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A novel technique using single-slit x-ray Fresnel diffraction has been developed to resolve μm-order
electron beam sizes at the insertion devices (IDs) of photon beam lines. The new technique is promising for
diagnostics of next-generation light sources, where a tuning of ultralow emittance at insertion devices is
essentially important to ensure the absence of the degradation of brilliance and the transverse coherence of
radiation at beam lines due to distortion of lattice functions. The validity of the method was experimentally
studied at SPring-8, and the achievable resolution is discussed.
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I. INTRODUCTION

Electron storage ring light sources have provided high
brightness photon beams at a repetition rate of the order of
MHz in the spectral range from infrared to hard x rays.
In recent years, ring-based next generation light sources
have been extensively and intensively discussed, aiming to
drastically boost the average brilliance and the transverse
coherence by orders of magnitude compared with existing
storage rings. One of the candidates is the so-called
diffraction limited storage ring (DLSR) [1], which has
an ultralow emittance of 100 pm rad or less and μm-order
source sizes at the insertion devices (IDs) of photon beam
lines. However, unwanted local distortions of betatron and
dispersion functions at any point in a DLSR may exist due
to inevitable magnetic field errors originating from mis-
alignment and fabrication errors of strong quadrupole and
sextupole magnets. Furthermore, a simple model of global
betatron coupling [2,3] driven by a single differential
resonance will no longer be applicable to a DLSR, and
local betatron coupling [4] by effects of multiresonance
lines will result in a position-dependent emittance coupling
ratio along the ring. Therefore, to maximize the perfor-
mance of the DLSR, it will be essentially important in
terms of lattice optimization to measure the beam sizes at
the source points of all IDs of the beam lines.
So far, various techniques have been developed to

measure the μm-order vertical beam sizes of the recent
medium-size third-generation light sources, which have
already obtained ultralow vertical emittance below a few
pm rad by elaborate betatron coupling correction [5,6]. As

examples, for the Swiss Light Source, a small vertical beam
size of 3.6 μm has been measured [7] by the π-polarization
imaging method [8], and for the Australian synchrotron
storage ring, a small vertical emittance of 2.6 pm rad has
been evaluated by measuring radiation spectra from a
vertical undulator [9], which can resolve a vertical emit-
tance of the order of pm rad [10]. Recently, using the
vertical undulator, even a vertical emittance of 0.9 pm rad
has been successfully observed [11]. X-ray pinhole cam-
eras (XPCs) with a resolution of less than 10 μm are also
widely used, e.g., [12,13]. An x-ray imaging method using
Fresnel zone plates (FZPs) [14,15], an interferometric
technique [16,17], and a fluctuation analysis of incoherent
synchrotron radiation [18] are also capable of resolving
sub-ten μm beam sizes. However, these methods are not
necessarily as readily applicable as they are to emittance
diagnostics at all the ID source points of the beam lines in
the DLSR. The π-polarization method and imaging by FZP
require a bending magnet source, and vertical undulators
are not universal as IDs. The interferometric technique and
the fluctuation method use visible light for measurements.
The addition of size-fixed x-ray pinholes specific for source
emittance diagnostics to the user beam lines, which limits
the apertures of the beam lines, would not be pragmatic.
The pinhole image technique using a movable slit of the
beam line requires an absolute accuracy of the narrow slit
width of several tens of micrometer to evaluate a point
spread function (PSF). Therefore, the development of a new
emittance diagnostics technique universally applicable to
all the ID beam lines is necessary to ensure that the
proposed DLSRs can be used as real working light sources.

II. THEORETICAL EXPLANATION

We have developed a novel emittance diagnostic method
based on x-ray Fresnel diffractometry (XFD). XFD
observes a double-lobed diffraction pattern that emerges
by optimizing a single slit width A under given conditions
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of distance L from a source point to the slit, distance R from
the slit to an observation point, and the observing wave-
length λ, as shown in Fig. 1. The depth of the median dip in
the double-lobed pattern correlates with the light source
size; i.e., the dip becomes shallow with the increase in
source size. The only requirement for light sources is that
the radiation should be a spherical wave with a flux
distribution wider than the slit width. Therefore, XFD is
applicable to both bending magnet sources and most types
of ID sources.
Assuming the spherical wave approximation in a one-

dimensional case for simplification, a PSF at the observa-
tion screen is expressed by the following Fresnel integral
using the parabolic approximation of the spherical phase:
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where Isðys − yeÞ is the flux intensity distribution of
radiation at the slit, ye is an electron position at the source
point, and ys and y are coordinates on the slit and the
screen, respectively. Here, we let the electron position
ye ¼ 0. Assuming a constant flux distribution at the slit, the
slit width A required to create a double-lobed PSF with the
deepest median dip is expressed as follows:

A ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
7λ

LR
Lþ R

r
: ð2Þ

This formula is derived from the condition of destructive
interference of the light contributing to the center ðy ¼ 0Þ
of the PSF, which minimizes the intensity Ið0Þ in Eq. (1).
A numerical calculation shows that Ið0Þ is minimized when
the quadratic phase variation from the slit center to both
edges (A=2 and −A=2) is about 7π=4 rather than 2π. The
coefficient given as 7 in Eq. (2) results from a phase
variation of 7π=4. The distance between two lobe peaks,
i.e., the pitch P, is given by the following formula derived
from a condition of constructive interference of the light:

P ¼ 2λ
R
A
≈ 2
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The XFD scheme requires a monochromatic x ray.
According to a numerical analysis, when the peak-to-peak
photon bandwidth is narrower than Δλ=λ ≈ 2%, the PSF
modification due to the finite bandwidth is negligibly small.
Silicon (111) is widely used as a monochromator crystal,
and generates a photon bandwidth of 10−4, which is the
sufficiently narrower than 2%.
The undulator and wiggler radiations have the light

properties required by XFD. The wavefront is well approxi-
mated by a sphericalwavewith a quadratic phase distribution
around the longitudinal light axis [19] where the slit is
placed. Furthermore, the flux of the on-axis resonant wave-
length comprises a spatial distribution with a flat top that is
wider than a slit width of several tens of micrometer [19].
When the slit width A is expanded in comparison to the
condition given by Eq. (2), different Fresnel diffraction
patterns emerge with more complicated interference fringes,
which have been used for measuring vertical beam sizes at
undulator source points [20]. However, awider slit can create
non-negligible effects of angular divergence of the electron
beamon the observed diffraction pattern due to contributions
of the outer side of the flat top regionwhere Isðys − yeÞ is not
constant. Therefore, we hold that the simpler double-lobed
pattern obtained with the narrower slit is preferable.

III. NUMERICAL EXAMPLE FOR SOURCE SIZE
MEASUREMENTS AT DLSR

We simulated the source size measurement using XFD at
a DLSR beam line, assuming a distance of L ¼ 25 m from
the source to the slit, R ¼ 25 m from the slit to the screen,
and an x-ray energy of 40 keV. From Eq. (2), the optimized
slit width under these conditions is 52 μm. Figure 2 shows
the calculated PSF assuming a constant Isðys − yeÞ and its
convolution with Gaussian-distributed sources. The peak-
to-valley intensity ratio Iv=Ip of the median dip exhibits a
high sensitivity to μm-order changes in the root mean
square (rms) source size of less than 10 μm, corresponding

FIG. 1. A schematic for the source size measurement of an ID
using XFD.

FIG. 2. The calculated PSF and its convolution with Gaussian-
distributed sources having sizes from 3 to 11 μm (rms), assuming
vertical source size measurements using XFD with an x-ray
energy of 40 keV at DLSR beam lines.
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to vertical electron beam sizes at the ID source points,
where a vertical emittance from 10 to 20 pm rad and a
vertical betatron function of several meters are assumed.
Sensitivity curves, given by the ratio Iv=Ip as a function of
the source size, are shown in Fig. 3 for x-ray energies of 40,
16, and 7.2 keV, where the slit width is optimized for each
x-ray energy. The observing x-ray energy can be tuned by a
beam line monochromator depending on the range of the
measuring source sizes. XFD using a photon energy of
7.2 keV is also applicable to the measurement of horizontal
source sizes of about 20 μm corresponding to an ultralow
horizontal emittance of about 100 pm rad of a DLSR.

IV. EXPERIMENTAL STUDY

A. Demonstration of XFD

We demonstrated source size measurement using XFD at
the SPring-8 diagnostics beam line (BL05SS) [21] with a
planar undulator (ID05) [22]. The slit to form the diffraction
pattern is located at a distance of L ¼ 26.8 m from the
source point, and the observation point at a distance of
R ¼ 65.4 m from the slit. The double-lobed patterns were
observed using a high-resolution x-ray imaging system
(HAMAMATSU), which comprises a P43 fluorescent
screen, imaging optics, and a CCD camera. The resolution
of the imaging systemwas calibrated by the sharpness of the
observed edge of a 0.5-mm diameter stainless steel wire
placed in front of the imaging system. The calibrated
resolution of 16.6 μm (rms) is scaled to 6.8 μm (rms) at
the source point owing to division by the magnification
factorR=L. The exposure time of the CCD camerawas set at
a minimum of 1 ms to reduce the influence of the vibration
of the cryogenically cooled monochromator crystals at a
distance of r ¼ 22.7 m upstream of the observation point.
The angular fluctuation of the monochromatic x-ray beam
caused by the vibration during the exposure was evaluated
to be typically 0.3 μrad (rms) by measuring the x-ray beam
position every 0.1 ms using an existing turn-by-turn profile

monitor [23] with a fast CCD camera. It corresponds to an
equivalent source oscillation of 3 μm (rms) obtained by
dividing the position fluctuation (0.3r μm) at the observa-
tion point by themagnification factorR=L. AnX-ray energy
of 7.2 keV for the first harmonic radiation was selected by
the monochromator. The x-ray energy was fine-tuned to
7.167 keV within the spectrum band width of the harmonic
radiation to maximize the flat top width of the vertical flux
distribution observed with the slit fully opened. Since the
optimized slit width given by Eq. (2) assumes a constant
flux, the slit must be positioned in the flat top region. Owing
to the maximization of the flat top width, we can obtain a
wider acceptable range of slit positioning. Furthermore, if
the flat top part of the flux distribution deviates from the slit
due to the drift and fluctuation of the light axis, an unwanted
asymmetric diffraction pattern can emerge. The wider flat
top can broaden the tolerable range of the deviation. The
experimentally adjusted vertical slit width found to provide
the deepest median dip in the observed pattern was con-
sistent with the theoretical width of 150 μm from Eq. (2).
A horizontal slit of 200 μmwas also empirically adjusted to
produce the deepest dip for minimizing the peak-to-valley
contrast degradation of the vertical PSF due to off-axis
radiations with narrower or no flat top deriving from the
horizontal emittance (2.4 nm rad) of the current SPring-8
storage ring. Here, note that in a DLSR with an ultralow
horizontal emittance, the effect of the off-axis radiations
resulting in PSF blurring will be negligibly small.
To confirm that XFD has a sensitivity to changes in the ID

source size, the double-lobed diffraction patterns were
observed for various vertical emittance conditions. For this
purpose, we turned on and off the skew quadrupole magnets
for the betatron coupling correction, and moved the oper-
ation point of the ring toward a differential coupling
resonance line by changing the horizontal betatron tunes
νx from 41.133 to 41.361 with the vertical betatron tune νy
fixed to 19.34. Figure 4 shows four examples of the
observed Fresnel diffraction images. The double-lobed
structures are clearly observed in the vertical direction;
however, they are smeared in the horizontal direction due to
the large horizontal emittance. The normalized vertical line-
projected profiles of the four two-dimensional (2D) images
are depicted in Fig. 5. The profiles (a) and (b) in Fig. 5 show

FIG. 3. Sensitivity curves calculated at observing x-ray
energies of 40, 16, and 7.2 keV.

FIG. 4. Examples of the double-lobed diffraction images
observed by changing betatron coupling conditions.
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the diffraction patterns with and without the coupling
correction by the skew quadrupole magnets at the operation
point where the effect of the coupling resonance line is
negligible. The observed dip with the correction is clearly
deeper than that without the correction. The diffraction
patterns (b), (c), and (d) in Fig. 5 obtained with the skew
quads switched-off, reflect the difference of the distance
from the resonance line, i.e., the fractional part of jνx − νyj.
The observed dip becomes less deeper with the growth of
the betatron coupling as the operation point gets closer to the
resonance line.
To evaluate the vertical beam sizes at ID05 from the

observed vertical profiles, the vertical PSF of this exper-
imental setup is needed. For a strict PSF calculation, we
have to consider the effects of the horizontal emittance ϵx
and the relative energy spread σE=E of the electron beam.
Each electron in the beam creates a different flux distri-
bution depending on the off-axis and off-resonant con-
ditions arising from ϵx and σE=E, which results in a
different shape of the PSF. In the calculation of the PSF
required to evaluate the vertical beam sizes from the
measured double-lobed diffraction patterns, we have to
average the shape of the PSF of each electron over the
horizontal emittance and the energy spread. The calculation
of Eq. (1) considering only the Isðys − yeÞ for an on-axis
and on-resonant single electron, which is shown in Fig. 6
by the blue curve, dose not lead to the accurate PSF. We
calculated the vertical PSF strictly by folding the horizontal
emittance ϵx ¼ 2.4 nm rad and the energy spread σE=E ¼
0.11% of the SPring-8 storage ring. A practical alternative
to the strict PSF by the rigorous treatment described above
is an effective PSF calculated by Eq. (1) using a flux
distribution Isðys − yeÞ measured experimentally with the

slit fully opened in the vertical, as shown by the red
distribution in Fig. 6. The strict and effective PSFs are
shown in Fig. 7. The two vertical PSFs create a systematic
discrepancy of about 5% for 10 μm (rms) in the evaluated
beam sizes. The discrepancy is small and practically not
so critical.
Using the strictly calculated PSF by folding ϵx and σE=E

(Fig. 7), the vertical beam sizes were evaluated by fitting
Gaussian source distributions convolved with the PSF to
the measured line-projected profiles in Fig. 5. The fitted
function fðyÞ is expressed as

fðyÞ ¼ C
Z

∞

−∞
Iðy; yeÞ exp

�
−

ðye − y0Þ2
2ðσ2y;e þ σ2resÞ

�
dye; ð4Þ

FIG. 5. Normalized vertical line-projected profiles (dots) of the
four 2D images given in Fig. 4 and their fitted curves (solid lines)
by Gaussian source distributions convolved with the PSF.
The red, blue, green, and black colors correspond to (a), (b),
(c), and (d) in Fig. 4, respectively.

FIG. 6. The normalized vertical flux distributions at 7.167 keV
on the first harmonic of ID05. Blue and red lines show the
calculation of radiation from a single electron with on-axis and
on-resonant condition, and the experimental measurement with
the vertical slit fully opened, respectively.

FIG. 7. Two calculated vertical PSFs. The red line shows the
effective PSF using the measured flux distribution as Isðys − yeÞ.
Green circles show the strict PSF folding the contributions of
the off-axis and off-resonant radiations from ϵx ¼ 2.4 nm rad
and σE=E ¼ 0.11%.
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where the free parameters are the normalization factor C,
center position y0, and vertical electron beam size σy;e. The
imaging system resolution σres is 6.8 μm (rms), as men-
tioned above. The smallest among the best-fitted beam
sizes is 7.8 μm (rms) for the deepest diffraction pattern
shown by (a) in Fig. 5. Therefore, a light source size at an
ID smaller than 10 μm was successfully resolved by XFD.

B. Experimental validation of XFD

To experimentally verify the validity of XFD, we
measured the vertical beam sizes at the ID05 source point
while changing the vertical emittance systematically. The
vertical beam size σy is expressed by the following formula:

σy ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βyðϵy;c þ ϵy;radÞ þ

�
ηy;s

σE
E

�
2

s
; ð5Þ

where βy and ηy;s are the betatron function and the
dispersion at the source point in the vertical direction,
respectively. The parameters ϵy;c and ϵy;rad are the projected
vertical emittances arising from the X-Y betatron coupling
and the radiation excitation induced by the vertical dis-
persions ηy along the ring [24], respectively. To change
ϵy;rad, the vertical dispersions were systematically induced
by exciting the skew quadrupole magnets under the
constraint of the constant driving term of the linear
coupling resonance, i.e., keeping the parameter ϵy;c con-
stant [25]. Figure 8 shows the vertical dispersion distribu-
tions measured using the beam position monitors (BPMs)
located along the ring.
For each set of the dispersion distribution, the vertical

beam sizes at the ID05 source point were measured by
XFD. For comparison, we also simultaneously measured
vertical beam sizes using two other existing beam size
monitors with separate bending magnet sources (38B2 and
47B2): the x-ray beam imager (XBI) [15] by a Fresnel zone
plate at 38B2 and the 2D-interferometric technique
(2D-Int) [17] by a diffraction mask with four circular
apertures instead of a double slit at 47B2. Figure 9 shows
the measured vertical beam sizes at the three source points.
The error bars showing the statistical errors (1σ) are

comparable with the symbol size. In the XFD measure-
ment, the strict PSF folding ϵx and σE=E shown in Fig. 7
was used to evaluate the beam sizes. The abscissa of Fig. 9

represents the rms values
ffiffiffiffiffiffiffiffi
hη2yi

q
of the vertical dispersion

distributions measured by the BPMs. The ordinate only
indicates the contribution of the vertical emittance,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2y − ðηy;s σEE Þ2

q
, subtracting the contribution of σE=E ¼

0.11% from the measured vertical beam sizes, where the
vertical dispersions at each source point were interpolated
using transfer matrices from the measured dispersions
at two BPMs adjacent to the sources. The following
theoretical model function is fitted to these experimental
data sets for the three source points:

fðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
βyðϵy;c þDx2Þ

q
; ð6Þ

where x ¼
ffiffiffiffiffiffiffiffi
hη2yi

q
. The vertical emittance ϵy;rad is approx-

imately expressed by the second termDhη2yi [25] (see Fig. 11
in the Appendix). The parameter D is independent of the
source positions. The parameter ϵy;c can be different at the
three source points. Therefore,we have four free parameters:
a common parameterD and ϵy;c for each source. Thevertical
betatron functions βy are fixed parameters of 4.88m, 30.9m,
and 31.9 m at the ID05, 38B2, and 47B2 sources, respec-
tively, which are calculated values considering normal and
skew quadruple magnetic field errors evaluated using a
response matrix analysis [26]. The best-fitted results of the
four parameters are listed in Table I.
The experimental results obtained by XFD, XBI, and

2D-Int were well fitted by the theoretical curves with the
common coefficient D. To examine the validity of the
obtained value of the D, we calculated the parameter D

FIG. 8. Vertical dispersion distributions induced by the skew
quadrupole magnets, measured by the BPMs.

FIG. 9. Results of simultaneous measurements using XFD,
XBI, and 2D-Int at three different source points: ID05, 38B2, and
47B2. Solid lines show the best-fitted curves to each data set.
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theoretically for the current SPring-8 storage ring. The
value of D experimentally determined (Table I) is in good
agreement with the calculated value of 0.235 pm rad=mm2

(see Appendix for details). We note that the deviations
of the XFD results from the theoretical fitted curve are
practically small, residing within 1.5 μm, nonetheless
larger than a typical statistical error of 0.26 μm (1σ).
We are planning to further investigate the possibility of
residual systematic errors as a cause of the practically small
but statistically significant deviations. Other possibilities,
for example, the assumption of the preservation of the
constant betatron coupling during the experiments would
be examined.
To examine the different values of ϵy;c obtained for the

three sources (Table I), we simulated the equilibrium
vertical emittance at each source point under the condition
of the minimum rms vertical dispersion (1.56 mm) corre-
sponding to the leftmost data point in Fig. 9, where the
vertical emittance is dominated by the betatron coupling.
The theoretical vertical emittances (shown in Table II) were
obtained by tracking 1000 particles using a six-dimensional
symplectic tracking code with differential algebra
(CETRA) [27], considering the magnetic field errors
evaluated by the response matrix analysis as mentioned
above. The corresponding experimental vertical emittances
evaluated from the measured beam sizes (leftmost point in
Fig. 9) are also given in Table II. The experimental results
indicate a similar tendency with the theoretical simulation
with respect to the relative magnitudes among the three
sources, the maximum value being about three times larger
than the minimum. We deduce that the differences of the
vertical emittances among the three sources is owing to the
influence of local betatron coupling [4] resulting in a
position-dependent X-Y emittance coupling ratio along
the ring.
The ID source size measurements by XFD while

systematically controlling the vertical emittance are con-
sistent with the theoretical simulation. The validity of
XFD has been experimentally verified, and successfully

demonstrating that XFD is a well-workable method for
emittance diagnostics of a ID source point.

V. RESOLUTION OF XFD COMPARED WITH XPC

The experiments conducted at SPring-8 have shown that
XFD is sensitive to changes in the beam size at the ID
source point. If a higher x-ray energy, such as 40 keV
shown in Fig. 2, is selected, XFD would enable the
measurement of a source size of a few micrometers.
Furthermore, the XFD has the potential to obtain higher
sensitivity to source sizes of about 1 μm (rms) by placing
the slit at a shorter distance of several meters from a source
point as with an XPC. In the usual XPC, the pinhole is
placed as close to the source as possible to obtain high
sensitivity with a resolution of several micrometers, and the
magnification factor is greater than one [12,13]. For
example, in the case of L ¼ 3 m from the source to the
pinhole (slit), R ¼ 9 m from the pinhole (slit) to the screen,
and an x-ray energy of 40 keV, we compare the resolution
of XFD with that of an XPC. The optimized pinhole size of
an XPC is given by the following formula based on
calculation of the Fresnel diffraction [13]:

TABLE I. The best-fitted results of the common coefficient D
and ϵy;c at the three source points: ID05, 38B2, and 47B2.

D (pm rad=mm2) ϵy;c (pm rad)

ID05 (XFD) 38B2 (XBI) 47B2 (2D-Int)
0.235 24.0 15.0 5.88

TABLE II. Evaluated vertical emittances ϵy under the condition
of the minimum rms vertical dispersion (1.56 mm).

Source Monitor Simulation (pm rad) Experiment (pm rad)

ID05 XFD 18.2 18.6� 0.6
38B2 XBI 10.8 16.0� 0.3
47B2 2D-Int 7.48 7.52� 0.13

FIG. 10. PSFs and their convolutions with Gaussian-distributed
sources of rms sizes from 1 to 3 μm for (a) XFD with a slit width
of 22 μm and (b) XPC with a pinhole size of 13 μm.
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A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8λ

π

LR
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In both cases, the PSFs and their convolutions with
Gaussian-distributed sources are calculated for the opti-
mized slit and pinhole sizes of 22 μm for XFD and 13 μm
for XPC. As shown in Fig. 10, when the source size is 1 μm
(rms), in the case of XFD, the bottom intensity of the dip
increases by 26% compared with that in the case of the PSF.
On the other hand, in XPC, the full width at half maximum
(FWHM) of the convoluted pattern broadens by 8%
compared with that in the PSF. The increase of the bottom
intensity in XFD with the source size is more remarkable
than the broadening of the FWHM width in XPC.
Therefore, we can see that XFD has a higher sensitivity
to changes in μm-order source sizes than the case of XPC,
and the example given in Fig. 10(a) indicates that XFD can
resolve source sizes even less than 1 μm (rms). Observation
of the double-lobed pattern with a small pitch of about
30 μm as shown in Fig. 10(a) requires an imaging with a
high optical resolution. It will be possible by the use of a
thin fluorescent screen of less than 10 μm to avoid blurring
on the screen and a visible light imaging optics with a
magnification factor of 2–3.

VI. CONCLUSION

We have newly developed x-ray Fresnel diffractometry
(XFD) for ultralow emittance diagnostics at ID source
points of photon beam lines. The new technique is available
at typical beam lines equipped with a 4-jaw slit and a
monochromator, and useful for optimizing storage ring
lattice functions to maximize the brilliance and the trans-
verse coherence at each photon beam line. Furthermore,
XFD with an optimized aperture close to the source point
has the potential to resolve beam sizes of less than 1 μm.
XFD is a promising emittance diagnostic method to
maximize the performance of ring-based next-generation
light sources.
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APPENDIX: VERTICAL EMITTANCE INDUCED
BY VERTICAL DISPERSION

The vertical emittance arising from radiation excitation
induced by vertical dispersion is expressed by the following
formulas [28]:

ϵy;rad ¼ Cqγ
2

H ðHy=ρ3Þds
Jy

H ð1=ρ2Þds ; ðA1Þ

Hy ¼
1

βy

�
ηy

2 þ
�
βyη

0
y −

1

2
β0yηy

	
2
�
; ðA2Þ

whereCq ¼ 3.83 × 10−13 m, γ is the Lorentz factor, ρ is the
dipole bending radius, and Jy ≈ 1 is the vertical damping
partition number. The vertical emittances ϵy;rad correspond-
ing to each vertical dispersion distribution in Fig. 8 were
calculated using Eqs. (A1) and (A2). The betatron function
βy, the dispersion ηy in the vertical direction, and their
derivatives β0y and η0y were calculated by considering the
magnetic error fields and the excited skew quadrupole
magnetic fields, as mentioned above. As shown in Fig. 11,
the emittance is approximately proportional to the square
of the rms of the dispersion distribution along the ring,
where the rms values were obtained using the calculated
dispersions at the BPM positions. We obtained the coef-
ficient D ¼ 0.235 pm rad=mm2 using a linear fitting.
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