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Abstract

The Lindblad equation generalizes the Schrodinger equation to quantum
systems that undergo dissipative dynamics. The quantum simulation of
Lindbladian dynamics is therefore non-unitary, preventing a naive application
of state-of-the-art quantum algorithms. Here, we make use of an approxim-
ate correspondence between Lindbladian dynamics and evolution based on
repeated interaction (RI) CPTP maps to write down a Hamiltonian formulation
of the Lindblad dynamics and derive a rigorous error bound on the master
equation. Specifically, we show that the number of interactions needed to sim-
ulate the Liouvillian e** within error € scales in most physical scenarios as
v € O(2|L||3_,,/¢). This is significant because the error in the Lindbladian
approximation to the dynamics is not explicitly bounded in existing quantum
algorithms for open system simulations. We then provide quantum algorithms
to simulate RI maps using an iterative qubitization approach and Trotter—Suzuki
formulas, and specifically show that for iterative qubitization the number of
operations needed to simulate the dynamics (for a fixed value of v) scales as
O(apt +vlog(1/€)/loglog(1/¢€)) in the limit where o (the coefficient 1-norm
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for the system and bath Hamiltonians) asymptotically dominates over the cor-
responding factor for the interaction Hamiltonian, which is often the case in
weak coupling. This scaling would appear to be optimal if the complexity of v
is not considered, which underscores the importance of considering the error
in the Liouvillian that we reveal in this work.

Keywords: Lindbladian simulation, quantum algorithms,
quantum simulation, quantum computing

1. Introduction

The simulation of quantum systems is arguably the most natural application of quantum
computers [1]. The simulation problem can be summarized as follows: For a given Hamiltonian
H and evolution time ¢, construct a unitary U that approximates the dynamics generated by
H up to an error ¢, with respect to some appropriate distance metric. In the case of time-
independent H we wish to construct a quantum algorithm to build U, and approximate the solu-
tion to the Schrodinger equation 9;|¢)) = —iH|) such that ‘ ‘ U- e_iH’| ‘ < €. This problem has
deservedly received much attention, and the field has achieved many remarkable results [2—7].
However, significantly less attention has been given to non-unitary quantum dynamics, or open
quantum systems. These are systems that interact and exchange energy with a larger environ-
ment. The field of open quantum systems has put forward a variety of methods for studying
such systems to varying levels of approximation and accuracy [8]. In particular, the formalism
of quantum master equations (QMEs) has been proven useful to describe dissipative quantum
dynamics. A QME is differential equation for the system’s density matrix dictating its evolving
in time, incorporating the effects of both coherent evolution and dissipative processes influ-
enced by the environment [9]. The approach we implement in this work is the Lindblad QME
[9, 10]. From the perspective of quantum computing, this is perhaps the most natural mas-
ter equation to implement given that it generates dynamics described by completely positive
trace preserving (CPTP) maps. This equation also generates Markovian dynamics, meaning
that correlations between the bath and the system do not build up. Physically, this means that
the bath dynamics occur at a much faster time scale than the system, so any correlations in
the bath due to the coupled system propagate to infinity before they influence the system once
again. Conceptually, one would therefore expect to be able to simulate Markovian dynamics
in a smaller Hilbert space, and therefore, with less resources than non-Markovian QME:s.

In this work, we present quantum algorithms based on an existing approximate correspond-
ence between the Lindblad equation and repeated interaction (RI) maps, also known as colli-
sion models [11-15]. The RI model is a scheme whereby the environment repeatedly interacts
with the system. The environment is comprised of many independent bath subsystems with
each interacting with the system one by one. These baths/subsystems do not interact with
one another, and never interact with the system again, naturally leading to a Markov process.
While this might seem contrived, open quantum systems such as the maser can be naturally
described in this fashion: In this case, an electromagnetic field in a cavity is repeatedly per-
turbed by particles passing through, whereby the reduced dynamics of interest is that of the
quantum field [11, 12]. Here, we provide quantum algorithms to implement these RIs to effect-
ively model Lindbladian dynamics. Our algorithms yield integrators of arbitrary order, which
we expect to be nearly optimal given that the error between the Lindblad dynamics and those
generated by RIs is second order in the interaction time in general. Implementing low order for-
mulas here is not as problematic as they may seem given the physics captured by the Lindblad
equation: This QME can be derived by integrating the exact equation of motion generated by
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an interaction Hamiltonian H; that governs the entire system bath dynamics [9]. This integral
equation is then expanded to second order in the interaction time, and a trace is performed
over the environment Hilbert space. This therefore gives an accurate description of the exact
dynamics only up to second order, so we might say the Lindblad equation roughly has model
erTor €model € O(||Hj||?). This implies that using higher order integrators to simulate dynamics
to incredibly small error € is not necessarily capturing additional physics. Note that the model
error is inherently different than the simulation error e which will be the main error of interest
in this paper, as it quantifies how our algorithm deviates from Lindblad dynamics. The former
model error is not analyzed in this work.

2. Contributions and related work

When it comes to related works, state of the art Lindbladian simulation is presented in [16,
17]. The work of Cleve and Wang [16], utilizes Kraus maps to approximate the Lindbladian to
second order, and then constructs a variant of linear combinations of unitaries (LCU) for chan-
nels to implement the Kraus maps in a purified space. The approach then utilizes a compres-
sion encoding scheme involving the Chernoff bound to achieve complexity O(spolylog(t/¢)).
In addition, [16] also provides an early discussion of simulating a Lindblad equation with
iterative unitary evolutions, however, this approach differs from the RI scheme we present
here. Their work briefly examines implementing a block matrix J built out of all system jump
operators L;, and iteratively applying e /V7 and e =" with trace operations in an alternating
fashion, rather than iteratively interacting with subsystems in the RI fashion we study here.
Regarding this approach, in the appendix of their work, a lower-bound is given with regards to
expressing Lindbladian evolution as effective Hamiltonian evolutions. The theorem concludes
that in general, a Hamiltonian evolution cannot exactly yield Lindblad dynamics for any finite
time. While we do not necessarily disagree with this statement, it does not prevent choosing
an iteration parameter to make e arbitrarily small. This bound is also derived such that their
algorithm approximates a joint system-bath evolution with trace-out as a purely unitary pro-
cess on the system with an effective Hamiltonian. Given that our algorithms do not inherit this
strategy, this lower bound does not apply. In addition, in [16], Cleve and Wang also use this
early iterative Lindblad simulation to suggest that expressing said dynamics with Hamiltonian
evolutions should incur overhead that scales like O(#* /¢). We make this intuition rigorous, and
arrive at a similar conclusion in theorem 2. Next, the approach in [17] utilizes an interesting
application of Duhamel’s principle to build high-order integral formulas, which are approx-
imated as a sum, derived from Gaussian Quadrature methods. LCU are then constructed once
again for implementation, again achieving time complexity O(fpolylog(#/¢)), with slightly
better dependence on the number of dissipators in the Lindbladian. While [16, 17] achieve
state-of-the-art asymptotics, they both involve intricate machinery that make it unclear as to
how well they will perform in practice, the former relying on a compression encoding scheme,
and the latter involving the computation of multi-integrals of block encoded Kraus operators
using LCU circuits. A goal of our work is to build conceptually cleaner algorithms that, in
comparison, still perform well asymptotically. Other earlier notable algorithmic contributions
in this field can be found in [18-20]. Alternative implementations involving unitary decom-
positions that also conduct numerical experiments on simulators can be found in [21, 22]. Most
recently [23], work has been done to formulate integrators of arbitrary order based on repeated
Hamiltonian simulations, which is reminiscent of the theme of this work. The authors in [23]
propose a strategy that is also based on maps of a Stinespring form with /7 evolution of an
effective Hamiltonian. However, this approach is derived from a method known as unraveling,
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in which the Lindblad equation is transformed into a stochastic Schrodinger equation (SSE).
Interestingly, the /7 Hamiltonian evolution e~V that arises from the variance of the Wiener
process in their work also arises in the RI maps in our work for seemingly unrelated reasons.
Equipped with the SSE, the goal is to solve the dynamics for the expectation value of the final
state. This approach is similar to an earlier correspondence proposed between the RlIs scheme
that we investigate here, and quantum Langevin equations [24]. The intuition between this
relation is that coupling of the system to a random ancilla can lead to the generation of ran-
dom guantum forces. Reference [23] also generalizes results to time dependent Lindbladians,
a topic that has seldom been studied in the context of quantum simulations. Recent work has
also used a product formula decomposition of the Lindblad evolution into Hamiltonian and
dissipative parts, and then implemented a sampling routine to simulate the latter part [25].
Lastly, complimenting the many above recent studies on upper-bounding the complexity of
simulating open Markovian dynamics, [26] provides novel circuit complexity lower bounds.

Regarding the method of formulating Linadbladian dynamics as repeated Hamiltonian sim-
ulations, other recent works have also emerged [27-29]. Di Bartolomeo et al [27] can be
viewed somewhat as a hybrid approach between that of [23] and our own. In [27] the authors
implement the solution to an unraveled Lindblad equation via stochastic unitary processes
that are implemented via Trotterization and repeated trace-out. The given complexity of € is
also quadratic in time with additional overheads that arise from making locality assumptions
required to discretize infinite dimensional bath operators. In addition, a somewhat different
approach called Wave Matrix Lindbladinization has also been proposed [28, 29]. Similar to
our work, this method involves the formulation of a map that approximates a Lindbladian evol-
ution to second order in time. It is then implemented in an iterative fashion with trace-out to
control e. However, the input model is quite different from other works in that the algorithm
assumes access to copies of so-called program states, which are quantum states that encode
the Lindbladian itself. Bounds are then given in terms of queries to an oracle that provides
said states, which interestingly inherits similar time-complexity to the parameter v discussed
in this work.

In terms of our contributions, we were largely inspired by [30], which to the best of our
knowledge, was the first to propose quantum simulation of the RI scheme. Our work builds
upon yet differs significantly from this analysis. Here, the implementation of the RI maps
is abstracted from the physical picture, whereby we analyze the complexity of converging
to nearly arbitrary time-independent Lindbladian dynamics using an RI map with minimal
assumptions. In doing so, we provide a rigorous error bound on the difference between these
two CPTP maps. This is one of the main contributions of our work, which to the best of our
knowledge has not been done before in this context. Bounds given in [30] solve a problem
with a physical model in mind. There, a k-local Lindbladian is assumed to be simulated with a
physical multipartite interaction model in which subsystems interact locally with a system gov-
erned by Hy, supported on some lattice. This necessarily involves some complicated indices
such as the set of all ancilla-system site pairings, which can make the bounds difficult to inter-
pret. As well, for the purpose of simulation, the analysis in [30] uses Trotter—Suzuki formulas
to implement each propagator from the beginning of the analysis. Here, we specifically bound
the convergence of an RI map to Lindbladian dynamics, where we use the number of interac-
tions with ancillary subsystems to control the error. We then use modern quantum algorithms
based on block encodings to implement these general maps as efficiently as possible. For
means of simplicity and comparison, we further provide a simulation of our RI maps with
Trotter—Suzuki formulas. We also note that multipartite and local dynamics can be simulated
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with our model by restricting the support of the operators in the unitary decomposition of the
interaction Hamiltonian. We summarize our contributions below:

1. We rigorously bound the error between RI maps and Lindbladian dynamics in terms of
the number of environment subsystems m and the number of applications v of an RI map
composed of m interactions in theorem 2.

2. In corollary 2.1, we then immediately obtain a bound on the number of ancilla bath’s
subsystems, given that the Trace is performed over the entire environment register at the
end of the simulation.

3. We describe a strategy to achieve the same simulation accuracy and time complexity using
a constant number of qubits, given that traces are performed periodically.

4. For either of the ancilla strategy above, we implement a simulation of Lindbladian dynam-
ics using unitary RI maps, with a probability of success d =1 and an error ¢, utilizing an
iterative qubitization strategy to implement each discrete time map. We give a bound on
the time complexity in terms of queries to block encoding oracles in theorem 3.

5. To compare with [30], we implement our RI maps with Trotter—Suzuki formulas, and
bound the number of steps/iterations r to achieve error e for formulas of first and arbitrary
order, the former of which we utilize commutator structure. This is presented in theorems
5 and 6.

3. Preliminaries

In this section, we introduce the relevant notations and assumptions for the work. We also
provide a brief introduction to the Lindblad equation and RI maps, and some of their relevant
properties.

3.1 Notation and assumptions

We use lowercase letters to denote variables, a, uppercase letters to represent operators, A,
and reserve calligraphic letters for super-operators, .A. In this paper, we consider only finite-
dimensional Hilbert spaces, so all operators A are matrices, and all super-operators can be
written as some functions of matrices. An important part of analyzing quantum algorithms is
bounding the error €, which allows one to calculate the complexity of the algorithm. Since
the algorithms here are written in terms of super-operators, we implement an induced norm
to calculate e. The familiar Schatten p-norms for matrices are defined in the following way:
l1All, = Ok sh) », where s represent the singular values of the matrix A. The Schatten norms
then induce a norm on super-operators, that of focus here will be the induced 1 — 1 norm,
which has the following definition: ||.Al[,_,; = maxy.|aj| =1 ||A(A)||,. This norm obeys the
triangle inequality and submultiplicativity, which we will make use of. Throughout the work,
we write p to indicate a density matrix, which is a positive semi-definite operator with Trp =
1. Some other recurring notations are the use of £ as a Lindblad generator, ¢ for the total
simulation time, m as the number of subsystems or ancilla used in the RIs scheme, v as the
number of applications of an RI map with m interactions, and 7 = /v as the interaction time
interval. We use o to indicate the composition of super-operators, all of which are quantum
channels in this work. When the composition is indexed over many channels, we use () to be
distinct from a product.



J. Phys. A: Math. Theor. 58 (2025) 305302 M Pocrnic et al

3.2. Lindblad equation

The Lindblad equation, often seen as a generalization of the Schrdédinger equation for
Markovian open quantum systems, takes the following form (5 = 1):

%S — —ilHo, ] +Z Lipstf = 5 {LiLy.ps} = £py), (1)
where the L; operators are derived from the interaction between the system and environment.
Therefore, this equation describes the dynamics of the reduced state pg of a quantum system,
and does not track the dynamics of the environment. If L; = 0 V j then we recover the von
Neumann equation, or the Schodinger equation for density matrices. Here, the Hamiltonian
is a Hermitian operator, however, the jump operators L; are not necessarily so. We also have
H, Lc C4%4_ where d is the dimension of the system.

3.3. Repeated Interaction model

Repeated Interactions allow us to study the reduced dynamics of a quantum system under the
influence of an environment, essentially through repeated applications of Stinespring’s dilation
theorem. The conceptual picture of the RI scheme is that of a quantum system which, for short
intervals, repeatedly interacts with an environment comprised of small discrete subsystems or
ancilla, which are disjoint. This means that the subsystems comprising the environment do not
interact with each other. In addition, once interacting with the quantum system of interest, the
subsystems travel off to infinity and never interact with the system again. It is intuitive that
such a construction leads to a Markov process, and it turns out that under certain conditions
on the coupling energies, this scheme approximates an evolution generated by the Lindblad
QME discussed in the previous section [11, 12]. Studies regarding a more general RI form
including interacting ancilla and recurring interactions have also been studied, resulting in non-
Markovian dynamics, as expected [31]. However, this generalization is beyond the scope of
our work. We now present the formalism for the Markovian RIs scheme described above. The
system Hamiltonian H) lives in the Hilbert space .73, and the nth subsystem of the environment
lives in the smaller Hilbert space &;,. We represent the entirety of the environment space as the
tensor product of all said subsystems:

A = (R) &, 2)
and the total Hilbert space of the problem is

H = Ay @ Hp. 3)

We write the total Hamiltonian H in the following way,

H=Hy+ Y (Hg, +\Hj,). “)

n=1

The operators act as identities outside the support of their respected subspace, such that it is
implied that Hy = Hy ® 1 54, and so on. The interaction Hamiltonian takes a tensor product
form: H; = V! ® a, + h.c., which is required for the RI formalism; ) is the system-bath coup-
ling parameter. Here, V is some general system operator, and a,, is an annihilation operator on
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the nth subsystem. For example, a, could be a bosonic annihilation operator or the spin lower-
ing operator. This total Hamiltonian H generates the RI map R, according to the following
definition:

Definition 1 (Rl map). Given a system density operator pg of dim = d that evolves under the
free Hamiltonian Hy, and a discrete environment comprised of m subsystems pg, of dim = 2
that evolve freely under Hg, and interact with pg via an interaction Hamiltonian H;, with coup-
ling A, then the finite time reduced dynamics of the system pg(fo) — ps(to + 7) is generated
by the following RI map R,:

Ry (ps) = Trs, (e—iT(HU-&-HEn-&-)\H,n) ps ® pi, ei'r(Ho-‘rHEn-‘r)\Hl,,)) ’ (5)

with interaction time 7. This map can be iterated to produce the system dynamics for long
times.

Note that the map here is applied only to ps, and part of the action of the map is to tensor on
the subsystem pg, . The RIs map is necessarily applied to the joint system-environment space,
but due to the trace it yields the reduced dynamics of the system as required. These maps are
Markovian by construction, and given the simplest case where each of the »n bath/environment
subsystems are identical, we also have the semi-group property:

RoM — Ro(m—q) o R0q7 (6)

for g < m, which shows that any composition of RI maps is also an RI map. The semi-group
property also highlights the Markovianity of the map: The map can be used to generate any
future evolution of the system density matrix from any previous state without access to any
notion of the state’s history. This is always true for RI maps of this form, given that the map
consists of the operations of tensoring on and tracing out the ancillary system. If we con-
sidered a hypothetical RI map that acted on a system and ancilla for finite time 7 without the
tensor operation, then the Markov property on the joint system only holds in the limit 7 — O.
These maps do not form a complete group as their inverses are not guaranteed to exist [11].
In this work, to maintain generality, we do not assume the bath qubits to be identical, and
subscript the bath’s subsystems by n. Another important property is that the discretization of
the dynamics in this way yields no Trotter error. This is because [Hy, Hg,| = 0, as is clear from
above, and the interaction H;, is only turned on for the interaction time 7, similar to a delta
kick Hamiltonian. To illustrate, one could equivalently write the map as the following time
dependent Hamiltonian evolution with Heaviside functions

m—1
OnzoRa(ps) = Tre <e_iTH(Z) (Ps ®PE,1> eiTH(O) ;
n=0
with Hamiltonian
m—1
H(t) = Ho+ > (Hg, + Ay, ) (60— n7) = 61— (n-+ 1)7),
n=0

where for this example, 6(x) is the Heaviside function (of which the difference of two serves as
a square-pulse or top-hat function), and total evolution time ¢ = 7m. In this form, the absence
of a Trotter error is clear. Writing the map for a full evolution in this form does not provide
more physical insight, nor does it make for simpler analysis, so we will result to the form of
definition 1 in the remainder of the work. For more properties and applications of RI maps,
consult the following reviews [11, 12]. The most important feature discussed in both, is the
correspondence between RI maps and Lindblad dynamics. Below, we give a similar derivation

7
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to what can be found in [11, 12]. However, we provide a more rigorous treatment than what is
done in [11, 30], and show a simpler derivation than that contained in [12].

4. Lindbladian derivation

Let us now show that in a specified limit, the RIs scheme converges to Lindbladian dynamics in
the limit of infinitesimally small interaction time. This is provided more so as a demonstration
and is not a novel result. Similar work can be found in [11, 12, 30]. However, our derivation
tries to achieve the goal of being both pedagogical and rigorous. We will work in the regime
where \27 = 1, and will study the limit 7 — 0. Given the nature of this limit, we can think of
the RIs as a protocol of strongly coupling the system to the bath’s subsystem for very short
times. This also provides a somewhat interesting physical picture, given that the Lindblad
equation is normally derived assuming weak coupling.

To derive the Lindblad equation, we write the map in Liouvillian super-operator form and
expand for small interaction times,

Ru(ps) = Trg, (exp (—ir [(Ho + Hg, + AHL,), - 1) (ps @ pi,)) , ©)

or we define a super operator H(p) = —i[(Ho + Hg, + AH}, ), p| and equivalently write

Ra(ps) = Trs, (7 (ps © p,)) - (8)

For each application, this map effectively performs a dilation by tensoring on an environmental
subsystem, followed by a unitary evolution and a reduction. The map is CPTP by Stinespring’s
dilation theorem. For a single application of the map lets expand to second order in the inter-
action time

Ra(ps) = Tres, (€7 (ps © pE,))

=Tre,(ps @ pg, —i7 [(Ho + Hg, + AHL,) , ps @ pi, |
2

.
5 [(Ho + Hg, + AH,,) , [(Ho + Hg, + AH},) , ps @ pg,]])

7_2

= ps —i7 [Ho, ps| — Trg, ( 2

(o + i, + Nt [(Ho-+ He. 4 7,) s o] )
(€))
In the last step we use the fact that Trg[Hg, ps ® pg,] = 0. As well, we can either redefine the

interaction Hamiltonian, or choose the initial environment state such that Trg[Hj, ps ® pg, | =
0, as is a standard choice in the derivation of Lindblad master equations. This leads to

2
. T
R (ps) = ps — it [Ho, ps] — 3Tr£’n (\2[H,,,[Hy,. ps © pE, ]
+A[(Ho + Hg,), [Hi,, ps @ pE,|]
+A[Hy,, [(Ho + HE,) , ps @ pE,|]
+[(Ho+Hg,),[(Ho+ HE,) , ps ® pg,]]) - (10)
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By taking A — f we get

. 1
R (ps) = ps — it [Ho, ps| — 5 Trg, (7 [Hy,, [Hi,, ps @ pE,]]

2
+73/2[(Ho + Hp,) ,[Hj,. ps @ pr,]]

+73/2 [Hy,, [(Ho + Hg,) , ps @ pr, ]
+7%[(Ho + Hg,) ,[(Ho + HE,) . ps ® pg,]]) , (11)

where we use a tilde to indicate that this limit has been enacted. This replacement of variables
is thoroughly discussed in [12]. Rearranging and taking the limit as 7 — 0 leads to

[ Ra(ps)— , 1
lim <m> = —i[Ho, ps] — 5 Tre, ([Hy,, [Hi,, ps @ pE,]])

T—0 T
. 1
= —i[Ho, ps] + Treg, (HI,LPS ® pe,Hi, — 5 {H,H},,ps @ PEJ) , (12

which is in Lindblad form. To then eliminate the trace and write this solely in terms of the
system Hamiltonian, we can use the full form of H; = V® at +he. Following [12], if we
chose the environment to be in some thermal state at inverse temperature 3, we obtain the
following

2
. Rn(pS) Ps i i
1132)(7 ~i[Ho, ps] + Z Lost] ~ 5 {LLes}). 09

where L; = V\/z for j=1, Lj = VI\/z—1 for j=2, and z = Trg, (a;rz exp(—ﬂalan)an)/z(m.
Here, the a' and a operators are the creation and annihilation operators, and Z is the partition
function. Later we will consider an implementation where the environment is comprised of
single qubit thermal states, and as a result, we do not have to worry about exchange statistics.
For this reason, a' and a are sometimes referred to as qubit creation and annihilation operators.
With these definitions, the full RI map, the j index will grow to have 2m terms for the entire RI
map, where m is the number of baths/environment subsystems or ancilla. For the simple case
of a single interaction with the RI map, we have therefore shown how the Lindblad equation
can be derived.

5. Error bounding in the limiting Rl case

In this section we prove an error bound between v applications of a RI map composed of
m interactions, and Lindbladian dynamics. We work here only in the regime where \ = f’
using the RI map defined in equation (1). We can attain equivalent results by using some
constant: \>7 — ¢. However, we allow this freedom of the Lindblad jump coefficients to be
taken into account through the spectral norm of the Interaction Hamiltonian. Working in this
limiting case can be regarded as a replacement of variables to effectively control the error of
the approximation. Working with a general A yields error in the first non-trivial order, which
is unfavorable. To see this argument worked out, we refer readers to appendix A. As in the
previous section, we use a tilde to remind the reader that this limiting case of the RI map is
being enforced, and write a single application of the map in the following way: 7’5,1( ps)- This

9
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condition is understood to be enforced in the Taylor series expansion of the super-operator,
as was also considered in the above derivation. For generality, we leave interactions and the
free Hamiltonians of the environment ancilla subscripted with n. In this way, the bath can be
prepared as an ensemble of single qubit thermal states with different temperatures 3, if the user
wishes. Our next objective is to show convergence of the RI map to a general Lindblad QME.
Given we define the interaction time as 7 = ¢/v, where v is just some iteration/convergence
parameter, the RI map we use to converge to this dynamics, with an arbitrary accuracy, takes
the following form

R (o) o9

where () indicates an indexed multi-composition and 73; is given by equation (9) upon sub-
stitution of A\>7 = 1. Intuitively, an immediate issue arises, in that the general Lindblad picture
consists of the system simultaneously coupled to many degrees of freedom, undergoing evol-
ution coupled all subsystems for a time 7, while the RI map simulates the free evolution for
a time ¢, and evolves for a time /5, under each of the m ancilla. To deal with this, we simply
re-normalize the free Hamiltonian of the system Hy — %Ho, which allows us to converge to
the following general Lindbladian,

. 1 &
‘C’(ps) =1 [H07p] - E ZTI';& [H1k7 [H1k7pS ®pEk]] . (15)
k=1

We can use the trace to extract the more natural jump operators later, as was done in the deriva-
tion of equation (13). In appendix B, we provide some sufficiency criteria on H;, to formulate
an RI map that recovers the more familiar Lindbladian in 1, and in doing so, show how to
derive L;. With this in mind, we provide an error bound in the following theorem:

Theorem 2 (RI-Lindblad correspondence error). Given an RI map from definition 1 and a
Lindblad equation (15), then the induced Schatten 1-norm of their difference has the following
upper bound:

where v is the number of applications of the RI map, t the total simulation time, m the number
of subsystems in the bath, and ~, = max{ 12l (X||H, |)?/3(||Hp, || + HLWZ’”)I/S}. This conver-

oll
m

gence is achieved when A = \/v/t, and X is a maximum coupling such that A\ < \.

¢~ (O )|, co(Z LLOTRATYST I PRLLAR) IR
n=17m A1V 1-1 v m 1=1 v2 o

Proof. Our goal is to show that in terms of the time scaling we have error that goes like O(72),
in accordance with other analyses in the literature [12, 30].

We begin by defining the following super-operator to represent the dynamics generated by
the RI map:

—~ 1 1
Ho(p) = —i| ~Ho+He + —Hy ,p|. 17
(p)=—i Ho+ En+ﬁ 12 P 17)

This superoperator already accounts for the condition A7 — 1 and renormalizes the free
Hamiltonian by m to capture the correct dynamics,

10
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e = (O () 7|, = [ (5) " = (OB ()

<ofpee-ce ],

NS ‘

1—1

£

=V max
yljl

[lpsl]; <1

“ 1 v t
—TrﬂEH (]1 —i {mHojLHEn + \/:Hln,~®pE,,] ~ 3 (H;,,[Hy,, @ pE,]]

n=1

£/2 1 1
5,50 ([(mH0+HE,,) ’[Hln,@ﬂE,,]} + [HIM KHO +HE,1) ,'®PEn”>

1 | 1 7—[” t
- —Hy+H —Hy+H
2V2 |:<m 0+ E”) ’ |:<m O+ E”) ®pE":|:| +Z ll‘ ) S

To ensure convergence of the Taylor series we make necessary smallness assumptions on the
Hamiltonian and the interaction time: {||Hol||#/v,||Hg||t/v} € o(1) and ||H)|| \/t/v € o(1)
Then, by expanding the product above and tracking only terms € O (t2 / uz) we obtain

ov £ [1 1
‘ ‘ €O0|v|m max Tr(gl—2 —Hy, | —Hy, - ® pE,
1—1 n,psl], <1 U7 |m m

. —~1
= Lf o H !
§ — +mmy:lax E T )) (19)
=3 1—1

= vij!

This bound was achieved due to the following simplifications: First, from the first line of
equation (18) we collected the product of each order of the map with the identity, as these give
leading orders in all terms. Then, note that the partial trace over the environment commutes
with the free Hamiltonian Hy. We also recall that the Lindbladian is derived with the property
Trg, [Hy, ps ® pg,] = 0, meaning that the terms \/7 Trg [H),, ® pE,], and all terms that they

t|1
1—-i—|—Hy,-| — T H H
ll/ [m 07:| Z rﬁﬁ Ik?[ Iis” ®pEk +Z

(18)

1

et — ( ,,mzlﬂ (t/u))

1—1

operate on necessarily vanish. Consequentially, terms above that scale like 0( ] /2 ) and 0( - /2 )
vanish. Note that the sum in the final term in equation (19) contains a single term that goes hke
0(53—//22) due to the inverse square root that multiplies the interaction Hamiltonian. This term
involves a triple commutator like so: 73/2[H; , [H; , [Hj,, p]]], however, given the restrictions
that impose Trg, [Hy, p] = 0, it can be argued that the partial trace over &, for any odd order
commutator is 0. To make this argument clear, if we are to choose that pg, is a thermal state, as
in the case of our prior derivation of equation (13), and H;, also has the form defined in (13),
then any odd combination of a and a' makes this necessarily 0, which is a well understood
property of creation-annihilation (or raising-lowering) operators.

We now proceed with the bound (19), and will revisit £ at the end of the proof. We proceed
by using tail bounds for the two exponential series,

1



J. Phys. A: Math. Theor. 58 (2025) 305302 M Pocrnic et al

~ ov £ LI, 2 izl
L m t 2 1—1 Nt
= (OrRi () H1ﬂ€0<”amﬂ“%'+y?e

—3
—i—mmr?x <Wewﬁ>>> (20)

||
v

By making the requirements that {l‘ £ !Hl

into the following

, =11 € [0,In2] V n, we linearize the bound

2R, 7 dl
1%

’ ‘
€0 ! ||Hol|* + + mmax =
my n

¢ = (Oria(m) ||, z

@1

Now, as a result of prior arguments about odd order commutators with H; , we have the
following
2)

e (=2 ol + 5 (32 1 1 1 P 2 ol 2, P
m3 V2 0 1/2 E, I, m 0 1,

£ ~3 7 5 1 , P
S]] €0z 11Holl + = e, 11141 + — | Holl 1A,
14 1—1 m-v v mv

A
GO(ﬁﬂ>, (22)
where in the last line we define v, = max{”Lm””, (N [Hy )3 (| |H, || + W)lﬁ}, and take \

to be some maximum coupling strength such that A = \/v/t < \. Putting everything together
we are left with

2 2 3
L m 1 (t o tHHOH 2 mt 3
foe- (o m )|, o2 (12 e ) o m).

m
O

It is important to note that this theorem makes no assumptions on how the norms of each
of the Hamiltonian terms scale with respect to one another. In doing so, the proof trades some
simplicity in favor of generality. In practice, one does not expect the max, . term in the
bound be the dominant source of error except in pathological cases such when {||Hy||, || Hg||} €
O(M||H,||), which can be considered a non-physical scenario. In more practical cases where
the norm of the system Hamiltonian dominates, more precisely if {\||H;|, ||Hg||} € O(||Ho||),
then we have

given that ||Ho||*/m € O(\|£\|f_>l), which can be the case when many jump operators are
present. Proceeding, some useful corollaries immediately follow from the theorem 2:

o - (), co(Seiiy). &
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Corollary 2.1 (Number of interactions). The minimum necessary number of iterations v of
an RI map composed of m interactions, written as in equation (14), required to simulate the
time evolution of a Lindbladian within error € has the following upper-bound:

2 3B A
u60<A2+ ’m+2>, (25)
€ € €
where A = max{ “5%” LN 20 } This then implies that the total number of RI maps k = mv

that needs to be implemented to realize dynamics € close to that generated by e'* has the
following upper bound:

35 A4
meO(WZAZ—I—m\/W—i—f). (26)
€ € €

As a direct consequence, this also upper bounds the number of ancilla qubits used in the
simulation strategy outlined later in figure 1.

Proof. The upper bound for v is the solution from solving the cubic polynomial in
equation (23). O

Furthermore, one of the insights that can be gained through the analysis contained in the-
orem 2 is that in terms of the time scaling of the error, the higher orders do not necessarily
contribute to converging towards Lindblad dynamics. By this, we mean that by implementing,
say terms that come along with #* or an expanded RI map, we are not improving the accuracy of
a Lindblad simulation. Part of the reason is that analyzing the higher order terms is extremely
difficult, and potentially intractable using methods from this analysis. In this way, the methods
are both poorly sorted to track the higher order contributions, as well as there is no obvious
structure or symmetries to indicate higher order convergence. This leads us to conclude that
the RI maps defined in this work likely do not lead to higher order integrators, which given the
prior discussion in the Introduction, is not of immense concern. In appendix C we perform a
short numerical example that supports the conclusions of this theorem. However, since a large
part of the role of v is simply to control the higher order terms, it is possible that a cost effective
simulation may simply involve not simulating them. We obtain the following corollary:

Corollary 2.2 (Second order Correspondence Error). If an RI map defined as in
equation (14) is implemented up to second order in the interaction time T, then the induced
Schatten 1 — 1 norm of the difference between the RI map and the dynamics generated by the
Lindblad equation '~ has the following upper bound:

2
0 (tz ||Ho|* + W) : 27)
mv 12

which can be seen through noting that the -, terms are derived only from higher order
expansions.

Given the superior error scaling over theorem 2, it may be possible to compose more effi-
cient quantum simulations. However, this truncation leads to a non-unitary map. Implementing
this map could therefore be done in a manner that combines strategies proposed in [16]. Here,
it is argued that a Hamiltonian embedding of the Lindbladian dynamics with repeated trace-out
is inefficient compared to the method of using Kraus maps master equations and then imple-
menting them in a purified space using a variant of LCU for isometries. If we were to instead
implement RIs to second order, this could be seen as an intermediate approach between these

13
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schemes, of which can be made much more compact in the number of qubits in comparison to
the Hamiltonian approach in [16]. However, this then leads to an algorithm where § # 1, and
would require a total of s rounds of oblivious amplitude amplification. Therefore, it is unclear
how this strategy would compare, a topic of a separate investigation. In this work, we continue
to focus on unitary implementations of the RI map using iterative Hamiltonian simulations.

To summarize, this section has achieved the goal of bounding the total error between the
dynamics generated by a Lindblad equation, and the dynamics realized by v applications of
an RI map composed of m interactions with an environment. As a corollary, we have derived
a bound on the minimum number of system bath interactions to use an RI map to simulate e’*
up to precision €. We can now proceed with strategies from quantum computing to analyze the
complexity of implementing said RIs, in order to derive the overall complexity of a quantum
algorithm based on RIs to simulate Lindbladian Markovian dynamics.

6. Rl implementation with Hamiltonian simulation

In this section, we write down a unitary form of the map from the previous section 5, and
show that using the principle of deferred measurement, one can make the entire process unit-
ary prior to tracing out the entire environment. We therefore apply two approaches. In the first
one, we iteratively use Hamiltonian simulation strategies to perform the trace, which allows
one to bound the number of necessary ancilla qubits by a constant. The other approach pre-
serves unitarity for the entire evolution time, but then requires a number of ancilla that scales
polynomially with the simulation time ¢. Here, we use qubitization and Trotter—Suzuki formu-
las to implement the RI maps. We utilize these algorithms given that they can be performed
without amplitude amplification, as both of them have a probability of success d = 1. In addi-
tion, qubitization is utilized to achieve optimal asymptotics, whereas Trotter—Suzuki formulas
are chosen for their implementation simplicity, as well as to take advantage of the commut-
ator structure of the problem. The bounds that follow will necessarily depend on v, however,
physically speaking there may exist cases where the RI maps actually provide a more accurate
description of the Markovian dynamics than the Lindblad equation, as is likely the case of the
maser discussed in section 1 and expanded on in [12]. What we mean by this is that the so
called model error of the Lindblad equation may be greater than that of the RI map, and there-
fore engineering an RI map to explicitly converge to Lindblad dynamics may be unnecessary.
In these cases, the complexity of v given in corollary 2.1 need not apply, and may instead be
interpreted as constant. For these reasons, we state our bounds in terms of v rather than hashing
out the full time complexity, which can simply be obtained by combining the theorems that
follow with corollary 2.1.

6.1 Unitary Rl map and environment preparation

The map R derived in the previous section (equation (14)) required a Taylor expansion in the
interaction time, and then a replacement of the coupling parameter A — 1/4/7. This procedure
leaves us with a map we can implement to a desired order. However, the map does not have
a clear functional form, which can make it difficult to implement with algorithms that are not
LCU. The sum form of the map also does not give insight on which parts of the evolution are
unitary. Here, we show an RI map that can be written with only unitary operators that produces
the same output.

Suppose we have the unitary U, (7) = exp(—i(Ho + Hg,)T — iH;,+/T). Lets consider the
channel that implements this unitary and an ancillary system to yield the evolution of the

14



J. Phys. A: Math. Theor. 58 (2025) 305302 M Pocrnic et al

ps flosd A \Un —= = exp(tL(ps))
Ux
PE, /74
PEs @;‘ /74
o, T,
Figure 1. This illustration presents the repeated interactions implementation utilizing
the principle of deferred measurement. In this way, the entire process is unitary, availing
the use of other quantum algorithms prior to the final measurement, such as amplitude
application. The cost of this feature, however, is s qubits, which is upper bounded in
corollary 2.1.
reduced dynamics: 7%,1['] =Trg,U,(- ® pg,)U. As before, we also define a super-operator,

which in this case is time dependent: H,(p) = —i[r(Ho + HE,) + +/TH,,, p]. As before, using
the adjoint endomorphism of the Lie group, we can write the evolution super-operator e’%.
For a RI map with m interactions/ancilla this yields the following:

OreiRa (ps ® pi,) = Trog [ [ (ps® i) - (28)

n=1

Through writing this as a Taylor series of commutators, one can see that this leads to the same
error scaling as above (for all orders). This then introduces a subtlety in the algorithmic ana-
lysis going forward that is not present in standard Hamiltonian evolution. We have introduced
different evolution time scaling for the free and interaction Hamiltonians, i.e. without assump-
tions of the functional scaling of H;/H, or carrying out a more careful analysis with respect
to 7, one cannot absorb the spectral norm of H into ¢ and simply apply state of the art bounds.
The analyses performed in the following sections reflect this, and carefully track powers of ¢
to modify error bounds from the literature.

Through equation (28), we observe that we can perform the RI implementation in one of
two ways. We can either perform periodic trace-out measurements, or performed the trace
over the entire environment at the end. The latter is more useful when non-unitary algorithms
are used to implement each of the U, such that amplitude amplification can be used at the
end. This method is illustrated in figure 1. Given that we have m-ancilla qubits to generate the
interactions in this case, the number of qubits is naturally upper bounded by corollary 2.1. The
other approach is a prepare trace-out refresh strategy, in which the environment is measured
(with the information discarded), and the thermal state is once again prepared or reset. This
method is demonstrated in figure 2. Given that part of the definition of the RI map consists of
an environment or ancilla qubit that is tensored on to the system with each application, we must
also consider the cost of preparing such a state. Since we are using single qubit thermal states,
these can be prepared very efficiently, with complexity far favorable to that of implementing
U,. In this way, they can be prepared on the fly, without the need to pre-compute and store
ancilla. To show this, we can use Givens rotations strategies to prepare a state vector that is a
purification of the thermal state density matrix pg, [32]. For an 7-qubit state:
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ps flozd ~ exp(tL(ps))
U, Us U,

A pe, — -+ PE, —

Figure 2. Illustrated above is the iterative way of applying the repeated interactions map.
Given that the complexity of implementing U, is far greater than preparing the environ-
mental states pg,, we can utilize the same register to iteratively prepare our environment

and then apply the interaction unitary with our algorithm of choice, to achieve a simu-
lation with a constant number of qubits.

PE,

Vi) 09)

W)= ) —F—,
f;’ Vs o

the preparation has complexity O(7n2"log(1/¢)) in general [32, 33]. However, given we are
initializing a single qubit state, this becomes Olog(1/¢). With this state we simply trace over
the second register:

pE, = Tra (|) () (30)
_ l0)0]+ea 1] an
Qo+

where the o;s are chosen based on the Givens rotations. In this way, we can efficiently
prepare our environment for Rls. For our purposes, when we have a thermal state pp, =
exp(—Bata)/Tr(...), and we write a = X +iY, our state has the following coefficients:

_ [0)0]+e=?) (1]

32
b= AT (32)

6.2. lterative qubitization of the Rl map

Since we have been able to write down the RI map as a unitary process, or a process that is
at least iteratively unitary with intermediate measurement (depending on where the traces are
taken), we can apply state of the art Hamiltonian simulation algorithms to this problem. For
qubitization, we wish to write the time evolution as a sum of sine and cosine matrix functions.
We can do this here with a redefinition of the interaction Hamiltonian H] = Hj,/+/7. This
leaves us with the following:

U, = exp (—it (Ho+Hg, + H])) . (33)

Now, in order to implement this unitary, we construct a block encoding using LCU, which
requires that we provide a unitary decomposition of each of our operators here, each of which
decomposition has at most polynomially many terms in the number of qubits. We assume
the system Hamiltonian H( has [y terms and can be written like so (recalling that it has been
re-scaled):

lo
h:
Ho = JH.
0= H; (34)
j=1
where all phase factors are absorbed into H;. We also normalize each of these terms such that
hj = ||H;|| and after normalization each ||H;|| = 1. This can always be done WLOG. Recall,
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the interaction Hamiltonian was given the earlier definition: H; =V, ® a + VJr ® a,. Here we
use the re-scaled Hj , and also write the general system operator as a sum of unitaries, and the
creation-annihilation operators in terms of Pauli operators like so:

U, I,

Z Vo, Vo, @ —iY) + Z v Vi X+ iv) (35)
1 l]n l]n
— ) Vpn t i
== (X5 (extven)+ 3% (Viextv er) ). (36)
=1 qg=1
where we have defined V = —iV. Finally, we write the free bath Hamiltonians, simply as
Hg, = w,Z, (37

which is the same as the counting operator a'a up to an energy shift. With these decompositions
defined, we can discuss the construction of the block encoding. This can be done more neatly
by writing the total Hamiltonian with a re-scaled interaction like so:

lo+41p,+1
A —H0—|—HE —|— Z Oéén St (38)

Here, the indices work in the order that the respective Hamiltonian matrices were defined
above, i.e. {A;, =V, ®X : s€[lo+1,lo+1,]}. With this definition, the block encoding
machinery can be explained more clearly. Our construction is similar to that of [5] We define
the prepare operator P as a unitary to load the necessary coefficient. This works in the
following way

P,|0)®

> Vs lse), 39)
\f o

where P, is a unitary of dimension ¢ =1l +4{;, + 1, and o, = Y | {5} Cs. for normalization.
We will refer to this sum of coefficients as the alpha norm, which we be an important factor in
the final bound we present in the section. Next, we build a select operator S, which applies a
certain Hamiltonian term conditioned on the superposition state produced by P,,. The operator
S, acts in the following way:

Sulsn) [¥0) = [sn)As, [¥0). (40)

Here |s,,) represents our control state register, while |¢) represents our input quantum state. In
general, our input state is a mixed quantum state p, but given the representation of the map in
equation (28), this formulation is equivalent, and writing all of these operations as channels
makes the derivation unnecessarily complex. To remind the reader, the n subscript is allowing
for the freedom to define different interactions between the environment and system as well as
the bath frequency w,,. For this reason, a different choice of interaction may yield a different
unitary decomposition that requires a prepare operator P that has a different Hilbert space
dimension. For this reason, we continue to subscript our prepare and select unitaries.

With the above machinery defined, we now show how to utilize it to prepare a block
encoding:

(P @1 S (Py 1) 0)8) = 0222 ) + |6, @

n
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where |¢1) is a properly normalized state that is not of interest, and d = dim./%. With
the above operation, we have successfully produced the following block encoding of the
matrix Ay :

A
(Pl®1,)S, (P,®1y) = la 1 (42)

which can be accessed in the following way:

(0% ® 1) (P} ®14) Sy (Pa @ 14) (|0)*° @ 1) = %. (43)
The above example illustrates that the block encoding can be accessed upon measurement of
the |0)®¢. In implementations of LCU strategies, such as in [5], it is required that one uses the
amplitude amplification algorithm to boost the probability of success § of this measurement.
However, in our strategy we are interested in methods with ¢ = 1. Therefore, we use qubit-
ization and QSVT to simulate our RI maps which implement via queries to P and S defined
above. The number of queries gpg to the prepare and select oracles required to simulate £ with
‘R up to precision ¢ is bounded in the following theorem.

Theorem 3 (lterative Qubitization Complexity). Given a RI map from definition 1, an initial
state ps and total time t, the time evolution exp(Lt) of the corresponding Lindbladian from
equation (15) can be implemented with the following number of queries qps, to both oracles
P from equation (39) and S from equation (40):

mvlogl
qps € O (max ((ao + mwy) t+ apmytv + gf) ) , (44)
n loglog -

with v applications of an RI map composed as in equation (14), m environment/bath ancilla, w
the bath frequency, and « the coefficient 1-norm for the system and interaction Hamiltonians.

Proof. The art of qubitization requires us to define a reflection operator about the 2-
dimensional subspace in which the prepare state is embedded. This can be achieved as follows:

Ry = (1-2(P,®14)[0)(0] (P} ©14)). (45)

With this reflection, we construct the walk operator below, which is used in the implementation
of the dynamics of the nth subsystem

W, =R,S,. (46)

Qubitization bounds are formulated in terms of the number of queries to the walk operator,
however, for better interpretability, one can see that this requires 1 query to select S, and 2
queries to prepare Py, which is equivalent in terms of asymptotics. The Quantum Singular
Value Transformation then provides the machinery for using this walk operator to implement
the operator exponential using a series of X and Z rotations in the 2-dimensional subspace.
To see this discussion, consult references [34, 35]. The aforementioned analysis leads to the
following complexity upper-bound:

log 1
grs €0 | at+ ——— |, 47)
loglog +

where ¢ is the total simulation time and « is the sum of the coefficients from the unitary decom-
position previously discussed. In the case of the RI map, we can use this upper bound almost
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directly, with a few minor adjustments. First, we are simulating each individual application
of the map with this algorithm a total of x times, meaning we make the replacement ¢ — 7,
and we pick up a multiplicative factor of «. Recall from corollary 2.1 that K = mv is the total
number of RIs in the composite map defined in equation (14). Also, given our definition of A,
the a-norm argument goes through slightly differently. For RI maps, the component of the a-
norm that comes from the interaction Hamiltonian decomposition is necessarily a function of
time, given that the Hamiltonian has been re-scaled to Hj . It is cleaner to instead leave it as a
multiplicative factor, and we do the same for the re-scaled free Hamiltonian Hy:

1 1
a, = —Q) + \/7041” + aE,, (48)
m T

1
= \/?aln + <ao —|—wn> . 49)
t m

Now, applying equation (47) and multiplying by a factor of m, and inserting our defined -
norms, we obtain the following bound:

mvlog L
gps € O | max | (ap + mwy) t+ o mv/tv + 7g7 . (50)
n loglog -

This completes the proof. O

Recall that corollary 2.1 places an upper bound on v to give the overall time complexity.

6.3. Trotter-Suzuki formulas

In this section we implement the RI map using the well known Trotter—Suzuki product
formulas [36, 37], and discuss some technicalities that arise as a result of redefining the coup-
ling A — 1/4/7. Our motivation for using these formulas are again that we can implement the
Lindbladian dynamics with § = 1, for means of comparison with [30], which first implemented
a variant of these maps with Trotterization. For an introduction to these product formulas, see
[38], or the preliminaries contained in [39]. Given that we have some exponentiated sum of
operators e*2i 4 and we define the 1st and 2nd order product formulas as follows:

L
S (Ax) = [Je* (51)
L Ajx i Ajx
S(Ax)=]Je* [Je™ (52)
i L
we can define a 2kth-order product formula in the following way:
SZk (Ax) = (Szkfz (A)CSQk))Z Szk,Q (( 1— 4S2k) Ax) (SZk,Q (AXSQk) )2 5 (53)
where sy = ——r. Then to generalize this to density matrices we can define a Trotter chan-
2

nel in the follo_wing way:

Definition 4 (Trotter—Suzuki channel). Given a Hamiltonian H, a density matrix p, times ¢
and to (¢ > tp > 0), and order 2k, then a Trotter—Suzuki channel 72*(p(1,), At) performs the
operation T (p(ty), At) — p(t) and can be defined as:

T*(p(10) ,1) := S (—iHAD pSoy (—iHAL) (54)
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where Sy, (—iHr) represent the product formulae from equation (52) and Az =7 — .

To control the error in ¢, it is common to implement the channel with for time #/r and
iterate r times. With these channels defined, we can now bound the error of a RI Trotter
implementation and make conclusions about the cost of such a simulation. However, the
input model in this case is different, considering that we do not need to construct any block
encodings, but rather we implement the unitaries directly. To make this precise, given that we
are provided with a Hamiltonian H, at each interaction that is written as a sum of operators
H,=Hy+H; +Hg, = 211:1 H;, with [ € poly(n) where 7 is the number of qubits. Now we
consider the cost of the algorithm as simply the number of exponential gates needed to imple-
ment a product formula. This can likewise be thought of as queries grs(2k) to simple quantum
circuits that provide the operator of the Hamiltonian summands e~ #*/" with the desired time
slice. In most common applications of said decompositions, where we write our Hamiltonian
as a sum of Pauli operators or fermionic creation and annihilation operators, simple circuits
for such a task are well understood [40]. Note 2kth order product formulas contain Y stages,
where

T=2.51 (55)

and a stage can be though of as a string that contains each of the / Hamiltonian summands H;.
Therefore, if we have time-slice ¢/r and we implement the entire product formula r times, it
is equivalent to carrying out grs(2k) = IXr gates, where for a first order formula we simply
have 1 stage. With this in mind, we derive the following bounds on grs(2k) for a RI map that
implements Lindbladian dynamics:

Theorem 5 (Higher order Trotter—Suzuki cost). Given a RI map from definition 1, an ini-
tial state ps and total time t, the time evolution exp(Lt) of the corresponding Lindbladian
from equation (15) can be implemented with a 2kth order Trotter-Suzuki channel T **(t) from
definition 4, using the following number of exponential gates qts(2k):

1
max, ((ao + mwy,) t + may, \/ITI) o

1
mrezx

grs(2k) e o [ 1T

(56)

Proof. The procedure consists of bounding the error we define by the induced one norm,
setting this error equal to € and rearranging for r. Equipped with an upper bound on r, we can
then upper bound the total number of gates using g = [T r as discussed above. Throughout, we
will index the channels such that the indexing sets have the following structure {{n =1,...,n =
m} X v}. This makes the RI map written below equivalent to that defined in equation (14) and
leads to more straightforward applications of inequalities:

|0 T (t/v) — ||, < HO T (/) — ZZI@WV)HH
oz am-<|,.

(t/v)— R, (t/u)HHl +err. (58)

(57)

< mrmax ‘
n

In the second line, we utilize lemma I'V.2 from [39], a minor channel composition inequality.
We also observe that the induced 1-norm on the first line is the RI error that has already been
bounded previously. From here, we can apply theorem 2 from [41] to get the form of the
Trotter error. The aforementioned theorem generalizes bounds from [37] to channels. In the
case of arbitrarily high order Trotter—Suzuki formulas, an analysis of the commutator structure
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is highly non-trivial. In general, given the error scaling of m, and the accuracy or model error
of the Lindblad equation itself, higher order Trotter formulas may not be as useful as they
are other applications. For these reasons, we provide a trivial upper bound for the 2kth order
formulas by implementing lemma 1 from [37],

2k+1 2k+1
08 T 1f) ]|, € 0 (’””mf" (aW)) +> (59)

21
(ao/m—ﬁ—a]n\/y/t—i—wn) 2kt
€ O | mmax L TaT? + €rp
n r<*v

(60)
In both of the cases above, for the purposes of asymptotic analysis, we can make the promise

that the total simulation error € = %ERI, to avoid solving a non linear equation. With this, we
can simply rearrange the above bounds for r:

1
(a0 + mwy) t+ may,/vi) o

r € O | max — , 61)
n myex
and multiplying by /T completes the proof. O

For simplicity, lets also consider the case of the first-order Trotter—Suzuki channel. Give
the more simple commutator sums that appear in the Trotter error for low order formulas, we
utilize some of the known commutator structure to give more detailed bounds in the following
theorem.

Theorem 6 (Trotterization cost). Given a RI map from definition 1, an initial state ps and
total time t, the time evolution exp(Lt) of the corresponding Lindbladian from equation (15)
can be implemented with a 1st order Trotter-Suzuki channel T (t) from definition 4, using
the following number of exponential gates qrs(1):

grs (1) <1 ml?xzef Z||H0,H1 || +m||[He, H, ]|
2 lo,lo
mplZ_;mHop,Hqu|| - (©2)

Proof. Starting from equation (58), we can once again apply theorem 2 from [41] to insert the
form of the Trotter error. Note that given the low order of the formula, we can more simply avail
some of the commutator structure in the RI map. We have in general [Ho, H] | # 0, [Hg,, H] | #
0, and [HE,,,HO] =0.

||O w T (t/v) — ’E||l_>l<m1/max’ T! (l‘/l/)*ﬁ:,(l)H + €Rr1 (63)
n 1—1
2 [ o
<mmaxﬁ ;EH[HO],HI:] [H, ,H] | p:]zq::]mZH[Ho”’HOJH + €rr

(64)
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A2 lo L)

t 1
=max o e ;H[HONHI"] |+ ml|[Hz, Hy]|l +@p:§:1;\|[%ﬁﬂ%m+€RI
(65)

where in the previous line we pulled the factor of 1/4/7 out of the interaction Hamiltonian.
Once again making the promise that € = %GRI, and rearranging for » we obtain the following:

£/2 lo 2 lo,lo 1
s (o]l )52 S Dl @9

now we can trivially bound the number of operator exponentials grs(1) by multiplying by the
total number of terms in the Hamiltonian / which completes the proof. O

As in the case of the iterative qubitization simulation, corollary 2.1 can be applied to upper
bound the number of applications of the composed RI map defined in equation (14).

7. Discussion

In this work, we successfully bounded the error between a Lindbladian evolution and a RI map
in theorem 2. In doing so, we showed the the error in this approximate correspondence can
be made arbitrarily small by increasing the number of interactions between the quantum sys-
tem of interest and environmental subsystems. This also implies that dissipative Lindbladian
dynamics can be efficiently embedded as a sequence of unitary Hamiltonian simulations with
trace out. As a consequence, this analysis also places an upper bound on the number of ancilla
qubits needed, given that we perform a deferred trace out to maintain unitarity for the entire
simulation time . We then implemented iterated qubitization and QSVT strategies to yield an
asymptotically optimal implementations of RI maps, as well as two Trotter—Suzuki simula-
tions for comparison. Complexity upper bounds of these approaches were given in theorems
3,5, and 6. All algorithms derived in this work have complexity at least as efficient as what
is presented in [30], with qubitization and higher order Trotter—Suzuki formulas doing even
better. This is not achieved by circumnavigating the > dependence of the Lindblad-RI cor-
respondence error egj, rather by shifting a large proportion of simulation parameters to mul-
tiply weaker powers of ¢. In this manner, the utilization of a qubitization approach provides
what is to our knowledge the best known scaling for simulating Lindbladian dynamics with
RI. However, in terms of time complexity, the nature of the convergence parameter v limits
this approach from achieving what is asymptotically optimal for outright Hamiltonian simu-
lation. For example, considering the time complexity of v/, our qubitization approach achieves
O(3/% + Ppolylog(1/¢)), and it is unclear whether this can be further improved. Therefore,
the question of whether Hamiltonian simulation lower-bounds can be saturated in Lindbladian
simulation remains open.

What is somewhat unique to this problem, is that even in generality, some commutator
structure is known a priori. This potentially makes for a good candidate for composite simula-
tion strategies such as those discussed in [39, 41]. Specifically, in [41] it was proven that if one
can find a partition H = A + B such that the number of non-zero commutators in A scales like
the square root of the number of terms in the set |A|, and the terms in B are sufficiently small,
then it is always possible to gain an asymptotic advantage by simulating A with Trotter and B
with QDrift. Whether the RI map guarantees the construction of the aforementioned sets is an
open question (see section 4.3 of [41]).
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This problem is also interesting due to the two errors that are coming in, one from the
approximate correspondence between Lindblad and RI dynamics, and the other from the
quantum simulation. Interestingly, the asymptotics suggest that implementing high orders of
the RI map are not guaranteed to reduce egy. This means that iteratively implementing just
the first two orders of the map, in a non-unitary fashion, may lead to a more efficient simi—
lation. For instance, constructing a Kraus map that approximates the first two orders of R,
and then applying an LCU strategy, similar to the approach of [16], may outperform the prior
approach when it comes to constant factors. However, our goal in this work was to provide
unitary algorithms based on Hamiltonian simulation with § = 1, so we leave this approach as
a future avenue to be explored.

Another interesting avenue is exploring different RI schemes in the context of simula-
tion. This investigation was particularly done under the condition A\>7 = 1, with a trace and
refresh after every interaction. It is without question that this approach can be extended to
non-Markovian dynamics simply by not refreshing the bath, but this then leads to the question
of ‘to which QME are we converging too?’. In terms of the relationship between coupling and
interaction time, other master equations may potentially also be implemented in accordance
with other relationships investigated in [42].

From a broader perspective, our work reveals an issue with current approaches to simulat-
ing open system dynamics. Often the master equations that we aim to simulate have funda-
mental model errors that make the dynamics only approximately equivalent to the exact unitary
dynamics that describes a system bath coupling. Understanding these errors in the context of
open systems simulation is important since bounding such discrepancies may be vital to fairly
compare different open systems simulation schemes. In particular, a complete closed system
simulation for a system may only be an approximation to Lindbladian dynamics but it may be a
more accurate description of the quantum dynamics than the Lindblad master equation because
it does not make the Markov approximation. While our work makes an important step in this
direction, we feel more work is needed in order to understand how best to use approaches from
open quantum systems to simulate quantum dynamics with provable error guarantees, while
also retaining the conceptual simplicity and clarity that the open systems approach provides.
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Appendix A. General error bounding

This section is dedicated towards bounding the following induced 1-norm | |eT£ —Ru(7) | | NT
In order to do this, and for simplicity, we assume that the Lindblad generator is exactly equi-
valent to the RI Lindblad form derived in section 4. This will allow for the cancellation of
some terms in the series expansion. Rather than yielding the best overall bound in this work,
this section is written to stress the importance of the limiting case of the map. Note that we
are here working with the general RI map R, (7) rather than the limiting case 7,5,1(7) used in
the Lindbladian derivation in the main text. The overall error expression between the Lindblad
dynamics and the General RI is give by

||e7£ —Ru(1) < ’

o<l =R +|Re@m-Ram| - (A

€r €N

Here 7f€vn(7-) is the RI map in the A7 — 1 case, or, when expanded, the map that leads to
equation (11). We also use the notation H, = —i[Ho+ Hg, + %H,ﬂ7 -] to be the Hamiltonian
super-operator in this same case. Here, we split the error into two terms, €, for the error that
arises from the fact that 7 does not precisely go to zero in the RIs map, and the other e, which is

the difference arising from A not going to \/177— in general. Note that if we are dealing with an
RI map composed of the full m interactions, then €, = egy, or the error bounded in theorem 2.
Therefore, we are calculating the error between a Lindblad evolution and a general RIs map
with no additional assumptions:

= ’ e~ Ry (T)Hl—ﬂ (A2)
ef —R,( + (%4 =R, (0 ’ (A3)

[|[ o (et - ars (e -R0) |
‘/ (*ﬁ R ) (A4)

1—1

0 (¢ = Ra)[| _ ax (43)

s (025

3
+p'|I|I/}ﬁX=1 Trg, <4rl/2([(Ho + Hg,),[Hi,, ps @ pg, || [Hi,, [(Ho + HE,) , ps @ pE,]])

+7[(Ho +HE,,)a[(Ho+HEn)»PS®PE,,H)H~ (A6)
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Looking at the above result, we simplify it by using the fact that Trg[Hg, ps ® pg,] =0 and
(based on the assumption in the derivation) Trg[H}, ps ® pg,] = 0, as well as the fact that H
commutes with the partial trace, we have that

3
Trg, 57"/ ((Ho + Hy,) [H,. ps @ pi ]| + [Hy, [(Ho + Hz, ) . ps @ pi,])) = 0. (AT)

After applying the triangle inequality and making some smallness assumptions, we can see
that, to leading order we will have:

er € O(7*||[(Ho+ HE,)  [(Ho + H,) ,ps ® pg]lll1 1) - (A8)

This term contributes an error that scales like 72, which without additional assumptions seems
to be the best one can approximate Lindbladian evolution with an RI map. We will make
these arguments more rigorous in the next section. However, this is not the case with the other
remaining error term €. Turning our focus to €y, and simply expanding each map and can-
celing like terms we have:

& = Hﬁn(ﬂ “ R, (T>H (A9)

1—1

= max
pillpll =1

k! m! 2

=3 m=

ZHEA SH, ]
Trgn< = ((PA =) (s [(Ho + He,) s ]

+[(Ho+ Hz,), [Hy,, ps @ pi])) + (7N = 7) [Hi,, [H, s @ 5, ]]) ) (A10)

1

We can proceed with repeated applications of the triangle inequality and sub-multiplicative
property. We will also utilize the von Neumann trace inequality to bound the partial traces.
Furthermore, we utilize the property

1],y < 2[[H][ < 2(||Hol| + || HE,

+ A||H,

). (A1D)

This bound is saturated when the density matrix support is constrained to the 1D subspace that
coincides with the largest eigenvalue of the Hamiltonian. Proceeding with applications of the
triangle inequality we have:

> 'Hﬁxk
k!

+

1—1

1
+5 (PN 772) (ITes, [H, [(Ho + He,) . ps @ s, ]l

+||Trg, [(Ho + HE,) , [Hi,, ps @ pE, ]I, 1)
+ (7° N +7) Trg, ||[Hy,, [Hy,, ps @ p ]l 1) - (Al12)

ex < ||Trg,

m!

Tl‘gn io: Hn il
m=3

k=3 1—1

Immediately we notice something problematic with this error. The following term,

(7’2)\2 + 7') Trg,

[H1n7[H1n7pS®pEn]] |1_>1 #0,V7r >0 (A13)

as we know the double commutator with the interaction Hamiltonian to necessarily be non-
zero [12]. Further bounding this term, we make the assumption on the form of the interaction
Hamiltonian H;, = S® B,,
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Tee, |[[Hy,. [, 05 pe [0 < |Tre, (Bipe,)|[1S%ps + psS® = 28psS| |, (Al4)
< Zej (Bz) €j (pEn) HHln’ [HlnapS ® pEnH |1~>1 (A15)
J
<|IB?|c [1S%0s + psS* = 28ps8] _,, (AL6)
<|18%]. (2loslly [[S%]]o +21lesll, ISIEL) (AL
<4[[B]] ISl (AL8)

where ¢;(B) represent the ordered eigenvalues of the matrix B. We the von Neumann trace
inequality in the second line, and use identity from [43] P.33 (equation 1.175) in the third line.
We could proceed to bound the remainder of the terms outside the sums in the same fashion,
however, the takeaway here is that without using the limiting RI map 7’5,[ (1), we obtain an error
in the first non-trivial order in the interaction time 7. To leading order, again with smallness
assumptions, we have:

exeo(r 8| lIsI ). (A19)

Therefore, implementing an RI map without the limiting case of A\>7 — 1, would necessarily
impose severe restrictions on the interaction time 7, and consequentially on number of required
interactions m which would result in poor complexity bounds. For this reason, we focus only
RI maps where our desired limit or replacement of variables holds.

Appendix B. Sufficiency criteria

In this section we provide some sufficiency criteria that allow for a map of the RI form to
capture Lindblad dynamics. We show these criteria through a derivation and summarize them
at the end. It must be stressed that these criteria are not necessary conditions, meaning they
are not if and only if statements. It may be entirely possible to find other kinds of interaction
Hamiltonians that lead to a Lindblad form. Fully classifying these Hamiltonians, as well as
investigating the other direction of deriving an RI map from a Lindblad equation is an inter-
esting open problem. Broadly speaking, the jump operators L; cannot be entirely arbitrary
and must be derivable from an interaction Hamiltonian with a partial trace over the environ-
ment Hilbert space. We precisely show this by first defining our Lindbladian in the form from
section 5 restated below,
£(ps) = ~ilHo.p] ~ 3 > Tror, (i, [Hi 5 @ ps]).
k=1

This is the Lindbladian that can be implemented with RI maps in general. Now recall the fully
general Lindblad equation with arbitrary jump operators L;:

- 1
— i i i
L(ps) = —i[Ho, ps] + E 1 |:LjpSLj 5 {Lj Ljva}:| .
iz

Our goal in this section is to establish sufficiency criteria on the interaction Hamiltonians Hj,
and the environment density matrix pg, to recover the above form. Looking at the two, it is clear
that the system Hamiltonian can be entirely arbitrary. As well, neither Lindbladian depends on
the Hamiltonian of the environment from the RI map (although the convergence parameter v
scales with the norm of this Hamiltonian). In addition, if we show criteria sufficient to recover
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a single jump operator L; from an interaction Hamiltonian and bath element, then it will hold
for all m jumps. Thus, we want to find criteria for the following to hold:

1 1
LjpSLjJ‘r - E {LijﬂpS} = _ETr% [H1k7 [HIkva ®pEkH (Bl)

1
=Tr,p (HIkPS ® pgHy, — 3 {H, Hy,ps® pa}) . (B2)
Next, let us write the interaction Hamiltonian in the usual form Hj;, = §; ® B}: + S;E ® By. The

analysis is simpler if we consider a term wise comparison. First examining the left most term
above:

Teors (Hips © peHy) = SLpsSiTeon, (BupBL) + SupsS| Teor, (BlonBy) B3)
2
+ SepsSiTt ((B,ﬁ) pEk) + 8 psSi e, (Bipr,) (B4)
now if we define
L; = Spy/Ze with 2 = Tr (BI pEkBk> , (B5)
and
Lity = S{/Z with Z = Tr .y, (kaEkBZ) : (B6)
and enforce that
2
e, (Bipe,) = Tro, ((BZ) pEk> =0, (B7)
then we obtain the following:
Trs (Hyps ® peHy) = LszLjT + Lj+1psL,-T+1, (B8)

which is the Lindblad form for this term. Repeating this process for each k leads to a Lindblad
equation with m — 2m jump operators. Note the form of each jump operator is entirely general,
with the constraint that its hermitian conjugate must be included as another jump operator. In
the physical perspective, this is a consequence of the energy preserving nature of the system-
bath interaction. The rates, or constants that multiply the jumps can be modulated by choosing
the By operators and the bath state pg,. Perhaps the condition that looks most restrictive here
is that in equation (B7). However, in the case of our analysis, this holds for qubit creation and
annihilation operators when the bath is a single qubit thermal state. More general, if we work
with qubit operators, it is simple to show that this holds when pg, has no coherences (i.e. only
has support in the space diag(pg, )) while diag(By) = 0. Carrying these constraints through the
second term:

1 1
- ETYWE ( {H,Hy,, pE, }) =3 (SkS/t psTr o, (BlkaEk) + S/tSszTr,#E (BkB;I pEk) (B9)

+ psSLSiTE (pEkBkB,i) + psSeSITr o (pEkB}:Bk)> (B10)

1
=73 (Lj+1LjT+1PS+LjLJTPS+PsLj+1LJT+1 +pSLijT) (B1D

1 1
:*E{Lj‘rl‘jﬂps}7§{Lj+1LjT+1’pS}’ (B12)
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we have recovered the Lindblad form. When this process is repeated over all m indices (for
each corpuscle of the environment) the full Lindblad equation is recovered. Now this section
can be simply summarized: Given we have an interaction Hamiltonian written as Hj, = S; ®
B,i + S,t ® By, and equation (B7) is satisfied, then we have

m

[:(ps) =—i [Ho,p] ) ZTI% [Hlk7 [HIM/)S ®pEk]] (B13)
k=1
T -
~i[Ho, s +Z st — 5 {Li15.05} (B14)

with jump operators defined in Equations (B5) and B6. Note that there are no constraints on
the following operators: Hy, Hg,, Sk, ps, given that the usual properties of a Hamiltonian and
density matrix are satisfied, which makes this approach quite general even when imposing our
sufficiency conditions. We see in this section that a Lindblad equation naturally can be derived
from any RI model, however, the converse appears to be an interesting open problem.

Appendix C. Numerical example

Here we perform a numerical calculation of the error for the dynamics of a simple model to
verify the result of theorem 2. We wish to study the dissipative dynamics of a Heisenberg chain
for short times and show that the dynamics agree with those of an RI model up to error that
scales like 7. Our Hamiltonian is as follows:

N
Ho = (XXes1 + YiYir1 + ZiZisr) + bZ, 1)
k=1

where b is a constant tuning the strength of the magnetic field relative to the interactions, and
{X,Y,Z} are the usual Pauli operators. For our RI map, we choose H;, = V; @ a' + V}: Ra,
where Vi = Ty—1 ® a; ® Lon—k, which acts as a qubit annihilation operator (or spin lowering
operator) at the kth site of the chain. For this example, we choose that this interaction occurs
at each site, such that m = N. Through initializing the environment to be single qubit thermal
states, as was done in section 6, this yields a Lindblad equation with jump operators of the
form Li=Viy/zxand Lj | = VT\/zjk where using equations (BS5) and (B6), z = 1+ T—pandz =

; +e B For simplicity, we set each element of the environment to the same inverse temperature
B, and let them evolve under the same frequency w, such that their Hamiltonian is Hgy = wZ.

For our numerical methods, we directly build the RI map from equation (14), and use it to
evolve a density matrix pr for a time #. For the Lindblad dynamics, rather than vectorizing
the density matrix equation, we simply perform a Taylor expansion of the exact dynamics to
fourth order e’X ~ 1 + £ + %52 + 253 + %E“, which is more than what is required for our
purposes, considering that the RI map is a quadratic approximation in time. Here, an exponent
on £ means repeated applications of the map. We use this Taylor expansion to evolve another
density matrix p, for a time . We then plot the 1-norm between these two density matrices in
figure 3.

As proved in theorem 2, the numerical calculations confirm that the error has the scaling
€ € O(#?), confirming the aforementioned intuition that by iterating the RI map v times, the
error can be made arbitrarily small.
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Figure 3. A plot of the error between the RI map and Lindbladian dynamics for a dissip-
ative 4 site Heisenberg model described above. The error, for numerical computability
purposes, is defined as the trace norm of the output density matrices from the respect-
ive channels. As expected, the error scales like O(7*||£||*) as proven in theorem 2. The
error begins to diverge in the neighborhood of #|| £||pe = 1, where the numerical Taylor
approximation to the Lindblad evolution no longer converges. The norm used on the
Lindbladian, chosen for numerical convenience, is the block encoding norm as defined
in both [16, 17]. Based on the discussion above, the following parameters were util-
ized to produce this plot: number of sites N =4 (implying m = 4 for this model), bath
frequency w = 0.1, inverse temperature 5 = 1, magnetic field b= 0.5, block encoding
norm ||L||,, = 16.5 (calculated based on the model), and varying iteration parameters
v = {1,10,100}. These parameters are not particularly motivated, and can be arbitrarily
chosen to produce the aforementioned scaling.
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