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Abstract In this paper, we investigate the motion and sta-
bility of spinning particles around a charged black hole in
Bumblebee gravity. The trajectories of the particle are com-
puted using the Mathisson–Papapetrou–Dixon equations,
and the parameters of the innermost stable circular orbit
(ISCO) are determined from the radial effective potential.
The results show that the particle’s spin and the black hole’s
parameters significantly influence the structure of the effec-
tive potential, thereby affecting the particle’s orbital dynam-
ics and stability. Orbital simulations show that when the par-
ticle is confined within a potential well, increasing its spin or
the black hole’s charge broadens the radial motion range, with
the apocenter moving outward and the pericenter inward. At
the same time, the Lorentz-violating (LV) parameter affects
the radial motion range differently for particles with positive
and negative spin. ISCO analysis further indicates that as
the particle’s spin and the black hole’s charge increase, the
radius, energy, and angular momentum of ISCO decrease.
The effect of the LV parameter on the ISCO depends on the
spin direction: increasing LV parameter for positively spin-
ning particles brings the ISCO closer to the black hole, while
negatively spinning particles exhibit the opposite trend.

1 Introduction

Einstein’s general theory of relativity is currently the most
successful theory describing gravity and has been rigorously
verified through a series of experimental and observational
tests, such as Mercury’s perihelion precession, light deflec-
tion, gravitational redshift, and radar echo delay. Recent
observations of gravitational waves from binary black hole
mergers [1–3] and the shadows of supermassive black holes
M87* [4–6] and SgrA* [7,8] provide further compelling sup-
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port for general relativity. Despite its remarkable success
in explaining numerous astrophysical phenomena, certain
observational results suggest limitations within the theory.
To better explain large-scale cosmic observations, scholars
have proposed introducing new exotic matter dark matter
and dark energy [9–11] within the framework of general rel-
ativity. However, to date, we have not directly detected dark
matter or dark energy. Furthermore, one of the central aims
of modern physics is to establish a unified framework for the
four fundamental forces. Since general relativity cannot be
consistently reconciled with quantum mechanics, numerous
efforts have been devoted to modifying it, ultimately giving
rise to the pursuit of quantum gravity.

In the study of quantum gravity, it is necessary to reex-
amine the fundamental symmetries in physics. Lorentz sym-
metry, as a cornerstone of both the standard model and gen-
eral relativity, has long been regarded as strictly conserved.
However, recent theoretical investigations indicate that this
symmetry may be violated at the Planck scale (around 1019

GeV) [12] implying that it does not hold exactly at extremely
high energy regimes. Furthermore, experimental observa-
tions suggest possible signatures of Lorentz symmetry break-
ing under high-energy conditions [13,14]. Consequently, var-
ious theoretical frameworks incorporating Lorentz-violating
effects have been proposed, among which the Bumblebee
gravity model is one of the simplest [15]. Within this theo-
retical framework, the vector field acquires a nonzero vac-
uum expectation value through its self-interaction potential,
thereby inducing spontaneous breaking of Lorentz symme-
try. Recently, a variety of black hole solutions have been
obtained in Bumblebee gravity, including slowly rotating
Kerr-like solutions [16], Schwarzschild-like solutions [17],
de Sitter Schwarzschild solutions [18], Gauss–Bonnet terms
solutions [19], and solutions with a global monopole [20]. In
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addition, related wormhole solutions have also been explored
in the literature [21].

In the past few years, various properties of black holes
in Bumblebee gravity have been extensively studied. Ovgun
et al. investigated the gravitational lensing effects of black
holes in this framework and showed that the Bumblebee
field parameters significantly affect the light deflection, pro-
viding a potential avenue to test Lorentz symmetry break-
ing through optical observations [21]. Jha et al. studied
the motion of particles in this spacetime background and
found that the Lorentz-violating factor affects the perihe-
lion precession, while the orbital period for circular orbits
remains unchanged [22]. Subsequently, other aspects of
this spacetime have also been widely explored, including
greybody factors [23,24], shadows [25,26], gravitational
waves [27], thermodynamic properties [28–30] and quasi-
normal modes [31,32]. Recently, Liu et al. presented slowly
rotating charged black hole solutions in Bumblebee grav-
ity and investigated the structure of their shadows [33], and
subsequent studies further analyzed the motion of parti-
cles [34,35], scalar quasinormal modes [36], greybody fac-
tors [37], strong lensing and Hawking spectra [38] in this
spacetime.

The innermost stable circular orbit (ISCO) is one of the
most significant topics in black hole physics, representing the
smallest circular orbit where a particle can remain in stable
motion around a black hole. The key ISCO parameters-radius
(rISCO), angular momentum (lISCO), and energy (eISCO)-play
an essential role in studying the structure of accretion disks
and the characteristics of gravitational wave emission. Early
studies mainly focused on the ISCO behavior of nonspin-
ning particles in various black hole spacetimes [39–49]. With
deeper investigations, it was found that the coupling between
a particle’s spin and the gravitational field causes its motion
to deviate from a geodesic path, thereby significantly influ-
encing the ISCO location and related parameters.

The dynamics of spinning particles in Schwarzschild and
Kerr geometries have been systematically analyzed [50].
Subsequently, approximate analytical expressions for ISCO
parameters under small-spin corrections were derived [51].
Zhang et al. explored the properties of the ISCO in Kerr-
Newman spacetime in the superluminal limit [52], incorpo-
rating the effects of particle charge. In recent years, exten-
sive studies have further extended ISCO analyses for spin-
ning particles in various modified or generalized gravitational
backgrounds, making it an important area for probing the
dynamics in strong-gravity regions [53–73]. In this paper,
we analyze how spinning particles behave in circular orbits
around the charged black hole in Bumblebee gravity.

The structure of this paper is as follows: In Sect. 2, we
briefly review the charged black hole in Bumblebee gravity,
and discuss its horizon structure in detail. Section 3 primarily
presents the equations of motion for spinning particles in a

general context, while Sect. 4 analyzes the dynamical prop-
erties of spinning test particles around a charged black hole
in Bumblebee gravity, including the effective potential and
the physical parameters of ISCO. Conclusions are given in
Sect. 5. We use the natural units in which G = c = 1.

2 Charged black hole in Bumblebee gravity

In the bumblebee model, an additional vector field Bμ is
introduced, which acquires a nonzero vacuum expectation
value, thereby extending general relativity. The dynamics of
this vector field lead to a spontaneous breaking of Lorentz
symmetry. The action of the bumblebee gravity can be written
as:

S =
∫

d4x
√−g

[ 1

2κ
(R − 2�) − 1

4
Bμν B

μν + ξ

2κ
BμBν Rμν

−V (BμBν ± b̄2) + LM

]
, (1)

where κ = 8π is the gravitational coupling constant, LM is
the corresponding Lagrangian density, � represent the cos-
mological constant, R is the Ricci scalar, and ξ represents
the non minimal coupling constant between the bumblebee
field and gravity. The potential V and the bumblebee field
strength Bμν are defined by

Bμν ≡ ∂μBν − ∂νBμ, V ≡ V (BμBν ± b̄2). (2)

Here, b2 is a positive real constant. The potential reaches
its minimum at BμBμ = ∓b2, where the bumblebee field
acquires a nonzero vacuum expectation value Bμ = bμ.
Within the framework of bumblebee gravity, to construct
a charged black hole solution, the electromagnetic field is
introduced as the matter source and is assumed to be non-
minimally coupled to the bumblebee vector field. LM can be
expressed as:

LM = 1

2κ
(FμνFμν + χFαβFαβBμB

μ), (3)

where χ is the coupling constant between the vector field and
the electromagnetic field. The electromagnetic field tensor
Fμν is defined in terms of the gauge potential Aμ

Fμν ≡ ∂μAν − ∂ν Aμ, Aμ = (φ(r), 0, 0, 0). (4)

The field equations result from performing a variation of
Eq. (1) with respect to the metric

Gμν + �gμν = κT B
μν + κT M

μν, (5)

where

T B
μν = ξ

κ

[1

2
BαBβ Rαβgαβ + 1

2
∇α∇μ(BαBν) + 1

2
∇α∇ν(BαBμ)

−BμBαRαν − BνB
αRαμ
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Fig. 1 The radial dependence of the lapse function f (r) for various values of the LV parameter L and the charge q

−1

2
∇2(BμBν) − 1

2
gμν∇α∇β(BαBβ)

]

+2V ′BμBν + Bα
μBνα −

(
V + 1

4
Bαβ B

αβ
)
gμν,

T M
μν = 1

κ

[
(1 + χ b̄2)

(
2FμαFα

ν − 1

2
gμνF

αβ
)
Fαβ

)

+χBμBνFαβ
)
Fαβ

]
. (6)

By performing a variation of the action with respect to Bμ

and Aμ, their corresponding field equations can be obtained,
respectively:

∇μB
μν − 2

(
V ′Bν − ξ

2κ
BμRμν − χ

2κ
BνFαβFαβ

)
= 0,

(7)

and

∇μ(Fμν + χBαB
αFμν) = 0. (8)

Based on the above equations,charged black hole solution in
the bumblebee gravity frame can be expressed as

ds2 = − f (r)dt2 + 1 + L

f (r)
dr2 + r2(dθ2 + sin2φ), (9)

where

f (r) = 1 − 2M

r
+ 2(1 + L)q2

(2 + L)r2 . (10)

where L = ξ b̄2 is Lorentz-violating (LV) parameter and q is
the charge of the black hole. For the metric described above,
if the LV parameter is zero, the spacetime reduces to the
Reissner–Nordström black hole solution. When both the LV
parameter and charge parameter vanish (i.e., L = 0 and q =
0), the structure degenerates into the standard Schwarzschild
black hole.

The event horizon is determined by the condition f (r) =
0. Figure 1 illustrates the behavior of f (r) as a function of the

radial coordinate r . In the left panel, we fix L = 0.5 and com-
pare cases with different charge parameters q. When q = 0,
f (r) increases monotonically with r and crosses zero at one
point, corresponding to the event horizon of the black hole.
As q increases, the equation has two roots, corresponding
to the Cauchy horizon and the event horizon, respectively.
When q = 0.91, the zero point coincides with the minimum
of f (r), indicating the extremal black hole case. For q = 1,
the equation has no real roots, implying the disappearance
of the event horizon and the absence of a black hole solu-
tion. The right panel shows the behavior for a fixed q = 0.5
with varying L . The results indicate that for the Reissner–
Nordström black hole (L = 0), two horizons exist. When
L > 2.57, no real roots exist, and the structure of black hole
vanishes.

Furthermore, the analysis shows that for each given charge
q, there exists a critical parameter Lmax, corresponding to the
extremal black hole configuration. By numerically solving
f (r) = 0 and d f

dr = 0, we obtain the dependence of L on q,
as shown in Fig. 2. In this work, we focus only on black hole
solutions with an event horizon; Therefore, the parameter
range is restricted to L ≤ Lmax, corresponding to the shaded
region in the figure.

3 Equations of motion for a spinning particle

The motion equations for spinning particles involve addi-
tional variables related to the particle’s spin and Riemann
curvature tensor, unlike non-spinning particles which fol-
low geodesic equations. The motion of spinning particles
is described by the Mathisson–Papapetrou–Dixon (MPD)
equations, which take the following form [74–76]

dxμ

dτ
= vμ, (11)
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Fig. 2 The bounds on the LV parameter and the charge parameter are
shown for charged black hole in Bumblebee gravity

Dpμ

Dτ
= −1

2
Rμ

ναβvνSαβ, (12)

DSμν

Dτ
= Pμvν − Pνvμ, (13)

where D
Dλ

≡ uμ∇μ is the covariant derivative along the tra-
jectory, and λ is the affine parameter. The spin tensor, which is
antisymmetric (Sμν = −Sνμ), describes the particle’s spin.
The Riemann curvature tensor is represented by Rμ

νρσ , while
the particle S momentum vector and four-velocity are given
by Pμ and vμ, respectively. The relationship between the
spin vector Sμ and spin tensor Sμν is given by:

Sμ = 1

2
εμναβu

νSαβ, (14)

Sμν = −εμναβ Sαuβ, (15)

where εμναβ is Levi-Civita alternating symbol, and m is
called the total resting mass.

Analyzing the degrees of freedom in the variables Sμν ,
Pμ, and uμ appearing in Eqs. (12) and (13) shows that
the system possesses 14 independent components, whereas
the equations themselves provide only 10 independent con-
straints. Consequently, the system remains underdetermined.
This indeterminacy arises from the relativistic fact that the
center of mass of a spinning body depends on the observer s
reference frame. To render the system well-defined, an addi-
tional constraint, known as the spin-supplementary condi-
tion, must be imposed. Several such conditions have been
proposed in the literature. In this work, we adopt the Tulczy-
jew spin-supplementary condition, given by

PμS
μν = 0. (16)

Combining MPD equations and the Tulczyjew condition, one
can determine the spin S and mass m of the particle

m2 = −PμPμ, (17)

S2 = 1

2
SμνSμν. (18)

We consider an idealized case in which the spinning parti-
cle is confined to the equatorial plane of a black hole. Under
these conditions, Eq. (15) shows that only specific compo-
nents of the spin tensor remain nonzero, given by

Str = −Srt = − SPφ

m

1√−gtt grr gφφ

,

Stφ = −Sφt = − SPr
m

1√−gtt grr gφφ

,

Srφ = −Sφr = − SPt
m

1√−gtt grr gφφ

. (19)

where gμν is the metric tensor in the Bumblebee gravity.
The conserved quantities for a spinning particle are modified
by spin-curvature interaction, and their relation to a Killing
vector Kμ is expressed as

C = KμPμ − 1

2
SμνKμ;ν . (20)

In the spherically symmetric black hole background
described by the metric (9), the spacelike Killing vector
ξφ = ∂

∂φ
and the timelike Killing vector ξ t = ∂

∂t corre-
spond to total angular momentum and the conserved energy,
respectively, and their expressions are as follows

E = −Pt − 1

2

SPφ

m

gtt,r√−gtt grr gφφ

,

J = Pφ − 1

2

SPt
m

gφφ,r√−gtt grr gφφ

. (21)

Using the above expressions, we can further obtain the com-
ponents of the four-momentum

Pt = −E − SAJ

1 − S2C
, (22)

Pφ = J − SBE

1 − S2C
, (23)

where

A = gtt,r
2
√−gtt grr gφφ

,

B = gφφ,r

2
√−gtt grr gφφ

,

C = −AB = gtt,r gφφ,r

4gtt grr gφφ

. (24)

Based on the constraint provided by Eq. (17), we can obtain

gtt P2
t + grr (P

r )2 + gφφP2
φ = −m2. (25)
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Thus, the radial component of the momentum Pr can be
determined

(Pr )2 = − 1

grr

[
m2 + gtt P2

t + gφφP2
φ

]
, (26)

In our analysis, we introduce the dimensionless quantities
e, j , and s, which are defined as e = E

m , j = J
m , s = S

m .
With Eqs. (22) and (23) substituted into Eq. (26), the radial
momentum Pr can be reformulated as

(Pr )2 = β

α
(e − V+

e f f )(e − V−
e f f ), (27)

V±
e f f = − δ j

2β
±

√( δ j

2β

)2 +
(ρ

β
− σ j2

β

)
, (28)

where

α = grr
(

1 − s2gtt,r gφφ,r

4gtt grr gφφ

)2
,

β = −gtt + s2gφφ(gφφ,r )
2

4gtt grr gφφ

,

δ = s(gtt gtt,r − gφφgφφ,r )√−gtt grr gφφ

,

σ = −gφφ + s2gtt (gtt,r )2

4gtt grr gφφ

,

ρ = m2
(

1 − s2gtt,r gφφ,r

4gtt grr gφφ

)2
. (29)

Notably, V+
e f f indicates that the four-momentum points

toward the future direction, whereas V−
e f f indicates that it

points toward the past direction. Therefore, we only consider
V+
e f f as the effective potential.

From Eq. (13), we have

DStr

Dλ
= ptur − prut , (30)

DStφ

Dλ
= ptuφ − pφut . (31)

The choice of affine parameter does not affect the particle’s
trajectory, so we set it equal to the coordinate time t for
simplicity. Under this assumption, the time component of
the four-velocity becomes ut = 1, and the radial and angular
components are ur = ṙ and uφ = φ̇, respectively. With these
substitutions, Eqs. (12) and (13) can be inserted into Eqs. (30)
and (31) to yield the following expressions

ptur − pr = Ms

2
√−gtt grr gφφ

gφνR
ν
αβηu

αSβη, (32)

ptuφ − pφ = − Ms

2
√−gtt grr gφφ

grνR
ν
αβηu

αSβη. (33)

As a result, the radial and tangential velocities are represented
by the following equation

ṙ = 2
√−gtt grr gφφ pr + Ms

2γ
Rφtαβ Sβη

pt − Ms
2γ

Rφrαβ Sβη
, (34)

φ̇ = pφ + Ms
2γ

Rrtαβ Sβη

pt + Ms
2γ

Rrφαβ Sβη
, (35)

4 Dynamics of spinning particles around a charged
black hole in Bumblebee gravity

4.1 The effective potential

Using notations given in Eq. (24), we obtain:

A = 2(1 + L2)q2 − (2 + L)Mr

r4(2 + L)
√

1 + L
, (36)

B = 1√
1 + L

,

C = Mr

r4(1 + L)
− 2q2

r4(2 + L)
. (37)

Putting them into Eqs. (22) and (23), we can get time and
angular components of P of spinning particle

Pt = J
√

1 + L
[
(2 + L)Mr − 2(1 + L)q2] − E(2 + 3L + L2)r4

(2 + 3L + L2)r4 + [
2(1 + L)q2 − (2 + L)Mr

]
s2 ,

Pφ = J − Es/
√

1 + L

1 − (
M/[r3(1 + L)] − 2q2/[r4(2 + L)])

Finally, using Eq. (27) we find radial component of the four
momentum

α =
[
(2 + 3L + L2)r4 + 2(1 + L)q2s2 − (2 + L)Mrs2

]2

r6
[
2 + 3L + L2

][
2(1 + L)q2 − (2 + L)(2M − r)r

] ,

β = (2 + 3L + L2)r4 − 2(1 + L)q2s2 + 2(2 + L)Mrs2 − (2 + L)r2s2

r2
[
1 + L

][
2(1 + L)q2 − (2 + L)(2M − r)r

] ,

δ = 8(1 + L)q2s − 2(2 + L)(3M − r)rs

r2
√

1 + L
[
2(1 + L)q2 − (2 + L)(2M − r)r

] ,

σ = − 1

r2 + 4
[
(2 + L)Mr − 2(1 + L)q2

]2
s2

r6
[
2 + 3L + L2

][
2(1 + L)q2 − (2 + L)(2M − r)r

] ,

ρ = m2
[
2(2 + 3L+L2)r4+2(1 + L)q2s2−(2 + L)Mrs2

]2

r8(1 + L)2(2 + L)2 . (38)

By substituting the above expressions into Eq. (28), we
obtain the effective potential of a spinning particle in Bum-
blebee gravity. It can be seen that the formula simultaneously
involves the spin parameter s, the charge q, and the Lorentz-
violating parameter L , all of which modify the specific val-
ues of the effective potential. In the spinless limit s → 0,
the effective potential reduces to that of a non-spinning test
particle in the corresponding charged Bumblebee black hole
spacetime. When L → 0 and q → 0, all expressions consis-
tently recover the results of standard general relativity.
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Fig. 3 Effective potential of spinning particles for different parameters around charged black hole in Bumblebee gravity
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Figure 3 illustrates the effective potential profiles for dif-
ferent parameter values, where conserved angular momen-
tum is expressed as j = l + s, with l representing orbital
angular momentum. Overall, the effective potential curves
exhibit two typical forms: one is a smooth, monotonic curve
without extrema, indicating the absence of stable circular
orbits; the other features both local maxima and minima,
corresponding to the simultaneous existence of unstable and
stable circular orbits. Figure 3a illustrates the effect of par-
ticle’s spin on the effective potential, with fixed parameters
L = 0.5, q = 0.5, and l = 4. Results indicate that

compared with spinless particles, the effective potential
of spinning particles exhibits an overall upward trend with
increasing spin parameter s, showing significant variation.
Additionally, an increase in total angular momentum also ele-
vates the peak of the effective potential, as shown in Fig. 3b.
Figure 3c, d respectively illustrate the effect of the LV param-
eter L on the effective potential when the particle’s spin is
positive and negative. We observe that for positive s, increas-
ing L from 0 to 1 significantly elevates the peak of the curve.
Smaller L values correspond to lower effective potentials,
while larger L values raise the entire curve, thereby altering
the particle’s motion characteristics. Conversely, for negative
s, The influence of L on the effective potential exhibits the
opposite behavior. Figure 3e, f illustrates the effect of the
charge parameter q on the effective potential energy. Results
indicate that as q increases, the peak of the curve rises and its
shape changes significantly, indicating that the black hole’s
charge strongly affects the particle s orbital stability.

To intuitively illustrate the influence of different parame-
ters on the motion of spinning particles, Fig. 4 presents the
particle trajectories near the black hole under various param-
eter choices. The results show that when the particle is con-
fined within the potential well, increasing its spin parame-
ter or electric charge significantly modifies its radial motion
interval. Specifically, the apocenter shifts outward and the
pericenter moves inward, leading to a wider radial range. In
addition, the effect of the LV parameter exhibits two distinct
behaviors: when the particle spin is positive, increasing L
enlarges the radial motion range, whereas for negative spin,
increasing L reduces this range.

4.2 ISCO of the spinning particle

In this section, we investigate ISCO of charged black holes
in Bumblebee gravity and analyze the effect of (s, q, L)
on orbital parameters. According to the curve of Vef f , the
following two equations are given

dVef f
dτ

= 0,
d2Vef f
dr2 = 0. (39)

We can use the above conditions to determine the ISCO
of particles for the given values of the parameters s, q and

L . However, there is an additional factor to be considered.
In relativistic dynamics, the four-velocity uμ determines the
causal nature of a particle’s worldline. For any massive par-
ticle, physically admissible motion must be timelike, satisfy-
ing uμuμ < 0. The condition uμuμ = 0 corresponds to the
critical boundary between timelike and spacelike trajectories,
while uμuμ > 0 implies a spacelike motion, which would
violate the causal structure of relativity and is therefore phys-
ically forbidden. For a non-spinning test particle, its motion
is governed by the geodesic equation, and the four-velocity
always satisfies the normalization condition uμuμ = −1,
which is strictly conserved along the trajectory. Thus, in the
absence of spin, the particle’s worldline remains timelike
and cannot transition from a timelike to a spacelike trajec-
tory. In contrast, within the MPD framework for spinning
particles, the presence of spin-curvature coupling causes the
four-velocity uμ to no longer be strictly parallel to the four-
momentum, and uμuμ is generally not conserved. For certain
parameter values, the evolution of the trajectory may lead to
uμuμ > 0, at which point the particle s worldline becomes
spacelike, corresponding to superluminal motion. To avoid
such unphysical behavior, the boundary condition uμuμ = 0
is introduced as a threshold, based on which the allowed
range of spin values can be restricted.

u2

(ut )2 = gtt + grr ṙ
2 + gφφφ̇2 < 0. (40)

The critical value of s beyond which the particle s motion
becomes superluminal can be obtained by numerically solv-
ing Eq. (39) and (40). Figure 5 illustrates how the maximum
allowable spin smax of a spinning particle varies with the
black hole’s charges q and the LV parameter L . It can be seen
that, for a fixed q, the LV parameter and the maximum spin
smax exhibit an approximately linear increasing relationship.
For a fixed L , smax initially shows a monotonic decrease as
q increases. However, when q = 0.75, smax instead displays
a monotonic increase with increasing q.

Next, we analyze the ISCO parameters of spinning par-
ticles around charged black hole in Bumblebee gravity. The
upper panel of Fig. 6 shows how the ISCO of a spinning
particle varies with its spin s in an uncharged black hole
spacetime for different values of L . In the left panel, we set
L = 0, corresponding to the Schwarzschild black hole. The
vertical line at s ≈ 1.6518 divides the curve into two regions:
in the unshaded area, the velocity vector is timelike, and the
motion is physically allowed, whereas in the shaded area, the
velocity vector is spacelike, making the motion nonphysical.
It can be seen that when s = −2, the ISCO radius is 8.2,
and as the particle s spin increases, the ISCO radius grad-
ually decreases; when the spin reaches its maximum value,
the radius reduces to 2.6. At the same time, both the particle
s energy and angular momentum decrease with increasing s.
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Fig. 4 Bounded trajectories of spinning particles for different parameters around charged black hole in Bumblebee gravity
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We analyzed the effect of the LV parameter L on the ISCO
parameters, as shown in the right panel, where L = 1.0
is adopted. For a particle with spin s = −2, the ISCO
radius is approximately 7.8, which is smaller than that in
the Schwarzschild black hole case; whereas for a particle
with spin s = 2, the ISCO radius is about 2.8, larger than in
the Schwarzschild case. To more clearly illustrate the influ-
ence of L , Fig. 7 shows the variation of the ISCO radius
with respect to L . It can be observed that, when s > 0, the
ISCO radius decreases monotonically as L increases, indi-
cating that a larger L leads to a smaller stable circular orbit
radius, allowing the particle to move closer to the black hole;
conversely, when s < 0, the behavior is reversed.

The lower panel of Fig. 6 displays the orbital characteris-
tics of spinning particles in the spacetime of a charged black
hole. In the left panel, we set L = 0 and q = 0.5, cor-
responding to a Reissner–Nordström black hole. Compared
to the Schwarzschild case, the particle’s ISCO radius, angu-
lar momentum, and energy are all reduced; For s = −2,
the orbital radius is approximately rISCO = 8.0. Figure 7
illustrates the variation of the ISCO radius with charge q.
The results indicate that the radius of stable circular orbits
exhibits a continuous decreasing as charge increases. In the
right panel, we set L = 1 and q = 0.5, corresponding to a
Reissner–Nordström-like black hole in Bumble gravity. The
results show that the effect of L on the ISCO is consistent
with the trend observed in the Schwarzschild-like black hole.

5 Conclusions

In this paper, we systematically investigate the orbital dynam-
ics and stability of spinning test particles around a charged
black hole in Bumblebee gravity by analyzing the effective

potential and the corresponding properties of the ISCO, and
further examine how the particle’s spin and the black hole’s
parameters influence the motion of spinning particles.

Analysis of the effective potential reveals that particle’s
spin plays a crucial role in determining the shape of the poten-
tial curve. As spin increases, the overall effective potential
rises, making the potential barrier more pronounced. Simi-
larly, an increase in total angular momentum also elevates
the potential peak. The LV parameter L and charge q of
the black hole significantly influence the potential structure.
Increasing either parameter alters the shape of the potential
curve, thereby affecting particle orbital behavior and stabil-
ity. Orbital simulations reveal that confining particles within
a potential well broadens the radial motion range when spin
or charge increases shifting apocenters outward and pericen-
ters inward. The LV parameter exhibits two distinct trends:
increasing L expands the radial motion range for particles
with positive spin, while increasing L contracts this range
for particles with negative spin. The maximum permissi-
ble spin of the particle smax is highly sensitive to both L
and q. smax increases approximately linearly with increasing
L . However, with increasing charge, smax initially decreases
monotonically but then increases again with further charge
increase beyond a specific charge value.

Regarding the ISCO, the analysis indicates that for an
uncharged black hole, the ISCO radius, energy, and angu-
lar momentum all decrease as the particle’s spin increases.
When the spin reaches its maximum, the ISCO radius is sig-
nificantly reduced, and both the particle’s energy and angular
momentum decrease accordingly. The introduction of the LV
parameter affects the ISCO radius: for positive spin, increas-
ing L reduces the ISCO radius, allowing the particle to orbit
closer to the black hole, while for negative spin, the effect is
reversed. In the case of a charged black hole, the particle’s
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ISCO radius, angular momentum, and energy are smaller
than in the uncharged case and continue to decrease as the
charge increases.

In summary, spinning particles and charge black holes
are likely present in astrophysical systems, and Bumblebee
gravity is an important Lorentz symmetry-breaking modi-
fication theory. We jointly considered the impact of charge
and LV effects on the motion of spinning particles, showing
how these effects collectively alter particle orbits in strong
gravitational fields. These effects may be distinguishable in
astronomical observations, especially in strong-field tests and
high-precision gravitational wave detection. With the devel-
opment of advanced gravitational wave detectors such as
LIGO, Virgo, and LISA, we will be able to precisely mea-
sure ISCO information, including black hole’s charge and LV
effects, through gravitational wave signals. This will provide
important support for understanding black hole systems and
future research.
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