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0. INTRODUCTION

In 2d statistical mechanics, various important models such as percolation or the
Ising model are expected (or proved) to have, at criticality, a conformally invari-
ant scaling limit. The general notion of conformal invariance has underlain the
development of Conformal Field Theory. In 1999, Schramm ([32]) proposed a pre-
cise version of the notion of conformal invariance in distribution. This consists
in considering the distribution of an isolated path (typically, an interface in the
model) connecting two boundary points of a simply connected planar domain (in
the chordal case). One obtains a collection of distributions (43“F) on simple paths
indexed by configurations, viz. domains with two marked boundary points; the con-

formal invariance requirement reads p,uStE = ,us’,%g for a conformal equivalence

@ : ¢ — ¢(c) (in other words, uS"F is a covariant functor on the groupoid of config-
urations). Under the conformal invariance requirement and an additional domain
Markov property, the collection of measures is classified by a positive parameter
k>0 ([32]).

Another type of conformally invariant scaling limits involves distributions. In
the case of dimers, a height function is associated to a configuration, following the
definition of Thurston; Kenyon ([I6, [I7]) proved that in the case of the square
lattice, with appropriate boundary conditions, this height converges in distribution
to the massless free field. This is the Gaussian measure with covariance operator
given by the Green kernel with Dirichlet boundary conditions. It can be seen as
a random distribution (element of C5°(D)’) and is a basic object in constructive
Field Theory ([37, [14]).

Temperley’s bijection (see, e.g., [19]) relates dimer configurations (tilings) to uni-
form spanning trees; branches of these trees are distributed as loop-erased random
walks. In this discrete setting, two types of invariance principle may be considered:
a branch converges to SLEs, as proved by Lawler, Schramm, and Werner ([24]);
the height function (at least in closely related setups) converges to a free field.
Moreover, in the discrete setting, the height function determines the branches. The
relation between the height of the tiling and the branches can be understood in
terms of winding (of a curve running along the branches on the medial lattice,
[19]), as first conjectured by Benjamini. It was then proved that the scaling limit of
(the Peano path of) the tree is SLEg ([24]). A question raised in [I7] is whether the
reconstruction of the tree from the height function, which is possible in the discrete
setup, can be carried out in the continuum. This will be answered affirmatively in
Section 8.

In [33], Schramm and Sheffield prove that the zero level line of a discrete Gaussian
free field on the triangular lattice (with appropriate boundary conditions) converges
in distribution to chordal SLEy4, as the mesh goes to zero. Trivially, the discrete free
field converges to the continuous massless free field. The relation between chordal
SLE, and the free field in the scaling limit, in particular in terms of couplings, is
studied in detail in the forthcoming [34]. A closely related situation is that of double
domino tilings, which was conjectured by Kenyon to lie in the same universality
class.

Work in progress relating the free field and SLE,; for x # 4 has been reported by
Scott Sheffield, based partly on the “winding” of SLE curves, seen as “flow lines of
e'h” h a free field, ¢ a parameter. A notion of “local sets” of the free field, which
applies to and extends the case of contour lines, has also been advanced.
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Let us point out that in the examples of spanning trees and double domino
tilings/discrete free field, two types of boundary conditions for fields appear: piece-
wise constant, with jumps at prescribed points; and a multiple of the winding of
the boundary curve, again with jumps at prescribed points.

In the present article, we study relations between different variants of SLE and
the free field with appropriate boundary conditions. The first main result concerns
partition functions of SLE and the free field. For the free field, the partition function
is defined in a natural way from its Gaussian structure:

ZFF = det(A) 2 exp(f%<m,m>7_[1),

where m is the mean of the field. The Laplacian (in a bounded domain with Dirich-
let condition on its smooth boundary) has a discrete spectrum going to infinity. In
this situation, it is customary to resort to the (-regularized det¢(A). Partition
functions of SLE are defined in a way compatible with its absolute continuity prop-
erties; the form of the partition function is Z5%F = det(A)~2 times a conformally
invariant tensor, where c is the central charge, which depends on . For many vari-
ants of SLE (chordal, radial, multiple chordal and radial), we match the boundary
condition (involving the winding of the boundary) of the free field and the SLE
variant in such a way that the identity of partition functions (see Theorem [5.3):

ZFF _ ZSLE

holds. These are functions on the configuration space (a configuration now being
equipped with a Riemannian metric, not merely a complex structure) that are well
defined up to a multiplicative constant. The apparent mismatch of exponents of
the Laplacian determinant is resolved via the Polyakov-Alvarez conformal anomaly
formula. We note that these partition functions are also relevant to Conformal Field
Theory (as correlators of primary fields) and Virasoro representations, as detailed
in the forthcoming [I1I]. For earlier considerations on partition functions/CFT
correlators in relation with SLE, see [12} [2, 21] and references therein.

When a field and an SLE are matched through their partition functions, one
gets easily a “local” coupling restricted to the SLE and field seen in disjoint sub-
domains. This plays a role closely analogous to that of local commutation of SLEs
considered in [9] (here, the two “commuting” objects are an SLE and a field, instead
of two SLEs). In the context of SLE reversibility, Zhan showed in [42] how to lift
local couplings to global couplings. In [I0], it is shown how to extend this to the
framework of local commutation, in which partition functions intervene naturally.
We use similar techniques here to couple in a domain one SLE strand with a free
field, in conjunction with Gaussian arguments and free field properties. One can
also couple systems of commuting SLEs with a free field, in such a way that the
different SLE strands are independent conditionally on the field; the identity of
partition functions is instrumental at this point.

In order to elucidate the nature of these results (at least for readers familiar
with stochastic analysis), we introduce a notion of stochastic “differential” equation
driven by the free field, by analogy with the classical framework of SDEs driven by
linear Brownian motion. The relation between the SLE path and the free field does
not involve a stochastic calculus but is a condition that can be checked pathwise
by an explicit construction. (We use “pathwise” in the general stochastic analysis
sense, meaning for a fixed instance of the Gaussian vector; in the present context,
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“fieldwise” may be more appropriate.) Informally, the field near the SLE trace
converges to its boundary value given the position of the trace; some care has to be
given to the fact that this boundary value is not defined on the trace (for k # 4),
which is rough. The equation reads:

E(p\k. [ Foic,) = h((K!)) ¥t =0,

where ¢ is the field, K the Loewner chain and h a harmonic function depending
on the chain (playing the role of SDE coefficients (o,b)). As in the case of SDEs,
there are conditions of adaptness w.r.t. a filtration; the filtration is indexed here
by a partially ordered set (for inclusion) of open subsets of the domain.

In this context, we prove that chordal SLE,, for x > 0, is a solution of a stochastic
equation driven by the free field, for which uniqueness in law holds (Theorem [T:3)).
The compatibility of the construction with various duality identities (reversibility
for k = 4) leads to a proof of pathwise uniqueness for general x > 0 (Theorem
[7). Both existence and pathwise uniqueness are local properties, hence hold in a
variety of setups. Informally, pathwise uniqueness means that the SLE curve can
be read off the underlying field; more precisely, the curve is a measurable function
of the field, which is moreover local in some sense.

The article is organized as follows. In Section 1, we discuss discrete couplings.
Section 2 contains results on the Brownian loop measure, in particular in relation
with functional (¢ and Fredholm) determinants. Schramm-Loewner Evolutions are
discussed in Section 3, with emphasis on partition functions. Section 4 gathers
material on the free field. Relevant boundary conditions are introduced in Section
5, before establishing identities of partition function. Section 6 is concerned with
local and global couplings. Stochastic equations driven by the free field are discussed
in Section 7, where uniqueness results are proved. Some consequences (Temperley’s
bijection in the continuum and strong duality identities) are discussed in Section 8.

1. DISCRETE COUPLINGS

In this section, we discuss some examples of discrete couplings between a path
converging to some SLE and a field converging to the free field, for motivation and
intuition.

1.1. The Temperley coupling. A complete discussion would involve introducing
a lot of material that will not be used later in the article, so we shall only sketch
the construction, in the case of the square lattice. For a detailed treatment, see e.g.
[19] and the references therein.

Consider a portion of the square lattice approximating a simply connected do-
main: this gives a finite graph I'. The outer boundary is seen as a single extended
vertex. A spanning tree on the graph rooted at the extended vertex determines
by planar duality a spanning tree on the dual graph I'f. The two graphs may be
oriented towards their root (this involves picking a root on the dual graph). From
each vertex of the graph starts an outgoing edge in the tree. A square lattice with
a twice smaller mesh can be constructed by superimposing the original graph T’
and its dual T'T: this gives a graph DT, which is bipartite (black vertices of DI"
correspond to vertices and faces of I', white vertices to edges of T'). To an oriented
edge in the original graph I' or the dual I'f, one can associate an edge of the new
graph DI': its initial half. Thus a spanning tree on I' determines first a dual tree
on I'f, and these two trees yield a collection of edges in DT'. Being careful with the
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treatment of the boundary, this collection of edges is a perfect matching on the bi-
partite graph DI'. This describes Temperley’s bijection between uniform spanning
trees on I' and perfect matching of a related graph DI'; see Figure [Il panel 2.
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FIGURE 1. 1. An LERW in a spanning tree rooted at the bound-
ary. 2. Associated dimer configuration. 3,4. Dimer configuration
after slide.

To the dimer configuration is associated an integer-valued height function on
vertices of the medial lattice (DI')T, as defined by Thurston. The variation of the
height along an edge of (DI')! with a black vertex of DT to its left is (—3) if it
crosses a matched edge of DI' and 1 otherwise. The data of the original tree, the
dimer configuration, and the (admissible) height function are equivalent. Kenyon
proved ([16, [I7]) that, as the mesh of the lattice goes to zero, the height converges
in distribution (in a weak topology) to the free field, with boundary value given by
a multiple of the winding of the boundary, measured from the root.

In order to make the connection with SLE, it seems convenient to modify the sit-
uation as follows. Picking a point y inside the domain, one can consider the branch
of the tree from y to the boundary. The branch hits the boundary at z; it is also
convenient to condition on z. It is known that the branch is distributed as a Loop
Erased Random Walk and that its scaling limit is radial SLE, from « to y ([24]).
Given the tree, one obtains a dimer configuration by Temperley’s bijection; one can
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create a hole by sliding the dimers along the LERW, a construction introduced by
Kenyon; see Figure[ll The height function now has an additive monodromy around
the puncture y (i.e., is additively multiply valued, picking an additive constant 4
when traced counterclockwise along a simple loop around y). We stress however
that the dimer configuration is not uniform on tilings of the punctured graph (it is
uniform on a set of admissible matchings).

In this context, one also gets a natural definition of the partition function of the
LERW from y to z: the number of spanning trees of I" such that the branch starting
from y exits at z. The total number of spanning trees in I' is, by the well-known
Matrix Tree Theorem, det(Ar), where Ar is the combinatorial Laplacian on T" with
Dirichlet conditions on the boundary (so that it is invertible). The probability that
the LERW exits at x is the probability that the underlying random walk exits at
x, i.e. Harmp(y, {«}). This gives a partition function:

ZUERW — det(Ar) Harmp (y, {x}).

This is coherent with the partition functions of SLE in the continuum that we will
consider later on; in the case of radial SLEs, it is written:

2582 — det (A) Harm(y, dz).

An important point is that the partition function accounts for an ambient “environ-
ment”, through det(4). Justification for including this contribution will be given
later, in particular in terms of absolute continuity properties.

1.2. Discrete free field and double dominos. For continuity of the discussion,
we start with the case of double domino dimers (Figure ().
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FIGURE 2. Up, down: two dimer tilings (rectangle minus corner).
Right: superposition of the tilings, consisting of closed cycles, dou-
bled dimers, and one open path.
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One possible setup is as follows. Consider a portion of the square lattice I', from
which a boundary square is deleted (say a rectangle with odd sides minus a cor-
ner). One can sample uniformly a domino tiling of this domain. It is associated to
a height function that converges to the free field, with boundary condition given by
a multiple of the winding of the boundary, jumping at the excised corner. One can
proceed likewise by deleting another corner, sampling independently the domino
tiling. The superposition of the two tilings consists of doubled dimers, closed loops
(nested), and one open path connecting the two excised corners. Kenyon conjec-
tured that this converges to chordal SLE,.

Each tiling is associated to a height function. The difference h of the two height
functions is such that h jumps by +4 when crossing a loop or the open path (and
is constant along these paths). Hence one can think of the superposition of tilings
in terms of contour lines of h. A double application of the invariance principle in
[16, 7] shows that h converges to a free field with piecewise constant boundary
conditions, jumping at the excised corners (the winding contributions cancelling
out when taking the difference of the two height functions).

A closely related situation is completely analyzed in [33]. Consider a portion
I' of the triangular lattice, approximating a simply connected domain. One can
project orthogonally the continuous free field on the space of functions that are
piecewise constant on the triangulation. As an alternative description of the discrete
field, one can take the Gaussian measure (on functions on the triangulation) with
covariance given by the discrete Green kernel with Dirichlet boundary conditions;
the mean of the field is the harmonic extension of a piecewise constant function on
the boundary, with jumps at two marked points. From the field, one gets a coloring
of vertices (black for positive values of the field, white for negative values). There
is an interface running in the domain between black and white vertices, connecting
the two marked boundary points. As the mesh of the lattice goes to zero, this
interface converges in distribution to chordal SLE,, for a precisely tuned boundary
condition. The discrete field trivially converges to the continuous free field with
piecewise constant boundary conditions.

In the double domino model, the field jumps by +4 at the marked point and,

4/2

according to [I7], converges to Tﬂ? times a standard free field. Normalizing the

field, we find a jump of \/g . In the case of the discrete Gaussian free field, it is
mentioned in [33] that the jump is 2,/% for a normalized field. In the continuum,

we will consider a jump of 77\/% , k = 4. All these expressions are thus coherent.
In these situations, it is quite natural to consider multiple paths created by,
say, excising an even number of boundary squares in the double domino model or
flipping the boundary condition an even number of times for the discrete free field.
This is analyzed combinatorially in [I8]; see also [9] [7].
In the context of the discrete free field, the Gaussian structure gives a natural

definition for the partition function:

ZFF = det(Ap) 2 exp(—%(m, m)v),

where (m,m)y is the (discrete) Dirichlet energy of the mean of the field (which is
also the state of minimal energy, under the boundary condition constraints). We
will consider regularized versions of this in the continuum.
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2. LOOP MEASURE, DETERMINANTS

In order to relate quantities arising from SLE and free field densities, we need
to introduce the loop measure [22] 26] and relate the masses of some sets under
this measure to functional determinants of two types: Fredholm and (-regularized.
Some relations between loop measures, free fields and functional determinants are
discussed in [27]. Most of the discussion here can be carried out at the level of
Markov chains (|25 27]) or diffusions on manifolds; only the conformal anomaly
formula is specific to the two-dimensional case.

Consider the (positive) Laplacian A on a compact manifold M with boundary,
with Dirichlet condition on the boundary (more generally, the negative generator
of a diffusion). Following Ray-Singer, one attaches to A a (-function:

1 >~ —tA\ s—1

o) = g7 [ T,
where P, = e~ *2 is the transition kernel for Brownian motion (running at speed
2), trace class in L*(M) for t > 0, and Tr(P;) = [,, Pi(z,2)dvol(x). This is
absolutely convergent for s > (dim M)/2. If Ay < A2 < --- is the spectrum of
A, Ca(s) = >°,,51 Ay °. Under regularity assumptions on the boundary, (a has a
meromorphic extension to C, in particular regular at 0, so that one can define the
spectral invariant:

tA

det¢(A) = e~ a0,

“Lass—0),

Formally (I'(s) ~ s

o0
~ log dete (A) = / Tr(e=t2)—Lap".
0

Note that P;(x,y)dvol(y) is the disintegration of the measure on paths starting
from 2/, stopped at ¢, w.r.t. the endpoint y. Let us denote by W¢ y this sub-
probability measure (killing on the boundary). This gives another justification to
introduce the (rooted) loop measure ([26]) (and also to normalize it this way):

dt
e [ [

It is a measure on rooted loops, i.e. on functions 6 : [0, 7] — M (7 the lifetime of the
loop); since the endpoints are identical, 0,0 : t — dy15 mod ~ 18 again a loop. This
defines an equivalence relation on loops. The quotient of £!°°? under this relation
is the loop measure p'°°?. Two important properties are:

e (Restriction property) If D’ C D, L the generator of a diffusion on D, then
loo loo
A, (6) = Loc prdpl? B ().

e (Conformal invariance) If L a generator on D, o a function on D, then up
to time reparameterization of loops,

loop loop
He2er, p = Hp,D-

Co(s) = / %dul“’p(é)

Moreover,
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for N(s) > 1. Again formally, we have:

“— log(det(L)) = / dp? .

The divergence of the RHS comes from small loops. We will be able to phrase
identities by various inclusion-exclusion arguments that cancel the small loops.

Of particular interest is the following quantity: if D is a domain, K;, Ky are
disjoint subsets of D (say connected closed sets), then define:

mh(D; Ky, Ko) = plSP{6 N K\ # @,6 N Ky # @},

It is a conformal invariant (if ¢ : D — D’ is a conformal equivalence, m! (1 (D);
P(K1),(K3)) = ml(D; Ky, Ksy)). Typically, K; is a crosscut or a hull attached to
0D. We have:

Proposition 2.1. If D, Ky, Ky are bounded with smooth boundary, then:

det¢ (Ap)dete (Apy (x,UK>))
—ml(D; K1, Ky)) = — —
exp(—m’(D; K1, K3)) dete (Ap\ k, )detc (Ap\ k)

Proof. Under these assumptions, the ¢ functions have a meromorphic extension to
C and are regular at 0. Then:

I'(s) (¢ + Co\(k10ks) — Coviy — Covi) ()
= [ @il @) + [ ) 5Ty ) -
= /7(5)8(1 + Lsn(KyUks )=z — Lonki—o — Lonk,—o A’ (8)

= / 7'(5)8160K1¢@,60K2¢@dul5w(5)

using the restriction property. It is easy to see that the measure ,ul[()wp restricted to
loops intersecting both K; and K is finite (with mass m!(D; K1, K5)), and that
the RHS is an entire function in s (the mass of loops connecting K to Ks in a
short time ¢ is of order exp(—dist(K7y, K2)?/t), from the Varadhan large deviation
estimate for the heat kernel). So taking the derivative at 0 gives the result. (]

Note that the LHS is defined under more general assumptions (K7, Ky have
positive capacity) than the RHS.

Another expression in terms of Fredholm determinants det r is also useful. Again
D is a domain; K7, Ko are smooth curves (typically, crosscuts). The metric on D
induces a length on K1, Ky. Let us define a map Ty, : L2(K;) — L?(K>) by:

(Th2f)(x) = p f(y) Harmp g, (, dy)

and Ty : L?(K3) — L?(K;) is defined similarly. These operators have smooth
kernels and T = Ti2T»; is trace class on L?(Ky).

Proposition 2.2. Under the above assumptions:

exp(—m!(D; K1, Ky)) = detp(1 — TyoTsy1) = detp(1 — Ty Tho).
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Proof. We have the expansion (see e.g. [38], Chapters 2-3):
1
—logdetp(1 —T12T1) = — Tr((T12T51)™).
ogdetp( 12T51) nz;ln r((T12T21)")

More precisely, T2, T5; are strictly uniformly sub-Markov kernels; i.e.:

max(sup | T, sw [ Tm<y,x>dz<x>)s1—p,
K2 Kl

re K, yeKso

where p > 0 is the infimum of probabilities that a particle starting from K; hits
0D before Ky_;, i =1,2. It follows that

sup (T12To1)"(z,2’) < (1—p)**"  sup  Tia(z,y)
r,x' €K rzeKi,yeK>

so that Tr((T12721)") = O((1 —p)?"), and the determinant expansion is legitimate.

This expansion counts loops intersecting both K; and Ky (712 corresponds to
paths starting from x € K5 and stopped when they hit K;). We just have to check
that the count is correct.

Let us go back to the rooted loop measure. For a rooted loop §, consider the
sequence of successive hits of K; and K5 by d; this can be represented by an
alternating sequence o of 1’s and 2’s. We consider the parabolic harmonic measure
PHp\ i, (x,t,y)dtdl(y) seen for z € D\ Ky, for t > 0, y € K. The mass under W,
of loops that start from z, hit K7, then K, and return to dA(x) at time ¢ without
returning to K; is:

Heor o = (12), (212))

:/ dt/ dA(z /K/ PHp i, (2, t1, y)dt1dl(y)

/ PHD\Kz(y;tQa 2)dtodl(2) Py, —t, D\K, (2, ).
K2 t1
By the semigroup property:

/ Pt 4, 0\k,(2,2) PHp\ g, (2, t1,y)dA(x) = PHp\ g, (2, — t2, 7).
D

So integrating out z, one gets:

[e%s} t t
ui"op{a:(lz),(m)}:/ ﬂ/ dtl/ dts [ di(y)
o tJo t K,

X dl(Z)PHD\Kl(zvt_tQay)PHD\Kz(y7t27Z)7
K>

which can be rewritten as (integrating ¢;):

Sodsyds
/ / 2dsy 2/ dl(y)/ di(2)PHp\k, (2, s1,¥) PHp\ i, (Y, 52, 2).
K, Ky

S1 + S2
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If we add the symmetrized term (obtained by interchanging K1, K5), we get:

/ / dSldSQ/ di(y)dl(z)PHp\ k, (2, 51,y) PHp\ i, (y, 52, 2)
0 0 K1 x K>

[ @) Harmp g, z.y) Harmp, i, 0.2
KlXKQ
= TI'(T12T21) = TI'(TQlTlg).
‘We have shown that:
Tr(TioTo1) = w?{o = (12), (121), (21), (212)}.

Proceeding as above, one gets the following expression for ul°°P{length(c) = 2n,
2n + 1}, after having integrated out the root :

/ (Sl + 52)d51 . dSQn
[0,00)2n S1 4+ -+ Sop

n

X / H dl(y:)dl(zi) PHp\ e, (Yis S2i-1, 2i) PHp\ e, (235 824, Yi1)
KPxK3 i1

with cyclical indexing (y,4+1 = y1). Plainly, taking a cyclic permutations of in-
dices does not change the value of that expression. So averaging over the n cyclic
permutations, one gets:

ploor{length(o) = 2n,2n + 1}

1
—/ ds/ Hdl(yi)dl(zi)PHD\KQ(yia52i7172i)PHD\K1(Zia52i>yi+1)
00027 JKpxKp 32

n

n
n

/ H dl(y;)dl(z;) Harmpy g, (yi, zi) Harmp g, (26, Yiy1)
KPxKy 327

1
= g TI'((Tlngl)n).
which concludes the proof. O

To illustrate the result and to fix normalization, we embark on a sample com-
putation, similar to the one in [26]. Let D = H, K; be a small hull near 0 (with
half-plane capacity 2t, see Section 3.1), and K3 be the unit semicircle. The har-
monic measure in the semidisk DT = D N H (on the semicircle) can be obtained
from the harmonic measure in the disk by a reflection-principle argument:

Harmp (2, y)di(y) = (Harmp(z, y) — Harmp (=, 7))dl(y)
and classically Harmp(z,y) = %?Rz—z So for z close to 0,

1 2 2
Harm D™ (z,y) ~ —2%(2)%%(5) o —;%(z)%(y_l).
On the other hand, starting from y € U, if X, is Brownian motion stopped on
exiting H\ K1, E($(X,)) ~ —2t3(y 1), then it follows that on L?(K>), the operator
T51T4> has kernel:

(To1Ti2) (1, y2) ~ —S(yr DSy ).

ik



1006 JULIEN DUBEDAT

It follows that
m!(H; K1, Ky) o~ Tr(To1 Tho) ~ / (sin 0)2d6 ~ 4t.

1—xz
r—z

= A%

Let « € (0,1). Consider the homography: ¢(z
preserves Ko (a hyperbolic geodesic); moreover ¢(0) = 271 ¢'(0) = 272 — 1.
Besides, it is easy to see that 1)(z) = 2+ 27! is the conformal equivalence H\D — H
with hydrodynamic normalization at oo. Then:

s =20 -2 (U

. It permutes —1, 1, hence

|
|

I\
)

—

I\
Nl
\

—_

~—

7N
=
+

™
N}

‘ —

—

N—
|

—

I\

N

| | o
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Hence:
m! (H; o(K1), ¢(K2)) = m'(H, K1, K)

(g = heaplpli). (5L 6).

We now discuss the Polyakov-Alvarez ([29] 1l 28]) conformal anomaly formula,
which describes the transformation of det¢(A) under a conformal change of metric.
The key point is that under a change of metric gg — ¢ = €??¢go, the Laplacian
transforms as A — e~29/\y (this is particular to dimension 2). It is then a mat-
ter of short time heat kernel asymptotics (Pleijel-Minakshisundaram in the bulk,
McKean-Singer near the boundary). We also give a simplified version in the case
of planar domains; this expression is used in [2§] to prove that among simply con-
nected Riemannian surfaces with given boundary length, flat disks have extremal
Laplacian determinants.

~ 4t = 2.2t(1 — x7 %)%

Proposition 2.3 (Polyakov-Alvarez conformal anomaly formula). (1) Let (M, go)
be a compact surface with boundary, g = €2°gy. Then:

log det¢ Ay — log det¢ Ay

1 /1
- <—/ |V00|2dAo+/ KoodAg + koodl>
6m \ 2 M M oM
1
- T n dla
47 aMa 7

where Ky is the Gauss curvature and ko is the geodesic curvature of the
boundary for go.

(2) Let D be a planar simply connected domain with smooth boundary and Eu-
clidean metric, D the unit disk. Let ¢ : D — D be a conformal equivalence,
o =logl|¢'|. Then:

1 /1
logdet:Ap — logdeteAp = —— —/ |VU\2dA+/ odl ) .
61 2 D oD

Proof. One deduces (2) from (1) as follows. It is equivalent to consider the Eu-
clidean Laplacian in D and to consider the Laplacian in D with pulled-back metric
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g = |¢'|?g0, so that the conformal factor is o = log|¢’|. In the Euclidean metric of
D, Ko =0 and kg = 1. Also, ¢ is harmonic so that faD Onodl = 0. (]

3. SCHRAMM-LOEWNER EVOLUTIONS

3.1. Chordal SLE. First we recall some definitions and fix notation. We briefly
discuss here chordal SLE in the upper half-plane H, from a real point to co. Chordal
SLEs in other (simply connected) domains are obtained by conformal equivalence.
We will use chordal SLE both in itself and as a reference measure. For general
background on SLE, see [31], 40| 23].

Consider the family of ODEs, indexed by z in H:

2
Ohge(2) = —
) g9¢(2) = Wy
with initial conditions go(z) = z, where W; is some real-valued (continuous) func-
tion. These chordal Loewner equations are defined up to explosion time 7, (possibly
infinite). Define:

K,={zecH: 7, <t}.

Then (K;);>0 is an increasing family of compact subsets of H; moreover, g; is the
unique conformal equivalence H\ K; — H such that (hydrodynamic normalization
at 00):

g:(2) = z + o(1).
The coefficient of 1/z in the Laurent expansion of g; at oo is by definition the
half-plane capacity of K; at infinity; this capacity equals (2t).

If Wy = 2+ /KBy, where (By) is a standard Brownian motion, then the Loewner
chain (K;) (or the family (g;)) defines the chordal Schramm-Loewner Evolution with
parameter r in (H, z,00). The chain K is generated by the trace v, a continuous
process taking values in H, in the following sense: H\ K; is the unbounded connected
component of H \ i 4.

The trace is a continuous non-self-traversing curve. It is a.s. simple if Kk < 4
and a.s. space-filling if x > 8 ([31]). The boundary of a nonsimple SLE,; (k > 4) is
locally absolutely continuous w.r.t. SLE;, & = 16/+ (SLE duality, [10] [41]).

Note that chordal SLE depends only on two boundary points, and radial SLE
depends on one boundary and one bulk point. In several natural instances, one
needs to track additional points on the boundary. This has prompted the introduc-
tion of SLE,(p) processes in [22], generalized in [6]. The driving Brownian motion
is replaced by a semimartingale which has local Girsanov density w.r.t. the original
Brownian motion. These turn out to be technically useful processes (e.g. [10]).

In the chordal case, let p be a multi-index, i.e.

pEe U R,
i>0
Let k be the length of p; if & = 0, one simply defines SLE, (9) as a standard SLE,.
If £ > 0, assume the existence of processes (W;);>o and (Zt(i))tzo, ie{l,....k}
satisfying the SDEs:

AW, = /RdBy + 31 52 dt

iz = Z,(i>2,wt dt

(3.1)
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and such that the processes (W; — Zt(i)) do not change sign. Then we define
the chordal SLE,(p) process starting from (w, z1,...,2;) as a chordal Schramm-

Loewner evolution, the driving process of which has the same law as (W}) as defined
above, with Wy = w, Z(gl) = z.

3.2. Partition functions. In this subsection we introduce partition functions of
SLE (a predefinition is in [I0]) and give some basic properties. These partition
functions are null vectors of some canonical Virasoro representations ([I1]). They
correspond to some correlators in Conformal Field Theory.

We begin with an informal discussion to motivate the definition (see e.g. [2] and
the references therein for related topics). Consider the Ising model on, say, the
triangular lattice. Let D be a (simply connected) portion of the triangular lattice
with boundary vertices partitioned in two arcs 9=, 7. A spin configuration
consists of an assignment of £ spins to vertices of D, the spins being fixed on the
boundary (+ on 0%). The energy of a configuration is H(¢) = —f3 > injOcie;- The
partition function Z is defined as:

Z(D)=Z(D,07,0%) = exp(~H(e)).
g
Except for exceptional cases (torus), there is no explicit asymptotic expansion (as
the mesh of the lattice goes to 0) of this.

In this situation, one can define an interface v running between the connected
clusters of negative spins attached to O~ and positive spins attached to 97; it
connects the two marked boundary points x,y separating 9—, 07. Consider the
following relative situation: D’ is another configuration which is identical to D in a
neighbourhood U of . The two models induce measures p, p/ on vV, the interface
~ started from z, stopped upon exiting U. This defines two new configurations,
denoted simply by D\ ~Y, D'\ 1Y, in which the spins neighbouring v¥ (which are
fixed by construction) are taken as part of the boundary, and the marked point
is moved to the tip of Y. Then it is easy to see that

du’( vy — Z(D'\")2(D)
) T ZDNZ(DNA0)
This is only using the local form of the interaction (and the existence of a “Mar-
kovian” set of boundary conditions). If this converges to SLE (for critical ), the
LHS is well defined; this suggests looking for continuous analogues of Z compatible

with Radon-Nikodym derivatives. This is achieved by the

Definition 3.1. Let ¢ be a configuration, ¢ = (D, x,y), consisting of a simply
connected Riemannian surface D with metric ¢ smooth up to the boundary, two
marked boundary points x, y with analytic local coordinates. The partition function
ZCSEE of chordal SLE, is:

Z21F = dete(Ap) " Hp(z,y)",

is the central charge, hy.o = hy.a(k) = &£,

3. (s—4)?
K 2Kk

wherec:1—§

Here
. GD(J:/’ y/)
, hrn/ ~ )k 7
w =,y —y (2 (@ ))\S(Zy(y )

HD(xvy) =
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(Poisson excursion kernel, relative to the local coordinates z;,z,). This can also
be seen as a tensor. The local coordinate z, maps a neighbourhood of z in D
conformally to a neighbourhood of 0 in H.
The following situation will be typical. Let ¢; = (D1, x1,y1) be a configuration;
6 a crosscut separating xi1,y1, C a collar neighbourhood of § at positive distance
of z1,y1. Let co = (D3, x2,y2) be another configuration that agrees with D in the
collar C. One can generate hybrid configurations ¢;; = (D;;, z;,y;), such that ¢;;
agrees with D; left of ¢ and with D; right of 0, 4, j € {1,2}. The local coordinates
at x; of D;1, Do are the same, symmetrically at y;. The metrics of D;1, D;o agree
to the left of 0 (and a bit further), symmetrically for Dy, Ds;. Then one can form
the ratio:
Z(CH)Z(CQQ)
Z(ca1)Z(c12)’
The point is that this is independent of the choices of local coordinates (as tensor
dependences cancel out) and of metrics (due to the local form of the Polyakov-
Alvarez formula, Proposition [Z3]). This is an analogue with boundary of the “train
track” argument of [21].
The definition of the partition function is now justified by the following result.

Proposition 3.2. Let ¢ = (D,z,y), ¢ = (D', x,y’) be two chordal configurations
that agree in a neighbourhood U of x, U at a positive distance of y,1y’. Let v be the
SLE trace started from x and stopped upon exiting U at time 7; ¢; = (D\Y", v+, y),
= (D'\¥",v,y"). Then:

dM B} ZCS;LE Z(.:SLE

SLE
c’/ ( o

Y = .
dﬂgLE ZCS/LEZCSTLE

Proof. This is proved in Proposition 3 in [I0], based on results in [22]. The loop
measure term is identified via Proposition 211 O

There is a number of variants of SLE. A configuration ¢ can consist of a Rie-
mannian bordered surface (oriented, otherwise general topology) D with marked
points 1, ..., x, on the boundary and y1, ..., ¥,, in the bulk. Analytic coordinates
(or merely 1-jets of local coordinates) at the marked points are given. A partition
function Z is a positive function of such configurations. It has a tensor dependence
on analytic coordinates (i.e., it transforms as [, (dz;)" I1; |dw;|*"3, z; local coordi-
nate at x;, w; local coordinate at y;) and depends on the metric as detC(AD)’cm.
The partition function can be seen as a section of a line bundle over a moduli space,

as exposed in [12] 20].

Definition 3.3. Let Z be such a partition function. Assume that h1 = hi,2(k).
An SLE,(Z) is a random non-self-traversing curve on D started at x; such that
for any simply connected neighbourhood U of x; in D at positive distance of all
other marked points, ¢ : U — V a conformal equivalence between U and a bounded
neighourhood of z in a simply connected configuration ¢ = (D', x,y), y at positive
distance of V', one has:

dopiy™ P Z(D\ e (y7)ZSE(D)
st )T T 2D )

where 77 is the SLE trace stopped upon exiting V.
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This does not depend on the choice of ¢, from the previous result. We proceed
to show how some variants of SLE fit in this construction. An important situation
is when the same partition function Z generates SLEs starting from different seeds:
the two SLEs then satisfy local commutation ([9]). This imposes precise conditions
on Z. Definitions of SLEs in general configurations from CFT correlators are
considered in [12].

In order to express partition functions invariantly, we need to introduce some
harmonic constructions:

e If D is a domain, y € D, x € dD, then the Poisson kernel Pp(y,z) is a
1-form in x given by Pp(y,x)dz = Harmp(y, dz).

e If D is a domain, x,y € 0D, then the Poisson excursion kernel Hp(x,y) is
a 1-form in z,y given by

HD(']:) y) = anyPD(ya 33) = anzPD(xvy) = anzanyGD(x’ y)

e If D is a simply connected domain, y € D, ¢ : D — D, y — 0, a conformal
equivalence, let Hp(y) = |dpl), (¢ is unique up to a phase); this is a version
of the conformal radius.

Let us use chordal SLE, in H as a reference measure (normalized at infinity
as usual). Let the z;’s be marked points (initially on the real line) and let Z} =
9t(2;) — We. Then a simple computation (e.g. Section 6.1 in [I0]) shows that

Hgt (z0) (2D 1121 - zi

Nij

1<j
is a local martingale (under the reference chordal measure) if 2a; = §3;(3; —
1) + 20, 205 = kB;iB;. Using this as a density produces an SLE(p) process,
p = KPB1,...,kB,. This process is invariant in distribution under homograph1es if

p1+ -+ pn=k—6 (Lemma 3.2 in [9]). In terms of partition functions, this can
be expressed by

SLE, _e _rirj
ZSUEx(0) _ det¢(Ap)~3 H Hp (i, x;)~ =
0<i<j
in a configuration ¢ = (D, xg,x1,...,x,) with the seed at xy and the convention

po = 2.

To treat the radial case, we use chordal results, together with a reflection argu-
ment. L

The map g; : H\ Ky — H can be extended by Schwarz reflection: g:(z) = g:+(2).
This is compatible with Loewner evolution. In the result above, one can take z;
on the real line or a pair of conjugate z;, z, = Z;, pairing terms so as to get a real
process. For instance, take two marked points y,y’ =7; set p = p' = (k — 6)/2 (to
get invariance under homographies). Then the resulting SLE is simply radial SLE,
aiming at y € H.

More generally, mark = = 29, 21,...,2, € Rand y € H; take p = p' = (k — 6 —
7)/2, where p = p1 + -+ + pn. Also set pg = 2 (at the seed of the SLE). One gets
a local martingale:

= i) P S(Y2) &= Hgt a) [ -z 11 12l -z,
>0 >0 0<i<y
where a; = £ (p; — £ +4). This density generates radial SLE,(p). A more invariant

phrasing can be obtained as follows. In the upper half-plane H, Hy(x,y) = (ﬁx%m
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Pu(y,z) = %(ﬁ)dw = W dx, Hu(y) = %Ly|aly|7 up to multiplicative constants.

EXNR
This identifies the partition function as:
SLE,, _c a _ppi _rirj
2270 — et (Ap) S Hp ()™ [ Poly.z)~ % [ Ho(zi2)~ 5

i>0 0<i<j
in the configuration ¢ = (D, x1,...,%,,y), where p = (k —6 — (p1 + -+ + pn))/2,
a=f(p—r+4).

As pointed out in [9], a particularly interesting situation is when p; = -+ =
pn = 2. In this case, one obtains a symmetric partition function, so that one can
grow simultaneously n commuting SLEs starting from the boundary marked points,
aiming at the bulk point. In this case, the partition function is written as

232 = dete ()2 Hp(y)onr HPD(Z% ;) * HHD($i7$j)_%7
i i<j
using the “highest weight” notation:
oo () = (pk — 4q)? — (k — 4)?
P 16%
We refer to these as multiple radial SLEs.

= hg;p(16/K).

4. MASSLESS EUCLIDEAN FREE FIELD

In this section, we gather a few facts on the massless (Euclidean) free field
that will be needed later. We consider here only fields with Dirichlet boundary
conditions. See [37, [14] for background on the free field, [I5] for Gaussian Hilbert
spaces; see also the survey [30].

4.1. Discrete free field. To illustrate some of the notions while avoiding tech-
nicalities, we consider first a discrete analogue of the situation (leading to finite-
dimensional Gaussian vectors).

Let I" be a connected graph with some vertices marked as the boundary OI'.
Fields ¢ with Dirichlet boundary conditions are elements of Hg(T), that is, func-
tions on vertices that vanish on the boundary, with centered Gaussian distribution
relative to the Dirichlet inner product:

(f.9) = _(f(w) = fF@)(g(y) — g(x) = > f(Ag)(x),
Ty zel
where Ais the (positive) combinatorial Laplacian:
(Ag)(x) = (g(z) — g(y))-
y~x
Hence (¢(7)),ct is a Gaussian vector with distribution

zit o (50000 ) TT 52,

xzel’

where the normalization constant Zr is given by
Zp = det(A)7 3.

The free field with boundary conditions ¢5 € R" is the Gaussian variable on the
affine space {¢ € RT, Plar = ¢oa}, with covariance operator AL Tt is easy to see
that the mean m of the field is the harmonic extension of ¢y to I'. Furthermore, ¢
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is distributed as ¢ = m+ ¢, where ¢ is a free field with (zero) Dirichlet boundary
conditions. Finally, the partition function can be expressed as

1 d
Zrag= [ ewig6on]l

e \%_ﬁ) = det(A) 2 exp(f%@n,m}).
zel
One can also put weights on (unoriented) edges and vertices. Assume that the
vertex set is partitioned in connected subsets V;, d, V,., in such a way that no vertex
of V] is adjacent to V,. (one may also require that no vertex of § has all its neighbours
in §). Tt is easy to see that

Ho (D) = Ho (L) &+ W et Hy(ly),

where W is the space of functions in H}(I") that are harmonic except on §, I'; is the
graph with inner vertices V;, so that § is part of its boundary. Functions in W are
in bijection with functions on § vanishing on 6 NOI' (unique harmonic extension to
I';,Ty). Thus there is an inner product on functions on ¢ induced by the inclusion
W — HY(T). Let P, (resp. P,) denotes the operator from W to functions on
I, (resp. I';) that associates to w € W its unique harmonic extension to I', (with
Dirichlet boundary condition on OI'). Define a Neumann jump operator in End(WW)
as follows:

(Nw)(@) = Y (w(x)— (Pw) @)+ Y. (w)—(Pw)y)).
yelr,y~w yely,y~x
If (Pw) € H}(T) is the function equal to Pw (resp. Pyw, w) on Iy (resp. Ty, ),
then
(Pw, Pw) = Z(Pw)(APw)(x) = Z(Pw)(APw)(m) = Zw(Nw)(x)
zel ) z€esd

This shows that a free field ¢ on I' is the sum of three independent components:
¢ = ¢+ Pw+ ¢,

where ¢; (resp. ¢,.) is a free field on I'; (resp. I',.) with Dirichlet boundary conditions
on OI'UJ and w = ¢|5 is a Gaussian variable taking values in W with covariance
operator N1 (which is the restriction of A=t to §). The restrictions of ¢ to I';, T,
(not to confuse with ¢y, ¢,) are independent conditionally on w:

ér, = ¢+ Pw, ¢r, = ¢+ Prw.

Chasing normalizing constants in Gaussian integrals, one also get the identity:

det(Ap) = det(Ar,) det(N) det(Ar,).

Now consider the following situation: I';, I's are graphs as above that agree
in a neighbourhood of I',. Let p; be the discrete free field measure on H3(T;),
i = 1,2; let R be the restriction ¢ — ¢ p . We are interested in the Radon-Nikodym

derivative:
dR. 1o
(i) o

From the decomposition ¢, = ¢, + P,w, where ¢, is independent of w = T'¢ and
its distribution is the same for I'y, I's, it is clear that

AR, [ dT.ps
(dR*m) (R9) = <dT*u1) (Té)-
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Looking at the marginal distribution T'¢, we may as well assume that [';, 'y only
agree in a collar neighbourhood of §. Since these distributions are Gaussian, we

have o
dT*/,LQ det(Nl) 1
= —— — N; — N.
<dT*,U1) (w) det(Ny)1/2 P 2<w,( ! )W)z )
where N;, ¢ = 1,2, is the jump operator in each situation. We note that
det(N))  det(dr,)  det(dy,,)det(Ar, )
det(NQ) det(AFl,l)det(AFr,l) det(AFQ)

~ det(Ar,) det(Ar, ,) det(Ar, )
= dot(Ar,) det(Ay, ) det(Ar, )’

which is better suited to scaling limits. Also, while Ny, Ny will converge to first-
order pseudodifferential operators, N; — Ny will converge to a smoothing kernel
operator.

We conclude with a computation of partition functions, that is, an elementary
discrete analogue of LemmalG.3l Let I'y, I's be graphs that agree in a neighbourhood
of a cut J, with boundary conditions ¢g,, ¢a,. Let I';;, 4,7 € {1,2}, be the graph
that agrees with I'; (resp. T';) left (resp. right) of J, with induced boundary
conditions ¢g,;. Consider the measure on ¢js:

dns(os) =l Y (6l) - o)) T 42

z,yE€d,x~yY z€S

and the one-sided partition function Zp: 4 for the field left of 0 with boundary
conditions ¢y, on the part of 9; left of § and ¢;5 on the cut §; Zry ¢, ¢, is defined
similarly. Chasing definitions, one gets the decomposition

Zrij >¢aij - / ZF£7¢'8i D5 ZF;7¢'8J b5 dué ((b[s) ’
It is then immediate that (7" denotes the restriction to ¢):

21l 55, .65 2T 00, 05
ZFija(b&ij

dTpiij(ds) = dus(ds),

where ;5 is the measure of the discrete free field in I';; with boundary conditions
0i;. One deduces the identity

dT*,ugl . dT*,ulg ZF117¢8112F22~¢622

dTpnr dTepinn 215,60, ZT01,60y,
which is better suited to scaling limits (see Lemma [6.3]). Without additional diffi-

culty, one gets a similar identity when ¢ is a region with m connected components
in its complement.

(P15)dTpir1(d)s) =

4.2. Continuous free field. Let D be a bounded planar domain with Jordan
boundary (allowing the bounding Jordan arc to have double points). The massless
(Euclidean) free field is a random distribution ¢, i.e., a random element of C§°(D)’.
It has a Gaussian distribution, with mean 0 and covariance operator Gp (the Green
kernel with Dirichlet boundary conditions Gp). As in the case of Brownian motion,
it is sometimes convenient (if only for psychological reasons) to take as a model of
the underlying probability space a “path space”. The space C§°(D)’ is usually
taken as Wiener space; we will also use a tighter H~*(D) for some s > 0.
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Let H{(D) be the closure of C§°(D) for the norm

1120 = /D IV f]dA,

where dA is the Lebesgue measure. We have a Poincaré inequality ||f|[2, <
(M) HIf13,25 A1 the lowest eigenvalue of Ain D (Dirichlet boundary conditions),
so that ||.]| is equivalent to the usual Sobolev norm. One feature of this norm is
the conformal invariance:

I[f 230y = I o ¥ll3a 0

for ¢ : D" — D a conformal equivalence.
By duality, one defines H~1(D), a space of distribution with norm:

1 f 1l = sup (f,9),
9€CE (D), llgll51 <1
where (,) is the evaluation of the distribution f against the test function g. Since
(f,9)xr = (f, Ag) 2 (positive Laplacian) for f, g € C§°(D), it follows that

(fr9)u— = (/A" g) L2,

where A™! is given by convolution with the Green kernel Gp.

One can give a first definition of the free field. Let (2, F, P) be a probability
space carrying a sequence (g,), of iid centered, unit variance Gaussian variables,
F the Borel algebra generated by cylinder events. Let e, be a Hilbert basis of
H~Y(D). Denote ¢(e,) = &, € L*(Q, P). This maps the e,’s isometrically from
H1(D) to L%(€, P), so this can be extended to an isometric embedding H (D) <
L?(Q, P), denoted by ¢(.). In the language of Gaussian processes, L?(€), P) is a
Gaussian Hilbert space; it is indexed by the Hilbert space H~'; it is also a special
case of a Gaussian stochastic process, with index set ' and covariance function
o(f,9) = (f,g)y-1. Plainly, ¢(f) is a Gaussian variable for any f € H~!, and
E(o(f)o(9)) = p(f,9) = ([, 9)u—1-

By duality, one can also think of H}(D) as the index set, via (¢, f)p= =
(¢, A71 f)3y1, where (A7 f) € HY(D) for f € H™1(D).

A more explicit construction goes as follows. Let (e,,) be an orthonormal basis of
H{ (D) consisting of smooth functions. Formally, ¢ = 3" £,e,, where (&,), is a se-
quence of iid random variables, so that for f a test function, ¢(f) = > e, (en, firz =
> en(en, A f)zp has variance [|[ATUf]13,, = ||f]|5,-.. We have to determine a
space in which this is a.s. convergent.

For simplicity (and by virtue of the conformal invariance of the H! norm), con-
sider the square D = [0,1]2. For a smooth function f on D vanishing on the
boundary, consider the Fourier decomposition

flz,y) = Z 2a, sin(mjx) sin(rky).
k>0
Then || f]|2. = 2 i k>0 la;r* and ||f3,, = Zj7k>0(j2 + k%)]ajx|?. More generally,
for s > 0, H§(D) can be defined via ||f[|3,. = Zj7k>0(j2 + k?)*|ajx|?. One can
define H~°(D) by duality as follows: if f € H{(D), f induces a bounded linear
form on H{(D) by g+ (f, g)r2; let || f|l3-- be the norm of this bounded operator.
The completion of H§(D) for this norm is (D). In terms of Fourier coefficients,

1F1B3e=s = 25 k500 + E) % |ajul*.
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Let (1) be iid centered, unit variance Gaussian variables. Define
¢ = E EjkEjk,
ik

where e;,(z,y) = %\/%My)’ in such a way that e;j is an orthonormal basis
of H{(D). Tt is easy to see that h converges a.s. in any H *(D), s > 0 (since
E([f15,-) = 22, 1(7* + k*)°~! < 0o Kolmogorov’s One Series Theorem).

Thus we can use H~ (D), s > 0, as a Wiener space for the free field. Classically
(Rellich theorem, also clear here from the Fourier representation), #2(D) is com-
pactly embedded in H5* (D) for sy > s1. It follows that the measure on H~%(D) is
a Radon measure with probability at least 1 — e, ||h||y-s/2 < M(e), and this ball
maps to a compact set of H~*(D).

Hence we can take 2 = H~%(D), F its (countably generated) Borel algebra,
P the measure described above. As before, for any f € H™!, ¢(f) is defined as
an element of L?(Q, P). It is easy to see that F is generated by these random
variables. This reconstructs the Gaussian Hilbert space indexed by H~!(D) from
a Radon measure on H~*(D). Moreover, for a fixed ¢ € Q, f + (¢, f) 2 defines a
bounded linear map on H§(D).

For a general domain D, one can map conformally the square Dy = [0,1]2 to D.
This maps H~°(Dy) bicontinuously to #,,5 (D), by standard change of coordinates
results for Sobolev spaces (this takes care of both unbounded domains and domains
with rough boundaries); as noted earlier, this preserves the #! norm. So one can
take here Q = H, (D), a Fréchet space.

4.3. Field decompositions, trace. To prepare the description of the spatial
Markov property, we describe decompositions of a free field in different areas of
a domain D. More specifically, § is a smooth crosscut separating D into two open
subdomains D;, D,.. Most of what is discussed there works for more general topolo-
gies (and also in higher dimensions). We have already seen a discrete analogue of
the situation. We describe here first a Gaussian space approach, and then a path-
wise construction. The main result is that one can define a trace of the free field
on 0, a Gaussian variable in H™*%(9).

4.3.1. Decomposition in Gaussian spaces. We consider decompositions of free fields,
from the point of view of Gaussian spaces. The index set HJ (D) splits as

HY(D) ~ HY(Dy) &+ W ot HA(D,),

where W is the closure of functions that are harmonic on D; L D,., and as above
can be identified as a function space on 9.
The Neumann jump operator is defined as:

Nw = 0, (P'w) — 9, (P w),

where P! is the Poisson operator extending w to a harmonic function on D! with
Dirichlet boundary condition on dD; N dD; similarly P" is the Poisson operator on
D", the crosscut 0 is oriented (with D' to its left) and 9, is the normal derivative
pointing to D!. We also denote by P!" the harmonic extension of w to D;LID,. The
Green’s formula readily shows that [; wNwdl = [, |VP"w[*dA (dl is the length
element on § induced by the metric on D).
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The Neumann operator N is a first-order pseudodifferential operator. Let
HYz,y) = 0, P(z,y) x On,On,Gp,(7,y) be the Poisson excursion kernel. Up
to a multiplicative constant, H' — H" is the kernel of the operator N. Let ¥ be a
conformal equivalence from D' to the upper half-plane H. If § is smooth enough
(C?*¢), 1)’ extends to the boundary. Then H;(x,y) = % by conformal
invariance of the Green’s function and explicit computations in H (this expression
is Moebius invariant). This shows that N(z,y) < (x — y)~2 at short distances.

We note that in the unit disk D = D(0,1), say, the Dirichlet energy of Ppw
(harmonic extension of w, w a continuous function on the circle) can be expressed
in terms of w as follows:

/ |V Ppw|*dA = lim |V Pyw|*dA
D r/1.)D(0,r)
~ lim w(a)w(y)dl(z)dl(y) / Y Po(2,.).V Po(y, )dA
/1 Jc(0,1)2 D(0,r)
~ lim w(@)(w(y) — w(a))dl(z)di(y) / VPo(z,.).V Py, .)dA
/1 Jo@0,1)2 D(0,r)
1
~ lim L w(y) — w(a))2di(z)di(y) / Y Po(z,.).V Po(y, )dA
r 1 e, 2 D(0,r)

= / %(w(y) —w(x))?Hp(x, y)dl(z)dl(y)
C(0,1)2

and this is a conformally invariant expression. Hence we have:

Junwd = [(w) - w)? - )@y

5
w(r) —w ?
- / (((i_y)(zy))dl(x)dl(y) < [wll3g/2 5

The last asymptotic follows from the local characterization of Sobolev spaces: for
0 < s < 1, in dimension n, an element f of H#* is an element of L? such that

/ (f(z) = f(y))

2
@ — g dvol(x)dvol(y) < oo

and this quantity gives an equivalent norm (modulo constant functions).

We can construct w from ¢ as follows. As noted earlier, the (¢, f)4: are elements
of L%(€), P). Take (e,) to be a Hilbert basis of W, which is isometrically embedded
in H{(D); one can choose the e,’s with smooth restriction on §. Then consider

d
Ts6 Z > (en, B)rren.

n

This converges a.s. in any H~*(8) = H/27"/275(), where s > 0, n = 1 (dimension
of 6); it follows from the equivalence of norms (., N.)z2> and [|.[[3,,,.. We will give
a more explicit construction later on.

This can also be seen from the point of view of Wiener chaos decomposition
(isometrically, the Fock space, [37], 1.4). We have

L*(Q, P) = L (Hy(D)) = P Ho(D)*"
n>0
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(complexified, symmetrized tensor algebra). For the probability space associated
with Ty):

L*(Qs, P5) = T(W) = P wen

n>0

and the isometric embedding L?(s, Ps) — L*(€, P) is induced by the isometric
embedding W < H} (D) (second quantization). This embedding is also positive and
preserves 1. It follows that it is induced by a measurable map Ty, with Py = (T5). P.
(If 14 € L?(Qs, Ps) is mapped to f € L?(Q,P), then f > 0, 1 — f > 0, and
J f(1 = f)dPs = 0 by isometry; hence f = 14 for some A'.)

Note also that ¢(f) is defined for any f € H~1(D). There is a bounded operator,
the Sobolev trace, from (D) to =2 (4) for s > 5. Applying the transpose of the
Sobolev trace operator to an element of H2 (0) yields a distribution with support
on § that belongs to H~1(D), hence can be evaluated against ¢.

4.3.2. A pathwise construction. We discuss here a pathwise construction of the trace
of the field on the crosscut . The issue is that an instance ¢ of the free field lies in
H~*(D); the Sobolev trace theorem defines a bounded linear map from H*(D) to
’Hs_%(&) for s > %, thus cannot be applied here. But we are only concerned with
defining a trace almost everywhere on H~*(D). For lightness of notation, we take
D bounded, with smooth boundary, and so drop the loc subscripts.

Starting from ¢ € H™°(D), we want to define a trace T'¢ in some function (or
distribution) space on §, almost everywhere in ¢. For simplicity, we will define T'¢
in H~1(8). The topological condition that ¢ is a crosscut plays no role here; we can
simply assume that § is a smooth curve in D, possibly intersecting D only at its
endpoints. It is parameterized by t € [0,1]: § = (6¢)¢e[o,1], thus identifying H ()
with H~1([0,1]).

Let us consider a kernel operator K : H=*(D) — H~1(9),

(Kh)(t) = /D K(t, 2)h(2)dA(),

where the kernel K is smooth, Markov (K > 0, K1 = 1), and with finite range
e >0 (K(t,z) =0 when |6 — z| > ¢). Tt follows that Kh is a smooth function on
d. We want to take e \, 0. For this we need to estimate ||Khl|y-1(s).

Let ¢ be a smooth test function on ¢ with compact support (i.e. vanishing in a
neighbourhood of the endpoints) and let f be a continuous function, F' = fg f(s)ds.
Then:

_ Juf
I[f]lag— —Sl;p Tl

Since [¢f = — [¢'F, it is easily seen that ¢’ oc F — fol F is optimal (under the
constraint fol ¢ = 0). This leads to ||f||3,-. = [F?— ([ F)?, and after some

manipulations:
1 s 1
2 _
1B = [ ([ wau [ swavyas

which we now specialise to f = K¢.
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First we estimate:

B0 (0) =B [ K6 20(:1a4() [ (K06, 200014

= e K(éu, Zl)GD(Zl, ZZ)K(&U, Zg)dA(Zl)dA(Zg)

given that Gp(z1,22) = O(log|z1 — 22|). One can think of the RHS as drawing
z1 (resp. z9) from the distribution K (d,,.)dA (resp. K(d,,.)dA) and taking the
expectation of Gp(z1, 22). Given z1, the probability that |22 — 21| < ne is at worse
of order n? (if 6,, d, are very close). This gives a contribution of order fone e 2rdr =
O(|logel) (fixing n = 1/10, say). If |21 — 22| > ne, one also gets a contribution of
order |loge|. This gives the (crude) uniform estimate: E(f(u)f(v)) = O(|logel).

If |6, — 0y > 3e, one has E(f(u)f(v)) = O(log|d, — 6,]). It follows that
B(|K6]3, 1) = O(1).

If Ky, Ky are two smooth Markov kernels as above with range €, we have the
following estimate if |0, — d,| > 3e:

E (K1 — K2)¢(u)(Ky — K2)p(v)) = O(e* /[y — 6u°)

since Gp(z1,22) = Gp(6u,8y) + O(2/|04 — 6,|%) for |21 — u| < &, |20 — 8,] < &.
(We use here the fact that K;1 = 1.) Combining with the uniform estimate above,
we get

E(||(K1 = K2)¢l[5,-1) = O(e?|loge]).

Now consider a sequence of Markov kernels K,, with range &, = O(n=17") for
some 7 > 0, say. Then:

E(||(Kn = Knt1)¢ll-1) = O(v/n=2"211og(n)) = O(n~'""/?),
which is summable. It follows that
T56 ™ lim K,
n— 00

exists a.s. in H~!(§). For another choice of kernel sequence, one gets a.s. the same
element. Since the K,,’s are bounded linear operators, Ts is Borel measurable.

Remark 4.1. One can proceed similarly if § is a boundary arc. Estimates of the
Green kernel near the boundary show that the trace of the field on the boundary
vanishes a.s., as it should (Dirichlet boundary conditions).

Since the K,,’s are linear, it appears readily that Ts¢ is also Gaussian, with
covariance operator given by the restriction of the covariance operator of the free
field (that is, Gp). Note that while the inverse of G is the Laplacian (a differential
operator), the inverse of its restriction to J is the Neumann jump operator (a first-
order pseudodifferential operator, which is nonlocal). This can be checked directly:
if 4 is a smooth function on §, say with compact support, then: [; Gp(z,.)(x)dl(x)
is a continuous function on D that vanishes on 9D, is harmonic on D \ ¢, and its
normal derivative across 0 jumps by f(z) at = € ¢.

The Poisson kernel is smooth, so that PT5¢ defines a harmonic function away
from §. One can recover ¢; (resp. ¢,) by ¢ = é|p, — P!'Tsé.
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4.4. Markov property. Let us consider a free field in a domain D with Dirichlet
boundary condition (probability space (2, F, P), Q = H~*(D)), and § a crosscut
that splits D into two subdomains D;, D,. (This works for more general topolo-
gies.) We describe here a spatial Markov property of the free field first pointed out
by Nelson and Symanzik; we essentially follow [37] here. We also describe some
marginal and conditional distributions that will be needed later on.

Let U be an open subset of D. Define Fy; as the subalgebra of F generated by
the variables (¢, f) 12, where f € H~! is supported in U. For a closed set K, Fx =
N open, UDK Fu. In Wiener chaos decomposition, the conditional expectation
operator

E(.|Fy) : L*(Q, F, P) — L*(Q, Fy, P)

is generated by the projection of H}(D) onto its closed subspace Hg(U) (this is a
contraction). Similarly, E(.|Fx) corresponds to the projection

HY(D) — HY(D\ K)*.

Consider the trace Ts5¢ of ¢ on § and the decomposition: ¢ = ¢; + PTsh + ¢,

¢|p, = o1+ P'Ts¢.
We have the following description:

Proposition 4.2. (1) Fp, (resp. Fp,, Fs) is generated by ¢|p, (resp. ¢|p, ,
T59).
(2) Fp, and Fp, are independent conditionally on Fy.
(3) ¢1, ¢r, Tsh are independent Gaussian, centered, with covariance Gp,, Gp.,

(Gp)ys-

Proof. 1. For f € C§°(Dy), (¢, f)r2 = (¢|p,, f) 12, so by density Fp, is generated
by ¢p,. For Fs, notice that a function in C§°(4) induces a distribution on D with
support in §, and this distribution is in H~!.

2. This follows from the representation of E(.|Fy) as I'(py) (second quantiza-
tion), where py is the orthogonal projection of H~!(D) on the (closure of) the
space spanned by distributions with support in U. So the statement on indepen-
dence boils down to:

Pp,PD, = PsPD,
In turn this follows from the locality of the inverse covariance (viz. the Laplacian).

More precisely, if f has support in D,, we have to prove that pp, f = psf. It is
enough to see that for g € C§°(Dy), (pp, f,g)r2 = 0. Now:

(oo, f9) L2 = (P, [, A9) -1 = ([, PD, Ag) 1
=(f,89)n-1 =(f,9)12 =0
since Ay € C§°(Dy).
3. This is an expression of the orthogonal decomposition :

HY(D) ~ H(Dy) &+ W et HY(D,). O

4.5. Absolute continuity. We begin by recalling some general results (following
here [B], see also [37], 1.6). Let H be a Hilbert space, Q a trace class (symmetric,
positive) covariance operator. Denote by dNg the centered Gaussian measure on
H with covariance @ (it exists since @ is trace class) and by dN,, ¢ the Gaussian
measure with mean m, covariance (). Then:
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Proposition 4.3. (1) Let Q be a positive, trace class operator, M a symmetric
operator such that Q/?MQ'? < 1, and m € H. Then:

(4.2)
[ exp (G000 + G,k ) o)

_ |:d€tF(1 _ Q1/2MQ1/2)} 1/2 exp (%H(l B Q1/2MQ1/2)—1/2Q1/2m|2> .

(2) (Cameron-Martin formula). The measures dNp, o, dNg are mutually ab-
solutely continuous iff m € QY/?(H) (the Cameron-Martin space), in which
case:
ANy 0
dNg

(3) If Q, R are trace class covariance operators, then the measures dNg, dNg
are mutually absolutely continuous iff R = Q1/2(1 — S)Q1/2 for some sym-
metric Hilbert-Schmidt operator S. Moreover, if S is trace class, S < 1,
one has the expression:

%(h) = [detp(1 —S)] "/ exp <—%<S(1 — 5)1Q1/2h,Q1/2h>H> .

(4.3)

() = exp (1@ 2m.Q 20y - HQ~ iy ).

(4.4)

Note that (f,Q~'/?h)y is well defined for any f € QY2(H) (which is H if
Ker Q@ = {0}). Indeed, if f € Q?(H), (Q=Y?f, h)y is defined, and this mapping
QY2(H) — L*(, Ng) can be completed given the isometry property:

/H (@ £, ) (@ 2g, By wdNo(h) = (f,g) -

Also the properties (2), (3) can be combined to give a more general expression:
N, dN,rp dNp dNg
dNmao  dNg  dNg dNpq'

Let us now specialize this to the free field case. Let us take H = H~%(D), s > 0,
with inner product: (f,¢)n-s = (f, A" *g)r2. The covariance operator of the free
field w.r.t. (.,.)z2 is Gp. In terms of (., .} -s:

]E(<fa ¢>H*s <g7 ¢>’H*5) = ]E(<Aisfa ¢>L2 <Aisga ¢>L2)
- <A75fa G”DAisg>L2 = <fa Qg>’H_57

where Q = A%/2G pA~5/2 is trace class. We can rewrite the expressions above in
terms of (,.)r2 given:

QY21 Q 7 - = (G 1.6 0 = {9y

which is simply saying that while the choice of H™?° is arbitrary, the Cameron-
Martin space H{ (D) is canonical.

Let us consider the following situation. Two domains D1, D agree in a subdo-
main containing a crosscut 6. The crosscut splits Dy in D; 1, D, and Dy in Dy o,
D, (so that the two domains agree in a neighbourhood of D,.). We can define the
massless free field in Dy, Do, and then restrict it to D,; in this way, we get abso-
lutely continuous measures. We will need an expression for the Radon-Nikodym
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derivative. As in the discrete case, the Markov property shows that the derivative
factors through the trace of the field on §:

AR, 2 - dT o
<dR*M1> (o) = <dT*ﬂ1) T9)

where u; are the free field measures, R is the restriction to D,., T the trace on 4.
So we have only to consider g%ﬁf; for this purpose it is enough to assume that
D1, D5 agree in a collar neighbourhood C' of §.

Let N; be the Neumann jump operator on 6 C D;, i = 1,2. While Ny, Ny are
first-order pseudodifferential operators (on functions on §), the difference No— Ny is
a smoothing kernel. Indeed, No — Ny = N1(N; ' — Ny )Ny, and N; ' = (Gp,) s; so
it is enough to see that G, — Gp, is smooth on §2. This follows from the fact that
G.(z,y) + 5= log |z — y| is smooth. Alternatively, Gp(x,y) counts Brownian paths
from z to y in D; decomposing w.r.t. the first exit of the collar C', one eliminates
the contribution of paths staying in C' (viz. G¢), which accounts for the singularity.
In this fashion, one can represent (Gp, — Gp,)|s in terms of the Poisson kernel in
C'. Tt follows that (w, (No — Ny)w) 2 is defined for all w € H™5(J).

It will also be convenient to identify the normalization constant in ([@4]); here
1 -8 = N;Ny*', sothat S = Ny(N; ' — Ny'), a smooth kernel operator on 4.
Recall that m!(D; K1, K5) denotes the mass of loops in the loop measure in D that
intersect both K7 and Ks.

Lemma 4.4. If D1, Dy agree in a collar neighbourhood C' of §, then:

<3§*Z?> (w) = exp (%W (N1 = Na)w) >

+%(ml(D1;57 Dy \ C) —m!(Da; 6, Dy \ C))) .

The RHS does not depend on the choice of the collar C, due to the restriction
property of the loop measure.

Proof. We have to prove that
detp(N1Ny ') = exp(m!(Dy; 8, Dy \ C) — m!(Dy; 6, D1\ C)).

Given the multiplicative structure of the result, it is enough to prove it for Dy =
C C Dy; one may even assume that D = Dy and C' = Ds agree on one side of J.
Taking K1 = § and Ko = 0C' a crosscut “parallel” to §, we have to prove

detp (N1 Ny ') = exp(—m!(D; K1, K>)).

Let Tyo, T51 be as in Proposition Given the result there, we need only prove
NNyt =1—TyTyo.

In the reduced case, D is a domain, K7, K5 are two disjoint crosscuts and D; C D
(resp. D, C D) is the connected component of K1 in D\ Ky (resp. of K3 in D\ K3);
N (resp. N;) is the Neumann jump operator for K in D (resp. in D;). We have
N1 = (GD)ixy> Nfl = (Gp,)|x,- Clearly, Gp — Gp, is positive, and we have
the following path representation: let = in D;, f a bounded positive Borel function
with support in D; \ D,; then

B[ "Xt = [ (Gn—-Gn)@wniwaaw)

D’V'\Dl
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where X is a Brownian motion (running at speed 2) started at x, killed when it
hits 9D at time 7; o9 is the first time it hits Ks; and oy is the first time it hits K4
after oo. Disintegrating w.r.t. X,,, X,,, we get

(Gp — Gp,)(a,y) = /

Harmp, (z, z2)dl(22) / Harmp, (22, 21)dl(21)Gp(z1,Y)-
K>

Ky

When z,y are on K7, this can be phrased more tersely as
Nt N ' =T TN,

which is what we needed.

5. BOUNDARY CONDITIONS AND PARTITION FUNCTIONS

Quoting from [37], “While we will not use Gaussian variables of mean different
from zero, they may well play a role in the future development of the theory”. A
free field in D with boundary conditions ¢5p = ¢ is written as ¢ = m+ ¢o, where
¢ is a free field with Dirichlet boundary conditions and m, the mean of the field,
is the harmonic extension of ¢y to D.

We will define here appropriate sets of boundary conditions that are continuous

in Carathéodory-type topologies and study partition functions of associated free
fields.

5.1. Domain continuity. In what follows, we will be primarily interested in the
chordal case, in which a configuration ¢ = (D, x,y) consists of a simply connected
domain D with two points x,y marked on the boundary. We begin with the case
of smooth domains.

From the examples of the Temperley coupling and the discrete Gaussian Free
Field, it is natural to consider free fields with the following boundary conditions in
a configuration ¢ = (D, z,y):

e on (2y), ¢ = Fa+ b(m —wind(y — .)),

e on (yx), ¢ = —5a+b(—m + wind(y — .)),
where wind(y — w) is the winding of the boundary arc from y to w contained
in (zy), (yz), respectively. We refer to this set of boundary conditions as (a,b)
boundary conditions. Note that this is in general asymmetric in z,y (jump +ma at
x, —ma—2wb at y). In a configuration, there is a unique harmonic function satisfying
the (a,b) boundary conditions. If ¢ = (H, z, c0), then ho(z) = aarg(z — x) and in
a general smooth domain D, if ¢ is a conformal equivalence (D, z,y) — (H, 0, c0),
then

hp = hz o ¢ — blarg(¢') — arg ¢’ (y)).

Note that ¢’ does not vanish in the simply connected domain D, so that there is a
single-valued branch of arg(y’) in D.

One can generalize this to configurations (D, x1, ..., Z,,y), with jump 7a; at z;,
i <n,and —7 ), a; — 27b at y; we call those (chordal) (a,b) boundary conditions.

It will be convenient to consider fields with (additive) monodromy. For a domain
D with a marked point y in the bulk (puncture), we shall consider the affine space
of additively multivalued functions on D \ {y} that augment by a fixed quantity
(the monodromy) along a counterclockwise circle around y and are locally bounded
near y.
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Given a configuration ¢ = (D, z1,...,2,,y) consisting of a simply connected
domain D with z1,...,2, marked points on the boundary (in counterclockwise
order), y marked point in the bulk, a = a1, ..., a, alist of parameters, an additively

multivalued function f on D* = D\ {y} satisfies the (a,b) boundary conditions if:

e f increases by b times the winding on the boundary, with additional jumps
of wa; at x;,

e f has monodromy 7(aj + -+ + a,) + 27b around y,

e f(z) =O(1) near y.

There is a unique harmonic function hg satisfying these conditions, which can be
expressed in the unit disk D, y = 0, as:

ho(z) = barg(z) + Z a; <; arg(z) —arg(z — xl)> .

In a general domain D, if ¢ : D — DD is a conformal equivalence preserving marked
points, hp = hp o p — barg ¢’ modulo an additive constant.

In the SLE context, it is necessary to consider domains with rough boundaries.
Then the winding of the boundary is no longer defined. However, boundary condi-
tions for the free field intervene only through their harmonic extension. Hence one
can use the covariance formula:

hp = hp oy —bargy/,

where ¢ : D — DD is a conformal equivalence preserving marked points, to define
hp in general simply connected domains. This is up to an additive constant. If the
boundary is rough everywhere and b # 0, there is no very natural way to fix the
constant. On the other hand, it is enough for the boundary to be regular enough
in a neighbourhood of, say, y to get an unambiguous definition.

We will mostly be concerned with the behaviour of the boundary conditions
under deformation of the domain.

Lemma 5.1. Consider a sequence (c,) of configurations, ¢, = (Dy,z, 2z}, y), that
converges to the configuration ¢ = (D, x,x;,y) in the following sense: D,, converges
to D in the Carathéodory topology, xi' converges to x;, i = 1,...,m, and there is a
smooth boundary arc around x common to all domains in the sequence. Let h. be
the harmonic extension of (a,b) boundary conditions in c¢. Then:

(1) he, converges to h. uniformly on compact sets of D.

(2) If uE¥ is the distribution of the free field in D with (a,b) boundary condi-
tions, Ry the restriction to an open set U @ D, then (RU)*uff converges
weakly to (Ryr) . utE.

Proof. Let ¢, be the unique conformal equivalence (D,0,1) — (D,,y,z). Then
he, = hp o @, — blargy, — argyp; (1) + 5), where hp depends implicitly on the
¢, 1 (z). Carathéodory convergence implies that ¢,, converges to ¢,, uniformly
on compact sets of I; consequently ¢, also converges uniformly on compact sets.
Given the hypothesis on the boundary around z, it is not hard to see (using e.g. the
Loewner equations) that ¢ and its derivative converge uniformly in a neighbourhood

of 1. This yields local uniform convergence of h,, .
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The weak convergence of (Ry)put" follows from the form of the characteristic
functional:

(Bo)-pED) () = [ e 60, Froz) duET (0) = exp (i<hc,b,f>m - 54, GD,Lf>L2) ,
where f runs over C§°(U). O

5.2. Dirichlet energy. We study here the regularised Dirichlet energy of the har-
monic extension of the boundary conditions described above. One can think of this
as a ground state energy. From the discrete situation, it is natural to define the
partition function for the free field in D with boundary condition ¢j9p = ¢s, for
¢s a smooth (for now) function on 9D as

1
(5.5) Zh s = detc(A)_% exp (—§<m, m)Hl) .

The use of the regularized det¢(4) is customary in the physics literature; see e.g.
[13]. Notice that this introduces a metric in addition of the complex structure.

When ¢y is piecewise smooth (with jumps), the Dirichlet energy (m,m)s: di-
verges. We will use another (also customary; see e.g. [39]) regularization method,
which requires introducing local coordinates (or rather 1-jets) at the marked points
where ¢g jumps.

Consider a domain D with smooth boundary, ¢y a piecewise smooth function on
0D with jumps 0; at x; (say in counterclockwise order, i = 1,...,n), m its harmonic
extension to D. Let z; be an analytic local coordinate at x; (i.e., z(xz;) = 0, 2
maps a neighbourhood of z; in D to a neighbourhood of 0 in H). Define

(m,m),7 = lim / |Vm|?dA(z) + Y  —log(e;) | -
H e1\0,...,£, 0 {z€D, |z (z)|>} ; ™

It is easy to see that this limit exists. There is a simple dependence on the choice
of coordinates, which can be expressed by saying that the tensor

1 re h;
exp (—§<m,m>ng) H(dzz) ,
where h; = 62 /2, is well defined.
Similarly, for functions with monodromy 27« around a bulk point ¥, one can use
a local coordinate w at y and define

(m,m)37 = lim / |Vm|2dA(z) 4 2ma? log(e)
SO\ weD (@) e}

so that setting hg = ”7‘12, one defines a tensor

1 . _
exp (—§<m,m>ﬂf]> \dw|2h0 H(dzz)h

K3
If ¢ = (D, z,y) is a configuration with smooth boundary, one can define

1 1
nga)b) = detg(A)_é exp <—§<m, m)fo) )
the partition function for (a,b) boundary conditions. We proceed to evaluating this

partition function.
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Proposition 5.2. (1) For a chordal configuration ¢ = (D, x,y), bounded with
smooth boundary, we have

ZEE ) = Mdet (Ap) ™ 210 Hp (,y) Fo20H),

where X\ is a positive constant. More generally, for a chordal configuration
c=(D,x1,...,2n,y), we have

ZS(FQJJ) = )‘detC(AD)_%%sz H HD(fiafj)_% H Hop(x;,y) 240,
1<j<n i<n

where @ = ay + -+ + ay,.
(2) For aradial configuration ¢ = (D, x1,...,%y,y), bounded with smooth bound-
ary, we have

1 2 ropl ra.b’ _ majay
Z by = Adet¢(Ap) =26 Hp ()™ 2b)HPD(y75€i) ab HHD(%,%') 7,
i i<j
where \ is a positive constant, o : D — D, b = b+ % > G

Proof. 1. Let ¢ : (D, zg,y0) — (D, x,y) be a conformal equivalence. Then it is easy
to see that (up to an additive constant):

mop = alarg(z — yo) — arg(z — xg)) + b(2arg(yo — 2) + arg(¢’))
= —aarg(z — o) + (2b+ a) arg(z — yo) + barg(¢').

We have to compute (taking the natural local coordinates in D):

(m,m)57 = lim (/ |Vm|?dA(2) + 7(a® + (2b + a)?) log(5)>
N0\ Jz—a|>e, 2 —y|>e

= lim / |Vm o p|*dA(z)
N0\ J)z—aol>e/]0 | (20), | z—y0|>e/l¢" | (30)

+ 7m(a® 4 (2b+ a)?) log(s))

= lim / |Vm o @|?dA(z) + m(a® + (2b + a)?) log(e)
N0\ JJz—zo|>e,|2—yo|>e
+ma®log|¢'|(xo) + m(2b + a)” log [¢'| (o)

up to an additive constant. By rotational symmetry, the square terms [ |V arg(z —
z0)[2dA, [|Varg(z — yo)|?dA contribute a constant. We have

/D(V arg(z — xo)).(Varg(z — yo))dA(z)

- *% /D |V (arg(z — x0) — arg(z — 0))|*dA(2) + cst

(with regularization at xg,y0). Let f = arg(z — xg) — arg(z — yo); this is piecewise
constant on the boundary, with jumps +7 at z¢, yo. Hence

/ VfPdA = / IV 2dA = / Foufrdl
lz—xo|>¢,|z—yo|>e a(...)
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(here f* is a harmonic conjugate of f) and 9,, f* = 0 on the unit circle. Furthermore,
f* =log|z — x| — log|z — yol|, so subtracting divergences leads to

/D (V arg(z — 20)).(V arg(z — yo))dA(z) = —mlog yo — zol-

In addition,
/(V arg(z — x¢)).(Varg(¢’))dA = /(Vlog |z — xo]).(V1og |¢'])dA
) D
= lim log |¢'|0n log |z — xo|dL.
N0 Jo(D\D(wo.))
Observe that on the unit circle, arg(z—yo) = — 3 arg(z)+cst, so that 9, log |z—z¢| =
—0yarg(z — o) = 3; and 9, log|z — x| = —e~* on the circle |z — x| = ¢ (normal

derivatives are outward pointing), so that

1
[ (Varg(z — 20))(V arg(e)dd = ~wlog |/ |(z0) + 5 [ logle|
D U
Thus:

(m,m)yi = ma(2b+ a)(log |¢'| (o) + log|¢'|(yo) + 21og |yo — o)
+0( [ V10l +2 [ log /) + .
D U

By the Polyakov-Alvarez formula (Proposition 23)),

/ Vlog /]2 + 2 / log || = 127 (log det¢ (Ap) — log det (Ap))
D U

which concludes the chordal case (with two marked points). The general case is
similar.

2. Consider the case of (@, b) boundary conditions on a configuration (D, z},y").
Let us consider first the case D = D, with marked point 0. Let ¢ : (D, x;,0) —
(D, x%,y") be a conformal equivalence. Then it is easy to see that

moe(e) = = Y (s — o) — Jare(a) ) + bare(z) + g

i
== a;arg(z — z;) + V' arg(z) + barg(¢'),
where b = b+ 13", a;. As before:

(m,m)3f = (mop,mo )yl + Y mallog |¢'|(w:) + 2m(b)? log|¢'|(0).

We have to compute the regularized Dirichlet energy, up to an additive constant.
The only new term is:

/ (Vars(a)) (Varg(e)aa = [ (FhogleD) (Vg i

21>

— [ togl¢ioutoglelat + | log]10, log <[
|z|=¢ U

:—2ﬂ'log|g0’|(0)+0(1)+/10g|g0/\dl.
U
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We get the following expression:

1 e 1
§<m7m>mg :_W;aiaj log |z; — ;] +zi:aib7rlog|<p'|(xi)+2/Ulog|<p’dl)
+ 7' (b — 2b) log |¢'](0) +/10g|g0’|dl)
U
+E/ Viog |¢'|[PdA+ () T a2 log|¢'|(x;)) + est
2 /p — 2"

2

1 1
= — 7Y aia;(logla; — ;] + 5 log|¢/|(w:) + 5 log|¢|(x))
1<J

+m Y aid log|f|(:) + b (' — 20) log || (0)

1
+ b (/ log |’ |dl + —/ |V10g|g0’||2dA> + cst
U 2 Jp

and we conclude by identifying the conformal invariants Pp, Hp in the unit disk. [

By comparing with the partition functions of SLE, one obtains the following:
Theorem 5.3. (1) In the chordal case, the identity
SLE _ ZFF
Zc,rc - Zc,(a,b)

between partition functions of chordal SLE, in ¢ = (D,z,y) and the free
field in ¢ with (a,b) boundary conditions holds (up to a multiplicative con-

stant), provided that a = i\/f—ﬁ, b = a(l —%). More generally, in a

configuration ¢ = (D, x = xg, T1,...,Typ = Y),
SLE FF
Zo(np) = Zelab)
provided that a; = \/Eg%g, b = 5% for e = £1 (with the convention
PO — 2)
(2) In the radial case, the identity
SLE FF
Zemp) = Zelab)

between partition functions of radial SLE.(p) in ¢ = (D, z0, ..., 2n,y) and

the free field in ¢ with (a,b) boundary conditions holds (up to a multiplicative

constant), provided that a; = \/62%@’ b = 5% for e = £1 (with the

convention py = 2).

Proof. Tt is merely a matter of matching parameters in the expressions

2 = dete(Ap)f [] Hoplwi ;) 5,
B 0<i<j

2T, o) = dete(Ap)"F T Hp(wi,2) ™7
0<i<j<n
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in the chordal case (with the convention a,, = —(2b+ @)) and
_ Pirj
Zg,%f,p) = det(Ap) 2HD ZQHPD Y, 2i) H Hp(z;, zj) 4HJ,
B i>0 0<i<j
1 2 raza;
2 ) = dete(Ap) =2 HOm Hp () 72t HPD yz)™ " [[ Hp(zi,z)~ %
1<j

in the radial case, where p = (K —6 — (p1 + --- 4+ pn))/2, @« = £=(p — K + 4),

Y =t 0= A e 0

5.3. Variations of harmonic quantities. We are considering here a local bound-
ary perturbation of a domain D (growth of a hull at a boundary point) and its effect
on various harmonic quantities.

Let (Dy)i>0 be a decreasing sequence of domains, © € 9Dy, so that for any
neighbourhood U of z, for ¢ small enough, the domains D; agree outside of U.
The domains are assumed to be Jordan (the boundary can be parameterized as a
continuous, not necessarily simple function); by @ € 9D, we mean a prime end that
is a point.

Let G¢ be the Green kernel of D;. For any z, 2’ in D, z,2’ € D, for small ¢, and
Gi(z,2") decreases. It follows that Go(z,z") — Gi(z, 2’) is positive and harmonic in
the two variables in D;. Let t,, \, 0 and a,, ,/* oo such that a,,(Go(z,2") —Gn(z,2))
has a positive limit for some z,y € D. Then (Harnack principle) a,(Go(.,2") —
Gn(.,2")) converges to a positive harmonic function in D; moreover this function
extends continuously to 0 on the boundary except at z. It thus has to be propor-
tional to the Poisson kernel Pp . as a function of z; by symmetry, the same is true
for the 2’ variable. Hence for an appropriate choice of a,:

lima,(G(z,2") — Gn(2,2")) = Pp (2)Pp ().

This argument carries over to more general topologies. Let us compute in coordi-
nates for the rest, with the usual SLE conventions.
In the upper half-plane H, G(z,2') = —5= log =% and Pu.(2) = -1g_L For

7

a family (H\ K) corresponding to conformal equivalences (g;), we get G¢(z,2') =
G(g+(2),9+(7")) and at ¢t = 0, for a hull growing at x,

2 B 2
(z—2)(2 —2) (2—2)(z — 1)

1 1 1 1
= — — ) 2P P /'

Let m;(z) be the harmonic function in (H\ /) with boundary conditions: —5a+
b.(m + wind(co — .)) on (00,v;) and h = Za + b.(m — wind(. — 00)) on (7¢,00).
Then

210,G(z,2') =

mi(z) = —aJlog(gi(2) — Wi) + b log(g,(2))



SLE AND THE FREE FIELD: PARTITION FUNCTIONS AND COUPLINGS 1029

and

dSSlog(gi(z) — Wi) = —mdPi(2) =S ( 1 ) (gt(z)Q o dt — th>)
1
2

gt(z) - W

1
()

2
(9:(2) — Wy)?

where P; = Py g, , and P/ = 8LW,P75 (this is somewhat dependent on the Loewner
convention).

&2

K

A3 log(gl(2)) = —S ( > = 21 P/(2)dt,

6. COUPLINGS OF SLES AND FREE FIELDS

6.1. Local invariance of the free field under SLE dynamics. We have ob-
tained partition function identities between (versions of) SLE on the one hand and
the free field (with corresponding boundary conditions) on the other hand. We
now show that this implies local identities in distribution between SLE and the free
field, in a way closely analogous to local commutation statements (between two
SLEs with the same partition function) in [9].

Let ¢ = (D,x1,...,2,,y) be a configuration (y in the bulk), (a,b) a set of
boundary conditions for the free field corresponding to SLE(p), as in Theorem
5.3l (This covers the chordal case, when the monodromy around y is 0.) Among
the marked points on the boundary, z1,...,z,, are seeds of SLE (p; = 2 for ¢ =
1,...,m). We denote by uSLE, uEF the respective distributions of the SLE system
and the free field in c.

Up to now, we have considered boundary conditions for the free field up to an
additive constant. We now need to fix this constant (in order to compare fields in
different domains). For instance, one can require that ¢(z;") = 0, where z,, is not
a seed.

Let U be a connected open subset of D, not having any seed x; on its boundary.
Let 7; be stopping times for each SLE such that /" is a.s. at a distance at least
17 >0of U. Let sq,...,5s, be time parameters for each SLE (these are somewhat
arbitrary, up to bicontinuous time change). Then ¢, is the configuration (D \
Ui’VZ-i'a’Yl,na cos Ymy T s Tm1, - ;y)

We have the following;:

Lemma 6.1. In the above situation, the following identity of distributions on
C§e(U) holds:

/d“ELE’I(V?v ) (Rt = (Ru)apt "
where Ry denotes the restriction from a subdomain of D (containing U) to U.

In words: run the i-th SLE strand to time 7;; this generates a random config-
uration c¢;; sample the free field in ¢;, conditionally independently; restrict this
field from the random domain D \ (|J,7;") to the fixed domain U. Then the re-
sulting mixture of Gaussian fields is again Gaussian, identical in distribution to the
restriction of the free field in D to U.
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Proof. A distribution v on C§°(U)’ is determined by the characteristic functional:

o(f) = / exp (i(6, f)12) dv(9),

where f runs over C§°(U). By general Gaussian properties,

—

((Ru)wpe ) (f) = /eXp (@(¢, f)12) dpc) (9) = eXp( (ms, )z — 1<f, Gsf)L2) ;

where MCF has mean m, and covariance G5. Therefore we have to prove that

/exp ( <m7'; f> _<fa G‘rf>L2) dﬂELE’l(ﬂ}/Pa cee 37;")
—exp<<m0,f> <f’G0f> >

for all f € C§°(U). Since this has to hold also for all stopping times less than
Ty, ..., Tm, we have to prove that

(51 s5m) = exp (ilma, )12 = 306Gz

is a martingale in s; (stopped at 7;), the other times being fixed. Due to the (joint)
Markov property, we can assume that the other times are 0; we have a single time
parameter ¢ = s;. Hence we are left with a stochastic calculus problem.

At this point it is rather convenient to compute in coordinates. So one can
assume that D = H and that the marked point z, (where the field is 0) is at
infinity. In this situation, the mean m; of the field in ¢; is given by

_ Z a; arg(gt(z) — gt(xi))

0 (arg(9i(2) — gu(w) + arg(9(2) — a0) ) — barg g;(2)

and this has to be a martingale (stopped at positive distance of z), under the
SLE,(p) evolution (conventionally, g:(x;) = W, the driving process). This can be
checked directly; we give another argument that avoids computations.

We introduced radial SLE(p) by means of the local martingale (w.r.t. the
reference measure, which is chordal SLE in (H 0,00)):

Hgt xz gt xz H |gt xz )|77u
1<j

where two of the marked points are conjugates y, 7, for appropriate coefficients. We
can perturb the above situation (radial SLE,(p)) by adding a marked point z with
weight p, = ke, say. We compute:

(%)l —a- gﬂog(g;(z)) + T P g gl )

+ Z log(g:(2) — g¢(:))

>0

+ 2 (108(9:(2) = 9:(v)) +10g(91() = 5 (W) )

which is thus a (local) martingale for radial SLE,(p)s. Taking the imaginary part,
one gets a process proportional to my(z).
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This proves that ¢ — (my, f) 72 is a martingale (stopped away from the support
of f). There is only one term in m; with quadratic variation, so one computes
easily:

dmy(z) = —ma; Pu(g:(z), Wi)V/kdBy,
where P is the Poisson kernel. Besides, we have computed that
dGi(z1, 22) = =27 Pu(ge(21), W) Pu(g: (22), Wh)dt,

so if we define & = exp (i(mt,f>L2 — %(f, Gt,f>L2), we get

&, K S|
St = idmi( )~ 57 [ 1Pl WA ) dt = 15,061 Pt
t H
which is thus a martingale, given that a? = WQ—H 0

Remark 6.2. The (pointwise) first moment martingale m;(z) was pointed out by
Sheffield in the context of the free field, in the chordal case. The proof shows that £
is, up to a multiplicative constant, the exponential martingale of m (see e.g. [30]).

As in [10], this can used to construct “local couplings”. Define

d(Ru)spe,
e S — s
('Y a¢) d(RU)*NEQF ((b\U)v
a function in 4 = ~5',...,v5m (SLE strands) and ¢ (a field). Then:
/5(’7% ¢)dpug " (¢) =1 for all 7%,
/ 0(v®, @) " (v*) =1 a.e. in ¢.
The first line is obvious while the second one is a rephrasing of the lemma. This

shows that £.u5"F @ pfY is a coupling of S, uFF (this builds on the fact that we

have a coupling restricted to 7%, ¢y that extends to a coupling of v, ¢ using the
Markov property of the SLE system and of the free field).

Let us analyze the density £. Let J; be crosscuts around xz;, i« = 1,...,m, that
are at a positive distance from each other and from all marked points. Let § = | |, 6;
be the union of crosscuts and U the connected component of D \ § with no seed
i, i = 1,...,m, on its boundary. From the Markov property of the free field, it
readily appears that

d(Ry ) pEF ( )_d(Ta)*uff
d(Ry)opiEF 1Y d(Ty) T

(Ts0);

i.e., the density factors through the trace on §, which we now denote simply by T
Given the multiplicative identity

FF FF FF FF
dT*Mci dT*Mcsl,o,... dT*Mcsl,sg,o,m dT*'ucsl,A,A,sn
FF FF FF e FF )
alT*uCQ alT*uCQ dT*/‘csl,o,... dT*,ucs1 _____ —
H‘FF
we can vary time indices one at a time. Let us focus on dTbquoF, setting s; = s.
s

Denote by if'F" the zero mean free field in D, and ¢; = c50,. 0, ¢ = cg. We can
decompose
dT,pf"  dTpfY dT.pEF  drpt®

AT pE¥ — dTpEF AT EF  dT ¥
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Then the Cameron-Martin formula yields:

dT*ME,F 1
dT*ﬂst (w) = €xXp <<w7NsTms> - §<Tm3a NsTms>> s
dT*MgF 1
dT T (w) =exp | (w, NTm) — §<Tm, NTm) | .
The middle term was analyzed in Lemma 7}
dT. g " 1 1, s
e (0) = exp (= 0. (¥, = Nyu) + prel(DinsD))
so that
dT.pg” 1 1, s
dT*ufF = exp <—§<w, (Ns — N)w) + (w, NsTms — NTm) + Em (D; i3 9)

1
— §<TSmS,NSTmS>) .

+%<Tm, NTm)

We denote by Ny the Neumann jump operator on ¢ relative to the configuration
cs, in such a way that (w, Nw) 12 (s) is the Dirichlet energy of the harmonic extension
of w to D (with zero boundary condition on 0D). Observe that when different time
indices evolve, the configuration varies in distinct connected components of D \ ¢;
thus

(N§ - N)(wl’ s wm) = ((Nsl - N)(wl), sy (Nsm - N)(wm)) )
where N = Ny, N5, = No.. 0.s:0.., and w = (wy,...,wy,) identifies L(§) to
EBj‘ L?(8;). So Ns has no cross dependence in the s parameters. We proceed to
show that this is also the case for NyTmg.

Observe that Nw = )", 0, P;w, where P; is the harmonic extension to the i-th
connected component of D\ ¢ and 9,, is outward pointing (on ¢). Consider m to
be the harmonic function on D \ ¢ that agrees with m on 9D and vanishes on .
Then m — 7 is harmonic on D \ 4, agrees with m on § and vanishes on dD. Thus
m—m = PT'm. Now ), 0,m = 0, since 0,m on §; is counted once in each direction
(and m is smooth across §). Thus NT'm = — . 9,m. In the varying situation, m,
depends only on s; in the connected component having ~; in its boundary; this is
due to the local character of the boundary condition. Hence N T'm, has no cross
dependence in the s parameters. More precisely, (NTm)s, — (NT'm) vanishes on

yeen

Since N, has no cross dependence in the s parameters, one gets:
Ngjpoysn =N = (N81 - N) + (N81752 - N51) +eee (NSL...,SH - N517~~-757L71)

=(Nsy =N)+ (Ng; =N) + -+ (N5, = N)
and a similar identity holds for (NT'm)s. This shows that

T T
dTup®  dTopf®  dTopdl  dTopl

dT, ,uESFI‘ dT, ,uEOF . dT, puEF

_ co,..., 0,sn

— ). ) .
dlpg®  dTopg® dTpf® 7
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where A depends only on 74 (not w). We now study this term. Recall that
(T'm, NT'm) is the Dirichlet energy of PT'm. Consider as above m, which is har-
monic on D\ §, agrees with m on 0D and vanishes on §. Then

(m,m)y 7 = (m,m)57 + (PTm, PTm),7.
This is easily seen for smooth boundary conditions (vanishing in a neighbourhood
of the endpoints of the crosscuts), since m = m + PT'm and

/ (Vm).(VPTm)dA = Z md,mdl =0,
D aD;
where the D;’s are the connected components of D\ d; md,m is counted twice with
opposite signs on 0;. By approximation, one gets the result for the sets of boundary
conditions under consideration.

When s; varies, m changes only in the connected component having x; on its
boundary. It follows that:

<Tm51,52,... ) Nsl,sz,...Tmsl,SQ,...> - <Tm0,52,...a NO,SQ,...TmO,SQ,...>

>reg reg

=+ <m31782»-~7m31782»-~ HI T <m07827~--’m07827-~>7-[1

depends only on s; and not on sa,...,$,-1 (it is the variation of the Dirichlet
energy of m in the connected component of x1).

The loop measure term is handled as follows. We have (Proposition 21)):
det(A)D det(A)D\(,Y.fU(;)
det(A)D\5 det(A)D\Wf

exp(—m'(D;n7;6)) =
so that
exp(—m'(D;77':6) —m!(D\1*375%,8) =)
o det(A)D det(A)D\(,ny(;) . det(A)D\,yfl det(A)D\(,yfl U’y§2 U5) N
det(A)D\(s det(A)D\vfl det(A)D\(,yfl us) det(A)D\(wfl U7;2)

_ det(A)p det(A) py(y2us)
det(A)D\5 det(A)D\fyi ’

Recall that .
FF = det(8) e €xp(— s, ma)5d)

Putting things together, we get
oz
ZFF ZFF T ZFE

s
where ZEF = Z§¥ . Using the identity Z¥F = ZSLE (Theorem [E.3), this
translates into

A=

ZgLE ZSLE ZSLE

A\ = s Dsm
~ ZSLE = ZSLE SLE "
Z3 20 Zo

It follows that at the stopping times 7;:

AP - dpE ()
)= duSLE(% s
The measure in the denominator is the measure induced on the stopped paths ;"
by the SLE system; the measure in the numerator has the same m marginals, but
these are independent.

AT,y
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Lemma 6.3. The measure {.uS"E @ p¥Y | where

. AT pt¥
£1,6) = 637 T0) = Z2 5 (T),
*He
is a coupling of uS“®, uf'¥ such that Y-k are jointly independent condition-

ally on T'¢. More precisely:

d(T5, )+ prc.,
0y, @) dp P (7 = 1:[ <W(T5 ¢)> L E (7).

Informally, all the interaction between the different SLE strands is carried by the
field. This depends on the fact that the SLE strands are occulted from each other
by the crosscuts ;. Note that this conditional independence property is trivially
satisfied in a coupling where the SLEs are determined by the field. The lemma
hinges on and contains the following Gaussian integral evaluation:

/ H( *Z;F(Ta ¢)> AT5)EF (T9) = S~ G b

In the discrete setting, we gave an elementary version of the computation above,
thinking of partition functions as (matrix elements of) transfer operators.

We have established Lemmas [6.1] in the case where the SLE strand is ab-
solutely continuous w.r.t. chordal SLE in a neighbourhood of its starting point x.
However, it will also be useful to consider versions where it is absolutely continuous
w.r.t. SLE,(p~,pT) starting from z,z~,z%. In the case p~,p* > —2 (which is
the only one of use here), the SLE, (p~, p") is defined for all times and is driven
by a semimartingale ([22], Section 4 in [33]). The absolute continuity properties
of these processes can be expressed as in Section 3.2; one may note there that the
Radon-Nikodym derivative

Z(ct)Z(co)

Z(ct) Z2(cp)
is still well defined in the case where 2~ or T is displaced under the evolution,
which happens when p* < 5 —2.

Consider a configuration (D, xq,...,Zm,y) as above, 2~ = & = 2+ = 1. The
jump of the field at x is i%. The crosscuts 9; are defined as before. Then
Lemma holds, with the same proof. Lemma also follows.

6.2. Global coupling. We have constructed a “local coupling” between a system
of SLEs and a free field, in the case where the partition functions coincide, for a
choice of crosscuts. We now use a limiting argument to construct a global coupling
that will enjoy the same properties for any choice of crosscuts. This requires com-
patibility of the construction with the respective Markov properties of SLE systems
and the free field. A “local to global” argument is introduced in [42] in the context
of SLE reversibility. We broadly follow here the presentation in [I0], one difference
being in the nature of the Markov properties; there is also here additional structure
(conditional independence).

Again, ¢ = (D,x1,...,x,,y) is a configuration (y in the bulk), (a,b) a set of
boundary conditions for the free field corresponding to SLE.(p); z1,...,2,, are
seeds of SLE (p; = 2 for i = 1,...,m). We denote by u>LE EFF the respective
distributions of the SLE system and the free field in c.
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The goal is to construct a coupling of S“F and pF¥ with natural compatibility
with Markov properties, and such that the different SLE strands are independent
conditionally on the field. It is unclear whether it is possible to do this “in one go”.
So we shall consider first the coupling of two objects: one SLE strand (case m = 1)
and a free field.

Let 7 > 0 be a small parameter, say much smaller than the diameter of D and
the distance between marked points. We define a sequence of stopping times for
by 79 = 0,

Tn+1 = lnf{t > T diSt('yta’y[O,'rn]) > 77}
It is easy to see that if D is bounded, there is a fixed N = N(D) such that a.s.
Tn = oo for n > N.

Let O be the union of {y} and the smallest connected boundary arc containing
all marked points except © = x1. Let py be the random integer:

po = inf{p : dist(K,, 9) < 3n},

where K, denotes the hull of the SLE stopped at 7,. Let J, be the boundary
component of (K,)*? that disconnects K, from other marked points. (One can
consider variants that ensure that the crosscut §, is smooth. The important point
is that it is no closer than, say, %7] of K and no farther than, say, 27, and is
measurable.) We define

d(Tp)*ufi_l
d(Tp)«pc,

* Cp

(7, 0) = (Tp9),

where ¢, is the configuration sampled at time 7, and T}, = T5, (trace on d,). This
quantity depends on the SLE strand up to time 7,1.
Consider the measure L.uS"F @ pf¥| where the density L is given by

L=1L(v,¢)= ] (. 9)

p<po

First we have to check that this is a coupling of pSLE, pF¥. For fixed ¢, p

Hz;é Ly(y, ) is a discrete time martingale (it is bounded when stopped at py).

This boils down to
d(Tp)*:U“pr 1
(W(Tp@h[o;p] =1,

which follows from the local case (Lemma[G.]) in the configuration ¢, (note that d,
is determined by vo,-,))- For the other marginal, we need another expression of the
density, thinking now of v as fixed. This follows from £,(v,¢) = [[,<,<,, ¢a.r(7:9),
where o

d(Tr)*ME‘q}L (-|Tr+1¢)

gq’T(Py’qs) - d(Tr)*ngF(-|Tr+1¢)

(Tr-0)

for ¢ < r < py and

d(TPo)*NSQF 1
éq,ﬁo(% ): d(T ),LLF; (Tpo¢)‘
Po/*Pcq
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Indeed,
( a"'aTo)*:quF‘l
H éq, A/ (b ( ; ) F;\ (Tq¢7"'7Tp0¢)
q<r<po @ TPo *'ucq
d(T )*lu’c+
= — i (Ty9) = Ly(7, 6
AT )iy 110 = 0

This density factors through 7,¢ because of the Markov property of the free field
(the conditional distributions of T, ;¢ given Ty¢ do not depend on what is on the
other side of the crosscut d,). Thus:

Po d(T)eptEY (|Try10)
t(1:9) = by = (T9)
ql;[) ! qSPml;S[rSPo ! OSEPO d(T) HCO ( |TT+1¢)

so that integrating Ty¢, then Ti¢, ... (with the convention that the conditioning
by Tp,+1¢ is empty), one gets

N-1

/ dyEF () H ta(1,9) =
0

for fixed v. This shows that we have indeed a coupling of pS¥E, uFF. Tt is easy to

see that in this coupling, 777 is independent of ¢ conditionally on ¢ inside (Kp)Q"
(more precisely, To¢,...,T,¢). This holds for fixed p or a stopping time for the
discrete time filtration (o(y™))p>o0-

In the general case, one can proceed in different ways. For simplicity, we can
first use a common (discrete) time scale for the SLE system: at each step, each
strand moves at distance 7, synchronously; this yields a sequence of configurations
Cp = Crl,. . Consider 4, = 511, U---1 4" Then we can define similarly to the
m = 1 case:

lp(v,¢) = 7d(T Jebteyss
mr d(Tss )i,

* Cp

(Ts,9),

where + is now an m-tuplet of paths. As before, the local study ensures that
D Hg;é ¢, is a martingale for fixed ¢ (say stopped at py, the first p such that
(p,...,p) ¢ G). Moreover, due to the nested structure of the §,’s and the Markov
property of the field, we can write

po—t po_t d ,uchrl( |Tq+1¢)

1= 11 S e 7 ey )

so that for fixed -, de,u d)) = 1, integrating first Toz,zb, then T)¢, etc., where
L=TI2, Y 4,. Thus L. @ pSIP defines a coupling of pfF, pSH®.

co

Let us go back to the m = 1 case. We saw that the measure L.y @ ufF | where

the density L is given by
L=L(v,¢) =[] &),
P<Po
is a coupling of pS'F, uF¥. Let n be a stopping time in the discrete filtration
(0(7))p>0- Then the measure induced on (Y™, xz2n).) can be described as
follows. The first marginal is just the SLE strand stopped at 7,. Conditionally on
~™  the distribution of T},_1¢ is that induced by the free field in ¢,,; consequently,
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the conditional distribution of ¢ z2m). is that of the free field in ¢, restricted to
(K?2m)¢. Indeed, the measure induced on (7™, ¢) is simply
n(y)—1
la(y, @)dp " (Y™ )dpie " (9)
q=0

(recall that p — Z;é Ly(v,¢) is a discrete time martingale for fixed ¢). Then,

reasoning as above (with n — 1 replacing pg), one gets the expression:

d(T, 1) ¥ d(T,) T (|Trs19)
l — o nmlen i1
qgo 100 = T, 11 d(T,)o 5 (|Tr10)

and then one integrates out successively Too, ..., T, _2¢.

The construction depends on a small parameter 7, which we now take to be 0.
The sequence of paired measures L. pSPE @ uEF has fixed marginals, hence is tight.
Thus there exists a subsequential limit ©, which is again a coupling of uSME, pFF.

To phrase properties of the coupling, we need to introduce filtrations. First,
(FPLE)i>0 is the filtration generated by the SLE strand. The time scale is arbitrary
and the discussion here is invariant under bicontinuous progressive time change
(under which the class of stopping times is invariant). A possible time scale is the
half-plane capacity of ¥ ("), where v is some conformal equivalence D — H.

Recall that for the free field, we defined F5¥ = o ({4, fr2)fece ) for U an
open subset of D, and FEF' = No-xk }"EF for K closed. The set of open subsets
of D is partially ordered for inclusion, so we can think of (F}/")y as a filtration
with partially ordered index set (plainly, U C V implies F5,¥' € F5¥). We can now
state:

(Th-19) (T:9)

0<r<n-—1

Theorem 6.4. Let uS"F, uf¥ be the distributions of an SLE and a free field in a
configuration ¢ with common partition functions. Then there exists a coupling © of

pSLE WEY which is mazimal in the following sense:

(1) For all FS“F_stopping times T, conditionally on FSVE the field restricted to
D\~ has distribution pi" .

(2) For all open sets U having the seed x of the SLE on its boundary (a con-
tinuous arc), the field restricted to D\ U is independent of the SLE stopped
upon exiting U conditionally on fgg. Equivalently, the SLE stopped upon
exiting U is independent of the field conditionally on the field restricted to
U.

Proof. The limiting arguments here are similar to those in Theorem 6 in [10]. Let
N \¢ 0 be a sequence along which Ln.ngE ® pET has a limit ©. For the first
statement, one can consider a probability space with sample (v, d, ¢1,..., ok, ...)
such that ¢ — ¢ a.s. (e.g. in the Fréchet topology of C§°(D)’) and the marginal
(v, %) has distribution L,, pS*F @ uE¥. Let us assume first that 47 is at a uniformly
bounded below distance of 0. Consider

n(k) = inf{n:7F > 1},

where the sequence of stopping times (7¥),, is from the definition of L, = L,,.

Then 7F = Tff(k) is a stopping time and 7% \, 7 a.s. Let ¢ > 0 be fixed. For k

large enough (viz. 3n; < €), conditionally on FEF, the field ¢y, restricted to the
connected component of D\ (7,)¢ having 0 on its boundary has the distribution
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of the free field in c,+ restricted to that set. One concludes by taking £ — oo and

then € N\, 0.
One obtains the second statement by applying the first statement to 7y =
inf{t : vy ¢ U} in conjunction with the Markov property of the free field. O

In the situation with several strands, one can rely on the local computation in
Lemma to reduce the problem to one strand.

Theorem 6.5. Let ySYF, uFY be the distributions of a system of m SLEs and a
free field in a configuration ¢ with common partition functions. Then there exists a
coupling © of uS*E, uF¥ such that:

(1) the marginals (y1,9), ..., (Ym,®) are mazimal couplings;
(2) the SLE strands v1,...,vm are independent conditionally on the field ¢.

One can obtain more general stopping statements (involving e.g. sequences of
stopping times for the different SLE strands), which are a bit heavy to formulate
and of no direct use here.

Proof. For n > 0, consider a coupling
Ly(7159) - - Ly (s )dp2 " (1) - - dp (v ) dpac ™ (),

where L} (vi,¢) is the density we considered above. The marginal distributions are
dpStE(v;) (SLE system restricted to the i-th strand, i = 1,...,m) and dutT(¢).
Moreover, the v;’s are independent conditionally on ¢, due to the split form of the
density for fixed ¢. As 1\, 0, the family of measures is tight.

Consider a sequence 7, \, 0 along which these couplings converge to a measure
© on (Y1,...,Ym,®). In particular, the distributions of the marginals (71, ¢), ...,
(Ym, @) converge. Then the limiting distributions of these paired marginals are
maximal couplings, as in the proof of the previous theorem. It is also clear that
the conditional independence of the SLE strands given the field is preserved in the
limit.

What remains to check is that under O, (v1,...,7m) is (jointly) distributed
according to 5. Consider disjoint crosscuts d;, i = 1,...,m separating z; (the
seed of the i-th SLE) from all other marked points; more precisely, D\ ¢; = L; U R;,
with x; € dL;. The i-th SLE is stopped at time 7;, when it comes within distance
€ > 0 of 6;. For i # j, 7, is independent from +; conditionally on ¢; besides,
~;* depends on ¢ only through its restriction to L;. Moreover, the restrictions
of the field in the L;’s are independent conditionally on the trace of the field on
0 = |J; 0;- Hence the 7"’s are independent given the trace T5¢. Since (v;, ¢) is a
maximal coupling, the joint distribution of (¢, T5¢) is that of the SLE stopped
at 7;, and conditionally on ~;*, ¢ is distributed as the field in ¢,,. This shows that
the distribution under © of (v{*,...,v ™, T5¢) is the same as the one in the local
coupling of Lemmal63] In particular, the joint distribution of (y7*,...,77m) is that
of the SLE system pS“F with the i-th strand stopped at ;. Since this is valid for

all crosscuts (d;) and all € > 0, the joint distribution of (vy1,...,7m,) under O is

indeed pSME. O

7. STOCHASTIC “DIFFERENTIAL’ EQUATIONS DRIVEN BY THE FREE FIELD

In order to build some intuition on the nature of the relationship between SLE
and the free field studied here, it appears rather convenient to draw an analogy with
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the standard theory of stochastic differential equations (SDEs) driven by (real)
Brownian motion (see e.g. [30]). However the free field/SLE situation does not
involve a stochastic calculus w.r.t. the free field. While the “pathwise” terminology
comes from the SDE situation, it should be understood as “fieldwise” in the present
context.

7.1. Definitions. Let us briefly recall the setup for stochastic differential equa-
tions. Let (X, B) be a pair of adapted processes in a probability space (£, F,P),
ai((X1)), be((X?)) progressively measurable functions of the process X. The SDE

reads: .

x= [ o (X*))dB, + [ v

A pair (X, B) is a solution of the SDE if B is an F-Brownian motion and the
relation is satisfied (given B and X, the RHS is defined as a stochastic integral).
It is a strong solution if moreover F is generated by B. There is uniqueness in law
if in all solutions (X, B), the marginal X has the same distribution, and pathwise
uniqueness if for any pair of solutions (X, B), (X', B) defined on a common filtered
space (with common driving BMs), the processes X, X’ are indistinguishable (a.s.
equal).

For simplicity, we restrict ourselves to the chordal case: a configuration ¢ =
(D, z,y) consists in a simply connected domain D with two marked points z,y on
the boundary.

Consider a filtration (Fy)y indexed by open neighbourhoods of = in D. An F-
free field is a free field such that F5¥ C Fy and ¢ restricted to D\ U is independent
of Fyy conditionally on Fij5. A stochastic Loewner chain K, starting from x is F-
adapted if K stopped at first exit of U is Fyy-measurable. We only consider Loewner
chains with continuous driving functions. Assume we are given an assignment

(Ks)o<s<t —> h((Ks)o<s<t),

where h is a harmonic function in Dy = D\ K;. (One may also consider the situation
where h is defined in D \ v 4, for a Loewner chain generated by a trace 7.)

We are interested in comparing the boundary values of h = h((K;)o<s<¢) and ¢
in Dy; the issue is that neither need be defined pointwise on dD;. One may proceed
as follows: consider a sequence 6, of closed, smooth curves converging to 9D, (e.g.
equipotentials seen from a bulk point). The §,,’s depend on the chain but not on
the field. Then one requires that the harmonic extension of the trace of the field
on 4, inside d,, (this is a.s. well defined) converges to h uniformly on compact sets
of D;. Plainly, this can be checked pathwise. A more compact (if less explicit)
formulation in terms of conditional expectation of the field is possible:

Lemma 7.1. Let ¢ be an F-free field, K. an F-adapted Loewner chain. Let (6,) be
a o(K?) measurable sequence of nested closed curves approzimating OK;. Then a.s.
conditionally on K!, the harmonic extension of Ts, ¢ inside ,, converges uniformly
on compact sets to E(¢|Dt‘]:gg,,); the conditional expectation of the field restricted
to D, given fggt.

Proof. The curve 6, splits D; into L,, (which has 9K! on its boundary) and R,.

A compact set C of D, is contained in R,, for n large enough. From the properties
of the field trace, hy, = E(¢\c|F[") = E(Pr,T5,9)|c. If m <n,

E|lhn = hanllZ2 () = EE(hm = hnl[Z2(0) | L))
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and the conditional expectation is constant, since ¢, is contained in R,. So we
can compute it for the free field in R,, with Dirichlet boundary conditions (so that
hy = 0). Thus:

—Eg, / / Pr,, (2, 2)(Ts,, 8)(x) Pr,, (y, 2)(Ts,, 8) ()i (2)dI () dA(2).
(6m)2 JC

This can be exactly evaluated by general Gaussian arguments. Under pk) , w =
T5,,¢ has covariance (Gr,)s,,. For a symmetric kernel B(z,y) = _, ; fz( ) i (y)
on (,,)?, one gets

e[, w@B@ @0 = 3 Er, /5 gl | gt

-3 [, G @ i a@a)
—TI‘Lz((;m)(BGRn).

This is valid for finite rank kernels, and by approximation applies to the trace class
kernel:

Blz.y) = /C Pr, (2, 2)Pr,, (4, 2)dA(2).

It follows that
B~ ullio FED) = [ [ P, 2)Gin 0,0 P, o, )0 dA)

In terms of path decompositions, this corresponds to a Brownian loop in R,, starting
and ending at z and decomposed w.r.t. its first and last visit to d,,. Given that the
transition kernels in R,, have uniform exponential decay and that as n — oo, the
transition kernel in R,,, converges uniformly to that of D; uniformly on C'xC %0, ],
it is easy to see that E(||hy, — hn”%?(C)) converges to 0 as m — oo, uniformly in
n > m. One can refine this (using e.g. the Harnack inequality to control derivatives
of the Poisson kernel) to get that for any k& > 0, E(||h,, — hn||§_[k(c)) converges
to 0 as m — oo, uniformly in n > m. It follows that (h,,) converges a.s. in any
H*(C), and consequently (Sobolev imbedding) converges uniformly in C (i.e. in
(Co(C); I]ls0))-

From the free field Markov property, we have h= E(¢|¢| aDt) E(¢iclF, tuaD)

By definition of F&'F on closed sets, we have ‘FKtUBD =N ]-'Lf For any m > 0,
we have

h=E(dic| n FL) = EE($c|FL, ) Nn FL,) = E(hm| On FL)).-

Since lim,, hy, exists a.s. and is consequently ([, fgf)-measurable, we get that
h = lim,, h,,, which concludes the proof. O

n>0

Consider the following problem, given the data of h = h((K;)o<s<¢): find a prob-
ability space with filtration (Fy7)y on which are defined a field ¢ and a stochastic
Loewner chain (/;);>o such that:

(1) ¢ is an F-free field,
(2) (K.)is F-adapted,
(3) for all t > 0, E(¢|p,|F5p,) = h((K")).
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This imposes some compatibility conditions on A under stopping of the Loewner
chain: if s <, hy = h((K?®)) and hy = h((K")) agree on D, in the sense that if
(0, is a sequence of closed curves approaching 9Dy, the harmonic extension of the
restriction of h; to d,, converges to hgs locally uniformly in D,;. Under continuity
assumptions (as in Lemmal[5.)), it is enough to check the condition E(¢|p,|F5p,) =
h((K?")) for a countable dense set of times {t;}.

By analogy with the SDE framework, one can state:

Definition 7.2. The stochastic equation

E(¢ip,|F5D,) = h((K!)) Vt=0

has a solution if there exists a filtered probability space (2, F, (Fir), P) on which are
defined an F -free field ¢ and an F -adapted stochastic Loewner chain K satisfying
the equation.

The solution is strong if moreover F, = F¥Y.

There is uniqueness in law if for any two solutlons (¢, K), (¢, K'), the marginal
distributions of the Loewner chain are identical.

There is pathwise uniqueness if for any filtered space on which are defined a field
¢ and two chains K, K such that (¢, K) and (¢, K) are solutions, the Loewner
chains are a.s. equal.

Note that a strong solution is a measurable function of the underlying field; this
function is uniquely defined (a.e.) if we also have pathwise uniqueness. Pathwise
uniqueness combined with existence of weak solutions entails existence of strong
solutions. Moreover the characterizing stochastic equation is of a local nature.

7.2. Existence and uniqueness in law. We have considered different types of
boundary conditions, in particular chordal (a,b) boundary conditions in a configu-
ration ¢ = (D, x,y). This defines an assignment h, , = hq p(K"), provided that the
domain D is regular enough (C*') around y and stopped chains K! stay away from

Y.

Theorem 7.3. Let k >0, a =+ ﬂ—QK, b=a(l—1%). Then the stochastic equation
in (o, K.):
E(¢p,[F5p,) = hap((KL)) ¥t =0

has a solution. It is unique in law and distributed as chordal SLE, in (D, x,y).

Proof. Existence. Take a maximal coupling of a free field with (a,b) boundary
conditions and a chordal SLE, in ¢, which exists by Theorem Define Fy =
FoLE v FEF, where 7y is the time of first exit of U by the SLE. By definition, the
SLE is F-adapted; and ¢ is an F-free field by Theorem Besides, for a time t,
@ p, is distributed as an (a, b) free field in D; conditionally on Fyp,. It follows that

E(dp, | F50,) = hap((K!)) is a.s. satisfied at t; consequently it is a.s. satisfied for
t in a dense countable set of times {¢;}. It is then easy to see that the equation is
satisfied for all times, a.s.

Uniqueness. We reason as in Lemma [G.] in reverse (a standard argument, see
e.g. [24]). Consider a solution (¢, K,), with filtration F; denote G; = Fk,. By the
Markov property of the field, the distribution of ¢ p, conditionally on G, is that of
a free field in D; with mean h; = h,,(K"). Consequently, if f € C§°(D) is a test
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function and 7 = inf{t > 0 : dist(K?, supp(f)) < &}, we have:

Min déf E(<¢, f>L2|gt/\7—) = <ht/\'r7 f>L2

and M is by construction a bounded G-martingale, and is continuous (the Loewner
chain is also assumed to be generated by a continuous process). For simplicity,
map (D,z,y) to (H,0,00). Then h, is a martingale taking values in the space
of harmonic functions in a neighbourhood of infinity (the boundary condition is
local, hence it is fixed in a neighbourhood of infinity). The harmonic conjugation
(with condition h*(co) = 0) is a linear operation. Consequently, (h 4 ih*)¢(z) is
a complex-valued martingale for z in a neighbourhood of y = oco. With the usual
notation, this means that if Z; = g¢(z) — W4, then

my(z) = —alog(Z;) — blog g;(z)

is a martingale (bounded if stopped upon exiting D(0, M), |z| > M). Since
t 2ds

log g;(2) = — |, %=, we have
t
_ 2ds
Zy = exp(—a 1(mt(Z) + b/ —2))
0 Zs
so that Z is a semimartingale; then Wy = —Z; + 2z + fot QZiS is also a semimartingale.

Thus one can write dW; = o,dB; + db; plugging this back in

a (2 a 2b
—d =—|=dt—dW; | — —d(W —dt
mi(z) = 7 (Zt t) 272Xt 72
evaluated at two distinct z points, one gets oy = \/k and db; = 0. Thus the Loewner
chain is distributed as chordal SLE,. [l

We restricted to the chordal case for simplicity; however it is clear that the
result applies whenever an identity of partition functions as in Theorem holds.
Following the discussion at the end of Section 6.1, it also applies when the SLE
strand is absolutely continuous w.r.t. an SLE.(p~, pT), p* > —2, near its start at
T =x=at.

7.3. Pathwise uniqueness. In this subsection, we are considering the question
of pathwise uniqueness in the chordal case for general x > 0. Pathwise uniqueness
combined with the already established existence of weak solutions implies existence
of strong solutions (in which the SLE path is a function of the field).

The general strategy consists in starting from a weak solution (¢, K') to construct
a triplet (K, ¢, K), where K is a dual SLE path (or collection of such paths) such
that K, K are independent conditionally on the field and K determines K. This
implies that K is actually a strong solution. Moreover, if K, K are two weak
solutions defined on the same probability space (common field), then K, K are
equal since they are determined by the common auxiliary K ; this yields pathwise
uniqueness.

The construction of the auxiliary path (or collection of paths) depends on x; we
will consider separately the cases k =4, Kk <4, k> 8,4 < K < 8.

Case Kk = 4. In the cases k = 4,8, the corresponding free field boundary condi-
tions have symmetries compatible with reversibility. We now exploit this fact, in
conjunction with the simplicity of the trace, for k = 4.
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We have already proved the existence of a solution. It is enough to prove that
if (¢, K), (¢, K) are two solutions defined on the same filtered space, then K = K.
This implies in particular that all solutions are strong (as in the case of SDEs).

To be able to use densities, we prove a different version. Namely, consider a
solution (¢, K) of the problem in (D, x,) ((a,0) boundary conditions) and (¢, K)
a solution in (D,y,z) ((—a,0) boundary conditions), coupled so that the fields
agree (they have the same boundary conditions) and the chains are independent
conditionally on the field. Then we claim that K, K have the same range. As
these are simple paths, this determines the chain completely. Applying this result
twice (take (¢, K) to be a solution of the problem in (D,y,z), independent of
K, K conditionally on ¢; then K and K are the reverse of K ), one gets pathwise
uniqueness.

Hence we consider a triplet (K, ¢, K) such that (K, ¢), (¢, K) are solutions in
(D,x,y), (D,y,x), respectively, and K, K are independent conditionally on ¢. We
reason now as in Theorem Consider a crosscut 0 splitting D in L, R (x on
the boundary of L, y on the boundary of R). The chains K, K are stopped at 7,7
when they come within a distance € > 0 of the crosscut §. Then K7 is independent
of FEF conditionally on }'f FoOR7 s independent of FL¥ conditionally on }'g F
K7 is independent of K7 conditionally on the field; FEY, ]-'IF%F are independent
conditionally on ]-'5FF. It follows that K7, K7 are independent conditionally on
FEF,

Besides, the marginal distributions of (K7, T5¢), (IA{f, Ts¢) are fixed:

dpS B (KT)d(Ts) uEF (T5 )

and symmetrically for (K'%, Ts). The joint distribution of (K, Tj¢, KT) is thus

d(Ts)wper d(Ts)wpef

W( 59) - W(Tm) dpSYE (KT dpSYE (K7 d(Ts) o pi5F (T ).

To obtain the joint distribution of (K7, [A(%), one integrates out Ty¢; as in Lemma
[6.3] this yields the joint distribution

" (KT)dpg P (K7) = dpd® (K7)dugt " (K7),
i.e. the same distribution as when K is the reverse of K. Since this holds for all

crosscuts ¢ and all € > 0, it is easy to see that in this coupling, K is the reverse of
K.

Case k € (0,4). When k ¢ {4,8}, the coupling of the free field and chordal SLE
is not compatible with SLE reversibility (at least, not in an obvious way). But it
is still compatible with some duality identities (e.g. [10], in particular Proposition
10), which will be enough for our purposes.

So consider a solution (K, ¢) of the stochastic equation relative to (a, b) boundary

conditions, a = +1/2, b = a(l — £) in a domain (D, z,y). It is clearer to begin
with a regular version with additional marked points: in (D, 21, z, 22,y) (marked
points in this order on the boundary), consider (a,b) boundary conditions with

a = \/"%, \/22?, 2%. Via Theorem 53] this corresponds to an SLE.(p1, p2)

from z to y in (D, x, 21, 22,y) (p1 = (k—4) at z1, p2 = (k—4)/2 at z5). Eventually,
21, 29 will collapse on y, yielding simply chordal SLE,.
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The parameters are chosen so that there is a dual chain K, which is an
SLE;(p1, p2) from y to x, & = 16/k, p1 = & — 4, pa = (k — 4)/2, with the same
partition function. For instance,

k—4 B A—4
V21K V2TR

so that the fields associated to K, K share the same boundary conditions, up to a
global sign.

Given a weak solution (K, ¢), one can thus construct a triplet (K, ¢, K), where
K is independent of K conditionally on the field and (K, ¢) is a solution of the dual
equation. We study the joint distribution (K, K ). Consider two disjoint crosscuts
01,02 disconnecting x (resp. y) from other marked points; the chains K, K are
stopped at 7,7 when they come within distance ¢ > 0 of § = §; U d2. Arguing
as in the kK = 4 case, we see that K7, K™ are independent conditionally on Tj¢,
and consequently the distribution of the triplet (K7, T5¢, K ™) is as in Lemma [6.3
Integrating out T5¢ shows that (K, K ) is a maximal coupling of K, K. In such a
coupling ([I0], Proposition 10), K (stopped when it hits the boundary arc (z2,21))
is the (say, left) boundary of the range of K (stopped when it hits (z1,22) at z).
Thus K is determined by K; one concludes as in the x = 4 case.

Case k > 8. The argument here is best understood in terms of Uniform Spanning
Trees (UST). Chordal SLEg is the scaling limit of the Peano path of a UST with
Dirichlet/Neumann boundary conditions, [24]. The auxiliary object K we are using
is an arbitrarily fine subtree (and dual subtree) with finitely many branches that
are SLEs-type curves.

The following lemma provides path decompositions for some versions of SLE,,
k > 8 (notice that the statements are simpler in the case k = 8).

Lemma 7.4. In a configuration ¢ = (D, x,21,y, 22), consider an SLE.(p) chain
K, k>8,p=1%5—4,2,5—4at z1,y, 22 (x,21,y, 22 in this order on the boﬂndary),
coupled with a free field ¢; let . be the law of that SLE. Let z be a point on the
boundary arc (xy), D, the random subdomain swallowed when the trace hits z, K
the boundary arc 0D; N D; D, = D\ Dy; the endpoints of K are z and a random
point z' on (yx). The dual path K is determined by the field, and the restrictions of
(K, ) to Dy, D,, respectively, are independent conditionally on K. The marginal
distributions are (k = 16/k):

(1) If z € (x,21), then K is an SLEx(p) starting from z in D, p = —E k-

2, —%, k-2, —%,% — 2 at 2%, 21,y, 22, %, 27 (in this order), stopped when

it hits (yz). If z € (21,y), then K is an SLEx(p) starting from z in D,

p=75—2,—5k—2, —%, k-2, —% at 2%y, z0,w, 21,2~ (in this order).
(2) Conditionally on K, K™ has distribution le, tn the configuration ¢; =
(D, =x,21 =21 N2,§=2,20 =20 \N2',Z =2) (the boundary arcs (xy),
(yx) are ordered from x to y).
(3) Conditionally on K, K after T, has distribution p.,. in the configuration

¢r=Dpi=x,21=21Vz2,§=2,20=2V2 Z2=2).



SLE AND THE FREE FIELD: PARTITION FUNCTIONS AND COUPLINGS 1045

Proof. Given a solution (K, ¢) in the configuration ¢, consider a solution (K, $) of
the dual problem, as summarized in Tables [I} @ depending on the position of z; K
is taken to be independent of K conditionally on the field.

TABLE 1. z € (z,21)

8
I8

|

I8
I8

+

IS
_
<
0
[ V)

=

ISIE IR
=

SIS
SIS

=z

[T
|
[N}
|

B

In the tables, entries in a row are p parameters, except [k], which designates the
starting point of the SLE, under consideration. Reasoning as in the case k = 4 (see
Lemma [63]), we see that (K, K ) is a maximal coupling. The p coefficients at z*
are chosen so that K is the boundary of K stopped when it hits z; this is a duality
identity of the type considered in [I0], [41]. Since K is determined by K and is
independent of it conditionally on ¢, it is determined by ¢. The situation in ¢, is
the same as in ¢, by the Markov property and the fact that (K, ¢) is a solution.

The chain K stays in D; until it reaches z at time 7,. We have to determine
the distribution of K up to 7, conditionally on K. By construction, (K, ¢) and
(k , @) are solutions of dual problems in D. By Lemma 5] (as K gets closer to its
random endpoint z), conditionally on K, ¢ restricted to D is a free field with (a,b)
boundary conditions, with jumps at z,21 A 2,22 A 2/, 2 (the jumps at 2%,y in D
agglomerate in a jump at z’).

The fact that (K, ¢) is a solution in D is a pathwise, local condition (Lemma [7.T]).
It follows that (K™=, ¢p,) is a solution in D;. Uniqueness in law then determines
the distribution of K™ conditionally on K. O

One can use the previous lemma to reconstruct a chordal SLE,, x > 8 from its
dual branches as follows (see also [35] for related considerations).

Start from a chordal SLE,; in a domain (D, x,y) coupled with a free field; pick a
point z on the boundary. This is a particular case of Lemma [[4] with z; = y = 2».
The branch K starting from z is determined by the field; it splits D into D;, D,.. In
Dy, the branch K, starting from 2’ is determined by the restricted field; similarly,
KT is the branch starting from 2’ in D,.. The branch Kl splits D; into Dy; and Dy,..
Recursively, every subdomain is dissected in two by a branch determined by the
field (see Figure B]). All the branches are boundary arcs of the chain K at some

time, and the cells are visited in a prescribed order (e.g. at level 2, Dy, Dy, Dy,
D,,).
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=

FIGURE 3. Tterative splitting of a domain by dual arcs (k > 8)

We can extract information on K from the field in this form of the branches K.
We need to prove that all the information on K can be obtained by this countable
set of branches; informally, the splitting procedure yields information on K at
arbitrarily small scales, everywhere in D.

Lemma 7.5. Let wy,ws be distinct interior points of D. In the iterative splitting
of (D, z,y), w1 and we are eventually in distinct cells a.s.

Proof. Without loss of generality, assume that D is bounded with, say, Jordan
boundary. Assume by contradiction that wi,wy are in the same cell at any level of
the splitting. Note that a.s. they are not on any branch K (such branches have zero
Lebesgue measure). The splitting starts from z = zp in (ay) (distinct from x,y).
The endpoint of the first branch is z1; at the next level, the cell containing w1y, wy is
dissected by a branch from z; to some z5, and so on. The branches Kn from z,, to
zn+1 are simple and disjoint except at their endpoints, and of “alternating colors”
(i.e. alternately left and right boundary arcs of K).

There are two possibilities: either the concatenation of the K,, contains infinitely
many simple disjoint cycles circling around w1y, ws, or eventually the successive cells
containing wi,ws have a common boundary point, and the K, are arranged in a
zigzag.

In the first case, the diameter of each simple cycle circling around wq,wsy is
bounded away from 0. All the points on these cycles are visited by the trace in a
prescribed order. This contradicts the continuity of the trace of K ([311 24]).

In the second case, consider the harmonic measure h,, of the branch K, in the
cell D,,, seen from wy or wy. Then (hay), and (hopt1), are eventually increasing
(and never zero), hence bounded away from 0. Since the harmonic measure of the
connected set Kn is bounded away from 0 seen from two distinct points wq, wo, the
diameter of K, is also bounded away from 0; one concludes the proof as in the first
case. O

One can now conclude that in a solution (K, ¢), the chain K is determined by
the field. Indeed, the splitting of the domain is determined by the field. Enumerate
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a dense sequence of points w,, in D; they are hit by K at times 7,,, which constitute
a dense sequence of stopping times. Enumerate also the cells of the splitting at all
levels; let o,, be the random time at which the trace enters the m-th cell, which
it does at a point x,, determined by the field. By the previous lemma, for i # j,
the times 7;, 7; are a.s. separated by a random time o,,. Hence the family of times
o, 18 a.s. dense. The position of the continuous trace of K is prescribed on an a.s.
dense set of times. Thus we get pathwise uniqueness of the solution K.

Case k € (4,8). The argument is similar to the case x > 8; however, a bit more is
involved. Again, the SLE trace can be recovered from a tree of dual arcs which is
independent conditionally of the field.

We begin with a path decomposition, analogous to Lemma [[.4} the formal com-
mutation identities are the same, but the geometry of the paths is different. Recall
in particular that for x € (4,8), the SLE develops cutpoints ([3, [§]). Hence the
complement of the boundary of the SLE hull stopped at a finite time has countably
many connected components (rather than just two in the k > 8 case).

Lemma 7.6. In a configuration ¢ = (D, x, z1,y, 22), consider an SLE,(p) chain K,
k€ (4,8),p=5-4,25—4atz1,y, 22 (x,21,y, 22 in this order on the boundary),
coupled with a free field ¢; let . be the law of that SLE. Let z be a point on the
boundary arc (zy); let D, = D\ K., be a random simply connected subdomain,
K =0D,ND. Let K be a solution of the dual problem starting from z (see Tables
[0, 2), independent of K conditionally on the field, stopped when it hits (yx) at 2’; its
last visit on (zy) before hitting (ya) is at z”. Conditionally on K, the restrictions
of K to different connected components of D\ K are independent.

(1) If z € (z,21), then K is the first excursion of K from (xy) to (yx). Let D,
be the component ofD\f( with x on its boundary. Conditionally on K, K™
in Dy has distribution p.,, where ¢; = (Dy, @, 2, 2,20 N 2'), stopped when it
hits 2", After T, the distribution of K is pic, , ¢, = (Dy, 2", 21,y,2" V 23).

(2) Ifz € (21,9), then K = K. Let D; = D\D,., D the connected component of
D; with x on its boundary. Conditionally on K, the distribution of K™ is
te; i cp = (D, x,21,2", 22 N2'); the distribution of K in another connected
component D} of Dy corresponding to an excursion of K fromy" to " on
(zy) is peyr, f = (D, 2", 2", y" "), After 7., the distribution of K is
e,y Cr = (Dypyz,2,y,2' V 22).

Proof. The general argument is as in Lemma [[.4] based on the same commutation
relations (Tables [ ), the difference being in the geometric interpretation.

In the case z € (z,2), consider K to be a solution of the dual problem (Table
), independent of K conditionally on the field. The path K hits (zy) between z
and z; (and not in (zz) or (z1y)) before it first hits (yx) at 2/, where it is stopped.
Then Lemma shows that (K, K ) is a maximal coupling in the sense of [10], for
K stopped at 7., and K stopped at 7.

For any stopping time 7 for K less than 7./, stop K the first time it hits K7 or
disconnect it from y. Given the values of the p parameters, it can hit K* only at
the tip K»; if it does not, the path K goes back to (zy) at the point hit by K at
the disconnection time. Hence any point of K on the first excursion K from (zy) to
(yx) is on K, while points on excursions of K from () to (xy) are not. Moreover,
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K can hit K only on its right boundary. Reasoning as e.g. in [I0], one concludes
that the right boundary of K7 is the first excursion of K from (zy) to (yz).

Given that (k , @) is a solution, conditionally on K, ¢ restricted to different
connected components of D\ K is a free field with prescribed (a, b)-type boundary
conditions. Since (K, ¢) is also a solution, and this is a local property (Lemma
[Z1)), this determines the distribution of K in the connected components of D \ K
it visits.

The case z € (z1,z) is similar (and simpler). There (see Table @), K hits (xy)
between z; and z (and not in (xz) or (zy)) before it first hits (yz) at z’, where
it is stopped. The chain hits z a.s.; the right boundary K of K™ intersects (zy)
between z; and z. Reasoning as before, we see that (K, K ) is a maximal coupling
for K stopped at 7, and K stopped at 7./; given the choice of parameters, this
implies that K = K. O

As in the k > 8 case, this path decomposition result can be used recursively to
describe a chordal SLE, by a collection of dual paths determined by the field.

|
|
|
|
- T T =

FIGURE 4. Tterative splitting of a domain by dual arcs (k € (4,8))

We note that in this context it is rather natural to consider not simply chordal
SLE,, but a fuller version, such as branching SLE,, ([4, 35]).

Let us start with a chordal SLE, in (D, z,y), 4 < k < 8, coupled with a free field
¢; pick a point z on (ay). This is the situation of Lemma[[.6l with z; = y = z5. The
original domain D is split in subdomains by K the trace of K is contained in D,
D,.. The distribution of (K, ¢) in these subdomains is of the general type considered
in Lemmal[7.6l and we can take 2z’ to play the role of z. Cells intersecting K are split
recursively. Note that when case 2 of Lemma [L.6] applies, one gets countably many
subcells (and new marked points have to be picked in these cells). The collection
of dual branches thus produced is independent of K conditionally on the field.

There remains to check that points separated by the trace of K are also separated
by the dual branches. For this purpose, it seems practical to use a slightly different
subdivision scheme. One proceeds as described above; the difference being that
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when case 1 in Lemma [7.6] applies, one takes 2z’ (rather than 2’) as the new marked
point in D;. Also, one does not further divide cells, the interiors of which are not
visited by the trace of K (these are determined by the tree structure). This ensures
that the successive arcs K are boundary arcs of the original SLE, (rather than
some branching version of it).

Consider w1, wo distinct points of D. If at some level n, there is a cell containing
both wq,ws which is not further divided, this means that wi,ws are swallowed at
the same time by K. Reasoning as in Lemma [I.5] shows that w;,ws cannot both
belong to cells in an infinite strictly decreasing sequence, as that would violate the
continuity of the trace of K. Therefore points wi, wo that are swallowed at distinct
times by the trace are separated by the collection of dual arcs constructed above.
For (wy,) a dense sequence of points in D, the sequence of stopping times (7, ) is
a.s. dense, and one concludes the proof as in the case k > 8.

By considering successively the cases k = 4, k € (0,4), k € [8,00), k € (4,8), we
have established the following theorem:

Theorem 7.7. Let £ >0, a = +,/2, b=a(l—%). Then the stochastic equation
in (¢, K.):

E(¢1p,|F5D,) = has((K!)) Vt=0
has a strong solution. It is pathwise unique and distributed as chordal SLE, in
(D, z,y).

The boundary condition for the field involves the embedding of the domain in the
plane. From pathwise uniqueness, one can deduce the following covariance result:

Corollary 7.8. Let ¢ : (D,z,y) — (D,%,§) be an equivalence of configuration.
Let (K, ¢), (K, ) be solutions of the equation as in Theorem [ If the fields are
coupled so that

¢=¢oy —bargy/,

then v(K,) = K. a.s., up to time parameterization.

Note that 1 is in particular a diffeomorphism, hence operates on distributions,
which is what is meant by o.

Proof. This follows immediately from pathwise uniqueness and the fact that both
members of the equation in Theorem [l have the same covariance rule. O

The use of the chordal model is essentially conventional and chosen for simplicity.
However we observe that existence of strong solutions and pathwise uniqueness are
local properties; hence they hold in more general settings.

To illustrate this, consider the following situation. Let D be a planar simply
connected domain. Points z1,...,x,, are marked on the boundary, and a point y

is marked in the bulk. (One could mark more points in the bulk.) Consider a field
with (a,b) boundary conditions, where k > 0, a1 = :I:,/TF—Q,'€7 b=a(1—-1%). Let 0

be the smallest boundary arc containing all marked points except x1. Then:
Corollary 7.9. The stochastic equation in (¢, K.):
E(¢/p,|Fob,) = hap((K!)) Yt =0

on chains stopped when they first hit 0 U {y} or disconnect y has a strong solution.
It is pathwise unique and distributed as SLE(Z45) in (D, x,y).
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The partition function Z,; is as in Theorem The resulting SLE is a radial
SLE,(p) (one can also omit y to get a chordal SLE,(p)).

Proof. Let U be a subdomain of D having on its boundary an arc of D containing
x1; assume also that U is simply connected and at a positive distance from other
marked points.

Consider a solution (K, ¢) of the stochastic equation with (a,b) boundary con-
ditions and restrict it to (K™, ¢ ) (where 7 is the time of first exit of U by
K). One can construct a solution (K, (5) of the chordal problem in (D, z1,25) by
dMFaF,b
d“%;,bi
formula) to the restricted pair (K7, ¢|;) and extending it to a solution of the
chordal problem in D\ K™ (by Theorem [T3]).

Considering two solutions (K1, ¢), (K2, ¢), one can similarly extend them (after
i for the chain, outside of U for the field) to solutions (K1, ), (Ka,®) of the
chordal problem in (D,x7,z5). Pathwise uniqueness holds for that problem, so
that K, K, are a.s. equal. Since K;, K; agree before 7 and the measures are
mutually absolutely continuous, it follows that K, Ko agree a.s. before 7.

By considering a countable set of such U’s, it follows that K;, Ko agree a.s.
until they hit 0 U {y} or disconnect y. Thus we have pathwise uniqueness. The
distribution of the solution was identified in Theorem O

applying the density of

(¢jr) (such a density exists by the Cameron-Martin

8. SOME CONSEQUENCES

In this section we gather some consequences of the previous constructions. We
first describe a continuous version of Temperley’s bijection. Some path decomposi-
tions of SLE are then listed.

8.1. Temperley’s bijection in the continuum. In [I6, [I7], Kenyon proves the
convergence of the height function of a domino tiling in a simply connected Jordan
domain with smooth boundary to the massless free field; the boundary condition

is of (a,b) type, with b = %.@, which is coherent with the expression b = + Ks_ni

for k € {2,8}. The jump (a = —27b) is at a marked boundary point corresponding
to the root of the associated spanning tree.

In the discrete setting, there is a bijection between height functions (satisfying
appropriate local conditions) and spanning trees. The goal here is to prove that
the correspondence still holds in the continuum, i.e. the tree can be recovered from
the field and vice versa.

The notion of scaling limit of a uniform spanning tree is analyzed in [32]. In
[24], Lawler, Schramm and Werner prove convergence of the Peano path of a UST
to SLEg for appropriate boundary conditions. The approach here will be closer to

the one in [32].
Start from a free field ¢ in (D, z) with (a,b) boundary conditions, D a simply
connected domain (say with smooth Jordan boundary), b = ﬁ, a = —2mb. Pick a

boundary point z € 9D distinct from x. Take a path  coupled with the field which
is an SLEy(—1, —1) started at 2,27, 2T, aiming at z. There is pathwise uniqueness
in this situation, since this is a local property (as in Corollary [[9) and one can
reason from the duality identities as in Table [Tl

This splits the original domain D into two subdomains D, D,.. Pick another
boundary point z;, 2z, in each of these domains, distinct from all marked points.
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Then Dy, D, can be split iteratively as in the proof of pathwise uniqueness for
k > 8 (see Figure Bl). The branches obtained in this fashion determine the scaling
limit of the tree (either in the Peano path or collection of branches formalism).

Conversely, assume given the tree, in the form of the countable collection of
branches described above (this can be deduced from the limiting objects considered
in [32,24]). Let ¢g be the mean of the field with (a, b) boundary conditions as above,
a harmonic function in D. At level 1, the domain D is split in Dy, D,. by a curve +.
Let ¢1 be the function which is harmonic in Dy, D, with (g, b) boundary conditions
as in Lemma [[4 if 7 is coupled with a field ¢ as above, ¢ = E(¢|vy). The function
¢, is defined recursively by the tree at level n; it is harmonic on the complement
of the branches; in a coupling with the a free field ¢, it is the expected value of the
field conditionally on the tree at level n. For two nested cells D,, C D,, at levels
n > m with a common boundary arc, ¢,, — ¢, converges to zero (e.g. in the sense
of Lemma [[]]) at the common boundary arc. This fixes the offset of ¢,, in cells
with rough boundaries.

This defines from the continuous tree a sequence of a.e. harmonic functions
¢n. The point is to prove that this converges to a free field. Let ¢ be a free field
coupled with the tree as above, so that ¢,, is the expected value of the field given
the branches at level < n. Let F,, be the o-algebra generated by the tree at level n
and G,, be the Green kernel in the complement of the tree at level n, with Dirichlet
boundary conditions. Then if f € C5°(D),

E((¢ — ¢n, f)?) = E(E((¢ — ¢, f)?|Fn)) = ]E(/m f(@)Gn(z,y) f(y)dA(z)dA(y)).

Notice that G, (z,y) is nonnegative and decreasing in n for fixed z,y (domain
monotonicity). Moreover, by Lemma [[8 G, (x,y) = 0 eventually for fixed x #
y. It follows that (¢ — ¢, f) converges to 0 in L2. This implies that (¢, f) is
Foo = 0(Fi,Fa,...)-measurable. As this holds for all f € C§°(D), ¢ itself is
Foo-measurable.

Note that there is a similar correspondence between fields and chordal SLE for
any £ > 8. For k € (4,8), the data of one chordal SLE path is not sufficient
to reconstruct the field; it can be expected that reconstruction is possible from a
“fuller” version, such as branching SLE,; ([4, [35]), with similar arguments.

8.2. Strong duality identities. Duality for SLE, conjectured by Duplantier,
states that boundary arcs of SLE,, k > 4, can be described as (versions of) SLEz,
k = 16/k. Various such identities are established in [10, 41]. In [6], “strong” du-
ality identities are conjectured; these bear on the joint distribution of an SLE,
and its boundary (rather than just the marginal distribution of the boundary) and
are based on computations that can be understood in terms of partition function
identities.

We note that such identities have been established en route to proving path-
wise uniqueness in the k > 8, k € (4,8) cases. For clarity, let us make separate
statements for the two cases. Many variants are possible.

Proposition 8.1. Consider K to be a chordal SLE, from 0 to oo in H, 7, the time
at which x > 0 is swallowed (k >4, i = 16/k).

(1) If k > 8, let K = OK, NH, Dy the connected component of H\ K that has
0 on its boundary. Then K is an SLEz(p) from x to infinity stopped upon
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hitting R™ aty, p = —%, g -2, —% at 0,2, 2. Conditionally on K, K=
is distributed as an SLE,(p) from 0 to x in Dy, p= 4§ —4 at y.

(2) If k € (4,8), let K be the boundary arc of K straddling z; let d be its
right endpoint, and let Do be the connected component of H '\ K that has
0,00 on its boundary. Conditionally on d, K is an SLEz(p) from d to

infinity stopped upon hitting (0,z) at g, p = —%,k — 4,k — 2 at 0,2,d"
Conditionally on K, K™ is distributed as an SLEH(_) from 0 to oo in Do,
p=74%—4,5—4 atg,d, stopped when it hits d.

Proof. The case k > 8 is part of the pathwise uniqueness proof. Let us briefly
discuss the modification for the case € (4,8). Conditionally on d, K is an SLE,(p),
p =k —4,—4 at x,d. The relevant parameters are summarized in Table Bl One

TABLE 3. Strong duality - one sided

d dr

jen}
8
8

&
BN
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NIES
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can couple K, under the conditional measure and stopped at 7., with a free field.
Taking K to be a solution of the dual problem with the same field, starting from d
and stopped when it hits (0, z), we see reasoning as before that K is the boundary
arc of K straddling z (see Theorem 1 in [10]). This gives the conditional distribution
of the field in Dy. Considering K™ in Dy shows that it is a solution of a stochastic
equation there (since this is a local condition, see Lemma [1]), which determines
its distribution by weak uniqueness. O

Similarly, one can consider two-sided situations, i.e. versions of SLE, conditioned
on both left and right boundary arcs. In [8], properties of SLE.(p) in (D,z,y),
p=rK—4,Kk—4at 27, z7 are studied; in particular, for k € (4,8), it is a chain of
iid “beads”. We will now briefly discuss how to identify the distribution of these
beads conditionally on their boundary.

The relevant system of commuting SLEs is summarized in Table @ Consider

TABLE 4. Strong duality - two sided

e | x|ty |y |yt
k—4| [kl | k=4 -5 2 | =%
R—4| -5 k-4 [R |-5]| 2
F—d4|-51k-4 2 | -5 [&]

three chains K, K;, K, corresponding to the lines of Tabledcoupled with a common
field ¢. Reasoning on K, K shows that K is the left boundary of K; symmetrically,
K, is its right boundary. This entails pathwise uniqueness for K ls K, and the fact
that they do not cross (however they intersect at the cutpoints of K if x € (4, 8)).
This determines the distribution of the field right of K, and also the distribution
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K, limited to the c}omain r}ght of K. Consequently, one gets the distribution
the field between K; and K,, and finally theA disicribution of K in the domain
r chain of domains if k € (4,8)) delimited by K;, K. The conclusion is that the

distribution of K restricted to a bead D (between consecutive cutpoints X,Y of

K

) is that of an SLE.(p), from X to Y in D, p=1%5 —4,5 —4at X, X7,
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