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Quantum computers have the theoretical potential to solve problems intractable for classi-
cal computers. However, realizing this potential requires dealing with the noise inherent in near
and far-term devices. One way of doing this is to redundantly encode the quantum information in
a quantum error-correcting code and manipulate the encoded states to do computation. Protecting
quantum information in this way incurs additional space overhead in the form of extra qubits; this
is problematic since qubits are a scarce resource, especially for near-term quantum computers.
Reducing these overheads could significantly accelerate the arrival of large-scale, fault-tolerant
quantum computation.

In this thesis, we address this topic of research and present techniques which aim to prac-
tically reduce the space and time overheads of implementing quantum error correction. The
overarching motivation for the works presented in this thesis is the belief that it is advantageous,
perhaps even essential, to measure every stabilizer generator when performing quantum error cor-

rection. To address this claim, we introduce partial quantum error correction, which we broadly



define to be using incomplete syndrome information from the code or neglecting to correct errors
on some part of the system. We show that it is nof necessary to measure every stabilizer genera-
tor in order to obtain a threshold, and we will describe several situations where we obtain better
logical performance and/or reduced overheads by not doing so.

In particular, we present an error correction protocol built on a bilayer architecture that aims
to reduce operational overheads when restricted to 2D local gates by measuring some generators
less frequently than others. We show through numerical simulations that high-rate quantum error
correcting codes implemented with this protocol achieve logical error rates comparable to the
surface code while using fewer physical qubits. We then introduce adaptive syndrome extraction
as a scheme to improve code performance and reduce the quantum error correction cycle time by
measuring only the stabilizer generators that are likely to provide useful syndrome information.
We describe and numerically evaluate a concrete example of the scheme instantiated using a
concatenated code and a syndrome extraction cycle that uses quantum error detection to modify

the syndrome extraction circuits in real time.



PRACTICAL APPLICATIONS FOR
PARTIAL QUANTUM ERROR CORRECTION

by

Noah Berthusen

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
2025

Advisory Committee:
Professor Daniel Gottesman, Chair/Advisor
Professor Michael J. Gullans, Co-chair
Professor Andrew M. Childs
Professor Runzhou Tao
Professor Saikat Guha, Dean’s Representative



© Copyright by
Noah Berthusen
2025



Acknowledgments

Firstly, I would like to thank my advisor Daniel Gottesman for guidance and support
throughout my PhD. Coming to the University of Maryland, I had no prior experience with quan-
tum error correction, and Daniel is one of the best resources to learn from. While Daniel’s work
is often more theoretical, I am grateful that he supported me in specializing in a more numerical,
experimental QEC focus.

I wouldn’t have started in quantum computing were it not for Peter Orth. I am grateful he
asked me if I wanted to learn quantum computing just as he was beginning as well. Had he not,
I’d most likely be doing something less exciting and much less fulfilling. The following years
and resulting research were invaluable to building my base as a researcher, and they were likely
one of the main reasons why I got into a PhD program in the first place—and was successful
during my time at UMD.

I am also grateful to many other professors and students from QuICS who I have had the
privilege of working with. Michael Gullans has been great (un)official co-advisor and was a
driving factor in getting the work of Chapter 4 started. Alexey Gorshkov was also a big help in
producing Chapter 4, and his enthusiasm for the work was always appreciated. I’d also like to
thank the QEC team at Quantinuum for having me as an intern during the summers. They, too,
gave me great freedom in terms of research direction, and I learned a lot during my time there.
Additionally, discussions with Ciardn Ryan-Anderson and Natalie Brown helped bring about the
idea on which Chapter 5 is based.

il



I am grateful to my friends who made my time in Maryland and DC excellent. In particular,
I would like to thank Yuelin Liu, Shramay Palta, and Ethan Hickman for being great housemates
and filling my first year with good food. I am grateful to Matt Chan, Jon Nelson, and Joel Ra-
jakumar for being good friends practically from the very first research day. R.I.P. Town Hall. The
Los Alamos Quantum Computing summer school also brought me new friends including George
Umbrarescu and Shi Jie Samuel Tan, the latter of whom was a very good research influence dur-
ing the final years of my program. I'd like to extend a thanks to my old friends, Simon, Claire,
Heidi, Bryce, and Austin for being great climbing partners and making my summers in Colorado
great. Additionally, I’d like Dakota, Drew, Izaak, and Grant for making my time back in Iowa
enjoyable and being great long-time friends.

Finally, I am grateful for my family for their love and support. Over the past three years I’'ve
probably spent more time with my cat Olive than just about anyone else, and given the number of
times she has walked across my keyboard during the writing of this thesis and my other papers,
she ought to be included as a coauthor. To my parents and grandparents, I am thankful for all
the encouragement I have received throughout my life and for instilling in me the work ethic to
accomplish this. I would especially like to thank my wonderful fiancé, Kelsey Riemenschneider,

for moving across the country for me and supporting me during these exciting four years.

il



Table of Contents

Acknowledgements
Table of Contents
List of Tables

List of Figures

Chapter 1:  Introduction

1.1 Relationtopreviouswork . . . . . .. .. ... ... ... ....
1.1.1 Partial error correction . . . . . . ... .. ... .....
1.1.2 Floquetcodes . . . ... ... ... ... .........
1.1.3  Single-shotQEC . . . . .. ... ... ... .......
1.1.4 Approximate quantum error correction . . . . . . . . . . .
1.2 Outline . . . . ... .. e
Chapter 2:  Preliminary material
2.1 Classical error correction . . . . . . . .. .. .. ... ... ..
2.2 Quantuminformation . . . . . . . .. .. ... ... . ... ...
221 Errormodels . . ... .... .. ... .. ... ...,
2.3 Quantum error Correction . . . . . . . . . ... e
2.3.1 Hypergraph productcodes . . . ... ... ... .....
2.3.2 Bivariate bicyclecodes . . . . .. ... ... ... ..
233 Icebergcodes . . ... ... ... ...
234 Concatenatedcodes . . . . . . ... ... ... ... ...
235 Decoding . ... ...
Chapter 3: Masking and partial syndrome measurement
3.1 Thestackedmodel . .. ... .......... .. .......
3.2 Syndrome masking . .. ... ... ... ... ...
3.2.1 Masking and the stacked model . . . .. ... ... ...
3.3 Analyticresults . . . . ... ... o
3.4 Numerical simulations . . . . ... ... ... ..........
3.4.1 2D hyperbolic surfacecodes . . . . ... ... ... ...
3.5 Discussion . . . ... e e

Chapter 4: 2D local implementations of nonlocal codes

v

il

v

vi

vii

12
14
14
20
30
31
32
35

41
44
48
49
50
55
60
62

66



4.1 Architecture . . . . . . . . . o e e e, 69

4.2 Teleportation ToUtiNg . . . . . . . v v e e e e e e e e e e e e e 70

4.3 Implementing the stacked model . . . . ... ... ... ... ... ... .... 72
44 Routingbounds . . . . . ... 74
441 Greedyrouting . . . . . . ... e e 76

4.5 Bilayerarchitecture . . . . . . . .. .. 78
4.5.1 Syndrome extraction Circuits . . . . . . . . . . . .. ..o 83

4.6 Numerical simulations . . . . . . ... ... ... .. e 85
477 DISCUSSION . . . v v v v v e e e e e e e e e e e e e e e e 96
Chapter 5: Adaptive syndrome extraction 100
5.1 Adaptive syndrome extraction . . . . . . . ... ... e 104

5.2 Canonical logical basis for hypergraph productcodes . . . . ... ... .. ... 107
5.2.1 Assignment of [[4,2,2]] logical qubits . . . .. ... ... ........ 108

5.3 Logical Computation for [[4,2,2]]-concatenated hypergraph product codes . . . . 109

5.4 Numerical simulations . . . . . ... ... ... ... .. e 112
54.1 [[4,2,2]]-concatenated decoding . . . . . . ... ... ... L., 112

542 Memory eXperiments . . . . . . . .. u i e e e e e e e 114

5.5 Applications . . . . . ... e e e e e e 127
5.5.1 2D-local implementations of nonlocal codes . . . . . .. ... ... ... 127

5.5.2 Modular QPU architectures . . . . . . .. ... ... ... ........ 129

5.6 DISCUSSION . . . . . . .. e e e e 130
Chapter 6:  Conclusion 133
Appendix A: Decoding algorithms 136
Al Small-setflip . . . . . . . . e 136
A2 Belief propagation . . . . . . . . ... e 139
A.3 Ordered statisticdecoding . . . . . . . . . . . . .. .. .. e 141
Appendix B: Logical computation for [[4,2,2]]-concatenated hypergraph product codes 143
B.1 Logical operators for the [[4,2,2]]Jcode . . . . . . .. ... ... ... .. 143
B.2 Clifford Logical Operators for [[4,2,2]]-concatenated HGP codes . . . . . . . .. 146
B.3 Universal Computation . . . . . . . . .. .. ... e 169
Bibliography 171



2.1
2.2

3.1

4.1

4.2

4.3

5.1

B.1
B.2

List of Tables

Stabilizer generators for the [[5, 1, 3]] five-qubitcode. . . . . ... ... ... ..
Stabilizer generators and logical operators for a [[8, 2, 2]] code obtained from the
concatenation of the [[4, 2, 2]] code with itself according to Procedure 1. . . . . .

Extracted values of A for different masking percentages and schedules. . . . . . .

Examples of BB qLDPC codes found through a computer search and their result-
ing parameters and properties. . . . . . . . ... e e e e e e
Code parameters, total number of qubits used, and logical memory performance
forBBand surfacecodes. . . . . . . ... .. Lo
Code parameters, total number of qubits used, and logical memory performance
for BB and surface codes withnoidleerror. . . . . ... ... ... ... ....

Average check weight, w, and average number of generators each qubit partici-
pates in, g, for several HGP and concatenated-HGP codes. . . . . ... ... ..

SWAP-transversal logical Clifford gates of the [[4,2,2] code. . . . ... .. ...
Logical Clifford gates of the [[4, 2, 2]] code via embedded code technique.

Vi



2.1
2.2
2.3
24
2.5
2.6

2.7
2.8
29

2.10

3.1
3.2
33

34
3.5

4.1
4.2
4.3
4.4

4.5
4.6
4.7
4.8
4.9
4.10

5.1
5.2
5.3
54

List of Figures

Tanner graph for the [7,4, 3] Hamming code. . . . . . . . ... ... ... .... 10
Example errors and syndromes for the Hamming code. . . . . .. ... ... .. 11
Circuits for measuring the eigenvalues of an X- and Z-type generator. . . . . . . 17
Tanner graph for the Steanecode. . . . . . . . .. ... .. ... ... 19
Tanner graph of a hypergraph productcode. . . . . . ... .. ... .. ..... 22
A commutative diagram representing the double complex that arises from the

tensor product of two 2-term chain complexes. . . . . . . . .. .. ... ... L. 25
Canonical logical basis for HGPcodes. . . . . . . .. .. ... ... ....... 28
Parity check matrix for a hypergraph productcode. . . . . .. ... ... .. .. 29
Parity check matrix for a hypergraph product code with additional columns to

account for syndrome noise. . . . . . ... L.l 37
Detectors for a portion of the bit-flip repetitioncode. . . . . . .. ... ... .. 39
[llustration of stacked model layer interaction radius and frequency. . . . . . .. 44
Overview of the stackedmodel. . . . . . .. ... ... ... ... ... ... 46
Logical memory performance for quantum expander codes across several mask-

ING PEICENAZES. + « v v v v v v e e e e e e e e e e e e e e e e e e 57
Distance versus logical error rate per round across several masking percentages. . 59
Logical memory performance for the 2D hyperbolic surface code. . . . . . . .. 61

Overview of gate teleportation, the bilayer architecture, and BB code embeddings. 72

Depth from greedy routing versus the theoretical optimal routing depth. . . . . . 78
Long- and short-range generators of a single type foraBB code. . . . . . .. .. 81
Example five-step schedule to route and purify the Bell pairs needed to measure

the short-range, Z-type generatorsofaBBcode. . . . . . .. ... ... ... .. 84
Implementing multiple long-range Bell pair purifications in parallel. . . . . . . . 84
Entanglement purification simulationresults. . . . . . . ... ... ... ..... 87
Qubit usage versus logical performance. . . . . . .. ... ... 000 90
Logical memory performance of BB codes on the proposed bilayer architecture. . 92
Potential circuit depth savings versus unmasking frequency. . . . . . . . .. . .. 94
Logical memory performance of BB codes on the proposed bilayer architecture

withnoidling errors. . . . . . . . . .. L 95
A QED+QEC concatenatedcode. . . . . . . . . . . ... e 101
Stabilizer structure of Iceberg-concatenated HGP codes. . . . . . . ... ... .. 104
Assignment of physical HGP qubits to logical Iceberg qubits. . . . . . . .. ... 108
Circuit to measure an X -type concatenated HGP generator. . . . . . . . ... .. 115

vii



55

5.6

5.7

5.8

59

5.10
A.l

B.1
B.2
B.3

B.4
B.5

Logical memory performance for non-concatenated and adaptive, concatenated

quantum expander codes. . . . . ... L. e 117
Existence of single-shot QEC for non-concatenated and adaptive, concatenated
quantum expandercodes. . . . . ... Lo oL 118
Threshold for non-concatenated and adaptive, concatenated quantum expander
codes. . ..o e 120
Logical memory performance of non-concatenated and adaptive, concatenated
La-crosscodes. . . . . . . . . . e 123
Logical error rate per round as a function of the blocklength for concatenated
codes and the adaptive scheme, non-concatenated codes, and surface codes. . . . 125
Layout of the data and check qubits of a La-crosscode. . . . . .. ... ... .. 129
Example of the search process SSF uses when searching for a correction. . . . . . 138
Circuit for preparing the |0+) state. . . . . . . . . . . ... 145
Circuit for a logical-physical CNOT gate. . . . . . ... ... ... ....... 158
Logical quantum circuit for performing logical CNOT gate between intra-block
logical qubits, [1), |#). . . . . . 161
Fault-tolerant circuit for implementing S; = S;53CZ; 3 on the [[4,2,2]] code. . 165
Logical quantum circuit for teleporting the logical .S gate to the logical qubits that
do not lie on the principal diagonal. . . . . . . . . .. ... oL Lo 166

viii



Chapter 1: Introduction

Quantum computers have the theoretical potential to solve problems intractable for classi-
cal computers. Notably, the simulation of quantum many-body systems, as originally proposed
by Feynman [1], and integer factorization [2] are believed to provide superpolynomial speed-ups
over classical computing. Applying these and other methods could yield advances in material
science, drug discovery, optimization, machine learning, cryptography, and more. However, the
current generation of quantum computers are are small, with around ~ 10? — 10% qubits, and
noisy, with error rates around 0.1% per operation [3-6]. At these scales, we are unable to ex-
ecute the most promising applications of quantum computing, which may require closer to 10°
qubits [7] and circuits with millions or billions of operations. In this noisy intermediate-scale
quantum (NISQ) era [8], as it has been called, efforts have been instead focused on finding use
for quantum computers through variational algorithms [9] and simulations of small physical sys-
tems [10, 11]. However, there have not been definitive demonstrations of quantum advantage
save for contrived mathematical problems [12, 13]

Coherence times and error rates have significantly improved over the last decade; however,
improvements in the hardware are unlikely to provide the error rates required to run quantum
algorithms with deep circuits and large gate-counts. To achieve these long circuits and low error

rates, it is likely that quantum error correction [14] (QEC) will be required. At a high level, QEC



allow us to redundantly encode quantum information in a subspace of the full 2"-dimensional
Hilbert space and occasionally check to see if errors have caused the information to leave this
logical subspace. By performing operations on the degrees of freedom of this highly entangled
system, we can achieve universal quantum computation on a noisy quantum computer [15, 16].
The threshold theorem [17-19] guarantees that such a procedure can work for arbitrarily long
quantum computations as long as the noise rate of the system is below some threshold.

Encoding quantum information in this way incurs additional space overhead: namely, quan-
tum error correcting codes (QECCs) encode £ logical qubits into n physical qubits, where n > k.
To minimize the total number of qubits required, we would like that the number of logical qubits
scales like the number of physical qubits, & = O(n), or the rate k/n is constant as n — oc.
Previously, this was not possible without sacrificing the error correction capabilities of the code,
its distance d. However, recent good quantum low-density parity-check (QLDPC) code construc-
tions were found which have parameters scaling like £ = d = O(n) [20-23]. In addition to
the qubits required to simply construct the code, ancilla qubits are needed to make the logical
quantum computation fault tolerant. Although polylogarithmic overhead is needed in the gen-
eral case, it was later shown that the use of these asymptotically good LDPC codes could reduce
the required space overhead a constant [24]. Furthermore, there is a time overhead associated
with performing encoded quantum computation, with the quantum error correction itself taking
significant time, in addition to performing the logical gates on the QECC. Minimizing the time
overhead, too, has been focus of recent research [25-28]. Practically, many of these threshold and
code construction works have somewhat optimistic constraints on the capabilities of the quantum
computer; reality is much more restrictive.

There are a number of potential candidates for large-scale quantum computers, including

2



superconducting transmon qubits [29], ion-traps [30-32], neutral-atoms [33], photonics [34],
bosonic qubits [35, 36], and semiconductor spin qubits [37], among others, each with their own
strengths and weaknesses. As such, for each architecture there are certain QECCs that are well-
suited and others that are inefficient or even incompatible. Notable examples include the surface
code [38, 39], which is ideal for the nearest neighbor connectivity of superconducting qubits, or
GKP codes [40], which require the infinite-dimensional Hilbert space of bosonic qubits. On many
of these platforms, there have been various experimental realizations of logical quantum memory
and logical computation [41—46], including some that exhibit below threshold performance [47—
52]. These demonstrations are necessary and encouraging steps towards large-scale FT quantum
computing, but we are still most likely several years, or even several decades, away. Further
research focused on reducing the required overheads could significantly accelerate this timeline.

In this thesis, we address this topic of research and present techniques which aim to prac-
tically reduce the space and time overheads of implementing quantum error correction. The
overarching motivation for the works presented in this thesis is the belief that it is advantageous,
perhaps even essential, to measure every stabilizer generator when performing quantum error cor-
rection. To address this claim, we introduce partial quantum error correction, which we broadly
define to be using incomplete syndrome information from the code or neglecting to correct errors
on some part of the system. We will show that is not necessary to measure every stabilizer gener-
ator in order to obtain a threshold, and we will describe several situations where we obtain better

logical performance and/or reduced overheads by not doing so.



1.1 Relation to previous work

We briefly discuss the relation to techniques which are either named similarly or share
a similar implementation to partial quantum error correction as described in this thesis. Note
that there are many recent works that aim to reduce the time and space overheads in quantum
error correction. Indeed, this is essentially the underlying motivation behind much of all current

quantum error correction research.

1.1.1 Partial error correction

Partial (quantum) error correction has been coined before. In particular, Refs. [53, 54]
introduced a framework that employs error-corrected “clean” qubits in conjunction with non-
error-corrected “dirty”” qubits, motivated by the qubit limitations imposed by near-term quantum
computers. During quantum computation, clean logical qubits are interacted with dirty qubits in
an attempt to increase the computational space of the (small) QECC. They present evidence to
suggest that this model offers some benefits over fully noisy circuits.

The difference compared to our version of partial quantum error correction is we assume
quantum computation is conducted solely on the clean logical qubits. In other words, all physical
qubits used for computation (that is, apart from those used to measure, as flags, perform routing,
etc.) are part of some error correcting code. It is just that by occasionally neglecting to measure
some generators, some qubits become temporarily dirty. However, the scheduling of the generator
measurements ensure that no error is ignored for too long, and that all qubits are eventually
cleaned of any residual errors. This is in contrast to the partial error correction of Refs. [53, 54],

in which the dirty qubits are never cleaned despite the fact that they are used for computation.
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1.1.2  Floquet codes

Floquet codes [55] and dynamical codes [56, 57], as their names suggest, are QECCs gen-
erated from a sequence of low-weight measurement operators. For both Floquet codes and partial
quantum error correction, the measurement schedule may repeat over some number of rounds,
but we do not require the round-to-round measurements to be identical. Indeed, this is precisely
what enables Floquet codes to function as a quantum memory.

The main difference between the two methods is the location of logical information: for
Floquet codes, the logical qubits arise as a consequence of the particular sequence of measure-
ments; whereas for partial quantum error correction, we focus on stabilizer codes with a static
logical subspace. Note that in syndrome extraction rounds where a submaximal set of stabilizer
generators is measured, the physical qubits are stabilized by fewer generators, and as such are
technically in a different code than they were originally encoded. This new code will likely have
a smaller distance, see Section 3.3, and seeing as it has fewer generators, it encodes more log-
ical qubits. However, these additional logical qubits are not used, and the encoded information

remains in the original logical subspace.

1.1.3  Single-shot QEC

Slightly less related is the concept of single-shot QEC. Usually, to be fault-tolerant to both
qubit and syndrome errors, the stabilizer generators have to measured O(d) times, and the entire
syndrome history must be used in decoding [58]. For quantum error correcting codes with the
single-shot [59, 60] property a single round of syndrome extraction suffices. In this way, single-

shot codes inherently tolerate syndrome errors. Nonetheless, the syndrome measurements are



required to at least be attempted, especially for codes where the single-shot property is facilitated
by soundness [60]. Codes that are single-shot can immediately be applied in a partial quantum
error correction scheme in which stabilizer measurements are skipped, with some performance

guarantees, see Section 3.3.

1.1.4 Approximate quantum error correction

Similar sounding, but not very related is the concept of approximate quantum error correc-
tion [61]. For approximate error correcting codes, we are not required to return exactly to the
computational subspace after correction, but instead we are allowed to return to a state that is
e-close to a codeword. In this thesis, partial quantum error correction is still exact in the sense

that whenever we do corrections, we want them to return us to the codespace.

1.2 Outline

This dissertation is structured as follows:

Chapter 2 presents the necessary background material needed for the following chapters.
In particular, we provide introductions to classical and quantum error correction including the
codes and decoders used in this work.

In Chapter 3, we introduce partial syndrome measurement and masking as a general tech-
nique for quantum error correction. We then motivate an application of partial syndrome mea-
surement inspired by the so-called stacked model, in which generators acting on spatially distant
qubits are measured less frequently than those which do not. Through analytical and numerical

means, we investigate the performance of a simplified version of this scheme where the measured



generators are randomly selected. This chapter is based on the following publication:

* Noah Berthusen and Daniel Gottesman. Partial syndrome measurement for hypergraph

product codes. Quantum, 8:1345, May 2024.

In Chapter 4, we study the stacked model application of Chapter 3 in a more realistic set-
ting; namely, we present a full error correction protocol that is built on a bilayer architecture and
uses bivariate bicycle codes. In doing so, we discuss code embeddings, a parallel syndrome mea-
surement scheme using fast routing with local operations and classical communication (LOCC),

and entanglement purification. This chapter is based on the following publication:

* Noah Berthusen, Dhruv Devulapalli, Eddie Schoute, Andrew M. Childs, Michael J. Gul-
lans, Alexey V. Gorshkov, and Daniel Gottesman. Toward a 2D local implementation of

quantum LDPC codes. PRX Quantum 6:010306, Jan 2025.

In Chapter 5, we present another application of partial quantum error correction in the form
of adaptive syndrome extraction. We show that for certain codes, namely a concatenated code
consisting of a error detecting code and a high-rate low-density parity-check code, syndrome ex-
traction could be optimized by utilizing the correlations in the syndromes between concatenation
layers. Using this idea, we present a framework that can ‘short-circuit’ syndrome extraction and
skip measuring generators that are unlikely to be useful for decoding. Specifically, we look at
[[4, 2, 2]]-concatenated hypergraph product codes and investigate the potential benefits of using
these codes and the adaptive syndrome extraction in quantum memory and logical computation.

This chapter is based on the following preprint:

* Noah Berthusen, Shi Jie Samuel Tan, Eric Huang, and Daniel Gottesman. Adaptive Syn-
drome Extraction. arXiv preprint arXiv:2502.14835, Feb 2025.
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Finally, we conclude in Chapter 6 with a discussion and present some potential future
applications of partial quantum error correction.
Other work completed during the completion of this degree but not reported in this disser-

tation include:

* Noah Berthusen, Michael J. Gullans, Yifan Hong, Maryam Mudassar, and Shi Jie Samuel

Tan. Automorphism gadgets in homological product codes. To appear, 2025.

* Noah Berthusen, Joan Dreiling, Cameron Foltz, John P. Gaebler, Thomas M. Gatter-
man, Dan Gresh, Nathan Hewitt, Michael Mills, Steven A. Moses, Brian Neyenhuis, Peter
Siegfried, and David Hayes. Experiments with the four-dimensional surface code on a

quantum charge-coupled device quantum computer. Phys. Rev. A, 110:062413, Dec 2024.

* Noah Berthusen, Faisal Alam, and Yu Zhang. Multi-reference Quantum Davidson Algo-

rithm for Quantum Dynamics. arXiv preprint arXiv:2406.08675, Jun 2024.


https://link.aps.org/doi/10.1103/PhysRevA.110.062413
https://doi.org/10.48550/arXiv.2406.08675

Chapter 2:  Preliminary material

In this chapter we present an introduction to the material that will be used throughout the
thesis. In particular, we provide introductions to classical and quantum error correction, including

the codes, error models, and general decodering scenarios used in this work.

2.1 Classical error correction

An [n, k, d] binary linear code C encodes k classical bits in a k-dimensional subspace of
the n bit, n-dimensional space, ;. Codewords are the binary vectors v € [Z that satisfy the
equation H - v = 0, where H is a binary matrix of size m x n called the parity check matrix
(pcm) and arithmetic is done over [Fo. The number of logical bits k£ can be computed from H like
k = n — rk(H), where tk(H) denotes the rank of H. As an example, the matrix shown below in

Eq. (2.1) is the pcm for the [7, 4, 3] Hamming code.

1111000
H=11100110 (2.1

1010101

The distance d of a binary linear code is the minimum weight of a non-zero codeword. The

weight, or Hamming weight, of a vector v € % is simply the number of ones in v and is denoted



Bit nodes

Check nodes

Figure 2.1: Tanner graph for the [7, 4, 3] Hamming code.

by |v|. An [n, k, d] error correcting code is able to correct all errors of weight up to |(d — 1)/2],
and it is able to detect all errors of weight up to d — 1. Note that there may be higher weight
errors that are detectable and correctable, but it is not guaranteed in general.

The parity check matrix can be represented as a bipartite graph G = (V U C, E) called a
Tanner graph. For a [n, k, d] binary linear code, there are two sets of nodes in the graph: the bit
nodes V, with |V| = n, and the check nodes C, with |C'| = m. A bit node v € V and a check
node ¢ € C' are connected by an edge if v is involved in the check c. In other words, the ith bit
is connected to the jth check if H;; = 1. In this sense, the Tanner graph can be considered the
graph whose biadjacency matrix is H. Fig. 2.1 shows the Tanner graph for the [7, 4, 3] Hamming
code. From a Tanner graph G of some binary linear code C, we can obtain the transpose code
CT by swapping the bit and check nodes of G. That is, the Tanner graph remains the same, but
the bit nodes are now considered check nodes and the check nodes are now considered bit nodes.
Equivalently, the pcm of C* is HT. The resulting code has parameters [m, kT, d*]. Note that if
H is full rank then CT consists of only the zero codeword, and so k7 = 0 and d” = cc.

To determine whether a received message w experienced an error during transmission we
compute its syndrome, o(w) = H - w. Since all codewords of v € C are elements of the kernel of
H, anon-zero outcome for o (w) indicates that an error has occurred. Fig. 2.2 shows two example

errors on the [7,4,3] Hamming code and the corresponding syndromes: the error depicted in
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(a) (b)

Figure 2.2: Example errors and syndromes for the 7, 4, 3] Hamming code. In panel (b), a weight-
three error causes a zero syndrome, indicating that the distance of the code is at most three.

panel (a) has a non-zero syndrome, and since |w| < |(d — 1)/2] = 1 we are able to uniquely
identify the error. In panel (b), a weight-three error causes an all-zero syndrome, indicating that
the distance of the code is at most three. For this specific code, there is no lower-weight error that
causes an all-zero syndrome, and so the distance is three. Determining the smallest satisfying
error, or equivalently the closest codeword to the received vector, is difficult in general [62]. This
process, called decoding, is instead usually done using heuristic algorithms called decoders. We
further discuss the decoding problem in Section 2.3.5. Once the decoder outputs a correction, it
can be applied to the received message to (hopefully) obtain the originally sent message.

A classical code is considered a low-density parity-check (LDPC) code [63] if the weights
of the rows and columns of its parity check matrix are bounded by a constant. We say that a code
is (Ay, A¢)-LDPC if the weight of every column and row of H is bounded by Ay, Ac € O(1),
respectively. We can equivalently say that the Tanner graph has bit node degree bounded by Ay,
and check node degree bounded by As. Due to the sparsity of their Tanner graphs, LDPC codes
are amenable to efficient decoding by message-passing algorithms like belief propagation [64],
allowing them to approach the Shannon limit [65]. Their performance and simplicity have caused

them to find widespread use in communications including Wi-Fi, Ethernet, 5G, and more.
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2.2 Quantum information

The fundamental unit of classical computation is the bit, which can be in the 0 and 1 states.
The fundamental unit of computation of quantum computation, the qubit, can also be in discrete

states called basis states:

10) = 1) = . (2.2)

However, the qubit can also be in a superposition of |0) and |1),
1
) =al0)+ 1) =« . +5 = , (2.3)

where a, 8 € C, and we have the condition |«|? + |5]? = 1. From this it can be seen that a single
qubit is just a normalized vector in C2. Similarly, a system of n qubits can be represented as a
statevector [1)) € (C?)®" = C*" which we call a pure state. Alternatively, we can represent the
qubit state with its density matrix p = [¢)) (¢|. The density matrix representation allows us to

also consider mixed states, which are a statistical mixture of pure states,

p= Zpi i) (il 2.4)

where {p;} is a valid probability distribution.
Just as classical computation can be expressed using logic gates such as OR and NOT,
quantum computation is accomplished by applying unitary operator U, i.e. operators satisfying

UUT = UTU = I, where I is the identity matrix. When a unitary gate U is applied to an initial

12



state 1)), we obtain a transformed state |¢) = U [¢)), which can simply be obtained by matrix

multiplication. We can also express this transformation on the density matrix,

o =1¢) (¢l = U ) (| U = UpU". (2.5)

Of course, computing the action on a n qubit system will, in general, require keeping track of
the statevector |¢)) € C*" and performing matrix multiplication with an operator U € C?"*%",

For even a modest number of qubits this method is classically intractable, hence the potential for

quantum advantage. One important set of unitary operators are the Pauli operators:
X = 01 Y=1| . Z = (2.6)
which when tensored over n qubits and phases are included form the Pauli group:
P.=1{1,X,Y, Z}*" x {£1, £i}. 2.7)

In quantum error correction, it often suffices to only consider errors coming from the Pauli group.
This simplification is valid due to a discretization of errors [66] that occurs during quantum
measurements. Indeed, arbitrary-angle rotation errors get converted into Pauli errors which can

then be corrected with appropriate application of Pauli corrections.
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2.2.1 Error models

During a quantum computation, the system of qubits is interacting with the external envi-
ronment and may experience unintended noise and decoherence. The most general way to model
noise is with a completely positive trace preserving (CPTP) map. We can represent a CPTP map

with a set of Kraus operators

E(p) =Y EipEl, (2.8)

where ) . EZE;r = [. Perhaps the simplest noise models are the bit- and phase-flip (dephasing)

channels:

By(p) = (1=p)p+pXpX'  Pylp)=1—p)p+pZpZ! (2.9)

Additional error models include amplitude damping, qubit loss, or the depolarizing channel,

which is shown below:

Dy(p) = (1 —p)p+ gXpX* + gYpY* + gszT. (2.10)

Throughout this thesis, when we say an error has occurred the qubits, we mean that one of these
CPTP maps (mainly the bit-flip and depolarizing channels) has been applied to the system.
2.3 Quantum error correction

An [[n, k, d]] quantum error correcting code (QECC) Q encodes k logical qubits into a 2*-
dimensional subspace of the n qubit, 2"-dimensional Hilbert space, (C?)®" = C*". A commonly

used class of QECCs are stabilizer codes [67, 68]. A stabilizer code is defined by its stabilizer S,
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N < — <
X=X N
— X NN
> NN X
NN X~

Table 2.1: Stabilizer generators for the [[5, 1, 3]] five-qubit code.

consisting of elements of the Pauli group Eq. (2.7) whose action is the identity on the codewords
|Y) of Q, e.g.,

Q={SY)=|¢y),VSeS} (2.11)

In other words, the quantum codewords | V) € Q form the joint +1-eigenspace for the elements of
S. To have a codespace at all, we require that —/ ¢ S and that S forms an abelian subgroup of P,,.
S is generated by m independent stabilizer generators S = (S, ..., Sp,), and the corresponding
stabilizer code encodes n—m = k logical qubits. As an example, consider the [[5, 1, 3]] five-qubit
code [69, 70], the smallest stabilizer code that is able to correct an arbitrary single-qubit error.
Its four independent stabilizers generators are shown in Table 2.1; as such, it encodes 5 —4 =1
logical qubit. Denote by N(S) the normalizer of S, the set of Pauli operators that commute
with everything in the stabilizer, N(S) = {N € P, | [N,M] = 0 VM € S}. The distance d
of Q is then defined to be the minimum weight of an operator in N(S) \ S. For the five-qubit
code, it can be easily checked that the Pauli operator P = X;73X; commutes with all of the
stabilizer generators. It is also straightforward to verify that P cannot be written as a product
of the stabilizer generators, and so P € N(S) \ S. Hence the distance of the code is at most
|P| = 3; in this case, the distance is exactly three. In order to do computation on the encoded
qubits, we identify the logical Pauli group N(S)/S, which is isomorphic to the Pauli group on
k qubits, P.. For any stabilizer code, we can find a basis of logical operators X1, Z1, ..., X1, Z

which generate the Pauli group on the & logical qubits.
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To determine whether the encoded quantum information has left the logical subspace, the
eigenvalues of the stabilizer generators are measured. There are several ways to do this. The
circuits depicted in Fig. 2.3 provide one of the most straightforward approaches, which we use
throughout the thesis. Eq. (2.11) states that in the absence of errors, all generators will have a +1
eigenvalue; whereas a —1 eigenvalue indicates that an error has caused the encoded information
to leave the codespace. Note that obtaining all +1 measurement results does not guarantee an
error-free codespace: if £ € N(S) \ S, then by definition E commutes with everything in S, yet
is an unintended error. These logical errors are especially detrimental since they cause logical
actions on one or more of the logical qubits. Let £ € P, be some Pauli error on the n qubits.
Since Paulis either commute or anticommute, there are only two options for each of the stabilizer

generators of S. If [E, S;] = 0, then

SE) = ESE|¢) = E[), (2.12)

ie. E|¢) is a +1-eigenstate of S;. Hence, performing the circuit in Fig. 2.3 would yield a

measurement result of 0. The other scenario is if { £, .S;} = 0; in this case

SiE ) = —ES; [) = —E |0, (2.13)

and so E |[¢) is —1-eigenstate of S;. Measuring the corresponding eigenvalue using the circuit
in Fig. 2.3 would yield a result of 1. These measurement results constitute a classical syndrome
o(E) € FJ', which is then used as input to a decoding algorithm that outputs a correction, see

Section 2.3.5. We note that the syndrome labels the 2 cosets of P,,/N(S).
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Figure 2.3: Circuits for measuring the eigenvalue of an X-type generator (red) and a Z-type
generator (blue). The Z-type measurement presented here is a variation from the standard circuit
which uses CZ gates.
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The binary symplectic representation of a Pauli P € P, /{£1,+i} = P, is a bitstring
consisting of two n-bit binary vectors, (x|z) € F3". The ith component of z is 0 if P acts on
qubit ¢ with [ or Z and 1 if P acts on qubit ¢+ with X or Y. Similarly, the ith component of 2
is 0 if P acts on qubit ¢ with I or X and 1 if P acts on qubit ¢ with Z or Y. In other words,
P, = [F2". This transformation allows us to use techniques from classical coding theory on
QECC:s. In particular, we can represent the stabilizer generators as a m X 2n binary parity check
matrix, . For example, the binary symplectic representation of the stabilizer generators of the

five-qubit code, Table 2.1, is then:

1001001 1O00O0
0100100110

o= (2.14)
10100(00O0T171
010101 0O0O01

The symplectic product on two Pauli strings in the symplectic form is defined as (z|z;) ®
(x2|z2) = x1 + 29 + 2 - 21, where multiplication and addition are performed over Fy. There

is a natural equivalence between the symplectic product and the commutativity of Pauli opera-
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tors: let P; = (z1|z1) and P, = (x2]22), then

[P,P] =0 < P,oP,=0. (2.15)

And similarly when [Py, P,] = 1. It can be easily verified that the generators of the five-qubit
code commute by applying the symplectic product.

CSS codes [71, 72] are a subclass of stabilizer codes where the stabilizer generators consist
entirely of tensor products of X and [ or Z and I. As such, these codes have a parity check

matrix with the following symplectic representation:

H = . (2.16)

Here Hy and H; are mx x n and my X n binary matrices, respectively, that satisfy H, - HY =
Hy - Hg = 0. Note that it is not necessary for myx = my: an example in which my # my is
the 3D surface code [73]. CSS codes encode k = n — rk(Hx ) — rk(H ) logical qubits. With the
pcm in this form, it can be seen that error correction with CSS codes can be broken down into
correcting X - and Z- type errors separately, with H x detecting and correcting Z-type errors, and
H 7 detecting and correcting X -type errors. Hence we obtain separate syndromes when decoding
an error E = (z|z),

o(E)=(oz(x),0x(2))=(Hz-z,Hx - 2). (2.17)

Decoding CSS codes is greatly simplified compared to general stabilizer codes, since oz (x) and
ox(z) can be treated as the syndromes for classical codes with pcms H, Hx, respectively. As
such, we can apply efficient classical decoders—with some modifications, see Section 2.3.5. We
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Figure 2.4: Tanner graph for the Steane code.

exclusively focus on CSS codes throughout this thesis.

We can also represent a CSS code with a Tanner graph. For a [[n, k, d]| CSS code, Q, there
are now three sets of nodes in its Tanner graph Gg = (Vo U C'x U Cz, E): the qubit nodes Vg,
with |Vg| = n, the X-type check nodes C'x, with |Cx| = my, and the Z-type check nodes C,
with |Cz| = my. Edges are connected between Vg and C'x according to Hx, and edges are
connected between Vg and C'; according to H . In other words, the symplectic representation
of the pcm of Q is the biadjacency matrix of Go. As an example, consider the [[7, 1, 3]] Steane
code [74], a CSS code which is obtained by setting both Hy and H to be the pcm for the [7, 4, 3]
Hamming code, Eq. (2.1). Fig. 2.4 shows the Tanner graph for the Steane code. Alternatively, we
can represent a quantum code Q using its connectivity graph G, = (Vg, E/). Here each vertex
corresponds to a qubit in Q, and two vertices are connected if the two qubits are in the support of
the same stabilizer generator.

Quantum codes can also be (quantum) LDPC. Specifically, an [[n, k, d]] stabilizer code is
(Ay, Ac)—qLDPC if, for some constants Ay and Ag, each qubit is involved in at most Ay
stabilizer generators and each generator measures at most A qubits. We can equivalently say

that in the Tanner graph, each qubit node v € V' has degree bounded by Ay and each check node
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¢ € C'x U Cy has degree bounded by Ac. For stabilizer codes, the gLDPC property is important
because it means that the syndrome extraction circuits shown in Fig. 2.3 can be done in con-
stant time. This ensures that errors cannot build up overwhelmingly during syndrome extraction
which, in part, allows qLDPC codes to achieve fault-tolerant quantum computation with constant
overhead [24]. Recent years have seen enormous research efforts focused on constructing qLDPC

codes with better performance and better parameters [75].

2.3.1 Hypergraph product codes

Hypergraph product (HGP) codes [76] are are CSS-type codes constructed by taking the
graph product of two classical linear binary codes C;,C,. Equivalently, they can be considered
the homological product [77], or the tensor product, of the chain complex and cochain com-
plex corresponding to the two classical codes. Let C; be a binary linear code with parameters
[n1, k1, dy], a pcm Hy, and a Tanner graph G;. Let CI be the transposed code of C; with param-
eters [my, k', d¥], pcm H, and Tanner graph GI. Similarly define Cy and CJ, with parameters
[na, ko, do], [mo, k1, dT], pcms Hy, HI, and Tanner graphs G,, GI, respectively. The HGP code

obtained by using seed codes C;,Cy, HGP(H, Hs), has the following pcms:

Hy = (I, ® Hy, H @ I5,) Hy = (H1 @ I,, I,, ® Hy), (2.18)

and parameters

[[ning + mimag, kiks + kirk:QT, min(dy, do, dip, dg)]] (2.19)
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When H; and H, are full-rank, then kT = kI = 0 and d¥ = d} = oo, and so the parameters of

the resulting HGP code, HG P(H, H), reduce to

[[nlng + mime, klkg, min(dl, dg)“ (220)

Furthermore, when C := C; = Cy is a binary linear code with parameters [n, k, d| and a full-rank
parity check matrix H, the parameters of the resulting HGP code, HGP(H, H), further reduce
to [[n* + m?, k% d]]. A HGP code which is formed from two copies of a single classical code H
is called a square HGP code. In this thesis, we exclusively investigate square HGP codes where
H is full-rank. Note that if the input classical code is (Ay, A¢)—LDPC with Ay < Ag, then
the resulting quantum code is (2A¢, Ay + Ag)—qLDPC.

One notable instance of the hypergraph product is the surface code [38, 39] and toric
code [18], which is formed from the product of two [n,1,n] repetition codes. The two dif-
ferent constructions are obtained depending on whether the pcm for the repetition code is full
rank (yielding the surface code) or not (yielding the toric code). Another notable family of
HGP codes are those formed from classical expander codes [78], whose parameters scale like
[n,0(n),O(n)]. The resulting quantum codes are deemed quantum expander codes [79] and
have parameters scaling like [[n, O(n), O(y/n)]]. Additionally, they are equipped with a linear
time decoder [79], single-shot decoding [80], and single-shot state preparation [81]. These codes
are the focus of Chapter 3 and Chapter 5.

We first give the graphical interpretation of the hypergraph product. Again consider the
HGP code Q obtained by using seed codes Cy,C,. The Tanner graph Go of the HGP code is then

obtained by performing the graph product of G; and G,. Intuitively, this means that when the
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Figure 2.5: Tanner graph of a [[58, 16, 3]] hypergraph product code constructed from two copies
of the [7,4,3] Hamming code. A Z-type generator (blue) and an X-type generator (red) are
highlighted.

qubits and checks are laid out as shown in Fig. 2.4, each row is a copy of the nodes and edges
from G;, and each column is a copy of the nodes and edges from G,. More formally, let Vi, V5
be the bit nodes, and let C', C5 be the check nodes for Gy, Gs, respectively. Then the qubits and
checks of Q are assigned as follows: the qubits V' := V; x V5, LU Cy x Oy, the X-type checks
Cx =V} x Cy, and the Z-type checks C'; := C} x V5. This graphical interpretation provides a
convenient representation for the stabilizer generators and logical operators, see Section 2.3.1.1.

An alternative interpretation to the graphical hypergraph product can be obtained through

the homological product [77]. We first give a brief review of chain complexes and [, homology.
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A chain complex is a collection of vector spaces over 5 together with linear maps 0;,

O, On— 0
C=0C, —C,h 1 —5 ... 250

» Cp, (2.21)

where 0;,10; = 0. We refer to elements of C; as i-chains, elements of Z;(C') = ker 0; as i-cycles,
and elements of B;(C') = im 0;;; as i-boundaries. The i-th homology is then defined as the

vector space of ¢-cycles modulo i-boundaries,

H,(C) = Z,(C)/B(C). (2.22)

Similarly, we also define elements of Z'(C) = kerd},, as i-cocycles, elements of B*(C) =
im 9! as i-coboundaries, and the i-th cohomology, H'(C) = Z*(C)/B!(C).
An [n, k,d] classical error correcting code can be considered a 2-term chain complex,
o1

C =(Cy —— Cy , where its boundary map 0; = H is a linear map from [} to the vector

space of syndromes, I5'. A CSS code can similarly be represented as a 3-term chain complex,

C=0 -2 02, (2.23)
where O, = HL and 0, = Hx. The condition that d;,,0; = 0 translates to the requirement that
the X and Z checks must commute, e.g. H gH x = 0, and so Eq. (2.23) defines a valid CSS code.
Given an arbitrary length chain complex, one may define a CSS code by only considering two
consecutive boundary operators. When identifying qubits with elements of C;, the resulting code
parameters are n = dim C;, k = dim H;(C) = dim H*(C), and d is the minimum Hamming
weight of a non-trivial element in H;(C') or H*(C).

23



Quantum error correcting codes, i.e. 3-term chain complexes, can be obtained by taking the
homological [77], or hypergraph [76] product of two chain complexes. The difference between
the two products is subtle and concerns the use of a transpose Tanner graph, D in Eq. (2.28). The
construction described here corresponds to the hypergraph product. The first step of the product
is to take the double complex of two chain complexes, C' X D, which is equipped with vertical
boundary maps 9 = 9 ® Ip, and horizontal boundary maps 9! = I, ® OF. Here we use
the notation 97 to denote the ith boundary operator of the chain complex A. See Fig. 2.6 for
an example of a double complex arising from the tensor product of two 2-term chain complexes.
From a double complex, we associate the fotal complex by performing the direct sum over vector

spaces and boundary maps of like dimension

Tot(C' X D); EB C,®Dy=E (2.24)
i=j+k

of = P o e o (2.25)
i=j+k

The resulting chain complex, deemed the tensor product of C' and D, C' ® D, can be used to
construct a CSS code by choosing some consecutive three-term sequence. The parameters of the

resulting code can be explicitly calculated or the Kiinneth formula can be applied,

H;(C ® D)= @) H,(C) @ Hy(D). (2.26)
i=j+k

While the distance of a code is in general difficult to calculate, it was shown in Ref. [82] that the

distances of a tensor product of an arbitrary-length chain complex with a 2-term chain complex
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I,, ® H
Cl ® D1 4 Cl ® DO

lHl ® I, lHl ® I,

Hml ®HT
Co® Dy 22— Cy,® Dy

Figure 2.6: A commutative diagram representing the double complex that arises from the tensor
product of two 2-term chain complexes.

can be calculated exactly,
d;(C ® D) = min (d;(C)do(D), d;—1(C)d1(D)). (2.27)

Now, we present an explicit construction of a hypergraph product code using the homolog-
ical product. We define the following two 2-term chain complexes C, D, representing the two
classical codes C = [ny, k1, d1], D = [no, ko, da], respectively, which are the basis for the product

construction,

H,y Hy
C=0C —C D =D, —— D,. (2.28)

Note that we are using HZ as the boundary map for D, so D is really the cochain complex of D.
To obtain the hypergraph product of C and D, we take the tensor product of C' and D, yielding
the double complex shown in Fig. 2.6. Performing a direct sum over vector spaces of equal

dimension according to Eq. (2.24) results in the tensor product complex

¢y ® Dy 25 Co® Dy @& Oy ® Dy ~25 €y @ Dy (2.29)
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where

I, ® HY

0y = 2 (2.30)
H @1,

0, = (H1 oL, I, @ Hg) . (2.31)

It can be easily verified that 9,0, = 0, and so Eq. (2.29) is a valid chain complex. Let us relabel
aE E
the vector spaces and boundary maps in Eq. (2.29)to E = E, —— E;, —— E,. For each

vector space FE;, we calculate the dimension dim F;.

dim Fy = dim(F3' @ Fy'?) = nyme (2.32)
dim B, = dim(F" @ F'?) (2.33)
+ dim(Fy* @ F3?) = nyng + myme

dim Ey = dim(F5" @ Fy?) = myng (2.34)

To consider F a CSS code, we identify the nins + mymsy physical qubits with 1-chains.
Parity check matrices are then assigned to the boundary operators 0¥ = HL and 0F = Hy,
matching the pcms defined in Eq. (2.18). We can determine the number of logical qubits by
calculating the dimension of the first homology group, dim H;(F) with the Kiinneth formula,

Eq. (2.26). Here, H:(C') = Zy,, and Ho(C) = Zyr. Similarly, Hi(D) = Zyr and Hy(D) = Zy,.
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Plugging into Eq. (2.26) as expected yields,

dim H(E) = dim H,(C ® D) (2.35)

= dim (H;(C) ® Ho(D) ® Ho(C) @ Hi(D)) = kika + ki k3 .

We can use Eq. (2.27) to calculate the distances of the resulting chain complex. The dis-
tance dy of the homology group Hy(C') is dy = 1, unless 0y has full column-rank in which case
dg = oco. Fori > 0, we say d; = oo if H;(C) is trivial. Otherwise, d; is the minimum weight
of a non-zero vector x € ker 0,, i.e., the distance of binary linear code defined by 0,. Hence we

obtain,

=min (d; - 1,1+ dj) (2.37)

Technically, this is only dz, and d = min(dz,dx). dx can be obtained by also taking the
minimum Hamming weight of non-zero elements in the cohomology classes, H*(C') and applying

Eq. (2.36). With this, we obtain the same distance as noted in Eq. (2.19).

2.3.1.1 Canonical logical basis

The physical qubits of HGP(H, H) can be arranged into two square grids of size n X n
and m x m, see Fig. 2.4 and Fig. 2.7. In this representation, the stabilizer generators and logical
operators have a convenient geometric structure. For each physical qubit in the code, we assign

a triplet (¢, 7, L) or (k,¢, R) where 1 < i,j < nand1,< k,¢ < m. Here, i (k) denotes the
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Figure 2.7: Partitioning the qubits of a [[52, 4, 4]] HGP code formed from two copies of a [6, 2, 4]
classical code. (a) Z-type generator Sz(1, 3) (blue) and X -type generator Sx (4, 4) (red) obtained
by taking rows and columns of the (transpose) parity check matrix of the classical code. (b)
Canonical logical operators Z, and X,. The qubit highlighted both blue and red is the pivot
qubit for that logical pair. (c) Diagonal qubits (black) and twin qubits (yellow).

row coordinate, j (¢) denotes the column coordinate, and L (R) specifies whether the qubit is in
the left n x n sector or the right m x m sector. We denote the physical qubits on the principal
diagonal of each sector, i.e. (r,r,e), as diagonal qubits. Additionally, for an (r, c, ) qubit, we
identify the (c, 7, ®) qubit as its mirror qubit, with the two together considered rwin qubits, see
Fig. 2.7(c).

With this layout of the physical qubits, the stabilizer generators of the code have the prop-
erty that their support is contained in a single row of one sector and a single column of the other.
Specifically, X-type stabilizers have support on the kth row of the R sector and the jth column
of the L sector. As such, each can be labeled by Sx (k, 7). Similarly, a Z-type generator labeled
by Sz(i, ) has support on the ith row of the L sector and the /th column of the R sector. The
stabilizer generators as expressed in this representation can by constructed by indexing specific
rows and columns of the underlying classical parity check matrix H [83], see Fig. 2.7(a), or by
reshaping the HGP pcms shown in Eq. (2.18). Given the Hx and H; matrices, the X -type stabi-
lizer generators expressed in the representation defined above can be obtained by taking the first

n? columns of H x and reshaping them into a n x n x M matrix, where M is the number of X -type
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Figure 2.8: (a) The X-type parity check matrix for a [[20, 4, 2]] hypergraph product code. (b)
Considering the first row of the pcm, we take the first n? = 16 columns and reshape them into a
4 x 4 matrix. We similarly take the remaining m* = 4 columns and reshape them into a 2 x 2
matrix. The two matrices together constitue the first stabilizer generator in canonical form.

generators. Also take the remaining m? = (n — k)? columns and reshape them into a m x m x M
matrix. In this representation, the full ith stabilizer is then given by ((e, e, i), (e, e i)). The Z-
type generators can be obtained by instead using /7. An example of this reshaping in shown in
Fig. 2.8, where we consider H x from a [[20, 4, 2]] hypergraph product code where the underlying
classical pcm comes from Fg“. To obtain the stabilizer generators in canonical form, we take the
first n? = 16 qubits and reshape them into a 4 x 4 matrix, and similarly for the remaining m? = 4
qubits. The two matrices together constitute the first stabilizer generator in canonical form.

In this layout, we can also obtain a canonical basis for hypergraph product code logical
operators [84]. For these codes, a canonical basis is defined to be a set of logical operators such
that they have support contained in a single row or column of a single sector. Additionally, X,
and Z; share support on exactly one qubit, whereas X; and 7j for 7 # j do not share any support.

The physical qubit on which X; and Z; overlap is deemed the pivot qubit for that logical qubit.

Similarly to the physical qubits, the logical qubits are either diagonal logical qubits or part of a
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twin logical qubit pair depending on the location of its pivot qubit. We refer to Ref. [84] where

they provide a method for constructing a canonical basis for square hypergraph product codes.

2.3.2 Bivariate bicycle codes

In Chapter 4, we investigate bivariate bicycle qLDPC codes [85], which come from the
wider family of generalized bicycle codes [86]. Let I, be the ¢ x ¢ identity matrix and let S, be
the ¢ x ¢ cyclic permutation matrix, which is obtained by shifting the columns of I, one position
to the right. Also let

r=5®I[, and y=01,® S, (2.38)

for integers ¢, m. We then define two matrices

A= Al + A2 + Ag and B = Bl + BQ + Bg (239)

where A;, B; are powers of x or y. Here we perform all arithmetic over Z,. Using A and B, we
can construct the CSS-type BB code BB(A, B) with X- and Z-parity checks that, respectively,
take the form

Hyx =[A|B] and Hz = [BT|A"]. (2.40)

To define a valid stabilizer code, we require that all X-type checks commute with all Z-type
checks, which translates to the condition Hx - H, = AB + BA = 0. Since [x,y] = 0, this
condition is satisfied. As with other stabilizer codes, k = n —rk(Hx ) — rk(H), and the distance

is the minimum weight logical operator.
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2.3.3 Iceberg codes

Iceberg codes [67, 72, 87], also known as quantum parity codes, are a family of CSS codes

with parameters [[n, n — 2, 2]]. The two weight-n stabilizer generators,

Sz=QQ)7Z and Sx =) X, (2.41)

i€[n] i€[n]

allow the code to detect a single bit-flip and phase-flip error. Technically, any error of odd parity
is detectable, but the code is unable to differentiate between the error weights. Its n — 2 weight-2

logical operators can be defined as

X, =X1Xi1 and  Z;=Zi1Z,, (2.42)

and it is easily verified that the commutation relations between logical operators are satisfied. The
logical all-zero state |00...0) for an Iceberg code is simply the n-qubit Greenberg-Horne-Zeilinger

(GHZ) state:

000) — 00..0) + [11..1) 043

V2

and so to initialize the codespace we only need to prepare this state. Ref. [88] presents explicit
circuits on how to do this fault-tolerantly. The same reference also explains how to do logical
computation with these codes. In Appendix B.1 we present a set of logical operators that generate

the Clifford group on both logical qubits.
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2.3.4 Concatenated codes

Quantum code concatenation [67] is a procedure that takes two stabilizer codes and pro-
duces a larger stabilizer code. In a concatenated code, the physical qubits are first encoded in
some [[ny, k1, dq]] stabilizer code encoding k; logical qubits. These k; logical qubits then serve
as the physical qubits for an [[ny, ks, ds]] stabilizer code. This process can be repeated arbitrarily
many times, with each encoding step generally increasing the error correction properties of the

code. One concatenation scheme is shown below. Note that the scheme requires k; | ns.

Procedure 1. (Concatenation of quantum codes, see e.g., Section 3.5 of Ref. [67]). Consider
stabilizer codes Q1 and Qo with parameters [[ny, ki, d1]], [[no, ko, do]] and stabilizers S, So,
respectively. Then a concatenated code Q with parameters [[niny/ky, ke, d > didy/k1]] can be
constructed as follows:

Divide the ny qubits into nsy/ky blocks of ki qubits, B(b),b € {1,...,ny/k;}. Each block of

k1 qubits is then encoded into n, qubits using Q.

1. For each generator M € Sy include in S the Pauli M; acting on the ith block of ny qubits

tensored with the identity on all other blocks.

2. Also include in S every generator M € S5, where each single-qubit Pauli P; is replaced

with the corresponding logical Pauli operator according to the mapping of B(D).

As an example, let us concatenate the [[4, 2, 2]] Iceberg code with itself according to Pro-
cedure 1. The resulting code will have parameters [[8,2,d > 2|]. The generators and logical

operators for the [[4, 2, 2]] code are shown below:
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SX — X1X2X3X4 SZ - Z12223Z4 (244)
71 = X1X2 71 = ZQZ4 (245)

Xo =X\ X3 Zo= 737, (2.46)

Intuitively, we are constructing a [[4, 2, 2]] code where the physical qubits are each a logical
qubit encoded in another [[4, 2, 2]] code. Thus we need two code blocks to give us the required
number of logical qubits. For simplicity let us denote the logical qubits of the first code block
as logical qubits 1, 2, and the logical qubits of the second code block as logical qubits 3, 4.
Additionally, we let logical qubits with odd indices to correspond to the specific logical represen-
tation shown in Eq. (2.45), while logical qubits with even indices correspond to Eq. (2.46). This
assignment can be arbitrary, but certain assignments may provide increased distance and error
correcting performance, see Section 5.2.1. Following step 1 of Procedure 1, we add the stabilizer
generators for these two code blocks to the stabilizer of the concatenated code. Following step
2, we must then replace the [[4, 2, 2]] stabilizers of Eq. (2.44) with the corresponding logical op-
erators according to this assignment. Thus, for example, we substitute X; with X, on the first
block: X; X, and we substitute X, with X, on the second block: X, X7. Sx = X;XoX3X,
hence becomes X2 X35X5Xs. We do the same mapping with the two sets of logical operators,
Eq. (2.45), (2.46) to obtain logical operators for the two logical qubits of the resulting concate-
nated code. We see that the commutation relations between X; and Z; are satisfied, so this set of

logical operators forms a valid logical basis. There is an alternative concatenation procedure:

Procedure 2. Concatenation of quantum codes. Consider stabilizer codes Q1 and Qs with pa-
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X X X X1 I 1 1
Z Z 7 Z I 1 1 1
I T I I X X X X
I 1 1 1 Z 7 7 Z
I X X1 I X X I
I 7z 72 1 1 Z 7 1

XllXXIIIII

Z |1 z 1 21 21 Z

XX X1 1 X X1 1

Zo |1 1 1 1 1 Z 7 1

Table 2.2: Stabilizer generators and logical operators for a [[8,2,2]] code obtained from the
concatenation of the [[4, 2, 2]] code with itself according to Procedure 1.

rameters [[n, ki, d1]], [[n2, ke, d2]] and stabilizers Sy, S, respectively. Then a concatenated code
Q with parameters [[ning, k1ka, d > dyds]] can be constructed as follows:
Divide the niny qubits into ny blocks of ny qubits, B(b),b € {1, ...,ny/k1}. Each block of

ny qubits is then encoded into ky logical qubits using Q;.

1. For each generator M € S, include in S the Pauli M; acting on the ith block of ny qubits

tensored with the identity on all other blocks.

2. Using the ith logical qubit from each block B(b) include in S every generator M € Ss,

where each single-qubit Pauli P; is replaced with the corresponding logical Pauli operator.

3. Repeat the previous step k; times, for each logical qubit in B(b).

In Chapter 5 we use Procedure 1 to construct a concatenated code; however, we could just
as easily used Procedure 2, and it may be interesting to consider reproducing Chapter 5 with this

second concatenation procedure.
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2.3.5 Decoding

As alluded to in the previous sections, decoding is process of determining an correction
based on the observed syndrome. The syndrome, which is obtained using syndrome extraction
circuits like those in Fig. 2.3, is given to an algorithm called a decoder that outputs a likely
correction. Consider an error £ and correction £’ with F, E' € P,. It might seem like a
sufficient condition for decoding success, i.e. returning the quantum state to the codespace, is
that o(F @ E’) = 0; however, this is not enough to guarantee success. It may be the case
that £ @ E' € N(S) \ S, in which case the overall effect of the error and the correction is a
logical error—yet o(F @ E’) = 0. So we instead consider the logicals matrix consisting of the
logical representatives, X |, Z1, ..., X, Zx, of the code. When expressed in the binary symplectic
representation, the logical matrix for CSS codes has a similar structure to its parity check matrix,

Eq.2.16

I — (2.47)

Decoding is then considered a success if L - F = L - E’, otherwise we say that a logical error
has occurred. We now briefly describe common noise models for simulating the logical memory

performance of a QECC and the corresponding decoding techniques.

2.3.5.1 Code capacity

The simplest noise model is when only the data qubits experience noise, often at the be-
ginning of an error correction cycle. For example, they may all experience depolarizing noise,

Eq. (2.10), with probability p. Or we may consider CSS codes for simplicity, and consider bit-flip
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noise and phase-flip noise, Eq. (2.9), separately. Unless there is an asymmetry between the X-
and Z-type generators for a CSS code, it often suffices to investigate the performance of only
one type. Hence it is often customary to consider, for example, only X-type errors and the Z-
type syndrome, treating the problem like decoding a classical code. Although belief propagation
performs remarkably well for classical LDPC codes, decoding CSS codes in this way yields sub-
optimal performance [89-91], due to short cycles in the Tanner graph and error degeneracy. To
address the failures of belief propagation, post-processing methods have been introduced [92—
94]. Additionally, entirely new decoders tailored to specific quantum codes have been devel-
oped [23, 79, 83, 95, 96] (among many others), in some instances providing better performance

than general-use decoders like belief propagation.

2.3.5.2 Phenomenological noise

A slightly more realistic noise model is one in which the syndromes themselves can be
noisy, namely the phenomenological noise model. When performing syndrome extraction circuits
like Fig. 2.3 on noisy quantum computers, there is the possibility of errors propagating to the
ancilla qubit or the measurement of the ancilla qubit failing. In general, this results in bit-flip
errors being applied to the syndrome with probability peng. As the syndrome is the main input
to the decoder, incorrect syndromes can cause significant increases in the logical error rate. We
say main input, as there is also the option of providing soft information to the decoder, usually
in the form of error probabilities on each qubit. It has been shown that providing this extra
information can improve decoding performance [97-99]. The typical method for dealing with

syndrome noise is to repeat the stabilizer measurements O(d) times and then decode over the
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Figure 2.9: The X -type parity check matrix for a [[20, 4, 2]| hypergraph product code with addi-
tional columns to account for syndrome noise.

entire syndrome history [58].

It was shown in Ref. [59] that for certain single-shot QECCs, only a single round of noisy
stabilizer measurements is necessary to display increased error suppression with larger block-
lengths. There are two sufficient conditions to be single-shot: some codes, namely those con-
structed from 5-term chain complexes such as the 4D surface code [58] and higher-dimensional
hypergraph product codes [82, 100], have redundancies in their stabilizer generators that allow
them to correct for syndrome errors before decoding according to Section 2.3.5.1. Codes with
this property are said to be single-shot by soundness [60]. Other codes are single-shot by confine-
ment [101], which very roughly states that the residual qubit and syndrome error remain bounded
after decoding. To decode these codes, we follow Ref. [94] to modify the Tanner graph and parity
check matrices of the CSS code: for each check node, we add a single bit node which represents
the possibility of a syndrome error. Fig. 2.9 displays the pcm for a [[20, 4, 2]] hypergraph product
code (shown unaltered in Fig. 2.8) after including columns for potential syndrome errors. This
augmented pcm can then be used in a decoding algorithm as described above. Note that when

applying the correction to the system, these syndrome errors are ignored.
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2.3.5.3 Circuit-level noise

In reality, errors may occur at any operation in the syndrome extraction circuit, including
qubit initialization, single- and two-qubit gates, measurements, and idle locations. To model
this, we instead consider the standard circuit-based depolarizing noise model [102], where for
each operation in the circuit, an error is introduced with some probability p. For example, an
error arising from a CNOT gate is the gate followed by one of the possible 15 non-identity
two-qubit Pauli products on the control and target qubits. Although it is possible to decode
circuit-level noise using the same method as for phenomological noise [103], it has been shown
to be advantageous to instead use a space-time circuit-level decoder [104, 105]. The goal now
is to guess the error at specific locations in the syndrome extraction circuit. Again, decoding is
considered a success if the guessed errors have the same effect on the logical observables as the
actual error.

The input to the space-time decoder is not the syndrome of the error, but rather the parities
of the syndrome measurements between error correction rounds. In the absence of errors, the
syndrome between rounds should be constant, i.e. have parity of zero. A parity of one indicates
that an error occurred at some point in the previous error correction round. Following the notation

of Stim [106, 107], we define the ith detector at time t to be the parity of the syndrome of the

(t

%

l@ = al(t) P ai(t_l) ) is the ith bit of the syndrome at time

current and previous rounds D , Where o

t. We make one change to allow for the possibility of partial quantum error correction, where we
have the choice of neglecting to measure certain generators for some number of rounds, ¢,,. As

such, detectors for these generators must compare the parities of the corresponding syndromes

®) _ ;1) g lt—tm)

t,, rounds apart, D;” = ; . Each detector allows us to determine whether errors have
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Figure 2.10: (a) Detectors for a portion of the bit-flip repetition code. The highlighted regions
represent the detecting region [107] of a detector, the set of errors that would cause the detector
to be triggered. The corresponding detectors are then the parities of the measurements in that
region. Since syndrome j was masked for a round, the detector now represents the parities of the
measurements in the region that spans three rounds. (b) The bipartite space-time decoding graph
of the circuit. The check nodes of this graph are the detectors, and the bit nodes are possible
errors during the execution of the circuit. A detector and error are connected by an edge if the
error causes the detector to be activated. Errors on the boundary of two detecting regions cause
both detectors to trigger.

occurred in a specific detecting region [107] of the circuit. Figure 2.10(a) shows a simple exam-
ple of a classical repetition code circuit with its associated detectors and highlighted detecting
regions.

To correct for errors in the circuit-level model, we relate the detectors with errors in the
circuit by constructing a bipartite graph. Let the detectors over 7' rounds be the check nodes,
and let every possible single- and two-qubit error over the circuit make up the bit nodes. A
detector and error are connected by an edge if the error causes the detector to activate. As a

practical note, many errors have the same action on the detectors and logical observables, so they
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can be consolidated into a single node. Since each error in this set has the same action on the
final logical observables, one can choose an arbitrary representative when checking for decoding
success. Similarly, some errors will have no effect on the detectors or logical observables, and
as such are not included as a node in the bipartite graph. This bipartite graph can be considered
the Tanner graph of a classical code and can be decoded by any appropriate decoder to deduce
the errors that have occurred. Figure 2.10(b) shows the bipartite decoding graph corresponding
to the circuit of panel (a). The classes of equivalent errors from each detecting region constitute
the bit nodes of the graph and are connected by edges to the appropriate detectors. For a more

detailed discussion of the circuit-level noise decoding process, see Ref. [85].
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Chapter 3: Masking and partial syndrome measurement

In this chapter, we introduce the notion of using a submaximal set of stabilizer generators
to do quantum error correction, which we call partial syndrome measurement, and we formal-
ize it with masking and (un)masking schedules. This procedure forms the basis for the other
instantiations of partial error correction described in the following chapters. Applying this new
technique, we motivate a new practical protocol for implementing nonlocal qLDPC codes on
quantum hardware restricted to 2D local gates.

We first begin by introducing the concept driving the motivation for this and the next chap-
ter: locality. Let G be the Tanner graph or connectivity graph of a quantum code, and consider
assigning the vertices of the graph to the points in a D-dimensional grid. Such an assignment is

called an embedding:

Definition 3. (Graph embeddings) For a graph G = (V,E), amap np : V — ZP is called an

embedding. An embedding 1y is a 0-embedding if for all distinct vertices u,v € V,

m9(w) — no(v)] > 6. (3.1)

When 6 = O(1), the corresponding code is said to be local in D dimensions, or DD local.

Equivalently, a code is considered local in Z” if, when embedded in a lattice with side length
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O( §/n)P, its generators act on qubits within a ball of constant radius. It was shown that there
is an intimate relationship between locality and the parameters of a quantum code. In particular,
Refs. [108, 109] showed the distance d for a local code in Z? is bounded above by O(y/n), and
the number of logical qubits % obeys the relation kd? = O(n). In D dimensions, these so-called
Bravyi-Poulin-Terhal (BPT) bounds are generalized like d = O(n'~/?) and kd* P~ = O(n).

Several quantum computing modalities are based on two-dimensional architectures with
fixed qubit layouts, including superconducting qubits [110], quantum dots [111], and nitrogen-
vacancy (NV) center qubits [112]. On these devices, two-qubit entangling gates are only natively
available between qubits that are neighboring. We say natively because longer range entangling
gates can be compiled into the available gateset; however, this incurs additional overhead that
often makes these compiled gates noisier than the native two-qubit gates, see Chapter 4. As such,
on these devices it is significantly easier to implement QECCs that are 2D local. Recently, a
popular choice for code family with this property has been the surface code and its variations [38,
39]. While it has local, weight-four generators and a favorable ©(y/n) distance scaling, the
surface code has a rate, k/n, which tends to zero as n approaches infinity. These parameters
saturate the BPT, and so they are the best we can hope to achieve for a 2D local code.

To surpass the BPT bounds, additional nonlocality is required; that is, we need § = Q(1)
in Definition 3. Precisely how much locality is required was first studied in Refs. [113, 114] and
later refined in Ref. [115]. The latter work proved the following, optimal, statement about 2D

embeddings of stabilizer codes:

Theorem 4 ([115], Theorem 1.2). There exist absolute constants cqy, c; > 0 such that the follow-

ing holds. Any 2D-embedding of a [[n, k, d]] stabilizer code with kd*> > c; - n must have at least
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) /1),

co - max(k, d) interactions of length at least ¢y - max (\%, (e

That is to say that exceeding the BPT bound is costly in terms of the amount of nonlocality that
arises from any D-dimensional embedding. One such family that provides improved parameters
is hypergraph product (HGP) codes [76], specifically quantum expander codes [79]. This con-
struction has the same O (y/n) distance scaling, but now with a constant rate, k& = ©O(n); the
trade-off, however, is that the stabilizer generators of HPG codes are very nonlocal, requiring
Q(n) interactions of length Q(n'/4). This nonlocality poses problems for 2D local implementa-
tion of qLDPC codes, such as HGP codes, that surpass the BPT bound.

Indeed, several recent works have provided evidence against the possibility of doing error
correction on architectures restricted to 2D local gates. Delfosse er al. [103] investigated the
problem of performing syndrome extraction circuits of HGP codes using 2D local gates and clas-
sical communication and presented numerical simulations suggesting that the resulting overhead
was prohibitive. Baspin et al. [116] provide further evidence against 2D local implementations of
qLDPC codes by deriving bounds on the amount of overhead needed to perform error correction
at a given logical error rate. They show that the restriction to 2D local gates incurs polyno-
mial overhead. However, they also note that their definition of error rate is very restrictive and
that computations not satisfying this definition might not obey the overhead bound. It therefore
remains possible that we could obtain more favorable performance by using alternative error
correction schemes, such as partial syndrome extraction and the stacked model, which we now

introduce.
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Lower layers Upper layers

5

Interaction radius

Figure 3.1: Illustration of stacked model layer interaction radius and frequency. Blue circles
represent the support coverage of the stabilizer generators. For codes in the stacked model, the
lower layers contain many small generators. The code will also have larger generators; however,
as interaction radius increases, the frequency decreases.

3.1 The stacked model

As a concrete example of partial syndrome measurement, we show through analytic and
numerical evidence that repeated quantum error correction with quantum expander codes still
provides a threshold even when a constant fraction of generators are not measured. This re-
sult suggests that it may be possible to build a fault-tolerant quantum computer with nonlocal
qLDPC codes on architectures restricted to 2D local gates with a procedure based on the stacked
model [113]. After embedding a QECC in a grid of size O(y/n) x O(y/n), the stabilizer genera-
tors are partitioned into a stack of layers based on the radius of the ball containing the qubits they
act on. The bottom layer of the stack contains local generators, and as we move up the stack, the
interaction radius increases while the number of generators of that size decreases. Note that the
layers in the stack do not correspond to physical layers on hardware. Instead, they are a concep-
tual tool for partitioning the generators into sets based on their geometric size. Fig. 3.1 illustrates
this: for codes in the stacked model, the relative frequency of the stabilizer generators is related

to their interaction radius. Ideally, we can use codes which when embedded into Z? have the

44



property that the number of generators decreases exponentially with increasing radius. That is, a
(large) constant fraction of the generators act on qubits within a support of constant radius. The
reason for wanting this is that when restricted to 2D local gates, the set of nonlocal generators
takes much longer to route and measure than the local generators, see Chapter 4. The key insight
is that measuring the nonlocal generators less frequently than the local ones could significantly
shorten the syndrome extraction time, at the cost of potentially reduced error correction capabil-
ities. It was shown in Ref. [113] that any code constrained to the above model has a distance that
is bounded by O(n2/3) and obeys the relation k3d* = O(n®). Here, O(-) is a variant of big O no-
tation that ignores log factors, e.g. f(n) € O(h(n)) is equivalent to 3k : f(n) € O(h(n)log" n).
Quantum expander codes codes satisfy this trade-off.

However, since the publication of the paper this chapter was based on [117], another
work [115] refined the bounds of Ref. [113] yielding a tighter distance bound d < O(nQ/ 3)
and improved rate-distance trade-offs: kd* < O(n?), k3d* < O(n?). Quantum expander codes
(k = ©(n),d = O(n'/?)) no longer satisfy these bounds, and as such cannot be implemented
in the stacked model. This was somewhat expected by us, given as expander graphs are no-
toriously hard to embed into any finite dimension [118]. Indeed, we made some effort to find
specific embeddings into Z? that yielded good generator size distributions; however, the resulting
distributions instead often favored mid-sized generators. While this rules out quantum expander
codes, it still remains the case that codes such as 2D hyperbolic codes [119], 4D hyperbolic
codes [120, 121], or fiber bundle codes [122] may be implemented in the stacked model. Al-
ternatively, there might be enough practical benefit to use codes that have the same asymptotic
parameter scaling as the surface code (k = ©(1),d = ©(y/n)), but encode more qubits at small

blocklengths, such as semi-topological codes [92], long-range-enhanced surface codes [123], or
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Figure 3.2: Overview of the stacked model. (a) After embedding a quantum code into Z?, each
stabilizer generator has a parameter ~y that denotes the radius of the ball containing the qubits in
its support. (b) Two possible distributions of v over the set of generators. The most advantageous
distributions for this scheme are those where the relative frequency decays exponentially with
increasing v (red curve). (c) An example schedule for the generator measurements. The syn-
drome extraction circuits for the smaller generators are able to be prepared quickly, and so their
syndromes are available during every round of error correction (red dashed lines). The larger
generators require more time to build their syndrome extraction circuits, so this is done over a
period of time that may stretch over several error correction rounds. More practically, priority is
given to the smaller generators, and after completing them, the larger generators are worked on
using any remaining time before an error correction round.

La-cross codes [124].

Measurement of the generators at the bottom of the stack takes constant time, since they
are local. As such, these generators can be considered ‘easy’ in some sense, and their syndrome
information can be assumed to be available during every round of error correction. As we move
up the stack, the interaction radius increases. The important distinction to make is that while
the generators on higher layers are nonlocal, we are still measuring them with only 2D local
gates, and so extracting these syndromes takes longer than for local generators. To mitigate
the extra noise arising from additional idling and the compiled long-range gates, these nonlocal
generators are measured less frequently than those lower in the stack, and hence their syndrome
is not always available. This scheme is depicted in Fig. 3.2. Doing this, as we will briefly argue,
has the potential of reducing the overhead of performing syndrome extraction, given that the

intermediate rounds of error correction are actually correcting errors.
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We can roughly approximate the amount of work required to perform syndrome measure-
ment using 2D local gates by estimating the number of SWAP gates in the extraction circuits.
For a generator with interaction radius -y, the total number of SWAP gates needed to perform the
syndrome measurement is proportional to y. As a concrete example, consider a qLDPC code on
n = 100,000 qubits which when embedded into Z? results in a generator distribution where the
number of generators decays exponentially with increasing . Drawing O(n) generators from
this distribution and summing the radii of the smallest 90% is ~ 3% of the total sum across all
generators. Thus, we can estimate that the syndrome of these smallest 90% of generators can
be obtained using only ~ 3% of the SWAP gates required to perform all of the syndrome mea-
surements. Obtaining the remaining 10% of the syndromes requires the majority of the work,
but these circuits are built up over time (see Fig. 3.2(c)), allowing for a significant portion of the
full error correction capabilities to be available during each error correction round. Alternatively,
the syndrome measurement circuits of the large generators can just be performed less frequently,
which is the method we use in Chapter 4. Although the resulting logical error rates will be strictly
larger than when using a full syndrome, the reductions in overhead may outweigh the increases
in the logical error rate.

The remainder of the chapter is structured as follows. Section 3.2 introduces the idea of
masking and contextualizes it with respect to the stacked model. In Section 3.3, we apply previ-
ous results about quantum expander codes to provide some analytical bounds on using masking
during multi-round error correction. Section 3.4 provides empirical evidence to suggest that the
analytical thresholds are better in practice. We conclude in Section 3.5 with a discussion of the

remaining problems for an physical implementation of the stacked model.
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3.2 Syndrome masking

The notion of masking was originally introduced as a way of describing fault-tolerant pro-
tocols for space-time codes [125]. We use the same idea here, although in a different context. An
element of the stabilizer is considered masked if we cannot measure its eigenvalue during an error
correction round. We follow the definition from [125] and define two subgroups of the stabilizer,
U and T, where U C T C S. The always unmasked subgroup, U, are the stabilizers whose
eigenvalues can be measured in a constant number of rounds, whereas the temporarily unmasked
subgroup, 7', are the stabilizers whose eigenvalues can be measured in a number of rounds that
can scale with the size of the code, n. In general, it could be the case that 7' C S where the set
S\ T contains stabilizers that cannot be measured on any time scale. In this chapter, we consider
the case U C T' = S. The subgroups form valid stabilizer codes, and as such can be described
by their parameters. Defining & for these codes has no real meaning since logical information is

not being stored in the subspace; however, we can define the corresponding distances, where

dy =min |[N(U)\ S| dr =min |[N(T)\ S|. (3.2)

In other words, diy (dr) is the weight of the smallest Pauli operator outside of the full group that
has zero syndrome when measuring only the stabilizer generators of U (T'). We call dyy and dr
masked distances, whereas d is the unmasked distance. Note that dy < dr < d.

Since not every generator is measured, the resulting syndrome may have less information
about the error than would otherwise be available if the full set of stabilizer generators were

measured. For any number of masked generators, there is a set of invisible errors that have zero
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syndrome on the generators of U (or 7") while having a non-zero syndrome in .S. In particular, the
new normalizer N (U) contains N (S) as well as all cosets of P,,/N(S) labeled with undetectable
error syndromes.

Furthermore, errors that were previously correctable may no longer be uniquely identifiable
with the syndrome of U or 7. Note that errors with a zero syndrome for U do not immediately
cause logical errors, unlike errors with a zero syndrome for all of S. If an error has a non-zero
syndrome for 7', it will eventually be detected, once the generators of 7'\ U are unmasked. The
risk is that such errors will accumulate over time and become logical errors before they can be

corrected.

3.2.1 Masking and the stacked model

Identifying which layers of the stack are available during an error correction round cor-
responds to specifying the temporarily unmasked subgroup, 7}, at each time step in the circuit,
t =1,...,7. The always unmasked subgroup, U C T}, is static over the execution of the circuit
and so can be specified at the beginning. This set contains all local generators, as their eigenval-
ues can be measured in constant time and so are assumed to always be available. 7; will contain
U as well as any additional layers that have completed syndrome extraction between time ¢ — 1
and t. Since, in general, we want to measure all generators throughout the course of the circuit,
U, Ti = S; however, it may not be the case that any one time step has all generators available.
An equivalent interpretation is to specify S \ T}, the set of generators whose eigenvalues are not
available during time step ¢. For the remainder of the chapter, we consider ‘applying’ a mask D

to be specifying this set, S \ 7;.
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Algorithm 1 A simplified fault-tolerance scheme

fort=1,..,7do
Generate an error [, with probability p,nys and apply £} to the current error:

Eé = Ft @ Et—l

Generate a syndrome error D; with probability peyng
Decode on the input (F;, D;) and correct using the decoded error F;:

Et = E;@E‘t

end for
Generate an error [; with probability p,nys and apply to the current error:

E.=F ®FE._

Decode on the input (Er, &)

3.3 Analytic results

In this section, we consider previous results on quantum expander codes in the context of
masking in a multi-round error correction procedure. To decode we use the small-set flip (SSF)
decoder [79], a detailed description of which is given in Appendix A.1.

A quantum circuit is considered fault-tolerant if it prevents errors from propagating through-
out the circuit; in this way, it keeps the size of the residual error manageable for the QECC. To
convert a circuit into a fault-tolerant version, the qubits are first encoded in some QECC, and then
each operation in the original circuit is replaced with a fault-tolerant logical gadget that acts on
the logical qubits of the QECC. We need gadgets to initialize qubits, perform measurements, im-
plement logical operations from N (.S)/.S, and do error correction. In general, errors may occur
in any of the gadgets, so after each gadget in the circuit a round of fault-tolerant error correction
is performed. To investigate how an error propagates throughout a fault-tolerant circuit more

easily, we often abstract the above model and instead work with the procedure described in Al-

50



gorithm 1. For the purposes of analysis and simulation, we condense all gadgets, except error
correction, into a single event where every qubit has a bit/phase flip error applied with probability
Pphys- Additionally, error correction is noisy in the sense that each syndrome bit is flipped with
probability pynq. We later discuss how to make this scheme more realistic, but for the purposes
of determining the effects of performing error correction with partial syndromes this simplified
model is sufficient. In this model we consider qubit errors, F, and syndrome errors/masks, D,

that follow a local stochastic noise model:

Definition 5. (Local stochastic error model). We say that an error (E, D) is local stochastic
if there are error parameters (Ppnys, Psyna) Such that for any F and L, Pr[FF C E,L C D] <

|Fl L
pphyspsynd'

Much work has been put into the investigation of quantum expander codes and the SSF decoder
in this model [80, 126, 127]. Most relevant to us is the fact that they can tolerate random qubit

errors and syndrome errors of linear size, as stated in the following theorem.

Theorem 6. (modified from Fawzi, Grospellier, Leverrier [80]). There exists a non-zero con-
stant py > 0 such that the following holds. Suppose that the error (E, D) each satisfy a local
stochastic noise model with parameters pypys and Peyng where pypye < po and peua < po. If we
run Algorithm 4 on the input (E, D) then there exists a random variable E;; C 'V with a local

stochastic distribution with parameter p;; 1= pgild) such that:

Pr [Els and E @ E are not equivalent} < e OWn) 3.3)

In the analysis for the above theorem, Fawzi et al. consider an error D in the syndrome
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Algorithm 2 Multi-round decoding with a fixed (random) mask

Apply a mask D with probability ppas
fort=1,..,7do
Generate an error [; with probability p,nys and apply £} to the current error:

Eg = Ft @ Et—l
Decode on the input (E;, D) and correct using the decoded error E:
Et = E; @ Et

end for
Generate an error [; with probability p,nys and apply to the current error:

E.=F ®FE

Decode on the input (Er, &)

to be a subset of the stabilizer generators whose measurement results have been flipped. Very
briefly, the argument requires that the syndrome error does not form clusters on the syndrome
adjacency graph [24] for it to be tolerable. As such, py must be below the percolation threshold
of the syndrome adjacency graph of Q. This value is a constant that depends only on Ay and Ao
of the code. We can turn the result of a masked measurement into the above form by randomly
assigning measurement outcomes to the generators included in the mask. Thus, in this context,
we can say that Theorem 6 holds when a mask—turned syndrome error—D satisfies a local
stochastic noise model with parameter pp.x < Po-

The above analysis is sufficient in the case when we do a single round of masked error
correction where the mask is treated like a random syndrome error. However, we will not be
using random masks when implementing the stacked model in reality; instead, for a code and
an embedding, we will have fixed masks corresponding to different layers. These masks are
then applied on error correction rounds when the corresponding syndromes are not available,

potentially several in a row. When we use the same mask over consecutive rounds, we have to be
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more careful about accounting for the correlations between the syndrome errors, new qubit errors,
and residual qubit errors. Accurately characterizing these correlations is likely difficult. As a first
step toward this reality, we will only consider a random mask that is fixed at the beginning of
the computation, see Algorithm 2. Following the notation of Algorithm 2, in each round ¢ we
have the syndrome error from the mask D, any error that was not fully corrected in the previous
round F; 1, and a new error F;. When considered individually, all three error sources are local
stochastic described by parameters pmask, Pres, and pphys, respectively. When looked at together,
the new error and the syndrome error are bounded by

Pr[F C Eand L C D] < plt] plHl (3.4)

and similarly for the residual error and the new error, as per the definition of a locally stochastic
error. However, we would expect to see correlations arise between the residual error and the
syndrome error over the rounds, and so together they no longer obey a local stochastic noise
model. Instead, they are bounded by:

Pr[F C Eand L C D] < min{plZ, pl"! (3.5)

res ? pmask .

When max{pres, Pmask} < Po the threshold from Theorem 6, we can say that the probability of
clustering is at most e~OVN) by plugging the error bound in Eq. (3.5) into Theorem 17 ([126]).
With this, we can apply Lemma 26 ([80]) to bound the probability of the residual error obeying

a local stochastic distribution, Pr[S C Fj|. Besides the requirement that £ U D forms clusters

L]

mask- S1nce we assumed that the mask was

with low probability, we need that Pr[L C D] < p
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chosen according to a local stochastic error model, this statement is satisfied for all rounds ¢ < 7.

We are then able to apply Theorem 6 in an iterative manner, yielding the following result.

Theorem 7. (Grospellier [127]). Let py be the threshold of Theorem 6, and let pys and pppys be

such that:

Do\ (1)
Pmask < (5()) and Pphys <

Do

5 (3.6)

Then Algorithm 2 fails with probability at most (T + 1)e V™),

If the conditions for Theorem 7 are satisfied, then we can make the failure probability for
the procedure arbitrarily small by using larger codes. This result is perhaps surprising given the

following two claims:

Claim 8. Applying a random mask D with parameter p,,q. to a gLDPC code Q results in a code

Q' = Q(S\D) whose Tanner graph has the following degree distribution:
. deg(Qv)\ deg(gy, i
Pr(deg(Q),) = 1) = ( g(@. | ))pm,ii (1~ D) (3.7)

Here, we use the notation deg(Q‘U) to mean the degree of node v in Q. Since we assume
Q to be LDPC, deg(v) is bounded by a constant Ay for all v, but the values may differ between

vertices.

Corollary 9. Randomly masking a constant fraction of generators results in a masked distance

of dy = 1 with high probability.

Proof. Applying Claim 8 with p. = O(1) gives a degree distribution where

Pr(Degree of qubit v = 0) = po2 2 = (1) (3.8)

mask
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for all qubits. In this case, an error on such a qubit has zero syndrome on the remaining unmasked

generators, U. As this error would not be an element of the stabilizer, dy = 1. L]

The always unmasked subgroup U will have a bad distance d;; with high probability; how-
ever, this notion of masked distance may be slightly misleading as to the error correction capa-
bilities of the masked code. The alternative masked distance definition Eq. (??) may be more
accurate. Indeed, in Ref. [57] they provide an example where dy; < dsz”z' As we will now show,
we numerically observe decoding performance superior than a code with distance suggested by

Corollary 9—even at masking percentages well above what is guaranteed by Theorem 7.

3.4 Numerical simulations

In this section, we report on the results of numerical simulations of a multi-round decod-
ing protocol as described in Algorithm 2. Previous work has investigated the performance of
HGP codes using a variety of decoders [92, 94, 103, 104, 128—131] (among many others) and
gives evidence for competitive thresholds and good below-threshold performance. Here, we pro-
vide alternative evidence of exponential error suppression in both masked and unmasked cases
following the methodology of Ref. [41].

We investigate a family quantum expander codes and decode them using the small-set flip
decoding algorithm. As discussed in Section 2.3.1, quantum expander codes are families of
hypergraph product codes where the base classical code(s) are randomly generated LDPC codes.
We focus on square quantum expander codes where the Tanner graph of the single base classical
code H is randomly generated and (Ay, Ac)-regular, meaning that each bit is involved in Ay

checks, and each check is supported on A¢ bits. Random classical codes generated in this way
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are good expanders with high probability [78], and they have asymptotic parameters scaling
like [n,O(n),O(n)]. The resulting HGP code, is (Ac, Ay + A¢)-qLDPC (but not regular),
and has parameters scaling like [[n, O(n), O(y/n)]]. Using the configuration model and edge
swapping [94], we generate random (5, 6)-regular classical codes which yield a family of (6, 11)-
gLDPC hypergraph product codes with rate k/n > 1/61 ~ 0.016. HGP codes—being CSS
codes—can have bit- and phase-flip errors decoded independently. Furthermore, HGP codes
constructed from a single base code have equivalent parity check matrices Hx, H 7, and therefore,
without loss of generality, we focus on the problem of decoding X-type errors. The results
presented here correspond to a specific (un)masking schedule, which is a potential modification
of Algorithm 2 and a way of specifying when and by how much to apply a mask to the syndrome.

In particular, we study the following two models:

» Simple scheduling. Apply a mask D with a masking percentage of pn,« to use for all 7
error correction rounds. After 7 rounds, remove the mask completely and perform one

error correction round with the fully unmasked syndrome.

e [terative scheduling. Apply a mask D with masking percentage pp... After a multiple of
10t~ rounds, for t > 0, remove 1 — 10~ (=YY% of the mask. For each of these instances,
remove the same portion of the mask each time. On rounds 10°~! + 1, all generators that
were temporarily unmasked in the previous round are re-masked until another 10*~! rounds
have passed. After 7 rounds, again remove the mask completely and perform one round of

error correction.

These two models are simplifications to the masking schedules that would be used when
implementing the stacked model, in addition to the fact that they use random masks. Iterative
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Figure 3.3: (a) Semilog plot of logical error rate as a function of the number of rounds for a
[[3904, 64, 16]] code and the simple unmasking schedule. (b) Logical error rate as a function of
rounds across the (6, 11)-qLDPC code family with fixed ppasc = 10% and the simple unmasking
schedule. Both panels include fits of Eq. (3.9), for which we only include data with £ > 300.

scheduling is closer to what would be the case in reality, with the larger generators becoming
available after some number of rounds. The precise timing in which this happens will depend
closely on the code and the capabilities of the quantum computer, and it will likely be much
different than the unmasking times studied here. Nonetheless, iterative scheduling is a step toward
realism that allows us to see the benefits of unmasking more frequently.

In Fig. 3.3(a) we show the logical error rate, piog, as a function of the number of rounds for
a [[3904, 64, 16]] code and the simple unmasking schedule. Data is obtained by running Algo-
rithm 2 for a fixed number of rounds with an error rate of p = 0.001 while varying the masking
percentage, pmask,» and then recording the percentage of samples that end with a logical error. A

sample is considered to end with a logical error if the final state is not equal to the initial state,
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up to stabilizer elements. We extract the logical error per round, €, by fitting the data to the

exponential

Prog = 1- (1 - 6L)t- 3.9

The error bars on the fits are taken from the standard error of sampling a binomial distribution,

\/ Piog(1 — Piog)/N. In the bottom panel of Fig. 3.3, we now fix pmax = 0.1 and show the per-
formance of the simple unmasking schedule across the code family. The codes are labeled with
their parameters as described in Section 2.3.1. While finding the distance of a code is gener-
ally hard, we are able to exhaustively search through the codewords of the base classical code
to determine the distance of it, as well as the corresponding HGP code. Here, we observe even
spacing between curves on the semilog plot showing exponential error suppression with code
size. This behavior is more easily seen as the linear downwards trend in Fig. 3.4, which we now
more precisely quantify.

We can relate a code family and values for logical error per round with an exponential error
suppression factor A. For simple models, the equation

C

€, = W, (310)

where C' is a fitting constant and d is the distance of the code, heuristically describes this rela-
tionship well. In Fig. 3.4(a) and (b), we show the logical error per round as a function of code
distance for the simple and iterative schedules, respectively. For each masking percentage, we fit
a linearized Eq. (3.10) with log €/, to obtain A. These values are listed in Table 3.1. A value of

A > 1is aclear indication of operating below the threshold, as increasing the code size gives an
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Figure 3.4: (a) Semilog plot of logical error rate per round, €7, as a function of code distance
for the simple unmasking schedule and an error rate of p = 0.001. The fits are of a linearized
Eq. (3.10) with log €. (b) Similar results for iterative scheduling. Note that we do not include 0%
masking in this case because it is equivalent to the simple schedule. Panels (c)-(f) plot the same
data from panels (a)-(b) and provide easier comparisons between the simple (dot markers) and
iterative (x markers) scheduling for pp.g = {10%, 20%, 30%, 50%}, respectively. The shaded
region for all panels indicates error bars for C' and A.

exponential decrease in the logical error rate per round. For simple scheduling, we find that for
masking percentages below 50%, A is in this regime. Increasing pn,« decreases A, and between
40% and 50% we see a transition where A < 1. In this case, it is no longer advantageous to
increase the code size, as it actually causes more logical errors to occur.

The results of the iterative unmasking schedule are shown in Fig. 3.4(b), where we find that
it outperforms the simple schedule. For smaller masking percentages, it is not as advantageous
to use a schedule with more unmasking, as there is less difference in performance between small
masking percentages and completely unmasking (see Fig. 3.3(a)). However, larger masking per-
centages appear to benefit more from using a more frequent unmasking schedule. In fact, with
iterative scheduling, it is now the case that 50% masked is back in the A < 1 regime, although

with very little error suppression. Fig. 3.4(c)-(f), highlights this difference between schedules.
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Pmask Simple Iterative
scheduling scheduling

0% | 1.820 + 0.046 -

10% | 1.782 + 0.019 | 1.794 = 0.010
20% | 1.490 &£ 0.026 | 1.579 £ 0.026
30% | 1.193 £ 0.015 | 1.314 + 0.018
40% | 1.038 = 0.007 | 1.161 + 0.015
50% | 0.956 &+ 0.014 | 1.044 £+ 0.009

Table 3.1: Extracted values of A for different masking percentages and schedules.

In both cases, we find that the results exceed the guarantees provided by Theorem 7. We
find that the percolation threshold of this family of (12, 10)—qLDPC codes is around 2%; how-

ever, we see exponential error suppression at error rates up to ~ 50%, well above this threshold.

3.4.1 2D hyperbolic surface codes

As a comparison, we benchmark the performance of a 2D hyperbolic surface code on the
multi-round decoding protocol. Although codes based on tilings of closed hyperbolic surfaces
have a comparatively poor asymptotic distance, d = ©(logn), they have a constant encoding
rate. These parameters violate the Bravyi-Poulin-Terhal bounds [109], and therefore embedding
these codes in 2D Euclidean space is not possible without nonlocal connections. However, they
are in some sense close to being local, and so they make a good candidate for the stacked model.
For the construction and threshold simulations of these codes, we point the interested reader to
Ref. [119]. As the SSF decoder is not known to work for 2D hyperbolic surface codes, we instead
use the minimum-weight perfect matching (MWPM) decoder [132]. While we no longer have the
guarantees of Theorem 7, the MWPM decoder can be modified to work with masked stabilizer

generators. To do this, we set the nodes corresponding to masked generators as boundaries in the
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Figure 3.5: Semilog plot of logical error rate as a function of the number of rounds for a
[[360, 25, 8]] 2D hyperbolic surface code and an error rate of p = 0.003. We compare fully
unmasked decoding performance (blue markers) with two iterative unmasking schedules. Yellow
markers denote a schedule consisting of alternating between a round where no error correction is

performed and a round where the entire syndrome is available. Red markers denote a schedule
where masks of 10% and 0% are used to decode, alternating each round. Fits are of Eq. (3.9).

matching graph and set the corresponding syndrome bits to zero. Decoding normally, it is then
possible to match unpaired syndrome nodes to the boundary. Note that the standard solution to
decoding with syndrome noise of building a 3D matching graph with a time dimension does not
work since the mask is fixed from round to round, and the repeated measurements provide no
additional information.

The code we investigate comes from a family of {5, 4}-codes with an asymptotic rate of
1/10 and has parameters [[360, 38, 8]]. In Fig. 3.5 we show the results of running Algorithm 1
with this code and an error rate of p = 0.003 for several iterative unmasking schedules. We
compare completely unmasked decoding (blue markers) with a schedule that alternates between
performing no error correction and 0% masked each round (yellow markers) and one where the
masking percentage alternates between 10% and 0% masked each round (red markers). For these
codes and decoder, we find that it is actually better to do nothing and let the errors accumulate

rather than try to correct the errors with the partial syndrome. We note that we did not observe
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this behavior for HGP codes, even at the higher error rate. This result is interesting as it seems to
imply that the masking behavior for HPG codes is non-trivial.

One possible explanation for the difference is the single-shot [59, 60] property of quan-
tum expander codes the SSF decoder, a property not found in hyperbolic surface codes and the
MWPM decoder. Intuitively, this means that the syndrome has redundancies that make it more
resilient to syndrome errors and masks. Over a multi-round decoding procedure, the single-shot
property also ensures that the size of any residual error is proportional to the size of the syn-
drome error. Consequently, misdiagnosing an error cannot have immediate effects throughout
the system, since the size of the resulting error is bounded. This is not the case with the MWPM

decoder, where a well-placed syndrome error could result in a long error chain across the lattice.

3.5 Discussion

In this chapter, we introduced the concept of partial syndrome measurement and formal-
ized it with masking and (un)masking schedules. Applying this new technique, we motivated
a new practical protocol based on the stacked model for implementing nonlocal qLDPC codes
on quantum hardware restricted to 2D local gates. As a first step into validating the potential of
such a scheme, we investigated the ability of performing error correction while using a subset of
the total syndrome information. For this simplified model we provided analytical and numerical
evidence that quantum expander codes still exhibit a threshold. Additionally, we showed that this
robustness is not inherent to quantum codes in general-hyperbolic surface codes perform poorly
in this setting. We hypothesized, but did not prove, that a robustness to masking is related to the

single-shot properties of the code and decoder.
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The model we studied in this chapter was a toy model that lacked many factors which
would need to be considered in a physical implementation. There are a number of questions that
need to be answered to determine whether this procedure is feasible in general.

What families of codes are amenable to the stacked model? Given that quantum expander
codes are no longer allowed in the stacked model, we need an alternative. Namely, we need
a code family that satisfies the bounds of Ref. [115], has good masked error correcting perfor-
mance, and has embeddings into Z? amenable to the stacked model. Certain codes, such as gen-
eralized bicycle codes [85, 86] or certain hypergraph product codes not constructed from good
classical expanders [123, 124] have convenient embeddings; however, the problem of optimally
embedding an arbitrary Tanner graph is likely computationally intractable [133].

What do the syndrome extraction circuits look like for the stacked model? Careful thought
has to be put into the syndrome extraction circuit to ensure that we do not fall into the same
pitfall of accumulating too many errors while the nonlocal generators are being prepared. A naive
syndrome extraction circuit consisting of SWAP gates will take w(1) time to prepare generators
of size w(1), which is prohibitively long. Alternatively, one could use the syndrome extraction
circuits of Ref. [103]; this method solves the scaling issue by utilizing ancilla qubits and gate
teleportation to perform long-range CNOT gates in constant depth. Remaining technicalities
include the use of entanglement distillation [70, 134] to ensure the resulting long-range CNOT
gates are of high enough fidelity.

How long does it take to perform a set of masked syndrome measurements? As discussed
in the previous question, performing the syndrome extraction of a single generator can be ac-
complished in constant time. However, when restricted to O(n) ancilla qubits, the same cannot

be said for a growing number of nonlocal generators. Bounds on the depth of 2D local circuits
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needed to measure the full syndrome of a stabilizer code were developed in Ref. [103]. Extending
these bounds to include specifying generator size distributions will help inform explicit unmask-
ing schedules, which may provide better performance than the arbitrarily chosen ones studied
in this work. These three questions form the basis for a practical implementation of the stacked
model and are the focus of the next chapter.

While this chapter was originally motivated by implementing nonlocal QECCs on 2D local
hardware, we can also consider applying the proposed methods in order to reduce overheads on
quantum architectures like neutral atoms, ion traps, and semiconductor spin qubits that have the
ability to implement long-range gates through qubit movement [3, 37, 43, 45, 104, 135, 136].
With this functionality these devices are able to achieve all-to-all connectivity, in turn facilitating
the use of efficient, nonlocal qLDPC codes without significant additional overhead. To reduce
the cost of performing error correction on these architectures we could simply reduce the number
of generators that we measure: if we can achieve comparable logical error rates while measuring
only ~ 80% of the generators, then we have obtained a ~ 20% shorter QEC cycle effectively for
free. This specific idea also partially motivates the application of adaptive syndrome extraction
which we discuss in Chapter 5.

One way to accomplish this would be to randomly choose a subset of generators to mea-
sure in each error correction cycle. The toy model studied in this chapter did essentially that,
with the difference being the subset of generators measured was consistent across QEC rounds.
Alternatively, we could choose a different subset for each round, while still using an unmasking
schedule in which there were rounds where the full stabilizer group is measured. For quantum
expander codes we can prove using a variation of the arguments in Section 3.3 that this alterna-

tive scheme has a threshold as well. More specifically, over 7 error correction cycles, we can
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neglect to measure some random constant fraction p,s of generators each round and still expect
a logical fidelity of

Plog = Q1 — (1 + 1)e” VM), (3.11)

as long as pmask and the physical error rate are below some threshold. However, doing this likely
comes at the cost of a reduction in robustness for some QECCs; for example, consider codes
which have single-shot QEC facilitated by soundness [60]. Soundness is due to redundancies in
the stabilizer generators called metachecks which allow for an increased tolerance syndrome er-
rors [46, 95, 100]. Obtaining fewer syndromes would restrict the evaluation of these metachecks,
removing the ability to detect and correct syndrome errors. In this case, the savings from masking
may not outweigh the loss of soundness.

This does not mean that the stacked model is completely irrelevant for architectures with
long-range connectivity. Since movement adds additional complications associated with qubit
decoherence, heating, and loss, it is worthwhile to consider schemes that limit the amount of
movement such as those developed in this and the next chapter. In the extreme case, one can
consider qubits that are fixed in space and solely use local interactions to perform entangling
gates. Such studies provide additional insight into the tradeoffs associated with engineering long-

range connectivity through qubit motion or more complex electrical wiring.
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Chapter 4: 2D local implementations of nonlocal codes

In the previous chapter we introduced locality and its relationship with the parameters of
quantum error correcting codes. We noted that the surface code, despite showing promising
theoretical and experimental performance on 2D local architectures [38, 39, 44, 102, 137, 138],
is poorly suited to large-scale fault-tolerant quantum computation due to its vanishing rate [137,
139, 140]. For a more resource-efficient alternative, we presented qLDPC codes which surpass
the parameters of the surface code [75]. As these codes can encode multiple logical qubits, the
required space overhead is reduced, in some instances, to a constant [24]. The drawback, as we
described, is that these high-rate qLDPC codes require many long-range connections [108, 109,
113, 114], posing difficulties for architectures such as superconducting qubits which can only
perform entangling gates between 2D nearest neighbor qubits.

Several recent proposals have attempted to alleviate this overhead by taking advantage
of more complex electrical wiring of the superconducting circuits [85, 130], employing code
concatenation [141, 142], or using bosonic cat qubits [143]. Implementing these long-range
connections is less problematic in architectures like neutral atoms, ion traps, or semiconductor
spin qubits that can implement long-range gates through qubit movement [3, 37, 43, 45, 104, 135,
136]. However, as we briefly mentioned, movement adds additional complications associated

with qubit decoherence, heating, and loss, and it may be worthwhile to minimize these operations.
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In this chapter, we present a concrete approach to qLDPC codes that works without qubit
motion or long-range couplers, inspired by the stacked model introduced in Chapter 3. As a
reminder, we assume that high-rate qLDPC codes in the stacked model have the property that
after embedding the code into Z?, the majority of the stabilizer generators are local; that is, their
qubits are contained within a ball of constant radius. We claimed that most of the work required
to perform the syndrome extraction circuit with 2D local gates comes from measuring the few
nonlocal generators, so measuring these generators less frequently has the potential to signifi-
cantly reduce the time overhead, ideally at only a minor cost to the error correction performance
of the code. We showed in Chapter 3 that, for quantum expander codes, neglecting to measure
a large percentage of generators could be reasonably tolerated; however, the model we consid-
ered was narrow in scope, considering only a phenomenological noise model and neglecting the
problem of embedding the codes. It is therefore unclear whether such codes lend themselves well
to physical implementations. Nonetheless, the results on partial error correction were optimistic
and motivated the investigation of the more realistic architecture developed in this chapter.

We propose and benchmark a realistic bilayer architecture suited for near- to mid-term
superconducting devices and other platforms with restricted qubit movement. We find that the
recently introduced bivariate bicycle (BB) qLDPC codes [85] coming from the larger family of
generalized bicycle qLDPC codes [86] are well suited for both the stacked model and the bilayer
architecture. These codes have natural embeddings into Z? where the generators have a repeated
structure, and in some instances, a majority of the generators are geometrically small. The first
property makes them amenable to a parallel syndrome measurement scheme using routing with
fast local operations and classical communication (LOCC), and the second property makes them

good candidates for reducing overhead using the stacked model. More generally, we develop
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bounds on how quickly syndrome extraction can be performed in this manner and provide an al-
gorithm to do so. Overall, we find that over multiple rounds of decoding, BB codes implemented
in this architecture have error correction performance comparable to the standard (rotated) sur-
face code, albeit only when the parameters in the error model lie in certain regimes.

Our work stands as an alternative architecture that may be more practical for near-term
quantum computers without the ability to move qubits. As such, it is incomparable to schemes
such as Ref. [104, 135] which allow for qubit movement. Several recent works have also pro-
posed layered architectures [85, 130]; however, their motivation is in minimizing the number of
crossings in the two-qubit gate connectivity. They achieve this through the use of long-range con-
nections, the elimination of which is the main imposed constraint of our work. Refs. [141, 142]
present asymptotically well performing concatenated schemes which use only local connectivity;
however, the required overheads likely make them infeasible for near- and mid-term quantum
computers. In particular, Ref. [142] estimates that ~600 physical qubits would be needed per
each logical qubit, which is an order of magnitude more than what our architecture needs to
implement the [[144, 12, 12]] Gross code [85], with ~48 physical qubits per logical qubit. Most
closely comparable to our work is Ref. [103], which aimed to implement quantum expander codes
with local connectivity by using a similar teleportation-based scheme. Whereas they arrived at a
negative result, the innovations in code choice, partial error correction, and syndrome extraction
using entanglement purification presented here allow us to obtain more favorable performance.
We also note that Ref. [25] analytically studied a scheme similar to ours in which long-range
connections are facilitated by long-range entanglement. They prove that such a scheme can be
fault-tolerant, albeit with polynomial overhead. In general, our approach may be easier to imple-
ment as it only requires a bilayer architecture, local connectivity, and relatively few, O(n), qubits.
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It, of course, also comes with challenges, which we later discuss.

The chapter is structured as follows: we first introduce the quantum computing architecture
and routing assumptions we consider throughout the chapter and contextualize them with respect
to the stacked model. In Section 4.4, we develop lower bounds on the routing time for our
specific routing model and provide a greedy algorithm to use in implementations. Section 4.5
develops an error correction protocol built on a bilayer architecture and culminates with circuit-
level simulations comparing the performance with the rotated surface code in Section 4.6. We

conclude in Section 4.7 with a discussion.

4.1 Architecture

In this chapter, we consider a quantum computing architecture where qubits are located on
the vertices of an M x M grid, where M = ©(y/n). As is natural for current superconducting
qubit platforms, we assume that two-qubit gates can only be performed between neighboring
qubits on the grid. Any two-qubit gate which interacts qubits that are not neighboring is consid-
ered a long-range gate. Circuits that do not have access to long-range gates are called 2D local
circuits, and architectures that are restricted to these circuits are called 2D local architectures.
This definition generalizes to architectures based on graphs other than the grid: given a connec-
tivity graph G = (V, F) with data qubits located on the vertices, the only allowed two-qubit gates
are those between qubits u, v € V' that share an edge (u,v) € E. Similar restrictions arise if we
disallow the slow movement of atoms in neutral-atom devices, in which case the only available
two-qubit gates are those performed through Rydberg-Rydberg interactions. This leads to an ar-

chitecture that can perform entangling gates on qubits that are some distance R away, where R
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depends on the capabilities of the device. We do not investigate this ability in this chapter, but we
discuss it in Section 4.7.

Implementing general quantum circuits on real architectures requires compilation into a
form that respects the connectivity constraints of the device. For the 2D local architecture we
consider here, performing two-qubit operations on qubits that are not adjacent requires permut-
ing them to be so. Doing this with swap gates requires a circuit depth proportional to the distance
between the qubits. To implement stabilizer generator measurements like those shown in Fig. 2.3,
this means that each data qubit must be moved to a position where it can interact with the check
qubit, so one must wait for these permutations to complete before the eigenvalue can be mea-
sured. This somewhat defeats the purpose of using qLDPC codes, since a single syndrome can no
longer be extracted with a constant-depth circuit. As such, it is infeasible to perform long-range

stabilizer generator measurements in this way, and we instead focus on an alternative method.

4.2  Teleportation routing

Routing is the task of permuting packets of information, or tokens, on the vertices of a
graph, using only interactions on edges of the graph. In quantum routing, the tokens are qubits,
and the graph is specified by the architecture’s connectivity constraints. Classical approaches
to routing are typically built from swap gates [144—146], which can also be applied naturally to
routing quantum data [147, 148]. However, more general quantum operations can enable faster
routing. In particular, measurement and classical feedback enable the use of entanglement swap-
ping to distribute entanglement and perform quantum teleportation, which can achieve speed-ups

over swap-based routing for many permutations and underlying graphs [149-151], with applica-
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tions including error correction [152].

We assume the LOCC routing model described by Devulapalli ez. al. [149], where arbitrary
single-qubit and disjoint two-qubit quantum gates can be implemented in a single time step,
and we have access to fast single-qubit, mid-circuit measurements, and fast classical control of
single-qubit gates. Additionally, there are a constant number of ancillary qubits for each data
and check qubit, connected as attached ancillas [111, 112] or through stacked vertical layers (see
Section 4.5.1). In LOCC routing, we can perform protocols such as entanglement swapping [153]
and teleportation in constant depth. A specialization of LOCC routing that focuses on qubit
and gate teleportation [154] is teleportation routing. During a single round of teleportation, we
perform parallel entanglement swapping along multiple teleportation paths. Each vertex can be
involved in at most a constant number of paths, as we allow a constant number of ancillary
qubits per vertex. In this chapter, we assume only one ancilla per data qubit and use the stacked
vertical layers model. This model allows direct implementation of gates between ancillas and
their corresponding data qubits, as well as between ancillas whose data qubits are also directly
connected (see Fig. 4.1(b)).

To perform long-range two-qubit gates, it is not necessary to actually teleport the partici-
pating qubits to adjacent locations; instead, it suffices to use the teleportation paths to implement
a long-range gate with gate teleportation. The circuit shown in Fig. 4.1(a) allows us to implement
arbitrarily long CNOT gates in constant quantum depth, avoiding depth overhead of swap routing
and any need to reverse the operation. At the cost of utilizing ancillary qubits, this lets us extract

the syndrome of a single nonlocal generator using only a constant-depth circuit.
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Figure 4.1: (a) Circuit to teleport a CNOT gate through a chain of n qubits using only 2D local
gates. The depth of the circuit is constant regardless of the length of the chain. (b) Proposed
architecture to implement nonlocal high-rate qLDPC codes using only 2D local gates. The archi-
tecture consists of two qubit layers: the bottom layer contains the data qubits and ancilla qubits
allocated to perform syndrome measurements, while the top layer contains extra ancilla qubits
used to perform long-range CNOT gates. Each layer has only 2D local connections, and the
only connections between the layers are between qubits that are vertically adjacent. To perform
a CNOT gate on two spatially distant qubits, the circuit from (a) is used along the paths of qubits
highlighted in red. Multiple long-range CNOT gates may be performed in parallel, as long as the
paths act on disjoint sets of qubits. (¢c) Example embedding for a [[42, 12, 2]] BB (error detecting)
code constructed with ¢ = 7,m = 3 and by matrices A = 1 +y?> +y, B = 1 + 2° + x. The
check structure, which is identical for all checks of both types up to mirroring, translation, and
boundary conditions, is highlighted in gray.

4.3 Implementing the stacked model

An important consideration for the stacked model as described in Section 3.1 is the specific
assignment of physical qubits in the architecture to data and check qubits in the code, which
can be considered a type of qubit placement [155] or qubit allocation [156]. This assignment
can be thought of as an embedding of the Tanner graph of the code in the architecture, where
an embedding for a graph G = (V,E)isamapn : V — ZP. As an example, the Tanner
graph for the surface code has a natural embedding into Z? that allows for all of its generators

to act on qubits within a constant radius; however, one could instead assign data and check
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qubits to physical qubits randomly, yielding generators that still have weight four, but are no
longer local. The difficulty of implementing syndrome extraction circuits is closely related to
the chosen embedding. Certain codes, such as hypergraph product codes and bivariate bicycle
codes discussed in Section 2.3.1, Section 2.3.2, respectively, have natural embeddings into 72.
We make use of this fact for bivariate bicycle codes in this chapter, and hypergraph product codes
in the next chapter.

To study the impact of nonlocality on the cost of performing syndrome measurement, we
must quantify the notion of generator size and size frequency. We parameterize the size of a given
generator as M7, where 0 < ~ < 1 and M is the linear size of the grid. For local generators,
M7 = O(1) implies a constant interaction radius, while the largest generators can have interac-
tion radii \/7§M € ©(M) (i.e., v = 1). For stabilizer codes, the number of independent stabilizer
generators r is related to the number of physical and logical qubits in the code like n — r = k.
For constant-rate codes, there are thus O(n) = O(M?) independent generators, which can be
parameterized like M?°, with 0 < 3 < 1. With 8 = 1, we are considering the problem of mea-
suring every generator, and with § < 1 we only consider some subset. We can describe the set
of generators as a whole by defining a function f(+) to characterize the distribution of generators
having size M". The only constraint on f(+) is that it is a valid probability distribution over the
domain of ~, fol f(v)dvy = 1. In practice, f(y) will depend on the architecture, embedding, and
parameters of the code family of interest [113—115].

A rough estimate of the amount of work required to perform the syndrome extraction cir-
cuits for a given set of generators is simply to count the two-qubit gates, which in many cases is
the leading contributor to the error budget. In our routing model, this value is proportional to the

total length of the teleportation paths when implementing long-range CNOT gates, which can be
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approximated as

1
total path length = M2/ f(y)M7dy. 4.1)
0

Here, the M? factor comes from the fact that there are O(M?) generators to measure in total,
and a single generator of size 7 requires a path length of M. If we choose to only measure
generators below a certain size +/, this corresponds to simply evaluating the integral up to +'.
We might also want to consider measuring the smallest 2% of generators, in which case one can

solve z = 100 fovl f(7)d to find the appropriate value of 4/ and then proceed in the same way.

4.4 Routing bounds

Previous work by Delfosse et al. [103] developed lower bounds on the depth of Clifford
circuits required to measure commuting Pauli operators. In this section, we derive similar bounds
taking advantage of additional information about the geometric size of the operators. These
bounds do not hold in general, but are instead specific to the teleportation routing model discussed
in Section 4.2. We assume there is a fixed layout of the data and check qubits that gives rise to
a specific generator size distribution f(+). This is to avoid scenarios such as scrambled surface
codes, where the difficulty of implementing the syndrome extraction circuits could be greatly

reduced by permuting the qubits.

Claim 10. Let C be a 2D local circuit measuring M?® commuting Pauli operators whose radii

are greater than M after embedding them in an M x M grid. Then for teleportation routing,

depth(C) = Q(M*1772). (4.2)
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Proof. In our routing model, the maximum total length of the teleportation paths in a single time
step is O(M?) since only a constant number of ancillary qubits per data qubit are allowed, and
there are ©(M?) edges in the grid graph. The cost of measuring an operator of size Q(M?7) is
dominated by implementing the long-range CNOT gate between its two furthest qubits. Although
this can be done in constant depth using a dynamic circuit (Fig. 4.1(a)), it requires a teleportation
path of length (/7). Consequently, routing and measuring this one operator uses (M 7) edges
of the O(M?) available edges. Measuring all M?° operators thus requires Q(M2°*7) edges.
In the best case, we utilize all available edges in each circuit layer, giving a circuit depth of

Q(M25+-2), O

In practice, it will often be the case that the edges are not optimally used, as illustrated in

Fig. 4.2. We can extend this idea to the general case of an arbitrary distribution of generator sizes.

Claim 11. Let C be a 2D local circuit measuring M*® commuting Pauli operators whose radii
follow a probability distribution f(v) after embedding them in an M x M grid. Then for tele-

portation routing,

depth(C) = Q (M2 /0 1 fy)M dy). (4.3)

Proof. Just as in Claim 10, we can lower bound the circuit depth by summing the lengths of the
teleportation paths required to measure the set of operators. We now have operators of different
sizes, where the fraction of operators of a certain size is determined by the probability distribution
f).

Thus, for a given 7, there are a number of operators proportional to f(v)M?? that each

require M7 edges to measure. Since 0 < v < 1, the total teleportation path length needed to
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route and measure every operator is

1
M?P /O f(y)M7dry. (4.4)

Since we again have O(M?) edges in the grid available in each layer of the circuit, the total circuit

depth is lower-bounded as in Eq. (4.3), as desired. O

4.4.1 Greedy routing

Swap routing is a straightforward approach to compiling circuits for quantum hardware
with interaction constraints. Practically, this can be done using an algorithm that tries to perform
the circuit using as few swap gates as possible [147, 148, 157, 158]. As mid-circuit measurement
and long-range entanglement generation become more reliable [159], teleportation routing may
become a more viable option to move qubits and perform long-range gates. Here, we present a
simple, greedy algorithm to route an arbitrary set of operators under the routing and architecture
assumptions of Sections 4.2 and 4.1, respectively. An operator consisting of a tensor product of
single-qubit Paulis, such as a stabilizer generator, can only be measured once each qubit in its
support has been routed. That is, a teleportation path is prepared and a long-range entangling
gate is applied between the qubit and a readout ancilla qubit. Once all required gates have been
applied, the operator is said to have completed routing, and the readout qubit can be measured to
obtain the eigenvalue of the operator. The algorithm is described in Algorithm 3.

The circuit operations of a single iteration can be executed in parallel, so each iteration
performs only a constant-depth circuit. Therefore, the total circuit depth of the routing procedure

is proportional to the number of iterations. Instead of minimizing gate count, the intent of this
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Algorithm 3 Greedy routing

1: while there are still operators to measure do

2: Sort the operators in decreasing order according to how many of their qubits have com-
pleted routing.

3: for incomplete operator o; = 1,2,... do

4: for qubits j = 1,2, ... of operator o; do

5: Use breadth-first search to find a teleportation path for qubit j to the correspond-
ing readout ancilla qubit.

6 If no path exists, continue.

7 end for

8 end for

9 Perform long-range entangling gates on qubits that found a teleportation path.

10: Measure the readout qubit of operators that have completed routing.

11: end while

algorithm is to minimize the circuit depth—and saturate the bound of Claim 11—by maximizing
the usage of teleportation paths. This is only possible if the partial measurements between iter-
ations commute, such as when measuring the generators of a single type in a CSS code, in the
standard surface code syndrome extraction circuit [160], or in the depth-7 BB code measurement
circuit [85]. For simplicity, the syndrome extraction circuits we use route every Z-type check
and then route every X -type check.

To benchmark the performance of the algorithm, we draw random examples of BB codes
(see Section 2.3.2) and route the X -type generators while restricted to a single layer of ancillary
qubits. For comparison, we compute the optimal routing depth according to Claim 11. Fig-
ure 4.2 shows the results of these simulations, providing evidence that the greedy routing algo-
rithm nearly saturates Eq. (4.3). To obtain the constant factor in Fig. 4.2, we consider the smallest
eight code instances and perform a fit between the asymptotic lower bound and the depth returned
from the greedy routing algorithm. This constant times the theory lower bound matches closely
with the routing time of small code instances; however, we begin to see the algorithm routing

depth deviating as we increase the block length, indicating non-optimal performance. For code
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Figure 4.2: Depth from greedy routing versus 2.5x the theoretical optimal depth to route the
X-type generators using a single layer of ancillary qubits. Code examples are drawn randomly
from the family of BB qLDPC codes (see Section 2.3.2).

sizes of practical interest, this algorithm may be a viable option to optimize teleportation routing.
Certain codes, such as BB codes have additional structure that allows us to manually find routing

schedules that outperform those found by the greedy algorithm.

4.5 Bilayer architecture

As detailed in Section 4.1, the main difficulty in implementing nonlocal qLDPC codes on
2D local architectures is the need to perform nonlocal two-qubit operations. To address this
issue, we propose a physical implementation based on the teleportation routing model described
in Section 4.2. While the proposed implementation is code agnostic, we focus on bivariate bicycle
codes. We first give a brief overview of embedding BB codes into Z2. See Ref. [85] for a more
complete discussion.

For certain choices of A; and B;, the resulting BB code has a foric layout:

Definition 12 ([85, Definition 1]). A code BB(A, B) has a toric layout if its Tanner graph has a

spanning sub-graph isomorphic to the Cayley graph of 7., X Zyy for some integers [, \.
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This is to say that codes with a toric layout have checks that act on the four nearest-neighbor
qubits, and potentially on additional nonlocal qubits. The four nearest-neighbor qubits can be
measured using a standard surface code syndrome extraction circuit [160], whereas the nonlocal
qubits must be measured using nonlocal interactions. In the following, the order of an element
ord(M) of a multiplicative matrix group is the smallest positive integer such that A7°"4M) — T,
where [ is the identity matrix of the same dimension as M.

A BB code BB(A, B) depends on choices of matrices A and B, as in Eq. (2.39), whose
terms are powers of x or y, defined in Eq. (2.38). The matrices = and y depend on choices
of positive integers ¢, m, and they correspond to the dimensions of the grid in which the code
BB(A, B) is embedded should it satisfy Lemma 13. The p and A of Definition 12 are ¢ and m,
respectively. In this toric layout, qubits and checks can be labeled by M, which can be considered

to be a list of integers Z,,, = {0, 1,...,¢m — 1} that represent locations on the 2D grid.

Lemma 13 ([85, Lemma 4]). A code BB(A, B) has a toric layout on a 2{ X 2m grid if there

existi,7,qg,h € {1,2,3} such that
2. ord(A;AT) ord(ByBY) = tm

Here, (A; AT, ByB;) indicates the group generated by A; AT and B,B/. The matrices
AiA]T and B, B} then correspond to horizontal and vertical translations, respectively, on the grid.
To have a toric layout, these translations must visit the /m X- and Z-type checks, as well as the
two sets of £m data qubits. Practically, this can be checked by multiplying (B, Bj )*(A;AT)* for
0 <b < ord(ByBJ),0 < a < ord(4;AT) with a basis vector of F5™ and seeing whether the
other /m — 1 basis vectors can be obtained. Satisfying this is equivalent to satisfying condition 1.
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For a given choice of A = A; 4+ Ay + As and B = B; + By + Bjs, there might not be assignments
of 7, 7, g, h such that Lemma 13 is satisfied. There may also be several satisfying assignments.
Notably, each satisfying assignment yields an embedding with a defined generator shape.

This repeated parity check structure of BB codes gives them embeddings that are amenable
to the stacked model: given one check, other checks of the same type can be obtained with vertical
and horizontal shifts on the grid, up to periodic boundary conditions. Opposite-type checks are
obtained by mirroring and again performing horizontal and vertical shifts. Fig. 4.3 shows an
example of an embedding for a [[120, 8, 8]] code constructed with £ = 12, m = 5 and by matrices
A= 2% 49 +y, B = 1+x+22 The check structure for the weight-6 X - and Z-type generators
is indicated by the gray outline. These natural embeddings make it straightforward to search for
codes where the check structure is geometrically small. While the checks are not entirely local
due to the two nonlocal qubits in their support, appropriately choosing ¢ and m can make the
periodic boundary conditions induce generators that are comparatively much larger. This can
be done by letting ¢ > m, as illustrated in Fig. 4.3. In the resulting generator distribution, the
majority of the checks are geometrically small. In the context of the stacked model, the generators
that are induced by the boundary conditions are those that are measured less frequently.

The architecture, as depicted in Fig. 4.1(b), consists of two layers of qubits. The bottom
layer contains the data qubits and ancillary qubits to perform syndrome measurements (check
qubits), laid out using an embedding that maximizes decoding performance while minimizing
the number of long-range generators. The top layer contains ancilla qubits to aid in the imple-
mentation of long-range CNOT gates. In each layer, the only allowed two-qubit operations are
between neighboring qubits, and operations between layers are only allowed between qubits that

are vertically adjacent, i.e., at the same (z, y) location.
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Figure 4.3: Tllustration of the long- and short-range generators of a single type for the [[120, 8, §]]
BB code constructed with ¢ = 12, m = 5 and by matrices A = z'®+y*+y, B = 1+ 2 +22. The
qubits contained in the check are highlighted in gray. The checks (blue squares) highlighted in
red are the long-range checks, as they cross the long boundary. For both Z- and X -type checks,
there are 12 long-range checks out of a total of 48, yielding a mask percent of 25%.

A bilayer architecture is a feasible design requirement for several types of quantum com-
puters. As discussed in Ref. [85], it is difficult, yet not unreasonably so, to modify the cur-
rent generation of superconducting hardware to support a second layer. In movement-restricted
neutral-atom devices, one option is to use dual-species Rydberg arrays [161-163], where the data
layer is made up of one species, and the ancilla layer the other. Alternatively, for single-species
arrays, it may be practical to store multiple qubits per atom, using a combination of nuclear and

electronic [164, 165] or motional qubits [166].
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[[n, k, d]] l,m A B Embedding Mask percent | Routing steps
[72,8,6]] 123 | 2% +yt + 9% | 1+a2t + 2 | (4,AT B, BT) 25% 11,6
(190, 8, 6]] 95 | 2¥4+yt+y | Y +a¥+a" | (AAL, ByBT) 22.22% 9,5
[120,8,8]] | 125 | 2+ y*+y | 1+a+a2* | (A AL, BB]) 25% 11,6
[150,8,8]] | 155 | 2°+y*+y* | y* +a" +a° | (A1A], B1Bj) 26.66% 11,6
([144,12,12]] | 12,6 | 2*+y+y* | ¥ +a+2® | (AA],BB]) 33.33% 12,8
[[196,12,8]] | 14,7 | 2%+ 4" +¢° | 1+ a2t +2'% | (A,AL, B1B]) 35.71% 16,15

Table 4.1: Examples of BB qLDPC codes found through a computer search. Code distances were computed using the QDistRnd GAP
package [167], with 1000 information sets and mindist = 0 to obtain the actual distance. The ‘Embedding’ column reports the
specific embedding into Z? used for that code (see Section 2.3.2). The ‘Mask percent’ column denotes the percentage of generators that
are “large”, i.e., induced by the long boundary and masked during a portion of the error correction rounds. The ‘Routing’ steps column
indicates the number of routing rounds required to route, purify, and measure the short-range and long-range generators, respectively.
Algorithm 3 was not used to determine the circuits; instead, the repeated generator structure of the BB codes allowed us to find circuits
by hand. The actual circuit depth is 11 x greater due to the Bell pair generation (depth 6), purification (depth 2), and implementation of
the long-range CNOT gate (depth 3).



4.5.1 Syndrome extraction circuits

To implement a CNOT gate between a data qubit and a distant check qubit, we use the
constant-depth circuit shown in Fig. 4.1(a). A number of ancilla qubits equal to the length of the
CNOT gate are needed, and so qubits from the upper layer are utilized, as illustrated in Fig. 4.1(b).
Multiple long-range CNOT gates may be performed in parallel as long as the paths act on disjoint
sets of qubits. Given a set of CNOT gates to perform, an order that attempts to minimize the total
depth of the circuits can be found using the greedy routing algorithm introduced in Section 4.4.1.
Alternatively, we can utilize the repeated check structure of the BB codes to manually come up
with highly parallelized orderings; Fig. 4.4 shows an example of how the Bell pairs needed for
the long-range CNOT gates (red highlighted paths) can be implemented in parallel. The ‘Routing
steps’ column in Table 4.1 indicates the number of routing rounds required to route, purify, and
measure the short-range and long-range generators, respectively, of several BB code instances
when using these hand-designed orderings. This repeated parity check structure is also useful for
implementing generalized bicycle codes with reconfigurable atom arrays [135] and bosonic cat
qubits [143].

Remote CNOT gates implemented in this way have an error rate proportional to the length
of the chain. For short distances, the resulting error rate is not much worse than the native
two-qubit CNOT error rate; however, larger chains will be prohibitively noisy. To remedy this,
we can apply entanglement purification [134, 168] to the noisy Bell pairs in the ancilla layer.
Figure 4.5 outlines the original purification scheme as proposed by Bennett et al. [134]. The
protocol uses additional ‘donor’ Bell pairs (pink highlighted paths) to create ‘source’ Bell pairs

(red highlighted paths) with higher fidelity. This is done by performing CNOT gates between the
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Figure 4.4: Example five-step schedule to route and purify the Bell pairs needed to measure the
short-range, Z-type generators of a [[36, 4, 4]] BB code constructed with / = 6, m = 3 and by
matrices A = = + y® + y?, B = 3 + 2° + %, The first panel shows the structure of the Z-type
checks (yellow squares) and X -type checks (blue squares), as outlined in gray.
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Figure 4.5: Implementing multiple long-range Bell pair purifications in parallel for a BB code.
The ‘source’ red highlighted Bell pairs are purified using the Bennett protocol [134]. (a) CNOT
gates are performed between each end of the source and the pink ‘donor’ Bell pairs. (b) Each

end of the donor Bell pair is measured and the results compared classically. If the measurements
agree, the source Bell pair is kept and used; otherwise it is discarded.
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ends of the source and donor pairs, measuring the ends of the donor pairs in the computational
basis, and then comparing the measurement results classically. If the results agree, the source
Bell pair is kept; otherwise it is discarded. Averaging over cases where the source Bell pair is
kept, it has a higher fidelity than an unpurified pair; however, in the cases where it is discarded,
the corresponding long-range CNOT gate cannot be performed. We either have the option of
reattempting the purification process, implementing the long-range CNOT with the flawed Bell
pair, or giving up on the long-range CNOT gate (and ultimately the corresponding generator
syndrome measurement) altogether. Since we already intend not to measure every generator
at every error correction round, this last option is most appropriate. In the context of the bilayer
architecture, both donor and source Bell pairs are routed through the ancilla layer. Practically, this
means that fewer long-range CNOT gates can be implemented in parallel, since the purification
process uses additional teleportation paths.

Although we now have a way to implement long-range CNOT gates, measuring every
stabilizer generator in this manner incurs additional overhead. Instead, we can reduce the time
overhead by applying the stacked model and partial syndrome measurement and choosing to
measure the costly, large generators less frequently than the smaller ones. The frequency at
which the long-range generators are measured can be tuned, with more frequent measurements

potentially correcting more errors but increasing the time needed to implement error correction.

4.6 Numerical simulations

We now present the results of circuit-level error correction simulations using the class of

BB quantum LDPC codes and the architecture defined in Section 4.1. Previous simulations of BB
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codes showed that they greatly outperformed surface codes in terms of overhead under specific
architecture assumptions [85, 135]. Here, we show that BB codes implemented with 2D local
gates in the proposed bilayer architecture have comparable performance to surface codes which
encode the same number of logical qubits and have roughly the same number of physical qubits.

For the following simulations, we use Stim [106] to construct the circuits and build the
space-time bipartite graph used for decoding. As such, we consider a circuit-level noise model in
which errors occur independently on different circuit operations. For a physical error rate p—in
this chapter we consider p = 0.1%—single-qubit gates have probability p/10 of experiencing the
single-qubit depolarizing channel; two-qubit gates have probability p of experiencing the two-
qubit depolarizing channel; measurement results have probability p of being flipped; qubit reset
operations have probability p/10 of preparing the |1) state instead of the |0) state; and idle qubits
experience a depolarizing channel with probability p/50. The assumed single-qubit, two-qubit,
and measurement error rates are comparable to the performance of current ion-trap [3—5] and
superconducting [6] quantum computers. However, this last condition on the idle qubit error rate
is somewhat optimistic and is around an order of magnitude better than the idle error seen on
production devices. We comment on this assumption in Section 4.7.

For ease of implementation, we first separately perform circuit-level simulations of the en-
tanglement purification protocol. The simulation consists of implementing two noisy long-range
Bell pairs using a circuit similar to that depicted in Fig. 4.1(a) and then performing Bennett ef
al.’s entanglement purification protocol on the two pairs. In this simplest version of the protocol,
failures are not reattempted, and only a single donor Bell pair is used. Simulating the protocol
many times allows us to estimate the probability that the purification protocol succeeds and, if

so, the fidelity of the purified Bell pair. Fig. 4.6(a) displays the results of these simulations for
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Figure 4.6: (a) Results of circuit-level simulations of the entanglement purification protocol of
Ref. [134] for Bell pairs of increasing length. Two long-range Bell pairs are created using a noisy
circuit similar to that of Fig. 4.1(a) and then purified with the noisy circuit depicted in Fig. 4.5.
The success probability of the purification and the resulting Bell purity if successful is shown for
100 000 samples. (b) Example depiction of generator masking (indicated by a hatched fill) over
several error correction rounds being affected by the entanglement purification protocol failing.
In this example, the long-range generators are unmasked after five rounds.

long-range Bell pairs of different lengths under the circuit-level error model described above.
During syndrome extraction, if the entanglement purification protocol for any of the long-
range CNOT gates fails, we mask the corresponding generator instead of reattempting the purifi-
cations. We can then estimate the probability that the syndrome of a generator is available, that
is, all the required purifications for that generator succeed. If the purifications do succeed, then
we can also estimate the error rate of the resulting long-range CNOT gate from the fidelity of the
Bell pair. In the full circuit, we then implement a direct CNOT with this error rate to represent
the entire procedure. Fig. 4.6(b) illustrates what this means practically: assuming the long-range
generators are unmasked every five rounds, the first four rounds have these long-range generators
masked (hatched fill). Additionally, due to failures of the entanglement purification protocol,

some short-range generators are also masked, even though we had planned for them to always be
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available. We note that these random failures are not expected to greatly impact the performance
of the code, as it is unlikely that one generator will fail several rounds in a row. Thus, even if
there are missed errors, they will likely be corrected when the generator does succeed in routing.
In the fifth round, the long-range generators are unmasked and attempted to be measured, but
only if purifications succeed can we actually obtain their syndromes. Note that with this simple
purification scheme, the long-range generators are less likely to succeed, since the necessary Bell
pairs are between more distant qubits and more prone to failure.

For the full error correction protocol, we begin each circuit with a single noiseless round
to initialize the logical subspace. We then perform ¢ noisy error correction rounds using the
syndrome extraction circuits defined in Section 4.5.1. As the short-range generators are easier
to measure, we attempt to measure them every round, whereas the costly, long-range generators
are unmasked and attempted every five rounds. As described above, we additionally mask both
the short- and long-range generators with probability equal to that of at least one of required
purifications failing. In the cases where all purifications for a single generator succeed, we apply
the two-qubit depolarizing channel after each CNOT gate with an error rate equal to that of a long-
range CNOT gate performed using a Bell pair of the appropriate distance. Idling error rates are
estimated using the number of steps needed to route and purify the source and donor Bell pairs for
a given set of generators (see Fig. 4.4 and Table 4.1). As each step consists of Bell pair generation
(depth 6), purification (depth 2), and implementation of the long-range CNOT gate (depth 3), the
actual circuit depth is 11x greater. To represent idling errors, a depolarizing channel is applied
at the beginning of each error correction round to every qubit with probability equal to the total
circuit depth times the idle error rate. Additionally, a depolarizing channel is applied to every
qubit with probability p = 0.1% at the beginning of each round. Before measuring the logical
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[, k, d]] Qubits €L

[[128,8,4]] 248 | 14x10%+£1.2x10°°
[[72,8,6]] 288 | 1.6 x 1073 4+3.0 x 107°
[90, 8, 6]] 360 | 8.9x 1074 42.0 x 107°
[[200, 8, 5]] 392 | 20x 1071 4+6.5x 1077
[[120,8, 8]| 480 | 1.2x10714+2.0x 107°
[[288, 8, 6]] 568 | 9.5x107°4+2.5x 1077
[[150, 8, 8]] 600 | 5.3x 1074+ 1.3 x 1076
[[392,8,7]] 776 | 20x 105+ 1.5%x 1077

([144,12,12]] | 576 | 1.6 x 107*£4.6 x 10~

[[300, 12, 5]] 588 | 3.0x107%4+£9.8x 1077
(196,12, 8]| 784 | 79x107°£23 x107°
[[432, 12, 6]] 852 | 1.4x107*4£3.7x 1077
588,12, 7]] 1164 | 29x107°+23 x 1077

Table 4.2: Code parameters, total number of qubits used, and ¢, as extracted from Eq. (4.6) for
the simulations described in Section 4.6. Code parameters shown in bold correspond to BB code
instances. Code parameters not in bold correspond to copies of the rotated surface code.

observables, we noiselessly extract the full syndrome one last time. The corresponding space-
time bipartite graph is then generated, and the errors are sampled and decoded.

In this chapter, we use a decoder based on belief propagation and ordered-statistics decod-
ing (BP-OSD) [92, 93, 169], which consists of the min-sum BP decoder followed by an order-
10 combination-sweep OSD postprocessing step. Performing real time decoding using BP and
higher-order OSD postprocessing may be infeasible within the fast cycle time of superconducting
quantum computers; however, it was shown that good decoding performance for BB codes can

be achieved while using less computationally expensive OSD parameters [170].
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Figure 4.7: Extracted logical error rate per round, €;, as a function of the total number of qubits
used (data qubits plus all ancilla qubits) for several BB and surface code instances. The data is

tabulated in Table 4.2. We also include simulation results in the no idle error regime, as indicated
by the black lines; these results are tabulated in Table 4.3.

Table 4.2 and Fig. 4.8(a)—(b) shows the results of these simulations for several BB codes
listed in Table 4.1. These codes were found by computer search and displayed, through simu-
lations similar to those of Ref. [117], good numerical performance. For each code, every valid
embedding was simulated in a simplified version of the protocol described above in order to find
the embedding that yielded the best masked error correction performance. Choosing an embed-
ding determined the percentage of generators induced by the long boundary. This percentage is
listed in Table 4.1 in the Mask percent column. To our knowledge, the codes presented here are
new, with the exception of the [[144,12, 12]] code, which was reported in Ref. [85]. As a com-
parison, we perform the same simulations with the rotated surface code which has parameters
[[d?, 1, d]]. To decode, we follow the same process as described in Section 2.3.5.3 but instead use
the minimum-weight perfect matching decoder [132]. As the BB codes encode multiple logical
qubits in a single block, multiple copies of the surface code must be used to achieve the same

number of logical qubits. If psc; 1s the logical error rate of simulating a single rotated surface
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code for ¢ error correction rounds, then k copies of the surface code have a logical error rate

psor =1 — (1 —psca)r 4.5)

In addition to the logical error rate, another important performance metric is the number of qubits
used to achieve it. For the BB codes and the bilayer architecture, this includes the ancillary check
qubits as well as the entire routing layer, which for an [[n, k, d|] code uses 4n qubits in total.
The rotated surface code uses d?> — 1 additional check qubits, which brings the total number of
qubits to 2d? — 1 for each copy. The total number of qubits used is listed together with the

code parameters in Fig. 4.8. The error bars on the data points are calculated using the standard

error when sampling from a binomial distribution \/ Dlog(1 — Piog) /N, where N is the number of
collected samples. Due to the large number of shots taken, N ~ 105, error bars in Fig. 4.8 and

Fig. 4.10 are nearly invisible. Additionally, we plot a fit of

Pog=1—(1—¢r) (4.6)

for both the surface and BB codes, from which we can extract the logical error rate per round, €;..

The smallest BB codes encoding £ = 8 logical qubits are outperformed by surface codes
which use fewer physical qubits. However, increasing the block length yields BB codes that
surpass the performance of similarly sized surface codes. This is illustrated in Fig. 4.7, where
we see the BB codes achieving a lower logical error rate per round than the surface code while
utilizing fewer qubits. Increasing the number of logical qubits to £k = 12, BB codes and the

proposed architecture immediately outperform the surface codes in terms of logical error rate and
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e Surface: [[128,8,4]] (248 qubits)

m  Surface: [[200,8,5]] (392 qubits)

& Surface: [[288,8,6]] (568 qubits)

A Surface: [[392,8,7]] (776 qubits) m  Surface: [[300,12,5]] (588 qubits)

¢ BB:[[72,8,6]] (288 qubits) & Surface: [[432,12,6]] (852 qubits) ¢ BB:[[90,8,6]] (Every 1 round(s))
BB: [[90,8,6]] (360 qubits) 4 Surface: [[588,12,7]] (1164 qubits) BB: [[90,8,6]] (Every 5 round(s))

¢ BB:[[120,8,8]] (480 qubits) ¢ BB:[[144,12,12]] (576 qubits) ¢ BB:[[196,12,8]] (Every 1 round(s))
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Figure 4.8: (a)—(b) Logical error rate of performing ¢ rounds of error correction with BB codes
with (a) £ = 8 and (b) £ = 12 on the proposed bilayer architecture. The logical error rate
of the same simulations using %k copies of rotated surface code is plotted as a comparison. (c)
Comparison between time intervals at which the long-range generators are measured. For the
BB codes in panels (a)—(b), the long-range generators were measured every five error correction
rounds. A fit of Eq. (4.6) is also shown, from which we extract the logical error rate per round,

€r,.

space overhead. Compared to twelve patches of a [[36, 1, 6]] rotated surface code using a total of
852 physical qubits and a logical error rate per round of e;, = 1.43x 10™*, we find a [[144, 12, 12]]
BB code using 576 qubits that matches the performance, with e, = 1.56 x 10~*. Additionally,
we find a [[196, 12, 8]] code using 784 qubits that outperforms it with e; = 7.89 x 107°. At this
scale, the improvements are not so drastic, but we expect to see greater overhead benefits as the
block length and number of logical qubits increase.

We now vary the interval at which the long-range generators are measured, the results of
which are also shown in Fig. 4.8(c). For the [[90, 8, 6]] code there are 44 (not necessarily inde-
pendent) generators of a single type. Using a routing schedule that was found by hand, all 35
short-range generators of a single type can be routed, purified, and measured in 9 steps; whereas

it takes 5 steps to route, purify, and measure the remaining 10 long-range generators of the same
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type. Measuring the 35 short-range and 10 long-range generators of the opposite type requires
an additional 9 and 5 steps, respectively. This means that measuring the long-range genera-
tors every five error correction rounds requires a circuit depth that is 28.5% shorter than if the
long-range generators were measured every round (4 - 2 -9 + 2 - (5 + 9) = 100 steps versus
5-2-(5+49) = 140 steps), at a negligible increase in the logical error rate per round from
e, = 8.41 x 107* to 8.92 x 10~*. Increasing the size of the code to [[196,12, 8]], we again
see negligible differences in logical error per round performance between the two measurement
schedules, from e;, = 7.41 x 1077 to 7.89 x 10, with the additional benefit of a 32.0% decrease
in the depth of the syndrome extraction circuit when measured every five rounds. The two codes
consist of 22.22% and 35.71% long-range generators, respectively, yet both remain consistent be-
tween long-range measurement intervals. As the block length increases, so does the discrepancy
between the measurement times of the short- and long-range generators, increasing the circuit
depth savings. Additionally, this discrepancy would disproportionally introduce more errors dur-
ing the long-range measurement rounds, potentially making it more performant to measure these
large generators even less frequently. However, this behavior is very dependent on the idle error
rate, and changing the idle error rate may cause the two curves to deviate.

Achieving more significant reductions in circuit depth requires measuring the long-range
generators much less frequently, as shown in Fig. 4.9. We display the potential circuit depth sav-
ings for two BB code instances as a function of how many error correction rounds elapse between
measurements of the long-range generators. The horizontal red lines indicate the maximum po-
tential savings, corresponding to a schedule where the long-range generators are only measured
once at the end of the circuit. For example, the [[144, 12, 12]] BB code requires 16 (15) steps
to measure the short- (long)-range generators of a single type, which gives a maximum depth
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Figure 4.9: Percentage change in circuit depth, compared to a circuit that always measures every
generator, as a function of number of rounds elapsed between long-range generator measure-
ments. Horizontal solid red lines indicate the potential maximum reduction in circuit depth for
the two BB code instances. The gray vertical line highlights the depth savings achieved by mea-

suring the long-range generators every five error correction rounds, as done in Fig. 4.8(a)—(b) and
Fig. 4.10.

savings of 48.4%. When measuring every five rounds, as in Fig. 4.8(a)—(b) and Fig. 4.10, we see
a circuit depth savings of 38.7%, indicated by the vertical gray line. Measuring the long-range
generators very infrequently will significantly degrade the error correction performance and may
not be worth the reduced circuit depth. Instead, it may be more advantageous to measure the
long-range generators relatively frequently, e.g., every 2-5 rounds; in that regime we still see
considerable circuit depth savings (50% to 80% of the theoretical maximum), but the impact on
the logical error rate is negligible.

Even with the reduced idle error rate that we consider here, idle errors are a significant
error source, especially on rounds where the long-range generators are measured. In Table 4.3
and Fig. 4.10, we perform the same simulations as described above but do not apply idling errors.
Due to their short syndrome extraction circuit depths, the surface codes are unaffected from the
decrease in idle error. However, we now find that all BB code instances achieve better logical

error rates than surface codes while using fewer physical qubits, as shown in Fig. 4.7. Indeed, the
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[, k, d]] Qubits €r

[[72,8,6]] 288 | 3.6 x107*+4.9x 107

[90,8,6]] | 360 | 2.0x 1074433 x10°°

[200,8,5)] | 392 | 20x1074+6.5x 107

[[120,8,8]] | 480 | 1.3x107°+£82x 107"

[[288,8,6]] 568 | 9.5x10754+25x 1077

[150,8,8]] | 600 | 59x1075+24x 107"

[392,8,7] | 776 | 2.0x 107°+1.5 x 1077

([512,8,8] | 1016 | 7.5x 1075 +£4.3 x 108

Table 4.3: Code parameters, total number of qubits used, and ¢, as extracted from Eq. (4.6) for
the simulations described in Section 4.6 albeit with no idle error. Code parameters shown in bold
correspond to BB code instances. Code parameters not in bold correspond to copies of the rotated
surface code.

®  Surface: [[200,8,5]] (392 qubits)
& Surface: [[288,8,6]] (568 qubits)
A Surface: [[392,8,7]] (776 qubits)
x  Surface: [[512,8,8]] (1016 qubits)
¢ BB:[[72,8,6]] (288 qubits)

BB: [[90,8,6]] (360 qubits)
¢ BB:[[120,8,8]] (480 qubits)
¢ BB:[[150,8,8]] (600 qubits)
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Figure 4.10: Logical error rate of performing ¢ rounds of error correction with BB codes with
k = 8 logical qubits on the proposed bilayer architecture. For this plot, we consider the case
where the idle error rate is zero. The logical error rate of k copies of the rotated surface code,
calculated using Eq. (4.5), as well as the total number of physical qubits used, is again plotted as
a comparison. A fit of Eq. (4.6) is also shown, from which we extract the logical error rate per
round, €j,.
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[[150, 8, 8]] code using 600 physical qubits sees an 8.8 x improvement in the logical error rate per
round, from e, = 5.31 x 107° t0 5.9 x 107%, and now outperforms eight patches of a [[64, 1, 8]
rotated surface code using 1016 physical qubits with €, = 7.5 x 107%. Achieving negligible idle

error rates may not be feasible, but it illustrates the regime where our protocol performs best.

4.7 Discussion

In this chapter, we have presented a bilayer architecture for implementing nonlocal qLDPC
codes on quantum devices which are restricted to 2D local gates. We have shown that bivariate
bicycle codes are well suited for such an architecture and described a parallelizable syndrome
measurement scheme which makes use of the geometric parity check structure of the codes.
Through circuit-level simulations of a multi-round decoding protocol, we found that BB codes
attain comparable logical error rates to that of the rotated surface code while using fewer physical
qubits. Furthermore, by applying the stacked model and masking, we achieved a decrease in the
syndrome extraction time with negligible impact on the error correction performance. In that
regard, we have shown an instance where partial quantum error correction and partial syndrome
measurement has a significant effect on the overhead of implementing error correction.

However, there are a number of challenges that must be considered in a physical imple-
mentation of this protocol. Perhaps the most notable issue is the depth of the circuit required
to perform even a single syndrome extraction. Implementing a single long-range CNOT gate
requires constructing the long-range Bell pair, purifying it, and using it to implement a CNOT
between a data qubit and check qubit. Although several CNOT gates can be implemented in

parallel, doing this for the entire set of generators requires 10s of routing steps, translating to a
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physical circuit with depth in the 100s. One consequence of the depth of the circuit is that our
protocol only performs well in the regime of low idle error rate. Furthermore, per Claim 11, as
the block length increases so too does the required routing time and, consequently, the physical
circuit depth. This is in stark contrast to the implementation in Ref. [85], where the entire set of
generators can be measured with a circuit of depth seven, albeit with the use of long-range con-
nections. These long-range connections are a significant engineering challenge, and it is unclear
whether implementing high-fidelity gates in this way is feasible.

We do find BB codes where the same parity check structure is shared between codes of in-
creasing block length. For code families with this property, the number of steps in the syndrome
extraction circuit is constant, so the noise per syndrome extraction cycle coming from idle error
does not increase. However, this also means that the percentage of long-range generators and, by
extension, the amount of nonlocality in the code, decreases. References [113, 114] showed that
it is impossible to beat the asymptotic scaling of the surface code parameters without increasing
the amount of nonlocality. Increasing the block length will yield larger £ and d, but the asymp-
totic scaling of these codes will approach that of the surface code; however, for finite sizes we
would still expect to see significant space overhead savings compared to alternative, lower-rate
codes. Even for BB codes with increasing generator shape, it is feasible that the increased er-
ror correction capabilities will outpace the increase in idle error. In particular, Fig. 4.2 shows a
power-law relationship between block length and routing depth. Assuming the code is operating
below threshold, the exponential suppression in logical error should be sufficient to handle the
increased effective idle error.

Another challenge is that the simple purification protocol presented here does not scale

well, as increasing the block length would lead to low-fidelity Bell pairs and a high purifica-
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tion failure rate. Although there are many entanglement purification protocols that improve the
resulting Bell fidelity [171-174], using them would further increase the depth of the syndrome
extraction circuits or require additional ancillary qubits. The one potential saving factor is that
the vast majority of the work is done by the upper routing layer to construct and purify the Bell
pairs, and the two layers interact in fewer than 1/10 of the circuit steps. If it were possible to
sufficiently isolate the data layer, akin to what is done in ion traps or reconfigurable atom ar-
rays, it might be possible to achieve the low idling error rates that would greatly improve the
performance of the protocol.

If the aforementioned issues can be solved, then scaling up should increase the advantage
of qLDPC codes over the surface code. One potential solution is to improve the circuit depth
of the protocol. An architectural feature that could accomplish this is the ability to perform
two-qubit gates on qubits that are some distance 2 apart [141]. This is a natural operation on
neutral-atom devices, where Rydberg-Rydberg interactions, especially dipolar ones [175], can be
quite long-range. Furthermore, Rydberg-Rydberg interactions can help with syndrome extraction
by naturally realizing long-range generalized multi-control multi-target CNOT gates [176]. At
the same time, such long-range Rydberg-based gates may harm parallelism since only one such
gate can be implemented within the Rydberg blockade radius at a time. Gates beyond nearest-
neighbor could also be feasible in superconducting devices through the use of medium-range
couplers or photonic interconnects [177]. When R is a constant, the asymptotic behavior will
remain unchanged; however, practically this would mean that the short-range generators would
be much easier to implement. With an appropriate choice of R, it would then be possible to use
the depth-7 circuit of Ref. [85] to measure the short-range generators, in which case the only
difficulty would be to measure the long-range generators in the proposed manner. An alternative
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approach would be to add additional ancilla layers to the architecture. Although this would
further increase the qubit overhead, it would allow for more parallelization during the syndrome

measurement, decreasing the total circuit depth.
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Chapter 5: Adaptive syndrome extraction

We now present an example of partial quantum error correction not based on the stacked
model. Instead, we utilize structure in the quantum error correcting code to facilitate useful
partial syndrome measurement.

Recent improvements in quantum computing hardware have allowed for demonstrations
of quantum error correcting codes operating below threshold [47-51]. However, performing the
syndrome extraction circuits can introduce new errors through faulty gates, idling errors, and
incorrect corrections. Indeed, it is sometimes the case that bare qubits can idle longer than a
logical qubit of a QECC that undergoes several rounds of syndrome extraction and error cor-
rection [178]. This issue can be further exacerbated when, for example, implementing nonlocal
QECCs on hardware which only have access to local gates [103, 116], as we have seen in the
previous chapters.

Quantum error correction is inherently adaptive in the sense that after extracting the syn-
drome and decoding, the appropriate correction is applied to return the system to the codespace.
Performing this process in real time is necessary when the quantum circuit contains non-Clifford
operations. Making changes to the syndrome extraction circuit based on measurement results
obtained during a QEC cycle is a technique that has also seen use in a number of contexts in-

cluding repeat-until-success protocols [179] and detection of hook errors [42, 180]. Similarly,
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Figure 5.1: A QED+QEC concatenated code. Physical qubits are first encoded in a small error
detecting code, such as the [[4,2,2]] Iceberg code. The logical qubits of many Iceberg code
blocks then act as the physical qubits of some high-rate qLDPC code.

several works perform measurement sequences based on the measurement results of previous
syndrome extraction rounds in order to reduce time overhead [181-183]. And while not in real
time, Ref. [184] provided a scheme for altering syndrome extraction circuits by occasionally ne-
glecting to measure geometrically nonlocal stabilizer generators. In this work, we generalize this
idea and present a framework that can ‘short-circuit’ syndrome extraction and skip measuring
generators that are unlikely to be useful for decoding. This decision process is carried out in real
time based on the results of the syndrome measurement from the current QEC cycle.

The main observation motivating the investigation of this adaptive scheme is that in most
error correction rounds, much of the syndrome information is unnecessary. For example, in
a system without errors, the syndrome does nothing but confirm that the code remains in the
correct subspace. In this specific case, a high-distance code and an error detecting code would
function identically, although the high-distance code would require longer syndrome extraction
circuits and introduce more noise. In general, generators with support on qubits with no errors
provide little useful information. So, how can we cheaply determine approximate error location

before committing to an expensive syndrome extraction? The approach we take in this work is to

101



use a concatenated code where the inner code is a small error detecting code, and the outer code
is some high-rate, high-distance quantum low-density parity-check code. The adaptive scheme
for this code construction is as follows: in each error correction cycle, the stabilizer generators
of the underlying error detecting codes are measured first. The resulting syndrome reveals which
blocks contain errors; however, since we are using error detecting codes, there is not enough
information to correct the error, and so we look for more syndromes by measuring the generators
of the outer level of the concatenated code. By the previous argument, we should only measure
those generators which provide useful syndrome information. As such, we measure only the
stabilizer generators of the outer code which have support on qubits located in quantum error
detection (QED) blocks that have errors in them. Generators with no overlapping support are
assumed to yield a +1 measurement result.

Our adaptive syndrome extraction scheme can be interpreted as a quantum weight reduction
protocol in the space-time picture. Hastings first introduced quantum weight reduction as a toolkit
to transform QECCs as to reduce the number of qubits that each checks acts on and the number
of checks that each qubit is involved in [185, 186]. Reducing the check weights and the qubit
connectivity helps to limit the propagation of errors in the QECC as well as reduce the syndrome
extraction circuit depth. Prior to Hastings’ work, quantum weight reduction has already been
studied in the form of subsystem codes [187-190]. Since then, other works have considered
weight reduction in the space-time picture of error correction [55, 125, 191-193]. In our scheme,
we consider a single space-time block to contain 7" rounds of syndrome extraction. By choosing
to measure generators of the outer code adaptively, each physical qubit of our concatenated code
is now involved in fewer checks “on average”. Similarly, the generators of the concatenated

code act on fewer qubits “on average” in a single space-time block. While the concatenation
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scheme increases the actual weight of the checks, we can ensure an overall weight reduction in
the space-time picture as long as the outer code generators are measured sufficiently infrequently.

We provide a concrete example of adaptive syndrome extraction facilitated by code con-
catenation by considering a quantum code consisting of the [[4,2,2]] Iceberg code [67, 72,
87] concatenated with a hypergraph product (HGP) code [76]. We show that these [[4, 2, 2]]-
concatenated HGP codes function as better quantum memories than non-adaptive and non con-
catenated codes, while using fewer CNOT gates and physical qubits. For these codes, we also
provide fault-tolerant logical gadgets with which we can obtain universal logical computation. In
particular, we adapt the grid Pauli product measurement (GPPM) scheme of Ref. [194] and the
single-shot state preparation scheme of Ref. [81] to our concatenated codes, allowing us to obtain
the same space-time cost of logical computation as non-concatenated HGP codes.

The rest of the chapter is structured as follows. Section 5.1 motivates adaptive syndrome ex-
traction and details how it may provide performance boosts as well as reductions in circuit depth.
In Section 5.2 we provide an explicit concatenation structure for [[4, 2, 2]]-concatenated HGP
codes that facilitates convenient logical gates and improved numerical performance. We then
show in Section 5.3 that we can achieve universal logical computation with [[4, 2, 2]]-concatenated
HGP codes, with the details deferred to Appendix B.2. In Section 5.4 we provide circuit-level
simulations comparing the performance of the adaptive scheme with non-adaptive syndrome ex-
traction as well as non-concatenated HGP codes. We conclude in Sections 5.5-5.6 with a dis-
cussion on potential specialized applications for the adaptive scheme, the implications of this

chapter, and potential follow-up research.
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Figure 5.2: Stabilizer structure of Iceberg-concatenated HGP codes. A similar structure would
arise if the HGP code was replaced with a different LDPC code.

5.1 Adaptive syndrome extraction

Using Procedure 1, we can obtain a concatenated code that is well-suited for the adaptive
syndrome extraction scheme. Let Qs be a [[ng, k2, ds]], (Ay, Ac)-qLDPC square quantum ex-
pander code, and let Q; be a [[ny, k1, d1]] = [[n1,n1 — 2, 2]] Iceberg code such that ny — 2 | ns.
The resulting concatenated code then has parameters [[n, k,d|] = [[nine/(n1 — 2), ks, d >
didy/(ny — 2)]]. Out of the (nyne/(ny — 2)) — ko generators, 2(ny/k;) come from the Ice-
berg code blocks, while the outer HGP code supplies its own n; — k; generators. For Iceberg

codes, the distance lower bound provided in Procedure 1 can be improved:

Theorem 14. Applying Procedure 1 with Q as a [[n1,n1 — 2,2|] Iceberg code and Qs as a
[[n2, ko, d2]] gLDPC code yields a concatenated code Q with parameters [[nins/(n1—2), ke, 2dy >

d > dy]].

Proof. First notice that the Iceberg code logical operators, Eq. (2.42), overlap in exactly one
location, i.e., on qubit 1 for X-type logicals and on qubit n for Z-type logicals. Consider a

weight-w X -type Pauli operator encoded in a [[w + 2, w, 2]] Iceberg code. Due to the structure
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of the Iceberg logical operators, the encoded operator will have weight w if w is even; otherwise
it will have weight w + 1. The maximum distance of 2d, is hence achieved when the d, Pauli
operators coming from the HGP logical operator fall into d distinct Iceberg code blocks, whereas
the minimum distance of d; is attained if d is even and all Pauli operators are in the same Iceberg

block. ]

By carefully choosing the assignment of qLDPC physical qubits to Iceberg logical qubits,
it may be more likely to achieve the full distance of 2d,, see Section 5.2.1.

Briefly, the adaptive syndrome extraction scheme consists of two stages. The first stage
measures the stabilizer generators of the inner Iceberg code blocks. Depending on the obtained
measurement results, a potentially submaximal set of generators from the outer quantum ex-
pander code are measured. The remaining, unmeasured generators are assumed to yield a trivial
syndrome. Decoding can then proceed in the normal manner. Due to the fact that the syndromes
of the inner code and outer code are correlated, the total number of generators that are measured
can be much less than the number of generators for the concatenated code, especially in the low
error rate regime.

Let S;p be the generators of the concatenated code coming from the Iceberg blocks, and
let Sy p be the generators of the concatenated code coming from the HGP code. We can then

restrict the full syndrome to these subsets os,, € Fg(m/ " coortoa single generator, e.g.

U«(Sif)s € {0,1}. For any Pauli operator L, we denote its support supp(L) C [n] as the set of
qubits on which L acts nontrivially. For every S € S;p, |supp(S)| = ni, and for every S €

SHGP, ’SUpp(S)’ S 2Ac.

As the simplest example, consider a single X error on the sth Iceberg block: assuming no
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measurement errors, the resulting syndrome when restricted to S;p is 0s,, = 05, i.e. all zeros
with a single one in the ¢th bit. Considering the generators in Sy p, we can say that

supp(S3) N supp(Siip) = 0 — o8, =0, (5.1)

Suap

since any generator which does not have support on the qubits of the ith Iceberg block will not

have support on the error. Only those Sg)G p € Suap such that

supp(Sty) N supp(Sye.p) # 0 (5.2)

provide additional syndrome information which helps us locate the error within the ¢th Ice-
berg block. Hence in this example, we have determined that it is not necessary to measure
all (nyny/(ny — 2)) — ko generators; instead, it suffices to measure only the 2(no/k;) Iceberg
generators and a small set of overlapping HGP generators.

To generalize, let us first define the following function:

Definition 15. Consider a set of stabilizer generators S, we define o(S™) to be the set of stabi-

lizer generators which share support with S

p(8V) = {89 | supp(8D) N supp(SV) # 0} (5.3)

When the outer HGP code is (Ay, A¢)-qLDPC, each Iceberg code block support overlaps
with at most n; - Ay HGP generators, i.e., |g0(81(g)] < n;Ay. Both n; and Ay are constants,

so the number of HGP generators one needs to measure is proportional to the number of Iceberg
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blocks which have detected an error. Given the syndrome of all Iceberg blocks, os,,, the HGP
generators which should be measured are then those which share support with Iceberg generators

that have indicated an error is present in their block:

{o(Si3) | 08 =1}, (5.4)

This adaptive procedure makes it so that we only obtain the syndrome information necessary to
diagnose the error, ultimately yielding shorter syndrome extraction circuits and less introduced
noise. We note that while here we have described the outer qLDPC code as a HGP code, any

other qLDPC code would function similarly.

5.2 Canonical logical basis for hypergraph product codes

As a reminder, in Section 2.3.1.1 we described a canonical representation for hypergraph
product codes. The physical qubits of HGP(H, /) can be arranged into two square grids of size
n X n and m X m, see Fig. 5.3. The n x n grid is deemed the left sector, and the m x m grid is
deemed the right sector. We denote the physical qubits on the principal diagonal of each sector,
i.e. (r,r,e), as diagonal qubits. Additionally, for an (r, ¢, ®) qubit, we identify the (c, r, ®) qubit
as its mirror qubit, with the two together considered rwin qubits, see Fig. 2.7(c).

In this layout, we can also obtain a canonical basis for hypergraph product code logical
operators [84]. For these codes, a canonical basis is defined to be a set of logical operators such
that they have support contained in a single row or column of a single sector. Additionally, X;

and Z; share support on exactly one qubit, whereas X; and 7]- for i # j do not share any support.

The physical qubit on which X; and Z; overlap is deemed the pivot qubit for that logical qubit.
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Figure 5.3: Assignment of physical HGP qubits to logical [[4, 2, 2]] qubits. Physical HGP qubits
are numbered starting from the top left qubit of the L sector, going row-by-row, and finishing
on the bottom right qubit of the R sector. Consecutive diagonal qubits, e.g. qubits {1, 8} and
{47,52} are assigned to the same Iceberg code block. Twin qubits, e.g. qubits {5,23} and
{44, 50} are assigned to the same Iceberg block.

Similarly to the physical qubits, the logical qubits are either diagonal logical qubits or part of a
twin logical qubit pair depending on the location of its pivot qubit. We refer to Ref. [84] where

they provide a method for constructing a canonical basis for square hypergraph product codes.

5.2.1 Assignment of [[4,2,2]] logical qubits

We now describe a method for assigning the [[4, 2, 2]] Iceberg code logical qubits to physi-
cal qubits of a hypergraph product code which takes advantage of the aforementioned geometric
structure of the stabilizer generators and logical operators. Additionally, we will later show that
this assignment allows the concatenated code to inherit logical gates from the base HGP code.

The left and right sectors are labeled by the n? + m? physical qubits as shown in Fig. 5.3,
with the first n? qubits labeling the left sector, and the remaining m? = (n — k)? qubits labeling
the right sector. We then assign the physical qubits to the logical qubits of the (n? + m?)/2
[[4, 2, 2]] Iceberg codes as follows: consecutive diagonal qubits, e.g. qubits {1,8} and {47, 52}

of Fig. 5.3, get mapped to the same Iceberg block. We also map twin qubits, e.g. {5,23} and
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{44, 50}, to the same Iceberg code block.

As discussed in the proof of Theorem 14, we obtain suboptimal distances whenever qubits
supported on the same HGP logical operator get mapped into the same Iceberg code block. While
it is possible for there to exist a low weight logical operator span several rows or columns and
have support on both qubits of a single Iceberg code block, this mapping reduces the chance of
that happening. Indeed, we verified the resulting distances of concatenated codes constructed
with this mapping using QDistRnd [167] and found that all instances achieved a distance of
2dsy. Additionally, using a square HGP code and this mapping ensures symmetric performance

between the X and Z basis, where even if d < 2dy, dx = d; = d.

5.3 Logical Computation for [[4,2,2]]-concatenated hypergraph product codes

In Ref. [194] Xu et al. developed grid Pauli product measurements (GPPMs) as a frame-
work to perform fast and parallelizable logical computation for homological product codes. Here,
we show that this framework can be adapted for our [[4, 2, 2]]-concatenated HGP codes. By com-
bining the adapted GPPMs with a set of new logical gadgets that we obtain from the transversal
gate sets and fold-transversal gate sets of the [[4, 2, 2]] Iceberg code and HGP codes, respectively,
we are able to show Theorem 16 and prove that we can efficiently simulate the full Clifford group
on an arbitrary [[4, 2, 2]]-concatenated HGP code block. In particular, we demonstrate how we
can utilize inter- and intra-block CNOT gates, concatenated H-SWAPs, CZ-Ss, and GPPMs to
fault-tolerantly simulate a layer of Clifford gates that include H, S, and intra-block CNOT gates
acting on O(k) logical qubits of our [[4, 2, 2]]-concatenated HGP code block with low space and

time overhead. We defer the definitions of the logical gadgets and the proof of Theorem 16 to
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Appendix B.2.

Theorem 16 (Clifford Gates for Concatenated HGP Code). A single layer of an ideal Clifford
circuit on k logical qubits with ©(k) gates consisting of Hadamard, S, and CNOT gates can be
simulated on a square HGP code concatenated with the [[4,2, 2]] Iceberg code blocks with either

one of the following space-time costs:
1. O(k) space and O (k3/?) time
2. O (k3?) space and O(k) time.

If the square HGP code was constructed from one-generator systematic circulant (OGSC) quasi-
cyclic base codes, the concatenated code can simulate the layer with either one of the following

space-time costs:
1. O(k) space and O (k) time
2. 0 (k3/2) space and O (k:3/4) time.

Our technical contributions include the following: adapting the GPPM scheme of Ref. [194],
developing fault-tolerant logical gadgets, and proving the amenability of a single-shot state prepa-
ration scheme for our [[4, 2, 2]]-concatenated HGP codes. The main challenge in adapting the
GPPM scheme lies in resolving the tension between the punctures introduced in the GPPM
scheme and the assignment of Iceberg code logical qubits as part of our code concatenation
scheme.

The fault-tolerant logical gadgets have to be formulated with the constraints of both the

HGP and Iceberg codes in mind. In particular, we adapt the logical translation gadget introduced
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in Ref. [194] for square HGP codes constructed from quasi-cyclic one-generator systematic cir-
culant (OGSC) codes. We reduce the problem to the permutation of arbitrary single logical
qubits between Iceberg code blocks and use measurement-based logical SWAP gates to construct
the logical translation gadget for our [[4, 2, 2]]-concatenated HGP code. We provide explicit con-
structions for the other fault-tolerant logical gadgets for the case where we do not have the logical
translation gadget. We direct readers to Ref. [194] for the case where the logical translation gad-
get is available, i.e., the square HGP codes are constructed from quasi-cyclic OGSC codes.

By bounding the soundness and confinement factors for the [[4, 2, 2]|-concatenated HGP
code, we prove that our concatenated HGP code is still amenable to the single-shot state prepa-
ration scheme for HGP codes proposed by Hong in Ref. [81], giving us the ability to implement
all of our logical gadgets in O(1) logical cycles at the expense of additional space. This trade-off
comes from choosing between a single-shot state preparation scheme and a regular CSS code
state preparation scheme and gives rise to the two possible space-time costs for each of the two
different logical gadget constructions stated in Theorem 16.

Because we can reproduce the logical gadgets in Ref. [194] for our [[4, 2, 2]]-concatenated
HGP code, we can use the GPPM scheme to perform the “8-to-CCZ” magic state distillation
protocol and implement the non-Clifford gates in parallel. Combining the magic state distillation
and consumption protocol with the Clifford gate simulation, we obtain a fault-tolerant protocol

for universal logical computation.
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5.4 Numerical simulations

To quantify the effectiveness of the adaptive QED + QEC scheme, we perform memory

experiment simulations.

5.4.1 [[4,2,2]]-concatenated decoding

Several other codes utilize concatenation where the lowest level code consists of the [[4, 2, 2]]
code: the Cy/Cg code [195], the C,/Steane code [196], many-hypercube code [88], and the
[[4, 2, 2]]-Toric code [197]. However, in almost all of these works, error correction is done using
Knill-style syndrome extraction [198]. This method is not compatible with an adaptive syndrome
extraction protocol, as there is no opportunity to ‘short-circuit’ the syndrome extraction. We in-
stead stick to Shor-style syndrome extraction [199], and as a consequence we are not able to use
hard- and soft-decision decoding [195, 200], symbol-MAP decoding, or level-by-level minimum
distance decoding [88].

In this work, we decode the [[4, 2, 2]]-concatenated HGP code by first attempting to address
errors in the inner [[4, 2, 2]] code blocks before decoding the outer HGP code. Given that the inner
code is only error-detecting, we are unable to applied tailored corrections; instead, we apply the
same correction whenever an Iceberg code block detects an error. As a reminder, the generators

and logical operators for the [[4, 2, 2]] code are shown below.
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SX - X1X2X3X4 SZ == Z12223Z4 (55)
71 - X1X2 71 - ZQZ4 (56)

Xo =X\ X3 Zo= 737, (5.7)

We now go through the process for correcting Z-type errors. When decoding the inner
[[4,2,2]] codes, we apply the correction Z, on each code block that has detected an error. The

affect of this correction is:

71— Zy— Z1Zy = 212+ Sy (5.8)
Ty — Zy— ToZy = 74 (5.9)
Ty — Ty — D37y = 7y (5.10)
Zy — Ly — 1 (5.11)

Hence we have successfully turned every single qubit physical error into zero, one, or two
logical errors on the outer HGP code. Additionally, since Z, does not overlap with the X-type
logical operators, it ensures that 1. the syndrome is consistent between decoding stages, and
2. errant corrections do not (immediately) affect the logical state of the [[4, 2, 2]]-concatenated
HGP code. This provides a built-in robustness to measurement errors on the Iceberg code blocks.
The second decoding stage treats the residual logical errors on the inner [[4, 2, 2]] code blocks as

physical errors on the outer HGP code. Decoding the outer code provides a logical correction,
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which we then translate into a physical correction to apply to the system. The decoding process
for X-type errors is analogous, but we instead apply X as the correction for the inner Iceberg
codes.

It has been shown that the decoding performance of concatenated codes can be improved
by passing soft information between levels [98, 99]. In particular, observing a non-zero syn-
drome for an Iceberg block informs us that an error is much more likely to be located on those
four physical qubits. After the application of the initial correction, Egs. (5.8)-(5.11), this trans-
lates to an increased probability of there being a logical error on the two corresponding logical
qubits. To take advantage of this extra information, we can update the channel probabilities given
to the HGP decoder. Out of the four error scenarios, both Z; and Z, see an error in two of them;
thus we can set the probability of having a logical error at 0.5 for any logical qubit of an Iceberg
block detecting an error. The probabilities for all other logical qubits are set to p?. The decod-
ing performance could potentially be improved further by using an overlapping window [201]
or circuit-level decoder [104, 202, 203]. We leave it to future work to adapt the concatenated

decoding scheme presented here to these methods.

5.4.2 Memory experiments

The memory experiments consist of a noiseless initialization of the code in the joint |0...0)
state, r rounds of noisy syndrome extraction and correction, and a destructive measurement of the
data qubits. From the destructive measurement, a final (noiseless) syndrome as well as the value
of the logical qubits can be constructed. Decoding is considered a success if the logical qubits

are measured in the |0...0) state, otherwise we say a logical error has occurred. The logical error
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Figure 5.4: Circuit to measure an X -type concatenated HGP generator. A hook error that occurs
in the middle of the circuit will propagate to a large number of detectable errors.

rate, py, is the fraction of samples where at least one logical qubit experiences a logical error.
The standard deviation on py, is the standard error when sampling from a binomial distribution,
op, = \/pPr(1 —pr)/N, where N is the number of collected shots. From p;,, we can calculate

the logical error rate per round

e, =1—(1—pr(r)", (5.12)

where py,(r) is the observed logical error rate at round 7. The standard deviation on €, which is

shown as the error bars in the plots here is then given as:

aEL 1 e
Oe, = (@> oy, = (1 —p)" oy, . (5.13)

Our simulations use a circuit-level noise model which is parameterized by a noise strength
p and consists of the following: One-qubit Clifford gates are followed by a one-qubit depolarizing
noise channel of strength p/10; two-qubit Clifford gates are followed by a two-qubit depolarizing
noise channel of strength p; measurement results are flipped with probability p; qubit reset oper-

ations have probability p of preparing the |1) state instead of the |0) state; and, idle qubits have
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a one-qubit depolarization noise channel of strength p/10 applied to them. This noise model,
where single-qubit and idling errors are reduced, is physically relevant for ion-trap [3, 42, 48, 49]
and neutral-atom [45, 50, 104] quantum computers.

To measure the stabilizer generators of the Iceberg code, we use the fault-tolerant syndrome
extraction circuit from Ref. [87]. The concatenated and non-concatenated HGP generators are
measured using a bare ancilla qubit and a circuit derived from an edge coloration of the Tanner
graph [103], from which we can apply accurate idling error, see Ref. [103] for details. We use
an implementation of the bipartite graph edge coloration algorithm by Pattison [204]. Whereas
HGP codes enjoy a robustness to hook errors [58] regardless of the CNOT gate ordering during
syndrome extraction [205, 206], we have to be careful with the CNOT gate ordering for the
concatenated HGP generators. For certain orderings, a single error in the middle of the circuit
will propagate to a large number of logical Iceberg errors. This is especially detrimental in the
adaptive scheme as these logical errors will not be detected by the Iceberg blocks, and so the
overlapping HGP generators will not be measured. As such, we employ the circuit shown in
Fig. 5.4: By measuring the first qubit of each Iceberg logical before the second, we ensure that
an error in the middle of the circuit will propagate to a large number of detectable errors.

To actually perform the circuit-level memory experiments, we use St im [106]. Since the
adaptive scheme requires us to make decisions in real-time based on the outcomes of stabilizer
generator measurements, we have to use the slower TableauSimulator which allows us to
access the measurement results. It is possible to record the executed circuit and generate a detec-
tor error model which could then be used to perform circuit-level decoding; however, we found
that generating the detector error model and corresponding parity check matrix yielded simula-
tion times on the order of seconds per shot. As such, we use the phenomenological decoders
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Figure 5.5: Logical error rate per round, €, as a function of the physical error rate, p. (a) [[4, 2, 2]]-
concatenated HGP codes where the syndrome extraction circuit is adaptive. (b) Non-concatenated
HPG codes using normal syndrome extraction. (c) [[4, 2, 2]]-concatenated HGP codes where the
syndrome extraction circuit is not adaptive; that is, every generator is measured in every round.
Error bars indicate the standard deviation on €7, Eq. (5.13). The dashed lines and right y-axis
show the number of CNOT gates in the syndrome extraction circuit averaged over the r = 100
rounds.

described below. Making the change to a space-time circuit-level decoder would likely improve
the performance of the scheme [104].

We initially found that the [[4, 2, 2]]-concatenated HGP codes implemented using the adap-
tive scheme were not single-shot [59], see Fig. 5.6(b). Whereas the HGP codes exhibit a logical
error rate per round that stabilizes with increasing r, we see no such behavior out of the con-
catenated codes. On the contrary, we no longer observe a pseudothreshold when increasing 7.
The main cause of this behavior is most likely an accumulation of logical errors in the Iceberg
code blocks; in a normal concatenated QEC scheme this is preventable as these logical errors
are detected by the concatenated HGP generators in subsequent rounds. In the adaptive scheme,
however, the logical errors are not detected, and the corresponding HGP generators are not mea-
sured, hence leading to an overwhelming build-up of errors. To alleviate this, we measure the
entire set of generators every 7’ rounds to pick up residual logical errors. This unmasking [117]

frequency is set at every 10 rounds for p = 0.1% and scales inversely with p.
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Figure 5.6: Logical error rate per round €;, as a function of the number of rounds of quantum
error correction. The physical error rate p is fixed at 0.1%. (a) [[4, 2, 2]]-concatenated quantum
expander codes using the adaptive scheme where the entire set of generators is measured every
10 rounds. (b) [[4, 2, 2]]-concatenated HGP codes using the adaptive scheme where generators
are never fully unmasked. (c) Normal quantum expander codes.

With this change we now observe single-shot performance out of the concatenated codes,
with the logical error rate per round stabilizing by approximately round » = 100, see Fig. 5.6(a).
As such, we perform » = 100 rounds of QEC in the following memory experiments. After each
syndrome extraction, we attempt to guess a correction with only the syndrome information from
that round. We use two different decoders based on the current QEC round. For intermediate
rounds, < 100, we use only the ‘product-sum’ BP [207] variant, which consists of 30 iterations
of serial [169] message passing. Whether or not BP converges to a valid solution, we apply the
guessed correction and continue the simulation. The final noiseless syndrome is decoded using
belief propagation plus localized statistics decoding (BP-LSD) [208], which is based on belief
propagation plus ordered statistics decoding (BP-OSD) [93]. We again allow only 30 iterations

of product-sum BP with serial scheduling, but if a valid correction is not obtained, order-4 com-
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bination sweep LSD is used. The process for decoding the [[4, 2, 2]]-concatenated HGP codes is

identical after converting the physical errors into logical errors, following Section 5.4.1.

5.4.2.1 Quantum expander codes

We first investigate a family of quantum expander codes [79], as discussed in Section 2.3.1
and Section 5.4. Again using the configuration model and edge swapping [94], we generate
random (3, 4)-regular classical codes which yield a family of hypergraph product codes with rate
k/m > 1/25 and [[4, 2, 2]]-concatenated HGP codes with rate k/n > 1/50. Fig. 5.5 displays
the logical error rate per round €7, as a function of p for the HGP codes and the corresponding
[[4, 2, 2]]-concatenated HGP codes. The dashed lines and right y-axis of Fig. 5.5 show the number
of CNOT gates in the syndrome extraction circuit averaged over the » = 100 rounds.

At high error rates, the adaptive scheme is outperformed by the non-concatenated HGP
codes. Additionally, we find a lower pseudothreshold when using the adaptive scheme, see
Fig. 5.7. However, we see over an order of magnitude performance improvement using the adap-
tive scheme at low error rates. This is the regime in which we expect the [[4, 2, 2]]-concatenated
codes and the adaptive scheme to work the best; when the errors are infrequent, the overlap-
ping HGP generators are not measured as often, hence leading to fewer applied gates and less
induced circuit noise. The non-adaptive concatenated codes perform slightly worse than their
non-concatenated counterparts and significantly worse than their adaptive counterparts while us-
ing twice as many qubits and more CNOT gates.

All Iceberg-concatenated qLDPC codes have a minimum CNOT gates per round of 2n,

i.e. just measuring the two weight-n Iceberg generators. For (3,4)-regular quantum expander
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Figure 5.7: Logical error rate per round ¢, as a function of the physical error rate p around the
pseudothreshold. (a) [[4, 2, 2]]-concatenated quantum expander codes using the adaptive scheme
exhibit a threshold around 0.13%. (b) Non-concatenated, non-adaptive quantum expander codes
display a higher pseudothreshold around 0.21%, which is comparable to that the value of 0.23%
reported in Ref [103] for a similar noise model and decoder. Again, » = 100 rounds were used
as the total simulation time.
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codes, which are (4,7)-qLDPC, this means we achieve a maximum ~ 2Xx reduction in CNOT
gate count. Using qLDPC codes with higher weight generators would provide better potential
savings, but a large stabilizer weight poses problems for physical implementations [186, 206].
Note that despite the reduced CNOT count, the circuit depth is often not lower for the [[4, 2, 2]]-
concatenated codes. With all-to-all connectivity and an edge coloring of the Tanner graph, the
syndrome extraction for a (Ay, A¢)-gLDPC code can be done in depth 2As + 3 [103]. The
corresponding [[4, 2, 2]]-concatenated codes are (2Ay + 1,2A¢)-qLDPC and require a circuit
depth of 4As + 8 to measure all stabilizer generators. The additional 5 layers come from the
adaptive scheme and the separate measurements of the Iceberg generators. Hence except on
rounds where no Iceberg blocks detect an error, the concatenated codes require deeper syndrome
extraction circuits. This is true even when a single Iceberg block detects an error, in which case
the remaining blocks must sit idle until syndrome extraction has completed; however it may be
feasible for an intelligent, real-time circuit compiler [209] to recognize this and perform gates on
the unused blocks at the same time.

However, this circuit-depth analysis only holds on quantum computers which can imple-
ment arbitrarily many two-qubit gates in parallel: for architectures unable to achieve maximum
parallelization, the CNOT count directly impacts the QEC cycle time. In particular, trapped-ion
quantum computers typically have many more qubits than gating abilities, with some architec-
tures containing a small number of zones in which gates can be performed [3, 32] and others
requiring completely serial execution. An additional scenario in which CNOT count might play
an outsized role is if we needed to first compile to a device without all-to-all connectivity, where
the implementation of nonlocal two-qubit gates would introduce overhead and reduce paralleliza-
tion. We further discuss this latter setting in Section 5.5.1.
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5.4.2.2 La-cross codes

We also investigate several families of small La-cross codes [124]. La-cross codes are
families of hypergraph product codes where the parity check matrix of the base classical code
is circulant. That is, the parity check matrix consists of cyclic shifts of a n-dimensional vector,

(coy €1y oy Cn—1) € 5. The full parity check matrix H € F3*" is then:

Co C1 Ca +++ Cp-1

Ch-1 Co (O

C1 Co C3 - Co
The seed vector can be represented with a degree-n polynomial of the form:
n—1
h(z) = Z cix'. (5.15)
i=0

In this work, we follow Ref. [124] and consider codes whose polynomials take the form h(x) =
1-+z+27. By taking the first n—z rows of H, this yields a new parity check matrix H' € Fy* 7"
The corresponding classical code has parameters [n, z, d] and the square HGP code, HGP(H', H’)
has parameters [[n* + (n — 2)?, 2%, d]]. Fig. 5.8 displays the logical error rate per round ¢;, as
a function of the physical error rate p for the La-cross codes and the corresponding [[4, 2, 2]]-

concatenated La-cross codes. We again perform memory experiments for 7 = 100 rounds.

For these codes, the adaptive scheme outperforms the non-concatenated codes by nearly an
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Figure 5.8: Logical error rate per round €/, as a function of the physical error rate, p for a family of
(a) z = 2 La-cross codes and the corresponding [[4, 2, 2]]-concatenated La-cross codes (b) z = 4
(concatenated) La-cross codes. The [[4, 2, 2]]-concatenated codes are labeled by IB-HGP. We also
show a concatenated code which was measured using a non-adaptive syndrome extraction circuit,
labeled as IB-HGP (NA). The dashed lines and right y-axis show the number of CNOT gates in
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the syndrome extraction circuit averaged over the r = 100 rounds.

123

Average CNOT gates per round



Code

k=]l
gl
=3
=yl
)
<Y
S
bS]
IS4
gl
S
.
Q
bS]
IS4

[100,4,4]] |672 7 | - ] ]
[400,16,6]] |6.72 7 | - ] )

[[200,4,8]] |8.72 890|107 3.62 5.76
- - - 1074 206 4.08

[208,16,6]] |4.61 50 | - _ _
[[400,16,8]] |5.04 525 - ] )

[416,16,12]] | 6.62 6.88 | 1073 2.83 4.86
- - - 107 203 4.04

Table 5.1: Average check weight, w, and average number of generators each qubit participates in,
g, for several HGP and [[4, 2, 2]]-concatenated HGP codes. We also show average check weight
Wadapt and average qubit degree q,4,,, obtained from averaging over » = 100 rounds of adaptive
syndrome extraction at two physical error rates, p.

order of magnitude across the entire range of physical error rates. We were not able to scale up the
k = 4 non-concatenated La-cross codes to match the performance of the [[4, 2, 2]]-concatenated
codes. Larger, £ = 16 non-concatenated La-cross were able to nearly match the performance
of the concatenated codes and the adaptive scheme; however, they required over twice as many
physical qubits and ~ 5x more CNOT gates. We again see that the non-adaptive codes perform
comparatively worse, indicating that the adaptive scheme itself provides benefits to the logical
error rate.

To illustrate how adaptive syndrome extraction can function as a quantum weight reduction
scheme in the space-time picture, we display in Table 5.1 the average check weight w and the
average number of generators each qubit participates in g. When implemented using non-adaptive
syndrome extraction, the [[4, 2, 2]]-concatenated HGP codes have higher weight checks and its
qubits are involved in more checks than the corresponding non-concatenated codes. However, if

we use adaptive syndrome extraction and average over many rounds, we find large reductions in
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Figure 5.9: Logical error rate per round, €, as a function of the number of physical qubits. Panels
(a)-(c) display quantum expander codes and [[4, 2, 2]]-concatenated quantum expander codes (la-
beled IB-Expander). As a point of reference, we also include the performance of multiple surface
code patches encoding k = 4, 16, 36 logical qubits. Using 4 x [[41, 1, 5]], 16 x [[41,1,5]], and
36 x [[41, 1, 5]] yield blocklengths similar to the IB-expander codes. Panels (d)-(f) display z = 4
La-cross codes and [[4, 2, 2]]-concatenated La-cross codes (labeled IB-La-cross). Also shown
for comparison are £ = 16 copies of the surface code, the distances of which were chosen to
yield codes that approximately matched the blocklength of the IB-La-cross codes. Specifically,
we used 16 patches of the [[13, 1, 3]], [[25, 1,4]], [[41,1,5], and [[61, 1, 6]] surface codes, respec-
tively.

g and w. At low error rates, only the two Iceberg generators are measured, yielding G4, and
Waqapt that approach 2 and 4, respectively. This is even better than notable topological codes like
the surface code [38, 39], with § = w = 4 or the color code [210], with § = w = 6. Note,
however, that the maximum stabilizer weight for the [[4, 2, 2]]-concatenated codes is still much
larger at 14; it is just that when averaged over many syndrome extraction rounds, a majority of
the generators that get measured come from the Iceberg code blocks.

To further emphasize the potential savings achievable by using the adaptive scheme, we
plot in Fig. 5.9 the logical error rate per round €7, versus the number of physical qubits at three

different physical error rates, p = 0.01%, 0.05%, 0.1%. The data shown here is the same as that
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displayed in Fig. 5.5 and Fig. 5.8. Panels (a)-(c) display the performance of quantum expander
codes. In this representation, it is clear that the adaptive scheme does not provide any benefits
above p = 0.05%; however, at p = 0.01% we observe a tradeoff of fewer logical qubits but
lower logical error rates. As a point of reference, we also include the performance of » = 100
rounds of syndrome extraction for surface codes encoding k = 4, 16, and 36 logical qubits while
using approximately the same number of physical qubits as the [[4, 2, 2]]-concatenated quantum

expander codes. To obtain the logical error rate for k surface code patches, we calculate

prr=1—(1—pr1)", (5.16)

where py, ; 1s the logical error rate for a single patch. We can then compute ¢, using Eq. (5.12).
Quantum expander codes have a constant encoding rate which means that the surface codes are
not allowed to scale, hence leading to an increasing ¢;, when encoding more logical qubits. Panels
(d)-(f) display the performance of z = 4 La-cross codes encoding £ = 16 logical qubits. Here
we now see the [[4, 2, 2]]-concatenated codes and the adaptive scheme producing lower logical
error rates while also using fewer physical qubits across the entire range of physical error rates.
Also shown for comparison are k£ = 16 copies of the surface code, the distances of which were
chosen to yield codes that approximately matched the blocklength of the [[4, 2, 2]]-concatenated
La-cross codes. We note that La-cross codes were already shown to outperform surface codes in

Ref. [124].
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5.5 Applications

In this section, we propose specific use-cases where [[4, 2, 2]]-concatenated codes and the

adaptive scheme might further outperform their non-concatenated, non-adaptive counterparts.

5.5.1 2D-local implementations of nonlocal codes

One potential application of [[4, 2, 2]]-concatenated codes and the adaptive scheme is in im-
plementations of nonlocal qLDPC codes on restricted architectures. There is a close relationship
between locality and the parameters and properties of a quantum error correcting code. After
embedding the Tanner graph of a quantum code into Z?, a code is considered 2D-local if the
syndrome extraction circuits can be implemented using only gates between neighboring qubits.
Codes such as the surface code [38, 39] and color code [210] are 2D-local; as such, they are lead-
ing candidates for architectures like superconducting qubits which are currently limited to local
gates only. However, with ease of implementation comes restrictions in the asymptotic rate and
distance of the code, as was shown in Refs. [108, 109]. To get around these bounds, long-range
interactions must be introduced [113], posing difficulties for hardware without long-range gates.
Several recent works have provided methods for implementing nonlocal qLDPC codes on 2D-
local architectures [25, 103, 141, 184], but it remains an open question as to the most effective
methods and codes for this task.

First notice that [[4, 2, 2]]-concatenated codes have an embedding into Z? which guarantees
some locality regardless of the outer code choice, see Fig. 5.1. Placing an ancilla qubit in each
Iceberg codeblock would allow all blocks to be measured with only 2D-local interactions. This,

along with the adaptive scheme, may facilitate 2D-local implementations when the outer code is
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very nonlocal. Previous work has indicated that implementing nonlocal, high-rate qLDPC codes
in 2D appears to be challenging [103] without mitigating the additional cost of implementing
nonlocal gates [25, 141, 184]. While the [[4, 2, 2]]-concatenated generators would inherit this
nonlocality, the adaptive scheme ensures that the usage of these nonlocal checks would decrease
at low physical error rates. Indeed, for QEC rounds in which only the Iceberg generators are
measured, we obtain a syndrome extraction circuit that is completely local. This behavior might
make naive 2D-local implementations of nonlocal codes feasible.

Certain codes have a Tanner graph structure which allows for convenient embeddings into
72, such as the La-cross codes [124] studied here, the related generalized bicycle codes [85, 86],
and long-range-enhanced surface codes [123]. One such embedding for La-cross codes is shown
in Fig. 5.10, which yields an embedded generator structure consisting of some local connections
and some nonlocal connections. Codes like these may be easier to implement in 2D due to their
limited nonlocality. Unfortunately, if we attempt to recreate this embedding with the [[4, 2, 2]]-
concatenated La-cross code, much of this locality is destroyed by our mapping of physical HGP
qubits to logical Iceberg qubits. Instead we can use a mapping that assigns a single physical HGP
qubit to each Iceberg block, with the other logical qubit acting as a gauge qubit [197]. With this
one-to-one mapping between physical HGP qubits and Iceberg blocks, we can obtain essentially
the same locality (although spread out by the Iceberg blocks themselves) for the concatenated
generators. This is in addition to the Iceberg generators, which would continue to be local.

We note that using [[4, 2, 2]]-concatenated codes as a way to reduce the cost of implement-
ing nonlocal codes was introduced by Criger and Terhal in Ref. [197], where they investigated
the [[4, 2, 2]]-concatenated toric code. This code also has an embedding into Z? in which there

are both local and nonlocal checks. The authors discussed a superconducting transmon qubit ar-
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Figure 5.10: (a) Layout of the data and check qubits of a [[20, 4, 2]] La-cross code. It can be
interpreted as an interleaving of the L (white) and R (gray) sector qubits with qubits used for
syndrome extraction readout. Red and blue circles represent X-type and Z-type check readout
qubits, respectively. (b) Example X-type (red) and Z-type (blue) stabilizer generators. Re-
maining data and ancilla check qubits are colored white and gray, respectively. The structure of
La-cross codes produce generators which have both local and nonlocal connections.

chitecture and predicted that these code constructions would perform well in settings where both

short-range, high-fidelity and long-range, low-fidelity gates are available.

5.5.2 Modular QPU architectures

A related application is implementing qLDPC codes on a modular system of quantum pro-
cessing units (QPUSs). The current generation of quantum computers have around 102-10° phys-
ical qubits with which small experiments and calculations can be performed; however, scaling a
single chip much beyond this size is unlikely due to physical and practical limitations. An al-
ternative to this monolithic architecture is one where many smaller chips are linked together by
means of, e.g., photonic interconnects [211], to form a larger, modular system. For these systems,
the difficulty is now facilitating inter-module interactions and designing algorithms and QECCs
which are well suited for the device.

A simple solution to this problem is to have a separate QECC for each module, and then the

inter-module connections would only be used for interactions between code blocks. However, this
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effectively limits the achievable distance across the entire system, and so combining modules for
the same QECC might be desirable [212]. This setting fits well with the motivation of the adaptive
scheme. The inter-module connections will be much slower and noisier than the intra-module
connections, and as such, minimizing the usage of the inter-module connections would likely
improve logical performance and speed up the computation. Concatenated codes again provide
a reasonable approach: in each module suppose we put a copies of an /-level concatenated code
Q. We can then form a final concatenated code from the logical qubits of the copies of Qy,
hence obtaining a code that spans over all modules. The functionality of the adaptive scheme
for this code would be similar to that described in Section 5.1, with the main change being that
error correction is attempted with the syndrome information from the first ¢ levels. In this case,
the only time when the inter-module connections would be needed during syndrome extraction is

when the lower concatenation levels were unable to fully correct the error.

5.6 Discussion

In this work, we have presented adaptive syndrome extraction, a protocol which makes
real-time decisions during syndrome extraction in order to minimize the cost of quantum error
correction. Our protocol can be interpreted as a quantum weight reduction scheme in the space-
time picture. We considered a realization of this scheme through a concatenated code construc-
tion, where the logical qubits of many [[4, 2, 2]] Iceberg code blocks are encoded into a square
hypergraph product code. Note, however, that the scheme is not limited to the code construction
presented here; the main necessity of a code used in adaptive syndrome extraction is the ability to

cheaply determine whether a region or subset of qubits has an error, in which case more expen-
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sive error correction can take place. Concatenated codes provide a straightforward framework
to accomplish this, but it is feasible that non-concatenated codes could be designed with this
feature in mind. One such option could be the homological product of an error detecting code
with a high-rate qLDPC code. Or adaptive syndrome extraction may be possible even without
any additional structure; instead, error detection could be facilitated by measuring a hitting set of
stabilizer generators.

Through circuit-level simulations of repeated syndrome extraction, we found that [[4, 2, 2]]-
concatenated HGP codes implemented using adaptive syndrome extraction achieve lower logical
error rates than their non-concatenated counterparts while requiring fewer CNOT gates and us-
ing fewer qubits. Although under-performing their non-concatenated counterparts at high error
rates, quantum expander codes and the adaptive scheme achieved over an order of magnitude im-
provement at low error rates while using ~ 2x fewer CNOT gates. These improved logical error
rates come at the cost of fewer logical qubits for the same number of physical qubits. La-cross
codes showed a more impressive comparative improvement: when using the adaptive scheme,
we found an order of magnitude improvement in the logical error rate even at current experi-
mental physical error rates. For non-concatenated La-cross codes, matching the performance of
the adaptive scheme required over twice as many physical qubits and ~ 5x more CNOT gates.
Despite not reducing circuit depth per se, we described how this reduction in gate count could
lead to shorter QEC cycles on certain quantum computing architectures. We also showed how
the scheme provides reductions in the check weight and qubit degree when averaged over many
syndrome extraction rounds.

We also provided fault-tolerant gadgets that allowed us to achieve universal logical quan-

tum computation with [[4, 2, 2]]-concatenated HGP codes. Overall, we showed that our choice of
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code and syndrome extraction scheme reduces the CNOT gate count for error correction without
increasing the space-time cost of logical computation. In doing so, we showed how the concate-
nated codes can inherit logical gates from the underlying HGP codes, and we adapted the GPPM
scheme of Ref. [194] and the single-shot state preparation scheme of Ref. [81] to our logical
computation scheme. By developing a single-shot state preparation scheme for our [[4, 2, 2]]-
concatenated HGP code, we showed how we can construct logical gadgets that take O(1) logical
cycles, giving us the opportunity to trade space for time in the logical computation protocol.
Performance and overheads could potentially be further improved by using more efficient magic
state distillation [213] or alternative codes [214].

Future research could investigate the potential of replacing the inner and outer codes of the
[[4, 2, 2]]-concatenated HGP codes studied here. It may be interesting to replace the [[4, 2, 2]] code
with larger Iceberg codes, or to use more concatenation layers akin to the many-hypercube [88]
and related codes [195, 196]. Alternatively, the outer HGP code could be replaced with alter-
native qLDPC codes, such as bivariate bicycle codes [85], or lifted product codes [93, 215],
among others. In both of these cases, one would likely lose the logical-physical qubit mapping of
Sec. 5.2.1 and the resulting logical gates; however, there might use cases in which those choices
are advantageous. Finally, there is an alternative concatenation scheme to that described by Pro-
cedure 1: for input codes Q1, Qs with parameters [[nq, k1, di]] and [[no, ko, ds]], respectively, we
can obtain a concatenated code with parameters [[ning, k1ks, d > dids]], see e.g. Section 3.5 of
Ref. [67]. The performance of such a code in the adaptive scheme would likely be comparable,

but it may provide opportunities for different logical gates [197].
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Chapter 6: Conclusion

Prior to the works described in this thesis, it was the general consensus it was advantageous,
perhaps even essential, to measure every stabilizer generator when performing quantum error
correction. In this thesis, we have introduced partial quantum error correction, which we broadly
defined to be using incomplete syndrome information from the code or neglecting to correct errors
on some part of the system. We have shown that is not necessary to measure every stabilizer
generator in order to obtain a threshold, and we have described several situations where it is
actually better to not do so.

In Chapter 3, we introduced partial syndrome measurement and masking as a general
framework for partial quantum error correction. We then motivated an application of partial
syndrome measurement inspired by the so-called stacked model, in which generators acting on
spatially distant qubits are measured less frequently than those which do not. As a first step into
the investigation of this scheme, we considered a simplified version where the measured gen-
erators were randomly selected. There, we gave numerical and analytical proof showing that
thresholds are obtainable even when a relatively high percentage of the stabilizer generators are
not measured. While this chapter was ostensibly a precursor to the work described in Chap-
ter 4, we noted how even the simplified scheme could be immediately applied to certain quantum

computing architectures in order to reduce quantum error correction overheads.
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In Chapter 4, we studied the aforementioned stacked model application in a more realistic
setting; namely, we presented a full error correction protocol that was built on a bilayer archi-
tecture and used bivariate bicycle codes. In doing so, we discussed code embeddings, a parallel
syndrome measurement scheme using fast routing with local operations and classical communi-
cation, and entanglement purification. We found that bivariate bicycle codes implemented in this
model outperformed surface code while also using fewer physical qubits. Additionally, partial
syndrome measurement reduced QEC cycle time without hurting the logical error rate. The tech-
niques we proposed, including the greedy routing algorithm and the syndrome extraction using
gate teleportation and Bell pair purification, may find separate use elsewhere.

In Chapter 5, we presented another application of partial quantum error correction in the
form of adaptive syndrome extraction. There, we were motivated by the fact that much of the
syndrome information is unnecessary, especially in the low error rate regime. We showed that for
certain codes, namely a concatenated code consisting of a error detecting code and a high-rate
low-density parity-check code, syndrome extraction could be optimized by utilizing the corre-
lations in the syndromes between concatenation layers. Specifically, we looked at [[4, 2, 2]]-
concatenated hypergraph product codes and found that, when implemented using the adaptive
syndrome extraction scheme, they functioned as better quantum memories than non-adaptive
and non-concatenated codes, while also using fewer CNOT gates and physical qubits. Fur-
thermore, we show how to achieve fault-tolerant universal logical computation with [[4, 2, 2]]-
concatenated hypergraph product codes without increasing the space-time cost as compared to
non-concatenated hypergraph product codes.

As for direct follow-up research to the works presented in this thesis, there may be alterna-

tive error correcting codes which yield better performance when implemented using the proposed
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schemes. The schemes themselves likely have potential optimizations which would improve their
performance. An additional potential use for partial syndrome measurement is the implementa-
tion of high-density parity-check codes [142]—QECCs where the check weight is not constant.
These codes are typically avoided, as their high check weight make achieving fault-tolerance
difficult; however, for codes where only some checks are high-weight, we could temporarily
avoid measuring them, just as we avoided measuring the nonlocal checks in Chapter 4. Indeed,
codes with both low- and high-weight checks (concatenated codes such as the many-hypercubes
code [88] are an example of which) may provide additional benefits over gLDPC codes, and it
would be interesting to study their constructions and application to this scheme.

Except for the simplified model studied in Chapter 3, this thesis was fairly focused on
the estimating the real-world performance of the proposed schemes through the use of realistic,
circuit-level simulations; as such, it would be an interesting task to provide analytical arguments
on the success of these protocols, akin to what was done in Refs. [25, 141]. In Chapter 5, we de-
tailed many potential variations of adaptive syndrome extraction and the presented concatenated
code structure. We also discussed the idea of adaptive syndrome extraction as a form of space-
time weight reduction; this concept has the potential to formalized and expanded on. Besides
acting as a quantum memory, it also would be interesting to expand the concepts presented in
this thesis to logical computation [216]. Ultimately, partial quantum error correction is a broad
enough concept that there are sure to be many other interesting applications for a wide variety of

quantum computing architectures.
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Appendix A: Decoding algorithms

In this appendix, we briefly discuss the specific decoders we used throughout this thesis.

A.1  Small-set flip

The small-set flip (SSF) decoding algorithm [79] aims to imitate the classical flip decoding
algorithm used to decode classical expander codes [78]. As such, it is well suited for quantum
expander codes [79] where the success of the decoder is guaranteed for errors of size less than
the distance, as well as random errors of linear size [126]. However, it is also a valid decoding
algorithms for HGP codes constructed from seed codes that are not classical expander codes, we
just do not get the analytical guarantees.

Let F be the powerset of the qubits in X-type generators; for example, if we have the

stabilizer generator X; X, X3, then the corresponding powerset F is

{@,{1},{2},{3},{1,2},...,{1,2,3}}. (A1)

Also let I/ be the initial X-type error. A single round takes as input a guessed error E; and
the syndrome of the remaining error o; := o(E @ E;). The decoder then goes through all

‘small-sets’ f € JF and finds the one that when flipped maximizes the decrease in syndrome
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Algorithm 4 Small-set flip decoding algorithm [79]

Require: (F, D)
while 3F € F : || — |o; ® 0z(F)| > 0do

o] —|oi © o7(F)]

F; = max

FeF |F|
Ei+1 =F0oF
Oip1 = 0, ® 0z(F)
1=1+1
end while
return F;

weight (proportional to the weight of the correction), which is then applied to the guessed error
for the next round. Fig. A.1 displays an observed syndrome and the effect of two potential qubit
flips that the SSF algorithm attempts. In reality, the highlighted X -type stabilizer generator has
25 = 32 potential qubit flips to try, and the pattern in panel (c) fully resolves the syndrome. All
other X -type stabilizer generators are also looked at to see if they contain qubit flips that further
reduce the syndrome error. As discussed in Section 2.3.5, decoding is considered a success if the
guessed error Eis equivalent to the actual error F, thatis £/ & E belongs to the stabilizer group.

The complete decoding procedure is listed as pseudo-code in Algorithm 4. It takes as
input a tuple (E, D), where E C V is an X —type error, and D C C is a potential syndrome
error—that is the algorithm runs instead on the syndrome where some values have been flipped,
oz(E)® D. We make one small change to the algorithm for the purposes of using it in the context
of the stacked model introduced in Chapter 3. Specifically, we exchange using the full syndrome
for one taken from some subset of the stabilizer generators U C S. We still search through every
opposite type generator when looking for small-sets /' to flip; however, the effect of flipping will

only be visible on the restricted set of generators o/ (F). We overload the meaning of having the
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Figure A.1: Example of the search process SSF uses when searching for a correction. (a) Ob-
served Z-type syndrome arising from an X error. An X-type stabilizer generator is highlighted
in black. The SSF decoding algorithm also looks at all other X-type stabilizer generators. (b)
One out of 32 qubit patterns SSF tries to flip, yielding a syndrome decrease of weight one. (c)
Another qubit pattern SSF attempts, now yielding a syndrome decrease of three. SSF selects this
as the most probable correction.
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input (E, D) when D C C' is interpreted as a mask, in which case the available syndrome is
op(F'). The chosen interpretation will be clear from context.

It was shown that the performance of SSF could be improved by using a second decoder
after SSF, such as belief propagation [94], projection-along-a-line [217], or potentially ordered

statistic decoding, see below.

A.2 Belief propagation

One of the most widely used decoding algorithms for both classical and quantum error
correction is belief propagation (BP) [64]. BP operates through iterative message passing on the
Tanner graph of the code G = (V U C, E') gradually refining probability estimates until reaching
a reliable decision about the most probable error consistent with the observed syndrome. It
was shown that using BP, the performance of certain classical LDPC codes could approach the
Shannon limit [65]. Although belief propagation performs remarkably well for classical LDPC
codes, decoding CSS codes in this way yields suboptimal performance [89-91], due to short
cycles in the Tanner graph and error degeneracy. To address the failures of belief propagation,
post-processing methods have been introduced [92-94], such as ordered statistic decoding which
we discuss in the next section. The inputs to BP are the observed syndrome s = o(F) and prior
probabilities {p;} of having errors on any of the (qu)bits. Note that I'(v;) denotes the neighbors

of a node v; in GG. The decoding process then proceeds as follows:

1. Initialize the beliefs ); and initial bit-to-check messages to:

m? :A?:ln(l_p) (A.2)

V;—Cj
p
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where p is the prior probability of a (qu)bit having an error. This information can come

from the device or by track error propagation throughout a quantum circuit [106].

2. Each bit node sends a message to all connected check nodes, i.e. every c; € I['(v;), accord-

ing to

1 _
mh_e, = m( P) + Y mhL (A.3)
p €T (vi)\¢; !

3. The checks then send messages back to the bits according to

¢
mijﬁvi = (—=1)%2 tanh_1< H tanh(%)) (A.4)

viel (¢;)\v;

4. This process of passing messages between bits and checks is repeated either for a prede-
termined number of iterations or when a stopping criterion is met. Then the final belief for

each bit node is computed:

M=X+ Y ml, (A.5)

c; €T (vy)

5. Using the final belief, the value of the bits (the predicted error) is decided:

0 Al>0
B = (A.6)

1 otherwise

If, at this point, 04(E) = 0(E), then decoding is considered a success (notwithstanding
the possibility that E®Eisa logical error), and no further decoding is required. If JZ(E) +
oz(FE), then we can follow-up BP with a postprocessing decoder like OSD, see below. The
beliefs \; provide insight into the probability that a certain bit has an error. This information can
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be exploited by decoders such as OSD. There are several different variants of BP. The algorithm
listed here is the product-sum algorithm; alternatively, there is also the minimum-sum, and log

versions of the two.

A.3  Ordered statistic decoding

Ordered statistic decoding (OSD) was originally used for the decoding of classical bi-
nary linear codes [218], and it later introduced as a postprocessing decoding for quantum CSS
codes [92, 93, 169]. It has become an extremely useful algorithm as it alleviates the problems
of BP which arise from quantum degeneracy and short cycle length. Unfortunately, the runtime
of OSD is quite restrictive at O(n?), and so it may not feasible when decoding codes with large
blocklengths. Recently, Hillmann et al. developed a localized version of OSD that provides more
favorable runtimes [208].

We again focus on decoding CSS codes, i.e. focusing on decoding X-type errors and Z-
type errors independently. The input to OSD is the Z-type syndrome o (FE) and the reliabilities
R = {p1, p2, ..., pn } of the qubits. These reliabilities are essentially the probability that a given
qubit experiences error, and they can be obtained from prior knowledge about the device or
from the soft-information output of a prior decoder, like BP. For a matrix H = (hq, ho, ..., hy,),
we denote Hyyy as the matrix that results from taking columns from H according to {/}. We

similarly define Fpy if £ is a vector. With these two inputs, OSD proceeds as follows:
1. Construct {I} as the indices from the Rank(H ) most likely qubits according to R.

2. Construct a new matrix H = Hpy, where H = Hy. The resulting matrix is full-rank and

can be inverted.

141



3. Solve the equation Ey;; = H “lo4(E){y.This is where the main O(n*) computational
complexity from OSD comes from, since Rank(H ) is often proportional to the number of

qubits in the code n.

4. The guessed error is then E{ 1 = Eny. The least likely, [n]\{/}, qubits are assumed to not

have an error, and so E[n]\{ = 0.

The algorithm described above is called OSD-0. Higher order OSD methods are for finding
solutions where E[n}\{ 1y # 0. Order-w ‘combination sweep’ OSD begins by first performing
OSD-0. If the syndrome of the guessed error matches the observed syndrome, further processing
is not required. On the other hand, if 04 (E) # o(E), then we attempt to alter £. In particular,
order-w combination sweep OSD searches over all weight w bitstrings for E[n]\{ ry- Other options
for searching are possible and may provide better performance in certain situations [92, 93].
These higher-order OSD methods are even moreso computationally expensive, and so it may be
advisable to only use OSD-0 or to keep w relatively small. We refer the reader to Ref. [92] for

another in-depth introduction to OSD.
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Appendix B: Logical computation for [[4,2,2]]-concatenated hypergraph prod-

uct codes

B.1 Logical operators for the [[4,2,2]] code

B.1.0.1 Logical Clifford operators

We first discuss the different notions of gate transversality before introducing the various
logical Clifford operators obtainable when we restrict ourselves to the various extents of transver-
sality. Traditionally, transversal logical gates demand that every physical operation acts on one
physical qubit in a code block. They form the foundation for fault-tolerant gates in quantum com-
putation [219]. However, it is possible to relax this restrictive definition of transversality to what
is known as SWAP-transversal where we allow qubit permutations as well as single-qubit Clif-
ford gates [220]. This notion of transversality is not inherently fault-tolerant except on platforms
that have the ability to physically shuttle qubits, such as ion-traps and neutral atom arrays.

In the recent work of Sayginel et al. [220], they derived a set of Clifford logical operators

as shown in Table B.1.
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Gate Circuit Type

HyHySWAP, > | HiHyH3H,y Transversal

cZ 5151558, Transversal

CNOT SWAP, 3 | SWAP-transversal

CNOT3, SWAP;, | SWAP-transversal

SWAP, 5 SWAP;3, | SWAP-transversal

Table B.1: SWAP-transversal logical Clifford gates of the [[4, 2, 2]] code.

Because the logical Hadamard operator does not target individual logical qubits of the
[[4,2,2]] code, the set of SWAP-transversal logical Clifford gates in Table B.1 does not give us
the full logical Clifford group. By including the gates shown in Table B.2, we are able to obtain a
full set of logical Clifford operators; however, these gates are not transversal or SWAP-transversal

and as such are not inherently fault-tolerant.

Gate Circuit Type
S S185C7, 3 General Clifford
S 518,07, 4 General Clifford

X, VX, \/Y4C(X, X)1.4 | General Clifford

X, | VX1V X35C(X, X), 3 | General Clifford

Table B.2: Logical Clifford gates of the [[4, 2, 2]] code via embedded code technique.

B.1.0.2 State preparation

In this section, we describe how to prepare some of the common logical states for the
[[4,2,2]] code that we use for our logical computation protocol. Because the [[4, 2, 2]] code is a
CSS code, it is trivial to initialize it in the logical states |00) and |++). Thus, in this section, we
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focus mainly on describing how we might be able to initialize it in the |0+) state. This task is
less trivial because the [[4, 2, 2]] code only has global Hadamard as a transversal logical operator
instead of one that targets a single logical qubit as shown in Section B.1.

In Fig. B.1, we provide a quantum circuit for transforming the logical |00) state into [0+)
by using a joint XX measurement and a single Pauli operator for correction. Note that the joint
XX measurement can be done fault-tolerantly with an additional pair of maximally-entangled

ancilla qubits.

00) | — {iz

Figure B.1: Physical quantum circuit for transforming the |00) state of the [[4, 2, 2]] Iceberg code
into |0+). The four qubit lines correspond to the physical qubits of the [[4,2,2]] code. The red
measurement with measurement output a is a joint X X measurement.

It is easy to see that the quantum circuit in Fig. B.1 gives us the desired transformation.

The logical |00) and |01) states are given by

0000) + [1111)
\/§ )

0Ty — 0011) + [1100) B.1)

00) = 7

Since [0+) = \/Li (J00) + |01)), performing a XX measurement on the third and fourth qubits of
|00) and getting a measurement eigenvalue of +1 (a = 0) gives us |0+). When the eigenvalue is
—1, we apply Zs to flip the phase to get the desired [0+) state.

The |0+) is particularly useful for logical qubit teleportation for our [[4, 2, 2]] Iceberg code.

We prepare the |0+) state several times in the different logical gadgets that we construct in the
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subsequent sections.

B.2 Clifford Logical Operators for [[4,2,2]]-concatenated HGP codes

In this appendix, we describe how we can obtain the full Clifford group for logical com-
putation on a [[4, 2, 2]]-concatenated square HGP code. We follow the concatenation procedure
described in Procedure 1 and assign logical qubits following Sec. 5.2.1. To achieve the full Clif-

ford group for the resulting concatenated code we need the following logical gadgets:
1. |0) / |+) state preparation
2. Z/X basis measurements
3. Concatenated grid Pauli product measurements (cGPPMs)
4. Inter-block CNOTs
5. H-SWAP
6. CZ-S
7. Logical translation

In the subsequent sections, we discuss how each of the logical gadgets above can be constructed
for our concatenated code. Because the logical translation gadget is only available for a special
subclass of hypergraph product codes, we leave it until last, before we describe how we construct
it. In fact, the first six logical gadgets can all be implemented without the logical translation

gadget. However, we can achieve better space-time cost savings if we have a logical translation
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gadget. Thus, we discuss the different costs of implementing the different logical gadgets both

with and without the logical translation gadget in the subsequent sections.

B.2.0.1 State preparation

It is easy to check that our concatenated code is still a CSS code. Thus, the standard
state preparation procedure would still work for our concatenated code [58]. For the sake of

concreteness, we state how we can prepare the @@k logical state.
1. Initialize all 2n physical qubits to be in the |0) state.
2. Measure all the X stabilizer generators for our concatenated code.
3. Repeat step 2 an additional d — 1 times.

4. Decode the d sets of syndromes collectively and apply the resulting Z correction to obtain

the desired [0)“" logical state.

By exchanging X and Z as well as initializing the 2n physical qubits to be in the |+) state, we
—\®k
can prepare the |[+) " logical state.

Alternatively, we can consider a single-shot |0) / |[+) state preparation gadget introduced
by Hong in Ref. [81]. We now proceed to show why our concatenated code is amenable to such
a state preparation gadget. To do that, we need to show that the homological product of the
concatenated code and some classical code has good soundness. In addition, it would be helpful
for us to prove that the concatenated code has linear confinement to show that it is amenable to

single-shot decoding.
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To begin, we first define soundness and what it means for a quantum code to have good

soundness.

Definition 17 ([60, Soundness]). Let t be an integer and f : 7. — R be some function called the
soundness function with f(0) = 0. Given some set of Pauli checks M, we say it is (t, f)-sound if
for all Pauli errors E with |o(E)| = x < t, it follows that there exists an E' with o(E") = o(FE)

such that wt(E') < f(x).

Definition 18 ([60, Good Soundness]). Consider an infinite check family M,,. We say the family

has good soundness if each M,, is (t, f)-sound where:

1. t grows with n such that t > an® for some positive constants a,b. That is, t € §) (nb) with

b>0;

2. and f(x) is some polynomial that is monotonically increasing with x and independent of

n.

Having stated the above definitions, we now proceed to prove that the our concatenated

quantum code has the following soundness:

Lemma 19 (Soundness of “Transposed” Concatenated Code). Let the chain complex correspond-

ing to the square HGP code be

C_l > Co > (. (B.2)

C_4 > O() - 4 (B.3)




Then, the maps 6] and 0_y are (t, f)-sound with f(x) = % + x and t = d/3 where d is the

distance of the HGP code.

Proof. From Lemma 5 in Ref. [60], we know that the HGP code that we use as our inner code has
stabilizer check matrices Hx and Hy such that H, and H are (¢, f)-sound with f(z) = 2%/4
and ¢ = d. For the subsequent part of the proof, we focus on analyzing ﬁ;{ and the argument
would also hold for H.

First of all, notice that A3, € Fo*(""M*/2) qnqd HT € F3*™ % Denote the set of (n— k)
columns in Hy and IET)T( as A and the set of n/2 columns in IET)T( as B. We refer to the stabilizer
generators of Hyx that correspond to the columns in A as the copied generators. The generators
of Hy that correspond to the columns in B are referred to as the new generators. Denote H |4
as the restriction of ﬁ; to the columns in A.

For any error configuration e € Fg”fk)m/ ? that lies completely within the support of A, we

have

|He| < |ike| < 2|Hel (B.4)

from the fact that the copied generators have twice the weight of the original generators in H x
because each of the physical qubit checked by a generator in Hx is now a logical qubit that
corresponds to two physical qubits in the 2n physical qubits of the concatenated code. For every
e € F5~* that generates a syndrome in Hy|, that has weight at most d, we have ‘H}e} <

’f[;e < d. From the (d, 2 /4)-soundness of H , there exists some ¢/ € F~* such that Hye =

2 . . ~ ~
Hie and |¢/| < |HYe|™ /4. Now, we claim that ¢ satisfies H | e = H{|4¢'. To show that, we
first note that there exists an injective homomorphism v : Cy — Cj since every physical qubit

i € [n] is mapped to some unique pair of physical qubits (¢, j) for i, j € [n] according to the
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logical operator basis for the [[4, 2, 2]|] code. Thus,
Hylae = (yo Hy) e = vHye' = Hy|a€'. (B.5)

: 2 - 2 . = .
Since || < |Hie| /4 < ‘H}\Ae‘ /4, this allows us to conclude that H |  is (d, 22 /4)-sound.
Because I~{)T(| p consists of n/2 different columns with disjoint sets of 4 consecutive ones,

it is easy to see that H |z is (n/2, 2/4)-sound.

d

3 % + a:) -sound using the arguments made regard-

Now, we proceed to show that I:I)T( 1S (

ing the soundness of lf];(| A and ﬁ)ﬂ p. Consider an arbitrary error configuration € € Fg"_k)%/ 2

such that ‘H}T{é‘ = x < d/3. Let €| 4 and é|p denote the restriction of € to the indices in A and
B respectively. We now claim that ‘]:I)TA A€ A‘ < 3z < d. To see that, note that the qubit with
index 2 in each Iceberg code block only lies in the support of the new generators since the Iceberg

code’s logical operator basis has X; = X, X5 and X5 = X;X,. Since we have
HYé=H| 6la+ H|pélp (mod2), (B.6)

when [ﬁ[}\Aé\A} = [I:[)T(]BQB} ~# 0 for some index ¢ that corresponds to qubit 1, 3, or 4 in a

Iceberg code block, there exists some j that corresponds to the qubit with index 2 in the same set
of 4 Iceberg code qubits that contains i such that [f[;é} = [FI)T(\ Be| B} = 1. Since ‘f[}é ’ =z,
J J

we can have at most x instances of j in x different Iceberg code blocks such that [ﬁ;é] =
J

[fl)ﬂ B€| B] ~ = 1. For each of these instances of j, we can have at most 3 7’s that belong to
J

the same 4 Iceberg code qubits that contains j such that [ﬁ;{\ e A] = [ﬁ;{\ BE€| B} ~# 0. Thus,

%

’ﬁ; |Aé]A’ < 3z < d. From the soundness of H .| and H |, we can find a & that has restricted
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forms &4 and & such that |¢/|4| < (32)2/4 = 922/4, |&|| < 4x/4 = x where Hyé = H ¢

Thus, we obtain the lemma statement where H )T( is (g, % + x) -sound. L]

We note that the soundness factor can definitely be made tighter by performing a rigorous
analysis similar to the one in the proof for Lemma 5 in Ref. [60]. However, we do not need such
a tight bound for our subsequent arguments.

Now, we are ready to show that the thickened concatenated code has good soundness.

Lemma 20 (Good Soundness of Thickened Concatenated Code). Let the chain complex corre-

sponding to our concatenated code be

C_ CO — Ch (B7)

~ ~ 2 . .
such that 50T and d_, are (%, 9% + x) -sound where d is the distance of our concatenated code.

Applying the homological product on the concatenated code with a classical code gives us a new

length-4 chain complex

é_g — é_l > CO Cl (BS)
0_2

. Sa=HL  So=Hy

y o 5
where the map 6", = Hy is <§, 9%) -sound.

Proof. The proof for this lemma statement is effectively the same as the proof for Lemma 6 in

Ref. [60] except that we use Lemma 19 from our paper instead of Lemma 5 from Ref. [60]. [
Next, we provide two important definitions regarding confinement.

Definition 21 ([101, Confinement]). Let t > 0 be an integer and f : 7Z — R be an increasing

function. For a parity-check matrix H € Fy", we say it is (t, f)-confined if for any Pauli errors
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e with reduced weight ||e|| < t, its syndrome o(e) = He obeys

fo(e)l) = llell (B.9)

Definition 22 ([101, Good Linear Confinement]). Consider an infinite check family M,,. We say

the family has good linear confinement if each M, is (t, f)-confined where:

1. t grows with n such that t > an® for some positive constants a,b. That is, t € §) (nb) with

b>0;

2. and f(x) is some linear function that is monotonically increasing with x and independent

of n.

When a code has good linear confinement, the code is single-shot against both adversar-
ial and stochastic noise [101]. The intuition is that the linear confinement property guarantees
that the low-energy state space of the code Hamiltonian is partitioned into well-separated clus-
ters [221].

Before we proceed to show that our concatenated code has good linear confinement, we

first state the confinement property of good expander codes.

Lemma 23 ([79, Linear Confinement of Expander Codes]). For any quantum expander code
with distance d, an arbitrary error e with reduced weight ||e|| < d has a syndrome with weight

bounded from below as |o(e)| > 3||e]l.
Now, we proceed to show that our concatenated code has good linear confinement.

Lemma 24 (Linear Confinement of Concatenated Code). Let the chain complex corresponding
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to our concatenated code be

C_1 > O() > O (B.10)

671:H; SOZI:]Z

where d is the distance of our concatenated code. The stabilizer matrices Hy and Hy are (g, 63:) -

confined.

Proof. Suppose we have a Pauli error e that has reduced weight ||e|| < d/2. To make things
concrete, let €’ be any weight-reduced Pauli error such that |¢/| = ||e|| and o(e) = o (€).
Next, let us partition the length-2n sequence ¢’ for our [[2n, k, d]] concatenated code into

sets of 4 qubits that belong to individual Iceberg code patches, i.e.

P = {{Puit1, Paiv2: Pui+s, 734¢+4}}?:I)1 , (B.11)

where P is some Pauli operator in the set {/, X,Y, Z}. An arbitrary element of P can only
have non-trivial support on 0, 1, or 2 physical qubits else we can apply the Iceberg code sta-
bilizer generators to further reduce the weight of the error. Let {e’u}j C P be the set of
{Pui+1, Paiv2, Paits, Puira} that contains exactly 1 physical qubit Pauli error. Similarly, let
{ehr} . C© P be the set of {Puii1,Pait2, Paits, Paira} that contains exactly 2 physical qubit
Pauli errors. In addition, let 0, (€’) and o .pica(€’) correspond to the part of the syndrome that

corresponds to the new and copied generators respectively such that

0(€') = Onew(€’) B Ocopica(€’). (B.12)

Construct a length-n Pauli sequence ¢;,,,,.,; from ¢’ by converting each element in {eé,k}k into
the corresponding logical Paulis of the Iceberg code patch. In addition, convert each element
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of {e’u}j into some (potentially trivial) logical Pauli operator of the Iceberg code patch de-

pending on whether the element anti-commutes with X, X5, Z;, Z5. For example, suppose

6,179' = X1I,151, and e’m, = 17,1514, we then convert the former into 1/, since it commutes

with all the logical Paulis of the Iceberg code patch and the latter into Z;1, since it only anti-

commutes with X . Lastly, let ¢ denote the syndrome operator of the [[n, k, d]] HGP code that

was used to construct our concatenated code.

Then, we have

= |Onew (€')] + |Ucopi6d<€/)|

- {ell,j }j

{ell,j}j

{ell,j}j

- {6/17j }j
1

25 (
6

1
—le
6

v

v

|

1
= <lell

+ ‘C (egogical) ‘
1

+ g | ‘e;ogical} ’
1 /

+g [l

S CIICHA)

{ei, 1] +2[{erd])

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

We note that the third equality comes from the fact that each element in {e’1 j} _triggers the syn-
WA

drome of a single new generator and the construction of our concatenation scheme. In addition,

we have |e;0 gical ] < 2|€| since a single physical Pauli error can be converted into at most 2 logical

errors when we construct €;,,,,;.,;- Thus, we can use Lemma 23 to obtain the latter term in the right
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hand side of the first inequality because |¢’| < d/2 implies that |€},,;.,;| < d. The second in-
equality comes from discarding the logical errors that were generated from {6’17 j }j. Since (B.21)
holds for ||e|| = |¢’| < d/2, we have shown that the stabilizer matrices of our concatenated code

have (g , 6x) -confinement. [

Since Lemma 20 guarantees us that the thickened concatenated code has good soundness
and Lemma 24 guarantees that our concatenated code has the single-shot property, we are able
to use the single-shot logical state preparation scheme in Ref. [81]. We now state the single-shot
logical state preparation scheme with respect to our concatenated code for the sake of concrete-
ness.

Suppose we have a classical repetition code with code parameters [d, 1, d| where d is the dis-
tance of our Hﬁ, /2‘, d” concatenated HGP code. Let the Q be the Hﬁ, l:;, dH code that emerges
from thickening our concatenated HGP code in the Z-basis with the classical repetition code. In
the first stage of the single-shot ]6>®fg state preparation protocol for our concatenated HGP code,

we perform the following:

1. Initialize all physical qubits in [0)".

2. Measure all X-type check operators to obtain an initial X -syndrome before using the X-

metachecks to obtain an X -metasyndrome.

3. Decode the X -metasyndrome and repair the initial X -syndrome.

4. Decode the repaired syndrome using Hy of the concatenated HGP code to return to |6>®k,

which is the logical all-Os state for the thickened [ [ﬁ, l::, avl} ] code, up to some small residual

Z error.
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The second stage of the protocol proceeds as follows:

1. Measure Z on all physical qubits of the thickened code except on one of the boundary

concatenated HGP codes and reconstruct a bulk Z-syndrome.

2. Input the above bulk Z-measurement outcomes, Z-syndrome, and a suitable single-shot
decoder for our concatenated code before iteratively decoding, inferring, and updating an

X-correction vector from each layer of concatenated HGP code.

3. Apply the final X-correction vector on the boundary concatenated HGP code to obtain a

single layer of concatenated HGP code that is initialized to be in the |6>®k state.

By changing the basis for thickening and replacing X/Z, we can obtain the single-shot state

preparation protocol for initializing the |1>®k state for the concatenated HGP code.

B.2.0.2 Z/X basis measurements

To perform logical Z/X basis measurements, we simply have to perform transversal mea-
surements on all n physical qubits of our concatenated HGP code in the Z/X basis. In other
words, just as it holds for any other CSS codes, M3"/MY" gives us the logical measurement

M?k / M?}k for our concatenated HGP code.

B.2.0.3 Concatenated Grid Pauli Product Measurements (CGPPMs)

In the original grid Pauli product measurement (GPPM) scheme in Ref. [194], correspond-
ing physical qubits in the main HGP code and the ancilla HGP code are entangled via physical
CNOT gates. Our concatenated grid Pauli product measurement (CGPPM) scheme works effec-
tively the same as these GPPMs except that we entangle the logical qubit of some Iceberg code
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with the physical qubit in the ancilla HGP code. To perform such a CNOT gate, we use the circuit
shown in Fig. B.2 which performs a logical CNOT that is controlled on the first logical qubit of
some Iceberg code block and acts on qubit a of a HGP ancilla code block. In this paper, we refer
to these CNOTs as Logical-Physical (LP) CNOTs. This circuit can be adapted to the case where
we control on a different logical qubit or the case where we decide to control on the physical qubit
of the HGP code instead. This particular CGPPM scheme allows us to reduce the overhead of the
GPPM measurement by not having to concatenate the ancilla HGP codes with the Iceberg codes.
In addition, it also allows us to sidestep the challenging task of assigning Iceberg code logical
qubits to the punctured or/and augmented ancilla HGP code blocks. More details regarding how
the GPPMs can be customizable to the specific Paulis of interest can be found in Algorithm 2 of
Ref. [194].

In addition, our CGPPM is compatible with the selective inter-block teleportation scheme
described in Algorithm 3 in Ref. [194] that allows the teleportation of any subset of the logical
qubits of a square HGP code to the corresponding logical qubits of another identical square HGP
code. By performing the LP CNOTs described above, we can entangle the desired subset of the
logical qubits of the original concatenated HGP code block to an ancilla HGP code block before
entangling it to the final concatenated HGP code block with another set of LP CNOTs. We then
proceed to perform CGPPM on the ancilla HGP code block and the original concatenated HGP
code block to perform the desired selective teleportation. The details can be easily derived from

Algorithm 3 and Fig. 11(a) in Ref. [194].
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Figure B.2: By performing physical CNOTs that are controlled on the first and third qubit of the
[[4,2,2]] code and then acting on the qubit anc. of the ancilla HGP code, we perform a logical
CNOT that is controlled on the first logical qubit of the [[4, 2, 2]] code and acting on the physical
qubit a of the ancilla HGP code. The |+) states are included as flag qubits to catch the Z error that
may appear before the two physical CNOT gates which would propagate to become 7, 75 = Z,
in the [[4,2,2]] code.

B.2.0.4 Inter-block CNOTs

For the inter-block CNOTs across all logical qubits of two identical concatenated HGP
code, we perform the standard transversal physical CNOTs across all pairs of physical qubits to
achieve global logical CNOTs.

Unlike the inter-block CNOTs scheme designed for square HGP codes in Ref. [194], we
are unable to do a set of inter-block CNOTs on an arbitrary subset of the logical qubits in the con-
catenated HGP code. This is because doing that would require us to puncture or/and augment the
classical codes that are used to construct the HGP code. The resulting HGP code is not amenable
to our current concatenation scheme because the missing columns or rows in the resulting HGP
code, in general, remove the symmetry that we use to assign the logical qubits of our [[4, 2, 2]|
code. While we might still be able to find a different assignment assuming that there are still an

even number of physical qubits left in the resulting HGP code, we cannot do tranversal CNOT's
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on a subset of logical qubits because it will, in general, require us to entangle only one logical
qubit of some [[4, 2, 2]] code with another logical qubit of some other [[4, 2, 2]] code. It is unclear
whether it is possible for us to do targeted CNOTs on the Iceberg code when the logical qubits
of the Iceberg codes are in arbitrary quantum states, especially if the ancilla concatenated HGP
code blocks are punctured. Thus, we construct our inter-block CNOT gadget to perform a global
logical CNOT for our concatenation scheme for the HGP code with [[4, 2, 2]] Iceberg code. For
the rest of the paper, we work with a global inter-block CNOT gadget.

However, we note that it is possible to modify our concatenation scheme so that we utilize
only one logical qubit per Iceberg code for every physical qubit of the HGP code. In other words,
we have a concatenated HGP code that has a subsystem structure. In this case, the concatenated
HGP code can inherit the targeted logical CNOT capability from the HGP code since its structure
closely resembles that of the original square HGP code. It is also possible to formulate an alter-
native inter-block CNOT scheme. Consider the more restricted setting where one of the blocks
is purely an ancilla block where all the logical qubits are either |+) or |0) states. To be explicit,
suppose we have a punctured concatenated HGP ancilla block that is supposed to be the target
block for a transversal logical CNOT. To construct such a punctured concatenated HGP ancilla
block, we first layout the punctured HGP code in the usual geometric layout. In this picture, there
will be some empty rows and columns due to the punctures. When we concatenate it with the ice-
berg codes, we perform the same diagonal symmetric assignment of iceberg logical qubits to the
physical qubits of the punctured HGP code. For those logical qubits of the iceberg code blocks
that are mapped to the punctured qubits of the HGP ancilla block, we can initialize them to be
in the |+) or |0) state so the global transversal CNOTs do not entangle the logical qubits that are

supposed to be punctured. This can allow us to do inter-block CNOTSs on our concatenated HGP
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codes while respecting the presence of the punctures in the base HGP ancilla blocks, allowing us

to only entangle the logical qubits that are not punctured.

B.2.0.5 Intra-Block CNOTs

To implement intra-block CNOT gates between logical qubits in a single [[4, 2, 2]]-concatenated
HGP code block, we can perform the circuit in Fig. B.3 with our CGPPM gadgets. Using similar
ideas as in Ref. [194], we can perform all intra-block CNOT gates across logical qubits that are
either aligned in the same column or row in O(v/k) logical cycles. The intra-block CNOTS that
acts on logical qubits that are not in the same column or row can be grouped into clusters where
each cluster contains CNOTs that act on pairs of qubits that all reside in the same column and
row. For example, if a CNOT acts on two qubits that are in row 5 and column 10 respectively and
another CNOT acts on two other qubits that are also in row 5 and column 10 respectively, these
two CNOTs will be in the same cluster. Each of these clusters can contain at most v/A4 CNOTs
and each of these CNOTs will take O(\/E) logical cycles to implement. This implies that each
cluster takes O(k) logical cycles to implement. Because these clusters can be implemented in
parallel by carefully teleporting the right columns and rows to ancilla code blocks as argued in
Appendix B of Ref. [194], measuring these CNOTs will take O(k) logical cycles. When the
logical translation gadget is available, the number of logical cycles required to perform O(k)

intra-block CNOTs can be reduced to O (k:3/ 4) as described in Appendix B of Ref. [194].
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|q_b> Xate

Figure B.3: Logical quantum circuit for performing logical CNOT gate between intra-block log-
ical qubits, |¢) , |¢). The gate is controlled on |¢)) and targets |¢). The middle qubit line belongs
to an ancilla qubit that is initialized in |[+). The blue measurements with measurement outputs a
and c are either ZZ or single Z measurements. The red measurement with measurement output
b is an X X measurement. This figure is adapted from Fig. 11(c) in Ref. [194].

B.2.0.6 H-SWAP

For a square HGP code, the logical Hadamard on all logical qubits is performed by first
applying the physical Hadamard on all physical qubits before swapping the twin physical qubits
that lie on opposite sides of the principal diagonal. In addition, this causes the logical qubits
that lie on opposites of the principal diagonal in the logical grid to be swapped. More details
about the H-SWAP gate for square HGP codes can be found in Ref. [84]. It falls under the larger
fold-transversal framework of Ref. [222]. For our [[4, 2, 2]]-concatenated HGP code, H-SWAP is

achieved by performing the following:
1. Perform physical Hadamard on all physical qubits of the concatenated code.

2. For each [[4, 2,2]] code whose logical qubits are assigned to a pair of physical qubits that

are adjacent to each other on the principal diagonal of the HGP code, perform SWAP; ,.

Recall that Hy HyHs H, implements H; H,SWAP] 5 on a single [[4, 2, 2]] Iceberg code as
shown in Table B.1. Because we have assigned the two logical qubits of every Iceberg code to

the two twin qubits on opposite sides of the principal diagonal of the HGP code, step 1 would
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be equivalent to Hadamards and SWAPs on the twin qubits of the HGP code. Because we do
not want the SWAPs for the qubits on the principal diagonal, we perform step 2 to reverse these
swaps for the Iceberg codes that are on the principal diagonal of the HGP code. Because H-
SWAP also performs unwanted swaps on the twin logical qubits of the [[4, 2, 2]|-concatenated
HGP code, we have to swap back these pairs of twin logical qubits in order to implement global
logical Hadamard on the logical qubits of our concatenated code. To reverse these swaps, we
can first identify pairs of diagonal lines L and L’ that are equidistant from the principal diagonal
such that the two diagonal lines L and L’ correspond to pairs of twin logical qubits. Next, we
teleport L and L' to two different ancilla [[4, 2, 2]]-concatenated HGP blocks that are initialized
using Algorithm 4 in Ref. [194] such that the appropriate logical qubits in the ancilla blocks are
set to |+) and the other logical qubits are set to |[0). Next, for each of the two ancilla blocks,
we perform a logical SWAP operation using three intra-block CNOTs with the cGPPM gadget
so that the logical qubits corresponding to L (L') are now swapped to the position of L' (L) in
the ancilla block. Lastly, teleport the two diagonal lines of logical qubits back into the original
code block. Since there are O(v/k) pairs of diagonal lines and the steps stated above take O(v/k)
logical cycles, reversing the unwanted swaps takes O(k) logical cycles. While the analysis above
can be tightened further, showing that implementing global logical Hadamard takes O(k) logical
cycles is sufficient since it is not the bottle neck for the time cost for logical computation.

To perform targeted Hadamard on a subset of logical qubits in a concatenated HGP code
block, we simply have to teleport the subset of logical qubits to an ancilla [[4, 2, 2]]-concatenated
HGP code block. We then perform global transversal Hadamard as described above on all the
logical qubits in the ancilla code block before teleporting the desired subset back to the original

concatenated HGP code block. An alternative method to implement targeted Hadamard on O(k)
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logical qubits would involve iteratively teleporting columns of the logical qubits of interest to an
ancilla [[4, 2, 2]]-concatenated HGP code block before performing logical swaps to move them to
the principal diagonal of the ancilla block. Subsequently, we perform the H-SWAP logical gad-
get on the ancilla block. Because the logical qubits of our interest are on the principal diagonal,
there is no need to reverse the unwanted logical swaps because the logical qubits on the principal
diagonal are not impacted by the unwanted logical swaps. Lastly, we swap the logical qubits out
of the principal diagonal before teleporting them back to the original code block. This process is
repeated at most v/k times because the logical qubits of interest can have support on at most v/k
columns. Since each iteration takes O(+/k) logical cycles, it takes at most O(k) logical cycles.
Therefore, to perform targeted Hadamard on O(k) logical qubits, we require O(k) logical cycles.
We note that performing targeted Hadamard on O(k) logical qubits when given access to the log-
ical translation gadget will take O(\/E log k) logical cycles. Readers can find the details for the
implementation in Ref. [194]. We note that the H-SWAP gadget for the [[4, 2, 2]]-concatenated
HGP code requires less non-locality because the physical non-local SWAP gates in the regular
HGP code are replaced by the logical swaps for the [[4, 2, 2]] Iceberg codes that can be imple-
mented locally. However, recall that we have to reverse the unwanted logical swaps implemented
by the H-SWAP logical gadget. If we do not have the logical translation gadget, the logical swap

implemented by the intra-block CNOTs may consume more non-local entangling gates.

B.2.0.7 CZ-S

Using the same fold-transversal framework discussed in Ref. [222], Quintavalle et al. in-

troduced a fold-transversal CZ-S logical gate for square HGP codes [84]. The gate applies a S
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gate on left diagonal logical qubits, ST on right diagonal logical qubits, and CZ between logical

twin qubits. The gate is performed by:
1. Apply CZ gates on pairs of twin qubits

2. Apply physical S gates to the physical qubits which lie on the principal diagonal of the
L sector and ST gates to the physical qubits which lie on the principal diagonal of the R

sector.

From Table B.1, observe that applying SI 555354 on each Iceberg code corresponding to
twin qubits of the HGP code implements the desired logical CZ gate between those twin logical
qubits. The S and g gates as listed in Table B.2 are not transversal because of the physical CZ
gate and thus are not inherently fault-tolerant. By introducing two additional flag qubits, we can
use the circuit in Fig. 2(c) in Ref. [223] to implement the physical CZ gate fault-tolerantly. The
explicit construction of the circuit for implementing S; = S; S5C Z1,3 1s shown in Fig. B.4. Note
that gz can be obtained by simply applying Z; after the circuit for S;. Hence we have fault-
tolerant implementations of the S, 5" and 07 gates for the [[4, 2, 2]] code, with which we can
perform the CZ-S logical gadget on the [[4, 2, 2]]-concatenated HGP code.

To perform targeted S gate on any subset of logical qubits in the concatenated HGP code
block, we have to adopt a slightly different procedure. Because the CZ-S gadget only allows us to
generate |i) states on the principal diagonal, we have to teleport them to the non-diagonal logical
qubits in order to be able to apply S gates on any subset of logical qubits in the concatenated
HGP code block. To perform the teleportation, we can use the circuit shown in Fig. B.5. The
explicit procedure for implementing logical S gates on any subset of logical qubits would involve
the following:
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Figure B.4: Fault-tolerant circuit for implementing S; = S;53CZ; 3 on the [[4, 2, 2]] code.

1. Initialize the concatenated HGP code to be in the \6)®k state. We can teleport the logi-
cal qubits to another concatenated HGP code block before performing the initalization if

necessary.

2. Prepare vk |4) states on the principal diagonal of the concatenated HGP code using Algo-

rithm 4 in Ref. [194] and our CZ-S logical gadget without performing logical translation.
3. Teleport the original off-diagonal logical qubits back to the concatenated HGP code block.

4. Use the circuit in Fig. B.5 to teleport the v/k S gates on the principal diagonal onto the

off-diagonal logical qubits that lie in the desired subset.

5. If there are excess S gates on the diagonal, we can use CGPPM to reset those logical qubits
to |[+) so that we can teleport the original diagonal logical qubits back. If there are not
enough S gates on the diagonal, we can repeat Steps 1 - 5 by carefully teleporting the

logical qubits with the completed S gates away.

Suppose we are interested in applying O(k) logical S gates. Steps 1, 3, 4, and 5 take
O(Vk) logical cycles while step 2 takes O(log k) logical cycles. We repeat steps 1 - 5 at most
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Figure B.5: Logical quantum circuit for teleporting the logical S gate to the logical qubits that
do not lie on the principal diagonal. The first qubit line corresponds to some logical qubit in the
|i) = S |+) state that lies on the principal diagonal and the second qubit line corresponds to
some logical qubit that is in some arbitrary |¢) state and lies outside of the principal diagonal.
The blue measurement with measurement output a is a single Z measurement.
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O(Vk) times. Thus, the entire procedure for applying O(k) S gates would take O(k) logical
cycles. We note that our procedure is relatively slower than the one in Ref. [194] for square HGP
codes because we are not able to prepare O (k) |i) states in parallel without the logical translation
gadget. In the protocol stated in Ref. [194] where they assume that the HGP code is constructed
from quasi-cyclic classical codes, they are able to implement logical S gates on O(k) logical

qubits in O(v/k log k) logical cycles.

B.2.0.8 Logical translation

Some quantum error correcting codes are able to implement logical gates simply by permut-
ing their physical qubits. One such example of an automorphism gate [85, 222] is the WLQ
gate for the [[4, 2, 2]] code. Using a specific subclass of quasi-cyclic base classical LDPC codes,
Ref. [194] showed that the resulting HGP codes have automorphism gates which implement a
translation of the logical qubits. Because it is not known as to whether there exists asymp-
totically good classical LDPC codes that satisfy the quasi-cyclic and one-generator-systematic
circulant (OGSC) properties, we only included the construction of the logical translation gadget
at the end and have discussed how we can implement the other gadgets without access to the

logical translation gadget.
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For our [[4, 2, 2]]-concatenated HGP code, permutation of the Iceberg logical qubits is
a non-trivial task since we need to preserve the diagonal symmetry post-automorphism. To be
explicit, the Iceberg code blocks are initially assigned such that the two logical qubits are mapped
to adjacent diagonal qubits or twin qubits of the HGP code. Permuting the ‘physical’ qubits of the
[[4, 2,2 ]]-concatenated HGP code would, in general, destroy this symmetry and prevent us from
implementing logical gadgets post-permutation. Thus, we need to make sure adjacent diagonal
qubits and twin qubits are part of the same Iceberg block after permutation.

To accomplish this, we use the fact that we are able to teleport a single logical qubit out
of the [[4,2,2]] code, following Ref. [219]. Suppose we are interested in teleporting away the

second logical qubit of the Iceberg code that is in the [1)¢) state. To do so, we:
1. Prepare an ancilla Iceberg code block in the |0+) state following Sec. B.1.0.2.
2. Perform a transversal CNOT targeting |1/¢) and controlled on the ancilla code block.
3. Perform a non-destructive logical Z measurement of the second logical qubit of [1)¢).

The resulting state of the ancilla Iceberg code block is then [0¢). We can also perform an anal-
ogous procedure with |[+0) as the ancilla block to teleport the first logical qubit of [)¢). Let us
now discuss how we can produce |1/@) from [¢/0) and |0¢) using teleportation. We can perform
the following:

H®4

00y 25 1) o 1 ) 40

0) @ 7 [4) 25 [51) (B.22)

where Tel. [0+) teleports H |1) to an ancilla Iceberg code block. We can perform the analogous
operations to [0¢) to obtain |+¢). Now, we perform a transversal logical CNOT that is controlled

on |+¢) and targeting |{)+) before performing a non-destructive logical Z measurement on the
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first logical qubit of |¢)+). This would implement the following transformation: |+¢) — [1¢) .
Now, we are ready to provide the explicit description of the logical translation gadget. For
each Iceberg code block B in the concatenated HGP code, we prepare two ancilla Iceberg code
blocks in |0+) and |+0) before teleporting the two logical qubits of B into the two different an-
cilla code blocks. We then assign the ancilla code blocks according to the desired automorphism
gate before teleporting the new adjacent diagonal and twin qubits into the same Iceberg block.
For each Iceberg code block, we use at most three additional Iceberg code blocks to perform the
permutation. Because this process can be done in parallel for each Iceberg code block, the logical

translation gadget requires O(1) logical cycles.

B.2.0.9 Combining the Logical Gadgets

We restate the main theorem for the logical computation protocol for our [[4, 2, 2]]-concatenated

HGP code for the readers’ convenience.

Theorem 25 (Clifford Gates for Concatenated HGP Code). A single layer of an ideal Clifford
circuit on k logical qubits with ©(k) gates consisting of Hadamard, S, and CNOT gates can be
simulated on a square HGP code concatenated with the [[4,2, 2]] Iceberg code blocks with either

one of the following space-time costs:
1. O(k) space and O (k*/?) time
2. O (K32) space and O(k) time.

If the square HGP code was constructed from OGSC quasi-cyclic base codes, the concatenated

code can simulate the layer with either one of the following space-time costs:
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1. O(k) space and O (k°/*) time
2.0 (k3/2) space and O (k:3/4) time.

Proof. The proof follows directly from the construction of the logical gadgets described in the
appendix. The space-time overhead for the concatenated HGP code constructed with OGSC
quasi-cyclic codes can be easily shown to be true using arguments from App. B of Ref. [194].
We note that the latter space-time cost for each of the construction in the theorem statement
comes from the fact that we can perform all of our logical gadgets in O(1) logical cycles at the

expense of an increased space cost due to the single-shot state preparation. [

Similar to Ref. [194], we emphasize that the number of logical cycles is a rather loose
upper bound that comes from a constructive compilation and the actual time costs of simulating
the layer of O(k) Clifford gates is likely to be significantly lower. An efficient compilation of the
Clifford gates would almost definitely allow us to improve the parallelism and drastically reduce

the circuit depth.

B.3 Universal Computation

Using the magic state distillation and consumption protocols constructed in Section V-C-
2 of Ref. [194], we are able to use the logical gadgets constructed above to perform the same
“8-to-CCZ” magic state distillation protocol and implement the non-Clifford gates in parallel
for k logical qubits. If we were to use a general square HGP code with good expansion, we
can either perform the above with O(k) space and O (k*/?) time or O (k%?) space and O (k)
time. In the event where we use a square HGP constructed from OGSC quasi-cyclic base codes,
our protocol allows us to perform the above with O(k) space and O (klog k) time or O (kS/ 2)
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space and O (\/E log k:) time. Again, the less efficient space-time costs for the non-quasi-cyclic
construction of the HGP codes come from the fact that we are unable to use the logical translation

gadget which would reduce the number of logical cycles for the CZ-S logical gadget from O(k)

to O(Vklogk).
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