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Abstract This paper investigates Page curves on the branes
with higher codimensions and charges. We study two kinds of
doubly holographic modes, the AdS/dCFT and cone hologra-
phy. In AdS/dCFT, the gravitations on the brane are massive,
and the black hole on the codim-m brane is coupled with
the non-gravitational bath on the AdS boundary. Following
the standard approach, we derive the Page curve for eternal
black holes. On the other hand, cone holography includes
massless graviton on the brane, and the bath becomes grav-
itating. By adding suitable DGP gravity on the end-of-the-
world brane, we recover non-trivial entanglement islands and
Page curves, which strongly support that the island is con-
sistent with massless gravity. Finally, we analyze the effects
of charges and find that, as the charges increase, the Page
time increases, and the parameter space for non-trivial Page
curves widens.
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1 Introduction

Entanglement islands are essential in addressing the black
hole information paradox [1-5]. So far, most discussions in
dimensions higher than two focus on doubly holographic
models such as Karch—Randall (KR) braneworld [6] and
AdS/BCFT [7-11]. Double holography transforms the quan-
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tum extremal surface on the branes into the classical RT
surface [12] in bulk, simplifying many problems. There are
two kinds of doubly holographic models. The first kinds are
KR braneworld and AdS/BCFT, which contain only massive
gravitations on the brane and are most studied in the litera-
ture. While the second kind includes massless gravitations on
the brane [13], the typical examples are wedge holography
[14,15] and cone holography [16]. Recently, [17] observes
that entanglement islands disappear in the initial model of
wedge holography [14], which seems to imply that entangle-
ment islands are inconsistent with long-range massless grav-
ity [18]. Interestingly, [19-21] find that DGP gravity [22]
can resolve this problem and recover non-vanishing entan-
glementislands in massless gravity theories. See also [23-59]
for some related works.

So far, most studies of entanglement islands and Page
curves focus on codim-1 branes.! This paper generalizes
the discussions to the brane with general codimensions and
charges. The main motivation is to verify the universality of
islands and to explore if higher codimensions and charges can
widen the parameter space of non-vanishing islands in DGP
cone holography. We investigate two kinds of models. The
first model is AdS/dCFT [61,62], where the black hole on
the codim-m brane is coupled with a non-gravitational bath
on the AdS boundary. Similar to the usual double hologra-
phy, such as KR braneworld and AdS/BCFT, the gravitations
on the branes are massive. Following the standard approach,
we derive the Page curves for eternal black holes [63]. Com-
pared with the case of codim-1 brane, the new feature is
that the HM surface can be defined only in a finite time for
codim-m branes. Fortunately, this unusual situation does not
affect Page curves since it happens after Page time. The sec-
ond model is cone holography [16], where the black hole on
the codim-m brane is coupled with a gravitational bath on
the codim-1 brane. Cone holography is a generalization of

' See some discussions on codim-2 branes [21,60].
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Fig. 1 AdS/dCFT and its interpretations in black hole information
paradox. We focus on constant angle and time. E denotes the codim-m
brane in bulk, M is AdS boundary, and D = 9 E is the codim-m defect
on M (D is codim-(m+1) in bulk). The purple and red lines denotes the
island region I and the radiation region R, respectively. Note that the
island region / and radiation region R envelop the black-hole horizon
on E and M, respectively. For simplicity, we only show the regions
outside the horizon. The dotted line, blue, and orange lines in the bulk
indicate the horizon, the RT surface in the island phase and the HM in
the no-island phase at r = 0, respectively

wedge holography [14,15] and includes massless gravity on
the branes [16]. Following [19-21], by adding suitable DGP
gravity [22] on the codim-1 brane, we recover non-trivial
entanglement islands outside the horizon and time-evolving
Page curves. Our results support that the entanglement island
is consistent with long-range gravity theories. Finally, we dis-
cuss the effects of charges and find that charges can widen
the parameter space for nontrivial Page curves.

The paper is organized as follows. In Sect. 2, we dis-
cuss Page curves for eternal black holes on codim-m branes
in AdS/dCFT. In Sect. 3, we generalize the discussions to
cone holography, where a massless gravitation appears on
the brane and the bath becomes gravitating. By adding suit-
able DGP gravity, we recover entanglement islands and Page
curves. In Sect. 4, we study the effects of charges in cone
holography. Finally, we conclude with some open questions
in Sect. 5.

2 Page curve in AdS/dCFT

To start, we first review the geometry of AdS/dCFT and its
interpretation in the black hole information problem. Please
see Fig. 1, where E denotes the codim-m brane in bulk, M
is AdS boundary, and D = 9 E is the codim-m defect on the
AdS boundary M (D is codim-(m+1) in bulk). The black hole
lives on the codim-m brane E, and the non-gravitational bath
(non-gravitational black hole) locates at the AdS boundary.
For simplicity, we focus on the black brane in bulk,

ds® = dr* + sinh?(r)d 2

m—1

dz? 2 d—1- 2
G- rea s S a
. (1

+ cosh? r) -
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where r denotes the proper distance to the codim-m brane
E,d Q%ﬁl is the line element of the (m — 1)-dimensional

unit sphere, f(z) = 1 — ;Z:Z

with horizon at z = z;. For

simplicity, we set z;, = 1 ihn this paper. Note that there are
black holes on both the codim-m brane E : r = 0 and the
AdS boundary M : r = 0o, we choose the non-gravitational
black hole on the AdS boundary as the bath. We impose
transparent boundary condition on the defect D : z = 0, so
that Hawking radiation can flow from the codim-m brane E
to the AdS boundary M. It is similar to the usual setup in
double holography.

Let us explain the black brane (1) more. For simplicity,
this paper focuses on the tensionless black brane E, where
metric (1) has no conical singularity around the brane r — 0
[16,60]. By performing the holographic renormalization, we
can calculate the stress tensor of CFTs on the AdS boundary
r — oo. Similar to the black string [30], the holographic
stress tensor of CFTs is trivial up to a universal anomalous
term for even d. It means the mass of the black brane (1)
is also trivial, which vanishes for odd d and is independent
of z;, defined in f(z) for even d. It is consistent with the
fact that the codim-m brane E is tensionless. Since the black
brane is tensionless, there is no backreaction to the geometry
in AdS/dCFT. One may ask what happens for the tensive
black brane. The case of tensive codim-2 brane E is carefully
studied in [60], and the Page curve is similar to the tensionless
case. In comparison, there are no well-defined tensive codim-
m branes with m > 2 for Einstein gravity [64]. For the above
reasons, this paper focuses on tensionless black branes.

We aim to calculate the entanglement entropy of radia-
tion region R (red line of Fig. 1), which is given by the area
of RT surfaces in bulk. There are two kinds of RT surfaces:
the one called island surface ends on the brane (blue curve
of Fig. 1), while the one named Hartman—Maldacena (HM)
surface (orange curve of Fig. 1) ends on the horizon at the
beginning time ¢ = 0, and then pass through the horizon at
t > 0.Due to the dynamic nature of spacetime inside the hori-
zon, the area of HM surface increases over time and exceeds
the black hole entropy at late times. This is the information
paradox for eternal black holes. Thanks to the island surface
with a constant area, the entanglement entropy stops increas-
ing and becomes a constant at Page time, which “resolves”
the information paradox.

Let us first discuss the island surface (blue curve of Fig. 1).
Assuming the embedding function z = z(r), t = constant,
we derive the area functional from the metric (1),

sinh” =1 (r) cosh? =1 (r)

pPUV
Al = d
I /0 r Z(,.)d—l—m

cosh?(r)z/(r)?
1 T N0
\/ T 02
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where [ denotes the island phase, py v is a large cut-off for the
AdS boundary, and we have set the volume of unit sphere and
tangential space to be one, i.e., V(5" 1) = [dyd~1=" =1,
for simplicity. Taking variations of (2), we derive the equation
of motion (EOM)

(d — m — 4) sinh(r) cosh?(r)Z'(r) 2z (r)?+"+!
+2(—d + m + 2) sinh(r) cosh2(r)z (1) ¥ 17 ()2
—2(d —m — 1) sinh(r)z(r)**3
+4(d —m — 1) sinh(r)z(r)?tm+3
+2(—=d 4+ m + 1) sinh(r)z(r)>"+3
— cosh(r)z(r)"*2 ()" = 2()?) (1) (d cosh @)
—d +2m —2) + sinh(2r)z”(r))
—cosh®(Nz(r)?"Z'(r)*((d — 1) cosh(2r)
—d+2m—1)=0 3)

We impose Neumann boundary condition (NBC) on the
codim-m brane E

7Z(0) =0, 4

and Dirichlet boundary condition (DBC) on the AdS bound-
ary M

z(puv) = Zbdy, 5

where 0 < zpdy < 1 denotes the endpoint of island surface
on the AdS boundary M : r = pyy — oo. From EOM (3)
and BCs (4, 5), we can solve numerically the island surface
z = z(r). Please see [60] for more calculation details, which
focus on the case of codim-2 branes.

Let us go on to discuss the HM surface (orange curve
of Fig. 1), which ends on the horizon at t+ = 0 and passes
through the horizon at t > 0. According to [60], the exis-
tence of HM surface imposes a lower bound on zpgy for
codim-2 branes. We find the situation is similar for codim-
m branes with m > 2. The HM surface always exits for
Zbdy A~ 1 < 1, and we focus on this case in this paper.
To avoid coordinate singularities on horizon, we choose the
infalling Eddington—Finkelstein coordinate dv = dt — f(z)
Substituting the embedding functions v = v(z), r = r(z)
into the metric (1), we obtain the area functional for HM
surface

Zmax ginh ! (r(2) coshd—1-m (r(2))
AHM = . Za’—l—m

bdy
cosh?(r(2)v'(z) (f (' (z) + 2)dz

><\/r’(z)2 - - '22

and the time on AdS boundary M

Zmax 1
- <>+—) , )
/ (” YT )

(6)

t =t(Zpdy) =

Page curves for codim-3 branes

AA
0.15F
—— No-island phase
0.10
— lIsland phase
0.05F
% L L L I t
0.1 0.2 0.3 0.4 0.5 0.6
Fig. 2 Page curves on the codim-3 brane for d = 6 and zpqy =

0.95, 0.96, 0.97(bottom to top). Here AA = A(t) — A(0), the orénge
curves denote the area of HM surfaces and the blue curves denote the
area of island surfaces. The Page curve is given by the orange curves at
t < tp and the blue curves at ¢ > tp. We observe that the Page times
tp = 0.289, 0.448, 0.602 increase with z54y = 0.95, 0.96, 0.97

where Zmax > 1 denotes the turning point of the two-side
black hole. According to [65], we have v/ (zmax) = —0o0 and
t(zmax) = 0, and zmax = 1 corresponds to the beginning
time t = 0.

Since Agm = f Ldz (6) does not depends on v(z) exactly,
we can define a conserved quantity

b 0L
N v
_ N (F @y @ + 1) sinh™ 7 (2)) cosh"H (r(2)
\/,,(Z)z B cosh2(r(z))v’(z)(f(z)v’<z>+2>
= —/~f Gma)zmad sinh™ ! (7 (zmax)) sech™ ™ (r (zmax)) . (8)
where we have used v/ (zmax) = —00. From (8), we can solve

v/(z) in functions of r(z), ' (z) and z. By using v’ (z) derived
from (8), we simplify EOM derived from the area functional
(6) as

872" sinh(r) ( E2 722 sinh®(r) cosh®™ (r)
1 £22" cosh (1) sinh®™ (r))

—472" cosh® 1 (r) sinh®" (r)((d — 1)
cosh(2r) —d +2m — 1)
+4zr' sinh(r) <4E}‘Vz2d sinh?(r) cosh® (r)

1 /22 cosh? () sinh 2™ (r))

+4zr' sinh(r) (—2f(d —m—2)z>" cosh?®(r) sinh®" (r))
—22 (')? sech(r) ( E2,7%4 sinh* (r) cosh™ ()

T4 £72 cosh? (r) sinh®" () (d cosh(2r) —d +2m —2))
+27° (”/)3 tanh(r)sech(r) (4E12va2d sinh?(r) cosh?” (r)

—2E2 2%+ 7 sinh? () cosh ™ (r)>
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Page curves for codim-{2,3} branes with z,4,=0.95
AA

0.30

0.25¢

0.20

0.2 0.4 0.6 0.8

(a) codim-2:tp = 0.777, codim-3:tp = 0.289

Page curves for codim-{2,3} branes with z4,=0.96
AA

03f
0.2F

01f

S S SRR
0.2 0.4 0.6 0.8

(b) codim-2:tp = 0.871, codim-3:tp = 0.448

Page curves for codim-{2,3} branes with zp4,=0.97

AA

0.7f
06"
05F
04f
03F

0.2F

0.1F

0.2 0.4

T S
0.6 0.8 1.0

(c) codim-2:tp = 0.986, codim-3:tp = 0.602

Fig. 3 Page curves on 4-dimensional E branes with different codimensions. We take codim-2 E brane in AdS¢/CFT5 and codim-3 E brane in
AdS7/CFTg as examples (top to bottom). We find that the higher the codimension, the smaller the Page time

+273 (r’)3 tanh(r)sech(r) (—4f2(d —m— 1"
x cosh? (r) sinh?™" (r)) =0, )
where r = r(2),r = '@, f = f@,.f = fr) =

1 — z47™ Solving the above EOM perturbatively around
the turning point z = zpax, We get the BC

7 (Zmax) = 70, r/(Zmax)
_ Z%;(l coth(rg)((d — 1) cosh(2rg) —d+2m—1)
(d —m) (Z%ax - 2Z%ax) .

(10)

For any given zmax and rg, we can numerically solve EOM
(9) with BC (10). The solution r(z) does not obey the DBC
r(zvdy) = puyv generally. So we need to adjust the input
Zmax and rq so that the DBC r (zpay) = puv is satisfied. This
is the so-called shooting method. In this way, we numeri-
cally derive r(z). Substituting r(z) and v’(z) derived from
the conserved quantity (8) into (6) and (7), we obtain the
time dependence of Agm.

Now we are ready to draw the Page curve. For simplicity,
we take the codim-3 branes in AdS7/dCFTyg as examples (the
spacetime on the brane E is four-dimensional). As shown

@ Springer

in Fig. 2, the entanglement entropy of Hawking radiation
first increases over time (orange curve). Then it becomes
a constant (blue curve) after the Page time, recovering the
expected Page curve for eternal black holes. The smaller the
radiation region (the larger z,4y), the larger the Page time.
Besides, as shown in Fig. 3, the larger the codimensions, the
shorter the Page times.

3 Page curve in cone holography

In this section, we investigate the Page curve of eternal black
holes on codim-m branes in cone holography [16]. The bulk
metric is still given by (1), but now the AdS boundary M
at r = oo is replaced with an codim-1 brane Q at r = p,
where p is a finite constant. Please see Fig. 4 for the geometry
of cone holography. Since now the brane Q locates at finite
place, there appears normalizable massless gravitation on the
branes [13,20,21]. According to [17,21], since both branes
are gravitating in cone holography, one should adjust both
the radiation region R (red line) and the island region I (pur-
ple line) to minimize the entanglement entropy of Hawking
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Fig. 4 Cone holography and its interpretations in black hole infor-
mation paradox. We focus on constant angle and time. E denotes the
codim-m brane where the black hole lives, and Q is codim-1 brane with
a weak-gravity bath (weak-gravity black hole). Note that the island
region / and radiation region R envelop the black-hole horizon. For
simplicity, we only show the regions outside the horizon. The purple
and red lines denotes the island region / and the radiation region R on
E and Q, respectively. The dotted line, blue, and orange lines in the
bulk indicate the horizon, the RT surface in the island phase and the
HM surface in the no-island phase at ¢ = 0, respectively

radiation. Furthermore, from the viewpoint of bulk, since the
RT surface is minimal, it is natural to adjust its intersections
dR and 91 on the two branes to minimize its area. Following
this approach, we recover non-trivial entanglement islands
in cone holography with suitable DGP gravity. Furthermore,
we work out the parameter space for Page curves, which is
quite narrow.

Note that the codim-1 brane Q located at » = p is tensive.
Thus one should consider the backreaction due to the brane
Q. For the end-of-the-world brane Q with only one side, the
backreaction is represented by suitable boundary conditions.
Following [16,21], we choose mixed boundary conditions so
that (1) with brane Q at r = p is a solution. One can also
impose Neumann boundary conditions; however, the solution
becomes much more complicated. There are two methods to
make the brane Q obey the Neumann boundary condition.
The first one considers the angle dependence for the brane
location, i.e., ¥ = r(0) [16]. The second method adds suit-
able matter fields on the brane [66]. For simplicity, we focus
on mixed boundary conditions in this paper, and leave the
discussions of Neumann boundary condition to future work.

Let us start with the island surface (blue curve of Fig. 4).
With DGP gravity on the codim-1 brane Q, the area func-
tional of island surface becomes

P sinh™ 1 (r) cosh? 1" (r) cosh?(r)z/(r)2
Al = / dr —1— 1 >
0 z(r) " Sfzr)z(r)
22 sinh”~1(p) cosh? =1 (p)
11
z(p)d=1-m ’ (n

where A denotes the DGP parameter, and the brane Q is at
r = p. The EOM and BC on the codim-m brane E are still
given by (3) and (4). Taking variations of (11), we derive the
NBC on the codim-1 brane O

cosh?(0)z'(p)

VeoshZ(0)z' ()2 f (z(0) + 2(0)2 f (z(p))?
—2(d—1—-—m)A =0.

12)

As mentioned above, since the brane Q is gravitating, one
should adjust the endpoint z(p) to minimize the area (11).
As a result, we impose NBC (12) instead of DBC §z(p) =0
in cone holography.

For A > 0, we have

]
Al > f dr sinh” ' (r) cosh?™ =" (r)
0

2 sinh™ 1 (p) cosh?= 1= (p)

z2(p)d=tm -
where Ay denotes the horizon area with corrections from the
DGP gravity, and we have used f(z) > 0and 0 < z < 1
above. The above inequality implies that the horizon is the
RT surface in the island phase for A > 0. As a result, the blue
curve of Fig.4 coincides with the horizon, and the island
region / outside the horizon disappears.

As for A < 0, the bulk term of (11) decreases with z(r),
while the boundary term of (11) increases with z(p). These
two terms compete and make it possible that there exist RT
surfaces outside the horizon, i.e., z = z(r) < 1 for suffi-
ciently negative A. Below we focus on the more interesting
case with A < 0. Note that there are lower bounds for the
DGP parameter A for a well-defined theory.

Without loss of generality, we choose the parameters

(13)

Ay,

0 =20, A~ —0.122, (14)

Solving numerically EOM (3) with BCs (4, 12), we obtain the
island surface with two endpoints z(0) ~ 0.976 and z(p) =
0.950. Thus the radiation region is given by z > z(p) =
0.950.

Let us go on to discuss the HM surface in the no-island
phase, whose area functional is given by

“max sinh™ =1 (r(2)) cosh? =1 =" (r (2))
Anm = d—1-m
z(p) z

2
x\/r’(z)z _ cosh (r(z))v’(z)z(f(z)v’(z) 2.
z
22 sinh™ =1 (p) cosh?=1="(p)

Z(,O)d_l_m :

The EOM is still given by (9), but now the BC on Q becomes
r(z(p)) = p. Similar to Sect. 2, by applying the shoot-
ing method, we can solve numerically the HM surface and
then draw the Page curve as shown in Fig. 5. Following the

(15)
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Page curve for d=6

0.915

—— No-island phase
0.910
— Island phase

0.905

o1
005 010 015 020 025 0.30

Fig. 5 Page curve on the codim-3 brane in cone holography for d =
6, p = 2.0, » & —0.122. The orange line denotes the area of HM
surface, while the blue line denotes the area of island surface. And the
Page curve is given by the orange line at t < 7p & 0.243 and the blue
lineatr > tp ~ 0.243

approach of [21], we can work out the parameter space for
the DGP parameter X. Since the calculations are similar, we
do not repeat and just show the main results. First, we require
the existence of islands. As discussed above, we need suf-
ficiently negative A in order to have non-vanishing island
region outside the horizon. However, A cannot be too nega-
tive. Otherwise, the area functional (11) of the island surface
becomes negative. In this way, we derive Aqiz < A < Amax-
Second, we require that there are HM surfaces, which yields
Acriz < A < Amax. Third, to have the Page curve, we require
that the HM surface has a smaller area than the island sur-
faces at the beginning time ¢t = 0, i.e., AN(f = 0) < A5
Then, we get Agia < A < Amax. Finally, we require that
AN(t = 0) > 0, which imposes Acria < A < Acrs. The
strongest constraint is given by Acia < A < As5. Please
see Fig. 6 for various bounds of the DGP parameter A. We
find that the parameter space becomes narrower for larger
codimensions.

4 Page curve on charged branes

In this section, we discuss the Page curves and parameter
space for charged branes. For simplicity, we focus on codim-
2 branes with gravitational baths in cone holography. We are
interested in the case of d = 5 so that the codim-2 brane
is 4-dimensional. Solving Maxwell equations and Einstein
equations, we obtain the bulk vector and metric

_(2_¢
=50 do, (16)
dr?
ds* = ol f(rdo*

2 2
r dz KNI 2 2
+Z—2<1_Z3—(1—Z)dt +dy1+dy2 s

rp, <r <o, (17

@ Springer

Parameter space for cone holography with codim-3 brane
A

0.00§

-0.02f A~Amax

[ 00000~  — Amax
-0.04f -0.0005 A2

[ -0.0010 s
-0.06¢ ~0.0015

[ o T /\cri4
-0.08¢ 051015202530 A

. 51015202530 A
-0.10F
-0.12F

‘ ‘ ‘ ‘ ‘ L,

Fig. 6 Parameter space for cone holography withm = 3 andd = 6
(codim-3 branes in AdS7). The purple line, orange line, red line, green
line and blue line denote A;qx, Acri2s Acrizs Aerids Aeris, respectively.
The subplot show the difference between A..;;i i = 2,3,4,5) and
Amax, Where the blue belt denotes the combined constraints of parameter
space. We can find the parameter space for the existence of entangle-
ment islands and Page curves is pretty narrow. Besides, by comparing
the parameter space of codim-3 brane with the one of codim-2 brane
in [21], we find that the parameter space becomes narrow when the
codimension increases

1Q]
06
05
04
03}
02}

0.1+

. I . Lo
0.2 0.4 0.6 0.8 1.0

Fig. 7 The relation between |Q| and rj, for the tensionless case with
n = 1. The charge gains the maximum value Qmax ~ 0.607 at r, ~
0.868. We focus on the range 0.868 < r, < 1, which can reduce to the
charge-less case withr, =1, 0 =0

where Q is the “charge” parameter, f(r) = r2—1— 33
with ¢; = ri(r,% —-1- %?—62) and f(ry) = 0, the codim-2
brane E locates at r = rhhand the codim-1 brane Q is at
r = rg. Note that the metric (17) takes the same form as
charged hyperbolic black hole [67]. The only difference is
the time dt in Eq. (3.2) of [67] is replaced by dO in (17)
of this paper. For our case of black brane (17), there is a
non-zero current density Jy ~ Q for the dual CFTs, but the
charge density is zero, i.e., J; = 0. Thus, strictly speaking,
the black brane (17) is uncharged. However, in this paper, we
still call it “charged” black brane contrast with the charged
hyperbolic black hole [67]. Similar to the case of Sect. 3, the
bulk solutions (16, 17) obeys mixed boundary condition on
the end-of-the-world brane Q. They can satisfy the Neumann
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Page curves for n=1, Q=0 Page curves for n=1, Q=0.1
A A
0.50 0.50
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- 0.46
0.45 i
045/ '
0.44 !
0.44 g tp! i
0.1 0.3 0.4 0.5 0.2 0.3 0.4 0.5
(a) tp =~ 0.361 (b) tp ~ 0.383
Page curves for n=1, Q=0.2 Page curves for n=1, Q=0.4
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Fig. 8 Page curves for codim-2 branes with different charges. We
choose n = 1,1 =~ —0.161, rp = 3.0 and Q = 0,0.1,0.2,0.4. The
blue line denotes the area of island surface and the orange line denotes

-0.160

-0.161

-0.162

-0.163
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(c) tp ~ 0.448

Parameter space for different Q

Amax
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_ /\criS
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- /\cri5
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(d) tp ~0.724
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0.1

0.2

0.3

0.4

0.5

06

the area of HM surface. The Page curve is given by the orange line when
t < tp and the blue line when ¢ > 7p. We find the Page time increases
with the charge Q

Q

Fig. 9 Parameter space for different charges Q. The purple line, red line, orange line, green line and blue line denote Ayqx, Acriz, Acrizs Aeria, Aeriss
respectively. We set the codim-1 brane at o = 3 and choose n = 1. It shows that the parameter space allowing Page curves widens as the charge

increases
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Acris=Acria

0.0012 |-
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—_— I'0=2.5
— rp=3.0
—_— f'0=4.0
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Fig. 10 The relation between the width of parameter space and charge
Q. We choose ro = 1.01, 2.0, 2.5, 3.0, 4.0 and find that the width of
parameter space always widens when Q increases

boundary condition by adding suitable matter fields on the
brane [66].

To have a smooth bulk solution, we require that there is
no conical singularity on the brane E, which yields
[y 1

= 18
4 2nn (18)

where 27t n denotes the period of 6. Note that n is related to the
tension of the codim-2 brane, i.e., 8t GNyTE = 2 (1 — %)
[16]. For simplicity, we focus on the tensionless case with
n = 1. Then (18) yields

242
10| = %_ri\/(l — ) B+ 5rh), (19)

where 0 < r, < 1. As shown in Fig. 7, the charge (19) has
a maximum value Qmax ~ 0.607 at r;, ~ 0.868 forn = 1.
We focus on the range 0.868 < r; < 1 with larger rj,, which
can reduce to the charge-less case withr;, = 1, Q0 = 0.

Following the approach of Sect. 3, we can derive the Page
curves and parameter space for the above charged branes.
We do not repeat the calculations and just show the main
results below. Please see Fig. 8 for the Page curves with
different charges, which shows that the Page time increases
with charges. Please refer to Fig. 9 with ro = 3 and Fig. 10
with various ro = 1.01, 2.0, 2.5, 3.0, 4.0 for the param-
eter space of Page curves. Recall that r = ry denotes the
location of the codim-1 brane. Figures 9 and 10 imply that
the parameter space widens as the charge increases. Finally,
we discuss the parameter space for the maximum charge in
Fig. 11, which shows that the width of parameter space firstly
increases with ro and then decreases with rg.

5 Conclusions and discussions
This paper investigates Page curves of eternal black holes on

codim-m and charged branes in AdS/dCFT and cone hologra-
phy, respectively. In AdS/dCFT, the black hole on the codim-

@ Springer

A
0.00 Acris=Acri4
0.0012
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J n S /\ .
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-0.15
_ .
1.0 15 2.0 25 3.0 35 4.0

Fig. 11 Parameter space for cone holography with the maximum
charge. For simplicity, we only show A4 with orange line and
Aeris with blue line, which are strongest constraints. We focus

on the maximum Q, corresponding to r, = % (\/769+7) and

0= %\/ —40r}f + 16rZ + 24rfl’. The width of parameter space firstly
increases with rg and then decreases with rq

-y
~ .H

£

-~

M —0

Fig. 12 Cone holography from AdS/dCFT in zero volume limit M —
0. For simplicity, we focus on constant angle and time. £, Q and M
denote the codim-m brane, codim-1 brane and the AdS boundary. H
is the horizon, and the blue curve denotes the island surface outside
the horizon. In AdS/dCFT, the causal wedge is defined by the region
between the red curve and M rather than the region between the horizon
and M. And the entanglement wedge is defined by the region between
M and the blue curve. As a result, the causal wedge is always smaller
than the entanglement wedge in AdS/dCFT. So does cone holography
as a limit of AdS/dCFT

m brane is coupled with a non-gravitating bath on the AdS
boundary. Since the non-gravitating bath breaks the general
covariance, the gravitons on the codim-m branes are mas-
sive. Following the standard approach, we verify that the
entanglement island can recover the Page curve. Besides, we
observe that the Page time decreases with codimensions but
increases with z54y. On the other hand, there is a massless
mode of gravitons in cone holography due to the gravitat-
ing bath on the end-of-the-world brane. By adding suitable
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DGP gravity on the brane, we recover non-trivial entangle-
ment islands and time-dependent Page curves in cone holog-
raphy. Our work gives more evidence that the entanglement
island is consistent with massless gravity. We also consider
charged branes in cone holography and find that the Page time
increases with charges. Finally, we analyze the parameter
space for Page curves and see it narrows with codimensions
but widens with charges. For simplicity, this paper focuses
on tensionless branes and eternal black holes. Studying the
case of tensive branes and evolving black holes in the future
is interesting.

Note added: After this paper is finished, there appears two
papers [68,69], which claim that the causal wedge is larger
than the entanglement wedge whenever the island surface is
outside the horizon for DGP wedge/cone holography. It is not
true. A careful study of this problem in bulk shows that the
causal wedge is always smaller than the entanglement wedge.
Thus the DGP wedge/cone holography is well-defined. The
key point is that, according to [14], wedge holography is a
limit of AdS/BCFT with zero strip width. Similarly, cone
holography is a limit of AdS/dCFT with a vanishing volume
of dCFTs [16]. Please see Fig. 12. Since the causal wedge is
always smaller than the entanglement wedge in AdS/dCFT,
so does cone holography. As shown in Fig. 12, in the limit
M — 0, the causal wedge (region between the red curve and
M) vanishes. Thus it is always smaller than the entangle-
ment wedge (region between M and the blue curve) in cone
holography. We will make more comments in future works.
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