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Abstract: In this work, we elaborate further on a (3+1)-dimensional cosmological Running-
Vacuum-type-Model (RVM) of inflation based on string-inspired Chern-Simons(CS) gravity,
involving axions coupled to gravitational-CS(gCS) anomalous terms. Inflation in such
models is caused by primordial-gravitational-waves(GW)-induced condensation of the gCS
terms, which leads to a linear-axion potential. We demonstrate that this inflationary phase
may be metastable, due to the existence of imaginary parts of the gCS condensate. These are
quantum effects, proportional to commutators of GW perturbations, hence vanishing in the
classical theory. Their existence is quantum-ordering-scheme dependent. We argue in favor
of a physical importance of such imaginary parts, which we compute to second order in the
GW (tensor) perturbations in the framework of a gauge-fixed effective Lagrangian, within
a (mean field) weak-quantum-gravity-path-integral approach. We thus provide estimates
of the inflation lifetime. On matching our results with the inflationary phenomenology,
we fix the quantum-ordering ambiguities, and obtain an order-of-magnitude constraint
on the String-Mass-Scale-to-Planck-Mass ratio, consistent with previous estimates by the
authors in the framework of a dynamical-system approach to linear-axion RVM inflation.
Finally, we examine the role of periodic modulations in the axion potential induced by
non-perturbative effects on the slow-roll inflationary parameters, and find compatibility
with the cosmological data.

Keywords: cosmology; running vacuum models; strings; chern-simons gravity; inflation;
gravitational waves; condensates

1. Introduction

In a series of previous works [1-7], a rather novel approach to string-inspired cos-
mology, the so-called Stringy Running Vacuum Model (StRVM), has been developed. The
StRVM embeds, in a non-trivial way, the Running-Vacuum-Model (RVM) approach to
modern cosmology [8-12] into string theory [13,14]. The RVM is a phenomenologically
consistent and innovative cosmological framework, with important predictions on observ-
able deviations from ACDM [7,15-18], especially in the modern era, where it may also
provide alleviations of the cosmological tensions [19,20], features which are fully shared by
(variants of) the StRVM [7]. Moreover, the RVM approach describes a smooth evolution of
the Universe from the inflationary to the modern eras, explaining also the thermodynamic
properties of the Universe [21-23].
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In the StRVM there are highly non-trivial and diverse roles played by the antisymmet-
ric tensor field of the massless multiplet of the underlying string model [13,14,24-26], from
driving inflation to the generation of matter-antimatter asymmetry in this Universe, during
the early postinflationary epochs.! An important feature, which by the way is shared be-
tween the StRVM and the works in Refs. [29-31] on string-dilaton cosmologies, is the linear
time dependence of the (3+1)-dimensional dual of the antisymmetric-tensor field strength
after string compactification. This dual field is a pseudoscalar, and is commonly known
as a KR, or gravitational, or string-model-independent, axion, b(x), to be distinguished
from the string-compactification-induced axions, ald) (x),i=1,...N (axion species), which
depend on the specific string model [26,32]. In [29-31], such linearly dependent KR axions
characterize static Einstein Universes with positive constant curvature (perfect-fluid de
Sitter solutions). Although our approach and situation in this article will be different from
that discussed in [29-31], nonetheless in our previous works [1-4] we have demonstrated,
as already mentioned, the importance of such a linear dependence in cosmic time of the KR
axion for the evolution of the string-inspired Universe in a Friedman-Lemaitre-Robertson-
Walker (FLRW) expanding-Universe spacetime background, specifically the existence of an
inflationary phase, as well as the post-inflationary dominance of matter over antimatter in
the Cosmos, via the scenario advocated in [33-36].

As regards the former property, inflation in this model is induced [1-6] by the conden-
sation of primordial Gravitational-Wave (GW) tensor perturbations, which in turn lead to a
non trivial condensate of the anomalous gravitational Chern-Simons (gCS) terms. As for
the generation of matter-antimatter asymmetry in the (early) post-inflationary epoch of
this Universe, as discussed in [1-6], the presence of a constant b (where the dot denotes
cosmic time derivative) during inflation, implies that the cosmic KR axion background
remains undiluted at the end of inflation. At that epoch, chiral fermionic matter is gener-
ated through the decay of the metastable (as we shall show here) vacuum. Such fermions
are characterized by their own gravitational and chiral anomalies in the gauge sector. In
the scenario of [1,3,4], the fermion-induced chiral anomalies cancel the primordial ones,
the latter assumed to exist in the early-eras of the compactified string Universe due to
the Green-Schwarz mechanism [37], introduced for anomaly cancellation in (the higher-
dimensional) string theories [13,14,24,25]. This cancellation implies that during the early
radiation era, that succeeds inflation, the KR background axion field b scales with the
scale factor of the universe as a2 ~ T3, where T is the Universe temperature. Under
such scaling, it is possible to show, then, that in theories with right-handed neutrinos one
can have the generation of a Lepton asymmetry (Leptogenesis) according to the mech-
anism of [34,35], which for the short time scales of the process resembles the situation
advocated in [33], for a Leptogenesis induced by an approximately constant b background.
This Leptogenesis can then be communicated to the baryon sector [36] via, say, Baryon-
minus-Lepton-number preserving sphaleron processes [38—42] in the standard model sector
(Baryogenesis [43—46]), thus leading to an explanation of the observable matter-antimatter
asymmetry in the Universe [1], in the framework of this string-inspired CS gravity model.

The presence of anomalous gCS terms is therefore an important feature of our ap-
proach, which has not been considered in [29-31]. Such terms couple to the KR axion, as a
consequence of a Bianchi identity of a modified field strength of the antisymmetric tensor
field of the massless gravitational string multiplet [26,32]. The presence of the pertinent
modifications is dictated by the appropriate Green-Schwarz counterterms that are added to
the effective action in order to potentially cancel gauge and gravitational anomalies [37] in
string theory [13,14,24,25]. In the approach of [1-5], (3+1)-dimensional gravitational anoma-
lies are assumed not to be canceling. Moreover, only fields from the massless gravitational
string multiplet are assumed to appear as external lines in the pertinent Feynman graphs
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of the effective theory that describes the primordial Universe. Supergravity is assumed
to have been broken dynamically in this scenario at the pre-inflationary epoch, with the
partners having obtained masses of order of the reduced Planck mass Mp; = 2.4 x 10'® GeV
and thus decoupled during the inflationary epoch of interest to us here [3,4]. Therefore,
for our purposes, we deal with effective low-energy gravitational theories emerging from
string theory, after compactification to (3+1)-dimensions, involving graviton, dilaton and
antisymmetric tensor fields, which are at most quadratic in derivatives, or, equivalently,
O(a') effective actions, where &’ = M; 2 is the Regge slope of the string, and M; the string
mass scale. The latter is treated as a phenomenological parameter in our approach, which
is in general different from the four-dimensional reduced Planck scale k1 = Mp;, where
x = V87 G denotes the (3+1)-dimensional gravitational constant, with G Newton’s con-
stant. For our purposes, following [1,2], we shall assume that the dilaton field is constant,
which can be self-consistently arranged in string theory by an appropriate choice of the
dilaton potential (possibly generated by string loops). Under this assumption, the O(a’)
effective action we shall be dealing with is a Chern-Simons gravitational theory of the form
discussed in [47,48].2

In the presence of a sufficient amount of chiral primordial gravitational waves (GW),
the gravitational CS terms condense, leading to an effective potential which is linear in the
KR axion, thus driving inflation, as in the so-called axion-monodromy situation encountered
in strings [51]. However, there is an important difference between conventional-string
axion-monodromy scenarios for inflation, and our condensate-induced inflation. In our
case, the CS condensate depends [1,3,4,6] on the fourth power of the Hubble parameter H;
during inflation, which varies very mildly with the cosmic time. This has, as a consequence,
the non-linear dependence of the vacuum energy density on H, which dominates and
leads to a running-vacuum-model (RVM) type of inflation [9,10,21-23]. In fact, the RVM
form of the pressure and energy densities of the corresponding cosmic fluid, that is their
dependence on even powers of the Hubble parameter, of which terms of order H?> and H*
are the dominant ones, persist during the post-inflationary period as well, until the current
epoch [1]. It is for this reason that the abovedescribed cosmological model is termed Stringy
Running Vacuum Model (StRVM) [1,3,4].3

Phenomenology requires that the slow-roll parameters of this inflationary model fall
into the range of values inferred from the plethora of the currently available cosmological
data [52,53]. A linear axion alone cannot yield optimal fits to the data, as we shall discuss
in this article. Nonetheless, one may have periodic modulations of the axion potentials in
string theory due, e.g., to non-perturbative instanton effects of appropriate gauge groups,
that exist during the RVM inflation. Such modulations do yield consistent results with
the data, provided one fixes appropriately the (target-space) energy scales of the instan-
tons, which in our approach are treated as phenomenological, string-model independent
parameters. In addition to target-space gauge-group instantons in string theories, there
are also world-sheet instantons which couple to the compactification axions [32,51], but
not to the KR action. These world-sheet instantons also contribute appropriate periodic
modulations in the multiaxion potential, which contribute to the slow-roll inflationary
parameters. In the current work we shall treat all such modulations as being characterized
by phenomenological scales. We stress, however, that in principle one should start from a
consistent microscopic string theory model and study in detail the world-sheet or target-
space gauge instanton effects. This is a highly non-trivial task, and at present, as far as we
know, the situation is incomplete. For our purposes, therefore, we shall follow the afore-
mentioned bottom-up approach, by means of which we shall determine the energy scales
of the non-perturbatively-induced modulations of the axion potential phenomenologically,
by requiring that they yield agreement with the cosmological (inflationary) data [52-54].
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Another important novel aspect of the model, which we shall discuss here, concerns
the microscopic origin of the imaginary parts of the primordial-GW-induced CS condensate.
As we shall demonstrate, the latter are associated with quantum effects of the effective
Hamiltonian of the GW, that is, they vanish classically. Specifically, we shall show that
the pertinent imaginary parts are proportional to quantum commutators of chiral GW
creation and annihilation operators. Hence, it appears that it is the quantum aspects of
the chiral GW that lead to an effective violation of unitarity, and the metastability of the
condensate-induced inflationary vacuum.

It is important to stress that the presence of imaginary parts in the gravitational CS
condensate appears to be quantum-operator-ordering dependent. Par contrast, the real
part of the condensate is independent of such orderings. In a symmetric ordering, such
parts vanish. However, we argue in the current article, that choosing ordering schemes in
which they are present has physical significance, in that such schemes imply instabilities
of the inflationary vacuum and a finite life-time, as indicated in the classical dynamical-
system approach [6]. Matching the resulting finite life-time with the phenomenologically
acceptable 50-60 e-foldings [52,54], will lead, as we shall see, in adopting a specific ordering
scheme, and also a constraint on the magnitude of the string scale M; as compared to Mpy,
in agreement with the findings of the classical analysis of [6].

Before concluding the introduction with the outline of the article, we feel placing
our work in perspective of the more general effective framework of Chern-Simons gravity
and its applications [47,48], in the presence of contorted geometries [55,56]. As is well
known, in the context of string theories [13,14,24,25], the field strength of the antisymmetric
tensor spin-one field of the string gravitational multiplet, ., plays the role of a totally
antisymmetric torsion in the low energy effective field theory, up to and including fourth-
order derivative terms [26,49,50]. Although in our present work the torsion interpretation
will not play a role, nonetheless for completeness we shall make some comments in this
direction, which will hopefully constitute future research avenues in this context.

First, of all, as discussed in some detail in [57], where we refer the interested reader,
the KR axion in string theory, which is dual in (3+1)-dimensions to the antisymemtric-
tensor field-strength three form, H,,,, can be thought of as completely analogous to the
Barbero-Immirzi parameter [58,59] of loop quantum gravity [60-62], when the latter is
promoted to a (pseudoscalar) field [63-66], in analogy to the case of the instanton angle in
Quantum Chromodynamics (QCD) [67]. According to [57], the string effective action of the
StRVM, in the presence of CS gravitational anomalous terms, is linked to the so-called Nieh-
Yan invariant [68-72], which is a topological torsional invariant, in contrast to the Holst
term [73] f d*x ehvee R\HVPU (T) (T denotes the generalised torsionful Christoffel connection),
which alone is not a topological invariant quantity in the presence of torsion [74,75]. The
Nieh-Yan term is defined as

SNieh—Yan & /d4x (e’”ﬂ" T)‘W, Tyyo — eMVP7 R\w,pg(f)) = /d4x oy (d‘”f’” Typg), (1)

where T" vp is the torsion tensor, which in the context of the Einstein-Cartan theory is a
non-propagating field, since the corresponding action contains non-derivative terms of the
torsion tensor. Thus, the Nieh-Yan term is indeed a total derivative even in the presence
of torsion and replaces [74,75] the Holst term [73]. In our string-theory case, the torsion,
as already mentioned, has a single totally antisymmetric component, proportional to the
antisymemtric-tensor field strength T, & H . The BI can be considered as a constant
coefficient B of the torsional invariant term (1).

The promotion of the BI parameter to a field would naively be equivalent to consider-
ing adding to the effective gravitational action in the presence of torsion a term (1) but with
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a coordinate-dependent coefficient B(x), which is viewed as a field variable, integrated
over in the path-integral (with a measure DB(x)):

Sllzlligl‘{iil\c{lan = / dx :B(x) (SHVPU T/\%P Thwe — el ﬁVVPU(T)>

— [ dxB) 0y (77 Ty ) o [ dx Bx) 0, (70 Hopr) 2)

where in the last equality the proportionality factor takes into account numerical coefficients
that appear in the precise relation between the torsion and the KR field strength [57]. As
discussed in previous works [1,26,57], path-integrating over (the non-propagating field) H
in the low-energy string-inspired effective action, would produce a dynamical propagating
field B(x), with canonically normalised kinetic terms, which would lead [57]to the result
of [63-65].

However, the above procedure would imply a Bianchi identity constraint #"* 9,
Hype = 0, which does not take into account the Green-Schwarz (GS) counterterms re-
quired in string theory for cancellation of gauge and gravitational anomalies in the extra-
dimensional target spacetime of strings [37]. The GS counterterms lead to appropriate
modifications in the definition of H,,,, by appropriate gravitational and (non-Abelian)
gauge CS three forms [26], the gauge terms pertaining to the appropriate gauge groups
that characterise the underlying string theory model. The modified H,,, obeys a Bianchi-
identity constraint [1], which, when implemented in the path integral via a pseudoscalar
Lagrange multiplier field [1,26,32,57], leads to the emergence of a dynamical KR axion
field, b(x), dual to the modified field strength Hyuvp, which is analogous to the BI field.
Thus, in the string case, the promotion of the BI parameter accompanying the Nieh-Yan
invariant (1) to a dynamical pseudoscalar field cannot be done solely via (2), as in [63-66],
but by adding instead to the low-energy, string-inspired, effective gravitational field-theory
action an appropriate combination of topological invariants, the Nieh-Yan invariant and
the gravitational (without torsion) Chern-Simons term, with the BI field appearing as its
coefficient [57]:

e [xl ~
SETIie}f\ISl\C(lan + SGraV. Chern Simons — /d4x b(x) (SHWW a]‘ HVPU - ﬁ vV =8 RFVPU RHVPU) ’ (3)

where (v) denotes the dual Riemann tensor, defined in the next Section 2 (cf. (8)), x is
the gravitational constant in (3+1)-dimensions, and a’ the Regge slope of the string. The
pseudoscalar (axion-like) field b(x) is the so-called string-model independent axion [32].
The reader should notice that the fields b(x) (3) and BI B(x) (2) share the standard axionic
shift symmetry, that is, the corresponding action terms are invariant under the shift of the
fields by constants.

Another aspect of the CS theories is the coupling of the axion fields b(x) (or, in
general the axions arising from string compactification a(x)) to mixed anomalies, that is
gravitational but also gauge CS terms, the latter being of the form

o /d4x V=8 (b(x) ora(x)) Fpy, F*, (4)

where the dual of the gauge field strength is defined in (6), in Section 2 below.

In our current paper, such gauge anomalous terms shall not be considered, the reason
being that we are interested in the inflationary epoch of the StRVM, which is not charac-
terised by gauge fields. As discussed in [1,3] in the StRVM, the latter are generated at the
end of the inflationary period, as a result of the decay of the unstable running vacuum. In
the primordial eras one could at most have non-perturbative instanton-type configurations
of appropriate non-Abelian gauge fields, which are integrated out in a path integral to yield
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periodic modulation terms in the axion potentials, as we shall discuss in Section 5.1. The
latter can contribute positively to the correct phenomenology of the inflationary slow-roll
parameters, leading to agreement with the data [52,53], but lead to no further physical
effects. Par contrast, in the post-inflationary period, such chiral gauge anomalies can play
a crucial role in several respects [1-4]. For instance, during the QCD epoch, color-group
instanton effects can lead, via chiral anomalies that survive the post-inflationary eras of
the StRVM, to non-perturbative generated masses of the KR (or other) axions, which can
thus play the role of dark matter with mass of the order of the QCD axion [2]. In general, in
string models, instantons of the appropriate non-Abelian gauge groups can lead to massive
compactification axions, which can play the role of even ultralight DM [76]. In addition,
Abelian electromagnetic U(1) chiral-anomaly terms (4) coupled to axions can exist at late
epochs of the post-inflationary StRVM Universe [1], and can lead to interesting effects, via
axion-photon couplings. At such epochs, the effects of the KR field torsion could also be
significant in leading to the generation of cosmic magnetic fields from galactic dynamo
instabilities in the Universe, in similar spirit to what happens [77-80] in generic torsional
Einstein-Cartan theories [81]. Moreover, on the related front of the BI parameter of the loop
quantum gravity [60-62], which, as we conjectured above [57], appears to be linked to the
StRVM, one should make the important reamark that the Bl parameter may be constrained
via photon-axion conversions and axion mixing in the presence of (generic) torsion, since
such phenomena are found to depend on the BI parameter [82]. In our case, there are
additional constraints on the magnitude of the KR axion background (which plays the role
of the BI field, as discussed above) at late eras of the Universe evolution, which arise from
the characteristic cosmic evolution of the KR field and its role in Leptogenesis [1,33-35,83].
All these avenues of research are interesting ones to pursue, and we hope to come back to
such issues in future publications.

The structure of this article is the following: in the next Section 2, we shall review
briefly the emergence of a linear axion potential in the context of our string-inspired
effective theory, as a result of the (real part of the) gCS condensate induced by chiral pri-
mordial GW. In the subsequent Section 3, as part of the original material of this work,
we shall demonstrate-by means of formal path integral methods- the réle of the presence
of N sources of GW as a multiplicative factor in front of the real part of the CS conden-
sate induced by the GW due to a single source. This has been conjectured in [5], using
hand-waving arguments, but here we shall prove it rather rigorously, within the assump-
tions made in our perturbative (weak) quantum gravity approach. In Section 4, we shall
demonstrate in detail the presence of imaginary parts of the gCS condensate, in generic
quantum-ordering schemes, and show that such parts are linked to quantum commutators
of the pertinent chiral GW. These imaginary parts of the effective gravitational action lead
to a finite lifetime of the inflationary period. The latter is independent of the number of
sources of GW, N, as it is determined by the imaginary parts of the GW Hamiltonian due
to a single source. We shall then estimate the magnitude of these imaginary parts, and thus
the life time of the inflationary vacuum. Compatibility with the inflationary phenomenol-
ogy [52-54] will then constrain the ratio of the energy scales M,/ Mp; in this string-inspired
cosmological model. Section 5 deals with the derivation of the slow-roll parameters of a
variant of the StRVM, in which periodic modulations in the axion potential are included,
which are induced by non-perturbative stringy instanton effects. The inclusion of such
modulations yields better fits of the StRVM to the cosmological inflationary data. We shall
first consider in Section 5.1 target-space-gauge-group-instanton-induced periodic modula-
tions of the KR axion potential, which can lead to the correct slow-parameter inflationary
phenomenology, upon appropriate fixing of the relevant energy scales. In Section 5.2,
we shall discuss briefly the role of world-sheet instantons that characterize other axions
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that arise from string compactification, which are in general present together with the KR
axion in string theories (the KR axion does not couple to world-sheet instantons). Finally,
conclusions and outlook will be given in Section 6. Some conjectures on the microscopic
origin of the observed acceleration of the Universe in the current-era, within the context of
GW condensation, are also given briefly at the end of the section. Technical aspects of our
approach are discussed in several Appendices. Appendix A deals for completeness with a
technical discussion concerning the necessary conditions for obtaining a consistent varia-
tional principle of the CS gravity, by means of the addition of appropriate boundary terms.
This discussion also justifies our use of the GW as proper solutions of the gravitational
equations. In Appendix B we construct the perturbed CS action to second order in GW
perturbations around an arbitrary spacetime background, which will give the full graviton
propagator to this order. It is then shown that, in the context of a FLRW background,
the latter is equivalent to the propagation of two independent scalar modes. Our study
contains a careful inclusion of the boundary terms.

2. Linear Axion Potential from Gravitational-Anomaly Condensates:
A Brief Review

The CS gravitational theory [26,47,48] introduces a linear coupling of the (pseudo)scalar
field b, with the so-called mixed anomaly term, that is a specific linear combination of the
gauge CS term FF and the gCS term, Rcg (throughout this article Greek indices denote
(8+1)-dimensional spacetime indices):*

S = /d4x V-3 [21;2 - %(a#b)(aﬂb) — Ab (RCS i FW?W) +. } ) )

where A is a coupling constant, to be discussed further below. The ... denote the “kinetic”
terms of the gauge fields, which will not be important for our discussion until Section 5.
The quantity Fy, is a (non-Abelian, in general) gauge field strength, with

~ 1
F;u/ = E 8yvaﬂ leﬁ (6)

its dual, where ¢ pvap = \/W éuwxﬁ is the covariant Levi-Civita tensor, and €, denotes
the Minkoswki space-time Levi-Civita totally antisymmetric symbol, with the convention
é’0123 =1, etc.

The gCS term Rcs in (5) is given by:

1 _
Res = ERyvaRvypar 7)

o~

with the symbol (... ) denoting the dual of the Riemann tensor, defined as

- 1
Rapys = 5Rup “epors. (8)

to be contrasted with the Hodge-dual

1 A
*szﬁ'y& = ER“/S paepa'yé ’ )

which uses the Minkowskian Levi-Civita symbol €;,,p,. In what follows we shall alterna-
tively make use of both duals, exploring the identity

/=8 Ruvpo RMP7 = Rypype “RIVET (10)
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The mixed anomaly Rcs + FF is a total derivative [84,85]. Consequently, the theory (5)
is shift symmetric, i.e., invariant under global transformations of the pseudoscalar field

b — b+ constant. (11)

The gauge anomaly term F*V FIW is topological, that is independent of variations of the
metric tensor, so it does not contribute to the gravitational (Einstein) equations of motion.
Par contrast, the gCS term b R is characterized by a non trivial variation with respect to
the metric tensor, namely the Cotton tensor Cyy [47]:

1 - ~
Cyv = _Ele {(vﬁb)Ra;{ﬁv + (vﬁb)Ravﬁy} . (12)

Variation of the action with respect to the metric and the axion field® yields the following
equations of motion [26,47]

Gu = KZT;%) + 4K2ACW , (13)
Ob=ARcs, (14)
where T,E?,) is the stress energy-momentum tensor associated with the kinetic term of a

matter field,
1
T\ = V,bV,b — 58w (V). (15)

The property of the Cotton tensor [47] Cy,,, ¥ = —% (dyb) Rcs, where ; denotes gravi-
tational covariant derivative (with respect to a torsion-free connection), implies that the
naive covariant conservation of the axion-matter stress tensor fails,

T * = A(3,b) Res . (16)

This implies the non conservation of the naive axion stress tensor, which is physically
interpreted as indicating a non trivial exchange of energy between the axion matter and the
gravitational field. The Rcs term is CP violating,® and, as such, it vanishes for spherically
symmetric or isotropic and homogeneous spacetime backgrounds. This is the case when a
Friedman-Lemaitre-Robertson-Walker (FLRW) spacetime background is considered, which
means that in such a case the modified Lagrangian is equivalent to the Einstein—Hilbert
of General Relativity. Consequently, in that case, the scalar field is minimally coupled to
gravity and the cosmological evolution is governed by a stiff equation of state w’;ﬁff =+1

However, when chiral GW are produced, through non-spherically symmetric coa-
lescence of primordial black holes or collisions of domain walls, the gCS term becomes
non-trivial because different helicities of the tensorial perturbations propagate in a dif-
ferent way [86-89]. This difference to the wave equations for the left and right-handed
polarizations arises because of the presence of the Cotton tensor (12) in the gravitational
Equation (13), leading to gravitational-wave birefringence of cosmological origin.

In [6] the GW were treated quantum-field theoretically (in a weak-gravity setting) by
applying the process of second quantization [89], i.e., by promoting the perturbations to
operators through the definition of the corresponding creation and annihilation operators.
In this sense, the gCS term becomes also an operator, Rcg, which we calculate up to
second order in the tensorial perturbations. The gCS operator backreacts onto the effective
Lagrangian through its vacuum expectation value (vev), (Rcs) = (0|Rcg|0), where |0)
denotes the appropriate gravitational ground state of the system, and the symbol (/\) is
used to denote quantum operators. If (Rcg) acquires a constant value, thus having the form
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of a (translationally invariant) gravitational condensate, then in this case a linear potential
for the KR axion arises,

Vel = A(Res)b, 17)
which breaks the shift symmetry (11) of the effective gravitational theory (5). We argued
in [6], by making use of a dynamical-system approach, that the linear-axion potential
(17) leads to inflation. A linear-axion potential also characterizes axion monodromy in
conventional string /brane theory [51], but in our case its origin its entirely different, given
that it arises as a result of the formation of the GW-induced condensate of the gravitational
anomaly term.

We now come to the string-inspired CS theories [26], which we shall restrict our
attention upon for the remainder of this article. In particular, we shall concentrate on the
stringy running vacuum model (StRVM) of cosmology [1,3,4], which, as already mentioned,
is based on the assumption that in the primordial Universe only fields from the massless
bosonic gravitational multiplet of the string appear as external fields. In such models, the
gauge fields F, together with other matter excitations, are assumed absent, and generated
only at the end of the inflationary period, due to the decay of the metastable ground state
(vacuum) of the StRVM [1,3]. The action in this model, which we shall restrict ourselves on
in the next couple of sections, is described by (5) upon setting F = 0, that is:

S— /d4x /=3 [2122 - %(aﬂb)(af*b) - AbRCS} . (18)

In this class of models the coupling A is determined by string theory considera-

2 o 2 Mp]
A=y 2% )2 , 19
\/;48K 348 M2 (19)

Since the StRVM (5) is viewed as a low-energy string effective gravitational theory,

tions [26], and is given by

it is natural to consider that the UV cutoff u of the momenta of the pertinent low-energy
excitations, including the (quantum) graviton modes, is provided by the string mass
scale [5],

;’l ~ MS S MPI/ (20)

so that the transplanckian conjecture is satisfied [90,91].

The detailed analysis of [6] has then demonstrated that the GW-induced gCS conden-
sate is a complex quantity. Its real part (to leading order in the assumed small quantity
|x2 b| < 1) has been estimated to be:

A b (H Y\

Notably, the negative sign in front of the quantity on the right-hand side of the above
equality guarantees a positive sign for the effective cosmological constant. The quantity
Hj is the Hubble rate at inflation, whose upper bound has been imposed by the Planck
Collaboration data [52] to have the order of magnitude

H; <25%x10"°Mp,. (22)



Universe 2025, 11, 15

10 of 54

We next recall [5,6] that for the actual value of the condensate in the inflationary
epoch, we have to multiply the result (21) with the number N of all kinds of sources of
gravitational waves during inflation, thus obtaining as a final result:

A K4 ]/14
2

Re(Res) M = — N by H3. (23)

A detailed proof of this feature, within the path-integral approach of weak quantum
gravity, will be given in the next Section 3.

In the analysis of [6] an estimate of the order of magnitude of b, which remains approx-
imately constant during the entire inflation era, has also been obtained as a consequence of
the imposition of appropriate initial conditions in the dynamical-system approach:

by ~10~"H;Mpj, (24)

confirming in this way the assumptions made in [1,3-5], including the assumption on the
smallness of |x2b| that lead to (21).

We stress at this stage that the approximate constancy of the rate of change of the
KR axion background in our StRVM approach is due to the presence of a gCS condensate
(Rcs) = const. # 0. Indeed, if we recall that the gCS-Hirzebruch term in (5) is a total
derivative [26,85]

Res=JT",, (25)

where ; denotes covariant derivative in the curved background, and make the following
plausible approximation in our homogeneous and isotropic FLRW inflationary cosmology
with an (approximately) constant Hubble parameter H: [1,3]

(Res) = (T"y) ~ 90(T°) +3H(JTY), (26)

then, from the equations of motion for the b-field stemming from the action (5), we obtain
(ignoring the gauge terms, as in the model of [1,3])

0b = A(Rcs> =
for FLRW background : b+3Hb = A (Rcs) = constant # 0, (27)

where [ denotes the covariant D’ Alembertian. For H = constant, and (Rcg) = constant,
one obtains from (27) that

b = constant. (28)

Equivalently, on using (26), we may also write the b equation as:
1
V=8

which also accepts as a solution a constant b axion background:”

d0(v=glb—A4(7%]) =0, (29)

b= A(J% = constant # 0. (30)

Thus, Equation (24), which in [6] has been obtained as a consistent condition in the
dynamical-system approach to linear-axion inflation, constitutes, in view of (27), (28), (29),
a highly non-trivial consistency check of the StRVM approach to inflation via primordial-
gravitational-wave-induced CS condensates, which in this way is mapped into a dynamical
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evolution of a single-(axion) field system with a linear potential. The reader should therefore
notice the appearance of linear in time KR axion backgrounds in this StRVM system, as
happened in the string-inspired cosmological models of [29-31], but here the origin of this
dependence is different.

Moreover, in view of (23), (24), the gCS condensate is of O(H7}), which, as already men-
tioned in the introductory section of the article, makes the corresponding energy density
having a form that is encountered in the RVM approach to cosmology [7,9-11,15-19,21-23],
that is being a function of even powers of the Hubble parameter, as dictated by the under-
lying general covariance of the formalism.

In the context of the dynamical-system approach to inflation, the analysis of [6] also
provides a restriction on the magnitude of the string scale Ms, compared to Mp;:

M; ~ 10" 'Mp; < Mp, (31)

which is consistent with the transplanckian censorship hypothesis [4,90,91].
From (19), (20), (22), (24), and (31), we therefore obtain for (23):

total 2 1 MsNEoy 25 4
Re(Rcg) ! ~ NI\/;4807'(2 <MP1> HY > —67 x 1075 N M, . (32)

Finally, an estimate of the number of sources of GW during the inflationary epoch, N,
in terms of the corresponding number Ng during the stiff-axion era, which, in the StRVM
Cosmology, precedes the inflationary era [1,3,4], is also provided as [6]

L~ 7-10'°, (33)

which lies in the range given in [5], stemming from the assumption of the constancy of
the CS condensate during inflation, which thus avoids exponential dilution [1,3]. For our
purposes we may take without loss of generality that Ns = O(1).

We proceed in the next section to a detailed discussion on the emergence of the
enhancement (32) of the value of the real part of the gCS condensate by the number of
GW sources, following a path integral approach in the framework of (gauge fixed) weak
quantum gravity of GW perturbations.

3. Effective (Mean-Field) Theory from “Re-Classicalization” and the
Effect of the Number of GW Sources

We now turn our attention to the path integral formulation which, as we shall see, can
indeed lead to a better physical insight on the StRVM approach to Cosmology, albeit there
are still several formal questions that remain unanswered, especially the ones related to the
still wide-open issue of gauge invariance in quantum gravity [94-96].

The full path integral of the StRVM theory reads,

Z= /Db Dg ¢Sl (34)

where S[b, g is given by (18). This, of course, is a formal expression, since both the
measure and the action of quantum gravity are still not known. However, since in our
case we are dealing with an effective low-energy gravitational theory obtained from
strings [13,14,24,25,49,50], the above quantum theory is valid only at its semiclassical
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approximation. In general, when assuming the semiclassical approximation, the partition
function becomes a functional of the background fields,

Z = eWighl (35)

where W(g, b] denotes the effective action of the background fields, which obeys:

_Z,(San _ OW|g, b] —o0, _Z,(San _ OW|g, b] _o, (36)
ob ob 0guv 08w
at appropriate saddle points of the path integral.

Upon ignoring any perturbation of the fields, the functional W[g, b] can be easily
identified with the effective action, W(g, b] = 5(0[g, b], where §(%)[g, b] is the action in the
background spacetime without perturbations. However, upon considering variations of
the metric about the stationary points (36), as we did previously in the form of GW [6],
we obtain

Slb,g+h) =S5O, g +5P[b,g,h +..., (37)

where 5(0[b, ¢] is the unperturbed background action (18), and S [b, g, 1] denotes the
action up to second order in the metric variations, hPW/ with the latter treated as weak
quantum variables (fluctuations). This order in the expansion about the stationary point
suffices for the purposes of this work. Then, the path integral has to be of the following form:

2 = ¢i8Vlbg] /Dh eiSPlshl — iSVbsl z, b o] (38)

where b and g act as background fields, while S(2)[b, g, ] is the action up to second order
in the metric perturbations and Zj, denotes the path integral of the GW perturbations,

Zylb, 8] = / Dh /5P (39)

From now on we focus on the FLRW spacetime background, in the presence of chiral
GW perturbations. In such a case, & is an abbreviation for the two independent modes,
hyp and hg of the GW (cf. Section 4). These perturbations correspond to a GW induced by
some source. In this case, S(2) [b, g, h] denotes the action of the GW, which has the form,

S@[b,¢,h] = S@[b, g, H] ’A_O . / dxAbO,. (40)

In the above expression, 5(2) [b, g, h] ’A denotes the terms of the gravitational action
(5), perturbed to second order, in the absence of gCS and chiral gauge anomalies, which
is derived in Appendix B (cf. Equation (A80)). The quantity O, = Ryyp"R*'*7, with
Rype *RVIP7 expressed up to second order in the (weak) GW perturbations, and we used

(10), (9). Then, the path integral reads,

i5(2) _iA [d*
z_ eis<°> [b.g] / Dh els [b.g ] A=0 ‘A [dxbO , 41)

implying that the effective action, upon assuming metric perturbations, Wb, g, differs
from S(©)[b, ¢]. In order to find Wb, g], we take the functional derivative (assuming that
the variations with respect to the background fields commute with the measure of the GW
path-integration)
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@rp h) . .

dInz 85O, 1 6S¥[b, g, Ao 15(2)[b,g,h}’ —iA [d*xOyb
0= == =% +§/Dh( 5b ~A0;) ¢ A0
@b, ¢,
55O ,g 05T I0H],
== +< 5 >—A<(’)h> (42)
where

5@ [b,g.h —Ai [d*x O, b

(0,) = /DhOh gll]_~ A Ot (43)

is the vev of the composite operator, O, which contains the metric perturbations. Such a
vev could depend only on the background metric and in the case of FLRW background
only on even powers of the Hubble parameter, H, as implied by diffeomorphism invariance
of the theory [9].

We now proceed to incorporate a number of GW sources A/ > 1 in the path integral.
This is introduced by treating the GW coming from various sources as “an ideal gas of non-
interacting GW perturbations”—in the sense that the partition function of the A sources of
GW is constructed as a product of A/ partition functions of the individual GW:

12,. S@ [b,g,h] —iYy; [d'x AOyb
A=0

z = ¢i5lbg] / HDh
PR N
Ofpg] /Dh 2) [, 1] AiofAzjd O | )

This explains, within the path integral formulation, the linear superposition of GW
effects assumed in [5].
Then, following the same procedure as in the single GW case above, we have,

5@ (b, g, 1] ‘
ob

Snz 550
0= =%~ =% +N<

A:0> — AN (O}, (45)

where by the symbol (...) we have defined the following vev of a composite operator
Bl..., h;] (for every GW perturbation ;)

| Dhi Bl } iX; S [b,g 1)
1

th @) [b,ghi]—Ai [ d*xO), b !

—Aiy; [ d*xOy,b

(Bl..., ) = (46)

which obviously depends only on the background fields, and as such we denote it simply
as (BJ...,h]) or (By), i.e., we omit the index referring to each GW perturbation, and instead
we use a generic h. Therefore, Equation (45) reads,

0=-—

@b, g, h]
SnzZ  6sOp,g 0871k g, ‘A:O
T TN (g ) AN @)

Introducing the notion of the proper number density n of GW sources in the spacetime
background corresponding to the metric g,

n=~N/\/-g, (48)
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and using the identity (10), we define the following quantity,
(Ruvpor *RFP7) = n(Ryype “RFFT), (49)

We next make the assumption on the approximate constancy of the gCS condensate
during inflation (which is confirmed by explicit calculations in our case [1,3-6])

(Ruvpor *RFP7), = constant . (50)

As we have already shown in previous works [5], the introduction of the sources is
crucial in order to satisfy (50) but also not to dilute the condensate during inflation [1,5],
while respecting (20). Assuming that these conditions are valid (i.e., assuming a sufficiently
large number of sources), indeed an effective linear potential for the axion is introduced.
In this interpretation, such a linear potential comes from a “re-classicalization” process of
the quantum perturbations around the classical background. The term “re-classicalization”
is used here to stress that, upon its formation, the condensate <RHVPU *RMYP7) acts as a
“classical” source for the axion, affecting in this way its already classical background, and
producing an effective linear potential for the (pseudo-) scalar field.

The reader should then observe that any variation of the condensate with respect to
the background fields vanishes. As a consequence, a linear potential for the axion arises
leading to inflation, as discussed in detail in [6]. We recall from our previous analysis
in that work that the number of GW sources is not constant throughout the evolution of
the primordial universe, but it necessarily increases abruptly as we pass from the stiff
to the RVM inflationary epoch (33). This is an essential behavior to guarantee the onset
of inflation in our approach. The nature of the GW sources depends on the underlying
microscopic model. There are various mechanisms for GW production during the pre-
inflationary era, ranging from non-spherically-symmetric merging of primordial black
holes to annihilation/non-spherically-symmetric collapse of domain walls [3].

Using (50) we now apply a mean-field Hartree-Fock (HF) approximation [97-99] for
the evaluation of the source path integral (44). According to the HF treatment, the gCS
term is split into a condensate term and quantum fluctuations about it (denoted by the
symbol : - - :) [1,3]:

/' dx N Oyb = / d*x\/=g (Ruupo “RMP7), b + - / PxN O b, (51)
where we used the identity (10), and the definition (49), with the property (50) in mind. On

account of (51), the corresponding variational equations with respect to the b-axion and
graviton fields, obtained from (44), read:

55(0) 55(2) [b,g,h] A0
b — axion equation: 0= 5 A (Ryyps "RFPT) 4+ N <T> —AN(: 0y,
. : 55(0) A v * PUVPT
graviton equation: 0= + 58" (Ryuvpe "R*"P7) b
oguw 2
35@b, g h]‘
XY 5
A=0 4
-NA : D). 2
+( o Y- N <5gw/dx Opb:) (52)
The normal-ordered (: - - - :) terms of the composite operators bring in new UV divergencies,

which in general may lead to background-dependent terms in both equations (52). Such
terms can be arranged to vanish by an appropriate choice of counterterms. This lies at the
heart of our mean-field HF treatment, which entails ignoring quantum fluctuations about
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the gCS condensate. Moreover, from our analysis in Appendix B (cf. Equation (A79)), we
observe that in the Traceless-Transverse (TT) gauge of GW (A85), the third term on the
right-hand-side of the b-axion Equation (52) vanishes, in a self consistent way to second
order in the graviton perturbation, in which the corrections S(?) are gauge invariant, as
discussed in Appendix B.

On account of (50), it is evident that an (approximate) linear-axion contribution to the
effective stress tensor arises during the inflationary period (cf. Equation (23)), which is
equivalent to an approximate positive-cosmological-constant (de-Sitter type) contribution,
since, for the duration of inflation, the b field remains of the same order of magnitude, as
explained in [1,3-6].

At this stage we would like to make some brief but important remarks regarding the
limitations of our results. The above analysis was somewhat formal and did not deal with
the important issue of gauge invariance of the quantum gravitational path integral. The
estimates (23) of the gravitational CS condensate in our approach [1,6] have been performed
in a specific gauge (TT gauge (A85) of GW) within the framework of weak quantum gravity.
Unfortunately, due to the lack of knowledge of the full theory of quantum gravity, we
cannot demonstrate gauge invariance of our condensate at a full non-perturbative level.
Such a task would require the application of methods as in [94-96,100], which, in the
current state of affairs of our model, lies well beyond the scope of the current article. Our
aim here was to provide evidence for the existence of a complex non-zero condensate of the
gravitational CS anomaly term in the effective action (5) during inflation, and estimate the
life time of the associated unstable vacuum. Hopefully, when a fully UV completion of the
model is at hand, which in our case implies a specific string model of phenomenological
relevance to particle physics, our estimates will not change much quantitatively.

The reader should then notice that in this HF form, the equations (52) include the
(classical) background parts, associated with the respective variations of the S©) part of the
effective action (not involving GW corrections), plus non-trivial averages of the quadratic
GW corrections, such as the third term on the right-hand-side of the graviton equation
in (52), which expresses the quantum average of the contribution of the second order
GW perturbations to the GW stress-energy tensor. The latter is not gauge invariant. From
dimensional considerations, we expect such terms to yield corrections to the Ricci and scalar-
curvature parts of the Einstein tensor, plus a potential vacuum-energy-like contribution.
If we restrict ourselves to terms of second-order in derivatives, for consistency with our
discussion so far, such vacuum energy contributions in a FLRW background are expected to
be of order O(H?), where H is the Hubble parameter. Such terms would be subdominant
at early eras of the Universe, like the RVM inflation we are interested in here, as compared
to the O(H*) terms coming from the gCS condensate 4 ¢"" (Ryyps *R¥"F7) \r appearing in
the graviton Equation (52). However, their presence would complete the description of the
energy density of the vacuum in this StRVM approach, which would thus be in agreement
with the considerations of [1,3]. In this work we shall not proceed further to evaluate
such terms, which will be the subject of a forthcoming publication. We may conjecture
though that, if the above terms are indeed of order H?, then one might encounter similar
contributions to the vacuum energy density in modern eras, from appropriately condensing
sources of GW in the current epoch, in analogy to the inflationary era. Such terms, of order
O(H}) (where Hy denotes today’s value of the Hubble parameter), would thus provide a
contribution to today’s dark energy, according to generic RVM features [7,9-11], which the
StRVM would share.

In the next section we shall evaluate the imaginary parts of the gCS condensate,
thereby proving the metastability of the inflationary vacuum, and provide an estimate of
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the associated duration of inflation. On comparing with cosmological data [52-54], then,
we shall constrain the string scale M of the StRVM.

4. Quantum-Ordering Ambiguities and Metastability of the
gCS-Condensate-Induced Inflation

In order to estimate the gravitational anomaly condensate, we use canonical quan-
tization techniques. Applying such methods for GWs in an FLRW background, we are
also able to investigate the quantum effects that show up regarding the behavior of the
composite operator of the Hirzebruch signature,

R, ps RIVPC . (53)

As we shall show, this operator may contain imaginary parts, which are absent in
the classical theory. In our approach these imaginary parts play an important role in
inducing metastability of the inflationary quantum vacuum, and thus a finite duration of
inflation in the StRVM. Such a metastability is in agreement with the swampland criteria of
de-Sitter-like inflation in string theory [101-106].®

The method of quantizing GWs followed in this work lies on the fact that the tensorial
metric perturbations have two degrees of freedom. Then, one can show that their evolution
is equivalent with that of two independent scalar modes (see Appendix B for a detailed
analysis in the case of a background with a minimally coupled scalar field). In this way, the
gauge-fixing issues encountered in the quantization of gauge theories, such as the theory of
the graviton field, can be bypassed by identifying the two scalar modes and quantize them
independently using appropriate mode expansions [107]. The case of the 4D Chern-Simons
gravity is similar. The graviton in this theory also contains two degrees of freedom [47],
and the quantization procedure, as we shall demonstrate below, can be applied in a similar
fashion [87-89,108]. The main difference occurs because of the derivative couplings arising
due to the Chern-Simons interaction and especially due to the presence of the Levi-Civita
tensor. Due to the latter, such derivative couplings contain odd powers of spatial deriva-
tives, thereby inducing a dependence on the direction of propagation, which explains the
parity-violating nature of Rcg, but also a form of derivatives with respect to the conformal
time, implying ordering ambiguities upon quantization. As we shall discuss below, this
implies the presence of (quantum-operator-ordering dependent) imaginary parts.

For a spatially-flat FLRW spacetime,

ds? = —df* + a2(t)(5i]-dxidxj (54)
where a(t) denotes the scale factor, the tensor perturbations (GWs) have the following form:
ds? = —dt* + a*(t)(6;; + hy)dx'dx) , i,j=1,2,3. (55)

We can express h;; in the linear polarization basis [109], expressed as:

()

e, (56)

hij = h+€ ij

where the polarization tensors are defined through:

ef;”) = [e1 (K)]ilex (k)] — [e2(K))ile2(K)];, (57)

el = 1 (B)]ile2(0); + er (D) feaR)]s, 58)
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where (e1(k), e2(k), e3(k)), with e3(k) = k/|k|, form a right-handed orthogonal triad of
unit vectors. In the presence of the gCS coupling, it proves more appropriate to expand the

perturbation (56) with respect to the helicity basis tensors ¢; ;s as [89],
> = (A

hl‘]‘(t, x) =hy ei(jL) + hg GSJ.R) = Z ]/l)\(t, x)el(]- ) , (59)

A=L,R

where eiLfR are defined as follows:

(R = L (1] 4[] = [T
7] = (] ) - ] w
The polarization tensors obey the following normalization:
6;(/\)6‘[(])\,) = 25/\/\/ . (61)

where A = L, R denotes Left and Right polarization. We can then obtain the following
property:
(A L= (A
kje”kelg ) = ZEZ(/V)Z|k|€( q)l (62)

with I = +1, I = —1, while also [87],

lf(_{ﬂ 0 < /2 )

-1 6>m/2"’

where 6 denotes the polar angle of the arbitrary vector k. Moreover, by construction, the

following relations hold:

e (k) = e (—K) (64)
R ) e®iiE) =0 (65)
(66)

Expanding the gravitational perturbations in Fourier space and helicity basis, we obtain:
-~ 1 3 WM 7 7
hj1,%) = 55373 JEX L @ et (67)

We may now show in an analytical way the derivation of the Chern-Simons part of

the action, starting from the relative interaction term:
) 1
St = =5 [ dx Ab Ry R (68)

Up to second order in hij, RWP;RW‘P" is expressed as [89]:

Ryups RYPT = 287 (94170, — oyl 0" + Wjoihil ), (69)
where the prime denotes differentiation with respect to the conformal time 7. Keeping only
the antisymmetric part with respect to the indices 7 and j, performing partial differentiations
and using the cyclic permutation symmetry of £/, we obtain,
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R,piRY67 =3, [@ifk (a,h;”amaihi — Oyhj 'l + h;«la,-h,’fﬂ

1o [@ffk (alh;gnalhjm — h" Dy ;-lh,’(’lﬂ , (70)

that is, a total divergence, pr(’;RVW‘T = dyJ¥, with JI = \/—¢J" and J¥ the covariant

current in (25). Thus, combining with the part of the Einstein-Hilbert action given in (A87)
(cf. Appendix B), we obtain,

Sow = 81? / dx (2 () (' — ghyjotnil)
L4 AR e (alh}"amaih,’( — Oy @ + My, )} 1 8g, 71)

where Sg denotes boundary terms,

Sy = Sg) N ng) (72)
st = 4 / x y [D & (4119 dil), — Duhjmd O + Wil ) | 72)
s? = A / 0, [b e (217", — "l — i) | 7

Substituting (67) into (71), we obtain the classical action of GW in Fourier space,

1 o
Sow = MAZLR/ an [ R 1) (1,5~ Rl £7) (75)
where,
23 () = &2 () (1 = LilgLes (1) (76)
with o
4Ab'x _
Les(n) = kg, ‘::T, (& =M1, (77)

The above considerations are classical. Canonical quantization of GW perturbations
in our context has been discussed in detail in [6], following and extending the analysis
in [88,89]. Basically, by representing the tensor perturbation £;; in (67) as:

Bk ¥y z(1) N C4AY ()2

i =x T [ o2 ,
! /\:Z:L,R @02 4y J1— ) Lke a(i)?

(78)

where a(7) is the scale factor of the expanding inflationary Universe, the quantization of
hij is achieved by considering the Fourier transforms of the “scalar” field operators [6,89]

S = Pk pxs
¢(1,X) =9L(n, %) = W‘f ¢p(1),

Pk pr

50 %) = pxln,%) = [ s T8,

¢_x(n) = v, +7" 4" (79)
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where we have introduced two sets of creation and annihilation operators, ‘X; and b;, for

which (oci)Jr = and (bi{T)Jr = b/, obeying the commutation relations:

[‘5‘%' k,} [bﬂ Bg] =5 E-F). (80)

At this point we turn our attention to the quantization issues of the anomaly term
(69). In the helicity basis (59), and choosing, without loss of generality, the z — axis as the
direction of GW propagation, the CS term has the following structure [6,88,89]:

Ryupi RVP7 = 4i (aZhLaz + 3. hy — 0%hgdh, — hggazhg) . (81)

The above expression makes clear our earlier assertion that the gCS anomaly term is
non-trivial only in the presence of chiral (i.e., left-right asymmetric) GW perturbations.”

At this stage we make some important remarks regarding the canonical quantization
of the gCS theory, and in particular the anomaly term (81). The issue is the known ordering
ambiguities that occur in a quantum theory when we replace the classical quantities, such
as hy(g)(x) in the above equation, by quantum operators. '

In general, we may present various orderings of quantum operators, ¢;, as:
pr (Hll\il(/ﬁ,) = Z wp ((/ﬁi] . (/ﬁiN>P , ZZUP =1 , (82)
P P

where wp denote the weights of the various permutations P of the operators appearing on
the right-hand-side of (82).

Using the Fourier decomposition for each mode separately, we can arrive at the
following relation for the operator form of (81), upon applying a given quantum-ordering
scheme (82):

3531 - - .
RVVPURVW)‘T _4/d kd’k E(k +k')-X |:k2k/ o (pr (l’l

273)
=T (Oun, (1 i) = O, (i o)) 89

where, for the sake of generality, we assumed different ordering schemes (provided by the
different weights wp,, i = 1,...,4) for each product of operators appearing in (83), with the
weights satisfying

2
Y wp, =1, Vi=1,..,4.
=1

The hermitian conjugate operator of (83) is then given by:

Ryt = [ TECR G001 20 (Ou, () O, ()
— K1 (Oup, (I o) = Oy, (I i 1)), (88)
and a potential non-hermiticity would imply that:'!

— t —
“RVIPT) = —2iImRcs # 0. (85)

R ; RV]'{,DU' (R]/H/plf

pvpo
It is straightforward to see, for instance, that in the case of the symmetric ordering for
the product of two operators, in which all the weights are wp = %, ie.:

Oy (#182) = %(@1 b+ $2$1), (86)
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the imaginary parts of the gCS operator vanish:

Ichg =0. (87)
symm. ordering wp‘.:%

This scheme may be considered as providing a well-defined quantum operator in the
sense discussed in passing in ref. [89], where the imaginary parts of the naively defined
composite gCS operator Rcg have been ignored. On the other hand, for any other ordering
scheme the imaginary parts will depend on (be proportional to) the weights wp,, and, thus,
be scheme dependent.

Nonetheless, the reader can see easily that the real part of the gCS condensate ReRcs
is quantum-operator-ordering-scheme independent, that is, the value of this quantity is indepen-
dent of the wp,, i =1,...,4,

ReRgs — » -2 (R

. . +
_ 2 * RUIHPCT R, * RVMHpT — | =1,...,4.
dwp, ) dwp, + (Ryupr ) ) 0, v i=l..., (5)

nvpo

Taking into account that each ordering defines a fundamental quantum theory, this
implies that the classical theory corresponds to (infinitely many in our case) quantum
theories. There is no contradiction here. The classical limit is not fundamental, in contrast
to the quantum version of it. In our case, we are only dealing with effective low-energy
theories obtained from an UV completion of string theory, which is a candidate theory
for quantum gravity. The latter still eludes us. Once this issue is resolved, then the UV
completion will correspond to a specific quantum ordering of the various operators entering
the quantum theory.

At this juncture, we make the important remark that, in the way constructed, the
GW action (75) can be free from such ordering ambiguities, even if the Rcg operator is
not, since the relevant parts can be absorbed in a boundary term (74). Nonetheless, this
characterizes only the case of a homogeneous and isotropic (pseudo-)scalar, which appears
in the cosmological StRVM. In any other case, there will be ordering ambiguities also in the
GW action, an issue that will be treated in a future work.

In an effort to potentially identify a “physical” quantum ordering in our case, we
next remark that, in the presence of the imaginary parts of the condensate, the Minkowski-
signature space-time GW path-integral partition function, (0|0), which expresses the ampli-
tude of the probability that the StRVM system remains in the initial (inflationary in our case)
ground state, acquires a damping factor, which thus determines the lifetime of inflation. In
the HF approximation, for instance, we obtain formally:'?

(010) brkorwsid—signatare ~ &P ( — b (Res) /ds dry/=g) |-, ®9)

where b denotes the axion background value, about which we consider GW perturbations
in the path integral, [,q d*x,/—g denotes the (approximately de Sitter) four volume during

inflation, and the terms [ e } denote the GW-perturbation path-integral in the absence of
gCS anomalous terms. The life time would be formally estimated by setting the dumping
exponent in (89) to one.

However, to give meaning to the path-integral one needs to analytically continue
to a Euclidean four-dimensional spacetime. In such a case, the imaginary parts of the
gCS appear as phases in the integrand of the respective path integral. If we represent the
Euclidean version of the left-hand side in terms of the vacuum energy as

(0]0)¢ = exp ( —v® E) , (90)
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with V() the Euclidean (€) four volume, then from a fundamental theorem of the complex
calculus we note that the presence of a phase in the path integral can only make it smaller
than in the case in which the phase is absent, provided that the measure of the path-
integration is positive definite:

| [Dzif() e

S/Dz\f(z)|, zeC. (91)

From (90), (91), we then conclude that the imaginary parts of the gCS condensate
result in a higher vacuum energy than in the case where the condensate is absent.'

Naively, this would prompt one to conclude that, in our case, the symmetric order-
ing (86) is the one with physical meaning, as in the latter scheme the gCS is free from
imaginary parts (87), and thus the vacuum energy would be minimized as compared to all
other quantum orderings. Moreover, in the absence of imaginary parts of the operator (83),
one would find it natural to identify the classical (7 — 0) limit of this hermitian operator
with a real function, as Rcs is (cf. (7)). This would in turn imply that, in the context of our
effective low-energy gCS theory, the inflationary phase would be eternal, unless one has
mechanisms of particle production during inflation (conventional or otherwise) in order
to induce a graceful exit from it. It has been recently discussed [125], however, that such
particle-pair production mechanisms might be associated with the existence of imaginary
parts of the gravitational effective action. This would prompt us to consider ordering
schemes other than the symmetric one, which are characterized by such complex effective
actions in our CS gravity case.

Hence, adopting the symmetric ordering might not be a physically correct procedure
in our case. As already mentioned, from the point of view that the quantum theory is the
fundamental one, we cannot exclude the possibility that in our stringy-quantum-gravity
case of the StRVM, non hermitian Hamiltonians, implied by the other quantum ordering
schemes, as described above, play a physical role in the scenario of GW-induced condensate
inflation advocated here and in [1,3,5]. Under this interpretation, the StRVM vacuum is
destabilized by quantum effects. This implies that the running vacuum will decay so that
the gravitational anomaly will be eradicated. This is the role of the chiral matter fermions,
generated at the end of the RVM inflation as a result of the metastable vacuum decay in
the scenario of [1,3], which generate their own gravitational anomalies that cancel the
primordial ones. Lacking a well-established framework of quantum gravity, such a scenario
cannot be excluded based solely on hermiticity arguments.

At this stage, we cannot resist in referring the reader briefly to the field of the so-
called PT-symmetric approach to quantum mechanics and field theory [126,127] according
to which, under such a condition, or, more generally the invariance of a system under
some antilinear symmetry that can include PT [128], non-hermitian Hamiltonians may be
characterized by real eigenvalues and play a physical role. In the context of the StRVM, for
instance, such PT-symmetric approach may provide novel scenarios for the acceleration
of the Universe [129]. In our context here, of course, we do not examine in detail such PT
symmetric scenarios, viewing the presence of imaginary parts in the effective action as
signifying an open-ness of the system. In the string theory context of interest to us here,
for example, these imaginary parts may be linked to the existence of infinite towers of
the massive string states (with masses that are integer multiples of the string mass scale
M;) that become important when the energy of the graviton modes approach the cutoff
M; [130]. The full string theory, with all its states taken into account, should of course
be unitary. The non-unitarity (in the sense of the existence of non-hermitian actions) is a
feature of the effective theory, truncated to the local degrees of freedom only, with energies
below M.
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A highly non-trivial question is the definition of the inner product of states in such non-
hermitian gravitational theories. At present, in the context of our stringy quantum gravity,
this is far from being understood. The environment of the infinite towers of massive string
states, which opens up the system, makes the situation non-local from a low-energy point
of view. Nonetheless, one may attempt to define such inner products by staying within
the non-Hermitian effective local CS gravitational field theory, which depends, however,
explicitly on the UV cutoff (the string mass scale Ms). An inspiration towards such a
definition in our StRVM, might be the work of [133], which attempts to define an inner
product of gravitational states on the four-dimensional quantum gravity in the simplified
case in which the Ashtekar connection is diagonal. In this case, the constraints of quantum
gravity are solved by the so-called Chern-Simons-Kodama (CSK) state [134]. The latter
lead to de-Sitter space (hence, inflation) as an allowed configuration in the semi-classical
limit. The analysis of [133] has as starting point the four-dimensional Holst Action, which
extends the Einstein-Cartan general relativity by the Holst topological term [73]. As we
have remarked, however, in the introduction of this article, this term is not topological (not
a total derivative) in the presence of torsion, as is the case of our StRVM (which contains a
totally antisymmetric component of the H,,,, torsion, as we discussed above). In such a
case, the Holst term needs to be replaced by the Nieh-Yan invariant, and in our anomalous
CS theory by the combination of the Nieh-Yan invariant plus the gCS term (3). This is the
first complication in defining an appropriate inner product among gravitational states. The
second, and most important, one arises because of the presence of the imaginary parts of the
gCS condensate itself, as we stated above. In such case, unlike the situation in [133], reality
conditions on the effective action cannot be imposed, but one may attempt to formulate
the theory as a PT symmetric one, which generalises the Hermitian theories, as mentioned
above. This lies beyond the scope of the current work, however. We hope to be able to
address this important issue in a future work.

The detailed estimation of the lifetime of the inflationary StRVM vacuum therefore is
a complicated and in general microscopic-string-theory dependent issue, given that unless
the string-embedded grand unified gravitational field theory is specified, the dominant
decay channel of the RVM model cannot be computed in detail. Nonetheless, within our
low-energy approximation, studied in [1,3,4,6] and here, we can still provide a hopefully
reliable analysis that could allow for an estimate of the appropriate string scale required
to match the model predictions with the current astro-cosmological phenomenology of
inflation [52-54].

To this end, the reader should notice that the classical inflationary model of [6], in
which inflation is induced by the linear-axion potential, is also characterized by a finite
lifetime, which under appropriate initial conditions can be of the phenomenological order
O(50 — 60) e-foldings, requiring in our StRVM a string scale My = O(10~!)Mp,. If we
insist, therefore, on matching these classical results of the dynamical-system approach of [6]
with those obtained in the context of a (non-hermitian) quantum-gravity framework, where
the presence of imaginary parts in the gCS condensate will be interpreted as destabilization
of the pertinent quantum vacuum, then we may seek quantum-ordering schemes in which
such an agreement is achieved.

The simplest of such schemes, i.e., the one in which the quantization of the composite
operators (83) (and (84)) is obtained by a simple replacement of the quantities /i (g) by
the respective operators, EL( R)- in the order they appear classically, i.e., we set formally
the operation Oy, = 1 in the relevant expressions, (83), (84). As we shall demonstrate
below, this case isl the one required to match the results with the approach of [6], in a
non-trivial way.
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In that case, we obtain for the imaginary parts (85):

~ (R’ = 4 [ R Byl ([t ] + [ ] )
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Upon taking vevs with respect to GW metric perturbations in the inflationary (Bunch-

(92)

Davies-type) vacuum |0), which, in the path-integral approach, is interpreted as the integral
over GW perturbations (43) of the appropriate composite operator, the shift symmetry (11)
breaks down due to the formation of the gCS condensate. The presence of non-hermiticity,
as implied by (92), leads to metastability of the quantum inflationary vacuum, with a life
time which is given by the inverse of the imaginary part of the gCS condensate, as a
rough estimate.

On cutting-off the momentum integrals in the UV at y (20), and using (79) and (80),
we obtain from (92)) [130]:

. .\ 2
— —= 16 Aby’ H\?*( 21 Aub
m(Rcs) m( nvoo ) 7M%J1 2 + < 1 10 6 M%l , (93)

where p >~ M; (cf. (20)). Hence, in view of (22), and (31), the second term inside the square
brackets on the right-hand side of the above equation is subdominant, and will not play a
role in our estimates of the inflationary vacuum lifetime.

This can be achieved by examining the Hamiltonian of GW from a single source alone.
To put it in other words, the imaginary parts of the condensate back-react on the effective
Lagrangian of GW, and thus on the corresponding Hamiltonian H, which in this way also
acquires an imaginary part. The latter is estimated as [130]:

1 - 8bA%bu”
Im(H) = [ @x /=g 5 AbIm((Ruupo R ) = V) 7ME 72 2 .

where ~ implies that we keep only leading order contributions in the small quantity x5,
and Vd(g) denotes the de Sitter 3-volume of the inflationary spacetime.

Some important remarks are due at this point. The reader should notice that the
imaginary parts of the gCS condensate depend on the UV cutoff u in the context of the
low-energy theory. This in turn implies the open and dissipative nature of the system of
graviton modes with momenta below y, which in the UV complete (full string) theory
interact with the “environment” of the infinite towers of the massive string states, with
energies above the cutoff M. In this sense, our graviton system is somewhat analogous to
the representation of a decaying particle system as an open quantum system, where the
states of the decay products play the role of the relevant “environment” [131,132,135].

The dissipative nature of our open-system, due to the introduction of a cut-off y in
our effective description, provides us with a naively defined estimate of the lifetime T of
the inflation vacuum (in natural units, where i = 1):

T~ (ImH) !, (95)

which is the Euclidean version of what one would obtain formally by setting the dumping
exponent of the Mikowski expression (89) equal to unity. However, this is the proper formal
treatment within our approach to estimate the duration of inflation.
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We next note that the (Euclidean) four volume Vd(g’) TE of the (inflationary) de-Siter
spacetime, with radius A, is given by [136]

2
V(3)TE _ 247

= , A =3H?, 9%
das Mlz’lA (96)

with TE corresponding to the Euclidean time, defining the appropriate duration of inflation,
which phenomenologically is of order [52-54]

TE ~ (50— 60)H; !, (97)

where the numerical coefficient on the right-hand side of the above relation is the number
of e-foldings [137]. Substituting (97) to Equation (94), we obtain:

_ 64bA%bxu7 1

Im(H) 7H, HTE

(98)

The order of magnitude of the quantities entering (98) can be taken from [6], by
leaving the string-scale Ms = y as a free parameter. Then, we can easily obtain that the
(naively defined) lifetime T of the RVM inflationary vacuum of the StRVM is determined
by evaluating the quantity:

7H2M6 M 3
Hyt ~ —LPL (g TE ~102< Pl) - (H;TE). 99
I 64bA2bMS7( i ) M, (H[T") (99)

From our previous discussion, this is the decay rate of the unstable RVM “vacuum”,
whose energy is higher than that of the case without the gCS condensate. For such a decay
rate to be consistent with the duration of inflation (97), the following upper limit for the
string-effective-theory UV cut-off u = M; (cf. (20)) has to be satisfied:

M;
Mpy

<0215 . (100)

This is quite consistent with the findings of the linear-axion-potential dynamical-
system analysis of [6], which concentrated on the real part of the CS condensate. The
above discussion leads to the conclusion that the role of KR axions (or other string-
compactification-induced axions, which also couple to the gravitational CS term) in in-
ducing RVM inflation is instrumental, since, in their absence, the CS term, being a total
derivative, would not contribute to the dynamics and the pertinent condensate would be
trivially vanishing.

5. Periodic Modulations of the Axion Potential and Slow-Roll
Inflationary Parameters

In the context of the StRVM, the dynamics of the primordial Universe is described
by (5), without any gauge fields, that is F = 0 (cf. (18)). In this case, as discussed above
and in [6], inflation is driven alone by the linear axion potential (17). The (small) slow-roll
parameters for inflation due to a single (pseudo)scalar field ¢ with potential V(¢) are given
approximately by (the prime denotes derivative with respect to ¢) [54,138]:
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e = 2M3, (%’)2 — oM V7" = de; — 21,
eres~amth [V 3 (V) 12(VYY), e, (101)

The scalar spectral index is approximately given by (we ignore subdominant higher-
order terms proportional to €1€3, €p€3 that appear in the expression for n, [54,138]):

ngs~1-—2e —e€, (102)
while the ratio r of tensor to the scalar perturbations is:
r~16e€;. (103)

Planck-collaboration constraints on inflation [52], after taking into account lensing and
Baryon-acoustic-oscillation (BAO) measurements, indicate that:

ns = 0.9649 £ 0.0042 (68% C.L., Planck TT, TE, EE + lowE + lensing),
ns = 0.9665 + 0.0038 (68% C.L., Planck TT, TE, EE + lowE + lensing + BAO) (104)

respectively. For the tensor-to-scalar ratio, on the other, the combined measurements yield
the upper bound (at pivotal scale k* = 0.002):'°

rooz < 0.11  (95% C.L., Planck TT, TE, EE + lowEB + lensing),
rooz < 0.056 (95% C.L., Planck TT, TE, EE + lowE + lensing + BK15). (105)

In general, for a few important extensions of the ACDM, the bounds on r, and also
constraints of r versus 1 are given in [52], where we refer the interested reader for fur-
ther details. For our purposes here, we mention that the combined Planck and BK data
yield the following bounds for the slow-roll €;, i = 1,2 parameters (101), using Planck
TT,TE EE+lowE+lensing (+BK15) data [52]:

€1 < 0.0097 (0.0044) (95% C.L.),
€2 = 0.032709%  (0.035+0.008) (68% C.L.),
e3 = 019708 (0.127536) (95% C.L.). (106)

In the StRVM the b-axion potential is strictly linear [6], which implies

1=0, €= ieZ = }163 = 0.5M3, b(t) 2. (107)

During inflation, the axion b of the StRVM varies linearly with the cosmic time (cf.
(24)) [1,3-6]

b(t) =b(0) +c1t, ¢ ~O(107 ) Mp Hp, (108)

where Hj is the (approximately constant) Hubble rate during inflation, which is bounded
by Planck-collaboration data [52,53] according to (22). The constant b(0) is the value of the
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axion field at the onset of the RVM inflation, and it turns out to be negative. The analysis
of [6] leads to the lower bound for the magnitude of this quantity (in order of magnitude):

1b(0)]
Mpy

> (0(10), b(0)<0. (109)

This implies that in order of magnitude the axion remains approximately constant
during the entire duration of inflation, which lasts for [137] Hlee, with No = O(50 — 60)
the number of e-foldings of the Universe, according to the cosmological data [52,54].

Thus, it is reasonable to estimate the order of magnitude of the (small) slow-roll
parameters €;,i = 1,2,...,(101), by replacing b by b(0) in the corresponding expressions
(102), (103) and (107). This leads to

€1 0005, e=€0.02, r<0.08, ns~1-—6e 2097. (110)

As can be therefore seen from the above discussion, the phenomenology of the StRVM,
with a gCS condensate-driven inflation [1,3,6], whose dynamics is described by the action
(18), containing only fields from the massless bosonic ground state of the superstring,
and a gCS-condensate-induced linear axion potential (17), is largely consistent with the
inflationary data (106). However, although the rest of the slow-roll parameters lie within
the data-preferred allowed regions, the scalar spectral index lies on the boundary of such
regions. We therefore need to improve the model so as to achieve better agreement with
the data as far as (the central value of) n; is concerned.

To this end, we shall consider the possibility of including periodic modulations on the
axion potentials, which can be generated through non-perturbative effects. The hope is
that by introducing 7 # 0 through such modulations, one can reduce the scalar spectral
index ns accordingly, thus providing better match with the data. The issue is to justify
microscopically the appropriate non-perturbative effects. As we shall see, in the context
of string theory this implies that we may modify the StRVM cosmology by considering,
in addition to the KR (string-model independent) axion b, also string-model-dependent
axions g, arising from compactification, along the lines of [139,140].

5.1. Target-Space Gauge Group Instantons and the KR Axion Potential

Let us first start by discussing what non-perturbative effects we may consider in the
context of the initial StRVM (18), with a gCS-condensate-induced linear axion potential
(17). The first thing that comes to mind are target-space instantons, associated with the
non-Abelian gauge group that characterizes the four-dimensional effective action, after
string compactification. In the initial StRVM, these gauge sector had been assumed not to
characterize the dynamics of the primordial Universe. However, given that such gauge
fields also characterize the massless string ground state of appropriate gauge supergravity
low-energy theories obtained from phenomenologically realistic string models, we may take
these gauge sectors into account, especially from the point of view of their non perturbative
(instanton) contributions. Indeed, the spirit of [1] will be maintained if we integrate out such
non-perturbative configurations, assuming that gauge fields with trivial instanton numbers
do not exist as external lines in the field theory that describes the primordial Universe.

According to standard theory [85], the following quantity

ﬁ/d“x —gFWIEVV:n, ne 7z, (111)

is an integer n (Pontryagin index), whose value defines the various topological sectors
defined by the (non-Abelian) gauge-group instantons. This implies that in the presence of
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instanton backgrounds the global shift symmetry (11) breaks down, and is replaced instead
by periodicity of the axion backgrounds

16 *Ab(x) — 16 T Ab(x) +27. (112)

Integrating out the instantons, leads to periodic modulations of the b axion potential,

which now assumes the form!°

periodic ! 2 — A4 @
Vi (b) = Aj cos (167r Ab(x)) =Aj cos( fi ) , (113)

where A is the scale of the gauge-group instantons, and f; is the axion coupling. In the
StRVM, f}, is given by (cf. (19)):

(114)

The scale A; depends on the particular gauge model considered. For our purposes here
it is treated as a phenomenological parameter of our low-energy string-inspired effective
theory. The important feature is that the scale A; is suppressed by the exponential of the
(Euclidean) one-instanton action, Singt, which is known to be bounded from below by (see,
for instance [141-143]):

872
Sinst 2 gT|n| ’ (115)

YM
where gyy is the Non-Abelian gauge group (Yang-Mills) coupling, and, as already men-
tioned, n labels the respective topological instanton sector. The equality is achieved only
for (anti)self-dual gauge-field strengths F = +F, where the plus (minus) sign corresponds
ton > (<)0.
In the context of our string-inspired theory, it is natural to assume therefore the
following form of Ay:

872
Ay = & M exp(fSinSt) < &M exp(ng\n\) < Ms, (116)
YM

where ¢ > 0 is a numerical factor, that can in principle be calculated within a specific gauge
theory. For our purposes we assume § = O(1).

Thus, the inclusion of instantons in the (3+1)-dimensional non-Abelian gauge sector
of the model leads to the following effective potential for the KR axion b field of the StRVM
in the inflationary epoch, where the gCS condensate <Rc5>§oml ((23)), in the presence of a
number of GW sources, has been formed:

A (Res) "™ (117)

Veff(b) = b(x) Agond + AAlL COS(Z) ’ A:é)ond =

We remark that the inflation is still driven by the linear potential given the smallness of

the scale A1 < Aqond, due to its exponential suppression by the large (Euclidean) instanton

action (116).'” Nonetheless there are small but significant modifications of the slow-roll

parameters due to the non-perturbative effects. Indeed, for the axion potential (117), we

obtain from (101) for the slow-roll inflationary parameters (as per our previous discussion,

in the evaluation of these parameters we make the approximation that during inflation the
order of magnitude of b(x) is well-approximated by b ~ b(0)):'®



Universe 2025, 11, 15 28 of 54
3 41 4 b(0) 4 b(0)
el:%[ ANl nd 7, sm(fb } 1 [1+2A sm( 5 ) _ZA cos( F ) } N Mlz>1
2 Lb(0) A3y + Adcos(H2) ] 262(0) folNalTB(0) A2l 20%(0)
(since Ay < Aconds fo, Mpy, Ms (cf. (116))),
b(0)
A} oS M3 M3 A4

€ ~2-— i +2M3 <fb) ~2PL o Pl (118)

b*(0)

Pl 2
fi

|b( ) cond b2(0) f2 | ( ) cond '

where in the last equality of the second line we have made the order of magnitude assump—
tion that cos ( b}h)) = O(1). The reader should also recall that A _, < 0,b(0) A2 _, >0,
which is indicated by the presence of absolute values in the respective terms in the ex-

COH

pressions for €1 5 in (118). This means that the presence of the non-perturbatively-induced
periodic modulations in the b-axion potential (117) leads to an increase in the value of €3,
as compared to the case of the purely linear-axion potential (17), and, therefore, to smaller
values of the spectral index n;, in view of (102).

Saturating, for concreteness, the bound (109), and using (23), (33) and (114) (with
Ns = O(1)) and (116) (taking n = 1 for naturalness), we obtain from (118):

Al %
€1 ~0.005, e ~0.02+14.6 ~0.02+1.9 x 10
1 2 (Mm) b(0) A3_] (Ms)
_ 32r2
~ 0.02+ 198 x 107 ¢ 4Snst <0.02+1.9¢* x 107 $m . (119)

To reduce the value of ns, as compared to the bound (110), at the third-significant-
figure level, so as to get better consistency with the central value of n; as measured by
Planck collaboration [52], we should require that the non-perturbative contributions to the
€ are of order O(1073), that is, we impose:

Angonfperturb. — _19 64 X 107 e*4Sinst — _0(1073) , (120)

which can be achieved provided the gauge-sector (Euclidean) instanton action has the order
of magnitude (assuming for concreteness { = O(1)):

Sinst ~ 5.9, (121)

which would satisfy the bound (115) if 5.9 > 87%/g2,,, corresponding to a fine structure
constant ayyg of the underlying Yang-Mills gauge theory (renormalized at the energy scale
of the instantons)

2
P ‘%“T/I > 2% ~ 1.06, (122)
which is a natural value for a strongly coupled gauge theory. We note that with § = O(1),
and the restriction on the string scale (31), the energy scale of the gauge instantons (116) is
set to A; ~ 9 x 10~* Mp, that is in the GUT scale, and just above (by less than two orders
of magnitude) the inflationary scale H; bound (22) set by Planck measurements [52]. These
are energy scales characterizing the (end of the) stiff era in the StRVM. Due to the assumed
dilute gas approximation one should not expect dramatic changes in the transition from the
stiff to the RVM inflationary epoch in the current variant of the StRVM with axion potential
(113), although this needs to be checked by repeating the dynamical system analysis of [6]
for this potential. There is margin in these considerations when the precise value of {
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is taken into account. For instance, in the presence of { # 1, the one-instanton action
becomes Sipst =~ 5.9 — Ing. If we require that the energy scale of instantons be equal to that
of inflation Hj, so that instantons arise at the onset of inflation, then this implies ¢ ~ 1072,
which then yields Singt ~ 10.5, leading to an ayp ~ 0.6.

Hence, upon considering models with gauge sectors that have instantons satisfying
(121), (122), one may get quite good agreement of the slow-roll inflationary parameters
of this variant of StRVM with Planck data.!” The reader should also bear in mind that
another crucial feature for consistency with the inflationary phenomenology is the sign of
the periodic modulation potential (113). As already mentioned in footnote 25, the chosen +
sign guarantees the absence of mass generation for the axion b field, but also implies that
the slow-roll parameter €, (101), increases its value relative to the case of the exactly-linear-
axion potential. This in turn implies the relative reduction of the scalar spectral index #s,
(102), which in this way can match the Planck data [52,53]. The exactly opposite situation
(that is, relative reduction of €, and increase of 15) would characterize the choice of the —
sign in the periodic modulation potential, which, in addition to being phenomenologically
problematic, would also be responsible for the undesirable feature of mass generation for
the b axion during the inflationary epoch.

5.2. World-Sheet Instantons and Axions from String Compactification

In realistic string theories, one faces a multiaxion situation, given that, apart from the
string-model independent axion b, one also has axions arising from compactification [32].
The latter are known to be characterized by additional non-perturbative effects, called
world-sheet instantons, which can wrap around compactified cycles. These instantons
exhibit a much richer structure than the gauge instantons discussed above in the case of
the KR b field, which notably does not couple to world-sheet instantons. The world-sheet-
instanton structure is particularly rich in intersecting D-brane compactifications [144-146],
which our StRVM can be consistently embedded to.

The corresponding axion potentials contain now multiaxion configurations, which are
characterized by both linear axion and periodic contributions due to world-sheet instantons.
For instance, in the simplified case, where only one compactification axion 4(x) is dominant,
the effective axion potential of both, the KR axion b(x) and the compactification axion a(x),
is of the form [51,139,140]

Vo, b) = At (21 4+ £ Era() cos(fi a(0) + 7 (fy Acond® + A3) a(x) + Ve8), (123)

f

where V¢ (b) is given by (117), and the parameters ¢, f,, and the world-sheet-instanton-
induced scales Ay, A3 are all determined from the underlying microscopic string theory
model. The =+ sign inside the parenthesis of the first term in the right-hand side of (123)
indicates whether a mass for the compactification axion a is generated (—) or not (+). This
could affect the phenomenology of the post-inflationary epoch, in the sense that in the
massive-axion-a case one may encounter an early matter-dominated era interpolating be-
tween the RVM inflation and the radiation epoch, which could lead to distinctive signatures
in the profiles of GW during radiation. The parameter f, is the compactification-axion cou-
pling determined from the specific string compactification of the underlying microscopic
string model under consideration. Both axions b and a couple to the gCS anomaly terms (cf.
(5)), which leads to the linear axion terms in the effective potential (123). The coefficient
Ai’ nq 18 defined in (117) and is proportional to the real part of the gCS condensate (32).
The scale A; is associated with specific compactification effects. Indeed, in the type
IIB string model of [51], involving D5-branes, wrapped around a two cycle > of size
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(Vo = { M; !, when compactification (dimensionless) axions B(x) are turned on, the
corresponding B(x) potential assumes the generic form

€ /

where g; is the string scale, and € is a parameter, which depends on the warp factor of
the underlying string/brane models under consideration [51]. In simplified scenarios
of compactification, where the compact six-dimensional manifold is characterized by
a single size of the compactification radii, Lv/a’, such that the compactified volume is
V() ~ (L+/a')®, the axions B(x) are related to a canonically normalized axion a(x), of
mass-dimension +1, as [51]:

LZ

1
~ 3E @y B(x)> M? ~ — B(x)>M3,, (125)

2
a(x) 3L

where we took into account that in type IIB string models, we restrict ourselves for con-

12 2(6) T . 2 .
creteness here, &’ Mg, ~ e For large compactification axions B > /¢, as required
by the consistency of the inflationary axion monodromy scenario of [51] with the cosmo-
logical data [52], one obtains from (124) a linear axion-a potential term of the form (123),

corresponding to a scale

A e 3 3
7 ~ 1 @y M; . (126)
For the specific type IIB brane-compactification models of [51], the dimensionless
parameter ¢ has been assumed relatively small, so that the structures a cos(a/ f,) in (123)
do not to affect significantly the slow-roll inflation driven by the linear potential.
In our work, we can extend the considerations beyond the type IIB compactifica-
tion models of [51], and treat the effective potential (123) as phenomenological, with the
constraint though that the following hierarchy of scales is valid [140]:

fo A3 13
(7 * fT) Acond <A <MK Acond ’ (127)
a a < *cond

where we remind the reader that the scale A; denotes the target-space gauge instanton
scale that induces periodic modulations of the KR potential (cf. (117)). Such a hierarchy
ensures that the dominant effects in the axion potential come from the anomaly condensate,
so that the spirit of the StRVM examined above, as regards the induced RVM inflation and
its slow-roll parameters, is maintained.

We reserve a detailed analysis of the effects of more general multiaxion configurations
with potentials of the form (123), in which one deviates from the scale hierarchy (127), on
the inflationary era for a future publication. For example, we may consider multiaxion
StRVM models in which there are no target-space gauge instantons, but only world-sheet
instantons pertaining to compactification axions. In such a case, one may set A; = 0
and remove this scale from (127), keeping only the gCS and the world-sheet instanton
scales Ay, A3z, in order to examine their hierarchies so that the phenomenologically correct
slow-roll inflationary parameters are obtained.

Before closing the section we remark, for completeness, that the existence of periodic
modulations in the effective multiaxion potentials leads [139,140] to an enhancement of
the densities of rotating primordial black holes (PBH) produced during inflation. In the
context of the StRVM, such an enhancement of PBH production can be very significant,
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since it can affect the duration of the reheating phase after RVM inflation [140]. Indeed, as
already mentioned, under some circumstances and for some regions of the parameter space
of the models, there is the possibility of existence of an intermediate matter-dominated
phase between the RVM inflation and radiation eras [147]. This can enhance significantly
the populations of PBHs, and, as a consequence, the profiles of the GWs produced from
the coalescence of such black holes. This would lead in turn to observable in principle
modifications of the spectrum of the GWs during the early radiation era. In fact, as ar-
gued in [140], by looking at the details of such GW profiles via future interferometers,
one can in principle distinguish the effects of the StRVM from generic string-inspired
axion-monodromy inflationary models with linear axion potentials, such as those discussed
in [51,139]. Furthermore, the existence of early-matter-dominated eras, preceding radiation,
in the StRVM might lead to additional constraints of the model, associated with the require-
ment of avoiding the overproduction of PBHs [148]. In view of the above discussion in
this section, we should also consider the target-space gauge-instanton contributions to the
periodic modulations of the potential (117) and examine their effects on the aforementioned
features. This is left for future work.

6. Conclusions and Outlook

In this work, we have elaborated further in the properties of the so-called Stringy
Running-Vacuum-Model (5tRVM) of Cosmology. The fundamental fields of this approach
belong to the massless gravitational multiplet of the underlying string theory, namely the
graviton, dilaton (which in our approach is assumed constant), and the (3+1)-dimensional
dual of the antisymmetric-tensor field strength, which is a pseudoscalar field, the so called
KR axion. The model entails a linear-in-cosmic time KR axion background, which makes
a (remote) connection of this approach with the works of [29-31] in stringy cosmologies,
involving such configurations of stringy axions. The linear nature of the KR axion of
the StRVM is linked to the formation of a condensate of the gravitational Chern-Simons
(gCS) term in the effective action. The latter is induced by chiral primordial GW, which
are produced by a sufficiently large number of sources. The condensate leads to a linear
KR-axion (monodromy) potential, driving an RVM-type inflationary period.

Specifically, within a weak (perturbative) quantum gravity path-integral approach
of the chiral GW tensor perturbations about the expanding-universe spacetime FLRW
background, we have shown first, rather rigorously, that the real part of the gCS condensate
becomes proportional to the number of GW sources. We have proceeded, next, in evaluating
the non-trivial imaginary parts of the gCS condensate. Although in the symmetric quantum-
operator ordering such parts vanish, nonetheless in the current article we have argued
in favor of their physical significance, and therefore have evaluated them in a specific
ordering scheme we adopted here, in order to match our current findings with those
of the classical dynamical-system analysis of [6]. The latter also indicates a finite-life
time of the linear-axion-potential-induced inflation, which in our weak quantum-gravity
approach is linked to the non-trivial imaginary parts of the gCS condensate. The presence
of imaginary parts indicates metastability of the inflationary vacuum, which therefore
implies that the StRVM de-Sitter phase survives swampland criteria, consistently with the
embedding of the model into the frameworks of microscopic string theories. A careful
and detailed treatment of the spacetime boundary terms of the CS gravity model has also
been given, with the aim of ensuring that the imaginary parts of the gCS condensate are
not canceled by boundary terms. We have demonstrated that these imaginary parts are
quantum effects, being proportional to appropriate commutators of chiral tensor operators.
We have also calculated the magnitude of the vacuum expectation value (with respect to the
appropriate Bunch-Davies vacuum) of these commutators, and provided an estimate of the
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life time of the inflationary era. On requiring agreement of our results with the inflationary
phenomenology, we restricted the string scale in this StRVM framework to be of order
of one tenth of the four-dimensional (reduced) Planck mass. This result is in agreement
with the previous analysis by the authors using a dynamical-system approach to the gCS-
condensate-induced StRVM inflation, which is essentially a linear-axion (monodromy)
inflation. Notably, the real part of the gCS condensate, turns out to be independent of the
quantum-operator-ordering scheme.

An important feature of the StRVM, which we did not discuss here, but we only men-
tion it for completeness, is that the model is characterized by unconventional Leptogenesis
(and subsequent Baryogenesis) during the early radiation era [1], which is induced by the
linear-in-cosmic-time background of the KR axion. Indeed, such a background remains
undiluted during the RVM inflationary phase of the model, and is responsible for inducing
the aforementioned generation of Lepton asymmetry during the post-inflationary early
radiation era in models involving massive right-handed neutrinos (RHN), which can be
accommodated within the underlying string theories. In the presence of the KR axion back-
ground there is an asymmetric rate between the decays of the RHN into standard-model
particles and antiparticles, which leads to a lepton asymmetry, according to the mechanism
advocated in Refs. [33-36]. Such a mechanism lies in the context of the Lorentz- and CPT-
Violating Standard Model Extension (SME) [149], in an axial (constant) background field
By, which the RHN Lagrangian in the (approximately) linear-in-cosmic-time KR-axion
background resembles. As discussed in detail in [1], after leptogenesis, the cosmic rate
of the axion background b = By(T) continues to drop with the temperature T of the Uni-
verse, as the latter cools down. In this framework, the current-era value of By(Tcvmg), with
Tems = 2.7 K today’s value of the Cosmic-Microwave-Background (CMB) temperature,
lies comfortably below the current upper bounds of the respective parameters of Lorentz-
and CPT Violation in the SME framework [150].

There are several important issues that remain open in our approach. The first,
and most important, is a precise calculation of the gCS condensate in a gauge invariant
way, within a proper (non-perturbative) and gauge invariant framework of Quantum
Gravity, which is still lacking. What we have done in this and previous related works
is to demonstrate the presence of non-trivial complex condensates of gCS terms in the
context of StRVM, which have been computed only within weak GW perturbations, in a
particular gauge-fixed Lagrangian. The gauge invariance of the gCS condensate has not
been demonstrated, as this relies on the existence of the still elusive UV complete theory
of quantum gravity. Although in the case of StRVM such an UV completion is provided
by the underlying microscopic string theory, the latter contains infinite towers of stringy
massive states, whose handling is still in its infancy. The dependence of the gCS on the UV
cutoff of the low-energy effective theory obtained from strings (that is, the string scale) is a
manifestation of ignoring these massive towers, which makes the low-energy theory an
open system. It has been conjectured [130] that the imaginary parts of the condensate, we
found in our approximate, weak-quantum-graviton treatment, do indicate the open nature
of the low-energy gravitational field theory, and therefore one hopes that the metastable
nature of the StRVM inflation will survive a proper and complete string-theory treatment.

Another open issue, of less fundamental nature though, concerns the precise role of
compactification axions, which coexist in string theories with the string-model-independent
KR axions. Non-perturbative stringy effects, either due to target-space gauge instantons,
associated with the KR axions, or world-sheet instantons, pertinent to the compactification
axions, generate periodic modulations of the respective effective potential for the axions,
whose scales need to be estimated precisely in phenomenologically realistic string mod-
els. This task is far from being complete, and in fact it is not easy, due to the complexity
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and plethora of the available string models. In the current work we have adopted a phe-
nomenological approach, by means of which we estimated the pertinent non-perturbative
energy scales of the instanton-induced (multi)axion potential modulations by requiring
agreement with the inflationary phenomenology. For concreteness, we have done this in
simplified situations where only one of compactification axions was dominant. In realistic
string theories, there may be more than a single compactification axion that are dominant,
which will complicate the situation, especially from the point of view of quantifying the
enhancement of the production of primordial black holes during the inflationary era in this
framework, and the associated modifications of the profiles of GW at the early radiation
era. Related issues, such as the potential existence of intermediate matter eras in prolonged
reheating situations of the StRVM after inflation, still remain wide open, whose study is an
urgent one, given that there are in principle observable consequences of such a situation
in future GW interferometers [140,148]. In fact, in this respect we mention recent works,
related to potential experimental /observational signatures of string, or string-ispired, theo-
ries [151-153], in e.g., data from the NANOgrav-facility [154,155] and beyond, which can
be adopted to test StRVM as well.

Last, but not least in the catalogue of future research directions, is the potential role of
StRVM in providing an alleviation of the current cosmological tensions (Hubble and growth-
of-structure tensions) [20], and more general, observable deviations from ACDM in modern
eras, where an accelerated expansion of our Universe occurs, according to observations. It
must be noted that the modern era of the StRVM is still not understood fully, especially
as far as the microscopic origin of the current-era observed acceleration of the Universe is
concerned [53]. As remarked in [1], given that ordinary matter has been largely depleted
today from the energy budget of the Universe, in favor of Dark energy, it is possible that GW
perturbations resurface and dominate the current Universe (provided there is a sufficient
number of appropriate sources available in the late Universe). This may lead again to the
reappearance of a GW-induced condensate of the gCS (which had been canceled at the
end of the RVM inflation, as we have discussed above, by the then generated chiral matter
fermions). As discussed previously, in such a case, it is possible that the vacuum energy
density contains a term of O(H?), which in our case would emerge from the average term
N <5S @b, g, 1] ‘A /8 g}w> in the graviton Euler Lagrange Equation (52) corresponding
to the present ep(;c(:)h, in which H = Hy. If this turns out to be true, then a metastable
vacuum energy of approximately de-Sitter type would also characterize the current era, in
analogy to the RVM inflationary vacuum discussed in this work. Such a situation would
share features with the generic RVM approach to cosmology, which predicts observable,
in principle, deviations from the ACDM paradigm due to the dominant H3 terms in the
vacuum energy density of the present epoch [7,9,10,15-18,156,157]. This remains to be seen,
and constitutes the subject of a forthcoming work.
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Appendix A. Well Defined Variational Principle in Gravitational
Chern—Simons Theory

In this Appendix, we elaborate further on the variational principle of the Gravitational
Chern-Simons theory under the assumption of Dirichlet boundary conditions. Specifically,
in what follows we present analytically the bulk and boundary contributions in this theory,
and the necessary introduction of specific boundary terms to the action in order to have a
well defined variational principle. Although the final results may be familiar to General
Relativists, we include details here for the benefit of the average reader, as some of the
intermediate steps are non trivial.

The Chern-Simons Gravitational theory is given by the following action:

S = /,/\/l d4x[£EH + Lnatter + Eint} (Al)
where
R
Len=+\=853 (A2)
1
£mm,‘ter =TV _g(2<a]lb) (a}lb) + V<b)> (A3)
Ling = —/—8A b Rcs (A4)

with k¥ = Mljll is the inverse of the reduced Planck mass and R¢g is the Chern-Simons
topological term, defined in (7). Assuming the variation of the metric and the matter field
in the following way (weak-field approximation),z[)

Suv = guv + hyy (A5)
b— b+ b (A6)

we find the following first-order terms of the Lagrangians.’!

1 1 1 1
SLLy = V—?[—M (Raﬁ - zga/sR) h“ﬂ +v/-8 [ZKM (Vo — vﬁhz)} (A7)
1 1
ocl) =\ /—g[Ob—V'(b)]éb+ V=85 {wbvﬁb — Gup (zvybwb + V(b))} hep
— /=&Y, (5bV"D) (A8)

8L}, = \/=8(~ARcs)ob + /=g~ A b R (Rpyp — Ruppy ) | 1P
+ \/—g[—A b €pupo Raf”vvv%“ﬂ (A9)
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h;u/|a/\/l =0,

We can easily check from the above expressions that the first-order variation with
respect to the matter field yield the equation of motion for the matter field in the bulk,

Ob=V'(b) + ARcs (A10)

while giving rise also to a surface-boundary contribution to the action, which by virtue of
Gauss’ theorem reads,

5Smatter/boundary = - -/E)M dstsb Vyb (All)

with M denoting the boundary of the spacetime manifold M. Such a term trivially
vanishes under the assumption of Dirichlet boundary conditions on 0 M,

Sblapm =0 (A12)

In Equation (A7) the first term gives the Einstein-Hilbert Lagrangian contribution
to the equations of motion, through the Einstein tensor, G, = Rup — % SupR, as well as a
boundary contribution,

1
§SEH/boundury = 212 /BM dsy(vahw - V;th) (A13)

where we use the notation (A63), h = hy, for the trace of the metric perturbation. Such a

boundary contribution is non-vanishing under Dirichlet boundary conditions??,

7P”aphw\aM =0, 791‘717”‘72...'yP"”"aplapz...apnhw\aM =0, VneN. (A14)

The conditions (A14) imply that the metric perturbation has to be constant and vanish-
ing on the boundary d M. On the other hand, the normal components of the derivatives of
the metric perturbations are in principle non-vanishing, thus contributing non-trivially to
(A13). In order to cancel the boundary contribution of (A13), the Gibbons-Hawking-York
(GHY) term is introduced [160],

Senv =3 [ eIk, (A15)
where K = g""S K,p, with K, the extrinsic curvature,
Kap = 7873 Voria (A16)
and we have defined the induced metric on the spacelike or timelike boundary, dM, as:

Yap = 8ap — €NaNlg (A17)

with n* the normal on d.M, satisfying the normalization condition n“n, = € = £1. In order
to invert (A16), so as to express V1 in terms of K, 5, we make a decomposition of V1
into parallel and normal parts to the boundary d.M,?* from which we obtain,

Vang = Kup + enwgvﬁnp, (A19)

in which we see that the component induced by the normal vector has only tangential
contribution, a fact that is implied by V, (ngn*) = 0. Furthermore, the extrinsic curvature
is the tangential derivative of the normal vector,

Yo Vang = Kyp (A20)
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The GHY term is necessary in order to cancel the variation of the boundary contri-
bution (A13), leading in this way to a well defined variational principle, in the sense that
the field equations are indeed stationary points of the action, 6S = 0. We mention at
this point that such boundary terms do not affect the equations of motion in the bulk.
However, they have a crucial impact, since they give the only non-zero contribution to the
on-shell action and in this sense, they yield a non-trivial partition function, from which we
extract the physical/thermodynamic properties of the system, as in the case of black hole
thermodynamics [160]. In what follows we derive explicitly the variation of GHY term,
under the imposition of Dirichlet boundary conditions (A14). This will lay the groundwork
for the analysis of the gCS interaction term.

To this end, we first observe that, upon variation of (A15) with respect to the metric,
Suv, We obtain:

1
5Sary = KZ/aMeLﬁy(s( |’y|K) (A21)

The calculations are simplified considerably by noting that the variation of the determinant
of the induced metric to any order # in the variation, §" (\/m ), is proportional to the
perturbation, h,,, and, since it is an overall multiplicative factor to the expression, we
can ignore it from the start, under the imposition of Dirichlet boundary conditions (A14).
This implies:

1

'Sy ~ 7/ e @y /|7 'K, VYneN (A22)
K= JoMm

where, form now on, we follow the notation of [161], using the symbol “ ~" to denote

equality under the application of the Dirichlet boundary conditions (A14). The term that is

important in the above variation is the one of the extrinsic curvature scalar, 6K, given by:

6K = —h*PK,p + §"POK,p (A23)

where, 6¢*f = —h*P. From the definition of the extrinsic curvature (A16), we obtain,

6Kap = (Virhrp + AR pg) Voma + 2438 (Vom)
=1 (erhod + 9Erivs) Vor + 1878 (Vooma — meTs, ) (A24)
~7iyp (Vodny — mioTh,)
and then,
0K ~ 'yp/\ (Vpén,\ — nvérz/\) . (A25)

The variation of the normal vector is given by [162]:

oMy = gnan)‘n"hM = gnahﬁﬁ, , (A26)

with the notation (A18). Thus,

€

zﬂ/\vphﬁﬁ ’ (A27)

€
Vp(sﬂ/\ = Evp(ﬂ/\hﬁﬁ)

and then,
YPAV pomp =~ 0. (A28)

From the variation of the affine connection,

1
oy = 5 (vphx + VA~ v"hm) (A29)
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sc) —

V78~ ARcs)3b + /=g { ~ ADR{® (R — Ropp) — 24749 (bRay ) | 11t
+—g [VV (—2Abﬁwﬁﬂwwﬁ) 1 2AVH [vv (bﬁwy)h'ﬂ } .

one can easily see that
1
YPASThy = — Eymv%p A (A30)

where we neglected terms that yield tangential derivatives on the boundary. Hence, we
obtain,

1 A 1 A A 1
6K ~ Env'y"’ VVhop = 3 (nvgp —enynn )V"hM ~ —Env(vphpv —Vyh), (A31)

which we arrived at by first expanding 7} = ¢?* — enfn?, and then replacing en,nf =
5 — . Thus, we finally conclude that:

1 3
8oy = —5 5 /a |, 45" (Vo = Vuh) (A32)

which gives us back the term that exactly cancels the variation of the Einstein-Hilbert
boundary term (A13).

Next we turn our attention to Equation (A9), that is the contribution of the gCS term.
As we have already mentioned, the contribution to the matter-field equation of motion
is straightforwardly obtained. We focus on the gravitational equations of motion. Our
aim is to obtain the remaining boundary contribution, in order to see, following [160],
which boundary term is required for the CS part of the action to cancel any boundary
contribution, again aiming at establishing a well-defined variational principle under the
Dirichlet boundary conditions [161].

To this end, we first observe that Equation (A9) can be equivalently written as:

(A33)

The terms in the curly brackets contribute to the gravitational equations of motion in
the bulk, while the terms in square brackets are the boundary contributions. We concentrate
on the bulk-part first. Expanding the covariant derivatives, we obtain:

V=gl P = \/?8{ — AbR{™ (ﬁﬁVVP - ﬁwﬁ#)

—24(VH(VVb) Ruvpy + VHOV* R + bV T Ry ) PP (A34)

where we omitted the term VVbVH Kwﬁy = 0, due to the second Bianchi identity (see for
example [163]).

We next focus on the last term in the curly brackets of (A34), in order to show that it
cancels out the first one. Again, due to the second Bianchi identity, we have:

—2Abh*FVIVY Ryypy = — 2A b hyg [V, Vo ] RPH

=—2AbD htxﬁ( a/\yvﬁ/wﬁy - R/\yﬁm\ﬂ‘u + Rﬁ/\yvﬁmj/\y + R}Wﬁm/‘[ﬂ> (A35)
= =240 WP (RM Ryupy + Rg™ Rery)

where in the first line we used the fact that VVVHK““/SV = 0, and in passing from the second
to the third line we used the symmetry of the Ricci tensor, Ry, = Ryy. Using the fact that
the perturbation is symmetric, h,xﬁ =h pus We obtain,

—2Abh"‘ﬁV”VVﬁwﬁy =—-2Ab htXﬁRa/wv (ﬁ/\vﬁy + Eﬁl//\pt)

= <240 WPRI (Rpgp + Ry ) (A36)
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where the last equality has been obtained by an appropriate re-arrangement of the
dummy indices,
Now using the anti-symmetry of the Riemann tensor on its last two indices, we obtain,

—2A b WPV Ry = 24 b PR (Rypyus — Ryupyp) - (A37)

We then observe that the term inside the parenthesis on the right-hand side of (A37) is
anti-symmetric under the interchange of y <+ v, which means that only the anti-symmetric
part of the Riemann tensor in these respective indices contributes to the contraction. Thus,
we have:

—24 b RPVIV Ry = —A b PRI — R (Rpg = R ). (A38)

Using the first Bianchi identity, then, the term inside the first parenthesis on the
right-hand side of (A38) can be written as,

R — RyM = —RfM — RPF — RSP = =R, (A39)
implying that (A38) can be expressed in the form:
—2A4 b PV Ry = A b PR (Rppps — Ryupy) (A40)

We can easily see that such a term cancels the other contribution in (A34), which is
proportional to b. What remains is

V=g{... th* = \/jg{—ZA [v%(v'/b)ﬁwﬁy + VVWVEMW} }h"‘ﬁ. (A41)

Given that covariant derivatives commute when acting on scalar quantities, and taking
into account the contraction with the metric perturbation, which is symmetric in its indices,
we finally obtain,

V=gl 3 = /=g{ =AY [(V!0) (Ruupy + Rpvay )| b1 = /=g (24C5h**), (A42)

where C, is the Cotton tensor [47], defined as:

1 ~ ~
Cap = =5 V" [(V70) (Ruvpry + Rovay )| - (A43)
Hence, combining with (A7) and (A8), we arrive at the gravitational field equations of
the CS gravity [47],
Guv = TS0 + 4AK*Cpy, (A44)
where .
T = VbVgb — gup (Zvﬂbwb + V(b)> ) (A45)

is the energy-momentum tensor of the b-axion field.

We proceed next by considering the boundary contribution coming from the gCS
interaction. From (A33), in the second line, we see that the second term of the boundary
contribution trivially vanishes upon assuming Dirichlet boundary conditions (A14). As
such, the only non-trivial contribution comes from the first term, given by,

55

int /boundary — 24 /BM ds’ b Rtxvyﬁvyh“ﬁ . (A46)
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We shall now proceed in the same way as we did for the boundary contribution in the
Einstein-Hilbert action. The analogous term in order to cancel the boundary contribution
for the CS-coupling interaction given by (A46) is given by [161]:

S5 = =84 [ dy\/ln| bCS(K), (A47)

where

B

Denoting with Latin indices the tangential components, the above quantity is

CS(K) = %nas“ﬁ75KpV7K5p. (A48)

written as,

1 ..
CS(K) = Es’]kKl’-Dijl, (A49)

where D; is the covariant derivative on the boundary dM compatible with the in-
ijk

duced metric, 7y;j, where ek = n,e®P7. Using the antisymmetry of ¢/% and the Gauss-

Codazzi equation,

Rjiijk = DjKia — DiKij1, (A50)
Equation (A49) is written as,
CS(K) = ieikaleﬁjk, (A51)
or, in covariant form as,
CS(K) = jinan%“ﬁ’ﬂstﬁR"W = %n“n)‘KpﬁﬁpMﬁ. (A52)

The variation of (A47) receives non-trivial contributions only from the variation of
(A48), since the variation of the induced metric trivially vanishes under the imposition of
Dirichlet boundary conditions (A14),

5B, ~ 84 / Pyr/ |7 b6 CS(K) . (A53)

The variation of (A52) reads,
5CS(K) =~ Lt (R, . s6KPP + KPSRE A54
(K) = sn*n* (RonapdKeP + KJOR", ), (A54)

in which we omitted the variations of the normal vectors due to (A26). In order to determine
the first term, we use 0KPP ~ ¢*¢PA5K ), as well as (A24), (A27) and (A29). We find,

SKPP ~ %w‘ VBT e (A55)
For the variation of the dual of the Riemann tensor we obtain,
OR) 5 = € 5 Vulh, (A56)
in which we used the variation of the Riemann tensor,
R, 5 = VT, — V,oIY . (A57)

Then, according to (A29), we obtain,

~ 1
Ry 5" (Vi VAR + Ty Vb = 9,y ) (A58)
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Substitution of the above to (A54), yields,
1 ~
6CS(K) = 3n*n [Rorag ¥ 7P Vishyo + Kf &,y (VY + V¥l = Vi VPhy, ) |
1 - 1
~ ulao o S A B mv 0
~ 4n,XR m\n°Vshye + ann K € aﬁV”VAhV (A59)

~ Znaﬁw\‘wvaa + ZK/S‘D s’“’/\ﬁVVVAhﬁ

~ Zn“ﬁﬂwwhw.

In passing from the first to the second and then the third line in the above equation we
used the decomposition of the induced metric (A17) and the fact the Ry, = Ry = 0,
due to the anti-symmetry of the Riemann tensor, and we have ignored the double tangential
derivatives of the metric perturbations, as these terms vanish upon using the Dirichlet
boundary conditions (A14). The last line of (A59) is obtained as a result of the total anti-
symmetry of the Levi-Civita tensor, since only the commutator of the covariant derivatives
contributes, which is proportional to the metric perturbation, and as such, vanishes due to
the Dirichlet Boundary conditions (A14). The final result is then given by,

558, = 24 / e dyr /17| 1 b ROV By, (A60)

which exactly cancels (A46).
Summarizing, the complete gravitational action, with a finite boundary o.M, reads:

R 1
_ 4
S= /Md x\/—g[zﬂ — b ¥+ V (b) —AbRCS]

1 3 2
ta Y |7|(61<— 8 Ax bCS(K)), (A61)
with CS(K) given by (A48). The action (A61) admits now a well defined variational
principle under the assumption of Dirichlet boundary conditions [161].

Appendix B. Graviton Propagation at Second Order in Perturbations and
Two Scalar Modes in FLRW Spacetime

In this Appendix, we expand the Lagrangian corresponding to the action (A61) to
second order in the metric perturbations, h;,,, with the aim of obtaining the graviton
Lagrangian, and the associated propagator. First we shall deal with a general background,
and then we shall apply our findings to the specific case of a FLRW background, where we
shall show that the formalism becomes equivalent to the propagation of two scalar modes.

To this end, we first consider the Einstein Hilbert term (A2) expanded to second order
in hyy,

oL = ﬁ\/—ig E Ghz - haﬁh“ﬁ> R+ <hZh”‘ﬁ - %h hﬁv) Ry, — %vﬁhvﬂh - %hvyvm

1
+ VoV gh + VPRV + ShV y VphPT — WPV gV — Vouh™PV (A62)
—h*PV .\ Vgh + hFV VT ke — %vﬁhmvwﬁ + vahaﬁvwﬁ ,

where

h=hly = hyy g (A63)

is the trace of the graviton perturbation with respect to the background metric.
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Next, we perform partial integrations in the terms that contain second order deriva-
tives of the perturbation. Such terms can be cast in the following form

oc? = 1

1
Fiip = 72 VP —5hVPh+ BV + %hvah"‘ﬁ — BV Y — BTN R 4 BTV PR |~ 0 (A64)

which vanishes upon the imposition of the Dirichlet boundary conditions (A14), since every
contribution turns out to be proportional to the perturbation, k.

In this approach, therefore, one has to check whether there is any non-trivial boundary
contribution from the GHY term (A15) at second order in the graviton perturbation, .
We first consider the second order variation of GHY term with respect to the metric tensor,
guv, and then impose the Dirichlet boundary conditions (A14). To proceed, we remind the
reader that, any variation, and consequently the second order variation, of the determinant
of the induced metric, y,, will vanish upon considering Dirichlet boundary conditions,
yielding for the second variation of the GHY term (A15) the following form:

1
PScny = — [ dyy/lvle K (A65)

The task is to define the second variation of the extrinsic curvature scalar, i.e., vary
(A25). Then, we can determine if there is any non-trivial boundary contribution to second
order in the perturbation k. Note also that éh,,, = 0, and h#" = 5(g** gﬁi‘haﬁ) >~ 0 (under
the use of Dirichlet boundary conditions (A14)). Then, using (A23), (A24), we obtain:

K = g6y = 173 [0(Vpoma) — meTh, ] (A66)
For the first term on the right-hand side we have,
5(Vpdny) = Vyo*ny — 0T son, = Vpd*n, . (A67)

where we used the fact that the variation of the normal vector én, ~ hy,. In view of (A26),
one can easily obtain that:

(5211/\ = (5(%1‘1)\71“1’1]/]’1,\1/) = ijn/\hﬁﬁhﬁﬁ. (A68)

Then, we have,
Vod*ny ~0, (A69)

and we see that the first term on the right-hand side of (A66) vanishes,
5(Va(5nﬁ) ~0. (A70)

For the remaining term, by using the variation of the Christoffel symbol (A29), we
easily obtain,
5Ty ~0. (A71)

Collecting all the results, we therefore find that (A65) trivially vanishes,
82Scpy ~ 0, (A72)

implying that there is no boundary contribution to the action of the metric perturbations
under Dirichlet boundary conditions (A14). Thus, we are left only with a bulk contribution
coming from the remaining terms of (A62), which reads,
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5L = Kz\ﬁ{< aﬁhaﬁ>R+<mhaﬁ hhm)Rm

(A73)
+Zvﬁhvﬁh - Ev,ghv,xh“f‘ + Evﬁhmvwﬁ — %vyhaﬁvwﬁ ,

up to boundary terms, which, as shown above (cf. (A64)), vanish under Dirichlet boundary
conditions (A14).

The presence of the Ricci tensor and the scalar curvature in (A73) indicates that
the above Lagrangian can be further simplified through the equations of motion of the
background. For example, for vacuum propagation, i.e., Ry = 0, the above Lagrangian
reduces to

1
5c? =53V"38 ivﬁhvﬁh — %vﬁhvahaﬁ + %vﬁhmvwﬁ - %vwhaﬁvwﬁ : (A74)

EH,vacuum

In order to take into account the equations of motion of the background properly, it
is convenient to express the Lagrangian (A73) in terms of the Einstein tensor, Gy,. To this
end, first we write,

7vﬂhmv7hwﬁ —fR‘f\mh“’h)‘ﬁ — %RMhZhM + %Whmvﬁh“ﬁ, (A75)

up to irrelevant boundary terms, which vanish due to Dirichlet boundary conditions (A14).
The curvature terms appeared through the commutator of the covariant derivatives acting
on the metric perturbation, [Vg, V,]h*f. Secondly, we replace Rgy = Ggy + % gy R, to get,

%th — %h hPTRg, = —%hz R— %h hP1Gg,. (A76)
Combining all of the above, we obtain,
oL :41? /=G hhh — LF WGy
+ ;?F [ — fhz R— fRathﬁ + Whmv,gh“ﬁ + v,;hvﬁh
- %vﬁhvahaﬁ - Zvthvvhﬂ . (A77)

Now we consider the contribution coming from the matter Lagrangian (A3), from
which we get,

oL == g[ I VEOVPD + S <h”h"‘” th)gW(V(bH;vawwb)
Ehaﬁhﬁv“bvf‘b} : (A78)

and, when combined with (A73), yields the result of [158].>* In the same spirit as previously,
we have to express the right-hand side of (A78) in terms of the matter energy-momentum
tensor (A45) of the b field. This will help us in identifying the background equations of
motion and the remaining couplings of the metric perturbations with the matter b field. By
doing that, we obtain,
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oL

mutter

_ﬁ\ﬁ L \ﬁhhaﬁT \ﬁ[ ( —%Vybv}‘b)

- Zhﬁ‘h”‘vvvbvyb} (A79)

@b, g, 1)

Thus, it is easy to see that the background equations of motion appear when combining
(A77) and (A79), while the remaining part gives the Lagrangian when the background
equations of motion are taken into account. Combining these two results, we obtain the
action of the metric perturbations in the presence of the matter field,

1
sAb,gh)|, =75 /d”fx./ —hz R- fRAMh“’h)‘ﬁ 5V ey V ghth

0
- Zvﬁhvﬁh — Ev,ghvah“ﬁ — vahaﬁvwﬁ

K2

2
+ <V(b) - ;vybv%b> - %hfjhmvvbvyb] ) (A80)

where the subscript A = 0 denotes the absence of the CS coupling. Diffeomorphism
invariance of the theory implies the gauge transformation for the metric perturbations,

htxﬁ — hzxﬁ - V,xél; - V‘Bga . (ASl)

Due to this symmetry, we can always choose a gauge in which the redefined field,
= 1
hyv = hyv - Egyvh/ (A82)
satisfies the traversability condition, V;ﬁ”” =0,ie.,

v, = %Vyh. (A83)

However, there is a residual freedom in choosing the gauge, provided by the ¢ vectors
satisfying,
0&, + Ry &t =0, (A84)

which, when imposed, leaves the two independent degrees of freedom of the graviton.
With (A84) there are four independent conditions that can be further applied in order to
fix the gauge and identify the two independent degrees of freedom. Such a choice is the
traceless condition, i = 0, together with the vanishing of the temporal components of the

025

metric perturbation, hp, = . In the case of a minimally coupled scalar field background

the Tracelless-Transverse (TT) conditions

can in general be imposed for the graviton [164]. When such a gauge is imposed, the only
dependence on the (pseudo-) scalar field, b, comes from the last term in (A80). However,
the last condition of kg, = 0 together with a homogeneous (pseudo-) scalar field, i.e.,
b = b(t), as is the case in the FLRW background, eliminates such a direct dependence on
b(t). Hence, when the two remaining independent modes of the graviton are taken into
account, Equation (ASO) reduces to:

= 5@, h]‘ =53 / d*xy/—g [—v7 apVTH*P — fR Al (A86)

A=0
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5@ b, g 1)

A=

which is valid for FLRW background with a homogeneous (pseudo-) scalar field, b = b(t).
According to Equation (55), for the tensorial perturbations of the FLRW spacetime, (A86)
takes the following form,

SDb, g, 1] ‘A:O _ 41? / dx () (;h;jh’ff - ;akhijakhif) . (A87)

Expanding h;; to the linear polarization basis (56), in order to express (A86) with
respect to the two independent degrees of freedom, we obtain,

Gh;jh’if—;akhijakhl’f) = Y W\ (x)H\(x) = Ohp(x)"ha(x). (A88)
A=+,X

Thus, performing [165] the redefinition
ha(x) =¥a(x)/a(n) (A89)
we obtain,

14
e L[ 0¥ () A (I~ S )|, (A%)
up to an irrelevant boundary term, which vanishes upon assuming Dirichlet boundary
conditions (A14). The above action (A90) is equivalent to that of two independent scalar
fields, ¥), A = +, X, in a flat background, with a time-dependent quadratic potential,
encoding the effect of the FLRW curved background. The introduction of the gCS cou-
pling introduces derivative couplings between the cross (x) and plus (+) polarizations.
The modes decouple when transformed to the helicity basis, and the formalism is again
equivalent to that of two independent scalar modes, albeit with an anisotropic frequency
in the time-dependent quadratic potential, signifying the parity-violating nature of the
interaction of the homogeneous axionic field with Rcs.

We may now turn our focus on the term that contains the interaction with the Rcs
(A4). Since we are interested in the case of the FLRW background, and the derivation
of the action for the GW is shown in detail in the main text, we will focus here only on
the boundary terms that arose in the derivation, for which, we aim to prove that they are
vanishing, under the assumption of Dirichlet boundary conditions (A14). The latter is more
convenient to be dealt with in a covariant form, in contrast to the formalism of Fourier
expansions obtained in the main text, and this is the goal of the following considerations.
In the Einstein-Hilbert Lagrangian, combined with the GHY term, in order to have a well
defined first order variational principle, we showed explicitly that there is no boundary
contribution at second order. In the case of the axion coupling with the Rcg, we showed
that, by adding an appropriate boundary term, given in (A47) and (A48), we can indeed
have a well defined variational problem in first order. We have to examine, though, what
happens when we move to the second order of the perturbation, h;,, and see if in that
case, there is a non-trivial behavior regarding the boundary terms. By non-trivial behavior
we are actually referring to the possible existence of terms that survive after imposing the
Dirichlet boundary conditions (A14), i.e., normal derivatives of the metric perturbation.
For the variation of the boundary term of the gCS interaction given by (A47), (A48) and
(A52), we obtain:

5258, ~ —8A / Py /17| b 82CS(K) . (A91)
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The second variation of CS(K) can be expanded in the following way:
1 ~ ~ -
2 ~ A 2 (B B2
PCS(K) = sntn{26(Rorap ) 5KPP + 62 (KE )R + KFO? (R,5) } (A92)

where we used (A54). Let us examine first the term 52Kg on the right-hand side of (A92);
Taking into account that the first variation of Kg,, is given by (A24), we obtain:

52Kg ~ g5 Kyp = 7730 (Vomp) =0, (A93)

where we used (A26), (A70) and (A71). For the second variation of the dual-Riemann
tensor and the last term of (A92), we have that:

2 (P ~ oMY P
P(R5) = ey 6( V0T, (A94)
We can write the term on the right-hand side of (A94) as:
5(VudTh, ) = Vy8T%,, + 8Ty, — OT5,0Th, — 0T, 0T%,, (A95)
The second variation of the action term (A91) will thus contain terms of the form:
B -
6%S5. > /dSy |yl b n"‘n)‘Kg 5 (Rp)w(ﬁ) ~ /dBy |yl b n"‘n)‘Kp’g em‘;ﬁ 5(VV5F’;\V)
- / Ay /17| bt K g [V,62T, + 0T8T, — T, 0Th, — oT7,0T%, | (A96)
:/d3y lv| b n"‘n/\Kg 8”25 {Vyézfiv + 2(51"‘;,0(51"%}

where, we replaced (A95) in the above integrated quantity and simplified the expression,
using the total antisymmetric nature of e*"*f and the symmetry of I}, under the exchange
u < v. Using the variation of the Christoffel symbols (A29), the second term on the
right-hand side of (A96) can be written as,

1
Zn”‘n’\KﬁeyiﬁéFﬁU(SFKu ~ En"‘n’\Kpﬁew;ﬁVghﬁ(V)\hg = V7hyy) (A%7)
1
~ EKgsw;ﬁn“n)‘n7n‘5V7hﬁ(V Ahsy — Vshyy) ~ 0,

in which we omitted tangential derivatives of the metric perturbation. The last line vanishes,
since the term inside the parenthesis on the left-hand side of the last equation is anti-
symmetric under the interchange A < § and is contracted with the symmetric tensor n'n°.
On expanding the second variation of the Christoffel symbol, we obtain for the first term

on the right-hand side (last equality) of (A96):

20 hb?
0T, =— T(Vﬂl&/ + Vihsy — Vshyy)
) (A98)
+ 587 (=0T shov — OTF hsy — 0T {shop — 0T hsg — 8T oy — 6T, ) -

As such, when n®e" ﬁ(srﬁgvy acts on 6°T", only terms proportional to the metric
perturbation and terms proportional to the tangential derivative appear, implying in this
way that these terms are also vanishing under Dirichlet boundary conditions (A14). By
replacing this remaining term inside the integral, only the tangential derivative of the
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perturbation appears, i.e., n*et ]; ﬁV Vhp” which is vanishing under Dirichlet conditions, thus
leading to:

/ Py/ 1o b KE 82 (R, ) ~ 0. (A99)

We are thus left only with the first term of the right-hand side of (A92), which yields:

5255, 9/d3y lv| b n“n’\é(Kg) (S(ﬁp/mﬁ)
1
>3 /d3y lv| b n"‘n’\syiﬁ ’y«p;'yg Viih] Vyél"ﬁv

17 W AV BLS T o o _ o
- i/d yy/Ivl bt ey byl Vah] (Vi Vahl + V, Vbl =V, VPhy, ) A100)

1
~ 5 /d3y || b n"‘n/\ew;ﬁ yg'yg Vih] VY \H)
1
>3 /d3y y| b etveP 'nmﬁ Vih! V,Vh
~0,

where, in the second and third line, we substituted the expression for the respective vari-
ations, using (A24), (A56) and (A29). In the fourth line we ignored second tangential
derivatives of the perturbation since they vanish under Dirichlet conditions, and in the
final line we used the decomposition (A17) of n*n* = eg*" — ey*}, and from the con-
traction of vyv“hﬁ with e#V*f only the antisymmetric part survives, i.e., the commutator
[VH, Va} H ~ hY, which vanishes under Dirichlet boundary conditions (A14). With all
these in mind, the result for the second variation of the boundary contribution for the
CS-part of the action (A4) vanishes,

6?88, ~0. (A101)

The above results, when restricted to the TT gauge (A85) within the framework of an
expanding-Universe FLRW background in the presence of chiral GW perturbations, have
been used in Section 3, in order to develop our mean-field HF approach to the study of
the dynamics underlying the gCS condensate. In this gauge, the quadratic action (A80)
becomes independent of the b-axion field, which has important consequences on the form of
the dynamical equations (52), as discussed in the main text. This completes our discussion.

Notes

1

The StRVM is based on massless fields of the closed sector of the underlying microscopic string theories [13,14], which is
characterized by an Abelian gauge invariance of the spin-1 antisymmetric tensor (Kalb-Ramond (KR)) field By, (x) = =By, (x) —
Byy(x) +9[,0,)(x) (with [, | denoting antisymmetry in the respective spacetime indices). Hence, the corresponding gravitational
action of the StRVM depends only on the field strength Hy,,, of By,y. In the framework of brane models [24,25,27], on the other
hand, this symmetry might be broken, in which case there are other types of gravitational theories that depend explicitly on the
B-field as well, which may also acquire a mass. Such models lead to more general cosmologies, with a rich and quite interesting
structure, complementary in several aspects to that of StRVM, which have only recently started to be exploited [28].

In the absence of a non-trivial dilaton configuration, the Gauss-Bonnet quadratic curvature term of the Bosonic sector of the O ()
string-inspired gravitational effective theory [49,50] is a total derivative in (3+1)-dimensions, and plays no role in our approach.

It should be mentioned that RVM-type cosmologies arise quite naturally in quantum field theories, after integrating out
massive matter modes in the path-integral, and appropriately subtracting the corresponding Ultra-Violet (UV) divergent vacuum
contributions [15-18]. In such situations, the corresponding vacuum energy densities contain H 2 and H® (and higher order) terms,
in contrast to our StRVM, where the highest power of the vacuum energy density is H* [1,3,5,6]. Nonetheless the metastable
nature of the RVM vacuum energy is manifest in both approaches.

Our conventions and definitions used throughout this work are: signature of metric (—, +, +, +), Riemann Curvature tensor
R/\VW =dy FAW + FPW F);W — (v +» 0), Ricci tensor Ry, = RAMV, and Ricci scalar Ry, ¢#". We also work in units 7z = ¢ = 1.
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11

12

For a rather detailed discussion on the well-definiteness of the variational principle in CS gravity we refer the reader to
Appendix A.
The reader should note that, if the field b is a scalar, then the coupled axion-mixed-anomaly interaction term in the action (5)
violates CP. Par contrast, the latter symmetry is preserved in the case of a pseudoscalar b field, which will be the focus of our
interest here.
We cannot resist the temptation of noting at this point that in the action (5), the shift symmetry (11) implies that the corresponding
Noether current is given by | IP\', = d'b — A J¥, which is thus covariantly conserved on account of the b field Euler-Lagrange field
Equation (27). The presence of a gCS Rcg condensate, though, breaks this shift symmetry. Thus, although this implies a constant
rate b (30), nonetheless one does not encounter the case of Refs. [92,93] in which the exact shift symmetry of the Horndeski-like
scalar field, ¢, which exhibits a linear time dependence, leads to a primary hair for the corresponding stationary black hole
solution, provided by the ¢ constant rate.
It is worthy of mentioning at this stage that the complex nature of the composite Hirzebruch operator (53) has been noted in
passing in [89], but the authors attributed this behavior to the naive definition of the operator, implying that one should consider
the hermitian conjugate so as to eliminate the imaginary parts. Par contrast, in our approach, as we shall discuss below, we
attribute a non-trivial physical significance to the complex nature of (53), associated with the metastable nature of the quantum
StRVM vacuum.

We remark for completion at this point that, in generic torsional Einstein-Cartan [81] or teleparallel theories [110-112] (including
those with Nieh-Yan invariants [113]), there is a plethora of works addressing the observation of cosmological effects of torsion,
e.g., on dark matter, via chiral GW [114,115], some of which might be detectable at current or future interferometers [116]. Our
considerations in this work are different from those works, as they pertain to the effects of chiral GW on torsion-free CS anomaly
condensates that lead to inflation. In this latter respect, as remarked in [6], the StRVM inflationary phenomenology is similar
to the one proposed in [86,87,117] on inflationary birefringence induced by the gCS terms. Nonetheless, in view of the torsion
interpretation of the antisymmetric tensor field strength H,,,,, that characterises the underlying microscopic string theory, some
of the methods of detection of the torsional effects mentioned in those references on Einstein-Cartan torsion [81] might also be
applicable to our StRVM case. This will not be a topic discussed further here, but we may come back to it in the future.

We remark at this point that there exist similar examples of such quantum-ordering ambiguities in the framework of the Wheeler-
de-Witt equation for the wave-function of the Universe [118-120]. For concreteness, we mention below two of them. One deals
with a path-integral approach, in which these ambiguities can be related [121] to the choice of path-integral measure, and can be
fixed, for instance, by requiring invariance under field redefinitions of the three (spatial components of the) metric and the lapse
function. The other [122] studies the influence of the quantum ordering on the (non)existence of an initial singularity and the dark
energy in the Universe, pointing to different scenarios of physical interest, according to the way of fixing the ambiguities. In our
four-spacetime dimensional CS gravity case, a way of fixing the pertinent ordering ambiguities will be suggested below, based
on the necessity of having a finite duration of the inflationary era, as suggested in the classical limit by the dynamical-system
approach to the linear-axion inflation [6].
The situation may be thought of as being somewhat analogous to that encountered in the Dirac Lagrangian for spin-1/2 fermions,

which are also non-classical objects. The naively defined Lagrangian density Lr = @(z rHou — m) 1 is non-hermitian, with
the imaginary parts being associated with the total divergence of the corresponding Noether current: £p — L} = iy (@ rH 1[)) .

<~ x4
One can maintain hermiticity upon defining a particular ordering by replacing d,, by the operator 3 9y, with 9, defined as:

A é; B= A0,B— (0,A)B. Inour case, the operator on the left-hand side of (85) is proportional to the four-divergence of the
gCS topological current, and the symmetric ordering (86) may be thought of as corresponding to the specific ordering that renders
the operators in (83) and (84) hermitian.
Notice that our arguments below on estimating the life time of the inflationary vacuum are based on the study of the path-integral
partition function of GW perturbations Z in the case of a single source of GW. This suffices, because, as we discussed above,
the case of N sources can be studied by simply raising the partition function of a single source Z to the N-th power, (44),
Z N sources = ZN | Hence all the necessary information is encoded in a single-source GW path integral.
The situation is somewhat analogous to the celebrated Vafa-Witten theorem on the impossibility of the spontaneous breaking of
Parity in vector-like theories [123,124], which is based on similar energetics arguments. Nonetheless, in our case, the presence of
imaginary parts of the gCS condensate is not interpreted as implying that the formation of the condensate is not possible, but
rather that, once it is formed via GW, quantum effects destabilize it, thereby causing the RVM-inflationary vacuum to decay, with
a life time determined by these imaginary parts.

Representing the decaying vacuum of the StRVM as an open system is a concept familiar from the theory of decaying particles
with a finite width, which are represented as open quantum mechanical Lindblad systems [131,132]. There, the environment,
which the unstable particle interacts with, is provided by enlarging the original Hilbert space by states representing the decay
products. In the StRVM, as we have mentioned, the environment consists of the entire spectrum of the massive string states.
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This bound depends somewhat on the underlying cosmological model; the bounds on r in (105) refer to some important extensions
of ACDM, as considered by Planck collaboration [52].

Notice that with the + sign choice of the cosine term in the potential, there is no mass term generated for the axion b during the
inflationary phase. In StRVM such masses could be generated at post-inflationary eras, e.g., during the QCD epoch, as a result of
the anomalous coupling of the b field to the Pontryagin term involving the gluon-field strengths [2].

The pertinent equations of motion are therefore affected only very mildly by the presence of the shift-symmetry breaking periodic
modulations of the axion potential, and thus the main qualitative features of the StRVM inflation, discussed previously in the
literature [1,3,5,6], and reviewed here, including the non-dilution of the KR field at the end of inflation, remain intact. A detailed,
quantitative, discussion on the role of the potential (117) within the dynamical system approach, in the spirit of [6], will be
presented in a future publication.

We stress once again that in our model, the cosmic time dependence of the axion field b is suppressed during the entire duration
of inflation, due to the order of magnitude of the initial value |b(0)| (109). Otherwise, the parameters ¢;, i = 1,2,..., would
exhibit appreciable oscillatory behavior with time.

Note that the condition (120) is self consistent with the approximations made in the computation of €;, i = 1,2,..., in (118),
specifically the order of magnitude of €7, to which instanton corrections are subleading, of O(107°).

Here hy,, is dimensionless, and the perturbative expansion is in powers of the weak field hHV' This is to be contrasted with a
coupling-constant(x) expansion in which one considers g,y — guv + % EHV' where /1 uv has dimensions of mass.

To derive this and the following expressions, we used the “xpert” package of Mathematica. Our results are checked, and found
consistent, with classic analyses in the relevant literature [158,159] .

Notice that covariant derivatives are reduced to partial derivatives upon the application of Dirichlet boundary conditions.
Suppose that T# is a vector. Then, we can decompose,

TH = 9h TP + ent'n, T = Tﬁ‘ + 1!

where the first term denotes the parallel, while the second one the normal, component of the vector on the boundary d M. Such a
decomposition is generalized to higher-rank tensorial quantities. For example, if we have a second rank contravariant tensor T*#
we obtain:
nn 7, 7 73
TH = ntpV T 4 (—:nV')/lp’T”'O + en”’yf,pr” + 'yfj 0 L

and so on, where we introduced the notation [161],
T = n,T", (A18)

that is, when the symbol 7 is in the place of an index in a tensorial quantity, then that index is contracted with the normal vector.
We can easily see that, when an index of a tensor is contracted with the normal vector, only its normal component survives,
for example,

n, TH = en' T 4 'yZT?’P .

The reader’s attention is called to the different conventions between our work and that of [158], especially the definition of the
Ricci tensor.

In order to clarify that the conditions i = 0 and g, = 0 consist of 4 independent conditions, observe that these two conditions
are linearly dependent. When this dependence is taken into account there are 4 independent conditions, which read; g'/ hij =0
and hOi = 0, Vi = 1, 2,3.
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