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Abstract
In this manuscript, we address the issue of the loss of SU(2) internal symmetry
in loop quantum cosmology and its relationship with loop quantum gravity.
Drawing inspiration from Yang–Mills theory and employing the framework
of fiber bundle theory, we propose a new gauge-invariant symmetry-reduction
approach. Using this method, we successfully identify a cosmological sector
of general relativity in terms of Ashtekar variables that preserves the SU(2)
structure of the theory as well as part of the diffeomorphism gauge symmetry.
Additionally, we analyze the properties of cylindrical functions and the clas-
sical constraint algebra, revealing that certain cylindrical functions exhibit
distinctive symmetry features.

Keywords: loop quantum gravity, quantum cosmology, symmetry reduction,
gauge field theory, homogeneous space

1. Introduction

Loop quantum gravity (LQG) is one of themost promising proposals for the quantization of the
gravitational field [1–3]. The classical setup involves a reformulation of General Relativity as
an SU(2) gauge theory [4–7], enabling us to quantize the theory using well-known techniques
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shared with particle physics. The main result of this approach is a discretization of geometry,
where geometrical operators such as area and volume provide a discrete spectrum [8].

The natural setting to stress a quantum gravity proposal is cosmology. The application of
the techniques of LQG to the cosmological framework gives rise to the so-called loop quantum
cosmology LQC [9, 10]. This theory has enjoyed significant success in implementing dynam-
ics and predicting new phenomena [11–14], most notably in solving the singularity problem
through the development of the Big Bounce [9, 15–17].

Despite the results obtained in the quantum theory of the classically symmetry-reduced
minisuperspace, this approach has faced criticism [18]. Specifically, bridging the gap between
LQC and LQG [19], i.e. identifying a proper cosmological sector within the full theory,
remains a significant challenge and is crucial to eventually connect LQG with observable phe-
nomena. Considerable effort has been devoted to this task over the past several years [20–23].
A major technical point contributing to the ambiguity relation to the full theory is the loss of
SU(2) internal symmetry due to gauge fixing and the emergence of second-class constraints
[24–27].

An interesting proposal to recover the SU(2) gauge symmetry was put forward by M.
Bojowald [28–31]. However, after a deeper analysis of non-diagonal models in canonical
LQC [32], a recent study on the Gauss constraint in these general models indicates that the
‘Abelianization’ of LQC is a characteristic inherent to the minisuperspace framework, with
U(1) symmetries emerging even within that proposal [33].

In this paper, we aim to establish a notion of the cosmological sector within the classical
theory without undermining the minisuperspace. To achieve this goal, we employ tools from
Yang–Mills theories, borrowed from differential topology, which necessitates dealing with
fiber bundles and connections.

After briefly reviewing the Arnowitt–Deser–Misner (ADM) formulation and the Ashtekar
variables in General Relativity, we introduce the mathematical tools first presented in [34],
which are pertinent to our current investigation. Additionally, we revisit some general aspects
of cosmological models and discuss the properties of the minisuperspace.

Next, we delve into establishing a proper mathematical framework for cosmological mod-
els, wherein Lie groups are identified as the foundation, serving as the base manifold. This
serves as the groundwork for discussing the homogeneous property of a suitable principal
bundle and the connections on it. Drawing inspiration from works such as [35–37], we
approach homogeneity in line with Wang’s theorem [38]. We demonstrate that this notion
is sufficient to provide a homogeneous geometry on the base manifold, expressed in terms of
ADM variables.

After establishing the appropriate configuration space and identifying the cosmological sec-
tor, we proceed to study the representation of holonomy-flux algebra on the space of cylindrical
functions. Notably, we observe that the set of constraints mirrors that of LQG. However, the
classical constraints algebra result is simplified due to the suitable choice of smearing func-
tions. Within this highly symmetric framework, a peculiar class of cylindrical functions exhib-
its new properties not evident in LQG, thereby revealing a link between them and the quantum
states of the canonical approach in LQC.

2. Canonical variables and homogeneous space

The starting point of LQG, such as the description of cosmological models, is the ADM
splitting [39]. The spacetime M is supposed to have a Cauchy surface, which is topological
Σ. By Geroch’s theorem [40], the spacetime is diffeomorphic to R×Σ. In this setting, there
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exists a set of coordinates (t,xa) adapted to the splitting, in which xa are coordinates on Σ,
while t lies in R. In such a way, the Lorentzian metric g on M is written as

gab = qab, g0a = Nbqab, g00 =−N2 +NaNbqab, (2.1)

where the function N(t,x) and Ni(t,x) are called lapse function and shift vector, respectively,
and qab is the Riemannian metric induced on the slice Σ at fixed time. A second geometric
quantity describes the geometry of the hypersurfaceΣ, as well as q; it is the extrinsic curvature
K. Consider the Levi-Civita covariant derivative of the unit normal vector n of the hypersurface
Σ, we can define the Weingarten map k : TΣ→ TΣ; X 7→ ∇LC

X n that is a linear endomorphism
on the tangent space. In this way, we can define the extrinsic curvature as the quadratic form
K on TxΣ defined by K(X,Y) = q(k(X),Y), ∀X,Y ∈ TxΣ.

Such a description allows us to give a Hamiltonian formulation of General Relativity [41].
Since the lapse function and shift vector have a trivial dynamics, the phase space is constituted
by a couple of symmetric tensors (qab,Kab) on Σ with a set of constraints, called supermo-
mentum constraint Ha(q,K) = 0 and superhamiltonian constraint H(q,K) = 0. The couples
that satisfy the constraints can be interpreted as the metric and the extrinsic curvature of an
embedding of Σ in a Ricci flat spacetime [42].

Starting from the Hamiltonian formulation, General Relativity can be recast as a Yang–
Mills-like theory [4, 5]. The starting point is the tetrad formulation and the ADM splitting.
A tetrad (or vierbein) is an object with a coordinate index µ= 0,1,2,3 and an internal index
α= 0,1,2,3, eαµ such that gµν = ηαβeαµe

β
ν . The internal index is covariantly derived using the

spin connection 1-form ωαβ
µ requiring

Dµe
α
ν = ∂µe

α
ν −Γσ

µνe
α
σ +ω α

µ βe
β
ν = 0. (2.2)

Here, Γσ
µν are the usual Christoffel symbol. General Relativity can be reformulated in terms

of eµα and its inverse eαµ . The internal index α can be raised and lowered using the Minkowski
metric ηαβ = diag(−1,1,1,1). This formulation can be adapted to the ADM splitting in the
following form

eαµ =

(
N 0

Naeia eia

)
, eµα =

( 1
N 0

−Ni

N eia

)
(2.3)

where qab = δijeiae
j
b. In this case, the eia (called dreibein) emulates the role of the vierbein in

the three-dimensional setting, and its inverse eai is called triad. The internal index is i and the
coordinate index is a. Moreover, a three-dimensional version of (2.2) holds. This choice for eαµ,
commonly referred to as the time gauge in physics, is specific and not the most general one.

Considering as phase space variables the so-called densitized triads Eai =
√
qeai and the

extrinsic curvature Kia = Kabebi, this formulation introduces a local SU(2) gauge freedom in
the gravitational theory given by a rotation on the internal index. As a consequence, in the
Hamiltonian, a new constraint appears that is the infinitesimal generator of this new gauge
transformation. Via a canonical transformation, we can recast this formulation in a form closer
to the Yang–Mills theory: introducing a connection Aia = Γia+βKia and electric field Eai =
√
qeai , the new constraint has the form of the Gauss constraint G(A,E) = ∂aEai + ϵijkA

j
aEak = 0,

typical of the SU(2) gauge theories. When β is a positive real number, it is called the Barbero–
Immirzi parameter, and these variables, called Ashtekar variables, allow us to interpret the
gravitational theory as an SU(2) gauge theory [6, 7].
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2.1. Mathematical structure of Ashtekar variables

The mathematical structure of Yang–Mills theory is given by the principal bundle theory. We
are going to analyze General Relativity in Ashtekar variables in this framework. For a more
extensive and deeper analysis, we refer the reader to the paper [34].

We suppose that the Riemannian manifold (Σ,q) is spinnable, namely admits a spin struc-
ture. Fix once and for all an orientation forΣ. A spin structure is a couple (PSpin(Σ), ρ̄), where
PSpin(Σ) is the principal SU(2)-bundle (called spin bundle) and ρ̄ : PSpin(Σ)→ PSO(Σ) is a
double covering map equivariant with respect to the group action of the bundles. PSO(Σ) is
the orthonormal frame bundle of TΣ and has a principal SO(3)-bundle structure. Its fiber on a
point x ∈ Σ is the collection of linear isometries fromR3 to TxΣ, equivalently, is the collection
of the orthonormal basis in TxΣ.

The dreibein, or triad, is the data of a (global) section e : Σ→ PSO(Σ). While the Ashtekar
connection A is the local field of a connection on PSpin(Σ). Here, a connection on PSpin(Σ) is,
roughly, a su(2)-valued 1-form ω on PSpin(Σ) and its local field is its pullback via a section
s : Σ→ PSpin(Σ), namely a su(2)-valued 1-form on Σ

A= s∗ω. (2.4)

Notice that the dreibein e induces a (not unique) section ē : Σ→ PSpin(Σ) that satisfies ρ̄ ◦ ē=
e. Moreover, there exists a one-to-one correspondence between connection ω on PSO(Σ) and
ω̄ on PSpin(Σ), i.e. ω̄ = ρ−1

∗ ρ̄∗ω, where ρ−1
∗ is the isomorphism so(3)

∼−→ su(2) induced by
the double covering homomorphism ρ : SO(3)→ SU(2). Because of this correspondence, the
local field A does not depend on the particular lift ē chosen.

2.2. Cosmological models and minisuperspace

A cosmological model describes a spatially homogeneous (and possibly anisotropic) Universe,
that is, a partial realization of the cosmological principle within the framework of General
Relativity. While a homogeneous and isotropic Universe has its metric fully determined by
symmetry, the assumption of pure homogeneity allows for greater freedom. In this context,
homogeneity means that the metric properties are the same at every point in space [43].

Under this hypothesis, the induced Riemannian metric qab(t,x) on the hypersurfaces Σ at
constant time factorizes as

qab (t,x) = ηIJ (t)θ
I
a (x)θ

J
b (x) . (2.5)

Here, θI = θIa(x)dx
a are a set of three 1-forms onΣ, called left-invariant 1-forms, which satisfy

the Maurer–Cartan equation

dθI+
1
2
f IJKθ

J ∧ θK = 0. (2.6)

Their dual vector fields ξI are the generators of a Lie algebra:

[ξI, ξJ] = fKIJξK. (2.7)

The latter equation shows that fKIJ are the structure constants of the Lie algebra generated by
the vector fields ξI . The Lie algebra characterizes themodel: the Bianchi classification provides
nine families of three-dimensional real Lie algebras [44], each is associated with a different
cosmological model called a Bianchi model. This provides a huge simplification of the phase
space. We can consider as configuration variables the homogeneous part of the metric tensor
ηIJ , leaving out the dependence on the point x of Σ. In such a way, the phase space becomes
finite-dimensional and we usually refer to it as minisuperspace.
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The minisuperspace also plays a major role in LQC. The Ashtekar variables admit a similar
factorization

Aia (t,x) = ϕiI (t)θ
I
a (x) , E

a
i (t,x) = |det

(
θIa
)
|pIi (t)ξaI (x) . (2.8)

So, in the canonical approach, we quantize the homogeneous part of the Ashtekar variables
[9, 31].

However, this approach leads to an Abelianization of the quantum theory [25, 31]; indeed,
the Gauss constraint can be recast into three Abelian constraints [33]. As we shall discuss in
the remainder of the manuscript, this characteristic severs the connection with LQG.

3. Classical gauge field theory

We want to find a picture of the Ashtekar variables in the cosmological setting using the pre-
scriptions of the gauge theories and the language presented in section 2.1. and introduced
in [34]. We aim to analyze the classical description and identify the cosmological sector of
General Relativity in Ashtekar variables. To achieve this, we must articulate the cosmological
hypothesis and the Landau description in a pure group-theoretic form.

3.1. Homogeneous hypothesis on Cauchy hypersurface

The homogeneous hypothesis compelled us to regard Σ as a homogeneous space.

Definition 3.1. A homogeneous space is a pair (X ,G) with X a topological space and G a
group that acts transitively on X . In this case X ∼= G/H, where H is the stabilizer of a fixed
point.

In cosmology, we require that (Σ,q) is a Riemannian homogeneous manifold, namely,
that the isometry group Isom(Σ,q) acts transitively. However, the formalism presented in
section 2.2. and proposed by L.Landau (see [43]) describes the couple (Σ,q) as a three-
dimensional Lie group G equipped with a left-invariant metric η. In this case, we have a copy
of G into the isometry group GL ⩽ Isom(G,η). Moreover, considering a Lie group with left-
invariant metric instead of a generic Riemannian homogeneous manifold has a well-posed
mathematical aspect. Every class A3 simply connected Riemannian homogeneous manifold
admits a Lie group structure, hence it is isometric to a suitable group G equipped with a left-
invariant metric η [46]. Furthermore, from simply connected Lie groups we can generate a
three-dimensional Lie group with non-trivial topology taking the quotient by a normal sub-
group (two interesting examples are R3/Z3 = T3 and SU(2)/Z2 = SO(3)). In addition, there
exist Lie groups associated with class B4 Riemannian homogeneous manifolds. Finally, the
description through Lie groups is quite general and includes all the physically relevant models.

Once we deal with the couple (G,η), we need to discuss which group acts on this
Riemannian manifold. In fact, on the same Riemannian manifold, different groups can act
via isometries. In our case, on (G,η), there are two relevant groups: the group of orientation-
preserving isometries S= SIsom(G,η) or the copy of G in it: GL, that acts on G via left multi-
plication. We choose the smaller group of S that acts transitively on G, which is GL. Then, our
homogeneous space is the couple (G,GL). This choice is interpreted as the weakest request

3 A homogeneous Riemannian space is class A if it admits a compact quotient. If the space is a Lie group, it is class
A if it is unimodular [45].
4 A homogeneous Riemannian space is class B if it is not class A.
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for homogeneity and is equivalent to dealing with Bianchi models, without any further sym-
metry. To consider the stronger constraint given by isotropy, we need to enlarge the symmetry
group, as explained in appendix A. Another equivalent way to state the hypothesis it is to
consider the homogeneous space (Σ,G) with a transitive and free action of G [31]. Such a
request providesG∼=Σ, and the action is always equivalent to the left multiplication. Namely,
there exist a diffeomorphism φ : Σ→ G such that the action can be written as φ−1 ◦Lg ◦φ.
To include isotropic models, we can ask for an effective action instead of a free one.

Recalling the definition 3.1 for homogeneous space, we can use it to define the configuration
space of a dynamical theory of geometry for a spatial homogeneous Universe with spatial slice
a homogeneous space (G,GL). Namely, we consider the set of left-invariant metrics on G:

SG =
{
η ∈Met(G) | L∗gη = η ∀g ∈ G

}
.

As a consequence, the conjugate momenta, as well as the extrinsic curvature, will be represen-
ted by 2-contravariant left-invariant tensors. These are the conditions that the quantities recon-
structed from the Ashtekar variables must satisfy. As already noted in [23], this choice breaks
the full diffeomorphism gauge symmetry. However, a residual gauge symmetry remains, given
by the action of the semidirect product G⋊Aut(G), where G acts by right multiplication and
Aut(G) denotes the automorphism group. The structure and implications of this residual sym-
metry will be discussed in detail later.

3.2. Homogeneous spin bundle

We aim to analyze the properties required by the Ashtekar variables to understand a spatially
homogeneous Universe. We aspire to utilize the Yang–Mills approach, where the connection
is desired to be homogeneous in the sense ofWang’s theorem. Thus, we need to begin studying
the homogeneity of the corresponding principal bundle.

Considering the formulation in [34], and letG be a connected three-dimensional Lie group,
we must work with the orthonormal frame bundle PSO(G). It is defined as the disjoint union
PSO(G) :=

⊔
x∈GP

SO
x (G), where

PSOx (G) =
{
h : R3 → TxG |h orientation-preserving linear isometry

}
.

The group S= SIsom(G,η) acts freely and transitively via automorphisms on PSO(G). In fact,
let f ∈ S, the action

f̃ : PSOx (G)→ PSOf(x) (G) ;

h 7→ dxf ◦ h,

preserves the principal bundle structure. Hence, the orthonormal frame bundle is homogeneous
with respect to S (properly, it is S-invariant) and, so, the desirable connections would be too.
Remark that this defines also an action L̃ of G on PSO(G), such that L̃g is the lift of Lg for all
g ∈ G, then PSO(G) is also GL-invariant (or just G-invariant).

However, in the Ashtekar formulation, we are interested in the involvement of classical
spinors. Hence, we must include in our analysis the spin bundle PSpin(G) (see [47, 48]).
Moreover, since the homogeneous property will be verified on the reconstructed quantities
(q,K) (on which we have a standard notion of homogeneity), we need to deal with a (possibly
invariant) spin structure.
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There exists a notion of homogeneous spin structure:

Definition 3.2. On a homogeneous space (X ,G), a spin structure (PSpin(X ), ρ̄) is homogen-
eous (G-invariant) if PSpin(X ) is equipped with a G-action covering the natural action of G on
PSO(X ).

Remark 3.3. On a homogeneous space (G,GL), where G is a connected Lie group, there
always exists a unique G-invariant spin structure.

Namely, there exists an action L̄ of G such that ρ̄ ◦ L̄g = L̃g ◦ ρ̄ for all g ∈ G.
The previous property does not hold for every homogeneous space, even with the same

base manifold. The example of the 3-sphere S3 is enlightening [49, 50]. Considering the 3-
sphere as a group S3 = SU(2), in this case there exists a SU(2)-invariant spin structure, while,
if S3 ∼= SO(4)/SO(3), a SO(4)-invariant spin structure does not exist. In our language, Σ=
S3 ∼= SU(2) = G with the action of the groups GL = SU(2) and S= SO(4), respectively.

Thus, we will examine the connected Lie group G, the orthonormal frame bundle PSO(G),
and the spin structure PSpin(G) equipped and invariant under the action of GL.

3.3. Homogeneous Ashtekar variables

Such as the homogeneous space (G,GL), we require the Ashtekar connection A to be GL-
invariant. Motivated by the approach in Yang–Mills theory [35, 37] and in previous works in
LQG [36], we demand that the connection 1-form ω on PSO(G)must be GL-invariant, namely
L̃∗gω = ω. The homogeneous spin structure helps us to define a proper notion of homogeneity
for the connections onPSpin(G). We require that the homogeneous Ashtekar connections be the
onesG-invariant on the unique invariant spin structure. These two requirements are equivalent.
Indeed, considering a connection ω on PSO(G) and the associated connection ω̄ on PSpin(G),
since the spin structure is homogeneous, the following equation holds:

L̄∗g ω̄ = L̄∗gρ
−1
∗ ρ̄∗ω = ρ−1

∗ ρ̄∗L̃gω = ρ−1
∗ ρ̄∗ω = ω̄. (3.1)

Showing that, if ω is homogeneous, the ω̄ is homogeneous too. The contrary is also true.
Proceeding along the same steps, we end up with ρ−1

∗ ρ̄∗L̃gω = ρ−1
∗ ρ̄∗ω, since ρ−1

∗ is an iso-
morphism and ρ̄∗ is injective, then it implies L̃gω = ω.

These properties ensure that Wang’s theorem can be applied to both PSO(G) and PSpin(G),
so that the homogeneous Ashtekar variables are precisely those classified by the theorem:

Theorem 3.4 (Wang’s theorem [38]). Let P be a G-invariant principal K-bundle over a man-
ifoldX , whereX ∼= G/H is a homogeneous space and H is the stabilizer of a point x0 ∈ X . Let
p0 ∈ P be a point in the fiber over x0, and let λ : H→ K denote the isotropy homomorphism
associated with p0.
Then, the G-invariant connections ω on P are in one to one correspondence with linear

maps Λ : g→ k such that

1. Λ ◦Adh = Adλ(h) ◦Λ, for all h ∈ H,
2. Λ|h = dλ.

The correspondence is given by

Λ(v) =: ωp0 (Xξ)

where Xξ is the vector field on P induced by ξ ∈ g.
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In our framework, the theorem is simplified a lot. Our homogeneous space is a Lie group
(G,GL) and, so, the stabilizer contains only the identity elementH= {1}. The principal bundle
we are considering is PSpin(G) as an SU(2)-principal bundle, and it isGL-invariant, such as the
desirable connections. Hence, the theorem can be recast in a simplified version:

Corollary 3.5. Let PSpin(G) be the unique GL-invariant spin structure on G. Then, the GL-
invariant connections ω are in one-to-one correspondence with linear maps ϕ : g→ su(2).

Notice that considering the orthonormal frame bundle PSO(G) as a SO(3)-principal bundle,
due to the isomorphism so(3)∼= su(2), we obtain the same classification for the GL-invariant
connections on PSO(G).

For such connections, there exists a preferred trivialization s : G→ PSpin(G) such that the
corresponding local gauge field can be written as

A= s∗ω = ϕ ◦ θMC (3.2)

where θMC is the Maurer–Cartan form on su(2) [51].
Once we have clarified the properties of the Ashtekar connection, we need to discuss the

dreibein. The restriction we want to impose is that the reconstructed physical quantities, the
Riemannian metric q and the extrinsic curvature K (i.e. the ADM variables), be homogeneous.

We interpret the dreibein as a section e : G→ PSO(G). Since PSO(G) is GL-invariant, the
associated metric q is therefore homogeneous by construction.

It is useful to notice that there exists a GL-invariant dreibein, namely a section such that the
following diagram commutes

Thus, the equation for the GL-invariant dreibein is

eLg(x) = dxLg ◦ ex, ∀x ∈ G, g ∈ G, (3.3)

where ex is the section e evaluated on the point x ∈ G, which is an element of PSOx (G).
Moreover, given a GL-invariant dreibein e, e(v) (the image of a vector v ∈ R3 via e) is a left-
invariant vector field and, so, an element of the Lie algebra g. It is easy to prove that every
section is gauge equivalent to a GL-invariant section, and that a GL-invariant section is the
preferred section in equation (3.2).

Invariant sections also exist for the spin bundle. Suppose ē : G→ PSpin(G) such that
ρ̄ ◦ ē= e then ē is GL-invariant if and only if e is it.

Proof. Suppose ē is GL-invariant, i.e. it satisfies ē ◦Lg = L̄g ◦ ē, then

ρ̄ ◦ ē ◦Lg = ρ̄ ◦ L̄g ◦ ē =⇒ e ◦Lg = L̃g ◦ ρ̄ ◦ ē= L̃g ◦ e.

Thus, ρ̄ ◦ ē defines a invariant section of PSO(G).
Suppose e is GL-invariant, i.e. it satisfies e ◦Lg = L̃g ◦ e, then

ρ̄ ◦ ē ◦Lg = e ◦Lg = L̃g ◦ e= L̃g ◦ ρ̄ ◦ ē= ρ̄ ◦ L̄g ◦ ē.

Fixing a point x ∈ G and an open neighborhood U⊂ G small enough such that the image
U ′ = e ◦Lg(U) = L̃g ◦ e(U)⊂ PSO(G) is such that ρ̄−1(U ′)∼= U ′ ×Z2. For every point y ∈ U,
we can fix ē ◦Lg(y) to be in the +1 connected components while L̄g ◦ ē(y) will be in the +1
or −1 connected component appropriately. When g is the identity, the two terms L̄g ◦ ē(x)

8
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and ē ◦Lg(x) are equal. Let us consider g in a small enough open neighborhood V⊂ G of the
identity such that Lgx is inU, then ē ◦Lg(x) = ē(y) for some y ∈ U, moreover ē ◦Lg(x) remains
in the same connected components as ē(x) for all g ∈ V. Due to the continuity of the action,
L̄g ◦ ē(x) must also remain is the same connected components of ē(x). Hence, L̄g ◦ ē(x) and
ē ◦Lg(x) must define the same element.

However, since G is connected, V generates G (prop. 7.14 in [52]). Thus, every g can be
written as a finite product of elements of V. Suppose g= gNgN−1 . . .g2g1, where g1, . . . ,gN ∈ V
then

L̄g ◦ ē= L̄gN ◦ · · · ◦ L̄g2 ◦ L̄g1 ◦ ē= L̄gN ◦ · · · ◦ L̄g2 ◦ ē ◦Lg1
= L̄gN ◦ · · · ◦ ē ◦Lg2 ◦Lg1 = ē ◦LgN ◦ · · · ◦ Lg2 ◦Lg1 = ē ◦Lg.

Thismeans, it is always possible to find two sections, e : Σ→ PSO(G) and ē : Σ→ PSpin(G),
such that the following diagram commutes:

These sections induce an automorphism between PSO(G) with G-action L̃g and the trivial
bundleG× SO(3) equipped with the action (Lg, idSO(3)). In such a way, the homogeneous spin
structure becomes ρ̄ : PSpin(G)∼= G× SU(2)→ G× SO(3); ρ̄(g,a) = (g,ρ(a)), withG-action
(Lg, idSU(2)). With this automorphism, a connection on PSpin(G) reads as

ω(g,a) = a−1da+ a−1ω̂ga,

where ω̂ is a su(2)-valued 1-form on G. When ω is G-invariant, ω̂ is a left-invariant form,
identified with A in equation (3.2).

3.3.1. Reconstruction and reduced phase space. Recall that the extrinsic curvature is
defined starting from the Weingarten map k : TG→ TG as the symmetric bilinear form K on
TxG such that K(v,w) = q(k(v),w) for all v,w ∈ TxG. We can obtain theWeingarten map from
the Ashtekar connection A and the local Levi-Civita connection Γ associated with e by

k=Φ([ē,A−Γ]) , (3.4)

where Φ : adPSpin(G)
∼−→ TG is the natural vector bundle isomorphism [34].

We now verify that the extrinsic curvature is homogeneous. Let ω be a homogeneous con-
nections on PSpin(G) and ωLC be the ‘lifted’ Levi-Civita connection, then Ω= ω−ωLC is a
GL-invariant and horizontal su(2)-valued 1-form on PSpin(G). Let ē be a GL-invariant section
and fix x ∈ G and v,w ∈ TxG

(ē∗Ω)Lgx (dxLg (v)) = ΩēLgx

(
dLgxē ◦ dxLg (v)

)
=ΩēLg(x) (dx (ē ◦Lg)(v))

= ΩL̄g(ēx) (dx (L̄g ◦ ē)(v)) = ΩL̄g(ēx) (dēx L̄g ◦ dxē(v)) = Ωēx (dxē(v))

= (ē∗Ω)x (v) .

9
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SinceΦ is an isomorphism between homogeneous fiber bundles, it preserves the homogeneous
structure. Let V be a R3-valued 1-form on G such that Φ([ē, ē∗Ω]) = [ē,V], hence L∗gV= V
when ē is GL-invariant. Thus, the Weingarten map satisfies

kLgx (dxLg (v)) =
[
ēLgx,VLgx (dxLg (v))

]
= dxLg ◦ ex (Vx (v)) = dxLg (kx (v)) .

(3.5)

From which descend that(
L∗gK

)
x
(v,w) = qLgx

(
kLgx (dxLg (v)) ,dxLg (w)

)
= qLgx (dxLg (kx (v)) ,dxLg (w))

= qx (kx (v) ,w) = Kx (v,w) . (3.6)

Since the last expression is gauge independent, it holds for every choice of the dreibein. Hence,
from generality of x ∈ G, v,w ∈ TxG and Lg ∈ GL, the extrinsic curvature is homogeneous.

The data of the classical cosmological sector of General Relativity in Ashtekar variables
consists of an invariant connection ω together with a section e in the homogeneous orthonor-
mal frame bundlePSO(G). In particular, the reduced phase space is composed of the local fields
A= e∗ω, referred to as the homogeneous Ashtekar connections, and the densitized dreibein E
of e as defined in [34]. As in [34], the set of connections will depend on the metric, and so on
the dreibeinAG

E , and a fixed choice of a spin structure (in this case, we have a canonical choice:
the homogeneous one). However, the reason to maintain the orthonormal frame bundle in the
description is that the procedure can be generalized in the case in which there is no homogen-
eous spin structure, and no lift of the action on the principal SU(2)-bundle, that unable us to
provide a definition in terms of homogeneous SU(2)-connections. For instance, this happens
in the closed FLRW model, namely the discussed case of the 3-sphere with SO(4)-action. In
those cases, we can still define AG

E to be the image by a fixed spin structure (not homogen-
eous) of G-invariant metric-compatible connections on PSO(Σ) (now G acts transitively and
effectively). All these sets are isomorphic to the set AG of G-invariant SO(3) connections on
the trivial bundle Σ× SO(3) pullbacked by the map ρ̄= (idΣ,ρ) : Σ× SU(2)→ Σ× SO(3).
When a homogeneous spin structure exists, the two approaches are the same. The collection of
homogeneous Ashtekar connectionsAG will play the role of the configuration space, providing
the classical cosmological sector of the Ashtekar–Barbero–Immirzi-Set connections.

4. The fate of the gauge symmetries

We now discuss the role of the gauge symmetries, namely the invariance of this formulation
under the action of the spatial diffeomorphism group Diff(G) and the gauge group (vertical
automorphisms) of the bundleG .

= Gau(PSpin(G)).We are going to verify that these two groups
have a well-defined action on the set of homogeneous Ashtekar connections AG.

Notice that the homogeneous connections on PSpin(G) form an affine space C G associated
to the vector space HomR(g,su(2)) as a consequence of Wang’s theorem. On such a space,
not the whole G acts but only a subgroup given by the automorphisms that commute with the
action L̄

GG = {f ∈ G | f ◦ L̄g = L̄g ◦ f, ∀g ∈ G} ∼= SU(2) .

However, onAG we can recover the action of the whole G. Let us consider A ∈ AG, then there
exists a section s : G→ PSpin(G) and a homogeneous connection ω such that A= s∗ω. The
action of G is given by the transformation of ω

10
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G ×AG →AG; (4.1)

( f,A) 7→ A ′ = s∗f∗ω.

Despite f∗ω being no more homogeneous, A′ is it. Indeed, A ′ = s∗f∗ω = ( f ◦ s)∗ω, and f ◦ s is
a section of the spin bundle, then A′ is still the local field of a homogeneous connection.

The behavior of the Diff(G)-action requires more attention since a diffeomorphism changes
the spin structure and the orthonormal frame bundle as well. Let us first consider the auto-
morphism group Aut(G)< Diff(G); this group preserves the homogeneity condition for the
metric. Indeed, let φ ∈ Aut(G),g ∈ G,x ∈ G, then φ(Lgx) = Lφ(g)φ(x). Hence, considering a
metric η such that L∗gη = η,∀g ∈ G, we get that φ∗η is still homogeneous:

L∗gφ
∗η = φ∗L∗φ(g)η = φ∗η.

Together with the automorphism group, the right multiplication preserves the homogeneous
structure because it commutes with the left multiplication. In particular, if ξ is a left-invariant
vector field, (Rg)∗ξ is left invariant. Thus, we can notice that the request of homogeneity for the
metric breaks the diffeomorphism-invariance, reducing the group to G⋊Aut(G) (for a group
theoretic focus on this group, see appendix B). Analytically, this reflects the expression of the
Vector constraint, which in cosmology is dependent on the structure constants of g [28]. As
a consequence, f∗η, with f= (g,φ) ∈ G⋊Aut(G) acting on G as f= Rg−1 ◦φ, still defines a
orthonormal frame bundle that is homogeneous under the natural left action L̃ of G, and there
exists the associated unique GL-invariant spin structure (PSpin(G), ρ̄ ′, L̄ ′

g).
The map f intertwines two equivalent actions f ◦Lg = Lφ(g) ◦ f. Now, considering the two

actions L and Lφ on the same frame bundle PSO(G), an invariant section e with respect to
one action will be invariant with respect to both. Namely, the two actions on the same trivi-
alized bundle reads as L̃g = (Lg, idSO(3)) and L̃φ(g) = (Lφ(g), idSO(3)). Moreover, there exists
an automorphism φ̃ = (φ, idSO(3)) such that L̃φ(g) = φ̃ ◦ L̃g ◦ φ̃−1. Hence, the spin structure
(PSpin(G), ρ̄) is the same for both the actions L̄g = (Lg, idSU(2)) and L̄φ(g) = (Lφ(g), idSU(2)),
and a lift of the automorphism exists φ̄ = (φ, idSU(2)). Thus, a local field A= s∗ω transform
under the group Aut(G) as φ∗A= (s ◦φ)∗ω = (φ̄ ◦ s ′)∗ω = s ′ ∗ φ̄∗ω, where s ′ = φ̄ ◦ s ◦φ−1,
and φ̄∗ω is invariant under action of L̄∗φ(g) for all g ∈ G, and so under L̄∗g . Analogous computa-
tions are performed when we include the term Rg−1 because it does not modify the left action.
Hence, AG is invariant under the action of G⋊Aut(G).

It also has an interpretation in terms of spin structure on different orthonormal frame
bundles. Let f ∈ G⋊Aut0(G), there exists a isomorphism of principal bundles between
PSO(G,η) and PSO(G, f∗η) given by

f̃ : PSOx (G,φ∗η)→ PSOφ(x) (G,η) ;

h 7→ dxf ◦ h,

such that it is a lift of f. Moreover f̃ ◦ L̃g = L̃φ(g) ◦ f̃. Considering twoG-invariant sections: e for
PSO(G,η), and e′ for PSO(G, f∗η). In a fixed point x ∈ G, f̃(e ′x) = Ruef(x), for some u ∈ SO(3).
Here, Ru is the right action of a element in SO(3) on PSO(G,η). Moving on another point via
left multiplication, we obtain

f̃
(
e ′gx

)
= f̃L̃g (e ′x) = L̃φ(g)f̃(e

′
x) = L̃φ(g)Ru

(
ef̃(x)

)
= RuL̃φ(g)

(
ef̃(x)

)
= Ru

(
ef̃(gx)

)
.

This means that, with respect to the trivialization induced by the two sections, f̃ acts as
(x,ρ(a)) 7→ (f(x),ρ(a)u). Hence, we can lift the action on the trivialized PSpin(G) by choosing
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a preimage by ρ of u in SU(2). We can fix it by continuity, asking that u= 1 when f= idG.
To do that, f must lie in the identity component of G⋊Aut(G). Since G is connected, then
the identity component is G⋊Aut0(G). Thus, we have found an automorphism f̄ such that the
following diagram commutes:

Furthermore, f̃∗ maps homogeneous connections on PSO(G,η) to homogeneous connec-
tions on PSO(G,φ∗η), and f̄

∗
maps homogeneous connections in homogeneous connections

on PSpin(G) with respect to the proper unique invariant spin structure (the spin structures are
the same once the bundles are trivialized)

L̄∗gω = ω ⇐⇒ L̄ ′
gf̄

∗
ω = f̄

∗
ω.

Hence, A= s∗f̄
∗
ω = (̄f ◦ s)∗ω = (s ′ ◦ f)∗ω = f∗A ′, where s ′ = f̄ ◦ s ◦ f−1 is a new section.

5. Abelian artifact, gauge fixing, and point holonomies

In this framework, generically, the holonomy maintains its value in SU(2) (cf theorem 4.1 of
[53]). Therefore, it is capable of reintroducing the SU(2) internal degree of freedom lost in
the canonical approach in LQC [18, 24–26]. Moreover, this formulation does not require a
minisuperspace, allowing gauge transformations to possess local degrees of freedom that do
not adhere to the homogeneous property, as necessary to have a non-Abelian nor identically
vanishing Gauss constraint [32, 33]. Furthermore, we can recover the classical formulation in
minisuperspace. The description of the classical Ashtekar variables in cosmology by Bojowald
[28, 31] coincides with the restriction of our framework to G-invariant dreibeins, as can be
seen from equation (3.2). Indeed, our couple of variables (A,E) can be described by the usual
collection of functions (Aia(x),E

a
i (x)) such that, in a specific gauge, they can be written as

Aia(x) = ϕiIθ
I
a(x) and E

a
i (x) = |det(θ)|pIiξaI (x). Here, ξI is a set of generators for the Lie algebra

g, and θI its dual basis. That specific gauge e is a G-invariant one. As discussed in section 3.3,
A is left-invariant in such a gauge and, due to equation (3.2), Aia(x) = ϕiIθ

I
a(x), where ϕiI is the

matrix associated with the map ϕ : g→ su(2) with respect to the basis of generators ξI and τ i
(we recall that θMC = ξI⊗ θI). The frame of vector fields e(ei) is left-invariant, here ei is the
canonical basis of R3, and so eai (x) = cIiξI(x), where cIi is a change-of-basis matrix. The usual
description of LQC [9, 11, 12] can be recovered by a complete gauge fixing, namely choosing
a specific G-invariant dreibein, as shown explicitly in the appendix A for the isotropic case.

12
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Furthermore, as a special case, we are able to rescue the point holonomies, which charac-
terize LQC. Let us consider the parallel transport along the integral curve of a left invariant
vector field ξ. Considering c : [0,1]→ G; t 7→ c(t) an integral curve of a left-invariant vector
field ξ associated with a vector v= ξ1 ∈ T1G. Hence,

ċ(t) := dtc(∂t) = ξ (c(t)) .

Let u : [0,1]→ SU(2) be the parallel transport along the curve c, fixing e be a G-invariant
dreibein, the parallel transport equation reads

u̇(t) =−A(ċ(t))u(t) =−ϕ ◦ θMC(ξ(c(t))u(t) =−ϕ(v)u(t). (5.1)

The solution of this equation is u(t) = exp(−ϕ(v)t). The holonomy is defined as the inverse
of the parallel transport operator evaluated in t= 1

hc (A) = u(t= 1)−1
= exp(ϕ(v)) .

However, a remembrance of the path-ordering product appears. If we consider a composition of
that kind of integral curves associated with vectors v1, . . . ,vn, we can easily convince ourselves
that the holonomy along this curve is

hc (A) = exp(ϕ(v1)) . . .exp(ϕ(vn)) .

In order to connect the geometrical point of view on gauge fixing with an analytical one,
we recall that, in a previous work [33], we found that, in the minisuperspace, the Gauss con-
straint loses the divergence term ∂aEai , and we showed how to recast it into three Abelian
constraints. The equation ∂aEai = 0 is proper for the minisuperspace model. Actually, a G-
invariant dreibein yields a dreibein ei composed of left-invariant vector fields, which have
constant covariant divergence div(ei) = const. For class A Bianchi models, the constant is
zero. Thus, we can interpret ∂aEai = 0 as the minisuperspace constraint, which should enable
us to recover Bojowald’s description of reduced phase space.

6. Cylindrical functions and classical constraints algebra

In the phase space presented in section 3.3., the functional dependence of the constraints on
the Ashtekar variables remains the same as that of LQG. Since no minisuperspace is required,
not only does the Gauss constraint persist, but even the Diffeomorphism constraint does not
vanish, thereby recovering the full set of constraints of LQG. Beginning with this observation,
in this section, we are going to analyze the classical constraints algebra and the cylindrical
functions restricted to the classical cosmological sector AG.

6.1. Homogeneous cylindrical function

The holonomy-flux algebra can be properly defined on the reduced phase space, integrating the
connections and the electric fields over all the possible suitable curves and surfaces. Hence, the
space of cylindrical functions comes out naturally as functions on AG supported on a graph.
Citing the definition of graph by [1]:

Definition 6.1. A graph γ is a collection of piecewise analytic, continuous, oriented curves
c : [0,1]→ G (c is an embedding inG of an open subset ofR that contains [0,1]) which intersect
each other at their endpoints.

However, there is a distinguished collection of graphs with useful properties, which we will
call homogeneous graphs.

13
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We recall that the classical notion of an invariant subset cannot be properly implemented.
Let S⊂ G be a subset, it is invariant if Lg(S)⊂ S, ∀g ∈ G. SinceG acts transitively, the orbit of
a point is the whole space G, then, no proper invariant subsets exist. However, a finer property
can be found for curves onG. On a Lie group, the exponential map exp : g→ G is well-defined.
Locally, this map is a diffeomorphism, specifically, there exists an open neighborhood U⊂ G
of the identity element and a ball of radius δ, Bδ(0)⊂ g∼= T1G such that for all g ∈ U there
exists a unique v ∈ Bδ(0) such that g= exp(v).

This property can be extended to all couples of close enough points. Let g1 and g2 be two
elements of G such that g−1

1 g2 ∈ U, then ∃!v ∈ Bδ(0) such that g−1
1 g2 = exp(v), hence g2 =

g1 exp(v).
The object exp(v) can be interpreted as the endpoint of the integral curve of the left-

invariant vector field associated with v. Thus, between two close enough points g1 and g2,
there always exists an analytic curve ζ : [0,1]→ G such that ζ(0) = g1 and ζ(1) = g2, this
curve is ζ(t) = g1 exp(tv). Using such curves, we can approximate every continuous curve
c : [0,1]→ G. Consider a partition of the [0,1] interval Pn = {0, t1, . . . , tn,1}, if the partition is
fine enough, the points gi = c(ti) and gi−1 = c(ti−1) will be close enough and, so, there exists
an integral curve that connects them ζi(t) = gi−1 exp(tvi). Thus every curve c : [0,1]→ G is
approximated by a continuous, piecewise analytic curve ζPn : [0,1]→ G composed by integ-
ral curves:

ζPn (t) =



ζ1

(
t
t1

)
if 0⩽ t< t1,

ζ2

(
t−t1
t2−t1

)
if t1 < t< t2,

...

ζn+1

(
t−tn
1−tn

)
if tn < t⩽ 1.

(6.1)

The finer the partition, the better the approximation. Thus, every curve c can be realized as the
limit of some sequence composed of integral curves. In this sense, the set of curves composed
of integral curves is dense in the set of piecewise analytic, continuous curves.

Definition 6.2. A homogeneous graph γG is a collection of integral curves of left-invariant
vector fields and their compositions.

Such as the curves, the set of homogeneous graphs is dense in the set of graphs. Poorly
speaking, a homogeneous graph is made starting from a graph and substituting at each curve
its approximation in integral curves. (Notice that this definition differs from the usual mathem-
atical notion of a homogeneous graph as used in [54].) We will refer to cylindrical functions
supported on homogeneous graphs as homogeneous cylindrical functions, and denote their
space by Cyl∞G ⊂ Cyl∞(AG). The computation in section 5 concerning point holonomies sug-
gests that, up to gauge transformations, homogeneous cylindrical functions effectively localize
point holonomies along the edges.

6.2. Classical constraints algebra

As we stated before, since our couple of variables for the phase space are still (Aia(x),E
a
i (x)),

the constraints have the same form as the usual LQG ones. They can also be derived geomet-
rically from the description proposed in [34], considering A to be homogeneous in the sense
given before. Thus,
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Gi = ∂aE
a
i + ϵijkA

j
aE

a
k , (6.2)

Va = FiabE
b
i −AiaGi,

H=
(
F i

ab− β2+1
β2 ϵijk

(
Aja−Γja

)(
Akb−Γkb

)) ϵimnEamE
b
n√

|det(Eai ) |

We observe that these are precisely the constraints of standard LQG. The imposition of
homogeneity, as implemented in this work, does not yield any significant simplification in
the form of the constraints. They retain the same functional dependence on the phase space
variables Eaj (x),A

k
b(y) even though these variables now belong to the cosmological sector of

the theory. Furthermore, since we adopt the standard symplectic structure {Eaj (x),Akb(y)}=
βκ
2 δabδ

k
j δ(x− y), the resulting smeared constraint algebra coincides with that of LQG:

{G(Λ) ,G(Λ ′)}= βκ
2 G([Λ,Λ ′]) ,

{D(X) ,D(X ′)}= βκ
2 D(LXX

′) ,

{D(X) ,H( f )}= βκ
2 H(LX f ) ,{

H( f ) ,H
(
f ′
)}

= βκ
2 D(q( fdf ′ − f ′df )) .

Nevertheless, wemust carefully consider the choice of smearing functions, as we are ultimately
interested in their action on cylindrical functions and must ensure that they generate the correct
gauge transformations. For the Gauss constraint, there are no such restrictions: since we have
recovered the full gauge action onAG, we can take Λ ∈ C∞

c (Σ,su(2)). A more subtle analysis
is required for the smearing functions X and f. In cosmological settings, these are typically
associated with the shift vector and the lapse function, respectively, both of which are required
to be left-invariant. From the action of the Hamiltonian constraint on the ADM metric q, it
is evident that, to preserve homogeneity, f must be constant in our case as well. Regarding
the vector field X, which is the generator of diffeomorphisms on the space, we must note that
diffeomorphism symmetry is broken in our setup. Therefore, X must preserve the structure
of left-invariant tensors. In other words, X must lie in the Lie algebra Lie(G⋊Aut(G)), as
constructed in appendix B. With this choice of smearing functions, the classical constraint
algebra is significantly simplified:

{G(Λ) ,G(Λ ′)}= βκ
2 G([Λ,Λ ′]) ,

{G(Λ) ,D(X)}= βκ
2 G(LXΛ) ,

{D(X) ,D(X ′)}=−βκ
2 D(LXX

′) ,

{G(Λ) ,H( f )}= 0,

{D(X) ,H( f )}= 0,{
H( f ) ,H

(
f ′
)}

= 0.

(6.3)

In this form, the constraint algebra is isomorphic to the Lie algebra(
C∞

c (Σ,su(2))⊕̂Lie(G⋊Aut(G))
)
⊕R.

Where the first sum is a semidirect sum, and the third term is the direct sum with the real
1-dimensional Abelian algebra R. Thus, C∞

c (Σ,su(2)) is an ideal as in the full theory, while
H(f ) generate the center.

If the Lie group on which the theory is defined is not compact, we may encounter issues
with the convergence of D(X) and H(f ). However, since we are ultimately interested in their
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action on cylindrical functionals, the support of the smeared constraint is irrelevant as long as
it is large enough to contain the entire graph. Therefore, we can define the integral via a limit
over an exhaustion by compact sets Σn ⊂ G, ensuring that it is well-defined, similarly to the
procedure used in the definition of the volume in [55].

The action of the infinitesimal transformation of the cylindrical functions is the same as the
full LQG. The Gauss constraint can be implemented in the same way, indeed, its action on the
holonomies reads as

{G(Λ) ,hc (A)}=
βκ

2
(Λ(c(0))hc (A)− hc (A)Λ(c(1))) ,

providing the infinitesimal version of the gauge transformations implemented by the group
G = C∞

c (Σ,SU(2))

U(a)hc (A) = hc
(
Ada−1 A+ a−1da

)
= a(c(0))hφ(c) (A)a

−1 (c(1)) . (6.4)

We need to pay attention to the Diffeomorphism constraint. Indeed, despite LXA being well-
defined on our configuration space, the action on smooth holonomies

{V(X) ,hc (A)}=
ˆ 1

0
dthc([o,t]) (A)(LXA)c(t) hc([t,1]) (A)

does not produce a cylindrical function. Hence, we are forced to consider the finite action of
the group G⋊Aut(G) as

U(φ)hc (A) = hc (φ
∗A) = hφ(c) (A) . (6.5)

Notice that the subspace Cyl∞G is invariant under these actions. This lays the foundation for the
quantization of the theory and the implementation of the quantum constraint algebra. Thanks to
the simplified structure of the algebra and the symmetric properties of the cylindrical functions,
this framework appears more tractable using the established techniques of canonical LQG. It
may also offer a concrete link with the structure of LQC, while potentially avoiding some of
the ambiguities present in the full theory.

7. Relation with the previous literature

Asmentioned previously, our formulation encompasses the canonical approach to LQC at both
the classical and quantum levels. The standard form of the Ashtekar variables in cosmology
arises as a consequence of gauge fixing within our framework. A detailed computation for the
isotropic Bianchi I case is provided in appendix A. We posit that implementing the minisuper-
space constraint ∂aEai = 0, along with the diagonal prescription as introduced [24, 25], leads
at the classical level to the canonical framework of LQC. Ideally, at the quantum level, we
expect to recover the Hilbert space of LQC, namely the LQC Hilbert space should emerge as
the kernel of the ∂aEai operator, incorporating the diagonal prescription as well, in line with the
treatment adopted in Quantum-Reduced Loop Gravity [20–22]. Furthermore, interpreting the
canonical approach as a gauge fixing aligns with previous works on minisuperspace reduction,
where a set of constraints similar to our minisuperspace constraint is imposed [27, 56].

We anticipate that a more thorough examination of the Diffeomorphism constraint in this
context may reveal some similarities to modern approaches to diffeomorphism-invariant cos-
mological sectors, which are currently successful but limited to the isotropic case [23].

Moreover, with the implementation of the Hamiltonian constraint in a future work, we
aim to enhance theoretical understanding of certain approaches for cosmological dynamics
derived from LQG [57–59], where particular symmetric graphs are considered, aligning with
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the direction of this study. Nonetheless, this line of research seeks to provide a foundational
justification, starting from SU(2) spin-network states, for the effective models used in LQC,
potentially offering an interpretation of these states and their semi-classical dynamics in terms
of an appropriate limiting procedure.

We propose that the approach presented in this work can be extended to other symmetry-
reduced models, such as black holes. A generalization of Wang’s theorem for non-transitive
group actions exists [51], and thanks to this result, it is possible -in principle- to follow similar
steps to define a symmetry-reduced sector of Ashtekar connections that preserves the SU(2)
gauge symmetry. The black hole casemay offer simplifications in characterizing the symmetric
sector, since the symmetry group is fixed to be SO(3) (or U(1) in the case of rotating black
holes). We also expect, in this context, the appearance of a broken diffeomorphism group and
the emergence of a specific class of graphs, analogous to those proposed in [60].

8. Conclusion

The mathematical concept of homogeneity, along with a rigorous formulation of Ashtekar
variables that align more closely with Yang–Mills theory, enables the identification of a clas-
sical cosmological sector of General Relativity using Ashtekar variables, without the need
to invoke the minisuperspace. This approach maintains the SU(2) internal gauge symmetry,
akin to the diffeomorphism gauge symmetry. Consequently, the theory’s constraints and their
algebra mirror those of LQG. Thus, the representation theory of holonomy-flux algebra leads
to cylindrical functions on the classical cosmological sector. Furthermore, we can distinguish
an invariant subspace under the action of the gauge group composed of cylindrical functions
supported on peculiar symmetric graphs.

The gauge-invariant symmetry reduction procedure discussed here is based solely on geo-
metrical tools from classical field theory, and is therefore, in principle, generalization to any
gauge field theory with an underlying symmetry, even in a covariant setting. Moreover, the
symmetry group can be fixed without requiring transitivity of its action on Σ, allowing for
the inclusion of different physical scenarios. For example, by imposing an underlying spher-
ical symmetry, namely, an effective action of SO(3) with spherical orbits, the same procedure
can be applied to identify the classical spherically symmetric sector of General Relativity in
Ashtekar variables, which encompasses the relevant physics of black holes.

This approach holds significant promise for studying the quantum kinematical space and
developing quantum dynamics. While the Hamiltonian constraint is successfully implemented
in LQC, it remains unsolved in canonical LQG. The quantization of this formulation could
offer valuable insights from cosmology to help resolve ambiguities surrounding the quantum
dynamics of the full theory. Moreover, it may provide a theoretical foundation for the effective
models used in LQC, thereby bridging the gap between the SU(2) spin-network representation
and semi-classical dynamics.
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Appendix A. Isotropic case

The isotropic case deserves a peculiar treatment. The isotropic hypothesis prevents finding
a preferred direction even during the dynamics evolution of the metric and the extrinsic
curvature [61].

In this case, the usual mathematical definition of an isotropic manifold does not catch the
whole feature we desire.

Definition A.1. A Riemannian manifold (Σ,q) is isotropic if, for any x ∈ Σ and any unit vec-
tors v,w ∈ TxΣ, there exists an isometry f : Σ→ Σ with f(x) = x such that f∗(v) = w.

This definition means thatΣ is a homogeneous space and the stabilizer group is isomorphic
to the group of rotations. Herewith, G admits an action of H∼= SO(3)⊂ S with a fixed point
(the fixed point will be the identity element 1 ∈ G). However, we can see in table 1 from [62]
that the full isometry group of R3 equipped with any left-invariant metric has an SO(3) sub-
group. Moreover, for every two left-invariant metric q,q ′ on R3 always exists an automorph-
ism F ∈ Aut(R3) such that q= F∗q ′ and their stabilizers are conjugate under it,Hq = AdFHq′

[63]. Roughly speaking, let Q= {qIJ} and Q ′ = {q ′
IJ} be the matrices associated with the two

metrics in a given basis of generators of the Lie algebra R3 ∼= T1R3, then, there exists a matrix
M such that Q=MQ ′Mt. Hence, given a transformation Λ that leaves the metric Q invariant
ΛQΛt = Q, we get an invariant transformation for Q′, namely MΛM−1. Thus, the stabilizer
group Hq is conjugate to the stabilizer of the canonical scalar product of R3, i.e. SO(3).

Thinking about the two different metrics as a time evolution, the stabilizer group evolves in
time but is still isomorphic to SO(3). Nevertheless, this can not be a description of an isotropic
Universe because of the generality of q and q′. Then, we have to restrict our definition to be
the stabilizer group not isomorphic to SO(3) but exactly H= SO(3), corresponding to fixing
Q as a positive multiple of the identity matrix.

Definition A.2. An isotropic model is a Riemannian homogeneous space (G, S) together with
a metric q such that the stabilizer is H= SO(3)⊂ S.

In our description of class A simply connected Bianchi models, there are only two Lie
groups available for the isotropic model, R3 and S3 [62]. So they are homogeneous spaces
together with the action of E3

0 = R3 ⋊ SO(3) and SO(4), respectively. However, S3 does not
admit an SO(4)-invariant spin structure. We can avoid this problem considering connection
on PSO(S3) because in the usual formulation they are in one-to-one correspondence with the
connection in the SU(2)-principal bundle.

Hence, we require that the connection be invariant under the action of the chosen group.
For consistency, we will show that there exists a gauge in which we can write the Ashtekar

connection in the canonical form [11].
Consider R3 equipped with a positive multiple of the canonical scalar product α2〈·, ·〉 and

PSO(R3) together with the natural action of E3
0. The fiber on a point x ∈ R3 is canonically SO(3)

PSO
(
R3

)
=
{
U : R3

⟨·,·⟩ → TxR3 ∼= R3
α2⟨·,·⟩ | orientation preserving isometry

}
= α · SO(3)

The action of f = tR ∈ E3
0 onP

SO(R3) = R3 × SO(3) (forgetting theα factor), with t translation
and R rotation, can be written explicitly

Lf : P
SO
x

(
R3

)
→ PSO

(
R3

)
;

U 7→ dxf ◦U, =⇒ Lf (x,U) = (Rx+ t,RU) .
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In this case, a section invariant under the action of E3
0 does not exist. But, invariant con-

nections exist due to Wang’s theorem. A connection ω over PSO(R3) can be written as
ω = a−1da+ a−1ω̂a, where ω̂ is a so(3)-valued 1-form overR3 and a ∈ SO(3). Given a section
e : R3 → PSO(R3), we obtain the local connection 1-form e∗ω = e−1de+ e−1ω̂e. Fixing ex =
(x,1), e∗ω = ω̂. The action of Lf on the connection is

L∗
f ω = (Ra)−1 d(Ra)+ (Ra)−1 f∗ω̂ (Ra) = a−1da+ a−1R−1f∗ω̂Ra.

From which the condition of invariance is

( f∗ω̂)x (v) = ω̂Rx+t (Rv) = Rω̂x (v)R
−1.

That is, in the gauge fixing, ω̂ invariant under the adjoint action of SO(3), hence, a possible
solution is ω̂ = c

∑
aTa⊗ ea, where {ea} is the canonical dual basis ofR3 and Ta are the gener-

ators of so(3). It corresponds on each TxR3 ∼= R3 to the equivariant isomorphismR3 ∼−→ so(3).
In a matrix form, it is

ω̂IJi = cδai (Ta)
IJ
. (A.1)

Dropping the Lie algebra generators Ta, we notice that it is exactly the expression of the
Ashtekar connection in a spatially homogeneous and isotropic Universe: Aai = cδai .

Such a connection reconstructs an isotropic extrinsic curvature. Let ωA be a E3
0-invariant

connection and ωLC be the Levi-Civita one. Their difference is

Ω= ωa−ωLC = a−1ω̂Aa− a−1ω̂LCa= a−1Ω̂a,

and it satisfies f∗e∗(a−1Ω̂a) = AdR Ω̂. Let V be a R3-valued 1-form such that Φ([e,e∗Ω]) =
[e,V], if e= (x,1), then ( f∗V)x(v) = VRx+t(Rv) = RVx(v), namely V= φ(Ω̂). Hence, the
Weingarten map rotates under this transformation

kRx+t (Rv) = [eRx+t,VRx+t (Rv)] = [eRx+t,RVx (v)] = Rkx (v) . (A.2)

While the extrinsic curvature keeps the E3
0-invariant (i.e. isotropic and homogeneous) property

( f∗K)x (v,w) = KRx+t (Rv,Rw) = α〈kRx+t (Rv) ,Rw〉= α〈Rkx (v) ,Rw〉 (A.3)

= α〈kx (v) ,w〉= Kx (v,w) .

Thus, in our formulation, we are able to recover the canonical form of the Ashtekar connection
in an isotropic case (A.1) and be consistent with the request of an isotropic metric and extrinsic
curvature. However, the isotropic case will be subjected to a deeper study to fully understand
the classical description and the quantization procedure.

Appendix B. Semidirect product G⋊Aut(G) and its relation with Diff(G)

In this appendix, we are going to discuss the group-theoretic and spectral properties of
G⋊Aut(G), for a connected Lie group G. The semidirect Lie group G⋊Aut(G), which is
topologically G×Aut(G), is characterized by the following product

(g1,φ1) .(g2,φ2) = (g1φ1 (g2) ,φ1 ◦φ2) .

The inverse is (g,φ)−1 = (φ−1(g−1),φ−1), and identity (1, idG). This group has an effective
left action on G, and so a smooth injective homomorphism

α : G⋊Aut(g) → Diff(G) ;
(g,φ) 7→ Rg−1 ◦φ (B.1)
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Notice that, under the usual choice of left action (g,φ) 7→ Lg ◦φ, the image in Diff(G) is
the same since Lg ◦φ = Rg−1 ◦ (Adg−1 ◦φ). We want to now describe the Lie algebra of G⋊
Aut(G) in terms of vector fields on G. Namely, find the Lie subalgebra in X(G) of the image
of G⋊Aut(g) in Diff(G) via α.

Let us start from the normal subgroup G. Let ξ ∈ g, and v= ξe ∈ TeG its value on the iden-
tity. Then, α(exp(tv)) = Rexp(−tv) is the flow of the left-invariant vector field−ξ on G. Hence,
α∗(g) =−g. So, on the image [ξ1, ξ2]α∗g := adξ1 ξ2 =−[ξ1, ξ2], where [·, ·] are the usual Lie
brackets between vector fields, i.e. [X,Y] = LXY. We recall that the adjoint action of G on g in
terms of left-invariant vector fields is Adg ξ = (Rg−1)∗ξ. Since Aut(G) is canonically a sub-
group of Diff(G), it inherits the same adjoint representations. Let X ∈ Lie(Aut(G))⊂ X(G),
then, for all φ ∈ Aut(G), Adφ X= φ∗X, and, for all Y ∈ X(G), adYX= [X,Y]. Moreover, the
action of Aut(G) on G lift to g simply by (φ,ξ) 7→ φ∗ξ. Now, we have all the ingredient to
describe α∗(Lie(G⋊Aut(G)))⊂ X(G).

As vector space, it is g⊕Lie(Aut(G)). The adjoint representation of the group is given by

Ad(g,φ) (ξ,X) = (Adg (φ∗ξ)+σg (φ∗X) ,φ∗X) ,

where, σg : Lie(Aut(G))→ g is given by identify g with T1G and map X to dgLg−1(Xg). From
which, we can derive the inner automorphism of the Lie algebra:

ad(υ,Y) (ξ,X) = ([ξ,υ] + [X,υ]− [Y, ξ] , [X,Y]) .

Notice that, if X is the vector field associated to an automorphism φ, then [X, ξ] ∈ g for all
ξ ∈ g. So, this expression is well defined.

Since G⋊Aut(G) is a Lie group, it admits a Haar measure. We can construct it explicitly
starting from left-invariant measuresµG onG andµA onAut(G). It cannot be just the product of
the two due to the bad behavior of µG under the action of Aut(G) onG. To deal with that, notice
that µG ◦φ is still a left-invariant measure on G, for each φ ∈ Aut(G), then µG ◦φ = λ(φ)µG,
where λ(φ) is a real positive number. More properly, it is easy to show that λ : Aut(G)→ R×

is a continuous homomorphism. Thus, considering the functional

I : C0
c (G⋊Aut(G)) → C;

f 7→
ˆ
G

ˆ
Aut(G)

f(g,φ)λ
(
φ−1

)
dµA (φ)dµG (g) .

Thanks to the Riesz–Markov–Kakutani representation theorem, it defines a left-invariant
measure on G⋊Aut(G).
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