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Abstract. We show that the Lie derivative of spinor fields is parametrized by Higgs fields
defined by the kernel of a gauge-natural Jacobi morphism associated with the Finstein—Cartan—
Dirac Lagrangian. In particular, the generalized Kosmann lift to the total bundle of the theory
is constrained by variational Higgs fields on gauge-natural bundles.
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1. Introduction

Natural and gauge (classical) Lagrangian field theories have been framed within the geometric
construction of a gauge-natural bundle, according to which classical physical fields are sections
of bundles functorially associated with gauge-natural prolongations (also known as Ehresmann
prolongations [2]) of principal bundles, by means of left actions of Lie groups on manifolds [1]. It
is well known that, while the jet prolongation of a principal bundle is not a principal bundle, the
gauge-natural prolongation of a principal bundle is provided with the structure of a principal
bundle [2, 9]. We consider Lagrangian field theories which are assumed to be invariant with

respect to the action of a gauge-natural group Wy’k)G defined as the semidirect product of a
k-th order differential group of the base manifold with the group of r-th order n-th velocities on
the structure group G (n = dim X is the dimension of the basis manifold).

Within such theories there is a priori no natural way of relating infinitesimal gauge
transfomations with infinitesimal base transformations; we found that a canonical determination
of Noether conserved quantities, without fixing any connection a priori, can be performed on
a reduced bundle of W (¥ P determined by the original Wér’k)G—invariant variational problem.
Connections can be characterized by means of such a canonical reduction [4, 5, 13, 17, 18]. Such
conserved quantities can be characterized in terms of Higgs fields on gauge principal bundles
having moreover the richer structure of a gauge-natural prolongation [19].

We consider the particular case of the Einstein—Cartan—Dirac Lagrangian and we show that,
being the Lie derivative of fields constrained by Jacobi equations, the Kosmann lift to the total
bundle of spin-tetrads, spin-connections and spinors is associated with a variational Higgs field
on the underlying gauge-natural principal bundle.

2. Gauge-natural Jacobi fields and canonically conserved quantities
Let JsY of s—jet prolongations of (local) sections of a fibered manifold 7 : Y — X, with
dimX = n and dimY = n + m. The natural fiberings 75_; are affine fiberings inducing a
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natural splitting JsY X v T*Js-1Y = JY xj,_,v (T"X & V*J;_1Y), which yields rising
order decompositions: given a vector field = : J;Y — TJsY, we have a naturally induced
decomposition in the sum of its horizontal part =g and its vertical part =y and analogously for
the exterior differential on Y we have (77t1)*od = dp +dy, where dy and dy are the horizontal
and vertical differential, respectively.

Naturally induced is also a sheaf splitting HJ(DS ) = eny C?;:LS) NHE 41, Where H?qu) and

s

H% are the sheaves of horizontal forms with respect to the projections 7, and 7, respectively,

while Cfs’q) C HI()S’q) and CP; C C?SH’S) are contact forms (see e.g. [7, 11]); the projection on

the summand of lesser contact degree h is the horizontalization. We set ©F = ker h + dkerh,
where dkerh is the sheaf generated by the corresponding presheaf. By quotienting the de
Rham sequence with the contact structure so defined, we have the Krupka variational sequence
0 — Ry — V¥, where Vi = A% /O%. Let &, denote its differential morphisms; a section A € V! is
a generalized Lagrangian and correspondingly a section Egy = &,()\) € V2! is the generalized
higher order Euler—Lagrange type morphism associated with A [11].

Let P — X be a principal bundle with structure group G. For r < k integers consider the
gauge-natural prolongation of P given by WHP = J P xx L (X), where L (X) is the bundle
of k—frames in X [1, 9]; W(*)P is a principal bundle over X with structure group Wg’k)(} which
is the semidirect product with respect to the action of GLk(n) on G}, given by jet composition
and GLg(n) is the group of k—frames in IR". Here we denote by G, the space of (7, n)-velocities

on G. Let F be a manifold and ( : Wg’k)G x F — F be a left action of Wg’k)G on F. There

is a naturally defined right action of W,(f’k)G on WRP x F so that we get in a standard way
the associated gauge-natural bundle of order (r,k): Y = WTRP x F. All our considerations
shall refer to a fibered manifold Y which has also the structure of a gauge-natural bundle.
Functorial linearity properties of a gauge-natural lift = (for details, see e.g. [3, 9]) enabled
us to define the gauge-natural generalized Jacobi morphism associated with a Lagrangian A and

the variation vector field 2y, i.e. the linear morphism J(A,év) = E|p 2103 [14]. The space
Js=

R =ker J(\, év) defines generalized gauge-natural Jacobi equations, the solutions of which we
call gemeralized Jacobi vector fields and characterize canonical covariant conserved quantities
[13].

Induced linearity properties of the Lie derivative of sections of gauge-natural bundles
characterize the form w(\, Ey) = —£z]&,()) as a new Lagrangian defined on an extended space.
It is remarkable that when w(), év) is an horizontal differential (i.e. a null Lagrangian) we get
a conservation law which holds true along any section of the gauge natural bundle (not only
along solutions of the Euler-Lagrange equations). It is also remarkable that the new Lagrangian
w, in principle, is not gauge-natural invariant; nevertheless, its restriction w(\, R) is invariant
and corresponding Noether conservation laws and Noether identities [20] can be obtained,
so that a canonical determination of conserved quantities is given on a reduced bundle of
WK P determined by the original WV(LT’k) G-invariant variational problem [15, 16]; in particular,
necessary conditions for the existence of global solutions of Jacobi equations associated with the
existence of canonically defined global conserved quantities can be interpreted as topological
conditions for the existence of a Cartan connection on the principal bundle WRP [18].

3. Spinor gauge-natural Higgs fields
In the following we shortly recall the Einstein—Cartan—Dirac theory; details can be found e.g. in
[3, 25]. In particular, we point out the gauge-natural structure of such a theory.

On a 4-dimensional manifold admitting Lorentzian structures (SO(1,3)%reductions) X
consider a SPIN (1,3)%principal bundle ¥ — X and a bundle map inducing a spin-frame
on ¥ given by A : ¥ — L(X) defining a metric g via the reduced subbundle SO(X, g) = A(X)
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of L(X). A left action p of the group WD SPIN(1,3)¢ on the manifold GL(4, IR) is given
so that the associated bundle X, = WOl X, GL(4,IR) is is a gauge-natural bundle of order
(0,1), the bundle of spin-tetrads 6. Let so(1,3) ~ spin(1, 3) be the Lie algebra of SO(1,3). One
can consider the left action of Wil’l)SPIN(l,?))e on the vector space (IR*)*® so0(1,3). The
associated bundle 3; = WD x; ((IR*)*®s0(1,3)) is a gauge-natural bundle of order (1,1),
the bundle of spin-connections ¢. If 4 is the linear representation of SPIN(1,3)¢ on the vector
space C* induced by the choice of matrices v we get a (0, 0)-gauge-natural bundle Yy =X ><¢C4,
the bundle of spinors. A spinor connection ¢ is defined in a standard way in terms of the spin
connection. We notice that a spin (as well as spinor) connection is induced by a principal
connection on 3.

Within this picture, we assume that the total Lagrangian of a gravitational field interacting
with spinor matter is A = Agc + Ap, where the Einstein—Cartan Lagrangian and the Dirac
Lagrangian can be represented by the morphisms

AEC - Ep xXx J1X —>/\4T*X, AD :Ep Xx 2] XX J12§—>/\4T*X,

respectively (local expressions can be found e.g. in [3]).

Let € be the vector bundle defined by the Jacobi equations J(Agc + Ap, év) = 0, where = is
the gauge-natural lift to the associated total bundle of an infinitesimal principal automorphism
of the principal bundle underlying the theory, i.e. of the SPIN(1,3)¢-principal bundle ¥ — X.
Since for each gauge-natural lift we have the well known equality év(zp) = —£zv, in local
fibered coordinates on the total bundle given by (a:“,@fj,qﬁ“b, Zb,zp) the gauge-natural Jacobi
equations read

s—|ul

(—D)Vdy (dy(— £20) (Dea(@)A — > (—1)lFe

|ee]=0

+a)
R a0 ) = 0.

with 0 < |o|, |u] <1, d,, is the total derivative and we write for the total Lagrangian

A=Agc+Ap = _i@ab Ae® + (%WW@VCW — Vo) — mapi)e,
where € is a volume density on X and ® the curvature form of the spin-connection ¢, o and
m are constants. Along ¢, we have 2% = —VI[9%¢Y (the so-called Kosmann lift [10]), where V
is the covariant derivative with respect to the standard transposed connection on the bundle of
spin-tetrads 3,. We remark that, since the Lie derivative of spinor fields £z can be written in
terms of éﬁ (the horizontal part of = with respect to the spinor-connection) the spinor-connection
@ is constrained [4, 26]. In the following we shall characterize this fact more precisely.

By an abuse of notation, we denote by € the Lie algebra of generalized Jacobi vector fields.
Let now h be the Lie algebra of right-invariant vertical vector fields on W113: the Lie algebra
t is characterized as a Lie subalgebra of h; the Jacobi morphism is self-adjoint and ¢ is of
constant rank; the split structure h = € Im J is well defined and it is also reductive, being
e, ImJ]=1ImJ [17].

In particular, for each p € W(DY by denoting S = bp, R = £, and V = Im Jp we have
the reductive Lie algebra decomposition S = R @V, with [R,V] = V. Notice that S is the Lie
algebra of the Lie group WG = W4(1’1)SPIN(1, 3)¢. For the purposes of this note, it is sufficient
to know that the Lie algebra R exists and it is well defined; we shall not write down explicitly
such a Lie algebra, although this question is of great interest and will be investigated extensively
elsewhere.
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As a consequence of the fact that R is a reductive Lie algebra of S, there exists an isomorphism
between V = ImJ, and T'X so that V turns out to be the image of an horizontal subspace. Thus
we caracterize a principal bundle S — X, with dimS = dim S and such that X = S/R, where
R is a Lie group of the Lie algebra R and R = T¢S/R,; the principal subbundle S C wthy
is then a reduced principal bundle.

In the following, to simplify the notation, we shall omit the orders of a gauge-natural
prolongation; in particular, denote by WG a gauge-natural prolongation of a given appropriate
order of the stucture group of the Einstein—Cartan—Dirac theory. The Lie group R of the Lie
algebra R is in particular a closed subgroup of WG [18, 19]. We have the composite fiber bundle
WE - WE/R — X, such that WYX /R = WX xyyg WG/R — X is a gauge-natural bundle
functorially associated with WX x WG/R — X by the right action of WG. The left action of
WG on WG/R is in accordance with the reductive Lie algebra decomposition.

Definition 1 We call a global section h : X — WX /R a spinor gauge-natural Higgs field.

3.1. Higgs fields and the Lie derivative of spinors

Let w be a principal connection on W32 and @ a principal connection on the principal bundle
S i.e. a R-invariant horizontal distribution defining the vertical parallelism w : VS — R in the
usual and standard way. It defines the splitting 7,S ~5 R @ pr, p € S. Since R is a subalgebra
of the Lie algebra S and dimS = dimS, it is defined a principal Cartan connection of type S/R,
such that ©|yg = w. It is a connection on WX = S xg WG — X, thus a Cartan connection on
S — X with values in § [5] and it splits into the R-component which is a principal connection
form on the R-manifold S, and the V-component which is a displacement form [18].

A gauge-natural Higgs field, being a global section of I:Ip, with p € S, is related with the
displacement form defined by the V-component of the Cartan connection @ above. The pull-back
by h of the R valued component of a § valued pricipal connection w on W3l onto the reduced
subbundle S is the connection form of a principal connection on S. Given the composite fiber
bundle W¥ — WX /R — X, we have the exact sequence

0— ng/RWE - VW3 —- W3 XWE/R VWE/RHO,

where Viy s, /g WX denote the vertical tangent bundle of W% — WX /R. Every connection @ on
the latter bundle determines a splitting VWX = Viys, g WE Ops/r 0(WE Xy /r VIWE/R),
by means of which we can define a vertical covariant differential as a mapping J'WX —
T"X@wsViys/rW3. The covariant differential on WX, relative to the pull-back connection
h*(©) can be expressed by means of this mapping in a known way; for coordinate expressions
and further details see [12].

Remark 1 A geometric interpretation of the Kosmann lift as a reductive lift has been proposed
for the definition of a SO(1, 3)¢-reductive Lie derivative of spinor fields [8]. From a variational
point of view the Kosmann lift is charaterized as the only gauge-natural lift satisfying the
naturality condition Ejs+1éH[ ier1By Al = 0 equivalent with Jacobi equations. Gauge-natural
Jacobi equations state that Lie derivatives of spinors coincide with the vertical parts of gauge-
natural lift of principal automorphisms lying in K, which can be expressed through the vertical
covariant differential, defined for each global section h of WX /R — X; then we can say that
the Lie derivative of gauge-natural spinors is constrained and it is parametrized by a Higgs field
h defined by K. This condition implies a reduction of the structure group WG to R. Each
global section h of WX /R — X affects spin and spinor connections induced functorially on
the associated bundle. In particular, the Kosmann lift to the total bundle of spin-tetrads, spin-
connections and spinors is constrained by wvariational Higgs fields on the spinor gauge-natural
bundle.
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