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In this paper we put forward the idea that the comoving Hubble horizon undergoes multiple stages of
contraction (a.k.a. inflationary phase) and expansion. The observable inflation, that produces the CMB
anisotropies and generates primordial gravitational waves, follows and is followed by multiple early and
late inflations. The trans-Planckian censorship conjecture restricts the duration of each inflationary phases
and determines their Hubble rates. Early inflations could start immediately after the universe emerges

from the Planck era. It alleviates the initial condition problem for the lower-scale observable inflation.
Late inflations collectively assist the observable inflation to accommodate the present horizon. Moreover,
it makes eternal inflation possible and consistent with observations.
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1. Introduction

The paradigm of cosmic inflation was proposed to alleviate the
fine-tuning problem in the initial conditions of the standard big
bang model [1-4]. During inflation, the universe experiences an
accelerated expansion so that its comoving Hubble horizon shrinks
and physical scales are stretched. Without inflation, the present
horizon would be composed of around 10° causally disconnected
patches at the time of recombination and about 1027 parts at the
time of nucleosynthesis with no correlated past histories. It is in
direct tension with the observed large scale homogeneities from
the CMB and the LSS measurements. In principle, the big bang
model can be applied immediately after the universe has emerged
from the Planck epoch. Then the current horizon consists of around
10%7 isolated pieces at the Planck time. The natural expectation is
that inflation instantly takes over, provides the initial kick for Hub-
ble expansion and expands a Planck size smooth patch to make the
observed universe.

Furthermore when quantum effects are considered, inflations
makes genuine predictions. It amplifies vacuum quantum fluctu-
ations in scalar and gravitational fields [5-7]. Physical modes are
stretched to superhorizon scales, classicalized and freeze. They re-
enter the horizon at later stages of the cosmic evolution. Therefor,
inflation predicts small inhomogeneities and primordial gravita-
tional waves on the background. The former is actually observed
as temperature anisotropies on the CMB. In the last 30 years, these
anisotropies have been measured with high accuracy and provide
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a solid support for inflationary dynamics [8-10]. The latest results
from the Planck satellite, in particular, favors a lower scale infla-
tion with Hubble rate Hjys ~ 10'* GeV [11]. The delayed phase of
inflation, besides losing the beginning bang, reintroduce the initial
condition problem [12-14]. It needs to overcome inhomogeneities
propagating inward the horizon and preclude inflation. The initial
smooth patch of size around Hi;} must span over 10 to 108 parts
at the Planck time, for matter and radiation intervening epochs re-
spectively (see [15-17] for supporting arguments).

Moreover under general assumptions, quantum fluctuations can
take over classical dynamics and prevents inflation from termi-
nation [18-23]. Once inflation began it never ends completely all
over. Eternal inflation can populate vacua in the string landscape
by the so-called pocket universes. Although there is no direct ex-
perimental handle to this prediction, this picture of multiverse
offers a solution to fine-tuning of low energy parameters.

Inflation is a quasi-de Sitter (dS) state of the universe and is
best understood in terms of an effective field theory (EFT) be-
low the Planck scale. In general, it is difficult to incorporate the
dS space in a theory of quantum gravity; both technically and
conceptually. For instance, there are far fewer constructions of
dS solutions than anti dS/Minkowski ones within string theory.
It motivates to prepare a set of criteria that every low energy
EFT (that induces positive cosmological constant) must fulfill in
order to have UV completion in a quantum gravity [24-26]. Exam-
ples of these conditions, called the swampland conjectures, are the
dS conjecture [27] (and a milder version [28,29]) and the distant
conjecture [30,31]. There are no proofs yet but they have strong
support from many examples in string theory (we refer the reader
to a review [32] of the vast literature).
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The swampland conjectures have important consequences for
inflation as the shape of potential and the field excursion is highly
constrained (the literature is too extensive to be covered here, in-
stead we refer to the pioneering studies [33-38]). Moreover, there
are arguments that eternal inflation is not allowed [39-41] or is
marginally happens but not consistent with observation [42-46]
as it cannot be followed by a normal inflation.

Recently, another swampland condition, the trans-Planckian
censorship conjecture (TCC), was proposed in [47]. Quantum
modes with wavelength smaller than the Planck length belong to
the theory of quantum gravity and cannot be described by a low
energy EFT below Planck scale. In an expanding background these
modes are stretched and if they extend beyond the horizon then
they freeze and classicalize. If these modes subsequently re-enter
the horizon, they affect classical spacetime which is described by
a low energy EFT like general relativity. The TCC proposes that
an EFT never classicalizes sub-Planckian modes otherwise belong
to the swampland. Immediate implications follow for the present
status of the universe and during primordial inflation [48]. In par-
ticular it constrains the number of e-folds or equivalently the
Hubble rate (at the end) of expansion as

N _ Qend Mmp|
e = < —,
Qinj Hend,inf

(1)

where a it the scale factor and mp; =~ 2.4 x 108 GeV is the reduced
Planck mass. On the other hand, a minimum number e-folds are
needed to explain the present horizon. If we assume a standard
scenario with a single inflation, followed by an epoch with EoS
parameter w and Hubble parameter H; at the end of that epoch,
then we find

2-2f30+w)

HE <mpHoTy ' TragHy 7. (2)

The temperature at the onset of radiation domination Ty.q is
greater than about 10 MeV to initiate nucleosynthesis. For radi-
ation and matter domination following inflation we find Hiys <
0.1 GeV and Hiy < 50 GeV - (10 MeV/T.q)"”, respectively (see
[49-67] for further elaborations and refinements). Low scale Hub-
ble parameter implies huge amount of fine-tuning in initial con-
dition of inflation. The smooth patch at the onset of inflation in-
cludes 10'7 or 1030 similar parts at the Planck time, for matter
and radiation epochs respectively. Moreover, it implies no primor-
dial gravitational waves will be detected in future observations.
Strong pieces of evidence imply that the universe has experi-
enced at two stages of inflation. It is possible that the universe has
followed many stages of inflation. In [56] we put forward the idea
that the upper bound (2) can be relaxed multiple inflation happens
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where w; is the EoS parameters of intervening epoch i with fi-
nal expansion rate H;. The observable inflation has imprints on
the CMB and the LSS observables and the following ones assist
to explain the present horizon (multiple inflation was previously
studied by different motivations [68-73]). Moreover, it is possible
that there are epochs of inflations preceding the observable one
that prepare the smooth patch and alleviate the initial condition
for it to happen. Additionally, eternal inflation is permitted as the
follow-up slow-role inflations are made consistent with observa-
tions.

The initial condition and the eternity are the most debated sub-
jects in the inflationary paradigm. In this note, we study these
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Fig. 1. A generic scenario with breathing comoving Hubble horizon. The blue band
is the observational window and the red floor is provided by the TCC.

issues in the light of the TCC in the framework of multiple infla-
tion. A generic scenario is illustrated in Fig. 1 and will be discussed
in the following sections. The paper is structured as follows. In sec-
tion 2 we see that a high scale observable inflation is consistent
with the TCC. In section 3 we solve the initial condition problem
for the observable inflation through introducing pre-inflations. In
section 4 we study power-law inflations precede and follow the
plateau-like observable inflation. Finally, we conclude in section 5.

2. Observable inflation at high-scale

In this section we study the case of high-scale observable infla-
tion. First we compute the total number of e-folds needed to ex-
plain the horizon. Then, applying the TCC, we compute the Hubble
rate for each inflationary epoch. In the end, we present a simple
scenario.

2.1. The present horizon with multiple inflation

To address the horizon problem, the present comoving Hubble
horizon be inside the comoving horizon the onset of observable
inflation. If numerous inflations with scale H; happen then we find

- Gini,1 Hinf _ ini,1 dend,1
~ aoHo  dend,1 Qini2

_ Qini,m—1 Jend,m 9rad Hint
Gendm Orad Go Ho

— o~ Ny _To Hinf Gendm (4)
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-1
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Trad Ho Hp H;

i=1
where index 1 indicates the observable inflation (Hj,r = H1) and
m is the last one. In the third line we assume that a single
stage with EoS parameter w; intervene between two inflations. For
simplicity, we assume w; = w then the total number of e-folds
Niot = X" | N; satisfies

To 1 1-3w 1430w, 2
Niot = ‘“(H—O) +3q gy M (Traa Hin “mpr")- (5)

2.2. The upper bound on the Hubble parameters
We parametrize the ratio of the comoving horizon at the onset
if each inflation to the present horizon as
~_ ainiiH;
' agHo

(6)

The first inflation is assumed to be the observable one. It generates
the CMB anisotropies and the gravitational waves. Thus, c; < 1. On



M. Torabian / Physics Letters B 805 (2020) 135456 3

the other hand, the succeeding inflations must not jeopardize the
success of CMB observations which are in the range

103< K <1 )
Som S

Therefore, ¢; > 103 for i =2..., m. Moreover, if we happen to have
a homogeneous patch before the onset of the first inflation, as the
comoving Hubble volume never surpasses the initial one, the fol-
lowing inflations will follow without any further tuning.

For the final (mth) stage of inflation we find that

Gini,m Qend,m drad Hm
ap Ho

P QinimHm
m=
aoHo

B Gend,m Orad
=e_Nm(h>mﬂﬂ7
Hp Traa Ho

where in second line we assumed a single stage epoch. Applying

the TCC inequality, we find an upper bound on the Hubble rate Hy,
as

(8)
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For the preceding inflations for i=m—1,m—2,...,2,1, we find
Qini,i Hi Qini,i Hi
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Similarly applying the TCC, we find an upper on H;
. —2 3(1+wp) H.
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In particular, in the large m limit, we find the upper bound on
the observable inflation as
3<l+wi)[l+3wi]i—l

Hy <mpT, [C%]W IT6w;

(12)

where we define the parameter c;,+1 = 1. To see the importance
of the above bound, we consider a special case with ¢; = 103 for
i=2,...,m. Assuming simple post-inflationary evolutions w; = w
we find

Hy <mp(1073¢y) ! ~laew (13)

2.3. Asimple scenario with high-scale inflation

If we take c1 ~ 1 and assume matter-domination in between
epochs of inflation w =0, then
Hy < 107304 m; - 10 Gev, (14)
and (5) implies we need at least 48.8 e-folds. Applying (9) and (11)
repeatedly we find

Hm < 107H) Ty T {'m !

rad Pl
fayyt/a
Pl Hn

3

Hp_1<m

EV YA
Hy <m/iHY
Hi <m//Hy10~"", (15)

Then, the Hubble rate of the final inflation is

Hm <10 TeV, (16)

(for Trag = 10 MeV) and the number of e-folds is N, < 33.1. Note
that we would get the standard result of single inflation (¢, = 1)
so that H;, < 50 GeV and N, < 38.4.

The Hubble rate for the preceding one is

Hm_1 <6.1 x 102 GeV, (17)

and the number of e-folds is bounded as N,—1 < 10.6. So far, we
get N < 33.1+10.6 =43.7 e-folds. Note that, if this stage were the
observable inflationary stage (¢;—1 = 1), then we would have

Hm_1 <3.4x 10" GeV, (18)

and the number of e-folds would be bounded as Np_1 < 15.8.
Thus the total number of e-folds is bounded by 33.1+15.8 =48.9.
For the previous inflation we find

Hm_2 < 1.7 x 10" GeV, (19)

and the number of e-folds N;,,_ < 2.6. It violates the bound from
(14). Thus, it must be the observable (the first) inflation (¢p—2 =
c1 = 103) with

Hm_2 < 9.6 x 10 GeV, (20)

and the number of e-folds N2 = N1 < 7.8. The total number of
e-folds N <33.1+10.6 + 7.8 =51.5 e-folds. This stage of inflation
lasts for more than 7 e-folds and leave imprints on the CMB for
scales spanning 3 orders of magnitude. Moreover, if the primordial
gravitational waves are discovered in future measurements, then it
can be accommodated in multiple-stage inflation.

3. Initial condition for the observable inflation

The scale of the observable inflation is at least three orders of
magnitude below the Planck scale. If we define Liy; as the physical
size of the smooth patch at the onset of inflation which is of order
Hins, and Lp; the corresponding length scale at the Planck time,
then

LiniHinf _ (Hinf)%. (21)

Lp Hpi Hp

In the above, w is the EoS parameter of the fluid which takes over
the Universe’s dynamics when it has emerged from the Planck era
until the dawn of observable inflation. If we take Hins ~ 101% GeV
and Hp; < mp; then (unless w = —1/3) the above equation implies
that the physical volume of the Universe at the Planck time encom-
passes at least 10* (for w =0 and 10° for w = 1/5) Hubble spheres
with radius around Planck length. This is the initial condition for
the observable inflation which must be granted if it is supposed to
solve the initial condition problem of hot big bang model.

This problem can be alleviated via the very mechanism that
solves the horizon problem of big bang model. After the Planck era,
the universe follows an inflationary epoch with Hubble parameter
close to the Planck scale. However, this inflation is not observable
as we cannot observe modes that leave the horizon during this
period. Besides, this cannot be prolonged as constrained by the
TCC. In order to have a lower scale observable inflation with initial
conditions set naturally at the Planck time without any fine-tuning
we expect

_ LiniHinf _ diniHinf
~ LpHp  apHp
Several epochs of inflation can happen in between the Planck scale

one and the observable one. With a more convenient notation
Hpy = H1 and ap; = aji 1, for n stages of inflation we find

1

(22)
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0 ry n—1
1 > Gini.1H P 5 Hi end,i Jend,n (23)
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Assuming a simple inter-inflationary epoch we find

eZ?:l Nl >

1:11 ( mf>3(1+wn) l_[ (Hx-s-])aufwi)
~ Hint \ Hy i1

N ( Hy )3(l+v~v)’ (24)
Hinf

where in the last line we assumed w; = w. Therefore,

eXi=1Ni > 215 (for w=0) (or 100 for w = 1/s), (25)

and thus Ny 2 3 for matter-domination in intermediate stages
(we would find around 4.6 e-folds for radiation domination).

To find the Hubble rates we parametrize the ratio of comoving
horizon at the onset if each inflation (i=1, 2, ...,n) to the Planck

horizon as
amiiHi .
—— = >1. (26)
ini,1 H1
Then,
- Qini,i+1Hj Qini,i+1Hit
Cit1 = = =C(j =
Gini,1H1 ini,i Hi
~ 1+3w
. Hi 1)\ 30+
:cieN'< L ) v (27)

i
Applying the TCC, we find a lower bound on the Hubble scale of
the succeeding inflation as

z 3(0+w;y) Hl
1
HH—] >[ Cit1 ] 1+3w; mpl(

) 1+§Wi . (28)

mpj

If we assume the same EoS parameter for all inter-inflationary
stages and parametrize H; = o 'mp; (o > 1) then we find the
scale of succeeding inflation as follows

~ ~ wi—1
H; > C,‘Ol_[%] mpj, (29)
where

~ 3+w) (4+6w)} -2

=[Tj- z[( J]) ”3W] N (30)

The number of e-folds for each stage of inflation is bounded by

- 4+ 6wqi-1 ~
Ni<[ + ~] Ina — IncC;, (31)
143w

for some arbitrary constant ¢ > 1 which turns the inequality in

(29) into equality. The total number of e-folds, including the first

one, is

(4+6w)" _
1+3w

22w
1+ 1+3w

N < Ina —IncC, (32)

Foyn yi G3m@tew)? | §
where InC =3, , (13wyT I e

3.1. A simple sequence of pre-inflations

For matter domination w = 0 and a simple model with ¢; ~ 1,
assuming o = +/3 we find H; ~ 0.5mp,, H» > 0.1mp and Hz >
10~*mp; which touches the Planck2018 bound. Consequently, the
TCC implies N; < 0.5, Ny < 2.2, N3 < 8.8. Therefore, in order to
set the initial conditions of the observable inflation, there need
to be at least 3 epochs of inflation which in total provide around
3 e-folds. For radiation domination W =15 we find Hy > 0.2mp
(Ny < 1.6), H3 > 0.007mp (N3 < 4.9). Although three inflations
satisfy the lower bound (25), in order to satisfy the observational
bound from non-detection of gravitations waves, we need at least
one more inflation before the observable one.

4. Power-law assisting epochs of inflation

The latest results from the Planck satellite favors plateau-like
(observable) inflation. However, as the other stages of inflations
have no footprint on the CMB, they could be power-law in nature.
In this section, we examine this scenario for early inflations and
the late ones where the Universe is dominated by a fluid with EoS
parameter w < —14. In this case, the Hubble rate the beginning
of inflation Hj,; is not equal to the rate at the end of inflation
Heng. Therefore, using the dynamical equations in an expanding
background, the TCC reads as follows

e

2
N; _ 9end.i mp| ( mp| )—sz,-
< = .

= (33)
Gini,i  Hend,i Hinj i

The results of this section match the results of the previous section

for w = —1. It is convenient to define the following parameters
1+ w;
i=1— , 34
Vi TTw; (34)
i=1 2 + 2 (35)
P w T 1 swy

where 1 <y <0 and p > 2 and it can be large in the limit w —

—1,
4.1. Inflation in early times

With power-law inflation, the minimum number of e-folds to
set the initial smooth path of the observable inflation is computed
as

H 2
eZ?:l Nivi > M(ﬂ) 3(1+wn)
~ Hint “Hinin

T (e

i=1

Hml i+1 ) 3(143\71;1) (36)

Hll’lll

that can be compared to (24). For w; = w we find

1 1+3V? ln(ﬁim’l).
31+ w) Hing

For instance, for w = —2/3, in matter domination we obtain Nt >
4.6 and in radiation domination we find Nyt > 6.9. A stronger
lower bound is obtained in the limit w — —1/5 from below and
w — —1/3 from above.

To find the Hubble rates of power-law inflations, we parametrize
the ratio of comoving Hubble horizons as

Niot = ¥ (37)
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- ini,i+1 Hini,i+1 ini,i+1Hini i+1
Cit1 = = =Cj =
ini,1 Hini,1 ini,i Hini,i
i 143W;
-N; ini,i+1 30+w;
:c,-eV'N'(—~ hs ) e (38)

ini,i

Therefore, using the TCC relation (33) we find

L 304w
1 "
Hlm i+1 >[ 4l ] Wi mPl(

Hinj i )Pf
mp)

(39)

We note that a single epoch of power-law inflation close to the
Planck scale, with EoS W can prepare the smooth patch of the
observable inflation with Hubble rate 4 orders of magnitude less
than the Planck scale. We parametrize Hipi; = 'mp; and assume
w =0 then

1 2Inax

H=—s— : 40
3 3[In(mpH;{) —3lna] (40)

and the number of e-folds is N < ln(mlei;}) —3lna. For o =+/3
and Hips ~ 101 GeV we find N < 7.6 (it never becomes more than
9.2) W = —1/3 — 210gv3/34 - 31og V3.

4.2. Late times

To accommodate the present horizon with plateau-like observ-
able inflation followed by multiple power-law ones we find a lower
bound on the number of e-folds

2
1>e” YNy L0 To Hlnf( Hiad )W
Traa Ho Hinim

Hinii+1\ 5wy

lﬂll +w;

x | | ( ) 0 (41)
i Hlml

For the simple case w; = w we find the total number of e-folds as
Niot = N1 + yY_IL,N;. It must obey (24).
For the final (m th) stage of inflation we find

_ GinimHinim _ Gini,m dend,m drad Hini,m (42)
= = Zrad
aoHo dendm Grad G0 Ho

)

_ e,ymNm E(Hini,m ) % ( Trad)%
Ho\ mp mpj
which after applying the TCC (33) implies

H:i N\ Pm 1\ 30Ewm) gy o
(—‘“"’”) < (cmHoTy 1) THwm (—) v (43)
mp) Trad

The Hubble rate for preceding inflations i=m—-1,m—-2,...,2,1

are bounded by
314w ,)

(H_)p NERLE (u) (44)

mpj mpj

We recall that for the first stage p1 =2 + ﬁ

We can model a simple two-stage inflation to explain the hori-
zon. The observable one with EoS parameter w = —1 is followed
by a power-law inflation with EoS parameter determined by (44)
as
1 - —~ 2 —~ . (45)
3 3[3ln(HoT0 )HInmp Ty 3]

74ln(mp1Hi;;)+3 Incy

W=

The number of e-folds is bounded as

Nz < 12In(mpH; )~ 9Inc;

—3In(HoTy ")~ In(mp T ). (46)

For Hi = Hipr ~ 10'* GeV we find that W = —1/5 — 7/es. The Hubble
rate Hy is around (less than) 10'! GeV. The number of e-folds is
N, < 105.8. Given that Ni < 9.2, the total number of e-folds is
bounded as Nt < 115.

We find that a simple three stage inflation, starting from the
Planck era, can happen naturally and explain the present horizon
without any need of fine-tuning in initial conditions.

5. Conclusion

In this paper we revisit the framework of multiple inflationary
scenario in light of the TCC. We found that high-scale inflations in
the early times after the Planck era can prepare the initial condi-
tions for the observable inflation. The observable inflation, can be
of any scale and touch the Planck 2018 bound. If it is of high scale,
then by the TCC, it cannot be prolonged and thus cannot solve
the initial condition problem of the big bang model. However, we
found that the succeeding inflations can explain the present hori-
zon. All inflationary stages admit to the TCC. We also studied sce-
narios with a plateau-like observable inflation and supplementary
power-law inflations. We found that in this scenario less number
of inflations are needed provided that the EoS parameter during
inflation is close to the critical value for the accelerated expansion.
Eternal inflation is allowed in the framework of multi-inflation. We
did not present any particular model and we describe the dynam-
ics in terms of the effective EoS parameter of each epoch.
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