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Lattice Evidence that Scalar Glueballs Are Small
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This Letter reports the first calculation of the gravitational form factors (GFFs) of the scalar glueball,
performed via lattice field theory in Yang-Mills theory at a single lattice spacing. The glueball GFFs are
compared with those of other hadrons as determined in previous lattice calculations, providing strong
indications that glueballs have a different gluonic structure than typical hadronic states. A mass radius of
0.263(31) fm is predicted, supporting previous suggestions that the scalar glueball is significantly smaller

than other hadrons.
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Introduction—Since the inception of quantum chromo-
dynamics (QCD) [1], glueballs have been postulated as
hadronic states with purely gluonic degrees of freedom.
Decades of experiments in hadron spectroscopy have
collected experimental glueball candidates with a variety
of allowed quantum numbers, e.g., J°¢ = 0++, 07, 17,
1*t=,17=,2%*, etc. [2-7]. Lattice calculations of hadronic
resonances provide valuable guidance toward the
identification of putative glueball states [8—14]—see
Refs. [15,16] for a review. However, identifying observed
hadrons as glueballs or glueball-like states based on
spectroscopy remains challenging due to the mixing of
hadrons with the same quantum numbers [17,18].

Beyond the spectrum, information about the internal
structure of hadrons may provide an additional pathway for
classification of observed states as glueball-like or non-
glueball objects. For example, features such as the momen-
tum fraction carried by gluons may be qualitatively
different for glueball and nonglueball states, and could
serve as evidence of a hadron having predominantly
gluonic degrees of freedom. The size of glueballs, which
can be defined in various ways, can serve as another way to
distinguish them from typical hadrons; model studies
[19-21] have speculated that the scalar glueball might
be more compact than the Agcp scale that is thought to
define the size of more typical hadrons. This was supported

“Contact author: dpefkou@berkeley.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

0031-9007/26/136(4)/041901(8)

041901-1

by early lattice studies which, however, relied on smearing
arguments [22] or a model-dependent Bethe-Salpeter
approach to define the radius [23,24], or were performed
in SU(2) Yang-Mills theory [25,26]. The typical scales
found, around 0.2 fm, are also significantly smaller than the
radius of the 6 meson, which is the lightest resonance with
the same quantum numbers, as predicted from a dispersive
analysis [27].

The gravitational form factors (GFFs) of hadrons
encode the gluon momentum fraction and distribution of
quantities like the energy inside hadrons [28], offering a
robust way to define their size through, e.g., their mass
radius, defined from the root mean square of the energy
density. The GFFs are defined from the matrix elements of
the energy-momentum tensor (EMT) T* of QCD [28-31].
Lattice QCD provides a tool to determine these matrix
elements, and thus the glueball GFFs. While previous
pioneering work [25,26,32] has investigated glueball
matrix elements using lattice field theory, the GFFs of
glueballs have not been previously constrained.

This Letter presents a first step toward quantitative
studies of glueball structure through a calculation of the
GFFs of the lowest-lying scalar glueball state (see Ref. [33]
for preliminary results of this Letter) denoted as G[0* "], in
SU(3) Yang-Mills theory. In a pure gauge theory, the
EMT is purely gluonic, defined as T+ = 2Tr[—FoF*+
19" F%F 5], where F* is the gluon field strength tensor.
The EMT matrix element for the scalar glueball can be
decomposed in terms of two GFFs, A(f) and D(r) [34-36]:

(G[OT](p)IT™(G[07](p))
AFAY — gyuAZ b

= 2PHPYA(T) + 5

(1), (1)
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where the four-momenta of the incoming and outgoing
states are denoted p and p’, P = (p + p')/2, A= p' - p,
and ¢ = A%, Note that A(0) = 1 follows from the momen-
tum sum rule [35], while the D-term, D(0), is an uncon-
strained and previously unknown quantity.
Methodology—Calculations are performed using a single
pure-gauge ensemble defined by the SU(3) Wilson gauge
action with = 5.95. This results in @ = 0.098 fm, using
the Sommer parameter to set the scale [37,38]. The lattice
geometry is L3 x T =243 x 48. Calculations are per-
formed using O(107) configurations generated using
O(10°) independent streams of heatbath with overrelax-
ation [39-43], which were saved every 25 heatbath hits.
Two-point correlation functions are constructed on each
configuration using two interpolating operators,

ZReTr

M#u

ZReTr (2)

ﬂ#u

where u,v € {x,y, z}. Here, U%, is an n x n Wilson loop
which extends in the y and v dlrectlons constructed from
links stout smeared [44] by 3 steps in the spatial directions
only. It is convenient to define vacuum-subtracted operators
of definite three-momentum p as

=Y e - ax ). ()

The positive-parity 07+ glueball is the lowest-energy state
excited by these operators; the summations over yu, v in
Eq. (2) project to the AT (rest frame) or A; (moving frames)
irreducible representations (irreps) of the finite-volume
symmetry group, while taking the real part projects to
positive charge conjugation quantum numbers. These irreps
have maximal overlap with the scalar glueball; however,
depending on the momentum frame, the spectrum may also
include heavier glueballs with other quantum numbers,
e.g., tensor or pseudoscalar glueballs, or multiglueball or
higher-lying ditorelon states [45]. Note that in QCD, as
opposed to Yang-Mills theory as studied here, the situation
is far more complicated because of mixing between glue-
ball and mesonic operators [17,18].

The spectrum of glueball states is constrained via the
generalized eigenvalue problem (GEVP) method [46-52].
The GEVP is applied to the 2 x 2 matrix of momentum-
projected two-point functions averaged over all time slices:

CZpt p. Z(Z (p. 1+ 10)x;(p. 19)T) 4)

for all |p|> < 6(27/L)? on 200 bootstrap ensembles after
binning the O(107) configurations into groups of 1000

consecutive configurations. Averaging over equivalent
momenta yields two-point functions for the seven distinct
2; analyzing them in a “fixed pivot” [46—48] mode with
to = 1 and diagonalization time t; = 3 gives seven sets of
weights w;;(|p[*) used to construct optimized ground-state
interpolating operators:

1) = wollpP)i(p.1). (5)

These are used to construct two-point correlation functions
as

C(z)ﬂ’i (p, 1) Z()(o p.t+ fo)xo(p. 1))

:ZWO,-UpI )CiT (. )i (). (6)

For each |p|?, the generalized eigenvalue problem is then
solved to extract the ground state, which is identified as the
scalar glueball. Figures showing examples of the two-point
correlation functions, and the corresponding analysis, are
included in [53].

The matrix elements defined in Eq. (1) are obtained by
using GEVP-optimized interpolating operators y, to com-
pute vacuum-subtracted three-point functions [49]

ngin(p/a A7 tsa T)

- %ZO(O(PC ty + 1) Tre (A T+ 10)x0(p'. 19)")  (7)

for |A|> <10(2z/L)?* and |p’|*> < 6(2x/L)*. Ty, denotes
the vacuum-subtracted gluon EMT projected to the £ row
of the hypercubic group irreps [59] R &€ {1(13),1g6)}. The
individual EMT components are computed using the clover
definition of the gluon field strength tensor, constructed
using gluon links that have been acted on with two or three
steps of stout smearing [44]. The two- and three-point
correlation functions are then combined into ratios:

Ro++ me(P' AL L,,7)

3
Cl s (P A1,.7)

M (p'.1y)

C (p.t,—7) Cﬁ‘ii (p'.1) G (p'.7)
ngi (p'.t,—1) Co++ (p.ty) Cégi (p.7)
(Glo*](p")|[T"|G[0](p))

2\/E Ey ’
Ratios with choices of momenta, R, and # that result in the
same linear combination of GFFs as defined in Eq. (1) are

(8)

7,t,—7>3>0
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Comparison of the ¢ dependence of the G[0" "] glueball GFFs in Yang-Mills theory obtained in this Letter, and the gluon GFFs

of four other hadrons—the pion, p meson, nucleon, and A baryon, indicated with their J P quantum numbers—obtained in a N, = 241

lattice QCD calculation with m, ~450 MeV [72].

averaged. These averaged ratios are fit to extract the ground-
state contribution. The fitting procedure is cross checked
against recent generalizations of the Lanczos method
[60-63], which provides statistically compatible results.
Additional details, which closely follow previous lattice
QCD studies of GFFs, e.g., Refs. [64-69], and figures
showing the results of each analysis step, are given in [53].

Finally, the GFFs A(¢) and D(t) are obtained by first
grouping the fit results for the averaged ratios Ry++ . for
each irrep R separately into 14 bins using k means
clustering [70] on the momentum transfer squared
t = A2, then solving the overconstrained systems of linear
equations dictated by Eq. (1) to obtain the bare GFFs Ay, (1)
and Dy, (1) for each irrep and bin. They can be renormalized
by imposing the sum rule A(0) = 1. The renormalization
factors 1/A%™(0) are obtained from a fit of an n-pole
model a/(1 — 1/A?)" to the bare GFF Ag(f); a and A are
fitted parameters, and @ = A%™(0). The bare GFFs in each
momentum bin for each irrep are then multiplied by the
renormalization factors, and then averaged together.
Subsequently, the final results are obtained from a fit to
the n-pole form, with a set to 1 to enforce A(0) = 1. Various
analysis choices do not affect the results, as shown in [53].
Specifically, the choices n € {1, 2, 3} yield consistent values
for the GFFs; in the main text n = 3. Similarly, separate
analyses using the bare three-point functions with two and
three steps of stout smearing are consistent; in the main text
two steps of stout smearing are used, as the n pole fits to this
data have a significantly larger p value.

Results—Figure 1 shows A(f) and D(z) of the 0"
glueball determined in this Letter. Also shown for com-
parison are the gluon GFFs, up to a factor [71] of A(0), of
four hadrons with quantum numbers J* =0, 17, 1/2%,
and 3/2%, corresponding to the pion, p meson, nucleon,
and A baryon, computed using a single lattice QCD

ensemble with Ny =2+ 1 clover-improved dynamical
quark flavors, a~0.12 fm, and m, ~450 MeV [72].
While the present calculation is undertaken in Yang-
Mills theory, this qualitative comparison may nevertheless
yield interesting conclusions; a quenched calculation of the
gluon GFFs of a pseudoscalar meson state with valence
quark masses tuned such that the hadron mass matches
that of Ref. [72] (shown in [53]) is consistent with the
QCD results for the pion shown in Fig. 1, indicating that
quenching has a negligible effect on these quantities at the
level of uncertainties of this calculation. The glueball A(¢)
form factor decays more slowly than that of the pion,
corresponding to a smaller mass radius contribution. The
same is observed in the respective D form factor, although
the statistical uncertainty of D(7) is larger for the glueball
[73]. Naturally the situation in QCD will be somewhat
more complicated; as noted previously, the scalar glueball
in QCD is expected to mix substantially with other
hadronic states [74—83].

Figure 2 shows a comparison of the results of this Letter
with the fotal GFFs of the pion [65] and the nucleon [64],
computed using an ensemble with the same action as in
Ref. [72] but smaller lattice spacing a ~0.091 fm and
closer to the physical point with m, ~ 170 MeV. Since this
comparison shows total GFFs, no division by A(0) is
necessary. The same qualitative conclusions are drawn; the
glueball GFFs decay more slowly than those of the other
hadrons, implying a smaller radius.

To carefully assess the radii comparison, we consider the
root mean square radius of the energy density of the
glueball in the Breit frame, also known as the mass radius.
It is [30,84]

, 1 [6dA(t) 3

o 4m?

= (4©0)+2D(0)|.  (9)

I%

mass,BF — A(O)
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FIG. 2. Comparison between the G[0""] glueball GFFs in Yang-Mills theory obtained in this Letter, the total GFFs of the nucleon
(using dipole fits) and the pion (using monopole fits) obtained with an Ny =2 + 1 QCD ensemble with m, = 170 MeV [64,65].

and is found to be 0.263(31) fm. This is remarkably small,
and close to older lattice QCD and Bethe-Salpeter ampli-
tude findings, which estimated the size of the scalar
glueball to be in the range 0.1 — 0.3 fm [19,20,22-24]
by analyzing its (Bethe-Salpeter) wave function. This
supports the view that the scalar glueball size is set by
short-range gluon interactions (e.g., instanton-induced
forces [19,20]) and not the confinement scale of QCD. It
is also smaller than a dispersive prediction of the scalar
radius of the ¢ meson [27], suggesting that the scalar
glueball is the most compact state in that channel, though
the absence of the ¢ in Yang-Mills could itself be
contributing to the smallness [85].

Figure 3 shows a comparison of this quantity with the
results of the n-pole fits of Refs. [64,72] for the other
hadron states [86,87]. Note that other than for the pion, the
BF mass radius of the rest of the hadrons depends on
additional GFFs besides A(¢) and D(r) [30,95-97], and
their contribution is included in the radii values of Fig. 3
[98]. The scalar glueball radius is considerably smaller than
that of the other hadrons.

Conclusion—These results constitute the first investiga-
tion of the internal structure of glueballs in an SU(3) lattice
gauge theory, marking a promising advance in the under-
standing of the internal structure of potential glueball-like
hadrons in nature.

While the calculation is undertaken in Yang-Mills theory
instead of QCD, comparison with (quenched and full) QCD
calculations of the (gluon and total) GFFs of other hadrons
provides the first indication that glueballs may have a
different gluonic structure than more typical hadronic
states; specifically, the A(¢#) GFF decays more slowly,
corresponding to a smaller gluonic radius. This observa-
tion, if it is maintained in future QCD calculations of
glueball GFFs, in particular once mixing between glueball
and hadronic states is accounted for in that setting, might

open the potential for future identification of glueball states
directly via their gluon structure.

It would also be interesting to repeat this study with other
glueball states in Yang-Mills theory, for instance with pseu-
doscalar or tensor quantum numbers. Notably, early lattice
QCD studies based on wave function analyses suggested that
the tensor glueball has a significantly larger radius than the
scalar [22-24]. Future calculations could benefit from recent
multi-level algorithm development [99,100].

The Chroma [101] and LALIBE [102] and Jjax [103]
libraries were used in this Letter. Data analysis used
NumPy [104], scipy [105], LsQFIT [106], and GVAR [107].
Figures were produced using Matplotlib [108].
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FIG. 3. The total (purely gluonic) mass radius of the glueball in
the Breit frame obtained in this Letter, in units of fm, compared
with the gluon contribution to the BF mass radius of the pion, p
meson, nucleon, and A baryon extracted in a lattice QCD
calculation with a heavier than physical pion mass
m, ~450 MeV, as well as the fotal mass radius of the nucleon
extracted at m, ~ 170 MeV [64,65].
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