfies the PBW property, i.e., 𝔘 = ℝ[𝐴]ℝ[𝐵]ℝ[𝐶]ℝ[𝐻]. Furthermore, the operator

𝐷 = 2{𝐵, 𝐶} − Λ+ − Λ−

commutes with 𝐴, 𝐵, 𝐶 , hence 𝔘 = ℝ[𝐴]ℝ[𝐵](ℝ + 𝐶ℝ)ℝ[𝐻, 𝐷]. The center is then seen to be
ℝ[𝐻, 𝐷] however the differential operator realisation annihilates 𝐷.

The realisation as a deformed oscillator algebra is straightforward:

𝐴 = 𝔑 + 𝑢,
𝐵 = 𝔟† + 𝔟,
𝐶 = 𝔟† − 𝔟,

Ξ(𝔑) = Φ−𝑞(2𝑝[𝔑 + 𝑢])Ψ𝑝(−2𝑝[𝔑 + 𝑢], 𝐸),
Ξ(𝔑 + 1) = Φ𝑞(2𝑝[𝔑 + 𝑢])Ψ𝑝(2𝑝[𝔑 + 𝑢], 𝐸).

where 𝑢 is an arbitrary constant.
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3.5.2 PVZ q odd

For 𝑞 odd, 2𝑝 + 𝑞 − 1 ≥ 𝑁(2𝑝 + 𝑞 − 2) for all 𝑁 > 1. So as before, we consider

𝐼 = 𝜙0(𝑀, 𝐻)𝑀−1(𝑀2 − 𝑝2)−1 + 𝐽 𝑞𝐾𝑝𝜙1(𝑀, 𝐻)𝑀−1(𝑀 + 𝑝)−1

+ 𝐽 −𝑞𝐾−𝑝𝜙−1(𝑀, 𝐻)𝑀−1(𝑀 − 𝑝)−1.

By a similar argument to section 3.5.1, 𝜙0, 𝜙±1 must divide 𝑀 . Lemma 3.1 guarantees that we may
take 𝜙±1 to be any real number proportion of 𝑀 . Therefore, 𝐻 is a superintegrable Hamiltonian of
order 2𝑝 + 𝑞 − 1. If we write

𝑋 = [𝐽 𝑞𝐾𝑝 − 𝐽 𝑞
0,0(−𝑝)𝐾𝑝

0,0(−𝑝, 𝐻)](𝑀 + 𝑝)−1,

𝑌 = [𝐽 −𝑞𝐾−𝑝 − 𝐽 −𝑞
0,0 (𝑝)𝐾𝑝

0,0(−𝑝, 𝐻)](𝑀 − 𝑝)−1,

then 𝑋, 𝑌 , 𝑀, 𝐻 together generate all the integrals of 𝐻 . The Hamiltonian is therefore superintegrable
of order 2𝑝 + 𝑞 − 1. We take

𝐴 = 𝑀
2𝑝 ; 𝐵 = 𝑝(𝑌 + 𝑋); 𝐶 = 𝑝(𝑌 − 𝑋)

and

Λ± =
Φ±𝑞(2𝑝𝐴)Ψ𝑝(±2𝑝𝐴, 𝐻) − [𝐽 ±𝑞

0,0 (∓𝑝)𝐾𝑝
0,0(−𝑝, 𝐻)]2

(2𝐴 ± 1)2 .

The algebra relations are

{𝐴, 𝐵} = 1
2𝐶 − 1

2 [𝐽 𝑞
0,0(−𝑝) + 𝐽 −𝑞

0,0 (𝑝)]𝐾𝑝
0,0(−𝑝, 𝐻),

{𝐴, 𝐶} = 1
2𝐵 + 1

2 [𝐽 𝑞
0,0(−𝑝) − 𝐽 −𝑞

0,0 (𝑝)]𝐾𝑝
0,0(−𝑝, 𝐻),

{𝐵, 𝐶} = Λ+ − Λ−.

This is a symmetry algebra of order 4𝑝 + 2𝑞 − 3 if 𝜅 ≠ 0 and of order 2𝑝 + 2𝑞 − 3 if 𝜅 = 0. We have
the Casimir operator of the enveloping algebra

𝐷 = 𝐵2 + 𝐶2 − 2Λ+ − 2Λ−.

The element 𝐷 evaluates to zero in the differential-difference operator realisation.
When 𝑘 = 1, we have

{𝐵, 𝐶} = −𝛼𝛽(4𝜔2 − 𝜅2 + 4𝜅𝐻) + 2𝐴[4𝜔2 + 4𝜅𝐻 + 𝜅2(𝛼2 + 𝛽2 − 2)]
+ 4𝜅2𝛼𝛽𝐴2 − 16𝜅2𝐴3.

For 𝜅 = 0, Λ+ − Λ− is of first-order, and the system generated by 𝐴, 𝐵, 𝐶 is a Bannai-Ito algebra over
the ring ℝ[𝐻]:

{𝐴, 𝐵} = 1
2𝐶 − 𝛼𝐻;

{𝐴, 𝐶} = 1
2𝐵 + 𝛽𝐻;

{𝐵, 𝐶} = (4𝜔2 − 𝜅2)(2𝐴 − 𝛼𝛽);
0 = (4𝜔2 − 𝜅2)(4𝐴2 + 1 − 𝛼2 − 𝛽2) + 𝐵2 + 𝐶2 − 4𝐻2.
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In order to produce a deformed oscillator realisation, we require a ‘fermionic’ number operator in
contrast to the ‘bosonic’ operator 𝔑 that alternates the sign of 𝔟, 𝔟† for left- and right-multiplication.
This is achieved if we take (−1)𝔑 = cos(π𝔑), giving:

𝐴 = −(𝔑 + 𝑢) cos(π𝔑),
𝐵 = 𝔟[2(𝔑 + 𝑢) − 1]−1 + [2(𝔑 + 𝑢) − 1]−1𝔟†

+ 𝐾𝑝
0,0(−𝑝, 𝐸)

[
𝐽 𝑞

0,0(−𝑝)
2(𝔑 + 𝑢) cos(π𝔑) − 1 −

𝐽 −𝑞
0,0 (𝑝)

2(𝔑 + 𝑢) cos(π𝔑) + 1]

𝐶 = cos(π𝔑){𝔟[2(𝔑 + 𝑢) − 1]−1 − [2(𝔑 + 𝑢) − 1]−1𝔟†}

− 𝐾𝑝
0,0(−𝑝, 𝐸)

[
𝐽 𝑞

0,0(−𝑝)
2(𝔑 + 𝑢) cos(π𝔑) − 1 +

𝐽 −𝑞
0,0 (𝑝)

2(𝔑 + 𝑢) cos(π𝔑) + 1]
,

Ξ(𝔑) = Φ−𝑞 cos(π𝔑)(−2𝑝[𝔑 + 𝑢] cos[π𝔑])Ψ𝑝(−2𝑝[𝔑 + 𝑢], 𝐸),
Ξ(𝔑 + 1) = Φ𝑞 cos(π𝔑)(−2𝑝[𝔑 + 𝑢] cos[π𝔑])Ψ𝑝(2𝑝[𝔑 + 𝑢], 𝐸).

3.5.3 TTW on constant-curvature space

For the TTW model, the operators

𝐴 = 𝑀2

4𝑝2 − 1
4;

𝐵 = 𝑝2𝐽 𝑞𝐾𝑝𝑀−1(𝑀 + 𝑝)−1 + 𝑝2𝐽 −𝑞𝐾−𝑝𝑀−1(𝑀 − 𝑝)−1

− 2𝑝2𝐽 𝑞
0,0(−𝑝)𝐾𝑝

0,0(−𝑝, 𝐻)(𝑀2 − 𝑝2)−1

𝐶 = 𝑝𝐽 𝑞𝐾𝑝𝑀−1 − 𝑝𝐽 −𝑞𝐾−𝑝𝑀−1;

together with 𝐻 , generate all the integrals of this model and thus the full symmetry algebra. So 𝐻 is
superintegrable of order 2𝑝 + 2𝑞 − 2 (this being the order of 𝐵). The symmetry algebra relations are

[𝐴, 𝐵] = 𝐶; (3.43a)

[𝐴, 𝐶] = 4{𝐴, 𝐵} + 2𝐽 𝑞
0,0(−𝑝)𝐾𝑝

0,0(−𝑝, 𝐻); (3.43b)

[𝐵, 𝐶] = −2𝐵2 + Λ (3.43c)

where
Λ = 2𝑝3[(𝑀−𝑝)2Φ𝑞(𝑀)Ψ𝑝(𝑀,𝐻)−(𝑀+𝑝)2Φ𝑞(−𝑀)Ψ𝑝(−𝑀,𝐻)+4𝑝𝑀Φ𝑞(−𝑝)Ψ𝑝(−𝑝,𝐻)]

𝑀(𝑀2−𝑝2)2 . (3.44)

is a polynomial in 𝐴, 𝐻 . This algebra is of order: 2𝑝 + 2𝑞 − 2 if 𝜅 ≠ 0; 𝑝 + 2𝑞 − 2 if 𝜅 = 0, 𝑘 ≠ 1; or
2 if 𝜅 = 0, 𝑘 = 1. There is a Casimir

𝐷 = 𝐶2 + 4𝐵2 − 4{𝐴, 𝐵2} − 4𝐽 𝑞
0,0(−𝑝)𝐾𝑝

0,0(−𝑝, 𝐻)𝐵 + Ω (3.45)

where

Ω = 2𝑝2[(𝑀−𝑝)3Φ𝑞(𝑀)Ψ𝑝(𝑀,𝐻)+(𝑀+𝑝)3Φ𝑞(−𝑀)Ψ𝑝(−𝑀,𝐻)−2Φ𝑞(−𝑝,𝐻)Ψ𝑝(−𝑝,𝐻)𝑀(𝑀2+3𝑝2)]
𝑀(𝑀2−𝑝2)2 (3.46)
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is a polynomial in 𝐴, 𝐻 . In the differential operator realisation, 𝐷 ≡ 0.
For 𝑘 = 1, these polynomials evaluate to

Λ = 8𝐻2 + 16𝜎(𝛼2 + 𝛽2 − 2 − 2𝐴) + 16𝜅𝐻(𝛼2 + 𝛽2 − 2 − 2𝐴)
+ 2𝜅2[(𝛼2 − 𝛽2)2 + 12𝐴2 − 2(𝛼2 + 𝛽2)(4𝐴 + 3) + 28𝐴 + 12];

Ω = 8(𝛼2 + 𝛽2)(4𝜎𝐴 − 𝐻2) − 4(𝛼2 − 𝛽2)2𝜎 − 64𝜎𝐴2

+ 4𝜅𝐻[8(𝛼2 + 𝛽2 − 2)𝐴 − (𝛼2 − 𝛽2)2 − 16𝐴2]
+ 4𝜅2𝐴[16𝐴2 + (𝛼2 − 𝛽2)2(𝐴 − 1) − 44𝐴 + 48 − 2(𝛼2 + 𝛽2)(4𝐴 + 3)].

If, in addition, 𝜅 = 0, then Λ is of first-order in 𝐴 and we obtain a Racah algebra over the ring ℝ[𝐻]:

[𝐴, 𝐵] = 𝐶,
[𝐴, 𝐶] = 4{𝐴, 𝐵} + 2𝐻(𝛼2 − 𝛽2),
[𝐵, 𝐶] = −2𝐵2 + 8𝐻2 + 16𝜎(𝛼2 + 𝛽2 − 2 − 2𝐴),

0 = 𝐶2 + 4𝛽2 − 4{𝐴, 𝐵2} − 4𝐻(𝛼2 − 𝛽2)𝐵
+ 8(𝛼2 + 𝛽2)(4𝜎𝐴 − 𝐻2) − 4(𝛼2 − 𝛽2)2𝜎 − 64𝜎𝐴2.

A deformed oscillator realisation is readily given by

𝐴 = (𝔑 + 𝑢)2 − 1
4 ;

𝐵 = 𝔟†(𝔑 + 𝑢)−1[2(𝔑 + 𝑢) + 1]−1 + [2(𝔑 + 𝑢) + 1]−1(𝔑 + 𝑢)−1𝔟
− 2𝐽 𝑞

0,0(−𝑝)𝐾𝑝
0,0(−𝑝, 𝐸)[4(𝔑 + 𝑢)2 − 1]−1,

𝐶 = 𝔟†(𝔑 + 𝑢)−1 − (𝔑 + 𝑢)−1𝔟,
Ξ(𝔑) = 4Φ𝑞(−2𝑝[𝔑 + 𝑢])Ψ𝑝(−2𝑝[𝔑 + 𝑢], 𝐸),

Ξ(𝔑 + 1) = 4Φ𝑞(2𝑝[𝔑 + 𝑢])Ψ𝑝(2𝑝[𝔑 + 𝑢], 𝐸).

3.5.4 Spectrum

The deformed oscillator realisations of both models relate the roots of Ξ to those of Φ±𝑞, Ψ𝑝. The
roots of these structure functions supply constraints on 𝑛, 𝑢 and allow us to determine the value of 𝐸
corresponding to a 𝑛 + 1-dimensional representations.

Let us consider the case where Φ−𝑞(2𝑝𝑢) = Φ𝑞(2𝑝[𝑛 + 𝑢]) = 0 for the TTW model and the PVZ
model with 𝑞 even and Φ−𝑞(2𝑝𝑢) = Φ(−1)𝑛𝑞(2𝑝[−1]𝑛[𝑛 + 𝑢]) = 0 otherwise. Then 𝐸 is free to take
any value but at least one of 𝛼, 𝛽, 𝛼 + 𝛽, 𝛼 − 𝛽 must be an integer (an even integer, if PVZ). Second,
we have Ψ𝑝(−2𝑝𝑢, 𝐸) = Ψ𝑝(2𝑝[𝑛 + 𝑢], 𝐸) = 0. This yields the two equations:

0 = 𝐸2 − (𝜔2 + 𝜅𝐸)(2𝑝𝑢 − 2𝑖 − 1)2 + 1
4𝜅2(2𝑝𝑢 − 2𝑖 − 1)4, (3.47)

0 = 𝐸2 − (𝜔2 + 𝜅𝐸)(2𝑝𝑛 + 2𝑝𝑢 + 2𝑖′ + 1)2 + 1
4𝜅2(2𝑝𝑛 + 2𝑝𝑢 + 2𝑖′ + 1)4, (3.48)

for some 0 ≤ 𝑖, 𝑖′ < 𝑝. Eliminating 𝐸 results in an equation of fourth degree in 𝑢. There is first, the
double root:

𝑢0 = 𝑖 − 𝑖′ − 𝑝𝑛
2𝑝 .
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Setting 𝑢 = 𝑢0 makes (3.47) identical to (3.48). There are two corresponding values for 𝐸, given by

𝐸 = 1
2𝜅(𝑝𝑛 + 𝑖 + 𝑖′ + 1)2 ± 𝜔(𝑝𝑛 + 𝑖 + 𝑖′ + 1).

There is another value eigenvalue:

𝐸 = 1
2𝜅(𝑝𝑛 + 𝑖 + 𝑖′ + 1)2 − 𝜔2

2𝜅
which only exists for non-zero curvature. This occurs when 𝑢 satisfies the two other roots of the
resultant:

𝑢± = 𝑢0 ± 𝜔
2𝑝.

Finally, the case where Φ−𝑞(2𝑝𝑢) = Ψ𝑞(2𝑝[𝑛 + 𝑢]) = 0 or Ψ𝑝(−2𝑝𝑢, 𝐸) = 0 and Φ𝑞(2𝑝[𝑛 + 𝑢]) = 0
for the TTW model and the PVZ model with 𝑞 even and Φ(−1)𝑛𝑞(2𝑝[−1]𝑛[𝑛 + 𝑢]) = 0 otherwise. This
yields eight different sequences of eigenvalues:

𝐸𝑚,ℓ = ±𝜔𝜖𝑚,ℓ + 1
2𝜅𝜖2

𝑚,ℓ, 𝜖𝑚,ℓ = 2𝑚 + 1 + 𝑘(2ℓ + 𝛾 + 1)

where 𝛾 ∈ {𝛼 + 𝛽, 𝛼 − 𝛽, −𝛼 + 𝛽, −𝛼 − 𝛽}. The physical energies correspond to a choice of positive
sign for 𝛼, 𝛽, 𝜔.

3.6 Conclusion
We have applied the expansion method to the TTW and PVZ models. This has proved successful on
account of their separability. We obtained ODE in the radial variable with operator coefficients. The
solution lead to idenfication of an additional constraint between the angular operator and the integral,
so that the integral decomposes into ladder operators. We analyzed the properties of these operators
in order to compute the symmetry algebras. This shows how the expansion method can lead to the
resolution of a range of superintegrable systems. The approach here has also proved more effective in
analyzing the ladder operators as we have not needed to consider the action on a basis of eigenfunctions.
Moreover, we have shown that the ladder operators do not give the generators directly but have given
a method to reduce them down to basic operators.

We have also found the degenerate energy spectrum of the two Hamiltonians via the algebraic
method. That is, the three generator polynomial algebra formed by the integrals and the deformed
oscillator realisation. It is not known in general if the spectrum can always be recovered in this way
for superintegrable systems, even on two-dimensional spaces. This chapter has given examples where
this is the case for a symmetry algebra which may be of arbitrarily large order.
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Chapter 4

Superintegrable Systems Separating in
Cartesian Coordinates

4.1 Introduction

Scalar potentials whose corresponding Hamiltonians admit more integrals than degrees of freedom
have been partitioned into two classes: those which satisfy linear differential equations, called ‘stan-
dard’, and those which do not, called ‘exotic’. The harmonic oscillator and the Kepler model are well-
known members of the first class, and in more recent times, the Smorodinsky-Winternitz, Tremblay-
Turbiner-Winternitz (TTW) and Post-Winternitz models have been added to this list [11, 38, 44]. It
is known that systems with third-order integrals lead to standard potentials with wave functions in-
volving exceptional orthogonal polynomials [101, 102]. The exotic class includes potentials that are
algebraic in the classical case or satisfy the Painlevé property in the quantum case.

It is difficult, however, to study even separable Hamiltonians with higher order symmetries because
of the increasing non-linearity of the resulting PDE system. Thus, research has been pressured towards
cases where many of the coefficients can be set to zero [33]. It is the aim of this chapter to present
a general method valid for Cartesian-separable higher-order superintegrable Hamiltonians by which
these additional assumptions may be dismissed and we can obtain a system of ODE leading to the
complete determination of the potential energy.

We consider a natural Hamiltonian, either classical or quantum, on a flat configuration space with
𝑑 degrees of freedom that is separable in Cartesian coordinates, i.e. of the form

𝐻 =
𝑑

∑
𝑖=1

[
1
2𝑝2

𝑖 + 𝑉𝑖(𝑞𝑖)] (4.1)

where 𝑝1, 𝑝2, … , 𝑝𝑑 , 𝑞1, 𝑞2, … , 𝑞𝑑 are the canonical momenta and coordinates respectively and 𝑉 (q) =
∑𝑑

𝑖=1 𝑉𝑖(𝑞𝑖) is the potential energy, 𝑉𝑖 we call a potential summand. This Hamiltonian possesses 𝑑
second-order integrals

𝐻𝑖 = 1
2𝑝2

𝑖 + 𝑉𝑖, 𝑖 = 1, 2, … , 𝑑. (4.2)
39
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For two dimensions, such a Hamiltonian is one of four types that is second-order integrable, the others
being separable in polar, parabolic or elliptical coordinates. For 𝑑 > 2, separability is a special case
of second-order integrability [13, 18, 103]. We wish to address the case where the Hamiltonian is
(minimally and polynomially) superintegrable, i.e. it possesses at least one integral 𝑋 which is of 𝑛th
order in the momenta that is not a polynomial in the known integrals 𝐻1, 𝐻2, … , 𝐻𝑑 .

Problem 1. Given a Hamiltonian of the form (4.1), to find which assignments of the potential sum-
mands 𝑉1, 𝑉2, … , 𝑉𝑑 such that 𝐻 is superintegrable.

The simplicity of Cartesian separability greatly facilitates the search for superintegrable systems.
Indeed, for classical systems, the use of action-angle variables has been very fruitful in making general
statements and deriving diverse families of superintegrable models [104–106]. Such methods however
fail for quantum systems because the integrals are usually algebraic in the momenta.

The direct method for systematically finding superintegrable models is to expand the integral into
its coefficients and solve the partial differential equations that result from requiring it to be in involution
(in the classical case) or commute (in the quantum case) with the Hamiltonian. These PDE form an
overdetermined system. To ensure compatibility, there is an additional series of equations that the
potential and the coefficients of the integral must satisfy. Since the leading-order terms of any integral
must be a polynomial combination of the linear and angular momenta, the only unknowns of the first
compatibility equation (which is linear in the potential) are constant parameters. However, the other
compatibility equations involve functional unknowns which must be determined by integrating the
potential and the previous set of coefficients of the integral. A variation of this approach is to expand
in terms of powers of the known integrals [49, 107].

The essence of our approach is to treat the homogeneous components rather than the individual
coefficients as the fundamental units of the problem. The system of PDE relates one order to all the
higher orders and this can be consolidated into a very simple form. We have developed an algorithm
that can solve each equation in succession. This gives us a formula for the integral as a rational function
of the form

𝑋 = polynomial in the momenta + reciprocal powers in the momenta.

The coefficients of the reciprocal powers need to be equal to zero in order for it to be a polynomial
integral. Out of these constraints arise a series of equations for the potential summands which are
equivalent to the compatibility equations obtained from the direct method. This technique requires we
treat the momenta as commuting variables rather than as differential operators. We therefore recast
quantum mechanics as a deformation of classical mechanics by assigning Planck’s reduced constant
ℏ as the deformation parameter. This allows for a unified treatment of classical and quantum regimes
via McCoy’s formulas [108].

In section 4.2, we derive the PDE for the integral components as the interpretation of Problem 1.
In section 4.3, we establish the framework which will enable us to solve these equations. The things
to be determined are a sequence of operators which can be solved algorithmically. In section 4.4, we
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demonstrate this algorithm for a few cases (sufficient to calculate any integral and the determining
equations for the potential up to tenth order). Section 4.5 will deal with the general construction of
the determining equations. Section 4.6 recapitulates the process. In section 4.7, we restrict ourselves
to two dimensions and give the linear, quadratic and cubic compatibility equations explicitly, valid
for all orders. As an application we give all the fourth-order standard potentials, with a new family
discovered.

4.2 Description of the Problem
Identifying ℏ with the deformation parameter means that at ℏ = 0, we should obtain the equations for
classical motion.

4.2.1 Discussion of the Classical Case

Let us for the moment restrict ourselves to classical models where the system of equations related to
this problem can easily be written down. To be in involution with the Hamiltonian (4.1) is equivalent
to the following condition:

0 =
𝑑

∑
𝑖=1 (𝑝𝑖

𝜕𝑋
𝜕𝑞𝑖

− 𝑉 ′
𝑖

𝜕𝑋
𝜕𝑝𝑖 ) . (4.3)

When 𝑑 = 1, the only solution to (4.3) is an arbitrary function of 𝐻 . Let us then take 𝑑 > 1. By
considering polynomial integrals, we eliminate the momenta as variables. Let us write

𝑋 ≔ ∑
𝑖1+𝑖2+⋯+𝑖𝑑≤𝑛

𝛾i(q)
𝑑

∏
𝑗=1

𝑝𝑖𝑗
𝑗 , (4.4)

where i = (𝑖1, 𝑖2, … , 𝑖𝑑) is a tuple of non-negative integers. Then the single equation (4.3) becomes a
system of equations

0 =
𝑑

∑
𝑗=1 [

𝜕𝛾i−e𝑗

𝜕𝑞𝑗
− (𝑖𝑗 + 1)𝑉 ′

𝑗 𝛾i+e𝑗 ]
. (4.5)

where e𝑗 is an elementary unit vector It is clear we may assume 𝑋 is even or odd under time reversal,
i.e. 𝛾i = 0 if 𝑛 − 𝑖1 − 𝑖2 − ⋯ − 𝑖𝑑 is odd. For odd 𝑛, there is an additional condition on the linear terms

0 =
𝑑

∑
𝑗=1

𝑉 ′
𝑗 𝛾e𝑗 .

Equation (4.5) overdetermines the coefficients on the left. This results in additional compatibility
equations. In two dimensions, we may express these explicitly:

0 =
𝑛−𝑘+1

∑
𝑖=0

(−1)𝑖 𝜕𝑛−𝑘+1

𝜕𝑞𝑛−𝑘+1−𝑖
1 𝜕𝑞𝑖

2
[(𝑖 + 1)𝑉 ′

1 𝛾𝑖+1,𝑛−𝑘+1 + (𝑛 − 𝑘 + 2)𝑉 ′
2 𝛾𝑖,𝑛−𝑘+2] . (4.6)

Such compatibility equations are the conditions which limit the form of the potential energy. The
assumption of separability of the potential reduces the compatibility equations in the most general
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case from a PDE to a system of ODE in the potential summands provided the coefficients are also
determined. If we are to determine the potentials which lead to superintegrability we must have a
constructive method for the integral. Equation (4.5) allows us to determine one order in terms of
another. We therefore write our integral as 𝑋 = 𝑋0 + 𝑋1 + 𝑋2 + ⋯ where 𝑋𝑖 is a homogeneous
polynomial in the momenta of order 𝑛 − 𝑖. Equation (4.3) becomes

0 =
𝑑

∑
𝑗=1 (𝑝𝑗

𝜕𝑋𝑘
𝜕𝑞𝑗

− 𝑉 ′
𝑗

𝜕𝑋𝑘−2
𝜕𝑝𝑗 ) . (4.7)

A similar system of equations was derived by Holt [109] for his truncation program. Our restriction
to Cartesian separability is enough that equation (4.7) can be solved.

4.2.2 Extension to the Quantum Case

Before we proceed to our analysis, we shall generalise (4.7) to the quantum case. We shall do this
by defining a total symbol, also denoted 𝑋. This allows us to speak of division and differentiation
of the momenta. The usual procedure for this purpose is to define a Moyal bracket [110], but this
necessitates the Weyl ordering. To preserve the standard ordering (momenta on the right), we make a
different choice of operations. Let 𝑓, 𝑔 be two functions on phase space, polynomial in the momenta
and smooth in the coordinates. We define

(𝑓 , 𝑔) ≔ ∑
𝑖1+𝑖2+⋯+𝑖𝑑≥1

1
𝑖1!𝑖2! ⋯ 𝑖𝑑! (

ℏ
i )

𝑖1+𝑖2+⋯+𝑖𝑑−1

×
(

𝜕𝑖1+𝑖2+⋯+𝑖𝑑 𝑓
𝜕𝑞𝑖1

1 𝜕𝑞𝑖2
2 ⋯ 𝜕𝑞𝑖𝑑

𝑑

𝜕𝑖1+𝑖2+⋯+𝑖𝑑 𝑔
𝜕𝑝𝑖1

1 𝜕𝑝𝑖2
2 ⋯ 𝜕𝑝𝑖𝑑

𝑑

− 𝜕𝑖1+𝑖2+⋯+𝑖𝑑 𝑓
𝜕𝑝𝑖1

1 𝜕𝑝𝑖2
2 ⋯ 𝜕𝑝𝑖𝑑

𝑑

𝜕𝑖1+𝑖2+⋯+𝑖𝑑 𝑔
𝜕𝑞𝑖1

1 𝜕𝑞𝑖2
2 ⋯ 𝜕𝑞𝑖𝑑

𝑑
)

,

(4.8)

𝑓 ∗ ≔ ∑
𝑖1,𝑖2,…,𝑖𝑑≥0

1
𝑖1!𝑖2! ⋯ 𝑖𝑑! (

ℏ
i )

𝑖1+𝑖2+⋯+𝑖𝑑 𝜕2𝑖1+2𝑖2+⋯+2𝑖𝑑 ̄𝑓
𝜕𝑞𝑖1

1 𝜕𝑞𝑖2
2 ⋯ 𝜕𝑞𝑖𝑑

𝑑 𝜕𝑝𝑖1
1 𝜕𝑝𝑖2

2 ⋯ 𝜕𝑝𝑖𝑑
𝑑

(4.9)

where ̄𝑓 is the complex conjugate of 𝑓 . We can simplify (4.9) by introducing the operator

𝑎0 ≔ ℏ
2i

𝑑

∑
𝑖=1

𝜕2

𝜕𝑞𝑖𝜕𝑝𝑖
. (4.10)

Then by the multinomial theorem, (4.9) can be written as

𝑓 ∗ = ∑
𝑖≥0

2𝑖

𝑖! 𝑎𝑖
0

̄𝑓 = exp(2𝑎0) ̄𝑓 (4.11)

These expansions are well-defined provided 𝑓, 𝑔 are polynomial in the momenta. We have

(⋅, ⋅) = J⋅, ⋅K + O(ℏ). (4.12)
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Moreover, it follows from McCoy’s formulas [108] that

𝑓 ∘ 𝑔 − 𝑔 ∘ 𝑓 = iℏ(𝑓 , 𝑔) (4.13)

where ∘ represents non-commutative multiplication of observables. By a similar induction, 𝑓 ∗ gives
precisely the Hermitean conjugate. Throughout we shall use (⋅, ⋅) doubly as the Poisson bracket and
normalised quantum bracket. The coordinates and their conjugate momenta are always understood to
commute under [⋅, ⋅].

Theorem 4.1. Problem 1 is equivalent to finding 𝑛 + 1 functions 𝑋0, 𝑋1, … , 𝑋𝑛 on 2𝑑-dimensional
phase space such that:

(𝑖) 𝑋𝑘 is a homogeneous polynomial of order 𝑛 − 𝑘 in the momenta for each 𝑘.

(𝑖𝑖) They constitute a non-trivial solution to the system of PDE

𝑑

∑
𝑖=1 (

𝑝𝑖
𝜕𝑋𝑘
𝜕𝑞𝑖

+ ℏ
2i

𝜕2𝑋𝑘−1
𝜕𝑞2

𝑖 )
=

𝑑

∑
𝑖=1

𝑘−1

∑
𝑗=1

1
𝑗! (

ℏ
i )

𝑗−1
𝑉 (𝑗)

𝑖
𝜕𝑗𝑋𝑘−1−𝑗

𝜕𝑝𝑗
𝑖

. (4.14)

Proof. We need to find a function such that (𝑋, 𝐻) = 0. Using the definition (4.8) of the deformed
Poisson bracket applied to (4.1), we get

𝑑

∑
𝑖=1

⎡⎢⎢⎣

𝜕𝑋
𝜕𝑞𝑖

𝑝𝑖 + ℏ
2i

𝜕2𝑋
𝜕𝑞2

𝑖
−

𝑛

∑
𝑗=1

1
𝑗! (

ℏ
i )

𝑗−1
𝑉 (𝑗)

𝑖
𝜕𝑗𝑋
𝜕𝑝𝑗

𝑖

⎤⎥⎥⎦
= 0. (4.15)

Expanding into homogeneous components, each term that appears is homogeneous. Therefore, all the

terms of a particular order are independently zero. We see that 𝑝𝑖
𝜕𝑋𝑘
𝜕𝑞𝑖

is of order 𝑛−𝑘+1 while
𝜕𝑗𝑋𝑘

𝜕𝑝𝑗
𝑖

is of order 𝑛 − 𝑘 − 𝑗. Equation (4.14) gives all the terms that are of order 𝑛 − 𝑘 + 1. □

Theorem 2 in [38] states there is no loss of generality in taking our integral to be the particular
Hermitean form 𝑋 = 1

2 (𝑌 + 𝑌 ∗) where 𝑌 is real and even or odd in the quantum momenta according

to the parity of 𝑛. Writing 𝑌 = ∑
⌊ 1

2 𝑛⌋
𝑖=0 𝑌𝑖 where 𝑌𝑖 is the homogeneous component in the momenta of

order 𝑛 − 2𝑖, we get

𝑋2𝑖 = 𝑌𝑖 +
𝑖−1

∑
𝑗=0

22𝑖−2𝑗−1

(2𝑖 − 2𝑗)!𝑎2𝑖−2𝑗
0 𝑌𝑗 , (4.16)

𝑋2𝑖+1 =
𝑖

∑
𝑗=0

22𝑖−2𝑗

(2𝑖 − 2𝑗 + 1)!𝑎2𝑖−2𝑗+1
0 𝑌𝑗 . (4.17)

There are now ⌈1
2𝑛⌉ + 1 independent equations to solve. In the case ℏ = 0, 𝑎0 vanishes and 𝑋2𝑖 = 𝑌𝑖

and 𝑋2𝑖+1 = 0. This aligns with the classical case after assuming the integral was even or odd under
time reversal.
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4.3 Iterative Integration of the Equations
Let us define the partial differential operator

𝐿 ≔
𝑑

∑
𝑖=1

𝑝𝑖
𝜕

𝜕𝑞𝑖
. (4.18)

A solution to equation (4.14) requires the iterative inversion of this operator.

4.3.1 The Leading Order Term

When 𝑘 = 0, equation (4.14), for a Hermitean integral, has

𝐿𝑌0 = 0

The kernel of 𝐿 coincides with the integrals of a free particle Hamiltonian, or in geometric language
the Killing tensors of the Euclidean metric. An integral of arbitrary order can be expressed as a
polynomial in the first-order integrals. These are the linear momenta 𝑝1, 𝑝2, … , 𝑝𝑑 and the angular
momenta 𝑚𝑖𝑗 ≔ 𝑞𝑖𝑝𝑗 −𝑞𝑗𝑝𝑖. The expression is not in general unique thanks to the dependence relations

𝑝𝑖𝑚𝑗𝑘 + 𝑝𝑗𝑚𝑘𝑖 + 𝑝𝑘𝑚𝑖𝑗 = 0. (4.19)

4.3.2 Algorithm for Integration

We shall endeavour to reduce 𝑌 to a series of ‘integration constants’ 𝑍0, 𝑍1, … that are functions of
the linear and angular momenta. Our first assignment is 𝑌0 = 𝑍0 so 𝑍0 must be a non-zero polynomial
in 𝑝𝑖, 𝑚𝑖𝑗 . For 𝑘 = 2 in equation (4.14), we obtain another equation

𝐿𝑌1 =
𝑑

∑
𝑖=1 (

𝑉 ′
𝑖

𝜕
𝜕𝑝𝑖

− ℏ
2i

𝑎0
𝜕2

𝜕𝑞2
𝑖 )

𝑍0 (4.20)

The homogeneous solution is designated 𝑍1. We now need to find the particular solution. Differential
operators that are a linear combination of

𝐹 = 𝑓(𝑝𝑖, 𝑞𝑖)
𝑘!

𝜕𝑘+ℓ

𝜕𝑝𝑘
𝑖 𝜕𝑞ℓ

𝑖
. (4.21)

we will call additively separable. The set of additively separable operators forms a Lie algebra under
the commutator.

Theorem 4.2. For any additively separable operator 𝐹 , there exists another additively separably
operator 𝐺 such that [𝐿, 𝐺] = 𝐹 .

Proof. Given the linearity of solutions, we may without loss of generality assume 𝐹 is in the simple
form (4.21). We observe that

[
𝐿, 𝜕𝑘+ℓ

𝜕𝑝𝑘
𝑖 𝜕𝑞ℓ

𝑖 ]
= −𝑘 𝜕𝑘+ℓ

𝜕𝑝𝑘−1
𝑖 𝜕𝑞ℓ+1

𝑖
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Repeating the commutators, we have the nilpotency property

ad𝑘+1
𝐿 (

𝜕𝑘+ℓ

𝜕𝑝𝑘
𝑖 𝜕𝑞ℓ

𝑖 )
= 0. (4.22)

We require an operator 𝐺 such that [𝐿, 𝐺] = 𝐹 . Here, we use integration by parts with the nilpotency
property (4.22) ensuring that the process will always terminate after a finite number of iterations. The
solution is plainly

𝐺 =
∫𝑓 d𝑞𝑖

𝑘!𝑝𝑖

𝜕𝑘+ℓ

𝜕𝑝𝑘
𝑖 𝜕𝑞ℓ

𝑖
+

∬𝑓 d2𝑞𝑖

(𝑘 − 1)!𝑝2
𝑖

𝜕𝑘+ℓ

𝜕𝑝𝑘−1
𝑖 𝜕𝑞ℓ+1

𝑖
+ ⋯ +

∫ ⋯ ∫ 𝑓 d𝑘+1𝑞𝑖

𝑝𝑘+1
𝑖

𝜕𝑘+ℓ

𝜕𝑞ℓ+1
𝑖

(4.23)

□

As an application of (4.23), we look for operators 𝑎𝑗 such that

[𝐿, 𝑎𝑗] = 1
𝑗! (

ℏ
i )

𝑗−1 𝑑

∑
𝑖=1

𝑉 (𝑗)
𝑖

𝜕𝑗

𝜕𝑝𝑗
𝑖
, 𝑗 ≥ 1. (4.24)

We integrate to find

𝑎𝑗 ≔ (
ℏ
i )

𝑗−1 𝑑

∑
𝑖=1 (

∫𝑉𝑖

𝑝𝑗+1
𝑖

𝜕𝑗

𝜕𝑞𝑗
𝑖

+
𝑗

∑
𝑘=1

1
𝑘!

𝑉 (𝑘−1)
𝑖

𝑝𝑗−𝑘+1
𝑖

𝜕𝑗

𝜕𝑝𝑘
𝑖 𝜕𝑞𝑗−𝑘

𝑖
)

, 𝑗 ≥ 1. (4.25)

Equation (4.14) may then be consolidated into the algebraic form

𝐿𝑋𝑘 =
𝑘−1

∑
𝑖=0

[𝐿, 𝑎𝑖]𝑋𝑘−1−𝑖. (4.26)

using

[𝐿, 𝑎0] = − ℏ
2i

𝑑

∑
𝑖=1

𝜕2

𝜕𝑞2
𝑖

.

where 𝑎0 is given by (4.10).

4.3.3 The Next-to-Leading Order Term

With the new notation, equation (4.20) simplifies to the following

𝐿𝑌1 = ([𝐿, 𝑎1] + [𝐿, 𝑎0]𝑎0 − 𝐿𝑎2
0)𝑍0.

We are now ready to make our next integration

𝑌1 = 𝑍1 + (𝑎1 − 1
2𝑎2

0)𝑍0 (4.27)

Let us consider the the Smorodinsky-Winternitz model

𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(𝑞2

1 + 𝑞2
2) + 𝛽2

𝑞2
1

+ 𝛽3
𝑞2

2
. (4.28)
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Now that the potential is given, we can calculate (4.25)

𝑎1 =
𝛽1𝑞4

1 − 3𝛽2

3𝑞1𝑝2
1

𝜕
𝜕𝑞1

+
𝛽1𝑞4

1 + 𝛽2

𝑞2
1𝑝1

𝜕
𝜕𝑝1

+
𝛽1𝑞4

2 − 3𝛽3

3𝑞2𝑝2
2

𝜕
𝜕𝑞2

+
𝛽1𝑞4

2 + 𝛽3

𝑞2
2𝑝2

𝜕
𝜕𝑝2

The Hamiltonian (4.28) is second-order superintegrable. In order to determine the integral a priori
we need to find 𝑍0, 𝑍1. This is the task of the compatibility equations, which we derive in Section
4.6. For the present moment, let us set 𝑍0 = 𝑚2

12 which coincides with the leading-order term of the
integral. Equation (4.27) gives us

𝑌1 = 𝑍1 − 1
2ℏ2 +

2𝛽1𝑚4
12

3𝑝2
1𝑝2

2
+ 2(𝑞2

1𝑝2
2 − 𝑞2

2𝑝2
1)

(
𝛽3

𝑞2
2𝑝2

2
− 𝛽2

𝑞2
1𝑝2

1 )
We must choose 𝑍1 so that the fractional terms in 𝑌1 are annihilated. This is done if we take

𝑍1 =
2𝛽2𝑝2

2
𝑝2

1
+

2𝛽1𝑝2
1

𝑝2
2

−
2𝛽1𝑚4

12
3𝑝2

1𝑝2
2

.

Then our integral is

𝑋 = 𝑞2
2𝑝2

1 + 𝑞2
1𝑝2

2 − 2𝑞1𝑞2𝑝1𝑝2 + iℏ(𝑞1𝑝1 + 𝑞2𝑝2) + 1
2ℏ2 +

2𝛽2𝑞2
2

𝑞2
1

+
2𝛽3𝑞2

1
𝑞2

2

which we calculated by using 𝑋 = 1
2 (𝑌 +𝑌 ∗) and (4.11). We see then that (4.27) splits the polynomial

components of the integral into rational parts. The integration constants 𝑍𝑘 are found by eliminating
all the residues. For any other choice of 𝑍0 in our example, besides 𝑝2

1, 𝑝2
2, we would not have been

able to find a polynomial form for 𝑌1.

4.3.4 General Solution as a Recurrence Relation

To systematically derive each term successively, we consider the following recurrence relation

[𝐿, 𝑏𝑖,𝑘] =
𝑖

∑
𝑗=0

𝑏𝑖,𝑘−1[𝐿, 𝑎𝑖−𝑗], 𝑏𝑖,0 = 𝛿𝑖0. (4.29)

In Section 4.4, we shall solve (4.29). Supposing for now though that (4.29) has a solution, the convo-
lutive sum

𝑍𝑘 ≔ ∑
𝑖+𝑗≤2𝑘

(−1)𝑗𝑏𝑖,𝑗𝑋2𝑘−𝑖−𝑗 (4.30)

satisfies 𝐿𝑍𝑘 = 0. We then look for a reecursive inverse. If we substitute (4.16) and (4.17), we obtain

𝑌𝑘 =
𝑘

∑
𝑖=0

𝑊𝑖𝑍𝑘−𝑖 (4.31)

where 𝑊0 = 1 and

𝑊𝑘 =
𝑘−1

∑
𝑗=0

⎡⎢⎢⎣

2𝑘−2𝑗

∑
𝑖=1

(−1)𝑖+1𝑏2𝑘−𝑖−2𝑗,𝑖 +
2𝑘−2𝑗−1

∑
𝑖=0

2𝑘−𝑖

∑
ℓ=2𝑗+1

(−1)𝑖+12ℓ−2𝑗−1

(ℓ − 2𝑗)! 𝑏2𝑘−𝑖−ℓ,𝑖𝑎
ℓ−2𝑗
0

⎤⎥⎥⎦
𝑊𝑗 (4.32)

for 𝑘 ≥ 1. It follows by this inversion that 𝑍0, 𝑍1, 𝑍2, … form a sequence of independent functions of
the linear and angular momenta which generate the integral 𝑋. As it stands, these functions develop
into an infinite sequence, and we must impose extra constraints so that 𝑌0, 𝑌1, 𝑌2, … truncates.
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4.4 Determination of the Constituent Operators
In this section, we present an algorithmic solution to (4.29). This is taken up to the point that is
necessary to determine 𝑊𝑘 for 𝑘 ≤ 5. This is sufficient to determine a formula for an integral in
terms of the potential function of order less than eleven. It also allows us to calculate the first five
compatibility equations which define the potentials for integrals up to tenth order.

Let 𝑠 be an indeterminate and write 𝐴 ≔ ∑𝑖≥0 𝑎𝑖𝑠𝑖. Since 𝐴 is additively separable, we take for
granted the existence of a formal differential operator 𝐴𝑖 that satisfies [𝐿, 𝐴𝑖] = 𝑖

(𝑖+1)! (ad 𝐴)𝑖[𝐿, 𝐴]
with 𝐴0 = 0. Let 𝑡 be another indeterminate and write 𝐴′ ≔ ∑𝑗≥1 𝐴𝑗𝑡𝑗 . Repeating this process, we
set 𝐴′

𝑖 to be a separable operator such that [𝐿, 𝐴′
𝑖 ] = 𝑖

(𝑖+1)! (ad 𝐴′)𝑖[𝐿, 𝐴′] with 𝐴′
0 = 0. The individual

coefficients

𝑎𝑖,𝑗 ≔ 1
𝑖!

d𝑖𝐴𝑗
d𝑠𝑖 |𝑠=0

𝑎𝑖,𝑗,𝑘 ≔ 1
𝑖!𝑗!

𝜕𝑖+𝑗𝐴′
𝑘

𝜕𝑠𝑖𝜕𝑡𝑗 |𝑠,𝑡=0

may, in principle, be calculated explicitly however a general formula has evaded us.
Let 𝐵 ≔ ∑𝑖,𝑗≥0 𝑏𝑖,𝑗𝑠𝑖𝑡𝑗 . Then equation (4.29) becomes

[𝐿, 𝐵] = 𝑡𝐵[𝐿, 𝐴], 𝐵(𝑡 = 0) = 1. (4.33)

We shall show how (4.33) can be reduced to operators of the form 𝑎𝑖, 𝑎𝑖,𝑗 , 𝑎𝑖,𝑗,𝑘, … which can be
calculated ex post facto.

Lemma 4.1. For 𝑘 ≥ 1, the following identity holds

𝑘𝐴𝑘−1[𝐿, 𝐴] = [𝐿, 𝐴𝑘] +
𝑘−1

∑
𝑖=0

𝑘!
(𝑘 − 1 − 𝑖)![𝐿, 𝐴𝑖]𝐴𝑘−1−𝑖. (4.34)

Proof. For 𝑗 ≥ −1, define

𝑐𝑗,𝑘,ℓ ≔
ℓ

∑
𝑚=0

(−1)𝑚(ℓ − 𝑚 − 1)
(

𝑘
ℓ − 𝑚) (

𝑗 + 𝑚
𝑚 )

This sequence satisfies the recursion

𝑘−ℓ−1

∑
𝑗=𝑖+1

𝑐𝑗,𝑘,ℓ = 𝑐𝑖,𝑘,ℓ+1

In particular,

𝑐−1,𝑘,ℓ = (ℓ − 1)
(

𝑘
ℓ)

.
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We have:

𝑘𝐴𝑘−1[𝐿, 𝐴] −
𝑘−1

∑
𝑖=0

𝐴𝑘−1−𝑖[𝐿, 𝐴]𝐴𝑖 =
𝑘−1

∑
𝑖=0

𝐴𝑘−1−𝑖 [𝐴𝑖, [𝐿, 𝐴]]

=
𝑘−1

∑
𝑖=0

𝑖−1

∑
𝑗=0

𝐴𝑘−2−𝑗[𝐴, [𝐿, 𝐴]]𝐴𝑗 =
𝑘−2

∑
𝑗=0

(𝑘 − 1 − 𝑗)𝐴𝑘−2−𝑗[𝐴, [𝐿, 𝐴]]𝐴𝑗

=
𝑘−2

∑
𝑗=0

(𝑗 + 1)𝐴𝑗[𝐴, [𝐿, 𝐴]]𝐴𝑘−2−𝑗 =
𝑘−2

∑
𝑗=0

𝑐𝑗,𝑘,1𝐴𝑗[𝐴, [𝐿, 𝐴]]𝐴𝑘−2−𝑗

=
𝑘−2

∑
𝑗=0

𝑐𝑗,𝑘,1[𝐴, [𝐿, 𝐴]]𝐴𝑘−2 +
𝑘−2

∑
𝑗=1

𝑗−1

∑
𝑖=0

𝑐𝑗,𝑘,1𝐴𝑖[𝐴, [𝐴, [𝐿, 𝐴]]]𝐴𝑘−3−𝑖

= 𝑐−1,𝑘,2[𝐴, [𝐿, 𝐴]]𝐴𝑘−2 +
𝑘−3

∑
𝑖=0

𝑐𝑖,𝑘,2𝐴𝑖[𝐴, [𝐴, [𝐿, 𝐴]]]𝐴𝑘−3−𝑖

=
𝑘−1

∑
𝑖=1

𝑐−1,𝑘,𝑖+1 ad𝑖
𝐴([𝐿, 𝐴])𝐴𝑘−1−𝑖

Substituting 𝑐−1,𝑘,𝑖 yields the lemma. □

For 𝐶, 𝐷, 𝐸 be formal power series such that

𝐶 = 𝐷 + 𝑠𝑘𝑡ℓ𝐸.

We denote this relation as 𝐶 = 𝐷 + O(𝑠𝑘𝑡ℓ).

Theorem 4.3. Let 𝐵′
𝑖 , 𝑖 ≥ 0 be a sequence of operators satisfying [𝐿, 𝐵′

𝑖 ] = 𝐵′
𝑖−1[𝐿, 𝐴′] with 𝐵′

0 = 1.
Then a solution to (4.33) satisfies

𝐵 = (𝐵′
0 + 𝑡𝐵′

1 + 𝑡2𝐵′
2 + ⋯ + 𝑡𝑘−1𝐵′

𝑘−1)e𝑡𝐴 + O(𝑠𝑘𝑡2𝑘).

Proof. By definition,
⎡⎢⎢⎣
𝐿,

𝑘−1

∑
𝑖=0

𝑡𝑖𝐵′
𝑖
⎤⎥⎥⎦

= 𝑡
𝑘−2

∑
𝑖=0

𝑡𝑖𝐵′
𝑖 [𝐿, 𝐴′]

From the lemma, we have
[𝐿, e𝑡𝐴] = 𝑡e𝑡𝐴[𝐿, 𝐴] − 𝑡[𝐿, 𝐴′]e𝑡𝐴

Combining these two identities, we get

⎡⎢⎢⎣
𝐿,

𝑘−1

∑
𝑖=0

𝑡𝑖𝐵′
𝑖 e

𝑡𝐴⎤⎥⎥⎦
= 𝑡

𝑘−1

∑
𝑖=0

𝑡𝑖𝐵′
𝑖 e

𝑡𝐴[𝐿, 𝐴] − 𝑡𝑘𝐵′
𝑘−1[𝐿, 𝐴′]e𝑡𝐴.

As [𝑎0, [𝐿, 𝑎0]] = 0, we have 𝐴𝑖|𝑠=0 = 0. So 𝐴′ = O(𝑠𝑡), and it follows 𝐵′
𝑘 = O(𝑠𝑘𝑡𝑘). Then the last

term is O(𝑠𝑘𝑡2𝑘) so this expansion is a valid solution of (4.33) up to this degree. □
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Theorem 4.3 gives us a way to compute 𝑏𝑖,𝑗 rapidly. If we take

𝐵𝑖 = 1
𝑖!

𝜕𝑖𝐵
𝜕𝑡𝑖 |𝑡=0

then [𝐿, 𝐵𝑖] = 𝐵𝑖−1[𝐿, 𝐴] with 𝐵0 = 1. This is the same recurrence relation satisfied by 𝐵′
𝑖 , with 𝐴′

swapped for 𝐴. Using 𝐵′
0 = 1, we have

𝐵 = e𝑡𝐴 + O(𝑠𝑡2) (4.35)

which means that

𝑏0,0 = 1, 𝑏0,1 = 𝑎0, 𝑏0,2 = 1
2𝑎2

0, 𝑏1,0 = 0, 𝑏1,1 = 𝑎1.

Then 𝑊1 is readily found by (4.32) to be

𝑊1 = 𝑎1 − 1
2𝑎2

0

which matches (4.27). To go further, we note that 𝐵1 = 𝐴 so 𝐵′
1 = 𝐴′ by analogy. Using Theorem

4.3 again,
𝐵 = (1 + 𝑡𝐴′)e𝑡𝐴 + O(𝑠2𝑡4) (4.36)

from which we calculate

𝑊2 = 1
2𝑎2

1 + 1
2 [𝑎2, 𝑎0] − 1

3𝑎2
0𝑎1 − 1

3𝑎0𝑎1𝑎0 + 1
6𝑎1𝑎2

0 + 5
24𝑎4

0 + 𝑎3 − 𝑎2,1 + 𝑎1,2 (4.37)

The last two operators are found to be

𝑎2,1 =
𝑑

∑
𝑖=1 [

3𝑉𝑖 ∫𝑉𝑖 − 3 ∫𝑉 2
𝑖

2𝑝4
𝑖

𝜕
𝜕𝑞𝑖

+
𝑉 ′

𝑖 ∫𝑉𝑖

2𝑝3
𝑖

𝜕
𝜕𝑝𝑖

− ℏ2
(

9 ∫𝑉𝑖

4𝑝4
𝑖

𝜕3

𝜕𝑞3
𝑖

+ 3𝑉𝑖
4𝑝4

𝑖

𝜕2

𝜕𝑞2
𝑖

+ 7𝑉𝑖
4𝑝3

𝑖

𝜕3

𝜕𝑝𝑖𝜕𝑞2
𝑖

+
𝑉 ′

𝑖
2𝑝3

𝑖

𝜕2

𝜕𝑝𝑖𝜕𝑞𝑖
+

5𝑉 ′
𝑖

8𝑝2
𝑖

𝜕3

𝜕𝑝2
𝑖 𝜕𝑞𝑖

+
𝑉 ″

𝑖
8𝑝2

𝑖

𝜕2

𝜕𝑝2
𝑖

+
𝑉 ″

𝑖
8𝑝𝑖

𝜕3

𝜕𝑝3
𝑖 )]

𝑎1,2 = ℏ2
𝑑

∑
𝑖=1 (

−
∫𝑉𝑖

2𝑝4
𝑖

𝜕3

𝜕𝑞3
𝑖

+ 𝑉𝑖
2𝑝4

𝑖

𝜕2

𝜕𝑞2
𝑖

− 5𝑉𝑖
6𝑝3

𝑖

𝜕3

𝜕𝑝𝑖𝜕𝑞2
𝑖

+
𝑉 ′

𝑖
4𝑝4

𝑖

𝜕
𝜕𝑞𝑖

−
5𝑉 ′

𝑖
12𝑝2

𝑖

𝜕3

𝜕𝑞𝑖𝜕𝑝2
𝑖

+
𝑉 ″

𝑖
12𝑝3

𝑖

𝜕
𝜕𝑝𝑖

−
𝑉 ″

𝑖
12𝑝2

𝑖

𝜕2

𝜕𝑝2
𝑖

−
𝑉 ″

𝑖
12𝑝𝑖

𝜕3

𝜕𝑝3
𝑖 )

Then 𝑌2 is determined from (4.31). Thus far we have determined

𝐵 = 1 + 𝑡𝐴 + 𝑡2(1
2𝐴2 + 𝐴1) + 𝑡3(1

6𝐴3 + 𝐴1𝐴 + 𝐴2) + O(𝑡4)

up to third order in 𝑡. Reading off the quadratic and cubic terms, and using the analogy,

𝐵′
2 = 1

2 (𝐴′)2 + 𝐴′
1, 𝐵′

3 = 1
6 (𝐴′)3 + 𝐴′

1𝐴′ + 𝐴′
2

we then generate more terms in the expansion

𝐵 = {1 + 𝑡𝐴′ + 𝑡2
[

1
2 (𝐴′)2 + 𝐴′

1] + 𝑡3
[

1
6 (𝐴′)3 + 𝐴′

1𝐴′ + 𝐴′
2]} e𝑡𝐴 + O(𝑠4𝑡8)

This is sufficient to determine 𝑊3, 𝑊4, 𝑊5 in terms of 𝑎-operators. They require the explicit calcula-
tion of 𝑎𝑖,𝑗 , 𝑎𝑖,𝑗,𝑘 for 𝑖 + 𝑗 + 𝑘 < 10, 𝑖 + 𝑗 + 𝑘 ≠ 8. It is no challenge in this algebraic exercise to
continue working out the components of 𝐵 to an arbitrary degree, besides the limitations set upon us
by our computers.
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4.5 Assignment of the Correction Functions

We have shown how to realise 𝑊0, 𝑊1, 𝑊2, … as differential operators whose only momenta depen-
dence in the coefficients is by reciprocal powers. Since 𝑌𝑘 is a homogeneous polynomial of order
𝑛 − 2𝑘, 𝑊𝑘𝑍0 must be homogeneous to the same degree, and in particular

⎛
⎜
⎜
⎝

𝑑

∏
𝑖=1

𝑝2𝑘
𝑖

⎞
⎟
⎟
⎠

𝑊𝑘

has polynomial coefficients in the momenta. It is sufficient to take

𝑍𝑘 = ∑
𝑖1+𝑖2+⋯+𝑖𝑑+𝑗12+𝑗13+⋯+𝑗𝑑−1,𝑑=𝑛+2(𝑑−1)𝑘

𝛼i,j

𝑑

∏
𝑎=1

𝑝𝑖𝑎−2𝑘
𝑎 ∏

𝑏<𝑐
𝑚𝑗𝑏𝑐

𝑏𝑐 . (4.38)

where 𝛼i,j are (not necessarily unique) constants and j = (𝑗𝑘ℓ)1≤𝑘<ℓ≤𝑑 . We set

𝑅𝑘𝑖𝑗 ≔ Res
𝑝𝑗=0

𝑌𝑘

𝑝𝑖+1
𝑗

𝑑

∏
ℓ=1

𝑝2𝑘
ℓ . (4.39)

It is necessary and sufficient for 𝑋 to be a polynomial integral that

𝑅𝑘𝑖𝑗 = 0, 0 ≤ 𝑖 ≤ 2𝑘 − 1, 1 ≤ 𝑗 ≤ 𝑑, 1 ≤ 𝑘 ≤ ⌈1
2𝑛⌉ (4.40)

These are the compatibility equations. They govern the assignment of the parameters 𝛼i,j and the
potential function 𝑉 . There will be a total of

𝑁(𝑛, 𝑑) ≔ 𝑑
⌈ 1

2 𝑛⌉

∑
𝑘=1

2𝑘

∑
𝑖=1 (

𝑛 + 2(𝑑 − 1)𝑘 − 𝑖 + 𝑑 − 1
𝑑 − 2 )

integro-differential equations involving the 𝑑 summands of the potential. In particular,

𝑁(𝑛, 2) =
⎧⎪
⎨
⎪⎩

1
2𝑛(𝑛 + 2), 𝑛 even,
1
2 (𝑛 + 1)(𝑛 + 3), 𝑛 odd;

𝑁(𝑛, 3) =
⎧⎪
⎨
⎪⎩

3
8𝑛(𝑛 + 2)(4𝑛 + 5), 𝑛 even,
3
8 (𝑛 + 1)(𝑛 + 3)(4𝑛 + 7), 𝑛 odd;

𝑁(𝑛, 4) =
⎧⎪
⎨
⎪⎩

1
12𝑛(𝑛 + 2)(45𝑛2 + 122𝑛 + 62), 𝑛 even,
1
4 (𝑛 + 1)(𝑛 + 3)(15𝑛2 + 60𝑛 + 53), 𝑛 odd.
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Let Π(𝑛, 𝑑) be the number of 𝛼i,j to determine. Eliminating redundant parameters via (4.19), we
calculate

Π(𝑛, 2) =
⌈ 1

2 𝑛⌉

∑
𝑘=0 (

𝑛 + 2𝑘 + 2
2 )

Π(𝑛, 3) =
⌈ 1

2 𝑛⌉

∑
𝑘=0 [

2
(

𝑛 + 4𝑘 + 4
4 )

−
(

𝑛 + 4𝑘 + 3
3 )]

Π(𝑛, 4) =
⌈ 1

2 𝑛⌉

∑
𝑘=0 [

2
(

𝑛 + 6𝑘 + 7
7 )

−
(

𝑛 + 6𝑘 + 5
5 )]

4.6 Calculation of the Potential and the Integral

We give here an outline about how to proceed in finding the potential and the integral. First it is
necessary to find the appropriate algebraic expressions for 𝑊1, 𝑊2, … in terms of 𝑎𝑖, 𝑎𝑖,𝑗 , 𝑎𝑖,𝑗,𝑘, … as
given in Section 4.4. Once these are found, the particular 𝑎-operators which appear in these expressions
should then be computed. The inversion formula (4.23) is sufficient. No variables are mixed, so this
amounts to computing expressions of the form

∬ ⋯ ∫ 𝑉 (𝑘)
𝑖 𝑉 (ℓ)

𝑖 ⋯ 𝑉 (𝑚)
𝑖

and such like. Using integration by parts, we can reduce to a few canonical forms which in the follow-
ing sections are denoted 𝑄𝑖,𝑗 . Once this is achieved, we compute the compatibility equations (4.39).
Then we solve for 𝑉 for all the possible assignments of the 𝛼-parameters such that 𝑍0 is not identically
zero. Once 𝑉 and 𝛼i,j are determined, we can compute 𝑌 using equation (28) and take the self-adjoint
part to find 𝑋.

4.7 Equations for the Potential in Two Dimensions

For two dimensions, it is possible for us to express each of the compatibility equations as the integral
develops in a concise form that is valid for arbitrary order. Indeed, let us take

𝜉𝑘𝑖1(𝑞1) ≔
𝑛+2𝑘−𝑖

∑
𝑗=0

𝛼𝑖,𝑗,𝑛+2𝑘−𝑖−𝑗𝑞𝑛+2𝑘−𝑖−𝑗
1 (4.41a)

𝜉𝑘𝑗2(𝑞2) ≔
𝑛+2𝑘−𝑗

∑
𝑖=0

𝛼𝑖,𝑗,𝑛+2𝑘−𝑖−𝑗(−1)𝑖𝑞𝑛+2𝑘−𝑖−𝑗
2 (4.41b)
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Then (4.38) can be alternately written as

𝑍𝑘 =
𝑛+2𝑘

∑
𝑖=0

𝑛+2𝑘−𝑖

∑
𝑗=0

(−𝑞2)𝑗

𝑗! 𝜉(𝑗)
𝑘𝑖1(𝑞1)𝑝𝑖+𝑗−2𝑘

1 𝑝𝑛−𝑖−𝑗
2 (4.42a)

= (−1)𝑛
𝑛+2𝑘

∑
𝑗=0

(−1)𝑗
𝑛+2𝑘−𝑗

∑
𝑖=0

(−𝑞1)𝑖

𝑖! 𝜉(𝑖)
𝑘𝑗2(𝑞2)𝑝𝑛−𝑖−𝑗

1 𝑝𝑖+𝑗−2𝑘
2 (4.42b)

The component in 𝑅𝑘𝑖1 which comes from 𝑍𝑘 is

𝜉𝑘𝑖1(𝑞1) +
𝑖

∑
ℓ=1

(−𝑞2)ℓ

ℓ! 𝜉(ℓ)
𝑘,𝑖−ℓ,1(𝑞1).

A similar expression can be obtained for 𝑅𝑘𝑖2. Each equation 𝑅𝑘𝑖𝑗 = 0 can then be repurposed as a
definition for 𝜉𝑘𝑖𝑗(𝑞𝑗) in order to eliminate this term from subsequent equations. We designate 𝑆𝑘𝑖𝑗 as
the equation 𝑅𝑘𝑖𝑗 = 0 once this elimination has been performed.

4.7.1 Linear Equations

We calculate
𝑆10𝑖 ∶ 𝜉′

00𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉10𝑖(𝑞𝑖) = 0 (4.43)

𝑆11𝑖 ∶ [𝜉01𝑖(𝑞𝑖)𝑄𝑖,1]
′ + 𝜉11𝑖(𝑞𝑖) = 0 (4.44)

where 𝑄𝑖,1 ≔ ∫ 𝑉𝑖 d𝑞𝑖. These are required to hold for all integrals regardless of order. When the
coefficients are not all equal to zero, the solution is a rational function with no simple poles.

Theorem 4.4. The potential summand 𝑉𝑖 is a solution to the linear compatibility equations for non-

trivial values of the parameters if
𝜕𝑍0
𝜕𝑞𝑖 |𝑝𝑖=0

≠ 0 or
𝜕𝑍0
𝜕𝑝𝑖 |𝑝𝑖=0

≠ 0.

Proof. We require that 𝜉′
00𝑖(𝑞𝑖) ≠ 0 or 𝜉01𝑖(𝑞𝑖) ≠ 0. From (4.42a), we have

𝜕𝑍0
𝜕𝑞1 |𝑝1=0

= 𝜉′
001(𝑞1)𝑝𝑛

2
𝜕𝑍0
𝜕𝑞2

= (−1)𝑛𝜉′
002(𝑞2)𝑝𝑛

1

𝜕𝑍0
𝜕𝑝1 |𝑝1=0

= [𝜉011(𝑞1) − 𝑞2𝜉′
001(𝑞1)]𝑝𝑛−1

2
𝜕𝑍0
𝜕𝑝2

= (−1)𝑛+1[𝜉012(𝑞2) + 𝑞1𝜉′
002(𝑞1)]𝑝𝑛−1

1

The theorem follows naturally. □

The above result allows us to identify whether the linear compatibility equations hold just from
inspection of the leading-order term.

Working out the compatibility equation from (4.6) for 𝑘 = 2, after some simplification, gives

0 = d𝑛+1

d𝑞𝑛+1
1

[𝜉011(𝑞1)𝑄1,1] − 𝑞2
d𝑛+1

d𝑞𝑛+1
1

[𝜉′
001(𝑞1)𝑄1,1]

+ d𝑛+1

d𝑞𝑛+1
2

[𝜉012(𝑞2)𝑄2,1] + 𝑞1
d𝑛+1

d𝑞𝑛+1
2

[𝜉′
002(𝑞2)𝑄2,1] .

(4.45)

Equation (4.45) is manifestly the same as the four simultaneous equations 𝑆101, 𝑆111, 𝑆102, 𝑆112 = 0.
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4.7.2 Quadratic Equations

We compute

𝑆20𝑖 ∶ 𝜉′
00𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 𝑉𝑖𝑄𝑖,1) − 1

2𝜉″
00𝑖(𝑞𝑖)𝑄2

𝑖,1 − 1
4ℏ2𝜉‴

00𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉20𝑖(𝑞𝑖) = 0 (4.46)

𝑆21𝑖 ∶ [𝜉01𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 𝑉𝑖𝑄𝑖,1) − 1

2𝜉′
01𝑖(𝑞𝑖)𝑄2

𝑖,1 − 1
4ℏ2𝜉″

01𝑖(𝑞𝑖)𝑄𝑖,1]
′

+ 𝜉21𝑖(𝑞𝑖) = 0 (4.47)

𝑆22𝑖 ∶ 𝜉′
02𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
𝑖 ) + 1

2𝜉″
02𝑖(𝑞𝑖) (𝑄2

𝑖,1 − ℏ2𝑉𝑖)
+ [𝜉′

12𝑖(𝑞𝑖) − 1
4ℏ2𝜉‴

02𝑖(𝑞𝑖)]𝑄𝑖,1 + 𝜉22𝑖(𝑞𝑖) = 0
(4.48)

𝑆23𝑖 ∶ {𝜉03𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
𝑖 ) + 1

2𝜉′
03𝑖(𝑞𝑖) (𝑄2

𝑖,1 − ℏ2𝑉𝑖)
+[𝜉13𝑖(𝑞𝑖) − 1

4ℏ2𝜉″
03𝑖(𝑞𝑖)]𝑄𝑖,1}

′
+ 𝜉23𝑖(𝑞𝑖) = 0

(4.49)

where 𝑄𝑖,2 ≔ ∫ 𝑉 2
𝑖 d𝑞𝑖. These equations hold for all 𝑛 but are superfluous for 𝑛 < 3.

As a special case, let us take 𝑍0 = 1
𝑛−4𝑝2

1𝑝2
2𝑚𝑛−4

12 . Then 𝜉02𝑖(𝑞𝑖) = 1
𝑛−4𝑞𝑛−4

𝑖 and differentiating
(4.48), we obtain

0 = ℏ2𝑞𝑛−4
𝑖 𝑄‴

𝑖,1 + 2ℏ2(𝑛 − 5)𝑞𝑛−5
𝑖 𝑄″

𝑖,1 − 6𝑞𝑛−4
𝑖 (𝑄′

𝑖,1)
2

− 4(𝑛 − 5)𝑞𝑛−5
𝑖 𝑄𝑖,1𝑄′

𝑖,1

+ 2(𝑛 − 5)𝑞𝑛−6
𝑖 𝑄2

𝑖,1 + 𝑄′
𝑖,1[(𝑛 − 5)(𝑛 − 8)ℏ2𝑞𝑛−6

𝑖 − 4𝑞𝑖𝜉′
12𝑖(𝑞𝑖)]

− 2𝑄𝑖,1[(𝑛 − 5)(𝑛 − 6)ℏ2𝑞𝑛−7
𝑖 − 2(𝑛 − 5)𝜉′

12𝑖(𝑞𝑖) + 2𝑞𝑖𝜉″
12𝑖(𝑞𝑖)]

+ 4(𝑛 − 5)𝜉22𝑖(𝑞𝑖) − 4𝑞𝑖𝜉′
22𝑖(𝑞𝑖).

(4.50)

Since 𝜉00𝑖 = 𝜉01𝑖 = 0, (4.46) and (4.47) give 𝜉20𝑖 = 𝜉21𝑖 = 0 and in particular 𝛼02,𝑛+2 = 𝛼12,𝑛+1 =
𝛼20,𝑛+2 = 𝛼21,𝑛+1 = 0. So 𝜉22𝑖 is of degree 𝑛 or less. This proves Conjecture 2 of Escobar-Ruiz,
Linares and Winternitz [39]. For 𝑛 = 3, 4, the solutions give the exotic potentials of Gravel [29] and
Marquette, Sajedi and Winternitz [31].

4.7.3 Cubic Equations

The next set of equations is computed likewise. Taking the auxiliary function

𝑄𝑖,3 = ∫ [𝑉 3
𝑖 + 1

4ℏ2(𝑉 ′
𝑖 )2

] d𝑞𝑖

we obtain

𝑆30𝑖 ∶ 𝜉′
00𝑖(𝑞𝑖) [

5
2𝑄𝑖,3 − 3

2𝑉𝑖𝑄𝑖,2 − 1
2𝑉 2

𝑖 𝑄𝑖,1 + 1
2𝑉 ′

𝑖 𝑄2
𝑖,1 + ℏ2

(
1
4𝑉 ″

𝑖 𝑄𝑖,1 − 1
2𝑉𝑖𝑉 ′

𝑖 )]
+ 𝜉″

00𝑖(𝑞𝑖) [𝑉𝑖𝑄2
𝑖,1 − 3

2𝑄𝑖,1𝑄𝑖,2 + ℏ2
(

3
4𝑉 ′

𝑖 𝑄𝑖,1 − 1
2𝑉 2

𝑖 )]
+ 𝜉‴

00𝑖(𝑞𝑖) [
1
6𝑄3

𝑖,1 + ℏ2
(𝑉𝑖𝑄𝑖,1 − 5

4𝑄𝑖,2)] + 1
4ℏ2𝜉⁗

00𝑖(𝑞𝑖)𝑄2
𝑖,1

+ 1
16ℏ4𝜉′′′′′

00𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉30𝑖(𝑞𝑖) = 0
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𝑆31𝑖 ∶ {𝜉01𝑖(𝑞𝑖) [
5
2𝑄𝑖,3 − 3

2𝑉𝑖𝑄𝑖,2 − 1
2𝑉 2

𝑖 𝑄𝑖,1 + 1
2𝑉 ′

𝑖 𝑄2
𝑖,1 + ℏ2

(
1
4𝑉 ″

𝑖 𝑄𝑖,1 − 1
2𝑉𝑖𝑉 ′

𝑖 )]
+ 𝜉′

01𝑖(𝑞𝑖) [𝑉𝑖𝑄2
𝑖,1 − 3

2𝑄𝑖,1𝑄𝑖,2 + ℏ2
(

3
4𝑉 ′

𝑖 𝑄𝑖,1 − 1
2𝑉 2

𝑖 )]
+ 𝜉″

01𝑖(𝑞𝑖) [
1
6𝑄3

𝑖,1 + ℏ2
(𝑉𝑖𝑄𝑖,1 − 5

4𝑄𝑖,2)] + 1
4ℏ2𝜉‴

01𝑖(𝑞𝑖)𝑄2
𝑖,1

+ 1
16ℏ4𝜉⁗

01𝑖(𝑞𝑖)𝑄𝑖,1}
′

+ 𝜉31𝑖(𝑞𝑖) = 0

𝑆32𝑖 ∶ 𝜉′
02𝑖(𝑞𝑖) [

5
2𝑄𝑖,3 − 3

2𝑉 2
𝑖 𝑄𝑖,1 + ℏ2

(
1
4𝑉 ″

𝑖 𝑄𝑖,1 − 1
2𝑉𝑖𝑉 ′

𝑖 )] − 𝜉″
02𝑖(𝑞𝑖) [𝑉𝑖𝑄2

𝑖,1

+ℏ2
(

1
2𝑉 2

𝑖 − 3
4𝑉 ′

𝑖 𝑄𝑖,1)] − 𝜉‴
02𝑖(𝑞𝑖) [

1
3𝑄3

𝑖,1 + ℏ2
(

5
4𝑄𝑖,2 − 3

4𝑉𝑖𝑄𝑖,1) − 1
16ℏ4𝑉 ′

𝑖 ]
+ 1

8ℏ4𝜉⁗
02𝑖(𝑞𝑖)𝑉𝑖 + 1

16ℏ4𝜉′′′′′
02𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′

12𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 𝑉𝑖𝑄𝑖,1)

− 1
2𝜉″

12𝑖(𝑞𝑖)𝑄2
𝑖,1 − 1

4ℏ2𝜉‴
12𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉32𝑖(𝑞𝑖) = 0

𝑆33𝑖 ∶ {𝜉03𝑖(𝑞𝑖) [
5
2𝑄𝑖,3 − 3

2𝑉 2
𝑖 𝑄𝑖,1 + ℏ2

(
1
4𝑉 ″

𝑖 𝑄𝑖,1 − 1
2𝑉𝑖𝑉 ′

𝑖 )] − 𝜉′
03𝑖(𝑞𝑖) [𝑉𝑖𝑄2

𝑖,1

+ℏ2
(

1
2𝑉 2

𝑖 − 3
4𝑉 ′

𝑖 𝑄𝑖,1)] − 𝜉″
03𝑖(𝑞𝑖) [

1
3𝑄3

𝑖,1 + ℏ2
(

5
4𝑄𝑖,2 − 3

4𝑉𝑖𝑄𝑖,1) − 1
16ℏ4𝑉 ′

𝑖 ]
+ 1

8ℏ4𝜉‴
03𝑖(𝑞𝑖)𝑉𝑖 + 1

16ℏ4𝜉⁗
03𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉13𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 𝑉𝑖𝑄𝑖,1)

−1
2𝜉′

13𝑖(𝑞𝑖)𝑄2
𝑖,1 − 1

4ℏ2𝜉″
13𝑖(𝑞𝑖)𝑄𝑖,1}

′
+ 𝜉33𝑖(𝑞𝑖) = 0

𝑆34𝑖 ∶ 𝜉′
04𝑖(𝑞𝑖) (

5
2𝑄𝑖,3 − 5

4ℏ2𝑉𝑖𝑉 ′
𝑖 + 1

16ℏ4𝑉 ‴
𝑖 ) + 𝜉″

04𝑖(𝑞𝑖) [
3
2𝑄𝑖,1𝑄𝑖,2

−ℏ2
(

3
2𝑉 2

𝑖 + 1
4𝑉 ′

𝑖 𝑄𝑖,1) + 1
4ℏ4𝑉 ″

𝑖 ] + 𝜉‴
04𝑖(𝑞𝑖) [

1
6𝑄3

𝑖,1 − ℏ2
(

5
4𝑄𝑖,2 + 1

2𝑉𝑖𝑄𝑖,1)
+3

8ℏ4𝑉 ′
𝑖 ] − 1

4ℏ2𝜉⁗
04𝑖(𝑞𝑖) (𝑄2

𝑖,1 − ℏ2𝑉𝑖) + 𝜉′
14𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
𝑖 )

+ 𝜉″
14𝑖(𝑞𝑖) (

1
2𝑄2

𝑖,1 − 1
2ℏ2𝑉𝑖) + [

1
16ℏ4𝜉′′′′′

04𝑖 (𝑞𝑖) − 1
4ℏ2𝜉‴

14𝑖(𝑞𝑖) + 𝜉′
24𝑖(𝑞𝑖)] 𝑄𝑖,1

+ 𝜉34𝑖(𝑞𝑖) = 0

𝑆35𝑖 ∶ {𝜉05𝑖(𝑞𝑖) (
5
2𝑄𝑖,3 − 5

4ℏ2𝑉𝑖𝑉 ′
𝑖 + 1

16ℏ4𝑉 ‴
𝑖 ) + 𝜉′

05𝑖(𝑞𝑖) [
3
2𝑄𝑖,1𝑄𝑖,2

−ℏ2
(

3
2𝑉 2

𝑖 + 1
4𝑉 ′

𝑖 𝑄𝑖,1) + 1
4ℏ4𝑉 ″

𝑖 ] + 𝜉″
05𝑖(𝑞𝑖) [

1
6𝑄3

𝑖,1 − ℏ2
(

5
4𝑄𝑖,2 + 1

2𝑉𝑖𝑄𝑖,1)
+3

8ℏ4𝑉 ′
𝑖 ] − 1

4ℏ2𝜉‴
05𝑖(𝑞𝑖) (𝑄2

𝑖,1 − ℏ2𝑉𝑖) + 𝜉15𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
𝑖 )

+𝜉′
15𝑖(𝑞𝑖) (

1
2𝑄2

𝑖,1 − 1
2ℏ2𝑉𝑖) + [

1
16ℏ4𝜉⁗

05𝑖(𝑞𝑖) − 1
4ℏ2𝜉″

15𝑖(𝑞𝑖) + 𝜉25𝑖(𝑞𝑖)] 𝑄𝑖,1}
′

+ 𝜉35𝑖(𝑞𝑖) = 0
The quartic and quintic equations have been calculated and placed in Appendix A. We give here their
auxiliary functions

𝑄𝑖,4 = ∫ [𝑉 4
𝑖 + ℏ2𝑉𝑖(𝑉 ′

𝑖 )2 + 1
20ℏ4(𝑉 ″

𝑖 )2
] d𝑞𝑖

𝑄𝑖,5 = ∫ [𝑉 5
𝑖 + 5

2ℏ2𝑉 2
𝑖 (𝑉 ′

𝑖 )2 + 1
4ℏ4𝑉𝑖(𝑉 ″

𝑖 )2 + 1
112ℏ6(𝑉 ‴

𝑖 )2
] d𝑞𝑖.

Given that if 𝐻 is superintegrable so must 𝐻 +𝛼, we would expect that the auxiliary functions possess
a similar symmetry under translation. Indeed, we note that for 𝑉𝑖 ↦ 𝑉𝑖+𝛼, 𝑄𝑖,𝑗 ↦ 𝑄𝑖,𝑗 +𝑗𝛼𝑄𝑖,𝑗−1+⋯.
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We expect the general expansion

𝑄𝑖,𝑗 = ∫ [
𝑉 𝑗

𝑖 + 1
4 (

𝑗
3)

ℏ2𝑉 𝑗−3
𝑖 (𝑉 ′

𝑖 )2 + 1
20 (

𝑗
4)

ℏ4𝑉 𝑗−4
𝑖 (𝑉 ″

𝑖 )2

+ 1
112 (

𝑗
5)

ℏ6𝑉 𝑗−5
𝑖 (𝑉 ‴

𝑖 )2 + ⋯
]

d𝑞𝑖

(4.51)

though we have as yet no way of determining the law which produces the next coefficient.

4.8 Rational Potentials
The classification of superintegrable systems with higher-order integrals has focused mainly on exotic
potentials, i.e., potential for which the linear equations 𝑆10𝑖, 𝑆11𝑖 vanish identically. We shall provide
some details on obtaining potentials in the case where 𝑆10𝑖, 𝑆11𝑖 do not vanish. We perform a complete
classification of fourth-order standard models as an application of these compatibility equations. The
generalisation to higher order follows naturally, the only difficulty being algebraic complexity.

Lemma 4.2. If 𝑉𝑖 is a solution to the linear compatibility equations for 𝑛 = 3, 4 then 𝑄𝑖,1 and 𝑄𝑖,2
must be rational. If 𝑛 = 5, 6 then 𝑄𝑖,3 must be rational also.

Proof. If 𝑆10𝑖 or 𝑆11𝑖 possess non-trivial parameters then so do 𝑆𝑗0𝑖 or 𝑆𝑗1𝑖 for 𝑗 = 2, 3. We then
use 𝑆𝑗0𝑖 or 𝑆𝑗1𝑖 to solve for 𝑄𝑖,𝑗 in terms of 𝑉𝑖, its derivatives, 𝑄𝑖,𝑘 for 𝑘 < 𝑗, ratios of 𝜉𝑗𝑘𝑖 and its
derivatives. The lemma follows by induction. □

Lemma 4.3. If 𝑉𝑖 is a solution to the linear compatibility equations for 𝑛 ≤ 4, then it must be of the
form

𝑉𝑖 = 𝛽1𝑞2
𝑖 + 𝛽2𝑞𝑖 +

𝑛−1

∑
𝑗=1

𝛾𝑗
(𝑞𝑖 − 𝛿𝑗)2

Proof. As 𝑆𝑗1𝑖 is of the same form as 𝑆𝑗0𝑖 but differentiated, we may assume without loss of generality
that 𝑆𝑗0𝑖 holds non-trivially, and prove that 𝑉𝑖 cannot be otherwise. Suppose that up to leading-order,
𝑉𝑖 = 𝛽𝑞𝑘

𝑖 + ⋯ where 𝑘 > 2 and 𝜉00𝑖 = 𝛾𝑞ℓ+1
𝑖 /(ℓ + 1) + ⋯. Then from 𝑆20𝑖 the leading-order term

from the potential summand is

−
𝛽2𝛾(2𝑘 + 2𝑘2 + ℓ + 2𝑘ℓ)𝑞2𝑘+ℓ+1

𝑖
2(𝑘 + 1)2(2𝑘 + 1)

+ ⋯

which must be annihilated by 𝜉20𝑖 ∼ O(𝑞𝑛+2
𝑖 ) where 𝑛 ≤ 4. However, 2𝑘 + ℓ + 1 ≥ 7 so this is not

possible.
From Lemma 4.2, we know that 𝑄𝑖,1 is rational so 𝑉𝑖 cannot have simple poles. Suppose 𝑉𝑖 ∼ 𝛿𝑞−𝑘

𝑖
for 𝑘 > 2 as 𝑞𝑖 → 0. Then the lowest-order term in 𝑆20𝑖 is

−
𝛿2𝛾𝑞1−2𝑘+ℓ

𝑖 (2𝑘 − 2𝑘2 − ℓ + 2𝑘ℓ)
2(𝑘 − 1)2(2𝑘 − 1)
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The coefficient is not zero for any integer value of 𝑘 > 2 when ℓ = 0, 1, 2, 3. Since 𝑘 ≥ 3, the exponent
1 − 2𝑘 + ℓ ≤ −2 so cannot be annihilated by 𝜉20𝑖. Then 𝑉𝑖 has only poles of second-order. These are
exactly the simple poles of 𝑄𝑖,1. From 𝑆10𝑖, the number of these is equal to ℓ ≤ 𝑛 − 1. □

Theorem 4.5. If 𝑉𝑖 for 𝑖 = 1, 2 is a solution to the linear compatibility equations and 𝐻 = 1
2 (𝑝2

1 +
𝑝2

2) + 𝑉1 + 𝑉2 is superintegrable of at least fourth-order then the potential summands must be of the
form

(I) 𝛽𝑞𝑖,

(II) 𝛽1𝑞2
𝑖 + 𝛽2

𝑞2
𝑖

,

(III) 𝛽1 (
𝑞2

𝑖 +
𝛽2

2
𝑞2

𝑖 )
+ ℏ2

[
2(𝑞2

𝑖 + 𝛽2)
(𝑞2

𝑖 − 𝛽2)2
− 1

8𝑞2
𝑖 ]

,

(IV)
3ℏ2𝑞𝑖(𝑞3

𝑖 + 2𝛽)
(𝑞3

𝑖 − 𝛽)2
.

Proof. For 𝑛 = 1, 2, we can solve the linear compatibility equations directly. The answers match with
the known solutions, being Types I and II.

For 𝑛 = 3, 4, subject to the constraints of Lemma 4.3, we look for systems of the following form

𝑉𝑖 = 𝛽1𝑞2
𝑖 + 𝛽2𝑞𝑖 + 𝛽3

𝑞2
𝑖

+ 𝛽4
(𝑞𝑖 − 𝛽6)2 + 𝛽5

(𝑞𝑖 − 𝛽7)2 (4.52)

We then eliminate all the simple poles of 𝑄′
𝑖,𝑗 as per Lemma 4.2. This amounts to a series of algebraic

equations involving 𝛽1, 𝛽2, 𝛽3, 𝛽4, 𝛽5, 𝛽6, 𝛽7. The four families listed above present all the admissible
solutions. □

The Type II models have been well studied [21]. Type III is a Darboux trasformation of Type II
(after a reparametrisation) [111]. Type III only appears in a special case in Gravel’s classification,
when it is a Darboux transformation of the simple harmonic oscillator [112]. As for Type IV, this can
be constructed via a conformal Darboux transformation of the free particle [113].

To generalise to higher order, one needs to consider rational functions with more poles as per
Lemma 4.3. However, the algebraic conditios become more complicated in this case and a general
solution for any order higher than four is yet to be had. Some cases will be given in Chapter 5.

4.8.1 List of Potentials

Once the forms I–IV are assigned, the compatibility equations reduce to a system in terms of rational
functions which has at most four parameters occurring in a non-linear manner. This can readily be
solved. The non-zero 𝛼𝑖𝑗𝑘 allow us to determine 𝑍0, 𝑍1, 𝑍2. One can calculate the integral via

𝑌 = 𝑊0𝑍0

for 𝑛 = 1,
𝑌 = 𝑊0(𝑍0 + 𝑍1) + 𝑊1𝑍0
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for 𝑛 = 2, 3 and
𝑌 = 𝑊0(𝑍0 + 𝑍1 + 𝑍2) + 𝑊1(𝑍0 + 𝑍1) + 𝑊2𝑍0

for 𝑛 = 4. Then one takes 𝑋 = 1
2 (𝑌 + 𝑌 ∗). We list below the potentials found for non-zero 𝛼𝑖𝑗𝑘.

Models are to be distinguished either by their form or by the number of integrals they possess (that
is, if there are additional integrals for special values of their parameters). At first-order, we obtain
Hooke’s law

(1) 𝛽(𝑞2
1 + 𝑞2

2)

as well as an oblique linear potential (cf. 3a). At second-order, we have the Smorodinsky-Winternitz
systems and their special cases:

(2) 𝛽1(𝑞2
1 + 𝑞2

2) + 𝛽2
𝑞2

1
+ 𝛽3

𝑞2
2

(2a) 𝛽
𝑞2

1

(3) 𝛽1(𝑞2
1 + 4𝑞2

2) + 𝛽2
𝑞2

1
+ 𝛽3𝑞2

(3a) 𝛽𝑞2

At third-order are the Gravel models:

(2ai) ℏ2

𝑞2
1

(2b) 𝛽
𝑞2

1
+ ℏ2

𝑞2
2

(2bi) ℏ2

𝑞2
1

+ ℏ2

𝑞2
2

(2c) 𝛽(𝑞2
1 + 𝑞2

2) + ℏ2

𝑞2
1

(2d) 𝛽(𝑞2
1 + 𝑞2

2) + ℏ2

𝑞2
1

+ ℏ2

𝑞2
2

(4a) ℏ2
[

𝑞2
1 + 𝑞2

2
8𝛽2 +

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2 ]

(4b) ℏ2
[

𝑞2
1 + 𝑞2

2
8𝛽2 +

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2

+ 1
𝑞2

2 ]

(5a) ℏ2
[

𝑞2
1 + 𝑞2

2
8𝛽2 +

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2

+
2(𝑞2

2 + 𝛽)
(𝑞2

2 − 𝛽)2 ]

(5b) ℏ2
[

𝑞2
1 + 𝑞2

2
8𝛽2 +

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2

+
2(𝑞2

2 − 𝛽)
(𝑞2

2 + 𝛽)2 ]

At fourth-order, we obtain the potentials:

(4) 𝛽1 (
𝑞2

1 + 𝑞2
2 +

𝛽2
2

𝑞2
1 )

+ 𝛽3
𝑞2

2
+ ℏ2

[
2(𝑞2

1 + 𝛽2)
(𝑞2

1 − 𝛽2)2
− 1

8𝑞2
1 ]

(4c) ℏ2
[

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2

− 1
8𝑞2

1 ]
(4d) ℏ2

[
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2
− 1

8𝑞2
1

+ 1
𝑞2

2 ]

(5) 𝛽1 (
𝑞2

1 + 𝑞2
2 +

𝛽2
2

𝑞2
1

+
𝛽2

3
𝑞2

2 )
+ ℏ2

[
2(𝑞2

1 + 𝛽2)
(𝑞2

1 − 𝛽2)2
− 1

8𝑞2
1

+
2(𝑞2

2 + 𝛽3)
(𝑞2

2 − 𝛽3)2
− 1

8𝑞2
2 ]
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(6)
3ℏ2𝑞1(𝑞3

1 + 2𝛽1)
(𝑞3

1 − 𝛽1)2
+ 𝛽2

𝑞2
2

(6a)
3ℏ2𝑞1(𝑞3

1 + 2𝛽)
(𝑞3

1 − 𝛽)2

(6b)
3ℏ2𝑞1(𝑞3

1 + 2𝛽)
(𝑞3

1 − 𝛽)2
+ ℏ2

𝑞2
2

(7) ℏ2
[

3𝑞1(𝑞3
1 + 2𝛽1)

(𝑞3
1 − 𝛽1)2

+
2(𝑞2

2 + 𝛽2)
(𝑞2

2 − 𝛽2)2
− 1

8𝑞2
2 ]

(8) ℏ2
[

3𝑞1(𝑞3
1 + 2𝛽1)

(𝑞3
1 − 𝛽1)2

+
3𝑞2(𝑞3

2 + 2𝛽2)
(𝑞3

2 − 𝛽2)2 ]

It is of interest to note the following rational solutions, which have summands that are of Types I–IV,
but their linear compatibility equations happen to be zero identically. Consequently, they are properly
speaking exotic models. At third-order these are

(3b) ℏ2

𝑞2
1

+ 𝛽𝑞2

(4e) ℏ2
[

9(𝑞2
1 + 𝑞2

2)
8𝛽2 +

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2

+ 1
𝑞2

1 ]

(9) 𝛽(𝑞2
1 + 9𝑞2

2)

(10) 𝛽(𝑞2
1 + 9𝑞2

2) + ℏ2

𝑞2
1

(11) ℏ2
[

𝑞2
1 + 9𝑞2

2
8𝛽2 +

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2 ]

and at fourth-order

(12) ℏ2
[

2(𝑞2
2 + 𝛽1)

(𝑞2
2 − 𝛽1)2

− 1
8𝑞2

2 ]
+ 𝛽2𝑞2

(13)
3ℏ2𝑞2(𝑞3

2 + 2𝛽1)
(𝑞3

2 − 𝛽1)2
+ 𝛽2𝑞2

(14) 𝛽1(𝑞2
1 + 4𝑞2

2) + 𝛽2
𝑞2

1
+ 𝛽3

𝑞2
2

(14a) 𝛽1(𝑞2
1 + 4𝑞2

2) + 𝛽2
𝑞2

1
+ ℏ2

𝑞2
2

(15) 𝛽1(𝑞2
1 + 16𝑞2

2) + 𝛽2
𝑞2

1

(16) 𝛽1(9𝑞2
1 + 4𝑞2

2) + 𝛽2
𝑞2

1

(17) 𝛽1(9𝑞2
1 + 4𝑞2

2) + 𝛽2
𝑞2

1
+ ℏ2

𝑞2
2

(18) 𝛽1 (
𝑞2

1 + 4𝑞2
2 +

𝛽2
2

𝑞2
1 )

+ 𝛽3
𝑞2

2
+ ℏ2

[
2(𝑞2

1 + 𝛽2)
(𝑞2

1 − 𝛽2)2
− 1

8𝑞2
1 ]

(18a) 𝛽1 (
𝑞2

1 + 4𝑞2
2 +

𝛽2
2

𝑞2
1 )

+ ℏ2
[

2(𝑞2
1 + 𝛽2)

(𝑞2
1 − 𝛽2)2

− 1
8𝑞2

1 ]

(19) 𝛽1 (
𝑞2

1 + 16𝑞2
2 +

𝛽2
2

𝑞2
1 )

+ ℏ2
[

2(𝑞2
1 + 𝛽2)

(𝑞2
1 − 𝛽2)2

− 1
8𝑞2

1 ]

(20) ℏ2
[

4𝑞2
1 + 𝑞2

2
32𝛽2

1
+

2(𝑞2
1 + 𝛽1)

(𝑞2
1 − 𝛽1)2 ]

+ 𝛽2
𝑞2

2
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(21) ℏ2
[

9(4𝑞2
1 + 𝑞2

2)
32𝛽2

1
+

2(𝑞2
1 + 𝛽1)

(𝑞2
1 − 𝛽1)2

+ 1
𝑞2

1 ]
+ 𝛽2

𝑞2
2

(22) ℏ2
[

4𝑞2
1 + 9𝑞2

2
32𝛽2

1
+

2(𝑞2
1 + 𝛽1)

(𝑞2
1 − 𝛽1)2 ]

+ 𝛽2
𝑞2

2

as well as two degenerate cases

(α) 𝑉2(𝑞2) (β) ℏ2

𝑞2
1

+ 𝑉2(𝑞2)

which have a first- and third-order integral [28,114] respectively for 𝑉2 arbitrary. The former is not in
general superintegrable.

These models were found through a direct calculation from the compatibility equations. In Ap-
pendix B, we have listed all of the integrals we have obtained up to fourth order, independent of the
trivial ones (𝐻1, 𝐻2 and their products).

4.9 Conclusion
We have expounded a new method for finding Cartesian-separable superintegrable models and con-
structing their integrals. Instead of dealing with individual coefficients, we have reduced the number
of equations and outlined a systematic algorithm for deriving each homogeneous component. The
residue becomes the compatibility equations, recast into integral rather than differential equations.
These compatibility equations have not been able to be derived using the ordinary methods in their
full generality. While we can in theory calculate each compatibility equation successively, the com-
putations become very involved. More work is needed in order to obtain general results about the
compatibility equations of arbitrarily large order and in particular the determination of their auxiliary
functions, which will yield more information about their rational potentials.

We have constrained ourselves to the case of Cartesian separability in order that the integration by
parts can be achieved in finite steps. Whether it can be extended to other cases is a question for further
investigation.





Chapter 5

Rational Extensions of the Harmonic
Oscillator

5.1 Introduction

In the classification of orthogonal polynomials satisfying second-order ODE by Bochner [115], there
are four kinds, namely Hermite, Laguerre, Bessel and Jacobi polynomials. Each of these families corre-
sponds, up to gauge and variable transformation, to the eigenspace of an exactly solvable Hamiltonian—
simple harmonic oscillator, singular oscillator, Morse potential and Pöschl-Teller respectively. Relax-
ing some of the initial hypotheses of Bochner, one obtains the exceptional orthogonal polynomials,
which were introduced by Gómez-Ullate, Kamran and Milson [116]. These differ from the classic
families in that they do not possess polynomials at all degrees but are a missing a finite set.

Much interest has been excited by these newly discovered families of exactly solvable models and
their exceptional eigenfunctions especially as to how they can be generated by methods of supersym-
metry [117–119]. The resulting potentials are connected to rational solutions of Painlevé IV, Painlevé
V, Painlevé VI [120] and their higher order analogues [121].

Our aim here is to provide a systematic method of deriving non-degenerate standard superinte-
grable systems that separate in Cartesian coordinates. By non-degenerate, we mean one possessing a
non-zero leading order quadratic term in the potential. The algebraic technique offered in the chapter
preceding is too cumbersome to be extendable to higher orders. The approach adopted here is that of
realisations of polynomial Heisenberg algebras or ladder operator pairs. These have been studied by
several authors [122–126], particularly in their connection to Painlevé transcendents. The degenerate
case requires a different kind of polynomial algebra [126,127].

In section 5.2 we shall discuss the basic properties of ladder operators and how to derive their
realisations. In section 5.3, we shall show how one can generate a superintegrable model from multiple
one-dimensional Hamiltonians that have ladder operators with commensurate step-sizes. In sections
5.4–6 we shall adapt this intuition to the cases of higher order superintegrable models and show how
we may obtain rational potentials with third, fourth, fifth and sixth order ladder operators, and select
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for those potentials which are standard in the superintegrable sense.

5.2 Ladder Operators
Let us take 𝐻 = 1

2𝑝2 + 𝑉 (𝑞). We look for an operator 𝐿 such that

[𝐿, 𝐻] = ℏ𝜆𝐿.

We say that 𝐿 is a ladder operator with step-size 𝜆. It is a lowering operator if 𝜆 > 0 and a raising
operator for 𝜆 < 0. More explicitly, 𝐿 is a solution to the PDE

𝜕𝐿
𝜕𝑞 𝑝 + ℏ

2i
𝜕2𝐿
𝜕𝑞2 − ∑

𝑖≥1

1
𝑖! (

ℏ
i )

𝑖−1 d𝑖𝑉
d𝑞𝑖

𝜕𝑖𝐿
𝜕𝑝𝑖 + i𝜆𝐿 = 0. (5.1)

For the component-wise expression, we write

𝐿 =
𝑛

∑
𝑗=0

𝐿𝑗𝑝𝑛−𝑗(−i)𝑗 (5.2)

Then
d𝐿𝑖
d𝑞 + ℏ

2
d2𝐿𝑖−1

d𝑞2 +
𝑖−1

∑
𝑗=1 (

𝑛 − 𝑖 + 𝑗 + 1
𝑗 )

ℏ𝑗−1 d𝑗𝑉
d𝑞𝑗 𝐿𝑖−𝑗−1 = 𝜆𝐿𝑖−1 (5.3)

where 𝑖 = 0, 1, … , 𝑛 + 1 with 𝐿𝑖 = 0 for 𝑖 < 0 or 𝑖 > 𝑛. Let 𝐿(𝑛) be a particular solution to (5.1) which
is 𝑂(𝑝𝑛). We repeatedly integrate (5.3) to find

𝐿(𝑛)
0 = 1

𝐿(𝑛)
1 = 𝜆𝑞

𝐿(𝑛)
2 = 1

2𝜆2𝑞2 − 𝑛𝑉

𝐿(𝑛)
3 = 1

6𝜆3𝑞3 − 1
2ℏ𝜆2𝑞 − 𝜆𝑄1 − 𝜆(𝑛 − 1)𝑞𝑉 − 1

2ℏ𝑛(𝑛 − 2)d𝑉
d𝑞

𝐿(𝑛)
4 = 1

24𝜆4𝑞4 − 1
2ℏ𝜆3𝑞2 + 1

2𝑛(𝑛 − 2)𝑉 2 − 𝜆2𝑞𝑄1 − 1
2𝜆 [𝜆(𝑛 − 2)𝑞2 − 2ℏ] 𝑉

− 1
2ℏ𝜆𝑞(𝑛 − 1)(𝑛 − 3)d𝑉

d𝑞 − 1
12ℏ2𝑛(𝑛 − 2)(2𝑛 − 5)d2𝑉

d𝑞2

𝐿(𝑛)
5 = 1

120𝜆5𝑞5 − 1
4ℏ𝜆4𝑞3 + 1

2ℏ2𝜆3𝑞 + 3
2𝜆𝑄2 + 𝜆(𝑛 − 3)𝑉 𝑄1 + 1

2𝜆𝑞(𝑛 − 1)(𝑛 − 3)𝑉 2

+ 1
2ℏ𝑛(𝑛 − 2)(𝑛 − 4)𝑉 d𝑉

d𝑞 − 1
2𝜆2(𝜆𝑞2 − 3ℏ)𝑄1 − 1

6𝜆2𝑞 [𝜆(𝑛 − 3)𝑞2 − 3ℏ(𝑛 − 1)] 𝑉

− 1
4ℏ𝜆[𝜆(𝑛 − 2)(𝑛 − 4)𝑞2 + 3ℏ]d𝑉

d𝑞 − 1
12ℏ2𝜆(𝑛 − 1)(𝑛 − 3)(2𝑛 − 7)𝑞 d2𝑉

d𝑞2

− 1
24ℏ3𝑛(𝑛 − 2)2(𝑛 − 4)d3𝑉

d𝑞3

and so on where 𝑄1, 𝑄2, … are auxiliary functions which satisfy

d𝑄𝑖
d𝑞 = 𝑉 𝑖 + ℏ2

4 (
𝑖
3)

𝑉 𝑖−3
(

d𝑉
d𝑞 )

2
+ ℏ4

20 (
𝑖
4)

𝑉 𝑖−4
(

d2𝑉
d𝑞2 )

2
+ ⋯
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The general form of an 𝑛th order ladder operator is then given by

𝛼0𝐿(𝑛) + i𝛼1𝐿(𝑛−1) − 𝛼2𝐿(𝑛−2) + i𝛼3𝐿(𝑛−3) + ⋯ + 𝛼𝑛𝐿(0)

for some constants 𝛼0 ≠ 0, 𝛼1, 𝛼2, 𝛼3, …. There is one compatibility equation on the potential, namely

𝛼0𝐿(𝑛)
𝑛+1 + 𝛼1𝐿(𝑛−1)

𝑛 + 𝛼2𝐿(𝑛−2)
𝑛−1 + 𝛼3𝐿(𝑛−3)

𝑛−2 + ⋯ + 𝛼𝑛𝐿(0)
1 + 𝛼𝑛+1 = 0. (5.4)

Now (5.3) is satisfied, by definition, for 𝑖 = 0, 1, … , 𝑛. If we define 𝐿𝑛+1 by (5.3) for 𝑖 = 𝑛 + 1 then
the condition for 𝐿 to be 𝑛th order is simply

d𝐿𝑛+1
d𝑞 = 0

which is clearly equivalent to (5.4). Translating 𝑞, 𝑉 , we may assign 𝛼1, 𝛼2 any value we please. For
𝑛 = 1, we have

𝑉 (𝑞) = 1
2𝜆2𝑞2

and for 𝑛 = 2,
𝑉 = 1

8𝜆2𝑞2 + 𝛽
𝑞2

We denote by 𝑉 ≔ A𝑛(𝑞) the general solution of (5.4) with 𝛼1 = 𝛼2 = 0, 𝜆 = 1. Each function A𝑛
must necessarily contain within its parameters as special cases: A𝑚 for 𝑚 < 𝑛 and 𝑚, 𝑛 have the same

parity; and 𝑘−1A𝑛/𝑘 (
𝑞

√𝑘 )
whenever 𝑘 ∣ 𝑛. We list some of the basic facts about ladder operators.

Theorem 5.1. Let 𝐻 = 1
2𝑝2 + 𝑉 (𝑞) be a one-dimensional Hamiltonian and 𝐿1, 𝐿2 satisfy [𝐿𝑖, 𝐻] =

ℏ𝜆𝑖𝐿𝑖 such that 𝐿1𝐿2 = Φ(𝐻)𝐿3 for some 𝐿3. The following properties hold

(i) [𝐻, 𝐿3] = (𝜆1 + 𝜆2)𝐿3.

(ii) If 𝐿2 = 𝐿†
1, then 𝜆2 = −𝜆1.

(iii) If [𝐿1, 𝐿3] = 0 then 𝐿2𝐿1 = Φ(𝐻 − ℏ𝜆1)𝐿3.

(iv) If [𝐿1, 𝐿3] = 0 then 𝐿𝑘
1𝐿𝑘

2 = Ψ(𝐻)𝐿𝑘
3 where Ψ(𝐻) = ∏𝑘−1

𝑗=0 Φ(𝐻 + ℏ(𝑘 − 1)𝜆1 + ℏ𝑗𝜆2).

(v) If 𝐻 = 𝐷†𝐷 + 𝛼, 𝐻′ = 𝐷𝐷† + 𝛽, 𝐿′
𝑖 = 𝐷𝐿𝑖𝐷†, 𝑖 = 1, 2, 3 for some first-order operator 𝐷

then 𝐿′
𝑖 is a ladder operator of 𝐻′ with the same step-size and direction as 𝐿𝑖 and 𝐿′

1𝐿′
2 =

(𝐻′ − ℏ𝜆1 − 𝛽)Φ(𝐻′ + 𝛼 − 𝛽)𝐿′
3.

Proof. The first part follows from the derivation property. The second from the fact that 𝐻 is Hermi-
tian. For the third part, we write 𝐿2𝐿1 = Ψ(𝐻)𝐿3 and observe that

Φ(𝐻)𝐿3𝐿1 = 𝐿1𝐿2𝐿1 = 𝐿1Ψ(𝐻)𝐿3 = Ψ(𝐻 + ℏ𝜆1)𝐿1𝐿3.

The last two parts are by direct calculation. □
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Theorem 5.2. Any Hermitian operator invariant under time-reversal that commutes with a one-dimensional
Hamiltonian 𝐻 is a polynomial in 𝐻 .

Proof. Let 𝑋 be such an operator and suppose that its order is 2𝑚 and any operator satisfying the
above hypotheses with order 2𝑘 < 2𝑚 is a polynomial in 𝐻 . Then we may write

𝑋 = ∑
𝑖

{𝑓𝑖(𝑞), 𝑝2𝑚−2𝑖}

where the 𝑓𝑖 are real. Since 𝑋 commutes with 𝐻 , 𝑓0 must be constant. Let 𝑌 ≔ 𝑋 − 2𝑚𝑓0𝐻𝑚. Now,
either 𝑌 = 0 or 𝑌 is of order less than 𝑋. But 𝑌 is invariant under time-reversal and Hermitian. The
result must follow. □

Corollary 5.1. 𝐿†𝐿 is a polynomial in 𝐻 .

Corollary 5.2. 𝐿 is a product of first-order Darboux transformations.

Proof. Since 𝐿†𝐿 is a polynomial in 𝐻 , the kernel of 𝐿 must be a span of eigenfunctions and gener-
alised eigenfunctions of 𝐻 . Thus, it may be so factorised by state-deleting transformations. □

Consider a ladder operator thus factorised 𝐿 = 𝐷𝑛𝐷𝑛−1 ⋯ 𝐷1 and a sequence of Hamiltonians
𝐷𝑖𝐻𝑖 = 𝐻𝑖+1𝐷𝑖 with 𝐻𝑛+1 = 𝐻1 + ℏ𝜆. There exist functions 𝜛𝑖 with energies 𝐸𝑖 satisfying

𝑉𝑖 = ℏ2

2 (𝜛2
𝑖 + d𝜛𝑖

d𝑞 ) + 𝐸𝑖 (5.5)

and
ℏ2 d𝜛𝑖

d𝑞 = 𝑉𝑖 − 𝑉𝑖+1 (5.6)

where 𝑉𝑛+1 = 𝑉1+ℏ𝜆. Equations (5.5) and (5.6) form what is called a cyclic dressing chain by Veselov
and Shabat [128]. Let us examine the case for 𝑛 = 3. Setting 𝜐1 = 𝜛1 + 𝜛2, 𝜐2 = 𝜛2 + 𝜛3, 𝜐3 =
𝜛3 + 𝜛1, we have

d𝜐1
d𝑞 + 𝜐1(𝜐2 − 𝜐3) = 𝜀1 (5.7a)

d𝜐2
d𝑞 + 𝜐2(𝜐3 − 𝜐1) = 𝜀2 (5.7b)

d𝜐3
d𝑞 + 𝜐3(𝜐1 − 𝜐2) = 𝜀3 (5.7c)

for constants 𝜀1, 𝜀2, 𝜀3 related by

1
2ℏ2𝜀1 = 𝐸1 − 𝐸2
1
2ℏ2𝜀2 = 𝐸2 − 𝐸3
1
2ℏ2𝜀3 = 𝐸3 − ℏ𝜆 − 𝐸1

Since 𝐸1 is arbitrary, we may set it to zero. Summing (5.7a)–(5.7c), we obtain

d𝜐1
d𝑞 + d𝜐2

d𝑞 + d𝜐3
d𝑞 = 𝜀1 + 𝜀2 + 𝜀3 = −2𝜆

ℏ ,
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so, up to translation in 𝑞,
𝜐1 + 𝜐2 + 𝜐3 = (𝜀1 + 𝜀2 + 𝜀3)𝑞 (5.8)

In order to determine the original potential, we write

𝜛1 = 1
2 (𝜐1 − 𝜐2 + 𝜐3) = 1

2 (𝜀1 + 𝜀2 + 𝜀3)𝑞 − 𝜐2 (5.9)

We now find an equation with 𝜐2 on its own. Using (5.7b) and (5.8), we may eliminate 𝜐1, 𝜐3:

𝜐1 = − 1
2𝜐2

d𝜐2
d𝑞 + 𝜀2

2𝜐2
+ 1

2 (𝜀1 + 𝜀2 + 𝜀3)𝑞 − 1
2𝜐2 (5.10a)

𝜐3 = 1
2𝜐2

d𝜐2
d𝑞 − 𝜀2

2𝜐2
+ 1

2 (𝜀1 + 𝜀2 + 𝜀3)𝑞 − 1
2𝜐2 (5.10b)

and from (5.7a) and (5.7c) we may eliminate their first derivatives. Differentiating (5.7b), we obtain

d2𝜐2
d𝑞2 = 1

2𝜐2

d𝜐2
d𝑞 −

𝜀2
2

2𝜐2
+ 3

2𝜐3
2 − 2(𝜀1 + 𝜀2 + 𝜀3)𝑞𝜐2

2

+ 1
2 (𝜀1 + 𝜀2 + 𝜀3)2𝑞2𝜐2 + (𝜀1 − 𝜀3)𝜐2

(5.11)

After the substitution 𝑞 = 𝛽𝑥, 𝑦 = 𝛽𝜐2 with 𝛽2 = ℏ
𝜆 , 𝑦 = 𝑦(𝑥) satisfies the Painlevé IV equation.

Evidently, 𝐷1𝐷3𝐷2 and 𝐷2𝐷1𝐷3 are also third-order ladder operators so 𝜐1, 𝜐3 must also be Painlevé
IV transcendents (albeit with different parameters). Equations (5.10a) and (5.10b) define Bäcklund
transformations, i.e. symmetries of (5.11) and may be applied iteratively to discover new solutions
given a simple seed solution [129]. If we look for a linear solution, we find

𝜐2 = −2𝜆𝑞
ℏ ⟹ 𝑉 = 1

2𝜆2𝑞2 + 1
2ℏ𝜆

or
𝜐2 = −2𝜆𝑞

3ℏ ⟹ 𝑉 = 1
18𝜆2𝑞2 − 1

6ℏ𝜆

Theorem 5.3. Suppose 𝑉 (𝑞) ∼ 1
2𝜔2𝑞2 as 𝑞 → ∞ and that 𝐻 possesses a ladder operator of order 𝑘

with step-size 𝑗𝜔, 𝑗 > 0. Then 𝑗 is an integer of the same parity as 𝑘 and less than or equal to 𝑘.

Proof. Let 𝐿 be of 𝑘th order such that [𝐻, 𝐿] = 𝑗ℏ𝜔𝐿 and monic in 𝑝. From (5.3), we see that the
leading-order term of 𝐿𝑖 is 𝑎𝑖(𝜔𝑞)𝑖 where 𝑎𝑖 satisfies the recurrence relation

(𝑖 + 1)𝑎𝑖+1 − 𝑗𝑎𝑖 + (𝑘 − 𝑖 + 1)𝑎𝑖−1 = 0, 𝑎0 = 1, 𝑎1 = 𝑗.

The roots of 𝑎𝑘+1 give us the possible step-sizes up to sign. This is a polynomial in 𝑗 of degree 𝑘 + 1.
The roots must be the same as that for the simple harmonic oscillator. If 𝐾 is the first-order ladder
operator with step-size ℏ𝜔, then 𝐻𝑢𝐿𝑣 will be of order 2𝑢 + 𝑣 with step-size 𝑣𝜔. Sot the roots are
𝑗 = ±1, ±3, ±5, … , ±𝑘 for 𝑘 odd and 𝑗 = 0, ±2, ±4, ±6, … , ±𝑘 for 𝑘 even. □

We saw that Darboux transformations may transform a Hamiltonian into a similar one with a ladder
operator of the same order. However, in the general case, the construction from Theorem 5.1 (v) is
needed. We give here a reduction theorem to show when this construction becomes redundant.
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Theorem 5.4. Let 𝐷 be a first-order Darboux transformation of 𝐻 that deletes the state 𝜓 with energy
𝐸 and suppose 𝐿 also annihilates 𝜓 . Then the partner Hamiltonian 𝐻′ has a ladder operator of the
same order and step-size as 𝐿 and annihilates 𝐷𝐿†𝜓 .

Proof. Since 𝐿𝜓 = 0, we may factorise 𝐿 = 𝐾𝐷. Then 𝐾𝐻′ = (𝐻 + ℏ𝜆)𝐾 . We take 𝐿′ = 𝐷𝐾 .
Hence

𝐿′(𝐷𝐿†𝜓) = 𝐷𝐿𝐿†𝜓 = 𝐷Φ(𝐻)𝜓 = Φ(𝐻′)𝐷𝜓 = 0.

□

5.3 Construction of Integrals
Suppose 𝐻 = 𝐻1 + 𝐻2 is a two-dimensional Cartesian-separable Hamiltonian and 𝐻1, 𝐻2 both have
ladder operators 𝐿1, 𝐿2 of orders 𝑛1, 𝑛2 both with step-size 𝜆. We assume suitable translations of 𝑞𝑖, 𝑉𝑖
and take the ladder operators to be monic so that:

𝐿𝑖 = 𝑝𝑛𝑖
𝑖 − i𝜆𝑞𝑖𝑝

𝑛𝑖−1
𝑖 − (1

2𝜆2𝑞2
𝑖 − 𝑛𝑖𝑉𝑖)𝑝

𝑛𝑖−2
𝑖 + 𝑂 (𝑝𝑛𝑖−3

𝑖 ) , 𝑖 = 1, 2.

and similarly for 𝐿′. We have the following integrals of 𝐻 :

𝐴 = 𝐻1 − 𝐻2 = 1
2 (𝑝2

1 − 𝑝2
2) + 𝑉1 − 𝑉2

𝐵 = i(𝐿1𝐿†
2 − 𝐿†

1𝐿2) = 2𝜆(𝑞1𝑝2 − 𝑞2𝑝1)𝑝𝑛1−1
1 𝑝𝑛2−1

2 + ⋯
𝐶 = −2𝜆(𝐿1𝐿†

2 + 𝐿†
1𝐿1)

= −4𝜆𝑝𝑛1
1 𝑝𝑛2

2 + 4𝜆 [
1
2𝜆2(𝑞1𝑝2 − 𝑞2𝑝1)2 − 𝑛1𝑉1𝑝2

2 − 𝑛2𝑉2𝑝2
1] 𝑝𝑛1−2

1 𝑝𝑛2−2
2 + ⋯

where the ellipses signifies terms of lower order in the momenta. So 𝐴 is second-order, 𝐵 is of order
𝑛1 + 𝑛2 − 1 and 𝐶 is of order 𝑛1 + 𝑛2. If 𝑛1, 𝑛2 are both even, we can decrease the order of 𝐶 by taking

𝑋 ≔ 𝐶 + 2
𝑛1+𝑛2

2 +1𝜆𝐻
𝑛1
2

1 𝐻
𝑛2
2

2 = 𝜆3(𝑞1𝑝2 − 𝑞2𝑝1)2𝑝𝑛−2
1 𝑝𝑚−2

2 + ⋯

which is of order 𝑛1 + 𝑛2 − 2. Thus, we can readily determine the following superintegrable systems.
For third-order we have only one case

1. 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2𝑞2
1 + 𝜔A3 (𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2
(𝑞2

1 + 1
9𝑞2

2)

which was found by Gravel [29]. The 1:3 oscillator is clearly not a standard potential but just a rational
subcase of an exotic potential. For fourth-order there are

1. 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2𝑞2
1 + 𝜔A4 (𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2
(𝑞2

1 + 1
16𝑞2

2) + 𝛼
𝑞2

2
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2. 1
2 (𝑝2

1 + 𝑝2
2) + 1

8𝜔2𝑞2
1 + 𝛼

𝑞2
1

+ 𝜔A3 (𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2
(

1
4𝑞2

1 + 1
9𝑞2

2) + 𝛼
𝑞2

1

3. 1
2 (𝑝2

1 + 𝑝2
2) + 1

8𝜔2𝑞2
1 + 𝛼

𝑞2
1

+ 𝜔A4 (𝑞2√𝜔 )

all of which were determined by Marquette et al. [31]. The only exotic systems that we have missed
are those of degenerate type. At fifth-order

1. 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2𝑞2
1 + 𝜔A5 (𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2
(𝑞2

1 + 1
25𝑞2

2)

2. 1
2 (𝑝2

1 + 𝑝2
2) + 𝜔A3(𝑞1√𝜔 ) ± 𝜔A3 (±𝑞2√𝜔 )

The latter was calculated directly by Abouamal et al. [33]. For sixth order, we have

1. 1
2 (𝑝2

1 + 𝑝2
2) + 1

8𝜔2𝑞2
1 + 𝛼

𝑞2
1

+ 𝜔A5 (𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2
(

1
4𝑞2

1 + 1
25𝑞2

2) + 𝛼
𝑞2

1

2. 1
2 (𝑝2

1 + 𝑝2
2) + 𝜔A4 (𝑞1√𝜔 ) ± 𝜔A3 (±𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2
(

1
16𝑞2

1 + 1
9𝑞2

2) + 𝛼
𝑞2

1

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

32𝜔2𝑞2
1 + 𝛼

𝑞2
1

+ 𝜔A3 (𝑞2√𝜔 )

3. 1
2 (𝑝2

1 + 𝑝2
2) + 𝜔A4 (𝑞1√𝜔 ) ± 𝜔A4 (±𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

32𝜔2𝑞2
1 + 𝛼

𝑞2
1

+ 𝜔A4 (𝑞2√𝜔 )

4. 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2𝑞2
1 + 𝜔A6 (𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2
(𝑞2

1 + 1
36𝑞2

2) + 𝛼
𝑞2

2

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2𝑞2
1 + 1

2𝜔A3 (𝑞2√
𝜔
2 )

5. 1
2 (𝑝2

1 + 𝑝2
2) + 1

8𝜔2𝑞2
1 + 𝛼

𝑞2
1

+ 𝜔A6 (𝑞2√𝜔 )

• 1
2 (𝑝2

1 + 𝑝2
2) + 1

8𝜔2𝑞2
1 + 𝛼

𝑞2
1

+ 1
2𝜔A3 (𝑞2√

𝜔
2 )
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This procedure however does not explain the presence of superintegrable systems with leading order
terms that are of higher order in the angular momenta. In the third- and fourth-order case, these were
the standard potentials.

Our resolution to this problem is thus. Suppose that we had another pair of ladder operators 𝐾1, 𝐾2
of the same order as 𝐿1, 𝐿2 respectively, but of a step-size 𝜅 ≠ ±𝜆. We further suppose that

𝐾𝑖 = 𝑝𝑛𝑖
𝑖 − i𝜇𝑞𝑖𝑝

𝑛𝑖−1
𝑖 + ⋯

Then

𝑌 ≔ 𝜅𝐵 − i𝜆[𝐾1𝐾†
2 − 𝐾†

1 𝐾2]
= 1

3𝜅𝜆(𝜅2 − 𝜆2)(𝑞1𝑝2 − 𝑞2𝑝1)3𝑝𝑛1−3
1 𝑝𝑛2−3

2 + 𝛼1(𝑞1𝑝2 − 𝑞2𝑝1)𝑝𝑛1−1
1 𝑝𝑛2−3

2

+ 𝛼2(𝑞1𝑝2 − 𝑞2𝑝1)𝑝𝑛1−3
1 𝑝𝑛2−1

2 + 𝛼3𝑝𝑛1
1 𝑝𝑛2−3

2 + 𝛼4𝑝𝑛1−3
1 𝑝𝑛2

2 + ⋯

for some constants 𝛼1, 𝛼2, 𝛼3, 𝛼4, will be of order 𝑛1 + 𝑛2 − 3. If 𝑛1, 𝑛2 are again even, by a similar but
slightly more involved elimination, we can construct an integral of order 𝑛1 + 𝑛2 − 4, of the form

𝑍 ≔ 1
12𝜅3𝜆3(𝜅2 − 𝜆2)(𝑞1𝑝2 − 𝑞2𝑝1)4𝑝𝑛−4

1 𝑝𝑚−4
2 + 1

2 (𝑞1𝑝2 − 𝑞2𝑝1)2(𝛼1𝑝𝑛−2
1 𝑝𝑚−4

2 + 𝛼2𝑝𝑛−4
1 𝑝𝑚−2

2 )

+ (𝑞1𝑝2 − 𝑞2𝑝1)(𝛼3𝑝𝑛−1
1 𝑝𝑚−4

2 + 𝛼4𝑝𝑛−4
1 𝑝𝑚−1

2 ) + ⋯

Clearly, we cannot do this indefinitely, but are restricted in the number of possible reductions by
min{𝑛1, 𝑛2}. We develop the following schema

Table 5.1. Possible orders of an integral constructible from ladder operators
1 2 3 4 5 6 7 8 9 10

1 1 2 3 4 5 6 7 8 9 10
2 2 4 4 6 6 8 8 10 10
3 5/3 6 7/5 8/6 9/7 10/8 11/9 12/10
4 6/4 8 8/6 10 10/8 12 12/10
5 9/7/5 10/8 11/9/7 12/10 13/11/9 14/12/10
6 10/8/6 12/10 12/10/8 14/12 14/12/10
7 13/11/9/7 14/12 15/13/11/9 16/14/12
8 14/12/10/8 14/12 16/14/12/10
9 17/15/13/11/9 18/16/14
10 18/16/14/12/10

To construct this table, we use Theorem 5.3. This was only proven for systems asymptotically quadratic.
We can only conjecture that it holds in more exotic cases. For example, a system with sixth-order ladder
operators may have step-sizes one, two or three times a particular value, whereas a system with third-
order ladder operators may only have one or three times. Taking 𝑛1 = 6, 𝑛2 = 3 we therefore have 6
or 8 as the possible orders.
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5.4 Rational Models with Third-Order Ladder Operators
The simple harmonic oscillator

𝐻 = 1
2𝑝2 + 1

2𝜔2𝑞2

has, as already mentioned, a first-order ladder operator. This can be used to generate its eigenfunctions

𝜓𝑛 = H𝑛 (𝑞√
𝜔
ℏ ) exp (−𝜔𝑞2

2ℏ )

and spectrum
𝐸𝑛 = ℏ𝜔 (𝑛 + 1

2)
as discussed in any introductory quantum mechanics textbook. If we apply a Darboux transformations
to this model we obtain odd-order ladder operators. In special cases, we may reduce these odd-order
ladder operators to third-order.

The rational solutions of Painlevé IV are generated by two polynomial sequences [130,131] called
the generalised Hermite polynomials

H𝑚,𝑛(𝑥) ≔ Wr[H𝑚(𝑥), H𝑚+1(𝑥), … , H𝑚+𝑛−1(𝑥)], H𝑚,0(𝑥) ≔ 1

and the generalised Okamoto polynomials

Q𝑚,𝑛(𝑥) ≔ Wr[H1(𝑥), H4(𝑥), … , H3𝑚−2(𝑥), H2(𝑥), H5(𝑥), … , H3𝑛−1(𝑥)], Q0,0(𝑥) ≔ 1

Our definitions here differ from the usual ones given in the literature by a scaling factor of the polyno-
mial and the variable.

Theorem 5.5. The Hamiltonian

𝐻𝑚,𝑛;1 = 1
2𝑝2 + 1

2𝜔2𝑞2 − ℏ2 d2

d𝑞2 log H𝑚,𝑛 (𝑞√
𝜔
ℏ ) + 𝑛ℏ𝜔

has third-order ladder operators of step-size ±𝜔.

The proof of this theorem takes its inspiration from Bermudez [123]. Bermudez’s argument has a
gap however which we have salvaged by means of Theorem 5.4.

Proof. Denote the eigenfunctions by 𝜓𝑘 = H𝑘 (𝑞√
𝜔
ℏ ) exp (−𝜔𝑞2

2ℏ ). We have

Wr[𝜓𝑚, 𝜓𝑚+1, … , 𝜓𝑚+𝑛−1] = exp (−𝑛𝜔𝑞2

2ℏ ) H𝑚,𝑛 (𝑞√
𝜔
ℏ )

so by the Crum formula 𝐻𝑚,𝑛;1 is the Hamiltonian obtained from the simple harmonic oscillator by
deleting the states 𝜓𝑚, 𝜓𝑚+1, … , 𝜓𝑚+𝑛−1. Let

𝐷𝑚,𝑛 ≔ 𝑝 − i𝜔𝑞 + iℏ d
d𝑞 log

H𝑚,𝑛 (𝑞√
𝜔
ℏ )

H𝑚,𝑛−1 (𝑞√
𝜔
ℏ )

(5.12)
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Then
𝐷𝑚,𝑛𝐻𝑚,𝑛−1;1 = 𝐻𝑚,𝑛;1𝐷𝑚,𝑛

We define
Λ𝑚,0 = (𝑝 − i𝜔𝑞) [𝐻𝑚,0;1 − (𝑚 + 1

2) ℏ𝜔]
Then Λ𝑚,0 is a third-order ladder operator of 𝐻𝑚,0, of step-size 𝜔, and annihilates the state 𝜓𝑚. Now,
suppose that Λ𝑚,𝑛 for general 𝑛 is of third-order and annihilates

𝐷𝑚,𝑛𝐷𝑚,𝑛−1 ⋯ 𝐷𝑚,1𝜓𝑚+𝑛 ≠ 0

By Theorem 5.4, there exists a ladder operator Λ𝑚,𝑛+1 such that

𝐷𝑚,𝑛+1Λ𝑚,𝑛𝐷†
𝑚,𝑛+1 = Λ𝑚,𝑛+1 [𝐻𝑚,𝑛+1;1 − (𝑚 + 𝑛 + 1

2) ℏ𝜔]

which completes the induction. □

We read off from (5.12)

𝜛 = −𝜔𝑞
ℏ + d

d𝑞 log
H𝑚,𝑛+1 (𝑞√

𝜔
ℏ )

H𝑚,𝑛 (𝑞√
𝜔
ℏ )

and using (5.9), we have

𝑦 = − d
d𝑥 log

H𝑚,𝑛+1 (𝑥)
H𝑚,𝑛 (𝑥)

is a solution to the Painlevé IV equation. This forms part of the −1/𝑥 and −2𝑥 hierarchies so-called
[132]. The third hierarchy makes use of the Okamoto polynomials.

Theorem 5.6. The Hamiltonian

𝐻𝑚,𝑛,3 = 1
2𝑝2 + 1

2𝜔2𝑞2 − ℏ2 d2

d𝑞2 log Q𝑚,𝑛 (𝑞√
𝜔
ℏ ) + (𝑚 + 𝑛)ℏ𝜔

has third-order ladder operators of step-size ±3𝜔.

Proof. Clearly, 𝐻𝑚,𝑛;3 is the Hamiltonian attained by deleting the eigenfunctions

𝜓1, 𝜓4, … , 𝜓3𝑚−2, 𝜓2, 𝜓5, … , 𝜓3𝑛−1.

Now,
Λ0,0 ≔ (𝑝 − i𝜔𝑞)3

is third-order, is a ladder operator of 𝐻0,0,3 with step-size 3𝜔, and annihilates 𝜓1, 𝜓2. Set

𝐷𝑚,𝑛,1 ≔ 𝑝 − i𝜔𝑞 + iℏ d
d𝑞 log

Q𝑚,𝑛 (𝑞√
𝜔
ℏ )

Q𝑚−1,𝑛 (𝑞√
𝜔
ℏ )
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𝐷𝑚,𝑛,2 ≔ 𝑝 − i𝜔𝑞 + iℏ d
d𝑞 log

Q𝑚,𝑛 (𝑞√
𝜔
ℏ )

Q𝑚,𝑛−1 (𝑞√
𝜔
ℏ )

Then 𝐷𝑚,𝑛,1𝐻𝑚−1,𝑛;3 = 𝐻𝑚,𝑛;3𝐷𝑚,𝑛,1, 𝐷𝑚,𝑛,2𝐻𝑚,𝑛−1;3 = 𝐻𝑚,𝑛;3𝐷𝑚,𝑛,2. The eigenfunctions of 𝐻𝑚,𝑛,3
are

𝜓𝑚,𝑛,𝑘 =
Wr [{H3𝑘−2 (𝑞√

𝜔
ℏ ) , H3ℓ−1 (𝑞√

𝜔
ℏ )}

𝑚,𝑛

𝑘,ℓ=1
, H𝑘 (𝑞√

𝜔
ℏ )]

Q𝑚,𝑛 (𝑞√
𝜔
ℏ )

exp (−𝜔𝑞2

ℏ )

Now suppose that Λ𝑚,𝑛 is a third-order ladder operator of 𝐻𝑚,𝑛;3 with step-size 3𝜔 and annihilates the
states 𝜓𝑚,𝑛,3𝑚+1 and 𝜓𝑚,𝑛,3𝑛+2. By Theorem 5.4, there exists ladder operators Λ𝑚+1,𝑛, Λ𝑚,𝑛+1 such that

𝐷𝑚+1,𝑛,1Λ𝑚,𝑛𝐷†
𝑚+1,𝑛,1 = Λ𝑚+1,𝑛 [𝐻𝑚+1,𝑛,3 − 3 (𝑚 + 1

2) ℏ𝜔]

and
𝐷𝑚,𝑛+1,2Λ𝑚,𝑛𝐷†

𝑚,𝑛+1,2 = Λ𝑚,𝑛+1 [𝐻𝑚,𝑛+1,3 − (3𝑛 + 5
2) ℏ𝜔] .

Now, Λ𝑚+1,𝑛 annihilate the states

𝐷𝑚+1,𝑛,1𝜓𝑚,𝑛,3𝑚+4 ∝ 𝜓𝑚+1,𝑛,3(𝑚+1)+1,
𝐷𝑚+1,𝑛,1𝜓𝑚,𝑛,3𝑛+2 ∝ 𝜓𝑚+1,𝑛,3𝑛+2

while Λ𝑚,𝑛+1 annihilates the states

𝐷𝑚,𝑛+1,2𝜓𝑚,𝑛,3𝑚+1 ∝ 𝜓𝑚,𝑛+1,3𝑚+1

𝐷𝑚,𝑛+1,2𝜓𝑚,𝑛,3𝑛+5 ∝ 𝜓𝑚,𝑛+1,3(𝑛+1)+2

This completes the induction. □

As a result of the theorems above, the Hamiltonians

𝐻𝑚,0,1 = 𝐻0,0,3 = 1
2𝑝2 + 1

2𝜔2𝑞2

𝐻1,1,1 = 𝐻1,0,3 = 1
2𝑝2 + 1

2𝜔2𝑞2 + ℏ2

𝑞2 + ℏ𝜔

𝐻1,2,1 = 𝐻1,1,3 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4ℏ2𝜔(2𝜔𝑞2 − ℏ)
(2𝜔𝑞2 + ℏ)2 + 2ℏ𝜔

𝐻2,1,1 = 𝐻0,1,3 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4ℏ2𝜔(2𝜔𝑞2 + ℏ)
(2𝜔𝑞2 − ℏ)2 + ℏ𝜔

have third-order ladder operators of step-sizes ±𝜔 and ±3𝜔. To construct all of the standard non-
degenerate superintegrable models at third-order in two-dimensions is simply to take combinations
of any of the above three one-dimensional models. We therefore have six third-order superintegrable
models, viz.

𝐻1,0,1;1 + 𝐻1,1,1;2, 𝐻1,0,1;1 + 𝐻1,2,1;2, 𝐻1,1,1;1 + 𝐻1,1,1;2,
𝐻1,1,1;1 + 𝐻1,2,1;2, 𝐻1,2,1;1 + 𝐻1,2,1;2 𝐻1,2,1;1 + 𝐻2,1,1;2
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where, for example,

𝐻1,2,1;1 + 𝐻1,2,1;2 = 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2(𝑞2
1 + 𝑞2

2) +
4ℏ2𝜔(2𝜔𝑞2

1 − ℏ)
(2𝜔𝑞2

1 + ℏ)

+
4ℏ2𝜔(2𝜔𝑞2

2 − ℏ)
(2𝜔𝑞2

2 + ℏ)
+ 4ℏ𝜔.

This agrees with Gravel’s results [29] and our own.

5.5 Rational Models with Fourth-Order Ladder Operators
It was shown by Adler [133] that the fourth-order dressing chain can be transformed, by a non-linear
substitution, into the Painlevé V equation. The rational solutions can be written in terms of Laguerre
polynomials, on account of

𝐻 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2

which has second-order lowering and raising operators and eigenfunctions given by

𝜓𝑛,±(𝑞) = L
(± 𝜇

ℏ )
𝑛 (

𝜔𝑞2

ℏ ) exp (−𝜔𝑞2

2ℏ ) .

The two polynomial sequences that are of interest are the generalised Laguerre polynomials [134]

L (𝛼)
𝑚,𝑛(𝑥) ≔ Wr [L

(𝛼)
𝑚 (𝑥), L (𝛼)

𝑚+1(𝑥), … , L (𝛼)
𝑚+𝑛−1(𝑥)] , L (𝛼)

𝑚,0(𝑥) = 1

and the generalised Umemura polynomials [135]

U (𝛼)
𝑚,𝑛 (𝑥) ≔ 𝑥𝛼𝑛 Wr {L (𝛼)

2𝑘−1(𝑥), 𝑥−𝛼L (−𝛼)
2ℓ−1(𝑥)}

𝑚,𝑛

𝑘,ℓ=1
, U (𝛼)

0,0 (𝑥) ≔ 1

The latter are, in general, Laurent polynomials.

Theorem 5.7. The Hamiltonian

𝐻𝑚,𝑛,2 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4(𝜇 + 𝑛ℏ)2 − ℏ2(2𝑛 − 1)2

8𝑞2 − ℏ2 d2

d𝑞2 log L
(

𝜇
ℏ )

𝑚,𝑛 (
𝜔𝑞2

ℏ ) + 𝑛ℏ𝜔

has fourth-order ladder operators of step-size ±2𝜔.

Proof. The proof is analogous to that of Theorem 5.5. □

Theorem 5.8. The Hamiltonian

𝐻𝑚,𝑛,4 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4[𝜇 + (𝑚 − 𝑛)ℏ]2 − ℏ2

8𝑞2 − ℏ2

𝑞2 [(
𝑚
2)

+
(

𝑛
2)

− 𝑚𝑛
]

− ℏ2 d2

d𝑞2 log U
(

𝜇
ℏ )

𝑚,𝑛 (
𝜔𝑞2

ℏ ) + (𝑚 + 𝑛)ℏ𝜔

has fourth-order ladder operators of step-size ±4𝜔.
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Proof. The proof is analogous to that of Theorem 5.6, starting from the fact that the square of the

second-order ladder operator of 𝐻0,0,4 annihilates L
(± 𝜇

ℏ )
1 (

𝜔𝑞2

ℏ ). □

We now have

𝐻1,0,2 = 𝐻0,0,4 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2

𝐻1,1,2 = 𝐻1,0,4 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4(𝜇 + ℏ)2 − ℏ2

8𝑞2 + 2ℏ2𝜔(𝑞2 + 𝜇 + ℏ)
(𝜔𝑞2 − 𝜇 − ℏ)2 + ℏ𝜔

have fourth-order ladder operators of step-size ±2𝜔 and ±4𝜔. We therefore have two non-degenerate
standard fourth-order superintegrable systems

𝐻1,0,2;1 + 𝐻1,1,2;2, 𝐻1,1,2;1 + 𝐻1,1,2;2

where, for example,

𝐻1,0,2;1 + 𝐻1,1,2;2 = 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2(𝑞2
1 + 𝑞2

2) +
4𝜇2

1 − ℏ2

8𝑞2
1

+ 4(𝜇2 + ℏ)2 − ℏ2

8𝑞2
2

+
2ℏ2𝜔(𝑞2

2 + 𝜇2 + ℏ)
(𝜔𝑞2

2 − 𝜇2 − ℏ)2
+ ℏ𝜔

This agrees with our previous calculations.

5.6 Rational Models with Fifth- or Sixth-Order Ladder Opera-
tors

The extension of Theorem 5.6 and Theorem 5.8 to fifth- and sixth-order ladder operators with step-
sizes ±5𝜔 and ±6𝜔 is straightforward. For example, it is easily seen that the models

𝐻𝑘,ℓ,𝑚,𝑛,5 = 1
2𝑝2 + 1

2𝜔2𝑞2 − ℏ2 d2

d𝑞2 log Q𝑘,ℓ,𝑚,𝑛 (𝑞√
𝜔
ℏ ) + (𝑘 + ℓ + 𝑚 + 𝑛)ℏ𝜔

and

𝐻𝑘,ℓ,𝑚,𝑛,6 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4[𝜇 + (𝑘 + ℓ − 𝑚 − 𝑛)ℏ]2 − ℏ2

8𝑞2

+ ℏ2

2𝑞2 [𝑘 + ℓ + 𝑚 + 𝑛 − (𝑘 + ℓ − 𝑚 − 𝑛)2]

− ℏ2 d2

d𝑞2 log U
(

𝜇
ℏ )

𝑘,ℓ,𝑚,𝑛 (
𝜔𝑞2

ℏ ) + (𝑘 + ℓ + 𝑚 + 𝑛)ℏ𝜔

have ladder operators of fifth and sixth order with step-sizes ±5𝜔 and ±6𝜔 respectively, where Q𝑘,ℓ,𝑚,𝑛

and U
(

𝜇
ℏ )

𝑘,ℓ,𝑚,𝑛 are the 5-Okamoto and 3-Umemura polynomials

Q𝑘,ℓ,𝑚,𝑛(𝑥) ≔ Wr {H5𝑎−4(𝑥), H5𝑏−3(𝑥), H5𝑐−2(𝑥), H5𝑑−1(𝑥)}
𝑘,ℓ,𝑚,𝑛
𝑎,𝑏,𝑐,𝑑=1

U (𝛼)
𝑘,ℓ,𝑚,𝑛(𝑥) ≔ 𝑥𝛼(𝑚+𝑛) Wr {L (𝛼)

3𝑎−2(𝑥), L (𝛼)
3𝑏−1(𝑥), 𝑥−𝛼L (𝛼)

3𝑐−2(𝑥), 𝑥−𝛼L (𝛼)
3𝑑−1(𝑥)}

𝑘,ℓ,𝑚,𝑛

𝑎,𝑏,𝑐,𝑑=1
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To shorten the case-checking that is required to ascertain which models are standard, we shall borrow
from the algebraic approach employed in Chapter 4. We take as our Ansatz

𝑉 (𝑞) = 1
2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2 − ℏ2 d2

d𝑞2 log(𝑞2 − 𝛼)(𝑞2 − 𝛽)

= 1
2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2 + 2ℏ2
[

𝑞2 + 𝛼
(𝑞2 − 𝛼)2 + 𝑞2 + 𝛽

(𝑞2 − 𝛽)2 ]

Then we determine 𝛼, 𝛽 by eliminating the simple poles of 𝑉 2. We have

Res
𝑞=±√𝛼

𝑉 (𝑞)2 = ±2ℏ2

𝛼3/2(𝛼 − 𝛽)
(𝛼5𝜔2 − 3𝛼4𝛽𝜔2 + 3𝛼3𝛽2𝜔2 − 𝛼3𝜇2 − 4𝛼3ℏ2

− 𝛼2𝛽3𝜔2 + 3𝛼2𝛽𝜇2 − 12𝛼2𝛽ℏ2 − 3𝛼𝛽2𝜇2 + 𝛽3𝜇2)

Res
𝑞=±√𝛽

𝑉 (𝑞)2 = ∓2ℏ2

𝛽3/2(𝛼 − 𝛽)
(𝛽5𝜔2 − 3𝛼𝛽4𝜔2 + 3𝛼2𝛽3𝜔2 − 𝛽3𝜇2 − 4𝛽3ℏ2

− 𝛼3𝛽2𝜔2 + 3𝛼𝛽2𝜇2 − 12𝛼𝛽2ℏ2 − 3𝛼2𝛽𝜇2 + 𝛼3𝜇2)

After eliminating 𝛽, we find that the resultant admits the factorisation

32768ℏ6𝛼9(𝛼2𝜔2 + 2𝛼𝜇𝜔 + 𝜇2 − 𝜇ℏ − 2𝛼𝜔ℏ)(𝛼2𝜔2 − 2𝛼𝜇𝜔 + 𝜇2 + 𝜇ℏ − 2𝛼𝜔ℏ)
× (𝛼2𝜔2 − 2𝛼𝜇𝜔 + 𝜇2 − 𝜇ℏ + 2𝛼𝜔ℏ)(𝛼2𝜔2 + 2𝛼𝜇𝜔 + 𝜇2 + 𝜇ℏ + 2𝛼𝜔ℏ)(𝛼2𝜔2 − 𝜇2 + ℏ2)

So there are two solutions, up to permutation of 𝛼, 𝛽 and of alternation of sign in 𝜔, 𝜇:

(i) 𝜔𝛼 = √𝜇2 − ℏ2 , 𝜔𝛽 = −√𝜇2 − ℏ2 ;

(ii) 𝜔𝛼 = 𝜇 + ℏ + √ℏ(𝜇 + ℏ) , 𝜔𝛽 = 𝜇 + ℏ − √ℏ(𝜇 + ℏ) .

Thus,

𝐻 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2 + 4ℏ2𝜔2𝑞2(𝜔2𝑞4 + 3𝜇2 − 3ℏ2)
(𝜔2𝑞4 − 𝜇2 + ℏ2)2

= 1
2𝑝2 + 1

2𝜔2𝑞2 + 4𝜇2 + 7ℏ2

8𝑞2 − ℏ2 d2

d𝑞2 log U
(

𝜇
ℏ )

1,1 (
𝜔𝑞2

ℏ )

(5.13)

or

𝐻 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2

+ 4ℏ2𝜔[𝜔3𝑞6 − 𝜔2(𝜇 + ℏ)𝑞4 − 𝜔(𝜇 + ℏ)(𝜇 − 2ℏ)𝑞2 + 𝜇(𝜇 + ℏ)2]
[𝜔2𝑞4 − 2𝜔(𝜇 + ℏ)𝑞2 + 𝜇(𝜇 + ℏ)]2

= 1
2𝑝2 + 1

2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2 − ℏ2 d2

d𝑞2 log L
(

𝜇
ℏ −1)

2 (
𝜔𝑞2

ℏ )

(5.14)

are our only possibilities. On the other hand, the ladder operators of 𝐻1,1,4 of step-sizes ±2𝜔, ±4𝜔, ±6𝜔
are of orders six, four and six, while those of 𝐻2,1,2 are of orders four, six and six. So these are indeed
the desired solutions. Similarly, the ladder operators of 𝐻1,0,2, 𝐻1,1,2 which are of step-size ±6𝜔 are



5.6. RATIONAL MODELS WITH FIFTH- OR SIXTH-ORDER LADDER OPERATORS 75

both of sixth-order. Thus, there are seven standard non-degenerate sixth-order models:

𝐻1,0,2;1 + 𝐻1,1,4;2, 𝐻1,0,2;1 + 𝐻2,1,2;2, 𝐻1,1,2;1 + 𝐻1,1,4;2,
𝐻1,1,2;1 + 𝐻2,1,2;2, 𝐻1,1,4;1 + 𝐻1,1,4;2, 𝐻1,1,4;1 + 𝐻2,1,2;2,
𝐻2,1,2;1 + 𝐻2,1,2;2.

To find the ones which admit odd-order ladder operators, it is sufficient to check when the coeffi-
cient of the 𝑞−2-term is 0, ℏ2, 3ℏ2 (see Theorem 6.2 below). The possibilities are, in addition to
𝐻1,0,1, 𝐻1,1,1, 𝐻1,2,1, 𝐻2,1,1,

𝐻1,0,1,0,5 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 3ℏ2

𝑞2 + 2ℏ𝜔

𝐻1,3,1 = 1
2𝑝2 + 1

2𝜔2𝑞2 + ℏ2

𝑞2 + 4ℏ2𝜔(2𝜔𝑞2 − 3ℏ)
(2𝜔𝑞2 + 3ℏ)2 + 3ℏ𝜔

𝐻3,1,1 = 1
2𝑝2 + 1

2𝜔2𝑞2 + ℏ2

𝑞2 + 4ℏ2𝜔(2𝜔𝑞2 + 3ℏ)
(2𝜔𝑞2 − 3ℏ)2 + ℏ𝜔

𝐻2,2,1 = 1
2𝑝2 + 1

2𝜔2𝑞2 +
16ℏ2𝜔2𝑞2 (4𝜔2𝑞4 − 9ℏ2)

(4𝜔2𝑞4 + 3ℏ2)
2 + 2ℏ𝜔

𝐻1,4,1 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 8ℏ2𝜔(8𝜔3𝑞6 + 12ℏ𝜔2𝑞4 + 18ℏ2𝜔𝑞2 − 9ℏ3)
(4𝜔2𝑞4 − 12ℏ𝜔𝑞2 + 3ℏ2)2 + 4ℏ𝜔

𝐻2,0,3 = 1
2𝑝2 + 1

2𝜔2𝑞2 + 8ℏ2𝜔(8𝜔3𝑞6 − 4ℏ𝜔2𝑞4 + 10ℏ2𝜔𝑞2 − ℏ3)
(4𝜔2𝑞4 − 4ℏ𝜔𝑞2 − ℏ2)2 + 2ℏ𝜔

𝐻1,0,1,1,5 = 1
2𝑝2 + 1

2𝜔2𝑞2 + ℏ2

𝑞2 + 8ℏ2𝜔(8𝜔3𝑞6 + 4ℏ𝜔2𝑞4 − 14ℏ2𝜔𝑞2 − 3ℏ3)
(4𝜔2𝑞4 + 4ℏ𝜔𝑞2 + 3ℏ2)2 + 3ℏ𝜔

𝐻0,1,0,1,5 = 1
2𝑝2 + 1

2𝜔2𝑞2 + ℏ2

𝑞2 + 8ℏ2𝜔(8𝜔3𝑞6 − 4ℏ𝜔2𝑞4 − 14ℏ2𝜔𝑞2 + 3ℏ3)
(4𝜔2𝑞4 − 4ℏ𝜔𝑞2 + 3ℏ2)2 + 2ℏ𝜔

There are correspondingly fifty-three standard non-degenerate fifth-order Cartesian-separable super-
integrable Hamiltonians in two dimensions:

𝐻1,0,1;1 + 𝐻1,0,1,0,5;2, 𝐻1,0,1;1 + 𝐻1,3,1;2, 𝐻1,0,1;1 + 𝐻2,2,1;2,
𝐻1,0,1;1 + 𝐻1,4,1;2, 𝐻1,0,1;1 + 𝐻2,0,3;2, 𝐻1,0,1;1 + 𝐻1,0,1,1,5;2,
𝐻1,1,1;1 + 𝐻1,0,1,0,5;2, 𝐻1,1,1;1 + 𝐻1,3,1;2, 𝐻1,1,1;1 + 𝐻2,2,1;2,
𝐻1,1,1;1 + 𝐻1,4,1;2, 𝐻1,1,1;1 + 𝐻2,0,3;2, 𝐻1,1,1;1 + 𝐻1,0,1,1,5;2,
𝐻1,0,1,0,5;1 + 𝐻1,0,1,0,5;2, 𝐻1,0,1,0,5;1 + 𝐻1,3,1;2, 𝐻1,0,1,0,5;1 + 𝐻2,2,1;2,
𝐻1,0,1,0,5;1 + 𝐻1,4,1;2, 𝐻1,0,1,0,5;1 + 𝐻2,0,3;2, 𝐻1,0,1,0,5;1 + 𝐻1,0,1,1,5;2,
𝐻1,2,1;1 + 𝐻1,0,1,0,5;2, 𝐻1,2,1;1 + 𝐻1,3,1;2, 𝐻1,2,1;1 + 𝐻2,2,1;2,
𝐻1,2,1;1 + 𝐻1,4,1;2, 𝐻1,2,1;1 + 𝐻2,0,3;2, 𝐻1,2,1;1 + 𝐻1,0,1,1,5;2,
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𝐻2,1,1;1 + 𝐻1,3,1;2, 𝐻2,1,1;1 + 𝐻1,4,1;2, 𝐻2,1,1;1 + 𝐻2,0,3;2,
𝐻2,1,1;1 + 𝐻1,0,1,1,5;2, 𝐻1,3,1;1 + 𝐻1,3,1;2, 𝐻1,3,1;1 + 𝐻3,1,1;2

𝐻1,3,1;1 + 𝐻2,2,1;2, 𝐻1,3,1;1 + 𝐻1,4,1;2, 𝐻1,3,1;1 + 𝐻2,0,3;2,
𝐻1,3,1;1 + 𝐻1,0,1,1,5;2, 𝐻3,1,1;1 + 𝐻1,4,1;2, 𝐻3,1,1;1 + 𝐻2,0,3;2,
𝐻3,1,1;1 + 𝐻1,0,1,1,5;2, 𝐻2,2,1;1 + 𝐻2,2,1;2, 𝐻2,2,1;1 + 𝐻1,4,1;2,
𝐻2,2,1;1 + 𝐻2,0,3;2, 𝐻2,2,1;1 + 𝐻1,0,1,1,5;2, 𝐻1,4,1;1 + 𝐻1,4,1;2

𝐻1,4,1;1 + 𝐻−
1,4,1;2, 𝐻1,4,1;1 + 𝐻2,0,3;2, 𝐻1,4,1;1 + 𝐻−

2,0,3;2

𝐻1,4,1;1 + 𝐻1,0,1,1,5;2, 𝐻1,4,1;1 + 𝐻0,1,0,1,5;2, 𝐻2,0,3;1 + 𝐻2,0,3;2

𝐻2,0,3;1 + 𝐻−
2,0,3;2, 𝐻2,0,3;1 + 𝐻1,0,1,1,5;2, 𝐻2,0,3;1 + 𝐻0,1,0,1,5;2

𝐻1,0,1,1,5;1 + 𝐻1,0,1,1,5;2, 𝐻1,0,1,1,5;1 + 𝐻0,1,0,1,5;2

where 𝐻−
. indicates 𝜔 ↦ −𝜔.

5.7 Conclusion
We have shown that the problem of Cartesian-separable superintegrability in the non-degenerate case
can be understood within a one-dimensional operator algebra framework. We have been able to obtain
the previous results of Chapter 4 as well as extend them to higher orders. However, unlike Chapter 4,
we are unable to provide proofs of completeness. Thus, this approach, while promising, still remains
at the conjectural stage.



Chapter 6

Fine Structure of the Singular Oscillator

6.1 Introduction

In this chapter, we examine in detail how the existence of multiple ladder operators gives rise to new
symmetry algebras. Multiple ladder operator pairs has been noticed by several authors [136, 137]
however there has not been a consideration as to how they form a complete algebraic system. Rather
they have been taken as repeated instantiations of separate polynomial Heisenberg algebras. As can be
seen in the appendix, systems whose potential summands are Darboux transforms of the free particle
or oscillator possess integrals which exceed the classical limit on the number of generators (i.e. twice
the dimension less one). Therefore the previous attempts at describing the symmetry algebras of these
systems are incomplete [138,139]. We will not address every such system but confine our attention to
just the singular oscillator Hamiltonian

𝐻[𝜇] ≔ 1
2𝑝2 + 1

2𝜔2𝑞2 + 4𝜇2 − ℏ2

8𝑞2 + 𝜔𝜇

The parametrisation chosen here is that which is most convenient for expressing the eigenstates. It
will be assumed that 𝜔 > 0 and 𝜇 ≥ 0. While generally the ladder operator is of second-order, we
know that for 𝜇 = 1

2ℏ, 𝐻 is the simple harmonic oscillator which has a first-order ladder operator. In
this case, the first-order ladder operator generates the second-order one, however there are additional
values of 𝜇 (so that the model is purely quantum) where there are additional operators which cannot
be totally reduced in this way.

This chapter is organised in the following way. In section 6.2, we discuss the basic spectral facts
about the singular oscillator. In section 6.3 we introduce shifting operators that translate the parameter
𝜇 which we use to build new ladder operators for particular values of 𝜇. This procedure is well under-
stood. We extend the known facts by showing the effects of these ladder operators on the eigenstates
of the Hamiltonian. Furthermore we give a proof that the set of ladder operators is complete and of
minimal order. In section 6.4, we apply these observations to the two-dimensional isotropic oscillator.

77
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6.2 Eigenstates, Spectrum and Ladder Operators
The second-order lowering operator can be written down as

Δ = 𝐻 − i𝜔{𝑞, 𝑝} − 𝜔2𝑞2 − 𝜔𝜇 (6.1)

The operator has step-size 2𝜔. The characteristic polynomial is

Δ†Δ = (𝐻 − ℏ𝜔)[𝐻 − 𝜔(ℏ + 2𝜇)]. (6.2)

So there are two ground states. Noting that 𝐻[−𝜇] = 𝐻[𝜇] − 2𝜔𝜇, we may without loss of generality,
confine our attention to the state with energy 𝜔(ℏ + 2𝜇) for now. The eigenfunctions take the form

𝜓𝑛,𝜇(𝑞) = 𝑞
1
2 + 𝜇

ℏ L
(

𝜇
ℏ )

𝑛 (
𝜔𝑞2

ℏ ) exp (−𝜔𝑞2

2ℏ )

The matrix elements of the eigenfunctions are calculated to be

𝐻𝜓𝑛,𝜇 = 𝜔[ℏ(2𝑛 + 1) + 2𝜇]𝜓𝑛,𝜇,
Δ𝜓𝑛,𝜇 = 2𝜔(𝜇 + 𝑛ℏ)𝜓𝑛−1,𝜇

Δ†𝜓𝑛,𝜇 = 2ℏ𝜔(𝑛 + 1)𝜓𝑛+1,𝜇

There is the orthogonality relation

2 (
𝜔
ℏ )

𝜇
ℏ +1

∫
∞

0
𝜓∗

𝑚,𝜇(𝑞)𝜓𝑛,𝜇(𝑞)𝑞
𝜇
ℏ +1 exp (−𝜔𝑞2

ℏ ) d𝑞 = Γ (1 + 𝜇
ℏ) (

𝑛 + 𝜇
ℏ

𝑛 )
𝛿𝑚,𝑛 (6.3)

for 𝜔 > 0, 𝜇 > −ℏ. For 𝜇 < −ℏ, 𝜇/ℏ not an integer, the orthogonality relation can be extended by
analytic continuation. However, the corresponding inner product will not be positive definite. In fact,

sgn⟨𝑚|𝑛⟩ = sgn Γ (1 + 𝜇
ℏ + 𝑛) 𝛿𝑚,𝑛.

The generalised integration of Dereziński, Gaß and Vättö [140] achieves the same effect as our inner
product in this case. When 𝜇 = −𝑘ℏ, 𝑘 a positive integer, the dynamic algebra generated by 𝐻, Δ, Δ†

admits a finite-dimensional irreducible representation. However, this cannot be the Schrödinger reali-
sation, since on the one hand

ΔΔ†𝜓𝑘−1,𝜇 = 0

but on the other
Δ†𝜓𝑘−1,𝜇 ≠ 0.

In this case, we have ⟨𝑛|𝑛⟩ = 0 for 𝑛 ≥ 𝑘.

6.3 Additional Ladder Operators
Using the ground state eigenfunction, we construct the Darboux transformation

𝐷[𝜇] = 1
√2 [𝑝 − i𝜔𝑞 + i(ℏ + 2𝜇)

2𝑞 ] (6.4)
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This transformation is a shifting operator on 𝜇

𝐷[𝜇]𝐻[𝜇] = 𝐻[𝜇 + ℏ]𝐷[𝜇] (6.5)

We deduce the identities

𝐷†[𝜇]𝐷[𝜇] = 𝐻[𝜇] − 𝜔(ℏ + 2𝜇),
𝐷[𝜇]𝐷†[𝜇] = 𝐻[𝜇 + ℏ] − 𝜔(ℏ + 2𝜇),

𝐷[−𝜇]𝐻[𝜇] = {𝐻[𝜇 − ℏ] + 2ℏ𝜔}𝐷[−𝜇]
𝐷†[−𝜇]𝐷[−𝜇] = 𝐻[𝜇] − ℏ𝜔,
𝐷[−𝜇]𝐷†[−𝜇] = 𝐻[𝜇 − ℏ] + ℏ𝜔,

𝐷[−𝜇 − ℏ]𝐷[𝜇] = Δ [𝜇2] ,
𝐷[𝜇]Δ [𝜇2] = Δ [(𝜇 + ℏ)2] 𝐷[𝜇]

𝐷†[−𝜇 − 2ℏ]Δ[𝜇] = 𝐷[𝜇 + ℏ]𝐷†[−𝜇 − ℏ]

The shifting operator can be used to construct new ladder operators

Λ(𝑖) =
𝑖−1

∏
𝑘=1−𝑗

𝐷 [− (𝑘 + 1
2) ℏ]

𝑗−1

∏
𝑘=𝑖

𝐷†
[(𝑘 − 1

2) ℏ] (6.6)

for 𝑖 = 1, 2, … , 𝑗 which act on the special Hamiltonian

𝐻 [ℏ (𝑗 − 1
2)] = 1

2𝑝2 + 1
2𝜔2𝑞2 + ℏ2

𝑞2 (
𝑗
2)

+ ℏ𝜔(𝑗 − 1
2 ).

We have

Λ(𝑖)𝐻 [(𝑗 − 1
2) ℏ] =

𝑖−1

∏
𝑘=1−𝑗

𝐷 [− (𝑘 + 1
2) ℏ] 𝐻 [(𝑖 − 1

2) ℏ]
𝑗−1

∏
𝑘=𝑖

𝐷†
[(𝑘 − 1

2) ℏ]

=
𝑖−1

∏
𝑘=1−𝑗

𝐷 [− (𝑘 + 1
2) ℏ] {𝐻 [− (𝑖 − 1

2) ℏ] + (2𝑖 − 1)ℏ𝜔}

×
𝑗−1

∏
𝑘=𝑖

𝐷†
[(𝑘 − 1

2) ℏ]

= {𝐻 [(𝑗 − 1
2) ℏ] + (2𝑖 − 1)ℏ𝜔} Λ(𝑖)

so Λ(𝑖) is of step-size (2𝑖 − 1)𝜔 but of order 2𝑗 − 1. In a similar way, we determine

Λ(𝑖1)Λ(𝑖2) = Δ𝑖1+𝑖2−1
𝑗−1

∏
𝑘=𝑖1

[𝐻 − ℏ𝜔(2𝑖2 + 2𝑘 − 1)]
𝑗−1

∏
𝑘=𝑖2

(𝐻 − 2𝑘ℏ𝜔)

For 𝑖1 > 𝑖2,

Λ(𝑖1) [Λ(𝑖2)]
† = Δ𝑖1−𝑖2

𝑗−1

∏
𝑘=1

[𝐻 − (2𝑘 − 2𝑖2)ℏ𝜔]
𝑗−1

∏
𝑘=𝑖1

[𝐻 − (2𝑘 − 2𝑖2 + 1)ℏ𝜔]

[Λ(𝑖2)]
† Λ(𝑖1) = Δ𝑖1−𝑖2

𝑗−1

∏
𝑘=𝑖1

(𝐻 − 2𝑘ℏ𝜔)
𝑖2+𝑗−1

∏
𝑘=1

[𝐻 − (2𝑘 + 2𝑖1 − 2𝑖2 − 1)ℏ𝜔]
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The characteristic polynomials are

[Λ(𝑖)]
† Λ(𝑖) =

𝑗−1

∏
𝑘=𝑖

(𝐻 − 2𝑘ℏ𝜔)
𝑖+𝑗−1

∏
𝑘=1

[𝐻 − (2𝑘 − 1)ℏ𝜔] (6.7)

For 𝑖 < 𝑗

Λ(𝑖)Δ = Λ(𝑖+1)(𝐻 − 2𝑗ℏ𝜔)
ΔΛ(𝑖) = Λ(𝑖+1)(𝐻 − 2𝑖ℏ𝜔)

and Λ(𝑗)Δ = ΔΛ(𝑗). Finally, we have

Λ(𝑖)Δ† =
⎧⎪
⎨
⎪⎩

[Λ(1)]†(𝐻 + ℏ𝜔), 𝑖 = 1;

Λ(𝑖−1)(𝐻 + ℏ𝜔), 𝑖 > 1

Δ†Λ(𝑖) =
⎧⎪
⎨
⎪⎩

[Λ(1)]†[𝐻 − ℏ𝜔(2𝑗 + 1)], 𝑖 = 1;

Λ(𝑖−1)[𝐻 − ℏ𝜔(2𝑗 + 2𝑖 − 1)], 𝑖 > 1

Let 𝜓𝑛,𝜇 denote the eigenfunction of 𝐻[𝜇] with 𝜇-dependence explicit. We calculate

𝐷[𝜇]𝜓𝑛,𝜇 =
⎧⎪
⎨
⎪⎩

i𝜔𝜓𝑛−1,𝜇+ℏ√2 , 𝑛 > 0;

0, 𝑛 = 0.

𝐷†[𝜇]𝜓𝑛,𝜇+ℏ = −iℏ(𝑛 + 1)𝜓𝑛+1,𝜇√2

𝐷[−𝜇]𝜓𝑛,𝜇 = −i(𝜇 + 𝑛ℏ)𝜓𝑛,𝜇−ℏ√2

𝐷†[−𝜇]𝜓𝑛,𝜇−ℏ = i𝜔𝜓𝑛,𝜇√2

So then for 𝜇 = (𝑗 − 1
2 )ℏ, there is an additional chain of eigenfunctions 𝜓𝑛,−𝜇 that are interlaced with

the usual states 𝜓𝑛,𝜇. The additional matrix elements are

𝐻𝜓𝑛,−𝜇 = ℏ𝜔(2𝑛 + 1)𝜓𝑛,−𝜇

Λ(𝑖)𝜓𝑛,𝜇 = (−iℏ√2 )
2𝑗−1

𝜓𝑛+𝑗−𝑖,−𝜇

𝑗−𝑖

∏
𝑘=1

(𝑛 + 𝑘)
𝑖+𝑗−1

∏
𝑘=1

(𝑛 + 𝑘 − 𝑖 + 1
2)

[Λ(𝑖)]
† 𝜓𝑛,𝜇 = (−iℏ√2 )

2𝑗−1
𝜓𝑛+𝑖+𝑗−1,−𝜇

𝑖+𝑗−1

∏
𝑘=1

(𝑛 + 𝑘)
𝑗−𝑖

∏
𝑘=1

(𝑛 + 𝑖 + 𝑘 − 1
2)

Λ(𝑖)𝜓𝑛,−𝜇 =
⎧⎪
⎨
⎪⎩

(i𝜔√2 )
2𝑗−1

𝜓𝑛−𝑖−𝑗+1,𝜇, 𝑛 ≥ 2𝑖 − 1;

0, otherwise

[Λ(𝑗)]†𝜓𝑛,−𝜇 =
⎧⎪
⎨
⎪⎩

(i𝜔√2 )
2𝑗−1

𝜓𝑛−𝑗+𝑖,𝜇, 𝑛 ≥ 𝑗 − 𝑖;

0, otherwise.
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For 𝑗 = 1, the Hamiltonian is just a translation of the simple harmonic oscillator. The interlacing here
simply corresponds to the quadratic relation that exists between Laguerre and Hermite polynomials

𝜓𝑛,−𝜇 = (−1)𝑛

4𝑛𝑛! H2𝑛 (𝑞√
𝜔
ℏ ) exp (−𝜔𝑞2

2ℏ )

𝜓𝑛,𝜇 = (−1)𝑛

22𝑛+1𝑛!
H2𝑛+1 (𝑞√

𝜔
ℏ ) exp (−𝜔𝑞2

2ℏ )

For 𝑗 > 1, the eigenfunctions 𝜓𝑛,−𝜇 are not square-integrable on account of the singularity at the
origin.

Definition 6.1. A ladder operator 𝐿 is reducible if there exists a polynomial Φ and another ladder
operator 𝐿′ such that 𝐿 = Φ[𝐻]𝐿′.

Theorem 6.1. If a ladder operator 𝐿 is reducible then its characteristic polynomial has repeated
factors.

Proof. Write 𝐿 = 𝐿′Φ[𝐻] for some 𝐿′, Φ. Then 𝐿†𝐿 = Φ[𝐻]2(𝐿′)†𝐿′. □

It follows from (6.7) that the new ladder operators are irreducible.

Definition 6.2. A family of ladder operators 𝐿, 𝐿′, 𝐿″, … are called generators if every ladder oper-
ator can be expressed as monomials in terms of them and the Hamiltonian.

We now show that there are no other values of 𝜇 where there are additional ladder operators, and
in particular that these ladder operators are of minimal order. Expressed in a different way, this sets a
lower bound on the order of such ladder operators.

Theorem 6.2. Let 𝐻 = 1
2𝑝2 + 4𝜇2−ℏ2

8𝑞2 +𝑐−1𝑞−1 +𝑐1𝑞 +𝑐2𝑞2 +𝑐3𝑞3 +⋯ be the Laurent series expansion
of a Hamiltonian about 𝑞 = 0. Suppose that 𝐻 admits ladder operators of odd order 2𝑗 − 1. Then
2𝜇/ℏ is an odd integer less than or equal to 2𝑗 − 1.

Proof. Let 𝐿 be such a ladder operator and assume it is monic. From (5.3), we again see that the
lowest-order term of 𝐿𝑖 is 𝑎𝑖(ℏ/𝑞)𝑖 where

𝑖𝑎𝑖 + 𝑎𝑖−1 (
𝑖
2)

+ 4𝜇2 − ℏ2

8ℏ2

𝑖−1

∑
𝑘=1

(𝑘 + 1)!
(

2𝑗 − 𝑖 + 𝑘
𝑘 )

𝑎𝑖−𝑘−1 = 0, 𝑎0 = 1, 𝑎1 = 0.

For 𝑖 > 1, 𝑎𝑖 is of degree 2𝑖 in 𝜇. The roots of 𝑎2𝑗 are the admissible values of 𝜇. We already know
that 𝜇 = ±(2𝑖 − 1)ℏ/2, 𝑖 = 1, 2, … , 𝑗 are solutions and it follows there can be no others. □

Corollary 6.1. If 2𝜇/ℏ = 2𝑗 − 1 is an odd integer greater than unity, the ladder operators of 𝐻
are generated by Δ, Λ(1), Λ(2), … , Λ(𝑗) and their conjugates. If 𝜇 = 1

2ℏ, then the only generators are
Λ(1), [Λ(1)]†. Otherwise, the generators are Δ, Δ†.

Proof. Every ladder operator of even step-size is either reducible to Δ𝑖 or (Δ†)𝑖 whereas every ladder
operator of odd step-size is reducible to Λ(𝑖), [Λ(𝑖)]†, 𝑖 ≤ 𝑗 or Λ(𝑗)Δ𝑖, [Λ(𝑗)Δ𝑖]†. □
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6.4 Two-Dimensional Singular Oscillator
As is clear from the considerations outlined in section 5.3, the integrals of minimal-order of

𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2(𝑞2
1 + 𝑘2𝑞2

2) +
4𝜇2

1 − ℏ2

2𝑞2
1

+
4𝜇2

2 − ℏ2

2𝑞2
2

, 𝑘 ∈ ℚ (6.8)

must be constructed by a superposition of ladder operator products.

Example 6.1. Let us now consider the Hamiltonian

𝐾 = 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2(𝑞2
1 + 𝑞2

2) + ℏ2

𝑞2
1

+ ℏ2

𝑞2
2

.

This is a special case of a Smorodinsky-Winternitz system. As such, it has the three first integrals
generated from the even step ladder operators

𝐴 = 𝐻1 − 𝐻2 (second-order)

𝐵 = 2Δ1Δ†
2 + 2Δ†

1Δ2 − 4(𝐻1 − 3
2ℏ𝜔)(𝐻2 − 3

2ℏ𝜔) (second-order)

𝐶 = 8i𝜔(Δ1Δ†
2 − Δ†

1Δ2) (third-order)

where 𝐻1, 𝐻2 are one-dimensional singular oscillators with 𝜇 = 3
2ℏ for both. Gravel observed that

this special case admits an additional third-order integral. This can be realised in terms of odd step
ladder operators

𝐷 = i(3Λ(1)
1 [Λ(1)

2 ]† − 3[Λ(1)
1 ]†Λ(1)

2 − Λ(2)
1 [Λ(2)

2 ]† + [Λ(2)
1 ]†Λ(2)

2 ) (third-order)

To complete the symmetry algebra, we need three more generators

𝐸 = −6𝜔(Λ(1)
1 [Λ(1)

2 ]† + [Λ(1)
1 ]†Λ(1)

2 − Λ(2)
1 [Λ(2)

2 ]† − [Λ(2)
1 ]†Λ(2)

2 ) (fourth-order)

𝐹 = −12𝜔2i(Λ(1)
1 [Λ(1)

2 ]† − [Λ(1)
1 ]†Λ(1)

2 − 3Λ(2)
1 [Λ(2)

2 ]† + 3[Λ(2)
1 ]†Λ(2)

2 ) (fifth-order)

𝐺 = 24𝜔3(Λ(1)
1 [Λ(1)

2 ]† + [Λ(1)
1 ]†Λ(1)

2 − 9Λ(2)
1 [Λ(2)

2 ]† − 9[Λ(2)
1 ]†Λ(2)

2 ) (sixth-order)

We find the following commutation relations. Even times even

[𝐴, 𝐵] = iℏ𝐶, [𝐴, 𝐶] = −16𝜔2iℏ(𝐵 − 𝐾2 + 𝐴2), [𝐵, 𝐶] = 32𝜔2iℏ({𝐴, 𝐵} + 5ℏ2𝜔2𝐴).

Even times odd

[𝐴, 𝐷] = iℏ𝐸, [𝐴, 𝐸] = iℏ𝐹 ,
[𝐴, 𝐹 ] = iℏ𝐺, [𝐴, 𝐺] = −18𝜔2iℏ(8𝜔2𝐷 + 5𝐹 ),
[𝐵, 𝐷] = 0, [𝐵, 𝐸] = −48𝜔2iℏ{𝐴, 𝐷},
[𝐵, 𝐹 ] = −64𝜔2iℏ{𝐴, 𝐸}, [𝐵, 𝐺] = 48𝜔2iℏ{𝐴, 16𝜔2𝐷 − 𝐹 },
[𝐶, 𝐷] = 48𝜔2iℏ{𝐴, 𝐷}, [𝐶, 𝐸] = 16𝜔2iℏ{𝐴, 𝐸},
[𝐶, 𝐹 ] = −16𝜔2iℏ{𝐴, 48𝜔2𝐷 + 𝐹 }, [𝐶, 𝐺] = −16𝜔2iℏ{𝐴, 112𝜔2𝐸 + 3𝐺}
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Odd times odd

[𝐷, 𝐸] = 9𝜔2iℏ{𝐴, 𝐵2 + 2ℏ2𝜔2𝐵 − 31ℏ4𝜔4}
[𝐷, 𝐹 ] = 18𝜔2iℏ{{𝐴, 𝐵} − 7ℏ2𝜔2𝐴, 𝐶}
[𝐷, 𝐺] = −36𝜔4iℏ[12{𝐴𝐾2 − 𝐴3, 𝐵} + 13{𝐴, 𝐵2}

− 92ℏ2𝜔2𝐴3 + 156ℏ2𝜔2𝐾2𝐴 + 110ℏ2𝜔2{𝐴, 𝐵} − 335ℏ4𝜔4𝐴]
[𝐸, 𝐹 ] = −108𝜔4iℏ[4{𝐴𝐾2 − 𝐴3, 𝐵} + {𝐴, 𝐵2} − 52ℏ2𝜔2𝐴3

+ 84ℏ2𝜔2𝐴𝐾2 + 30ℏ2𝜔2{𝐴, 𝐵} + 45ℏ4𝜔4𝐴]
[𝐸, 𝐺] = 216𝜔4iℏ{2𝐴3 − 2𝐾2𝐴 − {𝐴, 𝐵} − 7ℏ2𝜔2𝐴, 𝐶}
[𝐹 , 𝐺] = 432𝜔6iℏ{𝐴, 16𝐴4 − 32𝐴2𝐾2 + 16𝐾4 + 160ℏ2𝜔2𝐴2

− 320ℏ2𝜔2𝐾2 + 3𝐵2 + 6ℏ2𝜔2𝐵 − 557ℏ4𝜔4}

There are three closure relations

0 = 𝐶2 + 𝜔2(16𝐵2 + 32{𝐾2 − 𝐴2, 𝐵} + 416ℏ2𝜔2𝐾2 − 96ℏ2𝜔2𝐴2 − 400ℏ4𝜔4)
0 = 𝐺2 + 40𝜔2𝐹 2 + 48𝜔4𝐸2 − 3456𝜔6𝐷2 − 20736ℏ2𝜔8{𝐵, 𝐾2 − 2𝐴2}

− 2304𝜔6(𝐾2 − 𝐴2)3 + 11520ℏ2𝜔8(13𝐾4 − 36𝐾2𝐴2 + 23𝐴4)
− 2304ℏ4𝜔10(712𝐾2 + 269𝐴2) − 145152ℏ4𝜔10𝐵 + 1327104ℏ6𝜔12

0 = {𝐺, 𝐸} + 66𝜔2{𝐹 , 𝐷} + 1080𝜔4𝐷2 + {𝐵, 144𝜔4(𝐾2 − 𝐴2)2

+ 1008ℏ2𝜔6(3𝐾2 − 8𝐴2) + 27936ℏ4𝜔8} − 33696ℏ6𝜔10

+ 144ℏ2𝜔6(5𝐾4 − 14𝐾2𝐴2 + 9𝐴4) + 144ℏ4𝜔8(445𝐾2 − 76𝐴2)

□

In the isotropic case, we may obtain the lowest-order integrals systematically by using radial sym-
metry.

Theorem 6.3. Let 𝐻𝑖,𝑗 = 1
2 (𝑝2

1 + 𝑝2
2) + 1

2𝜔2 (𝑞2
1 + 𝑞2

2) + ℏ2

𝑞2
1 (

𝑖
2)

+ ℏ2

𝑞2
2 (

𝑗
2)

for positive integers

𝑗 ≥ 𝑖. In addition to the second- and third-order integrals from being a special case of a Smorodinsky-
Winternitz system, the Hamiltonian 𝐻𝑖,𝑗 possesses 𝑗 −𝑖+1 independent integrals of order 2𝑗 −1 when
𝑗 > 1.

Proof. We start from the fact the simple harmonic oscillator 𝐻1,1 has a first-order integral 𝑋1,1,1 ≔
𝑚12. The Smorodinsky-Winternitz system is separable in polar coordinates so it admits the additional
Darboux transformation

𝐷̃𝑖,𝑗 ≔ 𝑚12 − iℏ𝑖𝑞2𝑞−1
1 + iℏ𝑗𝑞1𝑞−1

2

This has the intertwining relations

𝐷̃𝑘,𝑗𝐻𝑖,𝑗 =
⎧⎪
⎨
⎪⎩

𝐻𝑖−1,𝑗+1𝐷̃𝑘,𝑗 , 𝑘 = 1 − 𝑖;

𝐻𝑖+1,𝑗+1𝐷̃𝑘,𝑗 , 𝑘 = 𝑖.
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Recall, we have 𝐷2𝐻𝑖,𝑗 = 𝐻𝑖,𝑗+1𝐷2 (suppressing the arguments for brevity). We define

𝑋1,𝑗+1,1 ≔ 𝐷̃0,𝑗𝑋1,𝑗,1𝐷̃†
0,𝑗

𝑋𝑖+1,𝑗+1,𝑘 ≔ 𝐷̃𝑖,𝑗𝑋𝑖,𝑗,𝑘𝐷̃†
𝑖,𝑗

𝑋𝑖,𝑗+1,𝑘+1 ≔ 𝐷2𝑋𝑖,𝑗,𝑘𝐷†
2

At the leading order, we have 𝑋𝑖,𝑗,𝑘 = {𝑚2𝑗+1−2𝑘
12 , 𝑝2𝑘−2

2 } + ⋯ for 𝑘 = 1, 2, … , 𝑗 − 𝑖 + 1 so they are
all independent. □

6.5 Conclusion
In this chapter, we have for the first time stated a symmetry algebra of a two-dimensional superinte-
grable system which requires not three but seven generators for closure. This suggests that quantum
superintegrability is very poorly understood compared with classical superintegrability [68]. Further-
more, the notion of a polynomial Heisenberg algebra needs to be expanded in order to account for
additional ladder operators.

We may generalise this to angular models. In Theorem 3.2, we noted that there were cases in the
coefficients of the TTW model where the independence of the ladder operators breaks down, and we
can find operators of lesser order or more varied step-sizes.



Chapter 7

Polynomial Algebras and Superintegrable
Extensions

7.1 Introduction
In the previous chapters it was established that the approach of considering the one-dimensional com-
ponents of a superintegrable system in isolation is far more effective in deriving and describing the
model. The various approaches offered for classical systems, in general though not necessarily, involve
canonical transformations which lead to non-polynomial integrals [40]. Adapting it to quantum mod-
els is therefore not at all straightforward [141]. The recurrence relation approach of Kalnins, Kress and
Miller Jr [47], which we improved upon and developed systematically in Chapter 3, is not sufficiently
comprehensive to deliver for us a unified treatment of superintegrability. The extension method of
Chanu, Degiovanni and Rastelli [142, 143] was promising, however the range of applicability of the
original implementation was limited and modifications were required in order to address many of the
well-known superintegrable systems [90].

The remarkable effectiveness and generality of action-angle variables has suggested to us that the
quantum analogue must itself be very simple. We here shall recommend the method of constructing
superintegrable models by polynomial deformations of the Racah-Wilson algebra

[𝐴, 𝐵] = iℏ𝐶
[𝐴, 𝐶] = iℏ [𝑃 (𝐴) + 𝛼𝐵 + 2𝛽{𝐴, 𝐵}]
[𝐵, 𝐶] = iℏ [𝑄(𝐴) − {𝑅(𝐴), 𝐵} − 𝛽𝐵2]

(7.1)

where 𝑃 , 𝑄, 𝑅 are polynomial functions and 𝐴, 𝐵, 𝐶 are all self-adjoint. If 𝐴 is a Hamiltonian and
belongs to an algebra of this form then for select 𝜒, 𝑈 the extended Hamiltonian

𝐻 =
{(

d𝜒
d𝑥 )

2
, 1

2𝑝2
𝑥 + 𝐴 + 𝑈(𝑥)

}
(7.2)

will admit an integral independent of 𝐻, 𝐴. In particular, when 𝐴 is integrable, 𝐻 is superintegrable.
The polynomial algebra (7.1) is well understood to be the crux which unites superintegrability with

85



86 CHAPTER 7. POLYNOMIAL ALGEBRAS AND SUPERINTEGRABLE EXTENSIONS

exact solvability [144, 145], as the representations of (7.1) correspond to the recurrence relations of
orthogonal polynomials in the Askey-Wilson scheme. The quadratic form of (7.1) was discussed by
Granovskii, Lutzenko and Zhedanov [146] in order to understand an observation by Manning [147]
regarding the connection between quantum exact solvability and the classical correspondence where
the trajectories can be described in terms of elementary functions. This can be seen as follows. If we
take the classical analogue of (7.1), namely

J𝐴, 𝐵K = 𝐶J𝐴, 𝐶K = 𝑃 (𝐴) + 𝛼𝐵 + 2𝛽𝐴𝐵J𝐵, 𝐶K = 𝑄(𝐴) − 𝑅(𝐴)𝐵 − 𝛽𝐵2

(7.3)

then
d2𝐵
d𝑡2 = 𝑃 (𝐴) + (𝛼 + 2𝛽𝐴)𝐵

which is a linear equation since 𝐴 is a constant of the motion. If 𝛼 = 𝛽 = 0, then 𝐵 is a linear
function of 𝑡 whereas if 𝛼 ≠ 0 or 𝛽 ≠ 0 then 𝐵 is exponential or trigonometric. Conversely, only when
𝛼 < 0, 𝛽 = 0 or 𝛽 ≠ 0 do we have a discrete spectrum for 𝐴 upon computing the representations of
(7.1).

Not all of the coefficients of (7.1) are independent. In section 7.2, we shall derive the dependency
relations in terms of sequences defined by recurrence relations. This is to improve upon the calcu-
lations of Isaac and Marquette [84] who gave only indirect formulas for these sequences. In section
7.3 we shall derive the irreducible 𝐴-diagonal representations of (7.1) explicitly. In section 7.4 we
derive one-dimensional realisations of (7.1) and show how they lead to the known exactly solvable
models as well as some new ones. That is, we show that they all lead to the Painlevé potentials which
have been derived in the course of classifying third- and fourth-order superintegrable systems. This
extends the work of Marquette, Sajedi and Winternitz [126] where they derived all of the Cartesian
separable exotic potentials except for the Painlevé III potential [37]. Our formulaiton includes in ad-
dition the Painlevé VI potential derived by Escobar-Ruiz et al. [35] and a new Morse-like potential
which is reducible to either Painlevé III or Painlevé V. In section 7.5, we show how to apply this to
superintegrable extensions.

7.2 Determination of Relations
The Jacobi identity

[𝐴, [𝐵, 𝐶]] + [𝐵, [𝐴, 𝐶]] + [𝐶, [𝐴, 𝐵]] = 0 (7.4)

implies the relation:
[𝑃 (𝐴), 𝐵] = iℏ{𝑅(𝐴), 𝐶} (7.5)

We will show how we may determine 𝑅 from this equation given 𝑃 . We proceed inductively. Using
the derivation property, we may write [𝐴𝑖+1, 𝐵] in two different ways

[𝐴𝑖+1, 𝐵] = 𝐴[𝐴𝑖, 𝐵] + [𝐴, 𝐵]𝐴𝑖 = [𝐴𝑖, 𝐵]𝐴 + 𝐴𝑖[𝐴, 𝐵].
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So

[𝐴𝑖+1, 𝐵] = iℏ{𝐴𝑖, 𝐶} + {𝐴, [𝐴𝑖, 𝐵]}. (7.6)

We note that

{𝐴, {𝐴𝑗 , 𝐶}} = 1
4 (𝐴𝑗+1𝐶 + 𝐴𝐶𝐴𝑗 + 𝐴𝑗𝐶𝐴 + 𝐶𝐴𝑗+1)

= 1
2{𝐴𝑗+1, 𝐶} + 1

4 (𝐴𝐶𝐴𝑗 + 𝐴𝑗𝐶𝐴)

= {𝐴𝑗+1, 𝐶} + 1
4 [[𝐴, 𝐶], 𝐴𝑗]

= {𝐴𝑗+1, 𝐶} + 1
4 iℏ[𝑃 (𝐴) + 𝛼𝐵 + 2𝛽{𝐴, 𝐵}, 𝐴𝑗]

= {𝐴𝑗+1, 𝐶} − 1
4 iℏ𝛼[𝐴𝑗 , 𝐵] − 1

2 iℏ𝛽{𝐴, [𝐴𝑗 , 𝐵]}

= {𝐴𝑗+1, 𝐶} − 1
2ℏ2𝛽{𝐴𝑗 , 𝐶} − 1

4 iℏ𝛼[𝐴𝑗 , 𝐵] − 1
2 iℏ𝛽[𝐴𝑗+1, 𝐵]

(7.7)

where in the last line we used (7.6). Now, we set

[𝐴𝑖, 𝐵] = iℏ
𝑖−1

∑
𝑗=0

𝑎𝑖,𝑗{𝐴𝑗 , 𝐶}

Combining (7.6) and (7.7), we obtain the recurrence relation

𝑎𝑖+1,𝑗 = 𝛿𝑖,𝑗 + 𝑎𝑖,𝑗−1 − 1
2ℏ2𝛽𝑎𝑖,𝑗 + 1

4ℏ2𝛼
𝑖−1

∑
𝑘=𝑗+1

𝑎𝑖,𝑘𝑎𝑘,𝑗 + 1
2ℏ2𝛽

𝑖−1

∑
𝑘=𝑗

𝑎𝑖,𝑘𝑎𝑘+1,𝑗 (7.8)

In particular 𝑎𝑖+1,𝑖 = 1 + 𝑎𝑖,𝑖−1 and using 𝑎1,0 = 1, we get 𝑎𝑖,𝑖−1 = 𝑖. Continuing, we have

𝑎𝑖+1,𝑖−1 = 𝑎𝑖,𝑖−2 − 1
2ℏ2𝛽𝑎𝑖,𝑖−1 + 1

2ℏ2𝛽𝑎2
𝑖,𝑖−1

= 𝑎𝑖,𝑖−2 + ℏ2𝛽
(

𝑖
2)

Thus,

𝑎𝑖,𝑖−2 = ℏ2𝛽
(

𝑖
3)

Similarly,

𝑎𝑖,𝑖−3 = 1
2ℏ2𝛼

(
𝑖
3)

+ 2ℏ4𝛽2
[(

𝑖
4)

+ 2
(

𝑖
5)]

𝑎𝑖,𝑖−4 = ℏ4𝛼𝛽
[(

𝑖
4)

+ 4
(

𝑖
5)]

+ ℏ6𝛽3
[

7
(

𝑖
5)

+ 34
(

𝑖
6)

+ 34
(

𝑖
7)]

𝑎𝑖,𝑖−5 = ℏ4𝛼2
(

𝑖
5)

+ 1
2ℏ6𝛼𝛽2

[
7

(
𝑖
5)

+ 68
(

𝑖
6)

+ 102
(

𝑖
7)]

+ ℏ8𝛽4
[

38
(

𝑖
6)

+ 324
(

𝑖
7)

+ 744
(

𝑖
8)

+ 496
(

𝑖
9)]
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and so on to as many terms as necessary. This allows us to compute 𝑅 in terms of the coefficients of
𝑃 . For 𝛽 = 0, we can determine this sequence directly. We take as our Ansatz

𝑎𝑖,𝑗 = 𝑔𝑖−𝑗𝛼(𝑖−𝑗−1)/2ℏ𝑖−𝑗−1
(

𝑖
𝑖 − 𝑗)

Then

𝑎𝑖+ℓ+2,𝑖+1 − 𝑎𝑖+ℓ+1,𝑖 = 1
4ℏ2𝛼

ℓ−1

∑
𝑘=1

𝑎𝑖+ℓ+1,𝑖+𝑘+1𝑎𝑖+𝑘+1,𝑖+1

= 1
4ℏℓ+1𝛼(ℓ+1)/2

ℓ

∑
𝑘=1

𝑔ℓ−𝑘𝑔𝑘 (
𝑖 + ℓ + 1

ℓ − 𝑘 ) (
𝑖 + 𝑘 + 1

𝑘 )

= 1
4ℏℓ+1𝛼(ℓ+1)/2

ℓ

∑
𝑘=1

𝑔ℓ−𝑘𝑔𝑘 (
𝑖 + ℓ + 1

ℓ ) (
ℓ
𝑘)

So we have the convolution identity

𝑔ℓ+1 = 1
4

ℓ

∑
𝑘=1

𝑔ℓ−𝑘𝑔𝑘 (
ℓ
𝑘)

where 𝑔0 = 0. Defining the generating function

𝐺 =
∞

∑
ℓ=0

𝑔ℓ
ℓ! 𝑠ℓ

and using 𝑔1 = 1, we obtain the differential equation

d𝐺
d𝑠 = 1

4𝐺2 + 1, 𝐺(0) = 0

That is,

𝐺 = 2 tan (
𝑠
2) =

∞

∑
ℓ=1

(−1)ℓ−14(4ℓ − 1)B2ℓ
(2ℓ)! 𝑠2ℓ−1

where B𝑖 are Bernoulli numbers. Thus,

𝑔ℓ =
(−1)

ℓ+1
2 4(2ℓ+1 − 1)Bℓ+1

ℓ + 1 .

For the inverse problem, we write

iℏ{𝐴𝑖, 𝐶} =
𝑖+1

∑
𝑗=1

𝑏𝑖,𝑗[𝐴𝑗 , 𝐵].

The coefficients are determined via
𝑖+1

∑
𝑘=𝑗+1

𝑏𝑖,𝑘𝑎𝑘,𝑗 = 𝛿𝑖,𝑗 .

We calculate
𝑏𝑖,𝑖+1 = 1

𝑖 + 1
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𝑏𝑖,𝑖 = −1
6ℏ2𝛽(𝑖 − 1)

𝑏𝑖,𝑖−1 = −1
6ℏ2𝛼𝑖 − 1

180ℏ4𝛽2𝑖(𝑖2 − 4)

and so on. We can also find a recurrence relation directly. Consider

{𝐴, [𝐴𝑗 , 𝐵]} = 1
2 (𝐴𝑗+1𝐵 − 𝐴𝐵𝐴𝑗 + 𝐴𝑗𝐵𝐴 − 𝐵𝐴𝑗+1)

= 1
2 [𝐴𝑗+1, 𝐵] + 1

2 (𝐴𝑗𝐵𝐴 − 𝐴𝐵𝐴𝑗)

= [𝐴𝑗+1, 𝐵] + 1
2 (𝐴𝑗[𝐵, 𝐴] − [𝐴, 𝐵]𝐴𝑗)

= [𝐴𝑗+1, 𝐵] − iℏ{𝐴𝑗 , 𝐶}

(7.9)

Rearranging (7.7) for {𝐴𝑗+1, 𝐶} and using (7.9), we obtain

𝑏𝑖+1,𝑗 = 𝑏𝑖,𝑗−1 −
𝑖+1

∑
𝑘=𝑗−1

𝑏𝑖,𝑘𝑏𝑘,𝑗 + 1
2ℏ2𝛽𝑏𝑖,𝑗 − 1

2ℏ2𝛼𝛿𝑖,𝑗 − 1
2ℏ2𝛽𝛿𝑖+1,𝑗 (7.10)

The presentation of (7.1) can be simplified if we know 𝛼 or 𝛽 is non-zero. If 𝛽 ≠ 0, then we may
assume 𝑃 is a constant, otherwise we make the substitutionn

𝐴 ≔ 𝐴, 𝐵 ≔ 𝐵 +
𝑃 (𝐴) − 𝑃 (− 𝛼

2𝛽 )
2𝛽𝐴 + 𝛼 , 𝐶 ≔ 𝐶.

Similarly, if 𝛽 = 0, 𝛼 ≠ 0, we can assume 𝑃 = 0 or else take

𝐴 ≔ 𝐴, 𝐵 ≔ 𝐵 + 𝛼−1𝑃 (𝐴), 𝐶 ≔ 𝐶.

If the algebra is realised by dynamical quantities or quantum observables, then this transformation
does not in general preserve the order of the objects of consideration. To show that [𝐵, 𝐶] maintains
the same general form, we need to, for a given polynomial 𝑋, find 𝑌 , 𝑍 such that

[𝑋(𝐴), 𝐶] = iℏ[𝑌 (𝐴) + {𝑍(𝐴), 𝐵}]. (7.11)

Given such a relationship, we will be able to determine 𝑄̃ such that

[𝐴, 𝐵] = iℏ𝐶

[𝐴, 𝐶] = iℏ [𝛼𝐵 + 2𝛽 {𝐴, 𝐵} + 𝛾]

[𝐵, 𝐶] = iℏ [𝑄̃ (𝐴) − 𝛽𝐵2
]

It is clear that 𝑅 must be zero by the Jacobi identity. Component-wise, we wish to find 𝑐𝑖,𝑗 , 𝑑𝑖,𝑗 such
that

[𝐴𝑖, 𝐶] = iℏ
⎡⎢⎢⎣
𝑃 (𝐴)

𝑖−1

∑
𝑗=0

𝑐𝑖,𝑗𝐴𝑗 +
𝑖

∑
𝑗=0

𝑑𝑖,𝑗{𝐴𝑗 , 𝐵}
⎤⎥⎥⎦
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We have

[𝐴𝑖+1, 𝐶] = {𝐴, [𝐴𝑖, 𝐶]} + {𝐴𝑖, [𝐴, 𝐶]}

= iℏ
⎧⎪
⎨
⎪⎩

𝐴, 𝑃 (𝐴)
𝑖−1

∑
𝑗=0

𝑐𝑖,𝑗𝐴𝑗 +
𝑖

∑
𝑗=0

𝑑𝑖,𝑗{𝐴𝑗 , 𝐵}
⎫⎪
⎬
⎪⎭

+ iℏ{𝐴𝑖, 𝑃 (𝐴) + 𝛼𝐵 + 2𝛽{𝐴, 𝐵}}

= iℏ
⎡⎢⎢⎣
𝐴𝑖𝑃 (𝐴) + 𝑃 (𝐴)

𝑖−1

∑
𝑗=0

𝑐𝑖,𝑗𝐴𝑗+1 +
𝑖

∑
𝑗=0

𝑑𝑖,𝑗{𝐴, {𝐴𝑗 , 𝐵}}

+𝛼{𝐴𝑖, 𝐵} + 2𝛽{𝐴, {𝐴𝑖, 𝐵}}] .

Now,

{𝐴, {𝐴𝑗 , 𝐵}} = 1
2{𝐴𝑗+1, 𝐵} + 1

4𝐴𝐵𝐴𝑗 + 1
4𝐴𝑗𝐵𝐴

= {𝐴𝑗+1, 𝐵} − [𝐴𝑗 , [𝐴, 𝐵]]
= {𝐴𝑗+1, 𝐵} − iℏ[𝐴𝑗 , 𝐶]

which gives us the recurrence relations

𝑐𝑖+1,𝑗 = 𝑐𝑖,𝑗−1 + 𝛿𝑖,𝑗 + 2ℏ2𝛽𝑐𝑖,𝑗 + ℏ2
𝑖

∑
𝑘=𝑗+1

𝑑𝑖,𝑘𝑐𝑘,𝑗 (7.12)

𝑑𝑖+1,𝑗 = 𝑑𝑖,𝑗−1 + 𝛼𝛿𝑖,𝑗 + 2𝛽𝛿𝑖+1,𝑗 + 2ℏ2𝛽𝑑𝑖,𝑗 + ℏ2
𝑖

∑
𝑘=𝑗

𝑑𝑖,𝑘𝑐𝑘,𝑗 (7.13)

We may then calculate the solution to (7.11) for any given order of 𝑋.

7.3 Representations
In this section, we consider representations as quantum observables, finite- or infinite-dimensional,
induced from the eigenstates of 𝐴. The method of calculating the representations is that of Granovskii
et al. [146]. Let |𝜙⟩ be an eigenstate of𝐴 with eigenvalue 𝜇. The triple (|𝜙⟩, 𝐵|𝜙⟩, 𝐶|𝜙⟩) is 𝐴-invariant,
with matrix representation (taking the elements to be formally independent)

𝐴 ↦
⎡
⎢
⎢
⎢
⎣

𝜇 0 iℏ𝑃 (𝜇)
0 𝜇 iℏ(𝛼 + 2𝛽𝜇)
0 iℏ 𝜇 − ℏ2𝛽

⎤
⎥
⎥
⎥
⎦

The characteristic equation reads

0 = (𝜌 − 𝜇)[𝜌2 − (2𝜇 − ℏ2𝛽)𝜌 + 𝜇(𝜇 − ℏ2𝛽) + ℏ2(𝛼 + 2𝛽𝜇)]

If 𝛽 ≠ 0, then the three solutions can be written as

𝜌𝑛 = −1
2ℏ2𝛽

⎡
⎢
⎢
⎣(

𝑛 + 𝛿 − (−𝛼)
1
2

ℏ𝛽 )

2

− 1
4

⎤
⎥
⎥
⎦

− 𝛼
2𝛽 ,

𝜌𝑛±1 = −1
2ℏ2𝛽

⎡
⎢
⎢
⎣(

𝑛 + 𝛿 ± 1 − (−𝛼)
1
2

ℏ𝛽 )

2

− 1
4

⎤
⎥
⎥
⎦

− 𝛼
2𝛽

(7.14)
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where 𝜌𝑛 = 𝜇, and 𝑛, 𝛿 are auxiliary parameters. Similarly, if 𝛽 = 0 and 𝛼 ≠ 0, we have

𝜌𝑛 = ℏ(𝑛 + 𝛿)(−𝛼)
1
2 , 𝜌𝑛±1 = ℏ(𝑛 + 𝛿 ± 1)(−𝛼)

1
2

which corresponds to the limiting case in (7.14). In this way, we generate a chain of eigenstates with
𝑛 serving as the quantum number up to translation. Indeed, we can label the eigenstates just generated
as |𝑛 − 1⟩, |𝑛⟩ ≔ |𝜙⟩, |𝑛 + 1⟩. For 𝛼 = 𝛽 = 0, we do not obtain new eigenstates. There is no discrete
parametrisation in this case and the spectrum of 𝐴 will be continuous. Otherwise, we have that 𝐴 is
diagonal with 𝐵, 𝐶 tridiagonal

𝐴|𝑛⟩ = 𝜌𝑛|𝑛⟩

𝐵|𝑛⟩ = ±𝜎∗
𝑛+1|𝑛 + 1⟩ + 𝜏𝑛|𝑛⟩ + 𝜎𝑛|𝑛 − 1⟩

𝐶|𝑛⟩ = ±i [ℏ𝛽 (𝑛 + 𝛿 + 1
2) − (−𝛼)

1
2 ] 𝜎∗

𝑛+1|𝑛 + 1⟩ − i [ℏ𝛽 (𝑛 + 𝛿 − 1
2) − (−𝛼)

1
2 ] 𝜎𝑛|𝑛 − 1⟩

where we assume, without loss of generality, 𝛼 < 0. From [𝐴, 𝐶], we determine

𝜏𝑛 = −𝑃 (𝜌𝑛)(𝛼 + 2𝛽𝜌𝑛)−1.

From [𝐵, 𝐶], we find

± 2
[

𝛽 (𝑛 + 𝛿 + 1
2) − (−𝛼)

1
2

ℏ ]
|𝜎𝑛+1|2 ∓ 2

[
𝛽 (𝑛 + 𝛿 − 1

2) − (−𝛼)
1
2

ℏ ]
|𝜎𝑛|2

= 𝑄(𝜌𝑛) − 𝑅(𝜌𝑛)𝜏𝑛 − 𝛽𝜏2
𝑛 .

To determine 𝜎𝑛 up to a phase we need an extra condition. Here, we make use of a well-known fact.

Theorem 7.1. The Racah-Wilson algebra has a central element

Ω = 𝐶2 − {2𝑃 (𝐴) + ℏ2𝛽𝑅(𝐴), 𝐵} − (𝛼 + ℏ2𝛽2)𝐵2 − 2𝛽{𝐴, 𝐵2} − 1
4ℏ2𝑅(𝐴)2 + 2𝑆(𝐴) (7.15)

where 𝑆(𝐴) is a polynomial which satisfies

[𝑆(𝐴), 𝐵] = iℏ{𝑄(𝐴), 𝐶}. (7.16)

Proof. Since 𝐶 = −i[𝐴, 𝐵]/ℏ, we only need to check that 𝐾 commutes with 𝐴, 𝐵. First, we note that

4{{𝐴, 𝐵}, 𝐶} − 4{𝐴, {𝐵, 𝐶}} = [𝐵, [𝐴, 𝐶]]
= iℏ[𝐵, 𝑃 (𝐴) + 𝛼𝐵 + 2𝛽{𝐴, 𝐵}]
= ℏ2{𝑅(𝐴), 𝐶} + 2ℏ2𝛽{𝐵, 𝐶}

Then it follows

[𝐴, 𝑀] = 2iℏ{𝑃 (𝐴) + 𝛼𝐵 + 2𝛽{𝐴, 𝐵}, 𝐶} − iℏ{2𝑃 (𝐴) + 𝛽ℏ2𝑅(𝐴), 𝐶}
− 2iℏ(𝛼 + ℏ2𝛽2){𝐵, 𝐶} − 4iℏ𝛽{𝐴, {𝐵, 𝐶}}

= 4iℏ({{𝐴, 𝐵}, 𝐶} − {𝐴, {𝐵, 𝐶}}) − iℏ3({𝑅(𝐴), 𝐶} + 2𝛽2{𝐵, 𝐶}) = 0.
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Similarly, we calculate

[𝐵, 𝑀] = 2iℏ{𝑄(𝐴) − {𝑅(𝐴), 𝐵} − 𝛽𝐵2, 𝐶} + 2iℏ{{𝑅(𝐴), 𝐶}, 𝐵} + 1
2ℏ2𝛽[𝑅(𝐴), 𝐵2]

+ 2𝛽iℏ{𝐵2, 𝐶} + 1
4ℏ2[𝑅(𝐴)2, 𝐵] − 2iℏ{𝑄(𝐴), 𝐶}

= 2iℏ({{𝑅(𝐴), 𝐶}, 𝐵} − {{𝑅(𝐴), 𝐵}, 𝐶}) + 1
2ℏ2𝛽[𝑅(𝐴), 𝐵2] + 1

4ℏ2[𝑅(𝐴)2, 𝐵]

= 1
2 iℏ[𝑅(𝐴), [𝐶, 𝐵]] + 1

2ℏ2𝛽[𝑅(𝐴), 𝐵2] + 1
4ℏ2[𝑅(𝐴)2, 𝐵]

= 1
2ℏ2[𝑅(𝐴), 𝑄(𝐴) − {𝑅(𝐴), 𝐵} − 𝛽𝐵2] + 1

2ℏ2𝛽[𝑅(𝐴), 𝐵2] + 1
4ℏ2[𝑅(𝐴)2, 𝐵] = 0.

□

In an irreducible representation, the central element Ω will take a specific value, typically zero for
convenience, and is identical to the closure relation of the algebra. We obtain

0 = ±2 [ℏ𝛽 (𝑛 + 𝛿 + 1
4) − (−𝛼)

1
2 ]

2
|𝜎𝑛+1|2 ± 2 [ℏ𝛽 (𝑛 + 𝛿 − 1

4) − (−𝛼)
1
2 ]

2
|𝜎𝑛|2

− [2𝑃 (𝜌𝑛) + ℏ2𝛽𝑅(𝜌𝑛)]𝜏𝑛 − (𝛼 + ℏ2𝛽2 + 2𝛽𝜌𝑛)𝜏2
𝑛 − 1

4ℏ2𝑅(𝜌𝑛)2 + 2𝑆(𝜌𝑛).

So |𝜎𝑛|2 is rational in 𝑛 with denominator

[ℏ𝛽(𝑛 + 𝛿) − (−𝛼)
1
2 ] [ℏ𝛽 (𝑛 + 𝛿 − 1

2) − (−𝛼)
1
2 ]

2
[ℏ𝛽(𝑛 + 𝛿 − 1) − (−𝛼)

1
2 ] .

A more convenient notation to express this representation is via a deformed oscillator algebra. Let 𝔑
be the number operator 𝔑|𝑛⟩ = 𝑛|𝑛⟩ and 𝔞, 𝔟 are ladder operators which satisfy

[𝔞, 𝔑] = 𝔞, [𝔑, 𝔟] = 𝔟, 𝔞𝔟 = Φ(𝔑 + 1), 𝔟𝔞 = Φ(𝔑) (7.17)

where Φ is the characteristic polynomial. If we write

𝐴 = 𝜌𝔑

𝐵 = {𝔞 [ℏ𝛽 (𝔑 + 𝛿 − 1
2) − (−𝛼)

1
2 ]

−1

+ [ℏ𝛽 (𝔑 + 𝛿 − 1
2) − (−𝛼)

1
2 ]

−1
𝔟} [ℏ𝛽(𝔑 + 𝛿) − (−𝛼)

1
2 ]

−1

− 𝑃 (𝜌𝔑)(𝛼 + 2𝛽𝜌𝔑)−1

𝐶 = (−i𝔞 ± i𝔟) [ℏ𝛽(𝔑 + 𝛿) − (−𝛼)
1
2 ]

−1

(7.18)

then Φ(𝑛) is clearly proportional to the numerator of |𝜎𝑛|2. Note the similarity of (7.18) with the
form of the integrals obtained in Chapter 3. It is this connection which leads us to conclude that the
polynomial algebra which offers a far more convenient setting to study superintegrability and allows
us to avoid passing through formal operators.
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7.4 One-dimensional Realisations
Here we look for a realisation of (7.1) where 𝐴 = 1

2𝑝2
𝑦 +𝑉 (𝑦) and 𝐵 is invariant under time-reversal. In

order to fulfil all of the relations it is sufficient to define 𝐶 by [𝐴, 𝐵]/(iℏ) and solve for 𝐵 by computing

[𝐴, [𝐴, 𝐵]] = −ℏ2[𝑃 (𝐴) + 𝛼𝐵 + 2𝛽{𝐴, 𝐵}] (7.19)

We apply the Jacobi identity (7.4) and equation (7.5) to obtain

[𝐴, [𝐵, [𝐴, 𝐵]] = [𝐵, [𝐴, [𝐴, 𝐵]]] = ℏ2 [𝐴, {𝑅(𝐴), 𝐵} + 𝛽𝐵2]

So
[𝐵, [𝐴, 𝐵]] = ℏ2 ({𝑅(𝐴), 𝐵} + 𝛽𝐵2 − 𝑄)

where [𝐴, 𝑄] = 0. By hypothesis, 𝐴 is a one-dimensional Hamiltonian so Theorem 5.2 implies 𝑄
is a polynomial in 𝐴. Thus, the third equation in (7.1) will hold by merely imposing the condition
(7.19), though the coefficients of 𝑄 must be determined ex post facto by explicit computation. We
consider two cases, namely when 𝐵 does not depend on the momentum and when 𝐵 is quadratic in
the momentum.

7.4.1 Elementary Realisations

Here, we take
𝐵 = 𝑎(𝑦), 𝑃 (𝐴) = 𝛾0𝐴 + 𝛾1

from which it follows 𝑅(𝐴) = 𝛾0. Granovskii et al. [146] already considered this case but we shall go
over it for completeness. They also considered the case of coupling-constant metamorphoses to the
extent that there were no quantum corrections in the potential (i.e. the classical potential matched the
quantum potential exactly). One readily finds 𝐶 = −{𝑎′, 𝑝𝑦}. The second condition in (7.1) gives

𝛾0 = 2d2𝑎
d𝑦2 − 2𝛽𝑎 (7.20a)

𝛾1 = −𝛼𝑎 − d𝑎
d𝑦

d𝑉
d𝑦 − 2𝑉 d2𝑎

d𝑦2 + 1
4ℏ2 d4𝑎

d𝑦4 (7.20b)

Multiplying (7.20a) and (7.20b) by d𝑎
d𝑦 and then integrating, we obtain

(
d𝑎
d𝑦 )

2
= 𝛽𝑎2 + 𝛾0𝑎 + 𝛿0 (7.21a)

0 = 1
2𝛼𝑎2 + 𝛾1𝑎 + 𝛿1 + (

d𝑎
d𝑦 )

2
𝑉 + 1

8ℏ2
[(

d2𝑎
d𝑦2 )

2
− 2d𝑎

d𝑦
d3𝑎
d𝑦3 ]

(7.21b)

From (7.21a) we determine 𝑄(𝐴) = −𝛿0. From (7.21b) we see that 𝑉 is a rational function of 𝑎. For
perspicacity, we divide the solutions according to when the right-hand side of (7.21a) is (a) constant;
(b) linear; (c) quadratic with repeated roots; or (d) quadratic with distinct roots.
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(a) 𝑎 = 𝑦

We obtain

𝐴 = 1
2𝑝2

𝑦 − 1
2𝛼𝑦2 − 𝛾1𝑦 + 𝛿, 𝑄 = −1

with 𝛽 = 0, 𝛾0 = 0.

(b) 𝑎 = 𝑦2

We obtain

𝐴 = 1
2𝑝2

𝑦 − 1
8𝛼𝑦2 + 𝛿

𝑦2 − 1
4𝛾1, 𝑄 = 0

where 𝛽 = 0, 𝛾0 = 4.

(c) 𝑎 = e𝑦√𝛽

We obtain

𝐴 = 1
2𝑝2

𝑦 − 𝛾1
𝛽 e−𝑦√𝛽 + 𝛿e−2𝑦√𝛽 − 𝛼

2𝛽 + 1
8ℏ2𝛽, 𝑄 = 0

with 𝛾0 = 0.

(d) 𝑎 = cosh (𝑦√𝛽 )

We obtain

𝐴 = 1
2𝑝2

𝑦 +
𝛿 − 𝛾1𝛽−1 cosh (𝑦√𝛽 )

sinh2
(𝑦√𝛽 )

− 𝛼
2𝛽 + 1

8ℏ2𝛽, 𝑄 = 𝛽

with 𝛾0 = 0.

7.4.2 Second-Order Realisations

Here we take

𝐵 = {𝑎(𝑦), 𝐴} + 𝑏(𝑦), 𝑃 (𝐴) = 𝛾0𝐴2 + 𝛾1𝐴 + 𝛾2

so 𝑅(𝐴) = 2𝛾0𝐴 + 𝛾1. The following system of equations is needed to be satisfied in order to fulfil
(7.19):

𝛾0 = 2d2𝑎
d𝑦2 − 2𝛽𝑎 (7.22a)

𝛾1 = 2d2𝑏
d𝑦2 − 2𝛽𝑏 − 𝛼𝑎 − d𝑎

d𝑦
d𝑉
d𝑦 − 2𝑉 d2𝑎

d𝑦2 + ℏ2
(

5
4

d4𝑎
d𝑦4 − 𝛽 d2𝑎

d𝑦2 ) (7.22b)

𝛾2 = −𝛼𝑏 − d𝑏
d𝑦

d𝑉
d𝑦 − 2𝑉 d2𝑏

d𝑦2 + ℏ2
(

1
2𝛽 d𝑎

d𝑦
d𝑉
d𝑦 + 𝛽𝑉 d2𝑎

d𝑦2 − 𝑉 d4𝑎
d𝑦4

−1
2

d𝑉
d𝑦

d3𝑎
d𝑦3 + 1

4
d4𝑏
d𝑦4 ) + 1

8ℏ4
(

d6𝑎
d𝑦6 − 𝛽 d4𝑎

d𝑦4 ) (7.22c)
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Equations (7.22a) and (7.22b) admit first integrals

(
d𝑎
d𝑦 )

2
= 𝛽𝑎2 + 𝛾0𝑎 + 𝛿0 (7.23a)

d𝑎
d𝑦

d𝑏
d𝑦 = 𝛽𝑎𝑏 + 1

4𝛼𝑎2 + 1
2𝛾1𝑎 + 1

2𝛾0𝑏 + 1
2𝑉 (

d𝑎
d𝑦 )

2

+ ℏ2
[

1
4𝛽 (

d𝑎
d𝑦 )

2
+ 5

16 (
d2𝑎
d𝑦2 )

2
− 5

8
d𝑎
d𝑦

d3𝑎
d𝑦3 ]

+ 𝛿1 (7.23b)

Eliminating 𝑉 from (7.22c) and taking 𝑎 as our new variable, we find

0 = 1
4ℏ2(𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)2 d4𝑏

d𝑎4 + 3
4ℏ2(2𝛽𝑎 + 𝛾0)(𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)d3𝑏

d𝑎3

− 6(𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)d𝑏
d𝑎

d2𝑏
d𝑎2 + (2𝛽𝑎 + 𝛾0) [2𝑏d2𝑏

d𝑎2 − (
d𝑏
d𝑎 )

2

]

+ 2𝛽𝑏d𝑏
d𝑎 + [(𝛼 + 3

2ℏ2𝛽2)𝑎2 + (2𝛾1 + 3
2ℏ2𝛽𝛾0)𝑎 + 8𝛿1 − ℏ2𝛽𝛿0 + ℏ2𝛾2

0 ]d2𝑏
d𝑎2

+ (𝛼𝑎 + 𝛾1)d𝑏
d𝑎 − 𝛼𝑏 − 𝛾2

There is a first integral

0 = 1
4ℏ2(𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)2 d3𝑏

d𝑎3 + 1
4ℏ2(2𝛽𝑎 + 𝛾0)(𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)d2𝑏

d𝑎2

− 𝛽 (3𝑎d𝑏
d𝑎 − 𝑏) (𝑎d𝑏

d𝑎 − 𝑏) − 𝛾0
d𝑏
d𝑎 (3𝑎d𝑏

d𝑎 − 2𝑏) − 3𝛿0 (
d𝑏
d𝑎 )

2

+ 𝛼𝑎 (𝑎d𝑏
d𝑎 − 𝑏) + 𝛾1 (2𝑎d𝑏

d𝑎 − 𝑏) + (4𝛿1 + 1
4ℏ2𝛾2

0 − 𝛽ℏ2𝛿0)d𝑏
d𝑎

− 𝛾2𝑎 + 𝛿2

(7.24)

from which we determine

𝑄(𝐴) = −3𝛿0𝐴2 + [−4𝛿1 + 3
4ℏ2 (4𝛽𝛿0 − 𝛾2

0 )] 𝐴

+ 𝛿2 + 1
4ℏ2(𝛼𝛿0 + 4𝛽𝛿1 − 𝛾0𝛾1) + 1

8ℏ4𝛽(𝛾2
0 − 4𝛽𝛿0)

Equation (7.24) is a Chazy equation (Class I in Cosgrove’s list [148]). There is a second integral

0 = 1
8ℏ2 (𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)

2
(

d2𝑏
d𝑎2 )

2
− 𝛽 d𝑏

d𝑎 (𝑎d𝑏
d𝑎 − 𝑏)

2
− 𝛾0 (

d𝑏
d𝑎 )

2
(𝑎d𝑏

d𝑎 − 𝑏)

− 𝛿0 (
d𝑏
d𝑎 )

3
+ 1

2𝛼 (𝑎d𝑏
d𝑎 − 𝑏)

2
+ 𝛾1

d𝑏
d𝑎 (𝑎d𝑏

d𝑎 − 𝑏)

+ (2𝛿1 + 1
8ℏ2𝛾2

0 − 1
2ℏ2𝛽𝛿0) (

d𝑏
d𝑎 )

2
− 𝛾2 (𝑎d𝑏

d𝑎 − 𝑏) + 𝛿2
d𝑏
d𝑎 + 𝛿3

(7.25)

which is called SD-I by Cosgrove and Scoufis [149]. The equation cannot be reduced in order but
can be reduced in degree (i.e. to an equation that is linear in the second-derivative). Depending on
the values of the parameters, we have a correspondence between the solutions of (7.25) and elliptic
functions or one of the six Painlevé transcendents, which are defined as the general solution to the
equations

d2PI
d𝜏2 = 6P2

I + 𝜏
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d2PII
d𝜏2 = 2P3

II + 𝜏PII + 𝜅

d2PIII
d𝜏2 = 1

PIII (
dPIII
d𝜏 )

2
− 1

𝜏
dPIII
d𝜏 + 𝜅1P3

III + 1
𝜏 (𝜅2P2

III + 𝜅3) + 𝜅4
PIII

d2PIV
d𝜏2 = 1

2PIV (
dPIV
d𝜏 )

2
+ 3

2P3
IV + 4𝜏P2

IV + 2(𝜏2 − 𝜅1)PIV + 𝜅2
PIV

d2PV
d𝜏2 = (

1
2PV

+ 1
PV − 1) (

dPV
d𝜏 )

2
− 1

𝜏
dPV
d𝜏 + (PV − 1)2

𝜏2 (𝜅1PV + 𝜅2
PV )

+ 𝜅3PV
𝜏 + 𝜅4PV(PV + 1)

PV − 1
d2PVI
d𝜏2 = 1

2 (
1

PVI
+ 1

PVI − 1 + 1
PVI − 𝜏 ) (

dPVI
d𝜏 )

2
− (

1
𝜏 + 1

𝜏 − 1 + 1
PVI − 𝜏 )

dPVI
d𝜏

+ PVI(PVI − 1)(PVI − 𝜏)
𝜏2(𝜏 − 1)2 [

𝜅1 + 𝜅2𝜏
P2

VI
+ 𝜅3(𝜏 − 1)

(PVI − 1)2 + 𝜅4PVI(PVI − 1)
(PVI − 𝜏)2 ]

Since the Painlevé transcendents are considered canonical special functions in their own right, it is
appropriate to consider such a presentation as the solution of (7.25). Our formulas, given below, are
taken wholly from Cosgrove and Scoufis [149] by modifying our parameters to fit with theirs. The
presentation is related to the Hamiltonians of Okamoto [150]. By introducing two auxiliary functions
𝑢, 𝑣 we can write 𝑏 = 𝑏(𝑢, 𝑣, 𝑎) in such a way that the equations of motion

𝑓(𝑎)d𝑢
d𝑎 = 𝜕𝑏

𝜕𝑣, 𝑓 (𝑎)d𝑣
d𝑎 = −𝜕𝑏

𝜕𝑢, d𝑏
d𝑎 = 𝜕𝑏

𝜕𝑎
hold. Then 𝑢 will satisfy a Painlevé equation up to a very simple transformation and 𝑣 can also be
shown to belong to one of the fifty Painlevé-type equations [60].

For a given solution 𝑏 to (7.25), we obtain the potential via

(𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)𝑉 = 2(𝛽𝑎2 + 𝛾0𝑎 + 𝛿0)d𝑏
d𝑎 − (2𝛽𝑎 + 𝛾0)𝑏 + (−1

2𝛼 + 1
8ℏ2𝛽2

) 𝑎2

+ (−𝛾1 + 1
8ℏ2𝛽𝛾0) 𝑎 − 2𝛿1 + 1

32ℏ2(24𝛽𝛿0 − 5𝛾2
0 ).

(7.26)

In the classical limit, (7.24) and (7.25) are two polynomial equations in 𝑏, d𝑏
d𝑎 or equivalently 𝑉 , 𝑏.

Eliminating the latter, we obtain 𝑉 as an algebraic function of 𝑎. In general the resultant is a quintic
equation but can be reduced in order if some of the parameters are known to be zero.

(e) 𝑎 = 𝑦

Here we have 𝛽 = 𝛾0 = 0, 𝛿0 = 1.
For 𝛼 = 𝛾1 = 𝛾2 = 0, 𝑏 vanishes from (7.25) and can be written as a first-order ODE in 𝑉 . We

take
𝑏 = −1

2ℏ2𝜁(𝑦 − 𝜀) + 2
3𝛿1𝑦, 𝑉 = ℏ2℘(𝑦 − 𝜀) − 2

3𝛿1

where 𝜁, ℘ are Weierstrass elliptic functions with the invariants

𝑔2 =
16(4𝛿2

1 + 3𝛿2)
3ℏ4 , 𝑔3 =

32(16𝛿3
1 + 18𝛿1𝛿2 + 27𝛿3)

27ℏ6 .
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For 𝛼 = 𝛾1 = 0, 𝛾2 ≠ 0, we take

𝛾2 = ℏ4

8𝜀5 , 𝑢 = PI (
𝑦
𝜀 −

8(4𝛿2
1 + 3𝛿2)𝜀4

3ℏ4 )
,

𝑏 = −ℏ2

4𝜀(𝑢′)2 + ℏ2

𝜀 𝑢3 +
(

ℏ2𝑦
2𝜀2 − 16𝜀3𝛿1

3ℏ2 − 4𝜀3𝛿2
ℏ2 )

𝑢 + 2𝛿1𝑦
3 −

128𝜀5𝛿3
1

27ℏ4 − 8𝛿3𝜀5

ℏ4 ,

𝑉 = ℏ2𝑢
𝜀2 − 2𝛿1

3 .

For 𝛼 = 𝛾2 = 0, 𝛾1 ≠ 0, we take

𝛾1 = ℏ2

4𝜀3 , 𝑢 = PII (
𝑦
𝜀 + 8𝛿1𝜀2

ℏ2 ; 𝜅
)

, 𝛿3 = − ℏ6

512𝜀6 (2𝜅 ± 1)2,

𝑏 = −ℏ2

4𝜀(𝑢′)2 + ℏ2𝑢4

4𝜀 + (
ℏ2𝑦
4𝜀2 + 2𝛿1𝜀) 𝑢2 + (

ℏ2𝜅
2𝜀 ± ℏ2

4𝜀) 𝑢

+ ℏ2𝑦2

16𝜀3 + 𝛿1𝑦 +
4𝛿2

1𝜀3

ℏ2 + 4𝛿2𝜀3

ℏ2 ,

𝑉 = ± ℏ2

2𝜀2 𝑢′ + ℏ2

2𝜀2 𝑢2.

For 𝛾1 = 𝛾2 = 0, 𝛼 ≠ 0, we take

𝛼 = −ℏ2

𝜀4 , 𝑢 = PIV (
𝑦
𝜀; 𝜅1, 𝜅2) , 𝛿2 = 1

24𝜀4 [2ℏ4(𝜅1 ∓ 1)2 − 32𝛿2
1𝜀4 − 3ℏ4𝜅2] ,

𝛿3 = 1
216𝜀6 (ℏ2𝜅1 + 2𝛿1𝜀2 ± ℏ2)(2ℏ4 ± 16ℏ2𝛿1𝜀2 + 32𝛿2

1𝜀4 ∓ 4ℏ4𝜅1

− 16ℏ2𝜀2𝛿1𝜅1 + 2ℏ4𝜅2
1 + 9ℏ4𝜅2),

𝑏 = − ℏ2

16𝜀𝑢(𝑢′)2 + ℏ2𝑢3

16𝜀 + ℏ2𝑦
4𝜀2 𝑢2 + ℏ2

4𝜀3 (𝑦2 ± 𝜀2 − 𝜅1𝜀2)𝑢

+ 𝑦
6𝜀2 (4𝛿1𝜀2 ± ℏ2 − 𝜅1ℏ2) − ℏ2𝜅2

8𝜀𝑢

𝑉 = ± ℏ2

2𝜀2 𝑢′ + ℏ2

2𝜀2 𝑢2 + ℏ2𝑦
𝜀3 𝑢 + ℏ2𝑦2

2𝜀4 − 2𝛿1
3 − ℏ2𝜅1

3𝜀2 ± ℏ2

3𝜀2 .

which is the same potential we derived in section 5.2 for a third-order ladder operator.

(f) 𝑎 = 𝑦2

Here we have 𝛽 = 0, 𝛾0 = 4.
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For 𝛼 = 𝛾1 = 0, we take

𝑢 = PIII(𝑦; 𝜅1, 𝜅2, 𝜅3, 𝜅4), 𝛿2 = ℏ2

4 (2𝜅3√𝜅1 + 𝜅2𝜅3)

𝛿3 = −ℏ4

32(ℏ2𝜅1𝜅2
3 − 8ℏ2𝜅1𝜅4 − 4𝛿1𝜅1𝜅4 − 4ℏ2𝜅2𝜅4√𝜅1 − ℏ2𝜅2

2𝜅4)

𝑏 = −ℏ2𝑦2

8𝑢2 (𝑢′)2 + ℏ2𝑦
4𝑢 𝑢′ + 1

8ℏ2𝜅1𝑦2𝑢2 + ℏ2

4 (𝜅2𝑦 + 2√𝜅1 )𝑢

− 𝛿1
2 − 5ℏ2

8 − ℏ2𝜅3𝑦
4𝑢 − ℏ2𝜅4𝑦2

8𝑢2

𝑉 = ℏ2

8𝑢2 (𝑢′)2 + ℏ2

4 (2√𝜅1 − 1
𝑦𝑢) 𝑢′ + 3ℏ2𝜅1

8 𝑢2 + ℏ2𝜅2
4𝑦 𝑢 + ℏ2𝜅3

4𝑦𝑢 + ℏ2𝜅4
8𝑢2

For 𝛼 ≠ 0, 𝛾1 = 𝛾2 = 0, we take

𝑢 = PV(𝑦2; 𝜅1, 𝜅2, 𝜅3, 𝜅4), 𝛼 = 8ℏ2𝜅4,

𝛿1 = ℏ2

4𝜅4
(𝜅2

3 − 8𝜅4 + 8𝜅4√2𝜅1 − 8𝜅1𝜅4 + 8𝜅2𝜅4),

𝛿2 = 2ℏ4𝜅3(1 + 2𝜅1 + 2𝜅2 − 2√2𝜅1 ),

𝛿3 = ℏ6

16𝜅4
(𝜅2

3 − 16𝜅2𝜅4)(16𝜅4√2𝜅1 − 𝜅2
3 − 8𝜅4 − 16𝜅1𝜅4),

𝑏 = −ℏ2

2𝑢 (
𝑦2𝑢′

𝑢 − 1 − 𝑢)

2
+ ℏ2

2 (𝑢 − 1) (√2𝜅1 − 1)
2

+ ℏ2𝜅2(𝑢 − 1)
𝑢

− ℏ2𝜅3𝑦2(𝑢 + 1)
2(𝑢 − 1) − ℏ2𝜅4𝑦4𝑢

(𝑢 − 1)2 − ℏ2

8𝜅4
(𝜅2

3 − 4𝜅4 + 8𝜅4√2𝜅1 − 8𝜅1𝜅4 + 8𝜅2𝜅4),

𝑉 = ℏ2𝑦2(2𝑢 − 1)
2𝑢(𝑢 − 1)2 (𝑢′)2 − ℏ2

(
1

𝑢 − 1 + 2√2𝜅1 ) 𝑢′ + 2ℏ2𝜅1
𝑦2 𝑢2 +

ℏ2
(√2𝜅1 − 3𝜅1)

𝑦2 𝑢

− ℏ2

2𝑦2 (√2𝜅1 − 1)
2

+ ℏ2𝜅2(𝑢 − 1)
𝑦2𝑢

+ ℏ2𝜅3(3𝑢 − 1)
2(𝑢 − 1) + ℏ2𝜅4𝑦2𝑢(2𝑢 − 1)

(𝑢 − 1)2

− ℏ2𝜅4𝑦2 − ℏ2

8𝑦2



7.4. ONE-DIMENSIONAL REALISATIONS 99

(g) 𝑎 = e𝑦√𝛽

Here we have 𝛽 ≠ 0, 𝛾0 = 𝛿0 = 0. We set 𝛾1 = 0.
For 𝛿1 = 0, we take

𝑢 = PIII (e− 1
2 𝑦√𝛽 ; 𝜅1, 𝜅2, 𝜅3, 𝜅4) , 𝛾2 = − 1

256ℏ4𝛽3𝜅3(𝜅2 + 2√𝜅1 ),

𝛿2 = − 1
256ℏ4𝛽3𝜅1𝜅4,

𝛿3 = −ℏ4𝛽2

8192(ℏ2𝛽2𝜅1𝜅2
3 − 16𝜅1𝜅4𝛼 − 4ℏ2𝛽2𝜅1𝜅4 − 4ℏ2𝛽2𝜅2𝜅4√𝜅1 − ℏ2𝛽2𝜅2

2𝜅4),

𝑏 = ℏ2𝛽
32𝑢2 (𝑢′)2 − ℏ2𝛽

16𝑢 e
1
2 𝑦√𝛽 𝑢′ − ℏ2𝛽𝜅1

32 𝑢2 − ℏ2𝛽
16 (2√𝜅1 + 𝜅2)𝑢e

1
2 𝑦√𝛽

+ 16𝛼 + ℏ2𝛽2

32𝛽 e𝑦√𝛽 + ℏ2𝛽𝜅3
16𝑢 e

1
2 𝑦√𝛽 + ℏ2𝛽𝜅4

32𝑢2

𝑉 = 1
8ℏ2𝛽𝑢′√𝜅1 e−𝑦√𝛽 + 1

8ℏ2𝛽𝜅1𝑢2e−𝑦√𝛽

+ ℏ2𝛽
8 (√𝜅1 + 𝜅2) 𝑢e− 1

2 𝑦√𝛽 − 𝛼
2𝛽 + ℏ2𝛽

8
For 𝛿1 ≠ 0 (this solution is also valid when 𝛿1 = 0, 𝛿2 ≠ 0), we take

𝑢 = PV (e−𝑦√𝛽 ; 𝜅1, 𝜅2, 𝜅3, 𝜅4) , 𝛾2 = −ℏ4𝛽3𝜅3
32 [(√2𝜅1 − 1)

2
+ 2𝜅2] ,

𝛿1 = 1
8ℏ2𝛽2𝜅4,

𝛿2 = ℏ2𝛽
64 (ℏ2𝛽2𝜅2

3 − 16𝛼𝜅4 − 4ℏ2𝛽2𝜅4 + 8ℏ2𝛽2𝜅4√2𝜅1 − 8ℏ2𝛽2𝜅1𝜅4 + 8ℏ2𝛽2𝜅2𝜅4) ,

𝛿3 = ℏ2

256 (16𝛼2𝜅4 − 2𝛼𝛽2𝜅2
3ℏ2 + 8𝛼𝛽2𝜅4ℏ2 + 16𝛼𝛽2𝜅1𝜅4ℏ2 − 16𝛼𝛽2𝜅2𝜅4ℏ2

− 16𝛼𝛽2√2𝜅1 𝜅4ℏ2 − 𝛽4𝜅2
3ℏ4 − 2𝛽4𝜅1𝜅2

3ℏ4 + 2𝛽4𝜅2𝜅2
3ℏ4 + 2𝛽4√2𝜅1 𝜅2

3ℏ4

+ 𝛽4𝜅4ℏ4 + 4𝛽4𝜅2
1𝜅4ℏ4 + 4𝛽4𝜅2

2𝜅4ℏ4 − 8√2 𝛽4𝜅3/2
1 𝜅4ℏ4 + 12𝛽4𝜅1𝜅4ℏ4

+4𝛽4𝜅2𝜅4ℏ4 + 8𝛽4𝜅1𝜅2𝜅4ℏ4 − 8𝛽4√2𝜅1 𝜅2𝜅4ℏ4 − 4𝛽4√2𝜅1 𝜅4ℏ4
) ,

𝑏 = ℏ2𝛽e−𝑦√𝛽

8𝑢(𝑢 − 1)2 (𝑢′)2 − ℏ2𝛽
4(𝑢 − 1)𝑢′ + ℏ2𝛽

4 (√2𝜅1 − 𝜅1) (𝑢 − 1)e𝑦√𝛽

− ℏ2𝛽(𝑢 − 1)
4𝑢 𝜅2e𝑦√𝛽 + ℏ2𝛽𝜅3(𝑢 + 1)

8(𝑢 − 1) + ℏ2𝛽𝜅4𝑢e−𝑦√𝛽

4(𝑢 − 1)2

+ (
𝛼
2𝛽 + ℏ2𝛽

8 ) e𝑦√𝛽 ,

𝑉 = ℏ2𝛽e−2𝑦√𝛽

4𝑢(𝑢 − 1) (𝑢′)2 − ℏ2𝛽𝑢′e−𝑦√𝛽
√

𝜅1
2 + ℏ2𝛽𝜅1

2 𝑢(𝑢 − 1) + ℏ2𝛽𝜅2(𝑢 − 1)
2𝑢

+ ℏ2𝛽𝜅3
4 e−𝑦√𝛽 + ℏ2𝛽𝜅4(𝑢 + 1)

4(𝑢 − 1) e−2𝑦√𝛽 − 𝛼
2𝛽 + ℏ2𝛽

8
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(h) 𝑎 = cosh (𝑦√𝛽 )

We have 𝛾0 = 0, 𝛿0 = −𝛽. We set 𝛾1 = 0 and take

𝑢 = PVI (sin2
(

1
2𝑦√𝛽 ) ; 𝜅1, 𝜅2, 𝜅3, 𝜅4) , 𝛾2 = −1

8ℏ4𝛽3(𝜅2 + 𝜅3) (√2𝜅1 − 𝜅1 − 𝜅4) ,

𝛿1 = 1
4 (−3𝛼 − 𝛽2𝜅1ℏ2 + 𝛽2𝜅2ℏ2 − 𝛽2𝜅3ℏ2 + 𝛽2𝜅4ℏ2 + 𝛽2√2𝜅1 ℏ2 − 2𝛽2ℏ2

) ,

𝛿2 = 1
16𝛽 (12𝛼2 + 8𝛼𝛽2𝜅1ℏ2 − 8𝛼𝛽2𝜅2ℏ2 + 8𝛼𝛽2𝜅3ℏ2 − 8𝛼𝛽2𝜅4ℏ2 − 8𝛼𝛽2√2𝜅1 ℏ2

+ 8𝛼𝛽2ℏ2 + 𝛽4𝜅2
1ℏ4 + 𝛽4𝜅2

2ℏ4 + 𝛽4𝜅2
3ℏ4 + 𝛽4𝜅2

4ℏ4 − 2√2 𝛽4𝜅3/2
1 ℏ4 + 2𝛽4𝜅1ℏ4

− 4𝛽4𝜅2ℏ4 − 4𝛽4𝜅1𝜅2ℏ4 + 4𝛽4√2𝜅1 𝜅2ℏ4 + 4𝛽4𝜅3ℏ4 + 4𝛽4𝜅1𝜅3ℏ4 + 2𝛽4𝜅2𝜅3ℏ4

−4𝛽4√2𝜅1 𝜅3ℏ4 + 2𝛽4𝜅1𝜅4ℏ4 + 4𝛽4𝜅2𝜅4ℏ4 − 4𝛽4𝜅3𝜅4ℏ4 − 2𝛽4√2𝜅1 𝜅4ℏ4
) ,

𝛿3 = 1
32𝛽2 (−𝛽6𝜅2

2ℏ6 − 𝛽6𝜅1𝜅2
2ℏ6 + 𝛽6√2𝜅1 𝜅2

2ℏ6 − 𝛽6𝜅2
3ℏ6 − 𝛽6𝜅1𝜅2

3ℏ6 − 2𝛽6𝜅1𝜅2𝜅3ℏ6

+ 𝛽6√2𝜅1 𝜅2
3ℏ6 + 𝛽6𝜅2𝜅2

4ℏ6 − 𝛽6𝜅3𝜅2
4ℏ6 + 𝛽6𝜅2

1𝜅2ℏ6 − 2√2 𝛽6𝜅3/2
1 𝜅2ℏ6

+ 2𝛽6𝜅1𝜅2ℏ6 − 𝛽6𝜅2
1𝜅3ℏ6 + 2√2 𝛽6𝜅3/2

1 𝜅3ℏ6 − 2𝛽6𝜅1𝜅3ℏ6 − 2𝛽6𝜅2𝜅3ℏ6

+ 2𝛽6√2𝜅1 𝜅2𝜅3ℏ6 + 𝛽6𝜅2
2𝜅4ℏ6 + 𝛽6𝜅2

3𝜅4ℏ6 + 2𝛽6𝜅1𝜅2𝜅4ℏ6 − 2𝛽6√2𝜅1 𝜅2𝜅4ℏ6

− 2𝛽6𝜅1𝜅3𝜅4ℏ6 + 2𝛽6𝜅2𝜅3𝜅4ℏ6 + 2𝛽6√2𝜅1 𝜅3𝜅4ℏ6 − 𝛼𝛽4𝜅2
1ℏ4 − 𝛼𝛽4𝜅2

2ℏ4

− 𝛼𝛽4𝜅2
3ℏ4 − 𝛼𝛽4𝜅2

4ℏ4 + 2√2 𝛼𝛽4𝜅3/2
1 ℏ4 − 2𝛼𝛽4𝜅1ℏ4 + 4𝛼𝛽4𝜅2ℏ4 + 4𝛼𝛽4𝜅1𝜅2ℏ4

− 4𝛼𝛽4√2𝜅1 𝜅2ℏ4 − 4𝛼𝛽4𝜅3ℏ4 − 4𝛼𝛽4𝜅1𝜅3ℏ4 − 2𝛼𝛽4𝜅2𝜅3ℏ4 + 4𝛼𝛽4√2𝜅1 𝜅3ℏ4

− 2𝛼𝛽4𝜅1𝜅4ℏ4 − 4𝛼𝛽4𝜅2𝜅4ℏ4 + 4𝛼𝛽4𝜅3𝜅4ℏ4 + 2𝛼𝛽4√2𝜅1 𝜅4ℏ4 − 4𝛼2𝛽2ℏ2

−4𝛼2𝛽2𝜅3ℏ2 + 4𝛼2𝛽2𝜅4ℏ2 + 4𝛼2𝛽2√2𝜅1 ℏ2 − 4𝛼3 + 4𝛼2𝛽2𝜅2ℏ2 − 4𝛼2𝛽2𝜅1ℏ2
) ,

𝑏 =
ℏ2𝛽 sin4

(𝑦√𝛽 )

32𝑢(𝑢 − 1) [2𝑢 − 1 + cos (𝑦√𝛽 )]
(𝑢′)2 +

ℏ2𝛽 sin2
(𝑦√𝛽 )

8𝑢 − 4 + 4 cos (𝑦√𝛽 )
𝑢′

+ ℏ2𝛽
4 (√2𝜅1 − 𝜅1) (2𝑢 − 1) − ℏ2𝛽𝜅2

4𝑢 [𝑢 − 1 + cos (𝑦√𝛽 )]

− ℏ2𝛽𝜅3
4(𝑢 − 1) [𝑢 + cos (𝑦√𝛽 )] −

ℏ2𝛽𝜅4 [1 + (2𝑢 − 1) cos (𝑦√𝛽 )]

4 [2𝑢 − 1 + cos (𝑦√𝛽 )]
+ 𝛼

2𝛽 cos (𝑦√𝛽 ) ,
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𝑉 = −
ℏ2𝛽(2𝑢 − 1) sin2

(𝑦√𝛽 )

16𝑢(𝑢 − 1) [2𝑢 − 1 + cos (𝑦√𝛽 )]
(𝑢′)2 − 𝛼

2𝛽 + ℏ2𝛽
8 − 3ℏ2𝛽

8 sin2
(𝑦√𝛽 )

+ ℏ2𝛽𝑢′

4 [𝑢 − sin2
(

1
2𝑦√𝛽 )]

[cos (𝑦√𝛽 ) − 2𝑢√2𝜅1 + 2√2𝜅1 sin2
(

1
2𝑦√𝛽 )]

+ 1
2ℏ2𝛽(2𝑢 − 1) (√2𝜅1 − 𝜅1) cot (𝑦√𝛽 ) csc (𝑦√𝛽 )

+ 1
2ℏ2𝛽 (√2𝜅1 − 𝜅1 + 4𝑢𝜅1 − 4𝑢2𝜅1) csc2

(𝑦√𝛽 ) − ℏ2𝛽𝜅2(𝑢 − 1)

4𝑢 cos2 (
1
2𝑦√𝛽 )

+ ℏ2𝛽𝜅3𝑢

4(𝑢 − 1) sin2
(

1
2𝑦√𝛽 )

+ ℏ2𝛽𝜅4(2𝑢 − 1)

2 [2𝑢 − 1 + cos (𝑦√𝛽 )]

7.5 Extended Hamiltonians
Suppose

𝐻 = {(𝜒′)2, 1
2𝑝2

𝑥 + 𝐴 + 𝑈(𝑥)}
admits operators 𝐽 , 𝐾 , which depend only on 𝑥, 𝑝𝑥, 𝐴, that satisfy

[𝐻, 𝐽] = iℏ𝐾(𝜒′)2,
[𝐻, 𝐾] = iℏ [(𝛼 + 2𝛽𝐴)𝐽 + 𝐹 (𝐻, 𝐴) + iℏ𝛽𝐾] (𝜒′)2.

(7.27)

Then the operators

𝑋 = 𝐴,
𝑌 = 𝐾𝐶 − 𝐽𝑃 (𝐴) − [(𝛼 + 2𝛽𝐴)𝐽 + 𝐹 (𝐻, 𝐴)]𝐵,
𝑍 = 𝐾 [𝑃 (𝐴) + 𝛼𝐵 + 2𝛽{𝐴, 𝐵}] − [(𝛼 + 2𝛽𝐴)𝐽 + 𝐹 ] 𝐶

will commute with 𝐻 making it superintegrable. Furthermore, we will have the commutation relations

[𝑋, 𝑌 ] = iℏ𝑍
[𝑋, 𝑍] = iℏ [𝛼𝑌 + 2𝛽{𝑋, 𝑌 } − 𝐹 (𝐻, 𝑋)𝑃 (𝑋)]

7.5.1 Elementary Realisations

We can construct a realisation of (7.27) as follows. Take

𝐽 = 𝑎(𝑥), 𝐹 = 𝜇0𝐴 + 𝜇1𝐻 + 𝜇2

Then 𝐾 = −{𝑎′, 𝑝𝑥} − iℏ𝑎′𝜒″/𝜒′. We write

𝑢0𝐴 + {𝑢1, 𝐻} + iℏ{𝑢2, 𝑝𝑥} + 𝑢3 ≔ [𝐻, 𝐾]
iℏ − [𝛾0𝐻 + 𝛾1𝐴 + 𝛾2 + iℏ𝛽𝐾 + (𝛼 + 2𝛽𝐴)𝐽]
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Setting 𝑢𝑖 ≡ 0 gives us four equations. There is one independence relation, namely

2(𝜒′)2𝑢′
1 + 2𝑢2 + (𝜒′)2

[
𝑢0

(𝜒′)2 ]
′

= 0

so we only have three independent conditions. Rearranging the terms in 𝑢0, 𝑢2, 𝑢3, we have:

𝜇0 = −2𝛽𝑎 − 2𝑎″ (7.28a)

𝜇1 = 2𝑎″

(𝜒′)2 − 2𝑎′𝜒″

(𝜒′)3 (7.28b)

𝜇2 = −𝛼𝑎 − 𝑎′𝑈 ′ − 2𝑎″𝑈 + ℏ2
[

𝑎′𝜒″𝜒‴

(𝜒′)2 − 𝑎′(𝜒″)3

(𝜒′)3 + 𝑎″(𝜒″)2

(𝜒′)2 + 1
4𝑎⁗

] (7.28c)

Equation (7.28b) has the general solution

𝑎 = 1
4𝜇1𝜒2 + 𝛿0𝜒 + 𝛿1

so
(𝜒′)2 = (𝑎′)2

𝜇1(𝑎 − 𝛿1) + 𝛿2
0

while (7.28c) is essentially the same as (7.20b) with an additional quantum correction. After relabeling
the parameters, we find:

(i) 𝑎 = 𝑥

𝐻 = {
1

𝜇1𝑥 + 𝜈1
, 1

2𝑝2
𝑥 + 𝐴 − 1

2𝛼𝑥2 − 𝜇2𝑥 + 𝜈2} +
ℏ2𝜇2

1
8(𝜇1𝑥 + 𝜈1)3

Depending on 𝜇1, 𝜇2 we have, up to equivalence, two metrics if 𝐴 is a one-dimensional Hamiltonian:

d𝑥2 + d𝑦2, 𝑥(d𝑥2 + d𝑦2)

That is, the Euclidean plane and Darboux surface I.

(j) 𝑎 = 𝑥2

𝐻 = {
4𝑥2

𝜇1𝑥2 + 𝜈1
, 1

2𝑝2
𝑥 + 𝐴 − 1

8𝛼𝑥2 + 𝜈2
𝑥2 − 1

4𝜇2} +
2ℏ2𝜈2

1
(𝜇1𝑥2 + 𝜈1)3

We have three metrics

d𝑥2 + d𝑦2, 𝑥−2(d𝑥2 + d𝑦2), (1 + 𝑥−2)(d𝑥2 + d𝑦2)

which correspond to the Euclidean plane, the Poincaré half-plane and Darboux surface II respectively.

(k) 𝑎 = e𝑥√−𝛽

𝐻 =
{

−𝛽e2𝑥√−𝛽

𝜇1e𝑥√−𝛽 + 𝜈1
, 1

2𝑝2
𝑥 + 𝐴 + 𝜇2

𝛽 e−𝑥√−𝛽 + 𝜈2e−2𝑥√−𝛽

+ 𝛼
2𝛽 − 1

8ℏ2𝛽 −
ℏ2𝛽 (𝜇1e𝑥√−𝛽 + 2𝜈1)

2

8 (𝜇1e𝑥√−𝛽 + 𝜈1)
2

⎫⎪
⎬
⎪⎭
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If we set 𝜇1 = 0, 𝜈1 = 𝛽2, 𝜉 = e−𝑥√−𝛽 , 𝑝𝑥 = −√−𝛽 {𝜉, 𝑝𝜉} then

𝐻 = 1
2𝑝2

𝜉 − 𝜇2
𝛽2𝜉

− 𝜈2
𝛽 − 1

𝛽𝜉2 (𝐴 + 𝛼
2𝛽 ) (7.29)

which is a Kepler-Coulomb extension. Alternatively, if we take 𝜇1 = 1
4𝛽2, 𝜈1 = 0, 𝜉 = e− 1

2 𝑥√−𝛽 , 𝑝𝑥 =
−1

2√−𝛽 {𝜉, 𝑝𝜉}, then

𝐻 = 1
2𝑝2

𝜉 + (
ℏ2

2 − 4𝜈2
𝛽 ) 𝜉2 − 4𝜇2

𝛽2 − 4
𝛽𝜉2 (𝐴 + 𝛼

2𝛽 − 3ℏ2𝛽
32 ) (7.30)

which is a singular oscillator extension. Thus, we have only two metrics in this case

d𝜉2 + 𝜉−2d𝑦2, (e𝑥 + e2𝑥)(d𝑥2 + d𝑦2)

the former being the Euclidean plane in polar coordinates and the latter is Darboux surface III.

(l) 𝑎 = cos (𝑥√𝛽 )

𝐻 =
⎧⎪
⎨
⎪⎩

𝛽 sin2
(𝑥√𝛽 )

𝜇1 cos (𝑥√𝛽 ) + 𝜈1
, 1

2𝑝2
𝑥 +

𝜈2 − 𝜇2𝛽−1 cos (𝑥√𝛽 )

sin2
(𝑥√𝛽 )

+ 𝛼
2𝛽 − 1

8ℏ2𝛽

+
ℏ2𝛽 [𝜇2

1 sin2
(𝑥√𝛽 ) − 4𝜇1𝜈1 cos (𝑥√𝛽 ) − 4𝜈2

1]

8 [𝜇1 cos (𝑥√𝛽 ) + 𝜈1]
2

⎫⎪
⎬
⎪⎭

Let us take 𝜇1 = 0, 𝜈1 = 𝛽, sin (𝑥√𝛽 ) cosh (𝜉√𝛽 ) = 1, 𝑝𝑥 = {cosh (𝜉√𝛽 ) , 𝑝𝜉}. We get

𝐻 = 1
2𝑝2

𝜉 + (𝐴 + 𝛼
2𝛽 ) sech2

(𝜉√𝛽 ) + 𝜈2 − 3ℏ2𝛽
8 + 𝜇2

𝛽 tanh (𝜉√𝛽 ) (7.31)

This is an extension by a Rosen-Morse potential. Let us take 𝜇1 = 𝜈1 = 2𝛽, sin (
1
2𝑥√𝛽 ) cosh (

1
2𝜉√𝛽 ) =

1, 𝑝𝑥 = {cosh (
1
2𝜉√𝛽 ) , 𝑝𝜉}. We find

𝐻 = 1
2𝑝2

𝜉 − 3ℏ2𝛽
32 − 𝜇2

4𝛽 + 𝜈2
4 + (𝐴 + 𝛼

2𝛽 − 3ℏ2𝛽
32 ) sech2

(
1
2𝜉√𝛽 )

+ (
𝜇2
4𝛽 + 𝜈2

4 − ℏ2𝛽
8 ) csch2

(
1
2𝜉√𝛽 )

(7.32)

which is an extension by the Pöschl-Teller model. We therefore have, up to translation and scaling,
two metrics

d𝜉2 + d𝑦2

sin2 𝜉
, csc 𝑥(cot 𝑥 + 𝜈 csc 𝑥)(d𝑥2 + d𝑦2)

which corresponds to the sphere and Darboux surface IV.
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7.5.2 Superintegrable Models

We denote a substitution of 𝐴 into any of the forms of 𝐻 by (∗) + (∗).

Example 7.1. The superposition (i)+(a) corresponds to the system

𝐻 = {
1

𝜇1𝑥 + 𝜈1
, 1

2𝑝2
𝑥 + 1

2𝑝2
𝑦 − 1

2𝛼(𝑥2 + 𝑦2) − 𝜇2𝑥 − 𝛾1𝑦 + 𝜈2} +
ℏ2𝜇2

1
8(𝜇1𝑥 + 𝜈1)3

When 𝜇1 = 0, 𝜈1 = 1, 𝐻 is a simple isotropic harmonic oscillator for 𝛼 ≠ 0 and a Galilean potential
when 𝛼 = 0. For 𝜇1 ≠ 0, 𝐻 is a coupling-constant metamorphosis of the same onto a Darboux
surface. □

We enumerate the possible combinations that lead to quadratic superintegrability in the table below.
These are all well-known systems, and we follow the designations as they are given in [51, 151].

Table 7.1. Quadratically superintegrable systems that are one-dimensional extensions
Model Name Model Name

(i)+(a)
⎧⎪
⎨
⎪⎩

E3′, 𝜇1 = 0, 𝜈1 ≠ 0

D1C, 𝜇1 ≠ 0
(i)+(b)

⎧⎪
⎨
⎪⎩

E2, 𝜇1 = 0, 𝜈1 ≠ 0

D1B, 𝜇1 ≠ 0

(j)+(a)

⎧⎪
⎪
⎨
⎪
⎪⎩

E2, 𝜇1 ≠ 0, 𝜈1 = 0

S1, 𝜇1 = 0, 𝜈1 ≠ 0

D2A, 𝜇1, 𝜈1 ≠ 0

(j)+(b)

⎧⎪
⎪
⎨
⎪
⎪⎩

E1, 𝜇1 ≠ 0, 𝜈1 = 0

S2, 𝜇1 = 0, 𝜈1 ≠ 0

D2B, 𝜇1, 𝜈1 ≠ 0

(k)+(c)

⎧⎪
⎪
⎨
⎪
⎪⎩

E8, 𝜇1 ≠ 0, 𝜈1 = 0

E17, 𝜇1 = 0, 𝜈1 ≠ 0

D3D, 𝜇1, 𝜈1 ≠ 0

(k)+(d)

⎧⎪
⎪
⎨
⎪
⎪⎩

E1, 𝜇1 ≠ 0, 𝜈1 = 0

E16, 𝜇1 = 0, 𝜈1 ≠ 0

D3C, 𝜇1, 𝜈1 ≠ 0

(l)+(c)

⎧⎪
⎪
⎨
⎪
⎪⎩

S2, 𝜇1 ≠ 0, 𝜈1 = ±𝜇1

S4, 𝜇1 = 0, 𝜈1 ≠ 0

D4C, 𝜇1 ≠ 0, 𝜈1 ≠ ±𝜇1

(l)+(d)

⎧⎪
⎪
⎨
⎪
⎪⎩

S9, 𝜇1 ≠ 0, 𝜈1 = ±𝜇1

S7, 𝜇1 = 0, 𝜈1 ≠ 0

D4A, 𝜇1 ≠ 0, 𝜈1 ≠ ±𝜇1

Table 7.1 encompasses all of the models which on a Darboux surface or a surface of constant-curvature
which have separation in subgroup-separable coordinates. The other admissible superpositions are
(e)+(e), (e)+(f), (f)+(f), (i)+(e), (i)+(f), (j)+(e), (j)+(f), (k)+(g), (k)+(h), (l)+(g) and (l)+(h). The
known third- and fourth-order superintegrable systems on the Euclidean plane are included within
this catalogue.



7.5. EXTENDED HAMILTONIANS 105

Example 7.2. The exotic third-order superintegrable models [29] with separation in Cartesian coordi-
nates are (i)+(e) when 𝜇1 = 0 and (e)+(e) when 𝛼 = 𝛾1 = 0 for each component. □

Example 7.3. The exotic fourth-order superintegrable models [31] with separation in Cartesian coor-
dinates are (i)+(f) for 𝜇1 = 0 and (j)+(e), (j)+(f) when 𝜈1 = 0. □

Example 7.4. The exotic fourth-order superintegrable models with separation in polar coordinates are
(k)+(g) and (k)+(h) when either 𝜇1 = 0 or 𝜈1 = 0. They are third-order superintegrable when 𝛾2 = 0.
The model (k)+(h) appears in [34, 35] however we believe that (k)+(g) is new. It is only real when
𝛽 > 0 and the metric is indefinite. □

7.5.3 Addition Laws

In this section we show how we may dilate the parameters to produce new superintegrable models.
Suppose 𝐵𝑖, 𝐶𝑖 are given for 𝑖 = 1, 2 such that

[𝐴, 𝐵𝑖] = iℏ𝐶𝑖, [𝐴, 𝐶𝑖] = iℏ[𝑃𝑖(𝐴) + 𝛼𝑖𝐵𝑖 + 2𝛽𝑖{𝐴, 𝐵𝑖}] (7.33)

then we may construct a third pair 𝐵3, 𝐶3, also satisfying (7.33). It is enough to give the explicit form
for 𝐵3. For 𝛽1 = 𝛽2 = 0, we take

𝐵3 = {𝐶1, 𝐶2} + √𝛼1𝛼2 {𝐵1, 𝐵2} + √
𝛼1
𝛼2

{𝐵1, 𝑃2(𝐴)} + √
𝛼2
𝛼1

{𝑃1(𝐴), 𝐵2} (7.34)

and

𝛼3 = (√𝛼1 + √𝛼2 )
2 , 𝛽3 = 0, 𝑃3(𝐴) =

(√𝛼1 + √𝛼2 )
2

√𝛼1𝛼2
𝑃1(𝐴)𝑃2(𝐴)

while for 𝛽1, 𝛽2 ≠ 0 and assuming 𝛼𝑖 = 1
4ℏ2𝛽2

𝑖 , 𝑖 = 1, 2 we take

𝐵3 = √𝛽1𝛽2 {{𝐴, 𝐶1}, 𝐶2} + √𝛽1𝛽2 {𝐶1, {𝐴, 𝐶2}} + 1
4√𝛽1𝛽2 (𝛽1 − √𝛽1𝛽2 + 𝛽2) ℏ2{𝐶1, 𝐶2}

+ 4𝛽1𝛽2{{𝐴, 𝐵1}, {𝐴, 𝐵2}} + 1
2𝛽1𝛽2

2ℏ2{{𝐴, 𝐵1}, 𝐵2} + 1
2𝛽2

1𝛽2ℏ2{𝐵1, {𝐴, 𝐵2}}

+ 1
16𝛽2

1𝛽2
2ℏ4{𝐵1, 𝐵2} + 2𝛽2{𝑃1(𝐴), {𝐴, 𝐵2}} + 2𝛽1{{𝐴, 𝐵1}, 𝑃2(𝐴)}

+ 1
4𝛽2

2ℏ2{𝑃1(𝐴), 𝐵2} + 1
4𝛽2

1ℏ2{𝐵1, 𝑃2(𝐴)} + 𝑃1(𝐴)𝑃2(𝐴)
(7.35)

and
𝛼3 = 1

4ℏ2
(√𝛽1 + √𝛽2 )

4
, 𝛽3 = (√𝛽1 + √𝛽2 )

2
, 𝑃3(𝐴) = 0

We may not have constructed the least-order operator in this way. Nevertheless we have shown that
the model (𝑥)𝑚 where 𝑥 =a, b, c, d, e, f, g, h which is attained by dividing 𝛼 (if 𝛽 = 0 ) or 𝛽 if non-zero
by 𝑚2 in 𝐴, admits operators 𝐵, 𝐶 so that the polynomial algebra relations (7.1) are fulfilled. In 𝛽 ≠ 0,
𝛼 must be shifted appropriately.

Let us now concentrate on a realisation of (7.27). For all intents and purposes, we may treat 𝐴 as
an abstract symbol. For 𝛼 ≠ 0, 𝛽 = 0, we have

[𝐻, 𝐾 ± i(−𝛼)
1
2 𝐽 ∓ i(−𝛼)− 1

2 𝐹 ] = ∓ℏ(−𝛼)
1
2 [𝐾 ± i(−𝛼)

1
2 𝐽 ∓ i(−𝛼)− 1

2 𝐹 ] (𝜒′)2 (7.36)
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Setting 𝐿± = 𝐾 ± i(−𝛼)
1
2 𝐽 ∓ i(−𝛼)− 1

2 𝐹 and writing 𝐻 = 𝐻[𝐴] to make the dependence on 𝐴 explicit,
(7.36) becomes

𝐻[𝐴]𝐿± = 𝐿±𝐻 [𝐴 ∓ ℏ(−𝛼)
1
2 ] (7.37)

Similarly, for 𝛽 ≠ 0, we have

[𝐻, 𝐿±] = (−1
2ℏ2𝛽 ∓ ℏ𝑀) 𝐿±(𝜒′)2 (7.38)

where

𝐿± = (±𝑀 + 1
2ℏ𝛽)𝐾 + i(±𝑀 − 1

2ℏ𝛽)(±𝑀 + 1
2ℏ𝛽)𝐽 − i𝐹 , 𝑀2 = −𝛼 − 2𝛽𝐴 + 1

4ℏ2𝛽2

In this case we write 𝐻 = 𝐻 [𝑀2]. Then (7.38) expresses the relation

𝐻 [𝑀2] 𝐿± = 𝐿±𝐻 [(𝑀 ± ℏ𝛽)2] (7.39)

So (7.27) algebraically summarises two species of shape-invariance: those of linear type (as in (7.37))
and of quadratic type (as in (7.39)). Concatenating the shifting operators 𝐿±, we can construct higher
order realisations (𝑦)𝑛 of (7.27), which consist essentially of the Hamiltonians (i), (j), (k) and (l) but
with 𝛼 or 𝛽 divided by 𝑛2 for integer 𝑛. Furthermore, we can combine this with the addition laws of
(7.34) and (7.35) to construct higher order superintegrable systems.

Example 7.5. We take (i)𝑚+(a)𝑛 and 𝜇1 = 0. This gives the anistropic oscillator

1
2 (𝑝2

𝑥 + 𝑝2
𝑦) − 1

2𝛼 (
𝑥2

𝑚2 + 𝑦2

𝑛2 ) + 𝜆1𝑥 + 𝜆2𝑦

□

Example 7.6. We take (k)𝑚+(c)𝑛 in the oscillator case. We have the system

1
2𝑝2

𝜉 + 𝜆1𝜉2 − 4𝑚2

𝛽𝜉2 [
1
2𝑝2

𝑦 + ℏ2𝛽
32𝑚2 + 𝜎1 exp

(
−

𝑦√𝛽
𝑛 )

+ 𝜎2 exp
(

−
2𝑦√𝛽

𝑛 )]

Let us set 𝜂 = 𝑦√𝛽 /(2𝑚) so that the system is in a reduced form

1
2𝑝2

𝜉 + 𝜆1𝜉2 − 1
𝜉2 [

1
2𝑝2

𝜂 + 𝜆2e− 2𝑚𝜂
𝑛 + 𝜆3e− 4𝑚𝜂

𝑛 ]

This model has already been shown to be superintegrable in the 𝜆1 = 0 case by Campoamor-Stursburg
[152]. □

Example 7.7. We take (l)𝑚+(d)𝑛 in the Pöschl-Teller case. We obtain the superintegrable system

1
2𝑝2

𝜉 + 1

sin2
(

𝜌√𝛽
2𝑚 )

⎡
⎢
⎢
⎢
⎢
⎣

1
2𝑝2

𝑦 − ℏ2𝛽
32𝑚2 + 𝜎1

sin2
(

𝑦√𝛽
2𝑛 )

+ 𝜎2

cos2
(

𝑦√𝛽
2𝑛 )

⎤
⎥
⎥
⎥
⎥
⎦

+ 𝜆3

cos2
(

𝜉√𝛽
2𝑚 )
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where we have made a complex-linear transformation to convert the 𝜉-component into trigonometric
form. Setting 𝑟 = 𝜉√𝛽 /(2𝑚), 𝜃 = 𝑦√𝛽 /(2𝑛) and scaling, we obtain

1
2𝑝2

𝑟 + 1
sin2 𝑟

⎡
⎢
⎢
⎣

1
2𝑝2

𝜃 + 𝜆1

sin2
(

𝑚𝜃
𝑛 )

+ 𝜆2

cos2 (
𝑚𝜃
𝑛 )

− ℏ2

8
⎤
⎥
⎥
⎦

+ 𝜆3
cos2 𝑟

which is the TTW model on the sphere that we considered in detail in Chapter 3. □

Indeed, the analysis of Chapter 3 may be generalised to a wide variety of systems.

7.6 Conclusion
In summary, we have shown that the three-generator polynomial algebra lies at the centre of one-
dimensional exact solvability and two-dimensional superintegrability. In particular, we have shown
that the Chazy or Painlevé potentials that we derived belong to a higher echelon of exact solvability
beyond oscillator, Morse and Pöschl-Teller. Indeed, as 𝑃 , 𝑄 are second-order, the algebra corresponds
exactly to the quadratic Racah-Wilson type [145,153] and therefore the coefficients of the representa-
tion correspond to recurrence relations of Askey-Wilson polynomials [144].





Chapter 8

Conclusion

In this thesis, we have discovered many new aspects of higher-order superintegrability.

In Chapter 3, we gave an operator-theoretic approach to deriving the integrals of the TTW model.
We proved that the reduction approach of Kalnins, Kress and Miller Jr [47] was indeed valid and
not capable of further divisions. Further, we generalised it to the PVZ model which produced a two-
dimensional realisation of a deformed Bannai-Ito algebra.

In Chapters 4 and 5, we classified standard superintegrable systems with separation in Cartesian
coordinates up to sixth-order. Alas, we have not been able to establish definitive evidence that our
lists in Chapter 5 are indeed complete. Notwithstanding, the ladder operator approach proved to be
much more powerful and efficient than the technique presented in Chapter 4. We aim in future works
to extend our technique to the determination of new integrable systems under other constraints.

We have shown that these two-dimensional systems give rise to intricate dynamic and symmetry
algebras. We gave one example in Chapter 6 but it would be interesting to investigate more complicated
cases such as rational extensions of the harmonic oscillator or special cases of the TTW model.

In Chapter 7 we have accomplished a complete unification of the ladder operator methods of Chap-
ters 5 and 6 with the formal approach of Chapter 3. We presented a very simple derivation of the third-
and fourth-order exotic models. The polynomial algebra approach could prove to be a systematic
method of obtaining higher order Painlevé transcendents [121,154]. So far, the method of polynomial
algebra realisations has only been used as a generating tool and its deeper properties have not been
examined. We have reported on new addition laws but there are also other aspects of interest such as
the effect of Darboux transformations and the consequences that brings to enlarging the complete al-
gebra. We derived the four Darboux surfaces which, together with the surfaces of constant-curvature,
comprise every Riemannian surface which admits a Killing vector and a functionally independent
second-order Killing tensor. The generalisation to third-order Killing tensors was achieved by [155]
and it is likely that study of higher order shift operators may lead to the determination of new geome-
tries with analogous properties.

We have confined our attention to subgroup separability. However, the case of non-subgroup
separability is a fertile ground for interesting results [53]. In classical mechanics, quadratic super-

109
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integrability for systems which separate in non-subgroup coordinates is a consequence of addition
theorems of elliptic and hyper-elliptic functions [156, 157]. In quantum mechanics, it is associated
with quasi-exact solvability [25,158,159] but the connection has not been definitively established. As
far as higher-order superintegrability is concerned [160,161], this remains an open problem for further
investigation.
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2𝑉 2𝑄𝑖,1 − 3

2𝑉 𝑄𝑖,2 + 5
2𝑄𝑖,3 − 1

2ℏ2𝑉 𝑉 ′
) + 𝜉″

12𝑖(𝑞𝑖) (
3
4ℏ2𝑄𝑖,1𝑉 ′

+𝑉 𝑄𝑖,1
2 − 3

2𝑄𝑖,1𝑄𝑖,2 − 1
2ℏ2𝑉 2

) + 𝜉‴
12𝑖(𝑞𝑖) (ℏ2𝑉 𝑄𝑖,1 − 5

4ℏ2𝑄𝑖,2 + 1
6𝑄𝑖,1

3
)

+ 1
4ℏ2𝜉⁗

12𝑖(𝑞𝑖)𝑄𝑖,1
2 + 1

16ℏ4𝜉′′′′′
12𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉42𝑖(𝑞𝑖) = 0

𝑆43𝑖 ∶ [𝜉03𝑖(𝑞𝑖) (− 1
16ℏ4𝑉 ⁗𝑄𝑖,1 − 1

8ℏ2𝑉 ‴𝑄𝑖,1
2 + ℏ2𝑉 𝑄𝑖,1𝑉 ″ + 3

8ℏ2𝑄𝑖,2𝑉 ″ + 5
8ℏ2𝑄𝑖,1𝑉 ′2

+3
2𝑉 𝑄𝑖,1

2𝑉 ′ − 𝑉 3𝑄𝑖,1 − 9
4𝑉 2𝑄𝑖,2 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴ − 5

2ℏ2𝑉 2𝑉 ′ − 3
16ℏ4𝑉 ′𝑉 ″

)

+ 𝜉′
03𝑖(𝑞𝑖) (− 5

16ℏ4𝑉 ‴𝑄𝑖,1 − 1
4ℏ2𝑄𝑖,1

2𝑉 ″ + 13
4 ℏ2𝑉 𝑄𝑖,1𝑉 ′ + 9

8ℏ2𝑄𝑖,2𝑉 ′ + 1
2𝑄𝑖,1

3𝑉 ′

+3
2𝑉 2𝑄𝑖,1

2 − 3
2𝑉 𝑄𝑖,1𝑄𝑖,2 − 9

8𝑄𝑖,2
2 + 1

2ℏ4𝑉 𝑉 ″ − 9
32ℏ4𝑉 ′2 − 2ℏ2𝑉 3

)

+ 𝜉″
03𝑖(𝑞𝑖) (−11

16ℏ4𝑄𝑖,1𝑉 ″ + 19
8 ℏ2𝑉 2𝑄𝑖,1 + 9

8ℏ2𝑉 𝑄𝑖,2 + 𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3

−3
4𝑄𝑖,1

2𝑄𝑖,2 + ℏ4𝑉 𝑉 ′
) + 𝜉‴

03𝑖(𝑞𝑖) (−13
16ℏ4𝑄𝑖,1𝑉 ′ + 1

2ℏ2𝑉 𝑄𝑖,1
2 + 3

8ℏ2𝑄𝑖,1𝑄𝑖,2

+1
8𝑄𝑖,1

4 + 1
2ℏ4𝑉 2

) + 𝜉⁗
03𝑖(𝑞𝑖) (−1

2ℏ4𝑉 𝑄𝑖,1 + 21
32ℏ4𝑄𝑖,2 + 1

8ℏ2𝑄𝑖,1
3 − 1

64ℏ6𝑉 ′
)

+ 𝜉′′′′′
03𝑖 (𝑞𝑖) (− 1

32ℏ4𝑄𝑖,1
2 − 1

32ℏ6𝑉 ) − 1
64ℏ6𝜉′′′′′′

03𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉13𝑖(𝑞𝑖) (
1
4ℏ2𝑄𝑖,1𝑉 ″

+1
2𝑄𝑖,1

2𝑉 ′ − 1
2𝑉 2𝑄𝑖,1 − 3

2𝑉 𝑄𝑖,2 + 5
2𝑄𝑖,3 − 1

2ℏ2𝑉 𝑉 ′
) + 𝜉′

13𝑖(𝑞𝑖) (
3
4ℏ2𝑄𝑖,1𝑉 ′

+𝑉 𝑄𝑖,1
2 − 3

2𝑄𝑖,1𝑄𝑖,2 − 1
2ℏ2𝑉 2

) + 𝜉″
13𝑖(𝑞𝑖) (ℏ2𝑉 𝑄𝑖,1 − 5

4ℏ2𝑄𝑖,2 + 1
6𝑄𝑖,1

3
)

+1
4ℏ2𝜉‴

13𝑖(𝑞𝑖)𝑄𝑖,1
2 + 1

16ℏ4𝜉⁗
13𝑖(𝑞𝑖)𝑄𝑖,1]

′
+ 𝜉43𝑖(𝑞𝑖) = 0



A.1. QUARTIC EQUATIONS 127

𝑆44𝑖 ∶ 𝜉′
04𝑖(𝑞𝑖) (− 1

16ℏ4𝑉 ⁗𝑄𝑖,1 + 5
4ℏ2𝑉 𝑄𝑖,1𝑉 ″ + 5

8ℏ2𝑄𝑖,1𝑉 ′2 − 5
2𝑉 3𝑄𝑖,1 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴

−5
2ℏ2𝑉 2𝑉 ′ − 3

16ℏ4𝑉 ′𝑉 ″
) + 𝜉″

04𝑖(𝑞𝑖) (− 5
16ℏ4𝑉 ‴𝑄𝑖,1 + 1

4ℏ2𝑄𝑖,1
2𝑉 ″ + 4ℏ2𝑉 𝑄𝑖,1𝑉 ′

−3
2𝑉 2𝑄𝑖,1

2 − 3
2𝑉 𝑄𝑖,1𝑄𝑖,2 + 9

8𝑄𝑖,2
2 + 1

2ℏ4𝑉 𝑉 ″ − 9
32ℏ4𝑉 ′2 − 2ℏ2𝑉 3

)

+ 𝜉‴
04𝑖(𝑞𝑖) (−5

8ℏ4𝑄𝑖,1𝑉 ″ + 3
4ℏ2𝑄𝑖,1

2𝑉 ′ + 11
4 ℏ2𝑉 2𝑄𝑖,1 − 1

2𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3

−3
4𝑄𝑖,1

2𝑄𝑖,2 − 1
64ℏ6𝑉 ‴ + 19

16ℏ4𝑉 𝑉 ′
) + 𝜉⁗

04𝑖(𝑞𝑖) (− 9
16ℏ4𝑄𝑖,1𝑉 ′ + ℏ2𝑉 𝑄𝑖,1

2

−3
8ℏ2𝑄𝑖,1𝑄𝑖,2 − 1

8𝑄𝑖,1
4 − 1

16ℏ6𝑉 ″ + 3
4ℏ4𝑉 2

) + 𝜉′′′′′
04𝑖 (𝑞𝑖) (− 3

16ℏ4𝑉 𝑄𝑖,1 + 21
32ℏ4𝑄𝑖,2

+1
8ℏ2𝑄𝑖,1

3 − 3
32ℏ6𝑉 ′

) + 𝜉′′′′′′
04𝑖 (𝑞𝑖) (

1
32ℏ4𝑄𝑖,1

2 − 1
16ℏ6𝑉 ) − 1

64ℏ6𝜉′′′′′′′
04𝑖 (𝑞𝑖)𝑄𝑖,1

+ 𝜉′
14𝑖(𝑞𝑖) (

1
4ℏ2𝑄𝑖,1𝑉 ″ − 3

2𝑉 2𝑄𝑖,1 + 5
2𝑄𝑖,3 − 1

2ℏ2𝑉 𝑉 ′
) + 𝜉″

14𝑖(𝑞𝑖) (
3
4ℏ2𝑄𝑖,1𝑉 ′

−𝑉 𝑄𝑖,1
2 − 1

2ℏ2𝑉 2
) + 𝜉‴

14𝑖(𝑞𝑖) (
3
4ℏ2𝑉 𝑄𝑖,1 − 5

4ℏ2𝑄𝑖,2 − 1
3𝑄𝑖,1

3 + 1
16ℏ4𝑉 ′

)

+ 1
8ℏ4𝜉⁗

14𝑖(𝑞𝑖)𝑉 + 1
16ℏ4𝜉′′′′′

14𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′
24𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 𝑉 𝑄𝑖,1) − 1

2𝜉″
24𝑖(𝑞𝑖)𝑄𝑖,1

2

− 1
4𝜉‴

24𝑖(𝑞𝑖)ℏ2𝑄𝑖,1 + 𝜉44𝑖(𝑞𝑖) = 0

𝑆45𝑖 ∶ [𝜉05𝑖(𝑞𝑖) (− 1
16ℏ4𝑉 ⁗𝑄𝑖,1 + 5

4ℏ2𝑉 𝑄𝑖,1𝑉 ″ + 5
8ℏ2𝑄𝑖,1𝑉 ′2 − 5

2𝑉 3𝑄𝑖,1 + 35
8 𝑄𝑖,4 + 1

8ℏ4𝑉 𝑉 ‴

−5
2ℏ2𝑉 2𝑉 ′ − 3

16ℏ4𝑉 ′𝑉 ″
) + 𝜉′

05𝑖(𝑞𝑖) (− 5
16ℏ4𝑉 ‴𝑄𝑖,1 + 1

4ℏ2𝑄𝑖,1
2𝑉 ″ + 4ℏ2𝑉 𝑄𝑖,1𝑉 ′

−3
2𝑉 2𝑄𝑖,1

2 − 3
2𝑉 𝑄𝑖,1𝑄𝑖,2 + 9

8𝑄𝑖,2
2 + 1

2ℏ4𝑉 𝑉 ″ − 9
32ℏ4𝑉 ′2 − 2ℏ2𝑉 3

)

+ 𝜉″
05𝑖(𝑞𝑖) (−5

8ℏ4𝑄𝑖,1𝑉 ″ + 3
4ℏ2𝑄𝑖,1

2𝑉 ′ + 11
4 ℏ2𝑉 2𝑄𝑖,1 − 1

2𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3

−3
4𝑄𝑖,1

2𝑄𝑖,2 − 1
64ℏ6𝑉 ‴ + 19

16ℏ4𝑉 𝑉 ′
) + 𝜉‴

05𝑖(𝑞𝑖) (− 9
16ℏ4𝑄𝑖,1𝑉 ′ + ℏ2𝑉 𝑄𝑖,1

2

−3
8ℏ2𝑄𝑖,1𝑄𝑖,2 − 1

8𝑄𝑖,1
4 − 1

16ℏ6𝑉 ″ + 3
4ℏ4𝑉 2

) + 𝜉⁗
05𝑖(𝑞𝑖) (− 3

16ℏ4𝑉 𝑄𝑖,1 + 21
32ℏ4𝑄𝑖,2

+1
8ℏ2𝑄𝑖,1

3 − 3
32ℏ6𝑉 ′

) + 𝜉′′′′′
05𝑖 (𝑞𝑖) (

1
32ℏ4𝑄𝑖,1

2 − 1
16ℏ6𝑉 ) − 1

64ℏ6𝜉′′′′′′
05𝑖 (𝑞𝑖)𝑄𝑖,1

+ 𝜉15𝑖(𝑞𝑖) (
1
4ℏ2𝑄𝑖,1𝑉 ″ − 3

2𝑉 2𝑄𝑖,1 + 5
2𝑄𝑖,3 − 1

2ℏ2𝑉 𝑉 ′
) + 𝜉′

15𝑖(𝑞𝑖) (
3
4ℏ2𝑄𝑖,1𝑉 ′

−𝑉 𝑄𝑖,1
2 − 1

2ℏ2𝑉 2
) + 𝜉″

15𝑖(𝑞𝑖) (
3
4ℏ2𝑉 𝑄𝑖,1 − 5

4ℏ2𝑄𝑖,2 − 1
3𝑄𝑖,1

3 + 1
16ℏ4𝑉 ′

)

+ 1
8ℏ4𝜉‴

15𝑖(𝑞𝑖)𝑉 + 1
16ℏ4𝜉⁗

15𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉25𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 𝑉 𝑄𝑖,1) − 1

2𝜉′
25𝑖(𝑞𝑖)𝑄𝑖,1

2

−1
4𝜉″

25𝑖(𝑞𝑖)ℏ2𝑄𝑖,1]
′

+ 𝜉45𝑖(𝑞𝑖) = 0
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𝑆46𝑖 ∶ 𝜉′
06𝑖(𝑞𝑖) (

35
8 𝑄𝑖,4 − 1

64ℏ6𝑉 ′′′′′ + 7
16ℏ4𝑉 𝑉 ‴ − 35

8 ℏ2𝑉 2𝑉 ′ + 7
16ℏ4𝑉 ′𝑉 ″

)

+ 𝜉″
06𝑖(𝑞𝑖) (

1
16ℏ4𝑉 ‴𝑄𝑖,1 − 5

4ℏ2𝑉 𝑄𝑖,1𝑉 ′ − 3
8ℏ2𝑄𝑖,2𝑉 ′ + 9

8𝑄𝑖,2
2 + 5

2𝑄𝑖,1𝑄𝑖,3

− 3
32ℏ6𝑉 ⁗ + 2ℏ4𝑉 𝑉 ″ + 27

32ℏ4𝑉 ′2 − 4ℏ2𝑉 3
) + 𝜉‴

06𝑖(𝑞𝑖) (
1
4ℏ4𝑄𝑖,1𝑉 ″ − 1

8ℏ2𝑄𝑖,1
2𝑉 ′

−3
2ℏ2𝑉 2𝑄𝑖,1 − 3

4ℏ2𝑉 𝑄𝑖,2 − 35
8 ℏ2𝑄𝑖,3 + 3

4𝑄𝑖,1
2𝑄𝑖,2 − 15

64ℏ6𝑉 ‴ + 61
16ℏ4𝑉 𝑉 ′

)

+ 𝜉⁗
06𝑖(𝑞𝑖) (

7
16ℏ4𝑄𝑖,1𝑉 ′ − 1

4ℏ2𝑉 𝑄𝑖,1
2 − 13

8 ℏ2𝑄𝑖,1𝑄𝑖,2 + 1
24𝑄𝑖,1

4 − 5
16ℏ6𝑉 ″ + 7

4ℏ4𝑉 2
)

+ 𝜉′′′′′
06𝑖 (𝑞𝑖) (

3
8ℏ4𝑉 𝑄𝑖,1 + 21

32ℏ4𝑄𝑖,2 − 1
8ℏ2𝑄𝑖,1

3 − 15
64ℏ6𝑉 ′

) + 𝜉′′′′′′
06𝑖 (𝑞𝑖) (

3
32ℏ4𝑄𝑖,1

2

− 3
32ℏ6𝑉 ) + 𝜉′′′′′′′

06𝑖 (𝑞𝑖) (− 1
64ℏ6𝑄𝑖,1) + 𝜉′

16𝑖(𝑞𝑖) (
5
2𝑄𝑖,3 + 1

16ℏ4𝑉 ‴ − 5
4ℏ2𝑉 𝑉 ′

)

+ 𝜉″
16𝑖(𝑞𝑖) (−1

4ℏ2𝑄𝑖,1𝑉 ′ + 3
2𝑄𝑖,1𝑄𝑖,2 + 1

4ℏ4𝑉 ″ − 3
2ℏ2𝑉 2

) + 𝜉‴
16𝑖(𝑞𝑖) (−1

2ℏ2𝑉 𝑄𝑖,1

−5
4ℏ2𝑄𝑖,2 + 1

6𝑄𝑖,1
3 + 3

8ℏ4𝑉 ′
) + 𝜉⁗

16𝑖(𝑞𝑖) (
1
4ℏ4𝑉 − 1

4ℏ2𝑄𝑖,1
2
) + 1

16ℏ4𝜉′′′′′
16𝑖 (𝑞𝑖)𝑄𝑖,1

+ 𝜉′
26𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
) + 𝜉″

26𝑖(𝑞𝑖) (
1
2𝑄𝑖,1

2 − 1
2ℏ2𝑉 ) − 1

4ℏ2𝜉‴
26𝑖(𝑞𝑖)𝑄𝑖,1

+ 𝜉′
36𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉46𝑖(𝑞𝑖) = 0

𝑆47𝑖 ∶ [𝜉07𝑖(𝑞𝑖) (
35
8 𝑄𝑖,4 − 1

64ℏ6𝑉 ′′′′′ + 7
16ℏ4𝑉 𝑉 ‴ − 35

8 ℏ2𝑉 2𝑉 ′ + 7
16ℏ4𝑉 ′𝑉 ″

)

+ 𝜉′
07𝑖(𝑞𝑖) (

1
16ℏ4𝑉 ‴𝑄𝑖,1 − 5

4ℏ2𝑉 𝑄𝑖,1𝑉 ′ − 3
8ℏ2𝑄𝑖,2𝑉 ′ + 9

8𝑄𝑖,2
2 + 5

2𝑄𝑖,1𝑄𝑖,3

− 3
32ℏ6𝑉 ⁗ + 2ℏ4𝑉 𝑉 ″ + 27

32ℏ4𝑉 ′2 − 4ℏ2𝑉 3
) + 𝜉″

07𝑖(𝑞𝑖) (
1
4ℏ4𝑄𝑖,1𝑉 ″ − 1

8ℏ2𝑄𝑖,1
2𝑉 ′

−3
2ℏ2𝑉 2𝑄𝑖,1 − 3

4ℏ2𝑉 𝑄𝑖,2 − 35
8 ℏ2𝑄𝑖,3 + 3

4𝑄𝑖,1
2𝑄𝑖,2 − 15

64ℏ6𝑉 ‴ + 61
16ℏ4𝑉 𝑉 ′

)

+ 𝜉‴
07𝑖(𝑞𝑖) (

7
16ℏ4𝑄𝑖,1𝑉 ′ − 1

4ℏ2𝑉 𝑄𝑖,1
2 − 13

8 ℏ2𝑄𝑖,1𝑄𝑖,2 + 1
24𝑄𝑖,1

4 − 5
16ℏ6𝑉 ″ + 7

4ℏ4𝑉 2
)

+ 𝜉⁗
07𝑖(𝑞𝑖) (

3
8ℏ4𝑉 𝑄𝑖,1 + 21

32ℏ4𝑄𝑖,2 − 1
8ℏ2𝑄𝑖,1

3 − 15
64ℏ6𝑉 ′

) + 𝜉′′′′′
07𝑖 (𝑞𝑖) (

3
32ℏ4𝑄𝑖,1

2

− 3
32ℏ6𝑉 ) + 𝜉′′′′′′

07𝑖 (𝑞𝑖) (− 1
64ℏ6𝑄𝑖,1) + 𝜉17𝑖(𝑞𝑖) (

5
2𝑄𝑖,3 + 1

16ℏ4𝑉 ‴ − 5
4ℏ2𝑉 𝑉 ′

)

+ 𝜉′
17𝑖(𝑞𝑖) (−1

4ℏ2𝑄𝑖,1𝑉 ′ + 3
2𝑄𝑖,1𝑄𝑖,2 + 1

4ℏ4𝑉 ″ − 3
2ℏ2𝑉 2

) + 𝜉″
17𝑖(𝑞𝑖) (−1

2ℏ2𝑉 𝑄𝑖,1

−5
4ℏ2𝑄𝑖,2 + 1

6𝑄𝑖,1
3 + 3

8ℏ4𝑉 ′
) + 𝜉‴

17𝑖(𝑞𝑖) (
1
4ℏ4𝑉 − 1

4ℏ2𝑄𝑖,1
2
) + 1

16ℏ4𝜉⁗
17𝑖(𝑞𝑖)𝑄𝑖,1

+ 𝜉27𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
) + 𝜉′

27𝑖(𝑞𝑖) (
1
2𝑄𝑖,1

2 − 1
2ℏ2𝑉 ) − 1

4ℏ2𝜉″
27𝑖(𝑞𝑖)𝑄𝑖,1

+𝜉37𝑖(𝑞𝑖)𝑄𝑖,1]
′ + 𝜉47𝑖(𝑞𝑖) = 0
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A.2 Quintic Equations

𝑆50𝑖 ∶ 𝜉′
00𝑖(𝑞𝑖) (

1
64ℏ6𝑉 ′′′′′′𝑄𝑖,1 + 3

32ℏ4𝑉 ′′′′′𝑄𝑖,1
2 + 3

16ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 21
32ℏ4𝑉 ⁗𝑄𝑖,2

+1
8ℏ2𝑉 ⁗𝑄𝑖,1

3 + 1
2ℏ2𝑉 𝑉 ‴𝑄𝑖,1

2 − 13
8 ℏ2𝑉 ‴𝑄𝑖,1𝑄𝑖,2 + 1

24𝑉 ‴𝑄𝑖,1
4

+ 1
32ℏ4𝑄𝑖,1𝑉 ″2 + 1

8ℏ2𝑉 2𝑄𝑖,1𝑉 ″ − 7
8ℏ2𝑉 𝑄𝑖,2𝑉 ″ + 35

8 ℏ2𝑄𝑖,3𝑉 ″ + 1
6𝑉 𝑄𝑖,1

3𝑉 ″

−3
4𝑄𝑖,1

2𝑄𝑖,2𝑉 ″ − 5
8ℏ2𝑉 𝑄𝑖,1𝑉 ′2 − 3

16ℏ2𝑄𝑖,2𝑉 ′2 + 9
8𝑄𝑖,2

2𝑉 ′ + 5
2𝑄𝑖,1𝑄𝑖,3𝑉 ′

+1
4ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ + 1

4ℏ2𝑄𝑖,1
2𝑉 ′𝑉 ″ − 5

8𝑉 4𝑄𝑖,1 − 3
4𝑉 3𝑄𝑖,2 − 5

4𝑉 2𝑄𝑖,3 − 35
8 𝑉 𝑄𝑖,4

+63
8 𝑄𝑖,5 − 1

32ℏ6𝑉 𝑉 ′′′′′ + 1
4ℏ4𝑉 2𝑉 ‴ + 9

32ℏ4𝑉 ′3 − 4ℏ2𝑉 3𝑉 ′ + 3
64ℏ6𝑉 ⁗𝑉 ′

− 1
16ℏ6𝑉 ‴𝑉 ″ − 7

4ℏ4𝑉 𝑉 ′𝑉 ″
) + 𝜉″

00𝑖(𝑞𝑖) (
7
64ℏ6𝑉 ′′′′′𝑄𝑖,1 + 9

16ℏ4𝑉 ⁗𝑄𝑖,1
2

+15
16ℏ4𝑉 𝑉 ‴𝑄𝑖,1 − 105

32 ℏ4𝑉 ‴𝑄𝑖,2 + 5
8ℏ2𝑉 ‴𝑄𝑖,1

3 + 2ℏ2𝑉 𝑄𝑖,1
2𝑉 ″ − 13

2 ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″

+1
6𝑄𝑖,1

4𝑉 ″ + 3
4ℏ2𝑄𝑖,1

2𝑉 ′2 + 3
8ℏ2𝑉 2𝑄𝑖,1𝑉 ′ − 21

8 ℏ2𝑉 𝑄𝑖,2𝑉 ′ + 105
8 ℏ2𝑄𝑖,3𝑉 ′

+1
2𝑉 𝑄𝑖,1

3𝑉 ′ − 9
4𝑄𝑖,1

2𝑄𝑖,2𝑉 ′ + 19
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ + 9

4𝑉 𝑄𝑖,2
2 + 5𝑉 𝑄𝑖,1𝑄𝑖,3 − 15

4 𝑄𝑖,2𝑄𝑖,3

−35
8 𝑄𝑖,1𝑄𝑖,4 − 3

16ℏ6𝑉 𝑉 ⁗ − 1
8ℏ6𝑉 ″2 + ℏ4𝑉 2𝑉 ″ − 3ℏ4𝑉 𝑉 ′2 + 15

64ℏ6𝑉 ‴𝑉 ′ − 2ℏ2𝑉 4
)

+ 𝜉‴
00𝑖(𝑞𝑖) (

11
32ℏ6𝑉 ⁗𝑄𝑖,1 + 47

32ℏ4𝑉 ‴𝑄𝑖,1
2 + 13

8 ℏ4𝑉 𝑄𝑖,1𝑉 ″ − 55
8 ℏ4𝑄𝑖,2𝑉 ″

+31
24ℏ2𝑄𝑖,1

3𝑉 ″ + 43
32ℏ4𝑄𝑖,1𝑉 ′2 + 11

4 ℏ2𝑉 𝑄𝑖,1
2𝑉 ′ − 81

8 ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ + 1
4𝑄𝑖,1

4𝑉 ′

+3
4ℏ2𝑉 3𝑄𝑖,1 − 3

4ℏ2𝑉 2𝑄𝑖,2 + 55
4 ℏ2𝑉 𝑄𝑖,3 + 1

4𝑉 2𝑄𝑖,1
3 − 9

4𝑉 𝑄𝑖,1
2𝑄𝑖,2 − 105

8 ℏ2𝑄𝑖,4

+9
8𝑄𝑖,1𝑄𝑖,2

2 + 5
4𝑄𝑖,1

2𝑄𝑖,3 − 17
32ℏ6𝑉 𝑉 ‴ + 23

8 ℏ4𝑉 2𝑉 ′ + 5
8ℏ6𝑉 ′𝑉 ″

)

+ 𝜉⁗
00𝑖(𝑞𝑖) (

5
8ℏ6𝑉 ‴𝑄𝑖,1 + 17

8 ℏ4𝑄𝑖,1
2𝑉 ″ + 9

8ℏ4𝑉 𝑄𝑖,1𝑉 ′ − 15
2 ℏ4𝑄𝑖,2𝑉 ′ + 11

8 ℏ2𝑄𝑖,1
3𝑉 ′

+3
4ℏ2𝑉 2𝑄𝑖,1

2 − 29
4 ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 + 1

6𝑉 𝑄𝑖,1
4 + 15

8 ℏ2𝑄𝑖,2
2 + 5ℏ2𝑄𝑖,1𝑄𝑖,3 − 1

4𝑄𝑖,1
3𝑄𝑖,2

−7
8ℏ6𝑉 𝑉 ″ + 15

32ℏ6𝑉 ′2 + 5
4ℏ4𝑉 3

) + 𝜉′′′′′
00𝑖 (𝑞𝑖) (

23
32ℏ6𝑄𝑖,1𝑉 ″ + 29

16ℏ4𝑄𝑖,1
2𝑉 ′

− 1
16ℏ4𝑉 2𝑄𝑖,1 − 69

16ℏ4𝑉 𝑄𝑖,2 + 3
4ℏ2𝑉 𝑄𝑖,1

3 + 63
16ℏ4𝑄𝑖,3 − ℏ2𝑄𝑖,1

2𝑄𝑖,2 + 1
120𝑄𝑖,1

5

−15
16ℏ6𝑉 𝑉 ′

) + 𝜉′′′′′′
00𝑖 (𝑞𝑖) (

17
32ℏ6𝑄𝑖,1𝑉 ′ + 7

8ℏ4𝑉 𝑄𝑖,1
2 − 17

16ℏ4𝑄𝑖,1𝑄𝑖,2 + 1
24ℏ2𝑄𝑖,1

4

− 5
16ℏ6𝑉 2

) + 𝜉′′′′′′′
00𝑖 (𝑞𝑖) (

1
4ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 + 1
16ℏ4𝑄𝑖,1

3
) + 1

32ℏ6𝜉′′′′′′′′
00𝑖 (𝑞𝑖)𝑄𝑖,1

2

+ 1
256ℏ8𝜉′′′′′′′′′

00𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉50𝑖(𝑞𝑖)
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𝑆51𝑖 ∶ [𝜉01𝑖(𝑞𝑖) (
1

64ℏ6𝑉 ′′′′′′𝑄𝑖,1 + 3
32ℏ4𝑉 ′′′′′𝑄𝑖,1

2 + 3
16ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 21

32ℏ4𝑉 ⁗𝑄𝑖,2

+1
8ℏ2𝑉 ⁗𝑄𝑖,1

3 + 1
2ℏ2𝑉 𝑉 ‴𝑄𝑖,1

2 − 13
8 ℏ2𝑉 ‴𝑄𝑖,1𝑄𝑖,2 + 1

24𝑉 ‴𝑄𝑖,1
4

+ 1
32ℏ4𝑄𝑖,1𝑉 ″2 + 1

8ℏ2𝑉 2𝑄𝑖,1𝑉 ″ − 7
8ℏ2𝑉 𝑄𝑖,2𝑉 ″ + 35

8 ℏ2𝑄𝑖,3𝑉 ″ + 1
6𝑉 𝑄𝑖,1

3𝑉 ″

−3
4𝑄𝑖,1

2𝑄𝑖,2𝑉 ″ − 5
8ℏ2𝑉 𝑄𝑖,1𝑉 ′2 − 3

16ℏ2𝑄𝑖,2𝑉 ′2 + 9
8𝑄𝑖,2

2𝑉 ′ + 5
2𝑄𝑖,1𝑄𝑖,3𝑉 ′

+1
4ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ + 1

4ℏ2𝑄𝑖,1
2𝑉 ′𝑉 ″ − 5

8𝑉 4𝑄𝑖,1 − 3
4𝑉 3𝑄𝑖,2 − 5

4𝑉 2𝑄𝑖,3 − 35
8 𝑉 𝑄𝑖,4

+63
8 𝑄𝑖,5 − 1

32ℏ6𝑉 𝑉 ′′′′′ + 1
4ℏ4𝑉 2𝑉 ‴ + 9

32ℏ4𝑉 ′3 − 4ℏ2𝑉 3𝑉 ′ + 3
64ℏ6𝑉 ⁗𝑉 ′

− 1
16ℏ6𝑉 ‴𝑉 ″ − 7

4ℏ4𝑉 𝑉 ′𝑉 ″
) + 𝜉′

01𝑖(𝑞𝑖) (
7
64ℏ6𝑉 ′′′′′𝑄𝑖,1 + 9

16ℏ4𝑉 ⁗𝑄𝑖,1
2

+15
16ℏ4𝑉 𝑉 ‴𝑄𝑖,1 − 105

32 ℏ4𝑉 ‴𝑄𝑖,2 + 5
8ℏ2𝑉 ‴𝑄𝑖,1

3 + 2ℏ2𝑉 𝑄𝑖,1
2𝑉 ″ − 13

2 ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″

+1
6𝑄𝑖,1

4𝑉 ″ + 3
4ℏ2𝑄𝑖,1

2𝑉 ′2 + 3
8ℏ2𝑉 2𝑄𝑖,1𝑉 ′ − 21

8 ℏ2𝑉 𝑄𝑖,2𝑉 ′ + 105
8 ℏ2𝑄𝑖,3𝑉 ′

+1
2𝑉 𝑄𝑖,1

3𝑉 ′ − 9
4𝑄𝑖,1

2𝑄𝑖,2𝑉 ′ + 19
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ + 9

4𝑉 𝑄𝑖,2
2 + 5𝑉 𝑄𝑖,1𝑄𝑖,3 − 15

4 𝑄𝑖,2𝑄𝑖,3

−35
8 𝑄𝑖,1𝑄𝑖,4 − 3

16ℏ6𝑉 𝑉 ⁗ − 1
8ℏ6𝑉 ″2 + ℏ4𝑉 2𝑉 ″ − 3ℏ4𝑉 𝑉 ′2 + 15

64ℏ6𝑉 ‴𝑉 ′ − 2ℏ2𝑉 4
)

+ 𝜉″
01𝑖(𝑞𝑖) (

11
32ℏ6𝑉 ⁗𝑄𝑖,1 + 47

32ℏ4𝑉 ‴𝑄𝑖,1
2 + 13

8 ℏ4𝑉 𝑄𝑖,1𝑉 ″ − 55
8 ℏ4𝑄𝑖,2𝑉 ″

+31
24ℏ2𝑄𝑖,1

3𝑉 ″ + 43
32ℏ4𝑄𝑖,1𝑉 ′2 + 11

4 ℏ2𝑉 𝑄𝑖,1
2𝑉 ′ − 81

8 ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ + 1
4𝑄𝑖,1

4𝑉 ′

+3
4ℏ2𝑉 3𝑄𝑖,1 − 3

4ℏ2𝑉 2𝑄𝑖,2 + 55
4 ℏ2𝑉 𝑄𝑖,3 + 1

4𝑉 2𝑄𝑖,1
3 − 9

4𝑉 𝑄𝑖,1
2𝑄𝑖,2 − 105

8 ℏ2𝑄𝑖,4

+9
8𝑄𝑖,1𝑄𝑖,2

2 + 5
4𝑄𝑖,1

2𝑄𝑖,3 − 17
32ℏ6𝑉 𝑉 ‴ + 23

8 ℏ4𝑉 2𝑉 ′ + 5
8ℏ6𝑉 ′𝑉 ″

)

+ 𝜉‴
01𝑖(𝑞𝑖) (

5
8ℏ6𝑉 ‴𝑄𝑖,1 + 17

8 ℏ4𝑄𝑖,1
2𝑉 ″ + 9

8ℏ4𝑉 𝑄𝑖,1𝑉 ′ − 15
2 ℏ4𝑄𝑖,2𝑉 ′ + 11

8 ℏ2𝑄𝑖,1
3𝑉 ′

+3
4ℏ2𝑉 2𝑄𝑖,1

2 − 29
4 ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 + 1

6𝑉 𝑄𝑖,1
4 + 15

8 ℏ2𝑄𝑖,2
2 + 5ℏ2𝑄𝑖,1𝑄𝑖,3 − 1

4𝑄𝑖,1
3𝑄𝑖,2

−7
8ℏ6𝑉 𝑉 ″ + 15

32ℏ6𝑉 ′2 + 5
4ℏ4𝑉 3

) + 𝜉⁗
01𝑖(𝑞𝑖) (

23
32ℏ6𝑄𝑖,1𝑉 ″ + 29

16ℏ4𝑄𝑖,1
2𝑉 ′

− 1
16ℏ4𝑉 2𝑄𝑖,1 − 69

16ℏ4𝑉 𝑄𝑖,2 + 3
4ℏ2𝑉 𝑄𝑖,1

3 + 63
16ℏ4𝑄𝑖,3 − ℏ2𝑄𝑖,1

2𝑄𝑖,2 + 1
120𝑄𝑖,1

5

−15
16ℏ6𝑉 𝑉 ′

) + 𝜉′′′′′
01𝑖 (𝑞𝑖) (

17
32ℏ6𝑄𝑖,1𝑉 ′ + 7

8ℏ4𝑉 𝑄𝑖,1
2 − 17

16ℏ4𝑄𝑖,1𝑄𝑖,2 + 1
24ℏ2𝑄𝑖,1

4

− 5
16ℏ6𝑉 2

) + 𝜉′′′′′′
01𝑖 (𝑞𝑖) (

1
4ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 + 1
16ℏ4𝑄𝑖,1

3
) + 1

32ℏ6𝜉′′′′′′′
01𝑖 (𝑞𝑖)𝑄𝑖,1

2

+ 1
256ℏ8𝜉′′′′′′′′

01𝑖 (𝑞𝑖)𝑄𝑖,1]
′

+ 𝜉51𝑖(𝑞𝑖)
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𝑆52𝑖 ∶ 𝜉′
02𝑖(𝑞𝑖) (

1
64ℏ6𝑉 ′′′′′′𝑄𝑖,1 + 1

16ℏ4𝑉 ′′′′′𝑄𝑖,1
2 − 3

16ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 5
16ℏ4𝑉 ⁗𝑄𝑖,2

+ 1
24ℏ2𝑉 ⁗𝑄𝑖,1

3 − 3
4ℏ2𝑉 𝑉 ‴𝑄𝑖,1

2 − 3
8ℏ2𝑉 ‴𝑄𝑖,1𝑄𝑖,2 − 19

32ℏ4𝑄𝑖,1𝑉 ″2 + 3
8ℏ2𝑉 2𝑄𝑖,1𝑉 ″

+33
8 ℏ2𝑉 𝑄𝑖,2𝑉 ″ + 5

8ℏ2𝑄𝑖,3𝑉 ″ − 1
2𝑉 𝑄𝑖,1

3𝑉 ″ − 3
4ℏ2𝑉 𝑄𝑖,1𝑉 ′2 + 57

16ℏ2𝑄𝑖,2𝑉 ′2

−1
2𝑄𝑖,1

3𝑉 ′2 + 9
2𝑉 𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 11

16ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ − 9
4ℏ2𝑄𝑖,1

2𝑉 ′𝑉 ″ − 9
8𝑉 4𝑄𝑖,1

−3
2𝑉 3𝑄𝑖,2 − 15

4 𝑉 2𝑄𝑖,3 + 63
8 𝑄𝑖,5 − 1

32ℏ6𝑉 𝑉 ′′′′′ + 3
4ℏ4𝑉 2𝑉 ‴ − 13

2 ℏ2𝑉 3𝑉 ′

+ 3
64ℏ6𝑉 ⁗𝑉 ′ − 1

16ℏ6𝑉 ‴𝑉 ″ − 9
16ℏ4𝑉 𝑉 ′𝑉 ″

) + 𝜉″
02𝑖(𝑞𝑖) (

7
64ℏ6𝑉 ′′′′′𝑄𝑖,1

+ 5
16ℏ4𝑉 ⁗𝑄𝑖,1

2 − 9
8ℏ4𝑉 𝑉 ‴𝑄𝑖,1 − 25

16ℏ4𝑉 ‴𝑄𝑖,2 − 1
24ℏ2𝑉 ‴𝑄𝑖,1

3 − 4ℏ2𝑉 𝑄𝑖,1
2𝑉 ″

−1
4ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″ − 1

6𝑄𝑖,1
4𝑉 ″ − 31

8 ℏ2𝑄𝑖,1
2𝑉 ′2 − 3

8ℏ2𝑉 2𝑄𝑖,1𝑉 ′ + 129
8 ℏ2𝑉 𝑄𝑖,2𝑉 ′

+15
8 ℏ2𝑄𝑖,3𝑉 ′ − 2𝑉 𝑄𝑖,1

3𝑉 ′ + 3
2𝑄𝑖,1

2𝑄𝑖,2𝑉 ′ − 27
8 ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ − 1

2𝑉 3𝑄𝑖,1
2

+21
4 𝑉 2𝑄𝑖,1𝑄𝑖,2 − 5

2𝑉 𝑄𝑖,1𝑄𝑖,3 − 15
4 𝑄𝑖,2𝑄𝑖,3 − 3

16ℏ6𝑉 𝑉 ⁗ − 1
8ℏ6𝑉 ″2 + 7

2ℏ4𝑉 2𝑉 ″

−15
16ℏ4𝑉 𝑉 ′2 + 15

64ℏ6𝑉 ‴𝑉 ′ − 4ℏ2𝑉 4
) + 𝜉‴

02𝑖(𝑞𝑖) (
11
32ℏ6𝑉 ⁗𝑄𝑖,1 + 21

32ℏ4𝑉 ‴𝑄𝑖,1
2

−25
8 ℏ4𝑉 𝑄𝑖,1𝑉 ″ − 103

32 ℏ4𝑄𝑖,2𝑉 ″ − 7
12ℏ2𝑄𝑖,1

3𝑉 ″ − 23
8 ℏ4𝑄𝑖,1𝑉 ′2 − 65

8 ℏ2𝑉 𝑄𝑖,1
2𝑉 ′

+3
2ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 1

2𝑄𝑖,1
4𝑉 ′ + 5

8ℏ2𝑉 3𝑄𝑖,1 + 87
8 ℏ2𝑉 2𝑄𝑖,2 + 15

8 ℏ2𝑉 𝑄𝑖,3 − 5
4𝑉 2𝑄𝑖,1

3

+3𝑉 𝑄𝑖,1
2𝑄𝑖,2 − 105

8 ℏ2𝑄𝑖,4 − 5
4𝑄𝑖,1

2𝑄𝑖,3 − 17
32ℏ6𝑉 𝑉 ‴ + 8ℏ4𝑉 2𝑉 ′ + 5

8ℏ6𝑉 ′𝑉 ″
)

+ 𝜉⁗
02𝑖(𝑞𝑖) (

5
8ℏ6𝑉 ‴𝑄𝑖,1 + 11

16ℏ4𝑄𝑖,1
2𝑉 ″ − 71

16ℏ4𝑉 𝑄𝑖,1𝑉 ′ − 109
32 ℏ4𝑄𝑖,2𝑉 ′ − 29

24ℏ2𝑄𝑖,1
3𝑉 ′

−27
8 ℏ2𝑉 2𝑄𝑖,1

2 + 21
8 ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 − 1

2𝑉 𝑄𝑖,1
4 + 15

8 ℏ2𝑄𝑖,2
2 + 5

8ℏ2𝑄𝑖,1𝑄𝑖,3 + 1
2𝑄𝑖,1

3𝑄𝑖,2

−7
8ℏ6𝑉 𝑉 ″ + 15

32ℏ6𝑉 ′2 + 3ℏ4𝑉 3
) + 𝜉′′′′′

02𝑖 (𝑞𝑖) (
23
32ℏ6𝑄𝑖,1𝑉 ″ + 5

16ℏ4𝑄𝑖,1
2𝑉 ′ − 7

4ℏ4𝑉 2𝑄𝑖,1

−59
32ℏ4𝑉 𝑄𝑖,2 − 25

24ℏ2𝑉 𝑄𝑖,1
3 + 63

16ℏ4𝑄𝑖,3 + 5
8ℏ2𝑄𝑖,1

2𝑄𝑖,2 − 1
30𝑄𝑖,1

5 − 15
16ℏ6𝑉 𝑉 ′

)

+ 𝜉′′′′′′
02𝑖 (𝑞𝑖) (

17
32ℏ6𝑄𝑖,1𝑉 ′ − 1

16ℏ4𝑉 𝑄𝑖,1
2 − 13

32ℏ4𝑄𝑖,1𝑄𝑖,2 − 1
12ℏ2𝑄𝑖,1

4 − 5
16ℏ6𝑉 2

)

+ 𝜉′′′′′′′
02𝑖 (𝑞𝑖) (

15
64ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 − 1
32ℏ4𝑄𝑖,1

3 + 1
256ℏ8𝑉 ′

) + 𝜉′′′′′′′′
02𝑖 (𝑞𝑖) (

1
64ℏ6𝑄𝑖,1

2

+ 1
128ℏ8𝑉 ) + 1

256ℏ8𝜉′′′′′′′′′
02𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′

12𝑖(𝑞𝑖) (− 1
16ℏ4𝑉 ⁗𝑄𝑖,1 − 1

4ℏ2𝑉 ‴𝑄𝑖,1
2

+5
4ℏ2𝑄𝑖,2𝑉 ″ − 1

6𝑄𝑖,1
3𝑉 ″ − 1

8ℏ2𝑄𝑖,1𝑉 ′2 + 3
2𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 1

2𝑉 3𝑄𝑖,1 − 3
4𝑉 2𝑄𝑖,2

−5
2𝑉 𝑄𝑖,3 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴ − 3

2ℏ2𝑉 2𝑉 ′ − 3
16ℏ4𝑉 ′𝑉 ″

) + 𝜉″
12𝑖(𝑞𝑖) (− 5

16ℏ4𝑉 ‴𝑄𝑖,1

−ℏ2𝑄𝑖,1
2𝑉 ″ + 15

4 ℏ2𝑄𝑖,2𝑉 ′ − 1
2𝑄𝑖,1

3𝑉 ′ + 3𝑉 𝑄𝑖,1𝑄𝑖,2 − 9
8𝑄𝑖,2

2 − 5
2𝑄𝑖,1𝑄𝑖,3 + 1

2ℏ4𝑉 𝑉 ″

− 9
32ℏ4𝑉 ′2 − ℏ2𝑉 3

) + 𝜉‴
12𝑖(𝑞𝑖) (−11

16ℏ4𝑄𝑖,1𝑉 ″ − 13
8 ℏ2𝑄𝑖,1

2𝑉 ′ + 3
8ℏ2𝑉 2𝑄𝑖,1

+33
8 ℏ2𝑉 𝑄𝑖,2 − 1

2𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3 + 3
4𝑄𝑖,1

2𝑄𝑖,2 + ℏ4𝑉 𝑉 ′
) + 𝜉⁗

12𝑖(𝑞𝑖) (−13
16ℏ4𝑄𝑖,1𝑉 ′

−5
4ℏ2𝑉 𝑄𝑖,1

2 + 13
8 ℏ2𝑄𝑖,1𝑄𝑖,2 − 1

24𝑄𝑖,1
4 + 1

2ℏ4𝑉 2
) + 𝜉′′′′′

12𝑖 (𝑞𝑖) (− 9
16ℏ4𝑉 𝑄𝑖,1 + 21

32ℏ4𝑄𝑖,2

−1
8ℏ2𝑄𝑖,1

3
) − 3

32ℏ4𝜉′′′′′′
12𝑖 (𝑞𝑖)𝑄𝑖,1

2 − 1
64ℏ6𝜉′′′′′′′

12𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉52𝑖(𝑞𝑖) = 0
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𝑆53𝑖 ∶ [𝜉03𝑖(𝑞𝑖) (
1
64ℏ6𝑉 ′′′′′′𝑄𝑖,1 + 1

16ℏ4𝑉 ′′′′′𝑄𝑖,1
2 − 3

16ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 5
16ℏ4𝑉 ⁗𝑄𝑖,2

+ 1
24ℏ2𝑉 ⁗𝑄𝑖,1

3 − 3
4ℏ2𝑉 𝑉 ‴𝑄𝑖,1

2 − 3
8ℏ2𝑉 ‴𝑄𝑖,1𝑄𝑖,2 − 19

32ℏ4𝑄𝑖,1𝑉 ″2 + 3
8ℏ2𝑉 2𝑄𝑖,1𝑉 ″

+33
8 ℏ2𝑉 𝑄𝑖,2𝑉 ″ + 5

8ℏ2𝑄𝑖,3𝑉 ″ − 1
2𝑉 𝑄𝑖,1

3𝑉 ″ − 3
4ℏ2𝑉 𝑄𝑖,1𝑉 ′2 + 57

16ℏ2𝑄𝑖,2𝑉 ′2

−1
2𝑄𝑖,1

3𝑉 ′2 + 9
2𝑉 𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 11

16ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ − 9
4ℏ2𝑄𝑖,1

2𝑉 ′𝑉 ″ − 9
8𝑉 4𝑄𝑖,1

−3
2𝑉 3𝑄𝑖,2 − 15

4 𝑉 2𝑄𝑖,3 + 63
8 𝑄𝑖,5 − 1

32ℏ6𝑉 𝑉 ′′′′′ + 3
4ℏ4𝑉 2𝑉 ‴ − 13

2 ℏ2𝑉 3𝑉 ′

+ 3
64ℏ6𝑉 ⁗𝑉 ′ − 1

16ℏ6𝑉 ‴𝑉 ″ − 9
16ℏ4𝑉 𝑉 ′𝑉 ″

) + 𝜉′
03𝑖(𝑞𝑖) (

7
64ℏ6𝑉 ′′′′′𝑄𝑖,1

+ 5
16ℏ4𝑉 ⁗𝑄𝑖,1

2 − 9
8ℏ4𝑉 𝑉 ‴𝑄𝑖,1 − 25

16ℏ4𝑉 ‴𝑄𝑖,2 − 1
24ℏ2𝑉 ‴𝑄𝑖,1

3 − 4ℏ2𝑉 𝑄𝑖,1
2𝑉 ″

−1
4ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″ − 1

6𝑄𝑖,1
4𝑉 ″ − 31

8 ℏ2𝑄𝑖,1
2𝑉 ′2 − 3

8ℏ2𝑉 2𝑄𝑖,1𝑉 ′ + 129
8 ℏ2𝑉 𝑄𝑖,2𝑉 ′

+15
8 ℏ2𝑄𝑖,3𝑉 ′ − 2𝑉 𝑄𝑖,1

3𝑉 ′ + 3
2𝑄𝑖,1

2𝑄𝑖,2𝑉 ′ − 27
8 ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ − 1

2𝑉 3𝑄𝑖,1
2

+21
4 𝑉 2𝑄𝑖,1𝑄𝑖,2 − 5

2𝑉 𝑄𝑖,1𝑄𝑖,3 − 15
4 𝑄𝑖,2𝑄𝑖,3 − 3

16ℏ6𝑉 𝑉 ⁗ − 1
8ℏ6𝑉 ″2 + 7

2ℏ4𝑉 2𝑉 ″

−15
16ℏ4𝑉 𝑉 ′2 + 15

64ℏ6𝑉 ‴𝑉 ′ − 4ℏ2𝑉 4
) + 𝜉″

03𝑖(𝑞𝑖) (
11
32ℏ6𝑉 ⁗𝑄𝑖,1 + 21

32ℏ4𝑉 ‴𝑄𝑖,1
2

−25
8 ℏ4𝑉 𝑄𝑖,1𝑉 ″ − 103

32 ℏ4𝑄𝑖,2𝑉 ″ − 7
12ℏ2𝑄𝑖,1

3𝑉 ″ − 23
8 ℏ4𝑄𝑖,1𝑉 ′2 − 65

8 ℏ2𝑉 𝑄𝑖,1
2𝑉 ′

+3
2ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 1

2𝑄𝑖,1
4𝑉 ′ + 5

8ℏ2𝑉 3𝑄𝑖,1 + 87
8 ℏ2𝑉 2𝑄𝑖,2 + 15

8 ℏ2𝑉 𝑄𝑖,3 − 5
4𝑉 2𝑄𝑖,1

3

+3𝑉 𝑄𝑖,1
2𝑄𝑖,2 − 105

8 ℏ2𝑄𝑖,4 − 5
4𝑄𝑖,1

2𝑄𝑖,3 − 17
32ℏ6𝑉 𝑉 ‴ + 8ℏ4𝑉 2𝑉 ′ + 5

8ℏ6𝑉 ′𝑉 ″
)

+ 𝜉‴
03𝑖(𝑞𝑖) (

5
8ℏ6𝑉 ‴𝑄𝑖,1 + 11

16ℏ4𝑄𝑖,1
2𝑉 ″ − 71

16ℏ4𝑉 𝑄𝑖,1𝑉 ′ − 109
32 ℏ4𝑄𝑖,2𝑉 ′ − 29

24ℏ2𝑄𝑖,1
3𝑉 ′

−27
8 ℏ2𝑉 2𝑄𝑖,1

2 + 21
8 ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 − 1

2𝑉 𝑄𝑖,1
4 + 15

8 ℏ2𝑄𝑖,2
2 + 5

8ℏ2𝑄𝑖,1𝑄𝑖,3 + 1
2𝑄𝑖,1

3𝑄𝑖,2

−7
8ℏ6𝑉 𝑉 ″ + 15

32ℏ6𝑉 ′2 + 3ℏ4𝑉 3
) + 𝜉⁗

03𝑖(𝑞𝑖) (
23
32ℏ6𝑄𝑖,1𝑉 ″ + 5

16ℏ4𝑄𝑖,1
2𝑉 ′ − 7

4ℏ4𝑉 2𝑄𝑖,1

−59
32ℏ4𝑉 𝑄𝑖,2 − 25

24ℏ2𝑉 𝑄𝑖,1
3 + 63

16ℏ4𝑄𝑖,3 + 5
8ℏ2𝑄𝑖,1

2𝑄𝑖,2 − 1
30𝑄𝑖,1

5 − 15
16ℏ6𝑉 𝑉 ′

)

+ 𝜉′′′′′
03𝑖 (𝑞𝑖) (

17
32ℏ6𝑄𝑖,1𝑉 ′ − 1

16ℏ4𝑉 𝑄𝑖,1
2 − 13

32ℏ4𝑄𝑖,1𝑄𝑖,2 − 1
12ℏ2𝑄𝑖,1

4 − 5
16ℏ6𝑉 2

)

+ 𝜉′′′′′′
03𝑖 (𝑞𝑖) (

15
64ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 − 1
32ℏ4𝑄𝑖,1

3 + 1
256ℏ8𝑉 ′

) + 𝜉′′′′′′′
03𝑖 (𝑞𝑖) (

1
64ℏ6𝑄𝑖,1

2

+ 1
128ℏ8𝑉 ) + 1

256ℏ8𝜉′′′′′′′′
03𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉13𝑖(𝑞𝑖) (− 1

16ℏ4𝑉 ⁗𝑄𝑖,1 − 1
4ℏ2𝑉 ‴𝑄𝑖,1

2

+5
4ℏ2𝑄𝑖,2𝑉 ″ − 1

6𝑄𝑖,1
3𝑉 ″ − 1

8ℏ2𝑄𝑖,1𝑉 ′2 + 3
2𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 1

2𝑉 3𝑄𝑖,1 − 3
4𝑉 2𝑄𝑖,2

−5
2𝑉 𝑄𝑖,3 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴ − 3

2ℏ2𝑉 2𝑉 ′ − 3
16ℏ4𝑉 ′𝑉 ″

) + 𝜉′
13𝑖(𝑞𝑖) (− 5

16ℏ4𝑉 ‴𝑄𝑖,1

−ℏ2𝑄𝑖,1
2𝑉 ″ + 15

4 ℏ2𝑄𝑖,2𝑉 ′ − 1
2𝑄𝑖,1

3𝑉 ′ + 3𝑉 𝑄𝑖,1𝑄𝑖,2 − 9
8𝑄𝑖,2

2 − 5
2𝑄𝑖,1𝑄𝑖,3 + 1

2ℏ4𝑉 𝑉 ″

− 9
32ℏ4𝑉 ′2 − ℏ2𝑉 3

) + 𝜉″
13𝑖(𝑞𝑖) (−11

16ℏ4𝑄𝑖,1𝑉 ″ − 13
8 ℏ2𝑄𝑖,1

2𝑉 ′ + 3
8ℏ2𝑉 2𝑄𝑖,1

+33
8 ℏ2𝑉 𝑄𝑖,2 − 1

2𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3 + 3
4𝑄𝑖,1

2𝑄𝑖,2 + ℏ4𝑉 𝑉 ′
) + 𝜉‴

13𝑖(𝑞𝑖) (−13
16ℏ4𝑄𝑖,1𝑉 ′

−5
4ℏ2𝑉 𝑄𝑖,1

2 + 13
8 ℏ2𝑄𝑖,1𝑄𝑖,2 − 1

24𝑄𝑖,1
4 + 1

2ℏ4𝑉 2
) + 𝜉⁗

13𝑖(𝑞𝑖) (− 9
16ℏ4𝑉 𝑄𝑖,1 + 21

32ℏ4𝑄𝑖,2

−1
8ℏ2𝑄𝑖,1

3
) − 3

32ℏ4𝜉′′′′′
13𝑖 (𝑞𝑖)𝑄𝑖,1

2 − 1
64ℏ6𝜉′′′′′′

13𝑖 (𝑞𝑖)𝑄𝑖,1]
′

+ 𝜉53𝑖(𝑞𝑖) = 0
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𝑆54𝑖 ∶ 𝜉′
04𝑖(𝑞𝑖) (

1
64ℏ6𝑉 ′′′′′′𝑄𝑖,1 + 1

32ℏ4𝑉 ′′′′′𝑄𝑖,1
2 − 3

8ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 3
32ℏ4𝑉 ⁗𝑄𝑖,2

−5
8ℏ2𝑉 𝑉 ‴𝑄𝑖,1

2 − 21
32ℏ4𝑄𝑖,1𝑉 ″2 + 25

8 ℏ2𝑉 2𝑄𝑖,1𝑉 ″ + 15
8 ℏ2𝑉 𝑄𝑖,2𝑉 ″ + 15

4 ℏ2𝑉 𝑄𝑖,1𝑉 ′2

+15
16ℏ2𝑄𝑖,2𝑉 ′2 + 15

4 𝑉 2𝑄𝑖,1
2𝑉 ′ − 7

8ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ − 5
4ℏ2𝑄𝑖,1

2𝑉 ′𝑉 ″ − 15
8 𝑉 4𝑄𝑖,1

−15
4 𝑉 3𝑄𝑖,2 + 63

8 𝑄𝑖,5 − 1
32ℏ6𝑉 𝑉 ′′′′′ + 7

8ℏ4𝑉 2𝑉 ‴ − 35
4 ℏ2𝑉 3𝑉 ′ + 3

64ℏ6𝑉 ⁗𝑉 ′

− 1
16ℏ6𝑉 ‴𝑉 ″ − 7

16ℏ4𝑉 𝑉 ′𝑉 ″
) + 𝜉″

04𝑖(𝑞𝑖) (
7
64ℏ6𝑉 ′′′′′𝑄𝑖,1 + 1

8ℏ4𝑉 ⁗𝑄𝑖,1
2

−33
16ℏ4𝑉 𝑉 ‴𝑄𝑖,1 − 15

32ℏ4𝑉 ‴𝑄𝑖,2 − 1
8ℏ2𝑉 ‴𝑄𝑖,1

3 − 2ℏ2𝑉 𝑄𝑖,1
2𝑉 ″ + 3

4ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″

−13
8 ℏ2𝑄𝑖,1

2𝑉 ′2 + 11ℏ2𝑉 2𝑄𝑖,1𝑉 ′ + 6ℏ2𝑉 𝑄𝑖,2𝑉 ′ + 3
2𝑉 𝑄𝑖,1

3𝑉 ′ + 3
4𝑄𝑖,1

2𝑄𝑖,2𝑉 ′

−69
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ + 3𝑉 3𝑄𝑖,1

2 − 9
4𝑉 𝑄𝑖,2

2 − 3𝑉 2𝑄𝑖,1𝑄𝑖,2 − 3
16ℏ6𝑉 𝑉 ⁗ − 1

8ℏ6𝑉 ″2

+4ℏ4𝑉 2𝑉 ″ − 9
16ℏ4𝑉 𝑉 ′2 + 15

64ℏ6𝑉 ‴𝑉 ′ − 6ℏ2𝑉 4
) + 𝜉‴

04𝑖(𝑞𝑖) (
11
32ℏ6𝑉 ⁗𝑄𝑖,1

+ 5
32ℏ4𝑉 ‴𝑄𝑖,1

2 − 21
4 ℏ4𝑉 𝑄𝑖,1𝑉 ″ − 15

16ℏ4𝑄𝑖,2𝑉 ″ − 3
8ℏ2𝑄𝑖,1

3𝑉 ″ − 4ℏ4𝑄𝑖,1𝑉 ′2

−19
8 ℏ2𝑉 𝑄𝑖,1

2𝑉 ′ + 9
4ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ + 1

4𝑄𝑖,1
4𝑉 ′ + 6ℏ2𝑉 3𝑄𝑖,1 + 33

8 ℏ2𝑉 2𝑄𝑖,2

+7
4𝑉 2𝑄𝑖,1

3 + 3
4𝑉 𝑄𝑖,1

2𝑄𝑖,2 − 105
8 ℏ2𝑄𝑖,4 − 9

4𝑄𝑖,1𝑄𝑖,2
2 − 17

32ℏ6𝑉 𝑉 ‴ + 73
8 ℏ4𝑉 2𝑉 ′

+5
8ℏ6𝑉 ′𝑉 ″

) + 𝜉⁗
04𝑖(𝑞𝑖) (

5
8ℏ6𝑉 ‴𝑄𝑖,1 − 1

8ℏ4𝑄𝑖,1
2𝑉 ″ − 57

8 ℏ4𝑉 𝑄𝑖,1𝑉 ′ − 15
16ℏ4𝑄𝑖,2𝑉 ′

−1
2ℏ2𝑄𝑖,1

3𝑉 ′ + 3ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 + 1
2𝑉 𝑄𝑖,1

4 − 7
8ℏ6𝑉 𝑉 ″ + 15

32ℏ6𝑉 ′2 + 7
2ℏ4𝑉 3

)

+ 𝜉′′′′′
04𝑖 (𝑞𝑖) (

45
64ℏ6𝑄𝑖,1𝑉 ″ − 17

32ℏ4𝑄𝑖,1
2𝑉 ′ − 85

32ℏ4𝑉 2𝑄𝑖,1 − 15
32ℏ4𝑉 𝑄𝑖,2 − 1

4ℏ2𝑉 𝑄𝑖,1
3

+63
16ℏ4𝑄𝑖,3 + 3

4ℏ2𝑄𝑖,1
2𝑄𝑖,2 + 1

20𝑄𝑖,1
5 + 1

256ℏ8𝑉 ‴ − 63
64ℏ6𝑉 𝑉 ′

)

+ 𝜉′′′′′′
04𝑖 (𝑞𝑖) (

15
32ℏ6𝑄𝑖,1𝑉 ′ − 9

16ℏ4𝑉 𝑄𝑖,1
2 + 1

64ℏ8𝑉 ″ − 3
8ℏ6𝑉 2

)

+ 𝜉′′′′′′′
04𝑖 (𝑞𝑖) (

5
32ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 − 1
16ℏ4𝑄𝑖,1

3 + 3
128ℏ8𝑉 ′

) + 1
64ℏ8𝜉′′′′′′′′

04𝑖 (𝑞𝑖)𝑉

+ 1
256ℏ8𝜉′′′′′′′′′

04𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′
14𝑖(𝑞𝑖) (− 1

16ℏ4𝑉 ⁗𝑄𝑖,1 − 1
8ℏ2𝑉 ‴𝑄𝑖,1

2 + ℏ2𝑉 𝑄𝑖,1𝑉 ″

+3
8ℏ2𝑄𝑖,2𝑉 ″ + 5

8ℏ2𝑄𝑖,1𝑉 ′2 + 3
2𝑉 𝑄𝑖,1

2𝑉 ′ − 𝑉 3𝑄𝑖,1 − 9
4𝑉 2𝑄𝑖,2 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴

−5
2ℏ2𝑉 2𝑉 ′ − 3

16ℏ4𝑉 ′𝑉 ″
) + 𝜉″

14𝑖(𝑞𝑖) (− 5
16ℏ4𝑉 ‴𝑄𝑖,1 − 1

4ℏ2𝑄𝑖,1
2𝑉 ″ + 13

4 ℏ2𝑉 𝑄𝑖,1𝑉 ′

+9
8ℏ2𝑄𝑖,2𝑉 ′ + 1

2𝑄𝑖,1
3𝑉 ′ + 3

2𝑉 2𝑄𝑖,1
2 − 3

2𝑉 𝑄𝑖,1𝑄𝑖,2 − 9
8𝑄𝑖,2

2 + 1
2ℏ4𝑉 𝑉 ″ − 9

32ℏ4𝑉 ′2

−2ℏ2𝑉 3) + 𝜉‴
14𝑖(𝑞𝑖) (−11

16ℏ4𝑄𝑖,1𝑉 ″ + 19
8 ℏ2𝑉 2𝑄𝑖,1 + 9

8ℏ2𝑉 𝑄𝑖,2 + 𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3

−3
4𝑄𝑖,1

2𝑄𝑖,2 + ℏ4𝑉 𝑉 ′
) + 𝜉⁗

14𝑖(𝑞𝑖) (−13
16ℏ4𝑄𝑖,1𝑉 ′ + 1

2ℏ2𝑉 𝑄𝑖,1
2 + 3

8ℏ2𝑄𝑖,1𝑄𝑖,2 + 1
8𝑄𝑖,1

4

+1
2ℏ4𝑉 2

) + 𝜉′′′′′
14𝑖 (𝑞𝑖) (−1

2ℏ4𝑉 𝑄𝑖,1 + 21
32ℏ4𝑄𝑖,2 + 1

8ℏ2𝑄𝑖,1
3 − 1

64ℏ6𝑉 ′
)

+ 𝜉′′′′′′
14𝑖 (𝑞𝑖) (− 1

32ℏ4𝑄𝑖,1
2 − 1

32ℏ6𝑉 ) + 𝜉′′′′′′′
14𝑖 (𝑞𝑖) (− 1

64ℏ6𝑄𝑖,1) + 𝜉′
24𝑖(𝑞𝑖) (

1
4ℏ2𝑄𝑖,1𝑉 ″

+1
2𝑄𝑖,1

2𝑉 ′ − 1
2𝑉 2𝑄𝑖,1 − 3

2𝑉 𝑄𝑖,2 + 5
2𝑄𝑖,3 − 1

2ℏ2𝑉 𝑉 ′
) + 𝜉″

24𝑖(𝑞𝑖) (
3
4ℏ2𝑄𝑖,1𝑉 ′ + 𝑉 𝑄𝑖,1

2

−3
2𝑄𝑖,1𝑄𝑖,2 − 1

2ℏ2𝑉 2
) + 𝜉‴

24𝑖(𝑞𝑖) (ℏ2𝑉 𝑄𝑖,1 − 5
4ℏ2𝑄𝑖,2 + 1

6𝑄𝑖,1
3
) + 1

4ℏ2𝜉⁗
24𝑖(𝑞𝑖)𝑄𝑖,1

2

+ 1
16ℏ4𝜉′′′′′

24𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉54𝑖(𝑞𝑖) = 0
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𝑆55𝑖 ∶ [𝜉05𝑖(𝑞𝑖) (
1
64ℏ6𝑉 ′′′′′′𝑄𝑖,1 + 1

32ℏ4𝑉 ′′′′′𝑄𝑖,1
2 − 3

8ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 3
32ℏ4𝑉 ⁗𝑄𝑖,2

−5
8ℏ2𝑉 𝑉 ‴𝑄𝑖,1

2 − 21
32ℏ4𝑄𝑖,1𝑉 ″2 + 25

8 ℏ2𝑉 2𝑄𝑖,1𝑉 ″ + 15
8 ℏ2𝑉 𝑄𝑖,2𝑉 ″ + 15

4 ℏ2𝑉 𝑄𝑖,1𝑉 ′2

+15
16ℏ2𝑄𝑖,2𝑉 ′2 + 15

4 𝑉 2𝑄𝑖,1
2𝑉 ′ − 7

8ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ − 5
4ℏ2𝑄𝑖,1

2𝑉 ′𝑉 ″ − 15
8 𝑉 4𝑄𝑖,1

−15
4 𝑉 3𝑄𝑖,2 + 63

8 𝑄𝑖,5 − 1
32ℏ6𝑉 𝑉 ′′′′′ + 7

8ℏ4𝑉 2𝑉 ‴ − 35
4 ℏ2𝑉 3𝑉 ′ + 3

64ℏ6𝑉 ⁗𝑉 ′

− 1
16ℏ6𝑉 ‴𝑉 ″ − 7

16ℏ4𝑉 𝑉 ′𝑉 ″
) + 𝜉′

05𝑖(𝑞𝑖) (
7
64ℏ6𝑉 ′′′′′𝑄𝑖,1 + 1

8ℏ4𝑉 ⁗𝑄𝑖,1
2

−33
16ℏ4𝑉 𝑉 ‴𝑄𝑖,1 − 15

32ℏ4𝑉 ‴𝑄𝑖,2 − 1
8ℏ2𝑉 ‴𝑄𝑖,1

3 − 2ℏ2𝑉 𝑄𝑖,1
2𝑉 ″ + 3

4ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″

−13
8 ℏ2𝑄𝑖,1

2𝑉 ′2 + 11ℏ2𝑉 2𝑄𝑖,1𝑉 ′ + 6ℏ2𝑉 𝑄𝑖,2𝑉 ′ + 3
2𝑉 𝑄𝑖,1

3𝑉 ′ + 3
4𝑄𝑖,1

2𝑄𝑖,2𝑉 ′

−69
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ + 3𝑉 3𝑄𝑖,1

2 − 9
4𝑉 𝑄𝑖,2

2 − 3𝑉 2𝑄𝑖,1𝑄𝑖,2 − 3
16ℏ6𝑉 𝑉 ⁗ − 1

8ℏ6𝑉 ″2

+4ℏ4𝑉 2𝑉 ″ − 9
16ℏ4𝑉 𝑉 ′2 + 15

64ℏ6𝑉 ‴𝑉 ′ − 6ℏ2𝑉 4
) + 𝜉″

05𝑖(𝑞𝑖) (
11
32ℏ6𝑉 ⁗𝑄𝑖,1

+ 5
32ℏ4𝑉 ‴𝑄𝑖,1

2 − 21
4 ℏ4𝑉 𝑄𝑖,1𝑉 ″ − 15

16ℏ4𝑄𝑖,2𝑉 ″ − 3
8ℏ2𝑄𝑖,1

3𝑉 ″ − 4ℏ4𝑄𝑖,1𝑉 ′2

−19
8 ℏ2𝑉 𝑄𝑖,1

2𝑉 ′ + 9
4ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ + 1

4𝑄𝑖,1
4𝑉 ′ + 6ℏ2𝑉 3𝑄𝑖,1 + 33

8 ℏ2𝑉 2𝑄𝑖,2

+7
4𝑉 2𝑄𝑖,1

3 + 3
4𝑉 𝑄𝑖,1

2𝑄𝑖,2 − 105
8 ℏ2𝑄𝑖,4 − 9

4𝑄𝑖,1𝑄𝑖,2
2 − 17

32ℏ6𝑉 𝑉 ‴ + 73
8 ℏ4𝑉 2𝑉 ′

+5
8ℏ6𝑉 ′𝑉 ″

) + 𝜉‴
05𝑖(𝑞𝑖) (

5
8ℏ6𝑉 ‴𝑄𝑖,1 − 1

8ℏ4𝑄𝑖,1
2𝑉 ″ − 57

8 ℏ4𝑉 𝑄𝑖,1𝑉 ′ − 15
16ℏ4𝑄𝑖,2𝑉 ′

−1
2ℏ2𝑄𝑖,1

3𝑉 ′ + 3ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 + 1
2𝑉 𝑄𝑖,1

4 − 7
8ℏ6𝑉 𝑉 ″ + 15

32ℏ6𝑉 ′2 + 7
2ℏ4𝑉 3

)

+ 𝜉⁗
05𝑖(𝑞𝑖) (

45
64ℏ6𝑄𝑖,1𝑉 ″ − 17

32ℏ4𝑄𝑖,1
2𝑉 ′ − 85

32ℏ4𝑉 2𝑄𝑖,1 − 15
32ℏ4𝑉 𝑄𝑖,2 − 1

4ℏ2𝑉 𝑄𝑖,1
3

+63
16ℏ4𝑄𝑖,3 + 3

4ℏ2𝑄𝑖,1
2𝑄𝑖,2 + 1

20𝑄𝑖,1
5 + 1

256ℏ8𝑉 ‴ − 63
64ℏ6𝑉 𝑉 ′

)

+ 𝜉′′′′′
05𝑖 (𝑞𝑖) (

15
32ℏ6𝑄𝑖,1𝑉 ′ − 9

16ℏ4𝑉 𝑄𝑖,1
2 + 1

64ℏ8𝑉 ″ − 3
8ℏ6𝑉 2

)

+ 𝜉′′′′′′
05𝑖 (𝑞𝑖) (

5
32ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 − 1
16ℏ4𝑄𝑖,1

3 + 3
128ℏ8𝑉 ′

) + 1
64ℏ8𝜉′′′′′′′

05𝑖 (𝑞𝑖)𝑉

+ 1
256ℏ8𝜉′′′′′′′′

05𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉15𝑖(𝑞𝑖) (− 1
16ℏ4𝑉 ⁗𝑄𝑖,1 − 1

8ℏ2𝑉 ‴𝑄𝑖,1
2 + ℏ2𝑉 𝑄𝑖,1𝑉 ″

+3
8ℏ2𝑄𝑖,2𝑉 ″ + 5

8ℏ2𝑄𝑖,1𝑉 ′2 + 3
2𝑉 𝑄𝑖,1

2𝑉 ′ − 𝑉 3𝑄𝑖,1 − 9
4𝑉 2𝑄𝑖,2 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴

−5
2ℏ2𝑉 2𝑉 ′ − 3

16ℏ4𝑉 ′𝑉 ″
) + 𝜉′

15𝑖(𝑞𝑖) (− 5
16ℏ4𝑉 ‴𝑄𝑖,1 − 1

4ℏ2𝑄𝑖,1
2𝑉 ″ + 13

4 ℏ2𝑉 𝑄𝑖,1𝑉 ′

+9
8ℏ2𝑄𝑖,2𝑉 ′ + 1

2𝑄𝑖,1
3𝑉 ′ + 3

2𝑉 2𝑄𝑖,1
2 − 3

2𝑉 𝑄𝑖,1𝑄𝑖,2 − 9
8𝑄𝑖,2

2 + 1
2ℏ4𝑉 𝑉 ″ − 9

32ℏ4𝑉 ′2

−2ℏ2𝑉 3) + 𝜉″
15𝑖(𝑞𝑖) (−11

16ℏ4𝑄𝑖,1𝑉 ″ + 19
8 ℏ2𝑉 2𝑄𝑖,1 + 9

8ℏ2𝑉 𝑄𝑖,2 + 𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3

−3
4𝑄𝑖,1

2𝑄𝑖,2 + ℏ4𝑉 𝑉 ′
) + 𝜉‴

15𝑖(𝑞𝑖) (−13
16ℏ4𝑄𝑖,1𝑉 ′ + 1

2ℏ2𝑉 𝑄𝑖,1
2 + 3

8ℏ2𝑄𝑖,1𝑄𝑖,2 + 1
8𝑄𝑖,1

4

+1
2ℏ4𝑉 2

) + 𝜉⁗
15𝑖(𝑞𝑖) (−1

2ℏ4𝑉 𝑄𝑖,1 + 21
32ℏ4𝑄𝑖,2 + 1

8ℏ2𝑄𝑖,1
3 − 1

64ℏ6𝑉 ′
)

+ 𝜉′′′′′
15𝑖 (𝑞𝑖) (− 1

32ℏ4𝑄𝑖,1
2 − 1

32ℏ6𝑉 ) + 𝜉′′′′′′
15𝑖 (𝑞𝑖) (− 1

64ℏ6𝑄𝑖,1) + 𝜉25𝑖(𝑞𝑖) (
1
4ℏ2𝑄𝑖,1𝑉 ″

+1
2𝑄𝑖,1

2𝑉 ′ − 1
2𝑉 2𝑄𝑖,1 − 3

2𝑉 𝑄𝑖,2 + 5
2𝑄𝑖,3 − 1

2ℏ2𝑉 𝑉 ′
) + 𝜉′

25𝑖(𝑞𝑖) (
3
4ℏ2𝑄𝑖,1𝑉 ′ + 𝑉 𝑄𝑖,1

2

−3
2𝑄𝑖,1𝑄𝑖,2 − 1

2ℏ2𝑉 2
) + 𝜉″

25𝑖(𝑞𝑖) (ℏ2𝑉 𝑄𝑖,1 − 5
4ℏ2𝑄𝑖,2 + 1

6𝑄𝑖,1
3
) + 1

4ℏ2𝜉‴
25𝑖(𝑞𝑖)𝑄𝑖,1

2

+ 1
16ℏ4𝜉⁗

25𝑖(𝑞𝑖)𝑄𝑖,1]
′

+ 𝜉55𝑖(𝑞𝑖) = 0



A.2. QUINTIC EQUATIONS 135

𝑆56𝑖 ∶ 𝜉′
06𝑖(𝑞𝑖) (

1
64ℏ6𝑉 ′′′′′′𝑄𝑖,1 − 7

16ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 21
32ℏ4𝑄𝑖,1𝑉 ″2 + 35

8 ℏ2𝑉 2𝑄𝑖,1𝑉 ″

+35
8 ℏ2𝑉 𝑄𝑖,1𝑉 ′2 − 7

8ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ − 35
8 𝑉 4𝑄𝑖,1 + 63

8 𝑄𝑖,5 − 1
32ℏ6𝑉 𝑉 ′′′′′ + 7

8ℏ4𝑉 2𝑉 ‴

−35
4 ℏ2𝑉 3𝑉 ′ + 3

64ℏ6𝑉 ⁗𝑉 ′ − 1
16ℏ6𝑉 ‴𝑉 ″ − 7

16ℏ4𝑉 𝑉 ′𝑉 ″
) + 𝜉″

06𝑖(𝑞𝑖) (
7
64ℏ6𝑉 ′′′′′𝑄𝑖,1

− 1
16ℏ4𝑉 ⁗𝑄𝑖,1

2 − 19
8 ℏ4𝑉 𝑉 ‴𝑄𝑖,1 + 5

4ℏ2𝑉 𝑄𝑖,1
2𝑉 ″ + 3

8ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″ + 5
8ℏ2𝑄𝑖,1

2𝑉 ′2

+31
2 ℏ2𝑉 2𝑄𝑖,1𝑉 ′ − 3

4ℏ2𝑉 𝑄𝑖,2𝑉 ′ − 69
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ − 5

2𝑉 3𝑄𝑖,1
2 − 9

4𝑉 2𝑄𝑖,1𝑄𝑖,2

−5
2𝑉 𝑄𝑖,1𝑄𝑖,3 + 15

4 𝑄𝑖,2𝑄𝑖,3 − 3
16ℏ6𝑉 𝑉 ⁗ − 1

8ℏ6𝑉 ″2 + 4ℏ4𝑉 2𝑉 ″ − 9
16ℏ4𝑉 𝑉 ′2

+15
64ℏ6𝑉 ‴𝑉 ′ − 6ℏ2𝑉 4

) + 𝜉‴
06𝑖(𝑞𝑖) (

21
64ℏ6𝑉 ⁗𝑄𝑖,1 − 5

16ℏ4𝑉 ‴𝑄𝑖,1
2 − 89

16ℏ4𝑉 𝑄𝑖,1𝑉 ″

+1
8ℏ2𝑄𝑖,1

3𝑉 ″ − 123
32 ℏ4𝑄𝑖,1𝑉 ′2 + 17

4 ℏ2𝑉 𝑄𝑖,1
2𝑉 ′ + 9

8ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ + 69
8 ℏ2𝑉 3𝑄𝑖,1

−3
4ℏ2𝑉 2𝑄𝑖,2 − 3

4𝑉 2𝑄𝑖,1
3 − 3

2𝑉 𝑄𝑖,1
2𝑄𝑖,2 − 105

8 ℏ2𝑄𝑖,4 − 5
4𝑄𝑖,1

2𝑄𝑖,3 + 1
256ℏ8𝑉 ′′′′′

−39
64ℏ6𝑉 𝑉 ‴ + 307

32 ℏ4𝑉 2𝑉 ′ + 15
32ℏ6𝑉 ′𝑉 ″

) + 𝜉⁗
06𝑖(𝑞𝑖) (

17
32ℏ6𝑉 ‴𝑄𝑖,1 − 11

16ℏ4𝑄𝑖,1
2𝑉 ″

−103
16 ℏ4𝑉 𝑄𝑖,1𝑉 ′ + 3

32ℏ4𝑄𝑖,2𝑉 ′ + 3
8ℏ2𝑄𝑖,1

3𝑉 ′ + 27
8 ℏ2𝑉 2𝑄𝑖,1

2 + 19
8 ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2

−1
6𝑉 𝑄𝑖,1

4 − 15
8 ℏ2𝑄𝑖,2

2 − 5
8ℏ2𝑄𝑖,1𝑄𝑖,3 − 1

2𝑄𝑖,1
3𝑄𝑖,2 + 3

128ℏ8𝑉 ⁗ − 5
4ℏ6𝑉 𝑉 ″

+ 3
16ℏ6𝑉 ′2 + 4ℏ4𝑉 3

) + 𝜉′′′′′
06𝑖 (𝑞𝑖) (

31
64ℏ6𝑄𝑖,1𝑉 ″ − 25

32ℏ4𝑄𝑖,1
2𝑉 ′ − 61

32ℏ4𝑉 2𝑄𝑖,1

+ 3
16ℏ4𝑉 𝑄𝑖,2 + 5

8ℏ2𝑉 𝑄𝑖,1
3 + 63

16ℏ4𝑄𝑖,3 + 5
8ℏ2𝑄𝑖,1

2𝑄𝑖,2 − 1
30𝑄𝑖,1

5 + 15
256ℏ8𝑉 ‴

−105
64 ℏ6𝑉 𝑉 ′

) + 𝜉′′′′′′
06𝑖 (𝑞𝑖) (

7
32ℏ6𝑄𝑖,1𝑉 ′ − 1

2ℏ4𝑉 𝑄𝑖,1
2 + 13

32ℏ4𝑄𝑖,1𝑄𝑖,2 + 1
12ℏ2𝑄𝑖,1

4

+ 5
64ℏ8𝑉 ″ − 5

8ℏ6𝑉 2
) + 𝜉′′′′′′′

06𝑖 (𝑞𝑖) (
1
64ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 − 1
32ℏ4𝑄𝑖,1

3 + 15
256ℏ8𝑉 ′

)

+ 𝜉′′′′′′′′
06𝑖 (𝑞𝑖) (

3
128ℏ8𝑉 − 1

64ℏ6𝑄𝑖,1
2
) + 1

256ℏ8𝜉′′′′′′′′′
06𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′

16𝑖(𝑞𝑖) (− 1
16ℏ4𝑉 ⁗𝑄𝑖,1

+5
4ℏ2𝑉 𝑄𝑖,1𝑉 ″ + 5

8ℏ2𝑄𝑖,1𝑉 ′2 − 5
2𝑉 3𝑄𝑖,1 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴ − 5

2ℏ2𝑉 2𝑉 ′

− 3
16ℏ4𝑉 ′𝑉 ″

) + 𝜉″
16𝑖(𝑞𝑖) (− 5

16ℏ4𝑉 ‴𝑄𝑖,1 + 1
4ℏ2𝑄𝑖,1

2𝑉 ″ + 4ℏ2𝑉 𝑄𝑖,1𝑉 ′ − 3
2𝑉 2𝑄𝑖,1

2

−3
2𝑉 𝑄𝑖,1𝑄𝑖,2 + 9

8𝑄𝑖,2
2 + 1

2ℏ4𝑉 𝑉 ″ − 9
32ℏ4𝑉 ′2 − 2ℏ2𝑉 3

) + 𝜉‴
16𝑖(𝑞𝑖) (−5

8ℏ4𝑄𝑖,1𝑉 ″

+3
4ℏ2𝑄𝑖,1

2𝑉 ′ + 11
4 ℏ2𝑉 2𝑄𝑖,1 − 1

2𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3 − 3
4𝑄𝑖,1

2𝑄𝑖,2 − 1
64ℏ6𝑉 ‴

+19
16ℏ4𝑉 𝑉 ′

) + 𝜉⁗
16𝑖(𝑞𝑖) (− 9

16ℏ4𝑄𝑖,1𝑉 ′ + ℏ2𝑉 𝑄𝑖,1
2 − 3

8ℏ2𝑄𝑖,1𝑄𝑖,2 − 1
8𝑄𝑖,1

4 − 1
16ℏ6𝑉 ″

+3
4ℏ4𝑉 2

) + 𝜉′′′′′
16𝑖 (𝑞𝑖) (− 3

16ℏ4𝑉 𝑄𝑖,1 + 21
32ℏ4𝑄𝑖,2 + 1

8ℏ2𝑄𝑖,1
3 − 3

32ℏ6𝑉 ′
)

+ 𝜉′′′′′′
16𝑖 (𝑞𝑖) (

1
32ℏ4𝑄𝑖,1

2 − 1
16ℏ6𝑉 ) − 1

64ℏ6𝜉′′′′′′′
16𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′

26𝑖(𝑞𝑖) (
1
4ℏ2𝑄𝑖,1𝑉 ″

−3
2𝑉 2𝑄𝑖,1 + 5

2𝑄𝑖,3 − 1
2ℏ2𝑉 𝑉 ′

) + 𝜉″
26𝑖(𝑞𝑖) (

3
4ℏ2𝑄𝑖,1𝑉 ′ − 𝑉 𝑄𝑖,1

2 − 1
2ℏ2𝑉 2

)

+ 𝜉‴
26𝑖(𝑞𝑖) (

3
4ℏ2𝑉 𝑄𝑖,1 − 5

4ℏ2𝑄𝑖,2 − 1
3𝑄𝑖,1

3 + 1
16ℏ4𝑉 ′

) + 1
8ℏ4𝜉⁗

26𝑖(𝑞𝑖)𝑉

+ 1
16ℏ4𝜉′′′′′

26𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′
36𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 𝑉 𝑄𝑖,1) − 1

2𝜉″
36𝑖(𝑞𝑖)𝑄𝑖,1

2 − 1
4ℏ2𝜉‴

36𝑖(𝑞𝑖)𝑄𝑖,1

+ 𝜉56𝑖(𝑞𝑖) = 0
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𝑆57𝑖 ∶ [𝜉07𝑖(𝑞𝑖) (
1

64ℏ6𝑉 ′′′′′′𝑄𝑖,1 − 7
16ℏ4𝑉 𝑉 ⁗𝑄𝑖,1 − 21

32ℏ4𝑄𝑖,1𝑉 ″2 + 35
8 ℏ2𝑉 2𝑄𝑖,1𝑉 ″

+35
8 ℏ2𝑉 𝑄𝑖,1𝑉 ′2 − 7

8ℏ4𝑉 ‴𝑄𝑖,1𝑉 ′ − 35
8 𝑉 4𝑄𝑖,1 + 63

8 𝑄𝑖,5 − 1
32ℏ6𝑉 𝑉 ′′′′′ + 7

8ℏ4𝑉 2𝑉 ‴

−35
4 ℏ2𝑉 3𝑉 ′ + 3

64ℏ6𝑉 ⁗𝑉 ′ − 1
16ℏ6𝑉 ‴𝑉 ″ − 7

16ℏ4𝑉 𝑉 ′𝑉 ″
) + 𝜉′

07𝑖(𝑞𝑖) (
7
64ℏ6𝑉 ′′′′′𝑄𝑖,1

− 1
16ℏ4𝑉 ⁗𝑄𝑖,1

2 − 19
8 ℏ4𝑉 𝑉 ‴𝑄𝑖,1 + 5

4ℏ2𝑉 𝑄𝑖,1
2𝑉 ″ + 3

8ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ″ + 5
8ℏ2𝑄𝑖,1

2𝑉 ′2

+31
2 ℏ2𝑉 2𝑄𝑖,1𝑉 ′ − 3

4ℏ2𝑉 𝑄𝑖,2𝑉 ′ − 69
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ − 5

2𝑉 3𝑄𝑖,1
2 − 9

4𝑉 2𝑄𝑖,1𝑄𝑖,2

−5
2𝑉 𝑄𝑖,1𝑄𝑖,3 + 15

4 𝑄𝑖,2𝑄𝑖,3 − 3
16ℏ6𝑉 𝑉 ⁗ − 1

8ℏ6𝑉 ″2 + 4ℏ4𝑉 2𝑉 ″ − 9
16ℏ4𝑉 𝑉 ′2

+15
64ℏ6𝑉 ‴𝑉 ′ − 6ℏ2𝑉 4

) + 𝜉″
07𝑖(𝑞𝑖) (

21
64ℏ6𝑉 ⁗𝑄𝑖,1 − 5

16ℏ4𝑉 ‴𝑄𝑖,1
2 − 89

16ℏ4𝑉 𝑄𝑖,1𝑉 ″

+1
8ℏ2𝑄𝑖,1

3𝑉 ″ − 123
32 ℏ4𝑄𝑖,1𝑉 ′2 + 17

4 ℏ2𝑉 𝑄𝑖,1
2𝑉 ′ + 9

8ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ + 69
8 ℏ2𝑉 3𝑄𝑖,1

−3
4ℏ2𝑉 2𝑄𝑖,2 − 3

4𝑉 2𝑄𝑖,1
3 − 3

2𝑉 𝑄𝑖,1
2𝑄𝑖,2 − 105

8 ℏ2𝑄𝑖,4 − 5
4𝑄𝑖,1

2𝑄𝑖,3 + 1
256ℏ8𝑉 ′′′′′

−39
64ℏ6𝑉 𝑉 ‴ + 307

32 ℏ4𝑉 2𝑉 ′ + 15
32ℏ6𝑉 ′𝑉 ″

) + 𝜉‴
07𝑖(𝑞𝑖) (

17
32ℏ6𝑉 ‴𝑄𝑖,1 − 11

16ℏ4𝑄𝑖,1
2𝑉 ″

−103
16 ℏ4𝑉 𝑄𝑖,1𝑉 ′ + 3

32ℏ4𝑄𝑖,2𝑉 ′ + 3
8ℏ2𝑄𝑖,1

3𝑉 ′ + 27
8 ℏ2𝑉 2𝑄𝑖,1

2 + 19
8 ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2

−1
6𝑉 𝑄𝑖,1

4 − 15
8 ℏ2𝑄𝑖,2

2 − 5
8ℏ2𝑄𝑖,1𝑄𝑖,3 − 1

2𝑄𝑖,1
3𝑄𝑖,2 + 3

128ℏ8𝑉 ⁗ − 5
4ℏ6𝑉 𝑉 ″

+ 3
16ℏ6𝑉 ′2 + 4ℏ4𝑉 3

) + 𝜉⁗
07𝑖(𝑞𝑖) (

31
64ℏ6𝑄𝑖,1𝑉 ″ − 25

32ℏ4𝑄𝑖,1
2𝑉 ′ − 61

32ℏ4𝑉 2𝑄𝑖,1

+ 3
16ℏ4𝑉 𝑄𝑖,2 + 5

8ℏ2𝑉 𝑄𝑖,1
3 + 63

16ℏ4𝑄𝑖,3 + 5
8ℏ2𝑄𝑖,1

2𝑄𝑖,2 − 1
30𝑄𝑖,1

5 + 15
256ℏ8𝑉 ‴

−105
64 ℏ6𝑉 𝑉 ′

) + 𝜉′′′′′
07𝑖 (𝑞𝑖) (

7
32ℏ6𝑄𝑖,1𝑉 ′ − 1

2ℏ4𝑉 𝑄𝑖,1
2 + 13

32ℏ4𝑄𝑖,1𝑄𝑖,2 + 1
12ℏ2𝑄𝑖,1

4

+ 5
64ℏ8𝑉 ″ − 5

8ℏ6𝑉 2
) + 𝜉′′′′′′

07𝑖 (𝑞𝑖) (
1

64ℏ6𝑉 𝑄𝑖,1 − 9
32ℏ6𝑄𝑖,2 − 1

32ℏ4𝑄𝑖,1
3 + 15

256ℏ8𝑉 ′
)

+ 𝜉′′′′′′′
07𝑖 (𝑞𝑖) (

3
128ℏ8𝑉 − 1

64ℏ6𝑄𝑖,1
2
) + 1

256ℏ8𝜉′′′′′′′′
07𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉17𝑖(𝑞𝑖) (− 1

16ℏ4𝑉 ⁗𝑄𝑖,1

+5
4ℏ2𝑉 𝑄𝑖,1𝑉 ″ + 5

8ℏ2𝑄𝑖,1𝑉 ′2 − 5
2𝑉 3𝑄𝑖,1 + 35

8 𝑄𝑖,4 + 1
8ℏ4𝑉 𝑉 ‴ − 5

2ℏ2𝑉 2𝑉 ′

− 3
16ℏ4𝑉 ′𝑉 ″

) + 𝜉′
17𝑖(𝑞𝑖) (− 5

16ℏ4𝑉 ‴𝑄𝑖,1 + 1
4ℏ2𝑄𝑖,1

2𝑉 ″ + 4ℏ2𝑉 𝑄𝑖,1𝑉 ′ − 3
2𝑉 2𝑄𝑖,1

2

−3
2𝑉 𝑄𝑖,1𝑄𝑖,2 + 9

8𝑄𝑖,2
2 + 1

2ℏ4𝑉 𝑉 ″ − 9
32ℏ4𝑉 ′2 − 2ℏ2𝑉 3

) + 𝜉″
17𝑖(𝑞𝑖) (−5

8ℏ4𝑄𝑖,1𝑉 ″

+3
4ℏ2𝑄𝑖,1

2𝑉 ′ + 11
4 ℏ2𝑉 2𝑄𝑖,1 − 1

2𝑉 𝑄𝑖,1
3 − 35

8 ℏ2𝑄𝑖,3 − 3
4𝑄𝑖,1

2𝑄𝑖,2 − 1
64ℏ6𝑉 ‴

+19
16ℏ4𝑉 𝑉 ′

) + 𝜉‴
17𝑖(𝑞𝑖) (− 9

16ℏ4𝑄𝑖,1𝑉 ′ + ℏ2𝑉 𝑄𝑖,1
2 − 3

8ℏ2𝑄𝑖,1𝑄𝑖,2 − 1
8𝑄𝑖,1

4 − 1
16ℏ6𝑉 ″

+3
4ℏ4𝑉 2

) + 𝜉⁗
17𝑖(𝑞𝑖) (− 3

16ℏ4𝑉 𝑄𝑖,1 + 21
32ℏ4𝑄𝑖,2 + 1

8ℏ2𝑄𝑖,1
3 − 3

32ℏ6𝑉 ′
)

+ 𝜉′′′′′
17𝑖 (𝑞𝑖) (

1
32ℏ4𝑄𝑖,1

2 − 1
16ℏ6𝑉 ) − 1

64ℏ6𝜉′′′′′′
17𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉27𝑖(𝑞𝑖) (

1
4ℏ2𝑄𝑖,1𝑉 ″

−3
2𝑉 2𝑄𝑖,1 + 5

2𝑄𝑖,3 − 1
2ℏ2𝑉 𝑉 ′

) + 𝜉′
27𝑖(𝑞𝑖) (

3
4ℏ2𝑄𝑖,1𝑉 ′ − 𝑉 𝑄𝑖,1

2 − 1
2ℏ2𝑉 2

)

+ 𝜉″
27𝑖(𝑞𝑖) (

3
4ℏ2𝑉 𝑄𝑖,1 − 5

4ℏ2𝑄𝑖,2 − 1
3𝑄𝑖,1

3 + 1
16ℏ4𝑉 ′

) + 1
8ℏ4𝜉‴

27𝑖(𝑞𝑖)𝑉

+ 1
16ℏ4𝜉⁗

27𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉37𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 𝑉 𝑄𝑖,1) − 1

2𝜉′
37𝑖(𝑞𝑖)𝑄𝑖,1

2 − 1
4ℏ2𝜉″

37𝑖(𝑞𝑖)𝑄𝑖,1]
′

+ 𝜉57𝑖(𝑞𝑖) = 0
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𝑆58𝑖 ∶ 𝜉′
08𝑖(𝑞𝑖) (

63
8 𝑄𝑖,5 + 1

256ℏ8𝑉 ′′′′′′′ − 9
64ℏ6𝑉 𝑉 ′′′′′ + 63

32ℏ4𝑉 2𝑉 ‴ + 35
32ℏ4𝑉 ′3 − 105

8 ℏ2𝑉 3𝑉 ′

− 9
32ℏ6𝑉 ⁗𝑉 ′ − 39

64ℏ6𝑉 ‴𝑉 ″ + 63
16ℏ4𝑉 𝑉 ′𝑉 ″

) + 𝜉″
08𝑖(𝑞𝑖) (− 1

64ℏ6𝑉 ′′′′′𝑄𝑖,1

+ 7
16ℏ4𝑉 𝑉 ‴𝑄𝑖,1 + 3

32ℏ4𝑉 ‴𝑄𝑖,2 − 35
8 ℏ2𝑉 2𝑄𝑖,1𝑉 ′ − 15

8 ℏ2𝑉 𝑄𝑖,2𝑉 ′ − 5
8ℏ2𝑄𝑖,3𝑉 ′

+ 7
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ + 15

4 𝑄𝑖,2𝑄𝑖,3 + 35
8 𝑄𝑖,1𝑄𝑖,4 + 1

32ℏ8𝑉 ′′′′′′ − 15
16ℏ6𝑉 𝑉 ⁗ − 11

8 ℏ6𝑉 ″2

+10ℏ4𝑉 2𝑉 ″ + 135
16 ℏ4𝑉 𝑉 ′2 − 105

64 ℏ6𝑉 ‴𝑉 ′ − 10ℏ2𝑉 4
) + 𝜉‴

08𝑖(𝑞𝑖) (− 3
32ℏ6𝑉 ⁗𝑄𝑖,1

+ 1
32ℏ4𝑉 ‴𝑄𝑖,1

2 + 2ℏ4𝑉 𝑄𝑖,1𝑉 ″ + 3
8ℏ4𝑄𝑖,2𝑉 ″ + 27

32ℏ4𝑄𝑖,1𝑉 ′2 − 5
8ℏ2𝑉 𝑄𝑖,1

2𝑉 ′

−3
8ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 4ℏ2𝑉 3𝑄𝑖,1 − 9

4ℏ2𝑉 2𝑄𝑖,2 − 5
4ℏ2𝑉 𝑄𝑖,3 − 105

8 ℏ2𝑄𝑖,4 + 9
8𝑄𝑖,1𝑄𝑖,2

2

+5
4𝑄𝑖,1

2𝑄𝑖,3 + 7
64ℏ8𝑉 ′′′′′ − 87

32ℏ6𝑉 𝑉 ‴ + 179
8 ℏ4𝑉 2𝑉 ′ − 15

4 ℏ6𝑉 ′𝑉 ″
)

+ 𝜉⁗
08𝑖(𝑞𝑖) (−1

4ℏ6𝑉 ‴𝑄𝑖,1 + 1
8ℏ4𝑄𝑖,1

2𝑉 ″ + 33
8 ℏ4𝑉 𝑄𝑖,1𝑉 ′ + 7

8ℏ4𝑄𝑖,2𝑉 ′ − 1
24ℏ2𝑄𝑖,1

3𝑉 ′

−3
4ℏ2𝑉 2𝑄𝑖,1

2 − 3
4ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 − 15

8 ℏ2𝑄𝑖,2
2 − 5ℏ2𝑄𝑖,1𝑄𝑖,3 + 1

4𝑄𝑖,1
3𝑄𝑖,2 + 7

32ℏ8𝑉 ⁗

−35
8 ℏ6𝑉 𝑉 ″ − 69

32ℏ6𝑉 ′2 + 33
4 ℏ4𝑉 3

) + 𝜉′′′′′
08𝑖 (𝑞𝑖) (−3

8ℏ6𝑄𝑖,1𝑉 ″ + 1
4ℏ4𝑄𝑖,1

2𝑉 ′

+17
8 ℏ4𝑉 2𝑄𝑖,1 + ℏ4𝑉 𝑄𝑖,2 − 1

12ℏ2𝑉 𝑄𝑖,1
3 + 63

16ℏ4𝑄𝑖,3 − ℏ2𝑄𝑖,1
2𝑄𝑖,2 + 1

120𝑄𝑖,1
5

+ 35
128ℏ8𝑉 ‴ − 135

32 ℏ6𝑉 𝑉 ′
) + 𝜉′′′′′′

08𝑖 (𝑞𝑖) (−11
32ℏ6𝑄𝑖,1𝑉 ′ + 1

4ℏ4𝑉 𝑄𝑖,1
2 + 17

16ℏ4𝑄𝑖,1𝑄𝑖,2

− 1
24ℏ2𝑄𝑖,1

4 + 7
32ℏ8𝑉 ″ − 19

16ℏ6𝑉 2
) + 𝜉′′′′′′′

08𝑖 (𝑞𝑖) (− 3
16ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 + 1
16ℏ4𝑄𝑖,1

3

+ 7
64ℏ8𝑉 ′

) + 𝜉′′′′′′′′
08𝑖 (𝑞𝑖) (

1
32ℏ8𝑉 − 1

32ℏ6𝑄𝑖,1
2
) + 1

256ℏ8𝜉′′′′′′′′′
08𝑖 (𝑞𝑖)𝑄𝑖,1

+ 𝜉′
18𝑖(𝑞𝑖) (

35
8 𝑄𝑖,4 − 1

64ℏ6𝑉 ′′′′′ + 7
16ℏ4𝑉 𝑉 ‴ − 35

8 ℏ2𝑉 2𝑉 ′ + 7
16ℏ4𝑉 ′𝑉 ″

)

+ 𝜉″
18𝑖(𝑞𝑖) (

1
16ℏ4𝑉 ‴𝑄𝑖,1 − 5

4ℏ2𝑉 𝑄𝑖,1𝑉 ′ − 3
8ℏ2𝑄𝑖,2𝑉 ′ + 9

8𝑄𝑖,2
2 + 5

2𝑄𝑖,1𝑄𝑖,3 − 3
32ℏ6𝑉 ⁗

+2ℏ4𝑉 𝑉 ″ + 27
32ℏ4𝑉 ′2 − 4ℏ2𝑉 3

) + 𝜉‴
18𝑖(𝑞𝑖) (

1
4ℏ4𝑄𝑖,1𝑉 ″ − 1

8ℏ2𝑄𝑖,1
2𝑉 ′ − 3

2ℏ2𝑉 2𝑄𝑖,1

−3
4ℏ2𝑉 𝑄𝑖,2 − 35

8 ℏ2𝑄𝑖,3 + 3
4𝑄𝑖,1

2𝑄𝑖,2 − 15
64ℏ6𝑉 ‴ + 61

16ℏ4𝑉 𝑉 ′
) + 𝜉⁗

18𝑖(𝑞𝑖) (
7

16ℏ4𝑄𝑖,1𝑉 ′

−1
4ℏ2𝑉 𝑄𝑖,1

2 − 13
8 ℏ2𝑄𝑖,1𝑄𝑖,2 + 1

24𝑄𝑖,1
4 − 5

16ℏ6𝑉 ″ + 7
4ℏ4𝑉 2

) + 𝜉′′′′′
18𝑖 (𝑞𝑖) (

3
8ℏ4𝑉 𝑄𝑖,1

+21
32ℏ4𝑄𝑖,2 − 1

8ℏ2𝑄𝑖,1
3 − 15

64ℏ6𝑉 ′
) + 𝜉′′′′′′

18𝑖 (𝑞𝑖) (
3

32ℏ4𝑄𝑖,1
2 − 3

32ℏ6𝑉 )

− 1
64ℏ6𝜉′′′′′′′

18𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′
28𝑖(𝑞𝑖) (

5
2𝑄𝑖,3 + 1

16ℏ4𝑉 ‴ − 5
4ℏ2𝑉 𝑉 ′

) + 𝜉″
28𝑖(𝑞𝑖) (−1

4ℏ2𝑄𝑖,1𝑉 ′

+3
2𝑄𝑖,1𝑄𝑖,2 + 1

4ℏ4𝑉 ″ − 3
2ℏ2𝑉 2

) + 𝜉‴
28𝑖(𝑞𝑖) (−1

2ℏ2𝑉 𝑄𝑖,1 − 5
4ℏ2𝑄𝑖,2 + 1

6𝑄𝑖,1
3 + 3

8ℏ4𝑉 ′
)

+ 𝜉⁗
28𝑖(𝑞𝑖) (

1
4ℏ4𝑉 − 1

4ℏ2𝑄𝑖,1
2
) + 1

16ℏ4𝜉′′′′′
28𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉′

38𝑖(𝑞𝑖) (
3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
)

+ 𝜉″
38𝑖(𝑞𝑖) (

1
2𝑄𝑖,1

2 − 1
2ℏ2𝑉 ) − 1

4ℏ2𝜉‴
38𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉′

48𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉58𝑖(𝑞𝑖) = 0
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𝑆59𝑖 ∶ [𝜉09𝑖(𝑞𝑖) (
63
8 𝑄𝑖,5 + 1

256ℏ8𝑉 ′′′′′′′ − 9
64ℏ6𝑉 𝑉 ′′′′′ + 63

32ℏ4𝑉 2𝑉 ‴ + 35
32ℏ4𝑉 ′3 − 105

8 ℏ2𝑉 3𝑉 ′

− 9
32ℏ6𝑉 ⁗𝑉 ′ − 39

64ℏ6𝑉 ‴𝑉 ″ + 63
16ℏ4𝑉 𝑉 ′𝑉 ″

) + 𝜉′
09𝑖(𝑞𝑖) (− 1

64ℏ6𝑉 ′′′′′𝑄𝑖,1

+ 7
16ℏ4𝑉 𝑉 ‴𝑄𝑖,1 + 3

32ℏ4𝑉 ‴𝑄𝑖,2 − 35
8 ℏ2𝑉 2𝑄𝑖,1𝑉 ′ − 15

8 ℏ2𝑉 𝑄𝑖,2𝑉 ′ − 5
8ℏ2𝑄𝑖,3𝑉 ′

+ 7
16ℏ4𝑄𝑖,1𝑉 ′𝑉 ″ + 15

4 𝑄𝑖,2𝑄𝑖,3 + 35
8 𝑄𝑖,1𝑄𝑖,4 + 1

32ℏ8𝑉 ′′′′′′ − 15
16ℏ6𝑉 𝑉 ⁗ − 11

8 ℏ6𝑉 ″2

+10ℏ4𝑉 2𝑉 ″ + 135
16 ℏ4𝑉 𝑉 ′2 − 105

64 ℏ6𝑉 ‴𝑉 ′ − 10ℏ2𝑉 4
) + 𝜉″

09𝑖(𝑞𝑖) (− 3
32ℏ6𝑉 ⁗𝑄𝑖,1

+ 1
32ℏ4𝑉 ‴𝑄𝑖,1

2 + 2ℏ4𝑉 𝑄𝑖,1𝑉 ″ + 3
8ℏ4𝑄𝑖,2𝑉 ″ + 27

32ℏ4𝑄𝑖,1𝑉 ′2 − 5
8ℏ2𝑉 𝑄𝑖,1

2𝑉 ′

−3
8ℏ2𝑄𝑖,1𝑄𝑖,2𝑉 ′ − 4ℏ2𝑉 3𝑄𝑖,1 − 9

4ℏ2𝑉 2𝑄𝑖,2 − 5
4ℏ2𝑉 𝑄𝑖,3 − 105

8 ℏ2𝑄𝑖,4 + 9
8𝑄𝑖,1𝑄𝑖,2

2

+5
4𝑄𝑖,1

2𝑄𝑖,3 + 7
64ℏ8𝑉 ′′′′′ − 87

32ℏ6𝑉 𝑉 ‴ + 179
8 ℏ4𝑉 2𝑉 ′ − 15

4 ℏ6𝑉 ′𝑉 ″
)

+ 𝜉‴
09𝑖(𝑞𝑖) (−1

4ℏ6𝑉 ‴𝑄𝑖,1 + 1
8ℏ4𝑄𝑖,1

2𝑉 ″ + 33
8 ℏ4𝑉 𝑄𝑖,1𝑉 ′ + 7

8ℏ4𝑄𝑖,2𝑉 ′ − 1
24ℏ2𝑄𝑖,1

3𝑉 ′

−3
4ℏ2𝑉 2𝑄𝑖,1

2 − 3
4ℏ2𝑉 𝑄𝑖,1𝑄𝑖,2 − 15

8 ℏ2𝑄𝑖,2
2 − 5ℏ2𝑄𝑖,1𝑄𝑖,3 + 1

4𝑄𝑖,1
3𝑄𝑖,2 + 7

32ℏ8𝑉 ⁗

−35
8 ℏ6𝑉 𝑉 ″ − 69

32ℏ6𝑉 ′2 + 33
4 ℏ4𝑉 3

) + 𝜉⁗
09𝑖(𝑞𝑖) (−3

8ℏ6𝑄𝑖,1𝑉 ″ + 1
4ℏ4𝑄𝑖,1

2𝑉 ′

+17
8 ℏ4𝑉 2𝑄𝑖,1 + ℏ4𝑉 𝑄𝑖,2 − 1

12ℏ2𝑉 𝑄𝑖,1
3 + 63

16ℏ4𝑄𝑖,3 − ℏ2𝑄𝑖,1
2𝑄𝑖,2 + 1

120𝑄𝑖,1
5

+ 35
128ℏ8𝑉 ‴ − 135

32 ℏ6𝑉 𝑉 ′
) + 𝜉′′′′′

09𝑖 (𝑞𝑖) (−11
32ℏ6𝑄𝑖,1𝑉 ′ + 1

4ℏ4𝑉 𝑄𝑖,1
2 + 17

16ℏ4𝑄𝑖,1𝑄𝑖,2

− 1
24ℏ2𝑄𝑖,1

4 + 7
32ℏ8𝑉 ″ − 19

16ℏ6𝑉 2
) + 𝜉′′′′′′

09𝑖 (𝑞𝑖) (− 3
16ℏ6𝑉 𝑄𝑖,1 − 9

32ℏ6𝑄𝑖,2 + 1
16ℏ4𝑄𝑖,1

3

+ 7
64ℏ8𝑉 ′

) + 𝜉′′′′′′′
09𝑖 (𝑞𝑖) (

1
32ℏ8𝑉 − 1

32ℏ6𝑄𝑖,1
2
) + 1

256ℏ8𝜉′′′′′′′′
09𝑖 (𝑞𝑖)𝑄𝑖,1

+ 𝜉19𝑖(𝑞𝑖) (
35
8 𝑄𝑖,4 − 1

64ℏ6𝑉 ′′′′′ + 7
16ℏ4𝑉 𝑉 ‴ − 35

8 ℏ2𝑉 2𝑉 ′ + 7
16ℏ4𝑉 ′𝑉 ″

)

+ 𝜉′
19𝑖(𝑞𝑖) (

1
16ℏ4𝑉 ‴𝑄𝑖,1 − 5

4ℏ2𝑉 𝑄𝑖,1𝑉 ′ − 3
8ℏ2𝑄𝑖,2𝑉 ′ + 9

8𝑄𝑖,2
2 + 5

2𝑄𝑖,1𝑄𝑖,3 − 3
32ℏ6𝑉 ⁗

+2ℏ4𝑉 𝑉 ″ + 27
32ℏ4𝑉 ′2 − 4ℏ2𝑉 3

) + 𝜉″
19𝑖(𝑞𝑖) (

1
4ℏ4𝑄𝑖,1𝑉 ″ − 1

8ℏ2𝑄𝑖,1
2𝑉 ′ − 3

2ℏ2𝑉 2𝑄𝑖,1

−3
4ℏ2𝑉 𝑄𝑖,2 − 35

8 ℏ2𝑄𝑖,3 + 3
4𝑄𝑖,1

2𝑄𝑖,2 − 15
64ℏ6𝑉 ‴ + 61

16ℏ4𝑉 𝑉 ′
) + 𝜉‴

19𝑖(𝑞𝑖) (
7

16ℏ4𝑄𝑖,1𝑉 ′

−1
4ℏ2𝑉 𝑄𝑖,1

2 − 13
8 ℏ2𝑄𝑖,1𝑄𝑖,2 + 1

24𝑄𝑖,1
4 − 5

16ℏ6𝑉 ″ + 7
4ℏ4𝑉 2

) + 𝜉⁗
19𝑖(𝑞𝑖) (

3
8ℏ4𝑉 𝑄𝑖,1

+21
32ℏ4𝑄𝑖,2 − 1

8ℏ2𝑄𝑖,1
3 − 15

64ℏ6𝑉 ′
) + 𝜉′′′′′

19𝑖 (𝑞𝑖) (
3
32ℏ4𝑄𝑖,1

2 − 3
32ℏ6𝑉 )

− 1
64ℏ6𝜉′′′′′′

19𝑖 (𝑞𝑖)𝑄𝑖,1 + 𝜉29𝑖(𝑞𝑖) (
5
2𝑄𝑖,3 + 1

16ℏ4𝑉 ‴ − 5
4ℏ2𝑉 𝑉 ′

) + 𝜉′
29𝑖(𝑞𝑖) (−1

4ℏ2𝑄𝑖,1𝑉 ′

+3
2𝑄𝑖,1𝑄𝑖,2 + 1

4ℏ4𝑉 ″ − 3
2ℏ2𝑉 2

) + 𝜉″
29𝑖(𝑞𝑖) (−1

2ℏ2𝑉 𝑄𝑖,1 − 5
4ℏ2𝑄𝑖,2 + 1

6𝑄𝑖,1
3 + 3

8ℏ4𝑉 ′
)

+ 𝜉‴
29𝑖(𝑞𝑖) (

1
4ℏ4𝑉 − 1

4ℏ2𝑄𝑖,1
2
) + 1

16ℏ4𝜉⁗
29𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉39𝑖(𝑞𝑖) (

3
2𝑄𝑖,2 − 1

4ℏ2𝑉 ′
)

+𝜉′
39𝑖(𝑞𝑖) (

1
2𝑄𝑖,1

2 − 1
2ℏ2𝑉 ) − 1

4ℏ2𝜉″
39𝑖(𝑞𝑖)𝑄𝑖,1 + 𝜉49𝑖(𝑞𝑖)𝑄𝑖,1]

′
+ 𝜉58𝑖(𝑞𝑖) = 0



Appendix B

List of Integrals

We give here all of the integrals of order less than or equal to four up to linear independence for the
Hamiltonians listed in Section 4.8.1. Throughout, we use {𝑎, 𝑏} = 1

2 (𝑎 ∘ 𝑏 + 𝑏 ∘ 𝑎) for the symmetrised
product. To avoid repetition, the trivial integrals 𝐻1, 𝐻2, {𝐻1, 𝐻1}, {𝐻1, 𝐻2}, {𝐻2, 𝐻2} are omitted.

(1) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽(𝑞2

1 + 𝑞2
2).

There is a single first-order integral 𝑚12. The second-order integrals are {𝑚12, 𝑚12}, (𝐻1 − 𝐻2, 𝑚12).
The third-order integrals are

{𝑚12, {𝑚12, 𝑚12}}, {(𝐻1 − 𝐻2, 𝑚12), 𝑚12}, {𝐻1, 𝑚12}, {𝐻2, 𝑚12}.

The fourth-order integrals are

{{𝑚12, 𝑚12}, {𝑚12, 𝑚12}}, {𝐻1, {𝑚12, 𝑚12}}, {𝐻2, {𝑚12, 𝑚12}},
{𝐻1, (𝐻1 − 𝐻2, 𝑚12)}, {𝐻2, (𝐻1 − 𝐻2, 𝑚12)}, {(𝐻1 − 𝐻2, 𝑚12), {𝑚12, 𝑚12}}.

(2) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(𝑞2

1 + 𝑞2
2) + 𝛽2

𝑞2
1

+ 𝛽3
𝑞2

2

There is one second-order integral

𝑋 = {𝑚12, 𝑚12} + 1
2ℏ2 +

2𝛽2𝑞2
2

𝑞2
1

+
2𝛽3𝑞2

1
𝑞2

2

There is one third-order integral (𝐻1 − 𝐻2, 𝑋) and three fourth-order integrals

{𝑋, 𝑋}, {𝐻1, 𝑋}, {𝐻2, 𝑋}.

(2a) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽

𝑞2
1

This is a special case of (2) with 𝛽1 = 0, 𝛽2 = 𝛽, 𝛽3 = 0. It has a first-order integral 𝑝2. There is an
additional second-order integral (𝑝2, 𝑋(1)). There are three more third-order integrals

𝑝3
2, {𝑋(1), 𝑝2}, {𝐻1, 𝑝2}

139
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There are three more fourth-order integrals

{𝑋, (𝑝2, 𝑋)}, {(𝑝2, 𝑋), 𝐻1}, {(𝑝2, 𝑋), 𝐻2}

(2ai) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

𝑞2
1

This is a special case of (2a) with 𝛽 = ℏ2. It has four additional third-order integrals

𝑋(1) = {𝑚12, {𝑚12, 𝑚12}} − ℏ2𝑞2 {
𝑝1, 2 +

3𝑞2
2

𝑞2
1 }

+ ℏ2

𝑞1
{𝑝2, 2𝑞2

1 + 3𝑞2
2}

and (𝑝2, 𝑋(1)), (𝑝2, (𝑝2, 𝑋(1))), (𝑝2, (𝑝2, (𝑝2, 𝑋(1)))). There are four more fourth-order integrals

{𝑝2, 𝑋(1)}, {𝑝2, (𝑝2, 𝑋(1))}, {𝑝2, (𝑝2, (𝑝2, 𝑋(1)))}, {𝑝2, (𝑝2, (𝑝2, (𝑝2, 𝑋(1))))}

(2b) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽

𝑞2
1

+ ℏ2

𝑞2
2

This is a special case of (2) with 𝛽1 = 0, 𝛽2 = 𝛽, 𝛽3 = ℏ2. It has two additional third-order integrals

𝑋(1) = {𝑝2, {𝑚12, 𝑚12}} − 2ℏ2

𝑞2
{𝑝1, 𝑞1} +

{
𝑝2, ℏ2

2 +
3ℏ2𝑞2

1
𝑞2

2
+

2𝛽𝑞2
2

𝑞2
1 }

𝑋(2) = 𝑝3
2 + 3ℏ2

{
𝑝2, 1

𝑞2
2 }

There are two more fourth-order integrals (𝑋, 𝑋(1)), (𝑋, 𝑋(2)).

(2bi) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

𝑞2
1

+ ℏ2

𝑞2
2

This is a special case of (2b) with 𝛽 = ℏ2. There are three more third-order integrals

𝑋‴ = {𝑚12, {𝑚12, 𝑚12}} − ℏ2

𝑞2 {
𝑝1, 3𝑞2

1 + 2𝑞2
2 +

3𝑞4
2

𝑞2
1 }

+ ℏ2

𝑞1 {
𝑝2, 3𝑞2

2 + 2𝑞2
1 +

3𝑞4
1

𝑞2
2 }

𝑋⁗ = {𝑝1, {𝑚12, 𝑚12}} + ℏ2
{

𝑝1, 1
2 +

3ℏ2𝑞2
2

𝑞2
1

+
2𝑞2

1
𝑞2

2 }
− 2ℏ2

𝑞1
{𝑝2, 𝑞2}

𝑋′′′′′ = 𝑝3
1 + 3ℏ2

{
𝑝1, 1

𝑞2
1 }

There are consequently three more fourth-order integrals (𝑋, 𝑋⁗), (𝑋, 𝑋′′′′′), (𝐻1 − 𝐻2, 𝑋‴).

(2c) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽(𝑞2

1 + 𝑞2
2) + ℏ2

𝑞2
1

This is a special case of (2) with 𝛽1 = 𝛽, 𝛽2 = ℏ2, 𝛽3 = 0. There are two more third-order integrals

𝑋(1) = {𝑚12, {𝑚12, 𝑚12}} − ℏ2𝑞2 {
𝑝1, 2 +

3𝑞2
2

𝑞2
1 }

+ ℏ2

𝑞1
{𝑝2, 2𝑞2

1 + 3𝑞2
2}

𝑋(2) = {𝑝2
1, 𝑚12} − 𝑞2 {

𝑝1, 2𝛽𝑞2
1 + 3ℏ2

𝑞2
1 }

+ (2𝛽𝑞3
1 + ℏ2

𝑞1 ) 𝑝2

and two more fourth-order integrals (𝐻1 − 𝐻2, 𝑋(1)), (𝐻1 − 𝐻2, 𝑋(2)).
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(2d) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽(𝑞2

1 + 𝑞2
2) + ℏ2

𝑞2
1

+ ℏ2

𝑞2
2

This is a special case of (2) with 𝛽1 = 𝛽, 𝛽2 = ℏ2, 𝛽3 = ℏ2. There is one more third-order integral

𝑋(1) = {𝑚12, {𝑚12, 𝑚12}} − ℏ2

𝑞2 {
𝑝1, 3𝑞2

1 + 2𝑞2
2 +

3𝑞4
2

𝑞2
1 }

+ ℏ2

𝑞1 {
𝑝2, 2𝑞2

1 + 3𝑞2
2 +

3𝑞4
1

𝑞2
2 }

and one more fourth-order integral (𝐻1 − 𝐻2, 𝑋(1)).

(3) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(𝑞2

1 + 4𝑞2
2) + 𝛽2

𝑞2
1

+ 𝛽3𝑞2

There is one second-order integral

𝑋 = {𝑝1, 𝑚12} − 2𝛽2𝑞2
𝑞2

1
+ 1

2𝑞2
1(4𝑞2𝛽1 + 𝛽3)

There is one third-order integral (𝐻1 − 𝐻2, 𝑋) and three fourth-order integrals

{𝑋, 𝑋}, {𝐻1, 𝑋}, {𝐻2, 𝑋}.

(3a) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽𝑞2

This is a special case of (3) with 𝛽1 = 𝛽2 = 0, 𝛽3 = 𝛽. It has a first-order integral 𝑝1. It has another
second-order integral (𝑝1, 𝑋). There are three more third-order integrals are fourfold

𝑝3
1, {𝑋, 𝑝1}, {(𝑝1, 𝑋), 𝑝1}.

There are three more fourth-order integrals

{(𝑝1, 𝑋), 𝑋}, {(𝑝1, 𝑋), 𝐻1}, {(𝑝1, 𝑋), 𝐻2}

(3b) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

𝑞2
1

+ 𝛽𝑞2

This is a special case of (3) with 𝛽1 = 0, 𝛽2 = ℏ2, 𝛽3 = 𝛽. There are two more third-order integrals

𝑋(1) = {𝑝2
1, 𝑚12} +

{
𝑝1, 1

2𝛽𝑞2
1 − 3ℏ2𝑞2

𝑞2
1 }

+ ℏ2𝑝2
𝑞1

𝑋(2) = 𝑝3
1 + 3ℏ2

{
𝑝1, 1

𝑞2
1 }

and two more fourth-order integrals (𝐻1 − 𝐻2, 𝑋(1)), (𝑋, 𝑋(1)).

(4) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1 (

𝑞2
1 + 𝑞2

2 +
𝛽2

2
𝑞2

1 )
+ 𝛽3

𝑞2
2

+ ℏ2
[

2(𝑞2
1 + 𝛽2)

(𝑞2
1 − 𝛽2)2

− 1
8𝑞2

1 ]
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There are two fourth-order integrals

𝑋(1) = {{𝑚12, 𝑚12}, {𝑚12, 𝑚12} − 2𝛽2𝑝2
2} +

{
𝑝2

1, −𝛽2ℏ2 +
16𝛽2𝑞4

2ℏ2

(𝑞2
1 − 𝛽2) 2

+
8𝑞4

2ℏ2

𝑞2
1 − 𝛽2

+
8𝛽1𝛽2

2𝑞4
2 − 𝑞4

2ℏ2

2𝑞2
1

− 4𝛽1𝛽2𝑞4
2 + 4𝛽3𝑞2

1 + 5𝑞2
2ℏ2

}
+

{
𝑝1𝑝2, −

48𝛽2𝑞3
2𝑞1ℏ2

(𝑞2
1 − 𝛽2) 2

+
2𝑞1 (4𝛽2𝛽3 + 4𝛽1𝛽2𝑞4

2 − 5𝑞2
2ℏ2)

𝑞2
−

16𝑞3
2𝑞1ℏ2

𝑞2
1 − 𝛽2

+
𝑞3

2ℏ2 − 8𝛽1𝛽2
2𝑞3

2
𝑞1

−
8𝛽3𝑞3

1
𝑞2 }

+
{

𝑝2
2, −

𝑞2
1 (8𝛽2𝛽3 + 4𝛽1𝛽2𝑞4

2 − 5𝑞2
2ℏ2)

𝑞2
2

+
32𝛽2

2𝑞2
2ℏ2

(𝑞2
1 − 𝛽2) 2

+
40𝛽2𝑞2

2ℏ2

𝑞2
1 − 𝛽2

+1
2 (−2𝛽2ℏ2 + 8𝛽1𝛽2

2𝑞2
2 + 15𝑞2

2ℏ2) +
𝛽2𝑞2

2ℏ2 − 8𝛽1𝛽3
2𝑞2

2
2𝑞2

1
+

4𝛽3𝑞4
1

𝑞2
2 }

+
64𝛽2

2𝑞4
2ℏ4

(𝑞2
1 − 𝛽2) 4

+
16𝑞2

2 (9𝛽2
2ℏ4 + 4𝛽2𝑞2

2ℏ4)
(𝑞2

1 − 𝛽2) 3
−

2𝑞2
1 (4𝛽2𝛽2

3 + 𝛽1𝛽2𝑞4
2ℏ2 − 3𝛽3𝑞2

2ℏ2)
𝑞4

2

+
ℏ2 (−8𝛽2𝛽3 + 24𝛽1𝛽2𝑞4

2 + 8𝛽1𝛽2
2𝑞2

2 + 8𝛽3𝑞2
2 + 𝑞2

2ℏ2)
4𝑞2

2

+
4 (4𝛽2

2ℏ4 + 8𝛽2
2𝛽3ℏ2 + 33𝛽2𝑞2

2ℏ4 + 3𝑞4
2ℏ4)

(𝑞2
1 − 𝛽2) 2

+
2 (10𝛽2

2ℏ4 + 16𝛽2
2𝛽3ℏ2 + 6𝛽2𝑞2

2ℏ4 − 8𝛽1𝛽2
2𝑞4

2ℏ2 + 𝑞4
2ℏ4)

𝛽2 (𝑞2
1 − 𝛽2)

+
𝛽2

2ℏ4 − 8𝛽1𝛽4
2ℏ2 − 3𝛽2𝑞2

2ℏ4 + 24𝛽1𝛽3
2𝑞2

2ℏ2 + 68𝛽1𝛽2
2𝑞4

2ℏ2 − 32𝛽2
1𝛽4

2𝑞4
2 − 8𝑞4

2ℏ4

4𝛽2𝑞2
1

+
−16𝛽1𝛽2

2𝑞4
2ℏ2 + 64𝛽2

1𝛽4
2𝑞4

2 + 𝑞4
2ℏ4

16𝑞4
1

+
4𝛽2

3𝑞4
1

𝑞4
2



143

𝑋(2) = {𝑝2
1, {𝑚12, 𝑚12}} +

{
𝑝2

1,
16𝛽2𝑞2

2ℏ2

(𝑞2
1 − 𝛽2) 2

+ 1
2 (ℏ2 − 8𝛽1𝛽2𝑞2

2) +
8𝑞2

2ℏ2

𝑞2
1 − 𝛽2

+
8𝛽1𝛽2

2𝑞2
2 − 𝑞2

2ℏ2

2𝑞2
1

+
2𝑞2

1 (𝛽3 + 𝛽1𝑞4
2)

𝑞2
2 }

+
{

𝑝1𝑝2, −24𝛽2𝑞2𝑞1ℏ2

(𝑞2
1 − 𝛽2) 2

−8𝑞2𝑞1ℏ2

𝑞2
1 − 𝛽2

+
𝑞2ℏ2 − 8𝛽1𝛽2

2𝑞2
2𝑞1

− 4𝛽1𝑞2𝑞3
1 + 8𝛽1𝛽2𝑞2𝑞1}

+
{

𝑝2
2,

8𝛽2
2ℏ2

(𝑞2
1 − 𝛽2) 2

+ 8𝛽2ℏ2

𝑞2
1 − 𝛽2

+ 2𝛽1𝑞4
1 − 4𝛽1𝛽2𝑞2

1 + ℏ2

2 }

+
64𝛽2

2𝑞2
2ℏ4

(𝑞2
1 − 𝛽2) 4

+
8 (3𝛽2

2ℏ4 + 8𝛽2𝑞2
2ℏ4)

(𝑞2
1 − 𝛽2) 3

+
ℏ2 (𝛽3 + 𝛽1𝑞4

2 + 2𝛽1𝛽2𝑞2
2)

𝑞2
2

−
𝛽1𝑞2

1 (8𝛽2𝛽3 + 3𝑞2
2ℏ2)

𝑞2
2

+
−𝛽2ℏ4 + 8𝛽1𝛽3

2ℏ2 + 136𝛽1𝛽2
2𝑞2

2ℏ2 − 64𝛽2
1𝛽4

2𝑞2
2 − 16𝑞2

2ℏ4

8𝛽2𝑞2
1

+
−16𝛽1𝛽2

2𝑞2
2ℏ2 + 64𝛽2

1𝛽4
2𝑞2

2 + 𝑞2
2ℏ4

16𝑞4
1

+
2 (8𝛽2

2𝛽3ℏ2 + 𝛽2𝑞2
2ℏ4 + 𝑞4

2ℏ4)
𝛽2𝑞2

2 (𝑞2
1 − 𝛽2)

+
2 (8𝛽2

2𝛽3ℏ2 + 11𝛽2𝑞2
2ℏ4 + 8𝛽1𝛽2

2𝑞4
2ℏ2 + 6𝑞4

2ℏ4)
𝑞2

2 (𝑞2
1 − 𝛽2) 2

+
4𝛽1𝛽3𝑞4

1
𝑞2

2

(4a) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
𝑞2

1 + 𝑞2
2

8𝛽2 +
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2 ]

This is a special case of (4) where 𝛽1 = ℏ2

8𝛽2 , 𝛽2 = 𝛽, 𝛽3 = 0. There are two more third-order integrals

𝑋‴ = {𝑚12, {𝑚12, 𝑚12} − 3𝛽𝑝2
2} + ℏ2

{
𝑝1, −

6𝑞3
2

𝑞2
1 − 𝛽

−
12𝛽𝑞3

2

(𝑞2
1 − 𝛽) 2

−
𝑞2 (8𝛽 − 3𝑞2

2)
4𝛽 }

+ ℏ2
{

𝑝2,
6𝑞1𝑞2

2
𝑞2

1 − 𝛽
+

24𝛽𝑞1𝑞2
2

(𝑞2
1 − 𝛽) 2

+
𝑞1 (8𝛽 − 3𝑞2

2)
4𝛽 }

𝑋⁗ = {𝑝2
1, 𝑚12} + ℏ2

{
𝑝1, −

𝑞2𝑞2
1

4𝛽2 + 𝑞2
𝛽 − 6𝑞2

𝑞2
1 − 𝛽

− 12𝛽𝑞2

(𝑞2
1 − 𝛽) 2 }

+ ℏ2
{

𝑝2,
𝑞3

1
4𝛽2 − 𝑞1

𝛽 + 2𝑞1
𝑞2

1 − 𝛽
+ 8𝛽𝑞1

(𝑞2
1 − 𝛽) 2 }

and two more fourth-order integrals (𝐻1 − 𝐻2, 𝑋‴), (𝐻1 − 𝐻2, 𝑋⁗).

(4b) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
𝑞2

1 + 𝑞2
2

8𝛽2 +
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2
+ 1

𝑞2
2 ]
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This is a special case of (4) where 𝛽1 = ℏ2

8𝛽2 , 𝛽2 = 𝛽, 𝛽3 = ℏ2. There is a third-order integral

𝑋‴ = {𝑚12, {𝑚12, 𝑚12} − 3𝛽𝑝2
2} + ℏ2

{
𝑝1,

12𝛽2 − 8𝛽𝑞2
2 + 3𝑞4

2
4𝛽𝑞2

−
6𝑞3

2
𝑞2

1 − 𝛽
−

12𝛽𝑞3
2

(𝑞2
1 − 𝛽) 2

−
3𝑞2

1
𝑞2 }

+ ℏ2
{

𝑝2, −
𝑞1 (36𝛽2 − 8𝛽𝑞2

2 + 3𝑞4
2)

4𝛽𝑞2
2

+
6𝑞2

2𝑞1

𝑞2
1 − 𝛽

+
24𝛽𝑞2

2𝑞1

(𝑞2
1 − 𝛽) 2

+
3𝑞3

1
𝑞2

2 }

and one more fourth-order integral (𝐻1 − 𝐻2, 𝑋‴)

(4c) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2
− 1

8𝑞2
1 ]

This is a special case of (4) where 𝛽1 = 0, 𝛽2 = 𝛽, 𝛽3 = 0. There is a first-order integral 𝑝2, a third-order
integral 𝑝3

1 and two additional fourth-order integrals (𝑝2, 𝑋(1)), (𝑝2, (𝑝2, (𝑝2, 𝑋(1)))).

(4d) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2
− 1

8𝑞2
1

+ 1
𝑞2

2 ]

This is a special case of (4) where 𝛽1 = 0, 𝛽2 = 𝛽, 𝛽3 = ℏ2. There is a third-order integral

𝑋‴ = 𝑝3
2 + 3ℏ2

{
𝑝2, 1

𝑞2
2 }

and one more fourth-order integral

𝑋⁗ = {𝑝1, {𝑚12, {𝑚12, 𝑚12} − 𝛽𝑝2
2}} + ℏ2

{
𝑝2

1, −
8𝑞3

2
𝑞2

1 − 𝛽
−

16𝛽𝑞3
2

(𝑞2
1 − 𝛽) 2

−
2𝑞2

2 − 𝛽
𝑞2

+
𝑞3

2
2𝑞2

1
−

3𝑞2
1

𝑞2 }
+ ℏ2

{
𝑝1𝑝2,

12𝑞2
2𝑞1

𝑞2
1 − 𝛽

+
36𝛽𝑞2

2𝑞1

(𝑞2
1 − 𝛽) 2

−
𝑞1 (3𝛽 − 2𝑞2

2)
𝑞2

2
+

3𝑞3
1

𝑞2
2

−
3𝑞2

2
4𝑞1 }

+ ℏ2
{

𝑝2
2, − 16𝛽2𝑞2

(𝑞2
1 − 𝛽) 2

− 20𝛽𝑞2
𝑞2

1 − 𝛽
− 𝛽𝑞2

4𝑞2
1

− 15𝑞2
4 }

+ ℏ4
[

−
64𝛽2𝑞3

2

(𝑞2
1 − 𝛽) 4

−
8𝑞2 (9𝛽2 + 8𝛽𝑞2

2)
(𝑞2

1 − 𝛽) 3

−
2 (10𝛽2 + 3𝛽𝑞2

2 + 𝑞4
2)

𝛽𝑞2 (𝑞2
1 − 𝛽)

−
2 (8𝛽2 + 33𝛽𝑞2

2 + 6𝑞4
2)

𝑞2 (𝑞2
1 − 𝛽) 2

+
−2𝛽2 + 3𝛽𝑞2

2 + 16𝑞4
2

8𝛽𝑞2
1𝑞2

+
3 (2𝛽 − 7𝑞2

2)
4𝑞3

2
−

𝑞3
2

16𝑞4
1

−
9𝑞2

1
2𝑞3

2 ]

(4e) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
9(𝑞2

1 + 𝑞2
2)

8𝛽2 +
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2
+ 1

𝑞2
1 ]
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This is a special case of (4) where 𝛽1 = 9ℏ2

8𝛽2 , 𝛽2 = 𝛽, 𝛽3 = 0. There is one third-order integral

𝑋‴ = {𝑝2
1, 𝑚12} + ℏ2𝑞2 {

𝑝1, 6
𝛽 − 3

𝑞2
1

−
9𝑞2

1
4𝛽2 −

6(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2 }

+ ℏ2𝑝2 [
1
𝑞1

− 6𝑞1
𝛽 +

9𝑞3
1

4𝛽2 +
2𝑞1(𝑞2

1 + 3𝛽)
(𝑞2

1 − 𝛽)2 ]

and one more fourth-order integral (𝐻1 − 𝐻2, 𝑋‴).

(5) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1 (

𝑞2
1 + 𝑞2

2 +
𝛽2

2
𝑞2

1
+

𝛽2
3

𝑞2
2 )

+ ℏ2
[

2(𝑞2
1 + 𝛽2)

(𝑞2
1 − 𝛽2)2

− 1
8𝑞2

1
+

2(𝑞2
2 + 𝛽3)

(𝑞2
2 − 𝛽3)2

− 1
8𝑞2

2 ]
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There is one fourth-order integral

𝑋 = {{𝑚12, 𝑚12}, {𝑚12, 𝑚12} − 2𝛽2𝑝2
2 − 2𝛽3𝑝2

1} +
{

𝑝2
1,

8𝑞2
2 (𝑞2

2ℏ2 − 2𝛽3ℏ2)
𝑞2

1 − 𝛽2
+

16𝑞2
2 (𝛽2𝑞2

2ℏ2 − 2𝛽2𝛽3ℏ2)
(𝑞2

1 − 𝛽2) 2

+ 𝑞2
2 (8𝛽1𝛽2𝛽3 − 4𝛽1𝛽3𝑞2

1 + 5ℏ2) +
8 (5𝛽3𝑞2

1ℏ2 − 2𝛽2𝛽3ℏ2)
𝑞2

2 − 𝛽3
+

2𝛽3𝑞2
2ℏ2 + 8𝛽1𝛽2

2 𝑞4
2 − 16𝛽1𝛽2

2 𝛽3𝑞2
2 + 𝑞4

2 (−ℏ2)
2𝑞2

1

+1
2 (−2𝛽2ℏ2 − 2𝛽3ℏ2 + 8𝛽1𝛽2

3 𝑞2
1 + 15𝑞2

1ℏ2) +
16 (2𝛽2

3 𝑞2
1ℏ2 − 𝛽2𝛽2

3 ℏ2)
(𝑞2

2 − 𝛽3) 2
+

𝛽3𝑞2
1ℏ2 − 8𝛽1𝛽3

3 𝑞2
1

2𝑞2
2

− 4𝛽1𝛽2𝑞4
2}

+
{

𝑝1𝑝2, −2𝑞1𝑞2 (8𝛽1𝛽2𝛽3 − 4𝛽1𝛽3𝑞2
1 + 5ℏ2) −

16 (𝑞1𝑞3
2ℏ2 − 𝛽3𝑞1𝑞2ℏ2)
𝑞2

1 − 𝛽2
−

48 (𝛽2𝑞1𝑞3
2ℏ2 − 𝛽2𝛽3𝑞1𝑞2ℏ2)

(𝑞2
1 − 𝛽2) 2

−
48 (𝛽3𝑞3

1𝑞2ℏ2 − 𝛽2𝛽3𝑞1𝑞2ℏ2)
(𝑞2

2 − 𝛽3) 2
+

−𝛽3𝑞2ℏ2 − 8𝛽1𝛽2
2 𝑞3

2 + 8𝛽1𝛽2
2 𝛽3𝑞2 + 𝑞3

2ℏ2

𝑞1
−

16 (𝑞3
1𝑞2ℏ2 − 𝛽2𝑞1𝑞2ℏ2)

𝑞2
2 − 𝛽3

+
−𝛽2𝑞1ℏ2 − 8𝛽1𝛽2

3 𝑞3
1 + 8𝛽1𝛽2𝛽2

3 𝑞1 + 𝑞3
1ℏ2

𝑞2
+ 8𝛽1𝛽2𝑞1𝑞3

2}
+ {𝑝2

2, −𝛽2ℏ2 − 𝛽3ℏ2

+ 1
2𝑞2

2 (8𝛽1𝛽2
2 − 8𝛽1𝛽2𝑞2

1 + 15ℏ2) +
8 (5𝛽2𝑞2

2ℏ2 − 2𝛽2𝛽3ℏ2)
𝑞2

1 − 𝛽2
+

16 (𝛽3𝑞4
1ℏ2 − 2𝛽2𝛽3𝑞2

1ℏ2)
(𝑞2

2 − 𝛽3) 2

+
16 (2𝛽2

2 𝑞2
2ℏ2 − 𝛽2

2 𝛽3ℏ2)
(𝑞2

1 − 𝛽2) 2
+

2𝛽2𝑞2
1ℏ2 + 8𝛽1𝛽2

3 𝑞4
1 − 16𝛽1𝛽2𝛽2

3 𝑞2
1 + 𝑞4

1 (−ℏ2)
2𝑞2

2
+

8 (𝑞4
1ℏ2 − 2𝛽2𝑞2

1ℏ2)
𝑞2

2 − 𝛽3

+
𝛽2𝑞2

2ℏ2 − 8𝛽1𝛽3
2 𝑞2

2
2𝑞2

1
− 4𝛽1𝛽3𝑞4

1 + 8𝛽1𝛽2𝛽3𝑞2
1 + 5𝑞2

1ℏ2
}

+
2475𝛽2𝛽2

3 ℏ4

4 (𝑞2
1 − 𝛽2) 3

+ 𝑞4
2 (

4𝛽2
1 𝛽6

2

(𝑞2
1 − 𝛽2) 4

−
8𝛽2

1 𝛽5
2

(𝑞2
1 − 𝛽2) 3

+
4𝛽2

1 𝛽4
2

𝑞4
1

+
12𝛽2

1 𝛽4
2

(𝑞2
1 − 𝛽2) 2

−
ℏ2𝛽1𝛽4

2

(𝑞2
1 − 𝛽2) 4

−
16𝛽2

1 𝛽3
2

𝑞2
1 − 𝛽2

+
2ℏ2𝛽1𝛽3

2

(𝑞2
1 − 𝛽2) 3

−
ℏ2𝛽1𝛽2

2
𝑞4

1

−
3ℏ2𝛽1𝛽2

2

(𝑞2
1 − 𝛽2) 2

+
64ℏ4𝛽2

2

(𝑞2
1 − 𝛽2) 4

+ 4ℏ2𝛽1𝛽2
𝑞2

1 − 𝛽2
+ 64ℏ4𝛽2

(𝑞2
1 − 𝛽2) 3

+
17ℏ2𝛽1𝛽2 − 8𝛽2

1 𝛽3
2

𝑞2
1

+
3 (8𝛽2

1 𝛽3
2 − 7ℏ2𝛽1𝛽2)

𝑞2
1 − 𝛽2

−
8𝛽2

1 𝛽3
2 − ℏ2𝛽1𝛽2

𝑞2
1 − 𝛽2

+
6 (2𝛽2

1 𝛽4
2 − 3ℏ2𝛽1𝛽2

2 )
(𝑞2

1 − 𝛽2) 2
−

3 (8𝛽2
1 𝛽4

2 − 7ℏ2𝛽1𝛽2
2 )

(𝑞2
1 − 𝛽2) 2

+
3 (8𝛽2

1 𝛽5
2 − 7ℏ2𝛽1𝛽3

2 )
(𝑞2

1 − 𝛽2) 3

−
16𝛽2

1 𝛽5
2 − 19ℏ2𝛽1𝛽3

2

(𝑞2
1 − 𝛽2) 3

−
3 (8𝛽2

1 𝛽6
2 − 7ℏ2𝛽1𝛽4

2 )
(𝑞2

1 − 𝛽2) 4
−

2 (18𝛽2
1 𝛽6

2 − 19ℏ2𝛽1𝛽4
2 )

(𝑞2
1 − 𝛽2) 4

+
2 (28𝛽2

1 𝛽6
2 − 29ℏ2𝛽1𝛽4

2 )
(𝑞2

1 − 𝛽2) 4

+ 12ℏ4

(𝑞2
1 − 𝛽2) 2

+ ℏ4

16𝑞4
1

+ 2ℏ4

(𝑞2
1 − 𝛽2) 𝛽2

− 2ℏ4

𝑞2
1𝛽2 )

+
3 (107ℏ4𝛽2 − 5ℏ4𝛽3)

4 (𝑞2
1 − 𝛽2)

+ −𝛽2ℏ4 − 𝛽3ℏ4

4 (𝑞2
1 − 𝛽2)

+ 𝛽2ℏ4 + 𝛽3ℏ4

4𝑞2
1

+
3 (101ℏ4𝛽2

2 − 59ℏ4𝛽2𝛽3)
4 (𝑞2

1 − 𝛽2) 2
+

2 (ℏ2𝛽1𝛽3
2 + ℏ2𝛽1𝛽3𝛽2

2 )
𝑞2

1 − 𝛽2
−

2 (ℏ2𝛽1𝛽3
2 + ℏ2𝛽1𝛽3𝛽2

2 )
𝑞2

1

+
3ℏ4𝛽4

2 − 29ℏ4𝛽3
2 𝛽3

4 (𝑞2
1 − 𝛽2) 4

−
2 (ℏ2𝛽1𝛽5

2 + ℏ2𝛽1𝛽3𝛽4
2 )

(𝑞2
1 − 𝛽2) 3

+
𝛽2

2 ℏ4 − 72𝛽2
3 ℏ4 + 𝛽2𝛽3ℏ4

4 (𝑞2
1 − 𝛽2) 2

−
2 (−9𝛽2

3 ℏ4 + 𝛽1𝛽4
2 ℏ2 + 𝛽1𝛽3

2 𝛽3ℏ2)
(𝑞2

1 − 𝛽2) 2
+ 2 (2ℏ4 + 𝛽1𝛽2

2 ℏ2 + 𝛽1𝛽2
3 ℏ2 − 𝑞2

1𝛽1𝛽2ℏ2 + 3𝑞2
1𝛽1𝛽3ℏ2 − 2𝛽1𝛽2𝛽3ℏ2)

+
𝛽3

2 ℏ4 − 2475𝛽2𝛽2
3 ℏ4 − 191𝛽2

2 𝛽3ℏ4

4 (𝑞2
1 − 𝛽2) 3

+
2 (ℏ2𝛽1𝛽5

2 + ℏ2𝛽1𝛽3𝛽4
2 − 9ℏ4𝛽2

3 𝛽2)
(𝑞2

1 − 𝛽2) 3
+

−𝛽3
2 ℏ4 + 72𝛽2𝛽2

3 ℏ4 − 𝛽2
2 𝛽3ℏ4

4 (𝑞2
1 − 𝛽2) 3

+
16 (9𝑞2

1𝛽2
3 ℏ4 − 3𝛽2𝛽2

3 ℏ4 + 4𝑞4
1𝛽3ℏ4 − 8𝑞2

1𝛽2𝛽3ℏ4)
(𝑞2

2 − 𝛽3) 3
−

2 (ℏ2𝛽1𝛽3
2 + ℏ2𝛽1𝛽3𝛽2

2 − 16ℏ2𝛽1𝛽2
3 𝛽2)

𝑞2
1 − 𝛽2

+
𝛽4

2 ℏ4 − 72𝛽2
2 𝛽2

3 ℏ4 + 𝛽3
2 𝛽3ℏ4

4 (𝑞2
1 − 𝛽2) 4

−
2 (ℏ2𝛽1𝛽6

2 + ℏ2𝛽1𝛽3𝛽5
2 − 9ℏ4𝛽2

3 𝛽2
2 )

(𝑞2
1 − 𝛽2) 4

+
2 (ℏ2𝛽1𝛽4

2 + ℏ2𝛽1𝛽3𝛽3
2 + 16ℏ2𝛽1𝛽2

3 𝛽2
2 )

(𝑞2
1 − 𝛽2) 2
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−
2 (4ℏ2𝛽1𝛽6

2 + ℏ2𝛽1𝛽3𝛽5
2 + ℏ2𝛽1𝛽2

3 𝛽4
2 )

(𝑞2
1 − 𝛽2) 4

+
10ℏ2𝛽1𝛽6

2 + 4ℏ2𝛽1𝛽3𝛽5
2 − ℏ4𝛽4

2 + 2ℏ2𝛽1𝛽2
3 𝛽4

2 + 7ℏ4𝛽3𝛽3
2

(𝑞2
1 − 𝛽2) 4

+
𝑞4

1ℏ4 − 2𝑞2
1𝛽2ℏ4 − 16𝑞4

1𝛽1𝛽2
3 ℏ2 + 32𝑞2

1𝛽1𝛽2𝛽2
3 ℏ2 + 64𝑞4

1𝛽2
1 𝛽4

3 − 128𝑞2
1𝛽2

1 𝛽2𝛽4
3

16𝑞4
2

+
−8ℏ4𝑞8

1 − 32𝛽2
1 𝛽4

3 𝑞8
1 + 68ℏ2𝛽1𝛽2

3 𝑞8
1 + 128𝛽2

1 𝛽2𝛽4
3 𝑞6

1 + 24ℏ2𝛽1𝛽3
3 𝑞6

1 − 272ℏ2𝛽1𝛽2𝛽2
3 𝑞6

1 + 32ℏ4𝛽2𝑞6
1 − 3ℏ4𝛽3𝑞6

1
4𝑞2

2 (𝑞2
1 − 𝛽2) 2𝛽3

+
−160𝛽2

1 𝛽2
2 𝛽4

3 𝑞4
1 − 8ℏ2𝛽1𝛽4

3 𝑞4
1 − 56ℏ2𝛽1𝛽2𝛽3

3 𝑞4
1 − 40ℏ4𝛽2

2 𝑞4
1 + ℏ4𝛽2

3 𝑞4
1 + 340ℏ2𝛽1𝛽2

2 𝛽2
3 𝑞4

1 + 7ℏ4𝛽2𝛽3𝑞4
1 + 64𝛽2

1 𝛽3
2 𝛽4

3 𝑞2
1

4𝑞2
2 (𝑞2

1 − 𝛽2) 2𝛽3

+
−112ℏ2𝛽1𝛽2𝛽4

3 𝑞2
1 + 16ℏ4𝛽3

2 𝑞2
1 + 40ℏ2𝛽1𝛽2

2 𝛽3
3 𝑞2

1 − 136ℏ2𝛽1𝛽3
2 𝛽2

3 𝑞2
1 + 14ℏ4𝛽2𝛽2

3 𝑞2
1 − 5ℏ4𝛽2

2 𝛽3𝑞2
1 − 8ℏ2𝛽1𝛽2

2 𝛽4
3

4𝑞2
2 (𝑞2

1 − 𝛽2) 2𝛽3

+
−8ℏ2𝛽1𝛽3

2 𝛽3
3 + ℏ4𝛽2

2 𝛽2
3 + ℏ4𝛽3

2 𝛽3

4𝑞2
2 (𝑞2

1 − 𝛽2) 2𝛽3
+ 𝑞2

2 (
−

8𝛽2
1 𝛽3𝛽6

2

(𝑞2
1 − 𝛽2) 4

+
16𝛽2

1 𝛽3𝛽5
2

(𝑞2
1 − 𝛽2) 3

−
8𝛽2

1 𝛽3𝛽4
2

𝑞4
1

−
24𝛽2

1 𝛽3𝛽4
2

(𝑞2
1 − 𝛽2) 2

+
2ℏ2𝛽1𝛽3𝛽4

2

(𝑞2
1 − 𝛽2) 4

+
32𝛽2

1 𝛽3𝛽3
2

𝑞2
1 − 𝛽2

−
4ℏ2𝛽1𝛽3𝛽3

2

(𝑞2
1 − 𝛽2) 3

+
87ℏ4𝛽3

2
4 (𝑞2

1 − 𝛽2) 4
+

2ℏ2𝛽1𝛽3𝛽2
2

𝑞4
1

+
6ℏ2𝛽1𝛽3𝛽2

2

(𝑞2
1 − 𝛽2) 2

−
265ℏ4𝛽3𝛽2

2
2 (𝑞2

1 − 𝛽2) 4
− 8ℏ2𝛽1𝛽3𝛽2

𝑞2
1 − 𝛽2

+ 991ℏ4𝛽3𝛽2
4 (𝑞2

1 − 𝛽2) 3

+ 531ℏ4𝛽2
4 (𝑞2

1 − 𝛽2) 2
− 57ℏ4𝛽3

2 (𝑞2
1 − 𝛽2) 2

− ℏ4𝛽3
8𝑞4

1
−

3ℏ4 (𝛽2 + 6𝛽3)
4 (𝑞2

1 − 𝛽2) 2
+ 2 (3ℏ2𝛽1𝛽2 − ℏ2𝛽1𝛽3) +

3ℏ4 (𝛽2
2 + 6𝛽3𝛽2)

4 (𝑞2
1 − 𝛽2) 3

+
3 (191ℏ4𝛽2

2 − 495ℏ4𝛽2𝛽3)
4 (𝑞2

1 − 𝛽2) 3
−

3ℏ4 (𝛽3
2 + 6𝛽3𝛽2

2 )
4 (𝑞2

1 − 𝛽2) 4
+

2 (8𝛽2
1 𝛽3𝛽3

2 + 3ℏ2𝛽1𝛽2
2 − 17ℏ2𝛽1𝛽3𝛽2)

𝑞2
1 − 𝛽2

+
2 (8𝛽2

1 𝛽3𝛽3
2 + 3ℏ2𝛽1𝛽2

2 − 17ℏ2𝛽1𝛽3𝛽2)
𝑞2

1
−

6 (8𝛽2
1 𝛽3𝛽3

2 + ℏ2𝛽1𝛽2
2 − 7ℏ2𝛽1𝛽3𝛽2)

𝑞2
1 − 𝛽2

−
2 (12𝛽2

1 𝛽3𝛽4
2 + 3ℏ2𝛽1𝛽3

2 − 2ℏ2𝛽1𝛽3𝛽2
2 )

(𝑞2
1 − 𝛽2) 2

+
3 (3𝛽3ℏ4 + 2𝛽1𝛽3

2 ℏ2 − 14𝛽1𝛽2
2 𝛽3ℏ2 + 16𝛽2

1 𝛽4
2 𝛽3)

(𝑞2
1 − 𝛽2) 2

+
2 (16𝛽2

1 𝛽3𝛽5
2 + 3ℏ2𝛽1𝛽4

2 − 19ℏ2𝛽1𝛽3𝛽3
2 )

(𝑞2
1 − 𝛽2) 3

−
3 (16𝛽2

1 𝛽3𝛽5
2 + 2ℏ2𝛽1𝛽4

2 − 14ℏ2𝛽1𝛽3𝛽3
2 + 3ℏ4𝛽3𝛽2)

(𝑞2
1 − 𝛽2) 3

+
3 (16𝛽2

1 𝛽3𝛽6
2 + 2ℏ2𝛽1𝛽5

2 − 14ℏ2𝛽1𝛽3𝛽4
2 + 3ℏ4𝛽3𝛽2

2 )
(𝑞2

1 − 𝛽2) 4

+
2 (36𝛽2

1 𝛽3𝛽6
2 + 6ℏ2𝛽1𝛽5

2 − 37ℏ2𝛽1𝛽3𝛽4
2 )

(𝑞2
1 − 𝛽2) 4

−
112𝛽2

1 𝛽3𝛽6
2 + 18ℏ2𝛽1𝛽5

2 − 114ℏ2𝛽1𝛽3𝛽4
2 + 21ℏ4𝛽3

2

(𝑞2
1 − 𝛽2) 4

+ 12ℏ4

𝑞2
1 − 𝛽2

− 3ℏ4

4𝑞2
1

− 4ℏ4𝛽3

(𝑞2
1 − 𝛽2) 𝛽2

+ 4ℏ4𝛽3
𝑞2

1𝛽2 )
+ 1

𝑞2
2 − 𝛽3 (

765𝛽2
2 𝛽3

3 ℏ4

(𝑞2
1 − 𝛽2) 4

+
2475𝛽2𝛽3

3 ℏ4

2 (𝑞2
1 − 𝛽2) 3

+
225𝛽3

3 ℏ4

(𝑞2
1 − 𝛽2) 2

+
319𝛽3

2 𝛽2
3 ℏ4

2 (𝑞2
1 − 𝛽2) 4

+
2101𝛽2

2 𝛽2
3 ℏ4

2 (𝑞2
1 − 𝛽2) 3

+
1947𝛽2𝛽2

3 ℏ4

2 (𝑞2
1 − 𝛽2) 2

+
165𝛽2

3 ℏ4

2 (𝑞2
1 − 𝛽2)

− 4𝛽2𝛽3ℏ4

𝑞2
1 − 𝛽2

+ 4𝛽2𝛽3ℏ4

𝑞2
1

+ 16𝛽3ℏ4 +
3 (214𝛽2𝛽3 − 55𝛽2

3 ) ℏ4

2 (𝑞2
1 − 𝛽2)

+
𝛽2

2 𝛽3 (7𝛽2
2 + 9𝛽2

3 ) ℏ4

2 (𝑞2
1 − 𝛽2) 4

−
𝛽2𝛽3 (7𝛽2

2 + 9𝛽2
3 ) ℏ4

2 (𝑞2
1 − 𝛽2) 3

+
𝛽3 (7𝛽2

2 + 9𝛽2
3 ) ℏ4

2 (𝑞2
1 − 𝛽2) 2

+
3 (202𝛽2

2 𝛽3 − 649𝛽2𝛽2
3 ) ℏ4

2 (𝑞2
1 − 𝛽2) 2

−
𝑞4

1ℏ4

4𝛽3
−

4𝑞2
1𝛽2ℏ4

𝛽3
−

32𝛽1𝛽3
2 𝛽3ℏ2

𝑞2
1

+
32𝛽1𝛽3

2 𝛽3ℏ2

𝑞2
1 − 𝛽2

+ 32𝛽1𝛽2
2 𝛽3ℏ2 − 20𝑞4

1𝛽1𝛽3ℏ2 + 8𝑞2
1𝛽1𝛽2𝛽3ℏ2 + 16𝑞4

1𝛽2
1 𝛽3

3 − 32𝑞2
1𝛽2

1 𝛽2𝛽3
3 +

−ℏ4𝛽5
2 − ℏ4𝛽3𝛽4

2
4 (𝑞2

1 − 𝛽2) 4

+ 1
4 (45𝑞2

1ℏ4 − 15𝛽2ℏ4 + 257𝛽3ℏ4) +
ℏ4𝛽5

2 + ℏ4𝛽3𝛽4
2

4 (𝑞2
1 − 𝛽2) 4

+
13ℏ4𝛽4

2 𝛽3 − 15ℏ4𝛽5
2

4 (𝑞2
1 − 𝛽2) 4

+
9𝑞4

1ℏ4 − 𝛽2
3 ℏ4 + 3𝑞2

1𝛽3ℏ4 − 𝛽2𝛽3ℏ4

4𝛽3

+
15ℏ4𝛽5

2 − 17ℏ4𝛽3𝛽4
2 − 638ℏ4𝛽2

3 𝛽3
2

4 (𝑞2
1 − 𝛽2) 4

+
ℏ4𝛽2

2 𝛽3 − 63ℏ4𝛽3
3

2 (𝑞2
1 − 𝛽2) 2

+
27ℏ4𝛽3

3 − 32ℏ2𝛽1𝛽4
2 𝛽3

(𝑞2
1 − 𝛽2) 2

+
−32ℏ2𝛽1𝛽3𝛽5

2 + 3ℏ4𝛽3𝛽3
2 − 990ℏ4𝛽3

3 𝛽2

(𝑞2
1 − 𝛽2) 3

+
−495𝛽2𝛽3

3 ℏ4 − 2101𝛽2
2 𝛽2

3 ℏ4 + 2𝛽3
2 𝛽3ℏ4

2 (𝑞2
1 − 𝛽2) 3

+
32ℏ2𝛽1𝛽5

2 𝛽3 − 27ℏ4𝛽2𝛽3
3

(𝑞2
1 − 𝛽2) 3

+
63ℏ4𝛽2𝛽3

3 − ℏ4𝛽3
2 𝛽3

2 (𝑞2
1 − 𝛽2) 3

+
−57𝛽2𝛽3ℏ4 − 32𝛽1𝛽2𝛽3

3 ℏ2 − 32𝛽1𝛽3
2 𝛽3ℏ2

𝑞2
1 − 𝛽2

−
4 (ℏ4𝛽2𝛽3 − 8ℏ2𝛽1𝛽2𝛽3

3 )
𝑞2

1 − 𝛽2
+

ℏ4𝛽4
2 𝛽3 − 63ℏ4𝛽2

2 𝛽3
3

2 (𝑞2
1 − 𝛽2) 4

+ 4 (−4𝛽2
1 𝛽3

3 𝑞4
1 + ℏ2𝛽1𝛽3𝑞4

1 + 8𝛽2
1 𝛽2𝛽3

3 𝑞2
1 − 2ℏ2𝛽1𝛽2𝛽3𝑞2

1) +
27ℏ4𝛽2

2 𝛽3
3 − 32ℏ2𝛽1𝛽6

2 𝛽3

(𝑞2
1 − 𝛽2) 4
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+
−225𝛽3

3 ℏ4 − 111𝛽2
2 𝛽3ℏ4 − 32𝛽1𝛽2

2 𝛽3
3 ℏ2 + 32𝛽1𝛽4

2 𝛽3ℏ2

(𝑞2
1 − 𝛽2) 2

−
4 (ℏ4𝛽2

2 𝛽3 − 8ℏ2𝛽1𝛽2
2 𝛽3

3 )
(𝑞2

1 − 𝛽2) 2

+
160ℏ2𝛽1𝛽3𝛽6

2 − 2ℏ2𝛽1𝛽2
3 𝛽5

2 − 2ℏ2𝛽1𝛽3
3 𝛽4

2 − 3ℏ4𝛽3𝛽4
2

(𝑞2
1 − 𝛽2) 4

+
−128ℏ2𝛽1𝛽3𝛽6

2 + 2ℏ2𝛽1𝛽2
3 𝛽5

2 + 2ℏ2𝛽1𝛽3
3 𝛽4

2 − 765ℏ4𝛽3
3 𝛽2

2

(𝑞2
1 − 𝛽2) 4 )

+ 1
(𝑞2

2 − 𝛽3) 2 (
57
4 𝑞4

1ℏ4 +
9033𝛽2

2 𝛽4
3 ℏ4

4 (𝑞2
1 − 𝛽2) 4

+
1485𝛽2𝛽4

3 ℏ4

(𝑞2
1 − 𝛽2) 3

+
675𝛽4

3 ℏ4

(𝑞2
1 − 𝛽2) 2

−
4𝛽2𝛽2

3 ℏ4

𝑞2
1 − 𝛽2

+
4𝛽2𝛽2

3 ℏ4

𝑞2
1

− 117𝛽2
3 ℏ4 − 24𝑞2

1𝛽2ℏ4

+ 99𝑞2
1𝛽3ℏ4 − 33𝛽2𝛽3ℏ4 + 2𝛽1𝛽4

3 ℏ2 − 6𝑞2
1𝛽1𝛽3

3 ℏ2 + 2𝛽1𝛽2𝛽3
3 ℏ2 −

32𝛽1𝛽3
2 𝛽2

3 ℏ2

𝑞2
1

+
32𝛽1𝛽3

2 𝛽2
3 ℏ2

𝑞2
1 − 𝛽2

+ 32𝛽1𝛽2
2 𝛽2

3 ℏ2

− 18𝑞4
1𝛽1𝛽2

3 ℏ2 + 4𝑞2
1𝛽1𝛽2𝛽2

3 ℏ2 + 12𝑞4
1𝛽2

1 𝛽4
3 − 24𝑞2

1𝛽2
1 𝛽2𝛽4

3 + 1
4 (−9𝑞4

1ℏ4 + 𝛽2
3 ℏ4 − 3𝑞2

1𝛽3ℏ4 + 𝛽2𝛽3ℏ4)

+ 3
4 (257𝛽2

3 ℏ4 + 45𝑞2
1𝛽3ℏ4 − 15𝛽2𝛽3ℏ4) −

4𝛽2
3 (8ℏ2𝛽1𝛽2𝛽2

3 − ℏ4𝛽2)
𝑞2

1 − 𝛽2
−

4𝛽2
3 (8ℏ2𝛽1𝛽2

2 𝛽2
3 − ℏ4𝛽2

2 )
(𝑞2

1 − 𝛽2) 2

−
3 (79ℏ4𝛽2𝛽2

3 − 120ℏ4𝛽3
3 )

2 (𝑞2
1 − 𝛽2)

+
9 (107ℏ4𝛽2𝛽2

3 − 40ℏ4𝛽3
3 )

2 (𝑞2
1 − 𝛽2)

−
3 (ℏ4𝛽2

2 𝛽2
3 − 1416ℏ4𝛽2𝛽3

3 )
2 (𝑞2

1 − 𝛽2) 2
+

9 (101ℏ4𝛽2
2 𝛽2

3 − 472ℏ4𝛽2𝛽3
3 )

2 (𝑞2
1 − 𝛽2) 2

− 𝛽3 (24𝛽2
1 𝛽3

3 𝑞4
1 − 21ℏ2𝛽1𝛽3𝑞4

1 − 48𝛽2
1 𝛽2𝛽3

3 𝑞2
1 − 6ℏ2𝛽1𝛽2

3 𝑞2
1 + 42ℏ2𝛽1𝛽2𝛽3𝑞2

1 + 2ℏ2𝛽1𝛽3
3 + 2ℏ2𝛽1𝛽2𝛽2

3 )

+
4584ℏ4𝛽2

2 𝛽3
3 − 13ℏ4𝛽3

2 𝛽2
3

2 (𝑞2
1 − 𝛽2) 3

+
3 (15ℏ4𝛽3𝛽5

2 − 23ℏ4𝛽2
3 𝛽4

2 − 464ℏ4𝛽3
3 𝛽3

2 )
4 (𝑞2

1 − 𝛽2) 4
+

696𝛽3
2 𝛽3

3 ℏ4 + 35𝛽4
2 𝛽2

3 ℏ4

2 (𝑞2
1 − 𝛽2) 4

+
ℏ4𝛽2

2 𝛽2
3 − 27ℏ4𝛽4

3
2 (𝑞2

1 − 𝛽2) 2

+
9𝛽4

3 ℏ4 + 7𝛽2
2 𝛽2

3 ℏ4

2 (𝑞2
1 − 𝛽2) 2

+
9ℏ4𝛽4

3 − 32ℏ2𝛽1𝛽4
2 𝛽2

3

(𝑞2
1 − 𝛽2) 2

+
−32ℏ2𝛽1𝛽2

3 𝛽5
2 + 9ℏ4𝛽2

3 𝛽3
2 − 2970ℏ4𝛽4

3 𝛽2

(𝑞2
1 − 𝛽2) 3

+
−9𝛽2𝛽4

3 ℏ4 − 7𝛽3
2 𝛽2

3 ℏ4

2 (𝑞2
1 − 𝛽2) 3

+
32ℏ2𝛽1𝛽5

2 𝛽2
3 − 9ℏ4𝛽2𝛽4

3

(𝑞2
1 − 𝛽2) 3

+
27ℏ4𝛽2𝛽4

3 − ℏ4𝛽3
2 𝛽2

3
2 (𝑞2

1 − 𝛽2) 3
+

3 (990𝛽2𝛽4
3 ℏ4 − 1528𝛽2

2 𝛽3
3 ℏ4 + 𝛽3

2 𝛽2
3 ℏ4)

2 (𝑞2
1 − 𝛽2) 3

+
−171𝛽2𝛽2

3 ℏ4 + 32𝛽1𝛽2𝛽4
3 ℏ2 − 32𝛽1𝛽3

2 𝛽2
3 ℏ2

𝑞2
1 − 𝛽2

− 3 (−4𝛽2
1 𝛽4

3 𝑞4
1 + ℏ2𝛽1𝛽2

3 𝑞4
1 + 8𝛽2

1 𝛽2𝛽4
3 𝑞2

1 − 2ℏ2𝛽1𝛽2𝛽2
3 𝑞2

1)

+
ℏ4𝛽4

2 𝛽2
3 − 27ℏ4𝛽2

2 𝛽4
3

2 (𝑞2
1 − 𝛽2) 4

+
7ℏ4𝛽2

3 𝛽4
2 + 9ℏ4𝛽4

3 𝛽2
2

2 (𝑞2
1 − 𝛽2) 4

+
9ℏ4𝛽2

2 𝛽4
3 − 32ℏ2𝛽1𝛽6

2 𝛽2
3

(𝑞2
1 − 𝛽2) 4

+
−177ℏ4𝛽3𝛽5

2 − 5ℏ4𝛽2
3 𝛽4

2 + 147ℏ4𝛽4
3 𝛽2

2
4 (𝑞2

1 − 𝛽2) 4

+
−675𝛽4

3 ℏ4 − 333𝛽2
2 𝛽2

3 ℏ4 + 32𝛽1𝛽2
2 𝛽4

3 ℏ2 + 32𝛽1𝛽4
2 𝛽2

3 ℏ2

(𝑞2
1 − 𝛽2) 2

+
160ℏ2𝛽1𝛽2

3 𝛽6
2 + 2ℏ2𝛽1𝛽3

3 𝛽5
2 + 2ℏ2𝛽1𝛽4

3 𝛽4
2 − 3ℏ4𝛽2

3 𝛽4
2

(𝑞2
1 − 𝛽2) 4

+
−128ℏ2𝛽1𝛽2

3 𝛽6
2 − 2ℏ2𝛽1𝛽3

3 𝛽5
2 + 33ℏ4𝛽3𝛽5

2 − 2ℏ2𝛽1𝛽4
3 𝛽4

2 − 2295ℏ4𝛽4
3 𝛽2

2

(𝑞2
1 − 𝛽2) 4 )

+ 1
(𝑞2

2 − 𝛽3) 4 (
765ℏ4𝛽2

2 𝛽6
3

(𝑞2
1 − 𝛽2) 4

+
2475ℏ4𝛽2𝛽6

3
4 (𝑞2

1 − 𝛽2) 3

+
225ℏ4𝛽6

3

(𝑞2
1 − 𝛽2) 2

+
2 (ℏ2𝛽1𝛽5

2 + ℏ2𝛽1𝛽3𝛽4
2 ) 𝛽5

3

(𝑞2
1 − 𝛽2) 4

−
4 (8ℏ2𝛽1𝛽2𝛽2

3 − ℏ4𝛽2) 𝛽4
3

𝑞2
1 − 𝛽2

−
4 (8ℏ2𝛽1𝛽2

2 𝛽2
3 − ℏ4𝛽2

2 ) 𝛽4
3

(𝑞2
1 − 𝛽2) 2

− (ℏ4𝛽5
2 + ℏ4𝛽3𝛽4

2 ) 𝛽3
3

4 (𝑞2
1 − 𝛽2) 4

− (24𝛽2
1 𝛽3

3 𝑞4
1 − 21ℏ2𝛽1𝛽3𝑞4

1 − 48𝛽2
1 𝛽2𝛽3

3 𝑞2
1 − 6ℏ2𝛽1𝛽2

3 𝑞2
1 + 42ℏ2𝛽1𝛽2𝛽3𝑞2

1 + 2ℏ2𝛽1𝛽3
3

+2ℏ2𝛽1𝛽2𝛽2
3 ) 𝛽3

3 + 113
8 ℏ4𝑞4

1𝛽2
3 + 35

8 ℏ4𝑞2
1𝛽2𝛽2

3 + 1
4 (−9𝑞4

1ℏ4 + 𝛽2
3 ℏ4 − 3𝑞2

1𝛽3ℏ4 + 𝛽2𝛽3ℏ4) 𝛽2
3 + (4𝛽2

1 𝛽4
3 𝑞4

1 − ℏ2𝛽1𝛽2
3 𝑞4

1

−8𝛽2
1 𝛽2𝛽4

3 𝑞2
1 + 2ℏ2𝛽1𝛽2𝛽2

3 𝑞2
1) 𝛽2

3 + 3
8 (49ℏ4𝑞4

1𝛽2
3 − 75ℏ4𝑞2

1𝛽2𝛽2
3 ) + 1

2 (147𝛽4
3 ℏ4 − 177𝑞2

1𝛽3
3 ℏ4 + 59𝛽2𝛽3

3 ℏ4 − 135𝑞2
1𝛽2𝛽2

3 ℏ4)

+ 1
4 (257𝛽4

3 ℏ4 + 45𝑞2
1𝛽3

3 ℏ4 − 15𝛽2𝛽3
3 ℏ4 + 135𝑞4

1𝛽2
3 ℏ4 − 147𝑞2

1𝛽2𝛽2
3 ℏ4) +

ℏ4 (161𝛽2𝛽4
3 − 30𝛽5

3 )
2 (𝑞2

1 − 𝛽2)
−

3ℏ4 (79𝛽2𝛽4
3 − 10𝛽5

3 )
2 (𝑞2

1 − 𝛽2)

+
ℏ4 (143𝛽2

2 𝛽4
3 − 354𝛽2𝛽5

3 )
2 (𝑞2

1 − 𝛽2) 2
−

3ℏ4 (𝛽2
2 𝛽4

3 − 118𝛽2𝛽5
3 )

2 (𝑞2
1 − 𝛽2) 2

−
ℏ4 (13𝛽3

2 𝛽4
3 − 382𝛽2

2 𝛽5
3 )

2 (𝑞2
1 − 𝛽2) 3

+
15ℏ4𝛽3

3 𝛽5
2 − 3ℏ4𝛽4

3 𝛽4
2 − 116ℏ4𝛽5

3 𝛽3
2

4 (𝑞2
1 − 𝛽2) 4

+
−59ℏ4𝛽3

3 𝛽5
2 + 2ℏ4𝛽4

3 𝛽4
2 + 58ℏ4𝛽5

3 𝛽3
2

2 (𝑞2
1 − 𝛽2) 4

+
ℏ4 (1485𝛽2𝛽6

3 − 764𝛽2
2 𝛽5

3 + 2𝛽3
2 𝛽4

3 )
4 (𝑞2

1 − 𝛽2) 3
+

6 (ℏ4𝛽3
2 𝛽4

3 − 165ℏ4𝛽2𝛽6
3 )

(𝑞2
1 − 𝛽2) 3

+
2 (16ℏ2𝛽1𝛽2𝛽6

3 + 17ℏ4𝛽2𝛽4
3 )

𝑞2
1 − 𝛽2

+ 2 (10𝑞4
1𝛽2

1 𝛽6
3 + ℏ2𝛽1𝛽6

3 − 20𝑞2
1𝛽2

1 𝛽2𝛽6
3 − 3ℏ2𝑞2

1𝛽1𝛽5
3 + ℏ2𝛽1𝛽2𝛽5

3 − 69ℏ4𝛽4
3 − 10ℏ2𝑞4

1𝛽1𝛽4
3
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+20ℏ2𝑞2
1𝛽1𝛽2𝛽4

3 + 39ℏ4𝑞2
1𝛽3

3 − 13ℏ4𝛽2𝛽3
3 ) +

−225ℏ4𝛽6
3 + 32ℏ2𝛽1𝛽2

2 𝛽6
3 − 74ℏ4𝛽2

2 𝛽4
3

(𝑞2
1 − 𝛽2) 2

+
−2ℏ2𝛽1𝛽4

2 𝛽6
3 − 765ℏ4𝛽2

2 𝛽6
3 − 2ℏ2𝛽1𝛽5

2 𝛽5
3 + 26ℏ4𝛽5

2 𝛽3
3

(𝑞2
1 − 𝛽2) 4 )

(5a) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
𝑞2

1 + 𝑞2
2

8𝛽2 +
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2
+

2(𝑞2
2 + 𝛽)

(𝑞2
2 − 𝛽)2 ]

This is a special case of (5) where 𝛽1 = ℏ2

8𝛽2 , 𝛽2 = 𝛽3 = 𝛽. There is a third-order integral

𝑋(1) = {𝑚12, {𝑚12, 𝑚12} − 3𝛽𝑝2
1 − 3𝛽𝑝2

2} + ℏ2
{

𝑝1, −
3𝑞2𝑞2

1 (23𝛽2 + 10𝛽𝑞2
2 − 𝑞4

2)
4𝛽 (𝛽 − 𝑞2

2) 2

+
12 (3𝛽2𝑞2 − 𝛽𝑞3

2)
(𝑞2

1 − 𝛽) 2
+

𝑞2 (52𝛽3 + 67𝛽2𝑞2
2 − 26𝛽𝑞4

2 + 3𝑞6
2)

4𝛽 (𝛽 − 𝑞2
2) 2

+
6 (3𝛽𝑞2 − 𝑞3

2)
𝑞2

1 − 𝛽 }

+ ℏ2
{

𝑝2,
3𝑞2

2𝑞1 (23𝛽2 + 10𝛽𝑞2
1 − 𝑞4

1)
4𝛽 (𝛽 − 𝑞2

1) 2
+

138𝛽2𝑞1 − 127𝛽𝑞3
1

4 (𝛽 − 𝑞2
1) 2

−
5 (19𝛽2𝑞1 − 6𝛽𝑞3

1)
2 (𝛽 − 𝑞2

1) 2

−
12 (3𝛽2𝑞1 − 𝛽𝑞3

1)
(𝑞2

2 − 𝛽) 2
+

8𝑞5
1

(𝑞2
1 − 𝛽) 2

−
3 (2𝛽𝑞5

1 + 𝑞7
1)

4𝛽 (𝛽 − 𝑞2
1) 2

−
6 (3𝛽𝑞1 − 𝑞3

1)
𝑞2

2 − 𝛽 }

and one more fourth-order integral (𝐻1 − 𝐻2, 𝑋(1)).

(5b) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
𝑞2

1 + 𝑞2
2

8𝛽2 +
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2
+

2(𝑞2
2 − 𝛽)

(𝑞2
2 + 𝛽)2 ]

This is a special case of (5) where 𝛽1 = ℏ2

8𝛽2 , 𝛽2 = 𝛽, 𝛽3 = −𝛽. There is a third-order integral

𝑋(1) = {𝑚12, {𝑚12, 𝑚12} + 3𝛽𝑝2
1 − 3𝛽𝑝2

2} + ℏ2
{

𝑝1,
3𝑞2𝑞2

1 (23𝛽2 − 10𝛽𝑞2
2 − 𝑞4

2)
4𝛽 (𝛽 + 𝑞2

2) 2
−

12 (3𝛽2𝑞2 + 𝛽𝑞3
2)

(𝑞2
1 − 𝛽) 2

−
𝑞2 (68𝛽3 − 35𝛽2𝑞2

2 − 10𝛽𝑞4
2 − 3𝑞6

2)
4𝛽 (𝛽 + 𝑞2

2) 2
−

6 (3𝛽𝑞2 + 𝑞3
2)

𝑞2
1 − 𝛽 }

+ ℏ2
{

𝑝2, −
3𝑞3

1 (7𝛽2 − 10𝛽𝑞2
2 − 𝑞4

2)
4𝛽 (𝛽 + 𝑞2

2) 2

+
𝑞1 (68𝛽3 − 83𝛽2𝑞2

2 − 10𝛽𝑞4
2 − 3𝑞6

2)
4𝛽 (𝛽 + 𝑞2

2) 2
+

6𝑞1 (𝛽 + 𝑞2
2)

𝑞2
1 − 𝛽

+
24𝛽𝑞1 (𝛽 + 𝑞2

2)
(𝑞2

1 − 𝛽) 2 }

and one more fourth-order integral (𝐻1 − 𝐻2, 𝑋(1)).

(6) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) +

3ℏ2𝑞1(𝑞3
1 + 2𝛽1)

(𝑞3
1 − 𝛽1)2

+ 𝛽2
𝑞2

2
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There are three fourth-order integrals

𝑋(1) = {{𝑚12, 𝑚12}, {𝑚12, 𝑚12}} − 4𝛽1{𝑝3
2, 𝑚12}

+
{

𝑝2
1,

36𝛽1𝑞1𝑞4
2ℏ2

(𝑞3
1 − 𝛽1) 2

+
12𝑞1𝑞4

2ℏ2

𝑞3
1 − 𝛽1

+ 4𝛽2𝑞2
1 + 5𝑞2

2ℏ2
}

+
{

𝑝1𝑝2, −
108𝛽1𝑞3

2𝑞2
1ℏ2

(𝑞3
1 − 𝛽1) 2

−
24𝑞3

2𝑞2
1ℏ2

𝑞3
1 − 𝛽1

−
8𝛽2𝑞3

1
𝑞2

+ 8𝛽1𝛽2
𝑞2

− 10𝑞2𝑞1ℏ2
}

+
{

𝑝2
2,

108𝛽2
1𝑞2

2ℏ2

(𝑞3
1 − 𝛽1) 2

+
108𝛽1𝑞2

2ℏ2

𝑞3
1 − 𝛽1

+
4𝛽2𝑞4

1
𝑞2

2
− 16𝛽1𝛽2𝑞1

𝑞2
2

+ 5𝑞2
1ℏ2 + 12𝑞2

2ℏ2
}

+ 1
2ℏ2 (4𝛽2 + 5ℏ2) +

324𝛽2
1𝑞4

2𝑞2
1ℏ4

(𝑞3
1 − 𝛽1) 4

+
54 (9𝛽2

1𝑞1𝑞2
2ℏ4 + 4𝛽1𝑞2

1𝑞4
2ℏ4)

(𝑞3
1 − 𝛽1) 3

+
6𝛽2𝑞2

1ℏ2

𝑞2
2

+
18 (3𝛽1ℏ4 + 4𝛽1𝛽2ℏ2 + 𝑞1𝑞2

2ℏ4)
𝑞3

1 − 𝛽1
+

18 (3𝛽2
1ℏ4 + 4𝛽2

1𝛽2ℏ2 + 21𝛽1𝑞1𝑞2
2ℏ4 + 2𝑞2

1𝑞4
2ℏ4)

(𝑞3
1 − 𝛽1) 2

+
4𝛽2

2𝑞4
1

𝑞4
2

−
16𝛽1𝛽2

2𝑞1

𝑞4
2

𝑋(2) = {𝑝2
1, {𝑚12, 𝑚12}} +

{
𝑝2

1,
36𝛽1𝑞1𝑞2

2ℏ2

(𝑞3
1 − 𝛽1) 2

+
12𝑞1𝑞2

2ℏ2

𝑞3
1 − 𝛽1

+
2𝛽2𝑞2

1
𝑞2

2
+ ℏ2

2 }

+
{

𝑝1𝑝2, −
54𝛽1𝑞2𝑞2

1ℏ2

(𝑞3
1 − 𝛽1) 2

−
12𝑞2𝑞2

1ℏ2

𝑞3
1 − 𝛽1 }

+
{

𝑝2
2,

18𝛽2
1ℏ2

(𝑞3
1 − 𝛽1) 2

+ 18𝛽1ℏ2

𝑞3
1 − 𝛽1

+ ℏ2

2 }

+
324𝛽2

1𝑞2
1𝑞2

2ℏ4

(𝑞3
1 − 𝛽1) 4

+
27 (3𝛽2

1𝑞1ℏ4 + 8𝛽1𝑞2
1𝑞2

2ℏ4)
(𝑞3

1 − 𝛽1) 3
+ 𝛽2ℏ2

𝑞2
2

+
3 (12𝛽1𝛽2ℏ2 + 𝑞1𝑞2

2ℏ4)
𝑞2

2 (𝑞3
1 − 𝛽1)

+
9 (4𝛽2

1𝛽2ℏ2 + 7𝛽1𝑞1𝑞2
2ℏ4 + 4𝑞2

1𝑞4
2ℏ4)

𝑞2
2 (𝑞3

1 − 𝛽1) 2

𝑋‴ = {𝑝2
1𝑝2, 𝑚12} +

{
𝑝2

1, 2𝛽2𝑞1
𝑞2

2
−

𝑞2
2ℏ2

2𝛽1 }
+

{
𝑝1𝑝2, −27𝛽1𝑞1𝑞2ℏ2

(𝑞3
1 − 𝛽1) 2

− 9𝑞1𝑞2ℏ2

𝑞3
1 − 𝛽1

+ 𝑞1𝑞2ℏ2

𝛽1 }

+
{

𝑝2
2,

18𝛽1𝑞2
1ℏ2

(𝑞3
1 − 𝛽1) 2

+
3𝑞2

1ℏ2

𝑞3
1 − 𝛽1

−
𝑞2

1ℏ2

2𝛽1 }
+ ℏ4

4𝛽1
+

81𝛽2
1ℏ4

2 (𝑞3
1 − 𝛽1) 3

−
𝛽2𝑞2

1ℏ2

𝛽1𝑞2
2

−
9 (−9𝛽1𝑞2

2ℏ4 − 8𝛽1𝛽2𝑞2
1ℏ2 + 2𝑞1𝑞4

2ℏ4)
2𝑞2

2 (𝑞3
1 − 𝛽1) 2

−
3 (−3𝛽1𝑞2

2ℏ4 − 4𝛽1𝛽2𝑞2
1ℏ2 + 2𝑞1𝑞4

2ℏ4)
2𝛽1𝑞2

2 (𝑞3
1 − 𝛽1)

(6a) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) +

3ℏ2𝑞1(𝑞3
1 + 2𝛽)

(𝑞3
1 − 𝛽)2

This a special case of (6) where 𝛽1 = 𝛽, 𝛽2 = 0. There is a first-order integral 𝑝2, a third-order integral
𝑝3

2 and three more fourth-order integrals

(𝑝2, 𝑋(1)), (𝑝2, (𝑝2, (𝑝2, 𝑋(1)))), (𝑝2, 𝑋‴)

(6b) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) +

3ℏ2𝑞1(𝑞3
1 + 2𝛽)

(𝑞3
1 − 𝛽)2

+ ℏ2

𝑞2
2
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This is a special case of (6) where 𝛽1 = 𝛽, 𝛽2 = ℏ2. There is a third-order integral

𝑋⁗ = 𝑝3
2 + 3ℏ2

{
𝑝2, 1

𝑞2
2 }

and one more fourth-order integral

𝑋′′′′′ = {𝑝1, {𝑚12, {𝑚12, 𝑚12}} − 𝛽𝑝3
2} + ℏ2

{
𝑝2

1, −
12𝑞1𝑞3

2
𝑞3

1 − 𝛽
−

36𝛽𝑞1𝑞3
2

(𝑞3
1 − 𝛽) 2

− 2𝑞2 −
3𝑞2

1
𝑞2 }

+ ℏ2
{

𝑝1𝑝2,
18𝑞2

2𝑞2
1

𝑞3
1 − 𝛽

+
81𝛽𝑞2

2𝑞2
1

(𝑞3
1 − 𝛽) 2

− 3𝛽
𝑞2

2
+

3𝑞3
1

𝑞2
2

+ 2𝑞1}

+ ℏ2
{

𝑝2
2, − 54𝛽2𝑞2

(𝑞3
1 − 𝛽) 2

− 54𝛽𝑞2
𝑞3

1 − 𝛽
− 6𝑞2}

+ ℏ4
(

−
324𝛽2𝑞2

1𝑞3
2

(𝑞3
1 − 𝛽) 4

−
27 (9𝛽2𝑞1𝑞2 + 8𝛽𝑞2

1𝑞3
2)

(𝑞3
1 − 𝛽) 3

−
9 (6𝛽2 + 21𝛽𝑞1𝑞2

2 + 4𝑞2
1𝑞4

2)
𝑞2 (𝑞3

1 − 𝛽) 2
−

9 (6𝛽 + 𝑞1𝑞2
2)

𝑞2 (𝑞3
1 − 𝛽)

− 15
2𝑞2

−
9𝑞2

1
2𝑞3

2 )

(7) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
3𝑞1(𝑞3

1 + 2𝛽1)
(𝑞3

1 − 𝛽1)2
+

2(𝑞2
2 + 𝛽2)

(𝑞2
2 − 𝛽2)2

− 1
8𝑞2

2 ]
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There is one fourth-order integral

𝑋 = {{𝑚12, 𝑚12}, {𝑚12, 𝑚12} − 2𝛽2𝑝2
1} − 4𝛽1{𝑝3

2, 𝑚12}

+ ℏ2
{

𝑝2
1, −𝛽2 + 𝑞2

1 (
𝛽5

2
2𝑞2

2 (𝑞2
2 − 𝛽2) 4

−
45𝛽2

2𝑞4
2 − 29𝛽3

2𝑞2
2

(𝑞2
2 − 𝛽2) 4

+
−5𝛽4

2 + 21𝛽2𝑞6
2 + 15𝑞8

2
2 (𝑞2

2 − 𝛽2) 4 )

+
12𝑞1 (𝑞4

2 − 2𝛽2𝑞2
2)

𝑞3
1 − 𝛽1

+
36𝑞1 (𝛽1𝑞4

2 − 2𝛽1𝛽2𝑞2
2)

(𝑞3
1 − 𝛽1) 2

+ 5𝑞2
2}

+ ℏ2
{

𝑝1𝑝2, −
𝑞3

1 (−𝛽2
2 + 34𝛽2𝑞2

2 + 15𝑞4
2)

𝑞2 (𝑞2
2 − 𝛽2) 2

−
24𝑞2𝑞2

1 (𝑞2
2 − 𝛽2)

𝑞3
1 − 𝛽1

−
108𝑞2

1 (𝛽1𝑞3
2 − 𝛽1𝛽2𝑞2)

(𝑞3
1 − 𝛽1) 2

+
𝛽1 (−𝛽2

2 + 34𝛽2𝑞2
2 + 15𝑞4

2)
𝑞2 (𝑞2

2 − 𝛽2) 2
− 10𝑞2𝑞1}

+ ℏ2
{

𝑝2
2, −𝛽2 + 𝑞4

1 (
15𝑞6

2
2 (𝑞2

2 − 𝛽2) 4

−
−10𝛽3

2 + 6𝛽2𝑞4
2 + 11𝛽2

2𝑞2
2

(𝑞2
2 − 𝛽2) 4

−
𝛽4

2
2𝑞2

2 (𝑞2
2 − 𝛽2) 4 )

+ 𝑞1 (
30𝛽1𝑞6

2

(𝑞2
2 − 𝛽2) 4

−
4 (10𝛽1𝛽3

2 + 15𝛽1𝑞6
2 − 6𝛽1𝛽2𝑞4

2 − 11𝛽1𝛽2
2𝑞2

2)
(𝑞2

2 − 𝛽2) 4
+

2𝛽1𝛽4
2

𝑞2
2 (𝑞2

2 − 𝛽2) 4 )
+

36 (3𝛽1𝑞2
2 − 𝛽1𝛽2)

𝑞3
1 − 𝛽1

+
36 (3𝛽2

1𝑞2
2 − 𝛽2

1𝛽2)
(𝑞3

1 − 𝛽1) 2
+ 5𝑞2

1 + 12𝑞2
2}

+ ℏ4
(

𝛽5
2

4𝑞2
2 (𝑞2

2 − 𝛽2) 4

+
54 (4𝑞2

1𝛽1𝑞4
2 + 9𝑞1𝛽2

1𝑞2
2 − 8𝑞2

1𝛽1𝛽2𝑞2
2 − 3𝑞1𝛽2

1𝛽2)
(𝑞3

1 − 𝛽1) 3
+

324 (𝑞2
1𝑞4

2𝛽2
1 − 2𝑞2

1𝑞2
2𝛽2

1𝛽2)
(𝑞3

1 − 𝛽1) 4

−
3 (133𝑞4

2𝛽2
2 − 67𝑞2

2𝛽3
2)

2 (𝑞2
2 − 𝛽2) 4

+
3(6𝑞1𝑞8

2+63𝛽1𝑞6
2−14𝑞1𝛽2𝑞6

2+10𝑞1𝛽2
2 𝑞4

2+117𝛽1𝛽2𝑞4
2−2𝑞1𝛽3

2 𝑞2
2+9𝛽1𝛽2

2 𝑞2
2+3𝛽1𝛽3

2 )
𝑞2

2(𝑞3
1−𝛽1)(𝑞2

2−𝛽2)2

+
9(4𝑞2

1𝑞10
2 +42𝑞1𝛽1𝑞8

2−16𝑞2
1𝛽2𝑞8

2+21𝛽2
1 𝑞6

2+20𝑞2
1𝛽2

2 𝑞6
2−98𝑞1𝛽1𝛽2𝑞6

2−8𝑞2
1𝛽3

2 𝑞4
2+70𝑞1𝛽1𝛽2

2 𝑞4
2)

𝑞2
2(𝑞3

1−𝛽1)2(𝑞2
2−𝛽2)2

+
9 (39𝛽2

1𝛽2𝑞4
2 − 14𝑞1𝛽1𝛽3

2𝑞2
2 + 3𝛽2

1𝛽2
2𝑞2

2 + 𝛽2
1𝛽3

2)
𝑞2

2 (𝑞3
1 − 𝛽1) 2 (𝑞2

2 − 𝛽2) 2
+

5 (5𝑞8
2 + 73𝛽2𝑞6

2 + 𝛽4
2)

4 (𝑞2
2 − 𝛽2) 4

+ 𝑞4
1 (

225𝑞4
2

16 (𝑞2
2 − 𝛽2) 4

+
135𝛽2𝑞2

2
4 (𝑞2

2 − 𝛽2) 4
+

147𝛽2
2

8 (𝑞2
2 − 𝛽2) 4

−
9𝛽3

2
4 (𝑞2

2 − 𝛽2) 4𝑞2
2

+
𝛽4

2
16 (𝑞2

2 − 𝛽2) 4𝑞4
2 )

+ 𝑞1 (
−

225𝛽1𝑞4
2

4 (𝑞2
2 − 𝛽2) 4

+
135𝛽1𝛽2𝑞2

2

(𝑞2
2 − 𝛽2) 4

+
147𝛽1𝛽2

2
2 (𝑞2

2 − 𝛽2) 4
−

3 (90𝛽1𝛽2𝑞2
2 + 49𝛽1𝛽2

2)
(𝑞2

2 − 𝛽2) 4

+
9𝛽1𝛽3

2

(𝑞2
2 − 𝛽2) 4𝑞2

2
−

𝛽1𝛽4
2

4 (𝑞2
2 − 𝛽2) 4𝑞4

2 )
+ 𝑞2

1 (
45𝑞6

2
4 (𝑞2

2 − 𝛽2) 4
−

177𝛽2
2𝑞2

2
2 (𝑞2

2 − 𝛽2) 4

+
3 (33𝑞4

2𝛽2 − 7𝛽3
2)

(𝑞2
2 − 𝛽2) 4

−
3𝛽4

2
4 (𝑞2

2 − 𝛽2) 4𝑞2
2 ))

(8) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
3𝑞1(𝑞3

1 + 2𝛽1)
(𝑞3

1 − 𝛽1)2
+

3𝑞2(𝑞3
2 + 2𝛽2)

(𝑞3
2 − 𝛽2)2 ]
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There is one fourth-order integral

𝑋 = {{𝑚12, 𝑚12}, {𝑚12, 𝑚12} + 5ℏ2} + 4{𝛽2𝑝3
1 − 𝛽1𝑝3

2, 𝑚12} + ℏ2
{

𝑝2
1,

12𝑞1𝑞4
2 (2𝛽1 + 𝑞3

1)
(𝑞3

1 − 𝛽1) 2

−
48𝛽2𝑞1𝑞2 (2𝛽1 + 𝑞3

1)
(𝑞3

1 − 𝛽1) 2
+

108𝛽2
2𝑞2

1

(𝑞3
2 − 𝛽2) 2

+
108𝛽2𝑞2

1
𝑞3

2 − 𝛽2
+ 12𝑞2

1}
+ ℏ2

{
𝑝1𝑝2, −

12𝑞2
2𝑞3

1 (7𝛽2 + 2𝑞3
2)

(𝑞3
2 − 𝛽2) 2

−
24𝑞2

1 (𝑞3
2 − 𝛽2)

𝑞3
1 − 𝛽1

−
108𝑞2

1 (𝛽1𝑞3
2 − 𝛽1𝛽2)

(𝑞3
1 − 𝛽1) 2

+
12𝛽1𝑞2

2 (7𝛽2 + 2𝑞3
2)

(𝑞3
2 − 𝛽2) 2 }

+ ℏ2
{

𝑝2
2,

12𝑞2𝑞4
1 (2𝛽2 + 𝑞3

2)
(𝑞3

2 − 𝛽2) 2

−
48𝛽1𝑞2𝑞1 (2𝛽2 + 𝑞3

2)
(𝑞3

2 − 𝛽2) 2
+

108𝛽2
1𝑞2

2

(𝑞3
1 − 𝛽1) 2

+
108𝛽1𝑞2

2
𝑞3

1 − 𝛽1
+ 12𝑞2

2}
+ ℏ4

(
36𝑞2

2𝑞4
1 (2𝛽2 + 𝑞3

2) 2

(𝑞3
2 − 𝛽2) 4

+
324𝑞2

1 (𝛽2
1𝑞4

2 − 4𝛽2
1𝛽2𝑞2)

(𝑞3
1 − 𝛽1) 4

+
18𝑞2𝑞2

1 (7𝛽2
2 + 19𝛽2𝑞3

2 + 𝑞6
2)

(𝑞3
2 − 𝛽2) 3

−
144𝛽1𝑞2

2𝑞1 (2𝛽2 + 𝑞3
2) 2

(𝑞3
2 − 𝛽2) 4

+
54 (4𝛽1𝑞2

1𝑞4
2 + 9𝛽2

1𝑞1𝑞2
2 − 16𝛽1𝛽2𝑞2

1𝑞2)
(𝑞3

1 − 𝛽1) 3
+

17𝛽2
2 + 506𝛽2𝑞3

2 + 17𝑞6
2

2 (𝑞3
2 − 𝛽2) 2

+
18 (15𝛽1𝛽2

2 + 15𝛽1𝑞6
2 − 2𝛽2𝑞1𝑞5

2 + 78𝛽1𝛽2𝑞3
2 + 𝛽2

2𝑞1𝑞2
2 + 𝑞1𝑞8

2)
(𝑞3

1 − 𝛽1) (𝑞3
2 − 𝛽2) 2

+
18(15𝛽2

1 𝛽2
2 +21𝛽1𝑞1𝑞8

2−12𝛽2𝑞2
1𝑞7

2+15𝛽2
1 𝑞6

2−42𝛽1𝛽2𝑞1𝑞5
2+18𝛽2

2 𝑞2
1𝑞4

2+78𝛽2
1 𝛽2𝑞3

2+21𝛽1𝛽2
2 𝑞1𝑞2

2−8𝛽3
2 𝑞2

1𝑞2+2𝑞2
1𝑞10

2 )

(𝑞3
1−𝛽1)2(𝑞3

2−𝛽2)2 )

(9) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽(𝑞2

1 + 9𝑞2
2)

There is one third-order integral

𝑋 = {𝑝2
1, 𝑚12} + 6𝛽𝑞2{𝑝1, 𝑞2

1} − 2
3𝛽𝑞3

1𝑝2

and one fourth-order integral (𝐻1 − 𝐻2, 𝑋).

(10) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽(𝑞2

1 + 9𝑞2
2) + ℏ2

𝑞2
1

There is one third-order integral

𝑋 = {𝑝2
1, 𝑚12} + 3𝑞2 {

𝑝1, 2𝛽𝑞2
1 − ℏ2

𝑞2
1 }

+
(

ℏ2

𝑞1
−

2𝛽𝑞3
1

3 )
𝑝2

and one fourth-order integral (𝐻1 − 𝐻2, 𝑋).

(11) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
𝑞2

1 + 9𝑞2
2

8𝛽2 +
2(𝑞2

1 + 𝛽)
(𝑞2

1 − 𝛽)2 ]

There is one third-order integral

𝑋 = {𝑝2
1, 𝑚12} + 3ℏ2𝑞2 {

𝑝1,
𝑞2

1
4𝛽2 −

2(𝑞2
1 + 𝛽)

(𝑞2
1 − 𝛽)2 }

+ ℏ2𝑞1𝑝2 [
2(𝑞2

1 + 3𝛽)
(𝑞2

1 − 𝛽)2
−

𝑞2
1

12𝛽2 ]

and one fourth-order integral (𝐻1 − 𝐻2, 𝑋).
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(12) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
2(𝑞2

1 + 𝛽1)
(𝑞2

1 − 𝛽1)2
− 1

8𝑞2
1 ]

+ 𝛽2𝑞2

There are two fourth-order integrals

𝑋(1) = {𝑝2
1, {𝑚12, 𝑚12}} +

{
𝑝2

1,
16𝛽1𝑞2

2ℏ2

(𝑞2
1 − 𝛽1) 2

+ 1
2 (2𝛽1𝛽2𝑞2 + ℏ2) +

8𝑞2
2ℏ2

𝑞2
1 − 𝛽1

+𝛽2 (−𝑞2) 𝑞2
1 −

𝑞2
2ℏ2

2𝑞2
1 }

+
{

𝑝1𝑝2, −24𝛽1𝑞2𝑞1ℏ2

(𝑞2
1 − 𝛽1) 2

− 8𝑞2𝑞1ℏ2

𝑞2
1 − 𝛽1

+ 𝛽2𝑞3
1

−𝛽1𝛽2𝑞1 + 𝑞2ℏ2

2𝑞1 }
+

ℏ2𝑝2
2 (𝛽2

1 + 14𝛽1𝑞2
1 + 𝑞4

1)
2 (𝑞2

1 − 𝛽1) 2
+

64𝛽2
1𝑞2

2ℏ4

(𝑞2
1 − 𝛽1) 4

+
2 (11𝛽1ℏ4 + 6𝑞2

2ℏ4)
(𝑞2

1 − 𝛽1) 2
+

8 (3𝛽2
1ℏ4 + 8𝛽1𝑞2

2ℏ4)
(𝑞2

1 − 𝛽1) 3
− 17

4 𝛽2𝑞2ℏ2

+
−𝛽1ℏ4 − 2𝛽2

1𝛽2𝑞2ℏ2 − 16𝑞2
2ℏ4

8𝛽1𝑞2
1

−
2 (−𝛽1ℏ4 + 2𝛽2

1𝛽2𝑞2ℏ2 − 𝑞2
2ℏ4)

𝛽1 (𝑞2
1 − 𝛽1)

+ 1
4𝛽2

2𝑞4
1 − 1

2𝛽1𝛽2
2𝑞2

1 +
𝑞2

2ℏ4

16𝑞4
1

𝑋(2) = {𝑝3
1, 𝑚12} +

{
𝑝2

1, − 16𝛽1𝑞2ℏ2

(𝑞2
1 − 𝛽1) 2

− 8𝑞2ℏ2

𝑞2
1 − 𝛽1

+ 1
2𝛽2𝑞2

1 + 𝑞2ℏ2

2𝑞2
1 }

+ ℏ2
{

𝑝1𝑝2,
−𝛽2

1 + 34𝛽1𝑞2
1 + 15𝑞4

1
4𝑞1 (𝑞2

1 − 𝛽1) 2 }
+ 𝛽2ℏ2

4 −
64𝛽2

1𝑞2ℏ4

(𝑞2
1 − 𝛽1) 4

− 64𝛽1𝑞2ℏ4

(𝑞2
1 − 𝛽1) 3

+ 2𝑞2ℏ4

𝛽1𝑞2
1

−
2 (𝑞2ℏ4 − 2𝛽2

1𝛽2ℏ2)
𝛽1 (𝑞2

1 − 𝛽1)
−

4 (3𝑞2ℏ4 − 𝛽2
1𝛽2ℏ2)

(𝑞2
1 − 𝛽1) 2

− 𝑞2ℏ4

16𝑞4
1

(13) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) +

3ℏ2𝑞1(𝑞3
1 + 2𝛽1)

(𝑞3
1 − 𝛽1)2

+ 𝛽2𝑞2

There are three fourth-order integrals

𝑋(1) = {𝑝2
1, {𝑚12, 𝑚12}} +

{
𝑝2

1,
36𝛽1𝑞1𝑞2

2ℏ2

(𝑞3
1 − 𝛽1) 2

+
12𝑞1𝑞2

2ℏ2

𝑞3
1 − 𝛽1

− 𝛽2𝑞2
1𝑞2 + ℏ2

2 }

+
{

𝑝1𝑝2, −𝛽1𝛽2 −
54𝛽1𝑞2𝑞2

1ℏ2

(𝑞3
1 − 𝛽1) 2

−
12𝑞2𝑞2

1ℏ2

𝑞3
1 − 𝛽1

+ 𝛽2𝑞3
1}

+
𝑝2

2ℏ2 (𝛽2
1 + 34𝛽1𝑞3

1 + 𝑞6
1)

2 (𝑞3
1 − 𝛽1) 2

+
324𝛽2

1𝑞2
1𝑞2

2ℏ4

(𝑞3
1 − 𝛽1) 4

+
27 (3𝛽2

1𝑞1ℏ4 + 8𝛽1𝑞2
1𝑞2

2ℏ4)
(𝑞3

1 − 𝛽1) 3

− 13
2 𝛽2𝑞2ℏ2 +

3 (𝑞1ℏ4 − 6𝛽1𝛽2𝑞2ℏ2)
𝑞3

1 − 𝛽1
+

9 (7𝛽1𝑞1ℏ4 − 2𝛽2
1𝛽2𝑞2ℏ2 + 4𝑞2

1𝑞2
2ℏ4)

(𝑞3
1 − 𝛽1) 2

+ 1
4𝛽2

2𝑞4
1 − 𝛽1𝛽2

2𝑞1
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𝑋(2) = {𝑝3
1, 𝑚12} +

{
𝑝2

1, −36𝛽1𝑞1𝑞2ℏ2

(𝑞3
1 − 𝛽1) 2

− 12𝑞1𝑞2ℏ2

𝑞3
1 − 𝛽1

+ 1
2𝛽2𝑞2

1}
+ ℏ2

{
𝑝1𝑝2,

3𝑞2
1 (7𝛽1 + 2𝑞3

1)
(𝑞3

1 − 𝛽1) 2 }

+ 𝛽2ℏ2

4 −
324𝛽2

1𝑞2
1𝑞2ℏ4

(𝑞3
1 − 𝛽1) 4

−
216𝛽1𝑞2

1𝑞2ℏ4

(𝑞3
1 − 𝛽1) 3

+ 9𝛽1𝛽2ℏ2

𝑞3
1 − 𝛽1

−
9 (4𝑞2

1𝑞2ℏ4 − 𝛽2
1𝛽2ℏ2)

(𝑞3
1 − 𝛽1) 2

𝑋‴ = 𝑝3
1𝑝2 +

{
𝑝2

1, 𝑞2ℏ2

𝛽1
+ 𝛽2𝑞1}

+ ℏ2
{

𝑝1𝑝2,
𝑞1 (17𝛽2

1 + 11𝛽1𝑞3
1 − 𝑞6

1)
𝛽1 (𝑞3

1 − 𝛽1) 2 }
−

𝛽2𝑞2
1ℏ2

2𝛽1

+
18 (𝛽1𝛽2𝑞2

1ℏ2 + 𝑞1𝑞2ℏ4)
(𝑞3

1 − 𝛽1) 2
+

3 (𝛽1𝛽2𝑞2
1ℏ2 + 2𝑞1𝑞2ℏ4)

𝛽1 (𝑞3
1 − 𝛽1)

(14) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(𝑞2

1 + 4𝑞2
2) + 𝛽2

𝑞2
1

+ 𝛽3
𝑞2

2
There is one fourth-order integral

𝑋 = {𝑝2
1, 𝑚12} +

{
𝑝2

1,
4𝛽2𝑞2

2
𝑞2

1
+ 𝑞2

1 (
2𝛽3
𝑞2

2
− 4𝛽1𝑞2

2)
+ ℏ2

2 }
+

{
𝑝1𝑝2,

4𝑞2 (𝛽1𝑞4
1 − 𝛽2)

𝑞1 }

+
ℏ2𝑝2

2
2 + 3𝛽1𝑞2

1ℏ2 − 2𝛽1𝑞2
2 (4𝛽2 + ℏ2) + 𝛽3ℏ2

𝑞2
2

+ 𝛽2ℏ2

𝑞2
1

+ 4𝛽2
1𝑞2

2𝑞4
1 +

4𝛽2
2𝑞2

2
𝑞4

1

(14a) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(𝑞2

1 + 4𝑞2
2) + 𝛽2

𝑞2
1

+ ℏ2

𝑞2
2

This is a special case of (14) where 𝛽3 = ℏ2. There is another fourth-order integral

𝑋(1) = {𝑝1𝑝2
2, 𝑚12} − (8𝛽1𝑞3

2 + ℏ2

𝑞2 ) 𝑝2
1 +

{
𝑝1𝑝2, 𝑞2 (

8𝛽1𝑞2
2 + 3ℏ2

𝑞2
2 )}

+ 2
(

𝛽1𝑞2
1 − 𝛽2

𝑞2
1 )

{𝑝2
2, 𝑞2}

+ 4𝛽1𝑞2ℏ2 +
2𝛽1𝑞2

1 (8𝛽1𝑞4
2 + ℏ2)

𝑞2
−

2𝛽2 (8𝛽1𝑞4
2 + ℏ2)

𝑞2
1𝑞2

− 3ℏ4

2𝑞3
2

(15) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(𝑞2

1 + 16𝑞2
2) + 𝛽2

𝑞2
1

There is one fourth-order integral

𝑋 = {𝑝3
1, 𝑚12} + 4𝑞2 {

𝑝2
1, 3𝛽1𝑞2

1 − 𝛽2
𝑞2

1 }
+ 2𝑝2 {𝑝1, 𝛽2

𝑞1
− 𝛽1𝑞3

1}

+ 2𝛽1𝑞2 (4𝛽2 + 3ℏ2) − 4𝛽2
1𝑞2𝑞4

1 −
4𝛽2

2𝑞2

𝑞4
1

(16) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(9𝑞2

1 + 4𝑞2
2) + 𝛽2

𝑞2
1

There is one fourth-order integral

𝑋 = {𝑝1𝑝2
2, 𝑚12} + 8

3𝛽1𝑞3
2𝑝2

1 − 24𝛽1{𝑝1𝑝2, 𝑞1𝑞2
2} + 2

(
9𝛽1𝑞2

1 − 𝛽2
𝑞2

1 )
{𝑝2

2, 𝑞2}

− 12𝛽1𝑞2ℏ2 − 48𝛽2
1𝑞2

1𝑞3
2 +

16𝛽1𝛽2𝑞3
2

3𝑞2
1
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(17) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1(9𝑞2

1 + 4𝑞2
2) + 𝛽2

𝑞2
1

+ ℏ2

𝑞2
2

There is one fourth-order integral

𝑋 = {𝑝1𝑝2
2, 𝑚12} + (

8
3𝛽1𝑞3

2 − ℏ2

𝑞2 ) 𝑝2
1 +

{
𝑝1𝑝2, 3ℏ2𝑞1

𝑞2
2

− 24𝛽1𝑞1𝑞2
2}

+ 2
(

9𝛽1𝑞2
1 − 𝛽2

𝑞2
1 )

{𝑝2
2, 𝑞2} −

3ℏ2 (8𝛽1𝑞4
2 + ℏ2)

2𝑞3
2

−
6𝛽1𝑞2

1 (8𝛽1𝑞4
2 − 3ℏ2)

𝑞2

+
2𝛽2 (8𝛽1𝑞4

2 − 3ℏ2)
3𝑞2

1𝑞2

(18) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1 (

𝑞2
1 + 4𝑞2

2 +
𝛽2

2
𝑞2

1 )
+ 𝛽3

𝑞2
2

+ ℏ2
[

2(𝑞2
1 + 𝛽2)

(𝑞2
1 − 𝛽2)2

− 1
8𝑞2

1 ]
(1)

There is one fourth-order integral

𝑋 = {𝑝2
1, {𝑚12, 𝑚12}} +

{
𝑝2

1,
16𝛽2𝑞2

2ℏ2

(𝑞2
1 − 𝛽2) 2

+
8𝑞2

2ℏ2

𝑞2
1 − 𝛽2

+
8𝛽1𝛽2

2𝑞2
2 − 𝑞2

2ℏ2

2𝑞2
1

−
2𝑞2

1 (2𝛽1𝑞4
2 − 𝛽3)

𝑞2
2

+ ℏ2

2 }
+

{
𝑝1𝑝2, −24𝛽2𝑞2𝑞1ℏ2

(𝑞2
1 − 𝛽2) 2

− 8𝑞2𝑞1ℏ2

𝑞2
1 − 𝛽2

+
𝑞2ℏ2 − 8𝛽1𝛽2

2𝑞2
2𝑞1

+ 4𝛽1𝑞2𝑞3
1}

+
𝑝2

2ℏ2 (𝛽2
2 + 14𝛽2𝑞2

1 + 𝑞4
1)

2 (𝑞2
1 − 𝛽2) 2

+
64𝛽2

2𝑞2
2ℏ4

(𝑞2
1 − 𝛽2) 4

+
8 (3𝛽2

2ℏ4 + 8𝛽2𝑞2
2ℏ4)

(𝑞2
1 − 𝛽2) 3

+ 3𝛽1𝑞2
1ℏ2 −

−𝛽3ℏ2 + 17𝛽1𝑞4
2ℏ2 + 8𝛽2

1𝛽2
2𝑞4

2
𝑞2

2

+
−𝛽2ℏ4 + 8𝛽1𝛽3

2ℏ2 + 128𝛽1𝛽2
2𝑞2

2ℏ2 − 16𝑞2
2ℏ4

8𝛽2𝑞2
1

+
−16𝛽1𝛽2

2𝑞2
2ℏ2 + 64𝛽2

1𝛽4
2𝑞2

2 + 𝑞2
2ℏ4

16𝑞4
1

+
2 (8𝛽2

2𝛽3ℏ2 + 11𝛽2𝑞2
2ℏ4 + 6𝑞4

2ℏ4)
𝑞2

2 (𝑞2
1 − 𝛽2) 2

+
2 (8𝛽2

2𝛽3ℏ2 + 𝛽2𝑞2
2ℏ4 − 16𝛽1𝛽2

2𝑞4
2ℏ2 + 𝑞4

2ℏ4)
𝛽2𝑞2

2 (𝑞2
1 − 𝛽2)

+ 4𝛽2
1𝑞4

1𝑞2
2

(18a) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1 (

𝑞2
1 + 4𝑞2

2 +
𝛽2

2
𝑞2

1 )
+ ℏ2

[
2(𝑞2

1 + 𝛽2)
(𝑞2

1 − 𝛽2)2
− 1

8𝑞2
1 ]
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This is a special case of (18) where 𝛽3 = 0. There is one more fourth-order integral

𝑋 = {𝑝3
1, 𝑚12} + 𝑞2 {

𝑝2
1, 4𝛽1𝛽2 − 16𝛽2ℏ2

(𝑞2
1 − 𝛽2) 2

− 8ℏ2

𝑞2
1 − 𝛽2

+
ℏ2 − 8𝛽1𝛽2

2
2𝑞2

1 }

+
{

𝑝1𝑝2, 12𝛽2𝑞1ℏ2

(𝑞2
1 − 𝛽2) 2

+ 4𝑞1ℏ2

𝑞2
1 − 𝛽2

+
8𝛽1𝛽2

2 − ℏ2

4𝑞1
+ 2𝛽1𝑞3

1 − 4𝛽1𝛽2𝑞1}

−
64𝛽2

2𝑞2ℏ4

(𝑞2
1 − 𝛽2) 4

− 64𝛽2𝑞2ℏ4

(𝑞2
1 − 𝛽2) 3

− 12𝑞2ℏ4

(𝑞2
1 − 𝛽2) 2

−
2 (𝑞2ℏ4 − 8𝛽1𝛽2

2𝑞2ℏ2)
𝛽2 (𝑞2

1 − 𝛽2)

+
16𝛽1𝛽2

2𝑞2ℏ2 − 64𝛽2
1𝛽4

2𝑞2 − 𝑞2ℏ4

16𝑞4
1

+
−17𝛽1𝛽2

2𝑞2ℏ2 + 8𝛽2
1𝛽4

2𝑞2 + 2𝑞2ℏ4

𝛽2𝑞2
1

+ 4𝛽2
1𝑞4

1𝑞2 − 8𝛽2
1𝛽2𝑞2

1𝑞2

(19) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + 𝛽1 (

𝑞2
1 + 16𝑞2

2 +
𝛽2

2
𝑞2

1 )
+ ℏ2

[
2(𝑞2

1 + 𝛽2)
(𝑞2

1 − 𝛽2)2
− 1

8𝑞2
1 ]

There is one fourth-order integral

𝑋 = {𝑝3
1, 𝑚12} + 𝑞2 {

𝑝2
1, − 16𝛽2ℏ2

(𝑞2
1 − 𝛽2) 2

− 8ℏ2

𝑞2
1 − 𝛽2

+
ℏ2 − 8𝛽1𝛽2

2
2𝑞2

1
+ 12𝛽1𝑞2

1}

+
{

𝑝1𝑝2, 12𝛽2𝑞1ℏ2

(𝑞2
1 − 𝛽2) 2

+ 4𝑞1ℏ2

𝑞2
1 − 𝛽2

+
8𝛽1𝛽2

2 − ℏ2

4𝑞1
− 2𝛽1𝑞3

1}
−

64𝛽2
2𝑞2ℏ4

(𝑞2
1 − 𝛽2) 4

− 64𝛽2𝑞2ℏ4

(𝑞2
1 − 𝛽2) 3

+ 𝛽1𝑞2 (8𝛽1𝛽2
2 + 21ℏ2) −

2 (𝑞2ℏ4 − 48𝛽1𝛽2
2𝑞2ℏ2)

𝛽2 (𝑞2
1 − 𝛽2)

−
4 (3𝑞2ℏ4 − 16𝛽1𝛽2

2𝑞2ℏ2)
(𝑞2

1 − 𝛽2) 2
−

2 (8𝛽1𝛽2
2𝑞2ℏ2 − 𝑞2ℏ4)
𝛽2𝑞2

1

+
16𝛽1𝛽2

2𝑞2ℏ2 − 64𝛽2
1𝛽4

2𝑞2 − 𝑞2ℏ4

16𝑞4
1

− 4𝛽2
1𝑞4

1𝑞2

(20) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
4𝑞2

1 + 𝑞2
2

32𝛽2
1

+
2(𝑞2

1 + 𝛽1)
(𝑞2

1 − 𝛽1)2 ]
+ 𝛽2

𝑞2
2

There is one fourth-order integral

𝑋 = {𝑝2
1𝑝2, 𝑚12} +

(
2𝛽2
𝑞2

2
−

𝑞2
2ℏ2

16𝛽2
1 ) {𝑝2

1, 𝑞1} − ℏ2
{

𝑝1𝑝2,
𝑞2 (20𝛽3

1 − 6𝛽1𝑞4
1 + 33𝛽2

1𝑞2
1 + 𝑞6

1)
4𝛽2

1 (𝑞2
1 − 𝛽1) 2 }

+
𝑝2

2𝑞1ℏ2 (20𝛽3
1 − 6𝛽1𝑞4

1 + 17𝛽2
1𝑞2

1 + 𝑞6
1)

4𝛽2
1 (𝑞2

1 − 𝛽1) 2
+ 12𝛽1𝑞1ℏ4

(𝑞2
1 − 𝛽1) 3

−
𝑞3

1ℏ2 (𝑞4
2ℏ2 − 32𝛽2

1𝛽2)
64𝛽4

1𝑞2
2

+
𝑞1ℏ2 (−32𝛽2

1𝛽2 − 2𝛽1𝑞2
2ℏ2 + 𝑞4

2ℏ2)
16𝛽3

1𝑞2
2

+
32𝛽2

1𝛽2𝑞1ℏ2 − 𝑞1𝑞4
2ℏ4

8𝛽2
1𝑞2

2 (𝑞2
1 − 𝛽1)

+
6𝛽1𝑞1𝑞2

2ℏ4 + 32𝛽2
1𝛽2𝑞1ℏ2 − 𝑞1𝑞4

2ℏ4

2𝛽1𝑞2
2 (𝑞2

1 − 𝛽1) 2
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(21) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
9(4𝑞2

1 + 𝑞2
2)

32𝛽2
1

+
2(𝑞2

1 + 𝛽1)
(𝑞2

1 − 𝛽1)2
+ 1

𝑞2
1 ]

+ 𝛽2
𝑞2

2

There is one fourth-order integral

𝑋 = {𝑝2
1𝑝2, 𝑚12} +

(
2𝛽2
𝑞2

2
−

9ℏ2𝑞2
2

16𝛽2
1 )

{𝑝2
1, 𝑞1}

− ℏ2
{

𝑝1𝑝2,
3𝑞2 (4𝛽4

1 − 14𝛽1𝑞6
1 + 31𝛽2

1𝑞4
1 − 8𝛽3

1𝑞2
1 + 3𝑞8

1)
4𝛽2

1𝑞2
1 (𝑞2

1 − 𝛽1) 2 }

+
𝑝2

2ℏ2 (4𝛽4
1 − 42𝛽1𝑞6

1 + 69𝛽2
1𝑞4

1 − 8𝛽3
1𝑞2

1 + 9𝑞8
1)

4𝛽2
1𝑞1 (𝑞2

1 − 𝛽1) 2
+ 3ℏ4

2𝑞3
1

+ 12𝛽1𝑞1ℏ4

(𝑞2
1 − 𝛽1) 3

−
9𝑞3

1ℏ2 (9𝑞4
2ℏ2 − 32𝛽2

1𝛽2)
64𝛽4

1𝑞2
2

+
3𝑞1ℏ2 (−32𝛽2

1𝛽2 − 3𝛽1𝑞2
2ℏ2 + 9𝑞4

2ℏ2)
8𝛽3

1𝑞2
2

+
32𝛽2

1𝛽2ℏ2 − 9𝑞4
2ℏ4

16𝛽2
1𝑞1𝑞2

2
+

32𝛽2
1𝛽2𝑞1ℏ2 − 9𝑞1𝑞4

2ℏ4

8𝛽2
1𝑞2

2 (𝑞2
1 − 𝛽1)

+
6𝛽1𝑞1𝑞2

2ℏ4 + 32𝛽2
1𝛽2𝑞1ℏ2 − 9𝑞1𝑞4

2ℏ4

2𝛽1𝑞2
2 (𝑞2

1 − 𝛽1) 2

(22) 𝐻 = 1
2 (𝑝2

1 + 𝑝2
2) + ℏ2

[
4𝑞2

1 + 9𝑞2
2

32𝛽2
1

+
2(𝑞2

1 + 𝛽1)
(𝑞2

1 − 𝛽1)2 ]
+ 𝛽2

𝑞2
2

There is one fourth-order integral

𝑋 = {𝑝2
1𝑝2, 𝑚12} +

(
2𝛽2
𝑞2

2
−

9ℏ2𝑞2
2

16𝛽2
1 )

{𝑝2
1, 𝑞1} + ℏ2

{
𝑝1𝑝2,

3𝑞2 (−8𝛽3
1 − 2𝛽1𝑞4

1 − 7𝛽2
1𝑞2

1 + 𝑞6
1)

4𝛽2
1 (𝑞2

1 − 𝛽1) 2 }

+
𝑝2

2𝑞1ℏ2 (72𝛽3
1 + 2𝛽1𝑞4

1 + 23𝛽2
1𝑞2

1 − 𝑞6
1)

12𝛽2
1 (𝑞2

1 − 𝛽1) 2
+ 12𝛽1𝑞1ℏ4

(𝑞2
1 − 𝛽1) 3

+ 3𝑞1ℏ4

8𝛽2
1

+
𝑞3

1ℏ2 (9𝑞4
2ℏ2 − 32𝛽2

1𝛽2)
192𝛽4

1𝑞2
2

−
𝑞1 (−32𝛽2

1𝛽2ℏ2 − 6𝛽1𝑞2
2ℏ4 + 9𝑞4

2ℏ4)
2𝛽1𝑞2

2 (𝑞2
1 − 𝛽1) 2

+
32𝛽2

1𝛽2𝑞1ℏ2 − 9𝑞1𝑞4
2ℏ4

8𝛽2
1𝑞2

2 (𝑞2
1 − 𝛽1)



I wouldn’t say when you’ve seen one Western you’ve seen the lot; but when you’ve seen the lot you get
the feeling you’ve seen one.

Katharine Whitehorn,
Sunday Best (1976) ‘Decoding the West’
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