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Abstract
Parametric down-conversion in a nonlinear crystal is a widely employed technique for generating
quadrature squeezed light with multiple modes, which finds applications in quantum metrology,
quantum information and communication. Here we study the generation of temporally
multimode femtosecond pulsed squeezed light in a synchronously pumped optical parametric
oscillator (SPOPO) operating below the oscillation threshold, while considering the presence of
non-compensated intracavity group-velocity dispersion. Based on the developed time-domain
model of the system, we show that the dispersion results in mode-dependent detuning of the
broadband supermodes of the pulsed parametric process from the cavity resonance due to
temporal Gouy phase, as well as linear coupling between these supermodes. With perturbation
theory up to the second order in the coupling coefficients between modes, we obtained a solution
for the amplitudes of multiple supermodes given an arbitrary sub-threshold pump level. The
dispersion affects the quantum state of the supermodes by influencing their squeezing level and the
rotation of the squeezing ellipse. It also affects the entanglement among the supermodes, leading to
reduced suppression of shot noise level as measured in the balanced homodyne detection scheme.
Furthermore, our study highlights the potential of SPOPO with group-velocity dispersion as a
testbench for experimental investigations of multimode effects in linearly evanescent coupled
parametric oscillators.

1. Introduction

Multimode squeezed light [1] is an essential resource for quantum networks [2, 3], boson sampling [4, 5],
and optical quantum computation with continuous variables [6, 7]. Additionally, it offers significant
advancements in quantum metrology [8–10], timing measurement [11], quantum magnetometry [12, 13]
and particularly, in gravitational wave detection [14–16].

Parametric down-conversion (PDC) is a highly versatile and widely-utilized method for generating
squeezed light in a variety of configurations and regimes. These include continuous or pulsed regimes, as
well as different setups such as optical parametric oscillators with cavity configurations, nonlinear
waveguides, integrated optics, multimode fibers, and more [17, 18]. The use of different configurations
allows for control over the spatio-temporal characteristics and mode structure of the generated squeezed
light [19–23]. This provides flexibility in tailoring the properties of squeezed light to suit specific applications
and experimental requirements.

It has been shown theoretically and experimentally that a synchronously pumped optical parametric
oscillator (SPOPO) generates a quantum squeezed light with multiple time-frequency modes [24, 25]. In the
time domain, the generated light exhibits a regular train of femtosecond correlated pulses. Each pulse is
composed of a set of broadband supermodes, with each supermode being in a quantum independent
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squeezed state. In the frequency domain, the generated light manifests as a set of frequency combs, with each
comb also being in a quantum independent squeezed state. This type of light possesses unique properties
that make it highly attractive for a wide range of applications. One of the applications that takes advantage of
the temporal characteristics of short optical pulses with reduced quantum noise is the quantum
improvement of time transfer between remote clocks [26, 27]. Another application is the quantum-enhanced
measurement of the central frequency, mean energy, and spectral bandwidth of a light field [28].
Furthermore, the presence of thousands of quantum correlated frequency modes in the generated light can
serve as a resource for generating cluster states, which are essential for all-optical multiplexed
measurement-based quantum computing [29, 30] and quantum networks [31–33].

Understanding the details of light generation in SPOPO is crucial for controlling the characteristics of the
generated light, improving the level of squeezing, and controlling the squeezed modes. In SPOPO, the
femtosecond supermodes generated experience group velocity dispersion inside the cavity caused by the
nonlinear crystal and cavity elements dispersion. The dispersion length is a key parameter that characterizes
the distance over which a pulse broadens due to material dispersion [34]. It is defined as the distance at
which the pulse temporal width increases by a factor of

√
2. For a pulse durations on the order of hundreds

of femtoseconds, the dispersion length is typically on the order of tenths of a millimeter for nonlinear
materials and glasses. Efforts are made to compensate for the dispersion by introducing additional passive
cavity elements to the system. However, in this study, we investigate the effect of non-compensated
dispersion on the multimode quantum properties of the squeezed light generated in SPOPO below the
oscillation threshold.

This paper is organized as follows. In section 2, we present the time-domain model of SPOPO with
intracavity group-velocity dispersion and the Heisenberg–Langevin equation that describes the quantum
dynamics of a signal pulse circulating inside the oscillator’s cavity. In section 3, we consider the system in the
basis of supermodes of the pulsed parametric process. We show that it is equivalent to multiple optical
parametric oscillators, and group-velocity dispersion causes detuning of supermode oscillators from their
resonances and linear evanescent coupling between them. In section 4, we find an analytical solution for the
amplitudes of oscillators using perturbation theory with respect to the coupling coefficients between them
up to the second order. In section 5, we model time-domain pulsed balanced homodyne detection of the
multimode light generated in SPOPO with group-velocity dispersion and derive an analytical expression for
the spectrum of the detected difference photocurrent. In section 6, we numerically estimate the effects of
intracavity group-velocity dispersion on the spectrum of the shot-noise suppression for a particular case of
Hermite–Gaussian supermodes. Section 7 concludes the paper.

2. Time-domainmodel of SPOPOwith intracavity group-velocity dispersion

The generation of a signal light in the SPOPO, shown in figure 1, is modeled as follows in the time domain
[35, 36]. A pump pulse enters the cavity through the coupling mirror and undergoes parametric down
conversion process inside a nonlinear crystal. As the generated signal pulse propagates within the cavity, a
portion of the light exits the cavity at the coupling mirror, while the remaining portion reaches the crystal in
synchronization with the arrival of the subsequent pump pulses. During its propagation within the cavity,
the signal pulse is subject to dispersive pulse broadening and chirping, which arise from group-velocity
dispersion of the nonlinear crystal and the optical elements within the cavity. Also a vacuum noise is added
to the signal on the coupling mirror. We consider the case when pump is not stored inside the cavity. The
model can be described using a Heisenberg-Langevin equation for the quantum mechanical operator (we
omit notation of operators with the hat for brevity) of the slowly varying amplitude of the signal pulse
A(t,T) circulating inside the cavity. The equation reads under a number of approximations (see appendix B
for the derivation):

∂A(t,T)

∂T
=

(
−γ

2
+ i∆− iD

∂2

∂t2

)
A(t,T)+

1

2

ˆ
G(t, t ′)A† (t ′,T) dt ′ + F(t,T) . (1)

The equation is similar to the master equation used in the modeling of mode-locked lasers [37–39].
The operator A(t,T) obeys the standard bosonic commutation relations, i.e.

[
A(t,T),A†(t ′,T ′)

]
=

TRδ(t− t ′)δ(T−T ′). The additional time variable T describes the evolution of the pulse over time scales
larger than the cavity round-trip time TR, i.e. A(t,T= NTR) gives amplitude of the pulse after N round-trips.
The operator is normalized such that ⟨A†(t,T)A(t,T)⟩ gives the photon number flux. The cavity field decays
with the rate γ due to a leakage at the coupling mirror. After (γTR)

−1 = F/2π round trips in the cavity pulse
intensity decays e-times, where F is the cavity finesse. Also, γ/2π defines full width at half maximum of the
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Figure 1. Principal scheme of the synchronously pumped optical parametric oscillator (SPOPO).

Lorentzian spectral line shape of the cavity resonance. The model takes into account a detuning∆ of the
central frequency of the signal field, which is a half of the pump carrier frequency in the degenerate
parametric process, from the resonance.∆×TR gives a phase shift of the pulse upon round-trip in the
cavity. Dynamics of SPDC process in the nonlinear crystal is described with an integral kernel G(t, t ′), which
depends on the crystal characteristics (geometry, nonlinear properties, dispersion) and temporal and spatial
characteristics of the pump pulse (see appendix A). The kernel is complex valued and symmetric in general.
Group-velocity dispersion is quantified via a parameter D. F(t,T) is a Langevin noise with the only non-zero
correlation function ⟨F(t,T)F†(t ′,T ′)⟩= γδ(t− t ′)δ(T−T ′). The following expression relates the signal
field inside the cavity with the output field:

B(t,T) =
√
γTR

(
A(t,T)− γ−1F(t,T)

)
. (2)

3. Effect of intracavity dispersion on the supermodes of the parametric process

The integral kernel of SPDC G(t, t ′) which is complex and symmetric in general admits the decomposition
(for example, see [40, 41]):

G(t, t ′) =
∑

n=0,1,2,...

λnsn (t) sn (t
′) . (3)

Here the decomposition coefficients {λn} are real and non-negative; the set of orthonormal functions
{sn(t)} which are complex in general is complete. The functions are defined by the equations:

ˆ
G(t, t ′) s∗n (t

′)dt ′ = λnsn (t) . (4)

The amplitude of the signal field inside the cavity can be decomposed using the set of functions {sn(t)}
[42–44]:

A(t,T) =
∑

n=0,1,2,...

an (T) sn (t) , (5)

where the decomposition coefficients {an(T)} are the quantum mechanical operators:

an (T) =

ˆ
A(t,T) s∗n (t) dt. (6)

The decomposition (5) shows that the signal pulse inside the cavity can be seen as a sum of pulses, also called
‘supermodes’ [24], with the temporal profiles sn(t) and the complex amplitudes an(T), which evolve upon
circulation of pulses inside the cavity (see figure 2). The operators (6) satisfy the commutation relation[
an(T),a†m(T

′)
]
= TRδnmδ(T−T ′) and are normalized so that ⟨a†n(T)an(T)⟩ gives the mean number of

photons in the supermode n. The amplitudes of the supermodes obey the following system of equations
derived from (1), using the orthogonal expansions for the amplitude of signal field inside the cavity (5), and
similar expansions for the amplitude of the Langevin source and of the output signal field:

∂an (T)

∂T
=
(
−γn

2
+ i∆n

)
an (T)+

λn

2
a†n (T)− i

∑
m̸=n

Cnmam (T)+ f n (T) . (7)
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Figure 2. Amplitude of intracavity signal pulse A(t,T) can be decomposed as a sum of amplitudes of supermodes {an(T)} with
temporal profiles {sn(t)}, which are the Hermite–Gaussian functions in this particular case.

Figure 3. SPOPO can be represented as a set of parametric oscillators in the basis of broadband supermodes of the pulsed
parametric process. Each oscillator corresponds to a pulse with the supermode temporal envelope circulating inside the cavity.
Group-velocity dispersion causes two effects: the shift of the resonance frequency of each supermode oscillator∆n; the linear
coupling between oscillators with coefficients Cnm. On the figure a particular case of coupling between the neighbor modes of the
same parity is shown, which holds, specifically for the Hermite–Gaussian broadband supermodes (29).

The equations show that the SPOPO can be viewed as a set of parametric oscillators, where each
oscillator is characterized by the complex bosonic amplitude an, parametric gain λn, detuning from
parametric resonance∆n, loss rate γn, and a noise source fn caused by losses (see figure 3). As such the
system generates squeezed states in the several supermodes sn(t) [24, 45].

The equations also show that group velocity dispersion inside the optical cavity causes two effects for the
supermodes. First, it is the linear coupling between modes, characterized with the mode-dependent complex
coupling coefficient Cnm:

Cnm = DOnm, (8)

Onm =

ˆ
s∗n (t)

d2

dt2
sm (t) dt. (9)

Integrating by parts (9) one can show that a matrix of coupling coefficients is Hermitian. Furthermore, since
the coupling coefficient is proportional to the overlap of a mode with the second-order derivative of another
mode, then the coupling is non-zero only between modes of the same parity. It is because the second-order
dispersion causes broadening and chirping of a pulse and does not change its symmetry. Summing up,

C∗
nm = Cmn, (10)

Codd even = 0. (11)

Second, the dispersion causes a mode-dependent detuning∆n of the supermodes from cavity resonance:

∆n =∆−Cnn. (12)

The detuning is caused by the mode-dependent phase accumulated by the each broadband supermode
during every round trip inside the cavity, which is a temporal analog of the Gouy phase [46, 47]. Both the
detuning of supermodes and the coupling between them affects their quantum states that will be analyzed
below.

It is worthwhile to mention that we also generalized the model and assumed in the above equations that
losses are mode dependent, i.e. γ → γn, for example, due to different bandwidth of the supermodes.
Correlation functions for noise terms of each mode read accordingly:

⟨ f n (T) f †m (T ′)⟩= γnδnmδ (T−T ′) . (13)
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The input–output relation for the nth mode reads:

bn (T) =
√
γnTR

(
an (T)−

1

γn
f n (T)

)
. (14)

4. Perturbative solution of equations for coupled supermodes

We solve coupled equations (7) in the frequency domain. Namely, for each mode we define a corresponding
complex spectral amplitude as follows (we use the same symbol for the spectral amplitudes):

an (Ω) =
1√
2π

ˆ
an (T)e

iΩT dT. (15)

The spectral amplitudes obey the commutation relation [an(Ω),a†m(Ω
′)] = TRδnmδ(Ω−Ω ′). They also

satisfy the following algebraic equations, which are obtained from the differential equations (7) by applying
the Fourier transform to them

−iΩan (Ω) =
(
−γn

2
+ i∆n

)
an (Ω)+

λn

2
a†n (−Ω)+ f n (Ω)− i

∑
m̸=n

Cnmam (Ω) . (16)

Correlation functions for noise terms are obtained from (13) using the Fourier transformation and read:

⟨ fn (Ω) f †m (Ω ′)⟩= γnδnmδ (Ω−Ω ′) . (17)

We solve the coupled equations using perturbation theory with respect to the coupling coefficients
between modes Cnm up to the second order (see appendix B for the details). The solution can we written in
the following form for the nth supermode:

an (Ω) = Un (Ω) f n (Ω)+Vn (Ω) f
†
n (−Ω)+ hn (Ω)+κn (Ω) . (18)

The first two terms represent the two-mode squeezing transformation of vacuum noise at frequencies±Ω
(see [48]). The quantum state of these spectral components in the zeroth order of perturbation theory is a
two-mode pure squeezed vacuum state. Squeezing coefficients Un,Vn depend on intracavity dispersion via
mode-dependent resonant frequency∆n that affects characteristics of the squeezed state, such as degree of
squeezing, orientation of the squeezing ellipse. Squeezing coefficients read:

Un (Ω) =
1

Hn (Ω)
, (19)

Vn (Ω) =
1

Hn (Ω)

λn

2

1
γn

2 + i∆n − iΩ
, (20)

Hn (Ω) =
γn
2
− i∆n − iΩ−

(
λn

2

)2 1
γn

2 + i∆n − iΩ
. (21)

The second two terms of the solution (18) are obtained as the first and the second order of perturbation
theory and represent an additional noise in each supermode due to its linear coupling with other modes.
This noise results in a mixed squeezed state of each supermode. Expressions for these noise terms read:

hn (Ω) =
∑
m̸=n

[
Unm (Ω) fm (Ω)+Vnm (Ω) f

†
m (−Ω)

]
, (22)

κn (Ω) =
∑
m̸=n
p ̸=m

[
Unmp (Ω) fp (Ω)+Vnmp (Ω) f

†
p (−Ω)

]
, (23)

where

Unm (Ω) = i [−Un (Ω)CnmUm (Ω)+Vn (Ω)C
∗
nmV

∗
m (−Ω)] ,

Vnm (Ω) = i [−Un (Ω)CnmVm (Ω)+Vn (Ω)C
∗
nmU

∗
m (−Ω)] ,

Unmp (Ω) = i
[
−Un (Ω)CnmUmp (Ω)+Vn (Ω)C

∗
nmV

∗
mp (−Ω)

]
,

Vnmp (Ω) = i
[
−Un (Ω)CnmVmp (Ω)+Vn (Ω)C

∗
nmU

∗
mp (−Ω)

]
.

(24)
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Figure 4. The principal scheme of balanced homodyne detection of pulsed light from SPOPO using a periodic pulsed local
oscillator. The pulses of the local oscillator are shaped to match a desired supermode with the envelope sn(t). The relative phase
shift φ of the local oscillator can be controlled.

An output amplitude of the nth mode is obtained using the input–output relation (14) and reads

bn (Ω)/
√
γnTR =Wn (Ω) f n (Ω)+Vn (Ω) f

†
n (−Ω)+ hn (Ω)+κn (Ω) , (25)

whereWn(Ω) = Un(Ω)− γ−1
n and |Wn(Ω)|2 − |Vn(Ω)|2 = γ−2

n .
It is worth stressing that while Cnn and Cnm are of the same order for SPOPO, the obtained solution is

rigorous with respect to both Cnn and the mode-dependent detuning∆n from the cavity resonance, while
perturbative with respect to Cnm.

5. Pulsed balanced homodyne detection of supermodes

The obtained above expressions allow to calculate an arbitrary characteristic of the generated signal field.
Here we consider balanced homodyne detection of the field and calculate the measured noise of the
difference photocurrent. The principal scheme of the measurement procedure is shown in figure 4.

The signal field interferes on a symmetric beam splitter with a periodic pulsed field of the local oscillator,
which has the same central frequency, period of pulses and spatial mode. The temporal shape of the local
oscillator pulses can be controlled, as well as the global phase relative to the signal field. The intensities of the
fields are measured at the outputs of the beam splitter using identical photodetectors, which we assume to be
ideal with unit efficiency and no noise. Subtracting the two resulting photocurrents yields the difference
photocurrent at the output of the measurement procedure. We assume that the local oscillator pulses are
synchronized with signal pulses. Also the shape of the local oscillator pulses matches the shape of one of the
temporal modes of the signal field sn(t) without intracavity chromatic dispersion. We also assume temporal
averaging over each single pulse. This is a time-domain balanced detection [49, 50]. The difference
photocurrent at the output of the measurement system depends solely on the amplitude of the matched
temporal mode:

Iφn (T)∝ bn (T)e
iφ + b†n (T)e

−iφ, (26)

where the phase φ between signal and local oscillator fields can be controlled. We assume further spectral
analysis of the photocurrent. The spectral amplitude of the photocurrent, similar to (15), reads

Iφn (Ω)∝ bn (Ω)e
iφ + b†n (−Ω)e−iφ. (27)

Using results of the previous section we get the following expression for the photocurrent spectrum (see
appendix C):

Sφn (Ω) = ⟨Iφn (Ω) Iφ†
n (Ω)⟩

∝ γ2
n

∣∣∣Wn (Ω)e
iφ +V∗

n (−Ω)e−iφ
∣∣∣2 +∑

m̸=n

γnγm

∣∣∣Unm (Ω)e
iφ +V∗

nm (−Ω)e−iφ
∣∣∣2

+ 2γ2
nRe

[Wn (Ω)e
iφ +V∗

n (−Ω)e−iφ
]∑
m̸=n

[
U∗

nmn (Ω)e
−iφ +Vnmn (−Ω)eiφ

] . (28)
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The expression after the proportionality symbol gives the photocurrent spectrum normalized to the shot
noise level. The first term in the expression represents the spectrum in the absence of coupling between
supermodes, but in the presence of dispersion induced mode-selective detuning from cavity resonance.

6. Photocurrent spectrum for balanced homodyne detection of Hermite–Gaussian
supermodes

Here we analyze the photocurrent spectrum measured in the scheme of balanced homodyne detection for a
specific case of the Hermite–Gaussian supermodes which are a good approximation of experimental results
[24, 25]. Normalized profiles of the modes in the temporal domain are given by:

sn (t) = in
(√

π2nn!τs
)− 1

2 Hn (t/τs)e
−t2/2τ 2

s , (29)

where Hn are Hermite polinomials. τ s defines temporal duration of supermodes and depends both on
properties of pump pulses and the nonlinear crystal [24, 51]. For n= 0 the supermode is the Gaussian
function and the full width at half-maximum of its intensity profile, i.e. modulus squared, equals to 2

√
ln2τs.

The overlap integral for the supermodes (9) reads 1:

Onmτ
2
s =−



1
2 0 1√

2
0 0 0 · · ·

0 3
2 0

√
3
2 0 0 · · ·

1√
2

0 5
2 0

√
3 0 · · ·

0
√

3
2 0 7

2 0
√
5 · · ·

0 0
√
3 0 9

2 0 · · ·
0 0 0

√
5 0 11

2 · · ·
...

...
...

...
...

...
. . .


=−

(
n+

1

2

)
δnm −

√
(n− 1)n

2
δnm+2 −

√
(n+ 1)(n+ 2)

2
δnm−2, (30)

where δnm is the Kronecker delta. Thus the coupling due to dispersion appears only between neighbor modes
of the same symmetry schematically represented in figure 3 and the coupling increases for higher order
modes. In turn, the coupling coefficients given by the expression (9) are real valued.

6.1. Analytical results
We consider a limiting case of weak SPDC and small dispersion and perform series expansions of the
photocurrent spectrum (28) with respect to λn/γn,∆n/γn ≪ 1 keeping first non-zero orders 2. The
photocurrent noise at Ω= 0 reads:

S
φ=0,π2
n (Ω = 0)∝ 1± 4

λn

γn

(
1− 12

(
∆n

γn

)2
)
∓ 16

∑
m=n±2

C2
nm

γmγn

(
2
λn

γn
+

λm

γm

)
. (31)

For supermodes with λn ̸= 0 the expression shows maximal excess/suppression of the shot-noise at zeroth
frequency for φ = 0, π2 , respectively. The mode-dependent detuning from the cavity resonance∆n causes the
reduction of second term in (31) by the factor

(
1− 12(∆n/γn)

2
)
and leads to the reduction of the

excess/suppression of the shot-noise. This is one of the effects of intracavity dispersion. The last term in the
expression (31) describes the additional reduction of shot noise due to the coupling between modes. This
effect is proportional to both the gain of the mode λn itself and to the gain of the modes to which it is
coupled λm.

It also follows from the expression that even if a supermode has zero gain λn = 0, there will still be
non-zero light power in the mode and non-zero difference photocurrent measured. This is because of the
coupling of the mode to neighboring modes with non-zero gain. Otherwise such a supermode is not excited
and remains in the vacuum state in the second order of perturbation theory. The higher order terms will
determine further propagation of excitation between the coupled modes, even if they have zero gain. The

1 It is worth mentioning that the matrix elements coincide with the matrix representation of the quantum mechanical operator for the
squared momentum of a one-dimensional harmonic oscillator in the Fock states basis ⟨n|p̂2|m⟩.
2 If one take into account the next non-zero order in the expansion of the second term in (31), then the reduction of the excess/suppression
of the shot-noise will be proportional to

(
1− 12(∆n/γn)2 + 80(∆n/γn)4

)
. This expression has a positive value for any ∆n/γn. If one

take∆n/γn ⩽ 0.12, then the third term in the expression would be⩽ 1/10 part of the second term.

7
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result suggests that the coupling matrix (9) can be truncated at the higher-order supermodes that are not
excited by coupling or have significant losses, such that photons of the mode leave the cavity before leaking
into the higher-order supermodes.

The above results also suggest that group-velocity dispersion can be used to resonantly amplify one of the
n-indexed supermodes by tuning the cavity to the resonance of the mode such that∆n =∆−Cnn = 0.
However, it also follows that achieving nondegeneracy of the modes comes at the cost of coupling between
the neighboring modes, which leads to their entanglement and can reduce the purity of their quantum states.

6.2. Numerical results
We further analyze the impact of dispersion beyond the previous limit case (31) by using the general
expression for the photocurrent (28). This analysis incorporates experimental parameters from the study on
the generation and measurement of multimode squeezed light [25]. Spectral profiles of the generated
broadband supermodes can be approximated by the Hermite-Gaussian functions with the full width at half
maximum of the fundamental supermode equal to 8.5 nm that corresponds to the characteristic temporal
duration τs = 67 fs (29). Repetition rate of T−1

R = 76MHz and cavity finesse of F = 26 result in the full
width half maximum of the resonance of γ/2π = 3MHz. In turn, field intensity decays e-times after the
following number of round trips Nγ = (γTR)

−1 = F/2π = 8.
Group-velocity dispersion causes temporal broadening of phase non-modulated optical pulses. For the

Gaussian pulse with duration τ s the effect can be quantified by the dispersion length LD = τ 2s /k2, where
k2 = ∂2k(ω)/∂ω2|ω=ωs represents group-velocity dispersion at the central frequency ωs. The pulse broadens
by a factor of

√
2 after propagating through a dispersive material with length LD. For a signal wavelength

λs = 800 nm BIBO crystal has k2 = 136 fs2 mm−1 that results in LD = 33mm. For the dispersive material
length L= 2mm inside the cavity the pulse broadens by a factor of

√
2 after completing ND = LD/L= 17

round trips. Thus, one gets Nγ/ND ≈ 0.5, indicating that the generated signal pulse inside the cavity exits
before the significant impact of dispersion. The effect of dispersion on the generated pulsed light can be
considered as a perturbation under the given experimental conditions (see appendix D for the validation of
the perturbation theory approach). Following the definition of Cnm (9) and D (A.18) one can show that for
the Hermite–Gaussian supermodes

Cnm

γ
=

√
R
2

Nγ

ND
Onmτ

2
s . (32)

Thus for the experimental parameters Cnm/γ ≈ 0.25×Onmτ
2
s . In addition, amplitude reflection coefficient√

R and loss rate γ may depend on the supermode.
We consider regimes of SPOPO where one to five of the first supermodes are excited with different

amplitudes. This can be achieved by adjusting the spectral profile of the pump pulses and the parameters of
the nonlinear crystal [52–54]. In our analysis, we consider cases of 3, 6, 9 dB of squeezing for supermodes at
zeroth frequency without the dispersion. By using expressions (18) and (21), one can show that such levels of
squeezing are achieved for λn/γ = 0.17,0.33,0.48, respectively. We also assume equal loss rate for the
supermodes.

Figures 5(a)–(d) shows the spectrum of the photocurrent, normalized to the shot noise level, when the
zeroth supermode is excited. The 0th or the 2nd mode is detected tailoring local oscillator pulses. As
expected from the analytical expression (31), group-velocity dispersion reduces the maximum quantum state
squeezing or anti-squeezing of the excited mode, resulting in a smaller excess or suppression of the shot noise
level upon mode detection. There is also a non-zero power in the second mode due to its coupling to the
zeroth mode, leading to a deviation of the photocurrent spectrum from the shot noise level. Furthermore,
the squeezing or anti-squeezing of the mode state is observed for the flipped phase of the local oscillator with
respect to the 0th mode. These effects are stronger for sideband frequencies Ω/γ < 1 and become more
pronounced with increased dispersion. They are also less influenced by the pump level. Numerical results
show that higher order modes are not excited, similar to the analytical result in the limiting case (31).
This is the second-order consequence of perturbation theory: a mode that is pumped also excites its
direct neighboring coupled modes; a mode with zero gain does not excite direct neighboring modes.
Figures 5(e)–(h) shows the spectrum of the photocurrent when the 0th and the 2nd supermodes are equally
excited simultaneously. The 0th, the 2nd and the 4th supermodes are detected tailoring local oscillator
pulses. Comparing with figures 5(a)–(d) one concludes that for the chosen parameters the 0th supermode is

8
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Figure 5.Modeling results for the photocurrent spectrum measured in the scheme of balanced homodyne detection of the pulsed
signal light generated in SPOPO for different operation regimes of SPOPO and different values of the second-order dispersion.
(Top) Excitation schemes of supermodes in SPOPO and color coding for plots. (Left) 0th supermode is excited in SPOPO and 0th
and 2nd supermodes are detected. (Right) 0th and 2nd supermodes are equally excited and 0th, 2nd, and 4th supermodes are
detected. Black dashed lines show the spectra of the photocurrent detected for the 0th or 2nd supermode in the absence of
group-velocity dispersion in the cavity. The insets in the left and right columns show the photocurrent spectra when detecting the
2nd or 4th supermodes, respectively.

slightly affected by the excitation of the 2nd supermode: there is a small reduction of squeezing and some
increase of anti-squeezing for the chosen phases of the local oscillator. The 2nd mode shows a significant
deviation of the spectrum from a Lorentzian profile of the photocurrent because the dispersion effect is
stronger for higher order supermodes, according to the matrix (30).

Figure 6 shows dependence of the photocurrent spectrum on the phase of the local oscillator when the
0th or 0th and 2nd modes are excited and detected. Maximum shot noise suppression/excess is observed

9
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Figure 6.Modeled dependence of the photocurrent spectrum on the phase of the local oscillator in the scheme of balanced
homodyne detection of a pulsed signal light generated in SPOPO for different operation regimes and different values of the
second-order dispersion. (Left) The 0th supermode is excited in SPOPO and the 0th and the 2nd supermodes are detected.
(Right) The 0th and the 2nd supermodes are equally excited and detected. The chosen parameters correspond to the cases in
figures 5(c) and (g).

when the local oscillator phase takes values different from 0 and π/2. The actual phases depend on the
frequency. The effect is caused by the mode dependent detuning∆n in the presence of the dispersion (12),
which is more pronounced for higher order modes according to the diagonal elements of the overlap matrix
for the Hermite–Gaussian modes (30).

Figure 7 compares the suppression of shot noise (‘squeezing values’ [25] ) for the first five supermodes at
zero frequency without and with dispersion inside the cavity for two regimes of SPOPO operation: equal
excitation of the first five supermodes, and excitation of the first five supermodes following a geometric
progression dependence. The results show that the maximal shot-noise suppression is reduced when
dispersion is present, and it is observed at local oscillator phases different from π/2. The corresponding
optimal values of the local oscillator phase are depicted in the figure. The reduced noise suppression can be
attributed to the entanglement of modes due to their coupling and the resulting a non-pure mixed state, as
well as the mode-frequency dependent rotation of the squeezing ellipse of each mode’s squeezed state. This
effect is more pronounced for stronger dispersion and higher excitation of the modes. In particular, the
difference di between the maximum shot-noise suppression without and with dispersion grows with the
mode number, i.e. for λn/γ = 0.17 (see figure 7(a)) di ∈ {0.2,0,5,1.0,1.2,1.4}dB and for λn/γ = 0.48 (see
figure 7(b) di ∈ {1.9,2.5,6.0,6.4,6.6}dB, where i ∈ {1,2, . . .,5}. Thus, the suppression of shot noise for the
fundamental Gaussian supermode is more resistant to the influence of dispersion than any of the other
Hermite–Gaussian supermodes.

We note that in our SPOPO and homodyne detection model, the maximum shot noise suppression for
all supermodes without dispersion is observed when the local oscillator has the same phase. This is due to the
complex multiplier in present in the definition of the supermode profiles (29), which leads to a phase
difference of π/2 between the even and odd Hermite–Gaussian supermodes. On the other hand, this can be
understood as meaning that the phase of the local oscillator pulses must change by π/2 when detecting

10
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Figure 7. Simulated shot noise suppression of the difference photocurrent measured for the first five supermodes at zero
side-band frequency in two regimes of SPOPO operation: (Top) supermodes are equally excited in the SPOPO; (Bottom)
excitation of higher order supermodes decreases exponentially. The dark blue bars show noise suppression without the dispersion.
The light blue and blue bars represent shot noise suppression in the presence of dispersion for the local oscillator phase equal to
π/2 or the optimal value, respectively. The optimal phase of local oscillator is found in each case and depicted in the figure.

even/odd modes in order for maximum shot noise suppression to be observed, which is consistent with the
experiment [25].

7. Conclusion

We analyzed the effect of the non-compensated intracavity group-velocity dispersion on the generation of
temporally multimode squeezed pulsed light in SPOPO below the oscillation threshold. We derived the
Heisenberg–Langevin equation for the amplitude of the signal pulse inside the cavity taking into account
several effects, in particular, multimode nature of pulsed PDC. We show that the dispersion causes a different
phase to be accumulated along the cavity round trip for the broadband supermodes of the parametric
process. As a result, the cavity exhibits different resonance frequencies for each supermode, eliminating the
frequency degeneracy that would otherwise be present in a dispersion-compensated cavity. Stronger
dispersion in a high-quality cavity leads to greater differences in resonance frequencies among the modes.

Decomposing the amplitude of the signal pulse in supermodes basis of the parametric process the system
is equivalent to multiple parametric oscillators. In this representation the dispersion causes the
mode-dependent detuning of each supermode oscillator from the cavity resonance and linear coupling
between the oscillators. Stronger dispersion and a higher-quality cavity lead to stronger coupling between the
modes. As a result, dispersion affects the quantum state of supermodes by impacting their squeezing level
and the rotation of the axis of the squeezing ellipse. The mode coupling leads to entanglement among the
original supermodes, resulting in the reduced squeezing level and state purity. The system’s operation regime
is determined by the interplay between the rate of parametric photon pair generation in each supermode, the
loss of photons through the cavity’s coupling mirror, and the leakage of photons into coupled modes. We
considered an experimentally relevant operation regime, where the loss rate of photons in each supermode
from the cavity is higher than their leakage to neighboring modes. Using perturbation theory up to the
second order in coupling, we obtained a solution for the amplitudes of multiple supermodes given an
arbitrary sub-threshold pump level. We further obtained the expression for the photocurrent spectrum
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measured in the time-domain balanced detection of supermodes and analyzed suppression/enhancement
(squeezing/anti-squeezing) of the shot noise of the photocurrent for a set of parameters that correspond to
several experimentally relevant cases. Non-compensated intracavity dispersion leads to several effects:
reduced detected squeezing/anti-squeezing compared to the dispersion-compensated case; deviation of the
frequency dependence of squeezing from a Lorentzian function; maximum squeezing/anti-squeezing
observed at a phase of the local oscillator different from 0 and π/2, with the phase depending on frequency.
These effects are particularly noticeable for frequencies near zero and for higher order supermodes. Proposed
model of the system and the obtained solutions also suggests finding new supermodes in the presence of
dispersion in pure independent squeezed states. A recently developed theoretical approach of the ‘morphing
supermodes’ [55] can be used.

The obtained in the work solutions for multiple linearly coupled parametric oscillators complement
previous results obtained for a pair of coupled parametric oscillators [56–58]. The study also reveals an
analogy between SPOPO with group-velocity dispersion and coupled nonlinear waveguides [59, 60]: the
temporal evolution of coupled supermodes of the parametric process in SPOPO is similar to the spatial
evolution of waveguide modes experiencing parametric amplification in each waveguide, distributed linear
losses, and evanescent coupling between waveguides. SPOPO with group-velocity dispersion can be used as a
testbench for experimental study of multimode effects in coupled parametric oscillators.
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Appendix A. Derivation of the Heisenberg–Langevin equation for SPOPO

Here we derive a Heisenberg–Langevin equation for the amplitude of the optical signal pulse generated
inside SPOPO upon its pump with the coherent pulsed pump light. The derivation is similar to [35, 36, 61].

An operator of the electric field of the signal pulse can be decomposed as follows:

E(t,z) =
1√
2π

ˆ
a(ω,z)e−iωt dω+ h.c. (A.1)

Here a(ω,z) is the operator of amplitude of a monochromatic signal mode at a given longitudinal coordinate
z along the propagation direction. We also consider a single spatial mode and neglect the dependence on
transverse coordinates. We consider a ring optical cavity of the length L. We assume one mirror of the cavity
at z= 0 is semitransparent with the reflection and transmission coefficientsR and T , respectively. The
beamsplitter relation for amplitudes of signal fields on the mirror reads:

a ′ (ω,0) =
√
R a(ω,L)+

√
T ain (ω,0) . (A.2)

We assume that the cavity is filled with transparent material with the second-order optical nonlinearity
where SPDC of the pump pulsed light into signal pulses takes place. Then one can write the following general
Bogolubov transformation that couples amplitudes of the signal field before and after the round trip inside
the cavity filled with the nonlinear material [51]:

a(ω,L) =

ˆ
dω ′ [C(ω,ω ′)a(ω ′,0)+ S(ω,ω ′)a† (ω ′,0)

]
. (A.3)

Coefficients of the transformation C(ω,ω ′),S(ω,ω ′) depend on the pump field, nonlinearity, geometry and
dispersion of nonlinear material. We consider the weak nonlinear conversion limit, such that the probability
of the generation of more than two signal photon pairs per round trip is negligible. Then the transformation
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takes the form:

a(ω,L) = eik(ω)L

(
a(ω,0)+

ˆ
S̃(ω,ω ′)a† (ω ′,0) dω ′

)
. (A.4)

Here the complex integral kernel S̃(ω,ω ′) is symmetric and reads

S̃(ω,ω ′)∝ Ep (ω+ω ′)ei
∆k(ω,ω ′)L

2 sinc
∆k(ω,ω ′)L

2
, (A.5)

∆k(ω,ω ′) = kp (ω+ω ′)− k(ω)− k(ω ′) , (A.6)

where Ep(ω) is the spectral amplitude of the pump pulse. Second line represents the phase mismatch
between the pump and the pair of down-converted photons.

We define pulse field envelope with respect to half of the pump frequency ω0

A(t,z) =
1√
2π

ˆ
a(ω,z)e−i(ω−ω0)t dω. (A.7)

We consider dispersion of the nonlinear material up to the second order as follows:

k(ω) = k(ω0)+ k ′ (ω0)(ω−ω0)+
k ′ ′ (ω0)

2
(ω−ω0)

2
. (A.8)

Then under an additional assumption of the small second-order dispersion, such that the series expansion is

valid e
i
(
1+i

k ′ ′(ω0)L
2 (ω−ω0)

2
)
≈ 1+ i k

′ ′(ω0)L
2 (ω−ω0)

2 the transformation (A.4) converts to the following
transformation for the signal pulse field envelope:

A(t,L) = eik(ω0)L

(
1− i

k ′ ′ (ω0)L

2

∂2

∂t2

)(
A(t−TR,0)+

ˆ
K(t−TR, t

′)A† (t ′,0) dt ′
)

(A.9)

where:

TR = k ′ (ω0)L, (A.10)

K(t, t ′) =
1

2π

¨
S̃(ω,ω ′)e−i(ω+ω ′)t dωdω ′. (A.11)

We assume that the cavity can be off-resonant for the half pump frequency and make a series expansion:

eik(ω0)L = eik(ω0)(L0+δL) ≈ 1+ ik(ω0)δL. (A.12)

Combining (A.2) and (A.9) one gets for the signal field envelope on the coupling mirror

A ′ (t,0)≈ (1+ ik(ω0)δL)
√
RA(t,0)− i

√
Rk ′ ′ (ω0)L

2

∂2

∂t2
A(t,0) (A.13)

+
√
R
ˆ

K(t, t ′)A† (t ′,0) dt ′ +
√
T Ain (t,0) .

Here, we have also omitted the time delay TR for the pulse following one complete round trip. We consider a
difference of the pulse field envelope after and before round-trip inside the cavity divided by TR:

A ′ (t,0)−A(t,0)

TR
=

√
T

TR
Ain (t,0)+

√
R

TR

ˆ
K(t, t ′)A† (t ′,0) dt ′

+

(
−1−

√
R

TR
+ i

√
Rk(ω0)δL

TR
− i

√
Rk ′ ′ (ω0)L

2TR

∂2

∂t2

)
A(t,0) . (A.14)

Assuming that the field change after the round-trip is small we consider the above difference as an
approximation to the first order derivative of a field envelope, which depends on additional time variable T:

∂

∂T
A(t,T) =

A ′ (t,0)−A(t,0)

TR
. (A.15)
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Dependence on the variable T describes the change of the envelope over time scales larger than the cavity
round-trip time, similar to [35, 38, 61] and A(t,T= NTR) gives the envelope after N round trips. We also
define the quantities:

γ

2
=

1−
√
R

TR
, (A.16)

∆=
√
Rk(ω0)δL

TR
, (A.17)

D=
√
Rk ′ ′ (ω0)L

2TR
, (A.18)

1

2
G(t, t ′) =

√
R

TR
K(t, t ′) , (A.19)

√
T

TR
≈
√

γ

TR
, (A.20)

Fin (t,T) =

√
γ

TR
Ain (t,T) . (A.21)

Then equation (A.14) takes the form:

∂

∂T
A(t,T) =

(
−γ

2
+ i∆− iD

∂2

∂t2

)
A(t,T)+

1

2

ˆ
G(t, t ′)A† (t ′,T) dt ′ + Fin (t,T) . (A.22)

The above derivation steps can be generalized to the case when the nonlinear medium occupies only a part of
the space inside the cavity, as well as, there are additional transparent materials with the dispersion inside the
cavity. It results in the same equation with the modified parameters TR,∆,D, which are the sums of the
parameters for individual elements.

It is worth mentioning that the consideration of dispersion up to the second order, the decomposition of
the exponent into a series, and the transition to a continuous differential equation under the assumption of
small variations in the field amplitude over one cavity round-trip impose a restriction on the spectral width
of the pulse that can be analyzed with this approach. Consequently, when decomposing the pulse envelope
over a basis of broadband supermodes (5), these approximations may limit the number of supermodes
considered. For example, as the order of the Hermite–Gauss supermode increases (29), the spectral width
increases, and the approximations may no longer be applicable.

Appendix B. Perturbation theory solution of intracavity coupled equations for
supermodes.

We solve coupled equations (16) using perturbation theory with respect to the coupling coefficients of
modes Cnm as follows.

B.1. 0th order solution
Setting Cnm = 0 one gets a set of independent equations in the zeroth order of perturbation theory:

−iΩa(0)n (Ω) =
(
−γn

2
+ i∆n

)
a(0)n (Ω)+

λn

2
a(0)†n (−Ω)+ f (0)n (Ω) , (B.1)

where

f (0)n (Ω) = f n (Ω) (B.2)

the zeroth order solution can be represented as follows

a(0)n (Ω) = Un (Ω) f
(0)
n (Ω)+Vn (Ω) f

(0)†
n (−Ω) , (B.3)

where

Un (Ω) =
1

Hn (Ω)
, (B.4)

Vn (Ω) =
1

Hn (Ω)

λn

2

1
γn

2 + i∆n − iΩ
, (B.5)
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Hn (Ω) =
γn
2
− i∆n − iΩ−

(
λn

2

)2 1
γn

2 + i∆n − iΩ
. (B.6)

B.2. 1st order solution
Second, we substitute the solution (B.3) in equation (B.1) for the term describing the linear coupling of
modes. One gets the equation for the first order which is identical to the equation for the zero order (B.1)
with the modified noise term:

−iΩa(1)n (Ω) =
(
−γn

2
+ i∆n

)
a(1)n (Ω)+

λn

2
a(1)†n (−Ω)+ f (1)n (Ω) , (B.7)

where the modified noise term reads

f (1)n (Ω) = f (0)n (Ω)− i
∑
m̸=n

Cnma
(0)
m (Ω) . (B.8)

The first-order solution has the same form as the zero-order solution (B.3)

a(1)n (Ω) = Un (Ω) f
(1)
n (Ω)+Vn (Ω) f

(1)†
n (−Ω) , (B.9)

Or in terms of the original noise f (0)n (Ω):

a(1)n (Ω) = a(0)n (Ω)+ δa(1)n (Ω) , (B.10)

where

δa(1)n (Ω) =
∑
m̸=n

[
Unm (Ω) f

(0)
m (Ω)+Vnm (Ω) f

(0)†
m (−Ω)

]
, (B.11)

and

Unm (Ω) = i [−Un (Ω)CnmUm (Ω)+Vn (Ω)C
∗
nmV

∗
m (−Ω)] ,

Vnm (Ω) = i [−Un (Ω)CnmVm (Ω)+Vn (Ω)C
∗
nmU

∗
m (−Ω)] .

(B.12)

B.2.1. 2nd order solution
We repeat the above procedure to get the second-order perturbation solution that formally reads

a(2)n (Ω) = Un (Ω) f
(2)
n (Ω)+Vn (Ω) f

(2)†
n (−Ω) , (B.13)

f (2)n (Ω) = f (0)n (Ω)− i
∑
m̸=n

Cnma
(1)
m (Ω) . (B.14)

In terms of f (1)n (Ω), analogically to (B.10):

a(2)n (Ω) = a(0)n (Ω)+∆a(2)n (Ω) , (B.15)

where

∆a(2)n (Ω) =
∑
m̸=n

[
Unm (Ω) f

(1)
m (Ω)+Vnm (Ω) f

(1)†
m (−Ω)

]
, (B.16)

f (1)m (Ω) = f (0)m (Ω)− i
∑
p ̸=m

Cmpa
(0)
p (Ω) . (B.17)

In terms of the original noise f (0)n (Ω):

a(2)n (Ω) = a(0)n (Ω)+ δa(1)n (Ω)+ δa(2)n (Ω) , (B.18)
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where

δa(2)n (Ω) =
∑
m ̸=n
p ̸=m

[
Unmp (Ω) f

(0)
p (Ω)+Vnmp (Ω) f

(0)†
p (−Ω)

]
, (B.19)

and

Unmp (Ω) = i
[
−Un (Ω)CnmUmp (Ω)+Vn (Ω)C

∗
nmV

∗
mp (−Ω)

]
,

Vnmp (Ω) = i
[
−Un (Ω)CnmVmp (Ω)+Vn (Ω)C

∗
nmU

∗
mp (−Ω)

]
.

(B.20)

Appendix C. Calculation of the photocurrent spectrum of balanced homodyne detection

The photocurrent spectrum reads according to the definition (28) and expression (27):

Sφn (Ω) = ⟨Iφn (Ω) Iφ†
n (Ω)⟩ ∝ ⟨bn (Ω)b†n (Ω)⟩+ ⟨b†n (−Ω)bn (−Ω)⟩

+ ⟨bn (Ω)bn (−Ω)⟩ei2φ + ⟨b†n (−Ω)b†n (Ω)⟩e−i2φ. (C.1)

Further we calculate corresponding correlators of the output field amplitude using the solution for the
output field on the nth mode (25) and the only non-zero correlation function for the vacuum noise (17). We
calculate the correlators up to the second-order with respect to the coupling coefficient between modes Cnm.
The correlators read:

⟨bn (Ω)b†n (Ω ′)⟩ ∝ γn|Wn (Ω) |2 +
∑
m̸=n

γm|Unm (Ω) |2 + γn
∑
m̸=n

(Wn (Ω)U
∗
nmn (Ω)+ c.c.) (C.2)

⟨b†n (−Ω)bn (−Ω ′)⟩ ∝ γn|Vn (Ω) |2 +
∑
m̸=n

γm|Vnm (Ω) |2 + γn
∑
m̸=n

(Vn (−Ω)V∗
nmn (−Ω)+ c.c.) (C.3)

⟨bn (Ω)bn (−Ω ′)⟩ ∝ γnWn (Ω)Vn (−Ω)+
∑
m̸=n

γmUnm (Ω)Vnm (−Ω) (C.4)

+γn
∑
m̸=n

(Wn (Ω)Vnmn (−Ω)+Vn (−Ω)Unmn (Ω))

⟨b†n (−Ω)b†n (Ω
′)⟩= ⟨bn (Ω)bn (−Ω ′)⟩∗. (C.5)

The proportionality symbol is used because we are omitting the term γnTRδ(Ω−Ω ′) in all expressions.
Substituting these correlotors in the expression (C.1) and performing simplifications one gets the
expression (28).

Appendix D. The spectrum of the amplitude of the 0th supermode oscillator calculated
with perturbation theory up to the 4th order in the coupling coefficients

To verify the numerical results in section 6 and validity of the approximations used, one needs to estimate
some physical observable obtained with perturbation theory up to the next nonzero order. In particular, this
will allow one to see whether the 2nd order of perturbation theory is enough for the given values of the
coupling coefficients between modes Cnm or the next nonzero order of perturbation theory must be taken
into account. We note, that all expressions in any order of perturbation theory can be derived in the same
way as described in section 4.

Figure D1 shows the quantity ⟨b†0(Ω)b0(Ω)⟩ (C.3) which represents the spectrum of the amplitude of the
0th supermode oscillator obtained with perturbation theory up to the 2nd order and up to the 4th order at
the same dimensionless pump rate λ0/γ = 0.48. We choose this observable due to its non-negativity for any
values of its argument and ease of calculation. We note that the chosen values of the dispersion strength
(i.e. the coupling coefficients Cnm/γ) are quite different and grows from figure to figure non-monotonically
to cover a wider range of parameters. As one can see, at low values of the dispersion strength (figures D1(a)
and (b)) the results almost perfectly coincides, showing that the 2nd order is enough to describe the behavior
of the system. At the same time, high values of the dispersion strength (figures D1(c) and (d)) demonstrates
some differences in the shape of the curves. Moreover, in figure D1(d) one can also see the negative
non-physical values of the chosen observable. This signifies that the next nonzero order of perturbation
theory should be taken into account.
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Figure D1. The spectrum of the amplitude of the 0th supermode oscillator ⟨b†0 (Ω)b0(Ω)⟩ obtained with perturbation theory up
to the 2nd order (the solid blue line) and up to the 4th order (the dashed red line) at the dimensionless pump rate λ0/γ = 0.48.
At low values of the dispersion strength (figures (a) and (b)) considered in the present work, the results almost perfectly coincides,
showing that the 2nd order of perturbation theory is enough to describe the behavior of the system. High values of the dispersion
strength (figures (c) and (d)) demonstrates that the next nonzero order of perturbation theory should be taken into account.
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