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Abstract Using the Gödel metric, we obtain some rele-
vant solutions compatible with spatiotemporal jumps for the
geodesic equations, by using an extension of General Rel-
ativity with nonzero boundary terms, which are described
on an extended manifold generated by the connections
δ�

μ
αβ = bUμ gαβ . These terms are given by a flow of

velocities with components U ν : 3 b2 ∇νU ν = gαβ δRαβ =
λ [s (xα)] gαβ δgαβ in the varied Einstein–Hilbert action. The
solutions are valid for an arbitrary equation of state with ordi-

nary matter: � = P/(c2 ρ) = ( ω
c )

2−λ(s)

( ω
c )

2+λ(s)
.

1 Introduction and motivation

A few years ago, was introduced an extension of General
Relativity in which we use a geometrical displacement from
a semi-Riemann manifold to an extended one, in order for
describe physical systems in which boundary conditions are
physically relevant. In such formalism, back-reaction effects
[1–6] are described as nonperturbative geometric fluctua-
tions with respect to the background semi-Riemann mani-
fold [7–9], in the framework of an extended General Real-
tivity with boundary terms included. Other approaches on
extended manifolds have been considered in the framework
of the Weyl connections [10–14].

In 1949, Gödel discovered unexpected solutions to the
Einstein equations corresponding to universes in which no
universal temporal ordering is possible [15]. An hypotheti-
cal habitant of such a universe could, in principle, travel to his
own past. The geodesic solutions obtained from the Gödel
proposal has many unusual properties, such that the exis-
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tence of closed timelike curves that would allow time travel
in a universe. Its definition is somewhat artificial in that the
value of the cosmological constant must be carefully chosen
to match the density of the dust grains, but this spacetime
is an important pedagogical example.In his work it is con-
sidered that the pressure P = 0, so that the universe is dust
dominated. However, it is very interesting the fact that the
energy density ρ is positive, so that, in principle some type
of exotic matter would not be necessary to travel to the past.
The Gödel universe is a system with angular velocity ω, that
rotates along the z-axis.

In this work we introduce a new extended manifold to
describe the dynamics of a Gödel system which interacts with
an external system with a dynamics described by λ [s (xα)],
in a such manner that the system is no longer dominated by
dust and can take an equation of state with ordinary matter.
The extended manifold is generated by the components of
the relativistic velocity that are related with a flow through
the 3d-closed hypersurface that alters the dynamics of the
Gödel’s universe. This is relevant for the geodesic equa-
tions, because self-interactions of relativistic observers mod-
ifies the own trajectories. We shall explore how can evolve
this system when we take into account the boundary condi-
tions when we variate the Einstein–Hilbert action [16]. The
manuscript is organized as follows: In Sect. 2 se revisit of
the Einstein–Hilbert action with boundary terms included in
the Einstein’s equations. In Sect. 3 we introduce the varied
curvature and the flux equation on the extended manifold,
using varied connections which depends on the relativistic
velocities. In Sect. 4 we obtain the geodesic equations for an
external flow and we study the field equations of the stress
tensor for a perfect fluid. In Sect. 5 we study the Gödel system
introduced in 1949 with the taking into account the bound-
ary terms in the dynamics for the geodesic equations. Some
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spatiotemporal closed solutions compatible with spatiotem-
poral jumps are obtained. Finally, in Sect. 6 we add some
concluding remarks.

2 Extension of General Relativity with an extended
manifold

We consider the Einstein–Hilbert action I, which describes
gravitation and matter

I =
∫
V
d4x

√−g

[
R

2κ
+ Lm

]
, (1)

where κ = 8πG/c4, G is the cosmological constant, Lm is
the Lagrangian density that describes the background physi-
cal dynamics and R is the background scalar curvature, and
g is the determinant of the background metric tensor gαβ ,
such that the line element is defined by ds2 = gαβ dxαdxβ .1

We consider the variation of the Einstein–Hilbert action (1),
with boundary terms included:

δI =
∫

d4x
√−g

[
δgαβ

(
Gαβ + κ T̄αβ

) + gαβδRαβ

] = 0.

(2)

The last terms in (2) are very important and cannot be
neglected in the dynamics of the system. These terms
gαβδRαβ = δ
, describes the flux of the 4-vector δWα =
δ�ε

βεg
βα − δ�α

βγ g
βγ , through the 3D closed hypersurface

∂M . An important case results when the varied Ricci tensor:
δRαβ , is related to the variation of the metric tensor [17]

δRαβ = λ
[
s
(
xα

)]
δgαβ. (3)

Here, λ [s (xα)] is a function of all the coordinates xα . The
covariant derivative of gαβ on the extended manifold is
nonzero: ∇νgαβ = 0. Therefore, using the propose (3) and
the fact that δ

[
gαβ gαβ

] = 0, we obtain that the varied action
δI in (2), is

δI =
∫

d4x
√−g

[
δgαβ

(
Gαβ − λ

[
s
(
xα

)]
gαβ

+κ T̄αβ

)]
= 0, (4)

where T̄αβ is the background stress tensor: T̄αβ = 2 δLm
δgαβ −

gαβLm . Therefore, the dynamics of the system with boundary
conditions included will be given by the Einstein equations
with the boundary terms assimilated, that now takes the form

Gαβ − λ
[
s
(
xα

)]
gαβ = −κ T̄αβ. (5)

1 Along the note, we shall consider that Arabic letters run from 1 to 3
(to describe spatial coordinates), and that Greek letters run from 0 to 4.

The boundary terms with λ [s (xα)] in (5) can be assimilated
to the Einstein tensor, or the stress tensor. In the first case the
boundary additional terms in the Einstein equations should
be considered as geometrical sources, but in the second one,
they are of physical nature and the redefined stress tensor is
given by

Tαβ = T̄αβ − 1

κ
λ

[
s
(
xα

)]
gαβ, (6)

and the dynamics for the physical fields is given by the equa-
tion

∇β T̄ αβ = 1

κ
gαβ ∂λ [s (xα)]

∂xβ
, (7)

where the geometric dynamics is given by the equation
∇β Gαβ = 0. This means that the flux due to the bound-
ary terms in the minimized action will be the source for the
dynamics of the physical fields. In a cosmological context,
λ [s (xα)] can be assimilated with a cosmological parame-
ter, which in models which comply with a vacuum equa-
tion of state � = P/(c2 ρ) = −1,2 λ [s (xα)] has the same
effect as an intrinsic energy density of the vacuum such that
c2ρ = −P = λ0

κ
. Using the values known in 2018 and

Planck units for a cosmological constant H0 = 67.66 ±
0.42

(
km
seg

)
1

Mpc = (2.1927664 ± 0.0136) × 10−18 seg−1, it

is obtained the value of λ [s (xα)] at the moment when radi-
ation decoupled from matter [18]:

λ0 = 1.05 × 10−52 m−2,

which is a very small value. In general, it is believed that
λ [s (xα)] has varied along the history of the universe. In
this case the right hand of (7) must be taken into account in
order to make a good relativistic description of the physical
system [19,20]. However, as we shall see later in this work,
the conceptual meaning of λ [s (xα)] is very much broader
than the cosmological meaning.

3 Curvature on the extended manifold

With the aim to describe the curvature in the extended mani-
fold, we shall consider the varied Ricci tensor as an extension
of the Palatini expression [21]

δRαβ ≡ δRμ
αβμ = b

[(
δ�μ

αμ

)
‖β −

(
δ�

μ
αβ

)
‖μ

]
. (8)

Because we are interested to study the dynamics of relativistic
velocities in a Gödel metric using EGR, in this note we shall
propose the novel extension of the semi-Riemann manifold

2 Here, c is the light velocity and ρ, P are respectively the energy
density and the pressure.
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which can be generated by the connections

δ�
μ
αβ = bUμ gαβ, (9)

whereUα = dxα

ds are the components of the relativistic veloc-
ity. The connections (9) takes into account the perturbed
geometry of spacetime with respect to the semi-Riemann
background manifold, which is described by the Levi–Civita
connections

{
α

β ν

}
:

�α
βν =

{
α

β ν

}
+ δ�α

βν. (10)

The perturbations will be considered finite, but they can be
large, because our formalism is non-perturbative. The closed
3d-hypersurface is finite and can be defined on any region of
the background manifold. We shall consider cases where the
metric is hyperbolic, so that

UμU
μ = ε, (11)

Here, ε is a constant that can take the values ε = 0,±1.
The case ε = 0 corresponds to massless particles, and
ε = ±1 correspond respectively to particles with nonzero
mass with metrics with signature (±,∓,∓,∓). Therefore,
we can define the variation of the metric tensor on the
extended manifold, as3

δgαβ = gαβ‖ν U ν = −b
(
Uα Uβ +Uβ Uα

) + 2 η ε gαβ.(14)

Notice the additional last term in (14), which takes into
account the effect of the massive test-particles on the var-
ied metric tensor: δgαβ . The origin of this term in the last
one in (12), that describes the interaction of the derived
tensor (in this case gαβ ), with the field of the varied
connection: Uμ. Another interesting fact is that δg =
gαβδgαβ = 2 (4η − b) ε, so that one obtains a null flow
δ
 = λ [s (xα)] δg = 0 for relativistic massless test par-
ticles with ε = 0, or for the particular gauge: b = 4η. In
such cases the Einstein equations (5) are not altered by the
boundary terms:

Gαβ = −κ T̄αβ. (15)

In order for calculate the dynamics of the energy density
we must use the varied action (2) with an external flow

3 We shall denote as δgαβ the variations of gαβ on the extended mani-
fold, and the variations on the semi-Riemannian manifold is �gαβ = 0.
In general, this notation will be used for any tensor along the work. The
covariant derivative of the metric tensor on the extended manifold, with
self-interactions included can be defined as

gαβ‖μ = ∇μgαβ − δ�ν
αμ gνβ − δ�ν

βμ gαν + 2η gαβ Uμ, (12)

so that δgαβ is given by

δgαβ = gαβ‖ν U ν . (13)

that affects the background dynamics: δgαβ
(
Gαβ + κ T̄αβ

)+
gαβδRαβ = 0. This expression takes the form4

[
b

(
Uβ Uα +UαUβ

) − 2ηgαβUμ Uμ
]

λ
[
s
(
xα

)]
gαβ

= 3 b2 [∇ν U
ν + [2b + η]

(
UμU

μ
)]

. (17)

One interesting case is η = −2b. If we take into account the
equation for the flow (17), we obtain

∇ν U
ν = 6 λ [s (xα)]

b

(
UμU

μ
)
. (18)

Notice that the right hand of (18) is the source of Uμ,
which also depends on Uμ = dxμ

ds . This is because the self-
interaction of the back-reaction effects. When the flux is null
δ
 = 0, we recover the background dynamics forUμ for the
Eqs. (7) and (18): ∇ν U ν = 0, and ∇β T̄ αβ = 0. Therefore,
the differential equation (18), takes the form

∇ν U
ν = 6 λ [s (xα)]

b
ε. (19)

A singular case is that in which λ [s (xα)] is a constant:
λ [s (xα)] ≡ λ0. In this case the boundary terms can be
nonzero for ε �= 0, but the field equations (7) are unmod-
ified: ∇β T̄ αβ = 0. Furthermore, the background equations:
∇ν U ν = 0, must be modified by introducing the right side
term in (19) for massive particles, but not for massless parti-
cles.

4 Geodesic equations in Extended General Relativity

The dynamics of the relativistic velocities in extended Gen-
eral Relativity are given by the expression δUα = 0, which,
written in terms of the covariant derivatives on the extended
manifold, takes the formUβ Uα ‖β = 0. This expression can
be expanded in terms of the semi-Riemann covariant deriva-
tive, and using the fact that d

ds = Uβ ∂
∂xβ , we obtain

dUα

ds
+ �α

μβ U
μ Uβ = [η − b] Uα ε, (20)

which, for η = −2b, holds

dUα

ds
+ �α

μβ U
μ Uβ = −3bUα ε. (21)

The Eq. (21) give us the geodesic equations for a open rela-
tivistic system with boundary terms included, that takes into
account self-interactions. These terms alter its own back-
ground dynamics, which is reflected in the source term on the
right side of (21), as well as in the right side of (7). The reader

4 We use the expression

δgαβ = gαβ
‖ν U

ν = b
(
Uα Uβ +Uβ Uα

) − 2 η gαβ
(
UμU

μ
)
.

(16)
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can see that the background Einstein equations (5), are also
altered by the second term of the left side: −λ [s (xα)] gαβ .
From the general relativistic point of view, this term takes
into account how the space-time curvature produced by the
massive test-particle alters his own background trajectory.

To make a complete description of a relativistic system we
must specify the background stress tensor, which we shall
assume that is a perfect fluid

T̄ αβ =
(
P + c2ρ

)
Uα Uβ − P gαβ, (22)

where both, P and ρ are the pressure and energy density
with boundary terms included. Hence, from (22) and (7), we
obtain the geodesic equation for a perfect fluid with arbitrary
pressure P and energy density ρ, when the flux the crosses
the 3d-hypersurface of the varied action (2) is considered.
Using the Eq. (19) and the fact that δUα = 0, we obtain after
multiplying by Uα , that

[ε − 1]
d

(
� c2ρ

)
ds

+ c2 dρ

ds

+3

[
2
λ [s (xα)]

b
− b

]
ε2 (1 + �) c2ρ

= 1

κ

d

ds
λ

[
s
(
xα

)]
, (23)

where we have used the fact that d
ds = Uβ ∂

∂xβ and P+c2ρ =
c2ρ (1 + �).

5 Gödel proposal with Extended General Relativity

We consider the coordinates (τ, x, y, z), such that τ = c t ,
where c is the light velocity and t is the time. The line element
ds2 = gαβ dxαdxβ for the Gödel metric can be written

ds2 = dτ 2 − dx2 − dz2 + 1

2
e2

√
2 ω
c xdy2

+e
√

2 ω
c x (dτ dy + dy dτ) , (24)

where ω > 0 is a constant related with the vorticity of matter.
The geodesic equations (21) for the Gödel metric (24), are

τ̈ + 2
√

2
(ω

c

)
τ̇ ẋ +

(ω

c

)
e
√

2( ω
c )x ẋ ẏ + 3 b τ̇ ε = 0,

(25)

ẍ + √
2

(ω

c

)
τ̇ ẏ +

√
2

2

(ω

c

)
e2

√
2( ω

c )x ẏ2 + 3 b ẋ ε = 0,

(26)

ÿ − 2
√

2
(ω

c

)
e−√

2( ω
c )x τ̇ ẋ + 3 b ẏ ε = 0, (27)

z̈ + 3 b ż ε = 0, (28)

where the dot denotes the total derivative with respect to the
line element s: Uα = ẋα ≡ dxα

ds . The contravariant compo-

nents of the metric tensor are

gαβ =

⎡
⎢⎢⎢⎣

−1 0 2 e−√
2( ω

c )x 0
0 −1 0 0

2 e−√
2( ω

c )x 0 −2 e−2
√

2( ω
c )x 0

0 0 0 −1

⎤
⎥⎥⎥⎦ . (29)

The covariant components of the Einstein tensor are

Gαβ = −
(ω

c

)2

⎡
⎢⎢⎢⎣

1 0 e
√

2( ω
c )x 0

0 1 0 0

e
√

2( ω
c )x 0 3

2 e
2
√

2( ω
c )x 0

0 0 0 1

⎤
⎥⎥⎥⎦ , (30)

where Gαβ is related with the stress tensor by the expression
(5). Using the Einstein equations (5), we obtain that

c2 ρ = 1

κ

{(ω

c

)2
[

2 − ε

ε

]
+ λ

[
s
(
xα

)]}
, (31)

P = 1

κ

[(ω

c

)2 − λ
[
s
(
xα

)]]
, (32)

where we have used the fact that giβ giβ = 3, g0β g0β = 1,
g0β U 0 Uβ = ε and giβ Ui Uβ = 0. Here, P is the averaged
pressure over the main three spatial exes of inertia, by using
the expression:

Giβ giβ = −κ Tiβ giβ. (33)

In the following we shall study an application of Extended
Relativity in the metric proposed by Gödel in 1949 [15], in
order for study some particular solutions compatible with
spatiotemporal jumps, when boundary conditions are taken
into account in the varied Einstein–Hilbert action.

5.1 Particular solution for the Gödel proposal:
spatiotemporal jumps

We consider the case for a massive test particle such that
Uα Uα = 1. In this case ε = 1 and for an arbitrary flux with
λ(s) the system will be described by an equation of state

� =
(

ω
c

)2 − λ(s)(
ω
c

)2 + λ(s)
. (34)

Notice that the particular case considered by Gödel, in which
the pressure is P = 0 and the physical system is in absence of
any external flow in our case will be described by the choice
λ = (

ω
c

)2 and b = 0. However, more interesting are the

cases with λ �= (
ω
c

)2 and b �= 0, because can be testable by
experiments.

A particular solution of the system (25)–(28), is:

τ(s) = τ0 arctan
[
tan

(ω

c
s
)]

, (35)

x(s) = x0 arctan
[
− tan

(ω

c
s
)]

, (36)
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Fig. 1 Plot of τ (s) for τ0 = x0 = 0.5
√

2 G1/2, y0 = 0.5G1/2, ω =
1

τ0

[
1+2

√
2
]1/2

G−1/2 and c = 1

y(s) = y0 + c τ0

ω x0
e−√

2( ω
c ) arctan

[
tan ( ω

c ) s
]
, (37)

z(s) = z0. (38)

The solutions (35)–(38) are valid for an arbitrary equation of
state (34), for

τ 2
0 = 2 y2

0 , x0 = √
2 y0, b = −2

3

(ω

c

)2
y0

[
1 + √

2
]
,

(39)

and therefore the varied connections (9), take the form

δ�α
βν = −2

3

(ω

c

)2
y0

[
1 + √

2
]
Uα gβν, (40)

where the components for the relativistic velocityUα = dxα

ds ,
are:

U 0(s) =
(ω

c

)
τ0, U 1(s) = −

(ω

c

)
x0,

U 2(s) = −√
2 τ0

(ω

c

)
e−√

2( ω
c ) arctan

[
tan ( ω

c ) s
]
,

U 3(s) = 0. (41)

In order for the solutions to be consistent with relativistic
causality, we must require that

g0β U
0 Uβ = 1, (42)

giβ U
i Uβ = 0. (43)

From (42) we obtain that

τ 2
0 =

( c

ω

)2 1[
1 + 2

√
2
] , (44)

and from (43), it is required that x2
0 = τ 2

0 . In the Figs. 1 and
2 we have plotted the evolution of the geodesic curves τ(s),
x(s) and y(s), for τ0 = x0 = 0.5

√
2 G1/2, y0 = 0.5G1/2,

ω = 1

τ0

[
1+2

√
2
]1/2

G−1/2 and c = 1. Notice that all the vari-

ables jump at s = ( 1
2 + n)π

( c
ω

)
, (with n-integer). In partic-

ular, τ(s) jumps towards the past of the relativistic observer
and later continues evolving from its past until the following
cycle describing a closed orbit.

Fig. 2 Plot of x (s) and y (s) for τ0 = x0 = 0.5
√

2 G1/2, y0 =
0.5G1/2, ω = 1

τ0

[
1+2

√
2
]1/2

G−1/2 and c = 1

6 Final comments

In this work we have studied the Gödel’s original system
by using an extension of General Relativity where nonzero
boundary terms are included in the global dynamics of the
system. In this framework, the geodesic equations are altered
as son as the field equations for the stress tensor Tμν , which
was considered as a ideal fluid. Some similar results were
obtained for geodesic equations in a cosmological framework
from a five dimensional vacuum in General Relativity [22],
for a massive and confined test particle in a four dimensional
spacetime where the effective equation of state is vacuum
dominated: � = −1. However in such case the extra force
in the geodesic equation being induced by the extra dimen-
sion on the four dimensional spacetime. In the approach here
studied the relevant fact is that the extra term can be exper-
imentally manipulated through λ [s(xα)]. In particular, we
have obtained new relevant geodesic solutions of the geodesic
equations which are compatible with spatiotemporal jumps
for standard matter which is compatible with an equation
of state that depends on λ [s(xα)], which is a function that
characterizes the flux [see Eq. (34)] and could be assimi-
lated with a potential function. The interesting of the results
here obtained is that the energy density is positive and the
geodesic trajectories obtained are compatible with a massive
test mass, so that they could be testable in a laboratory with
the manipulation of λ(s). The main difference with the Gödel
solutions [15] is that, meanwhile in both cases timelike tra-
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jectories are closed curves (see Fig. 1), in our case the trajec-
tories are not derivable at the points s = ( 1

2 +n)π
( c

ω

)
, (with

n-integer). For this reason we identify those points as those
where a spacetime jump occurs. The jumps are spatiotem-
poral because the discontinuities also occur on the x(s) and
y(s) trajectories [see the solutions (35)–(38)], which also are
closed and continues (see Fig. 2). The components of the rel-
ativistic velocities are summarized in (41) and the varied con-
nections that generate the extended manifold take the form
given in (40). The importance of these solutions is that they
are valid only for massive test particles, because when parti-
cles are massless we recover in (21) the geodesic differential
equations obtained by Gödel in his original manuscript [15].
This particular case corresponds to a null flow δ
 = 0, due to
the fact δg = gαβ δgαβ = 0 for ε = 0. To finalize, a remark-
able point of the approach here introduced is that the original
system proposed by Gödel is dust dominated [i.e. for P = 0],
but the system here proposed is described by an equation of

state with ordinary matter: � = P/(c2 ρ) = ( ω
c )

2−λ(s)

( ω
c )

2+λ(s)
, such

that the Gödel particular system is recovered when λ(s) is a
constant that takes the value λ0 = (

ω
c

)2 and the test particles
are massless with ε = 0.
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