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Abstract

Persuasive evidence indicates that planar N/ = 4 supersymmetric Yang-Mills theory is
integrable, which implies that the superconformal symmetry of N' = 4 SYM is enhanced by
infinitely many conserved charges. Importantly, integrability has enabled recent impressive
tests of the AdS/CFT gauge/string duality. Seeking a more complete understanding of
gauge theory integrability, in this dissertation we use spin chain methods for perturbative
N =4 SYM to study intricate symmetries related to integrability.

We restrict our analysis to the psu(1,1]|2) sector. Although it is conceptually simpler
than the full theory, this sector retains essential features. We construct a novel infinite-
dimensional symmetry from nonlocal products of spin chain symmetry generators. This
symmetry explains a very large degeneracy of the spectrum of anomalous dimensions. An
investigation of next-to-leading order quantum corrections follows. Using only constraints
from superconformal invariance and from basic properties of Feynman diagrams, we find
simple iterative expressions for the next-to-leading order symmetry generators, including
the two-loop dilatation generator of the psu(1,1|2) sector. This solution’s spectrum pro-
vides strong evidence for two-loop integrability. Finally, we prove two-loop integrability for
the su(2|1) subsector by constructing the next-to-leading order su(2|1) Yangian symmetry.
The corrections to the Yangian generators are built naturally out of the quantum correc-
tions to superconformal symmetry generators, which suggests that the construction can be

generalized to higher loops and larger sectors.
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Introduction

The Standard Model of particle physics describes many aspects of nature with impressive
precision. In practice, this success relies largely on the applicability of Feynman diagram
perturbation theory, which in turn depends on two key properties of the Standard Model.
First, the coupling constant for the electroweak force is small due to the small fine-structure
constant. Second, for the strong force, described by the nonabelian SU(3) gauge theory,
asymptotic freedom insures the weakening of the effective coupling at short distances or
for high-momentum interactions. On the other hand, for strong coupling, successful direct
QCD calculations are notoriously limited. Instead, there is diverse support for a qualitative
picture of string-like flux tubes connecting confined quarks. For instance, lattice calcula-
tions reveal that the potential energy required to separate a quark-antiquark pair increases
linearly with distance. This harmonizes with accelerator string-like observations: the mass
squared of the lightest hadron for a given spin depends linearly on the spin.

A more precise relationship between gauge theories and string theories is suggested by
a famous result of 't Hooft [1]. For a nonabelian gauge theory with N colors, one can
obtain a genus expansion by interpreting Feynman diagrams as two-dimensional surfaces.
This expansion proceeds in powers of 1/N, and is of the same form as the genus expan-
sions characteristic of string theory. This suggestion of gauge/string duality is realized

through the the AdS/CFT correspondence [2]. In the most symmetric case, this states that
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N = 4 supersymmetric Yang-Mills Theory is dual to type IIB string theory on AdSs x S°.

Here the string coupling constant is given by A/(47N), where the ‘t Hooft coupling con-
stant is A = g%MN . Additionally, the “coupling constants” at fixed genus are related as
VA= R?/a/, where R is the radius of S® and 1/a/ gives the string tension. It follows that
for fixed genus, strong coupling in one theory is equivalent to the weak coupling in the dual
theory. While the AdS/CFT correspondence provides a breakthrough in our understanding
of gauge (and string) theories, its usefulness is limited still by the challenge of computing
beyond the leading orders in perturbation theory on either side of the duality. Develop-
ments in recent years have revealed special properties of AdS/CFT that hold promise for
overcoming this challenge.

Before discussing these recent developments, let us examine the gauge theory in more
detail. N/ = 4 supersymmetric Yang-Mills theory [3] describes interactions among a gauge
field, six scalars, and their superpartners, four Dirac fermions. Unlike QCD, all of the
fields transform in the adjoint of the gauge group. It is exactly scale invariant, includ-
ing quantum corrections [4]. This scale invariance is part of a larger conformal symmetry,
which combines with supersymmetry to form the full superconformal symmetry of N' = 4
SYM, corresponding to the group PSU(2,2|4). This superconformal symmetry is very con-
straining. An especially important consequence for this work is that, up to normalization,
the two-point functions of local operators are fixed by a single quantity: the anomalous

dimensions of the local operators!

. Anomalous dimensions will be a major focus of this
dissertation, and, as we will see, despite the constraints from superconformal symmetry

computing anomalous dimensions is generically very nontrivial.

There is large experimental and theoretical motivation to study anomalous dimensions

"While the coupling constant is not renormalized in N = 4 SYM, local operators are renormalized.
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in gauge theories. Anomalous dimensions are central to computations for deep inelastic
scattering experiments, which played a key role in establishing QCD as the theory of the
strong force. At leading order, deep inelastic scattering of electrons and hadrons behaves
according to the parton model. Constituent quarks carry a definite fraction of the momen-
tum of the scattered hadron. However, this Bjorken scaling receives corrections that depend
logarithmically on the momentum scale of the scattering. The logarithmic corrections are
controlled by the anomalous dimensions of the operators that appear in the operator product
expansion of quark electromagnetic currents [5]. Anomalous dimensions are also especially
important in a (super)conformal theory such as N'= 4 SYM. As mentioned above, up to
normalization, the two-point function of an operator is fixed by its anomalous dimension.
Since a conformal field theory is completely described by the correlation functions of its
local operators, the set of anomalous dimensions is the natural first set of quantities used
to describe the theory; the anomalous dimensions of local operators are the spectrum of the
theory. The AdS/CFT correspondence makes it even more natural to view the anomalous
dimensions as the spectrum. They are mapped by the duality to energies of quantum string
states on AdSs x S°.

The recent tremendous progress on anomalous dimensions began with Berenstein, Mal-
dacena and Nastase’s study of strings rotating rapidly in a circle within the S° of AdS5 x S°
[6]. Conveniently, the string theory spectrum is exactly solvable for the angular momen-
tum J — oo [7]. This yields a simple AdS/CFT prediction for the strong-coupling limit
of anomalous dimensions of gauge theory operators with a large R charge?. Also, Gubser,
Klebanov, and Polyakov observed that more general string states with large quantum num-

bers (solitons) could be studied with semiclassical methods [8], giving further predictions

2R symmetry corresponds to a SU(4) subgroup of the superconformal group.
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for strong-coupling gauge theory. Many studies of quantum corrections to the spectrum of
anomalous dimensions (string energies) followed, including planar [9] and nonplanar correc-
tions [10]. For reviews see [11,12].

This new interest in anomalous dimensions of A/ = 4 SYM led to the discovery of
the integrability of the planar theory. Minahan and Zarembo [13] found that the one-
loop planar dilatation generator for the SO(6) sector of scalar fields was isomorphic to the
Hamiltonian of an integrable spin chain. The dilatation generator acts on local operators,
and its eigenvalues are the anomalous dimensions. The isomorphism works as follows. In
the planar limit, the dilatation generator does not mix fields inside different traces, so we
can focus on the single-trace operators. Because of the cyclicity of the trace, we can view
single-trace operators of the SO(6) sector as cyclic one-dimensional lattices or chains, with
each site of the chain occupied by a SO(6) “spin” corresponding to the 6 possible scalars.
Then, the dilatation generator mixes the different spin chain states. Since we are interested
in its eigenvalues, the anomalous dimensions, it is natural to think of it as the Hamiltonian?®.
An important aspect of integrability is that there are infinitely many charges that commute
with the Hamiltonian and with each other. Given the tight constraints of supersymmetry,
it is perhaps not surprising that the complete one-loop dilatation operator [14] is also
integrable [15], giving a novel psu(2,2]4) spin chain.

It should be noted that integrability had been discovered previously in sectors of one-loop
planar QCD both for scattering [16] and anomalous dimensions calculations [17]. However,
in those cases, as well as for the complete one-loop dilatation generator of N'= 4 SYM, the
Hamiltonian only contains nearest neighbor interactions. At higher loops, the dilatation

generator instead acts on an increasing number of adjacent sites. Since integrable systems

3We will therefore use “anomalous part of the dilatation generator” and ”Hamiltonian” interchangeably.
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typically only involve nearest neighbor or pairwise interactions, it is remarkable that the
integrability is preserved by the higher order corrections. The first evidence for this was
obtained using a very useful property of the gauge theory. N'= 4 SYM has sectors, or sets
of operators that are closed to all orders in perturbation theory under the action of the
dilatation generator. Furthermore, some of these sectors are compact: They are composed
of only finitely many types of fields. Compactness enabled calculations of the three-loop
dilatation generator for the su(2) and su(2|3) sectors [18,19], which provided evidence of
perturbative integrability.

A tremendously valuable consequence of integrability is that the spectrum can be ob-
tained by solving a set of algebraic equations, the Bethe equations (for an introduction
see [20]). These equations reflect simple scattering of spin chain excitations such that the
spin chain S-matrix for multiple particle scattering factorizes into products of two-particle
scattering. The one-loop Bethe equations were obtained simultaneously with the obser-
vation of integrability [13,15]. As emphasized in [21], assuming integrability, the quickest
route to the higher loop corrections to the anomalous dimensions is through the two-particle
S-matrix and the Bethe equations that directly follow. This bypasses the seemingly in-
tractable problem of computing the dilatation generator beyond low orders in compact
sectors. Following previous results for higher loop corrections to the Bethe equations for
various sectors [22,21], an all-loop asymptotic Bethe ansatz for the full gauge theory was
found in [23].

The Bethe equations make possible very impressive tests of the AdS/CFT correspon-
dence, finally overcoming the challenge of comparing one theory at weak coupling with the
other at strong coupling. Developments on integrability in the string theory proceeded

in parallel to the progress on the gauge theory integrability. Classical string theory in
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AdSs x S° was shown to be integrable [24,25], integrability was used to solve the classical
spectrum in terms of algebraic curves [26], and Bethe ansétze for quantum strings were
proposed [27,21,23]. In fact, because the Bethe equations follow from the two-particle S-
matrix, Beisert was able to prove that (asssuming integrability) supersymmetry fixes the
gauge/string Bethe equations up to a phase function [28]. Furthermore, requiring crossing
symmetry, which should be a consequence of two-dimensional Lorentz invariance of the
string world sheet?, leads to another condition on this phase [29]. This condition has been
solved [30,31] using an ansatz introduced earlier in [27,32]. Including this solution for the
phase function®, the AdS/CFT Bethe equations interpolate between the gauge and string
theory consistently with all known perturbative field theory and string theory calculations,
including recent impressive tests at four loops in the gauge theory [33] and at one loop in
the string theory [34].

It should be emphasized that beyond leading order on both sides of the duality, integra-
bility is only an assumption. It has not been tested beyond four loops in the gauge theory
or beyond one loop in the string theory (the successful interpolation between the theories is
very strong evidence though). The lack of proof of integrability provides one motivation for
continuing to look at the perturbative corrections to the dilatation generator, despite the
great simplicity and success of the Bethe ansatz approach. In this work, we will focus on
the dilatation generator and other local and nonlocal spin chain symmetry generators. We
will find multiple benefits to this research path. In addition to laying the groundwork for

proving perturbative integrability of the spin chain, we will uncover the spin chain origin of

4Much recent work on strings in AdSs x S° has used light-cone quantization, which is inconsistent with
manifest Lorentz invariance of the world sheet. However, it is very possible that a different quantization
method would preserve manifest Lorentz invariance, at the expense of introducing ghosts.

5The crossing symmetry equation has many solutions, and additional insights from the gauge and string
theory were used to identify what appears to be “the solution.”
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a previously unexplained Bethe ansatz symmetry. Furthermore, we will find iterative struc-
ture to perturbative corrections. This raises the possibility of escaping the weak-coupling
regime through a more complete understanding of the pattern to the corrections.

Our study will be restricted to the psu(1,1|2) sector because it has complexity well-
balanced between realistic features and simplifications. Features of the full theory shared by
this sector include noncompactness (an infinite number of types of fields) and a Hamiltonian
that is a nonseparable part of the supersymmetry algebra. However, unlike the full theory,
the Hamiltonian preserves the number of spin chain sites. In the full theory there are
dynamic interactions [19] that change the length of the spin chain. For instance, the one
and one-half loop (complete) dilatation generator has interactions that replace two fermionic
fields with three bosonic fields. Still, while dynamic generators are not part of the ordinary
psu(1,1|2) algebra, the embedding of this sector within A/ =4 SYM insures that there are
four hidden supercharges (forming a psu(1|1)? algebra) that increase or decrease the length
of the spin chain by one unit. These hidden supercharges will play a prominent role in much
of this work. Most of this work will be restricted to the planar theory, for which integrability
is present.

We start in Chapter 1 with a brief review of the origin of the A" = 4 SYM spin chain,
the restriction to sectors of the theory such as the psu(1,1|2) sector, and the leading-
order psu(1,1|2) spin chain representation. The study of the quantum corrections begins
in Chapter 2. After reviewing the one-loop Bethe equations for the sector, we use them
to describe a very large degeneracy of this sector, first observed in [23]. To explain the
degeneracy, we construct the one-half loop hidden supersymmetry generators mentioned
above, and use them to build a nonlocal infinite dimensional symmetry that commutes with

all of the psu(1,1|2) generators.



8

In Chapter 3, we solve the symmetry constraints for the dilatation generator and other
local spin chain symmetry generators up to two loops. Furthermore, we confirm that the
anomalous dimensions of this solution are in agreement with rigorous field theory calcula-
tions and the predictions of the Bethe ansatz. At two loops, spin chain interactions act on
up to three adjacent sites of the spin chain, so this would seem to be an intractable problem.
However, we have introduced a new approach to deal with this challenge, generalizing the
methods of [19]. We include an auxiliary generator and write the perturbative corrections
iteratively in terms of leading order symmetry generators. Using the properties of the aux-
iliary generator and the leading order symmetry algebra relations, it is then straightforward
to prove that the corrections satisfy the symmetry algebra. It should be possible to extend
this method to higher orders.

Finally, in Chapter 4 we consider the problem of proving integrability. In typical inte-
grable systems, with a Hamiltonian built from nearest neighbor interactions, there is also
a R-matrix. Roughly, the R-matrix describes scattering between adjacent spin chain ex-
citations. The R-matrix is a function of a spectral parameter u. The expansion around
u = 0 yields an infinite family of commuting local charges, including the Hamiltonian. The
expansion around u = oo instead yields an infinite-dimensional associative Hopf algebra
called a Yangian [35]. At leading order, [36,37] applied this formalism to construct the
Yangian symmetry. However, because of the long-ranged interactions that appear at higher
orders, it is a priori unclear how to apply the R-matrix formalism beyond leading order.
As we show in Chapter 4, there is a natural way to construct the Yangian symmetry using
the perturbative corrections to the local symmetry generators. Because of the complexity
of the Yangian symmetry, we restrict to the compact su(2|1) subsector of the psu(1,1|2)

sector. By constructing the two-loop Yangian symmetry, we show both that this sector
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is integrable at two loops and lay the foundation for generalizations to higher orders and
larger sectors.

The Conclusions include a discussion of directions for further research. A number of
central but very technical topics are included in the appendices. Appendix A discusses an
oscillator realization of the classical superconformal symmetry generators and their leading
quantum corrections. Appendix B includes interesting and useful multilinear invariants of
the psu(1,1|2) algebra, and Appendix C gives a proof that the nonlocal symmetry described
in Chapter 2 commutes with the local psu(1, 1]2) symmetry (at leading order). The last two
appendices, D and E, include details of the proof that the perturbative corrections obtained
in Chapter 3 satisfy the symmetry algebra.

This thesis is based largely on published works [38,39] and work with Niklas Beisert

that will appear [40].
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Chapter 1

The N = 4 super Yang-Mills spin
chain and the psu(1,1|2) sector

In this chapter we describe the path from A = 4 supersymmetric Yang-Mills theory to
a psu(1,1|2) spin chain. We present important properties of the spin chain and of the spin
chain symmetry generators.

We begin with a review of N' =4 SYM and its superconformal symmetry, and in Sec-
tion 1.2 we discuss anomalous dimensions and two-point functions, as well as the dilatation
generator. This leads us to a spin chain description for local operators, and we explain field
theoretic constraints on the spin chain symmetry generators in Section 1.3. We present
the psu(1,1]2) sector in Section 1.4, and its subsectors in the final section. In between,
we discuss the leading order representation for the psu(1,1|2) generators (Section 1.5), an

external su(2) automorphism (Section 1.6), and a hidden psu(1|1)? symmetry (Section 1.7).

1.1 AN = 4 SYM and superconformal symmetry

We start by introducing the fields and Lagrangian for A” = 4 supersymmetric Yang-Mills
Theory [3]. The fields include the gauge field A,,, six scalars $%° = —@%* and Weyl fermions

and conjugate Weyl fermions, ¥,; and Wg The Greek dotted and undotted indices take
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values 1,2 and correspond to su(2)y, x su(2)r Lorentz symmetry. Latin indices take values
1,2,3,4, and correspond to an internal su(4) R symmetry. All of the fields take values in
the adjoint of the gauge group, which for this work will be U(N). The covariant derivative

Dgp acts on any field X as
DapX = 20 (OuX —ig[A,, X]). (1.1)

The Pauli matrices o transform between spinor and vector spacetime indices,

As usual, the field strength is the commutator of covariant derivatives,
fp/y - /Lg_l[,D#7DV] - 8u./41/ - 81/./4.’“ - Zg[sA’L“Ay]- (1.3)

In order to write the Lagrangian in a more unified notation, we write the field strength in

terms of two bispinors F,5 and F i

1 5
Fuv = —ao‘“’swaw}"&g—i— a”“ewaﬁﬁfdﬁ,

22 * 22
Fop = 700[76750 s '7;—@,3 = 2\1/§UW€750 Fv (1.4)
The e-tensors are su(2)-invariant and antisymmetric with £!2 = 15 = 1, and they are used
to raise or lower indices. According to our convention, the first index of the ¢ tensors is the
summation variable for raising or lowering. Note that there are 16 bosonic and 16 fermionic

physical degrees of freedom, with this equality guaranteed by supersymmetry.

To simplify the presentation of symmetries, we write the Lagrangian completely in
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bispinor notation

1 s 1 . ) .
FeT {4(f W Fap + FPF 5 + Zpa%ab%ﬁ@ab + WD,
1 .. )
—192 (% & [ By, Brog] + g TSP, Wop) + g W[ D s, wg]} :

(1.5)

To obtain the scalars ¢%° with raised indices, we use the su(4)-invariant antisymmetric
tensor gbcd

P = Fep . (1.6)

Now we turn to the symmetries of the Lagrangian, which are the basis for this work. It is not
difficult to see that the A = 4 SYM action is classically conformally invariant. Recalling that
the gauge field and scalars have scaling dimension one and the fermions have dimension 3/2,
we observe that ¢ is dimensionless. Integrating £ over 4-dimensional spacetime thus yields a
scale-invariant action. Combined with the Poincaré symmetry, this scale invariance extends
to classical conformal symmetry. Classically conformal theories, such as QCD with massless
quarks, typically have conformal symmetry broken by a nonzero beta function. Remarkably,
N = 4 SYM has a vanishing beta function, and is conformal at the quantum level [4].
Supersymmetry is essential for the survival of conformal symmetry, and supersymmetry
combines with the conformal symmetry to form the larger superconformal symmetry of
N =4 SYM.

Much of this work will entail studying how quantum corrections realize superconformal
symmetry, so we will spend the rest of this section discussing this symmetry. We will use
the local properties of the A/ = 4 superconformal group, so we focus on psu(2,2[4), its Lie
algebra. First we discuss the elements of the algebra and their commutation relations. The

algebra includes generators corresponding to the manifest symmetries of the Lagrangian
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given above, Lorentz generators £5 and Sg, and R symmetry generators Rj. The remain-
ing bosonic generators are translations 130‘5 , special conformal transformations or boosts
R, 3> and the dilatation generator ©. They complete the conformal (sub-)algebra, s0(4,2).
Finally, the supersymmetry generators are 9%, Q% and their conjugates &h, Sap-

In Appendix A.1 we show how this algebra can be simply described using the oscil-
lator formalism. Here we just give a brief sketch of the commutation relations. Under
commutation with Lorentz and R symmetry generators, the symmetry generators’ indices
transform canonically. A generator’s commutator with the dilatation generator just gives
its dimension, :l:% for the supercharges and 41 for the translations and special conformal

transformations. Schematically, the nonvanishing commutators! between supercharges is

{Q,9} ~ P, {6,6} ~ &,
{Q,6} ~R+L+9, {Q,6} ~R+L+D.
These commutators fix those that involve B or K.
Later, we will study how the symmetry generators rotate local operators. The classical
superconformal variations suggest how this could work since they move between fields.

For instance, the translation variations act as derivatives, as usual. We have, suppressing

g-independent coefficients,

B Ped ~DoyPeds B,z Dys~ geay Fas+ 9¢€45 For- (1.7)

Then adding the supersymmetry variations enables us to use the symmetry generators to

step between all of the fields. For example,

Q5 Peq ~ 61 Vg, Qi Wya ~ 63 Foy + 9° s [Bae, By (1.8)

!Note that, for simplicity, throughout this work we call both commutators and anticommutators, com-
mutators; of course, the commutator of two fermionic generators is actually an anticommutator, as reflected
by the use of curly brackets.
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Note that the O(g) terms are the ones with e tensors. The full set of variations for the
super Poincaré algebra are reviewed in Chapter 1 of [41], and the remaining variations are
given by conjugation. Of course, using these superconformal variations one can check that
the Lagrangian (1.5) has this symmetry classically.

This large symmetry makes possible major simplifications in the classification of local
operators of N' =4 SYM. Since local operators form highest weight representations of the
superconformal algebra, we now explain this type of representation. Such an (irreducible)
representation is specified by a highest weight state?, which is annihilated by all of the raising
operators or positive roots (R, &, S, £ 25, and R} for a < b) and is an eigenstate of all of
the Cartan generators. Since the raising operators lower or preserve the dimension of a state,
a highest weight state has the lowest dimension within its representation. The lowering
generators or negative roots (I3, 9, 0, £ 2%, and MRy for a > b), increase or preserve the
dimension and fill out the remaining states of the irreducible representation. The Cartan
generators are the diagonal components of the Lorentz and R symmetry generators, as well
as ®.

An important example of a psu(2, 2|4) highest weight representation is given by the single
physical fields, rotated by the classical (g = 0) superconformal variations or generators. The
highest weight field is @34, and acting with all of the lowering generators yields an infinite-

dimensional representation or module, corresponding to the fields (suppressing indices),
D@, DFw, DR DFF, DFF, (1.9)

for all nonnegative integers k. D* represents a product of covariant indices with symmetrized-

traceless indices. Using the oscillator formalism of Appendix A.1, it is straightforward to

*We will also call local operators ”states” when we think of them as transforming under psu(2,2|4)
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verify that this is an irreducible highest weight module of the classical psu(2,2|4) symmetry.

Classically, a single-trace local operator built from n fields decomposes into components
in the direct sum of representations that results from the tensor product of n copies of
the single-field module. We will be interested in how these representations are deformed
by quantum corrections. For this purpose, we now turn to an examination of quantum

correction to scaling dimensions.

1.2 Anomalous dimensions and the dilatation generator

Since N = 4 SYM is an interacting quantum field theory, local operators’ dimensions
receive quantum corrections, the anomalous dimensions. As we will see, this is consistent
with quantum (super)conformal symmetry. By definition, the dilatation generator has
eigenvalues equal to the scaling dimensions. Since it is a nonseparable part of the symmetry
algebra, this implies that the psu(2,2|4) generators act on local operators in a g-dependent

way, but still satisfy the algebra,

[3%(9).3%(9)} = P c3%(9), (1.10)

where 4B are the psu(2,2[4) structure constants.

Let us discuss what would be involved in a direct field theory computation of anomalous
dimensions. This will suggest the usefulness of focusing on the dilatation generator. In a
conformal theory, the anomalous dimension, §D of a local operator appears simply in the

two-point function. For instance, for a Lorentz and 8 symmetry scalar local operator O(z),

B C
- lz1 — x2|2(D0+6D)’

(O(21)0(x2)) (1.11)

where Dy is the classical scaling dimension of O. We briefly recall how this is treated in

perturbation theory. When one computes perturbative quantum corrections to a two-point
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function such as (1.11), one finds divergences that need to be regularized. This leads to
the introduction of an energy scale, u. Generically, to cancel divergences one needs to
renormalize operators as

O(x) — Z(u, 9)O(x). (1.12)

In fact, canceling divergences leads to

Z(, g) = 2(g)u~ P (1.13)

z(g) is scheme-dependent, but 6 D(g) is not. Expanding (1.11) for the renormalized opera-

tors, and making the g-dependence explicit, we obtain

_ Cl9)(2(9)*u7229 — C(9)(2(9))* _25D(g) tog(uler—zal)
(ZO(21)ZO(x2)) = 21— o POTDE oy — a:2]2D06 1 . (1.14)

Typically, D(g), C(g), and z(g), will receive an infinite sequence of perturbative corrections,

5D(g) = Z 5Dmgmv C(Q) = Z Cmgm Z(g) = Z ngm (1'15)
m=2 m=0 m=0

which can be combined easily with the Taylor series expansion for the exponential function
to obtain the full perturbative series for the two-point function. In practice, of course, one
rarely computes beyond the first few orders.

We have made an important simplifying assumption. A local operator with definite scal-
ing dimension for g = 0 typically does not have definite scaling dimension once perturbative
corrections are included. Equivalently, the renormalization factor Z becomes a matrix, and

we have

O(x) 3 Z(11,9)05 () (1.16)
J

If Z;; is nonzero, O; and O; must share the same 9 symmetry and Lorentz symmetry

quantum numbers, since these symmetries are manifestly preserved during renormalization.
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Furthermore, one can choose a regularization scheme such that the O; also share the same
classical dimension. Once one rotates to a basis in which the matrix Z;; is diagonal, one can
than proceed from (1.12), where now O is a new basis element and Z is the corresponding
diagonal component of the (diagonalized) Z-matrix.

To isolate the anomalous dimension from the scheme-dependent part of Z and the
normalization of two-point functions, it makes sense to switch focus from two-point functions

to the dilatation generator [42,18]. Substituting state notation for operators,
O; — |X;) (1.17)
we see that the dilatation generator acts as a matrix as well,

D|X;) = Do|X;) + 6D|X;) = Do| Xi) + > _ D] X;). (1.18)
j

It follows directly from the properties of the Z;; that 60 commutes with the classical dilation
generator, ®g and the Lorentz and R symmetry generators. Because the dilatation generator
is part of the psu(2, 2|4) algebra, there will be many further constraints following from (1.10).
For instance, since we choose a regularization scheme such that the dilatation generator
commutes with its classical part, all descendants (after including quantum corrections)

have the same anomalous dimension [41], or equivalently
[J,09] =0, (1.19)

for any psu(2,2|4) generator J.

Once we think of the dilatation generator as an (infinite-dimensional) matrix, we need
to specify the states upon which it acts. As we will discuss in the next section, we will
be interested in single-trace local operators. Any trace of a product including covariant

derivatives, field strengths, scalars, or fermions is gauge invariant. Naively, we might think
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that we could use a basis of all such products. However, this would not be a linearly
independent set because the equations of motion and the Bianchi identities relate different
elements. In particular, using Bianchi identities we can reduce to products only including
symmetrized covariant derivatives, and using the equations of motion we can eliminate all
products where indices are contracted between different fields. This leads to a simple basis:

the set of operators of the form
Tr(X1 (2)Xa(z) ... Xn(2)),  Xi € {D*Fup, D*F5, DV ®p, Dy, DMEEY  (1.20)

where DF is short-hand for a product of k-covariant derivatives with symmetrized-traceless
indices. We recognize the set of X; as the single field highest weight representation discussed
above (1.9). From now on, we will suppress the argument z, as all fields will always act
at the same point, and the value of z is irrelevant to anomalous dimensions and operator
mixing.

We close this section by giving a concrete example of the action of the dilation generator,
illustrating our notation and a simple example of mixing at O(g?) between two states of

classical dimension 6,

Do | P34 P34 P34W14¥14) = 8|P34P34P34V14W14) — 4| P34 P34 W 14P34V14),

Do |P34P34W14P34V14) = —4| P34 P34 P34V14¥14) + 12|P34 P34 W14P34W14). (1.21)

Note that the subscript again denotes the power of g which accompanies this contribution to
the dilatation generator. Diagonalizing this results in the states (labeled by their one-loop

anomalous dimension)

1+5
2

1-+5

110 + 2V/5) o |[P34P34P34¥14P14) — |P34P34W14P34W14),

|10 — 2\/5> X ’@34@34@34@14@14> —

|P34P34V14P34¥14)- (1.22)
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1.3 Basic properties of the spin chain representation

Since we have begun to specify single-trace local operators simply as a sequence of
fundamental fields, we can think of this system as a spin chain. Each fundamental field
corresponds to a type of “spin”, and each “site” of the spin chain is occupied by one of
these spins. Since these spins transform under psu(2,2|4), this is a psu(2,2[4) spin chain.
Furthermore, because the fields appear inside a trace, we should identify states cyclically.

That is

X1 X0 X X))

l12

Il

(1) X K Xn) X X X X ), (1.23)

where (—1)4# is —1 when both A and B are fermionic and 1 otherwise.

Alternatively, instead of using cyclic identification, we can think of cyclic states as
belonging to the physical subspace of the set of periodic spin chain states. To specify this
physical subspace we need to introduce the shift operator i, which shifts the spins by one

site to the right,
X1 Xy Xy X)) = (—1)K X X XL XX, (1.24)
Then the physicality constraint for a periodic spin chain state |X) is simply
| X) = |X). (1.25)

Later, we will focus on the psu(2,2|4) cyclic spin chain rarely discussing its N' =4 SYM
origin. However, N = 4 SYM imposes further important constraints on the spin chain that
we will use throughout the work. We now explain four of these: connectedness, range of

interactions, the planar limit, and parity.
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Connectedness. Because only connected Feynman diagrams contribute to perturbative
computations of the anomalous dimensions, the symmetry generators act on the states
through connected interactions. These interactions can be written in terms of fields X
and variations of fields (%X, and connectedness just means that these u(n) valued fields and
variations can be written as a product inside a single trace. An important exception to
this appears at higher orders when interactions can wrap around an entire state. We will

discuss these wrapping interactions further in Chapter 3.

Range of interactions. Simple counting of powers of g shows how many sites are involved
in a symmetry generator interaction at order ¢!, which we will call { loops. First, since

propagators connect two fields, we must have
3V +4Vy + F =21, (1.26)

where V,, are the number of n-field vertices, E includes the the total number of initial and
final fields (or fields and variations of fields), and I is the number of propagators. Also,
since propagators introduce momentum integrals while vertices and fields each provide a
momentum constraint,

L=I-Vs—Vi—E+1, (1.27)

where L is the number of momentum integrals or loops (different from [) and we have taken

into account overall momentum conservation. Combining these equations, we obtain
V342V, =20=F —2+2L. (1.28)

We have used that 3-field vertices have coefficient proportional to g and 4-field vertices have

coefficients proportional to g2. From this we infer that at ! loops, interactions involve at
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most 2] 4+ 2 total initial and final sites. For instance, the one-loop dilation generator acts

on a total of at most 4 sites and at two loops it acts on a total of at most 6 sites.

Planar limit. Famously, 't Hooft [1] showed that perturbative gauge theory expansions
can be organized as genus expansions, with leading terms corresponding to planar (genus
0) Feynman graphs. For this work, we will only need the consequence that taking N —

oo restricts to interactions involving adjacent sites. To see this, we rescale the coupling

constant:
gYM\/N
_. 1.2
9= (1.29)
Combining this with a redefinition of the fields {F, F, &, 0, !I/} abbreviated by X,
X X (1.30)
VN
we obtain the action
N 4

It follows that Feynman diagram vertices have coefficients proportional to N, and propaga-
tors are proportional to N~!. Since the adjoint representation can be written as the product
of a fundamental and antifundamental representation, It is possible to use double lines for
propagators, where each line connects one fundamental gauge index to an antifundamental
index, as in Figure 1.1. Then every closed loop within a Feynman diagram corresponds to
a contracted gauge group delta function, 6§ = N. It follows that the /N-dependence of a
Feynman graph is N¥+tV=! where F is the number of loops or faces within the graph and
V is the number of vertices. Now, we apply Euler’s Theorem to the (connected) Feynman

diagram for a correlation function of two local operators drawn on the minimal possible

genus G surface. We have V + (F' +T) = I + 2 — 2G, where T are the number of traces
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Figure 1.1: A planar diagram using double lines for propagators. Here there are ten propagators,
four vertices (two three-field and two four-field), six faces (one face encloses the entire graph), and
two local operator traces.

(faces) within the local operators. So the N-dependence is N272¢=T_ The leading contri-
bution for N — oo comes from correlators between single-trace operators (total T = 2)
and G = 0. These genus 0 diagrams correspond to spin chain interactions that act upon

adjacent sites.

Parity The charge conjugation symmetry of N' =4 SYM acts by sending any (matrix)
field X to —X*, which equals —XT for a U(N) gauge group. In terms of the spin chain
description, this symmetry reverses the order of the fields up to signs, and therefore we will
call it parity, p:

pIXy ... X)) = (=)D X X)), (1.32)

where ny is the number of fermionic fields among the X;. The inclusion of the length
L in the exponent insures that, including length-changing quantum corrections, all of the

psu(2,2|4) generators are parity even (commute with p).
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1.4 The restriction to the psu(1,1|2) sector

As discussed in the Introduction, we will focus on the psu(1,1]2) sector in this work.
This yields a more manageable spin chain system that still captures essential features of the
full psu(2,2[4) spin chain. In this section, first we explain how to restrict consistently to the
psu(1,1|2) sector. Then we discuss the psu(1,1|2) generators in detail. Such restrictions to
subsectors were fully classified in [14].

The restriction can be described very concisely. The states of the psu(1,1|2) sector
satisfy two equalities:

Dy =L - L2 - 2R},
Do =L —L3+2R3. (1.33)

The ordinary font denotes eigenvalues, e.g. a state characterized by L1 satisfies

LX) = L}|X). (1.34)
Since the dilatation generator commutes with its classical part and the manifest symmetries,
it follows that the dilatation generator will only mix these states to all orders in perturbation
theory. Using the explicit algebra given in Appendix A.1, one finds that generators that have
undotted and dotted Lorentz indices equal to 1, and P8 symmetry indices 1 or 2 commute
with the conditions (1.33). This set of generators includes supersymmetry generators

91, 91, 61, 63, Qu1, Q1p, &', &2, (1.35)

as well as the bosonic generators

Ry, AT, Bu, & (1.36)
In fact, when the dilatation generator and

RO =ml — 2 (1.37)
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are included, this forms a closed psu(1,1|2) subalgebra. We will discuss its algebra relations
further below. First, we note that it is now easy to identify the states of this subsector. The
field @23 can appear within states in this sector since it has dimension 1 and has eigenvalues
R} = —1/2 and R} = 1/2. Then, acting with the classical psu(1,1|2) generators we can

generate all states built out of
D}, @23, Dy P13, Dy s, DY (1.38)

In fact, no other fields can appear in states in this sector, though to show this it is easiest
to use the oscillator formalism described in Appendix A.1.
An important property of this sector relates to £, the length operator, which multiplies

a state composed of L fundamental fields by L. In this sector it satisfies
L=gl—gl—omi (1.39)

It follows that the quantum corrections to the dilatation generator in this sector preserve
the length of the spin chain which is not true for the full ' = 4 SYM spin chain [19].
Furthermore, using the superconformal algebra one can verify that (1.39) implies that the
correction to all of the psu(l,1]|2) generators preserve length. Since we concluded from
power counting of Feynman diagrammatics that an interaction involving n sites appears at
O(g"?), we see that the quantum corrections to symmetry generators in this sector expand
in even powers of g.

Since the psu(1,1|2) sector will be the focus of much of this work, we introduce a
convenient notation for the generators of the algebra. The R symmetry generators form a

su(2) subalgebra. We raise indices so that we have R%® = R (a, b = 1,2),

R = gaeRD, (1.40)
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Similarly, the momentum, special conformal transformation, and dilatation generators form

an su(1, 1) subalgebra. For these generators, we use g7 = 37
It =Py, 3 =8 It = %@ + %2% + %Qi (1.41)

Since the supercharges carry su(2) and su(1,1) charge, we assign new symbols for them as
well, with a second + index corresponding to the original distinction between Q or & (and

between 9 or &).

0ot — (11’ Qa-‘,— — Eabﬁlba
Q- = 671, Q4 = 6] (1.42)
Next we present the algebra relations. The su(2) and su(1,1) algebra relations take the

simple form
R, ;jed] = hepad _ cadeged,
397, 37°) = e773°0 — 20 30P. (1.43)
The supercharges transform canonically with respect to these rank-1 subalgebras,
[mab’ QC(S] _ %Ecaﬂbd + %Ecbn(m, [mab’ Qcé] _ %Ecabbd + %Ecbg(ui,
[3%7,2%] = 3297 + 3”2, [3%7,2%) = 3e°*Q% + §27Q, (1.44)
Finally, the nonvanishing commutators of the supercharges are
(9, 9} = —R?, (90, 90} = R,

(QF, b} = ey, (Q0, O} = —e®377, (1.45)

1.5 The O(g°) representation

In this section we will explain how the generators act on spin chain states at leading

order. This will provide the basis for later analysis of additional symmetries of this sector
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(starting in the next section). Since the leading order interactions act on only one (initial
and final) spin chain site, we can write the actions explicitly. To simplify these expressions

we introduce a notation for the fields of this sector,

8y, ™), ), (1.46)

where n is a nonnegative integer, and these are identified with the previous notation as

1
nlvn+1

Dy, [Py~ ———— DRt (1.47)

(n) D @, )y ~
|¢ > 11*a3> ‘¢ > n'\/m

It is straightforward to apply the representation given in Appendix A.1 to obtain the classical
action of the generators on the fields. The 9 symmetry generators act canonically on the

bosonic doublet of states (to all orders)
R[o{) = 6l 6). (1.48)

The J act on the states by changing the index n (the number of derivatives) by up to one

unit
W) = D), 3™ = Vot D),
Wlod) = (et Hle), ) = (e D),
T 687 =l Tl = D)

(1.49)
The action of the J on the ¢ takes the same form as its action on the undotted . Finally,

the supercharges act as

Qulel) = —vaTIsgld™), Qi) = Variedelth),
Q?$‘¢gn)> = Vn+162p™), Q?$’¢(n)> — \/mgad|¢ (n+1) >7

Qle) = —VREWOD), Q) = VaFTedgl”).  (150)
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One can now check explicitly that the representation described by (1.48)-(1.50) satisfies the

psu(1,1|2) algebra, (1.43)-(1.45). For example, using (1.48) and (1.50) we find

{215, Qlg Hol) = (—vnah Qi ™D + (Va+ 18h) g [w™D)
= (—Va ) (Vne o) + (Vi 1o (Va+ 1e)[ol)
—n 8t 6)") + (n+ 1) el
= die! o) = o'V 8)

= R [glM). (1.51)

This agrees with (1.45). A complete check of the algebra involves many other commutators
and fermionic initial states, but these calculations proceed similarly (and can be done much
quicker with the help of a computer).

The actions we have presented are easily generalized to spin chains of arbitrary length:

The symmetry generators act as a tensor product. For instance,

Al 167 @D 68Y) = 20y @yp® gl — V3P el el (1.52)

Q%gg acts on the first site to yield the first term on the right side, and its action on the
third site gives the second term (Q%&S has vanishing action on the fields of the second and
fourth sites). Note that we have included a minus sign for the crossing of a fermionic site
by a fermionic generator. For convenient generalization, we give a more formal definition

of a generator M acting on a state | X) of length L,

L—1
MIX) =) U MD)W]X). (1.53)
=0

The argument 1 for 9 just indicates that it acts only on the first site. The shift opera-
tors insure that the generator acts homogeneously on the chain and accounts for fermion

statistics.
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We close this section with a discrete symmetry of the representation that will be use-
ful. We define hermitian conjugation to simply switch initial and final states. With this

definition, hermitian conjugation transforms this representation as follows,

(Qa+)T = €ade_, (Qa—&-)T = —€ade_,

(R = —eqeepaR, GO =3". (1.54)

Also, 3t~ is hermitian, (J*7)" = 3*~. The perturbative corrections that we will find will

usually preserves this simple hermitian structure, though this is just a convention.

1.6 The su(2) automorphism

The expressions for the leading order representation (1.48)-(1.50) are symmetric, up
to a few minus signs, under switching undotted and dotted fermions and supercharges.
However, this is more than just a discrete symmetry. In fact, this representation has an
outer su(2) automorphism, see e.g. [43]. This additional symmetry will play an important
role in our analysis of Chapters 2 and 3. To make this automorphism manifest, we replace
the dotted/undotted notation with a Gothic index which can take the values ‘<’, *>’. Now

the supercharges are written as
Qo> — ot — a Qo< = Qot+ = Eabglb,
Q> = Q% =6, Q< = Q0 =g (1.55)
With this new notation, the algebra relations (1.44-1.45) can be written much more com-
pactly. The commutators with SR and J are
[mab’gcée] — %gcagb& + %scbgaée’

[3aﬁ>QC(Se] _ %86(19058 4 %55ﬁ900¢e7 (1.56)
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and we can write the commutators between supercharges in one expression,
{QaBe, Qi = Pegeipda _ gadcfyfe | cadBege, (1.57)

For completeness, we have introduced a maximal set of three central charges €% = ¢ In
the case of the gauge theory spin chain they act trivially. Also, with this notation hermitian

conjugation (1.54) acts on the supercharges as
QTN = —g448,097¢ (1.58)

The simplifications continue when we turn to the leading order representation (1.48)-
(1.50). Again to make the automorphism manifest, we label the fermionic fields with this

index, [1q),

1
nlvn +1

1

[$87) = [9™) = Dy, [wl) = ) ~

The action of the J on fermions can now be written all at once,

gty = VA Dm+RitY), ) = e+ )edY),
Ity = Ve DY), (1.60)

while the action of the supercharges can be written using d and g%,

Q((lg;h‘(b‘(:n)) = \/m(;ggba‘wg")% D?$h\wc"))< = \/m5?€ad’¢fin+1)>7
Q1o = vmaluy ), Q) = JrFTatedgl).
(1.61)

The existence of the su(2) automorphism follows from these expressions. Explicitly, we

introduce generators of the automorphism B%. They rotate the fermions as

By = 51 0H (MY, (1.62)
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and satisfy

[%ub’ %cb] — 6cb%a0 . eub%cb. (1.63)
One can then check that the leading order representation (1.61) satisfies the following canon-
ical relations,
[%ab Qcée] _ lgeagcéh + lgebgcéa (1 64)
’ =2 2 : ‘
Also, the R and J commute with the 2. Again for completeness, we include the commuta-

tors with the “central charges” (which vanish for the gauge theory)
[%ah’ Q:cb] — gch:aD _ gaDQ:ch' (1.65)

The €% now become a spin-1 triplet under this outer su(2), i.e. they are not central for the
maximally extended algebra. This maximally extended algebra including B and €*° can
be denoted as su(2) x psu(1,1]2) x R3.

We should point out that this su(2) symmetry is only an accidental symmetry of this
sector of N' =4 SYM: The generators B<< and 8B~~ transform between fermions ¥ and
conjugate fermions ¥ in gauge theory, cf. (1.59). However, none of the psu(2,2|4) generators
of the full theory acts in such a way. Only the Cartan generator of the outer su(2) is

equivalent to a combination of the Lorentz generators, B<> = g1, — £1,.

1.7 Hidden psu(1|1)? symmetry

Recall that we restrict to zero-momentum (shift-invariant) states for the gauge theory
because of the origin of the spin chain from a trace. The psu(1,1|2) spin chain is consistent
for general momentum states, and we will study this more general case as well. However, for
zero-momentum states there is a symmetry enhancement of a hidden psu(1|1)? symmetry

and one central charge [41]. These symmetry generators descend from the full psu(2,2|4)
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algebra, but vanish in the classical limit. This additional symmetry will enable us to write
two-loop corrections to the symmetry generators in a simple way in Chapter 3. We now
present the symmetry generators and their algebra, and show that these hidden supercharges
act through length-changing interactions.

The su(2) automorphism also rotates the psu(1]1)? supercharges, so we again introduce
appropriate notation. We denote the fermionic generators (there are two for each psu(1|1))
by 0% and &9, There is also one central charge, which we label ©. In terms of N = 4 SYM,

they represent the supercharges

Q< = Q23> Q> = _an

and the generator of anomalous dimensions
D =10+ +RYy =19+ £ - R =1iD. (1.66)

The last two equalities are satisfied within the psu(1,1|2) sector.

Using Appendix A.1, one can verify that these generators commute with the restrictions
(1.33) and that they annihilate all the states of this sector at O(g®). Furthermore, since
the length generator £ is written in terms of conserved charges in this sector (1.39), the
algebra guarantees that

A~

£,9]=Q and [£,6]=-6. (1.67)

In other words, these fermionic generators change the length of the spin chain by one unit.
It follows that the psu(1|1)? generators have an expansion in odd powers of g (consistent
with their vanishing in the classical limit). These dynamic supercharges are a residue of the

dynamic nature of the full psu(2,2/4) spin chain.
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It is now clear why this symmetry is only present in the zero-momentum sector of the
psu(1,1|2) spin chain. A state of length L has momentum p = 27n/L forn =0,... L — 1,
and zero is the only momentum shared by both length-L and length-(L + 1) states. Since
symmetry generators should commute with the shift operator 4 (eigenvalues e?), dynamic
generators are only possible in the zero-momentum sector.

The only nontrivial commutator of the psu(1]1)? algebra reads
(9% &) = ¢ 4 29, (1.68)

For completeness we have introduced a triplet ¢ of central charges to accompany the
singlet D. In our spin chain model the triplet acts trivially, ¢ab — .

The B s5u(2) outer automorphism acts canonically,

b & 1 506 1_cb&
[;Ba ,QC] _ §€Ca5:.2 + §5c Qa7
[%ab’ éc] _ %gcaéb + %gcbéa7

[;Bab’ éca] — Ecbéab o 8abé:cb’ (169)

The u(1) £ grading combined with the su(2) B leads to a u(2) x psu(1|1)? x R* algebra,
where the €% and D give the R%.

Finally, the generators of psu(1,1]|2) and psu(1|1)? commute with each other. This
product structure of the full symmetry algebra for zero-momentum states will be very

important for obtaining quantum corrections to the symmetry algebra.

1.8 Subsectors of the psu(1, 1|2) sector

To further simplify analysis, it is useful to restrict to even smaller subsectors of N' = 4

SYM. So we now introduce the subsectors that we will encounter. The su(2|1) sector’s
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Yangian symmetry will be studied in Chapter 4. To restrict to the su(2|1) sector, in addition

to the restrictions (1.33) one requires

£ =o. (1.70)

Now, generators consistent with this restriction include
91, 91, 61, &5, (1.71)
as well as the su(2) generators
Ml M2, R0 = m] - R, (1.72)

and the dilatation generator, ®. This sector is compact: There are only three types of

fields,

¢1=P13, ¢2=Po3, and Y = V3. (1.73)

One can obtain the algebra relations and representation from those of the psu(1,1|2) sector
which contains this smaller sector. 3 and &2 generate a hidden u(1|1) symmetry for this
sector, though we will not use it in this work.

Also, we will also encounter four rank-one subsectors. There are compact su(2) and
su(1|1) sectors, and two noncompact s[(2) sectors. The su(2) sector results from (1.33)
combined with

el=0, and gl=0. (1.74)

The only symmetry generators are the su(2) R-symmetry generators and ®, which act on
the doublet of bosonic fields ¢; = @13 and ¢o = P23. Note that in this sector the symmetry
group simply commutes with the dilatation generator.

The supersymmetric su(1]1) sector satisfies (1.33),

£ =0, and £ +M; Nl +20]=0. (1.75)
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Now the generators are Q%, &1, and ©, and they act on ¢ = d93 and ¢ = W33,

To reach the bosonic noncompact s[(2) sector we need (1.33) and
M2 - R = 271 (1.76)

The s[(2) generators are P11, &'' and D, which act on fields ¢ = DP, Bo3.

For the fermionic s((2) sector we have (1.33) and
el — &1 +2mt =0, (1.77)

again with generators P11, &' and ©. However, now the fields are (™ = DV ¥3. Once
again, 93 and &2 generate a hidden u(1/1) symmetry.

Occasionally we will find it useful to restrict to a different type of sector that only
includes states with fewer than M spin chain excitations. An excitation corresponds to
an impurity with respect to the vacuum state composed of only qbgo). Every ¢9, fermion,
and derivative counts as one excitation. Truncating by excitation number yields a sector
because we can write the excitation number n. of a state of length L within the psu(1,1|2)

sector in terms of conserved quantities
ne =Dy + R - 1L. (1.78)

Note that excitation sectors exist for the full theory as well (when L is no longer conserved).
These excitation subsectors are especially useful for studying generators that conserve n.. In
addition to the dilatation generator, these include the psu(1,1|2) sector’s hidden psu(1[1)?

supercharges.

3There is an isomorphic sector with generators Qn, 611, and ©, which act on ¢ = P23 and ¢ = 148
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Chapter 2

Symmetry enhancement at one loop

In this chapter we will discuss multiple facets of the symmetry structure of the psu(1,1|2)
sector at one loop. The most constraining symmetry is that due to integrability, which
allows the use of Bethe equations to obtain the spectrum. These Bethe equations reflect
the psu(1,1|2) symmetry, as well as the hidden psu(1|1)? symmetry, which was introduced in
Section 1.7. The central focus of this chapter, however, will be a curious observation made in
[23]: The Bethe equations for the sector lead to a huge degeneracy of 2/ multiplets that does
not follow from conventional integrable structures. The degeneracy is partially explained by
the B su(2) automorphism. The degenerate psu(1,1]|2) multiplets essentially transform in
a tensor product of su(2) doublets. However, this tensor product is reducible, and therefore
the su(2) automorphism cannot explain the full degeneracy. To explain the remaining
degeneracy at one loop, we will construct an infinite set of nonlocal spin chain generators.
These generators carry one unit of B8 charge and are built from the psu(1]|1)? generators.
We conjecture that these nonlocal symmetry generators form a parabolic subalgebra of the
loop group of SU(2).

In Section 2.1, we introduce the Bethe equations and use them to observe this degen-
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eracy. We give the O(g) psu(1]1)? symmetry generators in Section 2.2. To gain further

intuition about the degeneracy, we study some degenerate spin chain states in Section 2.3.
Finally, in Section 2.4 we present the nonlocal symmetry generators and discuss how they
map between states and the algebra that they form. In Appendix B we present relevant mul-
tilinear operators for the psu(1, 1|2) sector, including a cubic operator that is a B-triplet and
psu(1,1|2) invariant. The proof that the nonlocal symmetry generators commute with the
classical psu(1,1|2) generators and the one-loop dilatation generator is given in Appendix

C. This chapter and Appendices B and C are based on, and contain excerpts from, [40].

2.1 Integrability

As for many integrable systems, Bethe equations are a very useful tool for studying the
spectrum of planar ' = 4 SYM, see for example the reviews [41,12]. In this section, after an
introduction to Bethe equations we review the one-loop psu(1,1|2) Bethe equations and the
degeneracies of the corresponding spectrum. Furthermore, we show that these degeneracies

are also present for the transfer matrix, which gives the full integrable structure.

2.1.1 Introduction to Bethe equations

We begin by reviewing how the one-loop Bethe equations arise in the bosonic sl(2)

subsector. First we will need the Hamiltonian (dilatation generator) for this sector, which
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was computed in [14], truncated at two excitations!.

0Dz ]61 6y ) = 2]6f"ol”) — 2|6{” o),

D)) 61" 6) = 2[6{”6{") - 2[6{Vs{”),

090761 = 3|6 P 6(”) — 2]V — 61 e),

D01 el”) = —26i”6(”) +4|of" i) — 2|6l 6,

09 01”017) = 61" 6{”) — 2]6{Vo(") + 3|0{" o). (2.2)
These two-site interactions act homogeneously across the length of the spin chain. The

vacuum for a spin chain of length L is simply the state with L ¢; and no derivatives.
0 0
A A Y (2.3)

Since 0D (9) gives zero when acting on adjacent ¢1’s with no derivatives, the vacuum has one-
loop anomalous dimension zero. In fact the anomalous dimension vanishes to all orders, as it
is a half-BPS state, see for example the reviews [44]. Next, we construct the one-excitation

eigenstates. By translation invariance, the eigenstates are

T

L

|
ipx 0 1 0
v, = ey, o) = [o” ... o) .. ol (2.4)
=1
where |z) has a derivative on site z. Acting with 6Dy we find
0D gylr) = 4lz) — 2|z — 1) = 2|z +1) =
0Dl =4 ePlz) =2 ePTlr—1) =2 Pz +1)
=1 =1 =1
= 4w, —2) P |g) — 23 " Pl |g)
=1 =1

= (4— 2¢'" — 2e P, = 8sin g . (2.5)

Note that the number of derivatives ng is conserved in this subsector since it can be written in terms of
conserved quantities,
Nng = Do — L. (2.1)
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To reach the second-to-last line we just shifted the summation variable z and used the
periodicity of the chain to identify sites 0 and L, and sites 1 and L+1. Of course, periodicity
also implies that

p=2mn/L, né€lZL. (2.6)

Next we look for two-excitation eigenstates. By translation invariance and homogeneity,
since 0D (9 acts locally we expect eigenstates that look like products of the one-excitation
states, as long as the excitations are well separated. However, since only the complete
two-excitation wave function needs to be periodic, we do not need to require (2.6) for the
momenta (we will obtain a new periodicity condition). A general ansatz for this behavior

is

pips = Z ePIITIE2 3 20) + (S(p2,p1) + €Oy, )€ PP 2y ),
1<z1<z2o<L
(0) (1) (ll) (0)
lw1me) = |1 ... by .. Py ). (2.7)

Here |z1x9) has derivatives on sites z1 and xs.
Now, working out the action of 0D () from (2.2), we find after taking into account the

various possible cases with 1 < x9,
0D )| r122) = (8 = 20512, ) [T172) — 2[(21 — 1)22) — 2(1 — Gy ) [ (21 — 1)22)
= 2(1 = bgy0) w1 (22 — 1)) = 2|21 (22 + 1))
- 5I1I2‘(x1 - 1)(1‘2 - 1)> - 5I1£B2‘(x1 + 1)(372 + 1)> (2'8)

The Schrodinger equation,

59(2)%01;02 = E!pplpw (2'9)
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then leads to three independent equations:

zo — a1 > 1: 8(1 4 Se!Pr=p2)@2=a1)y _ 9(gP1 4 GeilPr—p2)(@2—a1)Fip2)
— 2(e7 1 4 GetProp2)(zamm)=ip2y _ o(cip2 4 Get(Pr—p2)(@a—1)Fip)
_ 2(6_”’2 + Sei(pl—pz)(xz—xl)—iM) = E(1+ Sei(m—pz)(wz—xl))’

T —x1 = 1: 8(e2 + Se®) — 2((1+ S + co)ePTP2) — 2(e2P2 4 Se?P1) — 2(1 4 S + o)
— 2eP2TPL _ 9GP — [(eP2 4 SePt),

zo— 21 =0: 6(14+S+co)— (L+S+co)e” P2 — (148 + co)e P12

—2(e'P2 4 Set) — 2(e” P 4 SemP2) = E(1+ S + ). (2.10)
The first equation simplifies to

(E—(4—4cosp)) — (4 —4dcospy))(1 + e iPrpm—m2)gy — g =

E = (4—4cospy) + (4 — 4cosps)) = 8sin? % + 8sin? % (2.11)

So the energy is just the sum of the energies of the one-excitation states with momentum

p1 and po: The excitations scatter elastically,

E(p1, p2) = E(p1) + E(p2). (2.12)

The second equation of (2.10) simplifies as

co (1+eP1HP2 4 (2 + Se)) (B — (4 —4cospr) — (4 —4cospo)) =0 =
co=0. (2.13)
The vanishing of ¢g is a consequence of the fact that the dD(y) acts the same way on the

position basis two-excitation states for excitations that are far apart or for those that are

adjacent. The only special case of (2.8) is for excitations on the same site. Substituting for
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E and setting ¢y to zero, the third equation of (2.10) reduces to

. A 1 o
e 4 S — Z(1+ S) (1Pt =0, =

1 — 21 4 iP1Fip2 1 — 22 4 eiP1+ip2
S(p1, p2) =

S = S(pQ, pl) = (2.14)

1 — 2ei2 4 eiprtipe’ 11— 2¢iP1 4 eipitipz
We interpret S(pi, p2) as the S-matrix for two-particle scattering: the phase that the wave
function acquires after one particle of momentum p; scatters past another of momentum po.
At this point, we are ready to apply the essential property due to integrability: factorized
scattering. For arbitrarily many particles in the incoming scattering state, the set of initial
and final momenta are the same, and the only possible outgoing state is a permutation
of the particles with a factor of the two-particle S-matrix for every pair of particles that
cross. Furthermore, the energy of these states is simply given as the sum of the E(p;).
However, for periodic systems of finite length L, we have also the consistency requirement
that scattering one excitation past all the others must be the same as just applying the shift
operator to that excitation L times, which gives a factor of e "L, The resulting system of

equations, named Bethe equations in honor of Bethe’s initial study of the integrable su(2)

Heisenberg spin chain [45], takes the form

K
e | E ) (2.15)
j=1
J#k
These equations need to be solved for the K momenta p;. Once that is done, the energy is

the sum of the contributions from the individual momenta,
K "
E =) 8sin*(). 2.16
3 san(3) (216)

In fact, as proved in [15], the s[(2) sector is integrable at one-loop, and (2.15) and (2.16)
give the entire spectrum of one-loop anomalous dimensions of this sector. The procedure

completed above could be repeated to obtain the spectrum for the other rank-one subsectors
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(su(2) and su(1|1)) which are also integrable. Before moving on to the generalization we

will need for higher rank sectors, we introduce a convenient change of variables

. up + % 1 Pk
exp(ipg) = ” f , up = §cot 5 (2.17)
k=3

The advantage of this is that it makes the S-matrix and dispersion relation rational functions
of these “Bethe roots” wuy

U; — Up +1 21 21
2T Blu) = . - (2.18)
’U,k;—i-i U — 5

S(uk7 uj) =

uj —up — 1
2.1.2 One-loop Bethe equations for the psu(1,1|2) sector

The Bethe equations for rank-one algebras have a generalization for higher rank algebras
[46,47]. This was used to find the complete one-loop Bethe equations for ' = 4 SYM in [15].
For a rank r algebra, there are r types of Bethe roots, corresponding to the different flavors
of excitations or simple roots of the algebra. Then a generic eigenstate will have excitations
ug,; where k = 1,...r gives the flavor of the root and i labels the different roots of the same

flavor. The Bethe equation become

. L r n .
(Uk,i — ;Vk> B H Ui —ug,j — 5 My (2.19)
L4 - L 4L ’ ’
uk,i + 35 Vi =1 =1 Wk —w gt g My
i it I=k

Here the Vj, are the Dynkin labels of the representation? and M is the Cartan matrix of the
algebra3. Also, the different excitations contribute to the total spin chain momentum and
energy depending on the representation as

ePhi= =22 B(u,) =

(2.20)

ug,i — 3 Vk ug,i + 5V uki — 3Vk

2Equivalently, these are the Cartan generator eigenvalues of the highest weight states.

3This matrix gives the “eigenvalues” of the simple roots with respect to their commutators with the
Cartan generators.
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M K M
Vk Uk ’l')k

Figure 2.1: Dynkin diagram for psu(1,1]2). The different flavors of Bethe roots and their overall
numbers are indicated below/above the nodes, respectively.

In particular, Bethe roots for which the corresponding Dynkin label of the representation
is zero carry no spin chain momentum or energy. c is a scale factor for the energy which is
not fixed by the Bethe equations.

The symmetric Cartan matrix of psu(1, 1|2), which can be read from the Dynkin diagram

in Fig. 2.1, is
0 1 0
1 -2 1] (2.21)
0 1 0

while the spin representation with highest state qbgo) has Dynkin labels [0, 1, 0]. The Dynkin

diagram and Cartan matrix follows from the choice of simple roots
{Q*, ®", Q*F<} (2.22)
and basis of Cartan generators
(G 4+ Rr2 e, 2112 3T+ RmIZ ¢} (2.23)

Applying the general result (2.19), we find that the Bethe equations for the planar psu(1,1|2)

sector of A" =4 SYM at leading order take the form [48]

K i
(I | A
j:lvk_uj_'_%,
L g i
_ U — 3 Huk UJ—I—ZH’LLk Vj 3 U —Vj — 5
(W—Fé) o1 Uk T U T — v g L — 0+ 5
J#k
K f]k—u]—i
1=]]- 2 (2.24)
jzlvk—u]+§
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Here we denote the bosonic excitations as u; . g and the two types of fermionic excitations
as v1,.. M, and 1')17“.7M.

Because the representation has only one nonvanishing Dynkin label, the momentum and
energy eigenvalues for eigenstates of this system are determined through the main Bethe

roots uy,. x alone

[\S]EN

, o+ (2 2i
exp(iP) = [[ —, E=) — (2.25)
j=1 j=1 J 2 J

U

N

2.1.3 Symmetries of the Bethe equations

The psu(1,1|2) symmetry is realized in the standard way for Bethe equations. One can
add Bethe roots v,u,0 = oo to the set of Bethe roots for any eigenstate. It is easy to
convince oneself that the Bethe equations (2.24) for the original roots as well as for the
new root are satisfied. Moreover, the momentum and energy (2.25) are not changed by
the introduction of the additional root. This means that the eigenstates come in multiplets
with degenerate momentum and energy eigenvalues. These multiplets are modules of the
symmetry algebra psu(1,1|2). Note that the Bethe roots v, u, v = co are allowed to appear
in eigenstates more than one time, and thus even very large or infinite multiplets can be
swept out with this symmetry.

Another type of symmetry that is very important to A/ = 4 SYM exists only in the zero-
momentum sector. Here one adds a single root v = 0 or ¥ = 0 to an eigenstate configuration
while decreasing the length L by one unit [23]. The original Bethe equations are preserved
and the Bethe equation for v = 0 and ¥ = 0 is equal to the zero-momentum condition,
cf. (2.25). As the momentum and energy eigenvalues depend explicitly on the main Bethe
roots ug only, they are not affected by this transformation. This symmetry leads to an

additional four-fold degeneracy of states because each of the Bethe roots v = 0 and v = 0
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can only appear once at maximum. The associated algebra is two copies of su(1]|1) whose
modules are typically two-dimensional. As we discussed in Section 1.7, these two additional
algebras are required for a consistent embedding of the spin chain into the full psu(2,2|4)
spin chain [41]. Their generators were constructed in [41,38] at the leading order, and they
transform one site of the spin chain into two or vice versa. We will present these generators
in detail in Section 2.2.

The third and most obscure type of symmetry was observed in [23]. The way in which
the auxiliary Bethe roots vy and v appear in the Bethe equations (2.15) is completely
symmetric: The Bethe equation for v is exactly the same as the one for ©;. Furthermore,
the product in the Bethe equation for uj involves a product over all v; and ©¥; with the

same form of factor. Therefore we can freely interchange them

vj > Vjr (2.26)

without violating the Bethe equations. As for the previous type of symmetry, modifying
only the auxiliary Bethe roots does not change the momentum nor the energy. It is straight-
forward to convince oneself that this leads to a degeneracy of 2M0 states where M is the
number of v; roots which are distinct from ©; (in order to avoid coincident Bethe roots of
the same type).

This symmetry is partially explained by the su(2) 8 automorphism. Indeed, in terms
of the Cartan charges, the transformation of Bethe roots (2.26) has the same effect as the
generators B<< and B~~. Effectively the two flavors of auxiliary Bethe roots v and v
form a doublet of the outer su(2). Now, if there are Mj auxiliary Bethe roots in total, the
degeneracy is realized as the My-fold tensor product of su(2) doublets. This tensor product

is reducible and su(2) symmetry can only account for degeneracy within the irreducible
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n=20 n=1 n=2 n=3 n=4 (1"_1) (>"_1)
il i il i Al i i
O & & B [ 1|
< 2

Figure 2.2: Structure of the spin representation (left). Each box represents one component of the
module with the assignments shown on the right. Arrows represent simple roots of the algebra. The
long diagonal arrows correspond to the middle node of the Dynkin diagram Fig. 2.1 while the short
horizontal and vertical arrows correspond to the outer nodes.

components. Nevertheless, even the irreducible components turn out to be fully degener-
ate. Therefore the outer su(2) explains only part of the extended degeneracy and there
should be an even larger symmetry. This symmetry should have the full tensor product
as one irreducible multiplet. It is somewhat reminiscent of the Yangian symmetry in the
Haldane-Shastry model [49] which also displays fully degenerate tensor products. The closer

investigation of this symmetry will be the main subject of the present chapter.

2.1.4 Commuting charges

A first question is whether the symmetry is merely constitutes an accidental degeneracy
of the momentum and energy spectrum or whether it is a symmetry of the full integrable
structure. This integrable structure includes an infinite family of generators or charges Q,
that commute with the Hamiltonian. Therefore, it is natural to look at the their eigenvalues.
For the local Q,, these take the form?

1 K 7 i
@r = r—1 Z <(uj + %)Tfl B (uj — ;)rl)' (2.27)

J=1

They depend on the main Bethe roots u; only, just like the momentum and energy (2.25).
Therefore, their spectrum displays this additional degeneracy.

However, this is not all there is to show; there are also nonlocal commuting charges whose

4With this normalization the energy eigenvalues are twice Q.
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invariance properties might lead to some clues. For instance, the local charge eigenvalues
@, are accurate only for r < L. For r > L these charges wrap the spin chain state fully
and they receive contributions from the auxiliary Bethe roots v; and v¥;. This is best seen
by considering the transfer matrix in the spin representation which serves as a generating

function for the local charges as

o0
Topin(x) = expi Y 2" ' Q. (2.28)
r=1

A transfer matrix is a trace over a particular representation of the symmetry algebra.
Therefore its eigenvalues in a particular representation are typically written as a sum with
as many terms as there are components in the representation. The eigenvalues of a transfer
matrix can often be reverse-engineered by a sort of analytic Bethe ansatz [46]. This requires
some knowledge of the structure of the representations for which the transfer matrix is to be
constructed. In particular, it is important to know what are the components and how are
they connected by the simple roots of the algebra. The structure of the spin representation
is depicted in Fig. 2.2. Now it is generally true that the transfer matrix has no dynamical
poles, i.e. poles whose position depends on the Bethe roots. Conversely, the terms in the
expression for the transfer matrix eigenvalue typically have many dynamical poles. These
will have to cancel between the various terms once the Bethe equations are imposed. In
particular, the Bethe equation for a particular type of Bethe root will have to ensure that
the singularities between all terms cancel which are related by the simple root associated

to that Bethe root, cf. Fig. 2.1. We are then led to the following expression for the transfer
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matrix eigenvalue in the spin representation

[e.9]

T LM M T —0;
Tipin(z) = . J 2.29
spin(@) Z;)<x—in> jl;[lx—vj—injl;[lx—i)j—in (2:29)

n—=

n—i—%) x—u; —i(n—3)
X 0 —26 o+
nin—uJ—z -3 n# Jl_llx—uj—z(rm-%)

It is not difficult to see that the Bethe equations insure the cancellation of poles. For the
pole at x = uy, +i(m — %), the contribution from the first term inside the parenthesis with
n = m cancels the contribution from the last term with n = m — 1, provided the second
Bethe equation of (2.24) is satisfied. For the pole at * = v + im (m > 0), we find a

coefficient proportional to

K —u;— & v —ui + L
e |
43 b g — &
o1 Uk — Uity Ve —Uj = 3
2
K i
Vg — U+ Vp —Uj — 5
—H — (I, — (2.30)
k_uj_§ j:1vk_uj+§

This is of the form y~!(y—1)2, where yy = 1 by the first Bethe equation of (2.24). That is, the
pole at x = v, +im is cancelled by a double zero. This double zero is essential as it cancels
the double pole that arises for two coincident auxiliary Bethe roots v; = ©;,. Furthermore,
it is straightforward to show that the local charge eigenvalues (2.27) (for » < L) follow from
(2.28,2.29) and that only the one term with n = 0 contributes for r < L.

This expression for the transfer matrix is clearly invariant under the degeneracy trans-
formation (2.26). Therefore the full transfer matrix obeys the enhanced symmetry, which is
a clear hint that the integrable structure is compatible with the symmetry. It is however not
fully invariant under it as the eigenvalues of transfer matrices in different representations

show. For instance, for the fundamental and conjugate-fundamental representations it is
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easy to construct the transfer matrices

) L
T+ % g :cfu +4
Thuna () = + : — 2 T[—2~%— -1
X s :z—vj+2 s T — Uj

N———

. L y K
N r—3 v]+2 H:B—u]—z 1 (2.31)
x T —u; ’
]1
and
T iL —v+ & )
— = —1
T——(x) =+ 2 J 2 |
f‘md() < T ) i 1x—vj—f x—u]
T+ My g uj +1
+ 2 Hijf Hij 1. (2.32)
x j:lx_vj_‘_? b Jf—u]
of

These expressions are clearly not invariant under the shuffling (2.26) of auxiliary Bethe
roots. The violation of the symmetry may be related to the fact that the fundamental
representations are centrally charged under su(1, 1|2) while the spin representation has zero
central charge and thus belongs to psu(1,1]2).5

Finally, we note that the transfer matrix in the spin representation (2.29) also has the
degeneracy due to the psu(1]1) symmetries (as do all of the Q,). Adding a v or ¥ root at
zero gives a factor of x/(xz — in) in each term of the sum. This is cancelled by decreasing L
by one. However, again the degeneracy is not present for transfer matrix in the fundamental

or conjugate-fundamental representations®.

2.2 psu(1]|1)? symmetry enhancement in the Lie algebra

As we have seen from examining the Bethe ansatz, and as discussed in Chapter 1, the

psu(1, 1)2) symmetry of this sector is supplemented by a psu(1]1)? symmetry. Here we give

5Tt may be noted that the product Truna () Tgpg () is again invariant under switching the v and the ©.
This is in agreement with the fact that the overall central charge for the two representations is zero.

5Their product does not have this degeneracy either.
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its leading order representation (O(g)) and again see that the restriction to cyclic states is

required for this enhancement.

2.2.1 The representation at O(g)

The action of the psu(1]1)? generators at leading order O(g) where initially obtained
for the fermionic s((2) subsector (which has one hidden u(1]|1) symmetry) in [41]. From
that result it is straightforward to obtain the action of these generators on the full set of
fields by requiring the generators of psu(1,1|2) and psu(1]1)? to commute at leading order.
Alternatively, one can use the complete expression for the O(g) psu(2,2|4) supersymmetry

a

generators given in Appendix A.2. The generators S (1) act on two adjacent sites and turn

them into a single site. Explicitly, the action takes the form

2 m n 1 n+m-+1
6?1)|¢l() : E )> = _\/m g|¢l() )>7
Syl o) = o= dilol D),

\/m W}(n+m+1 >
NCE TR

\/m 5a}¢(n+m+l)>
Vot D)m+nt2) ° ’

ey, (2.33)

&8 lpiMpiv) =

A 1
Ga (m) (n) — — Epe
(1)|¢b o) n+m+1€b

Conversely, the generators 9(1) act on a single site and turn it into two

1

O - ac| (k) ((n—1=k)\ _ Lac (n=1-k)
Q(1)’% >_kzo\/m€ Wt o > kzzom ‘¢ >’
Sa \/7 cac (n—1—k
") Z e )
ac (n 1-k)
§:¢2i‘z:T"w )
53| k) )Y, (2.34)

kZ:O\/n—i—
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By inspection we see that the representations of psu(1|1)? has the manifest su(2) B

automorphism. The psu(1|1)? generators transform under conjugation as
(Qa)T = 5abéb7 ©T = 355 (%ub)T = _Saceha%ca- (235)

Importantly, note that from the leading order psu(1|1)? supercharges we can immediately

obtain the one-loop O(g?) dilatation generator 0D (9, using (1.66) and (1.68),
D) = 2{Q73), 60y} = —2{7), 67y - (2.36)

This equation implies that Dy is the sum of interactions that remove two fields and insert
two new fields (acting on two adjacent sites for the planar case). As first shown in [14],
which generalized earlier results of [50], 6D o) acts by projecting two sites onto modules of
definite psu(2,2[4) “spin” j with coefficient h(j). The quadratic Casimir of psu(2,2|4) has

eigenvalues j(j + 1) on a module of spin j, just as for su(2). h gives the harmonic numbers

k

hk) = kl — k4 1) — (). (2.37)

k'=1

Here 1 is the digamma function. The harmonic numbers also play an essential role for
0D (4), as we will see in Chapter 3.

We will not pursue it here, but it is also possible to work out the explicit interactions of
0D (). In terms of these two-site to two-site interactions 00 9)(1,2), we have (in the planar
limit)

L-1 '
0D )| X) =D UT6D (5 (1, 2)W[ X), (2.38)
i=0
where 00 (2)(1,2) acts on sites 1 and 2. From here it is also clear how to generalize to higher
order corrections to symmetry generators that remove and insert equal numbers of fields.
Note that the form (2.38) applies even to noncyclic states, giving the psu(1,1|2) generator

correction 2J EFZ)_
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For length-changing generators, which act on cyclic states only, we simply need to apply
the interactions to the first site(s) of the chain (with a factor of L), and to project onto
cyclic states. Cyclicity then insures that these generators act homogeneously. Explicitly,

for the Q and & at O(g) acting on a cyclic state | X) we have

L
QuiX) =177 Z 4y (1)1X),
. 7 L= 2_ .
=0

~

Q(1)(1) acts on each component of |X) by replacing the field at the first site with (a sum
of) two new fields (2.34) and 6( )(1,2) replaces the fields of the first two sites with (a sum

of) one new field (2.33).

2.2.2 Satisfying the algebra with gauge transformations

We now check that the action of the psu(1]1)? generators presented in the previous
section satisfy the symmetry algebra at O(g). We need to check that the psu(1|1)? generators
commute with the psu(1,1]2) generators. Since the commutators vanish except when the

generators act on common sites, it is sufficient to examine the commutators involving the
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9 acting on one initial site (and two initial sites for &). For example, consider
(915,97 o) = {915<, 97 Hol)
= Vi 16197 )

-l (e

= k+1
-1 ( .

_ 3 < Oyt

k=0

_ i 6Cll€de‘¢gf)¢én > Z ‘(b(k—H (n—k— 1)>
k=0 k=0
n—1
n—=k,  (k (nlk (nlk)
i (; )
+kZ:0 a \/m‘q’b< >+ ‘1’[} >

n—1
+ 3 ool My, (2.40)
k=0

() g(n=1-k)y _ W (n1- k>>)

(n-1- k>>>

We have substituted (1.61) and (2.34) and made straightforward simplifications. Note that
we have included an extra minus sign due to fermions for the first term in the second-to-last
line. The first and third lines of the last expression cancel, leaving three terms involving two
bosonic fields. One can easily check that for a = 1,2 the remaining terms almost cancel.

What remains is
{2, Q%) )10y = |6 el — [ el)). (2.41)

Repeating the same calculation for a fermionic initial site we find

{21,897} g [0 = |8 08y — [0l o). (2.42)

Since this commutator acts the same way on all fields, it will vanish on cyclic states. The
insertion of gzﬁéo) before one field will cancel with its insertion after the neighboring field to

the left. For this cancellation to be complete, the cyclicity condition is essential. This type
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of cancellation can occur more generally for any generator 991 that acts homogeneously as

MY1 .. Yo X1 Xn) = Cvivznz| 20 Z X1 X,

MIX1. . XpYi.. Y) =D ()T -XDey, v oz

Xi... XnZy .. L),

(2.43)

for all fields X;, Y; and Z;, with some coefficients Cy; . y,,z, ... z,,- In the case above we have
m = {Ql+<,5§>}(1), n =1, m =0 (no fields Y), m’ = 1, and the only nonvanishing C' is
C o0 = 1. If M is length-preserving, that is, m=m’, it vanishes on any periodic state, and
we will call this term a chain derivative. However, for dynamic 91, since this only vanishes
on cyclic states as arise from gauge theory, we will call this a gauge transformation. In fact,
this is very similar to terms that appear when checking that the supersymmetry variations

of the fields satisfy the psu(2,2[4) algebra. For instance, the supercharge variations £

commute up to a commutator with the scalar fields,
{Q4, QU)X ~ geape™Bea, X], (2.44)

which vanishes for gauge-invariant product of fields X.

The full set of gauge transformations that appear at O(g) are

{Qa+b,flc}(1)‘X> —  gbegad (‘¢&O)X> _ ‘X¢&0)>> ’

B IX) = e (jugx) - (DX X)) (2.45)
{270 6% e’ X) = 01X, {27 &%) [Xe) = 6geIX),
37,9, x) = 8gx), 377Q% | Xey) = —(-1)¥sg1x).

To complete the verification that the O(g) generators satisfy the symmetry constraints,

we need to check all of their O(g?) commutators. However, by hermiticity and %8 symmetry
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it suffices to compute, for instance,
(Q5)*=0 and {97,665} =0. (2.46)

We leave it as an exercise for the reader to confirm that these equations are indeed satisfied.
This is only a consistency check: As shown in Appendix A, the O(g) algebra of the full

N =4 SYM spin chain fixes uniquely all of the supercharges, including 5:](1) and é(l) .

2.3 Example degenerate states

Let us now return to the degeneracy of the Bethe equations. We will try to get ac-
quainted with it by constructing explicitly some degenerate states. Here and in the following
sections we will work only at leading order in the coupling constant g. In other words, the
psu(1,1]2) generators £,J are truncated at O(g°), and for the psu(1]1)? generators Q, &

we take only the O(g') contributions ﬁ(l), @5(1).

2.3.1 Vacuum

The simplest state which is part of a nontrivial multiplet is

102) = [Py 0. (2.47)

We shall call it the vacuum state of length L. Note that it is not the ground state, but it is
a homogeneous eigenstate of the Hamiltonian and we can place excitations on it by flipping

some of the spins. In the Bethe ansatz it is represented by a K = L main Bethe roots and
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M = L auxiliary Bethe roots, so the Bethe equations become

CHpT— J
E—% — 3
IZH i
j:lvk_uJ+§
N L L .
2 . 7
[ uk— 5 Up — Uj +1 Uy — V5 — 3
N e B | Ererrd | e # (2:45)
Uk + 3 =1 Uk j i1 Uk vj + 3
J7#k

This system can be solved via introducing certain polynomials whose roots are the Bethe

roots [51,48]. First we define

L L L
Pie) =[] —u+ 5 - [[@@—uw—3) < [[(z—v). (2.49)
j=1 j=1 j=1
Py (x) is proportional to the last product because its roots satisfy the first Bethe equation

of (2.48) for v. Then using the two equivalent expressions for P; in Py (uy, + £)/Py(uy, — %),

and comparing to the second Bethe equation, we infer that the Bethe roots u satisfy

(u+ ) =(u-Ht (2.50)
Next we define another polynomial P,
Pyz) = (v + &)k — (x - D (2.51)

Since the roots of P, are the u, we can write P; in terms of P,
Pi(z) = Py(z+ L) — Po(z — &) = (x + ) + (z — i) " — 22 (2.52)
However, the roots of P, are the Bethe roots v, so it follows that the v are solutions to
(v+i) + (v —i)l =20 (2.53)

The equation for the main Bethe roots (2.50) can be solved explicitly as uy, = 5 cot(rk/L).
(Note that u = oo is a root, and similarly v = oo is a double root. This is not a highest

weight state). From (2.25) we find that he momentum and energy of this state are given by

P=n(L—-1), E=4L. (2.54)
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Using P} and P», one can also find the eigenvalue of the transfer matrix in the spin repre-

sentation,

Tapin(2) = 1 + Z (249" — (e —0)") (2.55)

(x —in)L(z —in —i)L
Note that for even L the overall momentum is maximal, P = 7, while for odd L the overall
momentum is zero, P = 0. Therefore only the states with odd L are physical states of the
gauge theory, and only for those the symmetry algebra enlarges by psu(1[1)2.
The vacuum state is part of a su(2) multiplet of L + 1 states. The L+ 1 components are
(B<<)0L-L|0L). Note also that it is part of a multiplet of L — 1 multiplets of psu(1,1/2).”
The L — 1 highest weight components are obtained by acting with the cubic operator given

in Appendix B; they read ((J3)<<)%£=2|0;).

2.3.2 Degenerate eigenstates

Let us now consider the set of states where the flavor of one auxiliary Bethe root is
flipped. One can convince oneself that a state is composed from basis states of the typical

form

k l m
! ! !

QX <(k) Q<) 3t (m) [0g) ~ |... ¢\ P p® )y, (2.56)
The arguments of the generators correspond to the sites of the spin chain on which they
should act. Here we have only displayed the excitations while the vacuum sites ¢(<O ) have
been suppressed. The operators J(k) act as the leading order generators in (1.60-1.61) on
site k of the chain®. Some of the three excitations coincide on a single site giving rise to qﬁgl),

;1) or 1/1&) ), Explicitly, we find precisely L + 1 states of this form completely degenerate

"Due to the su(2) grading of the psu(1,1]|2) algebra these two numbers differ by two.

8The statistics of the fermionic generators Q(k) is taken into account by first permuting it to its place of
action. This may cause a sign flip.
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with the vacuum |0z). Three of these states are descendants of psu(1,1]2)
gaan7<Qb7<3++’0L>’ gaan7<Qb+<‘OL>, Eaan+<Qb7<‘OL>7 (2.57)

and one is the su(2) descendant

B<<10L). (2.58)

However, since B does not commute with psu(1,1|2), it is more convenient to use in-
stead the cubic operator (J3)® presented in Appendix B, (built from cubic combinations

of ordinary psu(1, 1/2) and su(2) generators),
(3%)=<10L). (2.59)

The generator (J%)%° commutes with psu(1,1[2) and therefore moves between psu(1,1|2)
highest weight states.

For even L (and nonzero momentum) this exhausts the set of trivial descendants. There
remain L—3 unexplained degenerate states. For odd L the vacuum is a zero-momentum state

and therefore the additional psu(1|1)? symmetry applies. It yields one further descendant
S<Q<(0L). (2.60)

Consequently there are only L — 4 unexplained degenerate states.
We find one degenerate state with the very simple form

(—DF3 (k4 n) ey Q* (1 +n) Q" <(L +n)|01)
1

— (1= (-1)")B=<|0L). (2.61)

1) =

;
M=

One can easily confirm that it is a highest weight state of psu(1,1]|2). For even length this

state is indeed linearly independent of the above descendants. For odd length, however, the
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state is proportional to a psu(1|1)2 descendant, |1) ~ &<9Q<|0;). This is a special case
because of zero overall momentum. We will return to this issue in the next section.

We have also found a second degenerate state with a slightly more complicated form

L
20) = > (=D)F2k = L — 1+ 61 — 6p)3 (ke + 1) £pQ" (1 +n) Q" (L +n) |0L)
n,k=1
L L
YN DRI (R 4 n) e QT2+ n) QS (L +n) |0L)
k=2n=1
+(1+ (=DP)(L - 1)B<0L) (2.62)

This state is also a highest weight state of psu(1,1|2), and for odd length is not a psu(1[1)?

descendant of |0,).

2.3.3 Parity

The degenerate states do not all have the same parity. For L even or odd we find %(L—2)
or %(L — 3) states, respectively, which have opposite parity than the vacuum?. Recalling
the above results, this means that after removing the trivial descendants there is always
one more degenerate state with opposite parity than with equal parity. More explicitly, we
can say that |1;) has the opposite parity as |01) for even L and the same parity as |0r) for

odd L. Conversely, the state |21) has the same parity as |0z) for even L and the opposite

parity as |0) for odd L.

2.4 Nonlocal symmetry

To account for the additional degeneracy it is natural to seek new symmetry generators.

We will take into account the finding regarding the Bethe ansatz and the form of the

9The definition of parity may include shifts :* of the chain which act nontrivially on states with overall
momentum. It is therefore more convenient to only specify the parity w.r.t. a reference state.
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degenerate states found in the previous section to construct some nonlocal generators ).

We will then investigate their algebra.

2.4.1 Bilocal generators

First of all, an elementary step between two degenerate Bethe states consists in changing
the flavor of one auxiliary Bethe root as discussed in Section 2.1.3. The su(2) generators
B qualitatively act in the same way. This indicates that the new generators will be in
the same representation, i.e. in the adjoint/spin-1/triplet representation of su(2). We will
thus denote them by yab — yba

As the example degenerate states given in the previous section have multiple nonadjacent
excitations, we should look for nonlocal generators. The simplest degenerate state |1r)
has a pair of adjacent excitations and a single excitation which is not near the pair. A
generator which creates such a state from the vacuum |07) consequently has to be bilocal (at
least). More complicated states with multilocal excitations could be generated by repeated
application of these bilocal generators.

Furthermore, we know that the form of the example degenerate state |1) is qualitatively
identical to the second order psu(1]1)? descendant G<Q<|0.). Thus we expect Y to act
similarly as &19Qb.

Here we have to make a distinction between states with zero and states with nonzero
momentum. For zero momentum the combination G*QP explains the degenerate state |17).
However, due to the psu(1]1)? algebra, it cannot explain any of the other degenerate states.
Conversely, in the case of nonzero momentum the individual generators S® and Q° cannot
be defined independently because it is not possible to change the length of the spin chain

preserving the momentum. It is nevertheless possible to consistently define the product
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S%9° for nonzero momentum states. This is the bilocal length-preserving operator

L—1L+1
YO=3"% (1160 36i4) WS U QY 1) U (2.63)
=0 i=0

Recall that U is the operator that shifts the chain by one site to the right; it commutes
with all of the local symmetry generators. The summation over j ensures that Y acts
homogeneously on the chain, and the symmetrization in the indices gives it one unit of B
charge, as needed to explain the degeneracy. The generator 5:](1) removes the first site of
the chain and replaces it with two sites, and é(l, 2) replaces the first two sites of the spin
chain with one. So, the generator Y% consists of products of the 9 and & interactions
acting all possible distances apart, with equal weight except for a symmetric regularization
when the & interaction acts on both sites created by the £ interaction. The regularization
resolves the one-site ambiguity in where to place newly created sites.

For zero-momentum states the action of )% is equivalent to the action of SO, There-
fore, it cannot be used to immediately explain the additional degeneracy beyond the es-
tablished psu(1|1)? symmetry in the zero-momentum sector. We will discuss this further in
the Conclusions. However, J*° does commute exactly with psu(1,1|2) and with the Hamil-
tonian, even if the momentum is nonzero; a proof is given in Appendix C. Therefore the
existence of Y% proves the additional degeneracies for all states with nonzero momentum.

The generators Y immediately explain the form of the simplest degenerate state (2.61)

found in the last section; it is related to the vacuum by applying Y << once
[12) ~ Y==|0z). (2.64)

For even length L < 10 we have checked directly that the remaining descendants are given
by

VL), o, ()E ). (2.65)
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For the odd-length states, which have vanishing momentum, one can easily convince oneself
using Y% ~ &19Q that the states (2.65) are all proportional to |1). Furthermore it

might be useful to know the eigenvalue of )<~ on the vacuum state; we find

2L|0z) for odd L,
y==lop) = (2.66)

0 for even L.
It is curious to note that there exist a very similar bilocal generator X which is a

B-singlet
L—1L+1
X=>"3"(1— 360~ 30iL41)3eald &1, 2) U Q1)U (2.67)
j=0 i=0
Like Y% it commutes with the psu(1, 1|2) algebra and the one-loop Hamiltonian as discussed
in Appendix C. This generator apparently does not map between different psu(1,1|2)

multiplets. For instance, the eigenvalue of X' on the states |0z) as well as |11) is the same

as in (2.66).

2.4.2 An infinite-dimensional algebra

Let us first understand the algebra of Y in the zero-momentum sector where we have
a representation in terms of psu(1|1)? generators. It is not difficult to convince oneself of

the following relations
[;Bab7 @mécéb] _ @mgc{béa}éb o r}jmécé{bga}a’
[@m}iaéb7 @nécéa] — @m—i—n—i—lgcbéaéb _ @m—l—n—i—lgaaécéb. (2.68)

Denoting these combinations by y,g", k = 0,1,2,..., such that ygb = B% and Y ~

D711 we obtain the infinite-dimensional algebra

V50 V) = e YR, — ePVse,,. (2.69)
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This algebra is a parabolic subalgebra of the loop algebra of su(2).

We could also introduce the B-invariant generators Ay = 2 and X, = D"1x which
form an abelian algebra and which also commute with J9°.
We conjecture that the same algebra (2.69) holds not only for the zero-momentum sector,

but for all states if we identify
V=B, Y=Y Y = —fealV 0. (2.70)

It is quite clear that the relations with m = 0 or n = 0 hold by su(2) symmetry. Furthermore,
the relation with m = n = 1 merely defines ygb. The relations with m+n > 3 are nontrivial
and have to be verified.

In fact, the relations with m 4+ n = 3 are the Serre relations for the algebra and they
imply all the relations with m +n > 3. In the following we shall prove this statement by
induction. For convenience, we switch to a basis for )} where the su(2) structure constants

g

are just the totally antisymmetric tensor . The commutations relations can now be

written for all nonnegative integer levels IV as
Vi VN ] =V, m=0,...N. (2.71)

Assume (2.71) is satisfied at some level N > 3. Then we use five main steps to show that
it is satisfied at level NV + 1.
Step 1. Using our inductive assumption, consider the equations for m =1,... N —2 and

their cyclic permutations,

0= V5, VNom] + V1 Vi)
= Vi D Vneinl] + Wi 91 V]

=V VR] = it Yol + V2, YRom] — [V V] (2.72)
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Comparing the m = M and m = N — M — 1 equations, we find that

i VN1l = Vo Yiirom) = Vo Viri1iml, m=1,...N. (2.73)
Step 2. We also have, form=1,...N
Vs VN1 -] = Vs 9. VRl
= Wi Vil = D107, (2.74)
and cyclic permutations. Using the result from Step 1, we find
Vs Vns1om] = mIVL VN, m=1,...N, (2.75)
and similarly for cyclic permutations. However, since
V1, Vn] = ~[Vn 1] (2.76)
we must have
0= Vi VN1l = Vs Vo] = Vi Visroml, m=1,...N. (2.77)
Step 3. Commuting Yy with [V}, Vi +1-m) (and cyclic permutations) yields
Vi Yhitoml = = Vivsiml, m=1,...N. (2.78)

Step 4. We can now show that there is a unique consistent way to define yf\, 41 For

instance, consider the following equations for m =1,... N — 1,

[y%mvy?\/—&-l—m] = [y%mv[y{)vyll\/—m“ = *[ygm—&—l’yll\f—m]

= D}%H—by]z\f—m]

= [V, Vil

= V- (2.79)
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Step 5. It is now straightforward to use any of the equivalent expressions for yﬁ, 41 to
check that
Vo Y] = Vi (2.80)
This completes the set of equations at level N+ 1. Therefore, assuming the level-3 equations
are satisfied, (2.71) is satisfied for all N.
At this time, a direct proof of the level-3 relations is beyond our technical capabilities.
Note that to prove the level-3 relations, it is sufficient to check that (switching back to the
previous su(2) notation) [V;~7, V5~] = 0, since commutators with the B yield the remaining

relations. This relation can also be written using only bilocal generators as

V<2, [V<s, ¥ = 0. (2.81)

Still, it would be best to confirm the level-3 relations. As a start, using Mathematica we
have checked that they are satisfied on many states of small excitation number, including
all states of length 4 with 4 or fewer excitations (above the half-BPS vacuum) and all state
of Length 5 or 6 with 3 or fewer excitations. Also checked were states with larger lengths
and excitation numbers, including a length-7, 7-excitation state. Checking much longer or
higher excitation states rapidly becomes impractical because of the increasing number of
interactions that need to be summed. However, the evidence described above is persuasive.
Hopefully, a complete proof will become possible in the future.

As explained in Appendix B, assuming that the Y really satisfy this algebra, there is
a one-parameter generalization of these generators using the (J%)*. The same subalgebra

of the loop algebra of su(2) is generated by the 57{)‘[’ = B and the yfb, with
I =V 4 a () (2.82)

for any constant a.



65

Similar to the above reasoning, we can use the zero-momentum reduction for X to
conjecture that it commutes with the )% for all n. Again, we have obtained very strong
evidence using Mathematica. We have checked that these commutators vanish for the same
set of states described two paragraphs above. It is however presently not clear how to

generalize X to an infinite dimensional algebra of A,,.

2.4.3 Discussion

In this chapter we have investigated a curious 2M-fold degeneracy of the integrable
psu(1, 1]2) spin chain. This degeneracy was observed at the level of Bethe equations in [23].
Here we have considered the symmetry which explains the degeneracy. We have constructed
B-triplet symmetry generators ) at the level of operators acting on spin chain states. These
bilocal generators ) commute with psu(1,1|2). Combined with 9B, they apparently generate
a subalgebra of the loop algebra of su(2). This extended symmetry algebra commutes with
the Hamiltonian and thus explains the degeneracy.

It remains an open problem to identify the spin chain operators that generate the 2
degeneracy for zero-momentum states. It is possible that these operators do not take a
simple form. However, this still deserves further study especially because it is also possible
that these operators for cyclic states would give new insight into the origin of the simple
next-to-leading order corrections to the local symmetry generators obtained in [38], which
will be the subject of the next chapter.

While we have restricted our study to the one-loop Hamiltonian, it is clear that the
symmetry enhancement persists at higher loops. The 2™ degeneracy of the Bethe ansatz
is preserved by the higher loop corrections [23]. Therefore, we expect the Y symmetry

generators to receive loop corrections so that they commute with the loop-corrected Hamil-
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tonian. Note that the leading terms for the bilocal symmetry generators J)(“Qb) discussed

in this chapter appear at O(g?). We will discuss the higher loop extension further in the

Conclusions, following studies of loop corrections to other symmetry generators.
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Chapter 3

The spin representation to two loops

3.1 Introduction

In this chapter we compute the two-loop dilatation generator of the psu(1,1]2) sector,
only using constraints from basic properties of Feynman diagrams and from superconformal
symmetry. We introduce an auxiliary generator that satisfies special commutation relations
with the leading order psu(1,1|2) and psu(1|1)? generators. This enables us to find and
verify solutions of the symmetry constraints up to two loops only using zero- and one-half-
loop commutation relations of the algebra.

For our computation the extra restrictions from psu(1/1)? symmetry are essential. Fur-
thermore, the odd-power expansion of these hidden supercharges enables us to find the
two-loop dilatation generator from the next-to-leading order O(g3) corrections. In fact, the
two-loop dilatation generator is written simply as nested commutators of O(g') psu(1[1)?
supercharges and the auxiliary generator. Our solution lifts consistently and naturally to
nonplanar A/ = 4 gauge theory as well, that is for any choice of the gauge group. In particu-

lar, it includes wrapping interactions. These are interactions that are nonplanar in general,
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but become planar for short states that they wrap around. This result is especially inter-
esting because properly accounting for wrapping interactions at higher loops is a significant
remaining challenge for the Bethe ansatz approach.

Section 3.2 discusses the O(g?) solution, and Section 3.3 discusses the O(g3) solution
and presents the two-loop dilatation generator. For simplicity, we assume planarity until
Section 3.3.4, and in that section we present the lift to the finite-N solution. In Section
3.4, after verifying that our solution predicts the same anomalous dimensions as those
of the field theory calculations of [18,52-54], we confirm that our solution is consistent
with integrability by computing the bosonic s[(2) subsector two-loop S-matrix and some
anomalous dimensions. Finally, Section 3.5 presents a solution for the O(g*) psu(1,1/2)
symmetry generators and discusses directions for further research.

The O(g?) symmetry algebra and the two-loop dilatation generator was presented in [38].
Here we give an improved proof that the solution satisfies the symmetry constraints, taking
advantage of the su(2) automorphism. Also, the O(g*) solution has not been published

previously.

3.2 Order g2

At O(g?), 6D and the psu(1,1]2) generators receive quantum corrections. As we noted

first in (2.36), we have
09z = 2{05), 64y} = —2{9Q3), 67 - (3.1)

60D is the only generator we need to compute because, as we now explain, once we know
6D the full su(2), x psu(1, 1|2) x psu(1]1)? algebra’s action is fixed by group theory. Knowing

0® means knowing its eigenstates and eigenvalues. Highest weight multiplets are then
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formed by states of equal eigenvalues, and the generators of su(2)gs x psu(1,1|2) x psu(1[1)?
must connect states within the same multiplet with factors determined by group theory.
Furthermore, since 0® is a central charge and its expansion starts at O(g?), 0D (2p) fixes the
O(g?"2) psu(1, 1|2) generators and the O(g?"~!) psu(1]|1)? generators. Also, the psu(1]1)?
algebra gives D (9, in terms of the O(g* 1) psu(1]1)? generators.

At this point we should note that there are important degeneracies beyond those given
by group theory. The local charges of (2.27), which commute with the dilatation generator,
lead to further degeneracies for the planar theory. However, since these higher charges Q,
are psu(1,1]2) and psu(1]1)? singlets, they are consistent with the group theory constraints
on the spectrum®. Also, the nonlocal ) symmetries of the last chapter give the much larger
degeneracy observed in the Bethe equations, but these degeneracies also are consistent with
group theory since the ) commute with psu(1,1]2) and are su(2) triplets.

To obtain the perturbative corrections of %0 we will compute the corrections to the
psu(1|1)? generators. For the latter we will find tight constraints by computing the correc-
tions to the full set of psu(1,1]|2) generators. We begin by presenting the solution for the

O(g?) psu(1,1]2) generators, and then we discuss its possible modifications and its proof.

3.2.1 The solution

We define two auxiliary generators that play central parts in our solution. b is a one-site

generator of harmonic numbers. Its action is

bl6() = Lh(k)e®)), b)) = Ln(k + 1)), (3.2)

'Degeneracies due to the Q, also have the distinctive feature of relating states of opposite parity, as the
Q. are parity odd for odd 7.
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Recall that the harmonic numbers appeared in the one-loop dilatation generator. It is
natural that the harmonic numbers appear again; they are given by a difference of digamma
functions, which are often associated with integrability. Since § does not distinguish between
the flavors of bosons or between flavors of fermions it commutes with 8% and B°. b also
commutes with 326)_ since both of these generators simply multiply individual sites by a
spin-dependent numerical factor.

We now build a second auxiliary generator, labeled , from the psu(1|1)? supercharges

and b. r is a two-site to two-site generator that we can write in two equivalent ways,

?:{éa [ (1)7[)]}+{Q> [Gi)ah]}

= —{63),[90) 0]} — {97, 6,01} (3.3)

To show the equality in (3.3), subtract the second expression from the first and combine in

pairs to obtain

(&7, 19501} + {27, [éa), ) + (97, 87,81} + {87, [95,,.61))
1085, 67, 1.0 + 197, 5,10
= 17 5] - %[é%, )

=0 (3.4)

We have used (3.1) to reach the second to last line. Averaging the two equivalent expression

of (3.3), we have
1 b xa 1 b Ja
= 5€ani{Q(1), [6(1), b} + Sean{S ), Q7). b} (3.5)
This form, makes it clear that ¢ commutes with B (since h does). Furthermore, since

the psu(1]1)? generators commute with 8% and JEB)_, r also commutes with them. Finally,

because the two equal expressions in (3.3) are hermitian conjugates by (2.35), r is hermitian.
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We are now ready to present the O(g?) solution. Let AT represent J*+, 3=~, or the
eight Q’s, where we retain only the su(1,1) charge (the charge with respect to J*?). Then

the following solves the symmetry and field theoretic constraints:

p is any two-site to two-site generator that commutes with D q), B and K. Commuting
all the generators of the psu(1,1]|2) x psu(1|1)? algebras with a generator such as y maps
one solution of the commutation relations to another. This is because it corresponds to the

first term in the expansion of the similarity transformation
IJ=UIU, U=1—g’p+---, ie Jo — I + ¥l (3.7)
Of course, the algebra relations
134,37} = (4503 (3.8)

are still satisfied after the application of such a similarity transformation. We require y to
commute with 8%, B and D (o) to preserve R symmetry, the su(2) automorphism, and
0®’s eigenstates’ classical dimensions. To maintain manifest consistency with the Feynman
diagram rules, U’s expansion must be in even powers of g, consisting of (5 4-1)-site to (§+1)-
site interactions at O(g™). For antihermitian (or vanishing) v, the hermitian conjugation
relations (1.54, 1.58) are satisfied at O(g?).

The simple structure of this solution enables us to quickly verify that it satisfies the field
theoretic constraints. The commutator structure insures that the O(g?) generators are built
out of interactions acting on two adjacent sites, as required for the planar theory at this
order. Furthermore, they are parity even since all the generators that appear within the
commutator are parity even. We prove that the solution also satisfies the algebra relations

in Section 3.2.3.
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3.2.2 On the uniqueness of the solution
There are two possible sources of freedom for the solution at this order: interactions that
vanish on periodic states (chain derivatives), and homogeneous solutions. We now exclude
the former and discuss the latter.
The requirement of even parity rules out the possibility of applying chain derivatives to
the solution at this order, since generators are sums of two-site to two-site interactions?.

Any two-site gauge transformation for generator A, which acts on fields X and Y, is the

sum of interactions of the form
AlXoX:) = [V X)), AlXiXo) = —(—1)NFV) | x57), vx,. (3.11)

The second interaction is precisely —1 times the parity-reflected first interaction, so cannot
appear as long as we require even-parity local symmetry generators. This observation
also implies that the algebra can only be satisfied exactly (instead of only modulo chain
derivatives).

However, at this point, we cannot rule out modification by a homogeneous solution.

Under this modification,

~+ L~ ~+ A ~—— ~—— afBc afc afc
3oy 230 F ) Io) e Fe Qe )+ (3.12)

In order for the symmetry constraints to remain satisfied, the 6J’s and dQ’s must not make

2More precisely, we can choose to write all interactions as two-site to two-site. Expanding the commuta-
tors of (3.6) one would encounter one-site interactions of the form

AlXo) = 1Y), (3.9)
but this is equivalent to the sum of two-site interactions

A|X0Xi):%|YXi>, A|X1-X0>:%(—1)X7‘(X°Y)|XiY), vX;. (3.10)
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any net contributions to commutators of the algebra. For example?

(R} + (A0 00y = —=a3, (41

We have not found any nontrivial homogeneous solutions, or ruled them out. However,
from the above discussion regarding ®, we conclude that once 6D 4 is found, this freedom
is fixed. We will find the solution for §D 4 below. Since the O(g?) solution presented in

this section is consistent with it, this is the field theory O(g?) solution.

3.2.3 The O(g?) proof of the algebra

By taking full advantage of the symmetry algebra, it is possible to prove that the
solution (3.6) satisfies the symmetry algebra at O(g?) with minimal computation. Since
the similarity transformation generated by b preserves solutions of the algebra, we set § to
zero throughout this section without loss of generality. As there are multiple steps to the

proof, we first give its outline.

The Q%€ transform properly under commutation with 8% (1.56).

The Q9 transform properly under commutation with 8% (1.64).

The commutator relations between supercharges with the same su(1l,1) index are

satisfied

{Qaer’Qcha}(Q) _ _5%8&03?;)’—7 {Qafbygcfb}(z) _ —8“6603(_2)_. (3.14)

The following algebra relation is satisfied:

{Q7F<,9"7) ) = 35 (3.15)

30f course, 63@;, the modification to the one-loop dilatation generator, must vanish since 09 2y is fixed
by the O(g) psu(1]1)? supercharges.
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e By R symmetry and B symmetry, the previous step implies that all of the remaining

16 relations of (1.57) are satisfied at this order,

{Q940, Q7% ) = —"e™3) - (3.16)

e The above results for the supercharges guarantee that all commutator relations in-

volving any J*? inside the commutator are satisfied.

These steps include all of the commutators of the psu(1,1|2) algebra that are nontrivially
satisfied at O(g?). Interestingly, we only need the explicit form of b for the second-to-last

step of the proof. There we use the identities

a c— 1 ac 1 ac 1 ac
{Q((;Sba [Q(O)aa b]} = —=¢ %hb + 7€bbm _ ¢ 5"02,

2 2 4
N c 1 ac 1 ac 1 ac
{0 17, 0]} = —5e B + SePReC 4 v, (3.17)

These identities are shown in in Appendix D.

Commutators with YR and 2. First, we note that the supercharges commute canonically
with respect to 8% (1.56), because r commutes with 8%, and because the ] are exact
generators that simply transform indices canonically. Applying the Jacobi identity, we

obtain
[, ) = [, 1955,
= 35, 1] + 5710 1]
= 300 + 5. (3.18)
The last line is precisely what is required. Because r commutes with 8% and because

the B are also exact generators, a similar proof shows that the supercharges commute

canonically with respect to B (1.64), as needed.
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Commutators between £ with same su(1,1) index. The simple commutator form of the
solution (3.6) guarantees that all commutation relations between supercharges with the
same su(1|1) index are satisfied. We show this for a plus index, but the same steps apply
for the minus-index proof (up to signs). The required commutation relation (1.57) simplifies
in this case at O(g?) to

{Qa*‘rb? Dc+0}(2) — _Eacgbb 35—)}— (319)

Now, substituting (3.6) for the left side, we obtain

(07,0 ) = (0" 9557} + (245", 9
= {19050, 6. Q) + {0 190 )
= {900,950
= e [ 1]

_ b0 ~++
= —ee 3, (3.20)

as required. The Jacobi identity gives the third equality, the leading-order algebra implies

the second-to-last equality, and we have substituted (3.6) again for the last line.

(3.15) is satisfied. Recall that this relation is

_ i 1
{Q't<, 0 "oy = _\5(+2) Y 09 (2), (3.21)
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where the last equality follows from (1.41). First we use (3.6) and the Jacobi identity to

simplify the left side of (3.15),
{Q1+<7Q27>}(2) = {Q%$<7Q2 >} + {Q1+< Q(z)
_ {[Ql+< ] 227>} o {Q1+< [927> ]}
— o ) © o 0f
= 2{[Q%$<7?]?Q%0_)>} - [{Q%$<>Q?O_)>}7?]
= 2{[Q <1, 25,7} (3.22)
For the last equality we used the leading order commutator
{905,905, =R -3, (3.23)
which commutes with r. For later reference observe the identity
{905,957 = {95957 (3.24)

Next we substitute (3.5), use the vanishing commutators between psu(1, 1|2) and psu(1[1)?

generators, and (3.17),

2{[Q, =8, 2,
= 5ab{[Q%(—)S<v {ﬁl()l)v [ S ?1)) h]}]a D?o_)>} + Eab{[aé$<v {él()l)? [{2((11)7 h]}]aﬂ?o_)>}
— ool (60 {02257 115 011, Q1 } + 2ol 190 {927, 19055 5]}, 611 )

€ ‘a € E SN
— S (&7, B - 2 - T - SR, B - 2 - 080}

2

L oLirar &2 1 22 A1
= (3 + 160201+ (4 - 1){6(1)79(1)}

LoLiar a2 1 2 Al

+(1_1){Q(1)’6(1)}+(1 Ny Sy}

Al &2
= {61, Qy}

1



77

The third-to-last equality follows from the commutators between psu(1|1)? generators and

B and £, (1.69) and (1.67). The last line equals the right side of (3.15), as needed.

Taking full advantage of SR and 2. Because the supercharges transform properly with
respect to the 94%° and the B, the 16 commutators between supercharges with opposite
su(1|1) index are satisfied if one of the relations with all opposite indices is satisfied. One
can see this by acting with various combinations of 8% and B on (3.15). However, there
is also a simple group theory argument. Under su(2)g X su(2)g, the sixteen commutators

between supercharges with opposite su(1, 1) index transform as
(2,2)®(2,2)=(3,3)®(1,3) d(3,1) ® (1,1). (3.26)

Since (3.15) has nonvanishing components in all four irreducible representations, it follows

immediately that the following 16 algebra relations are satisfied,

{Q%0, Q7% ) = —"e"F, - (3.27)

Commutators involving J*3. For any commutator relation including a J*? we can simply
substitute a commutator of supercharges, and then the already proven properties of the

supercharges guarantee that the relation is satisfied. For example,

[3—&-—1-7 Ql—<](2) — [{Q1+>, QQ+<}’ Ql—<](2)
= _[{Q1+>7ﬂl—<}7£22+<](2) + [Q1+>, {Q2+<,Q1_<}](2)
11 (32
= [9{ ,Q($<]
I S
as required by (1.56). We use the Jacobi identity again to reach the second line, (1.57) and

the fact the 28 receive no corrections for the third line, and (1.56) for the last line. In this
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way we can check all of the commutators between the J*? and the Q%¢. Then to check
the commutators between two J*? we can repeat this substitution of supercharges for one
of the J*?. This completes the proof that the (3.6) is a one-loop solution of the symmetry

algebra.

3.3 Order g3

With the O(g?) solution, we can use the constraints to find the O(g?) solution, which
consists of corrections to the psu(1|1)? generators. We now present and discuss this O(g3)
solution and its proof, the two-loop dilatation generator that follows, and the lift to the

finite-V dilatation generator.

3.3.1 The solution

Only the psu(1]1)2 generators Q® and &% receive corrections at this order. Once again

the form of the correction varies with the generator only through an overall sign,

6?3) = _[éal)yx] + [é?l)a n] + aé?l)' (3.29)

As at the previous order, the ) commutator originates from a similarity transformation,
and y must be the same similarity transformation generator as for the O(g?) solution. The

« term results from the coupling constant transformation
g— g+ ag?’. (3-30)

Such a transformation clearly preserves the algebra relations (1.10). As at O(g?), the

solution is hermitian, provided py is antihermitian. It is difficult to imagine a simpler solution.
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Beside the coupling constant transformation and the similarity transformation, the solution
at this order is just a commutator with r, as was the case for O(g?).

As at O(g?), the commutator with ¢ insures that the generators act on the correct
number of adjacent sites (2 to 3 or 3 to 2 in this case) and are parity even. We prove that
this solution satisfies the symmetry algebra constraints in the next section.

At this order, we could add gauge transformations (which vanish on cyclic states) to the
generators, and this is compatible with even-parity generators. Furthermore, as at O(g!)
the solution satisfies the commutation relations only up to gauge transformations. In the
proof given in the next section, since this psu(1|1)? symmetry only holds for cyclic states,
we will simply set gauge transformations (such as those of (2.45)) to zero. In fact, this was
also implicit in the proof at O(g?) leading up to (3.25).

The case for homogeneous solutions at this order exactly parallels that of the previous

order. Under a homogeneous modification,

Q%) — Q) + 09, 6% &) + 6. (3.31)
In order for the symmetry constraints to remain satisfied, the §Q’s and §&’s must not
make a net contribution to any commutator of the algebra, both for commutators among
the psu(1|1)2 generators and for those with psu(1,1|2) generators. Again we have not
found any nontrivial homogeneous solutions, or ruled them out. However, as for the O(g?)

solution, the successful checks of our solution with field theory computations implies that

such a homogeneous contribution is not part of the field theory solution.

3.3.2 The O(g?®) proof of the algebra

Many of the same ingredients used at O(g?) reappear in this proof. Also, we use re-

peatedly the vanishing O(g) commutators between psu(1,1]|2) and psu(1]|1)? generators.
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Without loss of generality, we set the similarity transformation generator y and coupling

constant transformation parameter « to zero. The main steps of the proof are as follows.
e The psu(1]|1)? supercharges transform properly under commutation with 5% (1.69)
and commute with 9.
e Commutators between the 9 and the Q¢ vanish, as do those between & and the

Q(Z—C'

e The remaining commutators between psu(1,1|2) supercharges and psu(1]|1)? super-
charges vanish. This guarantees that the psu(1]1)? supercharges commute with the

3% too.
e Commutators between two 9 vanish, as do those between two S.

e Using the B symmetry combined with verifying that
{Q>, é>}(4) - 0 (332)
shows that the psu(1|1)? algebra (1.68) is satisfied.

One key identity for the proof is proved in Appendix D.
Before beginning the proof, we derive an alternate form for the solution that will be
useful. First, observe the identity for any nilpotent generator @ (Q? = 0) and any other

generator T,
[@,{Q,T}] =0. (3.33)
To see this, expand the left side and use Q@ = 0,
[QAQ. T} = Q°T + QTQ - QTQ — TQ?
=QTQ - QTQ

= 0. (3.34)
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For later use, also note that with the same assumption we have the opposite statistics

version,

Consider (3.29) for 5:2(<3), with o and b set to zero. Using the second expression of (3.3)

for r, we find
Q) = 954
= _[Qé) {6(1)7 [Q> 7h]}] - [Qéy {é(<1)7 [é(>1)7 h]}]

= (97, {&7. 195,51} (3.36)

(3.33) was used to reach the last line. Repeating this for the other three psu(1]1)? super-
charges, we obtain the alternative expressions equivalent to (3.29) (with « and b set to

z€ero)

Q(>3) = [Q(ﬁ),{é(ﬁ [ (1)ab]}] é(<3) :—[Qé),{éé [ (1)ah]}]

Gé) - [ (1) {Q> [éa)vh]}L é(<) =-[6 (<1)7{ﬁ(<1)a [é(>1)>b]}] (3.37)

Commutators with 2 and $R. Since r commutes with B the O(g?) correction to the
psu(1]1)2 generators transforms properly with respect to 8. Similarly, since r commutes

with R, the . ?3) and 6?3) commute with R* too.

{9,901} and {&, 9~ }. The same argument that showed that the Q*® anticommute

with each other properly at O(g?) (the steps leading to (3.20)) can be applied to show

{9% 2"} 5 =0 and {&%0" 4 =0. (3.38)
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For instance, we have
(%97 ;) = (9. Q%0 + {94, 9%
= ([958 QL) + (98 [0 1))
= [{° 2" .0
=0, (3.39)

and similarly for {&9, Qb_‘}(3). To reach the last line, we used the vanishing O(g) commu-

tators between psu(1,1|2) and psu(1]1)? generators.

{9,909 }and {S,Q1}. For this step, we require an identity that depends on the explicit

form of h. For all a and without summation we have
{98,120} =0 and {&],[Q"" b} =0. (3.40)
This is proved in Appendix D. Next, we verify that
{Q%,9" 7}y =0. (3.41)
We simplify using the Jacobi identity and the vanishing O(g) commutators,
{Q5,9"7 }g) = 195, Q)+ 190,97}
—{195,.1.9157) — 195, [257.4])
= 2{[556),x],53%()‘)> ~[{25,9} )1
= 2{[05, 5, 2(;,” - (3.42)
To finish, we apply (3.37) and the new identity (3.40),
251 2l ) = —2(195 ) 465, 197, 1. 9157
— 2005165, 197, 19057 11

= 0. (3.43)
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As a corollary of this proof we have
{90,901 = 0, {9f), 25} = 0, {81, Q37 = 0, and {6fy), Q5 = 0. (3.44)

Now, by R symmetry and B symmetry (3.41) implies that all commutators of the type
{9,0Q%°} vanish. The argument follows the one used after (3.25). The eight possibilities

transform under su(2)g x su(2)n as
(1,2) ®(2,2) = (2,1) ® (2, 3). (3.45)

Since (3.41) has components in both irreducible representations, it follows that the algebra

relation is satisfied for all of the index combinations. Similarly, one can prove
{65,914 =0, (3.46)

which implies that all commutators of the form {é, 0Q%T*} vanish. By substituting commu-
tators of supercharges for 3%, as we did in (3.28), one can see that the psu(1|1)? generators

commute with J*? at this order. This completes the O(g3) portion of the proof.

{9,9} and {&,&}. This proof works similarly to the previous proofs for (3.20) and
(3.38), which also involved commutators between generators that received corrections of
the same form (same-sign commutators with t),

{éa, ﬁb}(4) = {5:]?3)75:]?1)} + {é?l)’ﬁ??’)}

~

= {1081, 98} + {98, [90). 1)}

= [{Qaaﬂb}@y?]

=0, (3.47)

and similarly for {9, é[’}( y)- For the last line, we used the leading order psu(1| 1)% symmetry

algebra.
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{}5, S}. We begin by checking that

{97,867}y =0 or 2{[07),1.67)} =0, (3.48)

where the second expression follows from the Jacobi identity and the leading order psu(1[1)?
symmetry algebra. Using the alternative expression for the O(g3) correction (3.37) and

(3.33) we obtain

21958 63} = 205, (63, [95), 511, 67}

= —2{[ {6(1),[ é)ah]}]’éa)}

= 0. (3.49)

For the second-to-last line we again used the leading order psu(1]|1)? symmetry algebra.
By 8 symmetry, this guarantees that all four algebra relations for commutators between
9 and S are satisfied (they split as 1 @ 3 and we checked a relation with components in
both representations). This completes the proof that the solution (3.29) provides a one-

and one-half-loop solution to the symmetry algebra.
3.3.3 The two-loop dilatation generator
From the psu(1]1)? algebra (1.68) we can now compute 6D 4 directly,
0Dy =2{Q%, 67}, = —2{Q”, 6%}, (3.50)

It follows that §®4) is composed only of the leading order psu(1|1)? supercharges and b,
the one-site harmonic number generator. After setting the similarity transformation y to

zero, without loss of generality, and using the form of the O(g?) solution (3.37), we find

6D = 205,167, {97, (67, b1} — 2(67,, 197, {67,197, b))

=2{97), 65 {90, 165 b1} = 2{6). 190, {6, 95,011} (3:51)
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In this expression we have left out the coupling constant transformation parameterized by
a in (3.29), which leads to

5@(4) — 5@(4) + 2« 5@(2). (3.52)

However, to match field theory results a must be zero.

3.3.4 Nonplanar lift and wrapping interactions

By lifting our expressions for the building blocks of §® 4 to their nonplanar generaliza-
tion, we will construct a candidate for the finite-N 0D 4). To support our conjecture that
this is the correct solution, we will observe that it accurately includes wrapping interactions.
The two-loop nonplanar solution for the su(2) sector (a subsector of the psu(1,1|2) sector)
was found in [18]. In that case, there is a unique lift from the planar to the nonplanar
theory.

Let the gauge group of the theory (this generalization does not require U(N)) have
generators t, and metric g™. Recall that for the nonplanar case we write interactions as
traces of fields and variations. So we need the gauge group expansions, for X; a field gb((lk)

or ),

X; = XM,

5 5 .

Xz‘ — tmgmn

Now the nonplanar action for the one-site generators, including the O(¢g°) terms and b are

straightforward to obtain. For instance,

o0

b= hk)Tro® dPe 13" hik +1) Tepl? ®)e. (3.54)

k=0 k=0
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The psu(1|1)? supercharges also have a natural generalization for the nonplanar theory,

R 5ClC
Qi =
W 0; VE+1
0<k<n
4 Z \/n—k
o=n V(E+1)(n+1)

0<k<n

Tr [ptF) | gln 1P gt

Eac TI‘ {wgk)’ '(/)én_l_k)}’l[}(n)b

1 n—k)1 7(n)b
S o T o), oY), (3.55)
o<n 2vn+1
0<k<n

With minor switching of summation variables, it is straightforward to check that this ex-
pression reduces to (2.34) in the planar limit. For the hermitian conjugates, Eabé?l), simply
perform the switch

X; < X' VX, (3.56)

Substituting these expressions into the expressions for ¢ gives its nonplanar version. Then
the expressions given for Q(g,), é(g) and 6D 4y (3.29) and (3.51) become nonplanar. Because
the proof that the planar solution satisfies the symmetry constraints is independent of
planarity, the nonplanar generalization still satisfies the symmetry constraints.

While we do not have a proof that this is the correct nonplanar solution, our solu-
tion accurately includes wrapping interactions, which can be thought of as special cases of

nonplanar interactions. A two-site wrapping interaction, for example, could be written as
Tr(X; X;) Tr(XFX™), (3.57)

which is nonplanar in general, but on a two-site state its action becomes planar. Similarly,
the planar solution and the nonplanar generalization are equivalent for two-site states. Since
the leading-order psu(1|1)? supercharges map one site to two sites or vice-versa, the action
of §D 4 (3.51) is well defined even on two-site states. Furthermore, since acting with the

Q’s on two-site states yields three-site states, two-site states are in the same psu(2,2[4)
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multiplets as three-site states. Therefore, adding special wrapping interactions that only
change the anomalous dimensions of two-site states would be inconsistent with the symmetry

constraints.

3.4 Verifications of the two-loop solution and of integrability

Using the solution for the two-loop dilatation operator, we first provide strong evidence
that it is correct via direct diagonalization and comparison to rigorous field theory com-
putations. We then use our solution to present strong evidence in favor of integrability
by computing the internal two-loop S-matrix in the bosonic s[(2) sector and by comparing
anomalous dimension predictions of the higher-loop Bethe ansatz, which was first proposed

in [21], with the results of direct diagonalization.

3.4.1 Comparison with field theory calculations

Expanding the expression for 64 (3.64) in terms of interactions, we find the planar
anomalous dimensions by direct diagonalization. We first identify the spin chain states
of the subspaces of certain (small) values of classical dimension, R and 9B charge, and
length. Then we apply g26©(2) + g45©(4) to these subspaces and compute its eigenvalues
(the anomalous dimensions) and eigenstates, as in the simple one-loop example (1.21). For
these two-loop computations, we have used Mathematica. We check states with rigorously
known anomalous dimensions. These include twist-two operators [52], a pair of states of
length three and bare dimension six [53], two-excitation states (BMN operators) [55, 18],
and length-three states built from one type of fermion and from derivatives (in the fermionic
s[(2) subsector) [54]. The states we check, given in Table 3.1, are in complete agreement with

these previous computations. Therefore, we conclude that we have found almost certainly
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Table 3.1: Two-loop spectrum for states with rigorously known planar anomalous dimensions. We

use the normalization g2 = gfz%“;év, which needs to be taken into account when comparing with
previous results. The P exponent of the anomalous dimensions gives the states’ eigenvalues under
parity. The + pairs for P are a consequence of integrability. The twist-two operators are those with
length two, the two-excitation states satisfy ®¢ — L < 2, and the three-fermion states have R = 0.

the correct solution for 6@ 4. Since our comparison includes length-two states, we find

confirmation that no additional wrapping terms are needed.

3.4.2 Two-loop spin chain S-matrix

We now perform a two-loop check of the bosonic s[(2) sector Bethe ansatz of [21].
Instead of only checking anomalous dimension predictions, we also verify a key part of its
derivation, the S-matrix. This was also verified by a direct field theory calculation in [56].

As at one-loop (Section 2.1.1), we restrict to the two-excitation s[(2) sector consisting of
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4

states composed only of ¢ and two or fewer derivatives®*. We have computed the two-

loop internal S-matrix as in [21], which used ideas introduced in [57]. At two loops, the

Schrodinger equation becomes
HW)=E|W), H=g"Dgy +g" D). (3.58)

It is solved to this order by the ansatz

Tyypy = Z 1+ (511(12,1))627’1‘““””2\3:1:62>
1<z <z2<L
+ Z (S(p27p1) + o 5x112)6ip2:c1+ip1x2‘x1x2>7
1<z <zo<L
S = S(O) + 925(2), Cco = g2007(2), C1 = g201?(2). (359)

|zr1x2) was defined in (2.7), and as before p; are the momenta of the excitations which
scatter off each other. As at one loop, since the Hamiltonian is still short ranged and trans-
lationally invariant, for large separation (large (zo — x1)) the solutions of the Schrédinger
equation reduce to superpositions of one excitation eigenstates, proportional to e?*. The
S-matrix, now including a two-loop correction, gives the phase that one excitation’s wave
function acquires when passing the other excitation. Because the Hamiltonian has inter-
actions involving at most three adjacent sites, we need to introduce the new coefficient,
c1”.

Using Mathematica, we have solved the Schrodinger equation using this ansatz and our

expression for the dilatation generator. Including the one-loop solution presented earlier,

40f course, by R symmetry, the sector composed of ¢2 instead has the same S-matrix and anomalous
dimensions.

SFor simplicity we have not included the argument of p;, but all functions still depend on them. Note
that ¢i1 and c¢o are unphysical. They will transform nontrivially under a similarity transformation for §9,
unlike S and FE.
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the solution for the energy and the S-matrix is

E=E(p)+E(@), E@p) = 8sin2(§) — 32¢° sin4(§) (3.60)

S(p1,p2) = Si) + 9°S(2)

1 — 2¢™2 4 iP1Fip2

Swo) = (3.61)

"1 — 2¢ip1 £ eipi+ipe

164etP1tip2 sin(&) (sin(2522 ;3p2) — 4sin(B522) + sin(ngm ) sin(%)

(1 — 2eir1 4 eip1tipz)2 (3.62)

S(2) =

To two-loop order, after accounting for a factor of v/2 difference in normalization of g, this

agrees with the solution given by equations (3.3) and (6.4), (4.27), and (3.7) of [21].

3.4.3 Comparisons with Bethe equation calculations

Having computed the two-particle S-matrix to two-loop order, assuming diffraction-
less scattering and requiring periodicity yields the two-loop Bethe equation for this sector,
which can be used to compute anomalous dimensions for states with arbitrary numbers of
excitations, as in [21]. As shown in Table 3.2, we find perfect agreement between the pre-
dictions of the Bethe ansatz and direct diagonalization of the two-loop dilatation generator.
This provides compelling evidence for two-loop integrability in the bosonic s[(2) subsector.
Further support comes from the proof that scattering is diffractionless for three excitation
states [56].

Finally, we provide evidence of integrability including fermions as well. We compute
anomalous dimensions for the su(1|1) sector(s), again via direct diagonalization. As de-
scribed in Section 1.8, this sector includes states made of only one type of ¢ and only one
type of ¥ and no derivatives. Again, our findings are in complete agreement with those
found assuming integrability in [21]. These anomalous dimensions were also found by direct

diagonalization of the compact su(2|3) dilatation operator in [19].
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46 _1331)%
30 27
9.4586, —28.0586)*

15.5414, —57.692)%

8 |(5,5,0)

Do [ (R.L.B) | (595.69,)"

7 [(5,3,0) [ (12,-39)"

7 [(24,0 [ (12,-42)*

8 [(330 | (% —Tge)"
(8.7655, —21.001)*
(16.7185, —64.272)*

8 |(2,4,0) (23.1826, —92.4124)*
(46
(
(15

Table 3.2: Two-loop spectrum of highest weight states in the bosonic s[(2) sector(s) found by direct

diagonalization. Again note that we use g% = g%\frév

Do | (R,L,B)) | (695,694)"

7 (3,52 (20, —80)~

75| (5,6,1.5) | (16,—56)F

8 1(1,6,2) (16, —56) T

85 (2,7,1.5) | (14,—48)*F
(12.7922, —37.597)~

9 |(3,7,2) (18.2198, —68.411)~
(24.99, —97.992)~

5 (12, —38)F
9.5 (5,8,1.5) (16, _58)*

Table 3.3: Two-loop spectrum of states in the su(1]1) sector found by direct diagonalization.
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3.5 Order g*

Given the simple structure to the quantum corrections through O(g®) and for the two-
loop dilatation generator, only involving h and the leading order symmetry generators, one
might hope that this continues to hold at higher orders. As we now show, it is possible
to find a O(g?) solution built only from these ingredients. However, an exhaustive search
suggests that new ingredients are needed beyond this order. We discuss the implications of

this in Section 3.5.3.

3.5.1 A solution

Before presenting the solution, we given an alternative form for the O(g?) solution (3.6).

To obtain these equalities we use (3.40) and the two equivalent expression for r (3.3).

Q((l2+)< _ [éa)’{ﬁé), [Q%f, Y, Q%> = _[éé),{éa), [Q77, b1},

0 = 190 167, [0 . 087 = 195, (87, 207 0. (309

Given the iterative structure appearing at lower orders, it is natural to suspect that the
next corrections take a similar form, for instance having a leading order generator replaced

by its first correction. In fact, we find a solution that comes close to this intuition:

1
2

A - 1
Q?Z)_> = _2[6(<1)7 {Q(>3)7 [Ql(lg)_>7 h]}] - 5[9?;)_>7d7

Qt(l4$< = Q[éa)a {ﬁé)a [Q((l(;;<a h]}]

a— 5 2 a— 1 a—
Q(4)< = _2[Q(>1)7 {6(<3)a [Q(0)<a h]}] + §[Q(2)<»FL

N ° S a— 1 a—
07 = 2090, {65 19 )] + 5190, (3.64)

For each Q‘(lf)c, the first term replaces one O(g') generator in (3.63) with twice its O(g?)

correction, and the second term replaces the O(g%) generator in the solution (3.6) with
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—1/2 of its one-loop correction.
As at previous orders, there are similarity and coupling constant transformations that

map one solution to another. At this order we can expand a similarity transformation as
U=1-¢"90)+ 59" 00y — ¢ 0y + - - (3.65)
which corresponds to the mapping
Q0 = QU + 190 )] + 190) 0] + 390 9], 92 (3.66)

The 0?2) term is needed for the similarity transformation to preserve the locality of the

generators. The coupling constant transformation (3.30) acts at this order as
afc afc afc
Q(4) — Q(4) + 2« Q(2) . (3.67)

Note that at this order, the generators act on three (adjacent) sites, and that this solution
(for antihermitian y) is consistent with the hermitian conjugation transformation (1.58).
We have not given expressions for JZJ and J (_4)_, but these can be obtained using the
algebra relation (1.57). For instance,
3a)+ = {Ql+>’Q2+<}(4) = _{Ql+<’Q2+>}(4)
— 1+ 2+ 1+ 2+ 1+ 2+
= 190)7 Qo)+ 1920)7, {97 2
1 2 1 2 1 2

(4) 7 (2 (4)

As part of our proof we will confirm that these two different ways to generate 3?3 are equal.

3.5.2 The O(g*) proof of the algebra

As at previous orders we will begin by checking the commutators with 98*° and B, and

the latter check is nontrivial for this solution. After proving these relations are satisfied, we
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will need only to verify directly two commutators of supercharges with equal su(1, 1) charge
and one commutator between supercharges with unequal su(1, 1) charge. The commutators
involving equal su(1,1) charge depend on one new identity (and its hermitian conjugate)

that depends on the explicit form of b,
{95, 195,011, {97, 195581} = ({95, 215,01}, {97, [958} (3.69)

The difference between the two sides appears in the 8 indices of the last two supercharges
on each side. The identity can be confirmed via computing the actions of these nested
commutators of generators on the fields. Note that both sides are sums of interactions that
map one initial site to three final sites. Furthermore, both sides have 8 charge and R

charge equal to 1. Therefore, they automatically annihilate
k k
W) and |847) (3.70)

since there are no interactions with these charges that map these states to length-3 final
states. One only needs to check (3.69) on the other two possible initial states (for which
there are possible interactions).

By inspection of (3.64), we see that the solution transforms properly under commutation
with the § and with B<>. However, checking the transformation with respect to B<<
and B~ is less simple.

First we observe three identities that follow from previous results,

{é?l), 5:]?3)} =0 (no summation), (3.71)
{87, 20} = {80 25} (3.72)
{60 19001} = {6, 195~ b]}- (3.73)

The first identity is implied by the proof given for the vanishing of {Q>, @>}(4), the second
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follows from the first by acting with B, and the third follows via 8B from (3.40).

The terms of (3.64) involving the commutator with ¢ clearly transform properly with
respect to B, so we need to check only the transformation of the first terms. Then we

have, for example,

B, (67 Q5 [ .01 = ~[67). {25, [l <. 0]}

=0, (3.74)

where we used (3.40) and (3.71). This (and the three parallel computations) shows that
half of the commutator relations with the B<< and B~~ are satisfied. For the remainder,

as an example we compute the commutator with 1/2 of the first term of QE‘ZT,

9877 167, {95 [0 01} = (67, {97, 190 b)) + (67 {95 (24 0]}
— (97 A7, 905 <, 0] + {671, 95 1. 190577 5]
= 97, 67, 1907 01— (65 27 1. 4™ b]

= (&7 197, 15 1)} (3.75)

The second equality depends on (3.71) and (3.40), and the third equality follows from (3.73)

and (3.72). The last expression is 1/2 of the first term of Q as needed. The other three

@
nonvanishing commutators involving B<< and B~~ can be shown similarly, completing the

proof that the solution (3.64) transforms properly with respect to B symmetry.

For the commutators between supercharges with equal su(1,1) charge we prove
{Q1+<,Q1+<}(4) =0. (376)

This lengthy proof appears in Appendix E and combined with 28 symmetry, SR symmetry,

and hermitian conjugation shows that the algebra relations for commutators between su-
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percharges with like su(1,1) charge are satisfied at two loops. Also, % symmetry and R
symmetry guarantee that the two different expressions for 3&; (or 3@;) are equal.

For the commutators between supercharges with unequal su(1,1) charge, in Appendix

E we show that

1
{(Q'"<, 9%}y = —5094. (3.77)

As at one loop, SR symmetry and B symmetry then imply that all 16 relations for commu-
tators between supercharges with opposite su(1, 1) charge are satisfied. This completes the

proof that the O(g*) solution (3.64) satisfies the symmetry algebra constraints.

3.5.3 Discussion

We have performed a thorough search at O(g°) for a solution only built from leading
order generators and h. We truncated to two excitations and used Mathematica to check
the algebra relations for hundreds of possible expressions for the O(g°) generators. Since
we did not find a solution, it appears very likely that at least starting at O(g°) a new
ingredient is needed. In fact, at two excitations we have confirmed that introducing one
new generator ) that acts on two sites is sufficient to satisfy the symmetry algebra and
match three-loop anomalous dimension predictions of the Bethe ansatz. However, at this
point f(y) is simply a large, finite-sized numerical matrix, and further work is required to
find its all-excitation form. In retrospect it is not surprising that o) is necessary. Like the
symmetry generators, h should receive quantum corrections. On the other hand, we have
not yet identified what algebra is generated by the combination of b (and its corrections) and
the psu(1,1|2) generators. Understanding this would certainly make much more progress
possible.

We should mention also that the O(g°) two-excitation solution is not consistent with the
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O(g*) solution we presented. This implies two possibilities: either there is a homogeneous
solution to the symmetry constrains starting from O(g*), or else the “solution” we found is
not compatible with any solution for the three-loop dilatation generator. In fact, studies of
the phase function for the Bethe ansatz suggest that there is one homogeneous solution at
this order consistent with integrability [27,32].

There are numerous promising directions for extension to higher loops. Further study
of the new generator (9 and the (currently unidentified) enlarged algebra including b
is the most direct. Also, studying the next-to-leading order corrections to the nonlocal
symmetry enhancement of Chapter 2 may provide key insights. Finally, it makes sense
to look for a method to require integrability directly for the quantum corrections to the
symmetry generators. We investigate this possibility by studying Yangian symmetry in the

next chapter.
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Chapter 4

Yangian symmetry at two loops in the
su(2|1) subsector

In this chapter we construct the next-to-leading order Yangian symmetry of the su(2|1)
subsector. As we discussed in the Introduction, in typical integrable systems the existence of
Yangian charges follows from a nearest neighbor R-matrix, which also generates an infinite
family of local commuting charges. Since it is unclear if it is possible to apply the R-matrix
formalism to this system beyond leading order, it is reasonable to use the existence of
Yangian symmetry as a substitute definition of integrability. Therefore, the results of this
chapter prove that the su(2|1) sector is integrable at two loops!.

The dual string theory’s classical Yangian charges were introduced in [25], and [58]
argues that an infinite family of nonlocal charges persists quantum mechanically. For the
gauge theory, the Yangian charges are known at leading order for the full theory [36,37].
For the su(2) sector, they are know up to second [59] and fourth order [60], and [61] gave the
next-to-leading order Yangian symmetry of the su(1]1) sector. By considering the su(2|1)
sector at next-to-leading order, we encounter important features that have not appeared in

these previous studies of the gauge theory Yangian. The Hamiltonian (dilatation generator)

!Note that the leading order Hamiltonian is O(g?) or one loop, so that showing it has nth order Yangian
symmetry proves (n + 1)-loop integrability.
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is part of the local symmetry algebra, and other local symmetry generators have two-site
interactions.

Following a brief introduction, in Section 4.2 we review the su(2|1) algebra and its
Yangian generalization, and in Section 4.3 we review the leading order representation. The
next-to-leading order corrected Yangian charges and the proofs that they satisfy the Yangian
algebra and commute with the Hamiltonian are given in Section 4.4. We discuss our results

in Section 4.5. This chapter is based on [39].

4.1 Introduction

At leading order, the infinite tower of Yangian charges are generated by repeated com-

mutators of the bilocal generators:

V=Y eI )I0), (4.1)

1<j

where the J4 are local symmetry generators and fABC are the structure constants. As in
previous chapters, J(i) represents the generator acting on site ¢ of the spin chain.

We propose that the O(g") perturbative corrections to P? are of the schematic form

D0 = Z fACBﬁf;) (i)‘?g) (j) + local terms (4.2)
ptg=n
1<<J

The << symbol in the summation excludes terms for which the two (generically multisite)
symmetry generators act on common sites, which are instead included in the local terms.
Via explicit computation we confirm that there are Yangian charges of this form for the
su(2|1) sector at next-to-leading order. Furthermore, in this case the local terms can be
expressed simply as sums over products of two overlapping local symmetry generators.

As is well known, for typical integrable systems the Yangian charges only commute

with the spin chain Hamiltonian on infinite-length chains. The reason is that it is not
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possible to consistently define periodic boundary conditions for the Yangian charges. At
next-to-leading order, we will see that an infinite chain is required for the Yangian charges
to transform properly under local symmetry transformations, to satisfy the Serre relations,

and to commute with the Hamiltonian.

4.2 The algebra

4.2.1 The su(2|1) algebra

As we discussed in Section 1.8, there are 4 supersymmetry generators for the su(2|1)
algebra (1.71), as well as the su(2) R symmetry generators (1.72) and the dilatation gener-
ator. For the Yangian algebra it will be convenient to use a single index for the generators.

We introduce 34, A =1,...8, related to the original generators as

d=el+al @-iel-ah, Poslral 3'=ie-a)),

P=ml+9R F=im-mY), F=Rml-m2 F=29-£+D. (4.3)

Recall that £ is the length generator, which commutes with all of these length-preserving
symmetry generators. In this basis, the supersymmetry generators have indices between
1 and 4, the bosonic su(2) generators have indices between 5 and 7, and J° is a linear
combination of the dilatation generator and the length generator.

The algebra is

~A

34,38} = fA8%cp3P = AP p3P, (4.4)

where ¢ is the Cartan-Killing form or metric for the su(2|1) algebra, with nonvanishing

components,

_ _z’ _ _ 7 _ _ _ 1 _1 (45)
912—934—27 921 = g43 = 9’ 955 = 966 = 417 = 5 988—2- .
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Note that the metric is symmetric, up to an extra minus sign for switching fermionic indices.

The structure constants fABC

are totally antisymmetric, with extra minus signs for every
interchange of fermionic indices. Up to permutations of the indices, the only nonvanishing

components are:

f117_f135 f227 f236 f245 —9
f118 f146 f228 f337 f338 f447 f448 27

fo57=4;. (4.6)

Because of Fermi statistics, we must be careful about the order of the indices of the (inverse)
metric when (raising) lowering indices. In our convention, the first index of the (inverse)
metric is summed over, as in (4.4).

We will also use the symmetric invariant tensor, defined by
d*PC = sTe {33, 35135 - (4.7)

For this definition, all the generators act on the same site, and the mixed brackets with the
curly bracket first means that we use the anticommutator for commuting generators and

vice-versa. Up to permutations of the indices, the only nonvanishing components are:

d127 d136 — d145 — d246 — —227 d235 — d347 — 22,
d128 d348 — —6’L, d558 d668 d788 4’
d®®® = —12. (4.8)

4.2.2 The su(2|1) Yangian algebra

The su(2|1) Yangian Algebra is an infinite-dimensional algebra generated by 34 and

P4, Commutators of these generators yield an infinite sequence of generators,
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DA (i =0,1,2,...). i = 0,1 correspond to J4 and P?. The algebra is defined by the

following commutation relations.

34,37} = 4P e3C, (4.9)
134,97} = FAPeC, (4.10)
f[BCE[QJA}, QJE} _ h2(_1)(EM)fAKDfBELfCFMfKLM{:jD7 JE, SF} (411)

The notation {J”,J¥, I} denotes the totally symmetric product (with extra minus signs

EM)

for every interchange of fermionic generators). (—1)( gives —1 when both indices are

fermionic, and 1 otherwise. Our conventions lead to h? = —%. The mixed brackets
around the raised indices on the left side of the last equation mean that it is summed anti-
symmetrically over all permutations of A, B and C'. We obtained (4.11) (the Serre relation)
by substituting (4.10) into the standard form for this Serre relation. Usually this would

have no effect, but in our case this simplifies the proof of that the Serre relation is satisfied.

4.3 The leading order representation

4.3.1 The su(2|1) algebra

To obtain the leading order representation of the generators, we first relate the 34 to

the psu(1, 1|2) sector generators. We find, using (1.55) for the supercharges,

=0 - 0¥, ¥ = i@ + 979,

33 — Qlf< 4 Q2+>, 34 — Z-(Q17< _ QQ+>)’ (4.12)
and, using (1.40) for the su(2) generators,

35 — 9{11 o %227 36 _ i(mll + %22)’ 37 —_9 le' (413)
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Also, using the conditions satisfied by the su(2|1) sector (1.33) and (1.70), and the expres-

sions for £ (1.39) and 3™~ (1.41), we have
P =23, (4.14)

Since there are no derivatives in this sector the only bosonic fields are ¢; = (;S(O) and
P9 = QSgD), while there is only one fermionic field ¢ = 1/1(<0 ). Now we can read the leading order
representation from the psu(1,1|2) expressions (1.48-1.49, 1.60-1.61). The nonvanishing

contributions are

3%0)|¢1> = _W}>7 3%0)W}> - |¢1>7 3%0)’¢1> = Wﬂ)’ 3%0)W> = Z‘¢1>7
~3 _ ~3 _ ~A _ ~d _
Joyle2) = —1¥),  Jo)l¥) = |2), Joyle2) = il), I lv) =ile2),
~5 _ ~5 _ ~6 _ ~6 .
I|d1) = [¢2), P|p2) = |d1), Plo1) =ilda),  Flpa) = —ilén),
o) = o), IMd2) = ~lo2)s  Jolda) =10a)s  Jgylt) =2¥).  (4.15)
We have neglected the subscript (0) for 3°, 3% and 37 since these are the R symmetry
generators, which receive no quantum corrections. For later convenience, note that switching
{3, 3%} and {33, 3*} is equivalent to switching ¢; and ¢s.

The leading term of 49, 35(32), acts on adjacent sites of the spin chain as [19]
0D =2(1 - 1), (4.16)

where 1 is the identity operator, and II is the graded permutation operator. 69y also

equals the quadratic Casimir operator:
0D 2)(1,2) = 2 gapJo (1)30)(2)- (4.17)

For larger sectors (where the Casimir has more than two distinct eigenvalues on two-site
chains), this simple relation between the Hamiltonian and the quadratic Casimir is replaced

by a relation involving the digamma function, as we discussed earlier (2.37).
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4.3.2 The su(2|1) Yangian algebra
The Yangian algebra includes the local symmetry generators 32%) given in the previous
section. The Yangian generators @6‘)) then act as

0 = CB ZJ d(o) (4.18)

1<J

The adjoint transformation rule (4.10) is satisfied because of the Jacobi identity. The Serre
relation follows from a straightforward generalization of the proof given for su(n) Yangians
in [37].

To show that the @E%) commute with the one-loop dilatation generator, one can modify
the arguments used in [36] for the full psu(2,2|4) spin chain, or check by explicit computation

that on a chain of length 2

109 2, D) )(1,2) = 2305, (1) — 37b) (2))- (4.19)

Since 09 (9) commutes with the 3(}», the commutator on longer chains is just the sum of
this adjacent 2-site commutator over the length of the chain. However, this yields a total

chain derivative that vanishes on an infinite chain.

4.4 The next-to-leading order corrections

4.4.1 The su(2|1) Algebra

Using the transformation (4.12) between the single-index notation and the psu(1,1]2)

supercharges, we can compute the one-loop corrections from the solution we found in Chap-



105
ter 3. For J' and 32 we find
Il bade) = 0, 0dw) — 0, |de1), Jiplw) = 5(1019) — [¥én)),
I 0at) = 5(|6ad1) = |610a) + 356 100), J(o)|¥0a) = 3(1010a) — |4ad1)) — §5a100),
3oy |Pathe) = =i 6}, |v0u)) + i 0| Py 1), Iylvw) = 5(110) — [wen)),

Itpldat) = $(10ad1) — [d10a) — £0al0000), Iip)lt0da) = (|d10a) — [dadh1)) + 504l100).

(4.20)

For 3 and J* we can simply switch ¢; and ¢ in the above expressions, obtaining

3y |Gats) = 67, [00dy) — ST, ldy), Iy |0) = 5(10200) — [2)),
Iy bat) = 3(|6atb2) = |b20a) + 55:100), Ty |¥da) = 3(|020a) — |adb2)) — 55a10¢),
Ity Pats) = =i 67 [dby) + i 67, | by ), Iy lt) = §(1g2t) — |v2)),

I bat) = 5(|6atb2) — |620a) — 50a100), Fip)|¥da) = 5(1620a) — |Badba)) + §0210000).
(4.21)
Alternatively, we can generalize the quadratic product for the one-loop dilatation generator

to a compact expression for all of the one-loop generators,

3, (1,2) 1(ach — d*5c) 35 (D30 (2)
) ~ N .
F3EDEY = 1) (3, (1038 ) + 3% (D36, @) + 995030 (103G )

Importantly, note that this expression is basis dependent. Also, the first two terms vanish
for all of the bosonic generators, and the last term gives the dilatation generator.
We will not write the lengthy expression for the two-loop dilatation generator that can

be computed from the solution given in Chapter 3. Instead, we present the more compact



106

expression,
1 1 ~ ~ ~
D 4(1,2,3)= (2dCBA - 2(1)ABdBCA> 30y (D3I (2)303)
1 ~8 ~A ~B ~A ~B ~8
+§(9AB — gBA) (J(o)(l)J(o)(Q)J(g) (3) + J(Q)(l)d(o)(2>J(0)(3)>

—3{0)(2)8D(2)(1,3) + 26D (2)(1,3) — 26D ()(1,2) — 20D 3(2,3).

(4.23)

As above, this expression is basis dependent. The expression in Chapter 3 is more general,
as it includes possible similarity transformations, but they have no effect on the spectrum.

Similarly, it is also possible to add chain derivatives to §D 4), with no effect on the spectrum.

4.4.2 The su(2|1) Yangian algebra

We find that the next-to-leading order corrections to the Yangian generators can still

be written in terms of the J4.

@242) :@?AZ) nonlocal T @é) local» (424)
i<j—1 1<j

Vi) tocar=2_ L eIy (i + V(@G 0+ 1) — 35, (1))

+D_ e =300+ 1)3G i +1) (4.26)
8
+> (a@{}))(i,i +1) 47 (g% =g (3{5)(1') — 3G+ 1))) :
% B=1

It is interesting to note that if the minus signs in the first two lines of (4.26) were replaced
by plus signs, these lines would simplify to 3(‘2) acting on the entire chain. Also, for A =8
the first two lines of (4.26) vanish. Note that the term proportional to 7 vanishes on infinite
chains since it is a chain derivative. We include it because the choice v = 2 simplifies

the proof that the Serre relation is satisfied. However, when checking commutators of the



107

D4 with the JB we set v = 0, since commutators of chain derivatives and local symmetry
generators are chain derivatives?. For vanishing a and -, (4.26) is the sum over the chain
of the two-site interaction
A A A A\ ~B ~C
D5y 10cal(1:2) = (4 fee” +6 f2op +6 fop™) J0)(DI(0)(2)
8
BA _ _AB\ (~B (1\~ ~ ~B A
+ D (977 =977) (J(O)(l)\j?o)(Q) _\5?0)(1)\5(0)(2)) — 2959 (1,2). (4.27)
B=1

Again this is a basis dependent expression. We have verified that the Yangian su(2) genera-
tors restricted to the su(2) subsector agree with the expression found in [59] for & = 1. We
cannot check with the su(1]1) Yangian presented in [61] since there the corrections to the
Yangian generators are local, and bilocal corrections are essential when the su(1]1) sector’s

Yangian is embedded in a larger sector’s Yangian®.

Similarity transformations. As explained in Chapter 3, the local symmetry algebra is

preserved by similarity transformations, which act as
U, U=1-gn+---, ie I3+ B0, (4.28)

and the Yangian symmetry is preserved also if we apply the same transformation to the
DA, In general, U could be any generator acting on the chain, but we require similarity
transformations to preserve the coupling dependence that arises from Feynman diagrams,
the manifest S8 symmetry, and the even parity of the local symmetry generators. As a

result, the O(g?) contributions from U can be linear combination of only five possible two-

>To see this, note that a chain derivative acts with a factor of (1 — ), and any (length-preserving)
generator that acts homogeneously with such a factor is a chain derivative. Then the statement follows since
local symmetry generators commute with (1 — 41).

3The construction of [61] maintained manifest su(1|1) symmetry, i.e. the supercharges received no quan-
tum corrections, and the Hamiltonian (including the next-to-leading order correction) simply commuted with
this su(1|1). Of course, to match the gauge theory dilatation generator for larger sectors at next-to-leading
order, the Hamiltonian must become a nonseparable part of the algebra.
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site interactions. Two linear combinations of these, the identity and the one-loop dilatation
generator, commute with all of the 32%) and @2%). So there are three nontrivial independent
similarity transformations. One linear combination preserves the form (4.24), while the
remaining two are not consistent with this form. It is intriguing that the solution we found
in Chapter 3 selected a basis in which the Yangian corrections can be written simply in

terms of the local generators.

Adjoint transformation. We now verify that the adjoint transformation rule (4.10) is satis-
fied at next-to-leading order. First we consider only the commutator with J®, which beyond
leading order is the anomalous part of the dilatation generator. Since corrections to each of
the 294 have the same classical dimension as at leading order, the vanishing commutator of
the leading order 2 with the one-loop dilatation generator implies that at next-to-leading
order the Yangian charges transform properly under commutators with 3% [62].

The same proof as at leading order shows that the term of 9)? proportional to o trans-
forms properly with respect to the J4. This term is needed (again with o = 1) for the
commutator with the dilatation generator at O(g?), but is not necessary for the J4 and
P4 to form a Yangian algebra at next-to-leading order. Of the remaining terms, those that
involve products of generators far apart transform properly under commutation with the

4 as a straightforward generalization of the leading order proof would still work. However,

J
we need to check terms in the commutator that involve one generator that intersects the

other two generators. All of these terms involve only two adjacent sites of the chain, so it

will be sufficient to examine this commutator on a chain with just two sites. Explicitly, we
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need to check the second of the following equalities:

39" o eea(1,2) = o ([3(1,2),35) ()35 ()

= fABc@(%) local(1,2) + terms that vanish on an infinite chain.

(4.29)

Canceling terms, we find that this is equivalent to

0=f"pc ([”&(172),3(%)(1)}35)(1) . (—1)AC3%)(1)[3é)(1»2)73%)(1)}) — parity

[B{2)(1,2), 2]5])(1, 2)} + terms that vanish on an infinite chain. (4.30)

Here ‘parity’ just means interchange sites 1 and 2. Since J4 receives no quantum corrections
for A =5, 6, or 7, clearly Yangian generators transform properly with respect to these local

symmetry generators. More generally, (4.30) simplifies to

mAPe (3G (1) - 35)2) (4.31)

where, in our basis

8

1

mABC:Z((_l)AA _ 1) <§ :gDAfBDC + 2QBSQAC’ + 29809143) - QQABQBC.
D=1

(4.32)

The expression (4.31) is just a chain derivative. Therefore, the Yangian charges transform

properly under the local symmetry algebra.

Commutator with the Hamiltonian. We have also verified that the dilatation generator

commutes with this Yangian representation up to O(g*). Again the commutator splits into
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local and bilocal parts. The local part includes terms where one of the generators intersects
both of the others, as well as the commutator involving the last term in the expression
for Q)g). The rest of the commutator is bilocal. The bilocal part vanishes because the
dilatation generator commutes with the J4. The local piece involves three adjacent sites.

Using Mathematica, we have checked this commutator on a chain of three sites:

6D, D) (4) 10cal (15 2, 3)=[6D 2), V(i) (1,2,3) + 6D (), Do) oy (1:2:3)
=04(2,3) — WA(1,2),

(1, 2):dACB\~55))(1)3(%)(2) + 32%)(1) + 32%)(2) + 43(12)(1> 2). (4.33)

Since this difference of 204 is a chain derivative, the )4 commute with §D at O(g*).

4.4.3 The Serre relation

The Serre relation is satisfied up to a new type of term that vanishes on an infinite chain

(L =),
64
FECRDY, 95 o) = =5 (=) EW FAR PE b M fienan {37,373
L L-1 (4.34)
+a*Ppp (35)(1) 30y @) + 30, (D) D30 (i)) :
1=2 =1

BC

We have not found simple expressions for the coefficients a45¢ pg (we have found their

values in our basis), but this will not be necessary. To show that this last term vanishes on

an infinite chain, we introduce the set of parity-odd two-site operators

D48, 3) = 3 ()36 () — 36, ()35 (0)- (4.35)

It is always possible to find coefficients c» scPE such that

capc” P30y (1), D79, )} = 30, ()35 (5)- (4.36)
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Using this, we write the extra term in (4.34) as
> @ per[3)(1) = 30 (L), D7 (i, 5)}, (4.37)
1<j
for some new coefficients a. The first term in the commutator vanishes on infinite chains.
Therefore, satisfying (4.34) is equivalent to satisfying the Serre relations on infinite chains.
(4.34) is a simpler form for checking the relation.
We will now prove that (4.34) is satisfied. We have checked this equation on two- and
three-site chains for v = 2. In fact, this is sufficient to guarantee that this relation holds

for any length chain. Define?

345C(1 1) = fIBC 5[ 9P + %(_1)(EM)fAKDfBELfCFMfKLM{sD,SE’SF}(Q),
(4.38)
evaluated on a chain of length L, which we need to show equals the extra term in (4.34)
for any L. Also, define B4BC (1, L) to be the terms of 345¢(1, L) simultaneously including
generators acting on the first site and generators acting on the last site.
The terms entering the Serre relation are local, bilocal, or trilocal. Local terms are

those that would appear on a chain of length two. The contribution from the cubic J term

actually vanishes on two sites, but the ) commutators yield
3479(1,2) = e pp(3() (1)3(0)(2) + 30y (23 (1), (4.39)

which agrees with (4.34) for L = 2.
Bilocal terms first appear for chains of length three. The bilocal terms from the cubic J
expression are canceled by commutators of the nonlocal part of 9 o) with a twice-intersecting

2 () (not including terms where a nearest neighbor 9)g) acts on the same sites as a J(g)).

“Note that 329 (1, L) acts on all sites between and including sites 1 and L.
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The remaining bilocal pieces either include a local 9 (9) or a J (o) intersecting a ) ) on two
sites. For these terms, all that matters is that two sites are adjacent, so that a J() or
2 (2) 1ocal act on them, and the location of the third site does not matter. Using this, we
can determine the contribution from the bilocal terms just from a three-site Mathematica

computation. For the bilocal part involving the boundaries of a chain of length 3 we find

BAPC(1,3) = a7 pp (38 (1) - 38)(20)35)(3) + G (3) - 38 203 ()

(4.40)

The remaining terms are trilocal. The trilocal piece gives zero total contribution to
the 3 since the J satisfy the su(2|1) algebra at one loop exactly without chain derivatives.
Therefore, the bilocal boundary contributions (4.40) for chains of length three are the only

contributions to B4BC for any chain of length greater than two,

BAPC(1, L) = A% pp (38 (1) - 38)(2)35)(L) + @) () = 3G (L - 1)3F) (1))

(4.41)

Now we can finish the proof using induction. Assume that (4.34) is satisfied for chains
of length L. Then split terms of 348 (1, L+ 1) into those that only act on the first L sites,
those that only act on the last L sites, and those that act on both boundaries. However,

we also need to subtract the terms that only act on the intersection of the first and last L
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sites. Then using our assumption and substituting (4.41) is sufficient:

L L—1 L+1
=a*"pp <J<o> (1) Y30 +3(0) (L) D 300 +3(0)(2) D 3(0) (D)
=2 =1 =3

=2
L+1
=07 pp (3&(1) o))+ 3L+ 1) Y3 <z’>) ! (4.42)
1=2 i=1

in agreement with (4.34). The Serre relation is satisfied regardless of the value of a (the
coefficient of @E%)(i,z‘ + 1) in the expression for Qjé) (4.26)), but we do not have a simple

explanation for this.

4.5 Discussion

We have constructed the next-to-leading order corrections to the su(2|1) sector Yangian,
proving integrability at two loops. Furthermore, these corrections are built in a simple way
from the local symmetry generators. Perhaps the most important result is the generalization
of the standard definition of Yangian symmetry to include this system. The local symmetry

generators still transform as usual,
34,37} = 473 (4.43)

However, the adjoint transformation rule of the Yangian charges is generalized to allow

for chain derivatives. This had to be the case since at leading order the Hamiltonian
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only commutes with the Yangian generators up to chain derivatives, and the Hamiltonian
becomes part of the symmetry algebra starting at next-to-leading order. On a chain of

length L the adjoint transformation rule is
34,95} = AP + mAB (3O (left) — 3¢ (right)). (4.44)

The only essential part of the last term is that it is a boundary term. At next-to-leading
order in this sector, J4(left) is 32%)(1) and J4(right) is 3(%) (L). At higher orders we expect
that the 34 will at least involve higher order corrections to the J4 acting on the boundary
sites and their immediate neighbors, and in principle they do not even need to be simply
related to the J4. Finally, the Serre relation is generalized to include commutators of

boundary terms,

FIBC g, 9EY=h2(—1)EM) pAK [ ¢B oL pC oM gy (3P, 35,550

+a*PC ppp[3P (left) — 3P (right), PP} (4.45)

Again the only essential part of the new term is that J° (left) — b (right) is a boundary
term.

Finally, the results of this chapter give a foundation for generalizing to the noncompact
psu(1,1|2) sector. Since many computations in this chapter depended on compactness,
new insights will be needed. However, the simple structure of the corrections for the local

psu(1,1|2) generators found in Chapter 3 should make this generalization tractable.
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Conclusions

The integrability of planar AdS/CFT has been central to recent progress on the duality.
In this dissertation, we have studied the A' = 4 SYM spin chain realization of multiple types
of symmetry related to integrability. We have seen how multisite and length-changing spin
chain interactions and supersymmetry combine to produce novel symmetries. Due to its
embedding within N' = 4 SYM, the psu(1,1]2) sector has a hidden psu(1|1)? symmetry,
which acts on the spin chain through length-changing interactions. This hidden symmetry
enabled us to find simple iterative expressions for the two-loop dilatation generator and for
other local symmetry generator corrections. Furthermore, constructing a bilocal product of
the psu(1|1)2 generators (at leading order) led to a new understanding of a large degeneracy
of the spin chain’s spectrum. The bilocal products combined with a su(2) automorphism to
generate a previously unknown infinite-dimensional symmetry of this sector. We presented
very strong evidence that this symmetry forms a subgroup of the loop group of SU(2).
Finally, by constructing the next-to-leading order Yangian symmetry for the su(2|1) sub-
sector we showed how Yangian symmetry can be realized with multisite local symmetry
generators.

The iterative structure of the two-loop corrections to the local symmetry generators

naturally motivates extensions to higher loops. New features should appear at three and four
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loops. The general form for the overall phase function of the Bethe equations [27,32] implies
that at three loops there is at least one homogeneous solution for the dilatation generator.
Furthermore, to match the spectrum that follows from the conjectured S-matrix phase [31],
the dilatation generator must have interactions with transcendental coefficients starting at
four loops. Still, even the transcendental coefficients must have a special structure since
they should preserve the transcendentality principle [63]. This principle describes a property
of the anomalous dimensions of twist-2 operators with large Lorentz spin S. The coefficient
of log S, labeled f(g), has degree of transcendentality 2 — 2 at [ loops, where ((n) and 7"
have degree of transcendentality n. It is possible that finding the corresponding corrections
to the dilatation generator will lead to new insights into this transcendentality pattern.

Wrapping interactions may appear first at four loops also. These interactions do not
contribute at lower orders because supersymmetry relates length-two states to length-four
states. Optimistically, it is possible that the iterative structure of the dilatation generator
corrections would suggest a natural solution for the wrapping interactions. This would be
very useful since the wrapping interactions are less constrained by superficial properties
of Feynman diagrams, and the AdS/CFT Bethe ansatz does not take corrections from
wrapping interactions into account.

More generally, we should note that iterative structures have appeared in other N' =
4 SYM calculations. Planar scattering amplitudes® have iterative structure at two and
three loops [64]. In fact, the gluon amplitudes found in these works depend on the same

function f(g) that was mentioned above in the context of anomalous dimensions®. Also,

SWhile a (spacetime) S-matrix does not make sense for a conformal field theory like N' = 4 SYM, one
can still compute matrix elements between on-shell states.

5This made possible the impressive four-loop test [33] of the proposal for the phase function of the spin
chain S-matrix.
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following Witten’s work relating gauge theory to a string theory in twistor space [65],
recurrence relations between amplitudes involving different numbers of particles have been
found [66]. The two-loop dilatation generator has some qualitative resemblance to this
recursive structure. The 5:2(1) and é(l) are analogous to the three gluon on-shell amplitudes,
and b is similar to a Feynman propagator. Adding to this analogy, just like a (Lorentz scalar
or vector) propagator is a Green’s function satisfying an equation quadratic in momentum,
b satisfies the key equations (3.17) and (3.40), which are quadratic in local spin chain
symmetry generators. From this perspective, since a propagator of an interacting field
theory receives quantum corrections, it would not be surprising if an extension to higher
loops require corrections to h too. It would be wonderful to make a closer link between the
iterative structures of the dilatation generator and scattering amplitudes.

Alternatively, the iterative structure of the two-loop dilatation generator could originate
from a generalization of the result of Rej, Serban, and Staudacher [67]. Up to three loops, the
su(2) sector spin chain matches the strong coupling expansion of a twisted Hubbard model.
This is exciting because the Hubbard model has a simple nearest neighbor Hamiltonian.
While it is now clear that the agreement breaks down beyond three loops, it appears that
it still gives the correct rational part of the anomalous dimension matrix [31] (not including
wrapping contributions). Perhaps it is possible to generalize the Hubbard model proposal
to apply to the psu(1,1|2) sector, to three loops or higher.

As we noted at the end of Chapter 2, the nonlocal symmetry of that chapter should also
continue at higher loops. Similar to the quantum corrections to the Yangian generators of
Chapter 4, we conjecture that the corrections for the bilocal generators involve substituting
the appropriate loop corrections for the psu(1|1)? generators in the expression for the ),

Because the & and Q act on more sites at once at higher orders, explicit calculation would
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be required to find the regularization of their overlap. However, as at leading order, for
cyclic states the J*° would reduce to an ordinary product of the (loop-corrected) psu(1[1)?
generators. Therefore, we conjecture that the loop corrections will also preserve the algebra
of the Y. Since we already have the next-to-leading order corrections for the S and Q,
it will be straightforward to verify this at that order. Furthermore, the study of these
corrections would add yet another constraint for the higher loop contributions to the local
symmetry generators.

In addition to higher loop corrections, there are multiple possible extensions of our
results beyond the psu(1,1]|2) sector. In any larger sector of N' = 4 SYM containing the
psu(1,1|2) sector, the dilatation generator has length-changing interactions. It would be
interesting to see if recursive structure still appears. These length-changing interactions
would also appear in the Yangian generators, and it would make sense to study this first by
extending the su(2|1) Yangian to the dynamic (but still compact) su(2|3) sector. In that
sector, the local symmetry generators only commute up to spin chain gauge transformation.
Therefore, it is likely that the defining Yangian algebra equations (4.44-4.45) will require
even further generalization. We anticipate that the adjoint transformation rule will need
to include commutators with boundary terms, and the Serre relation will need to include
commutators with commutators of boundary terms. In fact, the study of the spin chain
gauge transformations themselves is worth further study, as suggested in [68]. The gauge
transformations should combine with the local symmetry generators to form a very large
algebra. Understanding this algebra would be of great use, since gauge transformations
contribute to the commutators involving the nonlocal charges of Chapters 2 and also would
appear in commutators involving the Yangian charges of dynamic sectors. An understanding

of the gauge transformations might give new clues about corrections needed for h at higher
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orders.

Finally, the infinite-dimensional symmetry of Chapter 2 may have applications even
beyond N/ = 4 SYM. It might be relevant for certain superstring models on AdSs; x S3
or AdSy x S? which also possess psu(1,1|2) symmetry. Further suitable models include
the principal chiral/ WZW model on the group manifold Pféﬁ(l, 1]2) or some of it cosets.
For instance, in some of these cases an additional su(2) and some even larger unexplained
degeneracies were noticed in [69]. It is conceivable that they are of a similar origin as the
ones discussed in Chapter 2.

To conclude, we have developed multiple techniques for studying the diverse symmetries
of N =4 SYM. It is clear that there are many intriguing possibilities for research motivated
by the results of this dissertation. We hope that such research will lead to new insights into

gauge/string duality, and even into QCD.
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Appendix A

The oscillator representation and the
O(g) supercharges

In this appendix we take advantage of a very useful oscillator representation for psu(2,2|4)
and the fields of the N/ =4 SYM spin chain [14,70]. We first review this representation
at leading order. Then, in Section A.2 we present oscillator expressions for the full set of
supersymmetry generators at O(g). We prove that these expressions satisfy the psu(2,2[4)

algebra at O(g) and that they give the unique solution of the symmetry algebra.

A.1 The oscillator representation at leading order

Following [14], we represent the psu(2,2|4) algebra in terms of two sets of bosonic os-
cillators (a®, aL), (b%, bL) with a, & = 1,2 and one set of fermionic oscillator (c?, CL) with

a=1,2,3,4. The nonvanishing commutators take the standard form

[a”, af}] = o5, [bé‘,b;.] =355, " e} =4} (A1)
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Then the psu(2,2|4) generators (at leading order in g) can be written as products of two

oscillators. The Lorentz and R symmetry generators (to all orders in g) are

5= agao‘ — %5§aLaV,
04 — pipd _ Lgapipy
B B 277
Ry = c;;c“ - %(5?0100.
The (classical) dilatation generator counts a and b oscillators,

D=1+ %aLaV + %b];b&,

and the supercharges, translations and boosts are

Qb = alc?, o= cZao‘,

Qap = chZ, G4 = bicb,

By albl, 0wt

Finally, there are two additional u(1) generators that are not part of psu(2,2[4),

(A.2)

(A.3)

(A.5)

The external automorphism % measures hypercharge, which equals 8=~ for the psu(1,1|2)

sector. € is the central charge which must vanish for psu(2,2[4). Therefore, the condition

¢ = 0 will serve as a physicality constraint for states.

Using the commutation relations for the oscillators (A.1), it is straightforward to obtain

the commutation relations for psu(2,2|4), which are satisfied at all orders in ¢g (quantum

corrections deform the generators but not the algebra). The commutators with the Lorentz

and R symmetry generators take the canonical form for su(n), with n = 2, 4. Let Jg be
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one of these su(n) generators, and let K¢ and K¢ be any psu(2,2|4) generator (with one

index suppressed). Then we have,
1 1
[JH, K¢ = —0SKA + 61K, [J5,Kc|=08Kp — —0aKc. (A.6)
n n

Since © counts a and b oscillators (with a factor of %), we see that the supercharges have
dimension :I:%, translations and boosts have dimension +1, and the remaining generators
commute with ©. Similarly, only the supercharges have nonvanishing values (i%) of hy-
percharge. Of course, all of the psu(2,2]4) generators commute with €. The remaining
nonvanishing commutators are a little more involved. Commutators with net nonzero di-
mension are

(6%, Bis] = 699050, [R9F, 934 = 6765,

R T R A (A7)

{Qap, Q53 = 5P, {6“5, S}t = 535%75.

The other commutators have ® and Lorentz and R symmetry generators on the right side,
R Ps5] = 6085 + 5980 + 5360D,
{65,095} = 6,5 + 059 + 50505D,
(6%, 9250} = 5587 — 50y + 15300, (A.8)
The algebra is symmetric under hermitian conjugation, so it is consistent (but not
essential) to require the solution for the quantum-corrected generators to be hermitian.

That is,

Q) =6¢,  (Qu)f = (6%), (Pap)' = 8%, 2 =2. (A.9)

Next, still following [14], we represent the fields of ' =4 SYM (and covariant deriva-

tives) in terms of the oscillators. We introduce the nonphysical vacuum |0), which is anni-
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hilated by a, b, c. Then, fields or states without any covariant derivatives are,

| Fap) ~alall|0),
W) ~alc][0),
[®ap) ~ clich|0),

. 1
52y ~ bl clehel|o),

3!
. 1
\Fap) ~ Escdefbgbgclczlcia |0). (A.10)

We have used tildes since there is freedom in for normalization of these states. To obtain a
generic field composed of arbitrarily many covariant derivatives (in various directions), we

can proceed inductively. For any field X (with or without covariant derivatives), we have
.i.
Dy X) ~ aLbﬁ.|X>. (A.11)

Note that the oscillator representation automatically symmetrizes indices and removes the
trace for products of covariant derivatives, as required for an irreducible representation
Throughout this work we normalize states so that hermitian conjugation simply reverses
initial and final states. To accomplish this, for any n identical oscillators (acting on the
same site) include a factor of 1/v/n!.

As claimed in Section 1.1, it is now clear that the full psu(2,2|4) single-site highest
weight module is given by acting with the psu(2,2|4) (lowering) generators on the highest
weight state @34 = cgcl|0>. The R map the highest weight state to the other @, acting
once or twice with the 9 or Q yield the fermionic fields and field strengths, while repeated
applications of P give all possible (symmetrized and traceless) combinations of covariant
derivatives.

Finally, the fields of the psu(1,1|2) sector are easy to identify using this oscillator for-
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malism. The restrictions (1.33) are equivalent to

L+ 3na+ iny = na, — na, — o Tes + 3(ne, + Ny + Ny ),
1 1 3 1
L+ 5na + 50p = Ny, — N, + Jhes — 5(ney + Ny + ney). (A.12)

Adding the two equations and simplifying we obtain
2L + 2ngy, + 2np, = 2Ny — 2Nc,, (A.13)

where ny is the number of x oscillators. Since the number of any type of oscillator is
nonnegative and because there can be at most one of each type of fermionic oscillator on a
single site (L on a length-L chain), this equation can only be satisfied if the following four
conditions are satisfied,

Nay = Nby, =Ny =0, Ney = L. (A.14)

When these conditions are imposed, the remaining independent condition reduces to
¢ = 0, which is required anyway for physical states. It is now straightforward to apply
the projection of (A.14) to the fields and generators of the full psu(2,2]4) system, and this

yields precisely the fields and generators of the psu(1,1|2) sector described in Section 1.4.

A.2 The supersymmetry generators at O(g)

A.2.1 The solution

At O(g), Q1) and Q(l) have one-site to two-site interactions given by
Qb (1) = H'é M epra¥(1)e(2)el (2)ch(2)Z(2), (A.15)
Qap1)(1) = HeaybT (1)} (2)2(2), (A.16)
where Z inserts a new site without any oscillator excitations,

Z(2)|X) = |X0). (A.17)
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As usual, the full action of these supercharges is given by summing these interactions
homogeneously over the length of the spin chain. H’ acts very similarly to the one-loop
dilatation generator, or the harmonic action H, given in [14]. Following the presentation
given there, we introduce a collective oscillator AL = (aL, bL, c:rl) A general two-site state
is written as

51, 803 A) = AT (s1)... AT} (5,)]00), (A.18)

and the label s; = 1,2 specifies the site on which the k-th oscillator acts. Both H and H’
act on two fields by moving indices between them, and each of them acts in the same way

on all types of oscillators:

/ /
H’Sl,...73n;A> = E Cn,n127n21 501,0502,0 ’817"'78n;A>7

s 58]
1 n

H'[s1,. .., 8n; A) = Z Annramnar 001.0005.0 |81 -+ Shi A). (A.19)
8,8l

The sums go over the sites 1,2 and ¢, 0, dc,,0 project to states where the central charge
at each site is zero, that is states | XY) which satisfy €(1)|XY) = €(2)|XY) = 0. nj2 and
no1 are the number of oscillators that shift from site 1 to 2 or vice versa. The coefficients

(noniome are slightly different than the corresponding ¢y 5,0, of the harmonic action

of [14]!

Criamar = (=172 B(3(n12 4+ na1), 1+ §(n — n12 — na1)),
g = (—1)"' B(3(n12 + na1 + 1), (0 — n12 — no1 + 1)). (A.20)

B is the beta function
I'(p)I'(q)
I'(p+q)

The (—1)'"2 factor is slightly different than the corresponding factor given in [14], but it leads to the
same action because of the central charge projection.

B(p, q) = (A.21)
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Also, the H coeflicients need to be regularized for no hopping as ¢, 00 = h(%n) No
regularization is needed for H’.
As at leading order, Hermitian conjugation gives the remaining supercharges, &y and

6(1). They have two-site to one-site interactions given by

by (1,2) = =00,.0 Z(1,2)epae e al (1)e(2) e (2)c (), (A.22)
& (1,2) = dcy 0 Z(1,2)eb] (1) (2)HT. (A.23)

Z(1,2) removes a (second) site without any oscillator excitations,
2(1,2)|X0) = |X), (A.24)

and annihilates two-site state with any oscillators on the second site. Importantly, H'l first
projects onto € = 0 physical states and then shifts oscillators, so generically it maps physical
states to nonphysical states. The other difference between H’ and its hermitian conjugate
is that nis and ng; are interchanged, which only affects the exponent of the minus sign in
the expression for the coefficients, an n,yno, (A.20).

Substituting the solution for the supercharges in the algebra relations (A.7), one can
compute the O(g) corrections to the 8 and ‘B. However, there are four alternative commu-
tators for any single 8 or & component. Below, we will see that R symmetry guarantees
that these four expressions are equal. Since the dilatation generator receives no corrections

at this order, we have now given the full set of O(g) corrections.

Parity. Since local symmetry generators are parity even, we must check that the expres-
sions for the () and Q(l) satisfy this requirement. Consider the parity-reflected version
of Q(l) (A.16),

PQuuy ()P~ = —Hpe, sb (2)ch (1) 2(1). (A.25)
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Importantly, there is an extra overall minus sign from the parity reversal of Z since there is
a factor of (—1)% in the definition of parity (1.32) (Z(1) — Z(2) is parity even). Examining
the expressions defining H’, we find that its parity-reflected version H’ only differs by
replacing (—1)("21) with (—1)2),

We will prove that this parity reflected supercharge equals the initial supercharge by
showing that the amplitudes for any fixed initial to final state transition are equal. Observe
that the argument of the beta function in the definition of H' (A.20) is symmetric between
the number of oscillators that switch sites and the number that remain at the same site.
Therefore, 5:2(1) and its parity reflection have the same magnitude for any given initial to
final state transition. Furthermore, for Q(l) or its parity reflection, the only oscillator shifts
that can contribute a minus sign are those of the inserted cf. Also for any given initial to
final state transition, the inserted ¢’ must shift for Q(l) or for its parity reflection, but not
for both. It follows that Q(l) and its parity reflection receive opposite sign contributions
from the (—1) exponent factor. This cancels the overall minus of (A.25). We conclude that

the transition amplitudes are the same, completing the proof that the Q(;) are parity even.

A similar proof works for the £y since they also have an odd number of c' insertions.

Discrete symmetry. For later use we observe that there is a discrete symmetry R that
switches a and b and applies a particle-hole transformation to the c. Under R (not to be

confused with fR}), the generators transform as

ngx A roba b Gab’ PBas < Psas R ﬁ'ga»

£5 «— £, Re > —RE, D -9, B — B, (A.26)
Since R maps € to —€, it maps physical states to physical states. The fields transform as

.7:&5 And fag, wab — ng, @ab — %Sadeécd. (A27)
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It is straightforward to check that this symmetry is respected both by the leading order

generators and by the O(g) supersymmetry generators. This will enable a more efficient

check that the supercharges satisfy the algebra.

Alternative representation. We finish this section with an equivalent representation of H’,

which is conceptually simpler. To write this version we order the oscillators by site,

nip n2

H ] AL (2)00) =
i=1j=1
ni no
5¢,.00Ch.0 / 02T 1 (A’f )cos 6+ Al (2)sin 9) (Agj(Q) cos0 — ALy (1)sin 9) 100).
0 i=1j=1

(A.28)

H' integrates over the possible ways to rotate the oscillators collectively between the sites,
and projects onto physical states. Interestingly, there is a similar representation for the
harmonic action H of [14], which gives the complete one-loop dilatation generator. In that
case an integration weight of cot 0 is required, and an additional contribution proportional

to the identity operator is needed for regularization,

ny n2 niy n2
KT AL Q)AL (2)100) = 6c, 00cs.0 / de2cot9{HHAT (2)[00)
i=1j=1 0 i=175=1
niy n2
_ H H (Azi(l) cos + A;i(Z) sin 9) (A%j (2) cosf — ATBj(l) sin@) |00>}.
i=1j=1

(A.29)

The equivalence between these expressions and the previous definitions of H’ and H follows

from the identity

Jus

/02 dd cos® ! 9sin** "1 9 = L B(p, q). (A.30)
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A.2.2 A psu(1,1|2) sector example
Here we use the general solution for the supercharges to compute part of the expressions

for the O(g) supercharges of the psu(1,1]|2) sector, given in Section 2.2.1. We compute

1 t

85 [0 = gy [P 13) = oy s @] (B])"lj0). (A3)

We used (1.66) and (1.46) to transform between the psu(1,1|2) sector notation and the
notation for the full theory, and (A.10-A.11) for the oscillator representation. Applying the

definition of (A.16), and using the commutation relation for the b (A.1), we obtain

A5 [p%) = "' (=b (1)cf(2) )" (bjm)" ehwoo)

1
————(a
nlyn+1 (

Y (aT(n)"H (1&(1))"71 (el (2)/00).  (A.32)
(n—1)/n+1\? ! BV ' '
The minus sign from the first line cancels against the minus sign for switching the order

of the cg. Because of the projection onto physical states included in the definition of H’

(A.19), the only possible final states are

)" (b)) e fo) " (b)) el _
<a1(1)) (b1(1)) ch(1) <a1(2)) <b1(2)> ch(2)(00), m=0,...n—1.

(A.33)
There are two cases of oscillator shifts that we need to consider. If the ¢ are not shifted,
2(n —m) — 1 oscillators are moved from site 1 to site 2, or nja = 2(n —m) — 1. In this case,
na1 = 0. The other possibility is that the ¢! are flipped, and n1s = 2(n—m), ng; = 1. Since
there are a total of 2n+2 oscillators, (A.20) gives B(n—m, m+2) and —B(n—m+1, m+1)
for the two cases. However, the minus sign of the second coefficient is cancelled if we keep
the same ordering of the c as in (A.33) for the final state. Since H’ sums over all possible

shifts of oscillators, we need to include combinatoric factors for choosing which oscillators
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to move. In either case this gives a factor of

(Zii)(”%l>. (A.34)

Putting together all the pieces, we find the states of (A.33) come with a coefficient of

1 n+1\/n-1 B
—(n—l)! n+1<m+1>< m )(B(n—m,m+2)+B(n—m+1,m+1))_
1 (n+1)!(n—1)! <(n—m—1)!(m+1)! N (n—m)!m!)
(n—DIn+1(m+1)!(n—m)ml(n—m—1)! (n+1)! (n+1)!
= vetl (A.35)

(m+ 1)!(n —m)!
Finally, again using (1.46) and (A.10-A.11), we write the final states in terms of the
psu(1,1|2) sector notation for the field ¢(>n),
n—1 ST
T D)i(n—

(m

‘(m! m+1) ((n —m — 1)!@) ’1/}(>m)1/}(>n—m—l)>

é(<1) W’(>n)> =

3
=}

3
—

Al S——ON G
m=0 \/(m + 1)(” - m)

in agreement with (2.34). The remaining calculations to obtain the full action of the Q(l)

, (A.36)

proceed similarly, and then hermitian conjugation can be used to obtain the é(l).

A.2.3 Checking the algebra and uniqueness at O(g)

We will now prove that the solution for the O(g) generators indeed satisfies the psu(2,2|4)
algebra. At the end of the section we will give a concise proof that it is the unique solution,
up to normalization.

We begin with some properties that are essential for the proof. First, H' has the key
property

S0, H']=0 (A.37)
for any classical psu(2,2[4) generator J). The proof of this follows the same proof as

given in [14] for the unprimed H. Although the coefficients are slightly different, the same



131

arguments work because the coefficients still satisfy the essential identities

(n+42,n12,n01 T On42m19,m2142 = Onniamngrs  Gnd2n12,n21 T Ont2,n1242,n21 = Anonyz,ne - (A'38)

Furthermore, with the sign (—1)"2! of the annyym,, (A.19), we find that the J) commute
even when (A.37) is evaluated on arbitrary nonphysical states, such as appear at intermedi-
ate stages of the supercharges’ actions. Therefore, in checking commutators between O(g')
supercharges and classical generators, we can ignore H’'.

Also, Z commutes with all of the classical generators besides the 8 and Q. This is
because any a, b, or ¢ annihilates the inserted (nonphysical) vacuum site.

We now check all of the psu(2,2|4) algebra relations involving a commutator with a .

Commutators with Lorentz and R symmetry generators. Since the Q44(1) do not involve
any a (besides through H'), clearly they commute with the £ as required. The commutators
with £ and 9 are only slightly more involved. The only contribution to the commutators
with the £ comes from the b7 in the expression for de(l). But e45b7 transforms with
a lower Lorentz su(2) index, so these canonical commutators are satisfied. Similarly, the
canonical commutators with 2R are satisfied because the only contributions come from the

cl]; in de(1)~

Commutators with Gg. In this case, we have
{de(l)a Gﬁ(o)} =0, (A.39)

because &) is a product of a and ¢’ which clearly commute with the b and ¢! of de(l).

The discrete R transformation combined with hermitian conjugation then imply
{de(o), 65(1)} =0, (A.40)

so the total commutator at O(g) vanishes as required.
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Commutators with 6; Since there is no contribution to d0 at O(g), from (A.8) we see

that these commutators are required to vanish also. Again, we first observe that
{de(1)7 62(0)} =0, (A41)

because the only possible contribution could come from the G(O) ~ bc acting on the second
site commuted with the CZ(Z) of de(l). However, this vanishes because the b of 6(0)
T

annihilates the second site even after c,(2) acts. Combined with the hermitian conjugate

vanishing commutators, we find

{Qdfh 6(6;}(1) = 07 (A42)

as needed.

Commutators with §. At O(g), these commutation relations (A.7) reduce to
{Qabvﬂg}u) = 5;‘33@5(1)- (A-43)

For e # b, the terms in the commutator either include a c that annihilates the second site
or two identical ¢! that annihilate the second site. Since there is no contribution from
commutators between oscillators acting on the first site, the algebra relations are satisfied
for e # b. Then R symmetry implies that PBs4(1) is uniquely and consistently defined by

(A.43) for any b = e. Therefore, these commutators are satisfied as well.

Commutators between the )'de. These are the most involved relations to check because

the commutator only vanishes up to gauge transformations. The exact relation is

{de,ﬂge}(l) = 6@5(21)6(1) - Zbe(Q))a (A.44)
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where Zy. (i) inserts a @y, on site 2,
Zye(D|X) = [@pe X)), Zpe(2)|X) = | X Bpe). (A.45)

To show this it will be sufficient to check one commutator with b # e and ¢ # §, because £

and R symmetry then imply all of the remaining commutators. So we will verify that
{Q11, Qas} (1) = Z12(1) — Z12(2). (A.46)
1)

Furthermore, since {le,ﬁgl}(l) vanishes by inspection, R symmetry implies that

{Qm, Qgg}(l) vanishes. Therefore, 2% commutes with the left side (and right side) of (A.46).
It follows that we can check (A.46) on (physical) states without b; (any state with bg can
be obtained by acting with 2% which preserves (A.46)). Similarly, since £ clearly commutes
with both sides of (A.46), we only need to check states without any ag. Applying this type
of argument a third time, now using &g, we conclude that it is sufficient to check (A.46)

on states of the form

(D" 20D
N e (A.47)

where we use the same notation as for the psu(l,1]|2) sector, with the superscript (n)
corresponding to DY;. Before proceeding with the calculation we introduce notation for the

other fields we will encounter,

m, _ (a)+(b]) e (n)\ _
|¢11 > - n'\/m ‘O> |¢12 > -

( ) (bT) C1C2|O>

(a)" ! (bi)"es
nlvn +1 ’
( )n+1(bT)n leCQ

My — Uy — A.48
o43) n! ) = T = (A
Next we give the relevant leading order supercharge actions,
Q (n+1) Q (n) (n+1)
11(0)|FL Dy =V + 1|t 1(0)|19") = Vn+ 1o, ),
: (n) (n+1,1)
Q22(0)|f11 > W)l >a (A-49)

20f course, Zpe vanishes for b = e.
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and relevant ones at O(g),

n—1
: n+2)(m+1) (m) , (n—m—1) (n—m—1) (m)
Q Fy = F, — F. ,
220) |17 %MHWH)(”_W( v ) e AT)
n—1
: n v —m n 1—m) (n—1—m) ,(m)
Qoo 0iY) = ({5 ) — | )
(1)1'%11 — \/(n+1)( ) 12 11 11 12
n—1
m+1 m n—m— n—m-— m
-3 (i ety ™) + ey Vel),

m=0 \/(n + 1)(” - m)

-1

NG H")(; — — (165 757 — 175 el5))
1

— Vn—m
' \/n(n +1)(m+1)

3

Q11(1)W§Z’1)> =

m=

S o

(el ™) + s D)) . (A50)

Now we are ready to check the commutator of 9 explicitly, using (A.49-A.50). We
compute the two O(g) contributions separately. First, since 5311(1) annihilates \.7-"1(711)) we

find

{Q11(1)71§22(0)}171(? ) = Q11(1)W17Hrl by

m=0 \/(n+ D(n+2)(n—m+2) 12 711 11 12
vn—m+1

(el ™) + ™))

\/(n+ D(n+2)(m+1)
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The second contribution is

{Q11(0),sz(1)}|f1(7f)> = \/mQQZ(l)’w§?+l)>

n+ 2)(m + ) n m—1)
+mzzo\/n—|—1 )(m+2)(n m) |]:11 )
n—1
(n+2)(m+1) : (n—m—1) ~(m)
g%¢n+1nﬂ2ﬂ 7mammm2 Fi1”)

= 3 T IO ) 1)

; 1 n—m n—m m
g;¢nﬁ;”m+))whwm )+ )

: m n—m n—m)
* \/ (n+1)( (711-)1-( ) )(Wn ™) + [yl (my)
m=0
1\/n+1 n—m+2)(‘ 1ol — 1ol FIT).

S

+

We have changed the summation variables for the last two lines to make it easier to collect

terms. We find that the two contributions almost completely cancel, with the final result
{0, 9} () |FY) = 63 7Y - 1761, (A.51)
in agreement with (A.46). It follows that the commutators between Q also satisfy the
algebra, though the restriction to cyclic spin chain states is necessary.
Using hermitian conjugation and the discrete R symmetry, we conclude that all algebra
relations except those involving commutators with the 3 or K are satisfied. However,

these last relations are also satisfied because we can write 8 and & as commutators of

supercharges. This completes the proof that the solution satisfies the psu(2,2|4) algebra at

O(g)-

Uniqueness We will prove that the action of Q14(1) is fixed by symmetry and constraints
from the basic structure of Feynman diagrams. Then hermitian conjugation, discrete R

symmetry, and closure of the algebra imply that the full O(g) solution is unique.
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First we show that at O(g) Q and Q must have only one-site to two-site interactions,
and & and & must have two-site to one-site interactions. Since a total of three sites
are involved in O(g) interactions, and using symmetry under hermitian conjugation, it
suffices to show that 9y and Q(l) cannot have two-site to one-site interactions. For these
interactions, Lorentz and SR symmetry, the conservation of classical dimension of generators,
and the central charge constraint would require the supercharges to insert or remove at
least one su(2)-singlet combination of a or b (i.e. 5a5agag). However, such antisymmetric
combinations of bosonic oscillators necessarily vanish because there is only one final site

(e*%al,(1)afy(1) = 0).

It follows immediately that the supercharges satisfy

{Q0). 60} = {Q0): 61y} = {201). 60y} = {Q0), &1y} = 0, (A.52)

since the one-site to two-site and two-site to one-site contributions must vanish separately.

Next, we need the following elegant result of Beisert. In [41], he used the fermionic s[(2)
sector to show that the action of Q14(1) on the |Dg,Wq) for all nonnegative n is uniquely
fixed by symmetry, up to normalization. Now, £ and 2% must commute with Q14(1). Also,
from the previous discussion we know that &) and 6(0) commute with Q14(1). Using this
set of generators that commute with Q14(1), we can map the set of |Dg,Wa) to the full set
of single-site states. Therefore, the action of Q14(1) on all fields is fixed uniquely. As we
noted at the beginning of this section, it then follows that the full O(g) solution for the

psu(2,2[4) generators is unique up to normalization?.

31f we do not require a hermitian solution, there is freedom for two normalization constants: one for the
positive dimension supercharges and one for the negative dimension supercharges.
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Appendix B

Multilinear operators

In this appendix we list some relevant multilinear operators for the psu(1,1|2) symmetry
algebra. These include the quadratic Casimir invariant, but also an interesting triplet of
cubic operators. We then show that the cubic operators satisfy the same algebra as the )

and can be used to deform the Y% while preserving this algebra.

B.1 Quadratic invariants
It is straightforward to construct the quadratic Casimir for the maximally extended
psu(1,1|2) algebra
3% = 26p£0aBC? + £e£daRPR? — 25,2503 F7° — Cadepee QP QY. (B.1)

For the algebra without central extensions, €%° = 0, the first term simply drops out. The
centrally extended algebra without outer automorphism, on the other hand, does not have
a quadratic invariant because the first term is important, but it requires B°°.

For the maximally extended psu(1]1)? the quadratic Casimir operator reads

32 = gbcgba{%aha é:cb} + {917 @} - Eab[éav éh] (B2)
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In the combined algebra of psu(1,1|2) and psu(1|1)? with identified outer automorphisms

B — B 450 the central charges have to be identified, €% = ¢ in order for a quadratic
invariant to exist. This invariant is the sum of (B.1) and (B.2) but with the first term in
both expressions appearing only once.

Of course, other invariant quadratic generators include the quadratic combinations of

the central charges

€2 = £pc0aC0ER, 02 = £pc0alPE?, D2, (B.3)

B.2 A triplet of cubic psu(1,1|2) invariants

Curiously, there exist three cubic psu(1,1[2) invariants (33)* = (3%)®® for the algebra

without central extensions, €% = 0,

(33) ab _ EcegdhEchdQeCthLb + gehg’ycg&ﬁ'yéﬂeﬁaﬂmb (B.4)

+ gdegfc%abmcdmef o 5655§7§Bab3753€< . 5cf55n52b%ab965egfnb-

They transform as a triplet under 8 and commute with the psu(1, 1/2) algebra. These cubic
generators are important for the multiplet structure in the algebra with the outer automor-
phism. For a multiplet of the extended algebra, the highest weight states of psu(1,1|2)
form a multiplet of su(2). To move about in this multiplet one cannot simply use the su(2)
generators B because they do not commute with psu(1,1|2). Instead, the cubic generators
map between highest weight states of psu(1,1]2), i.e. they can be understood as su(2) ladder

generators.
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B.3 A one-parameter deformation of the Y

First we show that the (J%)%° generate the same algebra as the Y. We define,

(33) ab _ EcegdhECL%CdﬂecthLb + gehaycg&ﬁ'yégeqaﬂmb. (B.5)

Then (3%)% gives the difference between (3%)® and the product of %% and the quadratic
Casimir (with €% = 0),

(33)ub — (33)11[) + 32%&1. (B.G)

Now, (3%)% commutes with ordinary psu(1,1]2) generators, and the J° are products of
ordinary psu(1,1|2) generators only. Therefore, the commutator of two nonidentical J*

generators yields simply a product of the quadratic Casimir and a J2,
[(3%)%, (3%)7] = eF2(F*)™ — @F2(3%) . (B.7)

From this, it is straightforward to obtain the entire algebra generated by the cubic invariants.

Define (33)% = B and

3H® = (3" @, n>1 (B.8)

(@)™, B = e Fgn)™ = €™ (@Fnan)™- (B.9)

For n or m equal to 0, this algebra is satisfied since the quadratic Casimir commutes even

with 8%, Assuming n and m are greater than 0, we substitute the definition (B.8) to
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obtain

(32)n+m72 [(33)(1[1’ (33)@}

ECB (32)”""7”_1 (33)@ _ €ab (32)”""7”—1 (33)&!

= e @m)® — e @)™, (B.10)

as required. We used the vanishing commutator between J2 and (J3)°, and (B.7). It is
interesting that the role of the quadratic Casimir operator here resembles that of D in the
Y algebra for cyclic states above (2.69).

We are now ready to present the deformation of the Y% which we label j)A)fl‘b. We
parameterize the deformation with a. 5)6“’ is still given by 8%, but all other generators

become
n—1 n
VR =a"(3)0+ ) o/”( > @) Vi, n>1. (B.11)
m
m=0

Again, the algebra relations take the same form,
yab Yye0] . _cbyyad _adyich B.12
[ym?yn]_g m+n € ym—f—n' ( . )

The commutators with n or m equal to zero are again satisfied because J? commutes with
B In order to check the relations with m = 1, we need the commutators between the
(32)% and the Yf°. The vanishing commutator between the ) and the ordinary psu(1,1|2)

generators implies

[yilb’ (33)@] —_ 32 (5beim _ Eabylcb> ’ [(SS)ab’ylcb] —_ 32 (5“’)2{‘3 _ Eabylcb> ’

[ylab’ (3%>ca] — (32)” (gcby{w _ gabylcb> 7 [(32)‘1[173)1@] —_ (32)” (ngny _ gabylcb> ) (B.13)

Now we expand the left side of the relations (B.12) with m = 1 using (B.11). We simplify
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using (B.13) and the algebras of the (J2)% and of the Y9°,

RSN a”[y“" @)+ @ @)™, (@)
S )( V% (02)" Dl + 0l () V)
= al'e “’( 2 I = a”e™ ()" V0P (3,0) " — o T ()
S (1) G (9 )
" Z am+1< ) (3" (VR — <2V

n+1_cb/~
a" e (3,

n+1
0 (U ) @) (R )

= E‘b o — eV (B.14)

)ab . an—l—lsub(f»

3 b
\jn—i-l)c

We combined terms to reach the second-to-last expression, and substituted the definition
(B.11) for the last line. The calculation proceeds in parallel for (B.12) with n = 1. Since
this algebra’s Serre relations are the level three equations, which have n or m equal to one,

it follows that (B.12) is satisfied.
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Appendix C

Symmetries of the bilocal generators Y

In this appendix, we prove that the }*® commute with the psu(1,1|2) generators, in-
cluding the one-loop dilatation generator. The proofs can be modified straightforwardly to
show the same for X.

As in Chapter 2, since we work only at leading order the psu(1, 1|2) generators £, J are

truncated at O(g°) and the psu(1]1)? generators Q,S only act with 5:2(1), é(l).

C.1 psu(l,1|2) invariance

We now prove that %° commutes with the classical psu(1, 1|2) generators. It is sufficient
to prove that the commutator with the £ vanish since the £ generate the complete algebra.
Furthermore, using B symmetry, it is sufficient to prove this for Y<<. Now, Q%< commute
exactly with the 0< and é<, so it is clear that these commutators vanish. However, it is

nontrivial to show that the Q97> commute with Y<<, since they only commute with Q<
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up to a gauge transformation (2.45)

0y _ i”b|(;s§f))x> = 7%(2) — Z%(1). (C.1)

{Qa+>,5§<}’X> — \/§

6ab
—|X
\/5\ ¢
Again we use the notation Z%(i) for the insertion of a bosonic field at a new site between
the original sites ¢ and ¢ + 1. It will be useful to note that we can use U to change the site

indices of any generator that acts on site ¢ and any number of following sites,
X(i+1..)=Ux@.. u. (C.2)

We are now ready to check the commutator directly. We use that the Q%> still commute

exactly with &< and apply (C.1) and (C.2),

L-1L+1 P o ) ‘
QU7 Y=Y (- SR - W T S (L2 U (21 ~ 20U
=0 i=0
L—1L+1 5 5 o ‘ ‘
=Y a- 1270 - %)w—l S<(1,2)U’ Z*(1)U ™
7=0 =0
L—1L+1 5 Y
_ Z Z(l _ 12:0 _ %)u(jﬂ)—(iﬂ) &<(1,2) U zo(1y~ G+
7=0 =0
L—1L+1 5 5 o ‘ ‘
=S~ ;0 - %)w—z S<(1,2)U’ Z*(1)U ™
7=0 =0
L L+2 5 5 o ' '
-S> Ya- 71 - %)w-z S<(1,2)U' 241U (C.3)
j=1i=1

We shifted summation variables to obtain the last line, i — (i + 1) and
j — (4 +1). Since the chain is of length L initially and after the application of the

commutator, j = L is equivalent to j = 0. Now we can combine the two lines (being careful
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with the different ranges for i) and simplify,

L—1L+2 Sio 0i s
Q7 Y =3 0N (= =2 = = =) — (1= 2 —
parfar 2 2 2 2

x UITTE<(1,2) U Z‘a(1)u—j]

L—-1

1 o
> @SS (1,2)U Z° (U + U §7(1,2) 2 (1)U
7=0

[\D

— WSS, 22U Z VU — U S(1,2) ZH (1)U
L—-1
L—u ) WU S 1,2 U 29(1) + 6<(1,2) 26 (1)U, (CA)

J=0

To reach the middle expressions, we used that the length of the chain is L + 1 after Z¢

acts. The expression in parenthesis inside the sum in the last line gives a chain derivative

by parity. To see this, we write the chain with site 0 = L first

UTTE<(1,2)U Z°(1) + 65(1,2) Z°(1))|Yo Y1 Ya...) =

ab

e
AU DYool ViYs. . )+ 6<(L,2) Yo ¢l Vi V2. ) =

(C.5)

ab

5 )+ 6512V 0 Vi Ya .. ).

—&<(0,1)|3"V V1 Ya. ..

We used parity to reach the last line. Since this term acts homogeneously on the chain, the

first and second terms cancel.
The proof for the Q%2 is similar. They only commute with S< up to the gauge

transformations (2.45)

(97>, 61X ) = - f|X> —7%(2),

% 1 X) = Z%(1).

(97>, 65}y X) = 7 (C.6)

Here we have defined Z%(i). Since the Q%> commute exactly with the Q<, again using
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(C.2) to shift site indices we find

90>y =% Y- 530 = ‘%%)uj‘i (2(1) = Z*@)u' Q= (U

A~ A~

L-1
=t jz:%uj(u 29U Q<) + 29 Q<) (C)

Again, the term in parenthesis is a chain derivative by parity. This completes the proof
that the Q commute with Y<<. It follows by B and psu(1,1|2) symmetry that the )%
commute with all of the classical psu(1,1|2) generators.

It is clear from the above proof that X' (2.67) also commutes with the classical psu(1, 1|2)

generators, since the bilocal product of < and Q> (or 6> and Q<) by itself commutes.

C.2 Conservation

To prove that the ) commute with the Hamiltonian, ’}5, we first need to consider how

the psu(1]1)? generators commute with the Hamiltonian. Locally, we have

~

D = {Q°,6”} + chain derivative,
= —{Q”,5<} + chain derivative,

= 165 + chain derivative. (C.8)

Here “locally” refers to the interactions that are summed over the length of the chain. For
instance, the local expression for the one-loop commutators expand as one-site to one-site

and two-site to two-site interactions,

~

{9, 6% = (&°(1,2)Q%1)) + (Q%(1)&°(1,2) + &°(2,3)Q%1) + &°(1,2)9%2)).  (C.9)

The term inside the first parenthesis is one-site to one-site, and the remaining terms are

two-site to two-site. As explained in Section 2.2.2, a chain derivative summed over the
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length of a periodic chain gives zero, so when we commute Y% with the Hamiltonian, we
can use any of the equivalent forms in (C.8) as long as each one acts homogeneously on
the chain. We will use this freedom to always commute any psu(1,1)? generator with the
commutator in (C.8) that involving the same generator. Therefore, it will be convenient to

define

Dy, = {é<,é>}

Dp=—{9, 6. (C.10)

Furthermore, the ®; and ® g split into local one-site to one-site and two-site to two-site
interactions (C.9). Then we have the exact local equalities only involving the two-site to

two-site interactions of ©; and Dp,

[é<(i)7©ﬂ = cA|<(Z - 17i) - El<(i7i + 1)7
197 (6), D] = 47 (i — 1,4) — 7 (4,0 + 1),
G<(i—1,i) = Q<) — 1,i) —Dp(i — 1,4)Q< (%)

0 (i —1,1) = Q> ()Dr(i — 1,i) — Dr(i — 1,)Q7 (). (C.11)

Note that §(i,7 + 1) is a two-site to three-site interaction, with final sites (i,7 + 1,7 + 2).
These equalities can be shown easily by expanding ®; and ®p and using the fact that

(Qc‘)2 = 0 is even satisfied on a one-site chain:

(Q%1) +29%2))Q%1) =0 (no sum). (C.12)
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Similarly, we have
[6<(i,i+1),Dp] =86(i — 1,i,i+1) —§<(i,i + 1,i+ 2),
(6> (i,i+1),D] =867 (i —1,i,i+1) — 7 (i,i+1,i +2),
S<(i—1,i,i+1)=6%(i,i+1)Dr(i —1,i) —Dg(i — 1,1)6<(i,i + 1)
7 (i—1,0,i+1)=6(i,i+ 1)Dp(i —1,i) —Dp(i — 1,i)6>(i,i +1).  (C.13)

5(i,7+ 1,7+ 2) is a three-site to two-site interaction, with final sites (7,7 + 1). Now, using

these commutation relations, and the identities that follow from (C.2)

§%(i — 1,4) =U "1 q%4,i + 1)U,

89(i— 1,00 +1) =U1 8%, i+ 1,0+ 2) U, (C.14)
we find
L—-1L+1 o A
Y= ) - %)W‘Z (5%(0,1,2) — %(1,2,3)) U Q° (1)U~
7=0 =0
L— 1L+1 o ' .
%)uw &L, 20U (§°(0,1) — §°(1, 2)) U
7=0 i= 0
— 1 b —14 S b o
=—50- Zw 3) Q°(1) + U151, 2,3) U Q (1)U
1 _ ~ i
+50 ZW §0(1,2) + UGS (1L, DU LG, 2U . (C.15)

To complete the proof, we will now show that this vanishes since it is a homogeneous sum

of a chain derivative. Equivalently,
S%(1,2) §°(1,2)+U &1, 2) U §°(1,2) —5%(1, 2,3) Q°(1) — U 5%(1, 2, 3) U Q°(1), (C.16)

acts as a chain derivative on sites 1 and 2.
First we simplify the first term. For simplicity, we consider the (<<) component. By

definition and using the two-site to two-site interactions of the defining commutator of O,
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(C.10), we have

§5(1,2) = 9°(2)9.(1,2) - D1(1,2)Q%(2)

~ ~ ~ A~

= 0<(2)Q°(1)67(1,2) + Q<(2)67(1,2)Q°(2) + Q<(2)67(2,3)Q<(1)
- 9°(1)67(1,2)Q°(2) — 67(1,2)Q°(2)Q<(2) — 67(2,3)Q(1)Q<(2).
(C.17)

Now, in the second term of the last expression (on the second-to-last line), we can switch
the order of Q<(2) and 6<(1,2) (with a minus sign) since these two operators do not act
on any shared sites, but being careful with site indices, we must use {2<(3) instead. Then,
by the identity (C.12) that 92 = 0 even on one site, we find that the second term and the

fifth term cancel, and we are left with the simpler expression
0<(2)9%(1)67(1,2)+9%(2)67(2,3)Q%(1)-9%(1)67(1,2)Q%(2) -6 (2,3)Q~(1)Q<(2).
(C.18)
Now the first two terms of (C.16) can be written as
6<(1,2)45(1,2) + 65(2,3) (1, 2). (C.19)
The contributions from the first term of (C.18) cancel using (C.12) and the identity?
(6<(1,2) Q<(1) - 6<(2,3) Q<(2))Q<(1) =0 (C.20)
So we are left with the following six terms for (C.19) (the first two terms of (C.16))

6<(1,2)Q%(2)67(2,3)Q<(1) — 6<(1,2)Q<(1)6>(1,2)Q<(2) —

6<(1,2)67(2,3)Q°(1)Q<(2) + 6<(2,3)2<(2)67(2,3)Q<(1) —

6<(2,3)Q°(1)6>(1,2)Q°(2) — 65(2,3)6>(2,3)Q<(1)Q<(2). (C.21)

!This identity can be proved without too much difficulty. The second term is minus the parity image of
the first term, so one just needs to check that the first term is parity even. This can be done with a short
computation because, by B charge conservation, the only possible interactions are ~ |1)<) — |¢>1)s).
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Similar steps can be used for the last two terms of (C.16). We find

~

6<(2,3)Q7(1)6%(1,2)Q%(1) + 6<(2,3)6<(1,2)Q” (2)Q~(1) —
6<(1,2)Q”(2)6%(2,3)Q%(1) + 65(2,3)Q” (1)6~(1,2)Q%(2) +
6<(2,3)6<(1,2)Q7 (2)Q°(2) — 6°(1,2)Q” (2)6<(2, 3)Q<(2). (C.22)
Recall that we need to show that (C.16) is a gauge transformation. (C.16) is the sum of
(C.21) and (C.22). At this point, it is necessary to explicitly expand these terms as a sum

of interactions. However, we can use discrete symmetries to greatly reduce the amount of

computation. Under the discrete transformation R that acts as?

RSy = [0, Rty = [0, RIe™) = o), RlgSY) = —[¢"),  (C.23)

the supercharges transform as
RO“R'=-Q>, RG6<R7!'=6", (C.24)

as can be confirmed by examining the expressions for the psu(1]1)? generators (2.34). Then
under the combined operation

X - RX'R™!, (C.25)

(C.21) transforms into minus (C.22) (term by term). Also, (C.21) and (C.22) are both
parity odd. Using these discrete symmetries, as well as & symmetry and conservation of 8

charge, one can infer the complete action of (C.16) by computing the following four types

2This transformation is similar but different from the discrete R transformation presented in Appendix A.
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of interactions:

n+m—1
’¢§n)¢gm)>_> Z f1(n,m,k)|¢(>k)¢(>n+m_k_l)>7
k=0
n+m n—+m
\ﬁbgn) (<m)>—>z f2(n,m7k)|¢§k)¢(>n+mfk)> + f3(n,m, k) Z \¢§)¢§"+m*k)>,
k=0 k=0
n+m
W)= 3" fa(n,m, k)Gl (C.26)
k=0

Completing this still lengthy computation, and applying the known symmetries, we find
that the << component of (C.16) is given by the chain derivative X <<(1) — X<<(2), where

the only nonvanishing action of X << is

n 2 n
XS = W) (C.27)

Therefore, the << component of the commutator with the Hamiltonian vanishes on periodic
states, and by B symmetry the Y commute with 9.

Analogous steps to those above can be used to show that X also commutes with the
Hamiltonian. However, we have only computed (via Mathematica) the two-site to two-site
interactions in this case up to five excitations. That computation was consistent with the
commutator being a chain derivative, but another lengthy computation is needed to com-

plete the proof in this case (the five-excitation computation is extremely strong evidence).
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Appendix D

Identities involving b

In this appendix we prove the essential identities (3.17) and (3.40) for the proof that
the symmetry algebra is satisfied at O(g?) and O(g?).

Recall that (3.17) was

1 1 1
{!20,4-6 [53(0) 7[]]} 2 ac%bb 2€b0%ac ZEGCEbDE,
1 1 1
{53(1 b [ﬁ:lc-i-D’ h]} 5 ac%ba 2650%110 Zgacgba 2 (Dl)

By % and R symmetry it is sufficient to check each equation for one case where all the

indices of one supercharge are opposite those of the others. We will show that

1 1 1
14+< _tep<> | tepl2 b
(915519578} = —5B< + w12 - 2 (D2)

The proof for a case of the second identity in (D.1) follows the same steps, or hermitian

conjugation can be used. We first compute using (1.61) and (3.2)

(27, b][¢5”) = <n+1>92 Zlee) + v+ 107 blef)

n 1 n
= b+ DV 167160} + sh(m)va - 16716{")

_ 1 > .(n)
=5 rHéalefn )- (D.3)



152

The commutator vanishes when acting on bosonic fields,

[, blleg) =0 (D.4)

since in this case b gives h(n) for both terms of the commutator.
It follows that the left side of (D.2) is only nonzero when acting on |@ZJ(>H)> (since [Q?&f, b]

acts nontrivially) or |¢§n)> (since Q%&f maps it to |1/)(>n)>) So we compute

{9 1957 L") = —5——= 9i 101"} + 197 1 <957)

2\/
5|w>" ). (D.5)

Since the eigenvalue B<~ of |¢(>n)> is 1/2 and B<~ of ]1/1(<n)> is —1/2 by (1.62), it follows
that the identity (D.2) is satisfied on fermionic fields (recall that £ counts the length of a

spin chain, so it gives one on a one-site state).

For |¢1) we find

{Ql = 1927, 01 o) = Vo + 1[92, bllwl”)

L (n
= 5161, (D.6)

From (1.48) we see that the eigenvalue R'? of \qﬁgn)) is 1/2 and R'? of \qﬁ&n)) is —1/2, so
(D.2) is also satisfied on bosonic fields, completing the proof.
We now prove (3.40), which states that the following one-site to two-site commutator

vanishes,
195, 1925, b1} (D7)

as does its hermitian conjugate. By 6 and PR symmetry, it is sufficient to check the case
a = > and b = 2. Then, the left side could be nonzero only on |¢(>n)>, since that is the only

flavor on which [Q(o) , b] acts nontrivially, and Q> never inserts a |1/1> ). To complete the
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proof, we use (2.34) and (D.3) to check that the action on |w(>n)> vanishes,

(87, 10287 L) = —5 o= S ")
wa—ﬂ (955, bl &
Z\/m ol

S ET
:kzﬂzﬁm‘w n 1- k)>
:Z:wnflﬁ”’ <)
—sz\w )
ZQ\/ﬁM o)

=0.

nlk:)>

nlk)>
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Appendix E

@ (g?) supercharge commutators

Here we prove two essential relations satisfied by the O(g*) solution (3.64), beginning
with

{Q'<,9'*<}, =0 (E.1)

Expanding and substituting the solution (3.64) we obtain

{7, ) = 20905 Q0™ + 1957 257
— 4{0l< 167, 195, 1205 1) — {2k, [24 .1}
(ol 2l
= —H{S): [0 (95, (2™ 0 +2{2 7. 96))
=460, {5, Q5 1 [ bl +2{955, 95} (E2)
To reach the third equality we used the O(g) and O(g?) algebra relations, and the last
equality follows from the O(g®) algebra and the nilpotent identity (3.35). Using the alter-

native expression for the O(g?) supercharge correction (3.63) and the observation (3.44) we
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find

{Q%$<7Q%$<} = _{é(>1)7 [{Q%$<7fl(<1 } [Ql+<7 h]]} + {6 1)7 [Q< {Q1+< [Qg$<7 h]}]}

(E.3)
With the previous result, this implies that we need to show
{905,951 [0 5.0l = ~[95), (9% 12} <. 0} (E4)

We first simplify the left side. Using the second expression for ¢ in (3.3) we have yet

another expression for 9(y),
Q< — (95467 1950 - (65, 197,125 <, b)), (E5)
This implies
(95,955 = (95,65 197 [9<. 0]} ]}
= {é(<1)7 [Qé)v {55(>1)7 [Q?$<7 h]H}? (E6)
where we have also used (3.35). Now, we must have
{19k <5, [k <. b]} = 0, (E.7)

since there is no one-site interaction which has both R and B charge equal to one. Using
this and (3.35) again, as well as the special identity we needed for the O(g?) proof (3.40),

we obtain

[{Ql+< Q(l)} [Q%$<7 h]] [ (1) [{Q< [ %(—)S<’ b]}’ {QZ)’ [Q?J)_<7 h]}“ (ES)



156

Next we simplify the right side of (E.4) using the alternative expression for the O(g?)
solution (3.63), (E.7), the nilpotent identity (3.33), and (3.40) and its B “descendant”
(3.73).
(955, 19555, B1} = —[95, 1% <, 0]} {67, [9<, 0]}
— (95 [, 0]), {65, [ b])]

— {65, 197 1905 =, 3. 192577 B} (E.9)
It follows, after again using (3.33), that
85 (2L 19155 011 = 195, {65, {AG, 1955, b1}, 195 b))
— 65 {90 {95, [95 <. 01}, [9% b))
= 67, Q5 12455 01, 197, [0 o). (E.10)

Comparing this final expression for the right side of (E.4) with (E.8) for the left side, we

see that they are equal by the special identity (3.69), which completes the proof that
{Q'*t<, Q" <}, =o0. (E.11)
We now prove that
{Q1+<7Q27>}(4) = _%5’}3(4). (E.12)

Expanding the left side we have,

{Q1+<,Q2_>}( = {Ql+< Q(o) b+ {Q%2+)<,522 Y+ {Q1+< 9(4)
— 2167 {25, [ 01,9357} - 9454 28
1906957
20l 107 {8, 192, BV} + {9l 1977}

(E.13)
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We first simplify the second term of the second line.

1 _ 1 _
_5{[Q%$<7F]7Q?0)>} == [{Dl+< Q(o) }7?} + §{Q%$<, [Q?O)>,I]}
1 _

We repeat for the last term of (E.13) and then apply our observation from O(g?) (3.24),

1 _ _
ST 977 ) = Sk 2% 7)) - (ol 9%

l\’)\i—l M\H

[{Q1+< QQ >} ?] {Q1+< Q(Q) (E.15)

Combing these simplified expressions, we find that the second, third and fifth terms of the

last expression of (E.13) cancel. The first term contributes

2([67, 105, %55, 01}, 957} = 2067, {95 (195<, 5], 957 })]
[ {Q 3)’%<>_m12+§}]
= —{&4), 95}, (E.16)
with the second equality following from (3.17). Similarly, the second-to-last term gives
204, 195,167,927 b))} = —195, 673 1 (E17)
Combining these last two expressions, we find

_ fe A 1
{27, 2°7} ) = {92567}y = —559(4)7 (E.18)

as needed.
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