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Abstract

We present a combinatorial analysis of any maximal set of gate compositions parameterized

over a finite alphabet which revealed an underlying fractal structure. Results are presented

as global maps in the form of large 2D arrays where each row stands for an unfolded list of

matrix elements for any unitary matrix resulting from a succession of Kronecker products

while columns stand for all possible words representing such sequences. These can be

given either in lexicographic order or via a non-binary (n-ary) Gray code in which case any

such map can be factorized.

Keywords: quantum circuits; combinatorics; lexicographic ordering; Gray codes

1. Introduction

For the past three decades, standard gate-based quantum circuitry has been well

established and certain small sets of universal gate sets have been proposed [1,2].

Recent advances in Parametric Quantum Circuits (PQC) [3,4] and its variant Variational

Quantum Computing (VQC) [5], and most recently Relativistic VQC (RVQC) [6,7], as well as

possible applications of the above in Quantum Machine Learning (QML) algorithms [8], have

brought new perspectives.

While several universal gate sets are based on a relatively simple parametrization over

a Bloch sphere, the free parameters required for variational methods make it necessary

to introduce arbitrary unitary operators Û(⃗θ) where θ⃗ corresponds to a set of triplets of

spherical angles per gate sampled from a continuum.

On the other hand, an early theorem by Solovay and Kitaev, which formed the basis of

modern Quantum Compilers [9], allows expressing any n qubit circuit based on arbitrary

unitaries into some small fundamental universal gate set [1,2]. More recently, an approach

based on Birkhoff’s theorem expressing unitaries via permutations also appeared in [10].

Recent developments have also highlighted the significance of random quantum

circuits with regard to entanglement properties including various types of phase transi-

tions [11–13].

It becomes evident that any types of symmetries inherent in the global structure of

the full combinatorial set of arbitrary circuits, if present, may be of great significance to the

further study of other emergent properties that appear after a certain threshold scale value.
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More recent studies based on graph representation of qubit interaction in the form of

Directed Acyclic Graphs (DAGs) [14–18] also predict certain thresholds as in the case of the

Kahn–Kalai conjecture, recently proven by Park and Pham [19].

In what follows, we always assume an algebraic representation of an arbitrary circuit

as a product of unitary matrices each of which is itself formed by the sequential Kronecker

product of a finite set of gate representations including a subset of entangling matrices.

Any such finite set corresponds to an alphabet and the words formed by the alphabet

letters can be used as indices to represent different sequences of any non-commuting

matrix product.

This allows us to form a hierarchy of Global Maps as arithmetic representations of

possible large unitary matrices made from any finite alphabet. Moreover, the use of a natural

lexicographic order reveals the presence of possible symmetries and scale invariances

across a hierarchy of tree structures and their associated exponential intervals from path

enumeration, for any given alphabet.

We should stress the fact that the presentation that follows is strictly ‘phenomenological’

in that the sets of gates used as well as the global maps obtained are used as ideal mathe-

matical objects having an interest of their own in that they reveal an invisible underlying

order independently of their physical counterparts in their actual material implementa-

tions. Nevertheless, the kind of order revealed may prove (as the authors believe) greatly

beneficial for simplification after the mathematical origins of this have been fully studied,

something that is work in progress at the moment.

In the next section, we provide some basic definitions and tools for dealing with

the problem of extracting such global maps via an appropriate decomposition of arbi-

trary length sequential Kronecker products into a set of permutations for the final matrix

element indices.

Moreover, a special implicate product of two trees is introduced, where the first tree

structure and its paths stand for words representing a combination of individual gates in a

sequence of Kronecker products and the second holds all possible products of individual

gate matrix elements. This results in a special algorithm for the correct enumeration of the

resulting products of complex factors for each matrix element in two possible orderings,

lexicographic and Gray-coded. The latter presents an advantage, allowing us to further

factorize any global map into a set of multiplier sequences.

In Section 3, a direct application of a restricted gate set from the Pauli group is given

that results in arithmetic fractal sets for both types of ordering and a similar example

with an extended 6-gate set including a Hadamard gate. Some advantages of such a

representation as well as additional research questions of a more mathematical nature are

discussed in Section 4, concluding the present report.

2. Materials and Methods

By definition, an arbitrary quantum circuit is a representation of a large unitary

operator acting on a number of qubits that admits a representation in terms of certain

smaller operators both in series and in parallel. Each set of parallel operations represents a

single layer while the sequential product of many layers of depth D stands for the total

operator. The most general form then is equivalent to an algebraic matrix product

U = ΠD
i=1Ûi (1)

where
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Ûi =

Lj
⊗

j=1

gj (2)

stands for the parallel realization of a number of gates of different dimensions 2 × 2,

4× 4, · · · where the first represent single qubit operations while the others are additional

entangling (non-factorizable) matrices. Most practical applications rarely use more than

2-qubit entangling gates.

From the algebra of Kronecker products, this always results in 2k × 2k matrices where

k = 2l = n + m + · · · , with n being the number of single qubit gates, m the number of 4× 4

entangling gates and so on. This has the obvious restriction that for any input vector of

k qubits, all possible combinations of unequal dimensions of parallel gates must form an

integer partition of k.

The fundamental observation for the extraction of global maps for such a construct

has to do with the fact that when Kronecker products are defined over matrices that repeat

a finite set of elements, they essentially contain the exact same number of final products as

the one defined by the paths of a symmetric rooted tree in lexicographic or Gray order plus

an appropriate permutation. This fact is further analyzed in the next section.

2.1. Vectorization of Sequential Kronecker Products

The term vectorization has been used in linear algebra and computational applications

to mean the unfolding of an arbitrary n×m matrix A into an equivalent one-dimensional

list of elements via the correspondence

vec(A)→ [A11, · · · , A1m, · · · , An1, · · · , Anm]

The existing literature provides certain formulas on the complete vectorization of

a single Kronecker pair vec(A ⊗ B) (e.g., [20]). Recursive application of such formulas

is cumbersome and does not offer any advantage in bringing to the fore the essential

connections we are interested in.

To this aim, we have to apply a different set of tools from combinatorics. In particular,

we are utilising the fact that in products of unitaries, we are always dealing with powers

of 2. It is then sufficient to examine the case for concatenations of the bit patterns of the

associated indices of matrix elements for each such unitary matrix in an arbitrary sequence.

Assume then an arbitrary alphabet representing a finite set of gate matrices as let-

ters σi → ĝσi
such that any word w is to be associated with a sequential product via

the representation

w = [σi, · · · , σl ]→ ĝσi
⊗ · · · ⊗ ĝσi

Before reaching the problem of the complete vectorization of such a word, we should

first start from a fundamental observation on a single pair ĝi ⊗ ĝj. We notice, in particular,

that by construction every element of ĝi is combined with every element of ĝj. This leads

to the original Kronecker product sharing the exact same elements with vec(ĝi)vec(ĝj)
t,

where abt denotes the dyadic vector product, apart from a permutation. Thus, we may

write the abstract relation

vec(ĝi ⊗ ĝj) = Πvec(gig
t
j) (3)

where gk = vec(ĝk). The advantage of this representation is that vectorizing the dyadic

gives a straightfoward lexicographic indexing of all product elements with respect to their

indices. The permutation matrix Π then carries the essential information of the Kronecker

algebra, including its non-commutative character.
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To reveal the nature of this permutation, we think of an auxiliary pair of matrices

composed solely of the associated indices. In the simplest case of a 2× 2 matrix, let this be

a0 =

(

0 1

2 3

)

We deliberately use an indexing from zero such that the maximal element always

coincides with an integer of the form 2l − 1.

The arithmetic equivalent of the concatenation of two bit patterns over a sequence

of exponential intervals [0, · · · , 2l − 1] takes the non-commuting form z : [x, y] = x + 2ly,

where x, y are the arithmetic values of the corresponding bit patterns. Assume then the

equivalent of the Kronecker product with concatenative addition instead of multiplication.

This takes the form of a recursion as

an+1 =

(

f0(an) f1(an)

f2(an) f3(an)

)

(4)

where now fk(xn) = xn + 22nk. The coefficient 22n is a result of all matrices having

dimensions 2n × 2n so that all indices cover a total arithmetic interval [0, · · · 22n].

Examination of the n = 2 matrix reveals a well known pattern as











0 1 4 5

2 3 6 7

8 9 12 13

10 11 14 15











Following the order of the indices shows the familiar pattern of the self-similar plane

filling curve known as the Lebesgue Z-curve. This is a recurring theme in a variety of contexts

ranging from combinatorics to computer graphics, where it is mentioned as the Z-order,

also used in the Quadtree image compression scheme [21,22].

The natural scale invariance of the above recursion makes it possible to expand

over an arbitrary sequence of Kronecker products so that the exact permutation can be

obtained directly from vec(an) after repeating the iteration in (4) up to the total length

of any product sequence. While this highly symmetric scheme is valid for any product

sequence containing solely 2× 2 gate matrices, its expansion for cases where one may have

mixtures of 2× 2 with 4× 4 matrices is rather straightforward. Since different dimensions

cover different arithmetic intervals, one may adjust the basic recursion map by taking into

account the different binary logarithm used each time by writing the more general form

fk(xm
n ) = xn + 22mnk.

Alternatively, one can first create a new alphabet of all possible combinations of

the two bases of distinct matrices so that every final product sequence works with the

highest dimension, thus being always symmetric. An example of such a permutation for

2× 2 matrices is shown in Figure 1.
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Figure 1. Example of a symmetric permutation for a 2× 2 sequential Kronecker product.

Having established the exact way of forming the permutations for each sequence of

Kronecker products, we can now proceed to the appropriate definitions for the global maps

over any alphabet of possible gate matrices.

2.2. Global Maps

We choose the term Global Map here to mean an exaustive cataloguing of all possible

sequential Kronecker products out of a finite set of gate elements, each represented in

vectorized form with their products of complex factors in lexicographical order.

We always assume a finite set of gates of cardinality b taken as the basis of an associated

alphabet. The words from such an alphabet shall be termed control words here. These words

express the particular order of terms in a sequential product of given length Li.

A second set of words representing each of the final matrix elements is then associated

with a ‘controlled’ alphabet defined by a secondary tree representing the fact that for

each sequence of Kronecker products, all combinations of different sets of elements per

individual matrix exist in the total Kronecker sequence.

The control words then serve to create a different permutation from each to be applied

over all the b rows of an appropriate Look-Up Table (LUT), each row being made out of

matrix elements of each separate gate element. The process is equivalent to a weighted

symmetric rooted tree, the weight elements of which change dynamically at each node

level to reflect the different composition of each sequence of Kronecker products.

To properly organize their presentation, it is necessary to introduce appropriate arrays

depending on a single parameter, preferably the number of input qubits. Each global map

will have to be built as an array where each row contains the unfolded form of the final

matrix elements for all possible Kronecker sequences denoted by the controlled words.

We are particularly interested in cases where the inner symmetries of such a hierarchy

indicate the existence of a special map

ϕM(k) :Mk →Mk+1

An immediate problem arises in the case of combined single qubit and higher entan-

gling matrices due to the restriction mentioned in Section 2, where k must satisfy a specific

number-theoretic condition in order for all combinations of gates in parallel to give rise to

the same dimension, independently of the lengths Li of each sequential product.

Since we are interested in arbitrary, even random parametrizations over a Bloch sphere,

we are forced to avoid some standard universal sets like rotations Ri and phases plus CNOT

or Clifford plus T gates [1,2].
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Instead, it is much preferable to express everything in the much more symmetric

language of universal Deutsch and Barenco gates always representable by 4× 4 matrices.

For all possible Kronecker product sequences of length l constructed from a finite set

of b gate elements, this will naturally lead to a hierarchy of bl × 2k matricesMk, each of

which contains all possible sequential Kronecker products of k elements in parallel with b

denoting the base of an appropriate alphabet defined by the cardinality of some finite set of

parametrizations of the same universal gate. We also assume the restriction k = 2l with

even cases being covered by taking an excess ‘inert’ qubit.

g :=

(

a b

−b̄ ā

)

, a2 + b2 = 1

We may also adopt a generic parametrization by three angles given as

a = ei(ϕ+ω)sin(θ)

b = ei(ϕ−ω)cos(θ)

With the extraction of a common global phase factor, we arrive at the standard repre-

sentation of a Barenco gate as

gB :=

(

I 0

0 g

)

In order to complete a global map for any such set, we also recall the equivalence of the

following three constructs: (a) the words formed by digits of the polynomial representation

of all integers in an interval [0, ·, bk − 1], (b) the set of paths of a symmetric rooted b-ary

tree of depth k and (c) the words from the expansion of a non-commuting multinomial

(l̂0 + · · ·+ l̂b−1)
k.

These correspondences are all 1− 1; hence, one can extract all necessary words by

decoding all integers in an exponential interval and use an assignment map to construct all

possible products via a scheme as

ν ∈ [0, ·, bk − 1]→ w : [σ0 · · · σk−1]→ gB
σ0
⊗ · · · ⊗ gB

σk−1

Then, we can readily reconstructMk from a direct concatenation of rows given by

mν = vec
(

gB
σ0
⊗ · · · ⊗ gB

σk−1

)

.

In order to examine the possible symmetries of the lexicographic ordering, we can

also utilize the associated permutations of Section 2.1 and concatenate a series of vectors

Π
−1mν.

2.3. Sequential Products and Sums of Roots-of-Unity

The use of a lexicographic ordering is important also because of its inherent con-

nection with symbolic Fourier analysis often performed with the aid of Walls systems.

Self-similarities observed there are often inherent in the primordial scale invariance under-

lying the unfolded lexicographic order of a system of strings also known as a Hamming

Space [23,24].

These subjects will not be investigated further here but it is possible to provide a

universal formula for the resulting values of the matrix elements in any Mk. Given a triplet

of arbitrary parameters θ⃗ = [θ1, θ2, θ3], for any gB
i gate, all resulting products take the form

mi,ν = exp

(

i
liν

∑
n=1

θ
(1,2)
n

)

Π
liν
n=1 cos(θ

(3)
n ) (5)
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The various factors liν represent the accumulation of terms different than 0’s or 1’s in

any product standing for a single matrix element of the final unitary. The superscripts

in parentheses next to θn, are indices, not to confuse with raising to power. The set of all

integer accumulator values in a global map follows a characteristic self-similar pattern

which will be analyzed in the next section.

In (5), we use a convention where all terms sin(θ(3)) are to be turned into cosines via

a shift θ
(3)
n ) → θ

(3)
n ) + π/2. We may also take all angle parameters on the unit circle via

θ⃗ ← [λ, µ, ξ](2π) with three new real parameters in [0, 1].

Then, from a known trigonometric formula for products of harmonics, it is possible to

rewrite (5) as

mi,ν =
e2πiSi,ν

2li,ν

Ci,ν

∑
i=0

cos
(

e⃗i · Ξ⃗i,ν

)

(6)

where Ci,ν = 2li,ν − 1, Si,ν = ∑
liν
n=1(λn + µn) and e⃗i stands for a binary word from the set

of all words in [0, · · · , Ci,ν], with the sum running over all such words acting on the same

vector of ξn parameters for the third angle. For all practical purposes, we may take the case

of rational values for the angles parametrization as θ⃗ ← 2π{pi/qi} assuming irreducible

factors for the integers pi and qi. In such a case, one can always identify a maximal cyclic

group ω(N), N = Πiq
mi
i such that the result in (6) would take the form

mi,ν = ezi,ν

(

Ci,ν

∑
i=0

ω(N)ei(p1,··· ,pb ,q1,··· ,qb) + c.c

)

(7)

where we have used zi,ν = 2πiSi,ν − ln(2)li,ν
The type of summands in (7) belong to a key concept of number theory including such

cases like the Ramanujan and Kloosterman sums as well as the Gauss sums. Especially the

latter have direct physical implications revealed in the work of Berry, where they have been

associated with the self-imaging effect in the Talbot and Talbot–Lau interferometers as well

as the celebrated Quantum Carpets [25].

A fundamental identity, which is generic for such sums and can be used for simplifica-

tions, is given as

SN =
N−1

∑
i=0

ω(N)is =

{

N s = aN

0 otherwise
(8)

Then, the expression in (7) could be factorized as ∑j ω(N)bi S(N) if arbitrary pairs of

integers {ai, bi} can be found to satisfy either of the two branches of (8).

While this is a cumbersome approach, there is one further step beyond the original

lexicographic order which can reduce the complexity of these symbolic expressions in a

unique manner, as explained in the next section.

2.4. Gray Codes and Multipliers

An additional permutation well known from coding theory and communications goes

by the name of a Gray code [23,26]. Originally created for the binary system to minimize

transmission errors, it has also been expanded to higher alphabets.

We shall here make use of non-binary or n-ary Gray codes which effectively represent

an additional permutation of the original lexicographic ordering which is characterised by

the fact that the Hamming distance of all consecutive words is minimal. In simpler terms,

each product over a row of a global map differs by a single factor and each control word

representing a sequential Kronecker product columnwise also differs by a single gate factor.

More formally, if we denote as Gb the corresponding permutation induced by a Gray

encoding in base b, then the original translation from any layer of gates in parallel can
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be made to correspond to a new global map now given as the concatenation of all rows

(Gb ·Π
−1)mi, where mi stands for the vectorized sequential product in the same sense as

in Section 2.1.

An immediate consequence of the basic property of any Gray code is that all products

across any row ofMk can be made to differ by a single factor. This is due to the 1− 1

correspondence between digits in the representation of all integer indices in [0, · · · , 4k]

interval per row and the complex factors of each algebraic product. In the new, Gray-

coded sequence, traversing this interval of indices gives for every discrete step i→ i + 1 a

transition between words and products as

wi : [z1 · · · zj · · · zl ]→ wi+1 : [z1 · · · z
′

j · · · zl ]

where wi,i+1 are word representations of two successive complex products standing for

single matrix elements in the unfolded form of each unitary per control word. The exact

position where a symbol changes is always given by a special map for each Gray code,

known as the ruler function r such that j← r(i) [27].

Consequently, one can reproduce the whole sequence of 4l elements as the trajectory

of a multiplicative dynamical system

ci+1 ← λ(i)ci, λ(i) =
zr(i) z̄

′

r(i)

|z
′

r(i)
|2

(9)

where c0 is the first product of any sequential Kronecker product corresponding to the

word [00 · · · 0]. Since most large Kronecker products result in sparse matrices, the recursion

in (9) requires a replacement of zeros in the original gate definitions with an ϵ < 1 constant

to avoid singular points. Conclusively, any large unitary matrix essentially contains a

permuted sequence of partial products of the above prescribed multipliers.

Since Gray codes can be applied also columnwise, we may in fact consider a factoriza-

tion of any global map as

Mk
ij = π11

(

Π
j
k=1µ(k)

)(

Πi
l=1λ(l)

)

(10)

where π11 is the first element in the ordered set of all Kronecker products while the second

term represents the set of multipliers for all initial conditions of any row sequence per

control word in the b-ary alphabet.

3. Some Concrete Examples

3.1. Numerical Explorations

In any sequential Kronecker product, there may be a number of terms that are either

zero or one, thus not contributing to the final products for each matrix element, as already

commented in Section 2.3.

To obtain the exact number of terms, one may utilize a similar scheme as that of

Section 2.1, leading to a natural arithmetic fractal structure as follows. Since we are

interested in all non-zero factors greater than one, it is possible to use a ‘model’ matrix

instead of the original Barenco gate like

(

I 0

0 21

)

with 2× 2 zero and all ones (1) blocks. The repeated Kronecker product of the above will

provide all possible accumulators denoted by li,ν in Section 2.3 as logarithms of all final

matrix elements greater than one. Results for a 4-fold product are shown in Figure 2.
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Figure 2. Number of complex product terms for 4× 4 sequential Kronecker product. Standard color

map is used, with blue to red (minimum to maximum) for integers.

Next, we provide a simple example of a global map for the case of the Pauli group

{I, X, Y, Z}, which leads to b = 4 for all the control words and all 4-fold Kronecker products,

leading to a 256× 256 matrix. Unique elements on the final array are restricted on the

unit circle, which makes amplitudes a binary array. Magnitudes and phases are separately

shown in Figures 3a and 3b, respectively.

(a) (b)

Figure 3. (a) Magnitudes and (b) phases of the the resulting global map for the Pauli group.

In Figure 4, we also show the same result after applying a double Gray encoding as a

permutation of both rows and columns over the same global map. It becomes evident that

the Gray code effects a higher disorder.

To further our understanding of the underlying structure of these sets, we also try the

extended gate set {I, X, Y, Z, S, H} including also the Hadamard (H) and π/2 phase (S)

gates. This now increases the alphabet with b = 6, leading to a 1296× 256 array. Results

are shown in Figure 5.
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(a) (b)

Figure 4. (a) Magnitudes and (b) phases of the Gray-coded global map for the Pauli group.

(a) (b)

Figure 5. (a) Magnitudes and (b) phases of the extended 6-gate set.

A complete gate set should, of course, include at least one controlled entangling gate

like CNOT. The study of such sets is deferred for future work, the simple reason being that

any such computation requires the introduction of a maximal fully symmetric tree of order

max dim(gi) for the row lengths in order to utilise the full symmetry of the lexicographic

ordering in the output global map array. This results in huge combinatorial sets which

cannot be properly examined by simple visual inspection. Instead, proper completion of

this project demands the development of a special toolbox with additional methods for

the study of large self-similar sets like wavelet analysis and other appropriate transforms.

These issues are still under scrutiny, and some practical applications together with our

main conjecture are discussed in more detail in the last paragraphs.

3.2. Applications

To elucidate the meaning of the above, we must clear out some more technical issues

regarding the use of such objects as the ϕM(k) arrays. In particular, the original computa-

tions represented by Equation (1) for any quantum circuit can be represented as a walk

over the row index of such an array. Moreover, no need exists for reshaping the elements

of any such row into the original unitary matrix. Instead, any of the original sequential

matrix–vector products can be turned onto a dual vector–matrix product where the vector

is given directly by one of the rows of ϕM(k) and the matrix acting from the right can be
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constructed from the original input vector and the corresponding permutations of Section 2

as follows.

Let M
(k)
i stand for any of the rows of the associated global map for a given finite set of

gates and let π̂ be the associated permutation to its flattened, fully vectorized form. Given

any input vector v for which one wishes to obtain the associated product Û · vt for some

unitary Û, where Û ∼= M
(k)
i , there is an exact correspondence with a product m · V̂, where

m stands for the vector corresponding to M
(k)
i , and the new 22l × 2l matrix V̂ is a tiling of

rows made of the original input vector v. Each row of V̂ is constructed so as to reflect the

correct indexing of products of the original. This is simply given as follows.

The first row is given by locating all indices from 1 to 2l in the permutation vector π̂

of length 22l . A row of the same length is constructed with the only 2l non-zero elements

from those of the original input vector at positions given by the alternative indices of the

permutation vector. Then, the second row is constructed by the exact same elements of v,

this time arranged according to the permuted indices in the interval [2l + 1 . . . 2l+1], and so

on. In this way, the contraction of any M
(k)
i by the temporary auxiliary V array will obtain

the exact same result of any layer in the original Equations (1) and (2), using instead a set

of direct actions on certain rows of the global map array.

While the role of the lexicographic indexing of any global map is to reveal a higher

internal correlation, the use of Gray codes serves a rather different purpose. In particu-

lar, the theoretical result presented in the previous section allows using even a random

initial sequence of multipliers in the case of variational circuits where there is no fixed

parametrization. In such a case, the use of a dual representation via the auxiliary array

transcription of input vectors turns the original circuit into a simpler recursive method

based on signal mixing from a core parametric dynamical system. This paves the way

for alternative analog implementations which may offer certain advantages in cases of

Hamiltonian emulators. It can also be considered as an alternative for improvements over

previous proposals [28–30].

4. Discussion and Conclusions

The line of research presented in this work differs from existing ones since it targets the

totality of possible circuits to the degree that such a presentation reveals higher correlations

between the various components of any circuit. As a matter of fact, what the evidence of

the previous sections reveal can be stated as the following conjecture:

Conjecture 1. The set of automorphisms of global maps (results of all quantum computations) is

highly correlated.

This poses a question for which no obvious answer appears in the existing literature.

Specifically, if the set of all possible arrangements of any finite set of gates is highly

correlated, possibly containing a fractal structure, then one should expect, with some

probability to be estimated, that the set of all results obtained from the equivalent actions

performed in copies of the same object should also appear to inherit these correlations. If

this proves to be so, then one should expect the existence of classes of ’magic’ sequences

allowing us to guess more difficult results from simpler ones via some recursive evaluation

method that may be of lower complexity than each original isolated circuitry.

Moreover, certain scale invariances should affect such a method given that there is

a natural hierarchy of exponential intervals [0 . . . bN ] for increasing depths and number

of layers that allow for an inductive approach to the problem. Further numerical and

analytical work is needed to specify the exact nature of possible recursive maps ϕM(k) in
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various cases of base gate parametrization. Such a problem may be NP-hard for an arbitrary

sequence ofMk matrices but we currently have no proof of the associated complexity.

Moreover, new questions arise with respect to PQC and their VQC variants when it

comes to study arbitrary variations of some original standard gate set. For instance, with

reference to Figures 3 and 5, one may ask whether a hierarchy of small variations over these

original standard sets could lead to cascade phenomena akin to the previously known as

Self-Organized Criticality ( per Back [31]) and its associated abelian and non-abelian Sandpile

groups [32,33].

Last but not least, there is every reason to try extending the present technique to higher

members of the general SU(n) as, for instance, in the case of qutrits and qudits [34–36]

using Gell–Mann matrices and other higher order representations. Such extensions will

hopefully follow in subsequent work.
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DAG Directed Acyclic Graph
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PQC Parametric Quantum Circuits

QML Quantum Machine Learning

RVQC Relativistic Variational Quantum Computing

VQC Variational Quantum Computing
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