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Abstract We elaborate on nonmetric geometric flow theory
and metric-affine gravity with applications in modern cos-
mology. Two main motivations for our research follow from
the facts that (1) cosmological models for f (Q) modified
gravity theories, MGTs, are efficient for describing recent
observational data provided by the James Webb Space Tele-
scope; and (2) the statistical thermodynamic properties of
such nonmetric locally anisotropic cosmological models can
be studied using generalizations of the concept of G. Perel-
man entropy. We derive nonmetric distorted R. Hamilton
and Ricci soliton equations in such canonical nonholonomic
variables when corresponding systems of nonlinear PDEs
can be decoupled and integrated in general off-diagonal
forms. This is possible if we develop and apply the anholo-
nomic frame and connection deformation method involv-
ing corresponding types of generating functions and gen-
erating sources encoding nonmetric distortions. Using such
generic off-diagonal solutions (when the coefficients of met-
rics and connections may depend generically on all spacetime
coordinates), we model accelerating cosmological scenar-
ios with quasi-periodic gravitational and (effective) matter
fields; and study topological and nonlinear geometric prop-
erties of respective dark energy and dark matter, DE and
DM, models. As explicit examples, we analyze some classes
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of nonlinear symmetries defining topological quasicrystal,
QC, phases which can modified to generate other types of
quasi-periodic and locally anisotropic structures. The condi-
tions when such nonlinear systems possess a behaviour which
is similar to that of the Lambda cold dark matter (�CDM)
scenario are stated. We conclude that nonmetric geometric
and cosmological flows can be considered as an alternative
to the �CDM concordance models and speculate on how
such theories can be elaborated. This is a partner work with
generalizations and applications of the results published by
Bubuianu, Vacaru et all. EPJC 84 (2024) 211; 80 (2020) 639;
78 (2018) 393; 78 (2018) 969; and CQG 35 (2018) 245009.
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1 Introduction and objectives

Modified gravity theories, MGTs, with nonmetricity have
been known since 1918 when Weyl [1] considered nonmetric
spaces as an attempt to construct a unified geometric theory
of gravity and electromagnetism. In the Weyl geometry, the
nonmetricity tensor Qαβγ := Dλgβγ �= 0 is treated as an
additional fundamental geometric object. This is different
from the Einstein gravity theory (i.e. general relativity, GR)
constructed for symmetric pseudo-Riemannian metrics gβγ

of Lorentz signature (+++−) and when the Levi-Civita, LC,
connection ∇λ is uniquely defined from the conditions of zero
torsion, T α

βλ[∇] = 0, and metric compatibility, ∇λgβγ = 0.1

The monographs [2–5] contain necessary geometric meth-
ods and results on mathematical relativity and exact solu-
tions (they involve generally accepted abstract, frame and
coordinate indices, and geometric and physical objects con-
ventions). Nonmetric geometric and gravity theories were
mostly ignored for many decades because of criticisms by A.
Einstein and W. Pauli. We cite [6] as the first comprehensive
review on metric-affine gravity involving independent met-
ric, gβγ , and linear connection, Dλ = {�α

βλ}, structures. Such
theories are characterized by nontrivial torsion, T α

βλ[D], and
nonmetricity, Qαβγ , tensors and other geometric objects like
the non-Riemannian curvature, the Ricci tensors, different
scalar curvatures etc. In monograph [7], the metric-affine
geometry and gravity theories were elaborated on (co) tan-
gent super- and/or noncommutative bundle spaces and for
various generalized Finsler–Lagrange–Hamilton spaces.

However, in physical literature, the position of MGTs,
including Weyl geometries and various gravitational and mat-
ter field theories determined by generalized Lagrangians con-
structed as nonlinear functionals f (R, T, Q, Tm), changed
drastically during the last 25 years. That was due to observa-
tional pieces of evidence on late-time acceleration cosmology
and related dark energy, DE, and dark matter, DM, problems.
A plethora of MGTs have been elaborated alternatively to GR
and standard particle physics. We recommend [8–11] as some
recent reviews of results and applications in modern cosmol-
ogy.2 In this work, we study MGTs constructed for a gravi-

1 In next sections and appendices, we shall provide necessary defi-
nitions and explain when our notations will be different from some
generally accepted ones.
2 In a partner work [15], a different system of notations is used. For
instance, F(...) is written instead of f (...) because the symbol f was
considered for normalizing functions of nonmetric geometric flows. In
this paper, we write f (Q) for nonmetric gravity as in [10,11], see also
references therein. A comprehensive list of references on nonmetricity
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tational Lagrangian f (Q) involving a nonmetricity scalar Q
(all necessary definitions and notations are provided in the
next section and Appendix A). Such gravity theories may
challenge the standard �CDM scenario, lead to interesting
cosmological phenomenology, and can be confronted with
various recent observational data provided by James Webb
space telescope JWST, [12–14].3

Motivated by a number of new geometric and exciting
theoretical properties of nonmetric MGTs, in this and a
partner work [15], we employ the powerful mathematical
tools exploited in theories of relativistic geometric flows
and nonholonomic Lorentz manifolds [16] and consider such
constructions for Q–deformations on nonholonomic metric-
affine spaces. We develop also the anholonomic frame and
connection deformation method, AFCDM, for generating
exact and parametric cosmological solutions in f (Q) gravity,
see [17–19] for recent reviews of methods and results con-
cerning MGTs and GR and applications in modern cosmol-
ogy. So, the general goal of this work is to show how non-
holonomic geometric flowand gravitational equations in
f (Q) MGTs and cosmology can be solved in exact and
parametric forms using nonholonomic dyadic variables
and defining necessary classes of distortions of canon-
ical (non) linear connection structures and nonmetricity
scalar ̂Q.

The main Hypothesis in this and the partner work [15]
is that: mathematically self-consistent nonmetric geometric
flow and related physically viable nonmetric gravitational
and cosmological theories can be constructed considering
Q-deformations of some models on nonholonomic Lorentz
manifolds and certain classes of metric compatible gravity
theories. Using nonholonomic dyadic variables and canon-
ically adapted (non) linear connection structures, the cor-
responding nonmetric geometric evolution flow equations,
or dynamical gravitational equations, can be integrated in
certain generic off-diagonal forms determined by generating
functions and generating sources depending on all space-
time coordinates. Such new classes of nonmetric geometric
flow cosmological solutions describe various quasi-periodic
spacetime (quasicrystal, QC) and quasicrystalline topologi-

Footnote 2 continued
gravity theories and applications is not provided in this paper. We do not
discuss details on increased interest in cosmological phenomenology
of f (Q)-type and cite only the most important papers that are directly
related to the purposes of this work.
3 We do not provide an exhaustive list of references and do not discuss
details on recent observational data provided by James Webb Space
Telescope, JWST, which have sparked debates about the validity of
many cosmological models. Such results related to the accelerating
cosmology and various problems of dark energy, DE, and dark matter,
DM, physics motivate the importance for studying in GR and MGTs
new classes of generic off-diagonal, non-homogeneous and locally
anisotropic cosmological solutions.

cal phases [17,20,21] being important for determining new
features of the DE and DM theories.

The formulated hypothesis is supported by an important
class of nonmetric quasi-stationary solutions which are
with Killing symmetry on a time like vector – the typ-
ical examples include Q-deformed black ellipsoid, black
holes, wormhole, solitonic etc. configurations [15]. Using
similar geometric methods in dual forms on time and space
coordinates (with corresponding nonholonomic space like
Killing symmetry), we can generate various nonmetric
locally anisotropic cosmological solutions with generic
dependence on a time-like coordinate. Such off-diagonal
metrics and generalized connection structures determining
nonmetricity fields are constructed and studied in this work.
All classes of quasi-periodic and cosmological solutions are
characterized by corresponding nonlinear symmetries and
described as Q-modified models of Grigori Perelman’s ther-
modynamics introduced in the theory of Ricci flows [22–25].
We cite also [26–28], for reviews of mathematical results and
methods, and [16,29,30], for recent developments and appli-
cations in non-standard particle physics, MGTs, and geomet-
ric and quantum information flow models.

The objectives, Objs, of this work are structured for cor-
responding sections:

The Obj 1 stated for Sect. 2 is to formulate the f (Q)

gravity in nonholonomic (2+2) variables with canonical dis-
tortions of the LC-connection. The fundamental geometric
and physical objects on such metric-affine spaces are re-
defined with respect to nonlinear connection, N-connection,
adapted frames. This allows us to prove general decoupling
and integration properties of geometric and physically impor-
tant nonlinear systems of partial differential equations, PDEs,
encoding nonmetricity.

In Sect. 3, we provide a generalization of the f (Q) gravity
to a model of nonmetric geometric flow theory. The Obj
2 is to define Q-distorted relativistic R. Hamilton and D.
Friedan equations in canonical nonholonomic variables and
to consider respective nonholonomic Ricci soliton equations.
Then, the Obj 3 is to formulate a statistical thermodynamic
model for f (Q) geometric flows derived as a nonholonomic
and canonical Q-deformation of G. Perelman constructions
[22] and non Riemannian generalizations in [15,16,29,30].

The Obj 4 of Sect. 4 is to study possible applications of
our methods in modern DE and DM physics by constructing
new classes of generic off-diagonal cosmological and geo-
metric flow solutions encoding nonmetricity and generating
topological QC structures. We prove that quasi-periodic cos-
mological structures may arise in generic off-diagonal forms
from QC like generating functions, or from effective gener-
ating sources; and, in a general context, with mixed and dif-
ferent phases of topological QCs. Gravitational polarizations
and effective sources are introduced and computed in such

123



  653 Page 4 of 31 Eur. Phys. J. C           (2024) 84:653 

forms when nonmetric QCs are generated as off-diagonal
deformations of the �CDM model.

In Sect. 5, as the Obj 5, we provide explicit examples
of how to compute Perelman’s thermodynamic variables for
nonmetric geometric flows inducing topological QC struc-
tures [17,20,21] for modeling DE and DM effects.

Finally, Sect. 6 is devoted to conclusions and discussion of
the main results of the paper. Appendix A contains a refor-
mulation of the AFCDM for constructing exact and para-
metric solutions in f (Q) gravity and nonmetric geometric
flow theories. We provide a brief review of nonholonomic
2+2 spacetime splitting and corresponding topological QC
structures in Appendix B.

2 Metric-affine spaces and f (Q) gravity in
nonholonomic (2+2) variables

In this section, we formulate the four-dimensional, 4-d,
f (Q) gravity [10,11] in nonholonomic dyadic variables with
canonical distortion of linear connection structures consid-
ered other type nonmetric gravity theories in our partner work
[15]. Such a nonholonomic geometric formalism was devel-
oped in [16–19] but it will be generalized and applied in
Sect. 4 for constructing exact and parametric solutions in non-
metric geometric flow and MGTs with generic off-diagonal
cosmological metrics and generalized (non) linear connec-
tion structures. Appendix A contains a summary of necessary
notations and formulas for applications in nonmetric geomet-
ric flow and gravity theories of the anholonomic frame and
connection deformation method, AFCDM.

2.1 Nonlinear connections and nonholonomic dyadic
splitting

Let V be a 4-d Lorentz manifold of necessary smooth
class defined by a metric tensor g = {gαβ(uγ )} of signa-
ture (+,+,+,−) and corresponding LC-connection ∇ =
{�̆α

βγ (u)}.4 We can endow such a manifold with an inde-
pendent linear (affine) connection structure D = {�α

βγ (u)}

4 Local coordinates are labeled as uα = (uı́ , u4 = t) = (xi , ya), for
ı́ = 1, 2, 3. We follow the conventions for local frames/ coordinates/
indices used, for instance, in [7,15] that typical 3-d space indices run
values of type ı́ = 1, 2, 3; for u4 = y4 = ct ; the light velocity constant
c can be always fixed as c = 1 for corresponding systems of unities
and coordinates; and typical indices of type i = 1, 2 and a = 3, 4 are
used for a conventional 2+2 splitting. In brief, we write correspondingly
u = (x, t) = (x, y). Arbitrary local frames eα = eα′

α (u)∂α′ and (dual)

frames, or co-frames, eβ = e β

β ′ (u)dβ ′
for respective coordinate (co)

frames ∂α′ = ∂/∂uα′
and dβ ′ = duβ ′

, when matrices eα′
α (u) and eβ

β ′ (u)

define some tetradic (equivalently, vierbein coefficients). For primed
indices, we may use similar conventions with a necessary 3+1 and/or
2+2 splitting. In our constructions, we can underline necessary indices,
or drop any priming/underlying if that will not result in ambiguities.

and elaborate on certain physically important metric-affine
geometric flow and gravity models determined by geometric
data (g, D).

A nonholonomic structure with 2+2 splitting can be
defined by local bases, eν, and co-bases (dual), eμ,

eν = (ei , ea) = (ei = ∂/∂xi − Na
i (u)∂/∂ya,

ea = ∂a = ∂/∂ya), and (1)

eμ = (ei , ea) = (ei = dxi , ea = dya + Na
i (u)dxi ). (2)

We suppose that in local coordinate form a set of coeffi-
cients Na

i (u) is determined by a nonlinear connection, N-
connection structure, N = Na

i (x, y)dxi ⊗ ∂/∂ya , which in
global form can be defined on tangent bundle T V as a Whit-
ney sum:

N : T V = hV ⊕ vV . (3)

This states a conventional horizontal and vertical splitting ( h-
and v–decomposition) into respective 2-d and 2-d subspaces,
hV and vV .5 Decomposing geometric objects (tensors, con-
nections etc.) with respect to N-adapted bases (1) and (2),
we formulate a nonholonomic dyadic formalism for metric-
affine geometry.

For nonholonomic manifolds enabled with N-connection
structure (1), we shall use boldface symbols and write, for
instance, V, and consider respective nonholonomic tangent,
TV, and cotangent, T ∗V, bundles; their tensor products,
TV ⊗ T ∗V, etc. The geometric objects on such geometric
spaces (generalized spacetimes and/or phase spaces) can be
N-adapted and written in boldface form as distinguished geo-
metric objects (in brief, d-objects, d-vectors, d-tensors etc).
For instance, we can write a d–vector asX = (hX, vX) and a
second rank d-tensor as F = (hhF, hvF, vhF, vvF). Such
dyadic decompositions can be written in N-adapted coeffi-
cient forms with respect to N-adapted bases, see details in
[7,17–19].

2.2 N -adapted metric-affine structures

Any metric tensor g ∈ T ∗V ⊗ T ∗V can be written as a d-
tensor g ∈ T ∗V⊗T ∗V and parameterized in three equivalent

5 We use the term nonholonomic (equivalently, anholonomic) because,
for instance, a N-elongated basis (1) satisfies certain nonholonomy rela-
tions [eα, eβ ] = eαeβ − eβeα = W γ

αβeγ , with nontrivial anholonomy

coefficients Wb
ia = ∂a Nb

i ,Wa
ji = �a

i j = e j
(

Na
i

)− ei (Na
j ), where �a

i j

define the coefficients of N-connection curvature. If all Wb
ia are zero

for a eα, such a N-adapted base is holonomic and we can write it as a
partial derivative ∂α with Na

i = 0. The coefficients Na
j may be nontriv-

ial even all W γ
αβ = 0 (this can be in general curve coordinate bases but

we can always define a diagonal holonomic base for a corresponding
coordinate transforms).
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forms:

g = gα′β ′(u)eα′ ⊗ eβ ′
,

with respect to an arbitrary coframe eα′ ;
= g = (hg, vg) = gi j (x, y) e

i ⊗ e j

+ gab(x, y) ea ⊗ eb,

in N-adapted form with hg = { gi j }, vg = {gab}; (4)

= g
αβ

(u)duα ⊗ duβ,

with respect to a coordinate coframe duβ,

where g
αβ

=
[

gi j + Na
i N

b
j gab Ne

j gae
Ne
i gbe gab

]

. (5)

A metric g = {g
αβ

} is generic off–diagonal (for 4-d space-
times, such a matrix can’t be diagonalized via coordinate
transforms) if the anholonomy coefficients W γ

αβ are not iden-
tical to zero.

Additionally to the metric structure g, we can consider an
independent linear connection structure D = {�α

βλ} with
coefficients defined with respect to arbitrary frames and
coframes, eα and eβ [6]. In general, such a D is not adapted to
a N-connection structure and can be a introduced to be inde-
pendent both from the metric and N-connection structures,
see details in [7,18,19].

A distinguished connection (d–connection), D =
(hD, vD), is defined as a linear connection preserving under
parallelism the N–connection splitting (3). With respect to
frames (1) and (2), we can write decompositions of D using
h- and v-indices,

D = {�γ
αβ = (Li

jk, Ĺ
a
bk; Ći

jc,C
a
bc)}, where

hD = (Li
jk, Ĺ

a
bk) and vD = (Ći

jc,C
a
bc). (6)

If a general metric-affine space is defined by geometric struc-
tures (V, g, D), a nonholonomic metric-affine space can be
defined N-adapted form by geometric data (V,N, g,D).

The fundamental geometric objects of nonholonomic
metric-affine space are defined and computed in standard
form as for any linear connection. For a d-connection D, we
have

T (X,Y) := DXY − DYX − [X,Y],
the torsion d-tensor, d-torsion;

R(X,Y) := DXDY − DYDX − D[X,Y],

the curvature d-tensor, d-curvature;
Q(X) := DXg,

the nonmetricity d-field, d-nonmetricity. (7)

Such geometric d-objects can be written in nonholonomic
dyadic form with respect to N-adapted frames (1) and (2)

with such parameterizations:

R = {Rα
βγ δ}, T = {Tγ

αβ},Q = {Qγαβ}. (8)

We note that in various metric-affine gravity theories [6,8–
11] the definitions and coefficient formulas for respective
Rα

βγ δ, T
α
βλ, and Qαβγ are provided/computed for arbitrary

frame/ coordinate decompositions for an affine connection
�α

βλ not considering N-adapted geometric constructions.
In geometric flow and gravity theories (this work and in

[7,15], there are involved nontrivial nonmetricity d-tensors),
there are used also another important geometric d-objects:

Ric = {Rβγ := Rα
βγα}, the Ricci d-tensor; (9)

Rsc = gαβRαβ, the scalar curvature, (10)

where gαβ are the coefficients of the inverse d-tensor of a
d-metric (4).

The N-adapted coefficient formulas involving the coeffi-
cients (4) and (6) are provided in [7,18,19].

2.3 Canonical metric-affine d-structures, LC-connection,
and nonmetricity

For a nonholonomic metric-affine space (V,N,g,D), we can
construct different geometric and physical models defined
by the same metric structure but involving different linear
connection structures. Additionally to D (not determined by
the metric), there are two other important linear connection
structures determined by a d-metric g (4) following such def-
initions:

(g,N) →

⎧

⎪

⎨

⎪

⎩

∇ : ∇g = 0; ∇T = 0, LC − connection;
̂D : ̂Q = 0; ĥT = 0, v̂T = 0, hv̂T �= 0,

the canonical d-connection.

(11)

Such an auxiliary d-connection defines a canonical distortion
relation,6

̂D[g] = ∇[g] +̂Z[g], (12)

when the canonical distortion d-tensor, ̂Z[g], and ∇[g] are
determined by the same metric structure g. In our works,
we prefer to work with ̂D which allow to decouple in some
general off-diagonal forms (5) physically important systems
of nonlinear PDEs. The LC-connection does not have such a

6 In our works, “hat” labels are used typically for geometric d-objects
defined bŷD (11), when N-adapted coefficients are computed [7,18,19]:
̂D = {̂�γ

αβ = (̂Li
jk ,
̂La
bk ,

̂Ci
jc,
̂Ca
bc)}, for ̂Li

jk = 1
2 g

ir (ek g jr + e j gkr −
er g jk),

̂La
bk = eb(Na

k ) + 1
2 g

ac(ek gbc − gdc ebNd
k − gdb ecNd

k ), ̂Ci
jc =

1
2 g

ikecg jk , ̂Ca
bc = 1

2 g
ad (ecgbd + ebgcd − ed gbc).
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property (excepting some special diagonalizable ansatz), see
details in [7,18,19].

A general d-connection D (6) can be characterized by

D = ∇ + L = ̂D +̂L, wherêL = L −̂Z (13)

for the disformation d-tensor L = {Lα
βλ = 1

2 (Qα
βλ − Qα

βλ −
Qα

λ β)} with Qαβλ := Dαgβλ, for̂Qαβλ = ̂Dαgβλ = 0. Here,
we use boldface symbols Q and L because any tensor can
be transformed into a d-tensor if a N-connection structure is
prescribed. This holds true even ∇ is not a d-connection (nev-
ertheless, all constructions can be performed with respect to
N-elongated frames).

The two linear connection structure (6) and distortion rela-
tions (12) and (13) allow us to define and compute respective
distortion relations of such geometric d-objects and, respec-
tive, objects:

• Nonmetricity d-vectors and vectors:

Qα = gβλQαβλ = Q λ
α λ,

ᵀQβ = gαλQαβλ = Q α
αβ ; and, correspondingly,

Qα = gβλQαβλ = Q λ
α λ,

ᵀQβ = gβλQ α
αβ = Q α

αβ ,

(14)

where there are used N-adapted frames (1) and (2) and,
correspondingly, eα and eβ.

• Nonmetricity conjugate d-tensor and tensor:

̂P
γ

αβ = 1

4

(

−2̂L
γ

αβ + Qγ gαβ −ᵀ Qγ gαβ

−1

2
δγ
αQβ − 1

2
δ
γ
βQα

)

Pγ
αβ = 1

4

(

− 2Lγ
αβ + Qγ gαβ −ᵀ Qγ gαβ

− 1

2
δγ
αQβ − 1

2
δ
γ
βQα

)

and

Pγ
αβ = 1

4

(

−2Lγ
αβ + Qγ gαβ −ᵀ Qγ gαβ

−1

2
δγ
α Qβ − 1

2
δ
γ
β Qα

)

, (15)

where the formulas from the 3-d line for a general D =
{�α

βγ (u)} (which can be not a d-connection).
• Nonmetricity scalar for respective d-connection and LC-

connection:

̂Q = −Qαβλ
̂P

αβλ
, Q = −QαβλPαβλ and

Q = −QαβλP
αβλ. (16)

Here we note that, in general, the scalar ̂Q �= 0 even
̂Qαβλ = 0 by definition (̂Q is not constructing only by
contracting components of ̂Qαβλ).

Above geometric d-objects and objects can be used for
elaborating and study models of nonmetric geometric flows
and modified gravity theories. The motivation and priority
of “hat” variables is that we can decouple and integrate in
certain general off-diagonal forme corresponding physically
important systems of nonlinear PDEs as we shall prove in
next section and Appendix A.

2.4 Curvature, torsion and nonmetricity tensors for
nonholonomic metric-affine spaces

A nonholonomic metric-affine space V with a prescribed
metric and d-metric structure, g = {g

αβ
} = (hg, vg), see

formulas (4) and (5), is characterized by a corresponding
multi-connection structure of type (∇, D,̂D,D), when the
first two linear connections and the next two d-connections
are correspondingly non-adapted and adapted to a prescribed
N-connection structure N. In result, we can define different
types of curvature, Ricci, torsion and nonmetricity tensors
and related scalars. This is important for formulating and
investigating geometric and physical properties of nonmetric
geometric flow and nonmetric gravitational theories. The
goal of this subsection is to introduce necessary conventions
and define in necessary abstract and N-adapted coefficient
forms the above mentioned geometric objects and d-objects.

The fundamental geometric d-objects (7) and, with respec-
tive N-adapted coefficients (8), the Ricci d-tensor and cur-
vature scalars (9) and (10) can be defined and computed in
standard forms for any nonholonomic metric-affine space
(V,N,g,D = ∇ + L = ̂D +̂L) as we considered in [7,15].
Such d-objects are important for formulating nonmetric geo-
metric theories and nonmetric gravitational equations. The
last ones can be defined as a subclass of nonmetric non-
holonomic Ricci soliton equations and written in alternative
forms with (14), (15) and (16) encoded into certain effective
sources and nonholonomic constraints.

The N-adapted and, respective, general frame/coordinate
coefficients of the Riemannian d-curvatures and curvature
can be labeled and computed as

R = {Rα
βγ δ}, ̂R = {̂Rα

βγ δ} and R̆ = {R̆α
βγ δ}. (17)

Such values involve the same d-metric/metric structure g =
(hg, vg) = {g

αβ
}, see parameterizations (4) and (5), but

different linear connections. We omit explicit cumbersome
formulas with h- and v-indices presented in [7]. It should be
noted the coefficients (17) are subjected to certain distortion
relations

Rα
βγ δ = R̆α

βγ δ + Z̆
α

βγ δ = ̂R
α

βγ δ +̂Z
α

βγ δ, (18)
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where the coefficients of the distortion d-tensors Z̆
α

βγ δ and
̂Z

α

βγ δ can be computed using respective distortion relations
(12) and (13).

Contracting indices in (17) and (18), we define and com-
pute the coefficients of respective Ricci d-tensors and Ricci
tensor, see formulas (9),

Ric = R̆ic + Z̆ ic = ̂Ric +̂Zic,

for respective coefficients

Ric = {Rβγ = Rα
βγα}; R̆ic = {R̆βγ = R̆α

βγα},
Z̆ ic = {Z̆βγ = Z̆α

βγα};
̂Ric = {̂Rβγ = ̂R

α

βγα},̂Zic = {̂Zβγ := ̂Z
α

βγα}. (19)

Then, contracting respectively these formulas with gαβ, we
compute the corresponding scalar curvatures (10),

Rsc = gαβRαβ = R̆sc + Z̆ sc = ̂Rsc +̂Zsc, where

R̆sc = gβγ R̆βγ , Z̆ sc = gβγ Z̆βγ ;
̂Rsc = gαβ

̂Rαβ,̂Zsc = gαβ
̂Zαβ.

The nonmetric fundamental d-objects and objects (14),
(15), (16) and (17), (18) encode certain nontrivial d-torsion
and torison fields. Let us begin with the formulas for a general
affine connection D = {�γ

αβ} with coefficients stated with
respect to arbitrary frame, or coordinate, bases, ∂α or eα, and
their dual. The fundamental geometric objects (7) are defined
by D with coefficients formulas (8)

R = {Rα
βγ δ}, T = {T γ

αβ},Q = {Qαβγ := Dαgβγ }.
Such coefficient formulas are provided in [6,7].

The distortions formulas (12) with distinguishing of coef-
ficients for ∇ = {�̆γ

αβ} can be parameterized:

�
γ
αβ = �̆

γ
αβ + K γ

αβ + q Zγ
αβ, where

Kαβγ = 1

2
(Tαβγ + Tβγα − Tγαβ),

Sαβ
γ = 1

2
(K αβ

γ + δα
γ T

τβ
τ − δβ

γ T
τα
τ ),

q Zαβγ = 1

2
(Qαβγ − Qβγα − Qγβα). (20)

Such geometric objects can be used for defining (as in for-
mulas (9) and (10)) the Ricci tenor and three scalar values
for D considered in the Weyl–Cartan geometry:

Ric[D] = {Rβγ := Rα
βγα},

Rsc[D] = R = gβγ Rβγ , sT = Sαβ
γ T γ

αβ,

Q = q Zα
βα

q Zβμ
μ − q Zα

βμ
q Zβμ

α.

Here we note that for the LC-connection as ∇ = {�̆γ
αβ},

when the corresponding tensor and scalar geometric objects
are defined satisfy such properties:

Ric[∇] = {R̆βγ := R̆α
βγα}, T γ

αβ ≡ 0

Rsc[∇] = R̆ = gβγ R̆βγ , sT = S αβ
γ T γ

αβ ≡ 0,

Q = q Zα
βα

q Zβμ
μ − q Zα

βμ
q Zβμ

α ≡ 0.

A d-connection D = {�γ
αβ} with nontrivial nonmetric d-

tensor Qγαβ allows to compute the N-adapted coefficients of
distortion d-tensors with respect to ̂D = {̂�γ

αβ},

�
γ
αβ = ̂�

γ
αβ + Kγ

αβ + q
̂Z

γ

αβ, where

Kαβγ = 1

2
(Tαβγ + Tβγα − Tγαβ),

S αβ
γ = 1

2
(Kαβ

γ + δα
γT

τβ
τ − δβ

γ T
τα
τ ),

qZαβγ = 1

2
(Qαβγ − Qβγα − Qγβα). (21)

In above formulas, we can compute the canonical distor-
tion Tγ

αβ = ̂T
γ

αβ + ̂Z
γ

αβ and qZγ
αβ = q

̂Z
γ

αβ involving the
disfunction (13) computed for the canonical distortion (12)
from̂D = {̂�γ

αβ}. This defines a nonholonomic Weyl-Cartan
geometry when corresponding Ricci scalar, d-torsion scalar
and Q-scalars are

Rsc[D] = s R = gβγ Rβγ , sT = S αβ
γ Tγ

αβ,

qQ = qZα
βα

qZβμ
μ − qZα

βμ
qZβμ

α.

In such formulas, we can always separate certain canoni-
cal “hat” components, which can be determined by some
classes of exact/parametric off-diagonal solutions for physi-
cally important nonlinear PDEs when the Q-distortions are
encoded in effective sources.

2.5 f (Q) gravity in non-adapted or canonical dyadic
variables

In this subsection, we analyze two possibilities to formulate
models of nonmetric gravity theory, when 1) the gravitational
Lagrange density gL ≈ f (Q) is a functional of the non-
metricity scalar Q, or 2) it is a functional g

̂L≈̂f (̂Q) of̂Q, see
formulas (16). The first formulation is considered in the bulk
of nonmetricity theories [6,8–11], when physical solutions
are constructed for certain diagonal metrics depending on
a radial coordinate (quasi-stationary solutions) or on a time
like coordinate (cosmological solutions). For the second for-
mulation, it is possible to apply the AFCDM and construct
generic off-diagonal solutions as we proved in [7,17–19].
Such a modified geometric method can be applied also for
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nonmetric geometric flow theories [7,15] (in this work, we
extend it for cosmological ̂Q–deformed solutions).

It should be noted that we can formulate theories with
gravitational Lagrange density gL ≈ f (Q), where Q is
defined by a general d-connection D. Using nonholonomic
distributions and distortions of connections, we can re-define
the geometric constructions for some effective theories with
gL ≈ g

̂L + e
̂L, where e

̂L(̂Q, ...) is a functional of ̂Q and
certain canonical scalars of d-torsion, distortions and dis-
functions (parameterized in different forms (12), (13),(20),
or (21)). In this work, we study for simplicity models with
g
̂L ≈ ̂f (̂Q) when physically important systems of nonlin-

ear PDEs can be decoupled and integrated in certain general
forms for generic off-diagonal cosmological metrics and non-
trivial nonmetricity. Such classes of locally anisotropic cos-
mological solutions can be restricted and modified for f (Q)

theories by imposing additional nonholonomic constraints;
or distorted for more general configurations for f (Q).

2.5.1 Nonmetric f (Q) gravity in non-adapted variables
and distortions of LC-connections

Using the Lagrange densities gL = 1
2κ

f (Q), for gravi-
tational constant κ, and the matter Lagrangian mL(gαβ, φ),

with matter fieldsφ and pseudo-Riemannian measure
√|g|d4

u = √|gαβ |d4u, we can construct a nonmetric gravity theory
for the action

S =
∫

√|g|d4u( gL + mL). (22)

By varying S on gαβ and �
γ
αβ for fQ := ∂ f/∂Q, we obtain

respective nonmetric gravitational field equations (see [10,
11,31]):

2√|g|∇γ (
√|g| fQ Pγ

αβ) + 1

2
f gαβ + fQ(PβμνQ

μν
α

− 2PαμνQ
μν

β) = κ mTαβ (23)

and ∇α∇β(
√|g| fQ Pαβ

γ ) = 0. (24)

In these formulas, Pγ
αβ and Qγ

αβ are computed as in formulas
(14), (15) and (16). The matter energy-momentum in (23) is
defined variationally as

mTαβ := − 2√|g|
δ(

√|g| mL)

δgαβ
= mLgαβ + 2

δ( mL)

δgαβ
,

(25)

where the second formula holds if mL does not depend in
explicit form on �

γ
αβ . In this work, we shall study only such

models of gravitational and matter field interactions. For cos-
mological applications, we can use a barotropic perfect fluid
approximation when

mTαβ = (ρ + p)vαvβ + pgαβ, (26)

with isotropic pressure ρ, energy density ρ and the 4-velocity
vector vα. We can generalize such formulas for certain locally
anisotropic models with (26) describing locally anisotropic
fluid matter, when with respect to N-adapted frames the data
(ρ, p, vα) may depend on a temperature/ geometric flow
parameter τ and on spacetime coordinates u = {uα}, param-
eterized as (ρ(τ, u), p(τ, u), vα(τ, u)) .

The covariant representation of nonmetric gravitational
equations (23) was formulated in [32] in a form using explic-
itly the Einstein tensor, Ĕ := R̆ic − 1

2gR̆sc, for ∇. There
were studied also possible physical implications of some
equivalent effective Einstein equations with effective energy-
momentum tensor which may describe dark energy [11,32].7

Such effective gravitational field equations can be written in
the form

Ĕαβ = κ

fQ
mTαβ + DETαβ, where (27)

DETαβ = 1

2
gαβ

(

f

fQ
− Q

)

+ 2
fQQ

fQ
∇γ

(

QPγ
αβ

)

. (28)

The nonmetric modifications of GR are encoded into the
effective energy-momentum tensor DETαβ (28). We note
that the left label DE is used because it is considered that
nonmetricity can be used to describe dark energy effects on
modern cosmology (there are hundred of such works, see
discussion and references in [6,8–11,32]). In our approach,
we argue that additionally various DE and DM effects can be
modelled also by generic off-diagonal terms of metrics for
exact/parametric solutions in GR or MGTs and this holds true
for theories of nonmetric geometric flows and various metric-
affine gravity theories [7,15]. Another important remark is
that we have to assume fQ < 0 if we consider modified
gravitational field equations (23) or (27) as Q-deformations
of the standard Einstein equations in GR.

Let us discuss the properties of the connection field equa-
tions (27) studied in [11,32]: Such systems of nonlinear PDEs
are trivially satisfied in a model-independent manner for vari-
ous classes of geometric constructions and solutions [11,33].
For instance, we can consider the conditions Rα

βγ δ = 0, but

R̆α
βγ δ �= 0. This consists a class of restrictions for develop-

ing the f (Q)-theory. The term “coincident gauge” refers to
such circumstances when there are certain coordinate frames
for which �

γ
αβ = 0, but �̆

γ
αβ �= 0, and we can concentrate

our sole attention to find physically important solutions, for
instance, of the Q-modified Einstein equations (27). To study
more general classes of metric-affine gravity and nonmetric
geometric flow theories [15] is important to “relax” the condi-
tions Rα

βγ δ = 0, considering non-zero values. In next subsec-

7 We note that in this work we follow a different system of notations
and chose an opposite sign before mTαβ in (23) and (25).
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tion, we analyze similar conditions in terms of the canonical
d-connection structure ̂D with canonical distortions (21).

2.5.2 Nonmetric f (̂Q) gravity in canonical nonholonomic
variables

The systems of nonlinear PDEs (23) and (27) can not decou-
pled and integrated in some general forms for generic off-
diagonal metrics formulated in arbitrary frames and coordi-
nates. To generate exact and parametric solutions for such
nonlinear systems of equations is possible if the geometric
constructions are performed of nonholonomic dyadic vari-
ables introduced in Sect. 2.1 and using distortions from̂D of
necessary type (non) linear connection structures. In such
a N-adapted approach, we write the Lagrange density as
g
̂L = 1

2κ
̂f (Q) and use the measure

√|gαβ |δ4u, where
δ4u = du1du2δu3δu4 for δua = ea being N-elongated
differentials of type (2). We construct nonmetric nonholo-
nomic gravity theories in canonical N-adapted variables for
the action

̂S =
∫

√

|gαβ |δ4u( g
̂L + m

̂L), (29)

where hats state that all Lagrange densities and geometric
objects are written in nonholonomic dyadic form, with bold-
face indices and usinĝD. We can perform for ̂S the same vari-
ational procedure as in previous subsection but in N-adapted
form, on gαβ, and on D = {�γ

αβ} with distortions from ̂�
γ
αβ

as in (21), for ̂fQ := ∂ ̂f /∂ ̂Q. If we chose ̂S = S with a S of
type (22), we obtain equivalent classes of nonmetric gravity
theories but formulated for different types of nonholonomic
or holonomic variables.

So, following a N-adapted variational procedure, or apply-
ing “pure” geometric methods [2] with distoritions of geo-
metric objects [7,15,17–19], we obtain such nonmetric grav-
itational field equations defined in nonholonomic canonical
diadic variables

2√|g|
̂Dγ (

√|g|̂fQ̂Pγ

αβ) + 1

2
̂f gαβ + ̂fQ(̂PβμνQ μν

α

− 2̂PαμνQ
μν

β) = κ̂Tαβ (30)

and ̂Dα
̂Dβ(

√|g|̂fQ̂Pαβ

γ ) = 0. (31)

In these formulas, ̂P
γ

αβ and Qγ
αβ are defined as in formu-

las (14), (15) and (16), when ̂Tαβ are defined by N-adapted
variations as in (25), or in the form (26), but with respect to
N-elongated frames (1) and (2).

The covariant representation of (30) can be formulated
by analogy to the formulas Ĕ as in previous subsection but
using explicitly the Einstein tensor,̂E := ̂Ric − 1

2ĝRsc, for
̂D. Here we consider a form of nonmetric gravitational equa-
tions with ̂Ric = {̂Rαβ} in the left side and certain effective

sources ̂�ic = {̂�αβ} in the right side. Such a representation
is convenient for applying the AFCDM for constructing off-
diagonal solutions, see details in Appendix A. Distorting the
equations (27), for ∇ → ̂D = ∇ + ̂Z (12) and parameter-
izations (21), or redefining in N-adapted form the variation
calculus,8 we formulate the effective source (encoding both
nonmetric geometric distortions and matter fields) in the form

̂Rαβ = ̂�αβ, for (32)
̂�αβ = e

̂Yαβ + m
̂Yαβ. (33)

The source ̂�αβ (33) is defined by two d-tenors: 1) e
̂Yαβ =

Z̆ icαβ −̂Zicαβ is of geometric distorting nature, which can
be computed in explicit form following formulas (12), (20)
and (21) for (19). 2) The energy-momentum d-tensor m

̂Yαβ

of the matter fields in (33) encodes the nonmetricity scalar
̂Q and d-tensor ̂P

γ

αβ defined respectively by formulas (14),
(15) and (16).9

The properties of the d-connection field equations (31)
witĥD are different from the connection field equations (27)
with ∇. Our goal is to formulate some well-defined condi-
tions when such systems of nonlinear PDEs are trivially satis-
fied (for certain classes of models and their off-diagonal solu-
tions) nonmetric nonholonomic geometric flow nonmetric
gravitational field equations and solutions generalizing the
constructions from [11,33]; see also the end of previous sub-
section. In N-adapted form, we can consider the conditions
1] Rα

βγ δ = 0, but when R̆α
βγ δ �= 0 and ̂R

α

βγ δ �= 0. We
can always impose such constraints and construct different
classes of f (Q) or ̂f (̂Q) gravity theories. The term canon-
ical nonholonomic “coincident gauge” can be used for cer-
tain circumstances when in N-adapted form there are certain
coordinate frames for which D = {�γ

αβ = 0}, but �̆
γ
αβ �= 0

and/or ̂�γ
αβ �= 0. 2] In a more general context, we can con-

8 Certain physical implications of some equivalent effective Einstein
equations were studied [11,32]
9 To keep certain compatibility with the Einstein equations in GR for
zero distortions and zero nonmetricity, we consider distortions of Ricci
d-tensors and tensors related by formulas (19) withRic = R̆ic+ Z̆ ic =
̂Ric+̂Zic. For such distortions, the nonmetric modified Einstein equa-
tions (27) can be written in the form

Ĕαβ = κ

fQ
mTαβ + DETαβ = κ T̆αβ, or R̆αβ = ϒ̆αβ, for

ϒ̆αβ = κ(T̆αβ − 1

2
gαβ T̆ ), for T̆ = gαβ T̆αβ .

The corresponding distortions of the Ricci d-tensors and Ricci tensor
can be computed following formulas

R̆icαβ + Z̆ icαβ = ̂Ricαβ +̂Zicαβ = ϒ̆αβ + Z̆ icαβ ;
̂Ricαβ +̂Zicαβ = ϒ̆αβ + Z̆ icαβ,

̂Ricαβ = Z̆ icαβ −̂Zicαβ + ϒ̆αβ .

In canonical nonholonomic dyadic variables and for ∇ → ̂D, above
formulas transform respectively into those for (32) and (33).
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sider nonmetric phase space determined by conditions

̂Dβ(
√|g|̂fQ̂Pαβ

γ ) = const. (34)

This imposes some nonholonomic covariant and N-adapted
constraints on the class of affine d-connections D = {�γ

αβ}
and respective nonmetric d-tensors Qαβγ . This way (consid-
ering assumptions of type 1] or 2]), we can study various
types of nonmetric gravity theories but constrained in some
forms which allow to construct general classes of exact/ para-
metric solutions when concentrating on physically important
solutions of nonmetric modified Einstein equations (32).

Finally, we note that in Sect. 4 and Appendix A, we con-
struct and study off-diagonal solutions of the system of non-
linear PDEs (32) considering that certain restrictions on the
classes of integration functions and generating functions and
sources imposed on (33) allow also to satisfy the canonical
d-connection constraints (34). In general, such solutions with
̂D do not consist of examples of solutions of the system (27)
with ∇. But imposing additional nonholonomic constraints
of type ̂D|T =0 = ∇, when the canonical nonholonomic tor-
sion induced by N-coefficients become zero, ̂T

γ

αβ, we can
extract exact/parametric solutions for (27) or (30). Such con-
ditions can be satisfied by restricting respectively the class
of generating functions and generating effective sources as
we proved in [15–19]. They modify also the constructions in
Appendix A for nontrivial nonmetric cosmological configu-
rations. In this work, we concentrate on locally anisotropic
cosmological solutions of (32), and their nonmetric geomet-
ric flow evolution in terms of ̂D considering that we can
reduce them in terms of LC-configurations ∇ by imposing
additional nonholonomic constraints.

3 Nonmetric geometric flows and f (Q) gravity

One of the main purposes of this work (stated for Obj 4 in the
introduction section) is to construct generic off-diagonal cos-
mological solutions of nonmetric gravitational equations(32)
and analyze possible implications of such solutions in mod-
ern cosmology and DM and DE physics. Various classes of
physically important such solutions were considered for non-
holonomic MGTs [16–19] and, in nonmetric form, for quasi-
stationary configurations, [15]. Unfortunately, to investigat-
ing physical properties of off-diagonal metrics and nonmetric
deformations of connection is not possible if we apply only
the concept of Bekenstein–Hawking thermodynamics [34–
37] which works effectively for certain classes of solutions
involving some hypersurface, duality conditions, or holo-
graphic configurations. We can apply advanced nonholo-
nomic geometric methods involving relativistic and non-
metric generalizations [15] of the theory of geometric flows
[22,23] and applications in GR and MGTs [29]. In such cases,

we are able to define and compute another type, and more
general, thermodynamic variables using the concept of W-
entropy [22] which can generalized for nonmetric theories
and corresponding quasi-stationary solutions [15]. In this
work, we elaborate on geometric and gravitational models
that are related to the nonmetric effective sources e

̂Yαβ (33)
and the canonical Ricci d-tensor ̂Ric (19) describing off-
diagonal cosmological solutions with topological QC struc-
ture. In this section, a model of nonmetric flows is elaborated
for canonical deformations of f (Q)-gravity.

3.1 Nonmetric geometric flow equations in canonical
dyadic variables

We elaborate on the theory of nonmetric geometric flows
in canonical dyadic variables and families of geometric and
physical data

(V,N(τ ), g(τ ),D(τ ) = ∇(τ ) + L(τ )

= ̂D(τ ) +̂L(τ ) g
̂L(τ ) + m

̂L(τ ))

(35)

parameterized by a real parameter τ, 0 ≤ τ ≤ τ1. The geo-
metric and physical objects for such theories depend, in gen-
eral, on spacetime coordinates. To simplify our notations, we
shall write (for instance) g(τ ) instead of g(τ, uβ) if that will
not result in ambiguities. For any fixed value τ = τ0, such
data define a nonmetric gravity theory when the geometric
d-objects are subjected to the conditions to define solutions
of the nonlinear system of PDEs (32) and (34) with effective
sources (33) as we considered in previous section. Accord-
ing to G. Perelman, τ can be treated as a temperature like
parameter [22]. Such an interpretation and corresponding sta-
tistical thermodynamical formulations of the geometric flow
theories can be considered also for relativistic and modified
background manifolds.

3.1.1 Q-distorted R. Hamilton and D. Friedan equations

The nonmetric geometric flow evolution equations can be
postulated in canonical dyadic variables in the form:

∂τ gi j (τ ) = −2[̂Ri j (τ ) − ̂�i j (τ )];
∂τ gab(τ ) = −2[̂Rab(τ ) − ̂�ab(τ )];
̂Ria(τ ) = ̂Rai (τ ) = 0;̂Ri j (τ ) = ̂R j i (τ );̂Rab(τ ) = ̂Rba(τ ).

(36)

The equations (36) are written in N-adapted frames, where
̂�(τ ) = ̂D

α
(τ )̂Dα(τ ) is the canonical d’Alambert opera-

tor. The conditions ̂Ria(τ ) = ̂Rai (τ ) = 0 are imposed for
̂Ric[̂D] = {̂Rαβ = [̂Ri j , ̂Ria, ̂Rai , ̂Rab]} if we elaborate on a
theory with symmetric d-metrics evolving under nonmetric
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nonholonomic Ricci flows. Such constraints are not consid-
ered, for instance, in nonassociative geometric flow theories
with nonsymmetric metrics [29]. Systems of nonlinear PDEs
of similar type are studied in [15] for models of nonmetric
geometric flows related to f (R, T, Q, Tm) theories of grav-
ity. In this paper, the Q-deformations, distorting relations
(21) and sources ̂�αβ (33) are different from the sources
studied in that work.

The geometric flow equations (36) consist of certain gen-
eralizations of the R. Hamilton equations [23] postulated for
∇. Here we note that equivalent equations were considered a
few years before the mentioned mathematical works (by D.
Friedan who was inspired by research on string theory and
condensed matter physics [24,25]). We can derive nonmetric
variants of geometric flow equations considering an approach
which is similar to the abstract geometric method from [2]
when certain τ -running fundamental geometric objects Ricci
tensors and generalized sources are distorted to canonical
nonholonomic data (35). In Sect. 4 and Appendix A, we prove
that such systems of nonlinear PDEs are well-defined because
they can be decoupled and integrated in certain general forms
and certain classes of solutions describe physically important
processes. Here we note that it is not possible to formulate and
prove some general forms of nonmetric Thurston–Poincaré
conjectures, as it was considered in [22], because there are an
infinite number of non-Riemannian geometries when various
topological and geometric analysis constructions are possi-
ble, being more sophisticate and not unique. Nevertheless, we
can study certain physically important implications of non-
metric geometric flow and nonmetric gravity theories if we
are able to find exact/parametric solutions of systems of non-
linear PDEs of type (36). For the classes of solutions with
topological QC structures as in Appendix B, the approach
involve nontrivial topological configurations.

3.1.2 τ -Running Einstein equations, nonmetric geometric
flows, and f (Q) Ricci solitons

We can consider the term ∂τgμ′ν′(τ ) as an additional effective
source defining τ -running of geometric flows of Ricci d-
tensors. Using τ -families of vierbein transforms eμ

μ′(τ ) =
eμ

μ′(τ, uγ ) and their dual transform e ν′
ν (τ, uγ ) with eμ(τ) =

eμ

μ′(τ )duμ′
, we can introduce N-adapted effective sources

ᵀ�μ
ν (τ ) = eμ′

μ (τ)e ν′
ν (τ )

[

�μ′ν′(τ ) − 1

2
∂τgμ′ν′(τ )

]

=
[

h�(τ, xk)δij , �(τ, xk, ya)δab

]

. (37)

The data ᵀ� = [h�, �] can be fixed as some generating
functions for effective matter sources encoding contributions
both by geometric flows and Q-deformations. Prescribing
explicit values of h� and �, we impose certain nonholo-

nomic constraints on the noncommutative geometric flow
scenarios. It is not possible to solve in general form sys-
tems of PDEs of type ∂τgμ′ν′ = 2(�μ′ν′ − ᵀ�μ′ν′), for
prescribed generating sources in (37) and general effective
distortions and matter energy-momentum. We can search for
solutions with small parameters resulting in recurrent formu-
las for powers on such parameters. In a different approach,
certain approximations allow to model relativistic models of
geometric locally anisotropic geometric diffusion or nonlin-
ear wave evolution. For applications to modern cosmology,
we can consider that generating sources of type [ h�,�]
impose certain restrictions on the geometric evolution and
dynamics of sources modified by Q-deformations.

Using the generating sources ᵀ�μ
ν (τ ) (37), we can write

the nonmetric geometric flow equations (36) as τ -running
and Q-deformed Einstein equations for ̂D

α
(τ ),

̂R
α

β(τ ) = ᵀ�α
β(τ ). (38)

Constraining nonholonomically this system for zero canon-
ical d-connections, we model nonmetric τ -evolution scenar-
ios in terms of LC-data:

̂T
γ

αβ(τ ) = 0, for ̂D|̂T =0(τ ) = ∇(τ ), when (39)

R̆βγ (τ ) = ᵀ�βγ (τ ). (40)

Such systems of nonlinear PDEs define τ -running gener-
alizations of Q-modified Einstein equations (27). Here we
note that the torsion of the related affine connections D sub-
jected to conditions (24) may be nontrivial and that ᵀ�βγ (τ )

encodes Q-deformations.
In [15], we defined nonholonomic and nonmetric Ricci

soliton configurations is a self-similar one for the correspond-
ing nonmetric geometric flow equations. Fixing τ = τ0 in
(36), we obtain the equations for the ̂f (̂Q) Ricci solitons:

̂Ri j = ᵀ�i j , ̂Rab = ᵀ�,

̂Ria = ̂Rai = 0;̂Ri j = ̂R j i ;̂Rab = ̂Rba . (41)

The nonholonomic variables can be chosen in such forms that
(41 ) are equivalent to nonmetric modified Einstein equations
(32) for ̂D

α
(τ0).10 For additional nonholonomic constraints,

such equations define solutions of the nonmetric Einstein
equations (27) for ∇(τ0).

Let us discus the issue of formulating conservation laws
for Q-deformed systems. Using the canonical d-connection,
we can check that for systems of type (41) and related non-
holonomic modified Einstein equations there are satisfied the

10 In various MGTs and GR, as in the theory of Ricci flows of Rieman-
nian metrics, the Einstein spaces and certain nonholonomic deforma-
tions consist examples of (nonholonomic) Ricci solitons.
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conditions

̂D
β
̂E

α

β = ̂D
(

̂R
α

β − 1

2
s
̂Rδα

β

)

�= 0 and ̂D
β ᵀ�α

β �= 0.

This is typical for nonholonomic systems and the issue of
formulating conservation laws becomes more sophisticate
because of nonmetricities. Similar problems exist also in
nonholonomic mechanics when the conservation laws are
formulated by solving nonholonomic constraints or introduc-
ing some Lagrange multiples associated to certain classes
of nonholonomic constraints. Solving the constraint equa-
tions (they may depend on local coordinates, velocities or
momentum variables), we can re-define the variables and
formulate conservation laws in some explicit or non-explicit
forms. Such nonholonomic variables allow us to introduce
new effective (mechanical) Lagrangians and Hamiltonians.
This allow us to define conservation laws in certain standard
form if Qαβγ = 0. In some general forms and for nonmetric
gravity theories, such constructions can be performed only
for some special classes of solutions and corresponding geo-
metric flow/ nonholonomic Ricci soliton models. Using dis-
tortions of connections, we can rewrite systems of type (32),
(27), (41) etc. in terms of ∇, when ∇βEα

β = ∇βT α
β = 0 for

Qαβγ → 0 as in GR. Here we note that we shall formulate
in next subsection a statistical thermodynamic energy type
variable which is related to G. Perelman’s paradigm for Ricci
flows, which may encode also nonmetric contributions.

In Appendix A, we show how using the AFCDM the
equations (32) and, if necessary, (27) with nonholonomic
constraints (40) can be decoupled and integrated in gen-
eral locally anisotropic cosmological forms for certain pre-
scribed nonmetric effective sources (37). Fixing the run-
ning parameter, such (in general, off-diagonal) solutions with
nonmetricity describe certain nonmetric cosmological space-
times described by systems of nonlinear PDEs (32) and (41).

3.2 Statistical geometric thermodynamics for f (Q)

geometric flows

Perelman [22] introduced the so-called F- and W-functionals
as certain Lyapunov type functionals, F̆(τ, g,∇, R̆sc) and
W̆ (τ, g,∇, R̆sc) depending on a temperature like parameter
τ and fundamental geometric objects when W̆ have prop-
erties of “minus entropy”. Using F̆ or W̆ , he elaborated a
variational proof for geometric flow equations of Rieman-
nian metrics, which was applied to developing a strategy
for proving the Poincaré–Thorston conjecture. Respective
details are provided in mathematical monographs [26–28]. It
is not possible to formulate and prove in some general forms
such conjectures for non-Riemannian geometries.

G. Perelman’s geometric and analytic methods have a
number of perspectives in modern particle physics, gravity
and cosmology, see reviews of results in [16,18,29]. The

main point is that using relativistic generalizations and var-
ious modifications of W̆ we can formulate statistical and
geometric thermodynamic models which are more general
and very different from the constructions performed in the
framework of the Bekenstein–Hawking paradigm [34–37].
The geometric flow constructions and related statistical ther-
modynamic approach can be generalized for various super-
symmetric/noncommutative/nonassociative geometries etc.
In [15], such constructions were extended in nonholo-
nomic form for nonmetric geometric flow theories related to
f (R, T, Q, Tm) gravity and applied for investigating impor-
tant physical properties of quasi-stationary solutions in such
theories. To develop such geometric methods for the case
of f (Q) gravity when the nonmetric gravitational equations
of type (23) involve directly the geometric objects Pγ

αβ and

Qγ
αβ it is convenient because the geometric flows are usu-

ally defined as Ricci flows. It is more appropriate to study
models when the f (Q) nonmetric gravitational equations are
of type (27) and then to distort the constructions to include
nonholonomic Ricci soliton equations (41). So, the goal of
the next subsections is to formulate a nonmetric geomet-
ric thermodynamic model for nonmetric geometric flows of
canonical d-connections in nonholonomic dyadic variables
for τ -running modified Einstein equations (32).

3.2.1 Nonholonomic F-/ W-functionals for Q-deformed
geometric flows and gravity

We postulate the modified Perelman’s functionals following
the same principles as in [15,16,18,22,26–29] but for non-
metric geometric flows involving canonical nonholonomic
geometric objects and ̂f (̂Q) distortions:

̂F(τ ) =
∫ t2

t1

∫

�t

e−ζ(τ )
√|g(τ )|δ4u[̂f (̂Rsc(τ ))

+ eL(τ ) + m
̂L(τ ) + |̂D(τ ) ζ(τ )|2], (42)

̂W(τ ) =
∫ t2

t1

∫

�t

(4πτ)−2 e−ζ(τ )
√|g(τ )|δ4u[τ(̂f (̂Rsc(τ ))

+ eL(τ ) + m
̂L(τ ) + |̂D(τ )ζ(τ )|2 + ζ(τ ) − 4],

(43)

In these formulas, the condition
∫ t2
t1

∫

�t
(4πτ)−2 e−ζ(τ )

√|g|d4u = 1 is imposed on the normalizing function ζ(τ ) =
ζ(τ, u); and τ -families of Lagrange densities g

̂L + m
̂L are

considered as in (29).
Performing a N-adapted variational calculus for̂D (which

is similar to that presented in [22,26–28] but N-adapted to
nonmetric geometric structures) and redefining respectively
the normalizing functions and nonholonomic distributions,
we prove the nonmetric geometric flow equations (36) with
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an additional constraint equation for ζ(τ ):

∂τ ζ(τ ) = −̂�(τ )[ζ(τ )] + ∣

∣̂D nζ(τ )
∣

∣

2

−̂f (̂Rsc(τ )) − eL(τ ) − m
̂L(τ ). (44)

This equation for ζ(τ ) involves nonlinear partial differen-
tial operators of first and second order and relates τ -families
of canonical Ricci scalars ̂Rsc(τ ) and nonmetric sources
̂�αβ (33). Such a nonlinear PDE can’t be solved in a gen-
eral form which do not allow us to study in general forms
models of flow evolution of topological configurations deter-
mined by arbitrary nonmetric structures and distributions of
effective and real matter fields. We can prescribe a topolog-
ical structure for an off-diagonal metric constructed as an
exact/parametric solution of nonholonomic system of non-
linear PDEs (36). In such a case, we can chose a convenient
ζ(τ ) (it can be prescribed to be a constant, or zero) which
states certain constrains on nonmetric geometric evolution.
Alternatively, we can solve the Eq. (44) in certain parametric
forms and then to re-define the constructions for arbitrary
systems of reference.

It should be noted here that the functionals ̂F and ̂W
were postulated in canonical nonholonomic variables in a
form which is similar to the original F- and W-functionals
[22], which were introduced for 3-d Riemannian τ -flows
(g(τ ),∇(τ )). In this work, we extend the constructions in
̂f (̂Q)-deformed 4-d Lorentz manifolds endowed with addi-
tional nonholonomic distributions determined by effective
Lagrange densities. We can compute the functionals (42)
and (43) for any 3+1 splitting with 3-d closed hypersur-
face fibrations ̂�t and considering nonholonomic canoni-
cal d-connections and respective geometric variables. Simi-
lar computations are provided in [16,18,29] and references
therein. The ̂W-functional possess the properties of “minus”
entropy if we re-define the normalizing function to “absorb”
the contributions from Q -distortions and matter fields. This
can be also modelled by choosing corresponding nonholo-
nomic configurations along some causal curves taking values
̂W(τ ) on ̂�t .

The ̂f (̂Q) modified G. Perelman’s functionals can be
defined and computed for any solution of nonmetric geo-
metric flow equations (for instance, of type (32)), or for
nonmetric Ricci soliton equations (41). They can be used
for elaborating thermodynamic models both for nonmetric
quasi-periodic configurations as in [15] and for locally
anisotropic cosmological solutions encoding nonmetricity
data (we shall provide details and analyze explicit examples
in next sections).

3.2.2 Canonical thermodynamic variables for f (Q)

theories

Let us redefine the normalization function ζ(τ ) →̂ζ (τ ), for

∂τ ζ(τ ) + ̂�(τ )[ζ(τ )] − ∣

∣̂Dζ(τ )
∣

∣

2 − eL(τ ) − m
̂L(τ )

= ∂τ
̂ζ (τ ) + ̂�(τ )[̂ζ (τ )] − ∣

∣̂D̂ζ (τ )
∣

∣

2
,

when (44) transforms into

∂τ
̂ζ (τ ) = −̂�(τ )[̂ζ (τ )] + ∣

∣̂D̂ζ (τ )
∣

∣

2 − ̂f (̂Rsc(τ )). (45)

In terms of a corresponding integration measure, the W-
functional (43) can be written “without” the effective matter
source11

̂W(τ ) =
∫ t2

t1

∫

�t

(4πτ)−2 e−̂ζ (τ )
√|g(τ )|δ4u

×[τ(̂f (̂Rsc(τ )) + |̂D(τ )̂ζ (τ )|2 +̂ζ (τ ) − 4].
(46)

On a metric-affine space M endowed with canonical geo-
metric variables and a nonholonomic (3+1) splitting,12 we
introduce the statistical partition function

q
̂Z(τ ) = exp

[∫

̂�

[−̂ζ + 2] (4πτ)−2 e−̂ζ δ̂V(τ )

]

, (47)

where the volume element is defined and computed as

δ̂V (τ ) = √|g(τ )| dx1dx2δy3δy4. (48)

A left label q for q
̂Z(τ ) is used in order to emphasize that

nonmetric Q-contributions are encoded in g(τ ) considered
as a solution of nonassociative geometric flow/ gravitational
equations.

Using q
̂Z (47) and ̂W(τ ) (46) and performing the vari-

ational procedure in canonical N-adapted variables, on a
closed region of M (which is similar to that provided in sec-
tion 5 of [22]), we can define and compute respective (canon-
ical geometric and statistical) thermodynamic variables:

q
̂E (τ ) = −τ 2

∫

̂�

(4πτ)−2
(

̂f (̂Rsc) + | ̂D̂ζ |2 − 2

τ

)

× e−̂ζ δ̂V (τ ),

q
̂S(τ ) = −

∫

̂�

(4πτ)−2
(

τ((̂Rsc) + |̂D̂ζ |2) +̂ζ − 4
)

× e−̂ζ δ̂V (τ ),

11 Nevertheless the effective nonmetric and matter sources are encoded
into geometric data if we consider an explicit class of solutions of (38).
12 Such a conventional splitting is necessary for defining thermody-
namic variables; in another turn, a nonholonomic 2+2 decomposition
is important for generating off-diagonal solutions.

123



  653 Page 14 of 31 Eur. Phys. J. C           (2024) 84:653 

q σ̂ (τ ) = 2 τ 4
∫

̂�

(4πτ)−2 | ̂Rαβ +̂Dα
̂Dβ
̂ζ[1]

− 1

2τ
gαβ |2e−̂ζ δ̂V (τ ). (49)

Such nonmetric geometric thermodynamic variables were
defined in [15] but for a different class of metric-affine the-
ories. The fluctuation variable q σ̂ (τ ) can be written as a
functional of ̂Rαβ even q

̂E (τ ) and q
̂S(τ ) are functionals

of ̂f (̂Rsc) if we correspondingly re-define the normalizing
functionŝζ →̂ζ[1]. We omit such details in this work because
we shall not compute q σ̂ (τ ) for certain classes of solutions.
Fixing the temperature in (49), we can compute thermo-
dynamic variables

[

q
̂E(τ0),

q
̂S(τ0),

q σ̂ (τ0)
]

for nonmetric
Ricci solitons (41). Certain classes of solutions can be not
well-defined in general form if, for instance, q

̂S(τ0) < 0.

We have to restrict some classes of nonholonomic distri-
butions/distortions in order to generate physically viable
solutions. In some spacetime regions, the nonmetric Q-
deformations may result in un-physical models, but be well-
defined for another nonholonomic conditions because of
different sign contributions. We have to investigate this in
explicit form for corresponding classes of exact/parametric
solutions of physically important systems of nonlinear PDEs.

4 Off-diagonal cosmological solutions encoding
nonmetric geometric flows

Recent observational data provided by James Webb Space
Telescope, JWST, indicate that the Standard Cosmological
Model, SCM, could require correcting or even a substan-
tial revision [12–14]. Such modifications can be modelled as
different cosmological scenarios determined by (non) met-
ric geometric flow models and MGTs, or GR, with generic
off-diagonal cosmological metrics. To be able to compare
our nonholonomic approach with predictions of �CDM cos-
mological models involving nonmetricity fields we provide
some basic formulas for the SCM. Then, we generate and
analyse more general classes of nonmetric geometric flow
and cosmological solutions. The main goal of this section
is to prove that by applying the AFCDM (see a summary of
results and basic references in Appendix A) we can elaborate
on more general classes of cosmological theories with non-
metric geometric flows and MGTs with off-diagonal inter-
actions. This opens new possibilities for revising the theory
of accelerating Universe and the DE and DM paradigms. As
explicit examples, we construct and analyse basic proper-
ties of off-diagonal cosmological metrics with topological
quasicrystal, QC, structure (main definitions are provided in
Appendix B) determined in different cases by quasi-periodic
nonmetric geometric flows, effective and real matter sources,
and/or off-diagonal components of metrics.

4.1 Diagonal metrics for f (Q) cosmology

We cite [10,31–33] for reviews on f (Q) gravity and cosmol-
ogy with modified Einstein equations (22), or (23), or (27).
For such a nonmetric spacetime, a prime off-diagonal metric
g̊ =[g̊α, N̊ a

i ] (A.15) is written using general curved coordi-
nates uα(x, y, z, t) and considered as a conformal transform,

g̊αβ � å−2(t) RWgαβ, (50)

of the Friedmann–Lemaître–Robertson–Walker, FLRW, diag-
onal metric

ds̊2 = RWgαβ(u)eαeβ � å2(t)(dx2 + dy2 + dz2) − dt2.

(51)

In this formula, t is the cosmic time, å(t) is the scale factor;
and x ı̀ = (x, y, z) are the Cartesian coordinates. A metric
(51) defines a homogeneous, isotropic, and spatially flat cos-
mological spacetime as a solution of the Einstein equations
in GR. Q-modifications of the energy–momentum tensor for
matter are parameterized in the form (26) and generalized to
effective tensors for DE (determined as in the modified grav-
itational equations (27) and (28)). Such metrics define Q-
deformations to diagonal f (Q) cosmological models deter-
mined by modified Friedman equations

3H̊2 = ρ̊ + 1

2
[ f (Q̊) − Q̊] − Q̊[ fQ(Q̊) − 1],

× [2Q̊( fQQ(Q̊) + fQ(Q̊))]H̊�

= 1

4
[ f (Q̊) − 2Q̊ + 2Q̊(1 − fQ(Q̊))] − 1

2
p̊, (52)

for the Hubble function H̊ := å�/å and Q̊ = 6H̊2 for in the
above equations, see the conventions on partial derivatives
for Q–modified coefficients of the Ricci d-tensor (A.1). The
conservation law (i.e. the matter equation-of-state) involv-
ing the prime energy density and pressure of matter fluid
(respectively, ρ̊ and p̊) is

ρ̊� + 3H̊(1 + ẘ)ρ̊ = 0,

for the parameter ẘ := p̊/ρ̊. In this work, we follow our
system of notation which is different from those used in other
cosmological papers with diagonalizable metrics.

For applications in DE and DM physics, the Q-modified
Friedman equation (52) are usually written in effective form

m�̊ + Q�̊ = 1,

where the energy density parameters are introduced as

m�̊ = ρ̊/3H̊2 and

Q�̊ =
[

1

2
( f (Q̊) − Q̊) − Q̊( fQ(Q̊) − 1)

]

/3H̊2.
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Such parameters allow to introduce some (prime) effective
energy density and pressure, respectively, as

e f f ρ̊ = ρ̊ + 1

2
[ f (Q̊) − Q̊] − Q̊[ fQ(Q̊) − 1] and

e f f p̊ = ρ̊(1 + ẘ)

2Q̊ fQQ(Q̊) + fQ(Q̊)
− Q̊

2
.

In such thermodynamic variables, the total equation of state
is written

e f f ẘ :=
e f f p̊
e f f ρ̊

= −1 +
m�̊(1 + ẘ)

2Q̊ fQQ(Q̊) + fQ(Q̊)
,

when e f f ẘ < −1/3 for an accelerated universe.
A dynamical system analysis using cosmological param-

eters ( m�̊, Q�̊, e f f ẘ) for various types of f (Q̊) was per-
formed in section III of [10]. In this work, we elaborate on
more general classes of nonmetric off-diagonal cosmologi-
cal solutions which only for very special assumptions can be
characterized by effective ( m�, Q�, e f f w) determined by
nonmetric geometric flows. For generic off-diagonal cosmo-
logical models, the concepts of above type thermodynamical
models and related DM and DE theories are not applicable.
We shall provide in Sect. 5 new examples which involve
nonmetric generalizations of G. Perelman thermodynamics
as considered in Sect. 3.2.

4.2 Ansatz for τ -running nonmetric cosmological
spacetimes

In this subsection, we study a class of locally anisotropic
cosmological solutions encoding in general form nonmetric
Q-deformations and geometric flows on a temperature like
parameter τ. Such generic off-diagonal metrics can be used
for explaining recent observational data provided by JWST,
[12–14], when the cosmological evolution and structure for-
mation of the Universe are modelled in very different forms
comparing to constructions in the frameworks of the SCM.

Nonmetric geometric flows of locally anisotropic cosmo-
logical solutions of the system of nonlinear PDEs (38) can
be constructed for generic an off-diagonal ansatz13

ĝ(τ ) = gi (τ, x
k)dxi ⊗ dxi + h3(τ, x

k, t)e3(τ )

13 With respect to coordinate dual frames, such a d-metric can be rep-
resented as ĝ = ĝ

αβ
(τ, u)duα ⊗ duβ, when the off-diagonal metrics

are parameterized in the form

ĝ
αβ

(τ, u)=

⎡

⎢

⎢

⎣

eψ + (n1)
2h3 + (w1)

2h4 n1n2h3 + w1w2h4 n1h3 w1h4

n1n2h3 + w1w2h4 eψ + (n2)
2h3 + (w2)

2h4 n2h3 w2h4

n1h3 n2h3 h3 0
w1h4 w2h4 0 h4

⎤

⎥

⎥

⎦

,

where respective dependencies of coefficients on (τ, xk , y3) are omit-
ted. Such a metric is generic off-diagonal if the W-coefficients defined
in footnote 5 are not trivial.

⊗ e3(τ ) + h4(τ, x
k, t)e4(τ ) ⊗ e4(τ ),

e3(τ ) = dy3 + ni (τ, x
k, t)dxi ,

e4(τ ) = dy4 + wi (τ, x
k, t)dxi . (53)

This is a d-metric of type (4) when the d-metric and N-
connection coefficients depend on h-coordinates xi , do
not depend on the space coordinate y3, but respective v-
components generically depend as a v-coordinate on y4 = t
and being parameterized in N-adapted form as

gi (τ ) = eψ(τ,x j ), ga(τ ) = ha(τ, x
k, t),

N 3
i = ni (τ, x

k, t), N 4
i = wi (τ, x

k, t). (54)

We can find the solutions in explicit parametric form if we
consider effective sources (37) determined by generating
sources

ᵀ�μ
ν (τ ) = c�μ

ν (τ ) = [h�(τ, xk)δij , v �(τ, xk, t)δab ], (55)

where the left label “c” is used for cosmological configura-
tions with h-v-decomposition. We shall use such splitting of
effective generating v-sources:

v �(τ, xk, t) = m �(τ, xk, t) + e �(τ, xk, t)

+ DE�(τ, xk, t), (56)

associated to respective τ -running matter terms mTαβ (25),
effective sources e

̂Yαβ (33) determined by distortions of
connections encoding additional terms ∂τgμν as in (37);
and effective DE terms DETαβ (28) computed by respec-
tive Q-deformations of gravitational Lagrangians. We shall
not use similar decompositions for h�(τ, xk) because they
contribute only to the sources of some 2-d Poisson equa-
tions which are linear and can be integrated in general form
(see details in Appendix A). In another turn, the terms (56)
are determined in parametric form by different physical con-
stants which allows to compute different type physical impli-
cations to nonlinear geometric evolution and dynamical inter-
actions in conventional v-subspaces.

4.3 Parametrization of d-metrics and sources describing
nonmetric QC evolution

There are four possibilities to generate topological QCs and
elaborate models of their nonmetric geometric evolution by
cosmological d-metrics (53):

1. We can consider that the v-components a d-metric and
respective N-coefficients are generated as functionals of
a quasi-periodic function

̂1θa � θ I (u) = θ I[0] + KIx, (57)
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with θ I[0] and I = b, for b = 3, 4. Such values are taken
for a crystal like structure as we explain for topological
QCs in Appendix B (for formulas (B.1). For instance,
the d-metric coefficients (54) can be defined by a func-
tional ̂1�(τ, xk, t) = �[ ̂1θa[τ, xk, t]] as for (A.7),
when the generating sources v �(τ, xk, t) (56) are arbi-
trary ones (i. e. the components m �, e �, and DE� do
not involve topological QC configurations). Correspond-
ingly, the formulas (54) are considered as functionals

ha[̂1θa] = ha[̂1θa[τ, xk, t]],
ni [̂1θa] = ni [̂1θa[τ, xk, t]],

wi [̂1θa] = wi [̂1θa[τ, xk, t]], (58)

where the left label̂1 will be used for emphasizing quasi-
periodic functional dependencies for generating func-
tions of the coefficients of d-metrics and N-coefficients.

2. Topological QC configurations can be generated also by
effective sources e

̂Yαβ (33) if we consider that such
N-adapted coefficients are related by frame/coordinate
frame transforms (and including in nonholonomic form
effective terms of type ∂τgμν, see explanations for for-
mulas (37)) to some

e
̂Tαβ := − 2√|g|

δ(
√|g| êL)

δgαβ
= e

̂Lgαβ + 2
δ( e

̂L)

δgαβ
.

Such a d-tensor is computed in N-adapted variational
form as (25) but for an effective quasi-periodic Lagrangian
e
̂L = θ2

̂L (B.2), or e
̂L = �2

̂L (B.3). In functional form,
we parameterize the corresponding topological QC gen-
erating sources as

e
̂Yαβ [̂2θa] = e

̂Yαβ [̂2θa[τ, xk, t]] ↔ e�, (59)

where the label ̂2 emphasize that we consider quasi-
periodic structures related to canonical nonholonomic
distortions of d-connections.

3. Quasi-periodic structures can be generated by effec-
tive DE sources DE�(τ, xk, t) (28) determined by Q-
deformations of sources. In N-adapted form, we write
DE
̂Tαβ for generating source functionals in (37) and con-

sider DE generating sources as functionals

DE
̂Yαβ [̂3θa] = DE

̂Yαβ [̂3θa[τ, xk, t]] ↔ DE�. (60)

We use the label̂3 for distinguishing quasi-periodic struc-
tures of nonmetric origin.

Applying nonlinear transforms (A.8) and (A.9), the quasi-
periodic generating sources (59) and (60) can be transformed
into respective effective cosmological constants e� and

DE� as in (A.10). This allows us to compute and distin-
guish contributions of different type quasi-periodic struc-
tures, which can be of distortion of connections and (non)
metric geometric flow origin and/or of Q-deformation type.
Because of nonlinear off-diagonal geometric evolution and
gravitational and (effective) matter field interactions, con-
sidering nonmetric geometric data for ( m� e�, DE�),

the coefficients of d-metrics and N-connections (in general
frames of reference) became functionals on all types q̂θa,

for q = 1, 2, 3,; when (58) are re-parameterized as

ha[ q̂θa] = ha[ q̂θa[τ, xk, t]], ni [ q̂θa] = ni [ q̂θa[τ, xk, t]],
wi [ q̂θa] = wi [ q̂θa[τ, xk, t]]. (61)

Even for such general assumptions on generating data, we
can construct exact and parametric solutions of physically
important systems of nonlinear PDEs (32)–(41) if we apply
the AFCDM summarized in Appendix A. Such generic off-
diagonal metrics and generalized (non) linear connections
describe the generation and nonmetric flow evolution of cos-
mological topological QC structure, which may be applied
in modern accelerating cosmology and DE and DM physics.
In this section, we provide explicit examples and discuss the
main physical properties which may be important for explain-
ing recent observational data provided by JWST, [12–14].

4.4 Generic non �CDM cosmological solutions with
τ -running QC generating functions

Such generic off-diagonal cosmological solutions of (32)
are of type (58) and generated by a functional ̂1� =
�[ ̂1θa[τ, xk, t]] introduced in τ -family of quadratic ele-
ments (A.7), when

ds2(τ ) = eψ(τ,xk )[(dx1)2 + (dx2)2]

+
{

g[0]
3 −

∫

dt
[̂1�2]�
4(v �)

}

⎧

⎪

⎨

⎪

⎩

dy3 +
⎡

⎢

⎣1nk + 2nk

×
∫

dt
[(̂1�)2]�

4(v �)2|g[0]
3 −

∫

dt[ ̂1�2]�
4(v �)|5/2

⎤

⎥

⎦ dxk

⎫

⎪

⎬

⎪

⎭

+ [̂1��]2

4(v �)2{g[0]
3 −

∫

dt[ ̂1�2]�
4(v �)}

(

dt + ∂i
̂1�

̂1�� dxi
)2

. (62)

The nonmetric geometric cosmological evolution described
by (62 ) posses a topological QC structure even the effective
sources v � = m �+ e �+ DE� (56) can be some general
ones not involving a quasi-periodic structure.
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The nonlinear symmetries (A.8) allow us to transform the
generating data

(�[̂1θa[τ, xk, t]],v �(τ )) → (
̂1h3 = h3[̂1θa[τ, xk, t]],

v �(τ, xk, t)),

when
̂1h�

3(τ ) = −[(̂1�)2]�/4v �(τ ). (63)

The solutions (62) can be written in the form (A.12), when
h3 → ̂1h3 and ̂1h3 is a generating functional for topological
QC structure ̂1θa[τ, xk, t] determining the quasi-periodicity
of the v-components of the d-metric and N-connection coef-
ficients.

Using formula (63) and

(
̂1�[̂1θa[τ, xk, t]])2 = −4̂�(τ)

̂1h3[̂1θa[τ, xk, t]],
for ̂�(τ) = m�(τ) + e�(τ) + DE�(τ)

(derived for nonlinear symmetries (A.8) and (A.9) and for
splitting of the effective τ -running cosmological constant
(A.10) for (A.12)), we re-write the d-metric (62) in the form
(A.11)), when

ds2(τ ) = gαβ(τ, xk , t,
̂1�(τ),̂�(τ))duαduβ

= eψ(τ,xk )[(dx1)2 + (dx2)2] −
{

g[0]
3 (τ ) − (

̂1�)2(τ )

4 ̂�(τ)

}

×

⎧

⎪

⎨

⎪

⎩

dy3 +
[

1nk(τ ) + 2nk(τ )

∫

dt

× (
̂1�)2(τ )[(̂1�)�(τ )]2

| ̂�(τ)
∫

dt v �(τ ) [(̂1�)2(τ )]�|[g[0]
3 (τ ) − (

̂1�)2(τ )

4 ̂�(τ)
]5/2

⎤

⎦

⎫

⎬

⎭

− (
̂1�)2(τ )[(̂1�)�(τ )]2

| ̂�(τ)
∫

dt v �(τ )[(̂1�)2(τ )]� |[g[0]
3 (τ ) − (

̂1�)2(τ )

4 ̂�(τ)
]

×
{

dt + ∂i
∫

dt v �(τ ) [(̂1�)2(τ )]�
v �(τ ) [( (̂1�)(τ))2]� dxi

}2

. (64)

This τ -family of cosmological solutions is determined by
generating data (

̂1�[ ̂1θa[τ, xk, t]]; m�(τ) + e�(τ) +
DE�(τ), v �(τ )) and allow to distinguish and compare
models with different types of τ -running effective cosmo-
logical constants. Such constants approximate the contribu-
tions of standard matter fields, effective distortions and Q-
deformations. In general, we are not able to eliminate the
effective generating source v �(τ ) but we can always chose
certain nonholonomic configurations when the terms with
some ( m �(τ ), e �(τ ), DE�(τ )) are smaller than the
terms with corresponding ( m�(τ), e�(τ), DE�(τ)). Fix-
ing τ = τ0, we define generic off-diagonal cosmological
solutions in nonmetric MGTs.

The τ -running d-metrics (62) allow us to model cosmolog-
ical scenarios with topological QC structure induced by gen-
erating functions when the effective matter sourcesv �(τ ) are
not obligatory quasi-periodic. The priority of parametriza-
tion of solutions written in the form (64) involving effective
cosmological constants is that we can compute correspond-
ing thermodynamic variables for generating topological QC
configurations (see Sect. 5). Using such variables, we can
distinguish contributions of nonholonomic distortions and
off-diagonal terms, nonmetricity fields and metric fields and
search for observational data which allows to decide which
theory is more realistic and viable. Corresponding nonmetric
generic off-diagonal cosmological scenarios are very differ-
ent from those elaborated in the framework of the �CDM
cosmological paradigm.

4.5 τ -Running cosmology with topological QC generating
sources

Generic off-diagonal cosmological metrics can be generated
by nonmetric topological QC sources of type (59) and/or (60)
when the generating functions �(τ),�(τ) and h3(τ ) may
encode, or not, quasi-periodic structures. In this subsection,
we provide a modification of (64) with v-components of d-
metric and N-connection coefficients of type (61), when

ds2(τ ) = gαβ(τ, xk , t,
̂1�(τ),̂�(τ))duαduβ = eψ(τ,xk )[(dx1)2 + (dx2)2] −

{

g[0]
3 (τ ) − ( q̂�)2(τ )

4 ̂�(τ)

}

×
⎧

⎨

⎩

dy3 + [1nk(τ ) + 2nk(τ )

∫

dt
( q̂�)2(τ )[( q̂�)�(τ )]2

| ̂�(τ)
∫

dt ( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]])[( q̂�)2(τ )]�|[g[0]
3 (τ ) − ( q̂�)2(τ )

4 ̂�(τ)
]5/2

]
⎫

⎬

⎭

− ( q̂�)2(τ )[( q̂�)�(τ )]2

| ̂�(τ)
∫

dt ( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]])[( q̂�)2(τ )]� |[g[0]
3 (τ ) − ( q̂�)2(τ )

4 ̂�(τ)
]

×
{

dt + ∂i
∫

dt ( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]]) [( q̂�)2(τ )]�
( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]])[ ( q̂�)2(τ )]� dxi

}2

. (65)

123



  653 Page 18 of 31 Eur. Phys. J. C           (2024) 84:653 

The τ -family of cosmological solutions (65) is determined
by generating data

( q̂�[ q̂θa[τ, xk, t]];
̂�(τ) = m�(τ) + e�(τ) + DE�(τ), v �(τ )), (66)

which allows us to compute the corresponding G. Perel-
man’s thermodynamic variables (49) (see examples in sec-
tion 5). In general forms, such nonmetric cosmological mod-
els can’t be embedded into the framework of the �CDM
cosmological paradigm. Such a general behaviour holds true
even we consider additional constraints for extracting LC-
configurations as in Appendix A.2.2 and, for further restric-
tions to locally anisotropic cosmological models in GR (with
vanishing DE�(τ ) and DE�(τ)). Nevertheless, even in such
special cases, topological QCs cosmological configurations
can be generated because of generic off-diagonal terms of
d-metrics and related N-connection coefficients.

4.6 Topological QC deformations of FLRW metrics under
nonmetric geometric flows

Using the AFCDM, we can study how nonmetric geometric
flows may result in deformation of certain prime off-diagonal
metric g̊ =[g̊α, N̊ a

i ] (A.15) together with the formation of
topological QC structure. An important physical example is
to consider that g̊αβ � å−2(t) RWgαβ as in (50) and then to
generate parametric solutions of (38) defined by gravitational
η-polarizations (A.15). Considering a generating function of
type (A.18) η3 (τ ) � q̂η3(τ ) = η3[ q̂θa] as in (61) (in
particular cases, we can consider a functional dependence
of type (63)) and generating sources of topological QC type
(59) and/or (60), we generate τ -families of cosmological d-
metrics (A.21), when

dŝ2(τ ) = ĝαβ(τ, xk, t; g̊α;ψ(τ), q̂η3(τ ); ( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]]))duαduβ

= eψ(τ)[(dx1)2 + (dx2)2] + q̂η3(τ )g̊3

⎧

⎨

⎩

dy3 + [1nk(τ ) + 2nk(τ )

∫

dt

× [( q̂η3(τ )g̊3)
�]2

| ∫ dt ( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]])( q̂η3(τ )g̊3)�| ( q̂η3(τ )g̊3)5/2
]dxk

}2

− [( q̂η3(τ ) g̊3)
�]2

| ∫ dt v ( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]])( q̂η3(τ ) g̊3)�| q̂η3(τ )g̊3

×
{

dt + ∂i [
∫

dt v ( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]]) ( q̂η3(τ )g̊3)
�]

( m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]])( q̂η3(τ )g̊3)�
dxi

}2

. (67)

For ( q̂�[ q̂θa[τ, xk, t]])2 = −4̂�η3[ q̂θa]g̊α, we can trans-
form (67) in a variant of (65), or (A.19), with η-polarizations
determined by the generating data

( q̂ h3(τ ) = η3[ q̂θa]g̊α; m �(τ )

+ e �[̂2θa[τ ]] + DE�[̂3θa[τ ]];
̂� (τ) = m�(τ) + e�(τ) + DE�(τ)

)

. (68)

The primary cosmological data define a �CDM model with
Q -deformations as we considered in Sect. 4.1. More gen-
eral classes of solutions (67) deform such metrics in generic
off-diagonal and describe arising of topological QC struc-
tures encoding via polarization functions nonmetric geomet-
ric flows and corresponding effective QC-sources. The phys-
ical interpretation of target classes of solutions is possible in
terms of statistical/ geometric thermodynamic variables (49).
Such τ -evolving locally anisotropic cosmological models are
very different from the theories of �CDM type. Choosing
corresponding parameters for the generating quasi-periodic
structures (in general, they are not just of QC type but sub-
jected to additional deformations because of random off-
diagonal interactions and nonmetric geometric evolution),
we may try to explain observational data provided by JWST
[12–14].

4.7 �CDM configurations and small parametric
deformations inducing QC structures

We can construct generic off-diagonal solutions for non-
metric geometric flows defining topological QC structures
which can be analyzed in the framework of the �CDM
paradigm but with nontrivial G. Perelman thermodynamic
variables. This is possible if we apply the AFCDM for a small
ε-parameter and respective χ -polarizations as defined by for-
mulas (A.16), (A.17) and (A.20) χ3(τ, xk, t) � q̂χ3(τ ) =

χ3[ q̂θa] as a generating function with quasi-periodic struc-
ture (as in (61). For some examples, we can use a functional
dependence of type (63)) and generating sources of topolog-
ical QC type (59) and/or (60). For such ε-linear decompo-
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sitions, we obtain a small parametric version of type (A.21)
for the d-metrics (67),

d ŝ2(τ ) = ĝαβ(τ, xk, t; g̊α;ψ(τ), q̂χ3(τ ); ( q̂�(τ ) = m �(τ ) + e �[̂2θa[τ ]] + DE�[̂3θa[τ ]]))duαduβ

= eψ0(1 + ε ψχ(τ))[(dx1)2 + (dx2)2] + ζ3(τ )(1 + ε q̂χ3(τ )) g̊3 ×

⎧

⎪

⎪

⎨

⎪

⎪

⎩

dy3 + [(N̊ 3
k )−1[1nk(τ ) + 16 2nk(τ )

×
[

∫

dt

([(ζ3(τ )g̊3)
−1/4]�)2

| ∫ dt[ q̂�(τ )(ζ3(τ )g̊3)]�|
]

+ε
162nk(τ )

∫

dt
([(ζ3(τ )g̊3)

−1/4]�)2
| ∫ dt[ q̂�(τ )(ζ3(τ )g̊3)]�| (

[(ζ3(τ )g̊3)
−1/4χ3)]�

2[(ζ3(τ )g̊3)−1/4]� +
∫

dt[ q̂�(τ )(ζ3(τ ) q̂χ3(τ )g̊3)]�
∫

dt[ q̂�(τ )(ζ3(τ )g̊3)]� )

1nk(τ ) + 162nk(τ )[∫ dt ([(ζ3(τ )g̊3)−1/4]�)2

| ∫ dt[ q̂�(τ )(ζ3(τ )g̊3)]�| ]
]N̊ 3

k dx
k

⎫

⎪

⎬

⎪

⎭

2

.

−
{

4[(|ζ3(τ )g̊3|1/2)�]2

g̊3|
∫

dt
{

q̂�(τ )(ζ3(τ )g̊3)�
} | − ε

[

( q̂χ3(τ )|ζ3(τ )g̊3|1/2)�

4(|ζ3(τ )g̊3|1/2)�
−
∫

dt{ q̂�[(ζ3(τ )g̊3)
q̂χ3(τ )]�}

∫

dt{ q̂�(τ )(ζ3(τ )g̊3)�}
]

}

g̊4

×
{

dt +
[∂i

∫

dt q̂�(τ )ζ �
3 (τ )

(N̊ 3
i ) q̂�(τ )ζ �

3 (τ )
+ ε

(∂i [
∫

dt q̂�(τ ) (ζ3(τ ) q̂χ3(τ ))�]
∂i [∫ dt q̂�(τ )ζ �

3 (τ )] − (ζ3(τ ) q̂χ3(τ ))�

ζ �
3 (τ )

)]

N̊ 4
i dx

i
}2

. (69)

We can re-define such small parametric formulas in terms
of generating data ( q̂�(τ), ̂�(τ)), when

( q̂�[ q̂θa[τ, xk, t]])2 = −4 ̂�ζ3(τ, x
k, t)

(1 + ε q̂χ3(τ, x
k, t))[ q̂θa]g̊α, (70)

for ̂�(τ) = m�(τ) + e�(τ) + DE�(τ). This allows to
compute the G. Perelman thermodynamic variables as in next
section.

The off-diagonal parametric solutions (69) can be param-
eterized, for instance, to define ellipsoidal deformations of
spherical symmetric cosmological metrics into similar ones
with ellipsoid symmetry or in certain N-adapted effective
diagonal forms. Quasi-stationary solutions with nonmetric-
ity fields are provided in a partner work [15] for generating
functions of type χ3(τ, xk, ϕ), with xk and ϕ being space like
coordinates and ε considered as an eccentricity parameter for
some rotoid type deformations. Similar techniques can be
applied if χ3(τ, xk, ϕ) → q̂χ3(τ, xk, t) in order to generate
ellipsoidal cosmological solutions encoding Q-deformations
and quasi-periodic structures (for non-topological QCs, see
[17,20]. We do not consider examples of such incremental
work re-defining the constructions for topological QC con-
figurations in this paper.

4.8 τ -evolution of nonmetric effective �CDM models

New τ -families of generic off-diagonal cosmological solu-
tions of type (62), (64), (65), (67) and (69) motivate a
new paradigm for elaborating cosmological models which
describe nonlinear quasi-periodic structure formation. This

way, new models of DE and DM theories can be elaborated
that may encode possible nonmetric geometric evolution and

various types of MGTs. Nevertheless, such modified cosmo-
logical models my possess some properties which can be
described in the framework of the �CDM paradigm. In this
subsection, we analyze such conditions for a prime metric
g̊αβ (50) (being conformal to a FLRW metric (51), in non-
linear coordinates) and transformed via frame/ coordinate
transforms into a target metric (67) or (69) and parameter-
ized in the form

ds2 = q̂gαβ(τ, t)eαeβ � q̂a2(τ, t)[dx2 + dy2

+(dz + q̂wi (τ, t)dx
i )2] − [dt + q̂ ni (τ, t)dx

i ]2.

(71)

In (71), t is the cosmic time, x ı̀ = (x, y, z) are the Cartesian
coordinates; q̂ a(τ, t) � a([ q̂θa(τ, x, y, t)]) defines a topo-
logical type QC scale factor, when q̂wi (τ, t) and q̂ ni (τ, t)
are proportional to a ε-parameter and can be stated to zero
by choosing certain integration functions 1nk(τ ) and 2nk(τ )

and the generating functions are parameterized in a form to
get small q̂wi (τ, t).

We suppose that an effective diagonal metric (in the
chosen system of reference and coordinated) defines a
model of τ -evolution of effective homogeneous, isotropic,
and spatially flat cosmological spacetimes, which for a
fixed temperature like parameter τ = τ0 are solutions
of the Q-modified Einstein equations (27) and (28)). For
such configurations, the topological QC structure arise and
evolve in diagonal form with effective density q̂ρ =
ρ(τ, t) = 1

8π2 Cabε
i j Na

i (τ, t)Na
j (τ, t) as we explain for

(B.6). Effectively, such diagonal quasi-periodic effective
matter is described by a τ -parameter conservation law (i.e.
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a family matter equations-of-state parameters) involving and
effective energy density and certain pressure of an effective
matter fluid (respectively, ρ(τ, t) and p),

q̂ρ� + 3 q̂ H(1 + w)p = 0,

for the parameters w(τ) := p/p and effective Hubble func-
tions q̂ H(τ, t) := q̂ a�/ q̂ a and q̂ Q = 6 q̂ H2 which can
be comuted for the Q–modified coefficients of the Ricci d-
tensor (A.1). We note that the nonmetric vacuum gravita-
tional structure of such cosmological τ -running spacetime is
not trivial because it encode ε-deformations of topological
QC deformations characterised by sources and conservation
laws of type (B.4)–(B.5).

Metrics of type (71) define f ( q̂ Q) cosmological models
determined by modified Friedman equations

3 q̂ H2 = q̂ρ + 1

2
[ f ( q̂ Q) − q̂ Q] − q̂ Q[ fQ( q̂ Q) − 1],

× [2 q̂ Q( fQQ( q̂ Q) + fQ( q̂ Q))] q̂ H�

= 1

4
[ f ( q̂ Q) − 2 q̂ Q + 2 q̂ Q(1 − fQ( q̂ Q))] − 1

2
p.

(72)

We can use such equations for modeling topological QC of
DE and DM, when the quasi-periodic Q-modified Friedman
equation (72) are written m� + Q� = 1, where the energy
density parameters are introduced as

m� = q̂ρ/3 q̂ H2 and

Q� =
[

1

2
( f ( q̂ Q) − q̂ Q) − q̂ Q( fQ( q̂ Q) − 1)

]

/3 q̂ H2.

A dynamical systems analysis can be performed as in
section III of [10] (see also Sect. 4.1) but for effective
( m�, Q�, e f f w) determined by nonmetric geometric flows
inducing topological QC structures. In nonholonomic vari-
ables keeping the diagonal character of such configurations,
we can consider the target effective equation of state

e f f w :=
e f f p
e f f ρ

= −1 +
m�(1 + w)

2 q̂ Q fQQ( q̂ Q) + fQ( q̂ Q)
, (73)

energy density and pressure, respectively, as

e f f ρ = q̂ρ + 1

2
[ f ( q̂ Q) − q̂ Q] − q̂ Q[ fQ( q̂ Q) − 1] and

e f f p =
q̂ρ(1 + w)

2 q̂ Q fQQ( q̂ Q) + fQ( q̂ Q)
−

q̂ Q

2
.

The condition e f f w < −1/3 holds for an accelerated uni-
verse. The formulas (72) and (73) depend in parametric form
on effective temperature τ. This can be used for modelling
diagonal nonmetric evolution on a time like parameter.

The equation of state (73) can be completed with G. Perel-
man thermodynamic variables (49) computed for a corre-
sponding solution (71).

5 G. Perelman thermodynamics for topological QCs
and nonmetric DE and DM

Physical properties of general τ -families of off-diagonal cos-
mological solutions encoding nonmetric and topological QC
structures for DE and DM configurations can’t be studied
in the framework of the �CDM paradigm. Nevertheless,
we can always characterize such models by respective G.
Perelman thermodynamic variables, which can be computed
in explicit form for all classes of solutions in geometric
flow and gravity theories. The computations simplify sub-
stantially if we consider nonlinear symmetries transforming
the data for generating functions and generating sources into
equivalent ones re-defined in terms of equivalent new gen-
erating functions and effective τ -running cosmological con-
stants. We considered such transforms in previous section for
̂� (τ) = m�(τ) + e�(τ) + DE�(τ), see formulas (A.10).
The goal of this section is to compute in explicit form the
variables ̂Z (47) and q

̂E (τ ), q
̂S(τ ) from (49) for such off-

diagonal classes of cosmological solutions.14

For simplicity, we consider the same behavior for hori-
zontal and vertical τ -running cosmological constants when
h� (τ) = v� (τ) = ̂� (τ) and the canonical Ricci scalar
(see explanations for formulas (19)) is computed as

̂Rsc = 2
[

m�(τ) + e�(τ) + DE�(τ)
]

for any generating data for cosmological solutions taken in a
form (66), (68) or (70). The nonholonomic conditions for
normalizing functions ̂ζ (τ ) are stated as ̂Dα

̂ζ = 0 and
approximate ̂ζ ≈ 0. To simplify computations we can fix
a frame/coordinate system when such conditions are satis-
fied and then redefine the constructions for arbitrary bases
and normalizing functions. We obtain:

q
̂Z(τ ) = exp[

∫

̂�

1

8 (πτ)2 δ qV(τ )],

q
̂E (τ ) = −τ 2

∫

̂�

1

8 (πτ)2

×
[

2
[

m�(τ) + e�(τ) + DE�(τ)
]

− 1

τ

]

δ qV(τ ),

14 We omit more cumbersome calculations for q σ̂ (τ ). Here we also
note that for quasi-stationary configurations a similar nonmetric geo-
metric calculus was provided in section 4 of [15] (for instance, for
nonmetric wormhole solutions and solitonic hierarchies). The compu-
tations for cosmological configurations are certain sense dual to those
for quasi-stationary ones, see details in [17,19]. In this work, we con-
sider a different class of nonmetric geometric flow and gravity theories,
which involve different types of effective sources, generating functions
and nonlinear symmetries corresponding to topological QC configura-
tions.
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q
̂S(τ ) = −q

̂W (τ ) = −
∫

̂�

1

4 (πτ)2

×
[

τ
[

m�(τ) +e �(τ) +DE �(τ)
]

− 1
]

δ qV(τ ), (74)

where the topological QC cosmological data are encoded into
δ qV(τ ) determined by the determinant of corresponding off-
diagonal solutions.

The volume form δ qV(τ ) (48) can be computed for cos-
mological d-metrics (67), with η-polarization functions, or
(69), for χ -polarization functions, and including data for cor-
responding nonmetric generating sources. Respectively, we
obtain

q̂�(τ) = 2
√

|[ m�(τ) + e�(τ) + DE�(τ)] q̂ h3(τ )|
= 2

√

|[ m�(τ) + e�(τ) + DE�(τ)] q̂η3(τ ) g̊3(τ )|
� 2

√

|[ m�(τ) + e�(τ) + DE�(τ)] ζ3(τ ) g̊3|
×
[

1 − ε

2
q̂χ3(τ )

]

. (75)

Considering nonholonomic and nonmetric evolution models
with trivial integration functions 1nk = 0 and 2nk = 0 and
introducing formulas (75) in (48), then separating terms with
shell τ -running cosmological constants, we compute:

δ qV = δV[τ, m�(τ) + e�(τ) + DE�(τ); q
hϒ(τ),

× m�[θa[τ ]],e �[θa[τ ]], DE�[θa[τ ]];ψ(τ), q̂ h3(τ )]
= δV(

q
hϒ(τ), m� ̂2[θa[τ ]], e�[θa[τ ]], DE�[θa[τ ]];

× m�(τ) + e�(τ) + DE�(τ), q̂η3(τ )g̊3)

= 1
m�(τ) + e�(τ) + DE�(τ)

δηV,

where δηV = δ 1
ηV × δ2

ηV.

Such volume forms encoding topological QC structures are
parameterized by products of two functionals:

δ1
ηV = δ1

ηV
[

m�(τ) + e�(τ) + DE�(τ), η1(τ ) g̊1

]

= e
˜ψ(τ)dx1dx2

=
√

| m�(τ) + e�(τ) + DE�(τ)|eψ(τ)dx1dx2, for ψ(τ) being a solution of (A.3),

δ2
ηV = δ2

ηV[ m �[θa[τ ]], e �[θa[τ ]], DE�[θa[τ ]], q̂η3(τ ) g̊3]

= ∂t | q̂η3(τ ) g̊3|3/2
√

| ∫ dt [ m �(θa[τ ]) + e �(θa[τ ]) + DE�(θa[τ ])]{∂t | q̂η3(τ ) g̊3|}2|

×
[

dt + ∂i
(∫

dt [ m �(θa[τ ]) + e �(θa[τ ]) + DE�(θa[τ ])]∂t | q̂η3(τ ) g̊3|
)

dxi

[ m �(θa[τ ]) + e �(θa[τ ]) + DE�(θa[τ ])]∂t | q̂η3(τ ) g̊3|

]

dt. (76)

In these formulas, we distinguish effective sources and cos-
mological constants with labels m, e and DE because such
functionals induce, or not, topological QC structures of dif-
ferent types. The functions ˜ψ(τ) are defined as a τ–family
of solutions of 2-d Poisson equations with effective source
m�(τ) + e�(τ) + DE�(τ), or we can use ψ(τ) for a

respective source hϒ(τ). Integrating on a closed hypersur-
face ̂� the products of h- and v-forms from (76), we obtain
a running cosmological phase space volume functional

�

ηV̊(τ ) =
∫

̂�

δηV(hϒ(τ), [ m �(θa[τ ])
+ e �(θa[τ ]) + DE�(θa[τ ])], g̊α) (77)

determined by prescribed classes of generating η-functions,
effective generating topological QC cosmological sources
[

hϒ(τ), m �(θa[τ ]) + e �(θa[τ ]) + DE�(θa[τ ])] , coef-
ficients of a prime s-metric g̊α and nonholonomic distribu-
tions defining the hyper-surface ̂�. The explicit values of
volume forms �

ηV̊(τ ) depend on the data we prescribe for ̂�
the type of topological QC Q-deformations (encoded into
η- or ζ -polarizations) which are used for deforming a prime
cosmological d-metric into cosmological topological QC as
we considered in Sect. 4. We consider that it is always pos-
sible to compute �

ηV̊(τ ) for certain nonlinear quasi-periodic
generating data and general Q-deformations. The thermo-
dynamic variables depend explicitly on the τ -running effec-
tive cosmological constants when such dependencies can be
chosen in some form explaining observational cosmological
data and prescribing the evolution of off-diagonal DE and
DM configurations.

Introducing functional (76) into the formulas (74 ), we
compute

q
̂Z(τ ) = exp

[

�

ηV̊(τ )

8 (πτ)2

]

,

q
̂E (τ ) =

[

1

τ
− 2( m�(τ) + e�(τ) + DE�(τ))

]
�

ηV̊(τ )

8π2 ,
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q
̂S(τ ) = − q

̂W (τ )

=
[

1 − τ( m�(τ) + e�(τ) + DE�(τ))
] �

ηV̊(τ )

4 (πτ)2 .

(78)

We can define the effective volume functionals (76) and
geometric thermodynamic variables (78) for further paramet-
ric decompositions with ε-linear approximations (75) and ε-
polarizations and find parametric formulas for τ -flows and
Q-deformations of prime metrics,

δV = δV0[τ, m�(τ) + e�(τ) + DE�(τ);
×h ϒ(τ), [ m �(θa[τ ]) + e �(θa[τ ])
+ DE�(θa[τ ])];ψ(τ), g̊α; ζ3(τ )]
+ εδV1[τ, m�(τ) + e�(τ) + DE�(τ); hϒ(τ),

× [m �(θa[τ ]) + e �(θa[τ ]) + DE�(θa[τ ])];
× ψ(τ), g̊α; ζ3(τ ), q̂χ3(τ )]. (79)

Computing such a (79) for a family of off-diagonal cosmolog-
ical solutions constructed in previous section, we can define
corresponding ε-decompositions of the thermodynamic vari-
ables (78), expressed as

̂W(τ ) = ̂W0 + ε ̂W(τ ), ̂Z(τ ) = ̂Z0 ̂Z1(τ ),

̂E(τ ) = ̂E0 + ε̂E1(τ ), ̂S(τ ) = ̂S0 + ε̂S1(τ ). (80)

In our works on nonmetric geometric flows and τ -running
cosmological theories, we do not present details of such
cumbersome and incremental computations with ε–linear
decomposition for δV = δV0 + εδV1 (79) and resulting (80)
determined by corresponding χ -polarization functions. The
final conclusion of this section is that we can always define
and compute in general forms the corresponding generalized
Perelman thermodynamical variables for different sources
with labels m, e and DE, and elaborate on structure forma-
tion and statistical thermodynamic description of cosmolog-
ical models with τ -running topological QC structures.

6 Conclusions

This is the second paper in a series of partner works devoted
to nonmetric deformations of the theory of geometric flows,
modified gravity, and applications in modern astrophysics
and cosmology. The first one [15] was devoted to construct-
ing and analyzing essential physical properties of quasi-
stationary generic off-diagonal solutions in such theories. As
the next steps (for this work), our main goals were to gener-
alize our geometric and statistical thermodynamic methods
for generating cosmological solutions and elaborate on pos-
sible applications in dark energy, DE, and dark matter, DM,

physics. Such a multi- and interdisciplinary research program
is motivated by recent results on nonmetric f (Q)-modified
gravity and cosmology [8–11,31–33], when new classes of
generic off-diagonal exact and parametric solutions for mod-
ified gravity theories, MGTs, with non-Riemannian connec-
tions [17–19] seem to describe in more adequate forms var-
ious observational data for accelerating cosmology recently
provided by James Webb space telescope, JWST, [12–14].

To describe generic off-diagonal exact and paramet-
ric solutions for nonmetric MGTs in the framework of
the Bekenstein–Hawking entropy paradigm is not possi-
ble because, in general, nonmetric and off-diagonal cos-
mological scenarios (for instance, the solutions with topo-
logical QC-like structure studied in this work) do not
involve certain horizon/duality/holographic configurations.
We had to elaborate on a new statistical/geometric ther-
modynamic paradigm introduced for geometric flow theo-
ries due to G. Perelman [22]; and developed in nonholo-
nomic and relativistic forms for various MGTs and non-
holonomic/nonassociative/nonmetric and other types mod-
ifications [16,29,30]. In this work, in addition to gaining
a more complete understanding of cosmological effects of
f (Q) MGTs, we also studied new classes of τ -parametric
generic off-diagonal and locally anisotropic cosmological
solutions [17–19], elaborated on models with topological
quasi-crystal, QC structure (see also other models with space
and time structure [17,20,21]), and provided examples of
how to compute G. Perelman thermodynamic variables for
generic off-diagonal ansatz of cosmological metrics with
topological QC structure.

Let us summarize and discuss the main new results and
methods of this paper following the key ideas for solutions
of objectives, Obj 1- Obj 5, formulated in the Introduction
section:

1. In Sect. 2, we formulated the f (Q) gravity theories in
nonholonomic canonical (2 + 2) variables which allowed
us to prove general decoupling and integration prop-
erties of corresponding nonmetric deformed Einstein
equations. Necessary technical results were provided in
Appendix A as a summary of the anholonomic frame and
connection deformation method, AFCDM, for construct-
ing exact and parametric solutions for physically impor-
tant systems of nonlinear PDEs in f (Q) deformed non-
metric geometric flow and gravity theories. Such meth-
ods are not incremental but involve new ideas give new
results for time dual nonholonomic transforms and non-
metric deformations of constructions from [15,17,18].
They can be summarized as the solution of Ob1 for elab-
orating a general geometric formalism for constructing
off-diagonal cosmological solutions in nonmetric geo-
metric flow and gravity theories.
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2. Obj 2 was solved in Sect. 3.1 by formulating the f (Q)-
distorted nonmetric geometric flow equations, derived
as τ -running nonmetric Einstein equations and writ-
ten in canonical nonholonomic variables as nonmetric
Ricci solitons. Such formulations allowed us to apply the
AFCDM and find exact and parametric solutions of such
systems of nonlinear PDEs in general off-diagonal forms.

3. Then the statistical thermodynamics for nonholonomic
f (Q)-distorted nonmetric geometric flows (i.e. the solu-
tion of Obj 3) was formulated in Sect. 3.2. Such
models are different from those studied in [15] for
f (R, T, Q, Tm) nonmetric theories and their quasi-
stationary solutions. Here we note that the nonmetric
geometric flow τ -parameter is a temperature one as in
[22], which can be exploited for describing new observa-
tional JWST data [12–14] when the cosmological evolu-
tion scenarios depends on a temperature like parameter
being formulated in some generic nonlinear forms encod-
ing or generating quasi-periodic structures, for instance,
of topological QC type.

4. In Sect. 4 (providing solutions of Obj 4 to consider
applications of nonmetric geometric flow methods in DE
and DM physics), we constructed and analyzed the most
important physical properties of τ -families of generic off-
diagonal cosmological solutions encoding nonmetricity
and generating topological QC structures. Such solutions
and defining toy topological models were formulated in
nonholonomic forms (choosing corresponding classes
of polarization functions and quasi-periodic effective
sources) which may describe the geometric evolution of
DM structure and correspond to effective running cosmo-
logical constants modelling DE configurations. In gen-
eral, such generic off-diagonal cosmological scenarios
are different from those defined for �CDM models and
modifications.

5. Physical properties of τ -running families of nonmetric
cosmological solutions, even for a fixed value of the geo-
metric evolution parameter, can’t be described in gen-
eral form using the Bekenstein-Hawking thermodynamic
paradigm. This requests the formulation of a new geomet-
ric and statistical thermodynamic concept of G. Perelman
entropy. In explicit form (solving the Obj 5), we have
shown how to compute Perelman’s thermodynamic vari-
ables for nonmetric geometric flows and cosmological
configurations with topological QC structure encoding
f (Q) nonmetric effects. We speculate how such vari-
ables may characterize the DE and DM physics deter-
mined by such a nonmetric cosmological scenarios. Nec-
essary results on topological QC structures are provided
in Appendix B by generalizing the approach in canonical
nonholonomic variables which are important for apply-
ing the AFCDM.

The results listed and discussed in paragraphs 1–5 sup-
port the statements of the main Hypothesis formulated in
Sect. 1 in such senses: (1) Nonmetric f (Q) modifications
of geometric flow and MGTs can be formulated in canonical
nonholonomic variables which allow us to decouple and inte-
grate in general forms physically important systems of non-
linear PDEs. (2) Such way constructed new classes of exact
and parametric solutions are defined by generic off-diagonal
metrics, nonmetric compatible affine connections and effec-
tive sources encoding nonmetric geometric flow deforma-
tions and possible quasi-periodic spacetime structures. (3)
The cosmological solutions encoding various topological QC
phases characterized by nonmetric versions of G. Perelman
thermodynamic variables determine new features of the DE
and DM physics and provide new geometric and thermody-
namic methods for describing new observational JWST data.

Nevertheless, there are a number of important open ques-
tions and unsolved problems for nonmetricity physics which
were laid out in [7,18] and (in questions on nonmetric geo-
metric and information flow theories and gravity) QNGIFG1-
4 from [15]. Perhaps, the next in the order to be solved in
future works is to formulate a mathematically self-consistent
and physically viable version of f (Q)-modified Einstein–
Dirac theory and generalizing the AFCDM for constructing
exact and parametric solutions describing nonmetric gravita-
tional and spinor systems. In a more general context, a more
fundamental and difficult task is to investigate possibilities
of how to connect theories of nonmetric geometric flows to
modern string theory. Such constructions should involve cer-
tain models of nonmetric twist products and nonassociative
star deformations related to the research program on nonas-
sociative geometric and information flows [29,30]. In future
works, we plan to report on progress in solving such prob-
lems.
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Appendix A: Decoupling and integrability of nonmetric
Ricci flows and cosmological equations

We review the anholonomic frame and connection deforma-
tion method, AFCDM), extended for constructing generic
off-diagonal cosmological solutions of nonmetric geometric
flow equations (38). Such solutions are “time” dual to certain
quasi-stationary solutions, which can be generated by simi-
lar methods for different geometric variables; see details in
sections 3.1, 3.2 and 3.5 of [19] and, for nonmetric geomet-
ric flows, see the partner work [15]. We apply abstract and
symbolic geometric methods (for GR, see [2]) and analytic
methods when similar proofs are considered in [17–19] and
references therein.

A.1 Decoupling of nonlinear PDEs for nonmetric geometric
cosmological flows

We consider the off-diagonal ansatz (53) with N-adapted
coefficients of the canonical Ricci d-tensor and effective
sources (55) for the system of nonlinear PDs (38) written
in the form:

̂R1
1(τ ) = ̂R2

2(τ ) = 1

2g1g2

[

g•
1g

•
2

2g1
+ (g•

2)2

2g2
− g••

2

+g′
1g

′
2

2g2
+
(

g′
1

)2

2g1
− g′′

1

]

= −h �(τ ),

̂R3
3(τ ) = ̂R4

4(τ ) = 1

2h3h4

[
(

h�
3

)2

2h3
+ h�

3h
�
4

2h4
− h��

3

]

= −v �(τ ),

̂R3k(τ ) = h3

2h4
n��
k +

(

3

2
h�

3 − h3

h4
h�

4

)

n�
k

2h4
= 0,

̂R4k(τ ) = wk

2h3

[

h��
3 −

(

h�
3

)2

2h3
− (h�

3)(h�
4)

2h4

]

+ h�
3

4h3

(

∂kh3

h3
+ ∂kh4

h4

)

− ∂k(h�
4)

2h4
= 0. (A.1)

In our works, we also use brief notations of partial deriva-
tives when ∂1q(uα) := q•, ∂2q(uα) := q ′, ∂3q(uα) := q∗
and ∂4q(uα) := q�, for an arbitrary function q(uα). The d-
metric ansatz (53) and corresponding nonmetric geometric
flow equations (A.1) posses a Killing symmetry on d-vector
∂3, i.e. the corresponding coefficients of the d-metric, N-
connection (54 ) etc. do not depend on coordinate u3 = y3.

To have at least one Killing symmetry on a v-coordinate is
important for generating exact/parametric solutions of such
off-diagonal equations in explicit form. In principle, we can
consider more general ansatz without Killing symmetries but
such constructions are technically more cumbersome and
involve proofs on hundreds of pages, see discussions and
examples in [17–19].15

We can write the system of equations (A.1) in a more
simpler and explicit decoupled form if we express the h-
components of the d-metric as gi (τ ) = eψ(τ,xk ); introduce
the coefficients

αi (τ ) := h�
3∂i [�(τ)], β(τ ) := h�

3(τ )[�(τ)]�,
γ (τ ) := (ln |h3(τ )|3/2/|h4(τ )|)�, (A.2)

and consider a generating function �(τ) = exp[�(τ)] for
�(τ) := ln |h�

3(τ )/
√|h3(τ )h4(τ )|. For simplicity, we do not

write an explicit dependence of such coefficients on (τ, xk),
or (τ, xk, y3), but express:

ψ•• + ψ ′′ = 2 h�(τ ), (A.3)

(�)�h�
3 = 2h3h4 v�(τ ), (A.4)

n��
k + γ n�

k = 0, (A.5)

βw j − α j = 0, (A.6)

Let us explain the explicit decoupling property of this system
of nonlinear PDEs. The coefficients gi (τ ) are determined
as solutions of a τ -family of 2-d Poisson equations (A.3).
The coefficients h3(τ ) and h4(τ ) are related as solutions of
(A.4) for any nontrivial �(τ) and v �(τ ). This allows us
to prescribe a value of h3(τ ) and find h4(τ ), or inversely.
Having defined ha(τ ), we can compute the coefficients β(τ)

and αi (τ ) (using formulas (A.2)) and solve respective linear
equations for w j (τ ) from (A.6). To find solutions for nk(τ )

15 Here we note that the “t-duality” of locally anisotropic cos-
mological τ -evolution systems (53) and (A.1) means that such
equations and solutions can be transformed into similar ones
for quasi-stationary τ -evolving configurations if h3(τ, xk , t) →
h4(τ, xk , y3), h4(τ, xk , t) → h3(τ, xk , y3); N 3

i = ni (τ, xk , t) →
N 4
i = wi (τ, xk , y3), N 4

i = wi (τ, xk , t) → N 3
i = ni (τ, xk , y3)and

∂4q(uα) := q� → ∂3q(uα) := q∗ etc. Nonmetric quasi-stationary
models and their solutions are studied in the partner work [15] for dif-
ferent metric-affine configurations and effective sources.
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we have to integrate two times on y4 = t in (A.5), when γ (τ)

is determined by h3(τ ) and h4(τ ) as in (A.2).
Finally, we note that (A.3) defines 2-d conformal flat h-

components of a d-metric in a form that allows a linear prin-
ciple of superposition of solutions. The Eq. (A.4) is generic
nonlinear and involve additional nonlinearities determined
by coefficients (A.2). For a linear decomposition of effective
sources v � = m � + e � + DE� (56), the parametric con-
tributions of different types of sources encode nonlinear non-
metric effects. The cosmological scenarios are generic off-
diagonal even for small parametric interactions, and result in
nonlinear nonmetric geometric evolution for nontrivial solu-
tions for N-coefficients determined by (A.5) and (A.6).

A.2 Off-diagonal solutions for nonmetric cosmological
configurations

Applying the AFCDM [17–19], we can integrate recurrently
the system of nonlinear PDEs (A.3)–(A.6). Any such τ -
family of generic off-diagonal metrics (53) is determined
by respective families of a generating function �(τ) (equiv-
alently, �(τ)) and generating sources h �(τ ) and v �(τ ).

In this subsection, we provide some classes and different
parameterizations of such solutions which are important for
elaborating cosmological models encoding nonmetric geo-
metric evolution and generic off-diagonal interactions. The
explicit form of such solutions depends on the type of param-
eterizations of generating functions and generating sources
and how such values are related to integration functions and
physical constants.

A.2.1 Nonlinear symmetries of nonmetric cosmological solu-
tions

Nonmetric evolution models of anisotropic cosmological
solutions with Killing symmetry and on ∂3 and for effec-
tive sources (56) are defined by such generic off-diagonal
quasi-stationary τ -families of d-metrics:

ds2(τ ) = eψ(τ,xk )[(dx1)2 + (dx2)2]

+
{

g[0]
3 −

∫

dt
[�2]�
4(v �)

}{

dy3 +
[

1

nk +2 nk

∫

dt

× [(�)2]�
4(v �)2|g[0]

3 − ∫

dt[�2]�/4(v �)|5/2

]

dxk
}

+ [��]2

4 (v �)2 {g[0]
3 − ∫

dt[�2]�/4 (v �)}

×
(

dt + ∂i�

�� dxi
)2

. (A.7)

Such an exact/parametric solutions is determined by a gener-
ating function �(τ, xk, t), two generating effective sources

h �(τ, xk) (encoded as a solution ψ(τ, xk) of 2-d Poisson
equation (A.3)) and v �(τ, xk, y3), and integration functions

1ni (τ, xk),2 ni (τ, xk) and g[0]
3 (τ, xk). If for such d-metrics

there are considered parametric decompositions as in (56),
we generate recurrently compute Q-deformations and other
type parametric solutions.

By straightforward computations, we can check that a τ -
family of solutions (A.7) posses important nonlinear sym-
metries which allow us to re-write such d-metric in terms
of different types of generating functions (�(τ) or �(τ))
and transform effective sources into τ -running effective
cosmological constants ̂�(τ). Such nonlinear transforms,
(�(τ),v �(τ )) ↔ (�(τ), ̂�(τ) = const �= 0 for any
τ0), are defined by formulas

[�2]�
v �(τ )

= [�2(τ )]�
̂�(τ)

, which can be integrated as (A.8)

�2(τ ) = ̂�(τ)

∫

dt (v �)−1[�2(τ )]� and/or

�2(τ ) = (̂�(τ))−1
∫

dt (v �)[�2(τ )]�. (A.9)

For linear decompositions of effective sources (56, we can
consider such nonlinear transforms into respective τ -running
effective cosmological constants

v � = m � + e � + DE� ↔
̂� = m� + e� + DE�. (A.10)

We can prescribe nonholonomic dyadic structures when
e � = e� = 0 for metric compatible configurations and

generating sources e
̂Yαβ (33) or DE� = DE� = 0 for

trivial Q-deformations DETαβ (28). We can analyze cosmo-
logical scenarios with nonmetric geometric flow evolution
prescribing certain small values of e� and/ or DE� even
the terms m �, e �, and DE� may be not small and subjected
to nonlinear symmetries (A.8) and (A.9).

Considering above stated nonlinear symmetries, we can
write the quadratic element (A.7) in a form including effec-
tive cosmological constants,

ds2(τ )

= gαβ(τ, xk , t, �(τ),̂�(τ))duαduβ

= eψ(τ,xk )[(dx1)2 + (dx2)2] −
{

g[0]
3 (τ ) − �2(τ )

4 ̂�(τ)

}

×
{

dy3 +
[

1nk(τ ) +2 nk(τ )

∫

dt

× �2(τ )[��(τ )]2

| ̂�(τ)
∫

dtv �(τ )[�2(τ )]�|[g[0]
3 (τ ) − �2(τ )/4 ̂�(τ)]5/2

]}

− �2(τ )[��(τ )]2

| ̂�(τ)
∫

dtv �(τ )[�2(τ )]� |[g[0]
3 (τ ) − �2(τ )/4 ̂�(τ)]

×
{

dt + ∂i
∫

dt v �(τ ) [�2(τ )]�
v �(τ ) [�2(τ )]� dxi

}2

. (A.11)
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In these formulas, the indices run respectively i, j, k, ... =
1, 2; a, b, c, ... = 3, 4; there are used: generating functions
ψ(τ, xk) and �(τ, xk1 , t); generating sources h �(τ, xk) and

v �(τ, xk, t); effective cosmological constants ̂�(τ); and
integration functions 1nk(τ, x j ), 2nk(τ, x j ) and g[0]

3 (τ, xk).
Using (A.8), we express h�

3(τ ) = −[�2(τ )]�/4v �(τ ),

which allows to compute (we can chose necessary types of
integration functions ) in a form computed with �(τ) from
(A.7).16 This means that taking (h3(τ ),v �(τ )) as generating
data, we can write the τ -families of cosmological d-metrics
(A.7) or (A.11) in another equivalent form:

dŝ2(τ ) = ĝαβ(τ, xk, t; h4(τ ),v �(τ ))duαduβ

= eψ(τ,xk )[(dx1)2 + (dx2)2] + h3(τ )

{

dy3 +
[

1

nk(τ )

+2 nk(τ )

∫

dt
[h�

3(τ )]2

| ∫ dt[v �(τ )h3(τ )]�| [h3(τ )]5/2

]

dxk
}

− [h�
3(τ )]2

| ∫ dt[v �(τ )h3(τ )]�| h3(τ )

×
{

dt + ∂i [
∫

dt (v �(τ )) h�
3(τ )]

v �(τ ) h�
3(τ )

dxi
}2

(A.12)

We can express �2(τ ) = −4̂�(τ)h3(τ ) (also using the
nonlinear symmetries (A.8) and (A.9)) and eliminate �(τ)

from the nonlinear quadratic element in (A.11). In a form
which is similar to (A.12 ), we obtain a τ -family of solutions
determined by generating data (h3(τ );̂�(τ),v �(τ )).

A.2.2 τ -evolution of Q-deformed Levi-Civita configurations

The nonmetric off-diagonal locally anisotropic cosmological
solutions considered in previous subsection were constructed
for τ -families of canonical d-connectionŝD(τ ). They encode
Q-deformations and posses nonholonomically induced d-
torsion coefficients ̂T

γ

αβ(τ ), which are completely defined
by the N-connection and d-metric structures. We can extract
zero torsion LC-configurations for q-distortions of ∇(τ ) if
we impose the conditions (39). By straightforward computa-
tions for quasi-stationary configurations, we can verify that
all canonical d-torsion coefficientŝT

γ

αβ(τ ) vanish for ansatz
(53) if there are satisfied such conditions:

ei (τ ) ln
√| h3(τ )| = 0, w�

i (τ ) = ei (τ ) ln
√| h4(τ )|,

∂iw j (τ ) = ∂ jwi (τ ) and

n�
i (τ ) = 0, nk(τ, x

i ) = 0 and

∂i n j (τ, x
k) = ∂ j ni (τ, x

k). (A.13)

16 We have to integrate on t the formula [�2(τ )]� =
−4

∫

dtv �(τ )h�
3(τ ) for any prescribed h3(τ ) and v �(τ ).

The solutions for necessary type of w- and n-functions
depend on the class of vacuum, non-vacuum, Q-deformed
and other type cosmological metrics which we attempt to
generate.

We consider such a possibility to extract solutions which
satisfy also the conditions (A.13): If we prescribe a gen-
erating function �(τ) = �̌(τ, xi , t), for which [∂i (�̌)]� =
∂i (�̌)�, we solve the equations for w j from (A.13) in explicit
form if v � = const, or if such an effective source can be
expressed as a functional v �(τ, xi , t) =v �[ �̌(τ )]. Then,
the conditions ∂iw j (τ ) = ∂ jwi (τ ) can be solved by any
generating function Ǎ = Ǎ(τ, xk, t) for which

wi (τ ) = w̌i (τ ) = ∂i �̌(τ )/(�̌(τ ))� = ∂i Ǎ(τ ).

The equations for n-functions in (A.13) are solved for any
ni (τ ) = ∂i [ 2n(τ, xk)], i.e. is such N-connection coefficients
do not depend on time like coordinate.

Putting together all above formulas for respective classes
of generating functions with “inverse hats” and generating
sources, we construct a nonlinear quadratic elements for
locally anisotropic cosmological solutions (A.7) with zero
canonical d-torsion,

dš2(τ ) = ǧαβ(τ, xk , t)duαduβ = eψ(τ,xk )[(dx1)2 + (dx2)2]

+
{

h[0]
3 (τ ) −

∫

dt
[�̌2(τ )]�

4(v �(τ )[�̌(τ )])

}

×
{

dy3 + ∂i [ 2n(τ, xk)]dxi
}2

+ [�̌�(τ )]2

4(v �(τ )[�̌(τ )])2{h[0]
3 (τ ) − ∫

dt[�̌(τ )]�/4v �(τ )[�̌(τ )]}
×
{

dt + [∂i ( Ǎ(τ ))]dxi
}2

. (A.14)

Under nonmetric geometric flows, the d-metrics (A.14)
involve LC-configurations for ∇(τ ) but encode also Q-
deformations included into v �(τ ). Such solutions can be
generated for v� = m �+ e �+ DE� (56), or for e � = 0,

or DE� = 0. We can compare and decide if ceratin observa-
tional cosmological data are explained by any such solutions.

A.2.3 Nonmetric geometric cosmological evolution with
small parametric polarizations

We can re-define the solutions constructed in previous sub-
section in such a form which allow to study τ -families of
Q-deformations of a prime d-metric g̊ (it can be an arbitrary
one; or a solution of some equations in GR or a MGT) into a
τ -family of target d-metrics g(τ ) of type (53),

g̊ =[g̊α, N̊ a
i ] → g(τ ) = [gα(τ ) = ηα(τ)g̊α,

Na
i (τ ) = ηai (τ )N̊ a

i ]. (A.15)
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Such nonholonomic transforms encode nonmetric defor-
mations which in our approach are defined by some val-
ues ηα(τ, xk, t) and ηai (τ, x

k, t) called τ -running gravita-
tional polarization (η-polarization) functions. The gravita-
tional polarization functions are determined by respective
τ -families of generating functions, generating sources and
effective cosmological constants,

(�(τ),v �(τ )) ↔ (g(τ ),v �(τ )) ↔ (ηα(τ ) g̊α

∼ (ζα(τ )(1 + εχα(τ))g̊α,v �(τ )) ↔
(�(τ), ̂�(τ)) ↔ (g(τ ), ̂�(τ)) ↔ (ηα(τ ) g̊α

∼ (ζα(τ )(1 + εχα(τ))g̊α, ̂�(τ)), (A.16)

where ε is a small parameter 0 ≤ ε < 1, with some
ζα(τ, xk, t) and χα(τ, xk, t) (in brief, we shall use the term
χ -polarization functions).

Using families of η- and/or χ -polarizations, the nonlinear
symmetries (A.9) can be written in the form:

[�2(τ )]� = −
∫

dtv�(τ )h�
3(τ ) � −

∫

dtv�(τ )(η3(τ ) g̊3)
�

� −
∫

dtv �(τ )[ζ3(τ )(1 + ε χ3(τ )) g̊3]�,
�2(τ ) = −4 ̂�(τ)h3(τ ) � −4 ̂�(τ)η3(τ )g̊3

� −4 ̂�(τ) ζ3(τ )(1 + εχ3(τ )) g̊3. (A.17)

So, the nonlinear symmetries of τ - and Q-deformations
and generating functions for families of off-diagonal η-
transforms of type (A.15) can be parameterized for η-
polarizations,

ψ(τ) � ψ(τ, xk), η3 (τ ) � η3(τ, x
k, t). (A.18)

The η-polarization functions can be used for generating τ -
families of locally anisotropic cosmological solutions of type
(A.7),

dŝ2(τ ) = ĝαβ(τ, xk, t; g̊α;ψ(τ), η3(τ );
v �(τ ))duαduβ = eψ(τ)[(dx1)2 + (dx2)2]

+ η3(τ )g̊3

{

dy3 +
[

1

nk(τ ) + 2nk(τ )

×
∫

dt
[(η3(τ )g̊3)

�]2

| ∫ dt v �(τ )(η3(τ )g̊3)�| (η3(τ )g̊3)5/2

]

dxk
}2

− [(η3(τ ) g̊3)
�]2

| ∫ dtv �(τ )(η3(τ ) g̊3)�| η3(τ )g̊3

×
{

dt + ∂i [
∫

dt v �(τ ) (η3(τ )g̊3)
�]

v �(τ )(η3(τ )g̊3)�
dxi

}2

. (A.19)

For �2(τ ) = −4 ̂�h3(τ ), we can transform (A.11) in
a variant of (A.19) with η-polarizations determined by the
generating data (h3(τ ); ̂� (τ)). Here we note that it is diffi-
cult to understand if such off-diagonal metrics with general
η- and Q-deformations may have, or not, certain physical
importance even the primary data possess certain important
physical interpretation.

We can study τ -flows and Q-deformations on a small
parameter ε using ε-linear functions for generating data
(A.16) and nonlinear symmetries (A.17). For such approx-
imations, the η-polarizations in (A.19) describe nonholo-
nomic deformations of a prime d-metric g̊ into so-called ε-
parametric τ -families of solutions with ζ -and χ -coefficients,
when

ψ(τ) � ψ(τ, xk) � ψ0(τ, x
k)(1 + εψχ(τ, xk)), for

η2(τ ) � η2(τ, x
k) � ζ2(τ, x

k)(1 + εχ2(τ, x
k)),

we can consider η2(τ ) = η1(τ );
η3(τ ) � η3(τ, x

k, t) � ζ3(τ, x
k, t)(1 + εχ3(τ, x

k, t)).
(A.20)

In such formulas, ψ(τ) and η2(τ ) = η1(τ ) are such way cho-
sen to be determined by solutions of the 2-d Poisson equation
∂2

11ψ(τ) + ∂2
22ψ(τ) = 2 h �(τ, xk), see (A.3).

ε-parametric deformations (A.20) define such τ -families
of locally anisotropic cosmological d-metrics with χ -
generating functions,
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d ŝ2(τ ) = ĝαβ(τ, xk , t;ψ(τ), g3(τ );v �(τ ))duαduβ

= eψ0 (1 + ε ψχ(τ))[(dx1)2 + (dx2)2] + ζ3(τ )(1 + ε χ3(τ )) g̊3

⎧

⎪

⎪

⎨

⎪

⎪

⎩

dy3 +

⎡

⎢

⎢

⎣

(N̊3
k )−1[1nk(τ ) + 16 2nk(τ )

×
⎡

⎢

⎣

∫

dt

([

(ζ3(τ )g̊3)−1/4
]�)2

| ∫ dt[v �(τ )(ζ3(τ )g̊3)]�|

⎤

⎥

⎦+ ε

162nk(τ )
∫

dt
([(ζ3(τ )g̊3)

−1/4]�)2
| ∫ dt[v �(τ )(ζ3(τ )g̊3)]�| (

[(ζ3(τ )g̊3)
−1/4χ3)]�

2[(ζ3(τ )g̊3)−1/4]� +
∫

dt[v �(τ )(ζ3(τ )χ3(τ )g̊3)]�
∫

dt[v �(τ )(ζ3(τ )g̊3)]� )

1nk(τ ) + 162nk(τ )

[

∫

dt ([(ζ3(τ )g̊3)−1/4]�)2

| ∫ dt[ v �(τ )(ζ3(τ )g̊3)]�|
]

⎤

⎥

⎥

⎦

N̊3
k dx

k

⎫

⎪

⎪

⎬

⎪

⎪

⎭

2

. −
{

4[(|ζ3(τ )g̊3|1/2)�]2
g̊3| ∫ dt{v �(τ )(ζ3(τ )g̊3)�}| − ε

[

(χ3(τ )|ζ3(τ )g̊3|1/2)�
4(|ζ3(τ )g̊3|1/2)� −

∫

dt{v �
[

(ζ3(τ )g̊3)χ3(τ )
]�}

∫

dt{v �(τ )(ζ3(τ )g̊3)�}

]}

g̊4

{

dt +
[

∂i
∫

dtv �(τ )ζ�
3 (τ )

(N̊3
i )v �(τ )ζ�

3 (τ )
+ ε

(

∂i [
∫

dtv �(τ ) (ζ3(τ )χ3(τ ))�]
∂i [∫ dtv �(τ )ζ�

3 (τ )] − (ζ3(τ )χ3(τ ))�
ζ�

3 (τ )

)]

N̊4
i dx

i

}2

(A.21)

Such off-diagonal parametric solutions allow us to define,
for instance, ellipsoidal deformations of spherical symmetric
cosmological metrics into similar ones with ellipsoid sym-
metry. Locally anisotropic cosmological d-metrics of type
(A.21) can be generated for by certain small parametric defor-
mations and generating data (�(τ), ̂�(τ)).

Appendix B: A brief review on 2+2 spacetime topological
quasicrystal structures

We outline necessary results on nonholonomic quasicrys-
talline structures which are necessary to elaborate on models
of interacting topological phase of (effective) matter and non-
metric gravitational vacuum under geometric evolution, i.e.
DE and DM phases. Considered elasticity models develop the
constructions with cosmological quasicristals, QCs, [17,20]
and do not consider nontrivial quantized topological terms
with far richer structure than their crystalline counterparts
studied in condensed matter physics [21].

B.1 Definition of spacetime QC and quasicrystalline
topological phases

Let us state the definition of QC spacetime structure that we
adopt in this work. Similarly to [21], we consider a countable
set Vec∗ with vectors k = {kα′ } ∈ Vec∗ ⊂ T ∗V for a point
x(u) = {xα′(u)}, for u ∈ V of a Lorentz manifold with Q-
deformations. For a local (relativistic) quantum mechanical
(QM) model, the expectation value 〈̂O〉 of a local observable
̂O can be expressed as a Fourier series

〈̂O(x(u))〉 =
∑

k
ake

ikx or 〈̂O(x(u))〉 =
∑

k
akeikx,

where kx denotes the scalar product in u and the coef-
ficients ak = ak(̂O) depend on the choice of operator ̂O.

We can consider boldface symbols for d-operators adapted
to a N-connection splitting (3). A crystal structure can be
generated by a finite set Vec∗ considered as a reciprocal lat-
tice of a crystal defined for d ′ spacial dimensions (called as
primitive reciprocal lattice vectors; for modelling spacetime
and time like crystals with nonholonomic structure, we can
consider pseudo-Euclidean signatures [17,20]). We say that
such a system is a QC if Vec∗ is defined in such a way but
the smallest such set is of size greater than d ′.

A quasicrystalline topological phase is defined by a fam-
ily of Hamiltonians such that the ground state is always
gapped and when the above QC conditions are satisfied.
We can consider a QC with elasticity when 〈̂O(x(u))〉′ =
∑

k ake
i(φk+kx) for an independent choice on ̂O of phases

subjected to the conditions φk1 + k2 = φk1 + φk2 [mod2π ]
for any k1,k2 ∈ Vec∗. The φ-filed can be thought as a
“order parameter” for some spontaneous symmetry-breaking
ground states, when the low-energy elastic deformation are
considered as long-wavelength fluctuations (for such an order
parameter). For such models, we replace φk with a slow
varying function φk = φk(x,t) = φk(u). Introducing phase
fields

θk(u) = φk(u) + kx, for θk1+k2(u)

= θk1(u) + θk2(u) [mod2π ],
when 〈̂O(x(u))〉′ =

∑

k
ake

iθk(u). (B.1)

We approximate for a low-energy deformation ∇θk(u) ≈ k,
when for some vacuum state ∇θk(u) = k. For canonical N-
adapted deformations, such formulas transform into similar
ones with ∇θk(u) → ̂Dθk(u).
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For QC structures, the solutions of (B.1) can be parameter-
ized by a set of reciprocal d-vectors K1, ...,K̂d that generate
Vec∗( ̂d > d ′, for a crystal structure, ̂d = d ′). There are
imposed such properties:

1. Every d-vector can be expressed as an integer linear com-
bination of type k = nIKI ∈ Vec∗ (for I = 1, 2, ...,̂d).

2. The reciprocal d-vectors are linearly independent over
integers, i.e. if nIKI = 0 for some integers nI , then all
nI = 0 (we do no discuss variants of definition of QCs
when this condition is dropped, for instance, when we
have an over complete set of d-vectors).

Using properties 1 and 2, we can introduce phase angle
fields θ I (u) and write the solutions of (B.1) in the form
θk(u) = θ I (u)nI (k), where nI (k) is a unique integer vec-
tor and ∇θ I (u) ≈ K I (or ̂Dθ I (u) ≈ KI for N-adapted
canonical constructions). Thus, we parameterize the elastic
deformations in terms of ̂d fields θ I (u). For a crystal type
structure with ̂d = d ′, this defines phonon modes; for a QC
structure with ̂d > d ′ there are more elastic modes than in
a crystal. In this paper, we work directly with θ I (u) even in
condensed matter physics one consider decompositions into
certain phonon and phason modes, see [21] and references
therein.

Finally, we note that in the ground spacetime vacuum
space, θ I (u) = θ I[0] + KIx, with θ I[0] taken for a crystal like
structure. In such cases, the expectation values of observable
in a QC deformation are given by linear mappings of a d ′
dimensional physical space (for modeling the crystal struc-
ture) into a hyperplane slice through a ̂d-dimensional crystal
“superspace”.

B.2 Topological terms for nonholonomic spacetime QCs
and elasticity

Let us consider a ̂d-dimensional vector CI , an antisymmet-
ric (matrix ̂d × ̂d) CI J , an antisymmetric tensor CI J K , and
a gauge field Aμ(u) with local U (1) symmetry. Using such
algebraic data, vector Aμ, and angle space fields θ I (u), we
can introduce such effective Lagrange densities for topolog-
ical QCs (see details in sections III and V of [21]):

θ1
̂L =θ1

̂L[0] + 1

2π
CI ε

μν Aμ∂ν(θ
I ), for d ′ = 1;

θ2
̂L =θ2

̂L[0] + 1

2π
CI J ε

μνγ Aμ∂ν(θ
I )∂γ (θ J ), for d ′ = 2;

θ3
̂L =θ3

̂L[0] + 1

2π
CI J K εμνγ σ Aμ∂ν(θ

I )∂γ (θ J )∂σ (θK ),

for d ′ = 3, (B.2)

where ε... are absolute antisymmetric tensors and terms with
label [0] can be defined for a specific crystal like structure.

In this work, we shall elaborate on models of dimensions
d ′ = 2, 3. Such configurations are invariant (modulo 2π )
under large gauge transformations of A on nonholonomic
spacetime manifoldV and for linearized equations each entry
of C can be quantized to be integer. This defines a large fam-
ily of symmetry-protected topological, SPT, phases which
can be partially classified as QCs with U (1) symmetry by
integral antisymmetric rank-d ′ tensors of dimension ̂d. In
not N-adapted form, we can consider crystalline structures
with ̂d = d ′, when all such tensors are some integer mul-
tiples of the Levi-Civita antisymmetric tensors. For a given
QC SPT phase with underlying reciprocal lattice L, the C-
values depend on some choice of the generating reciprocal
vectors K I . Such phases are classified by the internal coho-
mology Hd ′

(L∗,Z), with integer Z, where L is the space of
homomorphisms from L∗ to U (1).

For QC spacetime configurations, there are possible addi-
tional topological terms which do not depend on U (1) sym-
metry. If ̂d ≥ d ′ + 1, we can consider terms:

�1
̂L = 1

2π
�I J ε

νγ ∂ν(θ
I )∂γ (θ J ), for d ′ = 1;

�2
̂L = 1

2π
�I J K ενγ σ ∂ν(θ

I )∂γ (θ J )∂σ (θK ) for d ′ = 2;
(B.3)

and so on (for higher dimensions). Such terms are classified
by Hd ′+1(L∗,Z).

In this work, we study QC v-structures adapted to a N-
splitting when θ I � θa(xi , t), for I � a, and ∂ jθ

a(xi , t) =
Ka

j (x
i , t). For generating off-diagonal solutions, we can

elaborate on models with Na
j (x

i , t) � Ka
j (x

i , t) and define

topological QC-configurations determined by certain θ I

terms.
Finally, we note that the angle space fields θ I (u) can be

related to another class of topological terms of Wess-Zumino
type (see [21] and references therein) for ̂d ≥ d ′ + 2. There
are not canonically expressible local Lagrangians in d ′ + 1
spacetime dimensions of an extension of the θ -fields. Such
terms are characterized by Hd ′+1(L∗,Z). For simplicity, in
this work we work with QC structures of type θ2

̂L (B.2) or
�2
̂L (B.3).

B.3 Mobility of dislocations and currents and charge
density for spacetime QCs

In QCs, there are possible defects with dislocations which
can move in N-adapted form only in the directions of their
Burgers d-vector. Here, we provide necessary formulas for
2-d nonholonomic cosmological QC structures when

1

2π

∮

C
dxi eiθa(τ, xk, t) = ba ∈ Z

d ′
, d ′ = 2,
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for a N-connection 2+2 splitting. In this formula, C is a loop
surrounding the dislocations and ba is the Burgers d-vectors.
The nonholonomic and topological mobility constraints of
a dislocations can be derived for a respective charge con-
servation law. We can consider a d-vector Aμ in (B.2), or
introduce certain effective values determined by ενγ σ eν(θ

a)

in (B.3), define certain “charged” mobility of θa(τ, xk, t) for
temperature τ. The corresponding current is defined as the
d-vector

Jν = 1

8π2Cabε
νγ σ eγ (θa)eσ (θb).

The holonomic conservation law

∂μ J
μ = Cabε

μγσ
[

∂μ∂γ (θa) − ∂γ ∂μ(θa)
]

∂σ (θb) = 0

transforms into a nonholonomic relation

eμJμ = Cabε
μγσW ν

μγ eν(θ
a)eσ (θb) = JZ �= 0, (B.4)

where the anholonomy coefficients are defined in footnote 5
and JZ is determined by N-coefficients. This reflects the fact
that for nonholonomic and/or nonmetric systems the conser-
vation laws became more sophisticate and may encode inte-
gration constants for corresponding Lagrange densities and
distortion terms.

We can introduce double nonholonomic 2+2 and 3+1 split-
ting for space indices i, j, ... = 1, 2 and ı́, j́, ... = 1, 2, 3,

when ∂4 = ∂t . For off-diagonal vacuum models close to the
equilibrium configurations, one approximates ∂t (θ

a) ≈ 0,

∂i (θ
a) ≈ Na

i (xk) and ∂ j ′(θa) ≈ Ka
j ′(x

i ). In vicinity of such
configurations, the nonholonmic distortions of the current
conservation law (B.4) is computed

eμJμ = Cabε
i jW ν

4ieν(θ
a)Nb

j = JZ,

which in holonomic frames is equivalent to

∂μ J
μ = Cabε

ı́ j́
[

∂4∂ j́ (θ
a) − ∂ j́∂4(θ

a)
]

Ka
ı́ (xi ) = 0.

Such formulas allow us to describe dislocations for a Burgers
vector ba at a position x ı́ (ζ ), with parameter ζ, moving at
velocity v ı́ , when
[

∂4∂ j́ − ∂ j́∂4

]

θa = ε j́ ḱv
ḱδ[x ı́ − x ı́ (ζ )], or

W ν
4ieν(θ

a) = ε jkv
kδ[xi − xi (ζ )].

These local conservation law for (non) holonomic disloca-
tions require that

Cabb
aKb

j ′v
j ′ = 0, or Caeb

aNe
j v

j = 0. (B.5)

The last condition is not satisfied if we consider general non-
holonomic deformations. Equations (B.5) define the topolog-
ical and nonholonomic mobility constraints of dislocations
in a 2-d QC determined by the SPT invariant Cab and the
burgers vector ba . Thus, dislocations in a spacetime QC are

never completely immobilized and can move in some direc-
tions because there is at least one direction ba which satisfies
(non) holonomic conditions of type (B.5).

The effective gravitational vacuum fields Aμ in the action
(B.2) can be evaluated by an effective charge density ρ =
δS/δA4 which for nonholonomic 2-d QC structures with
∂ j (θ

a) ≈ Ka
j (x

i ) → Na
j (x

i , t) and spacetime depending
average density

ρ(xi , t) = 1

8π2Cabε
i j Na

i N
a
j . (B.6)

We assume that nearly gravitational vacuum equilibrium the
non-topological part of the action does not contribute to aver-
age of such effective charge density but may result in non-
holonomic modifications. Such an assumption is reasonable
for effective phonon and phason fields which for (non) met-
ric/ holonomic gravitational interactions does not give any
contribution to the ground state charge density.

Finally, we note two simple tilling interpretations for QC
structures with are similar to those presented in Figures 1 and
2 of section VIII A. of [21]. In the first case (called k = 2, for
̂d = 4 = d ′+2 and d ′ = 2), there are generated the so-called
QC topological phases with conventional 6 colours if no rota-
tional symmetry is imposed. Imposing eight-fold rotational
symmetry, we obtain two independent variants (for corre-
sponding square and rhombus tiles). In the second case (con-
ventional k = 1), four conventional colors can be generated
and a 1-d SPT invariant is assigned for no rotational sym-
metry imposed. One independent SPT invariant is defined
also if eightfold rotational symmetry is imposed. For equi-
librium gravitational vacuum configurations, such nonholo-
nomic configurations with nontrivial topology can be defined
as quasi-stationary ones as in [15], Off-diagonal (non) met-
ric gravitational interactions with average density ρ(xi , t)
(B.6) result in nonholonomic deformations of QC structures
which can be used for modeling DM and DE time depending
configurations.
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