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Abstract: In the current study, we investigate the possible existence of new wormhole solutions
within f(Q) gravity by using the conformal symmetry, where Q is a non-metricity scalar. Modified
versions of field equations within the scope of conformal symmetry with an anisotropic source of
matter are calculated using the variational approach. We consider two distinct approaches, namely
the linear equation of state and traceless fluid, in order to determine the exact form of the shape
function for wormhole geometry. In the context of the f(Q) modified theory of gravity, we present a
set of exact solutions for describing the existence of a relativistic wormhole. Further, the presence of
dark matter is checked through make a use of energy conditions. In conclusion, it is interesting to
mention that the presence of exotic matter is confirmed for both approaches, such as linear equation
of state and traceless fluid.

Keywords: wormhole; exotic matter; f(Q) gravity; energy conditions

1. Introduction

Wormhole research has recently emerged as one of the most attractive areas of modern
astronomy. Due to the wormhole’s distinctive geometric structure, it has captivated the
interest of many scientists across the globe. Flamm [1], a pioneer, proposed the concept
of this hypothetical structure in 1916. Einstein and Rosen [2] proposed a bridge-like
structure, now known as the Einstein—Rosen bridge, to stabilize the Flamm idea. Later,
the mathematically derived form by Morris and Thorne [3] confirmed that the wormhole
was humanly traversable because the structure disproved the existence of an event horizon.
Topological structures of this type violate energy conditions, specifically the null energy
condition (NEC). As a result, in order to achieve wormhole traversability in the realm of
GR, a specific type of hypothetical fluid disobeying NEC is required (as ordinary matter
agrees with the known laws of physics). In the framework of GR, the wormhole facilitated
with non-hypothetical fluid cannot be formulated. Accordingly, numerous endeavors took
place to reduce the usage of exotic matter [4-11]. The exotic matter problem, on the other
hand, was adequately addressed by modified theories. In modified teleparallel gravity that
obeys energy conditions, Bohmer et al. [12] constructed wormhole structures with specific
redshift and shape functions. Lobo and Oliveira [13] investigated traversable wormhole
geometries in the background of f(R) gravity. Capozziello et al. [14-21] investigated the
different structures of wormholes in extended theories of gravity. Recently, Capozziello
and his coauthor Nisha [22] explored the non-local gravity to obtaining new stable and
traversable wormhole structures.

The f(Q) gravity is a newly proposed non-metricity-based modified gravity pre-
sented by Jimenez et al. [23], where the non-metricity scalar Q drives the gravitational
field. Though it has been recently proposed, many intriguing works can be seen, such

Symmetry 2023, 15, 859. https:/ /doi.org/10.3390/sym15040859

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym15040859
https://doi.org/10.3390/sym15040859
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-4715-6048
https://orcid.org/0000-0002-1540-1216
https://orcid.org/0000-0002-1174-6110
https://doi.org/10.3390/sym15040859
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym15040859?type=check_update&version=1

Symmetry 2023, 15, 859

20f13

as energy conditions [24], the signature of f(Q) gravity [25], covariant formulation [26],
etc. Furthermore, it has successfully experienced different background and perturbation
observational data such as the Cosmic Microwave Background (CMB), Supernovae type Ia
(SNIa), Baryonic Acoustic Oscillations (BAO), etc., [27-30], and this conflict confirms that
the non-metricity Q could challenge the ACDM model [31]. Moreover, in [32], Harko et al.
have discussed the coupling matter in modified f(Q) gravity. Further, the growth index
of matter perturbations has been investigated in [33]. Furthermore, Solanki et al. have
investigated the accelerating expansion of the universe [34] and state-finder analysis [35]
in the context of f(Q) gravity. Moreover, we could also see the effect of f(Q) gravity in
astrophysical contexts. The idea of spherically symmetric static black hole solutions in f(Q)
gravity has been studied in [36]. The evolution of primordial black holes in f(Q) gravity
with non-linear EoS has also been investigated in [37]. Lin and Zhai [38] have examined
the application of the spherically symmetric configurations in f(Q) gravity by considering
the quadratic f(Q) = Q + Q? model. Later, the authors of Ref. [39] studied the static and
spherically symmetric solutions with anisotropic fluid for general f(Q) gravity. Further-
more, Mustafa et al. have obtained wormhole solutions from Karmarkar conditions in f(Q)
gravity [40]. They provide the possibility of acquiring traversable wormholes fulfilling
the energy conditions. Recently, a class of static spherically symmetric vacuum solutions
in f(Q) gravity have been discussed in [41]. They examine local solutions in the form of
traversable wormholes and black holes with a constant non-metricity scalar. For more
studies on astrophysical objects, one may find articles on topics such as wormholes with
conformal symmetry [42], charge [43], and compact stars [44].

Symmetries are used to determine the relationship between geometry and matter by
using Einstein field equations. Killing vectors are one example of such symmetry. Because of
their dynamical properties, Conformal Killing Vectors (CKVs) have been used by many
researchers to develop viable solutions to Einstein field equations [35]. An interesting
study [45] introduces interior solutions for anisotropic stars that allow CKVs in higher-
dimensional non-commutative space-time. Das et al. [46] proposed explicit spherically
symmetric solutions for characterizing the interior of a realistic star using f(T) modified
gravity with a CKV field. Mustafa and his coauthors [47-50] explored some interesting
features and new solutions of wormhole geometry in the background of different modified
theories of gravity by using the concept of CKVs within the scope of conformal symmetry.
The recent study by Mustafa et al. [42] explored the different wormhole solutions in the
background of f(Q) gravity under the effect of conformal symmetry.

The following text includes the framework of a contemporary research article. Section 2
contains the field equations for modified f(Q) gravity, as well as formulations for energy
density and pressure components. The CKVs are used to construct the metric coefficients,
and the details of the proposed model as well as the constant parameters are defined in the
same section. Section 3 includes a physical examination of our model as well as a graphical
discussion of energy conditions within a linear equation of state. The following section
investigates the new wormbhole solution via traceless fluid. The conclusion is discussed in
the final section.

2. Basic Field Equations in f(Q) Gravity

We considered the action for symmetric teleparallel gravity as [23]

1
5= [3FQy=gdx+ [ Luy/gd's, )
where f(Q) addresses the function form of Q, g is the determinant of the metric g, and Ly,

is the matter Lagrangian density.
The non-metricity tensor and its traces can be written as

Q)\yv = VaA&uv, ()
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Qu=Qu" s Qa =QF ap- 3)

Furthermore, the non-metricity tensor causes us to compose the superpotential as
1 ~
Pt w = 1 —Q" uv +2Q(;4 : v) T Q“gyv - Qagyv - 5?P,QV)}/ 4)
where the trace of non-metricity tensor [23] has the form

Q= _thw/ Py, ()

By definition, the energy—momentum tensor for the fluid depiction of the spacetime can be

expressed as
2 0(/—8Lm)
/— g ) gyv :
Now, by shifting the action (1) with respect to the metric tensor g,, one can compose the
equations of motion, which can be written as

(6)

Ty = —

2 1 ) .
ﬁVV (\/ _ngP7 }“’) +§gVVf+fQ<Py'yin Wl_zQyinw v) = _Tyv/ (7)

where fo = %. One can also obtain the following relation by varying (1) with respect to

the connection,
Vu Vv (V-8 foP" w) =0. ®)

Here we built stellar structures by taking the spherically symmetric spacetime. This
spacetime is conventionally expressed as

ds? = —e€Ndr? + " dr? 4 12(d6% + sin® 0dD?), ©)

where
e ¢(r) =2®(r) where ®(r) is a red-shift function.

-1
o o0(n) — <w> , where b(r) is a shape function.

*  The wormbhole throat joins two asymptotic regions and is placed at the radial coordi-
nate rg, where b(rg) = 7.

% > 0, which should be valid at or near the throat,
must be satisfied by the shape function b(r). This reduces to b'(ryp) < 1 near the
wormhole’s throat.

*  The shape function should meet the condition 1 — &rr) > 0 for the radial coordinates
r > rg in order to maintain the proper signature of the metric.

e The metric functions must obey the requirements ¢(r) and b(r)/r tend to zero as r ap-
proaches to oo in order to have asymptotically flat geometries. For non-asymptotically
flat wormbholes, these criteria can obviously be relaxed.

¢ The flaring-out requirement,

For the current study, we consider the matter is depicted by an anisotropic stress—
energy tensor of the structure

Ty = (o +pupu’ — prd, + (pr — pr)ou v, (10)

where p and u, are the density and the four-velocity vector, respectively and v, is the
unitary space-like vector in the radial direction. p, is the radial pressure in the direction
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of uy and p; is the tangential pressure orthogonal to v, and both are functions of radial
co-ordinate r. For the metric (9),the trace of the non-metricity tensor Q is given below,

0= %efZU(r) <2€/(r) N 1) (11)

In Equation (11), Q is totally depending on zero affine connections. Further, the equations
of motion from (7) for the anisotropic fluid (10) are as follows:

p=T2 fo@[or 3+ @+ o], .

=2 p0or b) 13)
fQ) Q_ ol (€1 e v

p=-ry @5 - {7+ ()€ -}, .

0= ? Q' foo(Q), (15)

where fo(Q) = af;(QQ) and fo(Q) = azaf ég) . Jiménez and his coauthors [51] discussed
that Einstein’s gravity is equivalent to pure non-metricty and pure torsion cases. As a
consequence, the last Equation (15) is sufficient to impose the restrictions on the functional
form of f(Q) gravity. In this regard, [39] derived the suitable functional form for f(Q)
gravity within the anisotropic matter distribution. More generally, they have claimed that
the exact Schwarzschild solution would be exist only when foo(Q) = 0, while the new
solution calculated by taking nonmetricity scalar Q" = 0 or Q = Qp, where Qy is constant,
shows the deviation from the exact Schwarzschild solution. Finally, in order to solve the
system of of above equations in f(Q) gravity, the functional form of f(Q) can be derived
by taking only foq to be zero as

foo(Q) =0 = fo(Q)=a = f(Q)=aQ+p, (16)

where « and B should be considered as model parameters. Now, we discuss the compatibil-
ity of general static spherically symmetric spacetime in the background of coincident gauge,
if one assumes the affine connection to be zero and f(Q) gravity has vacuum solutions (i.e.,
T,y = 0), then the off-diagonal component can be expressed as

cotf
5~ Q foa =0, (17)

where Q is provided in Equation (11). As a result of the above Equation (16) it can
be assumed that f(Q) is linear, and the equations of motion automatically turn into
foo = 0[26]. Further, we use the concept of conformal symmetry by using the vector field
Y which is expressed as:

£087n = & + 8oy = ¥ (1)8gy- (18)

where £ represents the Lie derivative, with the CKVs ¢, and vector field ¥(r). Using
Equation (9), in Equation (18), we get the following three different expressions:

QT =¥, o' =" g () + 20 = ¥(r).

By solving the above system by using the spacetime Equation (9), we get the following
relations:

-1 2
€1 — 29(r) — Clzrz, () — (1’ +f(r)> = (‘Yfi))z, (19)
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where, C; and C; are considered integration constants. By using Equations (12)—(14) with
Equation (19), we get the following final version of field equations as:

B a¥(r)? 2a¥(r)¥Y'(r) w

p e E + C%rz + C%}’ - 1’72, (20)
_ B 3a¥ (r)? I3
B a¥(r)®? 2a¥(r)¥'(r)
= —£_ — . 22
Pt 2 (a2 C3r @)

3. Linear Equation of State and Wormhole

In the current study, the EoS is shown to be the source of a fluid in the background of
a rapidly accelerated phenomenon of universe expansion. The linear EoS is denoted as

pr = 'YP/ (23)

For the current analysis, we say this approach by Equation (23) as model-I. On solving the
above Equation (23) by using the Equations (20) and (21), we get the following solution as:

) +1 2
¥2(r) = [Dlr T +C3 (1% - ia)]’ (24)

where D; is a constant of integration. From the above Equation (24), one can find shape
function easily, which is defined as

_ 43 2
(o ; +cg(;¢;_g;))

b(r) = |r— 3 ,

(25)

By using the Equation (24), the field equations by Equations (20)-(22), which are calculated

as:
_ o ——(7+3)D”JT+3_1 B Y e S
‘B v 3o 0 Dlr v +CZ (m — 67) " o6
p = E + C221’ + C%T‘Q - 1’7 ’ ( )
- s : ,
5 (o Tea(m-n)
pr = _E - Cgrz ") (27)
N _(7+3)D1r‘77+3‘1 e ™
,B Y 14 D]T T 4 CZ (m — 67)
_r_ — 28
pi 2 C2r C2r2 28)

All the energy conditions for the linear equation of state case are calculated as:
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[ (y+3)D WTJFS BC3r )
r
0(( i 17 _3§> 206('1)17 7 +C§(m_ﬁtx>)
- ’ 29
p + Pr C%r C%rz ( )
[ _(y+3)Dyr 7 ! _ pCr 743 2
oc( ~ 3 ) 404(D1r 7 +C§<% IZ)()) o
B -= 30
p p" ﬁ + szl’ + C227’2 7’2 ’ ( )
- 3(v+1) 3 -
ar” T (3(72 +27—3)D; +4y(7 + 1)c§r”¥) « (3731;6 o _ (vﬁlgr>
2
+ - + , 31
o 17 +3)3 7 )
: (’Y+3)D1V777+371 BC3r 743 2
| = & 2a<D1r7 +C§(m_€;)) .
B - =1, 32
P — Pt B+ C%r + C%?Q 5 (32)
- 3(y41) 5
wr (3(72+2’r—3)91 +4ry(»y+1>cg/¥)
' (7 +3)C3

4. Traceless Fluid and Wormhole

For the purposes of this analysis, we will now consider traceless matter. Traceless
matter is referred to as a special form of equation of state (EoS), which recently acquired
the special attention of the researchers [13,52,53], and it is written as

p—pr—2pt:0 (34)

For the current study, we say this approach by Equation (34) as model-II. On solving the
above Equation (34) by using the Equations (20)—(22), we get the following solution as:

Y2(r) = [Zr)j+éc§<2[zzﬂ, (35)

where D, is a constant of integration. From the above Equation (35), one can find the shape
function easily, which is defined as

b(r) = [r_r(%+é0§(2%2>)], (36)

= 2

Four important properties for the calculated shape functions for both model-I and
model-II under the effect of conformal symmetry are presented in Figure 1. Some important
insights of the calculated shape functions are discussed below:

¢  Both the calculated shape functions are seen as positive with increasing behavior, this
kind of behavior can be confirmed from the left penal of the first row of Figure 1.
The positive behavior of both the shape function confirms physically compatibility of
conformal symmetry with the linear equation of state and traceless fluid matter in the
background of f(Q) gravity.
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Flaring out condition, i.e., derivative of the obtained shape functions with respect to

radial coordinate is seen less than one. The graphical behavior of % < 1 can be seen
from the right part of the first row of Figure 1.

It is noted from the left part of the second row of Figure 1 that the flatness condition is

satisfied for both investigated shape functions for model-I and model-II. The physical

behavior for flatness condition, i.e.,

existence.

b

7 — 0asr — oo is required for the wormhole

It is verified that the difference of calculated shape functions for both the models (I-II)

with radial coordinate 7, i.e., b(r) — r cut the x-axis and provide us the wormhole throat
location. It is realized rg = 0.6 and ry = 0.4 for model-I and model-II respectively.

25
2.0
b(r) 15

10

0.5

0.6F"

04

db g2
1 dr

.-
.
Ras

0.0 Model-I

Model-1

Model-II

Model-1I —02

4

Model-I Model-1
Model-TI Model-II

.
~

.
~.
~.

~.
~..
~

Figure 1. Shows the structural properties of both the calculated shape functions with g = 0.5,
v =—0.6,D; = —0.003, D, = —0.3,C3 = 2.9,and &« = —0.5.

By using Equation (35), the field equations given by Equations (20)—(22) can be calcu-

lated

as:
r 2D,  BC3r ’
. ﬁ+a<—r32— 3§>+«x(?§+éC§( —%))75 (37)
=7 C3r C3r al
- D 2
) 7E73a(7§+%0%( —%>)+g (38)
pro = 2 c3r? #|
r 2D,  BC3r ’
s zx(—,f— 35) a(B+ic2(2-5)) (39)
pr = 2 C2r c3r?

Now, all the energy conditions for traceless matter case are calculated as:
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[ p,  BCE
“<_r32_ 302(7) 2a(%+%c§(2_ﬁ7f2))
B ' 40
b G3r a2n (40)
I 2D BC3r
tx(rS23§> 4a(%+%c22( _ﬂTﬂ)) -
P —=Pr B+ C%r + C%rz -5 (41)
_ 2, G D,  BClr
p a<_r32_3§> “(%JF%C%(Z*%Z)) « B "‘(_rsz_si)
Y + pt E + szr + C%ﬂ — 77 _ E _ szr
- 2
“(722+%C%< 7%)) (42)
C3r? !
[ 2D. BC32
() w(zaae-%)
P = pt B+ ar + ot -5 3)
[ 2D 2 - o2
(Z-%) w@aap-2) [, (F-%)
2 _ N
S cr 32 2 C2r
- 2
w(2r3(2-7))
2 (44)
Cir?

Now we are going to provide a detailed discussion regarding energy conditions for both
models against both the calculated shape functions. Some important and required achieve-
ments from energy conditions under the current scenario are expressed as:

e Itis well defined from Equation (16) that we are working with the linear model of
f(Q) gravity to get the exact form of the wormhole solutions. It is noticed from the
regional analysis of energy conditions the involved parameter « in Equation (16) has
an important role in this study.

e It can be checked from Figure 2 that energy density remains positive for the negative
values of parameter « and it remains negative for the positive values of parameter a.

®  The graphical behavior of NEC, i.e., p + p, and p + p; is provided in Figures 3 and 4
respectively. It is noticed from both figures that NEC is violated for model-I and
model-II against the different ranges of parameter . The negative values of p + p;
and p + p; confirm the presence of exotic matter, which is necessarily required for the
existence of a viable wormhole.

e In response of the other energy conditions besides p + p, and p + pt, p — |ps| and
p — | pt| also presented in Figures 5 and 6 respectively. Both conditions p — |p,| and
p — |pt| are observed violated for the different values of parameter «.

*  Strong energy condition, i.e., p + pr + 2p; with graphical development is provide in
Figure 7. It is interesting to mention that, p + p, + 2p; is also violated in the current
analysis against the different ranges of parameter « under the effect of conformal
symmetry within the linear equation of state and traceless fluid.
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p for Ist Model p for 2nd Model

N — — =
- 1.04

s
- 0.52

a O -0 a

- —-0.52

s
- —-1.04

B I L I I I

0 2 4 6 8 10
r r

Figure 2. Shows the contribution of p for both models with § = 0.5, v = —0.6, D; = —0.003,
D, = —0.3,and C3 = 2.9.

p+p; for Ist Model p+p; for 2nd Model
S — = N —

- 0.4

s s
- 0.2

a O -0 a O
--0.2

s Sk
- 0.4

g n n n n n N -0

2 4 6 8 10 0

r r

Figure 3. Shows the contribution of p + p; for both models with g = 0.5, ¥ = —0.6, D; = —0.003,
D, = —0.3,and C3 = 2.9.

p+p, for Ist Model
— ==

p+p; for 2nd Model
—

Figure 4. Shows the contribution of p + p; for both models with g = 0.5, y = —0.6, D; = —0.003,
D, = —0.3,and C3 = 2.9.
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Figure 5. Shows the contribution of p — | p,| for both models with § = 0.5, y = —0.6, D; = —0.003,

D,

] i

Figure 6. Shows the contribution of p — |p;| for both models with g = 0.5, y = —0.6, D; = —0.003,

D,

Figure 7.
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Shows the contribution of p + p, + 2p; for both models with B = 0.5, ¥
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5. Final Remarks

We still do not know whether wormholes actually exist in the physical sense, but they
are fascinating hypothetical space-time structures. The scientific community has pros-
pered over the last few decades by exploring the nature of this geometric feature that is
accepted mathematically. In this regard, the current study investigated tideless traversable
wormbholes in the framework of symmetric teleparallel gravity, specifically f(Q) gravity.
The following are a few of the investigation’s more intriguing and useful findings:

The left part in the first row of Figure 1 has confirmed that both of the calculated shape
functions exhibit positive with an increasing trend. The conformal symmetry with the
linear equation of state and the traceless fluid matter in the background of f(Q) gravity has
physically compatible, as shown by the positive behavior of both the shape function and
shape function. The graphical development of %, which has described the condition that is
flaring out can be seen in the right portion of the first row of Figure 1. The physical required
behavior for flatness condition, i.e., % — 0 as r — oo has satisfied the wormhole existence.
The difference of calculated shape functions for both models (I-II) with radial coordinate
r, i.e., b(r) — r has been verified. It has depicted ry = 0.6 and ry = 0.4 for model-I and
model-II respectively.

It is clear from Figure 2 that energy density is seen as positive for the negative values of
parameter « and it has shown negative for the positive values of parameter . The physical
discussion of NEC, i.e., p + p, and p + p; has provided in Figures 3 and 4 respectively
for both models by left and right apart. It has been depicted from both the figures that
NEC is violated for model-I and model-II within the different ranges of parameter a
through some regional plots. The negative trend of p + p, and p + p; has confirmed the
presence of exotic matter, which has necessarily required for the existence of a viable
and physically acceptable wormhole. Strong energy contribution, i.e., p + p, + 2p; with
graphical behaviour is provided in Figure 7. It is interesting to mention that, p + p, + 2p;
has also been violated in the current analysis against the different ranges of parameter «
under the effect of conformal symmetry within the linear equation of state and traceless
fluid. It is worth noting that the current explored results in the background symmetric
teleparallel gravity are physically viable. Consequently, it is abundantly clear from our
analysis that the conformal symmetry satisfies all requirements for a traversable wormhole.
With the aid of several other nonlinear models, it would be fascinating to investigate
wormbhole solutions in the symmetric teleparallel gravity.
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