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In recent high luminosity colliders, the finite crossing angle scheme becomes popular to gain the
multiplicity of luminosity with multi-bunch or long bunch operation. Success of KEKB showed that
the finite crossing angle scheme was no problem to achieve the beam-beam parameter up to 0.05.
We have studied the beam-beam interactions with/without crossing angle toward higher luminosity.
We discuss how the crossing angle affects the beam-beam parameter and luminosity in the present
KEK B factory (KEKB) using computer simulations.

PACS numbers:

I. INTRODUCTION

High luminosity B factories, KEKB and PEP-II, are
operated successfully at KEK and SLAC, respectively.
The collision scheme in KEKB was designed so that
the two beams collide with a finite crossing angle, 2 x
11 mrad, with 2 ns repetition. A head-on collision scheme
was adopted in PEP-II with 4 ns repetition. The cross-
ing angle makes it easy to design the interaction region
for narrow bunch spacing. Historically, the crossing col-
lision scheme had been considered to be taboo due to the
unsuccessful experience of DORIS in DESY where a ver-
tical crossing was implemented. At KEK, many studies
were performed leading to the adoption of the horizontal
crossing collision scheme [1-3]. KEKB and PEP-II have
achieved luminosities of 1.2x 1034 and 0.8 x 1034 cm 25!
respectively, in the beginning of 2004. Such high lumi-
nosities were not believed to be possible when the original
design work started. But following the recent success of
the high-luminosity factories, the crossing angle scheme
has become popular in order to gain a higher repetition
rate.

The design luminosity at KEKB is achieved with the
repetition frequency that is a factor of 3 to 4 lower than
its design value. Currently, the bunch spacing, which
is the inverse of the repetition frequency, is 8 to 6 ns.
Narrowing the bunch spacing does not increase the lumi-
nosity, perhaps due to the electron cloud effect in both
machines.

The bunch spacing has reached its design value: 4 ns
for PEP-II, but the bunch pattern still consists of many
small gaps between the bunch trains to alleviate the elec-
tron cloud effects. The number of bunches are much more
than that of KEKB. The influence due to the electron
cloud in PEP-IT seems to be less a problem than that
in KEKB. This fact may mean that the ante-chamber
which is used in PEP-II is efficient in reducing the elec-
tron cloud effects.

The bunch population is much higher than its design:
it is twice the design for the positron beam and is 3.7
times the design for the electron beam. The operating
tune, which optimizes the luminosity [4], is just slightly

above a half integer in horizontal and is around 0.54-0.56
in vertical. The horizontal beam-beam parameter, cal-
culated using the bunch population and the design beam
size, is about 0.1, while the vertical beam-beam param-
eter, estimated from the luminosity, is 0.05. Our design
beam-beam parameter is 0.05 for the design bunch pop-
ulations, which is much smaller than the present values.

We continue to make efforts to obtain higher luminos-
ity. The achieved beam-beam parameter, 0.05, is not the
largest achieved value yet. For example, the beam-beam
parameter, ~ 0.07, was reached in CESR with a similar
damping time 74, /Ty. To reach luminosity much higher
than 10%® ¢cm~2s7!, a beam-beam parameter beyond 0.1
is necessary. The crossing collision scheme should be re-
viewed from the point of view of progress toward higher
luminosity.

To study the effect of crossing angle, the beam-beam
simulation should take into account the bunch length:
that is, the motion of particles should be treated in three
dimensional space (x —y — z). Both weak-strong and
strong-strong simulations are used for the studies in this
paper. Weak-strong simulations have been extended to
three dimensional space by slicing the bunch along the
longitudinal direction using the so-called synchro-beta
map [5-7]. Most of the strong-strong simulations had
been done in two-dimensional space (z — y) [8]: i.e., the
bunch length was assumed to be zero. Though strong-
strong simulations have been extended to three dimen-
sional space, the convergence for the number of the longi-
tudinal slices was not good [9, 10]. The convergence has
been improved dramatically by using an idea similar to
the synchro-beta map as done in the weak-strong simula-
tion [11]. This three dimensional formalism is discussed
in this paper.

The beam-beam limit for collision with or without
crossing angle is studied using this simulation method.
A luminosity optimization for the optics parameter at
the collision point has been done in KEKB [12]. Simu-
lations have also shown that tuning for z — y coupling
and dispersion functions at the collision point affects the
beam-beam performance [4]. It is important to remove
the errors of coupling and dispersion for luminosity op-
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timization. The crossing angle is considered as a kind of
dispersion function at the collision point which is shown
later; therefore it makes the beam-beam performance
worse.

This paper consists of the following contents. The for-
malism used in our simulation is discussed in Sec.II. The
treatment of crossing angle and three dimensional beam-
beam interaction are explained in this section. Results
obtained by the simulation are presented in Sec.III, and
conclusions are summarized in Sec.IV.

II. FORMALISM OF COLLISION WITH
CROSSING ANGLE

A. Treatment of the crossing angle

In the laboratory frame, the s axes of two beams are
chosen to be their moving directions, and the electro-
magnetic field of a beam is formed on the plane perpen-
dicular to its s axis. When there is a crossing angle in
the collision, the beam-beam force by the other beam is
not in the transverse direction of the beam that is ex-
periencing the force. Hence the timing, when the beam
experiences the force, depends on the positions of both
beams. This feature makes it more difficult to treat the
collision with a finite crossing angle.

It is convenient that the collision is treated by a Lorenz
boost to a head-on frame from the laboratory frame
[1, 2, 13]. In the head-on frame, the s axes of the two
beams coincide with opposite directions. The particles in
the two beams basically move along the s direction and
beam-beam force is perpendicular to the s axis. In the
simulation, particles in the beam are transferred to the
head-on frame, experience the collision, and are trans-
ferred back to the laboratory frame by the inverse of the
Lorenz boost. The principle axis of the beam ellipsoid
does not coincide with the s direction: that is, (zz) is
not zero for the case of horizontal crossing.

The Lorentz transformation from the laboratory frame
to the head-on frame (M) is given for a half crossing
angle 6 by [2]
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A star designates a dynamical variable in the head-on
frame. H* and p} are H(p*) and p,s(p*), respectively.
Note that the z* and y* axes are defined in the same
direction for both beams, while the s* axis is defined in
opposite directions, since the two beams travel in oppo-
site directions.

The linear part of the transformation is expressed by
a matrix
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These transformations, Eqgs.(1) and (2), are not sym-
plectic. In fact, the determinant of the transfer matrix
M., is not 1, but cos™2 6. This is due to the fact that
the Lorenz transformation is not symplectic for the ac-
celerator coordinate, because the Hamiltonian is divided
by a reference momentum. This is not a problem be-
cause the inverse factor of cos® 8 is applied by the inverse
transformation.

This discussion can be applied to the nonlinear trans-
formation of Eq.(1). The Jacobian matrix of the trans-
formation, (0x*/0x);; = Oz} /Ox;, satisfies

dz*\" [ dz*
J = J/cosf 3
(%) (%) - ®
where J is the matrix of the symplectic metric. M? de-
notes the transpose of the matrix M. Once again, it
shows that the Lorentz transformation itself is not sym-
plectic but the whole beam-beam map that includes the

Lorentz transformation, beam-beam map, and the in-
verse Lorentz transformation is symplectic, since

XX =J, (4)

where X is the product of three Jacobian matrices:

X =7, " . (3
(893 -1 \9Z* / beam-beam \ 0T /[,

The map of the beam-beam interaction, which includes
the collision along the bunch length, is represented by a
map at s* as shown in the next subsection. The revo-
lution map including the crossing transformation, is ex-
pressed by

M1 0 My o M. (6)

where M. is the transfer map of the arc section and
M5 is the map given by Eq.(1). The linear part of
the revolution map, which is the revolution matrix, is
expressed by Me,sMa..M~_L. For small 6, the revolution
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matrix, including the crossing transformation, is equiva-
lent to that with z-dependent dispersion ¢, = 6 [14] at
the interaction point, s = s*. It means that the beam en-
velope has (xz) o (;(s) effectively in the head-on frame.
The nonlinear parts of the transformations of Eq.(1) are
a kind of kinematic term which only weakly effect the
beam for a small crossing angle.

Since crab cavities also create a z-dependent dispersion
Co,crab(s), we can effectively choose an arbitrary crossing
angle by using the crab cavities to control (g crep(s*) at
the interaction point. To make a head-on collision of the
beams with (zz) = 0, we need to set (g crqp = —6.

We use two simulation models, weak-strong and
strong-strong models, to study the beam-beam inter-
actions according to circumstance. In the weak-strong
model, the strong beam is fixed to a Gaussian distri-
bution in six-dimensional phase space, while the other
beam is represented by macro-particles. We have other
simulation methods: i.e. strong-strong simulation with
a Gaussian approximation and weak-strong simulation
with PIC method as is discussed in other papers [15, 16].
We restrict ourselves to these two methods to avoid com-
plexity and confusion.

In the weak-strong model, macro-particles are trans-
ferred from the laboratory frame to the head-on one us-
ing Eq.(1). The beam envelope of the strong beam is
transferred by the linear map,

(x*x*) = Mp(zxz')M}. (7

In the strong-strong model, both of the beams are rep-
resented by macro-particles, which can have an arbitrary
distribution. The beam-beam force is calculated by the
particle-in-cell (PIC) method [17]. Macro-particles of
both beams are transferred by Eq.(1).

B. Formalism of three dimensional beam-beam
interaction

We now consider the collision of two beams in the head-
on frame. Since the beam-beam force is perpendicular to
the s axis, it is sufficient to take care of the beam shapes
deformed by the crossing transformation of Eq.(1). The
two beams both have gradients in the =z — 2z plane due
to the crossing angle. It is essential to take into account
the bunch length, since the effect of the gradient in the
x—z plane should be studied. For simplicity, the collision
point is chosen as s* = 0. The transfer map before (s =
—0) to after (s = +0) the collision in the head-on frame,
evaluated at the interaction point s = s* = 0, is written

- Vofi(s,,i)qﬁ,,i(m, ) Vo+(s
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where S means s ordered product and £A is the interac-
tion region of the two beams. [28] 1} is the transfer map
in the drift space,

Vo(s)

Vo(s,0) = Sexp [— : /Os Hyds :]
H exp l p“ ;—py’ s :] . 9)

The drift map V, can be replaced by the map in the
solenoid magnet as the need arises. Hpp is a term which
represents the beam-beam interaction. The relativistic
beam induces an electro-magnetic field in the transverse
plane. The field can be expressed by a two-dimensional
static potential. The other beam experiences the electro-
magnetic field. Hyp is expressed by

Hy, = ¢_(z4) + ¢4 (z-), (10)

where ¢+ () is the potentlal induced by et beam at
the position (x1) of each et in their beam.

We have two problems when evaluating the map,
Eq.(8): that is, one is how to evaluate ¢, and the second
is how to integrate Eq.(8) for a given ¢. The potential ¢
is determined by the two-dimensional Poisson equation,

r
AJ_¢ﬂ:('T7y;Zas) = ’y_j:pi(m7y;zas) (11)

where p is the number density of the beam at given (z, s).
(z,y, 2, s) are coordinates of each e in their beam, which
is tracked. The potential is solved by the particle in cell
(PIC) method.

We discuss the motion of the positron beam which ex-
periences the potential formed by the electron beam for
example. The integration including an S ordered prod-
uct is discretized. It is convenient that the integration
variable (s) is replaced by z_ for the beam of the field
source, and the integration is discretized for z_ of the
source beam, z_ ;. The integration step is chosen to be
the slice in which the potential is calculated. The relation
between s; and z_ ; is expressed by s; = (24 — 2_;)/2.
The integration for both electron and positron beams is
expressed by

— Vo 2(s4.5) bt (@, 51 5)Vo,—(s4.5)As ] . (12)



Since ¢4 ;(x) is determined by the distribution of the
eT beam at s ;, then sz ; is a function of the longitudinal
position of the tracked particle in the beam, z.. Namely
the potential has to be calculated for every tracked par-
ticle.

For a Gaussian beam, it is easy to get ¢ as a function
of s [7, 18],

Ny

Amo,oy

.73'2 y12
X exp— + = |-
’ (2%(5)2 2ay<s)2>
Tts derivative is expressed by the complex error function
[19]. The beam envelope matrix is deformed due to the
beam-beam interaction at each integration step. For an

arbitrary s in an integration step, the rms beam sizes or
more generally beam envelope matrix is transferred by

(@(s")z'(s)) = Vo(s', s)(x(s)2" ()) V5 (5", 5),

where V4 (s, s) is the transfer matrix for s to s'.

In the weak-strong simulation, a strong beam is fixed in
charge distribution in every longitudinal integration step.
The beam-envelope matrix is transferred by Eq.(14) dur-
ing the collision [6, 7].

In the PIC model, the distribution is expressed by
macro-particles mapped onto a two-dimensional grid
space; therefore it is difficult to express the potential as
a function of s. The calculation of the potential in every
s for z of a tracked particle is impossible because of the
enormous computing power required. Therefore we use
an interpolation of the potential during the integration
step. The two-dimensional potential, which determines
the beam-beam force, is estimated at a collision point
front (sy = (2,5 — 2;)/2) and back (sp = (25,6 — 25)/2)
face of the (i-th) slice containing the particle. The poten-
tial of the target slice ¢(s) is transferred to the collision
point of the particle by a linear interpolation,

65(5) = 65 (sp) + 21038) = 9i(50)

b (2,9, 7:5) = / da'dy'In|(z — 2')* + (y — ¢/ )?|

(13)

(14)

(s — sp). (15)

Sf — Sp

where s depends on z as s = (2—#;)/2. An energy change
proportional to 8¢/0z, which is caused by the interaction
depending on z, is included in the simulation,

Ap, = 9557 (zi0)) = 65 (s0(2i0))

Zi,f — %i,b

(16)

The number of slices required depends on the beam-
beam parameter. The distribution of the beam is de-
formed during the process of the collision. The disruption
parameter mainly in the vertical, which is an oscillation
angle of a particle in the potential of another beam, char-
acterizes the deformation [18, 20, 21].

_ dn&yo,
X = 3, (17)

The oscillation angle is divided by the longitudinal slice.
The angle in each step should be smaller than 1: i.e., a
high beam-beam disruption requires a large number of
slices. The disruption parameter is x ~ 1.1 ~ 1.6 for
our parameter region, § = 0.1 ~ 0.2 and 0, ~ §,. The
simulation results converged for the slice number of 5-
10: i.e., the divided angle is 0.1 ~ 0.3 for each slice. A
larger number is better, but the calculation time grows
as the square of the slice number. Figure 1 shows the
evolution of the beam-beam parameter for 5, 10, and 15
slices. The beam-beam parameter converges completely
for 10 slices. There is a difference, less than 5%, in the
final beam-beam parameters between 5 to 10 slices. In
this paper, simulation results are given for 5 slices.
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FIG. 1: Evolution of the beam-beam parameter for Ny =
5,10 and 15.

III. SIMULATION RESULTS

The effects of crossing angle on the beam-beam pa-
rameter and luminosity are studied for the machine pa-
rameters as is shown in Table 1. The parameter is about
the same as that of the present KEKB. The transparency
condition was kept as Nyv4+ = N_~v_ to avoid complex
behavior caused by unbalance of the beams in the sim-
ulation. The betatron tunes are equal to the operating
point of HER of KEKB. By the way, the operating point
of LER is slightly lower in both planes, namely (0.508,
0.55).

In the weak-strong simulation, 100 macro-particles are
tracked up to 40,000 turns (107), and the luminosity was
calculated by averaging it during 20,000 through 40,000
turns. In the strong-strong simulation, 100,000 macro-
particles are tracked up to 20,000 turns. The trans-
verse plane is divided into 128 x 256 grids with unit size
of 20pumx0.4pum. The luminosity was calculated using
the beam particle distributions for the last turn. The
bunch population of positrons (N.) in the low energy
ring (LER) is scanned from 1 x 1019 to 1.2 x 10!!. The
beam-beam parameter was calculated using the luminos-



ity as follows,

_ 2refy L
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(18)

The beam-beam parameter is equal to the vertical inco-
herent beam-beam tune shift, if the beam aspect ratio,
0y/04, is approximated to be 0 and reduction factors due
to the hourglass effect and crossing angle are neglected.

TABLE I: Basic parameters of KEKB

HER LER

C 3016m

E 8 GeV 3.5 GeV
Bz /By 60 cm / 7 mm
Ex/Ey 18 nm / 0.18 nm

o, 7. mm
Va /vy |0.515/0.58/0.016 — 0.024

Vs 0.016-0.024
Toy/T0[4,000 turn 4,000 turn

O, 0~ 2 x 11 mrad

A. beam-beam limit for collisions with/without
crossing angle

The beam-beam limit phenomenon, in which the
beam-beam parameter is saturated at a certain value
as the current increases, is discussed first. The simu-
lations were carried out for various bunch populations
to obtain the limit of the beam-beam parameter. Fig-
ure 2 shows the beam-beam parameter, £, as a function
of the bunch population for collision with and without
crossing angle. For the head-on collision, as seen in
the figure, there is a significant difference between the
beam-beam limits obtained by the weak-strong and the
strong-strong simulations. The strong beam is assumed
to be a Gaussian distribution in the weak-strong sim-
ulation, while arbitrary distributions are treated in the
strong-strong simulation. The difference due to a non
Gaussian distribution is essential to determine the beam-
beam limit [15]: that is, the accurate beam-beam limit is
around £ ~ 0.1 —0.12. A strong-strong simulation with
Gaussian approximation showed results similar to this
weak-strong simulation (¢ > 0.2). A weak-strong sim-
ulation based on PIC method showed results similar to
this strong-strong simulation (£ & 0.1), if the distorted
beam distribution given by this strong-strong simulation
is used as the strong beam. The simulations, in which a
Gaussian distribution is assumed, should not be used to
predict the beam-beam limit.

With the half crossing angle at 11 mrad, the beam-
beam parameter has similar behavior for both simula-
tions: that is, £ is saturated around 0.06. The beam-
beam limit is about a half of that in the head-on collision,
though the geometrical loss is about 20%. A considerable

luminosity loss is caused by the dynamical effects of col-
lision when we have a crossing angle. We notice that the
characteristics of the beam-beam limit are somewhat dif-
ferent from that for a head-on collision; namely the Gaus-
sian approximation seems to be able to reliably predict
the beam-beam limit for a collision with a large crossing
angle as seen in this figure. This fact also suggests that
the beam-beam limit for a collision with a large crossing
angle is caused by another mechanism.
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FIG. 2: Beam-beam parameters for crossing angle of 0 and 11
mrad as function of bunch current. Pictures (a) and (b) were
obtained by the weak-strong and strong-strong simulations,
respectively.

B. Crossing angle dependence

The simulations for various crossing angles were per-
formed in order to study the effect of crossing angle. Fig-
ure 3 shows the beam-beam parameter and beam sizes
as functions of the crossing angle for the bunch popula-
tion of Ny = 8 x 10'° (I = 1.1 mA). The beam-beam
parameters given by the weak-strong and strong-strong
simulations are depicted in Picture (a). We had the same
behavior for Ny = 10x10'°. The geometrical luminosity,
which is also plotted in the picture, has a loose depen-
dence on the crossing angle. The simulated luminosity
has a peak structure near zero-crossing angle. The peak
structure of the strong-strong simulation is narrower than
that of the weak-strong simulation. The behavior of the
horizontal and vertical beam sizes are depicted in Pic-
tures (b) and (c), respectively. The horizontal beam size



increases monotonically for crossing angle in both sim-
ulations. The vertical beam size has different behavior:
the strong-strong simulation shows a large enlargement
for small crossing angle of a few mrad and a gradually
decrease for increasing crossing angle. The weak-strong
simulation shows a monotonic increase with the crossing
angle. This behavior in the strong-strong simulation is
seen for high beam-beam parameter. When the current
is decreased to be N = 3 x 10!° (£,0minat = 0.05), the
peak structure near zero crossing angle was weakened.

C. Diffusion due to crossing angle

We are considering the origin of the luminosity degra-
dation due to the crossing angle to be nonlinear diffusion
[16, 22]. The crossing angle is regarded as the dispersion
couple to z at the collision point contrasted with the or-
dinary dispersion couple to p,. The linear couplings at
the collision point in 2 — 2 plane induce nonlinear dif-
fusions. In the weak-strong simulation with Gaussian
approximation, luminosity degradation was seen, though
the strength was somewhat weak; therefore some essen-
tials of the degradation seem already included in the
weak-strong model. The diffusion caused by the nonlin-
ear dynamics of a single particle is treated by the weak-
strong model. Though there may be more complex dif-
fusion in which the two beams are strongly coupled, it is
interesting to understand how the study based on single
particle dynamics is feasible for our first step.

Synchrotron radiation also causes diffusion which de-
termines the natural emittance due to the balance of the
radiation damping when beam-beam or intra-beam ef-
fects are negligible. The beam size is determined by the
ratio of the diffusion rate and damping rate,

oy = (Ay*)7y /2T, (19)

where (Ay?) is the diffusion rate per turn. More sophis-
ticated treatment is seen in Ref. [14]. The diffusions due
to the synchrotron radiation are (Az2) = 5.4um? and
(Ay2,) = 6.3x10~*um?. If two or more kinds of diffusion
sources exist and are independent of each other, the to-
tal diffusion rate is the summation of individual diffusion
rates. The diffusion due to the beam-beam interaction
is caused by the nonlinear force. There may be interfer-
ences among the diffusions if they are not independent.
To estimate the diffusion rate caused by the beam-
beam interaction, we remove the synchrotron radiation
in the weak-strong simulations. The diffusion is observed
in the growth of the beam size, or in another words, sec-
ond order moments ({z?) and (y?)). Figure 4(a) and
(b) shows the evolution of the square of the horizon-
tal and vertical beam sizes. They show a monotonic
increase with respect to evolution turns. The diffusion
rate is estimated by the growth rate per turn of the sec-
ond moments ((z2?) and (y2)). The figure shows that
the crossing angle induces both horizontal and vertical
diffusions, which rates are plotted in Figure 4(c). The

crossing angle, which causes linear x — z coupling, causes
not only the horizontal diffusion but also the vertical one.
The horizontal diffusion is much smaller than that due
to synchrotron radiation, but the vertical one is com-
parable with that due to synchrotron radiation. Figure
4(d) shows the vertical beam size estimated by the total
diffusion of nonlinearity and radiation and the radiation
damping time. The equilibrium beam size, obtained by
the weak-strong simulation with synchrotron radiation,
is also plotted in the figure. The beam size given by the
weak-strong simulation is larger than that estimated by
the diffusion rates. It indicates that there may be inter-
ference between the radiation and nonlinear diffusions.

We try to understand the behavior of the beam-beam
limit as a function of crossing angle. The behavior of the
weak-strong simulation is understood straightforwardly:
that is, the strength of the diffusion reflects the beam size,
though some interference between the two diffusions are
seen quantitatively. A sharp luminosity drop for crossing
angle, which is caused by a blow-up of the vertical size,
is observed in the strong-strong simulation. The beam-
beam limit for head-on collision is reported to be caused
by vertical distortion of the beam distribution from a
Gaussian at this tune operating point [15]. The vertical
enlargement was enhanced by the radiation excitation
for head-on collision [16, 22]. One possibility to explain
the sharp structure is that the vertical enlargement is
enhanced by the nonlinear diffusion.

D. Tune survey

We have discussed the beam-beam parameter at our
design operating point shown in Table I. Simulations and
experiments showed that this tune operating area is the
best in the tune space; therefore our discussion has been
limited to this operating point. It is well known that the
operating tune strongly affects the beam-beam limit. We
now investigate how the operating tunes affect the beam-
beam limit. The strong-strong simulation was done in the
tune area (0.508 < v, < 0.548, 0.51 < v, < 0.63 with a
step of 0.005.

Figure 5 shows contour plots of the beam-beam pa-
rameters for collision with crossing angles of 0 and 11
mrad in the tune area. The contour lines are drawn ev-
ery 0.01, and lighter gray corresponds to higher beam-
beam parameter. The best operating point is around
(Vz,vy) = (0.508, 0.55) for finite crossing angle, while it is
around (0.508,0.58-0.6) for zero crossing angle. The best
beam-beam parameters were 0.15 and 0.08 for a crossing
angle of 0 and 11 mrad respectively.

Non Gaussian distribution was essential to determine
the beam-beam limit for collision without crossing angle.
Kurtosis, which is defined by k, = (y*)/3(y?) in vertical,
is a measure how distorted the distribution away from
Gaussian. Increase of kurtosis k, ~ 4 was seen in the
beam-beam limit [15], where k, = 1 for Gaussian distri-
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FIG. 3: Beam-beam parameters and beam sizes function of crossing angle. The beam-beam parameter, horizontal and vertical
beam sizes, which are obtained by the strong-strong and weak-strong simulations, are depicted in Pictures (a), (b) and (c),
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horizontal and vertical beam sizes, respectively. Pictures (c) is depicted the horizontal and vertical diffusion rates. Picture (d)
is depicted vertical beam sizes, which are estimated by the diffusion rate and are given by the weak-strong simulation with

considering the synchrotron radiation.

bution. Beam size and kurtosis, which were given by the
tune survey, are shown in Figures 6 and 7 for crossing
angles of 0 and 11 mrad, respectively.

The behavior of the beam-beam parameter in Figure
5(a), which is given for zero crossing angle, is reflected in
the vertical size of Figure 6(b). Smaller beam size is cor-
related with larger vertical kurtosis, as shown in Pictures
(b) and (d). The kurtosis, at the best operating point,
(Vg,vy) = (0.518,0.58 — 0.6), was (k;, ky) = (1.5,5):i.e.,
the horizontal distribution is close to Gaussian but the
vertical distribution is strongly distorted. The horizon-
tal size did not have a correlation with the beam-beam
parameter. The beam-size and kurtosis have a positive

correlation in horizontal: larger size is correlated to larger
kurtosis as shown in Pictures (a) and (c).

The behavior of the beam-beam parameter in Figure
5(b), which is given for a crossing angle of 11 mrad, is
reflected in the vertical size of Figures 7(b) again. The
horizontal kurtosis is 1 ~ 1.5 for v, < 0.53 as shown in
Picture (c¢). The vertical kurtosis is high 3 ~ 4 for the
operating point with the highest beam-beam parameter
as shown in Picture (d). The horizontal size is minimum
at v, ~ 0.52. It does not seems to contribute to the
beam-beam parameter, because the vertical size seems to
behave in a way to cancel the gain due to the tunes. The
kurtosis is (kz, ky) = (1.5,1.5 ~ 2.5) for the operating
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FIG. 5: Beam-beam parameters in z — y tune space. The
beam-beam parameter for the crossing angles of 0 and 11
mrad are depicted in Pictures (a) and (b), respectively. The
contour lines are drawn every 0.01, and lighter gray corre-
sponds higher beam-beam parameter.

point of (0.508-0.518,0.58) shown in Figure 2. In such
a case, Gaussian approximation gives similar results to
those obtained by the PIC model.

Coherent motions were sometimes seen at the tune sur-
vey. For higher horizontal tune, v, > 0.55, coherent mo-
tion limits the luminosity remarkably (£ ~ 0.01). No
clear vertical coherent motion was seen in the tune area
vy > 0.515. For low vertical tune, v, = 0.51, vertical
coherent motions in (y) and (yz), which may be due to
the two-stream type of instability [21], were seen.

E. Crab cavity

So far, we have neglected the difference between true
head-on collision without crossing angle and crab colli-
sion with a finite crossing angle. As is discussed in Sec.II,
crab cavities [23] create z-dispersion (, at the collision
point due to the transfer matrix (6 x 6) with a finite (2,5)
component. The dominant linear term in the transforma-
tion (Eq.1) caused by crossing angle was canceled by the
z-dispersion. The nonlinear term of the transformation
must be studied to confirm the validity of crab crossing.

Figure 8 shows the luminosity evolution for head-on
collision without crossing angle and crab collision with a
finite crossing angle 11 mrad. The two lines completely
agree with each other: that is, the crab collision real-
izes the same performance as head-on collision without
crossing angle.

Crab cavities control not only the dispersion (, but
also the derivative of the dispersion (, = Ax'/Az.
The luminosity was evaluated as a function of (.
The reduction of luminosity or beam-beam parameter
(L(¢L)/L(0)or & (¢L)/€4(0)) was 98% and 93% for ¢, =
0.05 and 0.1, respectively. ¢’ can be reduced further due
to the control of phase advance and other optics parame-
ters between the crab cavity and the collision point [24];
therefore the effects of ¢/ do not need to be take into
account.

IV. CONCLUSION

We studied the beam-beam effect of collisions with
or without crossing angle using weak-strong and strong-
strong simulations.

Three-dimensional formalism, which is essential in or-
der to study the effect of crossing angle, was developed.
The method of synchro-beam mapping used for Gaussian
approximation is extended for the PIC model: that is, the
potential is interpolated along the longitudinal direction.
This procedure reduces the number of longitudinal slices,
with the result that computation time was reduced. The
number of longitudinal slices required reduces to 5; oth-
erwise 20-30 slices are needed to get the numerical con-
vergence. This improvement allows us to carry out the
strong-strong simulation for various parameters.

The beam-beam limit is caused by distortion from the
Gaussian distribution for collision without crossing an-
gle. The beam-beam limit was around £ ~ 0.1 as is also
discussed in Ref. [15]. The simulations using the Gaus-
sian approximation were not able to reliably predict the
beam-beam limit.

For collision with finite crossing angle of 11 mrad, the
beam-beam parameter is limited to a lower value, around
~ 0.06 in both the weak-strong and strong-strong sim-
ulations. This fact suggests that the mechanism of the
beam-beam limit is different from that for the head-on
collision. The limit behavior for various crossing angles
was different between the two simulations.

We studied the diffusion caused by the beam-beam in-
teraction. For zero crossing angle, the diffusion was very
weak for the Gaussian and the distorted beam [16]. The
horizontal crossing angle induced both horizontal and
vertical diffusion. The vertical diffusion is comparable
with the radiation excitation, while the horizontal one is
much smaller. The luminosity can be considered to be
degraded by the diffusion.

The diffusion due to the beam-beam interaction should
be studied in more detail. Many studies have been done
for a halo formation with a weak-strong model [25-27].
We propose diffusion as a mechanism that causes the
beam-beam limit for collision with finite crossing angle.
It is important to understand the beam-beam limit in
hadron colliders. If the beam-beam limit in proton col-
liders is determined by diffusion, it is essential to include
errors, crossing angle and longitudinal dimension in the
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FIG. 6: Beam size and kurtosis in £ — y tune space for zero crossing angle. The horizontal and vertical beam sizes are depicted
in Pictures (a) and (b), respectively. The horizontal and vertical kurtosis are depicted in Pictures (c) and (d), respectively.
The contour lines are drawn every 10 gm, 1 pm and 1 for horizontal, vertical beam size and kurtosis, respectively, and lighter
gray corresponds larger beam size and kurtosis.
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FIG. 7: Beam size and kurtosis in £ — y tune space for crossing angle of 11 mrad. The horizontal and vertical beam sizes
are depicted in Pictures (a) and (b), respectively. The horizontal and vertical kurtosis are depicted in Pictures (c) and (d),
respectively. The contour lines are drawn every 10 pm, 1 gm and 1 for horizontal, vertical beam size and kurtosis, respectively,
and lighter gray corresponds larger beam size and kurtosis.
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FIG. 8: Evolution of luminosity for head-on collision without
crossing angle and crab collision with a finite crossing angle,
11 mrad.

simulations.

The tune survey was performed for the crossing an-
gles of 0 and 11 mrad using the strong-strong simulation.
The tune operating point is essential for achieving a high
beam-beam parameter. Especially, the best vertical op-

erating tune is different between head-on (v, ~ 0.58)
and crossing collisions (v, ~ 0.55). Horizontal tune far
from the half integer line (~ 0.55) induces a horizontal
coherent motion. Vertical coherent motion was not seen
vy > 0.52.

A crab cavity generates the z-dispersion (, at the col-
lision point. The z-dispersion, which is induced by the
finite crossing angle in the one turn map, can be canceled
by the z-dispersion due to the crab cavity. Small kine-
matic effects which remained in the one turn map did not
affect the luminosity performance. Crab cavities, which
realize the head-on collision effectively, can be expected
to double the luminosity (£ > 0.1).
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