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Abstract

In this thesis, we develop novel techniques to generate superintegrable systems and compute their
symmetry algebras. We develop an efficient method to calculate the compatibility equations of the
potential when separation in Cartesian coordinates is assumed. This is an algorithmic approach which
determines the coefficients of the integral by iterated univariate integrations. We are able to achieve
this derivation without making any additional assumptions on the form of the integral such as assum-
ing the linear compatibility equation is zero trivially. We produce an analysis of rational solutions to
the compatibility equations which allows us to complete the classification of models which possess
an additional fourth-order integral. We show that the so-called standard potentials arise from the exis-
tence of multiple ladder operator pairs and that the full symmetry algebra of quantum superintegrable
models, depending on the parameters in the potential, generally requires addition integrals beyond the
classical limit for closure. We demonstrate this in detail for the singular oscillator model with specially
chosen coefficients on the reciprocal quadratic terms. For systems that separate in polar coordinates,
ladder operators can still be used but are in general algebraic not polynomial. We show how this can
be applied systematically to the TTW and PVZ models with some subtleties regarding the reduction
of order of the integral which do not occur in the Cartesian-separable case. Finally, we introduce an
algebraic framework to derive superintegrable extensions of exactly solvable models. Our method
constructs from scratch, i.e. without the use of coupling-constant metamorphosis, the Darboux sur-
face metrics and some associated superintegrable systems. We derive known potentials involving the
third and sixth Painlevé transcendents via one-dimensional operator and find a new pseudo-Euclidean
model with a potential that depends on the fifth Painlevé transcendent. Our results show that many of
the laborious derivations of third- and fourth-order superintegrable models can be greatly simplified,

and thus opens the way for analysis of superintegrability with higher transcendental potentials.
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Chapter 1

Introduction

The Kepler and isotropic oscillator models have for a long time been regarded as exceptional. In
classical mechanics, they can be completely understood within a geometric framework. Indeed, they
are the only systems which give rise to conic section orbits under the influence of a centripetal force [3],
aresult going back to Newton, the former with the attraction being at a focus and the latter at the centre.
Bertrand, albeit with gaps, upgraded this result by showing that they can be characterised by having
stable, periodic orbits [4]. In quantum mechanics, the energy levels of the hydrogen atom and the
harmonic oscillator can be specified by a single quantum number, giving rise to degeneracy well in
excess of their spherical symmetry. It was not commonly recognised at the time that this was due
to parabolic and elliptical symmetry, respectively, [5, 6] and hence the degeneracy was often called
accidental [[7]. These systems were studied in a group-theoretic framework [8,9]. However, the group-
theoretic approach does not single out the Kepler and oscillator as unique in the classical case [[10]

nor is its relevance clear in the quantum case when the commutation relations are non-linear.

The seminal papers of Smorodinsky, Winternitz and collaborators [[1 1-13] systematically organ-
ised these observations and initiated the classification project of superintegrable systems, notwithstand-
ing some earlier noteworthy contributions [14]. These are systems which possess overabundant, not
necessarily Lie, symmetry. These differ from integrable systems in that the solution to the equations of
motion can be reduced from quadratures to a system of algebraic or transcendental equations. In two
dimensions, with second-order constants of motion, this corresponds to separability in two or more
orthogonal coordinate systems. The Smorodinsky-Winternitz systems comprise four distinct models,
of which their orbits in the classical case lie on quartic curves and in the quantum case, their spectrum
can be calculated exactly with the corresponding Schrodinger equation being reducible to the conflu-
ent hypergeometric equation. Kalnins, Pogosyan and Miller Jr generalised these results to complex
Euclidean, spherical and hyperbolic space [[15-17]. The multiseparable systems in real Euclidean 3-
space were classified by Evans [[18] and extended to the complexes and the sphere, substantially but
not completely, by Kalnins, Kress and Miller and collaborators [19,20]. The Smorodinsky-Winternitz
systems contain the Kepler and oscillator models as important special cases, but in the general case

preserve the same interesting geometric and algebraic properties [21,22].
1



2 CHAPTER 1. INTRODUCTION

The commutation or Poisson bracket relations of superintegrable systems describe a polynomial
algebra. The finite-dimensional representation theory of quadratic algebras can be used to describe
the degeneracy levels of the system [23,24] and the recurrence relations for the eigenfunctions of the

separation equations [25-27] which are usually exactly solvable or quasi-exactly solvable.

The direct method for finding superintegrable systems involves solving a system of compatibility
equations for the potential function. At the first- and second-order these are linear partial differential
equations. For higher-order, there are additional non-linear equations. Thus, the solutions are divided
into the standard cases, those which can be derived from the linear equations, and the exotic cases,
those which are true solutions to the non-linear equations. The exotic potentials have been worked
out in many cases, namely third [28-30], fourth [31] and some of fifth order [32,33] for systems that
are separable in Cartesian coordinates and third [34] and fourth order [35,36] in polar coordinates.
The non-linear equations are found to satisfy the Painlevé property [37], indeed, known solutions can
be expressed in all six of the Painlevé transcendents. As we proceed to higher orders, the computa-
tions naturally become more involved. Some work has been made in the attempt to ascertain general
patterns at arbitrary order [38,39]. In classical mechanics, action-angle variable formalism allows
for the additional constants of motion to be derived via quadratures [40, #1]]. Systematic methods
for constructing quantum superintegrable models of arbitrary order were few, limited at first to the
singular anisotropic oscillator [42] and other systems with separation in Cartesian coordinates [43].
The discovery of the Tremblay-Turbiner-Winternitz model [44]] presented a novel step in this direction.
Several techniques were developed to prove its superintegrability [45-49]. The search for superinte-
grable systems has also been extended to other geometries [50—52], with vector potentials [53], with

many-body interactions [54] and with reflection operators [55,56].

The aim of this thesis is to develop techniques to derive higher order superintegrable systems and
calculate their symmetry algebras. In Chapter @, we give the relevant mathematical background which
we shall make use of throughout this thesis. In Chapter @, we explore in detail the TTW model on
constant-curvature space together with a sister model. We construct their integrals via formal ladder
operators and prove that the ones found are indeed those of minimal order and generate all others.
In Chapter E], we develop an original technique to calculate the compatibility equations of systems
separable in Cartesian coordinates. We apply this method to finding rational solutions and thereby
complete the classification of systems with an independent fourth-order integral. In Chapter , we
use ladder operators and supersymmetry to extend these results to fifth- and sixth-order. In Chapter
B, we study a particularly simple model, the singular harmonic oscillator in one dimension. We show
that its dynamic algebra is parameter-dependent in the quantum case, giving rise to an ensemble of
distinct ladder operator pairs. We give an example of a superintegrable system in two dimensions,
which is a special case of the Smorodinsky-Winternitz system, that was first observed by Gravel [29]
to have a third-order integral independent of the generic model, whose complete symmetry algebra
we compute. In Chapter [j, we study the most general three-generator polynomial algebra in order
to consolidate all of the component potentials which have so far been discovered in third- and fourth-

order superintegrability into a single equation. We show how to construct from the polynomial algebra



superintegrable extensions which generalise previous results in the literature and unite the Cartesian
and polar coordinate techniques of the other chapters. Moreover, we add a new model to the catalogue,
which may be written in terms of Painlevé III or V depending on the values of the parameters, which

resides in pseudo-Euclidean space.






Chapter 2

Superintegrability in Classical and Quantum

Mechanics

We give an overview of classical non-relativistic mechanics and separation of variables. We then
discuss a wide class of superintegrable systems in d-dimensions and show that their formation can be

reduced to elementary one-dimensional components.

2.1 Rational Mechanics

The mechanics of punctual systems is an analytic theory that models the motion of inanimate macro-
scopic bodies whose relative distances are much greater than the size of the individual objects of
consideration. The principle developers of the theory were Newton, Euler and Lagrange. We consider
only non-dissipative forces and non-relativistic motion. While the Eulerian calculus is best suited for
problems particular to the field, the Hamiltonian formulation was given renewed import with quantum
mechanics and we shall therefore follow it.

For an ensemble of point-masses, a configuration is an assignment of a unique position to each
entity. Each point-mass may be assumed to roam free or confined by (holonomic) constraints to a
surface or curve. Let d be the total number of degrees of freedom. The space of all possible configu-
rations is an analytic manifold with local coordinates q = (q;, ¢5, ... , ;). The present state of motion
of a particular configuration is indicated by the momenta p = (py, p,, ..., p;). Together, they form a
mobile (q, p) whic is a point on phase space. By dynamical quantity, we mean an analytic function
on phase space and of time. We shall not consider any quantities that have explicit time-dependence.

The first dynamical quantity of interest is the kinetic energy
1 d
-1 ij
=3 ,-,-Z=1g (@p;p, (2.1)

where g/ is a contravariant metric tensor on the configuration space. The second is the potential
5



6 CHAPTER 2. SUPERINTEGRABILITY IN CLASSICAL AND QUANTUM MECHANICS
energy V = V(q) which is assumed to depend only on position. The Hamiltonian
H=T+V (2.2)

synthesises both the geometric and dynamical information proper to the system. A mobile follows a

trajectory which is the integral curve of the equations of motion
d d
da_oH  dp_ JH 2.3)
dt op dr oq

Two Hamiltonians give rise to equivalent dynamics if they differ by a constant shift. We define the

Poisson bracket
[A,B] = — — - — - — (2.4)

A dynamical quantity has the rate of change

dA 0A
— =—+[A H|. 2.5

T - o [A, H] (2.5)
If the right-hand side is zero, then A is an integral of (@). This is the case for the Hamiltonian when
it does not depend on time explicitly (which is the case throughout this thesis), and its constant value

E is called the energy. In the components of the mobile, we have

[[qi’ q]]] = O’ prpj]] = 0’ [[ql’pj]] = 51] (26)

which are called the canonical relations. A canonical transformation is a transformation (q, p) —
(Q, P) that preserves the canonical relations. One of the simplest forms of canonical transformations

are the coordinate transformations

-1
Q = f(g), P=<a—f> p

The kinetic energy is expressed in the new mobile as

d d
_ 1 ij ij = 01i %) ke
T_EZGP,-P», Gl =) gk

ij=1 Kf=1 dq; 99,

Another important transformation is coupling-constant metamorphosis [57]. If a Hamiltonian is of
the form H = Hy+ aU(q) and I is a time-independent integral which depends analytically on « then

H' = HyU is a new Hamiltonian with integral I’ = I(a — —H'). Time-dependent integrals are

lost however.

Example 2.1. Consider the Smorodinsky-Winternitz Hamiltonian

H = %(pf+p§)+(a+a’)(q12+q§)+%+%+6
9 49
The Hamiltonian depends on three parameters a + &', §, y in addition to the trivial additive constant .

Ordinarily we would suppress this constant, but it must be carried through so that the transformation



2.1. RATIONAL MECHANICS 7

is invertible. We take here U = qf + q%. To simplify the resulting expression we perform a coordinate

transformation Q; = %(q% - q%), 0, = q,9, so that the new Hamiltonian becomes

H’=%(P12+P22)+ ! 4 + ! +65]|+a.
2,/02+03 (/0 +03 +0, /O}+0} -0,
It is seen that the (extended) harmonic oscillator is dual to the (extended) Kepler model. O

Let A, B, C be dynamical quantities and «, f§ constants. The following properties are straightfor-

ward to verify:
(i) [A, B] = —[B, A] (Anti-symmetry);
(i) [A,aB + pC] = a[A, B] + B[ A, C] (Bilinearity);
(iii) [A,[B,C]] +[B.,[C, A]] + [C,[A, B]] = 0 (Jacobi’s identity);
(iv) [A, BC] = [A, B]C + B[ A, C] (Product rule);
v) If (il—? = (11—? = 0 then %[[A, B] = 0 (Poisson’s theorem).

We say that two dynamical quantities A, B are in involution if [A, B] = 0.

Definition 2.1. A Hamiltonian is integrable if there exists d functionally independent integrals that

are in pairwise involution.

Theorem 2.1 (Jacobi-Liouville-Donkin). Let H be integrable with integrals 1, 1,, ..., 1,. If the as-

signment of the integrals to constant values
a; = 1,(q,p,1), i=1,2,...,d

be solved for the momenta
p = f(q’ al, a2’ ceey ad, t)

then the differential for

p-dq— Hdr 2.7
will be exact.
Proof. See, for example, Whittaker [58]. ]
If .S is a primitive of (@) then
oS oS
= =p, = =—_H. 2.8
ag, ot 28)

We can combine these conditions into a single partial differential equation

oS 28
S et (a%) 29)

which is called the Hamilton-Jacobi equation.



8 CHAPTER 2. SUPERINTEGRABILITY IN CLASSICAL AND QUANTUM MECHANICS

Theorem 2.2 (Jacobi). Let S = S(q, ay,qy, ... ,a,,1) be a solution of the Hamilton-Jacobi equation
depending on d parameters ay, @, ..., a,, then the mobile is determined as a function of time by the

2d equations

_9S
pl - aqi,
i=1,2,...,d
0S
ﬂ[ - aai’
where fy, By, ..., B, are additional constants.
Proof. Gelfand and Fomin give two proofs of this classic result [59]. O

Thus integrability facilitates the resolution of the dynamical problem via only half as many quadra-
tures as typically necessary for the order of the system of differential equations. The additional con-
stants f;, B, ..., f; will not necessarily correspond to integrals since they will in general be multival-

ued functions of the mobile.

Definition 2.2. The symmetry (dynamic) algebra is the set of all time-independent (time-dependent)

integrals of H together with the Poisson bracket [-, -].

The advantage in restricting oneself to time-independent integrals is that they encapsulate the
geometric information of the system, often in a very simple algebraic form. The time-dependent
integrals typically involve transcendental functions. From the theory of ordinary differential equations
[60], there can be at most 2d — 1 generators of the symmetry algebra and 2d generators of the dynamic

algebra. In practice, the Hamilton-Jacobi equation is solved by additive separation of variables:

d
S=Y Si(qg)-Et
i=1
This places restrictions on the form of the metric g and the potential V" in the coordinates. These con-

ditions were found by Levi-Civita and its explicit form is given by Havas [61]. We shall be interested

in the special case where the metric is orthogonal, that is, when the kinetic energy takes the form

d
|
T=3 PWACV A
i=1

Theorem 2.3 (Stickel). The Hamilton-Jacobi equation is separable if and only if there exists an in-

vertible matrix X = [o; j(qi)]szl and functions V;(q;) such that

d d
Zgiaij =5j1’ ZgiVi =V.

Proof. See [5]. O
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In this case, the Hamilton-Jacobi equation reduces to the system of ordinary differential equations

| /dS\2 d
5 (dqf> +Vila) = Y ao0q),  i=12,...d (2.10)
1 ]=1
where a;, ay, ..., a; are separation constants. We may invert these linear equations to find a; =

I,(q, p,t) as quadratic integrals in pairwise involution [62].

2.2 Superintegrability

Here we introduce superintegrability following the usual exposition which may be found in standard

texts [5,63]. The integral
jl{ p-dq— Hdt

taken along a closed path in phase space is time-independent [64]. We suppose that the Hamilton-
Jacobi equation additively separates and that the orbit consists of libration motions in each coordinate,

i.e. the range is confined to closed and bounded intervals. Then we may construct the action variables

1
I; = gfp,- dg; (2.11)

where the path chosen is along a period of the orbit in the g; coordinate and p; = i—jf is given by ().

The angle variables 6; are defined to be the canonical conjugates of I;, i.e. [0;, I;] = §,;. They are

25,
0, = . (2.12)
o, ),

The angle variables are multivalued functions of the coordinates and momenta, uniquely determined

found by taking

up to an integer multiple of 2.
Since the action variables are constants of the motion, Hamilton’s equations expressed in these

coordinates gives

9H _o,  i=12...d
00,
so H=H(,,1,,...,1,;) can be expressed purely in terms of the action variables. A special case of

a Hamiltonian expressed in action-angle variables occurs when it takes on the additive form

H=F(a)lll+a)2]2+---+a)jld) (213)
where F is some analytic function and w;, m,, ... ,w, are constants. In the general case, such motion
is called quasi-periodic. As

dgl COI
d02 B (02’

itis seen that w,60, —w; 6, has no time-dependence. While we already have similar conserved quantities

p; defined by Jacobi’s theorem, the action-angle variables show what modifications are required in
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order for the trajectory to be degenerate or partially periodic. If we have integers ny, n,, ..., n; such
that
nwy + nyw, + - +ngwy; =0
then
sin(ny 0 + ny0 + -+ +ny0,)
will be a new integral, functionally independent of the action variables. This motivates the following

definition:

Definition 2.3. An integrable Hamiltonian that possesses additional functionally independent inte-

grals is superintegrable.

Superintegrability is the site of exceptionally well-behaved motion. This being motion, in the case

of confining potentials, which is closed, bounded and stable.

2.3 Quantum Mechanics

The principles of modern quantum mechanics were developed in large part by the Gottingen school
[65,66]. It encodes a mathematical description of the actions of measurement and observation on a
microscopic configuration. We will make some departures from the usual prescriptions and consider
the theory from the point of view of formal eigenvalue problems which shall better accommodate
special singular oscillators which we treat of in chapter 5.

In quantum mechanics we do not speak of mobiles and dynamical quantities but rather of the state
of the system and observables respectively. A state vector is denoted |y ) and resides in a linear space

© over the complex numbers called the state space. The state space is endowed with a correlation
RGN 7 W (7

i.e. a semilinear map. The correlation induces a sesquilinear inner product {y|@) := (y| (Jy)). The
Hermitian conjugate of a linear operator A on the state space is denoted AT. An observable is a
Hermitian operator. Let [A, B] := AB — BA and { A, B} := %(AB + BA) denote the commutator and
symmetriser of two operators A, B. The time evolution of an operator A is governed by the Heisenberg
equation

dA

iha =[A, H] (2.14)

where H is the Hamiltonian of the system. The commutator satisfies the same properties (i)—(v) that
Poisson brackets satisfies but note that the order of multiplication in (iv) is essential. The commutation

relations between the position and the momenta are supposed to be

la;.a] =0, [a;.0] =0, [gjp] =106, i=12,...d.

The commutation relations may be naturally generalised to any observable which is analytic in the

coordinates and polynomial in the momenta [67] by taking

_ . of
[f(@.p;] = lhaqj'
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Integrals, integrability and superintegrability are carried over as before, replacing Poisson brackets
with the commutator. There is however no intrinsic characterisation of functional independence. In the
literature, it is often supposed that some form of algebraic independence may be a suitable substitute,
however this is not sufficient [6]. Independence of observables can only be determined by their action
on state vectors. The matrix elements have time-dependent factors which alter the phase of the state,
however these can always be suppressed for time-independent operators. This may be achieved more
formally by the gauge transformation

o () o (2.

The Schrodinger realisation

.0
pi = &(q) — lha_q,’ ly) = w(q)

1

where g; are select functions which preserve the canonical relations, is of great utility in deriving the

states. Typically, in this realisation, one has

(wlg) = / F@o@o(@dg

where the integration runs over a suitable domain. However, we will need to consider states that are
not square-integrable. More precisely, our state spaces shall correspond to the lowest weight modules

of the Hamiltonian. The eigenvalue condition Hy = Ey transforms into the Schrodinger equation
—hAy + V(Qy = Ey. (2.15)
A particular solution is usually looked for in the separable form

v =y (qDwa(q) - w(qy)

from which the general solution may be obtained by linear superposition.

2.4 Factorisation Methods

Ladder operator techniques have been firmly established as a versatile tool in quantum mechanics.
Schrodinger [69,70] translated this approach into a factorisation method for solving Sturm-Liouville
eigenvalue problems, whose range of applicability was comprehensively classified by Infeld and Hull
[71]. An alternative route to the problem, using the concept of shape-invariance and supersymmetry
[72], initially lead to the same outcome [73] but has many more applications, such as soliton theory
[74] or models with reflection operators [75]. In particular, it serves as an operator formalism for
the classic work of Darboux [76], Crum and others [77] on the generation of new exactly solvable

Sturm-Liouville equations. Let

H=3p"+ V() (2.16)
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be a one-dimensional Hamiltonian. Then H admits the factorisation

H=E+D'D
for a first-order operator
D= (p+ihw)
2
if and only if w satisfies the Riccati equation
2

(9% L o2) + E=V() (2.17)

2 \ dq
or equivalently, by taking the logarithmic substitution w = ii—:’, y is a solution to the Sturm-Liouville

or time-independent Schrodinger equation

n? d*y
—— 14V = Fy. 2.18
2 4 (@y = Ey (2.18)
We can construct a new Hamiltonian
H' = E+ DD

which differs from the old by

H = H-n%Z
dg

The operators D, D' intertwine the old and new Hamiltonians
DH=H'D, HD' =D'H’

So that if |@) is an eigenstate of H with energy E then D|@) is an eigenstate of H' with the same
energy. However, the state with energy E will have been deleted since D|y) = 0.
The Darboux transformation can be iterated any number of times, generating a sequence of Hamil-
tonians
DYDY = gUu+h pU

The Crum formula [[78] gives the transformed Hamiltonian at each iteration

2

HO =g — hz%logWr (woy' oy, D) (2.19)

q
where y,y’,y”, ... are solutions to Schrédinger’s equation with distinct energies E, E', E”, ... and
Wr is the Wronskian determinant. If any of the energies, say E = E' = E” = ... = ED for | < k,

were to coincide, we must instead choose generalised eigenfunctions

2 @2y ) . .
_%d—ll/z+Vw(’)=Ew(’)+w(’"“, J=12,..,1
q

as our seed functions [[79]. In this case, the transformation is called confluent. Thus from one Hamil-

tonian we generate a whole family of Hamiltonians with similar spectral properties.
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Chapter 3

Constant-Curvature TTW and PVZ Models

Throughout this chapter, the classical analogues are not being considered and we have used the Schrodinger

realisation p — —id with i = 1.

3.1 Introduction

Several construction procedures have been developed for finding higher order integrals with a potential
specified up to a few rational or integral parameters (see, e.g., [36, 38,42, 46,47, 49,53, 80-84] and
references therein). For separable systems, the symmetry algebra corresponds to the dynamic algebra
of a Hamiltonian of lower dimension. The algebra usually takes the form of a generalised Heisenberg
algebra [82,83] but obtaining explicit formulas is non-trivial. In the quantum case, these algebras are
built up from ladder operators and the recurrence relations [47] of orthogonal polynomials and special
functions from the Askey-Wilson scheme.

The expansion of integrals as a finite power series of the Hamiltonian and other known integrals
so as to represent the whole as a differential operator of reduced order has proved effective [46,49,81].
This technique we shall designate the expansion method. The expansion method is powerful in that
no knowledge of the eigenfunctions are required. Its application to the resolution of higher order
integrals [46] was met with difficulties in producing explicit results, because the equations involved
were of fourth degree. However, this can be simplified if separability is taken into account.

It is our purpose here to apply the expansion and ladder operator methods to the construction
of the symmetry algebra of certain separable Hamiltonians. We shall, throughout, work over a two-
dimensional space of constant curvature k. Positive curvature corresponds to elliptical space, negative
curvature to hyperbolic space and no curvature to flat Euclidean space. The Hamiltonian families of

interest here are of radial harmonic oscillator type

_1 2 C M2 2 1.2 52
H—E[—0,—§6,+S—2+<a)—zk>c—2] (3.1)

where: @ > 0; M? is a second-order differential operator which depends on the angular variable 6
15
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and a rational parameter k € Q. ;

rsin<\/; r) >0
i (_l)iKir2i+] < \/E ’ 0’
s = T ——— —
& (20 + 1) " k=5
= smh(\/_lc r) <0

and

cos(ﬁr), k>0,
( l)l 121
_Z =41, k=0,

2!
cosh<\/—_1<r>, k<0,

are the trigonometric, flat or hyperbolic sine and cosine respectively. The expansion method, as applied

to this Hamiltonian, consists in writing

0;,1 = Z [FOI/”mn(S’ c)+ Flfmn(s’ C)ar] (Mz)me'
Z,m

We may thus consolidate any differential operator in the variables r, 6 into the form
I =1y(r,0,09, H)+ 1,(r,0, 0y, p(H))O, (3.2)

where I, and I are meromorphic in the first two arguments and polynomial in the last two, arranged so
that the H -terms are ordered to the right of the variables and operators. Here, p denotes multiplication
from the right, i.e. p(H)d, = d,H . This procedure can be extended to a large class of superintegrable
systems.

The chapter is organised in the following way. In section , we introduce the two classes of
models which we are of focus for this chapter, the Tremblay-Turbiner-Winternitz (TTW) and Post-
Vinet-Zhedanov (PVZ) models, and discuss the different forms that their symmetries will take. The
main result of our research is that we determine the full symmetry algebra of these models where the
ladder operator method does not automatically yield the lowest-order integrals (see, e.g., Theorem
@). The approach we shall take in finding their integrals I is to expand as a power series in s. In
section @, we find that an infinite expansion corresponds to an infinite-order differential operator.
The finite expansion enforces upon the operator the constraints that it is a linear expansion of formal
operators L; satisfying

[M?2, L] = 4piL.(pi + M) (3.3)

where k = p/q in reduced form. The ladder operators L; decompose into a product of an angular
operator J and radial operator K, which we determine by similar expansion techniques in section @
In section @, the generators of the symmetry algebra are presented, their commutation and closure
relations are given and finite-dimensional irreducible representations are derived. The latter will give

us the spectrum of the Hamiltonian, obtained through purely algebraic means.
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3.2 Models, Eigenfunctions and Spectra

In this section, we discuss the TTW and PVZ models which are of focus for this chapter and give their
spectral decomposition, which will be used for comparison with the representation theory of their
symmetry algebras to be developed in section . We shall discuss the differences between how their
symmetry algebras will be constructed.
The celebrated TTW model [44,85] has the Poschl-Teller operator as angular component:
K2 [402 -1 457 -1

M2 ., =—02+— + , (3.4
T O 4 |sin2(kg) cost(k6)

where a, f > —1. The Hamiltonian () is separable in polar coordinates. Therefore the eigenfunc-

tions can be determined analytically by simultaneously diagonalizing H and M 2. The eigenfunctions

of (@) are
0(0) = [sin(ke)]”%[cos(ke)]’”%@;’ﬁ(cos(zke)), £=0,1,2,...

where & is a Jacobi polynomial. The corresponding eigenvalues are K2Q¢ +a+p+ 1)

This model has attracted intensive interest [45, 86—93] as a higher-order superintegrable system
distinct from the anisotropic oscillator. The TTW model includes, for k = 1,2, 3, the Smorodinsky-
Winternitz model [[11]], the BC, system of Type V in the classification of Olshanetsky and Perelo-
mov [94], and the three-body model introduced by Wolfes [95] respectively. The TTW systems in
their full generality were introduced in 2009 by Tremblay, Turbiner and Winternitz where they ver-
ified the model was superintegrable for k = 4 and conjectured superintegrability for all rational k.
Kalnins, Kress and Miller Jr. [47] and Quesne [#45] proposed various approaches to demonstrating su-
perintegrability. Studies of this model have generated new problem-solving techniques [46,47] which
have been applied to other models that are structurally very similar to the TTW model [96]. The ladder
operator method of Kalnins ez al. involved decomposing the integral into formal components L of
the form %II + %IHM, Iy, Ij being differential operators. Then Iy = Ly + I_y, Iy = (L; — L_{)/M
are integrals of H. Even for k = 1, this does not yield the lowest degree operators. Indeed, there is a

differential operator I7j; and a polynomial P such that
I = ply = Iif(M? = p*) + P(H). (3.5)

The existence of the integral I;;; was inferred by Kalnins ez al. from algebraic considerations and
computed an expression for P(H). That M>, H, Iy, H generate by multiplication the full symmetry
algebra for all k is not evident from their analysis. That this is the case we demonstrate in section .
Moreover, we derive equation () from the explicit differential operator form. We also provide an
algebraic derivation of the spectrum and a generalisation of the results for curved spaces. The classical
analogue [85] is well-understood and has been shown to be superintegrable on spaces with constant
[91],97] and non-constant curvature [52]. Anharmonic generalisations [98] have been postulated, but

it is not known at the outset which varieties are superintegrable.
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We shall also consider a model discovered by Post, Vinet and Zhedanov [55] which has angular

momentum component

a? — 2a cos(2kO)R N f? — 2 sin 2(k0)

i 3.6
sin%(2k0) cos?(2k0) G0

2 _ 32 g2
——
where a, § > —1. Here, R is a reflection operator on functions of 0, i.e., (Rf)(0) = f(—60). The PVZ
model is similar to the TTW model but exhibits its own peculiar properties. In particular, M2 is a

perfect square:

L] R ka (3.7)

Mpy, = |0, — - :
Pvz le cos(2k6) sin(2k0)

The eigenfunctions of (@) are
a B 1
©,(0) = [sin(2k0)]2[cos(2k0)]2[1 + sin(2k0)]2 P 4(sin(2k0); a, f| — 1), £=0,1,2,...

where Z is a Little Jacobi polynomial [99]. The eigenvalues of (@) are alternating in sign and are
given by
(=D kQC+a+ p+1).

A symmetry algebra had been obtained for this system utilizing the ladder operator method. The ladder

operators satisfy generalised Heisenberg algebra relations:

ML, =(-1)L,(M + 2p),
[Ly,L_]=P(M,H)

for some polynomial P. The algebra stated by Post et al. was generated by M, H, L, L_, for g even
and M,H, L,, L_, for g odd. However, for g odd, we have the property that

Ll = I~I(M +p) + 5.’_, L_l = I~H(M _p) + é—

where I}, Ij; are differential-difference operators and & . are constants. Then the full symmetry algebra
is given by M, H, I}, I};, which we show in detail in section . The model for even g does not pos-
sess this property, and forms only a simple polynomial algebra satisfying the generalised Heisenberg
relations.

The reduction properties associated with the TTW model and the PVZ model for g even, do not
appear to necessarily be specific to these models alone but a consequence of the commutation identities
associated with the ladder operators, which are common to a variety of systems.

The eigenfunctions for both systems can be expressed as ¥, ,(r,0) = S, ,(r)©,(0) where the

radial part is found to be

1,0  kQltat+p+1),Z
+
Sk(2f+l)l+ﬁ+1)c2 x| gzm x| (C2 _ K'SZ) K #

, 0
Sr(r) = m=0,1,2,...
PhQEFatf+1) $£(2f+a+ﬁ+l)( wrz)’ =0
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and .Z is a Laguerre polynomial. The spectrum is

2

1
Em,f = wey, » + 3KE £

e =2m+1+kQC +a+f+1). (3.8)

The spectrum of H therefore splits into finite degeneracy levels { E,, /} .1 ¢=,- That is, the eigenval-
ues are invariant under the transformation (m, £) — (m + p, ¢ F q) which is the implicit evidence for
integral operators being built up out of ladder operators, that raise or lower the quantum numbers of

the eigenfunctions.

3.3 General Form of the Symmetry

In this section, we demonstrate from the expansion method that every integral of the TTW and PVZ sys-
tems must be a linear combination of a product of ladder operators J*K** where J* = J“(, 0g, R, M)
and K* = K*(r, 9

., M, H) which satisfy the commutation relations:

_ 2u(u + M)K“.

(M2, J%] = 4kud“(ku + M), (K%, H) .
S

(3.9)

In the case of the TTW model, each equation is really two, with M being a formal operator.
For an operator I consolidated in the manner of (), we write [ Ly ... as its partial derivatives
with respect to just the variables r, 8 ignoring any of the operator terms. Then [I, H] = 0 generates

the following system:

[M?, 1] ¢ 2
a2 = IO,r,r + _IO,r + _2pM211,r - 4II,rH
5 5 s (3.10a)
2s (2 1.2 2c 2
+2 <a) ~ Ly )(sc[1,+11)——11M :
[M?,I)] c 1
—— =1y, — I, + I, +2I,,, (3.10b)
S S S

For k = 0, taking a power series expansion in r to solve the system ()—() naturally suggests
itself. For general x, we find that the appropriate Ansatz is:

Iy= ) s71y,(0.0y. R H), Iy = ) es7, (0.0, R H).

1 1

We obtain the recurrence equations:
0=rx(i+ D@+ 2y — [i* — M* + p(M?)];
+2(i +2) <a>2 -l 2;<H) I)ipa (3.11a)
—2(i + DI2H + kp(MI], 4y + 201, ;M?,
0 =ki(i + DI 15 — [i* = M?* + p(M]I} ; +2il,;. (3.11b)
Combining () with () in order to eliminate the (/) ;)-sequence, we get
0 =i(i +2)[40” + 8k H — k(i +2)*11 ;44
+2i(i + D{k[( + 1)* + 1= M? = p(MH)] —4H} | ;5 (3.12)
+ {4i°p(M?) = [i* = M? + p(MP)PP} I
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It is not possible for this sequence to admit infinitely many non-zero values without I having infinite
degree in H, M 2, Therefore, we must truncate the series.
If I, ,, # 0but I, ; = 0 for i < m, then equation () says

[40* + 8x H — x*(m — 2)*1(m = 2)(m — DI ,, = 0,
so mis 2 or 4. Furthermore, I, = I, ; = 0 for odd i.
In order to cut off the upper bound on the coefficients, we require that for some sufficiently large

integer u
(1 = M + p(MP)P = 4p*p(MP)}, , = 0.

Equation () gives

1

7H

[ ] 142 = M2 4+ p(M*)P = 162 p(MP)]T, 5 = 0
N
lzzj

and, from (), we have

1

FH

[T = M2 + p(M™)P* - 16 p(M*)} (M, 11 = 0
i=1

with u even. From here we wish to show I is a linear combination of operators L; satisfying (@)
where i is any integer with magnitude less than or equal to %,u. Let Q. satisfy
[M?, [M?, Q]| — 16i* {M?,Q} + 16i*Q; = 0. (3.13)
for a non-zero integer i. Then
1 .
L= Z[M% Q21— iQp +0p M

satisfies (@). Conversely, any L; satisfying this commutation relation also satisfies () in place of
Q2. Now, if

[M?, [M?, L]] - 16/ {M?* L} + 16 L =1L,
where i # j, then L resolves into homogeneous solutions L ; plus the particular solution

. . . . . -1
L, [16 (12 —]2) (12 —j2 —2jiM — Mz)] .

This achieves the desired decomposition. It is evident that the {L;}; are linearly independent as op-
erators with coefficients formally rational in M, H. It follows that each L; must commute with H
also. Furthermore, there is a finite basis of operators L; satisfying (@) and we may choose a basis
JP(, 0g, R, M) consisting of operators with no dependence upon r,0,. Then L, = J iK' where
K' = K'(r,0,, M, H). These must satisfy (@). The basis J/7 can be further decomposed into oper-

ators satisfying either one of the equations
(M, J"] = 2kud" or {M,J"} = —4kuJ". (3.14)

However, for the TTW model, this is merely an ambiguity on the sign of M acting on the eigenfunc-
tions of M. We take its action to always be of the same sign, i.e., we formally set M J* = J“(M +2ku).

The operators J, K modify respectively the quantum numbers Z, m of the eigenfunctions of H.
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3.4 Ladder Operators

In the previous section we established that the integral must be built up from linear combinations of
ladder operators. We shall in this section derive the ladder operators for the values of the exponents
in which they exist. This is the integers. We consider the angular ladder operators J for the PVZ and
TTW model and finally, the radial ladder operator K which is the same for both. The result of this

section is that the form of the integral must be
I= Z JU9K™P y (M, H)
i

where we permit y; to be rational functions insofar as [ is a differential or differential-difference oper-
ator. Having calculated the ladder operators, we determine what forms of coeflicients are acceptable,
that being when their fractional residue in M, H (treated as formal operators) on the whole vanishes.
The TTW model has the additional constraint that I must be even in M.

We use the expansion method to simplify the angular partial derivatives. For the TTW model, we
write

9y = Y [Fapp(sin(kt), cos(k0)) + Fsz,,(sin(kt), cos(k0))dg1(Mrpy,)”
4

in order to realise J“ as a first-order operator in the form
T0, 99, M) = JHO)M) + JH(0)(pp1)3%. (3.15)
For the PVZ model, we do the same by writing

O =Y [Fypp(sin(2k0), cos(2k0)) + Fs,,(sin(2k0)., cos(2k0) RIM,
4

Hence, J“ can be written as
JU(0, 0y, R) = J§(O)(M) + J(0)(pp)R. (3.16)
We can employ an analogous reduction for K“:

K%(r,0

re

M) = K;(r,M,H)+ K{(r, M, H)o,. (3.17)

In [47], the reducibility of the integrals was induced from simple cases (i.e., k = 1), but there was
no way to verify that the results obtained were in fact of minimal degree. This is then an important
problem: to develop systematically a means to obtain the lowest-order integrals. Here we will develop
the method for the TTW and PVZ models on constant-curvature space based on the explicit results of
sections 3.4.1-3.

For polynomials in M, H, we consider their divisibility where M, H are taken to be formal opera-
tors. The greatest common divisors of a family of polynomials P = {p,(M, H)}, are the polynomials
O which divide P such that all the divisors of P are divisors of Q. For a given representative g € Q,
we shall write gcd P « g. The units are the non-zero real numbers. A formal differential operator of
the form 37, >0, p<i fani(rs Q)Gfaggabi(M, H) where g,;; are polynomials. For the PVZ model, we
substitute R for d,.
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3.4.1 PVZ Angular Operators

We determine the coefficients in () by finding solutions to () which are polynomials in M.

The resultant system is

ka
J”/—H——Ju 9—]“9
0 =0 = Gkey 179~ 1] (3.18a)
- J{l(—Q)M - UJ{’(Q)(M + 2ku);
wr, ka woyl _ Zkﬂ _
0= a0~ O~ a1 (3.18)

+J (=M — UJ&‘(Q)(M + 2ku),
where v = +1 is to be determined. To solve this differential-difference system, we develop the coeffi-

cients into a sinusoidal power series with a cosine gauge on J':

U U
JUO)M) = Y [sin@KOI L (M), JHONM) = cos(2k6) Y [sin(ke)]'J*,(M).
=V i=V

Substituting these series into ()—(), we get the recurrence relations

0= {[(=1) = v]M/k = 2uv}J, — [(=1) + 1add,,, = 2=D/G + DL,
(3.192)
— 2= BIY, + 2D id}

0=2(-1)Gi+ DJy 041 T (= ' + v]M/k + 2uv}J” + (=D + 1]aJ" (3.19b)

Li+1°
For finite-order in M, the system ()—() requires Jy, = J|'. = 0 for all but finite i. The
appropriate limits are U = |u|, U = lu| -1,V = V =0.In particular,

0= ([(=1)" = vIM/k = 2uv}J¢ , + 2(=1D"ul I}

0 =2(-D)*|u|J} 0.ju I+{( D% —vIlM/k — 2uv}J}

1Ljul-1°
Lul-1°
which, for [J”| I(M)]2 + [J Llu |—1(M)]2 # 0, implies

([(=D)* = vIM/k — 2uv}? = 4u*

sov = (=1)“. Thus, {M,J"} = —4kuJ" when u is odd and [M, J*] = 2kuJ" when u is even. Up to

proportionality the solution is unique, so we designate our principle solutions to be:
= = [sin(2k0) = cos(RkO)RI(M + k) + k(a + ) (3.20)
and define the rest by J*% = (JT J*lY and J*¥#! = gl j22/ = j%2 j#1 In particular,

= [cos(4k0) F sin(4kO)R](M + k)(M =+ 3k)
F ksin(2k0)[ka + (M + 2k)] + k cos(2kO)R[kf + a(M + 2k)] (3.21)
+ kX = p)(a + B);
Note that in () but not in (), all the coefficients except the constant term are divisible by a

linear factor in M. This, in fact, occurs for every odd u.
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Lemma 3.1. For all odd integers u, J*(0)(—ku) = Jgo(—ku).

Proof. This is clearly true for |u| = 1 and we assume the lemma holds for |u| = 2j — 1, where j is a

positive integer. Using J*2/x! =yl jF2/1 j=1 e have
TEIENO)FQ2) + DE) = T3 (#2) = DOO (FQ2) + k) (3.22)
which is a constant. O

The combinations (J*)> and J~J* for u odd and even respectively, commute with M. We des-
ignate them both by ®“(M), and is appropriately called the structure function. By induction, we
compute:

[j/21-1 Li72]-1
(M) = [] [Faxp?-M xk+4ki)’| [] [Faxph)?— (M £3k=4kiy’]. (3.23)
i=0 i=0
For u even, we have @™ %(M) = ®*(M —2ku) and ®“(M) = &/ (=M —2ku) for u odd. With knowledge
of the structure function, we may now use equation () to compute J(;‘t é2j+l)(1k(2 j+1)). The result

of the computation, consolidated into a single formula, is:

—

ul—

Tty = K [+ (1) f[ { |+ (—1)%"'/3]2 - 4i2}

i=1

where u is any odd integer. By the lemma, it follows that
[J“ = J¢ (—kw) (M + ku)™! (3.24)

is polynomial in M. We now need to prove that there are no redundant factors in J“ generally. First,
we compute some explicit terms in J“ so as to illustrate the phenomenon which we shall exploit. For
a concise expression, we use

exp(fR) = cos(0) + sin(0)R.

Then for j > 1:

2j—1
JiZjil — iRe$2(2j_l)k0R H[M + (21 _ l)k]

i=1

2j—1
+ k(a + p)et*U—DkOR H [M + (2i — k]

i=2

2(j=1)
+ k(a + p)eTH—DKOR H [M + (2i — 1)k] (3.25a)

i=1
2(j-1)

+ k(o + f)° ReFH IR TT [M + (2i - k]

i=2
2=
+2( - 1)k2(a2 _ ﬁz)Re:z(Zj—3)k0R H [M + (2i — Dk] + -
i=2
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2j
JE2) — oF4jkOR H[M + (2i — k]
i=1

2j
+ k(a + ) Ret2@i-DkéR H[M + (2i — 1)k]
i=2
2j—1
+ k(o  f)ReF? - DRR TT (M + (21 = 1)k] (3.25b)
i=1
2j—1
+ k2(a2 _ ﬁ2)6i4(j—1)k9R H (M + (21 _ 1)k]
i=2
2j—1
+ K22 = 1)(@® = pH)e™ U DRR TTIM + (20 — D] + -
i=2

where the ellipses indicates trigonometric functions with lower frequency. We observe in the above

that the first few terms in () and () consist of products of M + (2i — 1)k where the number

of factors is decreasing along with the frequency of the ek?OR

terms which they multiply. In particular,
the common divisor of the second and third terms is the same as that of the fourth and fifth terms. This

is why J“ for u even cannot be reduced after removing the constant term, but J“ for u odd can be.
Theorem 3.1. Suppose a + f, a — f are not even integers. Then for all odd integer u,

ged{Jj

N

J ﬁi}iZO x 1
and for all non-zero even integer u,
ged{

u u
JourrJ1itiz0 x 1

Proof. From (3.254) and (3.25b),

|ua]

ged{JY (M), 4 (M)} o< [[IM + sgn()2i — 1)k]
i=1

so we need to show that there are non-zero terms in J“ when M is evaluated at each of the roots. By

writing
J4 = J—u+Sgn(u)(2J'+l)Jsgn(u)(Zj+1)’ 0<j<|ul,
we have
Jouj—2j—1(—sgn(@)(2j + Dk) # 0
since JoE 3D (_ sgn(u)(2) + 1)) # 0 by the hypothesis. Similarly, by writing
Ju—sgn(u)(2j+l)J2u—sgn(u)(2j+l), 0 <j< |Ll|
we get
Jg,|u|—2j—1(_2”k + sgn(u)(2j + k) # 0.

The result follows. O
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Theorem B.1| will be combined with similar results for the K operators to determine that only the

factor M + ku will divide the non-constant terms of J“K** for u odd but this is indivisible for u even.

3.4.2 TTW Angular Operators

Here we will solve equation (@) for M2 given by equation (@). Substituting () into (@) pro-
duces the system

k*(4a® - 1)
0=J" +uu+py)J* =2J"M?>+ ———2[J* — kcot(k0)J"]
0 Mo 2sin2(k6) !
K*(4p* — 1
L[J;“ + k tan(k6)J"],
2 cos2(k6)

0=J" +uu+py)Jy+2J45"

We develop the coefficients as a cosinusoidal power series

U U
JUOYM) = ) [cos2kO))' JL (M), T} =sin(2k0) Y [cos(2kO)]' JL (M) (3.26)
=V i=V

to obtain the recurrence relations:
0= k(i + 1)(i +2)J,, + [uCku + M) — ki*1J),
+ (i + DIM? - 2a® + 267 - DI}, (3.27a)
+ (B — ah)Q2i+ DI}, - MPiJY |
0= k(i + 1D +2)J},,, + [ulku + M) — k(i + 1)*1J,

—(i+ 1)J(’)‘J.+].

(3.27b)

Again, we require U, IN] Vv, V to be finite. The necessary limits are U = |u|, U= lu| -1,V = V=0.

We take as our principles
JE = §in(2k0)dy(k + M) + cos(RkO)M (k + M) + k*(a* — p?)

and set J¥ = (JE'Y. From J~! = J[1;—-M] we get J ™% = J[u;—M]. In particular, we obtain a

differential operator with no formal part if we consider symmetric combinations:
JYf(M)+ TV f(—M) (3.28)

where f is polynomial. We will need to determine, as with the PVZ model, to what extent f may be
rational. Indeed, setting f(M) = M ~lin () leaves no residue.
For j > 1, we have:
2j-1
J7 = [sin(2jk0)dy + cos(2jkO)M] H(M + ki)
i=1
+2K%(a? = BH[( — 1) sin[2(j — 1)k6]19, (3.29)
2j-2

+cos[2(j — DkOI(M + 2jk — k)] H(M + ki) + -
i=2
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where the ellipses denote trigonometric terms of lower frequency. The structure function ®“(M) is

defined as J~“J“. For positive values, we determine:

j—-1
/(M) = H[(M + 2ki + k)2 — kK2 (a0 + B)2I(M + 2ki + k) — kK*(a — B)?].
i=0

Observe ®/(M) = &/ (-M) = &/ (M - 2jk).
The divisibility property which held for odd integers in section this time holds for all integers.

Lemma 3.2. For all non-zero integer u, J*(0)(—ku) = Jy (—ku).

Proof. We know that J(’)‘|u|(—ku) = J{‘lul_l(—ku) = (0. Now, suppose that J(;’j(—ku) = Jl”j_l(—ku) =
0 for all j > i where 0 < i < |u|. Equations (b.27b|) and (b.274) simplify to

0 = —ki*J§ (—ku) — K*u?iJ§ | (—ku);
0=—ki*J!,_ (—ku) —iJY (=ku).

b}

This system is non-singular so Jé‘i(—ku) =J {‘i_l (—ku) = 0 and therefore the result holds by induction.

m]
Consequently,
[T — I3 (—kw) (M + ku)™!
is of the form +Dy+ D; M where D), D, are differential operators. We wish to find an explicit formula
for J(’)‘ 0(—ku). To this end, we express the structure function in terms of the coeflicients:
/(M) = Jj (=M = 2jk)J; (M) = 2kJ{ (=M —=2jk)J (M)
+ [K2Q2a% + 282 = 1) = MAJ! (=M —2jk)J! (M)
By Lemma
/(= jk) = [ o(=jk))? (3.30)
This gives J({O(—jk) up to a sign. By J/ = J1J/7! we have:
. ) i—1 . j—1
Joo(M) = Jg o(M +2k(j = 1)Jg o (M) = 2kJ | (M +2k(j = 1))J3 | (M)
+ [K*Qa* + 267 — 1) — M?1J] (M + 2k(j — 1))J{51(M),

-1

j . j ; i—1
Jo (M) = JO{I(M +2k(j — 1)Jgy (M) + JO{O(M +2k(j — D)J]

1 (M)

+2k2(a? = )T (M +2k(j = D) (M)
+ (k2202 + 287 = 1) = M21J ) (M +2k(j — )T (M),
' ; -1 . i—1
T o (M) = T (M +2k(j = D)o (M) + T o(M +2k(j = )T} o (M)
— 2k (M +2k(j = D) (M),
. | L
J{ (M) = Jg (M +2k(j — 1)J{ (M) +2kJ |
~ -1 . i—1
+ o (M +2k(j = D) (M) + J | (M +2k(j = 1)y (M).

(M +2k(j = D)) (M)
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This indicates that in powers of a:

T30 = K a® + 0™ ?); Jo1 = 0™,

J] o= 0@¥?); J] | = 0@¥?);
for all j > 1. This enables us to choose the correct square-root in (). At last, we calculate

jr]-1

[T t@i-j+1*-o® - p217 - 4?3}, (3.31)

i=0

__1J

T3 o(—ik) = K (@* - )

The result below shows that the coefficients, except in extraordinary cases, have no common factor.
Theorem 3.2. Suppose that « + i, « — f are not integers. Then ged{Jj;, J; l},>0 x 1.

Proof. We shall assume u is positive without loss of generality. From (), we have

2u—1

ged{ Sy i gu i} H(M + ki).
i=1

By J* = J“ J/ we get
J02u_n;(=ik) #0

for 1 < j < u. Now, JU(=k(j + u)) = J* 7 (k(j — u))J? (—k(j + u)) so

Ji 5, (kG +u) #0.
This shows that the coefficients cannot all be equal to zero simultaneously. O

Corollary 3.1. Let u, v be integers with |u| > |v|. Then the operator
[ = o' k(lol = DT NM +u+ o))
0,0

is polynomial in M.

3.4.3 Radial Operators

For the determination of the radial operators K“, we resume the procedure of section @, namely by
expanding as a power series in s:
|ul =

Ky, M, H) =) s2K{ (M. H),  K'(r.M,H)= ) cs 72K} (M, H).
i=0 i=0

Equation (@) translates to the system

0=x(+ %)(i + DKy ~+1 — [i* — u(u + M)]K"

+ (i + D(@® - 2k> + 2k H)K" (3.32a)

1,i+1

—(i+%)(KM2+2H)K“ +iM?K}, .
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0 = ki(i + DKY, = [i* — u(u + M)IK{ _| +iK},. (3.32b)
We take as our principles
1+ M MM +1
ke UEMe, gl LeM(M £ 1) - %
S S

Note that K=(r,d,, —M) = K'(r,d,, —M). The effect of curvature is manifested in the %KM(M +1)
term, but otherwise the form of the operators is the same as that on flat space [46]. Unlike in the
computation of the eigenfunctions in section , there is no need to divide into curved and non-
curved space. This will serve only to increase the order of the symmetry algebra, but not its overall
structure. Indeed, the calculations to compute the integrals remains the same since the K-operators
only depend explicitly on integer powers of k, ¢, s, M, H, whereas the Jacobi polynomials degenerate

to the Laguerre polynomials only by a limit process. We set
K*¥(r,0.,M)=K*'(r,0.,, M +2(j — )K*Y=D(r. 9, M)

which gives the identity K™% = K*“(r, 0,, —M). Generally, we have

T e T
K = (= 5) L +0
(— 22 e 1 | e
+Qj - DT (HG,—;>[H+§KM(M+2j—l)]H(M+i) (3.33)
—2)/—2
_%<Ma,+ D)+ KM(M+1)]H(M+1)+O< )

for positive integer j. The operators K~ “(r,0,, M + 2u)K"(r,d,, M) commute with M, H and are
thus polynomials in those operators. We designate this operator by the structure function ¥*(M, H).

We have the formula
j-1
v, 1) =[] {[H — LM 4 2i + DP — (M +2i + 1)2} . (3.34)
i=0

Observe that W/ (M, H) = W/ (—M, H) = ¥/ (M - 2j, H). The base terms have the recurrence
K o(M.H) = K} (M +2j -2, H)K) ' (M, H)
+ (o — 3K +21<H)K oM +2j =2, H)K] (M, H);
K] (M. H)=K! (M +2j -2, H)K) (M, H) + [xK] (M +2j — 2, H)
+K10(M+2j 2, H)]K’ (M, H)

and a simple closed-form expression is readily obtainable:
1

2Vw? +2xkH
j—-1
X { H[H + %K(M +2i+ 1)+ V2 +2cH (M +2i + 1)] (3.35)
i=0

K| (M. H)=

j-1

—H[H+%K(M+2i+ 1?2 = Ve? +2xkH (M +2i + 1)]};

i=0
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J __1
K o(M, H) = —1kK]{ (M, H)

J

j—1
+%H[H+%K(M+2i+ D2+ Va2 +2cH (M +2i + 1)]
L1

i (3.36)
+%jli[H+%K(M+2i+l)2— Va? +2cH (M +2i + 1)].
i=
We see that K{ ’0(— j, H) = 0 and the latter becomes
' ey Lizl= 5
Kyo-iHy=H" 7 ] { [H — 2KkQi—j+ 1)2] — 0?2 —j + 1)2} . (3.37)
i=0

Proposition 3.1. For all non-zero integers u, K*(—u, H) = Kgo(—u, H).

Proof. By equation (),
Ko (e H) = Ky (-u, H) = 0.

Now, suppose that for some 0 < i < |u], K(L)‘j(—u, H) = Ki‘j_l(—u, H) =0forall j > i. Then ()
and () read
0= iK{ (~u, H) = ’K{ _ (—u, H);

) 2
= iu Ki"i_l(—u, H)—i K(L)"l.(—u, H).
This equation is non-singular, so K(‘)‘l.(—u, H)=K i‘ ;_1(=u, H) = 0. This proves the result. O

Lemma 3.3. Let u be a non-zero integer, then

2Jul-j
L; = ged{Ky (M, H), K¢, _ (M. H)} ;s je1 < [] M +sgn@il.  j=1.....[ul.
i=j

Proof. Proposition .1 tells us that M + u divides L,. We suppose, without loss of generality, that u
is positive and j < u. We write
K“(r,0,, M) = K""'(r,0,, M + 2))K'(r,0,, M)
to obtain
K"(r,0,,—j) = K" (r,0,, DK} o(~j, H). (3.38)

It follows that M +j | L; and M + j ¢ L; . Similarly, by writing
K'=K/(r,0,, M +2u —2j)K"~/

it is apparent that

K“(r,0,,j — 2u) = K} (=j, H)K"/(r,0,, j — 2u) (3.39)

re
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soM+2u—j|L;jand M +2u—j{L;, . Weknow that M +u | L,. Thus,

2u—j
[Tov+9)

i=j

divides L j forallj=1,...,|ul|. By (), we know that equality holds for j = 1, and so it must hold

for all j. o

Corollary 3.2. Let u, v be integers with |u| > |v|. Then the operator
(K" = Kyo (1ol = lul, FDK*YM +u + 0)™"
is polynomial in M.

We shall use these calculations to begin deriving the linear combinations which are admissible for
an integral of H. Since the coefficients of the J-operators have no common factor, it is only necessary

to first consider K-operators by themselves and then extend to their products.

Theorem 3.3. Let u be a positive integer greater than one and let a, b, c,, -,z be a series of 2j+1

rational functions of M, H such that
O=a+K"b,+ K™ b_+K>c, + K 2c_+ -+ Kz, + K7z_
is an operator polynomial in M, 0,. Then z, lei EI(M + iu) is a polynomial function of M, H.

Proof. By denominator, we refer to the minimal polynomial £, in M such that z, £, is also polynomial.

Up to leading order, we have

—1 2ju—1
Q=(—2)f“‘1[(M %0, - ) [T M +0z,

s2ju—1""" 2ju
1
+0 <52ju—2>

i=

M ¢ 1 2l
- (Szju—lar + S2ju> 11 (M —i)z_
1=l

SO
2ju—1 2ju—1

z, H(M+i)—z_ H(M—i)
i=1 i=1

and
2ju—1 2ju—1

o [ +n+z [T -
i=0 i=0

must be polynomials in M. The denominators of z, therefore must divide lei '6_1 (M =+i) respectively.
If j = 1 then we are done, otherwise, we shall proceed inductively on j > 1. The common factor here

between the two denominators is M, so we deduce the existence of polynomial operators

Q' =da +K"b, + Kb + - + KUyl 4 g=U=Duyr 4 giug!
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and
Q" =a" + K“D + Kb + o 4+ KU=Duy" 4 g=U=Duyr o g=juzr

such that O = (Q' + Q")M~!. That the leading order terms of Q' may be polynomial in M and d,,
@=Dupr + i), by Lemma @

i=u

Let Q" = Q'(M +u)[M + (2j — 1)u] and denote by ()" all the coeflicients therein. This ensures

the denominator of z/, must divide [

Ju m
Koag-nu?+
and
Ju m
K oG- 1yu—1%+

2(j-u—1
i=0
denominators of y” and z share no common factor. We may thus resolve Q" into a sum of two

are polynomials. Then the denominators of y}' must divide [ (M =+ i). In particular, the

polynomial operators
OV =@V + K"bY + K7UBY + - + KUTDuylv 4 KUzl
and
Q' =a" + K"b} + Kb, + - + KUTDuyY 4 g=U=Duyy,

Let Q"' be the result of substituting M —2u for M in Q' and denote by ()" all the coefficients therein.
Then

Q"' K™ = YW ™M, H) + K“c}"¥™(M, H) + K"
+ o+ KU_I)MZ‘_ET_“(M, H) + K—(j—l)ux\ii

is a polynomial operator. The denominator of zf‘P_”(M , H) thus divides
2j-3
[T +iw.
i=0

There are no common factors between this product and ®™*(M, H). So the denominator of zil divides

2j-1

H(M + iu).
i=2

But the denominator of z = zi: , by definition of Q”, cannot contain the factor M + (2j — 1)u. As

z, = zl’M‘l(M +u)”'[M + (2j — Du]™!, the result is proven. O

3.5 Symmetry Algebra

The construction of the symmetry algebra for superintegrable systems allows us to describe the de-
generacies of the Hamiltonian. Each degenerate family consolidates into the whole eigenspace of the

Hamiltonian, and so gives us the whole spectrum.
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For J“*K* to be well-defined, then u and ku must both be integers, so u is an integral multiple of

q. Therefore the general form of an integral of H is

I=Y) JK"y, (3.40)
ieZ

where y; are formal rational functions, with only finitely many that are non-zero, of M, H such that
I is a polynomial in those operators, and, for the TTW model, even in M. Let )(12\, + 52 y 7 0and
x; = 0for [i| > N. Then by Theorem @, we require

2N-1 .
X+N Hi:o (M +ip)

+N +N
ged{J3 (M), TE (M)} 5

(3.41)

to be a polynomial in M. By Theorems and , the denominator in () is a unit. So, by linear
independence of {J'9K'?},, the integral must be of order > 2N (p 4+ g — 1) for the TTW model and
> N(2p+q—?2) for the PVZ model. Whether or not we can eliminate any of the factors in the product
must depend, by Corollary @, on

So far the representation theory for the TTW and the PVZ model has not been developed. In this
section we will also provide a description of the representations from the symmetry algebra in the
context of deformed oscillator realisations. This is also interesting in its own right as the construction
of representations has been mainly limited to quadratic algebras such as Racah or some cubic algebras

as in the Heun-Lie algebras.

The deformed oscillator realisation [[100] was introduced within the context of quadratically super-
integrable systems. Here we will rely on the analogous construction for polynomial algebras of three
generators of arbitrarily large order. This realisation consists in the system generated by the three

operators N, b, b’ satisfying the relations
[b,91] = b, 98,671 = b, b'b = E(MN), bb" = EMN + 1)

where E is, for our purposes, an analytic function. The finite-dimensional irreducible representations

of this algebra are, up to a translation of :M, given by

N|iy = ili), bli) = VEG) |i - 1), b1i) = VEG+ 1) i+ 1),

where {[i)}'_ is the basis of the module. The constraints on finite dimension imply that Z(0) =
Z(n) = 0 with no intermediate roots of Z. The central elements, namely R[H] act as constants on
the representation, and we denote the eigenvalue of H as E. From one of the two roots of Z, we may
determine the eigenvalue E of H. The energy spectrum will include as a subset the physical spectrum
(@) found by analysis. However, even the non-physical states can still be interesting in its links with

finding new special functions.
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3.5.1 PVZ qeven
For g even,2p+q > N(2p+ q — 2) for all N > 1. Thus we need only consider the form
I=¢oM, H)M ™ (M? = p*)™" + JIK (M, H)M~'(M + p)~!

+J 9K Pp_ (M, HYM~ (M — p)~!

to find the smallest integral with ¢, a polynomial and ¢, at most quadratic. Let us show that an

integral of order 2p + g — 2 or 2p + g — 1 is impossible. We note that
Res I = k(2q = D![e™"%, (0, H) = e p_, (0, H)IK(r,0,, 0)/p + -~

where the ellipses indicate lower frequency terms, cannot be zero unless M divides ¢ ;. Similarly,

q
— +2pfR P .

Res 1= k12N ep (p, HIKG(—p, H) i]}@z —1-qfp+--

requires that ®_;(+p, H) = 0. Therefore, H is a superintegrable Hamiltonian of order 2p + g with

generators M, J9K?, J79K?. We set

M

A=—,
2p

B=JiK?, C=J1K7",

and A, = @ (2pA)Y*’(2pA, H). The symmetry algebra relations are

[A, B] = B, (3.42a)
[A,C] =-C, (3.42b)
[B,Cl=A_—A,. (3.42¢c)

The algebra of order 4p+2q—1if k # 0 and of order 2p+2g—1 if « = 0. The enveloping algebra Ul of
A, B, C, H, regarded as purely abstract operators, joined by the relations (l3.42€4), (b.42b|), (B.42d) with
H central, satisfies the PBW property, i.e., U = R[A]R[B]R[C]R[H ]. Furthermore, the operator

D=2{B,C}-A, —A_

commutes with A, B, C, hence U = R[A]R[B](R + CR)R[H, D]. The center is then seen to be
R[H, D] however the differential operator realisation annihilates D.

The realisation as a deformed oscillator algebra is straightforward:

A=MN+u,
B=0b"+0,
C=0b"—b,

(M) = ®I2p[N + u))PP(=2p[N + ul, E),
BN + 1) = ®I2p[N + u)PP(2p[N + ul, E).

where u is an arbitrary constant.
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3.52 PVZqodd

Forqodd,2p+q—1> N(2p+ q—2)forall N > 1. So as before, we consider
I=¢yM, H)YM'(M? = p)™' + JIK?$ (M, HYM ™" (M + p)~"!
+JIKPp_ (M, H)M~'(M - p)~".
By a similar argument to section , $g, ¢, must divide M. Lemma 3.1 guarantees that we may

take ¢, ; to be any real number proportion of M. Therefore, H is a superintegrable Hamiltonian of

order 2p + g — 1. If we write
X = [JIK? = J§((=p)K o(=p, H)IM + p)~",
Y = [JT9K™P = Jy (DK o(=p, H)I(M — p)~",

then X, Y, M, H together generate all the integrals of H. The Hamiltonian is therefore superintegrable
of order 2p + g — 1. We take

A=%; B =p(Y +X); C = p(Y — X)
and +q D *q,_ P 2
(0% (ZPA)\P (isz’ H) - [JO,O (+P)K0’0(—P, H)]
= 2A + 1) '

The algebra relations are

(A, B} = 3C — 3[J3 (=) + Jo g (PIK{ o(=p, H),
(A,C} = 3B+ 31Jg (=) — Jo g (DIK{ o(—p, H),
{B,C}=A, —A_.

This is a symmetry algebra of order 4p + 2q — 3 if ¥ # 0 and of order 2p + 2g — 3 if k = 0. We have

the Casimir operator of the enveloping algebra
D=B>+C*-2A, —2A_.
The element D evaluates to zero in the differential-difference operator realisation.
When k = 1, we have
{B,C} = —af(4w’ — k> + 4k H) + 2A[40” + 4 H + *(a® + % - 2)]
+4x’afA? — 16k%A°.

For k = 0, A, — A_ is of first-order, and the system generated by A, B, C is a Bannai-Ito algebra over
the ring R[H ]:

{A,B) = %c —aH;

{A,C} =3B+ pH;

{B.C} = (4o’ — k(24 - ap);

0=(4a? —k>)@AA> +1—a’ - p*) + B>+ C? —4H>.
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In order to produce a deformed oscillator realisation, we require a ‘fermionic’ number operator in
contrast to the ‘bosonic’ operator 9 that alternates the sign of b, b' for left- and right-multiplication.

This is achieved if we take (_1)212 = cos(nN), giving:

A =—N + u)cos(xzN),
B=b2N+u)— 117"+ 20N +u) — 1]77'6"
Joo(=P) Joo®)

K? (=p, E -
+Kool=p. E) 2N +uycos(nM) — 1 2(N + u) cos(xN) + 1

C = cos(@M){B2N +u) — 117" = 2N +u) — 177167}
[ Joo(=P) N Jo0 @
2N +uw)ycos(xI) — 1 2(M + u) cos(nN) + 1

- K(I)),()(_p7 E)

EM) = 1N (25N + u] cos[aN])PP(—2p[N + ul, E),
EN + 1) = ¢ID(2p[N + u] cos[xN])YP(2p[N + ul, E).

3.5.3 TTW on constant-curvature space
For the TTW model, the operators

M1
4p2 4
B=p’JIKPM (M +p)~' + pPT UK PM (M — p)!
—2p7Jg o(=P)K{ o(=p, HY(M? = p*)7!

C=pJiK’M~ ' —pJ9KPM1;

together with H, generate all the integrals of this model and thus the full symmetry algebra. So H is
superintegrable of order 2p 4+ 2q — 2 (this being the order of B). The symmetry algebra relations are

[A, B] = C; (3.43a)
[A,C] = 4{A, B} +2J3 ((-p)K{ o(~=p, H); (3.43b)
[B,C]=-2B>+A (3.43¢)
where
3 —p)2®I(M)WP(M ,H)— 2p9(—M)PP(—M, (= p)PP(—p,
A = 2P LM=p O M) (M. H) Wﬁ’jj} 2(_;‘?))2 (=M.H)+4pM & (—p)¥"(=p.H)] (3.44)

is a polynomial in A, H. This algebrais of order: 2p+2q—2ifxk #0; p+29g—-2ifk =0,k # 1; or

21if k =0,k = 1. There is a Casimir
D =C?+4B* - 4{A,B*} - 4J] (-p)K} ,(—p, H)B + Q (3.45)

where

Q = 2 (M =p) DUM)WP (M H)+(M+p)* B (= M)WP(— M H)=2® (—p. H)W?(—p. H )M (M>+3p°)] (3.46)
- M(M2—p2)2 :




36 CHAPTER 3. CONSTANT-CURVATURE TTW AND PVZ MODELS

is a polynomial in A, H. In the differential operator realisation, D = 0.
For k = 1, these polynomials evaluate to
A=8H?+160(a®+ > —2-2A)+ 16k H(a® + f* =2 —2A)
+ 22 [(a® = B2)? + 1247 — 2(a® + BP)(4A +3) + 284 + 12];
Q =8(a’ + > 4o A — H?) — 4(a® — p*)’c — 646 A>
+4xcH[8(a” + p> = 2)A — (a® — p*)* — 16A7]
+4K7A[16A% + (a® — BP)P(A — 1) — 44A + 48 — 2(a” + BP)(4A + 3)).
If, in addition, k¥ = 0, then A is of first-order in A and we obtain a Racah algebra over the ring R[H |:
[A,B] =C,
[A,C] = 4{A, B} +2H (a? — §?),
[B,C] = —2B>+8H? + 166(a” + > — 2 — 2A),
0=C?+4p>—4{A, B’} —4H(a* - p*)B
+8(a® + pH)(4oA — H?) — 4(a? — p*)’c — 640 A2.
A deformed oscillator realisation is readily given by

A=R+u) -3
B=b'MN+uw) ' 2Ot+uw)+ 117"+ 20N +uw)+ 117N +w)7'p
— 205 o(=P)K{ o (=p, E)4R +w)* =117,
C=b'M+uy =M +uw'p,
E(N) = 409(=2p[N + u))PP(=2p[N + u), E),

EMN + 1) =4092p[N + ul) PP 2p[N + ul, E).

3.5.4 Spectrum

The deformed oscillator realisations of both models relate the roots of = to those of ®*7, W?. The
roots of these structure functions supply constraints on », u and allow us to determine the value of E
corresponding to a n + 1-dimensional representations.

Let us consider the case where @ 9(2pu) = ®Y(2p[n + u]) = 0 for the TTW model and the PVZ
model with g even and ®~9(2pu) = dD(_l)nq(Zp[—l]”[n + u]) = 0 otherwise. Then E is free to take
any value but at least one of a, f, @« + f, @ — f must be an integer (an even integer, if PVZ). Second,
we have WP (=2pu, E) = Y?(2p[n + u], E) = 0. This yields the two equations:

0=E>—(0” +kE)2pu—2i - 1)> + iKZ(Zpu —2i— D, (3.47)
0=E?>— (0> +cE)2pn+2pu+2i' +1)* + iﬁ(zpn + 2pu + 2i" + )4, (3.48)

for some 0 < i,i’ < p. Eliminating E results in an equation of fourth degree in u. There is first, the

double root:
i—i'—pn

2p

uO—
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Setting u = u, makes () identical to (). There are two corresponding values for E, given by
E= %K(pn+i+i/+1)zia)(pn+i+i'+ 1.

There is another value eigenvalue:

CO2

1 . . 2
E=: +iti' +1)" - —
2K(pn i+ ) e

which only exists for non-zero curvature. This occurs when u satisfies the two other roots of the
resultant:

_ (0)]
Lli—uoig.

Finally, the case where ®9(2pu) = Y9(2p[n + u]) = 0 or YP(—2pu, E) = 0 and ®?(2p[n + u]) = 0
for the TTW model and the PVZ model with g even and ®"9(2p[=11"[n + u]) = 0 otherwise. This

yields eight different sequences of eigenvalues:

2

1
Emf = W€, o + SK€, o>

€Eme =2m+ 1+ k@26 +y+1)

where y € {a + f,a — f,—a + f,—a — f}. The physical energies correspond to a choice of positive

sign for a, f, ®.

3.6 Conclusion

We have applied the expansion method to the TTW and PVZ models. This has proved successful on
account of their separability. We obtained ODE in the radial variable with operator coefficients. The
solution lead to idenfication of an additional constraint between the angular operator and the integral,
so that the integral decomposes into ladder operators. We analyzed the properties of these operators
in order to compute the symmetry algebras. This shows how the expansion method can lead to the
resolution of a range of superintegrable systems. The approach here has also proved more effective in
analyzing the ladder operators as we have not needed to consider the action on a basis of eigenfunctions.
Moreover, we have shown that the ladder operators do not give the generators directly but have given
a method to reduce them down to basic operators.

We have also found the degenerate energy spectrum of the two Hamiltonians via the algebraic
method. That is, the three generator polynomial algebra formed by the integrals and the deformed
oscillator realisation. It is not known in general if the spectrum can always be recovered in this way
for superintegrable systems, even on two-dimensional spaces. This chapter has given examples where

this is the case for a symmetry algebra which may be of arbitrarily large order.
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Chapter 4

Superintegrable Systems Separating in

Cartesian Coordinates

4.1 Introduction

Scalar potentials whose corresponding Hamiltonians admit more integrals than degrees of freedom
have been partitioned into two classes: those which satisfy linear differential equations, called ‘stan-
dard’, and those which do not, called ‘exotic’. The harmonic oscillator and the Kepler model are well-
known members of the first class, and in more recent times, the Smorodinsky-Winternitz, Tremblay-
Turbiner-Winternitz (TTW) and Post-Winternitz models have been added to this list [[11], 38, 44]. It
is known that systems with third-order integrals lead to standard potentials with wave functions in-
volving exceptional orthogonal polynomials [[101,102]. The exotic class includes potentials that are
algebraic in the classical case or satisfy the Painlevé property in the quantum case.

Itis difficult, however, to study even separable Hamiltonians with higher order symmetries because
of the increasing non-linearity of the resulting PDE system. Thus, research has been pressured towards
cases where many of the coefficients can be set to zero [33]. It is the aim of this chapter to present
a general method valid for Cartesian-separable higher-order superintegrable Hamiltonians by which
these additional assumptions may be dismissed and we can obtain a system of ODE leading to the
complete determination of the potential energy.

We consider a natural Hamiltonian, either classical or quantum, on a flat configuration space with

d degrees of freedom that is separable in Cartesian coordinates, i.e. of the form

d
H=Y |15+ Vi) (4.1)
i=1
where py, ps, ..., Dy, 41595 --- » 44 are the canonical momenta and coordinates respectively and V' (q) =
Z?:] V.(g;) is the potential energy, V; we call a potential summand. This Hamiltonian possesses d
second-order integrals

H; = Zpl +V, i=12,...,d. 4.2)
39
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For two dimensions, such a Hamiltonian is one of four types that is second-order integrable, the others
being separable in polar, parabolic or elliptical coordinates. For d > 2, separability is a special case
of second-order integrability [[13,[18,103]. We wish to address the case where the Hamiltonian is
(minimally and polynomially) superintegrable, i.e. it possesses at least one integral X which is of nth

order in the momenta that is not a polynomial in the known integrals H,, H,, ..., H,.

Problem 1. Given a Hamiltonian of the form (), to find which assignments of the potential sum-
mands V, V,, ..., V, such that H is superintegrable.

The simplicity of Cartesian separability greatly facilitates the search for superintegrable systems.
Indeed, for classical systems, the use of action-angle variables has been very fruitful in making general
statements and deriving diverse families of superintegrable models [[104—106]. Such methods however
fail for quantum systems because the integrals are usually algebraic in the momenta.

The direct method for systematically finding superintegrable models is to expand the integral into
its coeflicients and solve the partial differential equations that result from requiring it to be in involution
(in the classical case) or commute (in the quantum case) with the Hamiltonian. These PDE form an
overdetermined system. To ensure compatibility, there is an additional series of equations that the
potential and the coefficients of the integral must satisfy. Since the leading-order terms of any integral
must be a polynomial combination of the linear and angular momenta, the only unknowns of the first
compatibility equation (which is linear in the potential) are constant parameters. However, the other
compatibility equations involve functional unknowns which must be determined by integrating the
potential and the previous set of coeflicients of the integral. A variation of this approach is to expand
in terms of powers of the known integrals [49,107].

The essence of our approach is to treat the homogeneous components rather than the individual
coeflicients as the fundamental units of the problem. The system of PDE relates one order to all the
higher orders and this can be consolidated into a very simple form. We have developed an algorithm
that can solve each equation in succession. This gives us a formula for the integral as a rational function

of the form
X = polynomial in the momenta + reciprocal powers in the momenta.

The coeflicients of the reciprocal powers need to be equal to zero in order for it to be a polynomial
integral. Out of these constraints arise a series of equations for the potential summands which are
equivalent to the compatibility equations obtained from the direct method. This technique requires we
treat the momenta as commuting variables rather than as differential operators. We therefore recast
quantum mechanics as a deformation of classical mechanics by assigning Planck’s reduced constant
h as the deformation parameter. This allows for a unified treatment of classical and quantum regimes
via McCoy’s formulas [[108].

In section , we derive the PDE for the integral components as the interpretation of Problem 1.
In section @, we establish the framework which will enable us to solve these equations. The things

to be determined are a sequence of operators which can be solved algorithmically. In section @, we
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demonstrate this algorithm for a few cases (sufficient to calculate any integral and the determining
equations for the potential up to tenth order). Section @ will deal with the general construction of
the determining equations. Section @ recapitulates the process. In section @, we restrict ourselves
to two dimensions and give the linear, quadratic and cubic compatibility equations explicitly, valid
for all orders. As an application we give all the fourth-order standard potentials, with a new family

discovered.

4.2 Description of the Problem

Identifying # with the deformation parameter means that at 7 = 0, we should obtain the equations for

classical motion.

4.2.1 Discussion of the Classical Case

Let us for the moment restrict ourselves to classical models where the system of equations related to
this problem can easily be written down. To be in involution with the Hamiltonian () is equivalent

to the following condition:

X dX
0= (4.3)
Z ( o0, " o, )
When d = 1, the only solution to (@) 1s an arbitrary function of H. Let us then take d > 1. By

considering polynomial integrals, we eliminate the momenta as variables. Let us write

d
X= ) n(q)Hp’.’, (4.4)
=

i1+i2+~-+id§n

where i = (i, iy, ...,1 ) is a tuple of non-negative integers. Then the single equation (@) becomes a

system of equations
d a}/]— '

=2

where e; is an elementary unit vector It is clear we may assume X is even or odd under time reversal,

ie. y;=0ifn—i; —iy—-—i,is odd. For odd n, there is an additional condition on the linear terms

d
_ ’
0= ZIVJ'Yej'
J:

Equation (@) overdetermines the coeflicients on the left. This results in additional compatibility

=i+ DV} Vise, | - (4.5)

equations. In two dimensions, we may express these explicitly:

nk+l P as
Z (-1 )la =TEF [(1+ DV Vistnotar + 1=k + 2V Viuiin] - (4.6)

Such compatibility equations are the conditions which limit the form of the potential energy. The

assumption of separability of the potential reduces the compatibility equations in the most general
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case from a PDE to a system of ODE in the potential summands provided the coefficients are also
determined. If we are to determine the potentials which lead to superintegrability we must have a
constructive method for the integral. Equation (@) allows us to determine one order in terms of
another. We therefore write our integral as X = Xy + X| + X, + --- where X; is a homogeneous

polynomial in the momenta of order n — i. Equation (@) becomes

d
X 1,1 0Xis
0= v . 477

Z <p’ oq; 7 odp; ) @7

A similar system of equations was derived by Holt [[109] for his truncation program. Our restriction

to Cartesian separability is enough that equation (@) can be solved.

4.2.2 Extension to the Quantum Case

Before we proceed to our analysis, we shall generalise (@) to the quantum case. We shall do this
by defining a total symbol, also denoted X. This allows us to speak of division and differentiation
of the momenta. The usual procedure for this purpose is to define a Moyal bracket [110], but this
necessitates the Weyl ordering. To preserve the standard ordering (momenta on the right), we make a
different choice of operations. Let f, g be two functions on phase space, polynomial in the momenta

and smooth in the coordinates. We define

1 h i1+i2+"'+id_1
foy= Y m(?)

iy Higtetig>1

x< ai1+i2+"'+idf ai1+i2+"'+idg

—— — . (4.8)
aqlll aq’22 aq;d ap’llap’zz ap;d
B ai1+i2+"'+idf ai1+i2+"'+idg >
ap’llap’22 apif aqlll aq’22 aq;d
1 A i tig+etiy 62i1+2i2+"'+2idf
1= Y (5 . @Y
iignig>0 17127 06] 0612 aqd dpl 0172 - 0p,
where f is the complex conjugate of f. We can simplify (@) by introducing the operator
d 2
ag = ﬁ J . (4.10)
2i & 09q;0p;
Then by the multinomial theorem, (@) can be written as
=32 —aof = exp(2ag)f (4.11)

i>0

These expansions are well-defined provided f, g are polynomial in the momenta. We have

¢ =[.-]+0m. (4.12)
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Moreover, it follows from McCoy’s formulas [[108] that
feg—geof=in(f,g) (4.13)

where o represents non-commutative multiplication of observables. By a similar induction, f* gives
precisely the Hermitean conjugate. Throughout we shall use (-, -) doubly as the Poisson bracket and
normalised quantum bracket. The coordinates and their conjugate momenta are always understood to

commute under [-, -].

Theorem 4.1. Problem 1 is equivalent to finding n + 1 functions X, X, ..., X, on 2d-dimensional

phase space such that:
(i) Xy is a homogeneous polynomial of order n — k in the momenta for each k.

(ii) They constitute a non-trivial solution to the system of PDE

d d . j
X  h Xy ) _ Ly 0 X 4.14
S(rhee D)= A (4) P
= dg;  2i aq; - 1 op;

Proof. We need to find a function such that (X, H) = 0. Using the definition (@) of the deformed
Poisson bracket applied to (), we get

Slox nePx <1y ox
y gt S - 7<T> v =0, (4.15)
i=1 | %4 Yagr 50! op;
Expanding into homogeneous components, each term that appears is homogeneous. Therefore, all the
0X /
terms of a particular order are independently zero. We see that p; a—k is of order n—k+ 1 while jk
q; ap;
is of order n — k — j. Equation () gives all the terms that are of order n — k + 1. o

Theorem 2 in [38] states there is no loss of generality in taking our integral to be the particular

Hermitean form X = %(Y + Y™) where Y is real and even or odd in the quantum momenta according

. g L5n) . .
to the parity of n. Writing Y = Zi=20 Y, where Y; is the homogeneous component in the momenta of

order n — 2i, we get

il 52i-2j-1

2i—-2j
Xy =Y+ ) ———a Y, 4.16)
= (2i = 2j)!
i A
%2 2i-2j+1
X2i+l = Z mao YJ (417)

J=0

There are now [%n] + 1 independent equations to solve. In the case 7 = 0, g vanishes and X,; =Y
and X,;,; = 0. This aligns with the classical case after assuming the integral was even or odd under

time reversal.
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4.3 Iterative Integration of the Equations

Let us define the partial differential operator

I = Zp"i' (4.18)

A solution to equation () requires the iterative inversion of this operator.

4.3.1 The Leading Order Term

When k = 0, equation (), for a Hermitean integral, has

The kernel of L coincides with the integrals of a free particle Hamiltonian, or in geometric language
the Killing tensors of the Euclidean metric. An integral of arbitrary order can be expressed as a
polynomial in the first-order integrals. These are the linear momenta py, p,, ..., p,; and the angular

momenta m;; := ¢;p; —q;p;- The expression is not in general unique thanks to the dependence relations

pimjk +pjmk,~ +pkmij =0. (419)

4.3.2 Algorithm for Integration

We shall endeavour to reduce Y to a series of ‘integration constants’ Z;, Z1, ... that are functions of
the linear and angular momenta. Our first assignmentis Y, = Z, so Z, must be a non-zero polynomial

in p;, m;;. For k = 2 in equation (), we obtain another equation

d
0 h 0°
LY:Z v _ L2 )z 4.20

! ,.:1<‘ap,- 2ia°aq,.2> 0 (%20

The homogeneous solution is designated Z;. We now need to find the particular solution. Differential

operators that are a linear combination of

_ fiq) o

F .
K opjogf

4.21)

we will call additively separable. The set of additively separable operators forms a Lie algebra under

the commutator.

Theorem 4.2. For any additively separable operator F, there exists another additively separably
operator G such that [L,G] = F.

Proof. Given the linearity of solutions, we may without loss of generality assume F is in the simple

form (). We observe that
ak+f ak+f
L——| =% 0
dp; 9q; dp;~ 0q;
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Repeating the commutators, we have the nilpotency property

k1 ak+f _
ad} —— |= 0. (4.22)
dp; 9q;

We require an operator G such that [L, G] = F. Here, we use integration by parts with the nilpotency
property () ensuring that the process will always terminate after a finite number of iterations. The

solution is plainly

~ [fdq; gkt //f d2 oK+t . / /fdk+1 oK+

. (4.23)
k'pi opkaq’ (k— 1)'p oplagl ! prt! o't
O
As an application of (), we look for operators a; such that
13 J
[La]——< ) 2 ()8., Jj=1 (4.24)

i=1 ,'

We integrate to find

. (k=1) .
A\~ JVi & L1, FY .
a; = <T> Z( Z PR j k+1 i—& |’ jz L (4.25)

1 k
S\, & opoq!

Equation () may then be consolidated into the algebraic form

k-1

LX;, = Y[L.a]X;_;_,. (4.26)
i=0

using

where a) is given by ().

4.3.3 The Next-to-Leading Order Term
With the new notation, equation () simplifies to the following
LY, = ((L,a;]+ [L,aglag — La}) Z,.
We are now ready to make our next integration
Y, =Z, +(a - 3007 (4.27)

Let us consider the the Smorodinsky-Winternitz model

By P

_(p] +p2) + ﬂl(ql + q2) +—= + _2 (428)

‘11 4
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Now that the potential is given, we can calculate ()
P =38 9 Bai+h o Pid =3P 0 Bids+Bs g

ap =

3g;p7 941 gipy 9Pv 3gps 992 gpy, P2
The Hamiltonian () is second-order superintegrable. In order to determine the integral a priori
we need to find Z,, Z,. This is the task of the compatibility equations, which we derive in Section

@. For the present moment, let us set Z, = m%z which coincides with the leading-order term of the

integral. Equation () gives us
Zﬁl m4
Y, = Z) - 3h? + =2 +2(q;p3 — 3p)) —532 ~ —zﬁzz
3
PPy BHPy 4P
We must choose Z; so that the fractional terms in Y, are annihilated. This is done if we take
_ 250y 280p 20,

1= - .
P Py 30

Then our integral is

, 20,45 2P
X = qu% + pri —2q19,p1p, +10(q,py + q2p5) + %hz + ==+ —
q; 4
which we calculated by using X = %(Y+Y*) and (). We see then that () splits the polynomial

components of the integral into rational parts. The integration constants Z, are found by eliminating

all the residues. For any other choice of Z, in our example, besides p%, p%, we would not have been

able to find a polynomial form for Y;.

4.3.4 General Solution as a Recurrence Relation
To systematically derive each term successively, we consider the following recurrence relation
i
[L.bgl =) biilL.ai 1, byg =6y (4.29)
=0

In Section @ we shall solve (). Supposing for now though that () has a solution, the convo-

lutive sum

Zy = Z (_l)jbi,jXZk—i—j (4.30)
i+j<2k
satisfies LZ; = 0. We then look for a reecursive inverse. If we substitute () and (), we obtain
k
Y, =) W,Z,_, 431)
i=0
where W, = 1 and
k—1[2k=2j 2k=2j-1 2k—i

(_1)i+12f—2j—1
(Z = 2))!

£=2j
byuipiay |W;, (432

W, = 2 Z (=D by + 2 Z

Jj=0l i=l i=0  ¢£=2j+1

for k > 1. It follows by this inversion that Z,, Z, Z,, ... form a sequence of independent functions of
the linear and angular momenta which generate the integral X. As it stands, these functions develop

into an infinite sequence, and we must impose extra constraints so that Y, Y}, Y,, ... truncates.
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4.4 Determination of the Constituent Operators

In this section, we present an algorithmic solution to (). This is taken up to the point that is
necessary to determine W), for k < 5. This is sufficient to determine a formula for an integral in
terms of the potential function of order less than eleven. It also allows us to calculate the first five
compatibility equations which define the potentials for integrals up to tenth order.

Let s be an indeterminate and write A = .. a;s'. Since A is additively separable, we take for

i

granted the existence of a formal differential operator A; that satisfies [L, A;] = m l)'(ad A)'[L, A]
with Ay = 0. Let 7 be another indeterminate and write A" == )] j>1A jtj . Repeating this process, we
set A’ to be a separable operator such that [L, A]] = ﬁ(ad A")[L, A’] with Ay = 0. The individual
coeflicients
1 d'A;
al’J . E dSl S=0
1 ai+jA]!€

Qi i) =
WK asiot g

may, in principle, be calculated explicitly however a general formula has evaded us.

Let B:= ), >0 bi, jsitj . Then equation () becomes

[L,B] =tB[L,A]l, B@=0)=1. (4.33)

We shall show how () can be reduced to operators of the form a;, q; ;,q; j . ... which can be

calculated ex post facto.

Lemma 4.1. For k > 1, the following identity holds

k-1
k-1 _ k k! k—1—i
kAL, Al = [L, A¥] + 26 Tl AT (4.34)
1=

Proof. For j > —1, define

4
Ny
¢ = ZO(—DW —m—1) (f ) m) <’ ;’")

This sequence satisfies the recursion
k—£—~1

Z Cjkt = Cikt+1
j=i+1

k
c—l,k,lf’ = (f - 1) (f) .

In particular,
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We have:
k-1 k-1
KAMUL, Al = ) AL, AJAT = ) AR (AL, Al

i=0 -
k—1i-1 k=2

=2 2 ATIIAIL ANA = Y (k= 1= DASIIA L ANAY
i=0 j=0 j=0
k=2 k=2

= Z(J + 1)Aj [A,[L, A]]Ak_z_j = Z cj,k,lAj[Aa (L, A]]Ak—2—j
j=0 =
k=2 k=2 j—1

_Z Jkl[A [L, A]]Ak 2+ chklAl[A [A,[L, A]]]Ak —3—i
Jj= j=11i=0

k=3
= o1l A [L ANAT + Z ¢ oA TA[A,[L, AN AR
i=0

k-1

= Z _1pip1 ady (L, ADAF1
i=1

Substituting c_j ; ; yields the lemma. g

For C, D, E be formal power series such that
C=D+sE.
We denote this relation as C = D + O(sktf).

Theorem 4.3. Let B, i > 0 be a sequence of operators satisfying [L, B{]1= B/_|[L, A'] with By = 1.
Then a solution to () satisfies

= (B} +tB| + *B} + - + 171 B, _)e'* + O(s"1*%).

Proof. By definition,

k—1 k=2
[L, Z r"B;] =t Z ' B/[L,A']
i=0 i=0
From the lemma, we have
[L,e4] = te'A[L, A] — t[L, A']e'A

Combining these two identities, we get

[L ZtB’ ’A]—tZtB’ “ALL, Al —1*B]_[L, A'le".

As [ag, [L, ay]] = 0, we have A;|,_o = 0. So A’ = O(s1), and it follows B} = O(s"#*). Then the last
term is (f)(sktZk) so this expansion is a valid solution of () up to this degree. O
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Theorem @ gives us a way to compute b; ; rapidly. If we take

1 d B
1 il ot
then [L, B;] = B;_[L, A] with B, = 1. This is the same recurrence relation satisfied by Bl.’ , with A’
swapped for A. Using B(’) = 1, we have

B =¢"* + 0(st?) (4.35)
which means that
1
boo=1, byy=dag, by, =3za5 bo=0, b;=a.
Then W] is readily found by () to be

— 1.2
Wi =a, - 3a,

which matches (). To go further, we note that B; = A so Bi = A’ by analogy. Using Theorem
@ again,

B =(1+1A")e" + O(s*) (4.36)
from which we calculate

2

W, = %a% + %[az, apl — za laoalao + éalao + 2at + ay—ay;+a, (4.37)

12,
3701 7 3 240

The last two operators are found to be
Zd: WiJVi=3/V:o V[Via (% a3+3V 2
a1 = Ey. Fy 3
Zp;1 dq; 21’1'3 op; 4p;1 aq? 41’1 aq,
71/[ 63 I/i, az SI/I/ 63 I/ill az I/i” 63 )]
+_ _ _—

i=1

+ + + ==
4p3‘ ()p,-qu2 2pl.3 9p;9q; 8pl.2 apfaqi 8pi2 dpl.z 8p; 0p[3

v, V. 2 5V g V! 5V 33
alz_h22</ FAAE L. LA

+
= 2p dq 2p‘.1 0q.2 6p? (3p,~0qi2 4p;L 9g; 12pl.2 6qi0pl.2

12p} 0p;  12p7 dp?  12piop}
Then Y, is determined from (). Thus far we have determined
B=1+1A+P2GA%+ A)+ LAY+ A A+ Ay + 00
up to third order in . Reading off the quadratic and cubic terms, and using the analogy,
By=2(AV+A|,  By=1(A)+AA + 4
we then generate more terms in the expansion
B={1+a +2 |20+ 47|+ |2y + 414+ 4] f et + 0G5
This is sufficient to determine W5, Wy, W5 in terms of a-operators. They require the explicit calcula-
tionof a; ;,a; ;, fori+ j+k < 10,i+ j+ k # 8. Itis no challenge in this algebraic exercise to

continue working out the components of B to an arbitrary degree, besides the limitations set upon us

by our computers.
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4.5 Assignment of the Correction Functions

We have shown how to realise W, W, W5, ... as differential operators whose only momenta depen-
dence in the coefficients is by reciprocal powers. Since Y, is a homogeneous polynomial of order

n — 2k, W) Z, must be homogeneous to the same degree, and in particular

d
[17* |wi
i=1

has polynomial coefficients in the momenta. It is sufficient to take

d

Z, = > oy [T pa™™" T mik. (4.38)

il+i2+"'+id+j12+j13+"'+jd_1!d=l’l+2(d—l)k a=1 b<e

where ¢ ; are (not necessarily unique) constants and j = (jiz) 1 <k<z<q- We set

d
Y o
kij Pjg?) pi.+1 tl:Ilpg ( )
=
It is necessary and sufficient for X to be a polynomial integral that

Ry =0, 05i52k—1,15j5d,1$k$f%n1 (4.40)

These are the compatibility equations. They govern the assignment of the parameters a;; and the

potential function V. There will be a total of

N(n,d):=d

L,
271 2% <n+2(d—1)k—i+d—1>

integro-differential equations involving the d summands of the potential. In particular,

1
-n(n+2), neven,
—J2
N(n2) =91 _
s(n+ D(n+3), n odd;
3
=n(n+2)4n+5), n even,
—J8
N(n,3) = ; .
g(n + 1)(” + 3)(41’1 + 7), n Odda
Nowd) —n(n+2)(45n* + 122n + 62), n even,
n,4)=

i(n + D(n+3)(152% + 60n +53),  nodd.
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Let I1(n, d) be the number of «;; to determine. Eliminating redundant parameters via (), we

calculate

kil n+2k +2
H(n,2)=2< , >

k=0

51 1 7
+4k+4 +4k+3
=43 4 3 |
1 _ -
il n+6k+7 n+6k+5
(n,4) = Z 2 -
k=0 | 7 S |

4.6 Calculation of the Potential and the Integral

We give here an outline about how to proceed in finding the potential and the integral. First it is

necessary to find the appropriate algebraic expressions for Wi, W,, ... in terms of a;, a as

TR
i.j>“ij.k>

givenin Section @ Once these are found, the particular a-operators which appear in these expressions
should then be computed. The inversion formula () is sufficient. No variables are mixed, so this

amounts to computing expressions of the form

//“'/Vi(k)Vi(f)“'Vi(m)

and such like. Using integration by parts, we can reduce to a few canonical forms which in the follow-
ing sections are denoted Q; ;. Once this is achieved, we compute the compatibility equations ().
Then we solve for V' for all the possible assignments of the a-parameters such that Z, is not identically
zero. Once V' and ¢ ; are determined, we can compute Y using equation (28) and take the self-adjoint

part to find X.

4.7 Equations for the Potential in Two Dimensions

For two dimensions, it is possible for us to express each of the compatibility equations as the integral

develops in a concise form that is valid for arbitrary order. Indeed, let us take

n+2k—i
+2k—i—j
Skin(q1) = Z & jpidkmiogd) (4.41a)
j=0
n+2k—j
| n+2k—i—j
G @)= D oy (<1 (4.41b)

i=0
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Then () can be alternately written as

n+2k n+2k— 1( C] ) 2k
Z, = Z Z - 5,8,)] (ap, 7Py (4.42a)
n+2k n+2k—j ( q ), o
=D Y -1 Y — é‘;(f,)z( a0 Pl (4.42b)
Jj=0 i=0
The component in R;;; which comes from Z is
(- Q2) £
(@) + Z & pi(ay).

A similar expression can be obtained for R;;,. Each equation Ry;; = 0 can then be repurposed as a
definition for &;;(q;) in order to eliminate this term from subsequent equations. We designate .Sy;; as

the equation Ry;; = 0 once this elimination has been performed.

4.7.1 Linear Equations

We calculate
Shoi * €00i(a)Qi1 + &10i(q) = 0 (4.43)
Sii + [E01@)Qi]" + €n1i@) =0 (4.44)
where Q,; | = [ Vidg;. These are required to hold for all integrals regardless of order. When the

coeflicients are not all equal to zero, the solution is a rational function with no simple poles.

Theorem 4.4. The potential summand V; is a solution to the linear compatibility equations for non-

Z
trivial values of the parameters if —0 # 0 or —0 # 0.
4; 'pi=0 op; lp=

Proof. We require that &,,.(q;) # 0 or &,(q;) # 0. From (4.42d), we have

0Z, L ; .

a_ql p1=0 - éom(‘h)pz a_ ( ) 5002(‘]2)]71

aZO _ ’ n—1 _ n+1 ’ n—1

—-— = [£011(q1) — 92609, (q1)1P, —— = (D" [&012(92) + 4150, (a1)1p]

9py 1p;=0 61)2
The theorem follows naturally. O

The above result allows us to identify whether the linear compatibility equations hold just from
inspection of the leading-order term.

Working out the compatibility equation from (@) for k = 2, after some simplification, gives

dn+l n+1 )

= E011(a1)Q1 1] - G [5001<q1>Q1,1]

L o (445)
— [6012(02) Q2,1 ] + e} [5002(Q2)Q2 -
2 2

Equation () is manifestly the same as the four simultaneous equations S, 8711, S102- S112 = 0.
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4.7.2 Quadratic Equations

We compute
Sun ¢ Era) (2012 = Vi ) — 2600(@)0% = 40260000 +Ena) =0 (446)
. 3 1 zr 2
S+ [eon@) (3012 - Vi0u ) - e @)02, - 4 @0 | e =0 @4

Sy 502,(61,)< Q,z——fl2 >+ SE0i(a )(Q2 —n%v, )

(4.48)
+ [€1:(a) — TH2ER (a0, 1 + Ennilgy) =
S231 . {5031(‘]1) ( Ql 2 _h2V ) + 6()3,(%) < 2 - th)
(4.49)
HE() — 28,10, |+ én(a) =0
where Q, , = / Vl.2 dg;. These equations hold for all n but are superfluous for n < 3.
As a special case, let us take Z; = 4 — D] p% '1’24. Then &y;(q;) = ﬁq;’_“ and differentiating
(), we obtain
2
0 = n%q/ Q] +202(n - 5)4"50], = 60/~ (0}, ) 41 - 94/7°0,,0},
-6 )2 2 n—6

—20;,[(n = 5)(n—6)A*q" = 2(n — 5)E],.(q) +24;€],,(q))]
+4(n = 5)é0:(q;) — 44;£),.(q)).

Since &y = &y1; = 0, () and () give & = &; = 0 and in particular ay 10 = ajp 41 =
Wopi2 = rue1 = 0. S0 &y, is of degree n or less. This proves Conjecture 2 of Escobar-Ruiz,
Linares and Winternitz [39]. For n = 3,4, the solutions give the exotic potentials of Gravel [29] and

Marquette, Sajedi and Winternitz [31].

4.7.3 Cubic Equations

The next set of equations is computed likewise. Taking the auxiliary function

05 = [ [+ im0 7] aq

we obtain

I\JI'—‘
=~
=

N———

| S

S30i * S00:(a) [%st - %ViQiZ - lV‘zQil + 0’ + 1 G
+ 0 a) V102 = 20,105+ 72 (%V,’Q Vf)]
) [20), + 72 (V0 - Q,z>] + 4050 0)0?,

+ Efl4fé’0',»’/(qi)Qi,1 + &30i(q;) =
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Syii t {Eo@) [30is = 3Vi0ia = 3V20u1 + 3102 + 12 (10,0 — 39/ )|

; ,
+ 01104 [ViQ'2 Qz 100 + 1 (%Vz Qi1 - _Vi2>]
+ea) [200, + 12 (V0 - 20,2 )| + 42 a0,

+lnte @)0, ) + &) =0

[\

Sani ¢ € (@) [%Qi’3 320, + 1 (iVi”Qi,l - lvy/)] E0ri(a) [V,Qil
2 (12 =70, )| - emtan |33, + 2 (30.0 - 0. ) - £V
+ EIE @Y+ S @) +E15a) (3012 = Vi)
= 3E0h(a)07 | — $RE(a)Q; 1 + Exi(g) =0

S33; - {‘5031-(%) [%Qi,:s - %Visz + 1 (%Vi”Qil - % />] €03:(a0) [ V.07,
(- 70) a1, (- ) - ]
+ IR @)V, + LA @)0, ) + 513,(q,>( 0;r- V,-Q,,l)
~L,@)02, — 1281, 4)0, | + &) = 0

S34; 5041(‘11)< Qi3 — ‘hZVV/ + h4VW> +&04,(q) [ 010>
2 (2 + 40, ) + ] + g [203, - 72 (300 + 10, )
20| = 1) (02, - 12V;) + &1 4(a) (3000 - 172V
+ 614,(%) < 2 - Ehzl/l> + [Ehé‘-g(l)xiﬁ(qi) - thgﬁl(ql) + 524,(‘]:)] i1
+&34i(g;) = 0
Sssi + { &osi@) (303 = 30VV) + V") + &0 [3001 01
2 (32410, ) + ;fz“v,”] +e @ |rol, - (30, +1v0.,)
4304V | = i) (2 - 12;) + Eisia) (3Qia - 317V, )
!/
15,0 (302, = 212V, ) + | e @) — 10260 () + asia)] O |
+&351(¢;) = 0
The quartic and quintic equations have been calculated and placed in Appendix @ We give here their
auxiliary functions
Qis= / [V,“‘ + W2V,(V) ) + 5:h* (V)| dg
Qi’s — / [I/IS + %hZI/IZ(I/l,)Z + ih41/l(1/l//)2 112h6(V”/)2] dql

Given that if H is superintegrable so must H + a, we would expect that the auxiliary functions possess

a similar symmetry under translation. Indeed, we note thatfor V; = V;+a,Q, ; = O, j+jaQ; ;_;+---.
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We expect the general expansion

1 (J j— 1 (J i
Q= / !V,.’ +7 <3> VW + % <4) vty

1 J 6y,J—5 m\2
—_— vy (V. ... | dg.
+112 <5> ; ( ; )+ q;

though we have as yet no way of determining the law which produces the next coefficient.

(4.51)

4.8 Rational Potentials

The classification of superintegrable systems with higher-order integrals has focused mainly on exotic
potentials, i.e., potential for which the linear equations S, S; vanish identically. We shall provide
some details on obtaining potentials in the case where S, S;;; do not vanish. We perform a complete
classification of fourth-order standard models as an application of these compatibility equations. The

generalisation to higher order follows naturally, the only difficulty being algebraic complexity.

Lemma 4.2. [f V; is a solution to the linear compatibility equations for n = 3,4 then Q; | and Q, ,

must be rational. If n =35, 6 then Q; 5 must be rational also.

Proof. If S)p; or Syy; possess non-trivial parameters then so do S, or S;; for j = 2,3. We then
use Sjo; or §;y; to solve for Q, ; in terms of V}, its derivatives, Q, ; for k < j, ratios of £;;; and its

derivatives. The lemma follows by induction. O

Lemma 4.3. If V; is a solution to the linear compatibility equations for n < 4, then it must be of the

form
n—1

Yj
V=@t + hog+ Y ——
i i i J; (qi _ 6}')2

Proof. As S}y, is of the same form as S ; but differentiated, we may assume without loss of generality
that S, holds non-trivially, and prove that V; cannot be otherwise. Suppose that up to leading-order,
V, = ﬂqf‘ + --- where k > 2 and &), = yqf“/(f + 1) + ---. Then from .S,; the leading-order term

from the potential summand is

B2y 2k +2Kk% + £ + 2kO)g !
2k + 12k + 1)

which must be annihilated by &,,;, ~ O(q{’”) where n < 4. However, 2k + £ + 1 > 7 so this is not
possible.
From Lemma , we know that Q, ; is rational so V; cannot have simple poles. Suppose V; ~ 6q; k

for k > 2 as q; — 0. Then the lowest-order term in S, is

8%yq) " 2k = 2k* — ¢ + 2k0)
20k — 122k — 1)
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The coeflicient is not zero for any integer value of k > 2 when # = 0, 1, 2, 3. Since k > 3, the exponent
1 — 2k + ¢ < -2 so cannot be annihilated by &,;. Then V; has only poles of second-order. These are

exactly the simple poles of Q; ;. From S};, the number of these is equal to £ < n — 1. O

Theorem 4.5. If V, for i = 1,2 is a solution to the linear compatibility equations and H = %(p% +
p%) + V| + V, is superintegrable of at least fourth-order then the potential summands must be of the

form
@ Pa;
i

D pig; + =,

p2 23 +6) 1 ]
I gl g+—=)+m* | —= - —|,
1( qiz) [(q,-z—ﬁz)2 847
3nq,(q’ +2)
@ -p?

Proof. Forn = 1,2, we can solve the linear compatibility equations directly. The answers match with

av)

the known solutions, being Types I and II.

For n = 3,4, subject to the constraints of Lemma @, we look for systems of the following form

B3 bs s
i ﬂlql b4 ) (g, — ﬂé)z (q; — ﬂ7)2

i
We then eliminate all the simple poles of Q! ; as per Lemma @ This amounts to a series of algebraic

(4.52)

equations involving By, f», B3, P4, Ps, Be. f7. The four families listed above present all the admissible

solutions. O

The Type II models have been well studied [21|]. Type III is a Darboux trasformation of Type II
(after a reparametrisation) [[111]]. Type III only appears in a special case in Gravel’s classification,
when it is a Darboux transformation of the simple harmonic oscillator [[112]. As for Type 1V, this can
be constructed via a conformal Darboux transformation of the free particle [[113].

To generalise to higher order, one needs to consider rational functions with more poles as per
Lemma @ However, the algebraic conditios become more complicated in this case and a general

solution for any order higher than four is yet to be had. Some cases will be given in Chapter .

4.8.1 List of Potentials

Once the forms [-1V are assigned, the compatibility equations reduce to a system in terms of rational
functions which has at most four parameters occurring in a non-linear manner. This can readily be

solved. The non-zero g allow us to determine Z,, Z,, Z,. One can calculate the integral via
Y =W,Z,

forn=1,
Y = VI/O(ZO + Zl) + W/IZO
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forn=2,3 and
Y = VI/()(ZO + Zl + Zz) + VI/I(ZO + ZI) + WZZO

for n = 4. Then one takes X = %(Y +Y™). We list below the potentials found for non-zero a; .
Models are to be distinguished either by their form or by the number of integrals they possess (that
is, if there are additional integrals for special values of their parameters). At first-order, we obtain

Hooke’s law
(1) Blq; +q3)

as well as an oblique linear potential (cf. 3a). At second-order, we have the Smorodinsky-Winternitz

systems and their special cases:

2) Bi(q; +qz)+&+& 3) Bi(g] +445) + = i >+ ha
1 ‘12 ql
p
2 LA
@) 2 (3) fa,

At third-order are the Gravel models:

(2ai) h—j ) 72 [ + a5 N 2(¢% + )
qi | 86 (g} - PP
B A
) =+ B .
DT (4b) 7 i+ 4 2(q1+ﬁ)+i]
R | 87 @i -p? g
(2bi) - + -
% 2 o 2 [GFE 24D 2G D]
20) p@> + D)+ 82 @ -p @G- P2
4
o Jai+a 26i+p 265 -p)]
Qd) f@+ @)+ — + = (5b) A + +
e 82 @ -p? (4R

At fourth-order, we obtain the potentials:

p; 2(q7 + £2)
4 B <q1 +c12+—)+&+h2 [21—2—%]
ql q2 (ql - ﬂ2)2 8q1

(4c) h2 [M - L] (4d) H? [ ) -1y i]
(@ -8 8q q

@>+#[%§+&[_%+ﬂ?+&y_2]
(a7 —B)?> 8q7 (a5—-PF)* 8q;
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3nq,(q} +28)) ﬂ2

(6)

(q; — B))* q2
. 3n%q,(q; +2p)
(q; — B)?
3nq,(q; +28)  p2
(6b) + —
(q; — B2 @

o w2 30 +20) Atk 1 ]
2

(@ - B> (55-5)? 84,
[3q,(q; +28) .\ 3g,(q3 + 2/32)]
(q; — B1)> (g5 — By)?

(8) h?

It is of interest to note the following rational solutions, which have summands that are of Types -1V,

but their linear compatibility equations happen to be zero identically. Consequently, they are properly

speaking exotic models. At third-order these are

h2
(3b) L + g,
9

2
(4e) 1 lg(q‘ +2q2 2(31 h, 12]
Sﬁ (ql - ﬂ)Z ql

) Blg} +943)

and at fourth-order

AGZ+6)
2—1_ 2] +ﬂ2612

(12) »? —
[(q% — B 84,

3h%q,(q3 +28))
(13) —=2—— + fq
(Q2_ﬂ1)2

(14) @ +ad+ 2+ B
a4

hz
(10) A(a; +943) + =
9

a+9q5 2qF+ ﬁ)]

11) #?
b [8/32 (47 — B)?

(142) fy(q; +443) + @ + —2
4 4@
N
(15) Bila; +1643) + =
‘11

(16) p194; +443) + ﬂ—g

a;

B K2
(17) B1Oq; +443) + = + =

ql ‘12

2 2 2+
19 (s e B ) e [0 L]
4

%

2
(182) f; | ¢% + 442 + §>+h2[
1

z(ql + ﬁz)

2 2
19 g | & +1642+ = |+ 1 | ———=
1< ? f) [(qf—ﬁz)z

447 + 43
32ﬁ1 (‘11 _ﬂ1)2

(20) #? 5

2(q1 +ﬂ.)] b
£0)

Ch

2q7 + )
(g} — By)?

- ﬁZ)z 8(]1

1
Sq%
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o1 w2 9(4q]2 + q%) N 2(61% + p1) N 1 &
32 2 2 _ 2 2 2
'Bl (611 ﬂl) ql q2
[4¢7 +9¢2  2(¢° + b))
2) #? |2+ ! +ﬁ—§
32ﬂ] (ql _ﬁl)2 q,

as well as two degenerate cases

2
(@) Va(4) ® L+ v

q

which have a first- and third-order integral [28,|114] respectively for V, arbitrary. The former is not in
general superintegrable.

These models were found through a direct calculation from the compatibility equations. In Ap-
pendix @, we have listed all of the integrals we have obtained up to fourth order, independent of the

trivial ones (H, H, and their products).

4.9 Conclusion

We have expounded a new method for finding Cartesian-separable superintegrable models and con-
structing their integrals. Instead of dealing with individual coefficients, we have reduced the number
of equations and outlined a systematic algorithm for deriving each homogeneous component. The
residue becomes the compatibility equations, recast into integral rather than differential equations.
These compatibility equations have not been able to be derived using the ordinary methods in their
full generality. While we can in theory calculate each compatibility equation successively, the com-
putations become very involved. More work is needed in order to obtain general results about the
compatibility equations of arbitrarily large order and in particular the determination of their auxiliary
functions, which will yield more information about their rational potentials.

We have constrained ourselves to the case of Cartesian separability in order that the integration by
parts can be achieved in finite steps. Whether it can be extended to other cases is a question for further

investigation.






Chapter 5

Rational Extensions of the Harmonic

Oscillator

5.1 Introduction

In the classification of orthogonal polynomials satisfying second-order ODE by Bochner [[115], there
are four kinds, namely Hermite, Laguerre, Bessel and Jacobi polynomials. Each of these families corre-
sponds, up to gauge and variable transformation, to the eigenspace of an exactly solvable Hamiltonian—
simple harmonic oscillator, singular oscillator, Morse potential and Poschl-Teller respectively. Relax-
ing some of the initial hypotheses of Bochner, one obtains the exceptional orthogonal polynomials,
which were introduced by Gémez-Ullate, Kamran and Milson [116]. These differ from the classic

families in that they do not possess polynomials at all degrees but are a missing a finite set.

Much interest has been excited by these newly discovered families of exactly solvable models and
their exceptional eigenfunctions especially as to how they can be generated by methods of supersym-
metry [[117-119]. The resulting potentials are connected to rational solutions of Painlevé 1V, Painlevé
V, Painlevé VI [[120] and their higher order analogues [[121].

Our aim here is to provide a systematic method of deriving non-degenerate standard superinte-
grable systems that separate in Cartesian coordinates. By non-degenerate, we mean one possessing a
non-zero leading order quadratic term in the potential. The algebraic technique offered in the chapter
preceding is too cumbersome to be extendable to higher orders. The approach adopted here is that of
realisations of polynomial Heisenberg algebras or ladder operator pairs. These have been studied by
several authors [[122-126], particularly in their connection to Painlevé transcendents. The degenerate

case requires a different kind of polynomial algebra [[126,127].

In section @ we shall discuss the basic properties of ladder operators and how to derive their
realisations. In section @ we shall show how one can generate a superintegrable model from multiple
one-dimensional Hamiltonians that have ladder operators with commensurate step-sizes. In sections
5.4—6 we shall adapt this intuition to the cases of higher order superintegrable models and show how

we may obtain rational potentials with third, fourth, fifth and sixth order ladder operators, and select
61
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for those potentials which are standard in the superintegrable sense.

5.2 Ladder Operators
Let us take H = % p2 + V' (q). We look for an operator L such that
[L,H]=hAaL.

We say that L is a ladder operator with step-size A. It is a lowering operator if A > 0 and a raising

operator for 4 < 0. More explicitly, L is a solution to the PDE

2 i—1 qi1s Hi
oL, Rl 3 LAY LVIL g (5.1
0q 2i9g? 4~ il\i dgt op
i>1
For the component-wise expression, we write
n
L= Z L;p" (=i (5.2)
j=0
Then
- ,
dL, nd’L,_, < (n—i+j+1\. ._,dv
+ 2 + WTl——L,_._ =L, 5.3
%t ,Zf ; aq Limim1 = AL (5.3)

wherei =0,1,...,n+1with L, =0fori <Oori > n. Let L™ bea particular solution to () which
is O(p"). We repeatedly integrate (@) to find

(n) _
Ly =1
L(]n) = Aq

m_ 1,22
L, = 5/1 q-—nV
LY = 1535 Lpi2g — 00, = A= 1V = tann -2
LY = At = SRR+ In(n - 2V — 220, — 34 [A(n = 2)g* = 2h| V
v
dq?
Vg’ = thitq + 10223+ 200, + An =3V O, + 34q(n — D)(n - 3)V?

LaZnn—2)2n—5)

dv
— Shag(n — 1)(n - Nag T

m _ 1
L5 120

+ 2hn(n = 2)(n - sy 12642 ~3m)0, - 122 [Atn - 3)g? = 3h(n - D] V

2
- %h/l[l(n —2)(n—4)q* + 3h]d—V — La2dmn - D -3)2n - 7)qd—V
dg 12 dg?

&y
dg3
and so on where Q{, Q,, ... are auxiliary functions which satisfy

. 2 . 2
dg 4 \3 dg 20 \ 4 dg?

1
- ﬂhz’n(n —2)%(n—-4)
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The general form of an nth order ladder operator is then given by

aOL(") + ialL("_l) _ azL(”—Z) + ia3L(”_3) + e+ (XnL(O)

for some constants a; # 0, a;, @, @3, .... There is one compatibility equation on the potential, namely
aOLf:_lZl + alLf,"_l) + azLin__lz) + a3L£l"__23) + -+ anL(lo) +a, =0. (5.4)

Now (@) is satisfied, by definition, fori = 0,1, ..., n. If we define L, ; by (@) fori = n+ 1 then

the condition for L to be nth order is simply

dLn+l
dg

=0

which is clearly equivalent to (@). Translating g, V', we may assign «a;, @, any value we please. For
n =1, we have

Vg =347
and for n = 2,

r

_ 1,02
V—S/lq +q2

We denote by V' := @7,(g) the general solution of (@) with @; = @, = 0, 4 = 1. Each function .7,

must necessarily contain within its parameters as special cases: .27, for m < n and m, n have the same

parity; and k_l,fafn/k <%> whenever k | n. We list some of the basic facts about ladder operators.
k

Theorem 5.1. Let H = %pz + V(q) be a one-dimensional Hamiltonian and L, L, satisfy [L;, H] =
hA;L; such that Ly L, = ®(H)L5 for some L. The following properties hold

(i) [H,L3] = (A1 + 4,)L;.
(ii) If Ly = L}, then 4y = —4,.

(iv) If[Ly, L3] = 0 then LY L% = W(H)L% where ®(H) = []}Z) ®(H + h(k — 1)A; + hjl,).

(v)IfH =D'D+a, H = DD+ p, L = DL,-DT, i = 1,2,3 for some first-order operator D
then L is a ladder operator of H' with the same step-size and direction as L; and L’lLé =
(H'—=ni, — HOH' +a—p)L;.

Proof. The first part follows from the derivation property. The second from the fact that H is Hermi-
tian. For the third part, we write L,L; = W(H)L5 and observe that

(I)(H)L3L1 = L1L2L1 = LI\P(H)L:J’ = lP(I{ + h/ll)LlLs.

The last two parts are by direct calculation. |
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Theorem 5.2. Any Hermitian operator invariant under time-reversal that commutes with a one-dimensional

Hamiltonian H is a polynomial in H.

Proof. Let X be such an operator and suppose that its order is 2m and any operator satisfying the

above hypotheses with order 2k < 2m is a polynomial in H. Then we may write
X =) {filg). ™)
i

where the f; are real. Since X commutes with H, f, must be constant. Let Y := X —2" f,H™. Now,
either Y = 0 or Y is of order less than X. But Y is invariant under time-reversal and Hermitian. The

result must follow. |
Corollary 5.1. L L is a polynomial in H.
Corollary 5.2. L is a product of first-order Darboux transformations.

Proof. Since LTL is a polynomial in H, the kernel of L must be a span of eigenfunctions and gener-

alised eigenfunctions of H. Thus, it may be so factorised by state-deleting transformations. O

Consider a ladder operator thus factorised L = D, D,_; --- D; and a sequence of Hamiltonians

D;H; = H, | D; with H,_; = H; + hA. There exist functions w; with energies E; satisfying

2 dw.
1=t (o4 52) 05
and
,dm;
W=V Vi (5.6)

where V, | = V| +hA. Equations () and (@) form what is called a cyclic dressing chain by Veselov
and Shabat [128]. Let us examine the case for n = 3. Setting v = w; + W,,0, = W) + W3,03 =

w5 + ™, we have

(ij—l;l +01(v, —v3) = € (5.7a)

(:1—1;2 +0,(03 —v)) =& (5.7b)

(Z—Uqa + 03(0] —y) = &5 (5.7¢)
for constants €1, €,, €5 related by

Sh’e; = E - E,

1

§h282:E2_E3

1.2

Eh 53:E3—h/1—E1

Since E; is arbitrary, we may set it to zero. Summing ()—(), we obtain

dvl+dvz+dv3_ et = 22
dg " dg " dg _crTeTmesEThe
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S0, up to translation in g,
]+ 0y +v3=(€] +& +€3)q (5.8)

In order to determine the original potential, we write
1 1
@) = (0] =0y +03) = 3(e; + & +£3)9 — vy (5.9)

We now find an equation with v, on its own. Using () and (@), we may eliminate vy, v5:

__ 1%, & + e, +er+E3)qg— 20 (5.10a)
20, dg 20, 21772 S '
do €
Dy = L—2——2'i'%(gl'|'£2'|‘£3)q—%1)2 (Slob)

3T 20, dg 20,
and from () and () we may eliminate their first derivatives. Differentiating (), we obtain

vg —2(e;+&+ 53)qv§

I

|

|

+
N W

(5.11)

1 2.2
+ 5(81 + & +53) q vy, + (81 - 53)02

After the substitution ¢ = fx,y = pv, with g = %, y = y(x) satisfies the Painlevé IV equation.
Evidently, D D; D, and D, D, D5 are also third-order ladder operators so v;, v; must also be Painlevé
IV transcendents (albeit with different parameters). Equations () and () define Backlund
transformations, i.e. symmetries of () and may be applied iteratively to discover new solutions

given a simple seed solution [129]. If we look for a linear solution, we find

_ 2 _ 1292 1
1)2——72}’1/—5/1(] +§fl/1
or
_ 2M _ 1,22 1
1)2——¥:>V—ﬁ/1q—€fl/1

Theorem 5.3. Suppose V(q) ~ %a)zq2 as q — oo and that H possesses a ladder operator of order k

with step-size jo, j > 0. Then j is an integer of the same parity as k and less than or equal to k.

Proof. Let L be of kth order such that [H, L] = jAwL and monic in p. From (@), we see that the

leading-order term of L; is a,(wq)’ where g; satisfies the recurrence relation
(i+1)ai+1—jai+(k—i+1)ai_1=0, aO=1,a1=j.

The roots of a; ; give us the possible step-sizes up to sign. This is a polynomial in j of degree k + 1.
The roots must be the same as that for the simple harmonic oscillator. If K is the first-order ladder
operator with step-size Aw, then H"L” will be of order 2u + v with step-size vw. Sot the roots are

j==+1,+3,45,...,+kfor kodd and j = 0, +2, +4,+6, ..., +k for k even. O

We saw that Darboux transformations may transform a Hamiltonian into a similar one with a ladder
operator of the same order. However, in the general case, the construction from Theorem 5.1 (v) is

needed. We give here a reduction theorem to show when this construction becomes redundant.
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Theorem 5.4. Let D be a first-order Darboux transformation of H that deletes the state w with energy
E and suppose L also annihilates y. Then the partner Hamiltonian H' has a ladder operator of the

same order and step-size as L and annihilates DL y.

Proof. Since Ly = 0, we may factorise L = KD. Then KH' = (H + hA)K. We take L' = DK.
Hence
L'(DL'w)= DLLYy = DO®(H)y = ®(H')Dy = 0.

5.3 Construction of Integrals

Suppose H = H;| + H, is a two-dimensional Cartesian-separable Hamiltonian and H,, H, both have
ladder operators L, L, of orders ny, n, both with step-size 4. We assume suitable translations of g;, V;

and take the ladder operators to be monic so that:

1

P i—1 1 i—2 =3 .
Ly =p;' —idgp;” —(GA¢ —nVp " +0 (p'.' ) . i=12
and similarly for L’. We have the following integrals of H:

A=H - H,= %(P%—P%)‘”ﬁ -
}’ll—l nz—l

. .‘. L
B=1i(L,L, - LiLz) =2Mq1py — @2P)P; P, *
C=-2MLL}+LiL))

ny -2 n2—2

1
= —4/1p’11]p22 +42 Eﬂz(qlpz — gop1)* — anlp% — nszpﬂ p, Py T+

where the ellipses signifies terms of lower order in the momenta. So A is second-order, B is of order

n;+n,—1and C is of order n; +n,. If n;, n, are both even, we can decrease the order of C by taking

ni+ny 1 "2

1 D v _ _
X:=C+2"7 TH? HY =2 (qpy— q:p)p 05 + -

which is of order n; + n, — 2. Thus, we can readily determine the following superintegrable systems.

For third-order we have only one case
12, 2y, 1 2292
L5 (P +p3) + SO°q) + 0. (‘12\/5 )
e L2 2y, L 2f 2 12
3 (P +13) + 50 (‘11 + 5‘12)

which was found by Gravel [29]. The 1:3 oscillator is clearly not a standard potential but just a rational

subcase of an exotic potential. For fourth-order there are
12, 2y 1 22
L3 (py+p5) + 507G + 0 (qz\/a )

e L(2, 2 1 2( 2,12 @
5(1’1"'1’2)"'5“’ (‘h"‘ﬁ‘b)"‘?
2
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1 1 a
2. 3 (p% +p%) + ga)zq% + = + 0 (qz\/g )
9

e 12, 2y 1 2(12 12 @
> (P 1) + 50 (qu+§qz)+;
1 1 a
3.3 (p%+p%) +§a)2q%+—2+a)£¥4 (qz\/5>
9

all of which were determined by Marquette et al. [31]. The only exotic systems that we have missed

are those of degenerate type. At fifth-order
1. % (p% +p§) + %wzq% + w.a/s (qz\/a )
s Lo+ 53) + 10? (a2 + 52
2. 5 (p}+p3) + 0(g1\/0) + 0 <in\/5 )

The latter was calculated directly by Abouamal et al. [33]. For sixth order, we have
L3 (4 53) + 50a} + 5 + ot (Vo )
1

s L)+ (104 2) + %
1

2. % (P} + P3) + 0 (Ch\/5 ) + wl; (i%\/a >
L) o (b de) + 2
1

1/ 2 2 1 22, @
.5(p1+p2)+3—2wq1+?+a)42f3<q2\/5>
1

3. % (P} +13) + 0, <611\/5 ) + 0. <J—fqz\/5 >

1 1 a
LI m) ettt St ed (V@ )
1

(2, 2y, 1 22
4. §(p1+p2)+5a) q; + 0 (qz\/5>
e L2, 2 1 2(2, 12 @
5(1’1"'1’2)"'5‘" (‘h"‘%qz)"'_z
9
Gl(2, 2y 1 29 1 ®
(0} +03) + 50%a] + 504 (024/% )

i 1 a
5. 3 (p}+p3) + ga)zqf + 7 + w0 (qz\/g )
1

o 1 2 2 1 22 a 1 [
§(p1+p2)+§a) ql+?+§wb®{3 <QZ\/;>
1
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This procedure however does not explain the presence of superintegrable systems with leading order
terms that are of higher order in the angular momenta. In the third- and fourth-order case, these were
the standard potentials.

Our resolution to this problem is thus. Suppose that we had another pair of ladder operators K, K,

of the same order as L, L, respectively, but of a step-size k # +A4. We further suppose that

ni—l
i

n; .
K;=p;' —iugp;'  + -

Then

Y = kB —iA[K, K] - K{K;]
1 n—-3 n,-3 ni—1 n,-3
= kA7 = ) apy — P’y Py +a(@py— @p)py Py
n1—3 n2—1 ny n2—3 n1—3 ny
+ay(q1p2 — @p1)Py P, tazpyp, Haup; py + e
for some constants ay, a,, a3, ay, will be of order n; + n, — 3. If ny, n, are again even, by a similar but
slightly more involved elimination, we can construct an integral of order n; + n, — 4, of the form
1 —4 m—4 | 1 -2 m— —4 m—
Z = EK3}”3(K2 — g1y — )PPy + 5(q1p — @) (0172 py 4+ appt )

+(q1py — P3Pl Py g +

Clearly, we cannot do this indefinitely, but are restricted in the number of possible reductions by

min{ny, ny}. We develop the following schema

Table 5.1. Possible orders of an integral constructible from ladder operators

1 2 3 4 5 6 7 8 9 10
1|1 2 3 4 5 6 7 8 9 10
2 2 4 4 6 6 8 8 10 10
3 536 /5 8/6 or1 10/8 11/9 12/10
4 6/4 8 8/6 10 10/8 12 12/10
5 91715 10/8 11/9/7 12/10 13/11/9 14/12/10
6 10/8/6 12/10 12/10/8 14/12 14/12/10
7 13/11/9/7 14/12 15/13/11/9 16/14/12
8 14/12/10/8 14/12 16/14/12/10
9 17/15/13/11/9 18/16/14
10 18/16/14/12/10

To construct this table, we use Theorem 5.3. This was only proven for systems asymptotically quadratic.
We can only conjecture that it holds in more exotic cases. For example, a system with sixth-order ladder
operators may have step-sizes one, two or three times a particular value, whereas a system with third-
order ladder operators may only have one or three times. Taking n; = 6,n, = 3 we therefore have 6

or 8 as the possible orders.
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5.4 Rational Models with Third-Order Ladder Operators

The simple harmonic oscillator
_ 12 122
H = sp™+ 507

has, as already mentioned, a first-order ladder operator. This can be used to generate its eigenfunctions
) wq*
o=\ 5 )P\

Enzha)<n+%>

and spectrum

as discussed in any introductory quantum mechanics textbook. If we apply a Darboux transformations
to this model we obtain odd-order ladder operators. In special cases, we may reduce these odd-order
ladder operators to third-order.

The rational solutions of Painlevé IV are generated by two polynomial sequences [[130,131] called

the generalised Hermite polynomials
A (x) 1= WAL (), K (0, oy Ao (O], Hy(0) 5= 1
and the generalised Okamoto polynomials
Dpn(x) 1= WA (x), HY(X), ..., Ao (%), H6(X), H5(X), ..., 5, 1 (X)), ZLop(x) =1

Our definitions here differ from the usual ones given in the literature by a scaling factor of the polyno-

mial and the variable.

Theorem 5.5. The Hamiltonian

2
H, . = %pz + %cozq2 — hz(f_qz log %, , (q\/% ) + nhw

has third-order ladder operators of step-size +w.

The proof of this theorem takes its inspiration from Bermudez [123]. Bermudez’s argument has a

gap however which we have salvaged by means of Theorem @

2
Proof. Denote the eigenfunctions by v, = J7;, <q\/% ) exp (—%). We have

2
nwq w
vy r[l//m’ Yint1s - ’l//m+n—1] = eXp <_ % ) quiﬁm,n <C] % >

so by the Crum formula H,, . is the Hamiltonian obtained from the simple harmonic oscillator by

deleting the states y,,, W1 -+ » Wpan—1- Let

(5.12)

D, ,=p—iwq+ ihi log
> dq %
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Then
D H

mn-m,

n—-1;1 = Hm,n;le,n

We define
Ao = (p—iwg) [Hm,O;l - (m + %) ha)]

Then A,  is a third-order ladder operator of H,, (, of step-size w, and annihilates the state y,,. Now,

suppose that A,, , for general n is of third-order and annihilates
Dm,an,n—l Dm,ll//m+n #0
By Theorem @, there exists a ladder operator A, ., such that
T 1
Dm,n+1Am,an,n+1 = Am,n+1 [Hm,n+1;1 - (m +n+ 5) hw]

which completes the induction. O

We read off from ()

n o d
T (0Vf7)
and using (@), we have
_ —ilo %n,rﬁl (x)
YT %, )

is a solution to the Painlevé IV equation. This forms part of the —1/x and —2x hierarchies so-called

[132]. The third hierarchy makes use of the Okamoto polynomials.

Theorem 5.6. The Hamiltonian

2
H, 5 =3p"+30°¢ - fzzdd—qz log 2, (q\/% ) + (m + n)ho

has third-order ladder operators of step-size +3w.

Proof. Clearly, H,, .5 is the Hamiltonian attained by deleting the eigenfunctions

W]’WA].’ ey W3m_2’ lljz, WS, ceey W3i’l—1'

Now,
Ao = (p — iwg)?

is third-order, is a ladder operator of H (3 with step-size 3w, and annihilates v, y,. Set

D (012 )
o d mn \ T\ 7
D, , | =p—iwq+ih— log

" o)
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Dy (012 )
: . d mn \9\/ 7
D, ,, = p—iwg +ih— log

Y 2 (a7

Then D, , 1H,y 3 = Hyp:3Din1> P2 Hmn—13 = Hyp 3Dy - The eigenfunctions of H,, , 5

el ) s )
PN

Now suppose that A, ,, is a third-order ladder operator of H,, ,.; with step-size 3w and annihilates the

states ¥, , 341 and ¥y, , 3,,4>. By Theorem @, there exists ladder operators A, .| ,, A, 41 such that

T 1
Dm+17”’1Amvan+1,n,1 = Am+1,n [Hm+1,n,3 -3 <m + 5) ha)]
and
-{- 5
Dm’n+172Ama"Dm,n+1,2 = Am,n+1 [Hm,n+1,3 - <3n + 5) hw] .

Now, A, , annihilate the states

Dm+1,n,1ll/m,n,3m+4 & Wm+1,n,3(m+1)+1’

Dm+1,n,ll//m,n,3n+2 & Wm+l,n,3n+2

while A, . annihilates the states
Doy 1 2¥mn3m+1 X Winnt1 3m+1
Dm,n+1,2wm,n,3n+5 X Wm,n+1,3(n+1)+2
This completes the induction. O

As a result of the theorems above, the Hamiltonians

_ _ 12,1229
Hyo1 = Hopz =3P+ 507

2
12,122 h

12 1 29 4h2a)(2wq2—h)

Hypy=Hy3=3p"+507¢ + Qwq? + h)? +2he
2 2
B 121 20 AP0Qwg + h)
Hy = Hp,y3=3p"+ ;07 Qwq? — h)? +he

have third-order ladder operators of step-sizes +@ and +3w. To construct all of the standard non-
degenerate superintegrable models at third-order in two-dimensions is simply to take combinations
of any of the above three one-dimensional models. We therefore have six third-order superintegrable

models, viz.

Hipg1+Hpgg.0 Hyg1.+ Hjpp0, Hy 1.+ Hp .0

Hyj.0+Hig10 Hisp.0+Hig0 Hisp.0+Hyp 0
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where, for example,

An*o(2wqr — h)
2
(Lwqy + 1)

1,2, 2., 1 2,2, 2
Hypp+ Hipip =507+ ) + 5077 +4) +

This agrees with Gravel’s results [29] and our own.

5.5 Rational Models with Fourth-Order Ladder Operators

It was shown by Adler [[133] that the fourth-order dressing chain can be transformed, by a non-linear
substitution, into the Painlevé V equation. The rational solutions can be written in terms of Laguerre

polynomials, on account of
4 — n?
8q?
which has second-order lowering and raising operators and eigenfunctions given by

LH 2 2
W,+(q) = i”n( ) <%> exp <—%> .

The two polynomial sequences that are of interest are the generalised Laguerre polynomials [|134]

_ 12 1229
H—2p +507q" +

200 = Wi | 00, LD 0, L0 @], 2w =1

and the generalised Umemura polynomials [135]

U(x) = x™ Wr {gz(,f’_l(x), XL (x) }::=1 L 2w =1
The latter are, in general, Laurent polynomials.
Theorem 5.7. The Hamiltonian
H,,,=3p"+307¢" + e nh)zg_q;lz(zn D h2;—; log %5? <qu2> + nhw
has fourth-order ladder operators of step-size +2w.
Proof. The proof is analogous to that of Theorem @ O

Theorem 5.8. The Hamiltonian

4 Y L
Hmn4 = lp2+ lw2q2+ [M+(m n) ] - h_ " + " — mn
s 2 2 8q2 q2 2 2

2 H 2
- hzdd—qzlog %,,S,f> <%> + (m + n)ha

has fourth-order ladder operators of step-size +4w.
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Proof. The proof is analogous to that of Theorem @, starting from the fact that the square of the

£ 2
second-order ladder operator of Hy) 4 annihilates Zl( ¢ ) <% > |
We now have
2 _ 52

12,1 29 4u —h
Hypp=Hypq=35p"+70°¢" + T8

Lo Au+n)?—n*  20%0(g" + u+ h)
Hyjp=Hg4= 30"+ 50°¢" + > + > >~ +ho

8¢ (wg=— p—n)

have fourth-order ladder operators of step-size +2w and +4w. We therefore have two non-degenerate

standard fourth-order superintegrable systems
Hyppn+Hyj22, Hyjon+Hypon

where, for example,

2 22
—-n
1 1 My
Hipy1+Hyjop = 5(1’% +p3) + ng(cﬁ +q3) + 8—q2
1
Apy + W2 — B2 2h%0(q; + py + )
Ml 3 +—— + ho
8q2 (60(]2 — Ky — h)Z

This agrees with our previous calculations.

5.6 Rational Models with Fifth- or Sixth-Order Ladder Opera-

tors

The extension of Theorem @ and Theorem @ to fifth- and sixth-order ladder operators with step-

sizes +5w and +6w is straightforward. For example, it is easily seen that the models

2
Hypmns = %pz + %a)zqz —~ hz(f—qz 102 2y 4 <q\/% > +(k+¢ +m+ nho

and

2 2
Hy g mpne = 3p"+ ;074" + 5

2
+h—[k+f+m+n—(k+f—m—n)2]
24>

2

d “
— h2d_qzlog“2/k€;’2m Y

2
<%> +k+7+m+nho
have ladder operators of fifth and sixth order with step-sizes +5w and +6w respectively, where 2, ,,, ,
7]

and ?/k{frz , are the 5-Okamoto and 3-Umemura polynomials

k,Z,m,n
Dy pmn(X) 1= Wr {5, y(x), Ay 3(X), Hs._o(x), Ay (X)}a,b,c,dzl

k,Z,m,n
%), ) =5 W { A0 00, L (0,5 A 0,5 L) () |

k,Z.m,n 3b-1 3d-1 a,b,c,d=1
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To shorten the case-checking that is required to ascertain which models are standard, we shall borrow

from the algebraic approach employed in Chapter 4. We take as our Ansatz

4ﬂ2_h2 d2
V() = 10*¢* + ——— — i’ log(¢* — a)(¢* —
(@) = ;0%q 372 i glq” = a)(g” = p)
2 22 2 2
:lw2q2+—4ﬂ 2fz +2n? |2 ta +p

2 8q (> —a)?  (¢>-p)?

Then we determine a, § by eliminating the simple poles of V2. We have

2
Res V(q)2 = i(aswz — 3a4ﬁa)2 + 3a3ﬁ2a)2 — a3;42 — 4o’ h?
g=+\/a (o — p)
— &’ P’ + 30 fu* — 12a° ph* = 3af?u* + fu?)
—rp2
Res V(q)? = Ji(ﬁswz C3afta? + 302 et — Pl — AR
q=+\/p p'=(a — p)

— P’ +3ap?u? — 12ap%h0* = 30 fu* + @’ )
After eliminating f, we find that the resultant admits the factorisation

327681%a° (@’ w? + 2apuw + u* — uh — 2awh)(a’w’® — 2auw + p* + ph — 2awh)

X (ozza)2 —2auw + ,u2 — uh+ 2awh)(a2w2 + 20 uw + ,u2 + uh + 2awh)(a2w2 — ;42 + hz)

So there are two solutions, up to permutation of «, f and of alternation of sign in w, u:
() wa =i~ 12,0f = —\/12 — 12 ;
() wa=pu+h+\/h(u+h),0p=u+n—/a(u+nh).

Thus,
42_2 4222 2 4 32_3h2
H:%p2+%a}2q2+ 2 h + Wag(oq +3u )
842 (02q* — p? + h2)2 5.13)
LA +TR L, & (4) (g '
_l2 1 292 U T/ .od n) (29
=3P + S0°q + 372 n i log%l’1 Y
or
42_h2
_ 12 1 292 H
H 14 +2a)q+ 82
dhw[w’q® — > (u + h)g* — o(u + h)(u — 2h)g” + u(u + h)?
+ wlw’q’ —o”(u+ h)q" — o(u + h)(u Vg~ + u(u + h)”] (5.14)

[w?q* = 20(u + M)g* + p(u + )]
2 _ 32 2 £ 2
_ 12,1292 4u—h 2 d (5-1) (g
—Ep +560(] +8—qz—hd—qzlog$2 7
are our only possibilities. On the other hand, the ladder operators of H ; 4 of step-sizes +2w, +4w, +6w
are of orders six, four and six, while those of H, ; , are of orders four, six and six. So these are indeed

the desired solutions. Similarly, the ladder operators of H, ,, H; | , which are of step-size +6w are
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both of sixth-order. Thus, there are seven standard non-degenerate sixth-order models:

Hypoq+ Hy a0, Hppq+ Hy 00 Hy 0+ Hyja0,

Hy 5.+ Hyjp00, Hyj40+ Hyja0 Hy 41+ Hyjo0,

Hj 5.+ Hyjp00-

To find the ones which admit odd-order ladder operators, it is sufficient to check when the coeffi-

cient of the g~2-term is 0, A%, 34> (see Theorem below). The possibilities are, in addition to

Hyp1.Hy 11, Hip1, Hyp g,

2
H1’0’105 %pz'i‘ %w2q2+ 3qi2+2fla)
2 AR’oQwq® - 3h
H, 3, %p2+%w2q2+h—2 o qu 5 ) + 37w
q 2wqg~ + 3h)
1 ARPwQwq? + 3h)
H L2+l + & + ho
3,11 Zp 2 q q2 (zqu _ 3fl)2
167%w*q” (4w’ q* — 9h>
Hyyy = 3p7 + 30°¢7 + ( > ) +2ho
(4a2g* + 312)
872w(8w’q® + 12hw’q* + 187%wq* — 9K%)
H, 4, %pz + %cozq2 + > 5 % + 4hw
(4a2q* — 12hwq? + 3h2)
872 w(8w’q® — 4hw’¢* + 10W’wq® — 1)
H 124 Lo + + 2hw
2,03 Zp 2 q (4a)2q4 _ 4fla)q2 — h2)2
nr 8hrw(8w’ql + 4hw’qt — 14h%wq* — 3h%)
H P+ i’ + = + 3hw
LOLLS = 5P 5% q? (4w?q* + 4hwq? + 3h2)?2
n?  8hrw(8w’q® — 4hw’q* — 14h%wq* + 3h%)
H 1?40+ =+ + 2hw
01015 = 2P T304 q? (4w?q* — 4hwg? + 3h2)?

There are correspondingly fifty-three standard non-degenerate fifth-order Cartesian-separable super-

integrable Hamiltonians in two dimensions:

77777

aaaaa

55555

sssss

”””

Hip.1+Hiz10 Hip.1+Hoppo,

Hipp1+Hypz0,.  Hipgra+Hiprs:

Hyjp.0+Hiz10

Hy.+ Hopz0,

’’’’

Hip1051+ Hip1150
Hi, 1.1+ Hyp 0,

,,,,,

His1.1+ Hjz.0,

His.1+Hypz0,

77777
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Hy 1.0+ Hizp, Hy 10+ Higg, Hy 1.1+ Hyp3,
Hy 10+ Hipr152 Hizp1+Hiz1: Hizp.1+Hsz0
Hiz1.0+Hop 0 Hiz10+Hyg: Hyz1.0+ Hyo30,
His10+Hipr52 Hj 0+ Hyg1 Hj 10+ Hyp30,
Hi 1.0+ Hipr152 Hyp 1.0+ Hyp s Hyp 1.1+ Hygg,
Hyj 1.1+ Hyp30, Hys 1.1+ Hipg50 Hyzi1+Hig10
Hygy0+H Hy41+ Hypz, Hygy0+Hyg5,
Hy41+Hipr152 Hy41.0+ Hojp0,1,52 Hy 3.1+ Hyp3:
Hyp30+ Hy 5 Hyo31+ Hyo1,150 Hy 3.1+ Ho101.52
Hip1151+Hipn152 Hig1151+Hoi0152

where H ™ indicates - —.

5.7 Conclusion

We have shown that the problem of Cartesian-separable superintegrability in the non-degenerate case
can be understood within a one-dimensional operator algebra framework. We have been able to obtain
the previous results of Chapter @] as well as extend them to higher orders. However, unlike Chapter E],
we are unable to provide proofs of completeness. Thus, this approach, while promising, still remains

at the conjectural stage.



Chapter 6

Fine Structure of the Singular Oscillator

6.1 Introduction

In this chapter, we examine in detail how the existence of multiple ladder operators gives rise to new
symmetry algebras. Multiple ladder operator pairs has been noticed by several authors [136, 137]
however there has not been a consideration as to how they form a complete algebraic system. Rather
they have been taken as repeated instantiations of separate polynomial Heisenberg algebras. As can be
seen in the appendix, systems whose potential summands are Darboux transforms of the free particle
or oscillator possess integrals which exceed the classical limit on the number of generators (i.e. twice
the dimension less one). Therefore the previous attempts at describing the symmetry algebras of these
systems are incomplete [[138,[139]. We will not address every such system but confine our attention to

just the singular oscillator Hamiltonian

2 2
S0°q +—8q2 + wou

H{u) = 30" +
The parametrisation chosen here is that which is most convenient for expressing the eigenstates. It
will be assumed that @ > 0 and u > 0. While generally the ladder operator is of second-order, we
know that for y = %h, H is the simple harmonic oscillator which has a first-order ladder operator. In
this case, the first-order ladder operator generates the second-order one, however there are additional
values of y (so that the model is purely quantum) where there are additional operators which cannot

be totally reduced in this way.

This chapter is organised in the following way. In section , we discuss the basic spectral facts
about the singular oscillator. In section @ we introduce shifting operators that translate the parameter
1 which we use to build new ladder operators for particular values of u. This procedure is well under-
stood. We extend the known facts by showing the effects of these ladder operators on the eigenstates
of the Hamiltonian. Furthermore we give a proof that the set of ladder operators is complete and of

minimal order. In section @ we apply these observations to the two-dimensional isotropic oscillator.
77
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6.2 Eigenstates, Spectrum and Ladder Operators

The second-order lowering operator can be written down as
A =H —io{q,p} — 0’¢* — wp (6.1)
The operator has step-size 2w. The characteristic polynomial is
A'A = (H — ho)[H — o(h + 2u)). (6.2)

So there are two ground states. Noting that H[—u] = H[u] —2wou, we may without loss of generality,

confine our attention to the state with energy w(% + 2u) for now. The eigenfunctions take the form
o Lyw ( % ) a)q2 ooq2
l//n,ﬂ(CI) =q2' 1%, W exp S5

The matrix elements of the eigenfunctions are calculated to be

Hy, , = olh(2n+ 1)+ 2uly, ,,

Ay, , =20(p + nh)y,_; ,
Ay, , =2ho(n+ Dy, ,

There is the orthogonality relation

2

2(2)" / Vi @DV (Dgh ™ exp (—%) dg=T(1+%) ( h) S (63)
0 n

forw > 0,u > —h. For u < —h, u/h not an integer, the orthogonality relation can be extended by

analytic continuation. However, the corresponding inner product will not be positive definite. In fact,
U
sgn{m|n) = sgnT’ (1 + n + n) Om.n-

The generalised integration of Derezifiski, GaB3 and Vitto [140] achieves the same effect as our inner
product in this case. When y = —k#, k a positive integer, the dynamic algebra generated by H, A, A’
admits a finite-dimensional irreducible representation. However, this cannot be the Schrodinger reali-
sation, since on the one hand
U —
AA wk—l,/d = O

but on the other
ATI//k—l,/l # 0

In this case, we have (n|n) = 0 for n > k.

6.3 Additional Ladder Operators

Using the ground state eigenfunction, we construct the Darboux transformation

DIl = —— | p = itwg + 2K 64)
Vi z
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This transformation is a shifting operator on u
D[ulH[u] = H[u + h]D[u]
We deduce the identities
D[u]Dlul = Hul = w(h +2p),
D[ulD'[u] = Hlu + 1l — o(h + 2),
D[-ulH[pu]l = {H[p — h] + 2hw} D[—pu]
D'[-u]D[-pu] = Hlu] - ho,
D[-p]D¥[~u] = H[p = h] + ho,
D[—u — h]1D[u] = A [4?],
D[ulA [4?] = A [(u + 1)°] Dlu]
D'[—p = 2h]A[u] = Dlp + A1D'[—p — h]
The shifting operator can be used to construct new ladder operators
- i~1 1 j-1 . 1
AD = kg[_jp [— <k+ 5)?:] gp [(k— 5) h]

fori =1,2,...,j which act on the special Hamiltonian

. n* [ .
H [h (J - %)] = %p2+%a)2q2+? <2) + ho(j — %).

We have

(=2 = I o[- (e )] 2) ] T (-2

I
S

I
/N
Pl
+

| —
SN——~"
S
[
—N

I

~

I
D=
SN———"
St
—_—
+
—~
v

I
P—
~—
=t
)
——

xﬁim [(k— %)h]
- {H [(1 - %) h] + (i - 1)ha>}A<f>

so AD is of step-size (2i — 1)w but of order 2j — 1. In a similar way, we determine

j—1 Jj—1
AWA®) = N+ TTH = heoiy + 2k = D] [ (H = 2kho)
k=i] k212
For il > i2,
) j-1 j—1
AGD [A(iz)] F_ A1—i2 H[H — (2k = 2iy)hw] H[H - 2k = 2i, + 1hw]

j—-1 in+j—1
[AD]T AT = A1E2 | I(H—2kha)) | | [H — 2k + 2i; — 2i, — 1)ho)
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(6.6)
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The characteristic polynomials are

j—1 i+j—1
[AD]T A = H(H 2khe) [ 1H - 2k - DHho] (6.7)
k=i k=1

Fori < j

AYA = AFD(H = 2jhw)
AAD = ACD(H — 2ihw)

and AYA = AAY. Finally, we have

Ao [AVT(H + ho),  i=1;
ATDH + ho), P> 1

a0 = JIAVTTTH = heo(2) + D], i=1
ADIH - ho@j+2i-1D],  i>1

Let y,, , denote the eigenfunction of H[u] with u-dependence explicit. We calculate
ia)y/n_l’wh\/a , n > 0;

0, n=0.

D[ uly, pun = —ih(n + Dy, V2

Dl-uly, , = —i(u +nh)y, ,_ V2

Dluly,, =

D [_ﬂ]l//n,y—fl = ia)l//n,”\/i

So then for y = (j — %)h, there is an additional chain of eigenfunctions y,, _, that are interlaced with

the usual states y,, ,. The additional matrix elements are

Hy,_, =hoC2n+ Dy, _,

J—i i+j—1

. 2j-1
Ay, = (=inV2 )" ﬂH(n+k) H (n+r-i+d)

i+j-1
[A(i)]TWW = ( —iny/2 )2J 1Wn+l+] - H (n+k)H <n+l+k— —)
2, 1 ‘
0, otherwise
2] 1
ATy, _, = {(1 Vi-jtiw  N2J7H
0, otherwise.
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For j = 1, the Hamiltonian is just a translation of the simple harmonic oscillator. The interlacing here

simply corresponds to the quadratic relation that exists between Laguerre and Hermite polynomials

(1) © wq?

Vi = gy o (‘1\/; ) P <‘ﬁ
(1" © wq?
o= S (1 ) oo (55

For j > 1, the eigenfunctions v, _, are not square-integrable on account of the singularity at the

origin.

Definition 6.1. A ladder operator L is reducible if there exists a polynomial ® and another ladder
operator L" such that L = ®[H]L'.

Theorem 6.1. If a ladder operator L is reducible then its characteristic polynomial has repeated

factors.
Proof. Write L = L' ®[H] for some L', ®. Then L'L = ®[H*(L")'L’. O
It follows from (E?I) that the new ladder operators are irreducible.

Definition 6.2. A family of ladder operators L, L', L"”, ... are called generators if every ladder oper-

ator can be expressed as monomials in terms of them and the Hamiltonian.

We now show that there are no other values of ¢ where there are additional ladder operators, and
in particular that these ladder operators are of minimal order. Expressed in a different way, this sets a

lower bound on the order of such ladder operators.

2
Theorem 6.2. Let H = 2p + 4”8 zh +c_ 1q_1 +ciq+ c2q2 +c3q3 + -+ be the Laurent series expansion
of a Hamiltonian about q = 0. Suppose that H admits ladder operators of odd order 2j — 1. Then

2ult is an odd integer less than or equal to 2j — 1.

Proof. Let L be such a ladder operator and assume it is monic. From (@), we again see that the

lowest-order term of L, is a;(A/q)" where

i\ 4 —n2 2j—i+k

k=1

Fori > 1, g; is of degree 2i in u. The roots of a,; are the admissible values of y. We already know

that u = +(2i — DHA/2,i = 1,2, ..., j are solutions and it follows there can be no others. O

Corollary 6.1. If 2u/h = 2j — 1 is an odd integer greater than unity, the ladder operators of H
are generated by A, AV, AP, ... AY) and their conjugates. If u = %h, then the only generators are
AD , [A(l)]T. Otherwise, the generators are A, Al

Proof. Every ladder operator of even step-size is either reducible to A’ or (A")’ whereas every ladder
operator of odd step-size is reducible to A, [AP]T, i < j or AVA, [AV A O
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6.4 'Two-Dimensional Singular Oscillator

As is clear from the considerations outlined in section @ the integrals of minimal-order of

4ut —n* dps - h?

H = %(pf + p%) + %a)z(qf + kzqg) + ) ke (6.8)

2 2
2q, 2q;
must be constructed by a superposition of ladder operator products.

Example 6.1. Let us now consider the Hamiltonian

1,0 o 12,2, o W R
K=§(p1+p2)+5a)(q1+q2)+?+?.
1 2

This is a special case of a Smorodinsky-Winternitz system. As such, it has the three first integrals

generated from the even step ladder operators

A=H,-H, (second-order)
B =2A\A]+2A7A, — A(H, — 2ho)(H, — ho) (second-order)
C = 8iw(A,A] — ATA) (third-order)

where H|, H, are one-dimensional singular oscillators with y = %h for both. Gravel observed that
this special case admits an additional third-order integral. This can be realised in terms of odd step

ladder operators
D =iGA AL T = 3ATAD — AP ADT + (AP]TATY) (third-order)

To complete the symmetry algebra, we need three more generators

E = —60(A AT+ [APTTAY - APIAP)T - (AP AD) (fourth-order)
F = —120%(A AT = [ATPTALY = AP AP+ 3[AP1TAD) (fifth-order)
G = 24 A IAT + AT ALY — 9AP AP — (AP 1T ATY) (sixth-order)

We find the following commutation relations. Even times even
[A, Bl =ihC, [A,C]=—-160%h(B— K>+ A%), [B,C]=32w%h({A, B} + 5h*w*A).

Even times odd

[A, D] = ihE, [A, E] = iAF,
[A, F] = ihG, [A,G] = —18w?iA(8w’ D + 5F),
[B,D] =0, [B, E] = —48w?ih{A, D},

[B, F] = —640?ih{ A, E}, [B, G] = 48w?ih{ A, 160>D — F},
[C, D] = 48w?ih{ A, D}, [C, E] = 160%ih{A, E},

[C, F] = —16w’ih{A,480°D + F}, [C,G] = —16w?ih{A, 1120°E + 3G}
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0Odd times odd

[D, E] = 90*i{ A, B> + 2h*w’ B — 31h*w*)
[D, F] = 180%ih{{A, B} — Th’w? A, C}
[D, G] = —36w*in[12{ AK?> — A3, B} + 13{A, B?}
— AW A + 156h° 0w’ K> A + 110h%w?{ A, B} — 335h*w* A]
[E, F] = —108w*ih[4{AK? — A3, B} + {A, B*} — 52h’w? A®
+ 8412 w* AK? + 30h*w*{ A, B} + 45h*w* A)
[E,G] = 216w*h{24% —2K?>A — {A, B} — Th’w*A, C}
[F,G] = 4320%h{ A, 16A* — 3242K? + 16K* + 160h°w* A?
- 320n°w*K? + 3B? + 6h’w’ B — 557Th*w*)

There are three closure relations

0=C?+w?(16B% + 32{K? — A%, B} + 416A’w*K* — 961’ w? A% — 400h*w*)
0 = G? + 400” F? + 48w* E? — 345605 D? — 20736A%w%{ B, K* — 2A?)}
- 23040%(K? — A%)® + 11520n°w®(13K* — 36 K> A% + 234%)
—23041%w'0(712K? + 269A%) — 145152h*w'° B + 13271041502
0= {G, E} +66w*{F, D} + 1080w*D? + { B, 1440*(K? — A*)*
+ 100872w%(B3K? — 84%) + 27936/ w®} — 336967°w!”
+ 144n%0O(5K* — 14K2 A% + 9A%) + 144n%0®(445K? — 76 A?)

O

In the isotropic case, we may obtain the lowest-order integrals systematically by using radial sym-

metry.

2 i 2 i
1 1 he [t he[J L
Theorem 6.3. Let H; ; = 3 (p% +P%) + 50)2 (q12 + q%) + ? <2> + ? <2> Jor positive integers
1 2
J = i. In addition to the second- and third-order integrals from being a special case of a Smorodinsky-

Winternitz system, the Hamiltonian H; ; possesses j —i+ 1 independent integrals of order 2j — 1 when

j> 1

Proof. We start from the fact the simple harmonic oscillator H, ; has a first-order integral X | ; :=
my,. The Smorodinsky-Winternitz system is separable in polar coordinates so it admits the additional
Darboux transformation

~

D;;=m — ihiqqu_1 + ihquqz_l
This has the intertwining relations

Dy jH; ;= ~ ,
Hiyyji1 Dy s k=i

1



84 CHAPTER 6. FINE STRUCTURE OF THE SINGULAR OSCILLATOR
Recall, we have D, H; ; = H, ;| D, (suppressing the arguments for brevity). We define

- R i
Xy j+1,1 = Do Xy 51D
=B x B
Xiv1jrrk = Dij X j 1D ;
. T
Xij+rk+1 = Do X 54 D,

2j+1-2k 2k-2
12 2Py

all independent. O

At the leading order, we have X,-J,k = {m } +--fork=1,2,...,j —i+1so they are

6.5 Conclusion

In this chapter, we have for the first time stated a symmetry algebra of a two-dimensional superinte-
grable system which requires not three but seven generators for closure. This suggests that quantum
superintegrability is very poorly understood compared with classical superintegrability [68]. Further-
more, the notion of a polynomial Heisenberg algebra needs to be expanded in order to account for
additional ladder operators.

We may generalise this to angular models. In Theorem @, we noted that there were cases in the
coeflicients of the TTW model where the independence of the ladder operators breaks down, and we

can find operators of lesser order or more varied step-sizes.



Chapter 7

Polynomial Algebras and Superintegrable

Extensions

7.1 Introduction

In the previous chapters it was established that the approach of considering the one-dimensional com-
ponents of a superintegrable system in isolation is far more effective in deriving and describing the
model. The various approaches offered for classical systems, in general though not necessarily, involve
canonical transformations which lead to non-polynomial integrals [40]. Adapting it to quantum mod-
els is therefore not at all straightforward [[141]]. The recurrence relation approach of Kalnins, Kress and
Miller Jr [47], which we improved upon and developed systematically in Chapter 3, is not sufficiently
comprehensive to deliver for us a unified treatment of superintegrability. The extension method of
Chanu, Degiovanni and Rastelli [[142,143] was promising, however the range of applicability of the
original implementation was limited and modifications were required in order to address many of the
well-known superintegrable systems [90].

The remarkable effectiveness and generality of action-angle variables has suggested to us that the
quantum analogue must itself be very simple. We here shall recommend the method of constructing

superintegrable models by polynomial deformations of the Racah-Wilson algebra
[A, B] = inC
[A,C] =i [P(A)+ aB +2p{A, B}] (7.1)
[B,C]=ih[Q(A) — {R(A), B} — BB’

where P, Q, R are polynomial functions and A, B, C are all self-adjoint. If A is a Hamiltonian and

belongs to an algebra of this form then for select y, U the extended Hamiltonian

2
H = {(d—"> ,lp§+A+U(x)} (7.2)
dx 2

will admit an integral independent of H, A. In particular, when A is integrable, H is superintegrable.

The polynomial algebra () is well understood to be the crux which unites superintegrability with
85
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exact solvability [[144,145], as the representations of () correspond to the recurrence relations of
orthogonal polynomials in the Askey-Wilson scheme. The quadratic form of () was discussed by
Granovskii, Lutzenko and Zhedanov [146] in order to understand an observation by Manning [|147]
regarding the connection between quantum exact solvability and the classical correspondence where
the trajectories can be described in terms of elementary functions. This can be seen as follows. If we
take the classical analogue of (), namely

[A,B] =C
[A,C] = P(A)+ aB+25AB (7.3)
[B.C] = Q(A) — R(A)B — pB*
then
d’B

which is a linear equation since A is a constant of the motion. If @ = f = 0, then B is a linear
function of f whereas if @ # 0 or f # 0 then B is exponential or trigonometric. Conversely, only when
a <0, =0orf # 0do we have a discrete spectrum for A upon computing the representations of
[@.1).

Not all of the coefficients of () are independent. In section 7.2, we shall derive the dependency
relations in terms of sequences defined by recurrence relations. This is to improve upon the calcu-
lations of Isaac and Marquette [84]] who gave only indirect formulas for these sequences. In section
7.3 we shall derive the irreducible A-diagonal representations of () explicitly. In section 7.4 we
derive one-dimensional realisations of () and show how they lead to the known exactly solvable
models as well as some new ones. That is, we show that they all lead to the Painlevé potentials which
have been derived in the course of classifying third- and fourth-order superintegrable systems. This
extends the work of Marquette, Sajedi and Winternitz [[126] where they derived all of the Cartesian
separable exotic potentials except for the Painlevé III potential [37]. Our formulaiton includes in ad-
dition the Painlevé VI potential derived by Escobar-Ruiz et al. [35] and a new Morse-like potential
which is reducible to either Painlevé III or Painlevé V. In section 7.5, we show how to apply this to

superintegrable extensions.

7.2 Determination of Relations
The Jacobi identity
[A,[B,C]] +[B,[A,C]] +[C,[A,B]] =0 (7.4)

implies the relation:
[P(A), B] =in{R(A),C} (7.5)

We will show how we may determine R from this equation given P. We proceed inductively. Using

the derivation property, we may write [A’"!, B] in two different ways

[A*! B] = A[A", B] + [A. B]A' = [A', B]A + A[A, B].
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So
[A™! Bl =ik{A',C} + {A,[Al, B]).

We note that
(A {A],C}} = JAITIC + ACAT + AICA + CATH)
= Lt oy + Laaca + e
= (A, Cy+ l[ A,C1, Al
= {AT*1,C} + Lin[P(A) + aB +28{A, B}, A']
= (At C) - Zlha[AJ - —1hﬂ{ .[A/, B]}
= {4/t C) - %hzﬂ{AJ’C} _ Zlfla[AJ’B] _ Eiflﬁ[Aj+1’B]

where in the last line we used (@). Now, we set

i—1

[Al, B] :ihZai,j{Aj,C}
j=0

Combining (@) and (@), we obtain the recurrence relation

i—1 i—1

2 2 2
ai+1j_5 +aljl hﬂa11+ haz lkak]+ hﬂz lkak+1j
k=j+1 =J

In particular a;,;; = 1+ a;;_; and using a; ; = 1, we get q;;_; = i. Continuing, we have

— 2 2
Aip1,i-1 = 44,i— __hﬂ a;i— 1t hﬁa” 1

2 i

Thus,

ll 2_

i
ciemr| ()
(o] o[ ) ()
o)) ()
oo s () m() () on )

Similarly,

)
)
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(7.6)

(7.7)

(7.8)
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and so on to as many terms as necessary. This allows us to compute R in terms of the coefficients of

P. For f =0, we can determine this sequence directly. We take as our Ansatz

—j—D2pimj-1 [ F
a;; = g_ja"pim (i—j)

-1

Then

_ 1.2
Aives2i+1 — Qive+1,i = Zh a 2 Qi 4 1,i+k+1%+k+1,i+1
k=1

¢ _ '
_ Lo+l (+D02 i+7+1 i+k+1
=" gr 18
i ; fkk< o .
4 .
1pt+1 (¢ i+7+1 4
=1n +1 +1)/2zgf_kgk< ] ‘
k=1

So we have the convolution identity

| < ¢
8ry1 = Z};gf—kgk K

where g, = 0. Defining the generating function

and using g; = 1, we obtain the differential equation

dG 1.
_— —G 1, G 0 == O
5 =30+ (0)
That is,
s\ s (D@ - 1By,
G=2tan<§>=z 20! s

=1
where 4, are Bernoulli numbers. Thus,

+1

14
()T - DBy
B £+1 '

8¢

For the inverse problem, we write
i+1
in{A’,C} = b, (A, B].
j=1

The coeflicients are determined via
i+1

Z bixax; = 6; ;-

k=j+1

We calculate

1
b. . =
ii+1 i1
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1 .
b =—hpli—1)
1,2 . 1 s
bii_y = —ghzal - @1’14/3?21(12 -4)

and so on. We can also find a recurrence relation directly. Consider

{A,[A/, B]} = %(AJ’“B — ABA’ + A/BA — BA/)
= 1[4 B] + 1(A'BA — ABA))

o _ (1.9)
= (A", Bl + 5(A’[B, A] - [A, B]A/)
= [A’*!, B] —ih{4/,C}
Rearranging (@) for { A/ e } and using (@), we obtain
i+1
1 1 1
Bivr; =bij1— D, biby;+3hBb; — ShPad,; — Sh*B6,, (7.10)
k=j—1

The presentation of () can be simplified if we know « or f is non-zero. If § # 0, then we may

assume P is a constant, otherwise we make the substitutionn

N ~ P(A)—P(—%) -~
A=A, B:=B+ , C:=0C.
20A +a

Similarly, if f =0, a # 0, we can assume P = 0 or else take
A=A, B:=B+a'P), C:=C.

If the algebra is realised by dynamical quantities or quantum observables, then this transformation
does not in general preserve the order of the objects of consideration. To show that [E, 5] maintains

the same general form, we need to, for a given polynomial X, find Y, Z such that
[X(A),C] =in[Y(A) + {Z(A), B}]. (7.11)

Given such a relationship, we will be able to determine é such that

1 .

B| =inC
(A Cl=in [a§+2/3{2,§}+y]
3.C| =in [é (Z)-ﬁﬁz]

It is clear that R must be zero by the Jacobi identity. Component-wise, we wish to find ¢; ;, d; ; such

that
i—1 i
[A,C] = iR [P(A) DA+ Y d (A B}}

j=0 Jj=0
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We have

[A™,C] = (A,[A,C]} + (A, [A,C])

d; ;{A/, B}t +ih{A', P(A)+ aB +2p{A, B}}

i—1 i
=ih{ A, P(A) ) ¢, ;A +
j=0 Jj=0
i—1 i
= ih| AP(A) + P(A) ) ¢; ;AT + Y d, (A (A, B})
j=0 j=0

+a{A', B} +2p{A, {A', B}}].
Now,
(A, {A/,B}) = J{A”", B} + JABA/ + A/BA
= {47, B} — [4/,[A, B]]
= {A/* B} —in[A/, C]

which gives us the recurrence relations

i
Ci+1,j = Ci,j—l + 51,] + thﬂcw + hz Z di,kck,j (712)
k=j+1
i
dipry=d;j_y +08,; + 206, +20°pd, ; + 7 ) d;yey (7.13)
k=i

We may then calculate the solution to () for any given order of X.

7.3 Representations

In this section, we consider representations as quantum observables, finite- or infinite-dimensional,
induced from the eigenstates of A. The method of calculating the representations is that of Granovskii
etal. [[146]. Let |¢) be an eigenstate of A with eigenvalue u. The triple (|¢), B|¢p), C|¢)) is A-invariant,

with matrix representation (taking the elements to be formally independent)
u 0 iaP(u)
A0 u ih(a+2pp)
0 ih pu—h*p
The characteristic equation reads

0=(p— WIp* - Qu—h*P)p + u(u — h*p) + h*(a +2pu)]

If § # 0, then the three solutions can be written as

_ L2
_ 1.2 _(—01)E 1
pn=—7h"p (n+5 hﬂ) 4] 25

- )
_ 142 _ (—a)2 _ l o
Pur1 = =3P (n+5 + 1 73 > 4] 25

(7.14)
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where p, = u, and n, 6 are auxiliary parameters. Similarly, if f = 0 and a # 0, we have
1 1
p, = hn+9o)(—a)2, Pus1 = H(n +6 £ 1)(—a)?

which corresponds to the limiting case in (). In this way, we generate a chain of eigenstates with
n serving as the quantum number up to translation. Indeed, we can label the eigenstates just generated
as |[n—1),|n) :=|¢p),|n+ 1). For a = f = 0, we do not obtain new eigenstates. There is no discrete
parametrisation in this case and the spectrum of A will be continuous. Otherwise, we have that A is

diagonal with B, C tridiagonal
Aln) = p,|n)

Bln) = to, In+ 1) + 7,|n) + 0, |n 1)
1 1
Cln) = +i [hﬂ (n +5+ %) - (—a)z] 6"  In+1)—i [hﬂ (n+ 5 - %) - (—a)z] o ln—1)
where we assume, without loss of generality, @ < 0. From [A, C], we determine
7, =—P(p,)(a+2pp,) "

From [B, C], we find

+2 [ﬂ (n+5+%)—%] EAEED) [ﬁ<n+5—%> - (_;"2)1 o, |2

= Q(p,) — R(p,)z, — Pr2.

To determine o, up to a phase we need an extra condition. Here, we make use of a well-known fact.
Theorem 7.1. The Racah-Wilson algebra has a central element
Q = C? - {2P(A) + "’ fR(A), B} — (a + W*f*) B> — 2B{ A, B*} — {R*R(A)* +25(A)  (7.15)
where S(A) is a polynomial which satisfies
[S(A), B] =ih{Q(A),C}. (7.16)
Proof. Since C = —i[A, B]/h, we only need to check that K commutes with A, B. First, we note that

= ih[B, P(A) + aB + 2B{A, B}]
= h?{R(A),C} + 2h*B{B,C}

Then it follows

[A, M] = 2ih{ P(A) + aB + 2B{A, B}, C} — ih{2P(A) + Bh’R(A),C}
— 2if(a + A2 BH){B,C} — 4ihB{ A, {B,C}}
= 4ihn({{A, B},C} — {A, {B,C}}) —in*({R(A),C} + 2*{B,C}) = 0.



92 CHAPTER 7. POLYNOMIAL ALGEBRAS AND SUPERINTEGRABLE EXTENSIONS

Similarly, we calculate

[B, M]=2in{Q(A) — (R(A), B} — BB, C} + 2ih{{R(A),C}, B} + 3> B[R(A), B*]
+2Bih{B>,C} + ifzz[R(A)z, B] - 2i~{0(A), C}
= 2iA({{R(A).C}. B} = ({R(A), B}.C}) + 3 IR(A). B*] + {7°[R(A)’, B]
= %ih[R(A), [C, B]] + %hzﬁ[R(A), B + }JF[R(A)Z, B]
= 37[R(A). Q(A) ~ {R(A). B} = pB’| + 37> SR(A), B*] + ;7*[R(A)*, B] = 0.

In an irreducible representation, the central element Q will take a specific value, typically zero for

convenience, and is identical to the closure relation of the algebra. We obtain
1 112 1 112
0=12 [fzﬂ <n +5+ Z) - (—a)z] 16,0112 +2 [fzﬁ (n + 65— Z) - (—0{)5] 6,2
— [2P(p,) + W BR(p,)]z, — (@ + W*B* + 2Bp, )72 — 1h*R(p,)* +28(p,).

So o, |2 is rational in n» with denominator

Ap(n+ 8) — (—a)%] [hﬁ (n + 65— %) - (—a)%]z [hﬁ(n +5—1)— (—a)%] .

A more convenient notation to express this representation is via a deformed oscillator algebra. Let 9t

be the number operator 9t|n) = n|n) and a, b are ladder operators which satisfy
[a,MN] = a, [9,6] =D, ab=0oM + 1), ba = O(N) (7.17)
where @ is the characteristic polynomial. If we write

A = py
B= {a [hﬁ <m+5 - %) - (—a)%]_l
+[ap(R+6-1) - (o] B 5} |15 +8) - (a2 B (7.18)

— P(pg)(a +2fpg) "

C = (—ia + ib) [hﬂ(m +6)— (—a)?]

then ®(n) is clearly proportional to the numerator of |6n|2. Note the similarity of () with the
form of the integrals obtained in Chapter 3. It is this connection which leads us to conclude that the
polynomial algebra which offers a far more convenient setting to study superintegrability and allows

us to avoid passing through formal operators.



7.4. ONE-DIMENSIONAL REALISATIONS 93
7.4 One-dimensional Realisations

Here we look for a realisation of () where A = % pi +V (y) and B is invariant under time-reversal. In

order to fulfil all of the relations it is sufficient to define C by [A, B]/(i%) and solve for B by computing
[A,[A, B]] = —h’[P(A) + aB + 2B{ A, B}] (7.19)
We apply the Jacobi identity (@) and equation () to obtain
[A,[B.[A, B]] = [B,[A,[A, B]l] = #* [A, {R(A), B} + pB?]
So
[B.[A, B]] = 1* ({R(A), B} + B - Q)

where [A, Q] = 0. By hypothesis, A is a one-dimensional Hamiltonian so Theorem @ implies Q
is a polynomial in A. Thus, the third equation in () will hold by merely imposing the condition
(), though the coeflicients of O must be determined ex post facto by explicit computation. We
consider two cases, namely when B does not depend on the momentum and when B is quadratic in

the momentum.

7.4.1 Elementary Realisations

Here, we take
B = a(y), P(A) =y)A+7,

from which it follows R(A) = y,,. Granovskii et al. [[146] already considered this case but we shall go
over it for completeness. They also considered the case of coupling-constant metamorphoses to the
extent that there were no quantum corrections in the potential (i.e. the classical potential matched the

quantum potential exactly). One readily finds C = —{d’, py}. The second condition in () gives

2

Yo = 23—;2’ —2pa (7.20a)
y| = —aa — 3—5% - 2Vjiy‘2’ + ihzf—; (7.20b)
Multiplying () and () by g—; and then integrating, we obtain
da 2 5
<5> — B + yat 6, (7.21a)
0=3aa” +ya+6 + <3—;’>2V+§h2 [(%‘2’)2—23—;‘%’] (7.21b)

From () we determine Q(A) = —§,,. From () we see that V' is a rational function of a. For
perspicacity, we divide the solutions according to when the right-hand side of () is (a) constant;

(b) linear; (c) quadratic with repeated roots; or (d) quadratic with distinct roots.
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(@) a=y

We obtain
12 1 2
A_Epy_zay - ry+o, 0=-1

with f =0,y,=0.
(b) a=y*

We obtain
o
A=ipi—tay +?—%V1, 0=0

where f =0,y, = 4.

() a= VP

We obtain
71— _
A=%p§—gley\f+5e2y\f “ﬁ+ 12, Q=0

with yy = 0.

(@ a=cosh (»5 )
We obtain

| 5—y1ﬁ_lcosh (yﬁ) o |
) —o- i’ Q=5

8

A=3py+ 2 (y N ) 28

with o = 0.

7.4.2 Second-Order Realisations

Here we take
= {a(y), A} +b(y),  P(A) =y A2+, A+,

so R(A) = 2yyA + y;. The following system of equations is needed to be satisfied in order to fulfil

[@.19):
da
Yo = Zd—y2 —2fa (7.22a)
2 2 4 2
_ZM—2ﬁb— g— 324V _ 5y da + h? Sd——ﬁd— (7.22b)
dy? dy dy dy? 4dy* T dy?
dbdV d%p dadV d%a d*a
:—b————2V—+h —— 4 V——V—
2 dy dy dy? < ﬁd dy g dy2 dyt
1dv d®a  1d*\ 1.4 (d%
e il +-A" — -p— 7.22¢
2 dy dy3 4dy4> 8 dyb ﬂdy“ ( )
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Equations () and () admit first integrals

2
da
<5> = fa* + ypa + 6, (7.23a)
dadb da

Ea—ﬂ ab + - aa +27/1(l+27/0b+ V<dy>

2 2 \2 3

da 5 (da 5dad’a
nllg (=2 — | —= ) —-==— ) 7.23b
T [4ﬂ<dy> 16 <dy2> 8dydy]Jr 1 720

Eliminating V' from () and taking a as our new variable, we find

2d b d3b

0= hz(ﬁa +y0a + 50) — 42 3 Sh*(2fa + yo)(pa” + yoa + 50)

2, 2
+ 2ﬂbd— + [(a + %hzﬂz)az + 2y + 5h2ﬁyo)a + 85, — h2p5, + hzy ]
a
db
+ (aa + yl)a —ab—1y,
There is a first integral

2
d%p
+ = h2(2ﬂa + y0)(Ba® + ypa + 50)—

_ﬂ(3 %_b>< %_b> 0:112 (3 %_2b> 350(21”)) (7.24)

db db 1,2 2
+aa <aa - b) +7 (2‘15 - b) + (48, + thPy2 - ph 50)@

3
0= flz(ﬂa + Yoa + 60)2(1 b

- )/za + 52
from which we determine
_ 2 3,2 2
O(A) = —35,A2 + [—451 + 302 (4p5, - 7/0)] A
+ 6, + h @by +4P8) — vory) + éh“ﬁ(yg — 4p5,)

Equation () is a Chazy equation (Class I in Cosgrove’s list [[148]). There is a second integral

2
d2p db / db 2 db db
0= (B +ypa+5,) (2] - _(__b) - (_) (__b)
8 (ﬂa Yol 0) da? ﬁda da 70 da da

db\* 1/ db \* db/ db (7.25)
~00(§2) +3u (a3 -8) +nop (a2 -0) '
\aa) T2%%g T 1d da
2.2 1,2 db db db
+ (251 + 72— 1n /350> <$) — 7, <aa —b) 8,57 463

which is called SD-I by Cosgrove and Scoufis [[149]. The equation cannot be reduced in order but
can be reduced in degree (i.e. to an equation that is linear in the second-derivative). Depending on
the values of the parameters, we have a correspondence between the solutions of () and elliptic
functions or one of the six Painlevé transcendents, which are defined as the general solution to the
equations
d*P,
dr?

:6P12+T
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&Py
2 2P, + 7Py +«
PPy 1 (AP 1dPy 1 Ky
= — — ——— + P} 4+ =P + K3 + —
d*Pry 1 (P 5 3 2 2 )
de = 2PIV < dr ) + EPIV + 4TPIV + 2(T —Ki )PIV + a

d?pP dPy\> 1dP Py — 1)2 K
v_(_L 1 vy _1dPv (Py - 1) Py + 2
d’l'z 2PV PV - 1 dT T dT ’Z'2 PV

K- P Kk, Py(Py + 1
+3V+4V(V )
T PV—I

d?Py; _1(1 N 1 N 1 dPy; 2 (1 N 1 .\ 1 dPy;

dr? 2\Py; Pyj—1 Py -7 dr T 7—-1 Py—7) dr
2 1)2 K1 + D2 + P 1)2 + P 2
(r — 1) PVI (VI_ ) (VI—T)

Since the Painlevé transcendents are considered canonical special functions in their own right, it is

appropriate to consider such a presentation as the solution of (). Our formulas, given below, are
taken wholly from Cosgrove and Scoufis [149] by modifying our parameters to fit with theirs. The
presentation is related to the Hamiltonians of Okamoto [150]. By introducing two auxiliary functions

u, v we can write b = b(u, v, a) in such a way that the equations of motion

0b dv 0b db 0b
L =2, Z2=2
ov da ou da Oa

hold. Then u will satisfy a Painlevé equation up to a very simple transformation and v can also be

du _
f(a)a =

shown to belong to one of the fifty Painlevé-type equations [60].
For a given solution b to (), we obtain the potential via
(Ba® + yoa + 5)V = 2(Ba® + yoa + 5@? — Q2Ba+yp)b + (—%a + %h2ﬁ2> a?
a

1 1 (7.26)
+ <—y1 + ghzﬁn)) a— 28, + 5h*(24P8) — 51

In the classical limit, () and () are two polynomial equations in b, ? or equivalently V', b.
a
Eliminating the latter, we obtain V' as an algebraic function of a. In general the resultant is a quintic

equation but can be reduced in order if some of the parameters are known to be zero.

(e) a=y

Here we have =y, =0,6, = 1.
For @ = y; = y, = 0, b vanishes from () and can be written as a first-order ODE in V. We
take
1 2 2
b=—sh{(y-e)+36y. V=rpy-e-35
where {, go are Weierstrass elliptic functions with the invariants

_ 16(45] +36)) _32(168) + 1856, + 2753)
T 2716 '
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Fora =y, =0,y, # 0, we take

. _nt b 2_8(45%352)54
27 geS M\ e 304 ’

97

2 nly 16635, 466 25,y 1286°5]  85,¢°
b= (u)+h + y 1 2\, 4200 L_29%&
€ 2e2 3h? h2 3 27h* ht
V- ﬁ _%n
g2 3
Fora =y, =0,y; # 0, we take
h? y 8d€ 6
= —, u="P = K], O = — 2k + 1
= e H< "2 3= TS R ED
7’ nut (P nlc  h
b= "2+ + +26 Y
2 e <42 )G
h2y2 4512 3 46253
+?+61y 3 + IR
2 2
V=x L, + L
2e2 2e2
For y; =y, =0, a # 0, we take
n? y. 1
a=-=. u=Py ( KI,K2> =3 [22%(c; 7 1)* — 32676* — 3n'k,]
8y = )2h* £ 160°6 €% + 3267€* F 4n'k,
216
— 16h%e%8,x) + 2h* KT + 9Ky,
noo W Ry, W, 2
b= w2+ 2 22 (22
16eu(u) T Tee 42" +4£3(y FeT e
2
y 2 32 N
+@(4618 ih _th )— 85u
r o, R, Ry R 28 Rk R
V=t—u+-—u*+—u+ - - +—.
2¢2 2€2 €3 2et 3 3¢z 7 3g2

which is the same potential we derived in section p.2) for a third-order ladder operator.

) a=y*

Here we have f =0, y, = 4.
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For a = y; = 0, we take

hz
u= PHI(y; K1,Kp, K3, K4), 52 = Z(2K3\/ K1 + K2K3)

4
53::"§§(h2K1K§"SthlKA“451K1K4“4h2K2K4\/K1 — hKyKy)
72,2 72 2
b= —8—:;0/)2 + 4—uyu’ + %thlyzuz + %(sz +24/K1 u
6 Sw Wkyy Rk
> 8 4u 8u?

V—h—z(u’)2+h—2 24/x 1 u' + + u+
8u? 4 L 8 4y

For a # 0,7, = y, = 0, we take

u = Py()*; K1, Ky, K3, Ky)s a = 8h%Ky,
2
6, = 4h—K4(K§ — 8y + 8k4\/ 2k — 8k k4 + 8Kyky),
8, = 2h* K5 (1 + 2Ky + 2y — 24/2K, ),
6
5y = 12’—K4(K32 — 1610,k (16K, /26, — K2 = 81y — 16K, 1,),
2 2
n? [ yu' 2 2 nlou—-1)
b=-1L —u) + L —1<\/2 —1) o
2u (u -1 ! 2 (u ) 1 u

Wiy (u+ 1 h’xyytu 2 [y

2w-1) (u—1)2 8ky
n? (2, -3k
A’y*Qu—1) 1 212k, ( 1 1)
V= 7 ’2_h2< +24/2 >/+ 2
2u(u — 1) (u’) —1 VZik; u 7 u”+ 2 u
" (Vs - 1>2+ =1  WxGu-1)  Pryyuu=1)

2y y2u 2w —1) (u— 1)?

h2
— Rl —
4y 8,2
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(2) a=eVP

Here we have f # 0,7, = 6, =0. We set y; = 0.
For 6; = 0, we take

1
u= PIH (e_iy\/ﬁ 5 Kl’ K2, K3, K4) , }’2 = —ﬁthﬂsKs(Kz + 2\/](1 ),
62 = —ﬁh4ﬂ3K1K4,
B 2
03 = 8192(h 5 KIK — 16K, k40 — 4122k Kk, — 412 PryK g/ — W2 B2k K'4)
g, WPL 1 pry ft p 3
LR T e A O
L L6a+nf L 7Py IV nZﬁK4
326 16u 322

= éhzﬁu’\/rcl e VP 4 éhzﬁklu e VP
n2p 1 a  hp
+T(\/K1 +K2)Ue Zy\/ﬁ _ﬁ-i_T
For 6; # 0 (this solution is also valid when 6; = 0, 6, # 0), we take

W WP [ s— 1\
M=Pv<e Y ﬂ;K'l,K'z,K3,K4), Yo = — 3 ( 2K1 _1> +2K2 5

8y = sh*f7xy,

2
5y = U (hzﬁ — 16ak, — 4> [k, + 82 f7xy\/2k; — 8R* Pk Ky + 8h2ﬂ2K2K4) ’

64
h2
256

— 16ap%V/2x| k41* — phicsh® — 28% i3 ht + 280 o3 At + 287/ 2k k3h?

83 = =— (160K, — 2af*k3h* + 8af?i,h* + 16a K K 4h* — 16afc k4 h

+ Bryht + 4Bt + 4t E iyt — 8V2 B it + 1264 iy
+4p4 0,k ht + 8P4k Kk it — 854/ 2K Kokyht — 4%/ 2k, K4h4) ,

B Z{ie—__y\l/i(u,)z - 4(32—131)”/ + hiﬁ (\/ﬂ - K1> (w—1eV?
(5 5) "

B ﬁif(eu‘iy‘l/)_ W) =12 pul eV \/7 -1+ %
s SIS gy

99
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(h) a = cosh <y\//_3 )

We have y, = 0,6y = —f. We set y; = 0 and take

u = Py (sin2 (%y\/ﬁ > K1, Ko, K3, K4> , Yy = —éfl4ﬂ3(1(2 + k3) (\/21{1 - K] — K4) ,
8 = i (—3a — PP h? + PPiyh? — PPy i + PPy i + P2 B — 2ﬂ2h2> :

by = ﬁ (120‘2 + 8afi h? — 8af’iyh? + 8apliyh® — Sapi, h? — 8apf?y/ 2k, A*

+8ap’h? + ARt + pCht + pInt + fHCRY — 2V2 BSR4 24
— 4p%,h* — 4%k o Pt + 4% 2K, KRt 4+ AP R + 484 iRt + 284K K R
4542y k3Bt + 24k kB + A Kk — Atk it — 2642, K4h4> :
1
3= —
37 3p2
+ p° 2Ky K§h6 + ﬂ6K2K2f16 - ﬂ6K3K§fl6 + ﬂ6K12K2f16 - 2\/5 ﬂ61<13/21c2f16

<—ﬂ6K§h6 — ﬂ6KlK§h6 + ﬂ6 2k K§h6 - ﬂ6K§h6 - ﬂ6K|K32h6 — 2ﬂ6KlK2K3h6

+ 2ﬁ6K1K2h6 - ﬂ6K‘]2K3h6 + 2\/5 ﬂ6K%/2K3h6 — 2ﬂ6K1 K3h6 - 2,66K2K3h6

+ 2,86@ Kyk3hC + ,B6K§K4fl6 + ﬂ61<321<4h6 + 265k k10, O — 2,86@ Ky iy O
— 2% 13k, A + 2%k k310, RO + 2ﬂ6\/m Kk 7 — aﬁ41<12h4 - aﬂ4l<§h4
—ap*cint — aptcint + 2V2 aftc)*nt = 2ap i nt + dapticynt + dapiic oyt
- 4aﬂ4\/m it — dapiicsh® — daptic i — 2ap iy ht + 4aﬂ4\/m Kyt
—2ap*i Kk, ht — dapricy e, it + da iy, it + 2aﬁ4\/ﬂ K, it — 4o prn?

—40? By + da® BPic i + 4a’ B2 2k, B2 — 4 + 4aP fPicyh? — 4a2/321<1h2> ,

. hzﬂ sin* <y\/E ) (u,)z N hzﬂ sin’ (y\/ﬁ ) )

= 32u(u — 1) [2u—1+cos <y\/ﬁ )] 8u—4+4cos <y\/3>

(VR ) 0= R [ (145 )

) h2ﬁ1(3 i h2ﬂK‘4 [1 + QCu—1)cos (y\/ﬁ )]
T [u+coS <y\/ﬁ >] 4[2u—1+cos (y\/ﬁ )]

+%cos (y\/ﬁ)

/




7.5. EXTENDED HAMIL.TONIANS 101
a Hp 3h%B

) hzﬁ(zu—l)sirP(y\/ﬁ) wp o WD
16u(u—1)[2u—1+cos<y\/ﬁ>] 268 8sin2(y\/ﬁ>

+ Ppu Ccos —2u\/2x; + k| sin’ 1
4[u—sin2 (%y\/ﬁ )] [ <J’\/E> ? \/2_ 2\/2_ <2y\/E )]

+ %hzﬂ(Zu -1 <\/E — K ) cot <y\/E > csc <y\/E )

+ %hzﬂ <\/E — Ky + duk, — 4u21<1> csc? <y\/ﬁ ) - : hzﬁ?((l: _\/1; )
ucos? ( 7y

h picyu N n2pic,2u — 1)

A — 1) sin® <%y\/ﬁ ) 2 [214 —1+cos (y\/ﬁ )]

+

7.5 Extended Hamiltonians

Suppose
H={( 3+ A+Uw)|
admits operators J, K, which depend only on x, p,, A, that satisfy

[H,J]=ihK(y')%
(7.27)
[H,K] =ih[(a +28A)J + F(H, A) + ihfK](y')*.

Then the operators

X = A,
Y = KC — JP(A) — [(a + 28A)J + F(H, A)]B,
Z = K[P(A)+aB +28{A, B}] - [(a + 28A)J + F] C

will commute with H making it superintegrable. Furthermore, we will have the commutation relations
[X,Y]=ihZ

[X,Z]=ih[aY +28{X,Y) — F(H, X)P(X)]

7.5.1 Elementary Realisations
We can construct a realisation of () as follows. Take
J = a(x), F = puyA+pu H+ py

Then K = —{a’,p, } —iha' y"/x'. We write

. H,K )
ugA + {uy, H} +in{uy, p,.} +uz == % —[yoH + 71 A+ y, +1hfK + (a + 2 A)J ]
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Setting u; = 0 gives us four equations. There is one independence relation, namely

/ / / U /
200l + 2uy + (')? l(;)zl =

so we only have three independent conditions. Rearranging the terms in u, u,, u3, we have:

Ho = —2pa —2a" (7.28a)
2(1” 2(1,2’”
SENPO NP 7280
a’x”%’” a,(X”)3 a”(X”)Z

4+ Lgm (7.28¢)

= —aa—a'U' =2a"U + h?
? (x')? (x')’ x> 4

Equation () has the general solution
1 2
a= iy +ox+6
so
(@)’
pi(a—38)+6;
while () is essentially the same as () with an additional quantum correction. After relabeling

the parameters, we find:

(') =

(1) a=x
LT
8(ux +vp)?

Depending on y;, 4, we have, up to equivalence, two metrics if A is a one-dimensional Hamiltonian:

_ 1 1 2 12
H—{m,sz+A—§ax —M2X+V2

dx? + dy?, x(dx? + dy?)
That is, the Euclidean plane and Darboux surface 1.

G) a=x>

2.2

4x2 V. Zh \%
PPN (™ W SR VR T S ) S
H1X +V1 X (,ulx +V1)3

We have three metrics
dx? + dy2, x_2(dx2 + dyz), (1+ x_z)(dx2 + dyz)
which correspond to the Euclidean plane, the Poincaré half-plane and Darboux surface II respectively.

k) a=e*VP

—pexV-P
H = ﬁe—, 1p§ + A+ B2 -x=p + vze‘zx\/‘_ﬂ
me V=" 4y, ’ P

2
o hzﬂ </.llex\/__ﬁ + 2V1>
2 _lp2p

5 8 2
4 8<ylex\/__ﬁ +V1>
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If we set u; =0,v; = B2 &= e xV-P Py ==/ =B {& p;} then

H=12—£—2— ! <A+%> (7.29)

1
which is a Kepler-Coulomb extension. Alternatively, if we take y; = % /32, vi=0,¢= e_ix‘/__ﬁ Py =

—3V/=B {& p¢}, then

) 2
H = p§+<h__ﬂ>§2 %_L<A i_%_ﬁ> (7.30)

2 p p* pe 2 32

1
2
which is a singular oscillator extension. Thus, we have only two metrics in this case

de? + &72dy%, (e +e™)(dx? + dy?)
the former being the Euclidean plane in polar coordinates and the latter is Darboux surface III.

(1) a =cos (x\/ﬁ )
ﬂsin2 <x\/ﬁ ) . — ;42[3"1 cos (x\/ﬁ > "

H = Mlcos()cﬁ)“]’zpﬁ Sin2<x\/3> +ﬁ_§h2ﬁ
s (1) s (48 0]
8 [,ul cos (x\/[_i ) + V1]2

Let us take p; = 0,v; = f, sin (xﬁ)cosh (f\/ﬁ ) =1,p, = {cosh (f\/ﬁ > ,pé}. We get

+

H=%p§+<A+ﬁ>sech2<§\/_>+v2—?+—t (5\/_> (7.31)

This is an extension by a Rosen-Morse potential. Letus take y; = v; = 24, sin (%X\/B ) cosh (%5 \/E ) =

Lp, {cosh( cf\/—> } We find

12 3B a« 30 2 (1
H—Epé = E+ +<A+ﬁ % )sech (25\/E>

+<M2+ 2 hﬂ>csch2<%€\/ﬁ>

48 8

(7.32)

which is an extension by the Poschl-Teller model. We therefore have, up to translation and scaling,

two metrics

dy2

.25’

déz + csc x(cot x + vesc x)(dx2 + dy2)

S

which corresponds to the sphere and Darboux surface I'V.
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7.5.2 Superintegrable Models

We denote a substitution of A into any of the forms of H by () + ().

Example 7.1. The superposition (i)+(a) corresponds to the system
2.2
g

1 12,12 1 .2, 2
H=X ——— -p>+:p —za(x*+ ) —pox—y,y+vy p + ———

H1x + vy

When u; = 0,v; = 1, H is a simple isotropic harmonic oscillator for @ # 0 and a Galilean potential
when a = 0. For y; # 0, H is a coupling-constant metamorphosis of the same onto a Darboux

surface. m]

We enumerate the possible combinations that lead to quadratic superintegrability in the table below.

These are all well-known systems, and we follow the designations as they are given in [51, 151]].

Table 7.1. Quadratically superintegrable systems that are one-dimensional extensions

Model Name Model Name
. E3', u; =0,v;#0 , E2, u;=0,v;#0
()+(a) (1)+(b)
DIC, u, #0 DIB, u, #0
(B2, 4 #0,v,=0 (El, 4, #0,v,=0
G+@ | 9S1, 4 =0,v;#0 || ()+b) | 9S2, pu;=0,v; #0
[D2A,  pp, v #0 [D2B, pp,v; #0
(B8, 4 #0,v,=0 (El, 4, #0,v,=0
&K)+(@) | qE17, p;=0,v;#0 | ®+d)| {E16, pu;=0,v;#0
\D3D, His V] 75 0 \D3C, His V] ?é 0
(M+©) | 9S4, u; =0,v; #0 M+ [ 1S7, w4, =0,v; #0
D4AC, p; #0,v; # x4y D4A, pu #0,v) # £u

Table 7.1 encompasses all of the models which on a Darboux surface or a surface of constant-curvature
which have separation in subgroup-separable coordinates. The other admissible superpositions are
(@)+(e), ()+(f), (DH+(f), (D+(e), (D+(F), ()+(e), ()+®), (k)+(g), (K)+(h), D+(g) and (D+(h). The
known third- and fourth-order superintegrable systems on the Euclidean plane are included within

this catalogue.
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Example 7.2. The exotic third-order superintegrable models [29] with separation in Cartesian coordi-

nates are (i)+(e) when y; = 0 and (e)+(e) when a = y; = 0 for each component. O

Example 7.3. The exotic fourth-order superintegrable models [31] with separation in Cartesian coor-
dinates are (1)+(f) for y; = 0 and (j)+(e), §)+(f) when v; = 0. O

Example 7.4. The exotic fourth-order superintegrable models with separation in polar coordinates are
(k)+(g) and (k)+(h) when either y; = 0 or v; = 0. They are third-order superintegrable when y, = 0.
The model (k)+(h) appears in [34, B5] however we believe that (k)+(g) is new. It is only real when

f > 0 and the metric is indefinite. O

7.5.3 Addition Laws

In this section we show how we may dilate the parameters to produce new superintegrable models.

Suppose B;, C; are given for i = 1,2 such that
[A, B;] = ihC;, [A,C;] =ih[P,(A)+ a;B; + 20,{ A, B;}] (7.33)

then we may construct a third pair Bs, C;, also satisfying (). It is enough to give the explicit form
for B;. For | = p, = 0, we take

By ={C).Co} + vJaja, {By. By} + /Z—; (By, Py(A)} + 4 /% (P(A),B,} (134
1
2
(v + v )

= (Vo +v@m ), B=0,  PA)= P (A)Py(A)

4/ X1y

and

while for f;, f, # 0 and assuming a; = %hzﬂiz, i =1,2 we take

Bs; = /B8, {{A.C 11, Col + VB {CrL {A G} ) + i VBi15, <ﬂ1 —Vhib + ﬂz) n*{C,,C,}
+ 415, {{ A, B}, (A, By)} + 351 B3 (1A, By}, By} + 3518, h*( By, {A, By})
+ AR (B, By} + 26,{ Pi(A), {A, By} ) + 28, ({A, By}, Py(A))
+ 25317 (Py(A), By} + 1B1R* By, Py(A)} + Py(A)Py(A)
(7.35)
and A )
0‘3=%h2<\/ﬁ1+\/ﬁ—2>, ﬂ3=<\/ﬁ_1+\/ﬂ—2>’ P5(A)=0
We may not have constructed the least-order operator in this way. Nevertheless we have shown that
the model (x)™ where x =a, b, ¢, d, e, f, g, h which is attained by dividing a (if # = 0) or # if non-zero
by m? in A, admits operators B, C so that the polynomial algebra relations () are fulfilled. In g # 0,
a must be shifted appropriately.
Let us now concentrate on a realisation of (). For all intents and purposes, we may treat A as

an abstract symbol. For a # 0, f = 0, we have

H. K +i(-a)iJ T i(—a)‘%F] = Fh(-a)? [K +i(—a)2 ] F i(—a)‘%F] > (7.36)
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1 1
Setting L* = K +i(—a)2J Fi(—a) 2 F and writing H = H[A] to make the dependence on A explicit,

() becomes

H[AIL* = L*H [A + h(—a)%] (7.37)

Similarly, for § # 0, we have
[H,1] = (=32 nM ) L= (7.38)
where
L* = (&M + 3hP)K +i(+M = ShP)EM + ShPJ —iF,  M* = —a —2pA+ ;A*f
In this case we write H = H [M 2]. Then () expresses the relation
H [M?| L* = L*H [(M + hp)*| (7.39)

So () algebraically summarises two species of shape-invariance: those of linear type (as in ())
and of quadratic type (as in ()). Concatenating the shifting operators L*, we can construct higher
order realisations (y)" of (), which consist essentially of the Hamiltonians (i), (j), (k) and (1) but

with @ or f divided by n? for integer n. Furthermore, we can combine this with the addition laws of

(|7.34l) and (|7.3ﬂ) to construct higher order superintegrable systems.

Example 7.5. We take (i)"+(a)" and p; = 0. This gives the anistropic oscillator

2 2
1,2 2 1 X y
E(px+py)—§a<ﬁ+;>+ﬂlx+/12y

Example 7.6. We take (k)"+(c)" in the oscillator case. We have the system

4m? n2p »VB 2yVP
%p§+11§2— - [%p§+ 5 +o1exp <_T +o,exp| —

péE? 32m n
Letussety = y\/ﬁ /(2m) so that the system is in a reduced form
1 11 _2mn _4mn
5]7?'*‘/111’:2—? [Ep%+/126 n +/l3e n ]

This model has already been shown to be superintegrable in the 4; = 0 case by Campoamor-Stursburg
[152]. ]

Example 7.7. We take (1)"+(d)" in the Poschl-Teller case. We obtain the superintegrable system

12 1 12 WP N o] ) A3

2Pe i\ |27 3am 5 i 2V
sin? <p—> sin? (y ) cos? <y—> cos? <—>
2m 2n 2n 2m
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where we have made a complex-linear transformation to convert the £&-component into trigonometric
form. Setting r = 5\/5 /2m), 0 = y\/ﬁ /(2n) and scaling, we obtain

1 1 1 A ﬂ hz ﬂ?’
APt | 3P " e My
sin“r sin? (’%) cos2 <m7) cos-r
which is the TTW model on the sphere that we considered in detail in Chapter @ m|

Indeed, the analysis of Chapter @ may be generalised to a wide variety of systems.

7.6 Conclusion

In summary, we have shown that the three-generator polynomial algebra lies at the centre of one-
dimensional exact solvability and two-dimensional superintegrability. In particular, we have shown
that the Chazy or Painlevé potentials that we derived belong to a higher echelon of exact solvability
beyond oscillator, Morse and Poschl-Teller. Indeed, as P, Q are second-order, the algebra corresponds
exactly to the quadratic Racah-Wilson type [[145,153] and therefore the coefficients of the representa-

tion correspond to recurrence relations of Askey-Wilson polynomials [144].






Chapter 8

Conclusion

In this thesis, we have discovered many new aspects of higher-order superintegrability.

In Chapter H, we gave an operator-theoretic approach to deriving the integrals of the TTW model.
We proved that the reduction approach of Kalnins, Kress and Miller Jr [47] was indeed valid and
not capable of further divisions. Further, we generalised it to the PVZ model which produced a two-

dimensional realisation of a deformed Bannai-Ito algebra.

In Chapters E] and E, we classified standard superintegrable systems with separation in Cartesian
coordinates up to sixth-order. Alas, we have not been able to establish definitive evidence that our
lists in Chapter p are indeed complete. Notwithstanding, the ladder operator approach proved to be
much more powerful and efficient than the technique presented in Chapter E] We aim in future works

to extend our technique to the determination of new integrable systems under other constraints.

We have shown that these two-dimensional systems give rise to intricate dynamic and symmetry
algebras. We gave one example in Chapter B but it would be interesting to investigate more complicated

cases such as rational extensions of the harmonic oscillator or special cases of the TTW model.

In Chapter H we have accomplished a complete unification of the ladder operator methods of Chap-
ters P and E with the formal approach of Chapter H We presented a very simple derivation of the third-
and fourth-order exotic models. The polynomial algebra approach could prove to be a systematic
method of obtaining higher order Painlevé transcendents [121,[154]. So far, the method of polynomial
algebra realisations has only been used as a generating tool and its deeper properties have not been
examined. We have reported on new addition laws but there are also other aspects of interest such as
the effect of Darboux transformations and the consequences that brings to enlarging the complete al-
gebra. We derived the four Darboux surfaces which, together with the surfaces of constant-curvature,
comprise every Riemannian surface which admits a Killing vector and a functionally independent
second-order Killing tensor. The generalisation to third-order Killing tensors was achieved by [155]
and it is likely that study of higher order shift operators may lead to the determination of new geome-
tries with analogous properties.

We have confined our attention to subgroup separability. However, the case of non-subgroup

separability is a fertile ground for interesting results [53]. In classical mechanics, quadratic super-
109
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integrability for systems which separate in non-subgroup coordinates is a consequence of addition
theorems of elliptic and hyper-elliptic functions [[156,157]. In quantum mechanics, it is associated
with quasi-exact solvability [25,]158,159] but the connection has not been definitively established. As

far as higher-order superintegrability is concerned [[160,]161], this remains an open problem for further

investigation.
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Appendix B

List of Integrals

We give here all of the integrals of order less than or equal to four up to linear independence for the
Hamiltonians listed in Section . Throughout, we use {a, b} = %(a o b+ b a) for the symmetrised
product. To avoid repetition, the trivial integrals H,, H,, { H,, H,}, {H,, H,}, { H,, H,} are omitted.

(1) H = 3(p}+p3) + fla} + 4.

There is a single first-order integral m;,. The second-order integrals are {m,,m,}, (H; — H,, my5).

The third-order integrals are
{myy, {myp,mp} L A{(H) — Hy,mypp),mpp Y, {Hy,myp 3, {Hy,myp )
The fourth-order integrals are

{{mig. mpp}, {myp, mpp} L H ) {myp, my b}, {Hy, {myp, myo 1},

{H,,(H| — Hy,mp)}, {Hy, (Hy — Hy,mp)}, {(H) — Hy,myp), {my,myp}}.

By P
@) H=301+m)+h@g+a)+=>+=
9 49

There is one second-order integral

2p,4; N 2p54;

a; %

_ 12
X = {mlz,m12}+2fl +

There is one third-order integral (H; — H,, X) and three fourth-order integrals

{X’X}’ {H]’X}a {HZaX}
1,02, 2, P
(2&) H = E(pl +p2) + _2
qy
This is a special case of (2) with g; = 0, , = f, f3 = 0. It has a first-order integral p,. There is an

additional second-order integral (p,, X (1)). There are three more third-order integrals

paAXY, py} {H. py)
139
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There are three more fourth-order integrals
{X’ (p29X)}’ {(p2’X)’ Hl}’ {(p2’X)’ HZ}

. PR &
(2ai) H = 3(p7 +p)) +—
q)
This is a special case of (2a) with g = 4. It has four additional third-order integrals
3q2 h2
2 } + q_ {pz,qu + 3q§}
1

q;

and (p,, X(l)), (P2, (py, X(l))), (P2, (P2, (P, X(l)))). There are four more fourth-order integrals
(22, XY, (P2, (02, X)), (2, (02, (02, X VD), (P2, (0, (2, (02, X))

h2
(2b) H=%(p§+p§)+%+—2
9@ D
This is a special case of (2) with f; =0, 8, = f, 3 = #%. 1t has two additional third-order integrals

2 2 2
2h? n? 3n7q;  2PBq;
XU = {py, imig,mp}) = == {pr.ai} + 4 P15+ —5— + —5-
2@ 4 a4
xX® =p§ + 372 {pz,i}
2
q;
There are two more fourth-order integrals (X, X (1)), (X, X (2)).
2 2
(2bi) H = 3(p} +p3) + h—z + h—z
9@ 9D

This is a special case of (2b) with f = #?. There are three more third-order integrals

4 4

h2 3q, h? 34,

X" = {myp, {myz,mp}} = — < p1.3q} +245 + — ¢+ — 4 p2.365 + 247+ —
q> q, 91 9

| 3h'q; 24 212
— ¢ —— 1P}

X" = {pp, {myz,mp}} + 124 pro 5+ — >
4 4 7

X///// =P? +3h2 {pl’ lz}
45

There are consequently three more fourth-order integrals (X, X"), (X, X"""""),(H; — H,, X"").

2
(20) H = 3(p} +p3) + B} + B3) + =
9
This is a special case of (2) with f; = f, p, = h?, ps = 0. There are two more third-order integrals
3q2 K2
XV = {myp, {myp,mp}} — hzé}z {Pl,z + —22} + q_ {Pz,ZQ% + 3‘1%}
q, 1

@ = (2 » | 3 s R
X =Apl.m} —a § p1.2Pq; + — ¢t 28q; + q_ Dy
ql 1

and two more fourth-order integrals (H, — H,, X)), (H, — H,, X®),
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h2 n?

Qd) H=:(p? +p2) + B + ) + = + —
2 q2 q2

1 2

This is a special case of (2) with #; = f, §, = %, f3 = h*. There is one more third-order integral

4 4
72 34, n? 34,
XM= {mpy, {mpy,mpt— — P1,3‘]% + 2‘]% +t— ¢t pz,qu + 3‘1% +—
q, ql q1 q2
and one more fourth-order integral (H; — H,, XV).
1 P>
(3) H = 3(p} +py) + Bi(4; +447) + = + f3d;
9
There is one second-order integral
26hay 1 5

X ={p.mp} — ——+3914q 0, + B3)
i

There is one third-order integral (H; — H,, X) and three fourth-order integrals
{X,X},{H,X},{H,,X}.

(3a) H = 3(p} +p3) + B

This is a special case of (3) with f; = f, = 0, f3 = f. It has a first-order integral p,. It has another

second-order integral (p;, X). There are three more third-order integrals are fourfold

P AX.p AP XD py )

There are three more fourth-order integrals

{(p1, X), X}, {(p1, X), Hy }, {(p1, X), Hy }

h2
(3b) H = 3(p} + p3) + = + fa
)

This is a special case of (3) with f; =0, §, = h?, ps = p. There are two more third-order integrals

3h2q th
1 2 2
x = {P%,mlz} + {Pl,zﬂfﬁ 5 } +

q; qi
1
X@ = pd 4 3p2 {pl, —2}
q)

and two more fourth-order integrals (H; — H,, X(l)), (X, X(l)).

By 2@ +8)
2t T T
QQ (ql /32) 8q1

2

1,2 2 2 2 ﬁz
(4) sz(p1+p2)+ﬂl <q1+q2+¥>+
1
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There are two fourth-order integrals

168,q;h>  8qyh?
(CI% - ﬁz) 2 CI% )

X = ({myg,mpp}, (myg,myp} — 2605} + {pf —poh® +

4 2 3 2

8ﬂ1ﬁ2q2 — 415,45 + 4B3q; + 5q2h2} + {P1P2’ _Bhgal

2‘11 (q% - 5)?
2q1(4ﬂ2ﬁ34-4ﬂ1ﬁ§q2-542h2) 16qyq,7>  qyn* — 8B f5q;  8Pzq;

) - a - b, * 7 @ }
{éﬁﬂﬂWMﬁ4ﬁﬁ£—Mﬁﬂ+3?@ﬁ2+mﬁfﬁ
a0 (4,-5)% 41— 5
4
+% (<20, + 89,822 + 15622) + L 2_ $i0s0; | 4 il }
qa; q;
6452q,h* N 16q; (983h* + 4p,q3h*) 2q1 (4,85 + By Brdsh* — 3B3q5h*)
(2—/32)4 (47 = 5)3 4
n* (=8p,p; + 24ﬂ1ﬂ2‘12 + 8ﬁ1ﬁ2q2 + 853% + qulz)
4q2
4 (4B5h* + 86331 + 33p,q50" + 3g3h*)
(ql - ﬂZ)
. 2 (1083h* + 1683 p31* + 6p,q50" — 8B, B3a3h* + gy h*)
P> (611 - ﬂz)
ﬂzzh“ 80,8y h* — 3P,qah* + 24P, B q3h* + 68, fags i — 32075 g5 — 8q5 1’
4ﬂ2q1

+—mm£fﬁ+mm@%+%# 4p3q;
16(11 qg
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166,4°0* g h
X@ = {P%, {mip,mpp}} + {Pf, ﬁ + 5 ( ﬂ1ﬁ2612> R
1~ P2 1~ P2
8ﬂ1ﬁ2q2 B N 247 (B; + P14 + 240,424, 1
2 1P =75
24; a (a7 = 52)
8qq1h2  @h* —8p,62q
ek TG 2 — 4B 0, q; + 881 P24
— B, 2q,
8p2h° 8,42 72
2 2 2
+ < D5, + +2l31f1 4ﬂ1ﬁ2¢1
{2 (2-8)% & -5 : T2
N 64p2qan* 8 (3p2n* + 8p 31 . h* (Bs + Bidy +26,$,45)
2 4 2
(a7 = 52) (41— 8)° 4
pra’ (88,65 + 3q§h2) —pofi* + 8, 217 + 1365, f2g3 1 — 6452 p2g% — 1642h*
2
q, Sﬂqu
N —168, f2qn* + 64523 43 + qoh* N 2 (883531 + prgin* + q3n?)
16q1 ﬂ2q2 (‘11 - ﬁ2)
2 (885831 + 118,q51" + 8P, B5a51* + 6q51%) 4P, Bag!
+ 2
q, (ql - ﬂ2) q,

2 2 2
(4a) H = L(p? + p?) + A2 [ql % + il +ﬂ)]
BOALS 2

80 (q] — B)>

2

This is a special case of (4) where f; = Sh_ﬂz’ P> = B, p3 = 0. There are two more third-order integrals

64; 126¢3 4, (86 —343)
X" = {my,y, {my,mp} — 3,3172} +n? P1>— z _ z_ _ 2
? @-p (a}-5)> 4p
) 6q195  24Paia; 41 (88 —343)
+ 7" Py +— +
q, — ﬂ (‘11 - ﬂ) 2 4ﬁ

2
a4 q 6 12
X//// — {p%,mlz} + h2 {pl’_ 1 q> q> ﬂqZ

_+__ —
a2 B g -p (q7-8)2
3
q q 2q 8fq
+ 12 py,— - L .
{pZ‘W bai-p (Qf—ﬂV}

and two more fourth-order integrals (H, — H,, X"),(H,; — H,, X"").

2, .2 2
RPN L T O It 2
(4b) H = 3(py+py) +h [ 82 +(qf—ﬁ)2+‘1§
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2

8_/5’2’ B, = B, b3 = h%. There is a third-order integral

This is a special case of (4) where f; =

126% - 8q; +3q; 64,

126 3¢°
X" = {m12,{m12,m12}—3ﬂpg}+h2 {Pl, 2 =

4pq, qf -p (qf -6)2 @
e, (364% — 8B4, + 343) . 6454, .\ 24pg5q,  3q,
25 5
4Bq; a-p (6-8)% @

and one more fourth-order integral (H; — H,, X"")

2+ 5 1]

(4c) H = 1(p* + p2) + H? —
2 (a7 —B? 847

This is a special case of (4) where f; = 0, f, = f, f3 = 0. There is a first-order integral p,, a third-order
integral p? and two additional fourth-order integrals (p,, X (1)), (P2, (pa, (py, X (1)))).

27 +H 1 1
(4d) H = 3(p? + p}) + 1———+—]
2E @ -8? 8¢ q

This is a special case of (4) where g; =0,6, = f, 3 = #2. There is a third-order integral

1
X" = p; + 3h2 P2
9,

and one more fourth-order integral

8q2 164>
X" = {py, {myy. {myp.myp} = Bp5}} + 1> < pr.— 2 _ 2
a-F (q-5)>
2¢-8 @ 3¢ ) 12¢59,  36Bq54;
S = — S Py S+ 5
B 27 @ a—B8 (q1-8)
2 3 2
a1 (38 -293) P e 2 1652,
2,
¢ g A (47 -5)2

20, Par %} oy [_ 6442 84y (96% + 8642)
a-p 4¢ 4 (a7 = 5)* (47 - 5)°

2 (106> +3pa; +q;) 2 (88% +33B4; + 64;) . —26% +3pq; + 164,

B, (a7 — p) a, (a7 — B)?2 86474,
L0CA-Tg) @ 9
4q§ 16q;l 2q§
9 +q2) 2g>+P)
(4e) H = 1(p} +p3) + 1 i 2q2)+ (Z' 4 +L2
8 (a7 = P? q
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2
This is a special case of (4) where f; = Z—Zz, pr = P, p3 = 0. There is one third-order integral
2 2
6 3 947 6(qy+P)
X/l/={p2’m12}+h2q2 Plo — = — _
: B g 4B (q7-P2

a B AP (¢ - P2

N h2p2[1 641 %% 2ql(q12+3ﬂ)]

and one more fourth-order integral (H; — H,, X"").

ﬁz ﬁz 2((]2 + ﬁz) 1 2((]2 + ﬁ3) 1
& 1=t en(dege Bl )| L XG0
9 49 (g7 — B2) 8q, (g5 — P3) 8q,
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There is one fourth-order integral

8¢, (7"~ 26,1°) 1605 (B — 25:651°)
T - b (47— P) 2
8 (SBaih” —26:85°) 283031 +861B3d5 — 16815636 + 43 (1)
4 — B3 2q;
16 (285a7h° = poB3H°)  Pya; i — 8B, f3a; A
> 3 3 - 4ﬂ1ﬁ2¢]2
(q2 - ﬁ3) 2q,

X = {{my,mp}, {my, mpp} — 2,521)% - 2,531?%} + {P%,

+ 2 (81555 — 4P, fag? +5h7) +

1
+3 (=2p,1* — 2B;h* + 88, B34 + 15¢17%) +

+ {Pll’z, —2q,q, (88,5,85 — 4B, Bsq; + 5h*) — o (qlqghj —Baah’) _ 48 (ﬂquqth - BB3a19:1°)
4 = b (a1 - 5)?2
_BBAD — bFanl)  —Fiah’ — 8050 + 851500 + o 16 (4)0h — haioh’)
(43 = 55)? 9 @ - B
+—ﬂ2¢11h2 — 80, B5q; + 8B Pof5a, + 4 *
)

+ Sﬁlﬂquqi} + {P% —ph* — ﬁ3h2

8 (58,51 = 2B, psh*) 16 (Psqih* — 2P, B3q;h?)
2 + 2
q] _ﬁ2 (qz_ﬂS)z
16 (2B2q3h* — B2Bsh*)  2B,qth* + 8P Baq; — 168, p,52q" + qf (—h?) .\ 8 (qjh* — 2p,q3h?)
(47 = 52)? 2q; 4 — B3
Pra3hn* — 8P, B34 247585500 [ ABIAS
+ 2 2 3 9 2 4
24, 4(q1 _ﬁ2) (‘11 _ﬂZ)
_ 8RB ABAy 12608 RSy 16pIB 2Ry WA
(¢r=6)° 4 (@-F) (G-A)*" @-b (G-5)° q
302 p, B2 64n'py  4n’pp, N 64n*p,  17n°Bp, — 8618, . 3 (88265 — Th*B, p,)

+ =45 (86,8 — 881B,q; + 15A%) +

N =

—4p ﬁ}qil + 86, ﬁ2ﬂ34% + 5q%fl2} +

Ry SR Uy A Py N VYN E 7 - h
_BBB —IhBy | 6 (2808 ~31hB) 3 (8RR —THAA) 3 (BRI TR A)
4 - b (47 - B,) 2 (47 - )2 (a7 -8,)3
_ 168265 — 1904, B; 3 (88268 — Th*B, 53) 2 (188255 — 19174, 53) 2 (28825 — 29K%4, 57 )
(a7 - 5,)? (47— 5)* (a7 - B)* (a7 - 5)*
125 o, ont o ) 3 (10748, = 50°33)  —p, 1" — gy
(a7 =5)% 164] (q,-F) b 4iPa 4(qt - B,) 4(q} - p,)

LBt pnt 3(10IRS — S Bofy)  2(R2Aify + 1°RiBsf;) 2 (Whif; + W7 fsfy)

4q° 4(q7 - p,)?2 a-p @
3ntp3 — 290" BBy 2 (MPBIBS + REBBfy) Pkt —T2B3RY + pyfs
4(q7—By)* (a7 - 5,)? 4(q? - p,)2

2 (=982H* + B, B1% + B, 1 ps

2 (q; y E LR (25" + By B20* + B B21* = G2 By By + 303 By Bsh® — 26, B, s
17 P2
pint — 24756, 20" — 19152 31" . 2 (MG B + R Bsfy — On*B2B,)  —B5h* + 726,520 — B2 psn’
4(q;-8,)° (41 - 5)3 4(q;-8,)°
16 (941 p37* = 30, 537" + 44} fsh* — 8qi fofsh®) 2 (W*P, 3 + 11 sy — 16K P13 )
(a5 - p5)3 a-p

P~ TR 0N + B 2 (WBS + WPiBs — ONIB3) 2 (Wi + Wi fsPa + 1676y 133
4(qi = p)* (47 = p2)* (47 = 52)?
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2B+ PSP+ WCBSA) | LORS + 4120, B S — B + DH2Pi B + TP
(qlz—ﬂz)4 (q%—ﬂz)4
. qih* = 2q; po1* — 164} B f31° + 32q12ﬂiﬂ2ﬂ32ﬁ2 + 644} p1 3 — 1284767 B, B3
164,

| Z8R) = 3281 By} + 8RBy fray + 12801 hora) + 241 B fray — 2120y By + 32 o — 3h*fral

493 (47 - B,) %8s
.\ —1604; B B3q) — 81>, B3 q} — 560> B, B, 55 q — 40n* B1qy + h* Brq) + 3400° B, B3 p3q) + Th' B, psq} + 64P1 B3 Bia;

443 (q; - B,) 285

. 1202, B, B3 q; + 160° B3 g7 + 40R% B, B3 B3 q; — 136R> B, 5 f3q;7 + 141" B, B3 q7 — Sh* B3 psq; — 8H> P, B 3

445 (q; — B,) 2Bs
ML T e T <_ BOL0sPy |, \6BIBBY  8BiBS  24BiBsBy | 2WBisP

4¢3 (4 - B,) 25 P\ (E-p)* (@-8)> d (F-B) (F-p)*

32168, ARBSy ST 2B ORRiBsf  265KBsfr  8RpiBiBy | 991h*Bip,

+ + + -
a-p (6-8)° 4(a-8)* q (a7=8)2 2(ai=B)* a—-b 4(a1-5)°
53144 574 ntp,  3n* (B, +6p 3n* (B2 + 6655
W S W SRR o (g - )+ e O
4 (‘11 _ﬂ2) 2 (‘11 _ﬂ2) 84 4 (‘11 _ﬂZ) 4 (‘11 _ﬂZ)
3 (1917%62 — 4951* p, 5 ) 31* (B3 + 6p52) N 2 (887B3B; + 302 P, B3 — 1Th*B, B3 ,)

4(‘1%—.32)3 4(¢I%‘ﬂ2)4 ‘I%‘ﬁz
4 2 (88755 + 31 By B5 — 171 By B33, 3 6 (8678385 + 1> By B — Th* B, 3 ) 3 2 (1287 B3B3 + 31° By B3 — 21° B, B 35 )
2 2 2
Q] q] —ﬁz (q] —ﬁ2)2
.\ 3 (3831 + 25, B3 1% — 14, B3 37> + 165765 f5) .\ 2 (16p3p58; + 30, p3 — 19h%p, B33 )
(a1 = 5)?2 (41— 5)3
3 (1682835 + 2h*p, By — 140 B, fs B; + 3™ B3 ;) .\ 3 (16876585 + 202 B, B3 — 141* B, B35 + 3h* B33
(a7 = p,) 3 (a7 = pr)*
L2 (36676585 +6° B, B3 = 3TH*B1sfy) 112624385 + 1812, 55 — 11417, 38, + 210* 3 Lot
(a7 - By)* (8- 8,)* a - P 4q;

4n*p, 4np, ) 1 <765ﬂ§ﬁ§h4 2475p,p50% 22543 n 31943 63n* 210152520

- : + + + +

(Qf—ﬂ2) b 1112.32 qﬁ—ﬂa (‘1%‘[5)4 2(‘1%—,32)3 (Q%—ﬂz)z Z(Q%—ﬂz)“ 2(4?‘ﬂ2)3
N 194Zﬁzﬁ§ﬁ4 162ﬁ§h4 ~ 4/;2/33714 N 4/32/323#‘ 41680+ 3 (214ﬁ2ﬁj —55p3) nt s B Bs (7/;22 +9p3) nt

2(ql—ﬁ2)2 2(ql_ﬁ2) ql_ﬂZ ql 2((11—/32) 2(ql—ﬂ2)4
_ BBy (767 +9p3) 1 . B (76% +9p%) n* .\ 3 (20268245 — 6494, 5%) h* B qin? B 447 p,n* 324 B2 ps 1

2(q1 = )° 2(q; - 5)?2 2(q; - 5)? 465 B3 qa;

326, 3 ps 12 —h*B5 — 1y By

+ 21—23 + 328, B3 837> — 204\ B, fsh* + 841 B B fsh* + 164 BT B; — 3247 B2 B, + 22—342
Wb 4(q) = p)

nUp +ntpspy  130*B By — 15K S . 9qih* — Byh* + 3q7 psh* — P, B3h*
4(q7 - po)* 4(q;—Bo)* 455

15165 — 17h* B3y — 638R*p25  h*p2p; — 63n*p; .\ 27h* B3 — 320% B, B ps s —321%B, B3 B; + 31 ps B; — 9904 B3,

4(qi - 5)* 2(q; - 5,)> (a7 = p,)2 (7= p,)3

—495, f30* — 210102 020% + 23 psh*  32R2P, B3y — 2THBo 3 634 By 53 — BB

+ + +
2(q; - 5)? (47 = )3 2(q; = 5)?

=57, 83" — 32p, B, B3 1* — 328, B3 Bsh* 4 (R*Pypy — 8RB Bof5) KBy By — 63R* 363

+ 5 — > >
9 =P a = b 2(a; =54
271 253 — 321° B, B3 s
(47 = 5r)*

+ i (45g1n* — 15p,h* +2578;0%) +

+4 (—4p1B3q} + 1> P\ Byq! + 8B By 3a; — 2071 Bo s ) +
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—225p31* — 11182 sh* — 32, B3 B3 h* + 32, B Bsh* 4 (h* B35 — 8RB, B3B3)

(7= 52)? (@ -p)?
.\ 160h> B, 5 85 — 202, B2 B5 — 2h* B, B3 f3 — 3h* B3 5 .\ —1281%f, B3 S + 20%, 2 B5 + 2h* B, 3 5 — 765n4ﬁ§ﬂ§>
(41— 5)* (a7 —ﬁ2)4
9033824%n* 14858, 4%K%  6755°K*  48,pn*

e 1 - (ﬂqj‘ 4 2ﬂ2ﬂ3 Tt bk, > P - - €2ﬂ3 4 — 11742n* — 2447 p,*

(q2 _ﬂ3) 4 4(q1 _ﬂZ) (ql _ﬂ2)3 (ql _ﬁZ) ql _ﬁ2 ql

32,83 20% 325,55 ph
+99¢2 3 1* — 33, f51* + 26, fi1% — 6425 P30% + 25, o307 — ‘;2 S+ q‘ . o + 32, f3 530
1 1

— 184} B, B3> + 447 B, Bo B3 1 + 1241 B1 5 — 2447 B B, S5 + ( —9qg{n* + p3n* - 3q7 ;1" + B, ps*)

8h2 —h4 452 (84K2 —-nt
+ % (257ﬂ§h4+45q1ﬂ3h4 _ 15ﬁ2ﬂ h4) ﬁ3 ( ﬂ]ﬁ2ﬁ3 ﬂz) _ ﬁ3 ( ﬁlﬂ2ﬁ3 ﬁz)

) (1112 -5)2
3 (79h* B, 55 — 1201 B7) . 9 (107h*B,p7 — 40n*B3) 3 (R*B3 7 — 14161 B, 5 ) . 9 (101n*B3 83 — 472h% B, 53
2(q? = ) 2(q? = p,) 2(q1-$,)2 2(q7 = )2

— B3 (24B7 B34} — 2117 B, B3q] — 4881 B, B3a7 — Oh* By p3q; + 420> B, B, Bsq; + 20>\ B; + 2h* B, B, B3)
4584n*p3p3 — 130" B p; .\ 3 (151" B3 p; — 230" B3 B — 4641* 3 53 s 6964, p; h* + 358, p3 1 .\ ntpyp3 — 270 B}
2(q; - 5)° 4(q7 - po)* 2(qi = 5)* 2(q; —5,)?
opsn*t + 785830 .\ On'p3 — 3217, B3 3 .\ =321, B35 + On* B3 B, — 2970h° B3 B, .\ —98,p3h* — 18, 3 1*
2(q; - 5)2 (47— £5)2 (67 - 5)° 2(q = 5o)?
32020, B3 07 — Ot By pr 274 BypE — HABIAE 3 (990,45t — 152862 30t + B3 2n)
- =+ +
(47 = 5)° 2(q; - )3 2(q; - 5)3
—1T1B, 530" + 320, o 31* = 320, 3 p30°
+
- b
n' B3 ps — 27h% B3 B3 .\ Th* 3B, + On B B3 s on* g3 B3 — 32h% B, B35 .\ —1770% B35 — Sh* 3By + 1471 B3 3
2(q; - 5)* 2(q; —5)* (47 = p2)* 4(q1 - po)*
—675p3h* — 3335 p3h* + 328, B3 3 h* + 32B, By P37 .\ 1601 B, 365 + 20° B, B3 B; + 21> B, B3 By — 3h* B3 8,
(a1 = 52)? (67 = 5)*
—1281% B, 555 — 21 B, B3 B3 + 330" B3 5 — 2h* B, B3 By — 2295714/3;‘1322) 1 <765h4ﬂ22ﬂ36 24750 B, p2
+ - - +
(67 = 5)* (63 =5) 4 \ (a1 = B)*  4(a;—5)>
. 205h* S L2 (0,53 + W2iBsBy) B 4 (8R°BBP5 — 1*6,) B 4 (8°B\ B35 — 1*B3) By
(a7 - 5,)2 (a7 = B)* 4 - b (47— 5,)2
B (155 + 1 3p3) B3
4 (qz -p)*
113

220 1of3) B3+ SRS + SRR + 5 (-9aih’ +ﬁ§h4 = 34185 + pof5h") 5 + (461634} — h*Pi3a)

—887B,B5q; + 217 B, B, B3 a7) B + (49h4 A —75;&4 TBP3) + (147ﬂ3h4 177g1 3% + 598, p31* — 13547 B, 3 1)
n* (161655 —306;)  3n* (796,65 — 1053)

3 (—482B3q} + 1?8 62q} + 8P o5 a — 2h* By B f2q7 )

— (248285 g} — 2102 B, g} — 4867, 5397 — 6R> B, B2 g7 + 4217 B, o B3 q? + 21 B, 3

+ 211 (257830 + 4541 30t — 158, 30" + 135q; p2n* — 1471 p, 3 1*) +

2 (47 = 5o) 2 (47~ 5a)
n* (143583 — 354553 B 3n* (B35 — 1185,53) _ n* (136555 — 382835;) . 151* 635 — 3n* B3 p; — 116h* B3 85
2(q; = 5n)? 2(q; = 5o)? 2(q; = 5o)? 4(q; = p)*
—591* 3 3 + 2h* B3 B3 + 58h* B3 85 . n* (14858,° — 1645255 + 285 B3 . 6 (h*B; B — 165h* 5, 43)
2(q; ~p)* 4(q; = po)? (47 = 5)3

2 (1618, B, 85 + 17h% B, B7) s
- b

2 (10q} p265 + 12, BS — 2047 B2 5, 85 — 30*q7 B, B + h2 B, B, 5 — 69 By — 10h%q} B, s



149

—2251* B3 + 3217 B B3 By — TAR" B3 3

+201°q; By o By + 390 g B; — 13h4/}2ﬂ§) + (- p,)2 :
1~ P2

~212 B, B B0 — T65h* B2 B0 — 202 B, B3 53 + 264 B3 3 >
+
(a7 —52)*

2v @ 2@ +P) A+
(52) H = 1(p} + ) + 1 [ql %, (q; ﬁ)+ (a5 ﬂ)]

86> (q;-P)?% (&5—P7

2

This is a special case of (5) where f; = S_ﬂz’

p, = Py = p. There is a third-order integral

3g,q7 (2367 + 10845 — q5)
4 (B—q3)2
12 (36%q, — Ba3) N (528° + 6755 — 2684, +345) N 6(3ﬂq2—q§)}
(47 - 5)? 4 (p—a3)? a; — B
) { 3¢59; (236° +108q; —qf)  1386°q, — 1278q; 5 (19°q, — 6pq))
+h pz +

XD = {myy, {myy,my} = 38pT — 3Bp3} + A2 {pl, -

4p (- q2)? s(p-a)2  2(p-4)?
12 (36%q; — Bq;) 84, 3(264; +4]) 6<3ﬂq1—qi)}

(@-8)2  (#-5)2 4(p-a)? &P

and one more fourth-order integral (H; — H,, XV).

2r g2 24+ 2q% —
(5b) H =102+ pd) + 12 [ql %, 2ath 24 ﬂ>]

86> (q;-P)? (&5+P)7

2

This is a special case of (5) where f; = S_ﬂz’

P> = B, p3 = —pP. There is a third-order integral

3g,q7 (234% = 10pq2 — ¢3) 12 (36%q, + fg3
XU = {myy, {myy,m} +3p% — 3Pp2} + i {pl, 241 { 2= 4) 120300+ Pa)

46 (B +43)> (47 = p)?
K (686° — 358243 — 104} — 345) 6 (39, + q3) } e {p _3qf (76> - 10845 — q;)
48 (p+42)? 7 —p > 48 (p+42)?
q, (686> — 83523 — 108q5 — 345) , (B+4q3) 24Pq, (B +d?) }
48 (+a3)2 ai— b (47 - 5)?

and one more fourth-order integral (H; — H,, XV).

i@, +26)  p

6) H =2 +pH)+
2 @-p»P &
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There are three fourth-order integrals

XD = {{myy, mpp}, {myg,min}y — 481 {p3, mya }

APPENDIX B. LIST OF INTEGRALS

366191050 12q,4,1°
+ {pf, 3 2 > +4ﬂ2q1 + SqZh2
(ql - ﬁl) ql - ﬁl
s _108hgyai . 24aqyqih’ 8pay 8PS
P1P2s 3 > _ 924
(q; ﬂl) By 9 9
1084%42h 108ﬂ1q2h2 46,q47 168, prq
2 112 2 1 1F241 222 222
+{p2,( — — —— +5q7h% + 12451
611 —py)? - b 9, 9
224 224 222
e (48, +50) + 324ﬂ1q2q n* 54 (987q,;h* +4B1q7g5h")  6prqih
2 (‘11 - ﬁl) (ql - ﬂl) qZ
8 (3p,A" + 48, 1% + q,431") . 18 (3p7h* + 487 po1* + 2189 50" + 2q7q5h*)
- (qf - ﬂ1) 2
4/32611 168154,
4y A
36p1q1050°  12q1¢20% 26,7 p2
X(Z) = {p%’ {m12’m12}} + {Pla ) s 7
(q - ﬁl) ql - ﬁl q,
o 54p,q,q7h* 12q2q2h2 N 18620 18p,R> 2
1P2> — ) Y
(3—/31) - B 2(Qf—ﬁ1)2 q3—ﬂ1 2
324piqiqant 27 (3ﬂ%q1h4 +8pia1axht)  pn? 3 (1261807 + q1g5h*)
(q; - p1)4 (7 - 53 @ @ (¢ - 5)
(4ﬁ1 ﬁzh + 7P, 4, q2h4 + 44, q2h4)
9 (q1 ~h)?
2 2 2 2 2
2 2Ba B 2761419, 9611612h Q1927
X" = {prz’mlz} + Pl’ > 2 T4 P1P2s— 75 5~
o 2h (47 = 1) -h A
. { , 18BqH° 3q2h2 qlzfﬁ} N o N 81ﬁ]2h4 b g h*
pza e
(77 - 52 —-p  2h o 2(q-8) A4
9 (-98,451* Sﬂlﬁzqfh +2q,q30") 3 (-3pa3h* — 4P, BraT h* + 2q,951")
2QQ (q1 - ﬂl) 2ﬁ1q2 (ql _ﬁl)
3h%q,(q; +2P)
(6a) H = 27+ p2) + ———" -
(ql - ﬂ)

This a special case of (6) where f,

pg and three more fourth-order integrals

= f, f, = 0. There is a first-order integral p,, a third-order integral

(2, XD), (92, (925 (D2, X)), (. X

3n%q,(q} +2P)
(g — B2

h2
4

(6b) H = 3(p} +p3) +
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This is a special case of (6) where f; =, f, = #2. There is a third-order integral

X" =pl+3h*< py, iz
9

and one more fourth-order integral

, 129,95 36fq,4, 3q;
X" = {py, {myy, {mpy.mp}} = Bp3} + A< pr.— 3 2 - 3 22—2612——
q, — ﬂ (q1 - ﬂ) 92
18¢5¢;  81pg5q; 35 3dq;
+ 1 PPy — -t 3 2——2+—21+ZQ1
@ -8 (4/-5) % D

2

T o(a-p)? ai-p
9(68% +21pq)q; +4414y) 9 (68 +a1q3) _E_ﬁ)
0, (q) —B)2 0 (@ -8) 29 24

} . 4( 324p%qlq, 27 (967919, + 8Ba;43)
— 2 - -

54p%q,  54Pq,
+h? < p? -
{ (47 = 5)* (47 -8)°

3q(q; +28) 2@+ 1
(7) H = 1(p* + p?) + 1 + _ L
2T @ —-B)2  (@E-p)? 8
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There is one fourth-order integral

X ={{mp,mp},{mp,mpy} - Zﬂzl’%} —4p, {P;, mi,}
5 45ﬂ2q2 —2983q5  —5p5 +21p,45 + 154}
+ pla ﬂZ 2 2 + 2 4
2 (2_ﬂ2> (z_ﬁZ) 2(q2_ﬁ2)
+1ZCI1 (4 - Zﬁzqi) N 364, (B4, — 2815,95) s 2}
4
T - B (7, - 8)2
2 a7 (=P +345,45 + 1543) 244547 (a5 — o) 10847 (B1a; — B1ada)
+ h p1p2’ - 2 2 - 3 - 3 2
92 (qz_ﬁ2> q1 _ﬂl (‘11 _ﬁl)
Bi (=B + 346,03 + 1547 1545
+ 2 5 2 > 2 —10gyq, p + 12 Py =Py + 4} 2—24
a (CIZ - ﬁz) 2 (‘12 - ﬂ2)
—108 + 65 + 11574, by ) < 308145
(65— 5)* 205 (45 — ba) (65— 5)*
4 (108,85 + 158,45 — 61 B>45 — nm@%)+ 26,8, >+%@mﬁ—m@)
(43 - 5)* 4 (43— o) * by
36 (36745 — B1 B B
( L 212)+5qf+12q§ L
(a; — B1) 445 (g5 — p,)
54 (443 $1d5 + 9a,81d5 — 84; B1 245 — 34,51 5,) N 324 (q7q,3 87 — 241458: ;)
(6, -5)3 (4, -p)*
3 (133g385 — 67a35;)  3(64143+639145— 1401 5245 +10a) B33 +1175, Badi—20, 33+91 B23+3, 53 )
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I wouldn’t say when you’ve seen one Western you've seen the lot; but when you've seen the lot you get
the feeling you’ve seen one.

Katharine Whitehorn,
Sunday Best (1976) ‘Decoding the West’
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