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Abstract

In this thesis, we explore the monopole dark matter (DM) emerging from a sponta-
neous breakdown of non-Abelian gauge symmetry in the hidden sector. We focus on a
scenario where this hidden monopole DM was produced as a topological defect during a
second-order phase transition in the early era of the universe. It is known that the direct
detection search for such monopole DM is formidable due to its feeble interactions with
the standard model particles in the minimal form. In our framework, we then introduce
an axion-like particle (ALP), a, connecting the hidden monopole DM and the standard
model particles, and examine the current limits and the future prospects from DM direct
detection searches and beam-dump experiments. We find two parameter regions around
(m,/MeV, f,/GeV) = O(10,10°) and O(100,10%) where the hidden monopole DM and
the ALP are respectively within the reach of the future experiments such as PICO-500
and SHiP. We also point out that the hidden photons mainly produced by the decay of
ALP contribute to dark radiation with AN, ~ 0.6 which can relax the tension for the

recent measurements of the Hubble parameter H,,.

Keywords : Hidden monopole dark matter, Axion-like particle, Direct detection searches,

Beam-dump experiments, H, tension.
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Chapter 0

Overview of the Thesis

0.1 Motivation

The standard model (SM) of particle physics is a marvelously successful theory de-
scribing almost all the experiments in a very high precision. Nonetheless, in cosmology,
there are still some mysteries that are not revealed in the SM. Dark matter (DM) is one
of the palpable evidence of physics beyond the SM. It makes up about a quarter of the
present energy budget of the universe. It is also known to play a crucial role in structure
formation. However, what DM is made of remains one of the great enigmas in particle
physics and cosmology.

One of the peculiar properties of DM is its stability. Its lifetime must be at least an
order of magnitude longer than the present age of the universe. The stability of DM may
be ensured by symmetries. For instance, in the WIMP scenario, the DM is usually stabi-
lized by discrete symmetries. However, it is believed that no global symmetry can exist
in a theory of quantum gravity. On the other hand, the DM may be stable due to its
longevity. For example, the QCD axion and axion-like particles are in such a category.
Also, it is possible that the stability of DM is achieved by an unbroken gauge symme-
try. One such example is a magnetic monopole in the hidden sector,® which is the main
interest of this thesis.

A magnetic monopole is a topological defect which arises associated with the spon-
taneous breaking of a gauge symmetry G down to H with a non-trivial 7,(G/#H). The
simplest example is the 't Hooft-Polyakov monopole [1,2] with G = SU(2) and H = U(1),
and it is the magnetic charge under the U(1) gauge symmetry that makes the magnetic
monopole absolutely stable. If there exists a hidden sector which includes such a gauge
symmetry and its subsequent spontaneous breaking allows a monopole solution. Then,
hidden monopoles are necessarily created at the phase transition and contribute to DM.

The hidden monopole is a feasible DM candidate. However, it is formidable to search

LA hidden sector (sometimes it is also called the dark sector) is a sector containing some hypothetical

particles which is weakly coupled to or completely decoupled from the SM sector.
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a(r)

axion field configuration

monopole nucleon

Figure 1: The field configuration of the axion around the monopole.

for it directly by experiments since its couplings to the SM particles are weak. In fact,
in the minimal form of the hidden monopole DM model, it is totally decoupled from the
SM sector at a renormalizable level. The setup can be extended to couple the monopole
to the SM sector through the Higgs, vector, or axion portal coupling. Actually, the Higgs
portal coupling was assumed in Refs.[3,4] in order to keep the hidden sector in thermal
equilibrium with the SM plasma. The monopole can interact with the nucleon via the
Higgs portal coupling. However, the expected monopole-nucleon scattering cross-section
is far below the sensitivities of any DM direct detection experiments in the foreseeable
future. On the other hand, the hidden monopole acquires a tiny electric charge through
the vector portal coupling. The mini-charged DM is stringently constrained by various
experiments and observations [5]. We will come back to these possibilities later in this
thesis. Our main focus is the axion portal coupling. By solving the equation of motion
of a massive axion, a(r), with the Witten effect [6], we find the field configuration of the
axion around the hidden monopole and compute the monopole-nucleon spin-dependent
elastic scattering cross-section, see Fig. 1. Furthermore, axions can be probed by beam-
dump experiments such as SHiP. As we shall see later, we find two parameter regions
with the axion mass and decay constant given by (m,/MeV, f,/GeV) = O(10,10°) and
O(100,10%), where the hidden monopole DM and the axion are within the reach of the

DM direct searches and the beam-dump experiments, respectively.

0.2 Organization

The structure of this thesis is as follows. In Ch. 1, we briefly review the SM, modern
cosmology, and some unsolved problems in Sec. 1.1, and mention a couple of appealing DM
candidates in Sec. 1.2. In Ch. 2, we introduce the 't Hooft-Polyakov model and the Witten
effect in Sec. 2.1, and discuss the production mechanism of the hidden monopole DM and
possible portal couplings to detect them in Sec. 2.2 and Sec. 2.3. In Ch. 3, we show how to
calculate the scattering cross-section of monopole and nucleon via axion portal coupling
and then compare with the limits from the DM direct searches. In Ch. 4, we employ our
results to the beam-dump experiments and the other constraints. A conclusion is given

in Ch. 5. Some cumbersome derivations are presented in the appendices.
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Chapter 1

Introduction

1.1 Description of the Universe

It goes without saying that the SM of particle physics is a remarkable theory as it
precisely describes the microscopic world, while the discovery of the Higgs boson at the
Large Hadron Collider (LHC) was a tremendous triumph of the SM [7,8]. On the other
hand, with the unprecedented precision measurements of the anisotropies of the cosmic
microwave background (CMB) [9], the ACDM model in the cosmology is widely accepted
as a successful theory describing the universe. However, there are still thorny problems
and issues that cannot be explained well by the SM. In the following, we will first give
a brief introduction of the SM, ACDM model, and some unsolved problems, and then

discuss one of the problems, DM, in the second part of this chapter.

1.1.1 The Standard Model of Particle Physics

The SM of particle physics is based on the gauge theory with the symmetry group
Gsu = SUB) ® SU(2), ® U(1)y plus spontanecous symmetry breaking, which gives the
masses of the elementary particles and the fundamental interactions between them. In
this model, we have three generations of spin 1/2 matter fields, quarks (u,d), (¢, s), (¢, b)
and leptons (e, v.), (i, v,), (7, v;), and their forces are carried by spin 1 particles called
gauge bosons. The quarks and leptons have the weak and electromagnetic interactions,
which are carried by massive vector bosons W=+ and Z° and by photon 7, respectively.
The quarks also have the strong interaction, which is carried by gluons G. In addition
to these interactions, there is a gravitational force as well. However, it is not formulated
as part of the SM, and no one has discovered the graviton yet. Nevertheless, its classical
counterpart, gravitational waves, was detected by LIGO and Virgo collaboration [10]. To
explain the masses of the SM particles, we also introduce a spin 0 scalar field H called

the Higgs field. The gauge representation assignments of the SM fields are summarized
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Table 1.1: The gauge representation assignments of the SM fields, here we only show one

generation of the matter fields for simplicity, and the subscripts L and R are chiralities.

ur, Ver ¢*
QL:(dL) Up dp EL:<€L er |G| W | B H:(¢o>
SU(3)c 3 3 3 1 1 |81 |1 1
SU(2), 2 1 1 2 1 (1|3 |1 2
U(1)y 1/3 4/3 | —2/3 —1 -2 0] 0710 1

in Tab. 1.1, where G,W, and B are gauge bosons of the gauge group SU(3)q,SU(2),,
and U(1)y, respectively, and the electric charge @ of a particle is defined by its third
component of weak isospin T3 and hypercharge Y via the relation @ = T3+ Y/2.
Before the electroweak symmetry breaking, all the SM fermions and gauge bosons
are massless. When the temperature of the universe falls below the electroweak scale, the
vacuum expectation value of the Higgs field (H) starts to develop a non-zero value and
246 GeV. At the same time, the symmetry
group Ggy; breaks down to SU(3)n ® U(1)gy, where EM refers to the electromagnetic

gradually reaches to the present value v ~

interaction. In the Higgs vacuum state, three degrees of freedom (Goldstone bosons) of
the Higgs doublet are absorbed by W= and Z° gauge bosons to form their longitudinal
components, then they become massive, while v remains massless corresponding to the
unbroken U(1)g,, symmetry. On the other hand, the SM fermions acquire their masses
through the Yukawa couplings to the Higgs field, and the Higgs boson obtains the mass
via its self-interaction. The above phenomenon is known as the Higgs mechanism [11-13].

The SM also provides the source of CP-violation observed in kaon decays [14]. When
we make a unitary transformation for the quark flavor eigenstates into the quark mass
eigenstates (the eigenstates where the mass matrices of quark are diagonal) in the SM
Lagrangian, there is a product of two unitary matrices which cannot be removed in the
quark-W boson interactions. This product of the two unitary matrices is the celebrated
Cabibbo-Kobayashi-Maskawa (CKM) matrix [15]. In the case of two families of quarks,
the elements in the CKM matrix are real numbers. However, if the families of quarks is
greater than two, the elements of the CKM matrix are complex numbers. For instance,
in the SM with three families of quarks, the CKM matrix can be parameterized by three
angles and one CP-violating complex phase angle. In the lepton sector, there is no such
matrix as neutrinos are assumed to be massless in the SM. However, the phenomena of
neutrino oscillations show that they have small masses. To describe the neutrino mixing
and CP-violation, a matrix similar to the CKM matrix is introduced, which is called the
Pontecorvo-Maki-Nakagawa-Sakata matrix [16,17]. On the other hand, there is another

source of CP-violation in the strong interaction. We will discuss it in the later section.
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1.1.2 The Modern Cosmology : ACDM model

From the large scale observations of the universe, the spatial distribution of matter
such as galaxies or clusters of galaxies is homogeneous and isotropic on average. Given
the assumption of homogeneity and isotropy of space, one can describe the universe by

the so-called Friedmann-Lemaitre-Robertson-Walker (FLRW) metric given as

dr?
1—Ekr?

ds* = dt* — R(t)? +12(df? + sin®0d¢?) | (1.1)
where R(t) represents the scale factor that depends on the cosmic time ¢, (1,6, ¢) is the
spherical coordinate, and k is the spatial curvature which is positive, zero, and negative
in open, flat, and closed universe, respectively.

The expansion of the universe is governed by the Einstein field equations

1
Ruw — 59,R = 87GNTuw (1.2)

2

where R, is the Ricci curvature tensor, R = g*”'R,,, is the Ricci scalar, Gy is the New-
ton’s gravitational constant, and 7, is the energy momentum tensor. The assumption
of the isotropy imposes that one can always choose a coordinate system in which 7,
is diagonal and its spatial components are equal. On the other hand, the homogeneity
requires that the components of 7, only depend on the time in the same coordinate
system. These facts suggest that one can express 7,, in the form of the ideal (perfect)

fluid with the energy density p = p(t) and pressure P = P(t) as
Tw = diag(p, P P, P) , (1.3)

and from the first law of thermodynamic dE = —PdV (assume the universe is flat and
expands adiabatically), we have d(pR3) = —PdR3, or

: 3R
The energy density and pressure of an ideal fluid are related by the equation of state
w = P/p, where we take w time-independent for simplicity. Through this relation, one
can find p oc R730+%) With Eqs. (1.1) and (1.3), the temporal component (u,v) = (0,0)

of the Einstein field equations gives the Friedmann equation

k o 87TGN

A 1.5
R2 3 P ( )

H? +
here H = R/R is the Hubble parameter, and the spatial component (u, ) = (4, j) gives

R . 47TGN
T = TN (4 3P) (16)
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which is called the acceleration equation. Note that (1.5) has been used in deriving (1.6).
Based on the cosmological observations, it is known that our universe is filled with
radiation (), matter (m), and the cosmological constant (A). The equations of state and

behaviors of energy density for these components are summarized below

Radiation w=1/3, p, < R~
Matter w=20, pm X R73
Cosmological constant w = —1, pp X constant

From the acceleration equation, it is easy to see that the radiation and matter decelerate
the expansion of the universe (R < 0,P > 0), and the cosmological constant accelerates
the expansion of the universe (R > 0, P < 0). If the universe is flat and dominated by
one of these components, then one can find the behaviors of the scale factor by using the

Friedmann equation as

Radiation-dominated epoch R o tY/? H = 1/(2t)
Matter-dominated epoch R o 1?3 H = 2/(3t) ;
Cosmological constant-dominated epoch R o< et | H = (87TGNpA / 3)1/ 2

where the behaviors of the Hubble parameter are also shown. Now, gathering these three

contributions, the Friedmann equation is written by

k 87TGN _ _
R~ 3 (Pw,oR Y o 3+pA,0) ) (1.7)

where p o, P, 0, and py o are the energy densities at the present time ¢, with R(to) = 1.

H? +

It is convenient to express Eq. (1.7) in terms of the density parameters defined by

m k
QWEM, Q Eu, Q E@, Q, =

- -, (1.8)
pc,O pc,O A pc,O Hg

where p., = 3Hj/(87Gy) is the critical energy density today with Hy ~ 70 km/sec/Mpc
being the Hubble constant. Then, with these definitions, Eq. (1.7) becomes

H? 4 3 2
which determines the evolution of the universe. From the latest CMB data measured by

the Planck satellite, the density parameters are estimated as [9, 18]
O~ 544 x107°, Q ~ 031550000, Q, ~ 0.68550.007 . € ~ 0.00150003 , (1.10)

which indicates that our universe is almost flat. As we will discuss later, the matter
consists of the ordinary matter and cold dark matter (CDM). The cosmological model
containing the A, CDM, and the ordinary matter is known as the ACDM model, which

is an economical model consistent with most of the observations in the universe.
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1.1.3 Thermodynamics of the Universe

In the early era of the universe, the SM particles are in thermal equilibrium with the
common temperature 7' (conventionally, we adopt the temperature of photons). As the
temperature decreases, the interaction rates of some of the SM particles become smaller
than the expansion rate of the universe and then they decouple from the thermal bath.
For instance, the interaction rates of the SM neutrinos with the thermal bath become
equal to the Hubble expansion rate at the temperature of about 1 MeV. After that, the
SM neutrinos evolve with their own temperature 7). In the following, we will show how
to estimate the relation of T and T, by using the thermodynamics of the universe.

The energy density p and entropy density s of the universe are mainly contributed by
relativistic particles. One can express them in terms of the photon temperature T as [19]

)= o, DT, S(T) = g (0T (111)

45
with g,, (g.,) being the effective relativistic energy (entropy) degrees of freedom given by

NGO SN - BEPRCUED SN = I IRE)

my T myx <<T

p(T

where the summation is over all relativistic degrees of freedom, m,, Ty and gy are the
mass, temperatue and internal degrees of freedom of particle species X, respectively, and
C'y =1 for bosons and C'y = 7/8 for fermions. With Eq. (1.11), the Friedmann equation
of the flat universe in the radiation-dominated era is written as
2 _ 47T3.g*p<T) T4

45  m3’

H

(1.13)

where mp, = G;Il/z = 1.22x 10" GeV is the Planck mass, and T oc H'/? oc t71/2 provided

that g,,(T") ~ constant (this is true if the temperature of the universe is high enough).
At the temperatures before the neutrino decoupling (Tyec,, ~ 1 MeV), the relativistic

particles are v, e*, v and 7, and e* become non-relativisitc after Tye., . Utilizing Eq. (1.4)

and the second law of thermodynamics, one can show that d(sR?*) = 0, thus

s (Ty > Tyaee) R(t,)? = 5,(T, < T)aee) R(1,)? (1.14)
Soret (T1 > Ty aee) R(1)? = 85(T < Tpaec) R(Ey)* (1.15)

where ¢, is the time before T}, gec at which 7, e*, v and 7 have the same temperature 77,
and t, is the time after 7}, 4o at which the neutrinos (photons) have temperature 7, (7).
With Egs. (1.11), (1.14) and (1.15), it follows that

g*s,u(Tl > Tl’,deC)Tlg _ g*s,y(TI/ < Tl’,deC>T3

= 1.16
g*s7fy+e:t (TI > le,de(Z)Tls g*s,fy(T < TVydeC)Tg 7 ( )
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where g, ,(Ty > Tyaec) = Gus (T < Thdec) = 21/4, [/ (Ty > T, qec) = 11/2, and

Gus (T < T, gec) = 2. Plugging these numbers into Eq. (1.16), we find
T, 4 \/3
— == . 1.1
T (11) (1.17)
With this result, the effective relativistic energy degrees of freedom today is estimated as
7 7\ 7 4N7?
= 2 — 2 Ne e - 2 Ne ) 11
Jupo = £ g XX ff(T) "1 ff(11> 19

where Ng is defined as the effective number of neutrino species. The SM model predicts
Net = 3.045 [20], thus g, o =~ 3.38. Any deviation of Neg from the SM value would bring
a hint for the physics beyond the SM. Suppose there exists a hidden sector which has a
portal coupling to the SM sector and assume that the hidden sector is always in thermal
equilibrium and has at least one relativistic degrees of freedom characterized the hidden
temperature T};. Then, from Egs. (1.11) and (1.18), we deduce

AN (T) = L 4A (T) (1.19)
eff - 7 Tu g*p ) .
with
gesit(Thaee) _gussu() |7
Ag* C g ( ) C |: *sH H,dec *8,SM 7 (120)
’ m%T o mgT o Gxs H(TH) g*S,SM(TH,dec)

where the summation is over all the relativistic degrees of freedom in the hidden sector,
and Ty gec > T} dec is the temperature at which the hidden sector decoupled from the SM
sector. Usually, ANyg(7T) is estimated around 7" ~ T, gec ~ 1 MeV or below. Considering
an example where the hidden sector has N, gauge bosons, N, chiral fermions, and Ngp
Goldstone bosons which remain relativistic until the recombination epoch and decouple
from the SM sector at the same time, then, from Egs. (1.19) and (1.20), we have

4/3
8 4 Jxs,SM (Tu,dec)
ANeff(Ty,dec) = (?Ng—}‘Nf"— ?NGB> lm . (121)

1.1.4 Unsolved Problems

The SM of particle physics and ACDM model can well describe a lot of phenomena of
the subatomic world and the universe, respectively. The marriage of particle physics and
cosmology can even let us understand the thermal history of the universe. Nevertheless,
there are still some puzzles in the universe, and the SM provides no satisfactory answers
to them. Here we enumerate and introduce some of the unsolved problems with possible

solutions succinctly in the following.
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e Dark Matter : The mass-to-light ratio of the cluster galaxies and the anomalous
behavior of the galaxy rotation curves indicate that the universe is full of some invisible
substance called dark matter (DM). One of the ways to estimate the current DM density
is to use the CMB temperature and polarization anisotropies. The latest analysis gives
Qpym =~ 0.26 which is roughly five times larger than the present density of the ordinary
matter (or baryonic matter) €, ~ 0.05 determined by big bang nucleosynthesis (BBN)
and CMB [18]. Although the evidence of DM is overwhelming, there is no DM candidate
in the SM. The cosmological observations show that DM should be cold or warm (non-
relativistic) at the structure formation epoch, electrically neutral (or mini-charged), non-
baryonic matter, and stable or with a lifetime much longer than the age of the universe.
The discrepancy between N-body simulations and the structure of observed galactic halos
also suggests that DM may possess sizable self-interactions. A bunch of DM models have

been proposed in the past. We will discuss them in the next section.

e Neutrino Mass : The phenomenon of neutrino oscillations indicates that the SM
neutrinos have small but non-negligible masses, which is inconsistent with the SM due to
the absence of the right-handed neutrinos. Nevertheless, if the SM neutrino is Majorana
particle (a fermion that is its own anti-particle) rather than Dirac particle, then its mass

can be generated via a dimensional-5 operator (also called the Weinberg operator) as
1 ,— ~ -
0, x A—(EzH*) (H'E,) +hec. (1.22)
NP

where Ayp is an energy scale of new physics, the superscript ¢ is the charge conjugation,
and H = 10, H* with o, being the second Pauli matrix. Notice that this operator violates
the lepton number by two units, AL = 2. After the electroweak symmetry breaking, the
Majorana neutrino mass is given by m,, ~ v?/Ayp, then m, < 0.1eV if Agp = 10" GeV.
The SM neutrinos with the masses suppressed by the high energy scale of new physics is

known as the seesaw mechanism [21].

e Baryon Asymmetry : The Dirac equation predicts that every fermion has its own
anti-particle. Thus, one can expect that the Big Bang of the universe produced an equal
amount of matter and anti-matter at the very beginning. Subsequently, the matter and
anti-matter annihilate with each other into photons or other light particles. As a result,
the universe would be flooded with radiation. However, it contradicts with our universe
since the matter density dominates over the radiation density by the observations, while
there is almost no anti-matter (it can only be created in cosmic rays or particle colliders).
The up-to-date analysis of BBN and CMB show that the baryon-to-photon ratio [18]

n, —nNs
n=-£_2 ~ 6x 1071, (1.23)

n’Y today

where n, (n5) and n, are the number densities of baryons (anti-baryons) and photons,

respectively. One may think that this baryon asymmetry is merely an initial condition of
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the universe. Even so, any pre-existing asymmetries before the period of inflation would
be diluted by this exponential expansion of the universe.

A dynamical mechanism to generate the baryon asymmetry in the early universe is the
so-called baryogenesis. One of the criteria (known as the Sakharov’s conditions [22]) to
accomplish successful baryogenesis is the existence of CP violation. However, the CP vio-
lation in the SM is insufficient to reach the required value of 1 [23-25] and the electroweak
baryogenesis is failed in the framework of the SM [26]. Leptogenesis is an alternative way
to generate matter-anti-matter asymmetry [27,28]. Through the sphaleron processes [29],
an imbalance of the number of leptons and anti-leptons can transfer to an imbalance of
the number of baryons and anti-baryons. A model with the Majorana neutrino mass terms

mentioned above can accommodate a leptogenesis due to the lepton number violations.

e The Strong CP problem : As we already mentioned that CP is not a conserved
quantity in nature. Therefore, it is allowed to construct a Lagrangian which violates CP
symmetry. The theta term in quantum chromodynamics (QCD) is one of the examples

which does not preserve CP symmetry, and it takes the form as
) Qs vpo b b
Locp = 6167r€# 7G,Gy (1.24)

where 6 is a dimensionless parameter, a; is the strong fine structure constant, GZV is the

gluon field strength tensor with a color index b, and €***? is the anti-symmetric tensor

with €0123

= +1. Notice that in the physical basis where all the quark masses are real,
0 = 0qcp + Oweax With Oyear = arg(quq). In this expression, the first term comes from
the strong interaction and the second term comes form the electroweak interaction.

The magnitude of 6 is expected to be order one according to the Dirac naturalness.
However, the measurements of the neutron electric dipole moment cap |8] < 10710 [30].
The strong CP problem is why 6, coming from entirely different physics is so small.

The PQ (Peccei-Quinn) mechanism is one of the attractive solutions which can solve
the strong CP problem [31,32], in which the vacuum expectation value of the QCD axion
drives the value of 6 to zero dynamically, while it can act as DM as well. We will discuss

the QCD axion in more detail in the next section.

e Cosmological constant : As we can see from (1.10), most of the energy budget of
the universe is contributed by the cosmological constant, which has a negative pressure to
push the universe outwards against the gravity of the matter. The cosmological constant
is a vacuum energy density of empty space, and it is related to the notion of dark energy
(or quintessence). However, the form of dark energy is left unknown.

From (1.8) and (1.10), one can estimate the energy density of the cosmological constant
as py = Qppeo ~ 10747 GeV*. On the other hand, the Higgs condensation in the SM
predicts the vacuum energy density to be about p,,. ~ v* ~ 10° GeV*, which is 56 orders
of magnitude bigger than p,. Without the fine-tuning, this huge hierarchy between p,

and p,,. is known as the cosmological constant problem.
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1.2 Dark Matter Candidates

A variety of DM candidates have been proposed in the literature such as primordial
black holes, massive compact halo objects, axions, weakly interacting massive particles,
strongly interacting massive particles, sterile neutrinos, hidden photons, asymmetric DM,
topological defects, and fuzzy DM, and so on. In the following, we will first introduce
two of the papular DM candidates, weakly interacting massive particles and axions, and

discuss some of the other possible DM candidates in the end of this section.

1.2.1 Weakly Interacting Massive Particles

By definition, weakly interacting massive particles (WIMP) are theoretical particles
with the adequately large masses and with the couplings as weak as the weak strength.
If a WIMP is stable on a cosmological time scale, then it can serve as a DM candidate.
The WIMP can be thermally produced in the early universe after inflation. At high tem-
peratures, the WIMP is in thermal equilibrium with other particles. As the universe cools
down, at a certain time point, the interaction rates of WIMP and other particles become
comparable to the expansion rate of the universe. Then, the WIMP is chemically decou-
pled (freeze-out) from the thermal bath while its comoving number density approaches a
constant amount, see Fig. 1.1 for the demostration of the freeze-out mechanism.

To evaluate the current abundance of a WIMP DM, we have to solve the Boltzmann

equation for the DM number density np,,;, which can be written as

oq \2
+ SHnDM - _<Uannvrel>eff |:In’2DM - (anM) i| ) (125)

where (0,,,V01) o 1 the thermal-averaged value of the effective annihilation cross-section
times the relative speed of a DM pair, and np); is the equilibrium number density of DM.
With the expression of (0,,,0,4)es, One can solve this Boltzmann equation numerically.
However, the relic density of WIMP DM can be estimated approximately by the following
relation [18,19]
3x10*cm®/s  0.1pb
(Cannlietler  (TannVrel) et
where h ~ 0.7 is the normalized Hubble constant, while the freeze-out temperature of
DM is Ty o~ myypp/25 with myyp being the mass of WIMP DM. This implies that at

freeze-out the WIMP DM is non-relativistic. Now, let us parametrize

: (1.26)

2 ~Y
Qwiph” =

aQ

<O-annvrel>eff - m%?/f;/[P ’ (127)

and take o, ~ « ~ 1/30 and mypp from a sub-GeV to TeV scale, where a, is

weak

the coupling strength of the DM annihilation processes. Then, from (1.26), the correct
order of relic density of DM can be obtained. This is called the WIMP miracle.
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Figure 1.1: A demonstration of chemical freeze-out of WIMP DM with different values
Of (T unnVsel doii» Where Yo = npy/s (You = npa/S) is the actual (equilibrium) comoving
number denisty of DM, and the yellow shaded region is the freeze-out zone of WIMP DM.

A number of well-motivated WIMP DM models have been postulated. For example,
the lightest R-odd superparticle in supersymmetric models with R-parity [33], the lightest
T-odd particle in the little Higgs models with T-parity [34], and the lightest Kaluza-Klein
particle with K K-parity in universal extra dimension [35], and so on.

Many underground experiments have been and are being performed to hunt WIMP
DM directly. Most of these searches look for the recoil signal of nuclei induced by the
elastic scattering of a WIMP DM off a nucleon. The r.m.s velocity of DM with respect
to the center of our galaxy is expected to a few hundred kilometers per second at the
location of our solar system, typically, around 220 km/s with density 0.3 GeV/cm?. With
these velocities, the nuclear recoil energy is of the order of 1 to 100keV assuming that
the WIMP mass is within the range of few GeV to few TeV.

Unveiling the spin of DM is one of the tasks of these underground experiments since
DM could be a scalar boson, a vector boson, a Dirac fermion, a Majorana fermion, even a
Rarita-Schwinger fermion. Based on the spin of WIMP DM, the elastic scattering cross-
section of WIMP and nucleon can be distinguished into spin-independent (SI) couplings
and spin-dependent (SD) couplings. The SI cross-sections are proportional to A%, where
A is the atomic mass number of the target material, e.g. Ge to Xe. On the other hand,
the SD cross-sections are proportional to the nuclear spin factor J(J + 1), e.g. 'F and
2Na, etc. In Fig. 1.2, we present some of the calculated exclusion curves for SI WIMP-
nucleon and SD WIMP-proton elastic scattering cross-sections as a function of WIMP
mass at 90 % C.L. [36]. Besides these experiments, there are other searches using the

annual forward-backward asymmetry of the nuclear recoil direction from the revolution

of the earth around the sun such as DAMA /Nal and DAMA /LIBRA.
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Figure 1.2: The 90% C.L. limits on the ST WIMP-nucleon and SD WIMP-proton elastic
scattering cross-sections, where the color representatives are, PICO-60 C3Fg complete ex-
posure (maroon), PICO-60 C3Fy first blind exposure (blue), PICO-60 CF3l (red), PICO-
2L (purple), DarkSide-50 low-mass (gray), LUX (yellow), XENONIT (green), PICASSO
(green band), CRESST-II (magenta), CDMS-lite (black), SIMPLE (orange), PandaX-II
(cyan), IceCube (dashed and dotted pink), and SuperK (dashed and dotted black) [36].

1.2.2 The QCD Axion and Axion-Like Particles

The QCD axion, ¢, is a pseudo-Nambu-Goldstone boson associated with the sponta-
neous breakdown of a global axial U(1) Peccei-Quinn (PQ) symmetry [31,32,37,38]. At
energies below the scale of the PQ symmetry breaking and above that of the QCD phase

transition, it couples to gluons through the following effective interaction

aS ~ 14
Logg = gf—d)GZ,/Gb“ ) (1.28)

where f; the axion decay constant, and Gowr = %e“”p"ng the dual tensor of G*. Due
to the existence of this interaction, the topological fluctuations of the gluon fields induce
the following cosine-type potential for the QQCD axion field at the high temperature as

VQCD(gb) ~ x(T) {1 — COos (f%)] , (1.29)

where x(7') is the topological susceptibility, which is a function of the temperature 7" of
background radiations. In particular, y(7') takes some finite values at low temperatures,
while it goes to zero at temperatures much higher than the QCD confinement scale. At
low temperatures, the QCD axion potential has a minimum at § = (¢)/ fs=0 (here we
have redefined the QCD axion field, ¢ — ¢ — 0 f¢), which provides a dynamical solution
to the strong CP problem, where (¢) is the vacuum expectation value of the QCD axion.
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By expanding the QCD axion potential (1.29) around the minimum, one can obtain
the mass of the QCD axion given by

m(7) = X5 (1.30)
13

which also depends on the background temperature 7. Here we model the temperature

dependence of the QCD axion mass as a power-law function

Xo (TQCD)n T T
VXo -
my(T) ~ { Jo N T o (1.31)

my = md)(T — 0) T < TQCD

where x, is evaluated by lattice QCD and the parameters Tcp and n are chosen such
that they reproduce the correct order of m,(T') and that the value of m,(T') is matched
with the zero temperature value m at T' = Tqcp. The latest lattice QCD computations
give n = 4.08 [39-43]. On the other hand, a more recent detailed analysis suggests the

following numerical result on the zero temperature mass of the QCD axion [44]

mg = 5.70(7) peV (Wﬂ) . (1.32)
Ty

The QCD axion is produced (non-thermally) in the early era of the universe via the
realignment mechanism [45-47]. If the QCD axion takes a spatially uniform initial value,
by = fs¥y, throughout the observable universe,' it starts to oscillate about the minimum
of the potential when its mass m,(7T") becomes comparable to the Hubble friction term
H(T). Such a coherently oscillating axion field can behave as CDM in the universe, see
Fig. 1.3 as an illustration. The relic abundance of the QCD axion DM, 4, estimated by

the realignment mechanism in the regime |¥y| < 7 reads [54]

f¢ 1.17
Qph? ~ 0.1495 | —4— 1.33
¢ 0(1012 Ge\/) ’ (133)
which holds for f, < 3 x 107 GeV corresponding to the circumstance where the QCD
axion begins to oscillate before m¢(T) reaches the zero temperature value. In addition,
the lower bound on f; 2 4 X 108 GeV ensures the stability of the QCD axion DM on a
cosmological time scale [55-57]. Note that when the initial angle 9, becomes sufficiently
large, namely ¥, ~ O(1), the anharmonic effect which leads to the enhancement of the

QCD axion abundance must be taken into account [58].

!This is guaranteed if the PQ symmetry was broken before inflation and never restored afterward,
however, it does not hold if the PQ symmetry was restored and got spontaneously broken after inflation.
In the latter case, we must take account of the effect of the collapse of strings and domain walls rather
than the realignment mechanism [48-53].
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Figure 1.3: The realignment mechanism for the QCD axion, where the red twisty curve
is the trajectory of the QCD axion (green ones) oscillating on the potential (blue curve),
and 9, is the initial value of the QCD axion field. The trajectory of the QCD axion can
be obtained by solving the equation of motion, ¢ + 3H(T)$ + mi(TW = 0.

The descriptions on the QCD axion above can be generalized in some fundamental
frameworks like string theory or supersymmetry. For example, in the context of string
axiverse [59-61] or axion landscape [62,63], there appear ubiquitous axion-like particles
(ALPs). However, in contrast to the QCD axion, ALPs generally do not acquire a mass
from the non-perturbative effects of QCD as they are not necessary to have couplings to
gluons. Instead, their masses may originate from other high energy theories (e.g. hidden
confining gauge interactions [64]).

The ALPs can also be produced in the early universe via the realignment mechanism
and they can account for CDM for certain values of the parameters [65,66]. Considering

an ALP field, o, with a mass m,, and a decay constant f,, then, the relic abundance of

%)
the ALP from realignment mechanism is estimated as [60]

Qb2 ~ 0302, e N fo Y (1.34)
’ 20\ 1eV 1012GeV )

where 9, ; is an initial angle of the ALP field. Note that, unlike the QCD axion, the ALP

mass is assumed to be constant in temperature and independent of the decay constant,

which explains the different powers of the decay constants in Egs. (1.33) and (1.34).
The experimental investigations of the QCD axion and ALPs rely on their couplings
to the visible particles. These couplings are suppressed by the axion decay constants. For

instance, the couplings of the QCD axion and an ALP to photons are given by

g¢ Ty g Ty
Loy = == OFwI™ Lo, = == FoF, ", (1.35)

where [, is the electromagnetic field strength tensor and F w being its dual tensor, and
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Figure 1.4: The various experimental and astrophysical constraints on the axion-photon
coupling as a function of the axion mass, where we show the current bounds by ADMX
[67-69] and CAST [70] along with the future sensitivities by ADMX (prospects) [71],
CULTASK [72], MADMAX [73], ABRACADABRA [74], ALPS II [75] and TAXO [76].
The limit from the studies of the horizontal branch (HB) stars is displayed as well [77].
For a comparison, we show in the brown diagonal band the ALP-photon coupling g,
with C,, = 1, and in the gray solid diagonal lines the QCD axion-photon coupling g,
with £/N = 0 for the KSVZ model [78,79] and £/N = 8/3 for the DFSZ model [80,81].
Note that the color dots represent the QCD axion DM with f, = (3,5,10) x 10'* GeV,
and the abundance of ALP (1.34) explains DM for the initial angle between 0.5 and 1.

the coupling coefficients g, and g, read

«
Iy = m

[—1.92(4) + £ (1.36)

(0
= —0C,, .
N]’ Jor = g O

with o = €%/(4m) being the fine structure constant. The square bracket in 94, cONtains
a model-independent contribution from the mixing with mesons (the first term) and a
model-dependent contribution (the second term) given by the electromagnetic anomaly
& and the color anomaly N of the PQ symmetry. On the other hand, the coefficient C,,
in g, only includes a model-dependent contribution. The presence of photon coupling
provides a promising way for various direct detections of the QCD axion DM and ALP
DM. We show in Fig. 1.4 some of the ongoing and prospective axion-search experiments

utilizing the axion-photon coupling.
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The ALP can have some cosmological applications. For example, it has been studied
in Ref. [82] that the abundance of the QCD axion can be suppressed by the mass ratio
m,,/m, if there exists a nonzero mass mixing between the QCD axion and the ALP. As
a consequence, the axion-photon coupling (gy,,.) for the light mass eigenstate (my,) can
be enhanced by a few orders of magnitude (see the color solid contours in Fig. 1.4), which
is advantageous for the future ALP and axion-search experiments. However, if the mass
of an axion is too light and with too large initial amplitude, then it may be stable on
a cosmological time scale and contributes too much energy density to the observed DM
abundance. This is known as the cosmological moduli problem. Interestingly, this moduli
problem can be relaxed by low-scale inflation provided that the field values of the axion
follows the Bunch-Davies distribution peaked at the potential minima, see Ref. [83] for

more discussions of cosmological and astrophysical constraints on this scenario.

1.2.3 Other Possible Candidates

In addition to WIMP and axions, physicists have come up with other possible entities
as DM constituent, which may have different mass scales than WIMP and axions. Based
on the observations, the possible mass scale of DM spreads over a very wide range from
10722eV to 10%8 GeV, where the lower limit is due to the quantum effects and the upper
limit is due to the tidal disruption of DM halos around the structures. Let us introduce

some of the DM paradigms different from WIMP and axions in a nutshell as follows.

e Strongly Interacting Massive Particles : Like the WIMP, strongly interacting
massive particles (SIMP) are thermal relics produced via the freeze-out mechanism in
the early universe. But, unlike the WIMP DM, the number of SIMP DM is cannibalized
by itself mainly through 3 to 2 annihilation processes rather than 2 to 2 annihilation
processes, see the middle Feynman diagram in Fig. 1.5. Now, similar to the WIMP DM,
one can calculate the current relic abundance of a SIMP DM by solving the Boltzmann

equation for the DM number density, which is given by [84]

dn .
d];M +3Hnpy = — (03,905 et (”%M - WQDManM) ) (1.37)

where (05_,02%)) .4 is the thermal-averaged value of the effective cross-section of a 3 to 2
annihilation process. The approximate formula of the relic density of SIMP DM can be
derived by using the method analog to the case of WIMP DM, the result is given by [85]

-1 9 -1/2
0 B2~ 1 103 Mgvp (03 9V ot 1

where mgpp is the mass of SIMP DM. Notice that the relic abundance of SMIP DM
depends not only on the effective cross-section but also on the mass of SIMP DM. The
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Figure 1.5: The diagrammatic demonstration of the SIMP condition, where the right,
middle and left panels are the Feynman diagrams for 2 to 2 annihilation process, 3 to 2

annihilation process, and kinetic scattering process of SIMP DM, respectively.

effective annihilation cross-section in Eq. (1.37) or (1.38) can be parameterized as

3
o
<U3—>2Ur2e1>eff = ﬁ ) (1-39)

where a4_,, is the effective coupling of DM in the 3 to 2 annihilation process. Plugging
(1.39) into (1.38), and taking as ,, ~ 1 and mgpp from an MeV to sub-GeV scale, one
can obtain the correct magnitude of the DM relic abundance. Clearly, the strongly in
the acronym of SIMP means that the effective couplings a;_,, are much larger than the
effective couplings «,,, in the WIMP scenario. With this advantage, the SIMP DM can
have sizable self-interactions which may resolve some astrophysical tensions such as the
core-versus-cusp and too-big-to-fail problems.

To have a successful realization of the SIMP paradigm, one has to require that the
interacting rates of 3 to 2 annihilation processes are much bigger than the ones of 2 to 2
annihilation processes. On the other hand, to prevent the heat up of SIMP DM due to 3
to 2 processes, the interacting rates of 3 to 2 annihilation processes must be smaller than
the ones of the kinetic scattering between the SIMP DM and the SM particles. This is

called the SIMP condition [84], see Fig. 1.5 for a diagrammatic demonstration.

e Asymmetric DM : As mentioned in the previous section, the relic density of DM
is about five times larger than the baryonic matter, /€, ~ 5. Since the production
mechanisms of DM and the baryon asymmetry may have different origins, it might be
possible that this ratio is an initial condition of the universe or is set by the anthropic
principle. However, if the relic abundance of DM is produced in the same manner as the

baryon asymmetry, namely n n,— Ny, then the mass densities of DM and

pm -~ 'om g
the baryonic matter can be connected to each other [86-88]. It follows that

pDM ~ mADM nDM_nW ~ mADM ~ 5’ (140)

Py m,  Np— N m,

where m ) is the mass of asymmetric DM, and m,, ~ 1 GeV being the mass of proton.

Therefore, mypy >~ 5m,, ~ 5GeV which is the typical mass scale of asymmetric DM.

— 26 /90 —



PBH formation

Gravitational collapse

Figure 1.6: The illustration of a PBH formation, where A is the spatial wavelength of
density fluctuation, H~! is the size of the Hubble horizon, §p/p is the density contrast,
and dy, ~ 0.4 is the threshold of dp/p to form a PBH [91]. For demonstration purpose,
we describe the universe in 2d space, where the red dashed oval represents the Hubble
horizon and the black shaded region represents the PBH. Note that the crests (troughs)

of the solid curve line indicate the underdense (overdense) regions of density fluctuation.

e Primordial Black Holes : Primordial black holes (PBHs) are formed at the very
early time of the universe (at the radiation-dominated epoch) through the gravitational
collapse in the overdense regions of density fluctuation [89,90]. The formation of a PBH
can be seen in Fig. 1.6. When the spatial wavelength A of density fluctuation is longer
than the size of horizon H~!, nothing happens to the fluctuation due to the causality.
Since A and H~! increase as the universe expands, while the former one grows slower
than the latter one. Hence, A becomes equal to H~! at a certain point. Then, once the
fluctuation enters the horizon, a black hole is formed by the gravitational collapse if the
density perturbation dp is large enough to against the pressure by the radiation.

Since a PBH is formed in the radiatio-dominated era and at the scale of the Hubble
horizon, its mass is then roughly equal to the total energy of radiation contained within

the horizon. Thus, we have

dr _ 13
Mppy ?H(T) *p(T) ~ 2 x 1O5M®(1sec) ) (1.41)

where Mg ~ 1.989 x 10%3 g ~ 1.116 x 10°” GeV is the solar mass. Here we have used
Egs. (1.11) and (1.13), and the relation between the cosmic time and the temperature at
the radiation-dominated epoch, ¢ ~ 0.301g,,(T")~/*myp, /T? for deriving (1.41). Hence,
PBHs can have a wide mass range depending on their formation time.

PBHs are non-baryonic, long-lived, and non-relativistic objects. Therefore, they are
plausible CDM candidates. Moreover, the PBHs with a mass larger than about 103M,,
can be the seeds of the supermassive black holes (~ 10°M) as they cannot be explained

by the astrophysical mechanisms. However, PBHs can evaporate via thermal emission
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like the stellar black holes. Thus, for PBHs to be a dominant component of DM, one
has to require that the mass of PBHs mppy = 10 g ~ 5 x 10719M, [92]. Otherwise,
it would have dissipated by present due to the Hawking radiation. On the other hand,
the abundance of PBHs is tightly constrained by various cosmological and astrophysical
observations because of their evaporation and gravitational lensing effects. For example,
it has been analyzed in Ref. [93] that only the PBHs with the mass from 10'7 g to 10%° g
can have a significant contribution to DM (Qppy/Qpy 2 0.1).

e Fuzzy DM : Fuzzy DM (FDM) or quantum wave DM has drawn an attention in
recent years [94]. In this scenario, DM is composed of extraordinarily light bosons with a

particle mass of order mgppy ~ 10722 eV. Then, the de Broglie wavelength of FDM is

= ~ 2k . 1.42
27 MppyV Pe\10-2ev 10km - sec™! (1.42)

The DM with wavelength in such an astronomical scale may suppress the formation of

small-scale structures, which can address some astrophysical issues such as the missing

satellites problem or the core-versus-cusp problem, etc.

e Topological Defects : Topological defects (TD) occur when two adjacent regions
in different phases cannot be transited smoothly between each other, which are common
objects in various fields of physics such as condensed matter physics, atomic physic,
and cosmology, etc. Mathematically, when a symmetry group G spontaneously breaks
down to its subgroup H, there is a vacuum manifold M which is homeomorphic to the
coset space G/H. Then, the homotopy groups of M can determine which kind of TD
appeared in the theory. In other words, the configuration of TD corresponds to a non-
trivial my(M), where my is the N-th homotopy group. In general, my(M) # 0 gives to a
(2—N)-dimensional TD. For example, we have domain walls, cosmic strings, and magnetic
monopoles if 7,(S°) = Z, 7,(S') = Z, and 7,(S?) = Z, respectively.

Now, let us discuss the necessary conditions for the existence of magnetic monopoles
in a gauge theory with the Higgs mechanism. If a gauge group G is semi-simple,? and its
subgroup H contains one U(1) group, then my(M) = Z, thus magnetic monopoles exist.
In the SM, Gg); is not semi-simple, m,(M) = 0, no magnetic monopoles exist. On the
other hand, in grand unified theories (GUTSs), say SU(5), magnetic monopoles can exist
since SU(5) is semi-simple and it breaks down at low energies to SU(3)c @ U(1)gy-

Magnetic monopole is a good DM candidate since it is stabilized by the topological
property and it can be created naturally in the early universe during a phase transition.
The production of magnetic monopoles is shown in Fig. 1.7. Before the phase transition,
the field configuration is trivial and magnetic monopoles do not exist. During the phase
transition, the field configuration is correlated inside a Hubble patch but uncorrelated

with other Hubble patches, then the monopole structure appears. This is known as the

2A semi-simple group is a group that contains no non-trivial Abelian subgroups.
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Figure 1.7: The production of magnetic monopoles by the Kibble mechanism, where the
left (right) panel is the unbroken (broken) phase of the universe before (after) the phase
transition. The red arrow represents the field orientation in each Hubble region, and the

blue (orange) solid point represents a magnetic monopole (an anti-monopole).

Kibble machanism [95]. Now, assuming at least one magnetic monopole is produced in
a Hubble volume during a phase transition, ny, ~ H(T.)?. Then, the energy density of

magnetic monopoles today is estimated as

3 1/2
T, 9.,(T¢)
Quh? ~ 107 M c AN 1.43
M 1016 GeV /] \ 1016 GeV 100 ’ (1.43)

where m,, is the mass of magnetic monopole, T¢ is the critical temperature at which the

phase transition occurs, and 10'% GeV is the typical energy scale of GUTs. Therefore, if
the magnetic monopole is originated from GUTs, then its adundance would exceed the
current relic adundance of DM by 17 orders of magnitude. Such superheavy monopoles

is precisely the monopole problem in cosmology.

1.2.4 't Hooft-Polyakov Monopole as DM Candidate

In this thesis, we will explore another type of magnetic monopole, 't Hooft-Polyakov
monopole, in the hidden sector. In this model, they consider the gauge field theory with
G = SU(2) ~ SO(3), which is spontaneously broken down to H = U(1) ~ SO(2) via the
Higgs mechanism. Now, since every rotation in 3d space by SO(3) group is one to one
correspondence to a point on a 2d space sphere with a rotation by SO(2) group, then
taking the quotient of SO(3) by these latter rotations removes that degree of freedom.
Thus, we have the coset space SO(3)/SO(2) ~ S? and m,[SO(3)/SO(2)] = m,(S?) = Z
entails the existence of the monopole solution. Intriguingly, it turns out that the hidden
monopole in the 't Hooft-Polyakov model can be a suitable DM candidate by using the

Kibble-Zurek mechanism. We will study in more detail in the following chapters.
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Chapter 2

Hidden Monopole Dark Matter

It was pointed out by 't Hooft and Polyakov independently that a magnetic monopole
can necessarily appear when a non-Abelian gauge symmetry is spontaneously broken via
the Higgs mechanism [1,2]. It can serve as a promising DM candidate if the symmetry is
in the hidden sector [3,4]. In this chapter, we first present a pedagogical review of the 't
Hooft-Polyakov model [96-98], then we discuss the production mechanism of the hidden

monopole DM and estimate its relic abundance in the last part of this chapter.

2.1 't Hooft-Polyakov Monopole

2.1.1 The Lagrangian Density

The simplest model containing a hidden monopole M is an SU(2);; gauge theory with
gauge fields Al = (Alj, Af,, Ali5)™ coupled to an isovector scalar field ¢ = (¢, ¢y, ¢3)7,
where the H subscript denotes hidden. The Lagrangian density is given by

1., 1
Ly = — " Fyy + 5D - Dy —V(9) . (2.1)

where Ffj" = 0t Ay — 0" Al + e Ajy X A is the gauge field strength tensor with ey > 0
being the hidden gauge coupling constant, and D¥¢p = 0@ + e Ay X @ is the covariant
derivative. Notice that - and x here are the dot and cross products in the isospin space.
The potential of the isovector scalar field is
1 2
V(o) = h(@® —vi) . o=V o, (22)
where A\, > 0 is the quartic coupling, and vy = (¢) is the vacuum expectation value of ¢
at which the potential is minimized.
Now, let us take the third component of ¢ developes the vacuum expectation value,
(@) = (O, 0, UH), without loss of generality, then the SU(2)y gauge symmetry is sponta-

neous broken down to U(1)y gauge symmetry which corresponds to rotations about the
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3-axis. By expanding the Lagrangian density around the true vacuum state and in the
unitary gauge, ¢ — (O, 0, vy + (bg), we obtain the particle spectrum including a massless
hidden photon ~y, two massive hidden vector bosons Wff, and a massive hidden scalar

. Their masses can be extracted from the quadratic terms of the Lagrangian density as
1
D' Dy > Seh(Al x ) - (Ay, x ¢)

k| (Af- Ay,) (¢ 6) — (A~ ) (An, - )|

N~ N~ N -

2
612{ (UH + ¢3) (Aﬁ1AH1M + Aﬁ2AH2u)
D m%Vng Wi s

1 > 1
V(6) = Pho| (v +65) —vh| D sm2e?, (2.3)

where the hidden vector fields Wi and 7y, and the hidden scalar field ¢ are defined as

1 .
Wlf“ = E(Aﬁl $2A’ﬁ2) , A = A, ¢ = ¢, (2.4)

and the corresponding masses are given by

my., = egy, My =0, m, = /2 vy . (2.5)

On the other hand, their hidden charges can be read off from the coupling to the hidden
photon, e.g. see Eq. (D.1). Apparently, the hidden massive vector bosons Wi has hidden
charge +ey, and others are neutral under U(1)y.

The equations of motion for the hidden gauge field and the hidden scalar field can be

derived by using the Euler-Lagrange equations as

After some long algebra (see appendix A.1 for the calculations), one can obtain
D.FY +eyd xD'¢d =0, DD'¢+ (6> =) =0. (2.7)
Besides, the Bianchi identity yields one more equation of motion as

~ ~ 1
D,FY =0, F{ = ~é""F, (2.8)

2 Hpo -

It is also useful to find out the total energy density of the model. First, the canonically
conjugate momenta to the hidden gauge field and the hidden scalar field gives

oLy oLy

= Dovan) 9(Dy)

= F, II= = D', (2.9)
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where Ef{ is the hidden electric field, and the hidden magnetic field is defined as

B = ¢, Fl . (2.10)

N | —

Then, the total energy density is written as

I 1 1. :
My = o B B+ 3B Bl + ST T+ [Dig- Dy + V(o) (211)

which can be applied to estimate the mass of the hidden monopole. Before that, let us

first discuss how the hidden monopole solution emerges from this gauge theory.

2.1.2 Hidden Monopole Solution

In this section, we will show how the magnetic monopole can arise from the SU(2)q4
gauge theory with a isovector scalar. In short, it is a static solution of the equations of
motion (2.6) with finite energy field configuration. The ansatz was first given by 't Hooft
and Polyakov, and it has the following asymptotic forms at spatial infinity (r — c0) as

a k

qba = UH% ) A{{a = — €k : A%a =0 ) (212)

2 Y
e’

where the spatial coordinates r* = x,, and note that these expressions have a mixture
between the isospin index a = (1,2,3) and the space indices j,k = (1,2,3). One can
check that the asymptotic forms (2.12) satisfy (2.7). For instance,

D0¢a = ao¢a + eHEabcA%b¢c =0 (213)
. . . A re rk re
D]¢a = 8J¢a + eHeabcA{-Ibqbc = UHa](?> — Cy€abe (Ebjk_) (UH7)
H

0% rar®
= Un <% - 1_3) + UH(5aj5ck - 5ak§cj)rr_3 =0. (2.14)
It follows that the second equation of motion in (2.7) is satisfied since
Dhp =0, ¢ = vh. (2.15)

In particular, we call (2.15) the scalar vacuum configuration. One can confirm that the
first equation of motion in (2.7) is fulfilled with (2.12) as well (see appendix A.1).

It is known that a vector particle remains massless if it is associated with a rotation
(unbroken U(1)y ~ SO(2)y in this model) which leaves ¢ unchanged. Therefore, one can

define the electromagnetic potential by projecting Af; onto ¢ in the scalar vacuum as

1
A= o Ah (2.16)
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from which the hidden electromagnetic tensor is identified with
17 1 v
FY = —¢- Ff" . (2.17)
i
Let us check that (2.17) satisfies Maxwell’s equations. In the scalar vacuum, we have

1
Al X = ——0l¢h . (2.18)
‘H
Taking the cross product with ¢ on the both sides of (2.18), we get

1

Al = UiA’;Iqb — (¢ x O"o) , (2.19)

2
H ealn

where we have used the definition in (2.16). Substituting (2.19) into Fj{", we arrive at

= oFY . B = 0y -0 Al - — [ (e x09)] . 220)

HYH
where the identification (2.17) has been used (see appendix A.2 for the derivation). Using

the equation of motion (2.7) in the scalar vacuum and (2.20), one can readily show that

v 1 12 1 12 1 v
H H
]‘ v v ]' 17
= —(F{'Dup+ 90, ) = —¢0,Fy =0, (2.21)
(%z Uy

it follows that 0, F};” = 0. Similarly, Eq. (2.8) leads to 3Mfl’fy = 0.

We have demonstrated that the definition of the electromagnetic tensor (2.17) does
satisfy Maxwell’s equations. Now, let us plug the asymptotic forms (2.12) into (2.16) and
(2.20), we find Af; =0, and

1

FO = prw (6 (o x0°¢)] =0, (2.22)
Fr= ! Digpx )] = ——— & ¢, 0"
W= |0 (P9 % 0"0)] = ——6u.0,000,0%,
HYH HYH
1 re (5jb T’ij 0, Tyre 1 re
e (P () - e e

Thus, using the definition of electromagnetic fields in the strength tensors, FI?IO = ElﬂI and

FIF = —€;,Bl, we obtain no electric field (Ey = 0) but a radial magnetic field as
r
B = — 2.24
) = (2.24)

which is essentially induced by the isovector scalar field, see Eq. (2.23). We sketch this
magnetic monopole solution in Fig.2.1.
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Figure 2.1: The 't Hooft-Polyakov monopole constituted by the gauge field and the scalar

field, where the isospace vector is aligned with the position vector.

With the magnetic field given in (2.24), we can find the hidden magnetic charge @,
concentrated near the origin by measuring the magnetic flux ®5 through a closed surface

0f) in the scalar vacuum as

4

Oy = Py :74 BH@S:]{ ~(r2a0) = = . (2.25)
oN o

egr €n

This magnetic charge is topologically stable since it is invaraint under arbitrary deforma-
tions of ¢. One can prove this statement by taking the variation of @, in (2.25). First,

the magnetic charge can be written as

1

o 3
2equy

Qy = f{ €u [¢- (0% x 8l¢)]de , (2.26)
o0

here we have used the relations in (2.10) and (2.23). Next, we can show that
0@ ("dx 0'p)] = 3|00 - (07 x 0'D)] +2¢,,0" [ (3 x 0'9)] . (2.27)

where d¢ is any deformation of ¢. Note that the second term vanishes due to the Stokes’
theorem in the case of an enclosing surface. On the other hand, 8*¢ x 0'¢ points in the

same direction of ¢ since 9*!¢ is perpendicular to ¢ (also see (A.15)), then, we have
5 (0" x 'p) o ¢-6¢p x (¢ ¢) =0. (2.28)
Therefore, the variation of the hidden magnetic charge
3Qy o €00 (0P x I'¢)] =0, (2.29)
which implies that the monopole can be a DM candidate due to its topological stability.
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2.1.3 The Mass of Hidden Monopole

The classical mass of the hidden monopole is contributed by the total energy density
of the gauge field and scalar field system. From Eq.(2.11), we have

my = /d3x liE{I - Bl + 53{{ - By, + 51‘[ 1T+ §DJ¢ D' + V(qﬁ)} . (2.30)
In the static solution, we have IT = D% = 3°¢ + ey AY x ¢ = 0, and for simplicity, we
further take V(¢) — 0. Then, Eq. (2.30) reduces to
1 : , : . . ,
my = 5/0[333 <E§I-Ef{+BIJ{-Bf{+D’¢-DJ¢> : (2.31)

here we keep the energy density stored in the hidden electric field, and the reason will be
clear in the next section. Note that the spatial integral (2.31) exists, and this is because
Dig — 0 and [ dx BY, - B}, o< [drr=? — 0 at large values of . Hence, the asymptotic
solutions (2.12) do exhibit the field configuration with finite energy.

Now, let us rearrange (2.31) as

my = %/d%(‘Elj{—qu’)sin@!z—i- ‘Bﬁl—pj(ﬁCOS@F) 5

+sin@/d%E{I~Dj¢+cos@/d3a:BIj{-Dj¢

> sin@© /d% El, -Di¢+ cos@/d% Bl -D'¢ , (2.32)
where © is an angular parameter and |V7?|> = V7 . V7 is a shorthand definition. Then,
Bl -Di¢p = B}, ¥+ eyBi; - (A} x ¢)
= (¢ Bl)) — ¢ (0B + ey Al x B)

= 0(¢-Bl) — ¢ -D'B}
= (¢ B}) - ;eojklpjpkl
= (¢ BY) (2.33)

here we have used (2.10) and the Bianchi identity. It follows that

/d%B{I.Dw = /d3x8j(¢~B{{) :7{ (¢ By)ds’, (2.34)
o0

where we have applied the Green’s theorem and evaluated the surface integral at infinity.
Using Egs. (2.10) and (2.20), one can find out in the scalar vacuum

, 1 1 1 1 j
¢- By = ¢'§€jkzFl—]§l = ¢'§€jkl<U_¢F§l) = UH(éejleIl;l> = vgBy . (2.35)
H
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As a consequence, we have

/d%B{{-qub = UH% By - dS = vyQy (2.36)
onN

Similarly, using the equation of motion in Eq. (2.7), we have

/d3xE§1-Dj¢ = qu{ By -dS = vyQy . (2.37)
o9
Substituting Eqgs. (2.36) and (2.37) into Eq. (2.32), we obtain
my = Uh (QE sin® + @y cos@) . (2.38)

The most severe bound of the monopole mass occurs when the right-hand side of (2.38)

reaches its maximum value. This is the so-called Bogomol'nyi bound [99] and is given by

My > oy Q3+ Q% (2.39)

For the 't Hooft-Polyakov monopole, the Bogomol'nyi bound is then

4oy

(2.40)

In this thesis, we will use this bound as the mass of the hidden monopole for simplicity.
Notice that the equality in (2.40) holds when the conditions V(¢) = 0 and B}, = Di¢
are satisfied, see Eq. (2.32). For the former condition, we have two possibilities, A\, = 0 or

$? = v¥ in the entire space. However, the latter one leads no magentic field since
Bix ¢ Bl=¢ De=¢ Fp+eyd- (Al x¢) =0. (2.41)

Therefore, we require that Ay — 0 and maintain ¢* = v only at spatial infinity. This is
known as the Bogomol'nyi-Prasad-Sommerfield (BPS) limit [99, 100]. The dependence of

the monopole mass on the non-zero )\, is discussed in appendix B.

2.1.4 The Witten Effect

In the previous section, we retain the electric field when estimating the monopole
mass, and drop it at the end since the 't Hooft-Polyakov monopole carries no electric
field. However, if CP is not a conserved quantity, then, the electric field can be induced
via a CP-violating term. This is named as the Witten effect [6].

To see how the hidden monopole acquires a non-zero electric charge, let us consider

the following CP-violating @y;-term in the hidden sector as

62 ~
L, = Oy FHFy

s (2.42)

pv
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where 6y is a constant, Ff{” = 0" A}, — 0¥ A}j5 is the field strength tensor of the hidden
photon, and ]51’{“’ is its dual tensor. We will promote 6; to a dynamical variable, the axion,
in the next chapter. Since the f-term can be rewritten as a total derivative, it does not
affect the equations of motion, and one usually discards such kind term. However, in the
presence of the monopole, it has a physical effect. In other words, the monopole acquires
an electric charge proportional to fy, in addition to the magnetic charge. As a result, the
monoploe becomes a dyon [101] possessing both electric charge and magnetic charge.

To derive the explicit form of the electric charge of the hidden monopole, let us start

with the equations of motion of the hidden electromagnetism,
2
v € Ty v v
aﬂFﬁL = 871:28“(9HF§ ) ) a,uFu = JM > (243)

where j8; = (pyr, Jy) 1 the magnetic 4-current density. Again, by expressing the strength
tensor in terms of the electric and magnetic field as F},' = EJ; and FJ} = —ejk,le{, we

obtain the modified Maxwell’s equations as
2
€
s
Suppose that there exists a monopole at the origin with a magnetic charge );. When

measured far from the origin, the magnetic field induced by the monopole is

_ QurT
A7 r2

where 7 is the unit vector along the radial direction. Here we have assumed that the core

By (r) (2.45)

radius of the monopole is negligibly small compared to r (see appendix B). Matching with
(2.44), one can see that a non-zero hidden electric field is generated around the monopole

at a sufficiently large r as

Qn T ) e2 eyl
Ey(r) = =E—  with Qp = 8—;9HQM = SWH .

(2.46)

Therefore, the hidden monopole acquires a nonzero hidden electric charge.! Notice that
anti-monopoles M have the opposite hidden electric charges. We summarize the particle
spectrum of the 't Hooft-Polyakov model in Tab. 2.1.

One can extend this result by promoting g to a dynamic field, say axion, and show
that the electric charge of the monopole is similarly induced by the Witten effect [102].
The difference is that the electric charge spreads out in space, and the electric charge
contained inside a sphere with a radius r is given by Qg(r) = eyf(r)/(27). Thus, the
electric charge distribution depends on the profile of axion field around the monopole,

which will be studied in the next chapter.

L Actually, there are excited states of monopoles which have non-zero electric charges (Qp = ney)
even without the Witten effect. These electric charges are nothing but the Noether charges under some

gauge transformations, see appendix C for the discussion.
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Table 2.1: The masses, electric and magnetic charges of the particles of the 't Hooft-
Polyakov model in the hidden sector, where ay = e%/(47) is the hidden fine structure
constant. Here we take the BPS limit for the hidden monopole mass for simplicity and
its hidden electric charge is attributed to the Witten effect.

Particle Mass Hidden electric charge | Hidden magnetic charge
Vi 0 0 0
© my, = mvH 0 0
Wit My, = VAmay vy Qp = fey 0
M(M) My = \/MUH Qp = £eyby/(2m) Q= tdm/ey

2.2 Production Mechanism and Relic Abundance

In the 't Hooft-Polyakov model, both massive gauge bosons and monopoles are stable
because they carry (hidden) electric and/or magnetic charges under the unbroken U(1)g
symmetry and there are no other lighter hidden charged particles. Therefore, they would
contribute to the observed density of DM once produced. In this section, we will discuss

and determine their production mechanisms and relic abundances, respectively.

2.2.1 Production of Hidden Massive Vector Bosons

The hidden sector is assumed to be in thermal equilibrium with the visible sector via
some portal couplings at high temperatures. Therefore, the hidden massive vector bosons
are in chemical equilibrium with the thermal bath and their abundances are fixed when
the annihilation processes Wy Wy, <— @@, vy are decoupled as in the usual chemical
freeze-out scenario. The Feynman diagrams of these annihilation processes are depicted
in Fig.2.2. The s-wave annihilation cross-section of the hidden massive vector bosons in

the BPS limit is computed as (see appendix D for the computation)

107 a2 A
0T +@<_¢), (2.47)

ann Yrel 2
18 myy Qg

where v, is the relative velocity of the Wi W; pair in their center-of-mass frame. In

rel
the non-relativistic regime (v, < 1), this annihilation cross-section is enhanced by the
Sommerfeld effect resulting from (attractive) long-range force between the two incoming
hidden massive vector bosons. Summing over all the ¢-channel ladder diagrams involving

hidden photon exchange between Wi and Wy (see Fig.2.3), one can obtain

(O-annvrel)s.E - S(Urel) (Uannvrel) ’ (248)
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Figure 2.2: The Feynman diagrams of the annihilation processes Wi Wy <— 0@, Yy Vu-

=
T+

Wy
Figure 2.3: The Sommerfeld t-channel ladder diagram for the annihilation of the hidden

massive vector bosons via the hidden photon exchange.

where the s-wave Sommerfeld factor reads

2Ty 1
S(Urel) = 1 — 6727raH//Urel '

(2.49)

Urel

Then, the thermally-averaged Sommerfeld corrected s-wave cross-section is given by

<Uannvre1>S.E - <S(Urel)>(gannvrel) ) (250)

where

3/2 o0
<S(Urel)> = 34—%/ dvrel S<Urel)vr261€7mvr2€l/4 (251)
0

with 2 = my, /T. Now, using the standard derivation for the Boltzmann equations (see

(1.25)), the relic density of the hidden massive vector bosons is approximately given as

Q2 1.07 x 10 Ty (2.52)
W N g*s,f/\/g*p,f mPl <Uannvrel>eff Gev ’ '
0.038 gy mpym O annUrel ) e
r, 111( wTp1 WH< 1) ff) 7 (2.53)
Vs s s
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Figure 2.4: Ranges of z; and (CannUrel)er as functions of my, corresponding to the 90%
C.L. range of the DM relic density 0.1159 < Qpyh2 < 0.1233.

where x, = My /T; with T} being the freeze-out temperature, g,, ;(g,, ;) counts the
effective relativistic energy (entropy) degrees of freedom with masses smaller than Ty,
gy = 6 is the number of Wi degrees of freedom, and the effective annihilation cross-

section (0, Vo = (TamnVrel)sr/2 due to the two-component hidden massive vector

ann
bosons assuming equal amount of the number densities.

By solving (2.52) and (2.53) numerically, we present in Fig.2.4 the allowed ranges of
the freeze-out parameter and the effective annihilation cross-section as functions of the
mass of DM without knowing the explicit form of (o, v, )es- Then, by imposing these
ranges on (2.47) to (2.51), we show the hidden fine structure constant as a function of
the mass of the hidden massive vector boson in Fig. 2.5, where the results without the
Sommerfeld effect are also displayed. The behavior of the color solid curves in this figure
is easy to understand. At small values of oy, the Sommerfeld effect plays no role since
S(vre1) =~ 1 in this region. Conversely, S(vye1) ~ 2may; /v, at large values of oy, and it is

this enhancement factor that causes the solid curves deviate from the dashed ones.

2.2.2 Production of Hidden Monopoles

Throughout this thesis, we assume that the universe undergoes a second-order phase
transition in the hidden sector at a critical temperature T.. Then, the abundance of the
hidden monopole is determined by the Kibble-Zurek mechanism [95,103], which predicts
much larger number density of topological defects than the Kibble’s original estimate.
Here, we give a brief review of this mechanism in the following paragraphs.

During the second-order phase transition, the thermal system with temperature T
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Figure 2.5: Values of ay as a function of my, for different relic densities of the hidden
massive vector boson, where the color solid (dashed) lines correspond to the case with
(without) the Sommerfeld effect.

can be characterised by the correlation length £(7") and the relaxation time 7(7") which
diverge near the critical temperature. These physical quantities can be parameterized by

using the critical exponents v and u respectively as
§(T) = &le(DI™ . 7(T) = 7ole(T)™, (2.54)

where €(T) = (T — T.)/T. is the degree of proximity toward the critical temperature,
and &, and 7, are temperature-independent parameters determined by the model. In the
't Hooft-Polyakov monopole model, these quantities can be computed from the following
Landau-Ginzburg free energy of the form as

V(p,T) = %M(T)2¢2+;L/\¢¢47 (2.55)

where M(T)? = 2m(T — T.) is the effective mass of ¢ with a mass parameter m. At
high temperatures, T > T, the SU(2); gauge symmetry is unbroken, and the vacuum
expectation value of the isovector scalar field vanishes throughout the universe. When
T<T. ~ \/)\_¢UH, the SU(2)y; gauge symmetry is spontaneously broken as the value of
(@) moves from 0 to vy. Then, a domain structure appears, where the direction of ¢ in
each domain is randomly chosen, and the size of them is characterised by £(7"). At low

temperatures, T < T, the free energy (2.55) in the true vacuum state reduces to

V() ~ 2mT.¢* + EAW‘L . (2.56)
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Therefore, we have m ~ ym?,/(2T) ~ iXsT.. Now, the two-point correlation function in

a scalar field theory tells us that

<gb(x)gb(y)> ~ e~ MDe—y| , ~lz—yl/&T) (2.57)

le—y|— o0

It follows that

&(T) (2.58)

1 1 1
CMT)  hn(r-n) VAN

namely v = 1/2 and & ~ 1/(1/As T¢.). On the other hand, causality requires that £ < 7,
and as we shall see soon that the Hubble friction for the isovector scalar field ¢ can be
neglected in the vicinity of the critical temperature. In such a case, one can approximate
the relaxation time 7 & £, then we obtain y = 1/2 and 7, ~ §,. Note that v =y =1/2
are classical values, and their precise values are subject to the quantum effects.

To fix the correlation length around the critical temperature, let us first describe the
behavior of a system during the second-order phase transition. At cosmic times far from
t. (the time at T¢), the relaxation time 7(¢ < t.) is much smaller than |t — t.|. In other
words, the system has sufficient time to follow the temperature evolution of the thermal
plasma before the phase transition. When the universe approaches the phase transition,
there exists a certain time point ¢; at which the time left before the transition becomes
equal to the relaxation time, 7(t;) = |t; — t.|. Beyond this point, the correlation length
&(t > ty) is frozen since the system can no longer change fast enough with the thermal
plasma, and it is unfrozen after ¢t. + 7(t) (see Fig.2.6). Thus, the correlation length at
the critical temperature is determined by &(¢;) which can be evaluated as follows.

At freeze temperature T (the temperature at ¢;), we have

T(ty) = 1ole(Tp)| ™" = |ty —te] < L. (2.59)

1/2

In the radiation-dominated epoch, the temperature 7" oc t~'/% and the Hubble parameter

H=R/R=1/(2t), one can find

|tf _tc| _ |tf _tc’
(T (T = Te)/To]

which implies that the Hubble expansion can be ignored when the system is close to the

~ 2t. = H(T.) ™" > |ty —tJ, (2.60)

critical temperature during the phase transition as we expected. Plugging Eq. (2.60) into
Eq. (2.59), we obtain

Am3g, (T.) T2
gupTe) T (2.61)

H(T,) =
’ ( ) 45 mpl

e(Ty)| = [rH(T)] "

It follows that the correlation length at the critical temperature is given by
—v/(1+p)
E(te) = &(ty) = &[mH(Te)] : (2.62)
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Figure 2.6: The illustration of a system during a second-order phase transition, where the

yellow shaded region is the frozen zone during which the correlation length is unchanged.

Assuming at least one hidden monopole is produced in each volume of order &(t.)3, we
yield the number density of the hidden monopole created at the critical temperature as
ny(te) ~ &(t.)73. The current relic abundance of the hidden monopole from the Kibble-

Zurek mechanism is estimated in Refs. [4,104] as

T 3v/(14v)
c ) , (2.63)

2 9f ™Mwm
Qyh” ~ 1.5 x 10 (—1 TeV) (Z%Omp1

which has assumed that the M-M annihilation after the phase transition is negligible.
Now, if one takes my; /T, =~ my /vy = /47 /oy =~ O(1 —10), then the mass of the hidden
monopole should be around several hundred TeV to account for the observed DM density
[104]. Moreover, if oy is in the perturbative regime, then this relation also indicates that
the hidden monopole DM is non-relativistic once produced. Using Eq.(2.63), we show the

hidden fine structure constant as a function of the hidden monopole mass in Fig. 2.7.

2.2.3 The Combined Relic Abundance

With the predicted relic abundances (2.52) and (2.63), we present the combined relic
density of the hidden massive vector bosons and the hidden monopoles in Fig. 2.8, where
Qpuh?® = Qwh? + Q k% is the total DM density, ry = Qy/(Qw + Q) is the fraction of
the hidden monopole DM, and we have fixed the critical exponent v = 0.5 and 0.672.

From this figure, we select four benchmark points for our numerical study.? They are

2Some of the benchmark points may have strong annihilation effect in order to have a successful
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Figure 2.7: Values of ay as a function of my; for different relic densities of the hidden

monopole with the critical exponent v = 0.5 and 0.672 in the color solid lines.

summarized in Tab. 2.2, where the color bullets correspond to the color dots in Fig. 2.8,
and the mass of the hidden massive vector bosons can be evaluated by the mass relation,
My, = aymyy, in the BPS limit. Notice that, although the precise fraction of the hidden
monopole is subject to various uncertainties like the critical exponent and the presence

of hidden fermions (that are necessary for the interaction of the axion to be introduced

second-order phase transition [3,4].
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hidden monopole. Here we have fixed the critical exponent v = 0.5.

Table 2.2: The benchmark points satisfied the current DM relic density, Qpyh? ~ 0.12,
in the 't Hooft-Polyakov monopole model with the critical exponent v = 0.5.

Benchmark Points ay my (TeV) | my, (TeV) | vy (TeV) T\
e Benchmark Point 1 | 0.71 203 143 48 0.3
e Benchmark Point 2 | 0.28 148 41 22 0.1
e Benchmark Point 3 | 0.16 120 19 14 0.05
e Benchmark Point 4 | 0.03 80 3 4 0.01

in the next chapter), they do not change our results by more than an order of magnitude
at least in the parameter region of our interest.

2.3 Other Aspects

2.3.1 Portal Couplings of Hidden Monopole DM

We have shown that the hidden monopole is a viable DM candidate for two reasons.

First, it is an inevitable topological object if the universe undergoes a phase transition
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in the hidden sector. Second, its stability is guaranteed by the topological nature. Then,
the question is, can we detect them by the underground experiments? In the minimum
form of the 't Hooft-Polyakov model, the answer is No! One has to assume some portal
couplings for the hidden sector to the visible sector. There are three possibilities which

are discussed in the following.

e Higgs portal : It has been studied in Ref. [3] that the hidden monopole DM can
interact with the SM particles through the Higgs portal interaction given by

1 5 : 1,
Litiggs = _§>‘¢>H(¢ ¢ — UH) (H H— 7Y ) - (2.64)
By which the differential monopole-proton scattering cross-section is calculated as
Ao\ p—sMtp ~ AinS uﬁmi (2.65)
ds 25672 m(md + 2my,E,)? '

where f, >~ 0.468 [105], py = mym,,/(my +m,,) is the reduced mass, m;, ~ 125.1 GeV is
the mass of the Higgs boson, and m , and E, are the mass and the recoil energy of target

atom, respectively. For elastic scattering, 2m ,E. < m3, they find

)\2 f2 m4 )\ 2 m -2
< D TP 134 x 1070 em? [ 222 M . 2.66
64mm2, m? o ) \100Tev (2.66)

OM+4p—M+p ~

It is far from the sensitivities of current or future direct detection searches, see Fig. 1.2.

e Vector portal : The hidden monopole DM can also couple to the visible sector via
the vector portal interaction by introducing a kinetic mixing between the hidden sector
U(1)g and the hypercharge U(1),. As discussed in Refs. [106,107], one can write down
the following dimensional-5 operator as

% (¢-F)B,, > “LF"B

o (2.67)

py

where F3" and B, are the field strength tensors of U(1)y and U(1)y, respectively, and
M being a cut-off scale. This effective operator gives rise to the kinetic mixing of vy /M,
which is of order 10713 for vy = 10°GeV and M = 10 GeV. Thus, both monopoles
and WI}—L acquire a fractional electric charge of order vy /M through the kinetic mixing.
The current limit on such mini-charged DM is satisfied for the mass of O(100) TeV and
the kinetic mixing of O(107*?) [108,109]. Again, such a small kinetic mixing makes the
monopole-nucleon elastic scattering cross-section far below the sensitivities of present or

prospective direct search experiments.

e Axion portal : The prototype of the axion portal interaction was first considered
in Ref. [102]. By solving the equation of motion of a massless axion, they derive the field
configuration of the axion around the GUTs monopole. However, the explicit calculation

of the monopole-nucleon scattering cross-section by the axion portal has not been done
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in the literature. Hence, it is worth exploring this possibility as the hope to probe the
hidden monopole DM. We will discuss about it in more detail in the next chapter. Here
let us show the result in advance. The monopole-proton elastic scattering cross-section

via the axion portal coupling is estimated as

2 —2 —4
~ 3.12 x 10740 cm? | 2K Ju T 2.68
ONpoMp e <0.16 10°GeV) \10MeV) (268)

where m, and f, are the mass and the decay constant of the axion, respectively. This

cross-section can be sufficiently large to reach the sensitivities of current or future direct
search experiments if the mass of the axion is light enough, see Fig.1.2. In comparison

with the Higgs portal, the corresponding cross-section is suppressed by the Higgs mass.

2.3.2 Self interaction between DM

The hidden massive vector bosons and the hidden monopoles both have long-ranged
forces carried by the hidden photon due to the unbroken U(1); symmetry. The DM with
self-interaction may resolve some astrophysical issues such as the core-vs-cusp problem
and the too-big-to-fail problem, see Ref. [3,4] for more discussions.

Here let us comment on the bound state formation (BSF) of the DM with the self-
interaction. The DM bound states can be formed via emission of a hidden photon. The

corresponding cross-section times relative velocity can be written as [110]

OBSFUrel = SBSF(Urel) (Jannvrel)() ) (269)
where
2107'(' CS 674Carccotc WQI%I
SBSF(Urd) = 3 (1 + CQ)Q 1 — e—2nC ’ (Uannvrel)o = ngM (270)

with ¢ = ay/v,y. For ¢ > 1, Eq. (2.69) can be approximated as

21072 a%

Opaplp 2 ———5— . 2.71
BSF “rel 364 m%MUrel ( )
where e ~ 2.718. For the DM forming a bound state at the present time, one can require

N o U3 p 1/3
< 7.3GeV (| —L ) (2L DM : 2.72
DM 5 26 (0.16> (10—3> (0.3GeV~cm—3 (2.72)

Therefore, the hidden massive vector bosons and the hidden monopoles in this model are

difficult to form the bound states due to their heavy masses.
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Chapter 3

Monopole-Nucleon Interactions via

Axion Portal Coupling

In this chapter, we will demonstrate how to compute the spin-dependent cross-section
of the hidden monopole DM scattering off a nucleon via the axion portal coupling. Such
calculation may look intractable since a monopole is a composite object and it is not clear
how to express its interaction with the axion and the SM particles in the Lagrangian. In
the following, we will show our derivation of the field configuration of the axion around the
hidden monopole due to the Witten effect. In the case of the massless axion, it was first
evaluated in Ref. [102]. Here we extend their result by introducing the axion mass term
and apply the obtained axion configuration to estimate the cross-section. The inclusion
of the axion mass is crucial because the tail of the axion profile gives the dominant
contribution to the scattering cross-section. If the axion also has Yukawa-like interactions
with the SM fermions, the hidden monopole surrounded by the axion can scatter off a
nucleon. Then, its leading-order cross-section can be estimated by treating the axion
configuration as an external classical field. This enables us to impose the current limits

and future prospects from various DM direct detection experiments.

3.1 Axion Configuration around Monopole

To find out the axion profile around the hidden monopole, we consider the following

Lagrangian density as

I 1., 1 ,.,( a 2e%{aw~
where a = a(r) is the axion field with fy being the decay constant of the axion. If the
shift symmetry of the axion is linearly realized as a global U(1) Peccei-Quinn symmetry

in the UV completion, then it resides in the phase of a complex scalar, ®. Thus, the decay
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constant is considered to be an order of the vacuum expectation value of ® in a simple
setup. On the other hand, the axion coupling to the hidden photons can be induced if ®
has a coupling to hidden fermions charged under SU(2)y. In Eq. (3.1), we have introduced
the axion mass term, which may originate from another hidden SU(N)y, gauge theory.
With gauge field strength Gy, 6, is the coefficient of the theta term, QOGH,éH,, and the
mass term is obtained by expanding the axion potential around 6,. This expansion may
break down when 6, 2 1 as a/ fi changes its value more than O(1) around the monopole
[a(r —0) ~ ()]. However, we neglect the possible deviation from the quadratic potential
because the calculation of the scattering cross-section is essentially determined by the tail
of the axion configuration, where the axion potential can be well approximated by the
quadratic form. The axion also acquires a mass contribution from the SU(2)y instanton
effect. To suppress this contribution, one has to require that oy < 0.2 [111].

Now, let us place a monopole at the origin and derive the static field configuration of
the axion around it. We suppose that, in the absence of the monopole, or at a sufficiently
large distance from the monopole, the axion is stabilized at §,. Due to the Witten effect,
the monopole is surrounded by electric charges with the total amount ey6,/27, which is
independent of the axion decay constant. The electric field becomes much stronger as the
axion approaches the monopole. As a result, the value of the axion field tends to zero to
suppress the energy of the electric field. Thus, the axion configuration is determined by
the balance between the gradient energy of the axion and the energy stored in the electric
field around the monopole.

To derive the precise axion distribution around the monopole, one needs to minimize

the Hamiltonian of the axion-monopole system given by
1. 1 1 1 1
Honi = /d% {592 + §f§1(V0)2 +gmifi(0 - 0,) + 5| Bal* + §|BH]21

2

> orf / drKrdig’)) +m§r2(0(7’)—90)2+%9(r)2} , (3.2)

here we have defined a dimensionless axion field, = a/ f};, and we have used Egs. (2.46)
and (3.1) and omitted the kinetic energy of the axion in the second line as we are only
interested in the static field configuration. We have also dropped the energy density of
the hidden magnetic field since it is not a function of the axion field. Notice that the
theta term OFF in Eq. (2.42) does not contribute to the Hamiltonian density even if 6 is

spacetime dependent. The easiest way to prove this is to consider the following action

S, = / d'z /=g 0(z)F"F,, = %ewaﬁ / d*z O(x)FH FOP (3.3)

where F, w = F*%/,/=g. Therefore, the energy-momentum tensor of the # term,

1
2€wap
)" = (2/v/=9)08S,/ 69,, = 0. Furthermore, we have assumed spherically symmetrical

—49 /90 —



functions 6(r) in the second line and defined r, as

ry = 873}1{ : (3.4)
The physical meaning of r, will be clear later. The lower end of the integration is set by
the core radius of the hidden monopole, r.. In the case of 't Hooft-Polyakov monopole,
it is given by r. ~ m;VlH, inside which the original SU(2); gauge symmetry is restored.
In the following analysis, we will assume that the core radius is negligible since the axion
profile outside the core is considered to be insensitive to r.. This is because the electric
field outside is simply determined by the Gauss’s law, and it does not depend on the core
radius. Thus, in practice, one may use only the r > r. part of the axion profile obtained
ignoring the core radius. Also, the typical momentum transfer in the monopole-nucleon
scattering is much smaller than the mass of the hidden vector boson, and therefore, the
scattering cross-section is sensitive to the axion profile far from the monopole.
What we want to know is the field configuration that minimizes the Hamiltonian. To
this end, it is convenience to change the radial coordinate r to a dimensionless variable
z = ry/r. With this substitution, the Hamiltonian (3.2) becomes

H“‘MzerH[ dzl(dz(Z))+9<z>2+m{°<0<z>—eo>2- (35)

47 z z
C/TO

Then, by minimizing Eq. (3.5), the equation of motion of the axion field to be solved is

d*0(z) B m2re
- =0+ 7(e(z) —0,) - (3.6)

In order for the energy density of the axion-monopole system to be finite, here we impose

0(z — o00) = 0 and 0(z — 0) = 6, as the boundary conditions of Eq. (3.6). Unfortunately,
this differential equation cannot be solved analytically. Instead, we solve this differential

equation with its asymptotic forms as

0(2) for z > /m,ry
@0(z) (3.7)

d22 2 ’
‘ MaTo (9(2) — 90) for z < /m,7,

which has the analytical solutions given by

1+

0-(z) = 6, — T VTT0 ) atymag for z > /m,r,
1+ 2/m,1,

0(z) ~ . (38)

z —m,ro/z+/MgT,
= 00(1_1—}—2—77’%7"06 ”0/ + ao) for Z<,/ma7”0

Note that this solution is smooth at z = ,/m,7r,, and we have checked that the asymptotic

solutions given by (3.8) agree with the numerical solutions of (3.6) to very high accuracy.
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Figure 3.1: The configuration of the axion field around the monopole as a function of
z=ry/r for §, = 1 and ,/m,r, = 1072. The monopole is located at z — oo (i.e.7 = 0),
and the axion field takes the vacuum value 6, at z — 0 (i.e.r — o0). The core radius is

assumed to be negligibly small for simplicity. The obtained profile is valid for r > r.

See Fig. 3.1 as an example, where we take 0, = 1 and |/m, 7, = 1072, and we make a
comparison between the analytical and numerical solutions. One can see that the two
lines agree very well with each other. In this figure, the hidden monopole is located at
z — oo (i.e.r = 0), and the axion field takes the vacuum value 6, at z — 0 (i.e.T — 00).
The axion field value starts to decrease around z ~ 1 (i.e.7 ~ r,), and this is due to the
fact that a nonzero axion field costs large energy stored in the hidden electric field near
the origin because of Ey(r)? oc 6(r)?/r.

So far we have not specified the relationship between m, and 1/r,. For our purpose,
we are interested in relatively light axion masses between 10 MeV and 10 GeV (the mass
region of scalar particles searched by the beam-dump experiments such as CHARM and
SHiP), while the axion decay constant fy; is constrained to be much larger than m, in

this mass range. From Eq. (3.4), on can readily show that

1/4 1/2
eg m, s m,
\/ = ——= ~ (0.13 — —= 1. 3.9
a0 872 fH <0'16> (fH) < ( )

Hence, in the following calculation, we assume that m,r, < 1, for which the axion mass
is relevant only in the tail of the axion field configuration around the monopole. As we
shall see, those outer parts contribute most to the scattering cross-section, and this is
because the typical momentum transfer between the monopole and the nucleon is much
smaller than m,. It is also clear that the precise size of the monopole core radius does

not affect the calculation of the cross-section.
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3.2 Spin-Dependent Elastic Scattering Cross-Section

of Monopole and Nucleon

With the obtained axion field profile (3.8), we can now calculate the amplitude of the
monopole-nucleon scattering by introducing the following axion-nucleon interaction as

Cymy

H, N = / PrHen = = &z [a(z) Yy (2)irv Py (2)] | (3.10)

where N presents the nucleon (proton p or neutron n), Cy is a constant of order unity,
my =~ 1GeV is the nucleon mass, and f, is an energy scale characterizing the strength
of the axion-nucleon coupling. In the following calculation, we will assume f, = fy for
simplicity, but f, can be much larger or smaller than f}; in a slightly contrived setup, e.g.
clockwork axion [112]. The values of C, and C,, are actually model-dependent. In our
numerical computation, we choose |C,| ~ 0.4 and |C,,| ~ 0.05, which are typical values in
the DFSZ axion model [44].

In our setup, the monopole is much heavier than nucleons, and so, we can treat
a(x) as a classical static scalar field around the monopole while we treat i (z) as the
usual quantized Dirac field in the same manner of the Rutherford scattering. Then, the
amplitude of the monopole-nucleon scattering mediated by the axion to the lowest order

is calculated as below [113]

iMytinovgn X (2m)8 (B — Ey)
—

. 4 ;o CNmN 4 A s 5
= _Z/d x<pN73N},Ha—N|pN75N> = f— d $a<x><PN73NWN($)7 wN(x>‘pN73N>

C - .
= NmN/d?’fL’a(w) e‘z(pN"’N)"”/dt6“EN‘EN)'t x [a(pk, sh)7°ulpy, sx)]

= COnmy /d?’a:Q(m) e T® x (2m)6(Ey — Ey) x [ﬂ(p{\],s{\])'fu(pN,sN)] , (3.11)

it follows that

iMM+N—>M+N = CNmN§<q) [ﬂ(pi\lasi\l)”YE)u(PNaSN)] ) (3.12)

where uy(p) is the Dirac spinor, ¢ = py — py is the transferred 3-momentum, and 6(q)

is the 3-dimensional Fourier transform of 6(x) given by

N ‘ 2 To/Te
0(q) = /d%@(w) e 1T = ﬂ/ dz 9(? sin(‘qm) : (3.13)
lal J, z z

Here we have introduced the cut-off in the integration corresponding to the core radius

because the axion configuration derived before is valid only for r > r.. Plugging Eq. (3.8)
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into Eq. (3.13), we have

m,nr T /Tc
~ 4 2 a’0 0 0 6
0(q) = o / dz <(32) sin(|q|r0> +/ dz >(32) Sin(|q|r0) (3.14)
|q| 0 z z TigTg z V4

for \/m,r, < ry/rc, and

_ 9 ro/Te
0(q) = 47W0/ dz b<(2) sin(|q|r0) (3.15)
0

q| 23 z

for \/m,ry > 1y/7c. The integral of (3.14) and (3.15) involves an IR divergence at small

—d/z

z, which can be removed by inserting the regulator, lims_,o e~ %#. Then, both integrations

give approximately the same result (see appendix E.1 for the more detailed derivations),

3
i(q) ~ —4#90(;—% + %) +0(&) (3.16)
for \/m,ry < 1. Here we have defined €, = |q|/m, ~ myvp\/m, < 1, where vy ~ 1072
is the typical speed of DM with respect to the reference frame of the nucleon at the solar
radius in our Galaxy. Notice that if m, < 1072 GeV, then one has to do the integrations
numerically, because €, is no longer smaller than unity. However, for the interesting range
of the axion decay constant, such a light axion is tightly constrained by astrophysics [5],
and we do not consider it in this thesis. Also, we have numerically checked that Eq. (3.16)
gives a good approximation to Egs. (3.14) and (3.15) as long as \/m,7; < 1 no matter
the size of ry/r.. This is because the DM-nucleon scattering is a low-energy process and
therefore the integral is dominated by small z (i.e.large r).

From Egs. (3.12) and (3.16), we can now calculate the squared matrix element of the

monopole-nucleon scattering with averaging (summing) over the initial (final) spins as

|MM+N—>M+N | ’

~ 12| 1 _ _
= [Cymyb(q)] [—5 > ok )7 ulpy sn) W, sx)7 ulph, sk)
SN0 SN

1 ~ 2
=73 [CNmN9<Q)] tf[(]]’i\f +my )7 (Pn + mN)VE)]

1 ~ 12 ~ 12
= _Q[CNmNe(Q)] X 4(m12\1 — N 'pN> = _[CNmNe(q>] 7

spppe 2 To | Te ) 2
= 167°6;C! — 4+ = 3.17

T g NmN<m?L+3)’q‘ ) ( )

where ¢ = py — py is the transferred four-momentum, and ¢* = —|q|* for an elastic

scattering. For our benchmark point, the second term in the bracket of the last line of

(3.17) is negligible since 7, ~ m;[,lH o my; and we consider very heavy monopole mass,
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namely the effect of the hidden monopole core can be neglected. Then, the resulting
differential spin-dependent cross-section of the hidden monopole DM elastic scattering off

a nucleon is evaluated as [113]

doNNSMAN ‘MM+N—>M+N‘2 ~ axthCF mi Iq|? 3.18

aQ 1672 ~ o gzl (3.18)

where Eq. (3.4) has been used. We will use this result to constraint the axion decay
constant by DM direct detection experiments in the next section.

Before ending this section, let us briefly discuss the hidden vector boson DM in our
model setup since it can also interact with nucleus through the axion exchange. The
elastic scattering of the hidden vector boson DM and a nucleon can be described by the
following dimensional-7 effective operator as
Qy My
87 m2 f2

oGy = Oniyso W Wi

Hupv

(3.19)

and from which the differential cross-section of the hidden gauge boson scattering off a

nucleon is computed as (see appendix E.2 for the computation)

Aoy NS wN af my
9 " Taerimigild (3:20)

Comparing Eq. (3.20) with Eq. (3.18), we find that

doy inown/dS2 - ay gl
daM+N—>M+N/dQ — 96mO3CT f2

< 1. (3.21)

and therefore, the hidden gauge boson-nucleon scattering is negligible. This motivates us
to focus on the hidden monopole-nucleon scattering via the axion portal.

Lastly, with the results of (3.18) and (3.20) one may wonder why the hidden monopole-
nucleon scattering cross-section is suppressed only by the decay constant squared rather
than fourth power of it. If one goes back to the calculation, one can see that the peculiar
dependence on f, comes from the axion configuration around the monopole, and that the
dominant contribution to the scattering cross-section comes from r ~ /r,/m,, where the

axion mass becomes relevant.

3.3 Limits from DM Direct Detection Experiments

Now let us estimate the present limits on the predicted scattering cross-section (3.18)
from the DM direct detection experiments. To this end, usually one has to evaluate the
differential recoil rate of DM on nuclei. Here we adopt another approach by considering
the following dimensional-6 pseudo-scalar operator given in Ref. [114] since it gives the

same dependence of the scattering cross section on the transferred momentum gq,
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OR = gXN(w o) (Oxiney) | (3.22)

where x is a fermionic DM with g,  being the coupling strength to the nucleon, and A is
the cut-off scale of the theory. The tree-level matrix element of the x-N scattering in the

non-relativistic limit is given by

g
MX+N—>X+N = XQN< Py XW %b ‘pxa X><PNa3NWN7 ¢N‘pNaSN>

~ BT (o e(s,)] [€1 (k) g @)E(sn)] (3.23)

where m, is the mass of x, § (s) is the two-component spinor with s being the state of
spin, o = (0, 04, 04) is the Pauli spin matrix vector, and the bilinear matrix elements in

the non-relativistic limit behave as
(Prr 8| Uy [Py 5y) = 2m, E1()€(s,) . (3.24)
<p£\1a51\IWN’Y5¢N’pN,SN> = fT(Si\I)(Q'U)f(Sw : (3.25)

Then, the squared matrix element of the x-N scattering with averaging (summing) over
the initial (final) spins is calculated as

Monl” = 25878 LS Jet( 65, [elts,) 605,

/
SX’ SX

= B S [eis0es)] X €l a o)

! !
Sx SN

2 2 2 2
N 4gyxm
= 25 x2x2gl = —5—ef (3.26)

It follows that the differential cross-section of x-N scattering is estimated as

2 2
dax+N—>x+N ~ }Mx—i-N—)X—l-N‘ ~ gXN | |2

~ ~ 3.27
dQ) 6472 (mx + mN)2 16m2A4 a ( )

where we have assumed that m, > my in the last equality. Thus, one can see that this
has the same momentum dependence as (3.18). Note also that the operator (3.22) violates
CP corresponding to the fact that the axion profile around the monopole breaks CP.
Since (3.18) and (3.27) we have derived are spin-dependent cross-sections, therefore,
we have to consider the DM search experiments that use target nuclei with spin carried
mostly by the unpaired proton or neutron. In the following, we will focus on the COUPP
and PICO experiments because they adopt F which has unpaired proton and they
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Figure 3.2: The lower bound of the decay constant as a function of the axion mass by
imposing the constraints from the DM direct detection experiments with our benchmark
points, where the red and green shaded regions are excluded by the current experiments
COUPP-4 and PICO-60, respectively, and the blue dashed line is the future sensitivity
by PICO-500. The percentage of DM interacting with the nucleon is considered, which is
indicated by the ratio €,/ in these plots. Here we have concentrated on the case of

proton and fixed 6, = 3.

are sensitive to the spin-dependent cross-section. Making a comparison of (3.18) with
(3.27) and referring the results analyzed in Ref. [114], we present the limits on the axion
decay constant from the DM direct search experiments as a function of the axion mass
with our benchmark points in Fig. 3.2, where the amount of DM interacting with the
nucleon is taken into account as explained in the previous subsection. In these plots, the
red and green shaded areas are ruled out by the current experiments COUPP-4 (4.0 kg
CF3lI) [115] and PICO-60 (52 kg C3Fy) [36], respectively, and the blue dashed line is the
future prospect by PICO-500 (C3Fg) [116].
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Chapter 4

Implications for Axion Search

Experiments & Others

In the previous chapter, we introduce an axion as a mediator connecting the hidden
sector and the visible sector, and we consider the mass range of the axion from 10 MeV
to 10 GeV. Such a long-lived light axion can be captured by beam-dump experiments
using the proton beams (e.g. CHARM and SHiP, etc.). In particular, the exotic scalars
or pseudo-scalars with couplings to the SM fermions and photons are sensitive to these
experiments. On the other hand, the presence of the axion may change the predictions
for some B-meson rare decays such as B — K + invisible and B — Kputp~. We will

discuss the impacts of the light axion decay on these subjects in this chapter.

4.1 The Beam-Dump Experiments

4.1.1 Experimental Setup

A sketch of the setup for a beam-dump experiment is shown in Fig.4.1. In this figure,
a proton beam with high intensity impinges onto a dense block of heavy material (beam-
dump), at which the hadronic states are produced and subsequently decay into other
lighter hadrons and a new particle, which eventually decays into the SM particles such
as electrons, muons, and photons. These visible particles can be probed in the detector.

The expected number of events N, in the case of the axion is then given by

Ndet%Na{exp<— : )—exp<—€+A€>} S Bla—XX),  (41)

/YaﬁaCTa VaﬁaCTa =e, 7

where N, is the number of the axion produced at the target, which is ¢ away from the
detector with the length A/, v, = (1 — 53)71/2 is the boost factor of the axion, ¢ is the
speed of light, 7, is the lifetime of the axion, and B(a - XX ) is the branching fraction
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Figure 4.1: The schematic design of a beam-dump experiment.

Table 4.1: The parameter settings and the bounds of the beam-dump facilities.

Bump-Dump Facility | ¢(m) | Al(m) | v,=E,/m, Bound of N,

CHARM [117] 480 35 10GeV/m, | <2.3(90%C.L.)

SHiP [118] 70 55 25 GeV /m, <3

of the axion decay into visible particle X. The understanding of (4.1) is intuitive, where
the subtraction of the exponential factors is the probability of the axion decay within the

detector region and ) B(a — XX ) is the probability of the axion decay into the

=e 1,7
visible particles.

In this thesis, we will impose the constraints from CHARM (current limit) and SHiP
(future prospect) to our model. We summarize their parameter settings and the experi-
mental bounds in Tab. 4.1, where the bound of N, for CHARM is due to the observing
null events, and for SHiP is by assuming that no background events will be detected. The

explicit forms of N, for CHARM and SHiP can be found in [119] and [118], respectively.

4.1.2 The Axion Decay Channels

The predicted number of events Nyet depends crucially on the lifetime of the axion 7,.
Any additional decay mode of the axion would change various experimental bounds on
the axion decay constant f,. In this section, we will discuss the axion decay channels in
our model and show the constraints on f, from CHARM and SHiP at the end of section.

In our setup (3.1), the axion is coupled to the hidden photons and then can decay into

a hidden photon pair with the decay rate given by

2,,3
agm,

— . 4.2
25673 f (4.2)

F(a — ’YH’YH) =

On the other hand, the axion can interact with the SM particles through the Yukawa-like

coupling, where the couplings between the axion and the SM fermions are proportional
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to the SM Yukawa couplings, the Lagrangian density is given by
oua — s a — .
Ly = F Zcf¢f7 Y ¢f = —f—chmf"ébfw ¢f ) (4.3)
“ f @ f

where (' is the model-dependent parameter, m; is the mass of the fermion, and we
have used the integration by part and the equation of motion of the fermion field in the
second equality of (4.3). This interaction may be induced in a setup like the DFSZ axion
model [80,81]. From Eq. (4.3), the rates of the axion decaying into the SM fermions and
photons are calculated as

_ Ném2m 4m?
fUf " a f
9 a’m? 9 m?2 ?
T(a—vy) = C} 6577 ZNfoa(—le%) : (4.5)
al 7

where o = ¢?/(4m) is the fine structure constant, N7 (Q;) is the color (charge) of the
fermion, and ., is the loop function which can be found in [120]. With the decay channels
(4.2), (4.4), and (4.5), the lifetime of the axion is given by

1 1

Ta = T, - I'(a = yyyy) + (e — vis) (4.6)

where I' | is the total decay width of the axion, and F(a — ’nyyH) and F(a — vis.) are the
rates of the axion decay into the hidden photons and the visible particles (e*, u*, v, -),

respectively. It follows that the branching ratio of the axion decay into particle X is

I(a— XX)

Bla— XX) =7r,l'(a— XX) = T(a = q7y) +T(a — vis)

(4.7)

We show in Fig. 4.2, the branching ratios of the axion in the case with and without
the hidden photon for comparison. One can see that the branching fractions of the axion
with the masses above 2m,, in these two cases are almost the same. However, in the mass
region just below 2m, ,, the axion mainly decays into the hidden photons in the latter case
assuming oy > «. Then, one can expect that the constraints of the decay constant from
the beam-dump experiments would change in this mass range even if the detectors are
unable to measure the hidden photons.

Applying Egs. (4.1) and (4.7), and the parameter inputs in Tab.4.1, we present how
the hidden photon decay channel affects the limits on f, from CHARM and SHiP with
different values of ay in Fig.4.3. In these plots, the parameter region of f,; ! above the
color lines corresponds to the case where the axion decays before arriving at the detector.

Due to the hidden photon decay mode of the axion, the upper parts of these color lines
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Figure 4.2: The axion decay branching ratios in the case without the hidden photon (left
panel figure) and in the case with the hidden photon (right panel figure), here we have
fixed ayy = 0.16, and assumed f, = fy and C; = 1 for simplicity. Note that in this mass
region, the axion decays into hadrons rather than quark-antiquark pairs due to the QCD

confinement. The decay width of the axion into the hadrons can be found in [119].

shrink as one has to reduce the coupling strength (oc f; ') between the axion and the SM
particles in order to reach the same predicted event numbers. On the other hand, the
parameter region of f, ! below the color lines corresponds to the case where the axion
decays after leaving from the detector. In this region, the axion is sufficiently long-lived
such that the predicted event numbers is N,ACY ,YF(a — XX)/(7.8,¢), which

explains why the lower parts of the color lines are insensitive to ay;.

4.2 The Rare B Meson Decays

In this section, we will show the bounds on the axion decay constant from B-meson
rare decays in the presence of the hidden photon. It turns out that B — K +inv provides
the most stringent constraint on the axion decay constant. The experimental bound for
the branching ratio of B — K + inv is given by [121]

B(B = K +inv)ep < 5.3 x107° . (4.8)
On the other hand, the theoretical prediction of B — K + inv can be written as [119]
B(B = K +inv) = B(B — Ka)Pec(p,) (4.9)

where P..(p,) is the probability of the axion with momentum p, for it to escape from
the detector. Now, let us evalutate Pe.(p,) with the hidden photon in the following. The
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Figure 4.3: The effects of the decay channel a — 74y on CHARM (left panel) and
SHiP (right panel) with different choices of oy, assuming the Yukawa-like coupling for
the axion, where the yellow shaded regions are excluded by current experiments. Again,

we have set f, = fyand C; =1 (in the later plots also) for simplicity

definition of the escape probability is given by

Pee(py) = 1 - ]]V\,V—g)) , (4.10)

where N, (0) is the original number of the axion produced from B-meson decay at t = 0,
and NN,

Lis(t) being the event numbers of the axion decaying into the visible particles at
time t. The decay numbers of the axion and the production event numbers of the visible
particles between t and t + dt are given by
r I'(a — vis.
AN,(t) = === N, (t)dt ,  dN(t) = Mo vis)
Ya Ya

and by the integration, we have

Na®) _ o <_1;— ) 7 ]Xf“s(g)) _ Ia EViS) l1_exp(_1;_z )] L (412

a

N, (t)dt (4.11)

Plugging Eq. (4.12) into Eq.(4.10), and use t = ¢/v, = ~,m/|p,| in the laboratory

frame, we then arrive at

P.(p,) = B(a = vyyy) + B(a — vis.) exp <— TT;FT(Z ) : (4.13)
where
1
|pa| = %\/[m% — (mK =+ ma)Q] |:sz — (mK — ma)z] (414)
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Figure 4.4: The effects of the decay channel a — vy on B® decaying into Ko plus

missing energy, where the yellow shaded regions is excluded by the current bound.

with mp and my are the masses for B-meson and K-meson, respectively. The result of
(4.13) makes sense since the first term corresponds to the case where the axion decays into
missing energy and the second term is the case where the axion decays into the visible
particles outside the detector region. Both cases are identified with escaped events.

Imposing (4.8) on (4.9) with (4.13), we present the constraint from BY decaying into
K2 with missing energy for the axion decay constant with the different values of ay in
Fig. 4.4, where we have used the formulas of B(B — Ka) in Ref. [119], and adopted
¢ = 4m. One can see that the excluding region of f;! is enlarged to above 2m,, in the
presence of the hidden photon and this is because B (B — K +inv) = B (a — vHvH)
in this mass region, which has a non-negligible contribution even if it is a sub-dominant
decay mode at m, > 2m,, (see right panel of Fig. 4.2). The constraints from B — Ku*u~
and B — ptpu~ are not shown here since we have checked that the modifications from
them are weaker than the others.

4.3 The Combined Result

Combining the results from Fig. 3.2, Fig.4.3, and Fig.4.4 with benchmark point 3,
we present the upshot of this thesis in Fig. 4.5, where the bounds from B-meson decays
B — Ku*tu~ and By — ptp~, and BBN are also shown. One can see that the hidden
monopole DM and the axion can be found by the future experiments such as PICO-500
and SHiP in the parameter regions around (i) m, = O(10) MeV and f, = O(10°) GeV,
and (ii) m, = O(100) MeV and f, = O(10*) GeV. The latter is opened compared to the
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Figure 4.5: The axion decay constant versus the axion mass, where the shaded regions are
excluded by the current experiments such as COUPP-4, PICO-60, CHARM, and some B-
meson rare decays and by the cosmological constraints like BBN. On the other hand, the
dashed line and the dotted curve indicate the future sensitivities by PICO-500 and SHiP
experiments, respectively. For the BBN constraint, we simply require that the lifetime of
the axion should be less than one second, a time when the BBN starts to occur after the
Big Bang. In this plot, we have fixed 6, = 3.

previous analysis [119], and this is due to the decay channel of the axion into the hidden
photons. The combined results for other benchmark points are shown in appendix F.
Lastly, let us comment on the SN1987A supernova bound for the parameter space we
found. The QCD axions (and other light particles with feeble interactions) are considered
to be produced in the proto-neutron star (see Refs. [122,123] andr eferences therein). If
the QCD axion carries away too much energy from it, the neutrino burst duration would
be shorter than ~ 10 sec. in contradiction with the observation.! Compared to the QCD
axion, the axion in our scenario has a much heavier mass, and it decays into the hidden
photons with a sizable branching fraction. The temperature of the proto-neutron star
can be as high as a few tens MeV, and so, the parameter region (i) may be subject to
the SN1987A bound. A more detailed analysis is necessary to estimate the bound. In
any case, the SN1987A supernova bound is not included in our analysis partly due to the

incomplete understanding of the supernova explosion mechanism.

Tt was recently pointed out in Ref. [124] that the accretion disk formed around the proto-neutron
star (or black hole) may explain the late-time neutrino emission (¢ 2 5 sec.).
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4.4 Dark Radiation and AN

In the 't Hooft-Polyakov monopole model, the massless hidden photon 7y contributes
to dark radiation which can be quantified in terms of the number of the extra neutrino
species, ANy (see Eq. (1.18) for the definition). In the minimal construction without the
axion portal coupling, it was estimated in Ref. [4], where the entropy stored in the Wlf
is transferred to the hidden photons after the temperature falls below the mass of Wg
Let us see how this is changed in our model setup. To be concrete, we fix the axion mass
and decay constant around the region of m,= O(10) MeV and f,= O(10°) GeV, where
both the hidden monopole DM and the axion are within the experimental reach. In this
parameter region, the axion keeps the hidden photons in equilibrium with the SM sector
at temperatures well below the mass of Wff or the PQ fermions, and the hidden photon
is considered to decouple from the SM plasma at a temperature around the electroweak
scale. Thus, we do not need to take into account the entropy stored in the heavy hidden
particles. For the reference parameter region, the axion remains in thermal equilibrium
and abundant until the temperature becomes comparable to the mass of the axion. In
particular, the axion mainly decays into the hidden photons as the axion becomes non-
relativistic and its abundance gets Boltzmann suppressed. This production of the hidden
photons dominates over the contribution at the decoupling of the hidden photons.

Now, let us estimate ANyg contributed by the hidden photons from these sources in

our model setup. First, the hidden photons decoupled from the SM thermal bath gives

81 Gussm(Th,dec) e N
ANefrgee = = [m] ~ 0.05 , (4.15)
where we have used Eq. (1.21), and gussm(Tyaec) = 10.75 and gussm(Thdec) = 106.75.
One the other hand, the contribution of the hidden photon from the decay of the axion
(@ = Y4y) can be calculated by using energy conservation. Assuming all the energy of
the axion transfers to the energy of the hidden photon, we have p, 4 = p,q = 2T41/30,
where Ty >~ O(10 MeV), then, p, ppy = va’d(Rd/RBBN)‘l. By using entropy conservation
[9.,(T)R(T)*T® = constant], we obtain

4/3
41 Gus SM(TBBN) 4
AN, = | == ~ — 4.16
f.d 7 [ g*s,SM(Td) 7 ( )

Hence, we have ANgg ~ 4/7 + 0.05 ~ 0.6, which is consistent with the estimation given
in Ref. [125] assuming the presence of the axion coupling to leptons. In the other viable
parameter region, m, = O(100) MeV, f, = O(10*) GeV, the contribution to dark radia-
tion will be smaller since the axion disappears from the plasma at higher temperatures.
The dark radiation with AN.g > 0.5 can relax the Hy tension significantly [126].

2See Ref. [127] for the anthropic bound on ANeg.
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Chapter 5
Conclusions

In this thesis, we have studied the possibility that the hidden monopoles which con-
tribute to a sizable fraction of the observed DM density are coupled to the SM sector
via the axion portal interaction. We have determined the axion configuration around the
monopole so that it minimizes the energy of the system, and then estimated the elastic
scattering cross-section of the monopole with a nucleon via the axion portal coupling.
Using the fact that the dependence of the cross-section on the transferred momentum is
the same as that for a CP-violating pseudo-scalar coupling between quarks and a Dirac
DM particle, we have translated the experimental bounds on the spin-dependent scatter-
ing cross-section with a nucleon to limit the model parameters. The axion itself can also
be searched for at the beam-dump experiment. Combining the current limits and future
prospects for the search of DM and axions, we have found two viable parameter regions
around (m,/MeV, f,/GeV) = 0(10,10%) and O(100,10*) where the monopole DM and
the axion are respectively within the reach of the future experiments such as PICO-500
and SHiP.
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Appendix A

Some Derivations in Chapter 2

A.1 The Derivation of the Equations of Motion

Let us start with Eq. (2.7) to derive the equations of motion in the 't Hooft-Polyakov
model. First, the Lagrangian density Eq. (2.1) can be expanded as

Ly = —}ng” - Fyy,, + %D%-Duqﬁ — V()

_;l(auAﬁ — 0" Al + ey Al x AY) - (0,Ay, — 0, Ay, + ey Ay, < Ay,)
+%(aﬂ¢ +en Ay X @) - (0,00 + en Ay, X @) %M(fb ER

B _%(5‘“% (Op Ay, — 0" AL 0,Ay,) — eq[0" AL (A, X Ay,)]
_;LezH(A% x AY) - (Ag, x Ay,) + %8“975 0up + ey "¢ - (Apy, x @)
3k (Al % ) - (A, x 9) — (@6~ o) (A1)

where

(Af x AY) - (Ay, x Ay,)
= (Alﬁ ’ AHu) (Aﬁ ’ AHI/) - (Aﬁ : AHV) (Aﬁ ) AHM) > (A-Q)

(A 0) - (A, x 6) = (A 4y,) (6-6) — (45-6) (A 0) . (A3

Then, one can show that

oL y oL
W any) = ) = et 8)
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and

or
5 A;, = eyAy, x (0"Af — 0" AY) +€f; [Ag(AHM CAL) — AL (Ay, - Ag)]
tend x "¢+ ek | A (¢ ¢) — o (¢~ A7)
— ey Ay, < (0"A% — 0" Af) + eh| Ay, x (A x Ap)]
Feyd x 07+ ef{[gz’) x (Al x ¢)]
= eyAy, X FY{" +eyd x D¢,
oL
T = 0" dx Ay, — ch A (A, - @) = ¢ (Ag, - AL) |~ 2o(0- 0~ vh) 9

= e Ay, x 06 — i | Ay, x (Al x 8)] = \o(¢- & — vh) @
= — (0, +enAy, x ) (0" + ey Al x @) + 0,0" + €0, (Al x @)
~ (- b —vi) o
= —D,D'¢p + 0,0"d + ey, (Al x ) = No(¢- b —vii) b . (A5)
From Eq. (2.6), if follows that
D.F +eydpxD'¢p =0, D,D'¢+s(¢p-p—vi)p =0. (A.6)

Actually, one can easily derive the equation of motion of ¢ by using the gauge invariant

Euler-Lagrange equation, which given by
oL oL
Dyl =) = 2 AT
{otom) = % A

In the chapter 2, we have checked that the asymptotic solutions (2.12) satisfies the
secend equation of motion in Eq. (A.6). Let us check it satisfies the first one as well. At

first, we have

ij _ gi A 97 Al ioAJ
FHa - a AHa a AHa + 6Heabcjéle/4Hc

ai( rk >+ aﬂ( " >+ " "
= —€, . € ey € €pi—= € .;

ajk 2 atk 2 H%abc |\ “bik 2 cjl 2
eg’r egr eyx’ egr

1 6. Fr? — 27k 1 §Fr2 — 2r .k 1 rkyt
= T €4k <T—4) T — €k <¥) + 6_ (50,]6601' - 5ai50k)€cjlr_4

4
€H €H r H

1 , o
= —2¢ ..——=+2(€ 1 —€ r')— + €., —— A8
aij GHT’2 ( atk ajk )eHr4 ”keHr4 ) ( )



Then,

2 1
ai‘FHja = _%Qﬂjai <T_2) + — €k z< >
2 rirk 1 rerk
_%‘Eajkai <’I“_4) zyka ( 4 >

2 2rt 2 (5”7”“ + (5““7"07’4 — Aripipky?
= ——€uj\ 71 | T —Cair

ey 74 ey rd
92 ((S“’Tk + 5zk z) 47"1Tl7”k7“2
_% ajk r8
1 (5ia,r,k + 5ikTa)T4 _ 4T1Ta,rk,r.2
€y r
k
r
and
eHEabcAHibFH]c = Cu€ape (ebik _2) FH]c
eqr
k ! el
r 1 - N T rr
= ((Sakdci - (Sm‘ack)ﬁ l—QECij—eHTZ + 2(60”7'3 — ecjlr )_eHT4 + eijl_eHT4
fe (A.10)
= +e€ ,— . .
ajk eyrt
Therefore,
DzFﬁ]a = az'FI:IJa + eHEabcAHibFI?c =0. (A.11)

With D,Fjp, = DyF{Y, = 0, we obtain the expected result

D, F! + ey x D' = 0 . (A.12)
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A.2 The Derivation of Fj” in the Scalar Vacuum
The gauge field strength tensor is given by
F" = o' A — 0" Al + e Al X AY . (A.13)

Plugging Eq. (2.16) into Eq. (A.14), we have

, 1, , 1 1
Fﬁ - {EAH¢ - 6HU12{ (d) <0 ¢)} ¢ |:EAﬁ¢ - eHUI2{ (d) * aﬂd))}
1 1 1 1
+ ey EAﬁgb oz (¢ x 8“(]5)] % [EA@ “ oz (¢ x 6”(;5)]
= Lpoan Lavorg - L orexore - pxorere
Uy Uy €aln €ty
—i¢aVAg — iAgayqs 0 S P x D+ L S x 00 ¢
Uy Uy €xVR €xUn
o6 70) ~ 7 6(6-9)] + Au[B(6-08) 06 (9- )]
H H

s oo (06 < 9)]

V"

1 2 1
= —¢(0r A -’ Aly) — —50"px p+ — ¢[¢>. (0" x a%p)] , (A.14)
Un €HVH €HVH
where we have utilized ¢ - ¢ = v} and ¢ - "¢ = 0 in the scalar vacuum, and using

Dtp = 0" + ey Ay X ¢ = 0, we have

0 x 0 = i [(Ak x ¢) - (Al x ¢)]
= ch AR [ (Ak x ¢) - ¢] — cho[(Al < ¢) - A7

1

ol g

= —g[g(e-0r0) —0re(6-9)] - Af

H
= €H¢a“¢' l_e ! 2 (¢ X 8V¢)]
HYH
_ Ui2¢[¢- (¢ x )] . (A.15)
H
Therefore,
By = Ui ¢ (0" — 0 A4p) — 6H2ﬁ¢[¢~ (079 < 09)] . (4.16)
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Appendix B

The Mass of the Hidden Monopole
with Non-zero A,
To estimate the hidden monopole with the non-zero quartic coupling A\y. We have to

consider the general 't Hooft-Polyakov Ansatz given by

a

0,(r) = s H(envnr) | (B.1)
4 k
A‘Ij—la(r) = —Cujk 6;7“2 [1 - K(eHUHT>] ) AOHa(T) =0 ) (B2>

where H(ezuyr) and K(eguyr) are arbitrary functions. Let us introduce a dimensionless
variable £ = eyuyr, then (B.1) and (B.2) becomes

¢* 1

6.(6) = vn g H(E),  AR(E) = ~UnCajk —K@©)] . Ap©=0. (B3

In this static solution, only the energies of the hidden magnetic field and the isovector

scalar field contribute to the mass of the hidden monopole. First, one can show that

5 o . o , ,
Fga = €xlyg |:%A{-Ia<€) - %A}-Ia(f)} + EabceHAi-Ib(€>A{-Ic(£>
0 k 0 k
= _eHUI%IGajka_gi{g_Q [1 - IC(S)]} + GHUI?IGaika_éj{g_g [1 - K(f)}}
kel
+€HU12{ €abcChikCejl i_f [1 - K(f)f
(5-k 2 _9€. k k o
= —eHvlz{eajk{ <1£€—4€Z£> [1 - ’C(f)} - E_Qagilc(f)}
6]6 2 —2¢. k k a
+eHvﬁem~k{ (%) [1-K(©)] - E—Qa—gjic@)}
2 . @ _ 2
+6HUH (5ak50i 5ai50k)€cjl 64 []' IC(&):I ’ (B4)
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where

It follows that

iy
Fy, = egvp

9¢

i?j

2

—2¢

+€;

B Y]
1K i € (=K oK

aij£—2+(€aik£ a]kf)g (2 5 8§
ack

Sy

where K = K(§). Then, using Egs. (2.10) and (B.6), one can find

Bj, - B},

1

On the other hand, we have

2,4
~ LRRy = G [(;@-1) 1o (8’C)]

¢! 73

. 0 .
D]¢a = GHUH8_6¢CL(£) + eHeabcA%{b(g)Qsc(f)

= eHUHaf l

é'a
52

k¢c
(5)} 5; 1 K(©)]H(©)

_eHvHK%>H(g) S H(g)}

+ e (64,0

Then,

2
HUH{

Djd)'

aj”ck

g
54

[ (&) — &=~ H(é)%(sjs“—aﬂ‘aﬁ)

'ngb _

£ 0¢
k¢c
b, )if 1 K(©)]H(©)
K(EH(E)

9¢ ¢!

ehuy oH
L[ (- 52 2|

where H = H(&). Finally, we have

V(¢) =

Ds(ousa =) = Mgy

¢

Plugging Eqs. (B.7), (B.9), and (B.10) into (2.30), we obtain

mM:

4oy

€n

I

dg§
52

(255 (-2

A
+KCPH? + é(?ﬂ - 52)2] .
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1.0
— /el =0
——— /e = 0.1
o8] slen =01
— Myleh =1
A¢/€2H =10
0.6} 1
K&
0.4}
0.2}
0.0t n
0 2 4 6 8 10

Figure B.1: The numerical solutions of 7 (&) and (&) satisfied the boundary conditions.

This integration is finite provided that the following boundary conditions are satisfied

HE) =&, K& — 0 as &€= o0
H(E) =0, KE) =1 as £€—0 '

(B.12)

Note that the first boundary condition leads to the asymptotic forms at spatial infinity
and the second one ensures the fields are nonsingular at the origin. Now, by minimizing
the total energy density in (B.11), we yield a coupled nonlinear equations of motion as

, O’

8—§QZICH2+’C(IC2—1), g

LOPH
ez

A
= 2KC*H + é%(%"’ &) . (B13)

This ordinary differential equation has no analytic solution. However, for Ay, = 0, Prasad

and Sommerfield find a closed form with the correct boundary conditions as [100]

_ & ¢
~ tanh¢ ’ sinh¢

H(E) K(&) = (B.14)

Plugging the solution (B.14) into (B.11) and performing the integration, we obtain

_ dmuy
my = .

o (B.15)
Particularly, we call the monopole with \s/e; = 0 the BPS monopole. For non-zero value
of Ay, one has to solve (B.13) numerically, we present the results with different choices of
Ao/ €% in Fig. B.1. With this numerical solution, we can then evaluate the monopole mass
depending on Ay, the result can be seen in Fig. B.2, where we define my; = dmvy F(5) /ey
with 8 = A\,/e¥, and F(B) is a monotonically increasing function with F(0) = 1 and
F(oo) ~ 1.787 [128].
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121

1.1

1.0
0

B

Figure B.2: The values of f as a function 3, where 8 = \s/ef;.

With the configurations of the gauge field and the isocalar field in whole region, one
can estimate the core radius r. of the monopole. In the core region, the values of all the

fields tend to zero, thereby, the energy density inside the core region is

1 1
pr <re) ~ V() ~ Z%vﬁ ~ Ze%lvf{ : (B.16)

here we have assumed \4/ef is of order unity. On the other hand, the field configuration
outside the core region is approximately given by the asymptotic forms, thus, the energy

density is mainly contributed by the magnetic field as

1 ; 1
J J
The monopole mass is then estimated as
h 3 - 3 L 39 4 2m
my = drp(r <re)+ d’rp(r > r.) = sariegug + 55— . (B.18)
0 . 3 eqre
Finding r. to minimize the monopole mass gives
2L/4 1
re = ~ , (B.19)
CHVH My,
and
2.2
my ~ R (B.20)
€n

which is consistent with the calculation in Eq. (B.15) up to some error.

— 73/ 90 —



Appendix C

The General Electric Charge of Dyon

Under particular gauge transformations, the monopoles can have the corresponding
Noether charges, which can be identified with the electric charges. To derive the form of

the Noether charges, let us first rewrite the covariant derivative as
Dl = 0"+ ey Ay x ¢ = b+ ey (T - AL) b . (C.1)

where J = (Jy, Jo, J3) is the generator vector with

0 0 01 0 -1 0
J=100 1|, L=l0 00|, =110 0], (C.2)
0 -1 0 0 0 0 O
which satisfy the commutation relation, [J,, J,] = €ueJe. In this convention, the gauge
transformarions left the Lagrangian invariant are given by
1
¢ — 0¢p, J- Ay — O(J-Aﬁ)OT — —(8“O)OT , (C.3)
€n

where O = exp (J : 0) and OT =071 = eXp(—J . 9) with @ being an arbitrary rotation

angle. By taking an infinitesimal rotation about the 8-axis, (C.3) becomes

6 (1+7-0)p +0(6°), AL AL Lprg 067 (C.4)

x

Now, let us consider an operator N which generates gauge transformations about the

direction of ¢ in the scalar vacuum. By setting 6 = ¢/vy;, we obtain

o — ¢+ 00%), AL — Al — eHUHD“qb + 0(6%) . (C.5)
Therefore, up to the first order of 8, we have
1
dp =0, 0AYy = — Dre . (C.6)
€nVn
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With (C.6), the Noether charge @y as the eigenvalue of the operator N is calculated as

QN:/d3x {#"Vmu"‘ﬂ'&ﬁ}

0o Awy) 9(0v9)
oL
= [ B | —H . 5A,.
/ ’ {5(5014&) H]}
= L /d3xEIj{-Dj¢ = % ; (C.7)
exly €n

where we have used Eq. (2.37) for the last equality. Because e27V|0) = ¢27@x[0) = |0),
then the Noether charge is an integer. Thus, we have Q) = ney for some n € Z. In the
presence of the CP-violating term (2.42), the Noether charge is modified as

o 3 9L,
= 2B [Py | =0 Ay,
QN eH +/ v 8(80AHJ) H

Q 1 Oye? , ,
_ YE + H-H d3xeojle}’fl~D]¢

ey  eyvy 1672
= %_igH_eQH/d%BIJ{.DJ’Qb
ey v 8T

:%_HHEHQM _%_H_H

2 - )
€ 8m ey 2w

(C.8)

where we have used Eq. (2.36). Then, the general electric charge of dyon is given by

HH

If CP is not violated, the dyons satisfy the Dirac quantisation

Qe(M)Qy(M) = 47mn . (C.10)

On the other hand, in the 't Hooft-Polyakov model with CP violation, the massive vector

bosons and the monopoles satisfiy the Zwanziger-Schwinger quantisation condition as

QE(WZE)QM(M) - QE(M)QM(Wi) = (C.11)

Lastly, let us comment on the excited states of monopoles. The charge conservation
allows the process M* — nVVﬁE + M to occur if it is not kinematic forbidden, where M*
is the excited state of the monopole with the electric charge ) = ney. However, since
My < My + My, thus M* is stable, and then contribute to DM. Nevertheless, the
masses of the excited monopoles are not very different from the ground state monopole.

Therefore, they do not change our results too much.
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Appendix D

Annihilation Cross-Section of the

Hidden Massive Vector Bosons

The Lagrangian density relevant to annihilation of the hidden massive gauge bosons
can be extracted from (2.1) with the field definitions (2.4) as

2 2m? m2
My 3 W, +uyr— Wya  2vrrtuyr—
Ly D _2UH¢ + UHH Wy Wy, + U%H o Wy Wy,
+ieg (B Wi Wi + Wi, Wi A% — Wi, Wit AG)
— et (Wil Wig, A A, — Wi A, Wi Ap, ) (D.1)
where Fy,, = 0,Ay, — 0,4y, and WIfW = 8MW§V - 8VWI}—LM. The Feynman rule of

each interaction vertex and propagators are shown in Fig. D.1. Then, the amplitudes of

WiW — ¢ and Wi Wy, — vyy are given by

Wﬁ_<p+)7ﬂ /‘P(lﬁ) Wff(p_i_),u P ’Sp(lﬁ)
. s A ad
ZMWITWHTHWP = >-e + ¢
‘\ T
Wg(po),v p(ky) Wi (po),v w o (ky)
H(y) . p P /90(’61) u(p_),v _p(ky)
o v
+ u /\\ + \A
Wy (p_),v w p(ky) Wi (p_),v o(ky)
_ 9 %VH 14+ 2 g 2m%/VH B (P4 1),L(p+ )
vE 27t — %VH i w m%,H
2miy, (p+ - k2) (p+ - k2)
+ w— m%jv [ p ":%V 5M(p+7)‘+)5 (p_,)\ ) ’ (D.2)




Wi (p4), poulk) Wi, o poulky)
iMW&»WII_)’YH,YH : K + \
Wﬁ(pf%y w7’7H(k2) Wﬁ(p7>,y K w77H<k2)
Wi (py), P, vu (k)
C el
Wﬁ(p—)7y w)VH(kQ)
= z’e%{ { [gw (2p+ — kl)p + ggp(Zkl - p+)ﬂ — 9o (pJr + kl)a]
% 1 . [g(m _ (py — kl):(p+ - kl)n]
t— My, myy.
by = 2p), + 90 (0 + Ko+ 90 (0 — 28),)
900 (04 = ko), + 900 (2K = 9.), = Gy + ), |
O D Y
B
Wy Wy
X |:.gm/ (kl - 2p—>p + gyp(p— + kl),.,i + gp/{(p— - zkl)y]
- (29pz/gpw - gupgyw - guwQVp)}
X 5“(p+, )\+)5”(p_, )\_)5/)*(]61, /\l)ew*(kz, )\2) , (D.3)

where s = (p, +p_)% t = (p, —k;)* and u = (p, — k,)®. One can check that (D.3)
satisfies the Ward identity. The squared amplitudes with averaging (summing) over initial

(final) polarizations in the nonrelativistic limit (e.g. s & 4mj, , t = u ~ mZ —mj, ) are

1 1
’MWJW}HW}Z ~ 33 Z ’MWW ww|

B 16(117“4 — 807 + 2407 — 3207 + 176)

b D.4
9 —2)%(r — 42 ‘it - (D-4)
2 11 2 170 ,
}MWJWIE%%IWH‘ ~ 33 Z Z ‘MW}TWgﬁvHvH’ = 79 ‘u> (D.5)
AL AL A A,

where r = mi/m%VH = \g/(2may). Notice that the Lorenz condition p,e#(p) = 0 for the
gauge bosons (Wiy, 7y) has been used in deriving (D.4) and (D.5).
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—---p = —3i —¢mw = —3i—2
/7 2 UH
/
/
¥
W;{,/L ngﬂ /90
2 / 2
miy, 7 miy,
-———p = —|—2@ Hgy - +2Z ng/
? UH ' \\\ UI2—I "
N
W, v Wi, v ¥
Wit s
by k .
}v@» PiTn = +iey [gw (p+ — p_)p + gup(p_ — k)# + 9, (k — p+)u}
p_
Wy, v
Wi, i P> Vu
= _26%1 (QQqupw = Gup9vw — guwgl/p)
Wi, v “s T

Figure D.1: The Feynman rules of the interaction vertices between Wi and ¢ /7.

It follows that the s-wave annihilation cross-section of the hidden massive gauge bosons

up to order r? is

OannUrel = UWJWI;H <p<pvrel + OWI}LW};H’}/H’YH’UTGI
2
. 7TaH 2 3
_ M(s%- 1447 +197%) + O(r?)
H
8564 24ef )\ 19/9) 2
__856ef i WX oy (D.6)

230471‘771%[,1{ 1927Tm%,VH 647Tm%,VH

where the factor of 1/2 is taken into account for identical particles in the final states. Our

result slightly disagrees with Ref. [4].
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Appendix E
Some Derivations in Chapter 3

~

E.1 The Derivation of 0(q)

The equation of motion of the axion field as a function of z = ry/r is given by
4
m

?0(z) z
- =0+ (0() - ) . (E.1)

where z,, = \/m,7, < 1. With these definitions, the differential equation (E.1) takes the
asymptotic form as

, 0(2) for z >z,
d*0(z)
72 ~ 24 , (E.2)
Z—T(G(z) — 90) for z >z,

which has the analytical solution satisfied the boundary conditions §(z — oco) = 0 and
0(z — 0) =0, as

(14 z,,)e*m"*?

OW for z > Zm
0(z) ~ : (E.3)
0, (1 — 1 j_ gzmzezgﬂ/z> for z <z,

From Eq. (3.13), the 3-dimensional Fourier transform of §(x) can be expressed as

Anrd [ 0(z) | [ Zhe

here we have defined z, = r,/r., and

Q
Il

Ty _ M _ ( My )UDM ~ My
2

Z my, my + My

1. E.b
- - vpy K (E.5)

a a
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Figure E.1: Af(q) versus z, with different values of z,, (color dashed lines).

Now, plugging Eq. (E.3) into Eq. (E.4) and taking a Taylor expansion in €,, we have

~ A7, rd " e /% e'm e~ Fml/* 22 e
0(q) = —>= i d — in | —1
(9) 22 € 65%/(; N ( 23 142z, 22 ) sm< z

m-q

1 L AT 22
323 z.zh(1+22,)

~ —47T007“8’[ ezm(l_zm/zc):| +0(e) (E.6)

for 0 < 2z, < 2,,, and

1 [P - Z?ne
(L+2p)e dz ¢ sin 4
1+2z, |/ 23 Z

Zm —3/z Zm —22,/2 22 ¢
+ lim dz ¢ T ¢ ¢ sin —2
-0 J, z 1422, 22 z

(1 11\ 2:2 44
~ Al [M(— )+ Zin + Zm+3]+0<62), (E.7)

2
Zm€q

3(1+2z, )\ 22 23 ) " 322(1+2z,) ‘

Cc

for 0 < z,, < z.. In the both integrations, we have inserted the regulator lims_,o e /% to
absorb IR divergence at z — 0. Next, let us take the Taylar expansion in z,, for Egs. (E.6)

and (E.7), we arrive at the same result

T

~ 1 1 B r 3
0(q) ~ —4rl,rs (z_4 + §> + 0(z,°) ~ —4rb, (m_OQ + §> . (E.8)

In Fig. E.1, we compare Eq. (E.8) with Egs. (E.6) and (E.7) for z,, < 1, where Af(q) is
the relative errors of Egs. (E.6) and (E.7) to Eq. (E.8). One can see that Af(q) is very

small as long as z,, < 1 regardless of the size of z,.
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E.2 The Derivation of doy, x_,n/dS2

The effective Lagrangian describing the elastic scattering of the hidden gauge boson

and a nucleon is given by

Oé 17
Loy = H — fQ@sz%wNWi” Wit » (E.9)

from which the scattering amplitude of the hidden gauge boson to a nucleon is written as

Qi My
MW+N—>W+N = 4717{'m2—1;”2 N(pNasN)7 un(Pys Sn)

X ,uzx,oUprW(cj (pW7 )\W) 60* (p%/V7 )\{/V> . (ElO)

The squared matrix element of the W*-N scattering with averaging (summing) over the
initial (final) spins and polarizations is calculated as follows

2 « m 1 _ _
‘MW+N—>W+N| = 16;1.2 m4>1'4 [_5 Z u(pi\b 3{\])'}’5U(pN, SN) u<pNv SN)’YE)u(p{\Ia S{\I)]

/
SN,SN

/p 1P
X <6p1/po ,ul/pO'prWprW)

1 _ _
. [§ D & (w Aw) ™ (b Aw) €™ (piars i) €7 (P Ny )]
Aws A
af mi / 5 5
- 062 ma 4 tr[(pN + mN)fY (pN + mN)7 ]
w o\ v PwPW \ [ o p’v”vﬂ%
X (EMV/JJ /wpaprWprW> (g mIQ/VH ) <g mWH )

2 2
Qi My

T % mify Ak = o) % 2| (i) = phnly

2 2

ag My 2 1, o2 2 2
= T 96n2 il < Xz{i(q) _mWHq]

2 m2m2 2 m2m2
_ O TNTWy 932 3] o om ™My oy
T 942 m4f4H (q) —i—O[(q )} — 247T2m4—4H|q] : (E-H)

Then, the differential cross section of the hidden gauge boson scattering off a nucleon is

2
2 2
doy  NSwanN - |MW+N%W+N| L L ql*

aQ 64 (myw, +my)? 15367 my [ d

(E.12)

which is suppressed in the fourth powers of the transferred momentum, and this is easy

to undenstand since the Lagrangion (E.9) includes ~° and ¢ each giving out one |g|?.

MV PO
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Appendix F

The Combined Results for Other

Benchmark Points

107"1¢
-------------- u-
E 7 T erarnm SHiP
1 —9; —_ E
T o oo
107 ~ 203 TeV
10—11_ L L L1 vl
102 101 100 10°
m, (GeV)
T n
2 2
3 <
109 PICO-60  { 1079} PICO-60
0l = PICO-500 1 Py e W e T PICO-500
107y ~ 148 TeV : 1078 iy, ~ 80 TeV
10-1L L 10-1L L
0 1072 10" 100 10" 1072 10" 100 10"
m, (GeV) mg,(GeV)

Figure F.1: The combined results for benchmark point 1, 2 and 4 with 6§, = 1.
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