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Abstract

In this thesis we have studied the structure of the kaon using the Nambu-Jona-Lasinio
(NJL) model with the proper-time regularisation scheme to simulate the effect of quark
confinement. The separate contributions of each flavour to the elastic form factor
are calculated with and without the effect of dressing at the quark-photon vertex.
In comparison with the existing experimental data, our model shows a remarkable
agreement. We found the contribution of the anti-strange quark sector form factor of
the kaon dominates for Q% > 1. 6 GeV?, whereas the contribution of the u-quark sector
form factor of the kaon is larger for Q* < 1.6 GeV?. Clearly the difference in quark
masses leads to a dramatic difference between the anti-strange quark and the up quark
contribution to the kaon form factors.

We observed the structure of the kaon with a particular interest in the effects of
the larger mass of the strange quark. At present, a detailed understanding of the
pion and kaon structure is hampered by the rather small sample of experimental data.
It is known that ug is somewhat at softer that u, in large-z valence region, which
we will show is a natural consequence of the larger mass of the spectator strange
quark in the K. While at the present time, one does not know the separate flavor
contributions to the kaon elastic form factor and one may hope that it will prove
possible to measure them in future. Given the phenomenological importance of the
Drell-Yan-West relation (DYWR), it is certainly of considerable theoretical interest
to compare the flavour dependence of the large-z PDFs with corresponding large-Q?
behaviour of the separate flavour contributions to the elastic form factors.

We also investigate the effect of the spectator quark mass on the PDF for a given
quark flavor, finding satisfactory agreement with the experimental ratio ZK+ (;) . We

+
conclude with a discussion of the relationship of the large-x behaviour of z;r PDF and
the high-Q? behaviour of the contribution to the elastic form factor from the same
quark.

The comparison of the asymptotic behaviour of the individual flavour form factors
and parton distributions is fascinating. While all elastic form factors in the NJL model

behave as — at larger ()%, as already noted, the total K+ and 7" form factors only

differ by about 10 % in that region. As a reflection of the DYWR, we conclude that
this dominance of the elastic form factor for the 3-quark at large @* is mirrored in the
dominance of the strange PDF at large-x, with Sg+(x)/ug+(z) 3 : 1 at large-z.
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Introduction

The standard model (SM) of particle physics was constructed almost 50 years ago [
3]. For our purpose the SM is a theory of fundamental strongly interacting particles.
There are four known types of fundamental interaction forces in nature. They are
gravitation ], electromagnetic (7), nuclear strong (g) and nuclear weak (W=, Z°) forces
and all the phenomena of physics in nature are described by these four fundamental
forces. On July 2012, the Higgs Boson particle was confirmed independently at the
LHC (Linear Hadron Collider) experiment by ATLAS 4] and CMS collaborations [].
The elementary particles, which are the building blocks of matter, in the SM are
classified into fermions and bosons. Fermions are divided into two types: leptons
(e,u, 7, ve, v, v;) and quarks (u, ¢, t,d, s,b). Leptons have spin — and interact only via
electromagnetic and weak interactions. Quarks can interact via the electromagnetic,
weak and strong interactions, however a free quark has never been observed in nature.
Historically, quarks H were firstly proposed by Gell-Mann [6] and Zweig [2-9] in 1964
and only three flavors of quarks (u, d, s) were known at that time. They stated that the
physical hadrons are composite objects which consist of three quarks for the baryon
and of a quark-antiquark pair for the mesons. Thus hadrons in nature can generally be
categorized into baryons and mesons in nowadays. In this thesis we will concentrate
on the pseudoscalar mesons: kaon and pion and strong interaction (QCD).

Quantum Chromodynamics (QCD)E [11], which is a part of the SM, is universally
believed to be a robust quantum field theory for describing the strong interaction

!The gravitation force is not yet fully understood and included in the SM.

2The word ”quark” firstly emerged in the novel Finnegan’s Wake written by the Irish author James
Joyce (18821941). The protagonist of the book is a publican named Humphrey Chimpden Ear-wicker
who dreams that he is serving beer to a drunken seagull (no joke). Instead of asking for ”three quarts
for Mister Mark” the inebriated bird says ”three quarks for Muster Mark”. Since the pre-standard
model theory was complete with only three quarks, the name made some sense. The full standard
model today consist of six quarks. That hasn’t made the word any less fun to say. Quark!

3The QCD name appears for the first time in general reviewed by Marciano and Pagels 1L0]



between quarks and gluons forming hadrons. QCD was firstly suggested by Fritzsch,
Gell-Mann and Leutwyler [12]. The strong interaction governs the nuclear forces within
and between hadrons and the nuclear forces ultimately arise through gluon dynamics.
The gluon is both a color gauge field and the mediator of the force among quarks,
isolating quarks inside the colorless compound systems called hadrons in the low energy
regime. In low energy nuclear physics the strong nuclear force plays at relatively large
distances. This is because the potential between quarks increases linearly and hence
quarks cannot be separated. This phenomena is called as confinement 0. To break
the gluonic tubes between quarks, more external energy is required to disturb the
system and the breaking mechanism involves the creation of a quark-antiquark pair.
This confinement topic will be discussed later in more details in Chapter 2l There are
numerous reasons to believe that QCD generates nuclear forces are so strong that less
than 2% of the hadron mass can be attributed to the so-called current quark masses
that appear in the QCD Lagrangian; viz., forces capable of generating mass from almost
nothing, a phenomenon known as dynamical chiral symmetry breaking (DCSB). The
color confinement is an interesting feature of the strong interaction at large distances.
In this regime the interaction field among the quarks is very strong as indicated by its
large effective strong coupling constant. With such a large effective strong coupling
constant, it is not possible to employ a perturbative QCD approach. That is, the strong
coupling constant grows in the infrared region and the predictive power of perturbation
theory breaks down. This is the so-called infrared slavery. Nonperturbative QCD has
hideous infrared singularities which prevent the quarks and gluons being released from
a hadron.

At that time, some theorists attempted to model the non-Abelian theories by adding
gluon field interaction terms into Lagrangian with the universal coupling constant g;.
However, such developments take us in an inappropriate direction, which goes far way
from the real world. That perspective changed when Gross and Wilczek [13, [14] and
Politzer fi [15] found the effective coupling constant g, disappears at short distance
(large Q?) and increases at long distances (low @Q?) as illustrated in Fig. [CILIL This
successful theory paved the way to confinement and provided a bridge between the
confinement of quarks within the hadron at low energy and the quasi-free behavior
of quarks in the parton model. In contrast, in the short distances or high energy
scale (~ 1 GeV), QCD has an asymptotic freedom feature where the effective strong
coupling constant is relatively small. In the other words, when the quarks and gluons
interaction decreases at short distances, QCD is asymptotically free. The running
coupling constant decreases with increasing the energy scale, @ [16]. With such small
strong coupling constant, «y, perturbative QCD calculation can be performed. The
formula for the effective strong coupling constant or one-loop running coupling constant

4This is one of unsolved problem which is part of the Yang Mills Theory and one of the 7 millennium
prize problems given by the Clay Mathematics Institute. They offer a prize of US$ 1 million to the
one who solves the problem.

®They were awarded a Nobel Prize in Physics 2004 for the discovery of asymptotic freedom in the
strong interaction.
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(running means it varies with the energy scale) is expressed by

2 127 4dm
as(Q?) = 9s  _ — = —. (1.0.1)
s (4m) (33 — 2N;)In| Agw] Boln| Agw]

11Nc — 2N
Here (y = i

3 stand for the number of colours and Agep is the fundamental scale of QCD. An
implication of the feature of the running coupling constant in Eq.([CILT]) is that different
scales have different degrees of freedom.

DCSB, another dynamical property of the QCD, has the responsibility for generat-
ing the constituent quark mass of the hadron at a low energy scale (below ~ 1 GeV).
By taking massless quarks the chiral symmetry is realized in the Goldstone mode bro-
ken spontaneously. The effective strong coupling constant is defined as ag(Q?), where
Bo > 0 and Agep is renormalization scale. The quarks are asymptotically free if
as(Q?) — 0 as Q* — oo. The magnitude of Agcp is determined by the typical hadron
size. By taking the radius of proton ~ 1 fm, it yields the Agcp ~ 300 MeV and this
is close to the experimental result M] A plot of the running coupling constant as a
function of energy scale, @ in Eq. (L)), is depicted in Fig. [CO1

is a constant, Ny denotes the number of quark flavors, N =

0.5 T mm Beringer (2012) -
— AQCD = 300 MeV
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Figure 1.0.1: Running coupling constant, as(Q) as a function of energy scale, ). The
running coupling constant is shown as a black solid lines and the prediction value of
the ag(Mz) = 0.1184 & 0.0007 is blue solid lines ﬂﬁ]

QCD is unable to directly predict structure functions of hadrons. This is due



to the nonperturbative effect of QCD fie. confinement and dynamical symmetry
breaking (DSB). Understanding confinement and DSB give us a remarkable perspective
to understand hadron physics. This is because DSB is responsible for existence of pions,
kaons, and eta as well as generating quark mass from vacuum state via interactions.
At the moment the most direct method with which to gain access to the long distance
behavior of QCD is lattice QCD [17-2(]. However it is restricted to the first and second
moments when it is used to compute the moments of parton distribution functions
(PDF) [18]. With this in mind, another possible way is to use a hadronic model
that adopts QCD features. Such a model should possess the same symmetries as
QCD and hence we call it a "QCD insipired” model. In mimicking the features of
QCD, some studies of the structure of hadrons have been performed and tremendous
progress achieved. However, the structure of hadrons (baryon and meson) is not yet
fully understood and hence we do not really understand the QCD theory itself. In
a realistic calculation, it is very difficult to derive the hadronic observable from the
first principles of QCD. In this stage to overcome this intricate task, hadronic models
like Dyson-Schwinger equation (DSE) [21H25], QCD sum rules [26-29], Nambu-Jona
Lasinio model [30-44, 47-57] are used to model the quarks interaction within the
hadron. Lattice QCD is expected to be one possible way for studying the internal
hadron properties and hadron internal structure from the first principles of QCD. In
lattice QCD, the equations of motion (EOM) are numerically computed after it is
discretized onto a space-time lattice. However, this lattice method also has a serious
problem with the computing power needed to compute with physical quark masses. For
this reason, the majority of lattice calculations use unphysically large quark masses.
Therefore the extrapolations are required to reach the physical regime. Moreover,
lattice QCD also has a problem at small momenta because of the finite volume effects.
Therefore another extrapolation method is needed to obtain infinite volume limit.
Another way is to use a hadronic model. The Nambu-Jona-Lasinio (NJL) model is
adopted in this thesis. This is an effective theory, which mimics many of the key features
of QCD and is used as a tool to help understand non-perturbative phenomena in low en-
ergy QCD [34-3€&]. This model describes the chiral symmetry breaking, which gives rise
to dynamically generated constituent quark masses. The NJL model has successfully
been used to investigate a broad range of phenomena, from the properties of individual
hadrons [39] to heavy ion collisions [4(] and neutron stars [39, 41, 42]. In addition, to
baryon properties such as masses and axial charges [43, 44] the model has also been
used to study more complex phenomena such quark fragmentation functions [45, 46
and transverse momentum dependent (TMD) phenomena [47, 48]. Moreover, the NJL
model was widely used to study the structure of hadrons [30-35]. The model has also
been used to compute the properties of a diquark, such as its mass and electromagnetic
form factor. These, in turn, are required for a description of nucleon [30-44, U7-57]
and hyperon [51]. Also, it has been used to investigate the properties of mesons [5(0, 52
and properties of meson propagators [53]. However, the NJL model has mostly been
applied to investigate nucleon structure and properties [31-33, 49, 154, 55]. In some ap-
plications, the NJL model employing the proper time regularization (PTR) scheme has
been used to study nucleon quark distributions in relation to the proton spin crisis [56]

SIn this regime, Q@ ~ 1, aig ~ 1 and perturbative QCD is broken.
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and nuclear matter [31, 57]. Furthermore, the NJL model also has been used to study
the electromagnetic form factor of hadrons [31,, 49, 55, 58, [181] and the hadronization
process [h9]. However, the NJL model is a considerable simplification as it has no
gluon interaction. Therefore, several attempts have been suggested to improve the
NJL model by including scalar, pseudoscalar, vector, axial-vector terms in the meson
interactions as well as in the diquark interaction part. This approach is well known
as Bosonization of the NJL model [60-65]. We do not discuss the latter model in this
work but for readers who are interested, we refer to Refs. [60-65]. We only focus to
the NJL model. The NJL model is not renormalizable and does not confine the quarks,
therefore it suffers from nonphysical g —¢g thresholds [60]. The model must be regulated
to render it finite. We employ the proper time regularization scheme to regularize the
divergent integrals. In fact, there are several regularizations available in the market,
like 3D non-covariant regularization [37, 52|, dimensional regularization [66-170], 4D
covariant regularization [35, 52|, Pauli-villars regularization [35, 51] and proper-time
regularization [23-24, 3032, B4-8&, KU1, 43, 44, 47457). Each regularization has its
advantages and disadvantages. In this work we choose a proper time regularization
scheme, as mentioned earlier, because it was very successful in many applications [3(0—
44, U7-517]. A comprehensive review of the proper time regularization can be found in
Refs. [23-2, B0O-132, 34-138, 41, 43, 44, 47-57). More details and systematics of the NJL
model and its QCD symmetries will be discussed in Chapter

As pointed out earlier, the NJL model with help of the proper-time regularization
scheme has been applied in some applications either in the pion and nucleon case,
however, this is the first calculation for studying the parton distribution functions of
the kaon in the NJL model with the proper-time regularization scheme. However, for
the kaon form factor, this is not a first calculation because, very recently, a new paper
for the pion and kaon form factors in Ref. [7&] has been published. In their paper,
they studied the kaon form factor with the vector mesons and including the pion loop.
However, we compute the kaon form factor with completely different method with their
work. In this thesis, the dressed quark and vector mesons are automatically included
by modifying a quark-photon vertex. More details and systematics of the kaon form
factor and the results will be discussed in Chapter Ml

As mentioned in the first paragraph, in the SM the kaon (mesons) consist of a
quark-antiquark pair. It indicates that the structure of the kaon is simpler than the
nucleon, therefore the dynamics of quarks inside the kaon may be easier to study than
inside the nucleon. This gives us a great opportunity to gain useful information about
the dynamics of quarks within the kaon and it may eventually be applied to observe
the dynamics of quarks inside the nucleon, which is a more complicated case and
not yet fully understood. Understanding quark dynamics in hadrons will lead us to
extract new knowledge of QCD as the underlying theory. Nowadays we are still far
from fully understanding the behavior of the kaon internal structure due to the lack of
experimental data. The most extensive sets of experimental data have been collected
for the pion and nucleon form factors and their valence quark distributions.

The best and cleanest method to extract information from hadrons as complex
systems is by means of a known probe which does not interact strongly with hadrons.
Such a probe will give a good resolution of the internal structure of hadron at short



distance. In deep inelastic scattering (DIS), the common probes used is a lepton, in
practice an electron, neutrino and muon. An important knowledge in respect to the
internal structure of the hadrons can be inferred from the PDF and form factor (FF).
The PDF and FF are unique tools to access the nonperturbative region of QCD. PDF
is described by a diagonal matrix elements of a bi-local operator in the light cone
framework, where the initial and final state are the same. The parton distribution
function is one of the nonperturbative properties which can be measured along with
the form factors and generalized parton distributions (GPD). Substantial progress on
parton distributions and form factors has been achieved in recent years. The PDF
and FF studies have been performed to observe the structure of the hadrons and their
properties using hadronic models [79-92, 94101, 103, [180]. However the internal
hadron structure and their properties are not yet fully understood.

As mentioned earlier, nowadays our knowledge and understanding of the structure
of hadrons is that the hadrons consist of quarks and gluons, the nucleon bound state
is made of three quarks and mesons consist of quark and anti-quark pairs. Within a
hadron the quarks interact with one another by exchanging the gluons that carry colour
quantum numbers. Three valence quarks in the baryon i.e. AT (uuu), A~ (ddd) and
)~ (sss) leads to a new problem associated with the Pauli exclusion principle which
states that the quarks (fermions) are not allowed to occupy the same state. In order to
distinguish the three quarks, color was introduced as a new degree of freedom. Since
the color degree of freedom is not directly observed in the nature, it is assumed that
the hadronic phenomena be unchanged under the exchange of color. Color was firstly
suggested by Greenberg [104] in order to recover the Pauli exclusion principle. Thus
dynamics of gluon was proposed by Moo Young Han and Yoichiro Nambu [105, [106]
in 1965. They identified the gluons as gauge bosons in a non-abelian gauge theory. In
the symmetry group, color was adopted in SU(3) as non abelian group with a single
quark assigned to the fundamental triplet, 3, of SU(3), and the gluons self-interacting,.
All observed hadrons are color neutral. Thus nucleon made of partons (hard point-like
objects, which were identified as the quarks and gluons) has been detected via the first
experiment of the DIS at Stanford linear accelerator (SLAC) in the late 1960s [107, [10§].
This indicates that the nucleon is not structureless. In the same time this is also first
evidence for the quarks.

Furthermore at high energy the PDF is a great way to extract information of the
internal hadron structure. These distribution can be experimentally determined for a
relatively high value of the momentum transfer Q*. Most of the experimental data
on PDF has been collected for the nucleon and for the pion but it is not so for the
kaon case. The experimental data for the kaon is very limited. This is one of our
motivations for doing this work, but we only focus on the kaon (unequal masses) and
pion (equal masses) cases. In addition, PDF allow us to observe the dynamics of quarks
at short distances and allow us to obtain a good resolution of the hadron structure.
From the knowledge of PDF calculation will be straightforwardly extended to GPD.
However, the present study is restricted to the PDF and FF of the kaon and pion. This
independent study can also lead us to link the parton distribution function at higher
@Q? and form factor at higher x indirectly via DYWR as in GPD at forward limit. This
relation explains the link between longitudinal and transverse momentum of the valence
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quark behavior at higher Q* and z, respectively. In the large momentum transfer

regime, QCD demonstrated that asymptotic freedom allows a perturbative expansion

approximation. In deep inelastic scattering, the short distances means Q* — oo and
2

v — oo when z is fixed, where xz = is the Bjorken variable. Note that, in

deep inelastic scattering, hadrons are assumed to be made up of partons which do not
interact among themselves.

With these problems in mind, in this thesis, we concentrate on investigating the
internal structure of the pseudoscalar mesons (kaon and pion) via FF and PDF [l. The
kaon internal structure will be studied by means of the PDFs within the NJL model.
Using the Lagrangian of NJL model, the dynamical mass of quark and anti-quark
is generated by quark interaction with the vacuum state and a chiral spontaneously
symmetry breaking (chiral limit) is realized. However the NJL model has a divergence
in the loop momentum integrals and a specific regularization will be performed in
order to cure the divergence. In this study the PTR scheme is chosen. It preserves
the Lorentz covariance. In addition, in this regularization, the infrared cutoff removes
the imaginary part of the loop integral to eliminate the nonphysical domain for hadron
decay into quarks and thus simulates confinement. Thus these dynamical properties of
the kaon in the NJL model are used as an input into PDFs to describe the structure
of the kaon.

From experimental side, in the near future, new experimental data for the kaon
are expected from JLAB, J-PARC at Japan as well as COMPASS at CERN. The
theoretical results of this thesis will be tested using that new experimental data. On
the other hand, the comparison between our model prediction and experimental data
will lead us to a new understanding of the structure of the kaon and QCD itself as the
underlying theory. From this calculation, the dynamics of quarks inside the kaon and
pion are studied by modeling their interaction dynamics in the NJL model. Later on,
this knowledge will be accustomed to study and to investigate the dynamics of quarks
inside the pion and kaon using FF and PDF which is the ultimate goal of this thesis.
In addition the charge symmetry breaking is also investigated in parton distribution
functions and form factors of the kaon and pion. Charge symmetry breaking emerges
due to the mass difference between up and down quarks.

The outline of this thesis is as follows: In Chapter Bl we briefly review QCD as the
underlying theory of the strong interaction and deep elastic scattering as an experiment
tool to investigate the parton distribution functions.

In Chapter B the SU(3) NJL model, which is a chiral effective theory, will be
introduced. The Bethe-Salpeter equation (BSE) will be used to compute the mesons
as bound states of a quark- antiquark pair. In addition, the PTR scheme is introduced
as a regularization theory to cure an integral divergence in the NJL model. Later, the
static and dynamic properties of the pseudoscalar mesons and the structure of the kaon
and pion is presented. The properties of the kaon and pion are computed in the NJL
model.

In Chapter Hl the electromagnetic form factor of the kaon (unequal masses) and pion
(unequal masses) are presented. The elastic form factor of the kaon and pion are also

"The FF and PDF observables can be measured in experiment.



calculated using NJL model. The form factor of the quark constituents of the pion and
kaon results are also presented. The electromagnetic form factor of the pion and kaon
at large Q? are provided.

In Chapter Bl the valence quark distributions of the kaon and pion are reported. The
valence quark distributions are calculated by using proper time regularization scheme
in the NJL model. Additionally the valence quark distributions of the constituents
of the pion and kaon results are observed. Moreover the ratio between valence quark
distributions of the kaon and pion are observed in order to understand the behavior
of the valence quark and to study their nuclear environment sensitivity. Finally a
comparison our results to available experimental data is presented. The valence quark
distributions of the pion and kaon in the large x are presented. The link of PDF and
FF are accessed using the DYWR. This relation corresponding to the scaling behavior
of the kaon in the NJL model.

In Chapter [l the charge symmetry violation (CSV) or charge symmetry breaking
(CSB) in the PDF and FF of the pion and kaon are presented. Last but not least, in
Chapter [ a summary and outlook of this thesis will be presented.



QCD and Deep Inelastic Scattering

In this chapter QCD and its properties are reviewed. QCD is a gauge theory based on
the non-Abelian color symmetry group SU(3). In QCD the gluon is a mediator particle
of color interactions carrying color charge, in contrast with the photon in Quantum
Electrodynamics (QED). In this review, starting from the Lagrangian of QCD, both
perturbative QCD and nonperturbative QCD are presented. In the high energy region,
the perturbative QCD approach is a very powerful method to link elementary quan-
tities and physical quantities through a factorization theorem in order to be able to
interpret the theoretical results and experimental data. In the factorization theorem,
the differential cross section is factorized based upon all orders of the running coupling
constants, ag(@Q?). A summary review of QCD and its properties, the quark parton
model (QPM), DIS, factorization theorem, and QCD evolution is presented in the next
sections.

2.1 Quantum Chromodynamics

QCD poses a fundamental theory of the strong interaction, where quarks and gluons
are its degrees of freedom and it is a part of the SU(3) x SU(2) x U(1) standard model
of particle physics. The dynamical interaction of the quarks and gluons renders the
color interactions. QCD is constructed based upon the gauge group SU(3)¢ in color
space which is non-Abelian gauge group. In group theory, SU(3) means the special
unitary group in 3 dimensions which involves the unitary set of 3 x 3 matrices with
determinant one. The set has nine linearly independent unitary complex matrices .
One has determinant -1 and there are a total of eight independent component matrices
in the matrix space. This corresponds to eight different generators of SU(3) B m QCD,
the quark-quark interaction and gluons interaction as potential part and kinetic (free)

YA complex matrix has 2N? degrees of freedom. Unitary has N2 constraints
2The number of generators of the SU(N) is N? — 1. Hence the number generators is 8 for SU(3).
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part are described by QCD Lagrangian. The free fermion Lagrangian is expressed by
L = 3;(iv"0, — ) q}, (2.1.1)

where q} denotes a quark field with fundamental color index i, ¢; = (qf, q?, qf )T and
f is six active flavors (u, d, s, ¢, b, t). 4" is a Dirac matrix. The mass matrices in the
flavor space is symbolized as m = diag; (m,, mg, ms,...my;). The free Lagrangian in
Eq. (ZI) is invariant under arbitrary global i SU (3). gauge transformation in color
space, it then has form

¢ — (¢b) =Uldiy;  UUT=UU =1, Det(U) =1, (2.1.2)
where U, which is a 3 X 3 unitary matrix acting on color index, can be expressed by
U = expl(~i9:501), (2.1.3)

with \* are 3 x 3 hermitian matrices and are the so-called the SU(3) generators of
the Gell-Mann matrices of the SU (3). representation, and ©, denotes real arbitrary
parameters with a = 1,2,3,...,8. SU(3). denotes generators of the strong interaction
gauge group which commute with SU(3) ® SU(3) current and mix quarks with the same
hyper-charge and isospin but different color. g5 denotes the strong coupling constant
(¢ = 4mas) which is dimensionless strength coupling. This is analogous with e in
QED. The Gell-mann matrices, \* are trace-less and satisfy the commutation rules,

A% NP] = 24 fabepe, (2.1.4)

To obtain the free QCD Lagrangian in Eq. (ZI]) which is invariant under local SU(3).
gauge invariance. This implies replacing the partial derivative, d, by the covariant
derivative, D,,. To fulfill the invariance requirement, one should have

; . )\a a 7
Dudy = [0 — igs— Au(2))gy
= [0 — 19545 (2)]asldy = U(D,U), (2.1.5)

where a form of the SU(3). gauge field, [A},(7)]as A with a Lorentz index w=0,1,23
is introduced by

(AL (2)]as = (;)aﬁ Al(x), (2.1.6)

where Aj is also well known as a four component vector (gauge) potential.

AL (A%Y = U[ALUT — giaMU]UT. (2.1.7)

3Global means the field is transformed in the same way at all space-time points.
8
)\a
4SU(3). gauge field can also written as E 7143 ().

a=1
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Under an infinitesimal SU(3). gauge transformation, where U can be expanded using
a Taylor series, U becomes,
)\ll

U= exp(_"‘”%@“) =1- igs?(aa(x) +..., (2.1.8)

it then gives

. . i . A i
Q} - (Q}) = qf —Gs (7) 5@aqfﬁ
af
A% — (ALY = A% — 0,(00,) + gs farc 0O AL, (2.1.9)

Gluons are physical degrees of freedom and carry energy and momentum. Then to
construct a kinetic term for gluon fields satisfying gauge invariance, an additional term
must be added to the gluon field tensor. This additional term is taken analogous to
successful theory of QED, however anti-symmetric field strength tensor in QED is not
gauge invariant. Therefore the gluon field tensor is introduced as

F, = 7 [Dy, D]
= 0 — g, (45, A7) = 2 o (o)
= 0, A — 0, A% + o fanc ALAS, (2.1.10)
Under a gauge transformation, that is
Fo — (Fy) =UFLU", (2.1.11)

the trace over color, T'r¢[F,, F*| = §F o 0, remains invariant. A denote the gluon

fields (gauge bosons) with color index a, A* are the SU(3) generators of the Gell-Mann
matrices. % is the anti-symmetric structure constants of the SU(3).. The non-
Abelian character of the gauge group is revealed in the pure gluonic interactions which
come from the gluon covariant field strength tensors. Finally a complete Lagrangian
of QCD, which satisfies local SU(3). gauge invariance can be written as

1 yy NN
Locp = = Fo, B0 + 43 (iv" Dy — m)q

4w a
1 , ,
= —710. A, = O, AUNO" Ay — 0" AG] + @ (7" Dy — 1) g
a1 A ) s a a v
+ gsA Qf')/u(?)qf - gfabc[auAu - aVA,u]AZAc
2
— L P e AL AL A AL, (2.1.12)

where the first term in the QCD Lagrangian contains the the kinetic terms of the
different fields. The second term of the QCD Lagrangian describes the color interaction
of quarks and color octet gluons. The cubic and quadratic gluon self-interactions

arise from the Fj F7, Yang-Mills terms. The coupling constant, gs in the Lagrangian
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decreases with increasing energy scales. Extensive reviews of QCD can be found in
Refs. [10, [11] or in textbooks [109, [110]. The elementary properties of QCD at both
low energy (nonperturbative) such as color confinement, chiral symmetry breaking and
high energy (perturbative) such as asymptotic freedom are briefly recapitulated in the
subsection below. These crucial QCD properties are required to describe the structure
of hadrons at different energy scales.

2.2 Asymptotic Freedom

One unique property of the strong interaction at short distance, which has an important
key role in this region, is asymptotic freedom. At large transfer momentum, Q?, or short
distance, the interaction strength, ag, becomes logarithmically small. In other words,

the ag — 0 for Q> — oo. This is in contrast with the QED behavior, where o, =
2

e 1
~ —— denotes the fine structure constant, which decreases with decreasing @)
2¢phc 137

1
or with increasing r = —. In QCD ﬁ, the strength of the strong interactions, ag

Q

decreases with increasing Q? and vanishes asymptotically. This indicates that quarks
behave as free particles at large energy scale (short distances), as depicted in Fig. [CO1
The effective strength of the coupling constant interaction will vanish in this energies
limit. Notice that to investigate the asymptotic freedom, it is enough to study the
behavior of the g-function in the vicinity of the origin of the coupling constant space
(one loop approximation) [L0]. The QCD running coupling, g in Eq. ([CILT) indicates
the number of flavor, Np i gives a positive contribution to QCD running coupling
constant via -function. This arises from ¢g loops, as depicted in Figs. E22T] and 222231
The gluon self-interactions [l gives a negative contribution to the QCD running coupling
constant. It is so called an anti-screening effect when the gluon self-interaction blows
up the QCD charge. The illustration of the anti-screening effect is shown in Figs.
and 223

The asymptotic freedom of QCD was discovered independently by David Gross [[10]
and Frank Wilczeck [13, [14], David Politzer [17], and Gerard t'Hooft [111]. The conse-
quence of the asymptotic freedom of QCD is that the perturbative approach behaves
well at higher energies due to the effective coupling constant decreasing. This behavior
is very important at high energies. This leads to remarkable success of the DIS experi-
ment at high energy regime. In addition, this indicates that the color interaction effects
may be computed perturbatively at small distances or at large transfer momentum, Q?.

°In QCD, the vacuum state is not empty space but consists of the virtual quark-antiquark (q9)
pairs. Aside from this virtual quark-antiquark pairs, the vacuum also consists of the virtual gluon
pairs. This occurs due to the gluon self-coupling interaction. In the vacuum state, the quark-antiquark
pairs yields a charge screening, which has a positive S-function. This gives a positive contribution to
as. In contrary, the gluon pairs give a negative contribution to ag. Once the negative contribution
is large than the positive contribution, consequently the (- function is negative.

—2N,
5This can be clearly seen in the second term, 3 Ein Bo in Eq. (I, arises from Fig. 221

This causes screening.

. C . . . .
"This comes from the first term, in Bp. This causes anti-screening.
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Figure 2.2.1: The quark (loop) interaction has a screening effect, where has a positive
B-function. The gluons are represented by red color and the quarks are represented by
black.

Consequently QCD can be potentially tested in high energy experiments. From recent
calculations the QCD predictions in this regime shows excellent agreement with the
experimental data.

2.3 Color Confinement

Hadron structure and QCD is characterized by two emergent phenomena at low energy:
confinement and DCSB. The confinement conjecture states that particles carrying a
color charge cannot be isolated and can therefore not be directly observed in nature.
In Fig. [LTT the color interactions increases at low energies, therefore the perturbative
approach is unreliable. This implies that the quarks form bound states as the running
coupling constant increases. In the past many attempts have been performed to under-
stand nonperturbative QCD behavior at low energies. For example, in phenomenology
the linear potential between quark and anti-quark which is in color singlet state, has a
form

V(r) = kr, (2.3.1)

where V(r) denotes the potential between quark and anti-quark and the quark-antiquark
system is connected by a string. The potential between the quark-antiquark pair be-
comes stronger when the quark-antiquark pair is forced to separate by pulling them
apart (external force). This indicates that the strong color interaction increases with
separation distance between the quark-antiquark and that quarks are isolated inside
the hadrons. At some larger separation, it becomes energetically more favorable for
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Figure 2.2.2: As in Fig. 22271 but for the gluon (loop) interaction has an anti-screening
effect.

O
Ao\

Figure 2.2.3: . Diagrammatic representation of the cloud of virtual ¢g pairs around a
quark (left), where diagrammatic representation of the cloud of virtual gluons due to
gluon self-interactions (right).

a quark-antiquark pair to split into a two quark-antiquark pairs. This is called as
confinement. This phenomenon is consistent with experimental facts. In this region
all particles appear to be color neutral, which is why we have never see free quarks.
However, once the quarks leave the nonperturbative region, they will dress themselves
and convert into hadrons. This phenomena is analogous with the normal supercon-
ductor where the flux of the magnetic is expelled from the interior of the metal. This
is so called Meissner effect m] The illustration of the linear potential of the gluon
interaction is depicted in Fig. 22311

2.4 Chiral Symmetry

The chiral symmetry is a very important QCD feature to understand the phenomena in
low energy strong physics. In the chiral symmetry, in principle the current quark masses
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>
>
>

Figure 2.3.1: The linear potential of gluon interaction (flux tube) between quark-
antiquark pair yielded by dual Meissner effect m, E]

has necessarily to be small. If the spin of the quark is in the direction of momentum, it
is called right — handed and in opposite direction, it is called left — handed. The QCD
Lagrangian satisfies this chiral symmetry. By defining the projection operator of the
left- and right-handed quark fields,

1

qrr =5 (1£%)q, (2.4.1)
1

where plus for the right-handed field and negative for the left-handed field and 3 (1£75)

denotes the projection operators. Substituting the expression of left- and right-handed
quark fields in Eq. (247 into QCD Lagrangian in Eq. (ZTTI2), the QCD Lagrangian
can be rewritten as

_ _ . 1 o0
Lqcp = quillqr + qril)qr — qringr — qumgr — ZF#VF;L ; (2.4.2)

By considering m = diag(m,, mg,...,mn,) — 0, the QCD Lagrangian has a chiral
symmetry, SU(Ny), x SU(Ny)g and it is then decomposed as

y . 1 a 174
Lqcp = qril)qr + qriljqr — ZFWF(f , (2.4.3)

where the quark fields of the left-handed and righ-handed are separated and do not
connect. The left- and right-handed fields in the Lagrangian fulfill the chiral transfor-
mations,

ur, ur, ' ur
= |do| =Ur|dy| =™ | dy |,
SI, ST, SL
UR UR UR
qr = dR — UR dR = e—zw%T“ dR s (244)
SR SR SR
where T, = 5 In the limit of chiral symmetry (vanishing quark masses), the La-

grangian preserves the full symmetry under SU(Ny)y x SU(Nf)a x U(1)y x U(1)4
which fulfills symmetric transformation, ¢ — e “VvT"¢ and ¢ — e ™aT"%¢, respec-
tively. The invariance of Lgep under U(1)y transformation relates to a conserved
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baryon number current with charge conservation. The expression of baryon number is
formulated as

B = %/d?’quq. (2.4.5)

The invariance of Lgcp under chiral symmetry implies Nf; — 1 conserved vector
currents,

Tva(®) = a(@)" Tog(@), with — 0uFy4(z) =0
= qrY"Taqr + 7" Taqur, (2.4.6)
and N2 — 1 conserved axial currents,
Tha @) = 4@y ysTag(z),  with  8,T3,(x) =0
= qrY"Taqr — 7" Taqr, (2.4.7)

here T, denotes the generators of the SU(3) Lie algebra, where a = 1, 2, ..., 8. The
charge conservation is also evaluated using Noether’s theorem, it then gives,

¢ = /d?’xj"}fo(x) d% =0, (2.4.8)
Q= / T () dff o, (2.4.9)

Furthermore the charge conservation of the singlet Noether vector currents and
Noether axial currents are given by

Jv = arY"qr + aY"qL
=a"g, with " Jy =0, (2.4.10)
Tk = ar"ar — @"qL = "9 (2.4.11)

This equation implies that the singlet vector current, U(1)y, is conserved because
the left-handed and right-handed fields have the same phase under a transformation. In
contrast, the singlet axial vector current has a different phase between the left-handed
and the right-handed fields. The singlet axial vector current is not conserved on the
quantum level since U(1)4 is broken due to the axial anomaly. This is because of the
mass term in Lqcp. This will discussed in more detail in Section

2.5 Spontaneous Chiral Symmetry Breaking

In this section, we present the dynamical (spontaneous) chiral symmetry breaking,
which is one of the nonperturbative features of QCD as explained in Section [[l This
generates mass from nothing (vacuum) and is very useful to understand the dynamics
of the nonperturbative region. In general, the realization of the chiral symmetry is
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manifest as two possibilities, a Wigner-Weyl conjecture and Nambu-Goldstone conjec-
ture [114, [115]. The broken symmetry indicates that the Lagrangian is invariant under
all symmetries but the vacuum is not. A system which has Lagrangian and the vac-
uum are invariant under a continuous chirality transformation is the so-called as the
Wigner — Weyl conjecture. In the Wigner-Weyl conjecture, the vacuum (ground) state
invariant under SU(3), x SU(3)g transformation realized by acting the generators of
symmetry on the vacuum state, it then gives,

Q4 | 0) = Qy[0) =0, (2.5.1)

where |0) stands for the ground state of QCD. It is symmetric only under the subgroup
SU(3)y. This also shows that the vacuum expectation value (VEV) of the vacuum
state subject to a set of linear relations. It implies that the vacuum state has zero
VEV [114, [115]. In addition, it would indicates that parity doublets emerge in the
hadron spectrum. The implication is that the spectra of pseudoscalar (J” = 07) and
scalar (J© = 07) mesonic transitions would be undistinguished, but this degeneracy
is not be observed in the real world. Therefore one can conclude that Qf/|0) ~ 0 and

% | b) # 0. In the other words, a system which has a Lagrangian is invariant under
a continuous chiral transformation but the vacuum is not is the so-called a Nambu-
Goldstone chiral symmetry realization. This conjecture implies that the symmetry is
spontaneously broken and there exists massless Goldstone bosons. An expression of
the broken symmetry is given by

a10) # 0. (2.5.2)

This broken symmetry is associated with the existence of the massless Nambu-Goldstone
bosons which coupled to the axial current, J generated quantum numbers of the corre-
sponding axial charges. For Np = 3, the candidates of the massless Nambu-Goldstone
bosons are identified with the octet lightest pseudoscalar mesons (m, K and 7). They
have a small mass arising because an explicit broken symmetry which is impact of the
non-vanishing quark masses.

Based on QCD, the dynamical symmetry breaking is exhibited by the non-vanishing
of a singlet scalar quark condensate which can be written as

(0[gq|0) = (0|grqr + qrqr|0), (2.5.3)

where this is not chirally invariant under the continuous transformation because the
mixing the left-handed and right-handed quark field operators. This is different from
the SU(3)y where the left-handed and right-handed quark field simultaneously. The
chiral symmetry will be restored once the finite expectation value of the scalar quark
condensate melts away at high temperatures and densities. Thus the symmetry is
realized as Wigner-Weyl conjecture. Moreover the ground state of QCD, defined as
the vacuum, is generated by a condensate of scalar quark-antiquark pairs. This is
shown by a nonzero VEV H of the composite operator, gq, ((0|g¢|0) = (Gq)). Assuming
Np = 3, one has,

(ag) = {0lqq|0) = (0lau|0) + (0ldd|0) + (0]55]0), (2.5.4)

8In QCD, the light quark operator g has a nonzero VEV, which can be written as (| gq |) = (0 |
(Gu + dd) | 0) = —(250MeV)>.
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where u, d, s denotes a field for up, down and strange quarks, respectively and (Gq) is
the chiral condensate. This exact definition of chiral condensate is written as,

(Gq) = —iTr lim [Sp(x,y) - S%(:E,y)] , (2.5.5)

Yy—z

with Sp(z,y and S%(z,y) are the full and the bare (perturbative) quark propagators,
respectively. Obviously, the chiral condensate in Eq. (2253) is a purely nonperturbative
phenomenon. Sg(z,y) = —i(0 | T'[¢(z)g(z)] | 0). Using the Wick’s theorem which
states that the time product T'[¢(z)¢(z)] can reduce to the normal product : gq : plus
contraction of two field operators.

2.6 Low Energy Theorems

In Section XA, the broken symmetry corresponds to the non-conserved of the axial
current. Herein the weak pion decay is examined. The weak pion decay is a purely
isovector transition. The chiral symmetry is broken down to SU(3)y giving rise to
pseudscalar Goldstone field |m,) as explained in Section ZO The Nambu-Goldstone
boson state is written as

(01 Tha(@) [ m(p)) = ifap" e " dar, (2.6.1)

with f, the pion decay constant, a and b isospin indices and p* denotes four momentum.
The physical value of the pion decay constant, f,, which is deduced from lifetime (decay)
of the charge pions, it then gives (PDG) [116],

fr = (130.41 +0.03 £ 0.20)MeV. (2.6.2)

Using the divergence of the axial current, which is also well know as partially
conserved axial vector current (PCAC), one obtains for two flavors, Np = 2, case and
isospin component, a =1,

T
8#\15,1 = (my + md)q_’WsEl% (2.6.3)

where 7 is an isospin Pauli matrix. The divergence of the axial current in Eq. [Z6.3)
can be solved by using the canonical anti-commutation relations for fermions [l. Then
considering the axial vector current operator symbolized by P, = q(x)757.q(z), the
canonical commutation relation between QAZ and 751, can be expressed by

94,7 = —duda. (2:64)

By combining the divergence of the axial current in Eq. (ZE3) and charge, one then
obtains

(0] [Q40.7%,] 10) = —%(mu+md)<ﬁu+dd>, (2.6.5)

9The canonical anti-commutation relations, [A, B] = {A, B} — 2BA.
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(2.6.6)

After substituting a complete set of pseudoscalar states in canonical commutator re-
lation, the terms on the left hand side in Eq. (ZGH) can straightforwardly computed
from Eq. (Z&T]). By truncating the relation by one pion states, |7), one has

m? f2 = —m{qq) + O(m?), (2.6.7)
mi fi = —m{qq) + O(m?), (2.6.8)
(2.6.9)

where m = m, ~ mg ~ mg by considering the isospin limit. This result is the so-called
Gell — Mann — Oakes — Renner — relation (GMOR) [117]. One notes that involving
pions in the low energy theorems are a consequence of the PCAC relation. In Chapter B,
one will show that the NJL model also satisfies the GMOR relations.

2.7 Deep Inelastic Scattering

DIS is a process of a lepton (electron, muon, neutrino) scatters a nucleus target by
transferring a large amounts of energy and four-momentum transferred squared ¢ =
(v,q) [118, 119, 121-123]. The deep inelastic process takes place, when Q* — oo and
the energy of the exchange boson in lab frame '] ¢%,, = v — oo, in order to keep their
ratio finite. The DIS reaction process can be written as

U(k,s)+ A(P,S) — (' (K,s') + X (Px), (2.7.1)

with ¢, ¢ and A denote the initial lepton, scattered lepton and the target (nucleon),
respectively. X is the unobserved final hadronic state. The initial and final four
momentum of the lepton are symbolized by k, k', respectively. The initial momentum
of target is labeled by P. The small letter of S and s’ denote the spin of corresponding
particle.

In DIS process, the target breaks up and forms an infinite number of feasible
hadronic final states which remain unobserved. Therefore only lepton will be detected
and then one measures its final energy of the lepton as well as the scattering angle 6
relative to the incoming lepton beam of fixed energy. The lowest order approximation
diagram for DIS is shown in Fig. X1

T the lab frame, the target is at rest, then the target four momentum is written as P =
(M4,0,0,0), where M4 is the target mass.
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Figure 2.7.1: The initial and final four momentum and spin are denoted by k, s and
k', s, respectively. P, S is four momentum and spin of the target (magenta line),

= (k — k) is a momentum transferred to the target by exchanged vector bosons (7,
7" and, W¥). The angle between an incoming and outcoming lepton (black lines)
in the target rest target is denoted by 6. The blue blob denotes the nonperturbative
dynamics.

Based upon the diagram in Fig. Z7T] the invariant amplitude, .# can be written
as

A=Y AW, sy, s)iqu“y (X|J7(0)| P, S), (2.7.2)

s/

where u(k) and X are a field of the particle and unobserved particle, respectively. J(0)
stands for the operator of hadronic electromagnetic current. In the reaction process,
X is not observed, the DIS differential cross section, do can be written as

1 d3k’ de 2 454 &
2 P+q— : 2.7.

with J = P.k stand for the flux factor. The DIS differential cross section which can be
written as the product of leptonic and hadronic tensors
1 Bk et

C onL, W, 2.7.4
0= T aman gio VY (274)
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From Eqs. (ZZ3) and (ZZZ4), the leptonic tensor, L,, can be defined by
=Y la(k, ) ulk, s)?

= ST+ m)(L a4 + )]

= 2(K'E" + K K" + g™ kK + e k). (2.7.5)

In Eq. (ZZH) the polarization effect is taken into account. However it can straightfor-
wardly be reduced to the unpolarized beam and unpolarized target case by ignoring
the fourth term in Eq. (Z7H), which are spin contributions from the both beam and
target.

On the other hand, the hadronic tensor, W,,, has the form

ZH / GBS 0= pe) | (XIZOIPS) |
- / AP, S | (€ T00) | P.S)

= o [ acess(p 5 113,06, 7.0) | 2.S), 2.75)

where the states are normalized.
In the target rest frame, where P* = (M4,0,0,0), and neglecting lepton masses,
the differential cross section in Eq. (ZZ3) can rewritten as
do o? F

= _em T W 2.7.
dVdE ~ 2MAQ* E Vs (277)

2
e
with ag,, = pp and €2 stand for the solid angle.
T
A diagrammatic representation of the leptonic and hadronic tensors is depicted in
Fig. This indicates that the leptonic tensor is purely perturbative. Therefore
QED can be applied in this part, whereas the hadronic tensor is nonperturbative which
contains a quark-gluon interactions inside the target (nucleon).

—

Wp | p')y =2p°2m)36% (P — p'), and (2m)*6*(p + g — pX) = /d“fe“p*q"’xm-
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Figure 2.7.2: Diagrammatic representation of the leptonic and hadronic tensors in the
one boson exchange. The leptonic tensor is a purely perturbative and the hadronic
tensor is a non-perturbative.

Figure X701 exhibits that each of the three electroweak gauge bosons play a role in
DIS. The squared amplitude changes when the neutral gauge boson, Z°, is considered
in the DIS processes. The total squared amplitude has a form

|M |2 :| M7+MZ |2
=| M > + | Mz P + M MG+ MzM, (2.7.8)

where | M., |? is a purely electromagnetic contribution term, | M |* denotes a purely
weak contribution term and M, M7 + MzM’ is an interference contribution term.
Therefore the differential cross section for including both v and Z° exchange, similar
steps as differential cross section in Eq. (Z77), can be written as

do o?
e — em LZ MY 2.7.9
dQdE  2M4Q* E . %Z A ( )

with the n for both vZ and Z can be defined as

(2.7.10)

1,
GrM?2 2
< \/gﬂoim> <Q2 f M%) ’ (2.7.11)
GFM% Q2 2
<(2\/§7raem) (Q2 + M%)) ’ (2.7.12)
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and L, for both vZ and Z have a form
L7 = (gy — A\ga)L),, LZ, = (gv — ga)*L),. (2.7.13)

where A\ denotes the helicity of the incoming lepton. The values of the helicity, A = £1.
The formula in Eq. (27.13) hold for negative charge of the incoming lepton, therefore
the sign of the g, is changed from positive becomes negative, where the expression of
ga is

1 1
gv=—5+ 2 sin? Oy, 94 =3 (2.7.14)

In analogy to the differential cross section expression in Eq. (279), the differential
cross section for the charged current 9 can be formulated as

1 (GpM; Q2 .
w _ - FiVlyy Wt _ 27~
! 2 ( AT tem, ) <Q2 + Mé) 7 LHV (1 + 2>\) L“V' (2715)

In general the compact form of the hadronic tensor, which is Lorentz and CP
invariant, can be written in terms of eight independent structure functions, Fy, Fy, Fj,
91, 93, 95, g4, and g: and has a form

i i 2PP € pa i 2ZMa€was [ o8 i o qB i
W, = =29 Fy + ;q F5 + z%qP ¢°Fi+ ZT;L [q SPgt —2xP Sﬂgz]
—— PSS, + S, P+ 2Mpa—=P,P,g; + 2Ms—g,, 9=, 2.7.16
Py [PuSy + SuP] + A(P.q)2 ptvgs + AP.qg“ 95 ( )

where i € v,7vZ, Z, W*. In Eq. (22Z10), the terms are proportional to ¢* and ¢” vanish
because they do not contribute to the differential cross section. This is because the
lepton tensor satisfies a conservation law, ¢“L,, = ¢”L,, = 0. Thus the differential
cross section can be written in terms of the dimensionless structure functions, F} (x,

2
Q2)7 FQZ (X7 Q2) ’ gi (X7 Q2)7 and gé (X7 Qz) 7 where x = QC;

-q
Bjorken variable. In addition, from Eq. (ZZ7I6), one finds

is well known as the

F =g =g{=g3=0. (2.7.17)

This is because the electromagnetic interaction is parity conserving. The weak inter-
action is parity violating, therefore the second rank tensors and pseudo-tensors can be
found in Eq. (ZZI6). Then the unpolarized differential cross section in Eq. (ZZ3)
can be written in terms of the structure function and it has form

dO’ . 64 Y 1 y2
drdydd - Am2()? iFl('ru Qz) + % (1 —y— Z(m — 1) Fy(x, Qz))] ’
(2.7.18)

12 The sum is over suitable W bosons (W™ or W ™).
3P (x, Q?) for pseudoscalar mesons.
4We sum over the initial electron helicities.
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42 M3
Q2

with Kk =1 — and the spin-dependent differential cross section [ is written as

A 4 2
dxdyad¢ - 47T€2Q2 {(1 — % — yz(/ﬁ — 1)) g1(z, Q%) — %(I{ — Dgo(z, Q%) |,

(2.7.19)

where the target is polarized parallel to the lepton beam is assumed M. In this thesis,
we will focus on structure functions of the pseudoscalar mesons, such as the kaon and
pion, which relates to the unpolarized differential cross section in Eq. (Z7IF).

2.8 Quark Parton Model

QPM assumes that the current J, couples to quarks. It was proposed firstly by Feyn-
man @] in the late 1960’s to explain Bjorken scaling. Excellent reviews are given
by Roberts NE] and Jaffe m, f’ljﬂ] Consequently QPM contribution to forward
Compton scattering amplitude can be divided into flow and interaction of quark lines.
Second assumption is that the currents may be treated as in free field theory at large
Q? (asymptotic freedom). Therefore the final state interaction and vertex corrections
can be neglected. Then residual contributions come from the parton diagram and in-
terference, respectively. However the interference will be disappear by power of Q* and
then only the incoherent elastic scattering of the virtual photon off the target quarks
survives.

EP +q

Figure 2.8.1: Diagrammatic representation of the Quark Parton Model.

15The difference between the positive and negative helicities of the lepton is taken into account.
16 do B Muav do

dedydg B dE'dQ
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According to free quark theory model, the current commutator, 7, (§), in W, of
the structure function can be reduced. A derivation of QPM based on the currents [121,
122] are given as

Tu(€) = () Quub(6), (2.8.1)

2 1 1

with Q denotes the quark charge matrices (=diag <§, 3Ty )) The current

commutator in the definition of W, in Eq. (2Z8), can be written as

[T1E), Tu(0)] = D(E)n{w(€),¥(€)} Q*7.4(0)
— (0)7,{(0), ¥(€)} Q*1.1(€), (2.82)
with the anti-commutator definition is
(W(©.50)) = 5-5e €€ +0 (5 ) | 23)

where {1(€),(0)} I is the anti-commutator relation. A second term containing the

quark masses in Eq. [Z83)) is ignored because quark masses only generate a small cor-
2

m
rection of the O <@) in the Bjorken limit. The Dirac matrix identity are introduced
and inserted into Eq. (Z82), one obtains,

1 g
5(7}17/)71/ + 71/7,07#) = (gupgua + GuoGvp — g;wgpa)'y
. (2.8.4)

then putting them together Eqs. [ZE2)- X)) into the hadronic tensor, W,, in
Eq. (ZZ38), one obtains

‘ 1 apige | O 0\ s/e2
i W = s [ 1660 | €€
x (p [ (€)1 Q*(0) — 1(0)77Q*(€) | p)es (2.8.5)
where ” l}iBm ” remind us that QPM assumption in Eq. (Z83) are only valid as Q* — oo
j
2 3}
at fixed z = ¢ . Then employing the integration by parts, the term in which —
2MAI/ 05,)

acts on matrix element will be dropped as it generates factors p? or £€°1%, both of which
are negligible with respect to ¢” in the Bjorken limit M.
Introducing the light-cone coordinates in the rest frame, one then has

limW/W = lim 8_—128;4)1/0(]'0/df+d§_€iQ+5_+iq_f+

Bj g~ —o00 OTT

T {Y(©),4(0)} = {¢(—€),1/3(()p)}

18¢p Fourier transform into q_2
q
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x5 (267 — &) e(er—€)
x (p | ¥77Q*(0) — 1 (0)77 Q%Y (€) | p)e- (2.8.6)
Note that the form of S,,,, indicates that the coefficient of g,, in W, equals half the

trace of W,,,. Through the decomposition of hadronic tensor, W,, in Eq. [ZZ8), it
then gives

1 v
Wl - 5 |:3W1 - <1 + 2MA[[A) W2:|

1 v
=—|(3F— (1 F. 2.8.
2|:3 ! ( +2MA[EA) 2:|7 ( 87)
note that 1 < ML and with the help of the structure function definition in Eq. (7.I5),
A
one obtains
Fg(xA) = 2[EAF1([EA). (288)

which is known as the Callen-Gross relation [124] and follows from the quark spin

1
being 5 By applying the d-function in Eq. [ZX0) to perform the £} integral using

/d%ﬁé(a — 261¢7) =, the structure function, Fy(z4) can be rewritten as

Fy(za) =224 lim ;—/dﬁdf‘ igt e igmET
™

x [0(6M)0(e7) —0(—€M)0(—=¢7)]
X (p | (E)y Q(0) — D0}y Q) | Ple |y _agre- (2.8.9)

where the indices p and ¢ can be — and +, respectively M. Then applying an integration
by parts over (T in Eq. (Z83)and keeping only the leading term at large ¢, it then
gives

Fa(ea) = 22 [ de e (o 06 )y @0
—P(0)7"Q*P(E7) [ Pe ler—g, =0 (2.8.10)
_ —MAJJA

where ¢+ . To further simplify Eq. (22810) using the projection matrix in

terms of the light-cone v matrices that is

e = P, (2.8.11)
PE = %'ﬁvi = % (1+a%), (2.8.12)

with 27 + P~ = 1, P*P* = P* and P27 = 0. Inserting ¥ into Eq. ([ZXI0),

it can be rewritten as

Fy(xy) 2\/77r/d§ e e




CHAPTER 2. QCD AND DEEP INELASTIC SCATTERING 27

X (p | WL(€7)Q 4 (0) + ¥4 (€) Q%L (0) | Phe ler g, —o- (2.8.13)

In order to interchange the quark fields in second term of Eq. [Z8I3), we use the
connected matrix element, that is

([ 9(©¥(0) | p)e = (p |: ¥ ()% (0) :| p)
= = [P(0)d(E) | pe; (2.8.14)

where (p |: -+ :| p) is a normal ordering. This removes the singularity B9 in the product
operator of the fields, so it does not contribute to a connected element matrix.

To obtain the familiar parton model, inserting a complete set of states between the
quark fields @ translating the x—~ dependence out of ¥, or Yl +, integrating over £~
and summing over quark flavors @ it then gives

ey =nYdy %6@* gt — )] ] e (0) | 9) P

+ 1 (n | vl (0) ] p) P}
= $AZ (faya(za) + faja(za)), (2.8.15)

where a superscript A to F is to show us that F5 depends on the target, e, is the charge
of a quark flavor a and the summation indicates that we have summed explicitly over

xaM
quark flavors. Note that for a target of mass My, one has ¢ = — %A, where
2 M
T4 = ¢ and p© = =2, Substituting p* to ¢, one has ¢* = —x4p". This

2M AV ’ \/i
indicates that we work in the nuclear rest frame. Therefore the distribution f(x,4) in

Eq. (Z8TH) can be expressed by

faja(za) foS —aap” =) [ (n | Yas | ) 7 (2.8.16)

Fara(wa) = fzfs —aapt —pl) | {n | 6l | 9) 2 (2.8.17)

where fq/a(xa) describes the probability per unit x4 to remove from the target a
quark of flavor a with plus component of momentum,z4p™, leaving behind a physical
state (] n)) with plus component momentum, p; = (1 — 24)p™. Similarly, f5/4 is the
probability to remove an anti-quark with plus component momentum, zp™*, leaving
behind a physical state with p = (1 — x4)p*. The illustration of quark distributions,
faja(za) and anti-quark distributions, f;/4(z4) are depicted in Fig. and Fig. Z83

20The singularity is a C-number. It occurs when & — 0.
21 A complete set of states denoted by Z [n){n|=1

n
2 quark flavors, a = u,d, s, - - -, where u,d and s are up, down and strange quarks, respectively.
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+ +
Pn = 1—$Ap
) (1) ’

Figure 2.8.2: The quark distribution function, f,/a(za).

Ql

py =1 —za)p"
) ( ) )

Figure 2.8.3: The anti-quark distribution function, fz/4.

On the other hand, the quark distribution function f(z4) has a connection with
the forward amplitude for quark-target scattering, A, (p, k). The virtual quark-target
forward scattering amplitude in the AT = 0 gauge, as illustrated in Fig. EZX4, is defined

by

Ay (b, p) = / D' | T (§,(6)(0)) | p)e (28.18)
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Figure 2.8.4: The virtual quark hadron scattering amplitude, A, (k, p).

Tracing the Dirac indices with ' in the amplitude for quark hadron scattering,
A, (k,p), and integrating over all components k at fixed , kT = z4p™, yields a distri-
bution function, f(x,),

fan = [ %5 (E - xA) Tr [y A (k. p)]

p-l-
1 d4k + + +
here 5 ( ~ L -
where F—xA _ZF( — TApP )

The distribution function, f(x4) has some significant properties such as positivity,
and normalization constraints. The state, | n) in Eq. (2818) is physical and therefore
its plus component of momentum must be positive (p* > 0). Thus f(z4) equals zero,

M
forxzg>1oraxzy > M—A, where the subscript A denotes a nucleus target. In addition,
N
in Eq. [Z8I6), the quark distribution, f(z4) is manifestly positive for 0 < z4 < 1.
For x4 < 0, the f(x4) is given by

1
Jaja(za) = N
1

_2\/§7T

/ A€~ (p | 9 (s (0) | Phe les e —o

[ e e o 1 OB @ [P leg (2820)
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then performing the connection matrix element in Eq. (814 to Eq. (Z820), one has

1 e .
ualen) = —5= [ AT Ul 0 O) b oo (282D

replacing £~ — —¢~ and translating the matrix element into Eq. (2821]), one finds

faja(xa) = —faja(—za). (2.8.22)

The result in Eq. (2827) indicates that the quark distribution function does not vanish
for x < 0 and is determined by the anti-quark distribution for z > 0. In addition, it
shows us that z 4 is limited to —1 > x4 < 1 and that the measurements in the physical
region 0 < x4 < 1, determine the distribution function everywhere. Practically the
quark distribution formulas in Eqs. (Z816)- (Z822) will be used in Chapter

Later, the quark distribution in Eqs. ([Z821])-([2822) are integrated over all x4 &
and one obtains,

/OO dfoa/A(xA) = /0 (fa/A(xA) - fa/A(xA))

—0o0

1 + g igte t
= oo [ A ] UL (©60s ) e o,
1
=7, | b4 (00104 (0) | p)e, (2.8.23)
1
where ¢!, (0)1q,(0) = —2ja+ and J! is a conserved current. The expectation value of

J! is equal to the number of quarks of flavor a minus the quark number of anti-quarks
of flavor a. Using this definition, Eq. (Z823) can be rewritten as

/_ " drafua(za) = M%Kp 5, (00 (0) | D).

1
- 2
A (0| T3 | p)e
= Naja — Naya, (2.8.24)

here N,/4 and N 4 are the number of quarks and anti-quarks, respectively. This is
the so-called the quark number sum rules.

By definition, the quark and anti-quark distributions (fo/a(x4) and fz/4(z4) ) are
interpreted as a probability per unit x4 to find a quark or anti-quark of flavor a with
k™ = x4p™ in the nucleus target, A, it then can be formulated by

dPa/A
d[EA .

faja(za) = (2.8.25)

This interpretation is the advantages of the QPM sum rules. Similarly, the momentum

sum rules for quark distribution can be derived by following QPM sum rules. The
V2q*

2Note that z4 = — T
A
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momentum sum rules for quark distribution, as ultimate goal for the structure function,
is given as

1
/ Qa2 [fuya(@a) — faalza)] = capa + €asa, (2.8.26)
0

with €,/4 (€5/4) is the fraction of the target nucleus p™ carried by quarks (antiquarks)

of flavor a. Assuming that the hadron contained only valence quarks, then Zea/A

C
in Eq. (Z826) would be equal 1. At large transfer momentum, @2, it is typically 3

indicating that substantial momentum and energy of the hadrons is carried by gluons.

2.9 Light-cone Dominance Behavior

It is very useful to understand the distance scales in DIS, as in Section EE8 It can
be obviously seen in hadronic tensor, W,,, in Eq. (ZZZ8). To examine the distance
scales B in the context of a space-time description, we recall the hadronic tensor,

Wi = 5= [ deeS(P.5 | 1,(€)7.(0) | P.5S).
(2.9.1)

The distance scales between the two current insertions (7,(§) and J,(0)) in Eq. (291I)
are dominated by £. The commutator of the currents in Eq. (Z20]) are weighted by a
factor exp(ig.£). E1 The dot-product ¢. are require to be finite. For the sake of the
simplicity, we choose to work in the target rest frame B9 where the incoming virtual
photon moving in the z-direction, that is

= <y, 0,0, —\/22 + Q2> . (2.9.2)

2

In the Bjorken limit, Q* — oo and z4 = 2]\2 is fixed E1, Eq. EZ32) can be
AV

rewritten as
q=(1,0,0,—v— Myx,). (2.9.3)
Later, the light-cone coordinates is introduced as
q:I: qO + q3
V2
24 The distance referred to the space-time separation, £y between the points at which currents Tu
and 7, act.

25 The dot-product of ¢.€ is given by ¢.&6 = g ¢~ + ¢ €+,
%1n the target rest frame, we also have p = (M, 0,0,0).
2

(2.9.4)

2"In the Bjorken limit, we have Q—2 — 0.
v
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M AT A
V2
2
where Mjxy = Mz = —
MA-Z'A ) AL A A 2 )
so it means the limiting value of ¢ is independent of the nucleus mass, My.

The commutator in Eq. ([Z0) is causal, therefore £ = 266~ — €7 is positive
(€2 > 0). Thus ¢* — 0 with ¢ finite requires £, — 0. Notice that all components
of & — 0, except £ wvanish in the Bjorken limit. Thus DIS is not a short distance
physics phenomenon (£* — 0), but rather a light-cone (£ — 0) dominated process.
To understand the dynamics and nuclear effects in inclusive electron scattering, the

Using Eq. (234), one obtains that ¢~ — oo and ¢© — — in the Bjorken limit.

Therefore a finite ¢.£ requires £ — 0 and | £~ |<

two constraints £ — 0 and £~ < In

2 1
impl Ul — and | €3 |< .
—imply [ ¢" |< - — and | € |< 17—

the Bjorken limit, the correlation length probed by DIS becomes light-like B but may
extend to very large spatial distances and times in the small z limit.

2.10 Factorization Scale

A hadronic cross section contains mass singularities [125-128] at the short distances and
infrared divergent [13(] at the long distances physics. Therefore, hadronic cross sections
cannot be calculated using perturbative QCD. The separation of short distance and
long distance factors using factorization scale leads us to generalization of calculable
partonic cross section to physical measurable hadronic cross section. Extensive reviews
of the factorization scale can be found in Refs [131-137)].

The factorization theorem states that the inclusive cross section can be factorized
as a convolution of a renormalized soft nonperturbative part and a hard scattering part
that is free of long distances singularities. This indicates that factorization concerns
isolating the singularities as universal factors associated with long distance interactions.
In addition, the singularities will be absorbed into non-perturbative parton distribu-
tion and fragmentation functions. In the same way, UV divergences in the perturbative
calculations associated with short distance interactions are isolated into universal renor-
malization constants and absorbed into measurement physical constant in renormalized
field theory. The factorization can be illustrated by the following identity

q2 /,62 q2
1+aln(—2)+-~-: [1+aln(—§)+---] I+aln|{ =]+
p p Ky

with g denotes collectively the renormalization and the factorization scale. All Feyn-
man diagrams contribution to DIS in terms of order of ag are illustrated in Fig. EETO Tl

. (2.10.1)

28The light-like means that space-time distance equal zero.
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o LXK

Figure 2.10.1: Feynman diagrams contribution to DIS to order g : (a) Leading order
(LO) quark scattering; (b) Next leading order (NLO) vertex correction; (¢) NLO quark
scattering; and (d) NLO gluon fusion.

Through the interpretation of the factorization theorem, the structure function in

the inclusive DIS cross section can be written as
B @) =Y e e % Lo @2

a - I,L m
where f%(x,n) denotes the distribution of the parton a inside hadron A, Fa)‘ is the
perturbatively calculable hard cross section and p is the factorization scales. The
A r

ellipsis (-« -) is higher twist contribution, symbolized by O (é) where r is a positive

number. A superscript A denotes a helicity index and ® is the convolution integral B,

The definitions of the PDF and the factorization formulation depend on the mag-
nitudes of the factorization scale, u. This respects to the quark masses. Therefore
the factorization scales are necessarily non-trivial. The DIS cross-section factorization
has been proven to all orders in perturbation theory and is the basis of all other cross
section factorization like the Drell-Yan reactions and semi-inclusive DIS, as shown in
Fig. ZZT00l Note that in a leading order (LO), the gluon structure function, F g’\ vanishes
and quark structure function contributes.

The term on the right hand side in Eq. [ZI02) shows that the factorized term
consisting of the convolution integral as a function of the momentum fraction vari-
able.This is only leading twist approximation, which includes all algorithmic effects

m
structure function into a long distance physics factor with the confinement scale and
a short distance factor with the large momentum scale, ). Once the parton distribu-
tion functions are known, then it would be extended to evolve the parton distribution

to arbitrary high energies by using the QCD evolution. This issues will be discussed
further in Subsection EZTT1

such as log (Q) and log <,u ! ) The factorization shows the separation of the parton
My

2The convolution integral is formally introduced as f(2) ® g(z) = / ;f(;)g(y)
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2.11 QCD Evolution

QCD evolution was proposed by Dokshitzer [13§], Gribov and Lipatov [139] as well
as Altarelli and Parisi [92] (DGLAP) to evolve the parton distribution functions as a
function of longitudinal momentum, x and initial model scale, () to parton distribution
functions as a function z and QCD scale, Q?. In QCD evolution, the model scale means
the momentum transfer scale that comes from the hadronic model (NJL model in our
case), whereas the QCD scale means the evolution scale matching between model scale
and the experimental scale. In hadronic model the quark distribution is not a function
of Q* , whereas in QCD the quark distribution function depends logarithmically on Q.
Therefore the scaling of perturbative QCD are performed through the QCD evolution
which is called DGLAP. From now on, we just called the QCD evolution as DGLAP
evolution.

In this thesis, the initial scale of the NJL model for parton distribution function
is chosen to be, Q3= 0.16 GeV?. This initial model is expected to be good choice in
describing quark distribution in QCD (high energy). Several previous calculations have
used this initial scale in the NJL model 48, |56, [140-4142]. One important constraint
is that the momentum sum rule of the valence quark at the initial model scale, @)y,
must be equal to unity, whereas others are zero. For example the gluon and sea quark
momentum sum rule equal to zero. The mathematical expression of momentum sum
rule for the valence quark, gluon and sea quark, respectively, can be written as

() (Q?) = /dmf(x,cf) _ 1, (2.11.1)
(2)(Q5) =0, (2.11.2)
(2)s(Q5) =0, (2.11.3)

here Q* denotes the four transfer momentum, f(z,Q?) is the quark distribution as
a function of longitudinal momentum and four transfer momentum. In the DGLAP
evolution the valence quark distribution can be evolved to LO, to next leading order
(NLO) and next-next leading order (NNLO). These depend on order of the running
coupling constant, ag (Q?).

In general the quark distributions in the hadrons are classified into three types in
DGLAP evolution; the gluon distribution, quark distribution and the sea quark distri-
bution. The quark distribution, which is well known as the valence quark distribution
is called as the non-singlet quark distribution. The non-singlet quark distribution is de-

fined as the quark distribution minus the antiquark distribution which can be expressed
by

3 (7) = q(x) — q(2), (2.11.4)

where ¢, (x) denotes the valence quark distribution as a function of longitudinal mo-
mentum, ¢ (x) is a quark distribution and ¢ (x) is an antiquark distribution.
The evolution of the non-singlet quark distribution in DGLAP are defined by

aC]NS(JC, Q2)

on(q) — Pual® as(@) @ avs(x, &), (2.11.5)
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where P, denotes the splitting of the q-q (quark-quark) function. The physics interpre-
tation of Py, is the probability for a quark of type ¢ with momentum fraction z to emit
quark and becomes a quark of new type ¢ with momentum fraction x. The Py, ® qns
means the convolution product between splitting function and the non-singlet quark
distributions. This has a from
1
Peg ® ans = / %P (%) qNs- (2.11.6)

T

The non-singlet quark distribution in DGLAP can be written as

_9
01n Q?

The other type of quark distribution is called a singlet quark distribution under
DGLAP evolution. It is defined by

gs(z) = Z ¢ = Zqi(as) + Gi(x), (2.11.8)

/1 drqys(z,Q*) = 0. (2.11.7)
0

where 7 denotes quark flavor. Commonly these quark distributions appear in hadrons
which have structure functions of Fy, F5 and g;, respectively. The singlet quark distri-
bution in DGLAP are expressed by

9 qs(x Q2)) (qu qu) (q (z Q2))
5 = o I , 2.11.9
s (e o) = (7 7)o (5 211.9)
In analogy to Taylor expansion series, the splitting functions can also be expanded
on the running coupling constant, ag (Q?) in perturbative QCD region, it then takes
a form
2 3
Pz, Q) = (3) PO(2) + <3> PO(2) + <g> PO + .., (2.11.10)
2m 2m 2m
where the first term in P®(z) is the LO, the second term in PW(z) denotes the
NLO and the last term in P®(z) is the NNLO. However in this thesis we limit our
interest only for LO [143-145] and NLO [146, 147]. Therefore, for the readers interested

in NNLO, we refer to Refs [148-150]. On the other hand, the Feynman diagrams
contribute to LO are depicted in Fig EETT11

aq

Figure 2.11.1: All diagrams contributions to LO splitting function in the kernel of QCD
evolution. P,, pose the probability for a parton of type p with momentum fraction z
to emit particle quark or gluon and being a parton of type p’ with momentum fraction
x.
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The NLO is very important for yielding consistent solution of the DGLAP equation.
The NLO result is expressed by

PN &MJMD(;)], (2.11.11)

N Goln(Qa) |” Bo In(Qn) In?(Qy)
with
2 11 4 4 1
Qn = ? C hmSNe-aTh,  Bi= & - 0 NoNp — 200Ny (2.11.12)
Adep 3 3 3 3

4
here N¢ denotes the number of colors, N is the number of active flavors and Cr = 3

The value of Agep depends on the number of active flavors and the renormalization
scheme, in the MS, the value of AGLL" ™ = (0.248,0.200,0.131,0.050) GeV [149)].

2.12 Summary

In this chapter a brief overview of QCD and its properties such as asymptotic freedom,
color confinement, chiral symmetry and the spontaneous chiral symmetry breaking,
have already been introduced starting from the Lagrangian of QCD, both perturbative
QCD and nonperturbative QCD. The latter properties of the QCD is very important
to help us to build an inspired model like NJL model in our studies, which will discuss
later in Chapter Bl Later on we demonstrated how to obtain a GMOR in QCD.

In addition, we have demonstrated that in high energy region perturbative QCD
approach is very powerful method to link elementary quantities and physical quantities
through a factorization theorem in order to be able to interpret the theoretical result
and experimental data via DIS. In factorization theorem, the differential cross section
is factorized based upon all orders of the running coupling constants, ag(Q?).

Finally, the quark parton model, DIS, factorization theorem, and QCD evolution
has been presented. Moreover, we have also demonstrated how to derive the valence
quark distribution of the composite particle and how to evolve the valence quark distri-
bution using DGLAP evolution. In DGLAP evolution, the model scale comes from the
hadronic model, whereas the QCD scale means the evolution scale matching between
model scale and the experimental data. Note that the intial scale of the NJL model
for parton distribution function is chosen to be Q2 = 0.16 GeV?.



Nambu-Jona-Lasinio Model

The NJL model was proposed by Yoichiro Nambu [ and Giovanni Jona-Lasinio in
1961 [151, 152], in the pre QCD era, to model the nucleon-nucleon interaction. Later
on, it was used to describe the quark-quark interaction [32, 34-3§] B Historically, in
fact, this model was inspired by the BCS theory of superconductivity [153], which was
used to compute the energy gap in the excitation spectrum of the electron.

With this interaction, we show how the NJL model can be used to describe the
kaon and pion in terms of quark degrees of freedom. To describe the bound state of the
two body interaction like a kaon, we use the Bethe-Salpeter equation. The NJL model
shares the same global symmetry properties as QCD, such as DCSB and its Lagrangian
has been constructed satisfying the basic symmetries of QCD. From this Lagrangian,
the EOM will be derived through the Euler-Lagrangian equation. However, it is not
a gauge theory model, which does not include the gauge bosons (gluons) and cannot
describe confinement. The NJL model exhibits spontaneous chiral symmetry breaking
in vacuum because of the attractive interaction in the quark-antiquark channel. The
DCSB gives rise to dynamically generated dressed quark masses. The NJL model has a
long story of remarkable success in the study hadron properties [30-44, 4757, [154-157).

In this chapter, we give a brief introduction to the NJL model, including the La-
grangian, dynamical quark mass and gap equation, proper time regularization scheme
and the Bethe-Salpeter equation (BSE), yielding a bound state of the quark-antiquark
pair in the kaon used in this work.

Yoichiro Nambu just passed away on July 5, 2015, while the author was writing this thesis.
2The fermionic field is used to describe interaction between the quarks in the effective Lagrangian,
which is simplified to be a four-point (contact) interaction.
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3.1 The Lagrangian of NJL model

As already mentioned in Section EZT], the non-renormalized QCD Lagrangian can be
written as

YA 1 a v
EQCD = ¢ (Zp— m‘])w - Zf,uyf(g ) (311)

with ) denotes the covariant derivative, m, is the quark mass matrix (¢ = u,d,s,---)
and F7, is the gluon field strength tensor. ¢ and Y = ¥y, denote the initial and
final quark fields. The QCD Lagrangian in Eq. (BI.1]) satisfies the fundamental QCD
symmetries, that is

Socp = SU(Np)L ® SU(Np)r @ SUNE) @ U(L)y @ F, (3.1.2)

with the number of flavors and colors are denoted by Nr and Ng, respectively, The
chiral group SU(Np)p, ® SU(Npg)r poses a chiral symmetryﬁ (my, ~ mg ~ mg =
my — 0, for 3-flavors case), U(1)y is the symmetry of baryon number, SU(N,) is the
color gauge symmetry. The F is the set of discrete symmetries charge (C), parity (P)
and time (T), respectively [154]. The local non-Abelian SU(N¢) color determines the
quark-gluon and the gluon-gluon couplings.

The NJL model is an chiral effective theory that mimics many of the key features of
QCD in Eq. (BI2) and is therefore a useful tool to help understand non-perturbative
phenomena in low energy. The NJL model has a chirally invariant four-fermion in-
teraction. This indicates that the NJL model involves only quark degrees of freedom
and the gluon degrees of freedom have been absorbed into effective coupling constant,
G, where G, is dimensionful with dimension [mass] >. The model is then an effective
non-renomalizable theory. For simplicity, we focus only on the case of the three fla-
vor NJL model. Extension to larger number of flavors can be done straightforwardly.
Implementing the symmetry group in Eq. (BZ2), the Lagrangian density of the three
flavor NJL model can be compactly written as

ENJL - QZ (Z@ - mq) w + Efour—fermion + Esix—fermiony (313)

where ¢ = (u,d, s) for Np = 3 denotes the light quark fields, m, = diag(m,, maq, ms)
is the current quark mass matrix. The quark-quark interactions consist of the four-
fermion interaction, Liyur—fermion and the six-fermion interaction, Lgyx—fermion. Lhe four-
fermion interaction contains the features of the dynamical chiral symmetry breaking
and the six-fermion interaction is introduced to break the axial U(1) symmetry in the
SU(3)r NJL model. Note that the NJL Lagrangian in Eq. does not allow for
anomolous magnetic coupling, since the Fierz transforms of the two four-fermion terms
give the same contribution to ¢*”c,, up to sign [155-1517].
The effective four-fermion interaction,Liour—fermion i Eq. (B3, has the form,

8
Efour—fermion =G Z [(1@\[%)2 + (1;75>\a¢):| ) (314)
a=0

3SU(NF)r @ SU(NF)g is broken down to SU(Np)y ® SU(Nr)a with the appearance of N2 — 1
Goldstone bosons, where A and V denote axial and vector. For the three flavor case, the light
pseudoscalar mesons, 7, K and 7 emerge.
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where A* denotes the Gell-Mann matrices in the isospin space and -5 is the Dirac matrix.
The first term is the scalar interaction and the second term denotes the pseudoscalar
interaction. This term is invariant under U(3) and responsible for the dynamical chiral
symmetry breaking (DCSB) and thence the generation of quark masses.

The 't Hooft determinant [158], Lgix—fermion, in Eq. (BEI3) can be written as

Lix—fermion = — K {dety [¢(1 4 v5)0] + dete [(1 — 75)0]}, (3.1.5)

where determinant def; has to be taken in flavor space, K [l denotes the effective cou-
pling. The six-fermion interaction was first time suggested by Kobayashi and Maskawa
to explain the 7 — 7' mass splitting. In the same time, 't Hooft used the six-fermion
interaction to describe the instanton interaction. Since then the six-fermion interac-
tion is called as Kobayashi-Maskawa-"t Hooft interaction. This interaction is signed
by three incoming fields and three outcoming fields, i.e. (uw), (dd), (s5) or (ud), (ud),
(s5). In addition, the six-fermion interaction has been used in the NJL model to study
hadron physics connecting to the 7" mass problem [38, 139].

After a Fierz transformation (see Appendix [AH), the Lagrangian density of the
NJL model for three flavors in Eq. (B13) — containing just four-fermion interactions—
takes the form [ [159]

ENJL = @E(Z@ - m)d]
+ Gﬂ' [(QZ] )\a @D)Q - ("75 )\a 5 ¢)2 ]
— G, [(D X )+ (P Aa V' y50)?] (3.1.6)

where the quark field has the flavour components v = (u,d, s), m = diag(m,m, my)
denotes the current quark mass matrix, and G, G, are four-fermion coupling constants.
A sum over a = 0,...,8 is implied in Eq. (BH), where A, ..., Ag are the Gell-Mann

2
matrices in flavor space and \g = 3 1.

3.2 Dynamical Mass and Gap Equation

In this section we briefly present the vacuum properties of quarks and the kaon and
pion described in the NJL model. The gap equation describes the interaction of the
particle with the vacuum. It is generated by following the quark self—energyﬁ expression,
corresponding to the Feynman diagram in Fig. B2ZTl The standard NJL gap equation,
illustrated in Fig. B2l provides the dressed quark propagator. The general solution
of this gap equation has the form

M, = m, — 2G (1), (3.2.1)

4The effective coupling, K, has dimension [mass]* *""

°In principle the flavor singlet and octet pieces of the G, term in Eq. (28] can appear in the NJL
interaction Lagrangian with separate coupling constants, as they are individually chirally symmetric.
Our choice of identical coupling constants avoids flavor mixing, giving the flavour content of the w
meson as ui + dd and the ¢ meson as s3.

5The quark self-energy, arises from the quark-antiquark interaction term, is calculated by means
of Hartree or Hartree-Fock approximation. It shifts the the constituent quark mass with a constant
value if the self-energy has a local properties.
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-1 -1
> = > + > o >

Figure 3.2.1: The NJL gap equation in the Hartree-Fock approximation. The thin line
is bare quark propagator, Sy'(k) = F — m + ie, whereas the thick line is the dressed
Euclidean quark propagator, S,(k). The shaded circle is the ¢g interaction kernel is

given by Eq. (B22).

where M denotes the dynamical (constituent) mass, m, is the current quark mass in
the NJL Lagrangian. The T'r is to be taken in Dirac, color and flavor spaces. G, [ is the
effective coupling in the scalar channel. Using the mean field (Hartree) approximation
(MFA), the two-quark condensate is generally defined as

o) =- [ %Tr Sq)] (3.2.2)

where S, (k) is the dressed quark propagator at momentum space in the NJL model
obtained from the gap equation provided in FigB21l The solution for a quark of flavor
q = u,d, s take the form

f+ M,
S(k)=_——r""a
a(k) k2 4 M2 + i€’
where M, denotes the dressed (constituent) quark mass.

Putting the quark condensate formula in Eq. (BZZ) into the gap equation in
Eq. BZ1) and evaluating it using proper-time regularization scheme, it then gives

Mq =My — 2Gw<1ﬁw>
3IM,G [ w2 dTe_T(Mz)

(3.2.3)

= mq _|._ 7T2 ) ; a ; (324)
(Ayv)?
where the quark condensate fl in Eq. BZ2) becomes,
- 3M, G? dr _(M2)
<wlp> = —W . ) ; ﬁe . (325)
uv

Clearly Eq. (BZZZ)) shows that there is a trivial solution when G, = 0 H but a
non-perturbative solution also exists at large G.. By setting m, ~ 0 (chiral limit), the
Lagrangian respects the chiral symmetry SU(3);, ® SU(3)r and it produces a gap of
AE = 2M, in the spectrum of quark [39]. In the chiral limit, the constituent quark
mass has non-trivial solution where M # 0 provided G, > Geuitica- This is clearl
shown in Fig. B2 This corresponds to DCSB and the Nambu-Goldstone phase ﬁ

"The effective coupling, G, is the same in different phases and temperature and quark chemical
potential independent.

_ M, —
8From Eq. (824, the quark condensate can be also written as (19)) = _ e~ Mg,

2G
?One finds that m, = 0 when m, = 0. This corresponds with the Goldstone theorem.
10The Nambu-Goldstone phase occurs when the chiral symmetry has been dynamically broken.
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In addition, when m, = 0, the critical coupling has a form,

71.2

Gcri ical = 57 A9 A9 (326)
' 3(Abv — AfR)

with Ayy and Ajr denote ultraviolet and infrared cutoffs, respectively. From Eq. BZ),
we also see clearly that when M # m, then (1)) # 0. This indicates that the dynamical
mass generation is also associated with the generation of a non-zero chiral condensate.

[ = mgy = 0 MeV
400 r
L === my; =5 MeV
| c=+=my= 15 MeV
300 F mge= 25 MeV
> [ —- my= 50 MeV
@ -
\2_, _
- 200 r
= L
L '/'.
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Figure 3.2.2: Dynamical quark mass generation (M) as a function of . The

Gaitical
dynamical quark mass was computed using the NJL model with the ultraviolet cut-off

Ayv = 0.645 GeV and infra-red cut-off, Ajg = 0.240 GeV. A full parameter set used
can be found in Section

Figure. also shows that, in the chiral limit, the chiral condensate are zero (
(1p) = 0) when G < Geiticar- This is known as the Wigner-Weyl phase. As explained
in Chapter ] chiral symmetry and its dynamical breaking play a key role in low energy
QCD. We have demonstrated that the NJL model provides a clear mechanism for the
chiral symmetry breaking.

3.3 Proper-Time Regularization Scheme
As mentioned earlier, the NJL model is non-renormalizable and not confining. Hence

some regularization procedure must be used to avoid divergences. There are several pos-
sible regularization schemes available in the market for solving the divergent problem.
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They are Euclidean-4 momentum [52], Pauli-Villars regularization [71] and recently a
Gaussian in Euclidean space. In this thesis, we choose to employ the PTR [23-25, 30—
32, B4-38, 41, 43, 44, 47-517, [78, [159, [160] by taking the ultraviolet (UV) and infrared
(IR) cutoffs into account. The ultraviolet cutoff is very important to obtain finite so-
lutions. This PTR is chosen to regulate the divergences arising from loop integrals in
order to obtain finite values of the physical quantities via ultraviolet cutoff. Addition-
ally, PTR is especially interesting because if one also introduces an infra-red cut-off,
Arg, it simulates quark confinement by eliminating on-shell quark propagation, while
respecting chiral symmetry. As a result it has been widely used. The PTR scheme is
formally expressed by

1 1 o
I d n—-1_—-7X
X1 (n—1) /0 e

1 e

N /(AIR) dTTn_le_TXa (3.3.1)
(n — 1)! 1

(Ayv)?

here X" denotes an energy denominator obtained after introducing Feynman param-
eters and performing a Wick rotation to rotate the loop integral to Euclidean space.
This is a function of quark momentum. Technically we only need an ultraviolet cut-
off, Ayy, to render the theory finite. However, in quark bound states we also include
the infrared cutoff, Ajr, which has the effect of eliminating nonphysical quark thresh-
olds for the decay of hadrons into free quarks. In this work, we choose Ajg = 0.240
GeV M8, 159] as an input parameter. This must be chosen to reflect the confinement
scale of QCD. L4 Notice that none of the results found here are especially sensitive to
this choice.

3.4 Bethe-Salpeter Equation for Mesons

As mentioned in Section 23 that quarks and gluons are confined within hadrons, there-
fore we should deal with the bound states theory 4. In the past, several studies have
been made to calculate the bound state of composite particles [21, 22, 161-164]. At
that time, the energy level of the bound state systems of two particles was calculated
via a quantized field. Thus, the result would be used as an input to Schrodinger equa-
tion or Dirac equation. However this method has treated in non-relativistic region
(atom level). Therefore, it faces a difficulty of a relativistic interactions and singular
forces. To overcome this problem, Dancoff [165] has been proposed a method using
a field theory to solve a Schrodinger equation for one field. However, this method
has a problem once we want to include higher approximations. Later on, Bethe and
Salpeter [161, [164] proposed a two body wave function equation in the covariant form.
Therefore, this equation is free from divergences as in the S-matrix theory. This method
is well known as the BSE. In the BSE, the Feynman two body kernel of the scattering

"The confinement scale in QCD is of the order of Agep ~ 0.300GeV.
12Bound states emerge as poles in n point Green’s functions. In our case, mesons poses the poles
in the 4-point Green functions, (0 | ¢1¢1G2G2 | 0).
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can be re-written as an integral equation [159, [161, [164]. For the aim of this thesis, we
treat a meson as a bound state via BSE in the NJL framework.

In the NJL model, a meson is described as a quark-antiquark bound state with
the meson properties determined by the BSE [159, 161, [164]. In the BSE, the quark-
antiquark interaction in the bound state is summed to all orders corresponding to an
infinite series of ladder diagram and it becomes an infinite series of bubble graphs in
the NJL model. The mesons considered here — 7, K, p and w — are realized in the NJL
model as quark—antiquark bound states whose properties are governed by the BSE. The
interaction between the quark-antiquark pair in the BSE is illustrated in Fig. B-ZT]

XX

Figure 3.4.1: [Illustration of the BSE describing the interaction between a quark-
antiquark pair in bound state.

The scattering amplitude T" of the quark-antiquark interaction is then expressed as
d*k
(2m)*
where ¢ is the total momentum of the two body system, K is the quark-antiquark
interaction kernel and the indices denote Dirac, isospin and color degrees of freedom.
T'(q) is the 4-point quark-antiquark scattering amplitude and S(k + ¢) stands for a two

body dressed propagator.

The elementary quark-antiquark interaction kernel, K derived from Eq. (BZ41]), can
be formally take the form

ICa,B,'yé - Z ]CQ Qﬂ/é Qaﬁ
Q

=2i GW [()‘a)vé ()‘a>aﬁ + (Aa’%)ﬂ/é ()\a/75)a6]
=20 Gy [(AaY")76 MaVi)ap + (Aa VV5)46 (AaVu¥5)as] 5 (3.4.2)

T(q) = K + / KS(k + q)T(q)S(k), (3.4.1)

where the indices represent Dirac, colour and isospin. Note, in this work we assume
that m, = mg = m, and with the Lagrangian of Eq. (B.f) the p and w mesons are
mass degenerate, differing only in their flavour structure. The kernel is constructed
based on the three flavor NJL Lagrangian in Eq. (B10) and the definitions of the
variables used here are the same with the variable in Lagrangian. The BSE solutions
for the pion, kaon, p, w and ¢ are, respectively, given by

Tw(Q)@ﬁ,wS = ['YSTi]a@ tx(q) [75Tj]75> (3.4.3)
Tx(@)aprs = 15T 0t (@) [vT5]5 (3.4.4)
To(@)apns = uTilap 1 (@) [T (3.4.5)



3.4. BETHE-SALPETER EQUATION FOR MESONS 44

To(@aprs = (1Tl 1 (@) [ T35 (3.4.6)
To(Qaprs = Tl as te (@) [Ty, (3.4.7)
1 1
V2 X V2 X
creating a 7 or 7. Then the K* require T, = —(\; +i)s) and T: = —(\y F i)s).

g q \/5( 4 5) j \/5( 1 Fids)

where T; and 7; = A3 for the 7% and T, = (A1 £iXg) and T = (A FiXg) for

The reduced t- matrices, i, tx, 14" and ¢£”, in these channels take the form

tela) = 1= 2‘53&: T (3.4.8)
ti(g) = 5 +;§i§;(q2), (3.4.9)
W0 = T (7 20 ). 3410
) =13 ;c?jgjv(f) (gw i QGwH””(qQ)q;gy) ’ (3:410)
ty'(@) =17 ;szgjv(qz) (gw +26lLnle) q;g”) ’ (3.412)

where the bubble diagrams appearing for the pion, II(¢*), kaon, IIx(¢*), p and w as
well as ¢, II,,(¢%) read:

. d*k
I (¢%)8;; = 2iNe / —(zﬁ)ﬁtTTD Vs T3S (k) vs T Si(k + q)] (3.4.13)
. d*k
Ik (¢°)0;; = 2iNc / WTTD Vs TiSi(k)vsT;Ss(k + q)] (3.4.14)
ab( 2 7 q#qV oz d4k o v
va(q ) g q2 - QZNC (271_)4T,rD [7 Sa(k>’}/ Sb(k + Q)] y (3415)

where 1, =TI, = % and II; = II*¢ and the trace is over Dirac indices only. The
subscripts [ and s denote the flavor indices for the light and strange quarks, respectively.
The polarization insertion (bubble graph) Feynman diagram is illustrated in Fig. B.Z2

Iy = 1515 Iy =51

Figure 3.4.2: The diagrammatic representation of the polarization insertion (bubble
graph) in the pseudoscalar channel.
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Thus the bubble graph of the pion, kaon and vector meson, respectively, in Eq. (B413))
in the proper-time regularization scheme can be read as

1 _ 1 _
Hﬂ_(qQ) _ _NCNF /(AUV)2 ﬁe_TM2 - NCNsz /l dx/()\UV)2 ﬁe—T(kJ2(I2—I)+M2)
0

472 1 T2 872 1 T ’
Auv)? (uv)? ( )
3.4.16
HK(qz) _ 27r2 / / AUV) dT Tk2(m2—m)+mM22—(x—1)M12

(AU\/)2

x [1+7 [2k*(z — 2%) — Mo + (x — 1)M; + MyM]] (3.4.17)

N zZd

I (q*) = Cq / /(AUV) OT e=rl@@ =)+ M) (31 _ )], (3.4.18)

(Ayv)?

where Np, N¢, Ayy and A denote the number of flavor, number of color, UV cut-off
and IR cut-off, respectively and ¢® = —Q>.

3.5 Meson Properties in the NJL model

In this section we present meson properties in the NJL model. They are pseudoscalar
meson quark-antiquark coupling, pseudoscalar meson masses, pseudoscalar meson de-
cay constant and GMOR relation for kaon and pion in the NJL model. A descriptions
of each meson properties are delivered in the section below.

3.5.1 Meson Quark-Antiquark Coupling

The momentum derivative of the pseudoscalar bubble graph (polarization insertion)
function in Eq. (B413) yields a quark meson coupling constant, ¢4, for the pion and
JKgq for the kaon as well as other mesons. These are determined from the pole in
the quark- antiquark 7T-matrix in Eq. (B4Z8). Further details of the derivation of the
meson quark-antiquark coupling can be found in Appendix Comparing to the
expansion result of the general form of the T-matrix near a bound state pole,

Ol (¢?)
gﬂqzq - ( aq ) ‘qQ:mﬁa (3.5.1)
_ Mk (¢*)
gK?lq = ( aq ) ‘q2:m§<a (352)
_ Oll,, (q
Tpaa = ( aq( )) l2=m3,» (3.5.3)

In the PTR scheme , the meson quark-antiquark coupling constant are obtained

as
;q2q _ NoNp / /(AUV) o7k (a? )+ M?) {l B k2(x2 o x)] 7 (3.5.4)

82 T
(Auv)

13We apply a Feynman parameterization and Wick rotation before performing a PTR scheme.
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1 ;
o, Ne / i / (o AT (k202 o) a3 —(e-1)M7)
0

Iiin = o2 S
(Auv)
x [3 =17 [2k*(z — 2®) — aMj + (x — 1))M] + My Ms]] (3.5.5)
_ NC ! (A . )2 S (M2 (2 —x 2y | 1
gp,f,qfq =952 i dx N dra(1 — x)e M@+ [; — M2 (2* — x)] , (3.5.6)

1
(Ayvy)?

where M, stands for vector meson masses (p,w, and ¢). These meson quark-antiquark
coupling constants are essential input for evaluating the form factor and parton distri-
bution function and other observables in the next chapters.

3.5.2 Meson Masses

The meson masses are calculated from the pole in the t-matrix. From the Eq. (BZ8) the
masses of the pseudoscalar meson (7", KT) and vector mesons (p, w) are respectively
given as

1+ 2G, I (k* =m?2) =0, (3.5.7)
1+ 2G, g (k* =m3) =0, (3.5.8)
1+ 2G, I, (k> = m2) = 0, (3.5.9)
142G, (k* =md) =0, (3.5.10)

where m,, mg, m, and m,, are, respectively, the masses of the =, K, p and w. By
putting the bubble diagram in Eq (BZI6) and the dressed quark masses in Eq. (B2Z4)
(see Appendix [A-TTl and [A-T3)), the kaon and pion masses are then expressed as

9 m 1
- _ |2 5.11
Mot [M] 8iG N I3 (k2)’ (3:5.11)
9 M My, 1 9
= — e MS_MU 9 . 12
M [MS + MJ 16iG, No K (k2) + ) (3.5.12)

where m+ and mg+ denote pion and kaon masses, respectively. The quantities .7 (k?)
and 7% (k%) take the form

T 1.2\ __ d4p ! 1

75w = [ )t / FiRe-o) —alB+@-nip )
K12\ d4p ! 1

A6~ | G |, FrEe e 9

here M,, M,, and My are the constituent quark masses of the up, strange and down
quarks, respectively. These expressions are obtained after we apply the Feynman pa-
rameterization for two propagators.

The final expression for .ZJ} (k%) and ) (k?) in Eq. (5.13), after performing the
proper time regularization in Eq. (B22.13), are obtained as

. 1 1

s ¢ A% dT —7(k%(z?—x)+xM2—(z— 2

I (k) = 16W2/ dx/lm —e (k@ —a) M= (e-)My) (3.5.15)
0 TAU

v
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. 1 1
jzfl{(kﬂ) — ¢ / dx/PI; d_Te—T(kQ(:c2—z)+zM§2—(z—1)M3)’ (3516)
1672 J/, LT
AUV

where k* = m?2 for the pion and k* = m3 for the kaon. From Eq. (511 we see that
the kaon and pion masses will vanish in the chiral limit, that is my; — 0, not M — 0,
where M is the constituent quark mass.

3.6 Meson Decay Constant

Beside the bubble graph and pion and kaon masses, other important observable, which
can be measured in experiment is the pseudoscalar meson decay constants, f ,, where
A is the pseudoscalar meson ( for the kaon and pion ). Based on Feynman diagram in
Fig. B8l the pseudoscalar meson decay constant can be defined through the matrix
element,

(O] Wu%%% | 76(q)) = if. Qb (3.6.1)

where the m, denotes a pion with isospin b. In the NJL model, the pion decay constant
f= also can be illustrated in Fig. BG1l

Figure 3.6.1: Diagram representing the pseudoscalar meson (Kand 7) decay in the
NJL model. The two lines with arrow is a pseudoscalar meson and the bold line is an
external axial-vector field.

The pseudoscalar meson decay constant in Eq. (B0 is analytically evaluated
becomes

d*p k

. k
ik for = —Ncg./zqq/ WTT {%%S(p +3)S -5 (3.6.2)

For the sake of simplicity, we now evaluated the pion decay and kaon decay, sepa-
rately. Then performing the Feynman paramterization, Wick rotation and PTR scheme
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to Eq. (B6.2), the pion decay constant can be rewritten as

Necgx ? dr
Jx = Cif;q / / e, (3.6.3)
AUv)
where k* = m2, Grqg denotes a quark-pion coupling constant, which is defined in

Eq. (B5J). Similarly for the kaon decay constant, we find

o= 2 1 vy vt o [ T 7 ) (56
7

AUV)2

(3.6.5)

where k* = m?3; and the quark-kaon coupling constant is defined in Eq. (5.1
Using the gap equation in Eq. (B2Z4]) and pion and kaon mass conditions in Eq. (B5.11),
it gives a following expression,

fﬁmi ~ _mq@?d’)
f?{m% ~ _mq<w¢>'

With this result, the first order approximation to the GMOR [117] current algebra
relation can be obtained as
1 _
2m? = —3 (my, + myg) (du + dd) (3.6.8)
1
fem3 = ) (my, +my) (tu + 3s), (3.6.9)

where m,, myg and m are up, down and strange current (bare) quark masses, respec-
tively. In physics interpretation, this result explicitly shows that the chiral symmetry
is not destroyed by the PTR scheme to the NJL model.

3.7 Summary

In this chapter we have presented a brief introduction to the NJL model, including
the Lagrangian, dynamical quark mass and gap equation, PTR scheme and the BSE
yielding a bound state of the quark-antiquark pair in the kaon. We have already shown
that the NJL model can be used to describe the kaon and pion in terms of quark degrees
of freedom. The NJL model exhibits DCSB in vacuum have been demonstrated. The
DCSB gives rise to dynamically generated dressed quark masses.

After introducing the BSE formulation, we derived the meson properties in the NJL
model. They are pseudoscalar meson quark-anti-quark coupling, pseudoscalar meson
masses, pseudoscalar decay constant and GMOR relation for the kaon and pion in the
NJL model. Later on these meson properties will be used to compute the kaon form
factor and parton distribution functions in Chapters @l and [, respectively.



Flastic Form Factors

The electromagnetic form factors of the pseudoscalar mesons (K and 7) provide im-
portant and useful information concerning their internal structure [166]. Addition-
ally, in perturbative QCD (pQCD) theory, the electromagnetic form factor at high
Q? provides information to test the validity of pQCD. Extensively, the electromag-
netic form factors of the pion [167-182] and nucleon [32, B3, U850, 5456, |58, 63—
65, 72, [73, 195, 196, [181] have been well studied experimentally or theoretically, using
several different approaches. In contrast, there are only few studies of the kaon elec-
tromagnetic form factor 78, 100, [155].

From the experimental point of view, the availability of the kaon electromagnetic
form factor data in the space-like region (Q* < 0) is considerably rare. The kaon
electromagnetic data is only measured at very low energies around Q2 < 0.2 GeV? [183].
This is linked to unavailability of the meson as a target in the laboratory. Meanwhile,
there is more the experimental data for the time-like region (Q* > 0), available up to
several GeV?, but they suffer from somewhat large uncertainties. However, because
we restrict our work to the space-like region, we do not discuss this point further in
this thesis. In theoretical studies, as mentioned earlier, there are just a few studies
of the kaon electromagnetic form factors in the space-like region [184-191]. With this
limitation in mind, it is not possible to decide which theoretical model approaches can
be used to describe the kaon electromagnetic form factor well. Therefore, more studies
are required to have more complete information about the kaon internal structure.
The NJL model is relatively straightforward to calculate and typically yields results
comparable to more sophisticated approaches such as DSE model and Lattice QCD.
In such cases, the kaon form factor result in the NJL model can be used as a guidance
for future kaon experiments, lattice QCD studies or more other sophisticated model
approaches.

In this work, we therefore study the kaon electromagnetic form factor in the space-
like region in the NJL model. This provides a direct insight into the spatial charge
distribution and currents in the kaon. It would be fascinating to see the behavior

49



4.1. PSEUDOSCALAR MESON FORM FACTOR 50

of each flavour of the quark sector form factors of the kaon and pion in the NJL
model. The electromagnetic form factor is a favorable observable, beside the parton
distribution function, for studying the internal structure of elementary particles. The
most important reason for studying the form factor of the quark-antiquark bound state
is to test the particular quark model and to explore the low energy behaviour of QCD.
We also focus on the structure of the kaon with a particular interest in the effects of the
larger mass of the strange quark. At present, a detailed understanding of pion and kaon
structure is hampered by the rather small sample of experimental data [221), [227]. Tt is
known that u+ is somewhat softer than u,+ in the large-z valence region, which we will
show is a natural consequence of the larger mass of the spectator strange quark in the
K™ (see Chapter E). While at the present time one does not know the separate flavor
contributions to the kaon elastic form factor, one may hope that it will prove possible
to measure them in future. Given the phenomenological importance of the DYWR,
it is certainly of considerable theoretical interest to compare the flavor dependence
of the large-x PDFs with the corresponding large-Q? behaviour of the separate flavor
contributions to the elastic form factor.

In this chapter, we present our calculation of the K-meson form factor as well as its
quark sector form factor using the SU(3) NJL model, which was introduced in Chap-
ter B, with a PTR scheme [23-125, B0-32, 3438, 41, 43, 144, 47-157] to simulate the effect
of quark confinement. The separate contributions of each flavour quark sector form
factor to the total elastic form factor of the kaon will be explored with and without the
effect of dressing at the quark-photon vertex. Later on, the ratio of the quark sector
form factors in the kaon in particular and pion are investigated. A comparison our
model prediction with existing experimental data is presented. Throughout this work,
more deep knowledge and information concerning the behavior of each flavour quark
contribution within the kaon and pion will be revealed. Moreover, in our calculation, we
calculate the kaon form factor with both bare quarks and dressed quarks by modifying
the dressed quark-photon vertex. The dressed quark-photon vertex poses the interac-
tion of a virtual photon with a nonpoint-like constituent quark, which is adopted from
Ref. [192] [l. This makes a significant change in the kaon and pion form factor needed,
in order to agree well with experimental data. We therefore select this method in our
calculation. Our kaon form factor calculation without and with a dressed quark in the
NJL model with a PTR scheme will be presented in the section below.

4.1 Pseudoscalar Meson Form Factor

In this section we describe an electromagnetic interaction of the kaon and pion. In
order to determine the electromagnetic current of the kaon and pion, we couple the
clectromagnetic field to the quark field via minimal substitution: i — i@ — QA,7" in
the three flavor NJL model Lagrangian in Eq. (B1.6), where A, is electromagnetic field

R 1
vector potential, e is the positron charge and @) = diag ey, eq4, 5] = g ()\3 + ﬁ)\g)

is the quark charge operator, where e, are the quark charges. Here A3 and Ag are the

'The quark-photon vertex in the NJL model is given by the solution to an inhomogeneous Bethe-
Salpeter equation (BSE).
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usual Gell-Mann matrices in flavor space. The electromagnetic current for the kaon
K™ and pion 7" are formally expressed in the matrix element reads

I (1) = {a(@) | T7"(0) | a(p)) = (0" + p™) Fa(QY), a=mK, (4.1.1)

where p and p’ denote the incoming and outgoing four momenta of the pseudoscalar
mesons, ¢° = (p — p’)2 or ¢> = —Q?, where Q? is four momentum transfer of virtual
photon. J#(0) is the electromagnetic current, | a(k)) A stands for the full bound state
of the kaon (mesons) and F,(Q?) is the kaon or pion elastic form factor. The electro-
magnetic vector current of the total kaon and pion in the NJL model are denoted by
JE (p,p') and J¥ (p,p’), respectively. We will evaluate both electromagnetic currents
using the NJL model in the section below.

4.2 Kaon Form Factor with Bare Quark

In this section we derive a kaon form factor with the bare quark (pointlike case). The
quark-photon vertex for a bare quark is given by

1 1
bare
A% '(p,v)) = B <>\3 + ﬁAs) v, (4.2.1)

where A3 and Ag denote SU(3) generators, which are defined in Appendix [A2 For the

pion case H, the quark-photon vertex for the bare quark can be projected onto flavor

1 11—
;Tg + eq 273), where e, and e, are the up and down

sectors, it then gives (eu

quark charges, respectively.

Using the quark-photon vertex for the bare quark in Eq. (fEZT]), the electromagnetic
form factor of the kaon and pion can be derived from Fig. E21l As we know that in
QCD the valence quarks of the kaon (pion) consist of the up (up) and anti-strange
(anti-down) quark. Therefore, only two Feynman diagrams contribute to the meson
electromagnetic form factor A One diagram, the photon couples to the quark and
another diagram, the photon couples to the anti-quark, as provided in Fig. EZTl Thus,
the full meson form factor in the NJL model is given by the two Feynman diagrams
as depicted in Fig EZTl Based upon the Feynman diagrams in Fig. L2.7] the full
expression for the matrix element of the electromagnetic current of the kaon, with the
bare quark-photon vertex in Eq.[EZT]), can be written as

1 AN 2 d4p . / . .
Ju/K+ (pap ) - _quq/ 7o N4 (757}))\/5/ [ZSu(p + k)@uzsu(p + k)]gle (757;'))\6 ZSS(]{?))\)\/,

(2m)*
(4.2.2)

2The quantity (a(p’) | J"(0) | a(p)) is the meson-photon vertex. The calculation of the hadronic
part is unknown due to the non-perturbative dynamics.

3For the pion case, M, = My in the SU(2) isospin symmetry limit.

“Note that in this form factor calculation, we consider the quark as a pointlike particle (without
dressing). The quark without dressing is also called a bare quark and its kaon form factor is denoted
by Fx(Q?), whereas the kaon form factor with quark dressing is symbolized by F2¢(Q?).
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Figure 4.2.1: Diagrammatic representation of the electromagnetic form factor of the
kaon and pion. The Feynman diagram for the valence quark is on the left hand side
and for the valence anti-quark is on the right hand side. The operator insertion, " is

1 Ag
Se | B2 g ) m
26<¢5 3)”

, ! | | | ,
I s (0. 1) = ~ g / L (5 T3) 19 (R) e (35T [185 (= p)O#iS,(k — 1),

(2m)*
(4.2.3)
where Tj,T; are the isospin operators of the kaon, respectively. The flavor matrices

for the kaon in the SU(3) NJL model is T; = 1} = ()\L\@Ms)

are the SU(3) generators, respectively. The minus sign is from the closed fermion
loop. For the pion case, the flavor matrices from Bethe-Salpeter vertices is defined as
T, — ()\1:‘:2.)\2)'
V2
Rearranging the indices in Eq. (E2ZZ) and putting the operator insertion B into
Eq. (Z3), one has the form

Jir (K K') = T2 e (0. 0") + T g (0 1)
= eu\} e (0, 0) + €AY i (—=p, —p') (4.2.4)

, where A\, and \j;

where e, and e, are, respectively, up and anti-strange quark charges. Then the form fac-
tors AZ/K+ (p,p) and A’;/K+(—p, —p'), (a full derivation of the A¥(p, p") and A*(—p, —p')
will summarized in Appendix [AT4)), are obtained by

/ . d4 /
AZ/K+ (p,p) = QZNCQEqu/ (27:;4TT Vs Su(k + PV Su(k + p)ysSs(k)],  (4.2.5)
/ . d4 /
AS/K+(_p> -p) = QZNCQ?{q*q / (2—7Tp)4T7“ (V555 (k — p)v*Ss(k — p)vsSu(k)],  (4.2.6)

where the trace is over Dirac, color and flavour indices and the minus sign in the
second line indicates the anti-quark momentum and Ng = 3 denotes the number of

1 =
5The operator insertion can be also written as [(6 + 53) ey + es] ~#, where 73 denotes a Pauli

matrix.
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colors. S,(p) and Sy(p) are the dressed up and anti-strange quark propagators. In the
flavour space the quark propagator reads S(p) = diag[S.(p), Si(p), Ss(p)]. Note that
the first line in Eq. (EZH) relates to the left diagram in Fig. L2l and the second line
in Eq. (EZ3) relates to the right diagram in Fig. L2l Similarly, a derivation of the
pion form factor can be easily obtained by replacing the s quark with a d quark and the
kaon quark-antiquark coupling constant gxg, with the pion quark-antiquark coupling
constant grgq-

We will focus on the quark sector and total form factors for 77, K™ and K°. Upon

inspection of Eqs. (2ZH) and [ZH) we have
AZ/KJr(p? ) X AS/K+( —-b, _p/)7 (427)

where the constant of proportionally is the ratio of the struck quark charges.
For the form factors, we find the expression for the meson form factors which can
be composed into a sum over the quark charges multiplied by quark sector form factors

FO"(Q) = euFA(Q) — eaFH(Q%) = (ew — ea) FH(QP), (4.2.8)
FR Q%) = enFR(Q%) — e Fie(QP), (4.2.9)
Fn™ (@) = 6dF}“é(Q2) — e, Fi(Q%), (4.2.10)

here F's oy (Q*) H is the up quark sector form factor, which contributes to the total
pion and kaon electromagnetic form factor, F% (Q?) is the anti-down quark sector
form factor, which contributes to the pion electromagnetic form factor and Fj-, (Q?)
denotes the anti-strange quark sector form factor, which gives a contribution to kaon
form factor. The quark sector form factors F"(Q?) represent the contribution of the
current quarks of flavor il to total pseudoscalar meson form factor F (Q?), where the
subscript a denotes a pseudoscalar meson. Note that F% (Q?) = F% (Q?), so that the
pion form factor only has a single quark sector form factor contribution.

After performing a Feynman parameterization, a Wick rotation and a PTR scheme
to each quark sector form factor in Eq. (EEZF), the expression for the quark sector form
factor of the pion is given by

2
“(Q7) = Ny /1 dx/(AIR)2 AT o2 —a)+02)

472
(Ayv)?
11—z
ngqq (AIR)2
T A
AUv)
X e —7(k2[(z+2)%—(z42)|[H+22Q*+ M2 (1—a—2)+ M2 (z+2))
x [K*(x + 2) + (M, — My)*(z + 2) — 2M3 + 2M4M,,). (4.2.11)

“From Eqs. @Z4) and @ZX), we obtain that Fit, (Q?) = AZ/K+ (k,k"). Similarly, this can also
be applied to other quark sector form factors.

2 1
"The up quark charge e, = 3’ the down quark charge eq = - 3 and the strange quark charge, e

wl
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Here N¢g denotes the number of colors and M, and My are up and down dynamical
quark masses as defined in Eq. (B21). In the pion case we assume that M, = My,
corresponding to the SU(2) isospin symmetry. Therefore we only introduce a single up
quark sector form factor. The quark sector form factor of the kaon then has the form

i (Q° Negican / / ) a7 (@@ —2)+M2)
K 472
AUV

CgKQQ/ /1 ’ /(AIR
472

(Auv)?
X e —7(k2[(x+2)2—(x+2)]+22Q%*+M2(1—x—2)+ M2 (x+2))
x [K*(x + 2) + (M, — M,)*(x + z) — 2M2 + 2M,M,], (4.2.12)
s ( Cquq / / AIR “r r(—QQ(:cQ—:c)Jer)
K 42
(Auv)?
CgKQQ/ /1 ’ /(AIR
472
(Auv)?
% e—T(k [(x+2)2—(x+2)|+22Q2+ M2 (1—x—2)+ M2 (x+2))
x [K*(x + 2) + (M, — M,,)*(x + 2) — 2M?2 + 2M,, M), (4.2.13)

where M, # M, for the kaon. The normalization of the quark sector form factors in
Eqs. (EZI), EZTY) and [EZTI) are straightforwardly evaluated by taking Q* = 0,
giving Frs g+ (Q% = 0) = 1.

These results are denoted as “bare” because the quark-photon vertex is elementary
the result, that is, Ai/‘((]bare) =Q ~#. Note, these expressions automatically satisfy charge
conservation. The quark-sector form factors for a hadron « are defined by

Fo(@) =) e Pl = e, FY Q) + ea FAQ®) + e, F3(Q%) + . .. (4.2.14)

q

Therefore the “bare” pseudoscalar meson quark-sector form factors are there easily
read off from Eqs. (2ZJ)-([(@2ZI0). The form factor in this form, as in Eq. [ZF), is
very useful for investigating the CSV, to which we will apply this quark sector form
factor later in Chapter 6

4.3 Results for the Kaon Form Factor with Bare
Quark

In this section we discuss the results for the kaon form factors as well as pion form
factors. Firstly, the parameters, G, Ayy, Mg, m, and my in the NJL model must be
determined in order to compute the kaon and pion form factors. As already explained,
we fix Aig= 0.240 GeV. The constituent light quark mass is M,= 0.4 GeV. The
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physical pion and kaon masses are respectively, m, = 0.14 GeV and myg = 0.495 GeV,
fx=0.097 GeV and f,=0.093 GeV. By fixing the parameters using these values, we
obtain Ayy= 645 MeV, G,= 19.04 GeV~2, M, = 0.611 GeV, and m, = 0.356 GeV.
Then we obtain the coupling constants gq, = 4.23 and gxg, = 4.57, which are used in
Eq. B24) to compute the kaon form factor as well as the pion form factor. Using the
physical mass of the p meson, m, = 0.770 GeV, we obtained G, = 11.04 GeV™? and
we also obtained m, = 1.057 GeV. The numerical results for the kaon and pion form
factors without (bare quark) and with vector mesons (p, w, ¢) are given below. The
values of the parameters of our NJL model are summarized in Table EE311

Table 4.3.1: The values of the parameters of the NJL model used in this calculation [159]
and their experimental values. The units of the parameters (powers of GeV) are seen
in the text.

Parameters Our NJL calculation Experiment
fx 0.097 0.113 £ 0.001
mg 0.495 0.4937
fr 0.093 0.0924 + 0.001
My 0.14 0.1385
M, 0.4 -

Arr 0.240 ;
Apy 0.645 -
G 19.04 -
M 0.611 _
Mg 0.356 -
IKqq 4.57 -
Orqq 4.23 -
m, 0.770 -
my, 0.782 )
G, 11.045 -
G, 10.414 -

me 1.057 -
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After fixing the free parameters in the NJL model, we use them to determine the
kaon form factor with bare quark (and with dressed quark later). We firstly begin to
compute the total kaon form factor with the bare quark in Eq. (ZZ8) and the quark
sector form factors of the kaon in Eqs. (EZTT), (EZI2) and (EZTI3). Note that the
quark sector form factors are determined without the quark charges, as in Eq. [EZS).
Our results for the kaon form factor with bare quark and its quark sector form factors
are depicted in Fig. E31l The bare kaon form factor and its quark sector form factors
are calculated over the range four momentum squared, Q* = 0 — 6 GeV2. Figure E23.11
exhibits a dramatic difference between the up quark sector form factor, Fit(Q?) and
the anti-strange quark sector form factor, Fi-(Q?). The latter becomes much larger as
Q? increases. To see the behavior of the quark sector form factors at large Q?, we plot
the quark sector form factors of the kaon over the range Q? = 0—20 GeV? in Fig.
This shows that the up quark sector form factor decreases faster than the anti-strange
quark sector form factor. This is expectedly because the My > M,, where M, and M,
are the dressed anti-strange and up quark masses, respectively. This indication clearly
seen in Fig. and E37

Fre+ (Q%)(GeV?)

Q? (GeV?)

Figure 4.3.1: The form factor of the kaon with bare quarks and its quark sector form
factors are provided over the range Q% = 0- 6 GeV?2. The up quark sector form factor
of the kaon (red solid line), the anti-strange quark sector form factor (blue dashed line)
and the total kaon form factor (black dotted line).

The anti-strange quark sector form factor Q* Fi-(Q?) grows with increasing Q2. In
contrast the up quark sector form factor of the kaon multiplied by Q% Q* Fi(Q?),
decreases with increasing Q2. This clearly indicates that the anti-strange quark sector
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form factor has a larger contribution than the up quark sector form factor to the total
bare kaon form factor at both small and large Q.

Our total kaon form factor with a bare quark is compared to the available experi-
mental data from Ref. [183] and to the empirical monopole function,

1
1+Q27

p)
mp

F[e{mpirical(Q2> — (431)

where m, stand for p mass, in Fig. B33 This shows that our kaon form factor predic-
tion, which is represented by the black solid line, is larger than experimental data [183]
and the empirical monopole. This indicates that our kaon form factor with a bare
quark is in disagreement with the experimental data in Ref. [183] and the phenomeno-
logical monopole with mi = 0.61GeV?. It shows that our kaon form factor with a
bare quark is larger than others. This is because we treat the quark as a pointlike
particle. While this is expected to be a good approximation at large Q?, the empirical
monopole (VMD) prediction shows remarkable agreement with existing experimental
data [183]. In other words, our NJL model does not give a good description of the
existing data. Hence, next, we will improve our calculation by considering a dressed
quark in Section E3l.

I F}é+ (Qz) .
=" fs_<+ (Qz)

08 R e FK+(Q2) |
>
&

< ]
S

Q 4
L3

8 10 12 14 16 18 20

Q* (GeV?)

Figure 4.3.2: As in Fig L3l but the kaon form factors with bare quarks are shown
over the range Q* = 0 — 20 GeV?.

Next, our numerical result for the pion form factor with bare quarks and its quark
sector form factors is illustrated in Fig. E3.8. The parameter set used in this calculation
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is the same as for the kaon calculation in Table B3l Figure indicates that the
up quark sector form factor of the pion is identical to the anti-down quark sector form
factor, as pointed out in Eq. (). The pion form factor with bare quarks decreases
rapidly with increasing Q*. This is caused by the pion form factor being small at
large Q*. In addition, we provide the pion quark form factor and the quark sector
form factors of the pion at large Q?, over the range 0 - 20 GeV? in Fig. 234 This
figure is very useful to observe the behavior of the pion form factor at large Q* or
in the asymptotic region. Then, we compare our pion form factor calculation to the
experimental data from Refs. [167, 168, [177] and the empirical monopole [L78] with
mi = 0.775 GeV?. Similar to the kaon form factor with bare quarks result, the pion
form factor with bare quarks result is not consistent with the existing experimental
data [167, 168, [177] or the phenomenological monopole [178]. This difference is clearly
seen in Figs. 3R, 30 and 310, where, in the both figures, the pion form factor
with bare quarks multiplied by Q? is plotted as a function of Q?. Figure. E:3I0indicates
that our NJL prediction tends to decrease in the larger Q? region and shows relatively
the same trend as the monopole prediction at around Q* = 6 GeV?2. Overall, it seems
that our form factor of the pion with bare quarks does not agree well with either the
experimental data [167, [168, [177] or the phenomenological monopole [L78]. Then, we
will develop our result with the form factor of the pion by modifying the quark-photon
vertex to include a dressed quark-photon vertex in Section EEH.

12 | — Q*FL,(Q?) PSPPI i
) - - Q2 ?(Jr(Qz) ““___—
| e Q2 FK+(Q2 "‘f‘
> P
S 08 p |
& '/
\Oj; 06 . " .......,..... cecsceccscessscocsccns Seecceccccttccctcctccctcnnnnsd
~ I'
~ 'I.,°'
NQ) 04 i ,'... \
0.2 r i
0 ' ! L L 1
0 1 2 3 4 5 6
Q? (GeV?)

Figure 4.3.3: As in Fig. 3 but the form factor of the kaon with bare quarks and its
quark sector form factors multiplied by Q? are shown over the range Q% = 0 — 6 GeV?.
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Figure 4.3.4: As in Fig. E33 but the bare form factor of the kaon and its quark sector
form factors multiplied by Q? are shown over the range Q* = 0 — 20 GeV?.
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Figure 4.3.5: The form factor of the kaon with bare quarks compared to available

experimental data

@] (salmon dotted line) and VMD prediction (red-solid-line). Our

NJL model is represented by the black solid line.
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Figure 4.3.7: As in Fig B30 but for large Q.
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Figure 4.3.8: The bare form factor of the pion compared to existing experimental

data
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Figure 4.3.9: As in Fig. but for large Q?, up to 6 GeV? anﬁt%}ot Q*F(Q?) as a

function of @%. The experimental data are from Refs. , ,

.
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Figure 4.3.10: As in Fig. but for larger I%, up to 20 GeVZ2. The available experi-
mental data are taken from Refs. ﬂﬂ, ﬁ, .

4.4 Quark Photon Vertex

Before we discuss the results for the kaon form factor with a dressed quark-photon
vertex in Section B3 the modification of the quark photon vertex, which includes the
dressed quark, is presented. In Section L3, we have computed the kaon and pion form
factors using the quark-photon vertex for the bare (pointlike) quark. As a result, we
found that the kaon and pion form factors did not quantitatively agree well with the
kaon @] and pion experimental data m, @, |ﬁ3] Therefore, here, we improve
our previous result of the kaon and pion form factors by means of the quark-photon
vertex modified consistently. The quark-photon vertex in the NJL model is given by
solving an inhomogeneous BSE self-consistently. The diagrammatic representation of
the quark-photon vertex — including vector mesons automatically — is illustrated in

Fig. 411
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/
: p:
p
/
: p:
p
Figure 4.4.1: The quark-photon vertex including the vector meson intermediate states
automatically. The large shaded is the solution of the inhomogeneous BSE, which
represents the quark-photon vertex. The small dotted is the inhomogeneous driving

term, the shaded circle is the interaction kernel of ¢¢ in the NJL model in Eq. B.4.2,
for which only p and w intermediate states (interaction channels) contribute.

.
_|_
N WMA/{
.
MAA/< 4
p

The large oval denotes the quark-photon vertex AsQ(p’ ,p). The kernel of the four-
fermion interaction is given in Eq. (BZZ), that is Kagre = —2iGw(Vu)as(7)ys —
2iG ,(7,T)ap(Y7)ys. This quark-photon vertex automatically combines the pole struc-
ture of the vertex corresponding to the vector mesons of the homogeneous BSE. Using
this method, the bare quark-photon vertex in Eq. L2l which has an isoscalar and an
isovector component, is generally expressed as

1 T
NoW'sp) = gALP,p) + Eg’f\ﬁ(p’,p)
(1 — Tg)

(1 +T3)
ALY

Ay (P, p), (4.4.1)

where the subscripts U, D denote the dressed up and down quarks, respectively. The
second line in Eq. ([EZ1]) shows that the quark-photon vertex is separated into flavor
sectors assigned by dressed quarks.

In general, the quark-photon vertex has 4 longitudinal and 8 transverse compo-
nents (with respect to the photon momentum) . By following the expression of the
standard NJL gq kernel interaction, which is only momentum transfer dependent, the
contributions to the quark-photon vertex in Eq. (EZT]) from the NJL BSE have the
form

q“ ~ Z.O—'uyqu

Ao =t (v L) Fufer) + R, a2
J oM
q“ A Z.O—'uyqu

ABSEN(g) = o+ (7’“‘ - q—g) Fold) + 5 FPald®). (443)

8There are 12 Lorentz structures in total, where each Lorentz structure is a scalar function of the
three variables, namely, ¢%, p'? and p?, respectively.
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The forms in Eqs. (EZ2) and (EZ3)) satisfy the Ward-Takahashi identity (WTI),
which takes the form

1 T3

) = (5+2) 15700 - 5], (1.4.0)

where S~ (p') is a quark propagator, which was defined in Eq. (B5.4)). This is demanded

by U(1) vector gauge invariance.
@'y .
— in Eqs. (EZ42) and EZL3)

cannot contribute to the hadron form factors. Then the final effective vertex can be
written as

Using the current conservation, the terms contain

wotq,
Z L Be?), (4.4.5)

Az('bse)u(Q) = v“Fli(q2) 2M

with i = w, p and Fi;(¢*) =1+ F’li(qQ). The vertex Fi,(¢°) =1 = Fy, and Foo(¢®) =
0= ng(qQ) for the pointlike quark. Note that the quark interaction in the NJL model
not only generates dynamically a dressed quark mass, but also generates nontrivial
dressed quark form factors.

The inhomogeneous BSE for the quark-photon vertex, as illustrated in Fig. EE4T]
can be formally defined by

Ao p) = Q+ZZK 0 / (d4k r [QS(k + q) A0, p)S(K)] (4.4.6)

2m)

where Q is the quark charge operator, as defined in Eq. (ZTl). The interaction kernel
in the second term is defined in Eq. (B222) and the quark-photon vertex is given in
Eq. EZT), @EZ2) and [EZL3). This implies that the interaction channel contributes
only isovector-vector and isoscalar-vector terms, as pointed out earlier. By solving the
inhomogeneous BSE self-consistently with the electromagnetic current in Eq. ([EZ3),
the dressed quark form factors are obtained :

1
1 + 2GZ'HM, (q2) ’

Fiy(q®) = Fy(q®) =0, (4.4.7)

where i = w, p. Then the dressed U and D quarks, which are given by BSE, take the
form

1
2
where the plus sign stands for the dressed U quark and the superscript bse indicates

that the form factors are taken from the BSE. In Section 25, we will evaluate the kaon
and pion form factors with dressed quarks using this procedure.

Fo(Q) = —Fm(Qz) + 5 F1,(Q7), (4.4.8)

4.5 Kaon Form Factor With Dressed Quark

In this section, we develop the kaon form factor results in Eq. (E2Z8) with the mod-
ification of the quark-photon vertex in Eq. (EZS) incorporating the dressed quark,



CHAPTER 4. ELASTIC FORM FACTORS 65

which automatically includes the vector meson intermediate states such as p, w and ¢
as illustrated in Fig. (EEZT]). As discussed earlier in Section EZ4] the vector mesons are
accommodated by separating an isoscalar and an isovector component in the quark-
photon vertex. Recalling again here, the modification of the quark-photon vertex in
Eq. B4l is expressed as

/ 1 / T: /
Mo p) = ALY p) + 53/\‘;(29 D), (4.5.1)

where AL (p', p), AL(p,p) are the vertex functions from the NJL BSE.

From the expression of the three flavor NJL Lagrangian in Eq. (B.6), only the
isovector-vector interaction, —2iG, (V,t),5 (7ut),; and the isoscalar-vector interaction,
—2iGy (V) o3 (V)4 terms have a role. However there is no G coupling constant in
the SU(3) NJL Lagrangian in Eq. (B8, so one should simply use either G, or G,
coupling constants. In order to properly include the ¢ vector meson in the calculation,
one should generalize the SU(3) NJL Lagrangian to SU(3) flavor and work with SU(3)
flavor matrices in the Bethe-Salpeter (BS) vertices and the charge operator, Q.

In the SU(3) NJL, the ¢ has flavor singlet and octet pieces and therefore in principle
the ¢ should be a weighted average of the G, and G, coupling constants, however
since they are very similar, we simply multiplied the strange quark contributions by
the dressed quark form factor, F1,(¢?), as we determine in Eq. [L5H). After a simple
derivation, the effective vertex functions in the NJL. BSE model, which satisfy the WTTI,
are then expressed as

woh’q,

AL (g) = Fuu(g?) + - P, (452
se 2.O—/Jll/ql/

AP (q) = " Fy,(¢%) + WF%(QQL (4.5.3)
Sse ZO-MVqI/

AL (q) = 7 Fro(q) + =557 Fas (@), (4.5.4)

where the p and w mesons contribute to the up and down quark form factors and the
¢ meson contribute to the strange quark form factor. The expression for the dressed
quark form factors, Fi;(¢*) and Fy;(¢?) in Eq. (EE53), which automatically contain the
vector mesons, can be defined as

1
142G, (q?)

Fui(q®) Fy(¢%) =0, (4.5.5)
where i = w, p, . Based upon the reduced t-matrix, the Fy,, Fi, and Fi, possess a
pole at ¢* = m2, ¢* = mi and ¢ = mi, respectively. The G; is the coupling constant
of the i(= p,w, ¢) vector mesons, and II,,(¢?) is the bubble graph in the p, w and ¢
channels, which is defined in Eq. (B413)). Note that the NJL BSE does not have a
Pauli form factor for the dressed quark because they do not include the tensor-tensor
4-fermion interaction. The dressed up, anti-down and anti-strange quark form factors

are depicted in Fig. 61
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Figure 4.5.1: The dressed up, anti-down and anti-strange quark form factors. These are
obtained from the inhomogeneous BSE associated with the electromagnetic current.

The expression for the bubble graph in Eq. [ZRH), after applying the Feynman
parameterization and PTR scheme, has the form

Ne o (Y, [Taar d
I, (¢%) = ——§q2/ do [ ) —Te_T(q2(r2_r)+M2)[x — 7. (4.5.6)
™ 0 & 1 )2 T
uv

Where the subscript vv denotes the vector meson intermediate states (p, w and ¢). For
the ¢ vector meson intermediate state, we set M = M,, which is constituent strange
quark mass, because we assume that ¢ decays into ss quark states.

Therefore, with the NJL Lagrangian of Eq. (B2L6) there is no flavour mixing in the
dressed quark form factors, in analogy with the dressed quark masses. The dressed
quark form factors are illustrated in Fig. 61l In the limit Q> — oo these form
factors reduce to the elementary quark charges, as must be the case in QCD because of
asymptotic freedom. For small Q? these results are similar to vector meson dominance,
where the dressed u and d quarks are dressed by p and w mesons and the dressed s
quark by the ¢ meson. Note, the denominators in Eqs. [ERT)- [EERT) are the same
as the pole condition obtained by solving the Bethe-Salpeter in the p, w or ¢ channels.

Therefore the dressed u and d quark form factors have poles at Q* = —mi = —m?>

and the dressed s quark form factor has a pole at Q% = —mi.

Thus, the dressed quark form factors for the u, d and s which calculated from BSE

w?
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reads:
(bse) (2 1 2 1 2
Fiy (@) = gFlw(Q ) + §F1p(Q ), (4.5.7)
F9(@7) = £Fu(Q?) — 5Fin(@) (158)
Fie(QY) = —% 16(Q%), (4.5.9)

where the superscript (bse) indicates that the quark form factors are computed from
the BSE. By following the form of the form factor in Eq. ({EZ8), the dressed quark form
factors in Eq. (L) can be decomposed into the dressed quark sector form factors,
that is

FNQ?) = e Fi(Q%) — eaFl (Q), (4.5.10)
FNQP) = enFin(Q2) — eaFin(Q), (4.5.11)
F{&9(QY) = —e,Fis, (4.5.12)

where F(Q?), F4(Q%) and Fiy(Q?) are the dressed up, down and strange quark
sector form factor.

1 . I I I I ..........
%) ...........................................................
g ..........
= 0.8 r |
-
o7
= 0.6 |
2
N
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H 04 r _
&
S — F1y(Q%)

2 F |
% : === Fi(Q%)
B e fS(Q2>

0 Lommaan. R o o 4

0 i ! 0 8 10
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Figure 4.5.2: The dressed up, anti-down and anti-strange quark Dirac form factors in
Eq. (E5I3) separated into quark sector. The red solid line is the up quark sector (u)
of the dressed up quark (U), the blue dotted line represents the strange quark sector
(s) of the dressed strange quark (S) and the green dashed line is the down quark sector
(d) of the dressed up quark (U).
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These quark sector form factors in Eq. (EEI0) are defined as

Fy(Q%) = % [F1.(Q%) + F1,(Q%)] (4.5.13)
Fi(Q*) = % [F(@Q) = F,(Q%)] (4.5.14)
Fip(Q%) = % [Flu,(Q%) — F,(Q%)] (4.5.15)
Fin(Q%) = % [Flu(Q%) + Fu,(Q)] (4.5.16)
Fis(Q%) = Fig(Q?). (4.5.17)

The dressed quark BSE form factors are given in Eq. Z5). The results satisfy the
SU(2) charge symmetry, where F}'(Q?) = F%(Q*) and F{,(Q*) = F},(Q?). The plot
of the dressed quark sectors in Eq. (ELI3) are depicted in Fig.

Finally, by considering the dressed quark BSE form factors in Eq. [L1), one
automatically includes the vector mesons (p,w and ¢) intermediate states in Fig. EEZ1
The total kaon form factor with dressed quarks in Eq. (LZ8)) can be compactly written
as

Fr(Q) = [Fo(Q*) [ (Q%) — Fis(Q) fR1(Q)] + [ (Q) — Fas(Q)] fx(Q7),
(4.5.18)

with Q? = —¢* is the four momentum transfer of the virtual photon and the expression
for the f1¥(Q?) and f3*(Q*) are defined

Noa2 1 7 d
Izés(Q2) Zg;(fIII/ dr (A1R) 77—6_ 7(¢?(z%—2)+M3)

(AUv)2

1—x 7
Cqu(I/ d[E/ dz/ AIR dTe—T(kQ[(z+z)2—(:c+z)]—zzqz—i-M;(l—z—z)-i-Mlz(z-i-z))

472
AUV)
X [K*(x + 2) + (My — My)?*(z + 2) — 2M3 + 2Mo M ], (4.5.19)
(02 = Ncgiazq / Cgp [ AT )
4
(/\Uv)2 T
1—x —_—
ng;qq / dr / & / R (e ot MR (o)t M e42)
7
(AU\/)2
x [K*(x + 2) + (My — M) (z + 2) — 2M?2 + 2M, M, (4.5.20)

where, in our work, we take M; = M, and M, = M, which stand for the constituent
up and anti-strange quark masses, respectively and fi*(Q?) is the vector kaon body
form factor, where the first superscript indicates the struck quark and the second the
spectator, as depicted in Fig. E21l Similarly, the total pion form factor with dressed
quarks has the form



CHAPTER 4. ELASTIC FORM FACTORS 69

Fr(Q%) = [Fu(Q%) — Fip(Q*)f7(Q%) + [Far(Q*) — Fap (@) (@), (4.5.21)

here f*4(Q?) = f%(Q?) is the vector pion body form factors, as depicted in Fig. B2l
The f*4(Q?) term in Eq. @521 is defined :

m ng (A T 7. 2 2 —x 2
f d(Q2 q(I/ / 1R)? ( )+M{)

AV)

1-z 3
Cgﬂ"]‘]/ dl’/ dZ/(AIR) dre —7(k?[(z42)%—(z+2)]|—22¢®>+ MZ(1—2—2)+ M? (z+2))

42
(Ayy)?

x [K*(x + 2) + (My — My)?*(z + 2) — 2M3 + 2Mo My ). (4.5.22)

For simplicity, the kaon and pion form factors in Eqs. ERIR) and ERZI) are
decomposed into their corresponding quark sector form factors, it has the form

Fi(Q?) = euFi(Q) — esFi(Q?), (4.5.23)

Fr(Q?) = e  FH(Q%) — eaF(Q7), (4.5.24)

where F£(Q%), Fi(Q?) and F(Q?) denote the up, anti-strange and anti-down quark
sector form factors, respectively. They are defined as

Q) = | 1Ru@) + PR e, (4.5.29
Q) = |2 Ru@) + 2R 00| @) (4.5.26)
FR(Q) = lelw<@2>+f’lF1p<@2> (@) (4.5.27)
Fi(Q?) = [Fo(QY)] F4(Q2), (4.5.28)

with F1,(Q%), F1,(Q%) and Fi4(Q?) defined in Eq. (@Z1). For the sake of simplicity,
we treat the G, = G, in this work. This is because the m,, is not given by the G|,

term. In fact, the w-mass, m,, is given by a combination of G, and G, H whereas the
p-mass is determined by G,. By setting G, = G,, the quark sector form factors in

Eq. (EX29) has the form

FHQ%) = [Fi,(@Q”)] £4Q%), (4.5.29)
FXQ%) = [F1,(QY)] (@), (4.5.30)
Fi (@) = [Fi,(@)] £12(Q%), (4.5.31)
Fi(Q%) = [Fis(Q))] f2(@Q%) (4.5.32)

9The ¢ mass is also likely determined by G » and G, and in principle there is a complicated in the
VMD equations.
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4.6 Results for the Kaon Form Factor with Dressed
Quarks

In this section, we discuss our numerical results of the development of the kaon and
pion form factor including the vector mesons correlations in the NJL model. The
parameters used are the same as the parameters used in Section and Table EE3T1
In our calculation, we include the dressing of the quark-photon vertex, as explained
in the previous section. The dressed up and anti-down quark BSE form factor results
are depicted in Fig. EE6.0l For the up and down BSE quark form factors, our result
is consistent with the result in Ref. [192]. However, in this thesis, we extend our
calculation for the dressed anti-strange quark BSE form factor. Our results on the
dressed anti-strange quark BSE form factor is also shown in Fig EEGTl

w» 0.7 F i
8
é:é 0.6 F d
% 05 r i
=
=04 | |
M

1’. ------------------.-.
2 03 B ooeeeennessinniiiEiaRARAAARRARAY _
5’ ............................ _— Fl(gse)
= 0.2 r |

e (bse)
% FlS
= 0.1 r (o)
A e Fl]j
0 ' ! | |
0 - 4 6 8 10
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Figure 4.6.1: Dressed BSE quark form factors. The dressed up quark BSE form factor
(red solid line), the dressed anti-down quark BSE form factor (blue dotted line) and
the dressed anti-strange quark BSE form factor (green dashed line) are shown. The
bse superscript stands for the quark form factors obtained from the BSE. The U, D, S
subscripts denote the dressed quark BSE form factors.

Figure LGl shows that the up quark BSE form factor increases smoothly with
increasing Q? above about 1 GeV?2. In addition, the anti-down quark BSE from factor
has a similar trend as the up quark BSE form factor, but they are different in magnitude.
The anti-strange quark BSE form factor almost has the same trend as the anti-down
quark BSE form factor but the magnitude of the anti-strange quark BSE form factor is
a bit larger than the anti-down quark BSE form factor. This indicates that these quark
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BSE form factors give a sizable contribution to the kaon and pion form factors. This is
because the quark BSE form factors do not drop to zero as the transfer four momentum
goes to infinity, Q* — oo. Figure. EE6.1] also shows that the quark BSE form factors
behave as the bare current quark at large Q. This is given by F 1(58 °) (Q*) = ey, F 1(?6) =
eq and Fl(gse) = e, at infinite Q2. In other words, this indicates that the virtual photon
interacts with a bare current quark at large Q2. Our result is consistent with the QCD
based on asymptotic freedom and the result in Ref. @]

Figure displays the numerical results for the kaon form factor with a dressed
quark BSE form factor. We clearly observe the different contributions of the valence
quark sector form factors of the kaon to the total kaon form factor. The figure is plotted
over the range Q* = 0 - 6 GeV2. The valence quark contribution to the kaon form
factor arising from the anti-strange quark sector form factor Fi.(Q?) is dominant over
the up quark sector form factor, Fj-, (Q?) over the whole Q? region. The difference is
clearly seen in Figs. and BG4, where the figures are plotted at larger Q. Later
on, a comparison with the existing experimental data M] is depicted in Fig. EEG.H.

1 | |
E— Fﬁ+(Q2)
0.8 == I§+(Q2)
= s P (@7)
— 0.6 i
S5
e
s 0.4 i
02 - .---------._
0 | | | | |
0 1 2 3 4 5 6
Q? (GeV?)

Figure 4.6.2: The total kaon form factor, F+(Q?) and its quark sector form factors.
The up quark sector form factor of the kaon (green solid line), Fj, (Q?), the anti-
strange quark sector form factor of the kaon (blue dashed line), Fi(Q?), and the
total kaon form factor (red dot-dashed line) are provided.

Moreover, we plot the anti-strange and up quark sector form factors in the kaon
multiplied by Q*, Q°Fy% (Q?), as a function of Q?, in order to identify for any significant
difference between them. Our result, depicted in Fig. E6.3, demonstrates a dramatic
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difference between the anti-strange and up quark sector form factors over the range
@Q* = 0 - 6 GeV2. We also show the kaon form factor multiplied by Q?, Q*Fx+(Q?),
as a function of Q% up to virtual squared four momentum transfer, Q* = 20 GeV?
in Fig. £64 Figures. and L6 show that the anti-strange quark sector form
factor of the kaon with the dressed quark is larger than the up quark sector form factor
of the kaon with the dressed quark over the whole Q? region. Again, this indicates
that the anti-strange quark gives a larger contribution than the up quark to the total
kaon form factor. Comparison with our previous results on the kaon form factor with
bare quark in Section 3], our current results on the kaon form factor with the dressed
quark and its quark sector form factors is softer, as expected. Furthermore, Figs.
and EE6.41is shown in anticipation of future experimental measurements from JLab and

COMPASS.

1.6 ! I I I I
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Figure 4.6.3: As in Fig. EEG.2, but for the Q*Fj+ (Q?) ( where i are quark flavors) is
shown up to Q% = 6 GeV?.
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Figure 4.6.4: As in Fig. 6.3, but for Q?Fj-. (Q?) is shown up to Q* = 20 GeV?, where

1=u, S.
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Figure 4.6.5: The total form factor of the kaon, Fi(Q?) is compared to experimental

data

[18) up to Q* = 0.12 GeV2.
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Figure 4.6.6: The total kaon form factor, Fi(Q?) compared to experimental data and
the empirical monopole (VMD) up to Q? = 6 GeVZ.

Figure EE6. 4l illustrates the quark sector form factor contributions to the total form
factor of the kaon over the range Q? = 0 - 20 GeV?. Again, the result clearly shows
that the anti-strange quark sector form factor reveals a very significant contribution to
the total kaon form factor. This is expected due to the higher mass of the anti-strange
quark. Thus, we compare our total kaon form factor multiplied by @* with the existing
experimental data [183] in Fig. 6.1

In Fig. 60 we provide a comparison between our kaon form factor result, the
available experimental data [183] and the empirical monopole (VMD). The result is
compared to available experimental data over the range Q* = 0- 0.12 GeV?2. This shows
the vector meson dominance model prediction (VMD) (black solid line), our model
calculation prediction (red dot-dashed line) and the existing experimental data [183]
(blue-point). Our result shows remarkable agreement with the experimental data [183]
and the empirical monopole (VMD). Unfortunately, there is as yet no data with which
we can compare at larger momentum transfer, Q%. It will therefore be very interesting
and promising to compare our model prediction with experimental data for large @
in the future.

In FiglE6.6 our kaon from factor calculation is qualitatively compared with the
vector meson dominance (VMD) prediction with m?2= 0.61 GeV?, where m, is the
mass of the p meson, at higher momentum transfer up to 6 GeV2 We show the VMD
prediction (black solid line), our prediction for the kaon form factor (red dot-dashed
line) and the existing experimental data [183] (blue point). Our result agrees well with
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Figure 4.6.7: As in Fig. EE6.6, but for Q*Fx(Q?).

the VMD result.

Then, in Fig. 67, we show the kaon form factor multiplied by the momentum
transfer, Q?, Q*Fx+(Q?), in order to illustrate a significant difference between our
prediction and the VMD model. The VMD model prediction (black solid line) is shown
along with our NJL model prediction for the kaon form factor (red dot-dashed line)
and the existing experimental data [183] (blue point). As in Fig. EE63 multiplication
by Q2 is very helpful if one is interested in flavor differences.

Next, we display the result of the pion form factor in Fig. 6.8 The pion form
factor is straightforwardly computed from the kaon form factor formula by taking
Mg — My = M, = M,, where M, is the (dressed) constituent quark mass.

Figure displays our pion form factor in comparison with both the experimental
data [167, 1168, 176, [177] and the empirical monopole (VMD) model with m, = 0.775
GeV [178]. We show the empirical monopole (VMD) prediction [178] (black solid line),
the Dyson-Schwinger equation rainbow ladder truncation (DSE-RLT) prediction [178]
(green dashed line), the total pion form factor, Fy+(Q?) (red dot-dashed line) and
the experimental data — Volmer et al. [167] (salmon point), Amendolia et al. [16§]
(orange point), Huber et al. [176] (magenta point), and Bebek et al. [L77] (blue point).
Our pion electromagnetic form factor calculation is consistent with the experimental
data [167, 168, [176, [177]. Next, we show the result of the form factor of the pion
multiplied by Q? in Fig.
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Figure 4.6.9: Total pion form factor with dressed quark multiplied by Q?, Q*F,(Q?).
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Figure EE6.T exhibits our numerical calculation on the pion electromagnetic form
factor with the dressed quark multiplied by Q? at large momentum transfer squared, up
to Q* = 20 GeV?. The empirical monopole (VMD) prediction M] is the black solid
line, the DSE-RLT model prediction ﬂﬁ], our NJL model prediction is the red dot-
dashed line and the experimental data are the orange M] and blue points ﬂﬂ] This
explicitly shows that the pion form factor multiplied by Q2 is more or less constant (flat)
over the whole momentum transfer squared region, starting at around Q? = 2 GeV?.

However, our pion form factor result has — behaviour, as pQCD prediction at large Q%

Moreover, that the total pion form factor multiplied by the squared four momentum
transfer, 2, is compared to the existing experimental data ﬂﬁ, E], is depicted in
Fig. E6.10. Compared to the kaon result in Fig. L6, our pion form factor with dressed
quark multiplied by the squared four momentum transfer shows a good agreement with
existing experimental data m, E] and empirical monopole (VMD) prediction ﬂﬂ]
at lower Q?. In addition, our results shows that the Dyson Schwinger equation rainbow-
ladder truncation and our NJL model have similar predictions at around Q? = 6 GeV?,
as clearly indicated in Fig. EE6.T0.
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Figure 4.6.10: Total pion form factor multiplied by Q2 Q*F,(Q?), is compared to
existing experimental data m, E], empirical monopole &] and DSE-RLT predic-
tion ﬂﬁ] We show the empirical monopole prediction using m,, M] (black solid
line), the total pion form factor multiplied by Q% Q?F,+(Q?) (red dot-dashed line)
and the existing experimental data of Amendolia et al. m] (orange point) and Huber
et al. ﬂﬂ] (blue point).
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Figure 4.6.11: Ratio of the up quark sector form factor of the kaon, Fi-:(Q?) to the
anti-strange quark sector form factor of the kaon, Fi-. (Q?) as a function of Q.

Figure. E6.1T] shows the ratio of the up quark sector form factor to the anti-strange
quark sector form factor of the kaon up to Q* = 20 GeV?, in order to understand the
sensitivity of the local hadronic environment of the valence quark contribution in the
kaon. The ratio of the up and anti-strange quark sector form factors in the charged
kaon decreases rapidly with increasing squared four momentum transfer, @*. This
means the valence up quark distribution is much smaller than the valence anti-strange
quark distribution in the kaon. Therefore, the up quark distribution is suppressed by
the anti-strange quark distribution in the kaon as the squared four momentum transfer
increases.

Similarly, in order to investigate the effect of the hadronic environment on the up
quark sector form factor of the kaon compared to the up quark sector form factor of the
pion, we show the ratio between them in Fig. Clearly, the effect of the heavy
spectator is to dramatically reduce the up quark sector form factor at larger Q.

Moreover, the ratio of the anti-strange sector quark form factor of the kaon to the
anti-down quark sector form factor of the pion is investigated. The result of this ratio
is depicted in Fig. 613
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Figure 4.6.14: Ratio of the total kaon form factor to the total pion form factor including
the vector mesons (red dot-dashed line) and without the vector mesons — bare (blue
dashed line) is shown up to Q* = 0.09 GeV?.

Figure shows clearly that the ratio of the anti-strange quark form factor of
the kaon to the anti-down quark form factor of the pion increases dramatically with
increasing the squared four momentum transfer. This reveals that the anti-strange
quark sector form factor in the kaon has a sizable contribution compared to the anti-
down quark sector form factor in the pion. Consequently, the total kaon form factor is
larger than the total pion form factor, as illustrated in Figs. EE6.14 and EEG.T3.

Comparison with the existing experimental data of Ref. [183] for the ratio of the
kaon and pion form factor with or without the dressed quark up to Q* = 0.09 GeV? is
illustrated in Fig. L6.T4 Our NJL prediction for the ratio of the kaon and pion form
factors is in remarkable agreement with data [183], at small Q*. Our NJL prediction
for large @ is depicted in Fig.

The ratio of the total kaon form factor to the total pion form factor with and without
dressed quarks is illustrated in Fig. L6 IO There is a significant difference arising from
the dressing over the whole range of Q%. Additionally, Figure. EL6.11 clearly indicates
that the vector mesons make a significant contribution to the form factors.

4.7 Kaon Form Factor with Pion Cloud

In this section we discuss the kaon form factor with pion cloud. Several authors argued
that the pion cloud give a sizeable contribution to the charge radius, which approx-
imately 10 — 15% [193-196]. More details of the pion cloud effects can be found in
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Figure 4.6.15: Ratio of the total kaon form factor to the total pion form factor including

the vector meson (red dot-dashed line) and without vector meson — bare (blue dashed
line) is shown up to Q* = 20 GeV?.

Ref. ﬁl, 1197-199, 231, |23.ﬂ] With this reason, we compute the kaon and pion form
factor with dressed quark (vind) plus the pion cloud (pc). The corrections is treated
as a perturbation to the dressed quark BSE form factors. To include the pion cloud,
the quark-photon vertex in Eq. ZT]) is modified, as in Eq. (EZT]). It then has the
form

Mgl p) = 12T L= n o), (@7.1)

where A% (p', p) and A% (p', p) are the dressed quark sector currents. They then have a
form

ALY, p) +

io"q,
ALY p) = v Fiu(Q?) + C;Mq oy (Q%), (4.7.2)
2
N (0, p) =" Fip(Q%) + WQ qu Fan(Q?), (4.7.3)

where the dressed quark form factors (the pion cloud plus vind) reads

Fu(@) = 2 | 5Ful@) + 5Fn(@)] + [Fu(@) = Fl@)] 7+ (@)1,
) ' (4.7.4)
Fin(@) = 7 | SFu(Q%) — 5Fpl@)| + [F(@) + Fip(@)] 12 ~ By @)1,

(4.7.5)
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Figure 4.7.1: Dressed up and anti-down quark form factors including the pion loop
corrections.

Fo(Q) = [Flu(Q?) — Fi,(Q)] 17 + Fi (@) 17, (4.7.6)
Fap(Q%) = [Flu(@Q®) + Fip(@)] 127 — Fu(Q) 7.

The body form factors, f\?, f™ £9 and £, are depicted in Fig. 72 The
subscript ¢ and 7 denote that the photon hits the quark in the second diagram and the
pion in the third diagram, respectively. The subscripts of 1 and 2 denote, respectively,
second and third diagram in Fig. E7.2 The dressed quark form factors are illustrated
in Fig. Tl This shows that the result is consistent with the result in Ref. @]

Figure 4.7.2: Pion cloud contribution to the quark photon vertex. The quark wave
function renormalization factor Z represents the probability of striking a dressed quark
without a pion cloud. The second and third diagrams, where the photon couples to
the dressed quarks are represented a quark-photon vertex (shaded oval).
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Setting F,(Q%) =1 and F},(Q?%) = 1 in Eq. (@), the dressed quark form factors
including only the pion cloud, is easily obtained as

FP(@QY) = Ze, + £, (4.7.8)
QY = Zea + 2 — 7, (4.7.9)
Fp (@) = 17, (4.7.10)
B (@QY) =27 — 7, (4.7.11)

where the superscript @ denotes the pion cloud contribution.

By evaluating the second and third diagrams in Fig. 7.2, we can extract the body
form factors fl(q), flﬂ), fQ(q) and fQ(W). After applying the Gordon decomposition identity
(p™" + pt') = 2M~* —ic"q, to the quark-photon vertex expression, we obtain

2 1 T
AQ) = 2= / dr / dy / dr L =@M @) (1))
327
Q@ 1
Tiow(e — )M? — 2% — =
327T2/dx/ dy/ x(r—1) T T]
x ¢ TE M5 —y?) a0 wm) (4.7.12)
f (Q2 _fgﬁz / dx/ dy/ dr(z?e™” 7@ M2 +5 (@ —y*)Q*+(1-z)mT ), (4.7.13)

and the third diagram has a form

flﬂ')(Q2> F(bare Q2 16 2/ dx/ dy/dT@ (I 1 2M2 (CC —y )Q2+xm )

[% - 2M2(1 )7, (4.7.14)
f2(7r)(Q2) F(bare Q2 87T2 / dx/ dy/dTe T((z—1)2M?*+7 (22 —y?)Q*+am? )[(1 —33) ]

(4.7.15)

The result of the dressed quark body form factors in Egs. and (ZTH) in-
cluding the pion loop is illustrated in Fig.
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Figure 4.7.3: Dressed quark body form factors associated with the pion loop correction.
fHQ?) and fJ(Q?*) are come from the second diagram in Fig. and fl(w)(éf) and
£57(Q?) are from the third diagram.

Our result of the dressed quark body form factors including the pion cloud in
Fig. is consistent with the result in Ref. @] Then, this result is extended to
calculate the kaon form factor including the dressed quarks and pion cloud, which is the
first calculation of the kaon form factor by using this method. Finally, our new result
for the kaon form factor is presented in Section EE8 On the other hand, the dressed
quark propagator receives an additional self-energy correction, Z in Eq. (EZ4]), which
is shown in Fig. 74
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Figure 4.7.4: Pion cloud contribution to the dressed quark self-energy. The pion couples
to the dressed quarks via y57; and the pion t-matrix is approximated by its pole form.

7

The pion loop shifts the dressed quark mass by a constant, giving the quark prop-
agator in the form

S(k) = ZS(k), (4.7.16)
Z = {1 + 6267;)} (4.7.17)

where 3(p) stands for the dressed quark self-energy with the pion cloud contribution,
which is depicted in Fig. E74 From Fig. 74l the dressed quark self-energy with the
pion cloud is

. dk .
5(p) = 3igag / Wﬂ?ﬂ(p — k)5181(k)vs, (4.7.18)
where the propagator of the pion and fermions can be defined as
1
D.(p—k) = , 4.7.19
PP = -z 719
¥+ M

where m, and M are the pion mass and the constituent quark mass, respectively. In
the PTR scheme, it can be defined as

3972T ! < dr 2 2 2 2
S(k) = v / do(M — apf) / — (e~ ramat(1—a) M%) (4.7.21)
0 0

1672 T

Using the self-energy in Eq. (EZZ1]), we straightforwardly evaluate the wave function
renormalization Z, in Eq. (ZZI6). It then gives

7 = 897:;(1/ da/ dT (cv —Oé)(Oé—l)M 27_> 7((0®—)p* tamz+(1-a)M?) 3

(4.7.22)
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By plugging the quark-photon vertex in Eq. (1) into Eq. ([EZ3), evaluating them
and comparing with the current electromagnetic form factor in Eq. (ELTI), the pion
form factor including pion cloud is written as

Fr(Q%) = [Fio(Q%) — Fip(Q)] /7(@Q) + [Faw(Q*) — Fap(@Q*)] [7 (@), (4.7.23)

Similarly, the kaon form factor has the form

Fr(Q*) = [Fio(Q%) — Fis(Q)] [ (@) + [Far(Q) — Fas(@Q)] fic(Q%),  (4.7.24)

where the body factors of the kaon f). and fi (see full derivation in Appendix ??) can
be defined as

QY = F™(@Y), (4.7.25)
39k Lo [
fie(@%) = 19 * [ dx | dy [ ™ d7[(1—2)M,+2M,]
16 2M 0 —x 1
X e TEMEH ) (Mememi) + & () (4.7.26)

where Fi(Q?) is given in Eq. and the body form factors for the pion f' (Q?)
and f7(Q?) are defined

Q%) = FP™9(Q%), (4.7.27)
Q% = 169;7\‘2 Q"’/ dx/ dy M dr [(1 — @) My + xM,]
w e~ T@MEH(1—0)(My=azmz )+ G <w ), (4.7.28)

where F(Q?) is defined in Eq.

4.8 Results for the Pion Form Factor with Pion
Cloud

In this section our numerical results for the pion form factor including the pion cloud
are discussed. Our first numerical results for the pion form factor with the pion cloud
is shown in Figs. ERl Figure EER] provides the pion form factor with the pion cloud
over the range Q* = 0 -10 GeV?2. This shows that the solid red lines represents the
pion form factor including pion cloud (pc) and vector mesons (vmd), the pion form
factor with the bare quark is represented by the black dotted lines and the pion form
factor including only vector mesons is labeled by the blue dashed dotted lines.

0The vector part of the body form factors of the kaon equals to the bare form factor of the kaon.
Similarly, this applies for the pion case.
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Figure 4.8.2: As in Fig. EE81l but the pion form factor is multiplied with Q2.



4.8. RESULTS FOR THE PION FORM FACTOR WITH PION CLOUD 88

This clearly indicates the pion form factor, F'™*™¢((Q?) is softer than other pion
form factors (F'*(Q*) and F*¢(Q?)). The pion form factors multiplied by Q? are
given in Fig. At large Q* the pion form factors plateau, where we find that
Q*Frmitre 5 0.39, Q*F'™(Q?) — 0.48 and Q*F*(Q*) — 0.52. Thus arlson
between our pion form factor results, the existing experimental data , the
empirical monopole (VMD) @] and the DSE-RLT result of Ref. ﬂﬂ] is deplcted in
Fig. B8 This shows that our pion form factor result, F*™7¢(Q?) agree well with
the DSE RLT result ﬂﬂ] and the existing experimental data ﬁ] Similarly as in
Fig. B we provide the pion form factor result multiplied by Q? comparing to the
existing experlmental data M @ E in Fig. EE8 4 Surprisingly, we find that our
pion form factor result, Q2Fﬁmd+pc(Q2) is softer than the DSE-RLT result ﬂﬂ] Our
model prediction is in excellent agreement with the DSE-RLT prediction as well as the
existing experimental data. From Fig. EEX4 our pion form factor result is consistent

ou
with the perturbative QCD prediction m@

Q°FL(Q%) — 167 f2as(Q?), (4.8.1)

where f, denotes the pion decay constant and ag(Q?) is the running coupling con-
stant. A complete discussion for the meson form factor in large Q* will be presented

in Section

1 T T T T
— VMD (2013)
0.8 — DSE-RLT Prediction (2013) |
' +=+= Our NJL Prediction
. NA7 Collaboration (1986)
% 0.6 I —— JLab F, Collaboration (2008) -
S
[_J: 04 B
0.2
0
0 2 4 6 8 10

Q* (GeV?)

Figure 4.8.3: As in Fi%. EE8T but the form factor is compared to the existing experi-

mental data m, 17d, .
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Figure 4.8.4: As in Fig. but the pion form factor is multiplied with Q2. The pion
form factor data is from Refs. m, E_%, E]

Here we recall the expression of the kaon and pion form factor Eq. [EZF), they
have the form

FK(Q2) = euFILé(Q2) - esFIS{(Q2)a (482)
Fr(Q?) = e, FH Q%) — eaFH(Q?). (4.8.3)
From Eq. (E832), the charge radius of the kaon and pion are defined by relation
dFy(Q? 1
cIl(C(Q? ) |Q2=0 = _6<T2>K7 (4.8.4)
dF,(Q?%) 1,
TQQ lg2—0 = —6<7“ ) (4.8.5)

Thus, the charge radius square of the quark sector form factors of the kaon are
defined as

%;((QOQ)) 4 éQ2<r2>U/K7 (4.8.6)
FR(@) . 1 5,
FIS{(Q) =1= EQ <7‘ >5/K7 (4.8.7)

Similarly for the pion, the charge radius square of the quark sector form factors
have the form
Q) L 5 2
s 1—-Q w/ms 4.8.8
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F1(Q%)
F(0)

- %Q2<r2>d/m (4.8.9)

Finally, the total charge radius square of the kaon an pion (see Appendix [AT7) can
be written as

2 1

(r’)k = §<7’2>u/K + §<T2>S/K, (4.8.10)
(r*)r = %(7%/7r + %<r2>d/w. (4.8.11)

Using Eqgs. ([E8Q]) we compute the charge radius squared of the kaon and pion as
well as their quark sector form factors. Our numerical results for the charge radius
squared are summarized in Table EERl and Table EEX2A

Table 4.8.1: A charge radius squared of the kaon and the pion and their quark sector
charge radius with bare quarks.

Pasticle ()i (%) (e (Fi) (%) (i) () () 212

Pion (u d) 0.21 0.21 0.21 0.46 1.02
Kaon (u s) 0.24 0.13 0.20 0.45

Table 4.8.2: A charge radius squared of the kaon and the pion and their quark sector
charge radius including the vector mesons (dressed quark).

Particle (r2>u/ﬂ,u/K (fm?) <T2>d/7r,s/K (fm?) () (fm?) (r) (fm) <<:>>;

Pion (u d) 0.39 0.39 0.39 062  1.07
Kaon (u s) 0.42 0.19 0.34 0.59

We find that the pion charge radius with dressed quark is approximately 6 % smaller
than the experimental value, 7**? = 0.663 £ 0.006 fm ,1169]. Our kaon mean square
charge radius and the experimental value, (r7) = 0.34 4 0.05 fm? @] are found to
be very similar. Our difference between the charge pion and kaon mean square radii is
consistent with the experimental value, (r2) — (r%) = 0.10 £ 0.045 fm? .

™

4.9 Kaon Form Factor at Large Q°

In this section we discuss the investigation of the asymptotic behaviour of the electro-
magnetic form factor of the kaon and pion. At large %, the strong interaction can be
expanded in terms of ag(Q?). This is the so-called as pQCD M] The lowest
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order contribution to kaon form factor is described by the interaction of a single gluon
between two quarks and the momentum dependence of the hard gluon propagator is

obtained proportionally to — Q2 at large Q%. With the same procedure, the meson form

1
factor at large @Q* has the correct form F K/W(Q2 — 00) ~ 02 scaling. This scaling

result is consistent with quark counting rules predictions [206-211].
Based upon the factorized pQCD scheme [206, 208, 209], the asymptotic prediction
for the kaon and pion form factor in the space-like region has the form

Fr(Q*) — —8”a5é§2)ff2<, (4.9.1)
2\ £2
Fi(Q?) — &To‘g—gm (4.9.2)

Therefore the kaon-to-pion form factor ratio in the asymptotic pQCD [206, 208, 209]
can be straightforwardly written as

Fx(@*) [k
Fon = o = 149003 (4.9.3)

Using the PDG values, fx = 159.8 + 1.5 MeV and f, = 130.7 &+ 0.4 MeV. While
the kaon-to-pion form factor ratio using the Chernyak and Zhitnitsky (CZ) distribution
amplitude [211] has the form

F 2 2 T
Q) _ Jicli _ 994 0,02, (4.9.4)

F (@) f21

I
with I_K = 2/3 comes from the CZ distribution amplitude for the pion and kaon [211].
Based on the kaon form factor multiplied by Q?, our results for the kaon form factor

and its quark sector form factor in the asymptotic region are obtained

Q*FU)(Q?) — 0.55 (4.9.5)
QQFK(QQ) — 0.07 (4.9.6)
Q°Fi(Q%) — 1.5. (4.9.7)

Similarly our numerical results for the pion form factor at large Q* are found that

Q*Fmd(Q?) — 0.48 (4.9.8)
Q?Frmd+ro) (92) - 0.39 (4.9.9)
Q?Fro)(Q?) — 0.52. (4.9.10)

Using the kaon form factor and pion form factor at large Q?, we compute the ratio,
Fel@) 5

Fr(Q?)
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4.10 Conclusion

The kaon and pion form factors has been computed in the NJL model with help of the
proper time regularization scheme. In our calculation, we systematically investigated
the kaon and pion form factors starting from the kaon and pion form factors with bare
quarks, the kaon and pion form factors with the dressed quark (vind) and the pion
form factor with the pion cloud. Our kaon form factor with bare quarks result is in
disagreement with the existing experimental data [183], as indicated in Fig. EE30. The
larger contribution of the quark sector form factor of the kaon to total kaon form factor
arises from the valence s-quark, which has heavier mass than u-quark mass. Similarly,
the pion form factor also underestimates the existing experimental data and VMD
result. This is clearly indicated in Fig. £33 where the pion form factor is multiplied
by Q2.

Later on, for improving our previous result of the bare kaon form factor, we devel-
oped our model by modifying the quark-photon vertex into an isoscalar and isovector
components, as pointed out in Eq. (EZT]). By applying this quark-photon vertex, our
kaon form factor result has an excellent agreement with the existing experimental data
as well as the empirical monopole (VMD) result in the low Q. Unfortunately, there is
as yet no data with which we can compare at larger Q. However, our kaon form factor
result will be very interesting and promising to compare with experimental data for
large Q? in the future. Similarly, our pion also yields an excellent agreement with the ex-
isting experimental data and VMD result, as illustrated in Fig. In this point, the
pion form factor, F,(Q?), is compared to existing experimental data [167, [168, 176, 177).
In addition, our form factor of the pion result is consistent with the DSE-RLT result.
This indicates that our NJL model has a similar prediction at around Q* = 6 GeV?,
as shown in Fig.

Moreover we also calculated the ratio of the total kaon form factor to the total
pion form factor including the dressed quark and without vector meson — bare quarks.
Comparing our results to CERN SPS data at lower Q?, the ratio of our numerical result
has remarkably agreement with that existing experimental data.

Furthermore, the kaon and pion form factor with the pion cloud have been calcu-
lated. Some authors argued that the pion cloud gives a sizable contribution to the
charge radius, which approximately 10— 15% [193, 194]. More details of the pion cloud
effects can be found in Ref. [31, [197, 231, 232]. With this argument in mind, we com-
pute the pion form factor with the dressed quark (vimd) plus the pion cloud (pc). Our
numerical result shows an excellent agreement with the DSE-RLT result [178] as well
as the existing experimental data [168, [176, 177]. Our pion form factor with dressed
quark (vmd) plus the pion cloud is softer than the VMD result, as shown in Figs.
and EEE4, where the pion form factor multiplied with Q2.

At large Q? (in the asymptotic region), the pion form factor plateau, where we find
as illustrated in Fig. EE8 7k

Q*Frmatre(Q?) — 0.39, (4.10.1)
Q*Frm™ (%) — 0.48, (4.10.2)
Q*Frre(Q*) — 0.52. (4.10.3)
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This indicates that in the large Q* (in the asymptotic region) our numerical results
are consistent with the factorized pQCD prediction [200-202]. The perturbative QCD
predicts that the pion form factor behaves as Q*F,(Q*) — constant (flat), where
constant = 87 f2ag(Q?), where f, is the pion decay constant and ag(Q? is the one-
loop running coupling constant of QCD.
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Quark Distributions

The valence quark distribution is a basic nonperturbative ingredient for QCD based
on hard scattering processes. The quark distribution can be extracted by analyzing
inclusive processes, as discussed in Chapter Bl The study of parton distribution func-
tions in terms of the effective QCD theories [212] has been quite successfully used to
understand the nonperturbative internal structure of the kaon and pion, which play an
important role in the low energy QCD. The approaches used include the NJL model
with the sharp Euclidean cutoff [85, 86], NJL model with the Pauli-Villars regulariza-
tion [87, 88|, the soliton bag model [90, 90, 1], the statistical model [100, [101], the
gauge invariant non-local chiral quark model |213, 214], the Dyson Schwinger equation
(DSE) [215] and the meson cloud model [216, 217]. Moreover, the valence quark dis-
tribution observable has been used to investigate the internal structure of the nucleon
using a wide variety of theoretical models, from the MIT bag model [218, 219], to the
chiral soliton model [22(], the NJL model [56] and the BSE approach [83, i84].

In recent years, a review of the valence quark distribution of the pion was done
by Holt and Roberts in Ref. [221l]. In that letter, they argued that our understanding
of the internal structure of the kaon and pion is still not satisfactory. This includes
especially the behavior of the valence quark at large-z, as also pointed out in Ref. [211],
and in the valence quark region [221], which is at > 0.4. Therefore, they suggested
measuring the valence quark distribution of the mesons and nucleons at large-z at
JLAB, FNAL, CERN, J-PARC and GSI using the Drell-Yan (DY) interactions in
order to provide new data. This new data is very important to extract information of
the hadron structure and has a great potential to resolve the problem in the large-z,
as well as to discriminate among different theoretical model calculations [90, 159, 213~
222, 228 229]. In addition, a measurement of the parton distribution of the pion at
future electron-ion collider (EIC) is very promising to resolve the problem of the meson
structure, as pointed out earlier. Recently, there have been a few measurements of the
valence quark distribution of the pion [222, 223, 225, 226], whereas for the kaon, we
only have existing experimental data in Ref [227], which was measured 25 years ago.
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This implies that the valence quark distribution of the kaon, in particular, is not really
well understood, because of the restricted experimental data .

On the theoretical side, the valence PDFs, which involves the calculation of the
non-perturbative structure of the kaon and pion, have been performed within the light
cone (LC) or light front (LF) framework [8(, 229, 23(]. The structure functions of the
m~, K~ and p mesons have also been studied within the SU(3); NJL model using a
sharp momentum cutoff [87, I86]. They found that at a low energy scale (Q* = Q3 =
0.25 GeV?), characteristic of a valence dominated quark model, the peak of the quark
distribution of the pion appears at x ~ 0.6. They argued that their result is consis-
tent with the pion wave function result calculated in the light cone framework [23()].
Additionally, they found that at a low momentum scale the anti-strange quark carries
a larger fraction of the kaon momentum than the light up (down) quarks. They also
suggested that the ratio of the up quark distribution in the kaon, ug(z), to that in

~ 1
the pion, u.+(z), at Q? = 20 GeV?, could be understood by taking % ~
Up (T ~

M,
The structure function of the pion, kaon and eta mesons have also been investigated

in the SU(3) NJL model using the Pauli-Villars (PV) regularization [87, 88]. There
the meson was taken to be a deeply bound ¢g state and a fully covariant description
of the pseudoscalar meson was constructed. They found that the effect of the finite
pion mass correction was negligible, while the effect of the finite kaon mass correction
was approximately 10 %. They also compared the evolved valence quark distribution
of the pion with the existing experimental data [87, I88]. Recent work on the valence
quark distribution of the pion and kaon was performed using the DSE model. For
the ratio of the up quark distributions of the kaon and pion at around x ~ 1, they

M2
( “ ] ~ 0.5 at a low momentum scale [87, 86].

~1 2 (M,
found M ~ f—g ~ 0.3. They argued that the ratio shows a strong
Un(z ~ 1) f \ M

environmental dependence of the up quark distributions in the large x [215]. However,
their model prediction was not in good agreement with the experimental data [221],
in particular at large # (z — 1). This problem remains unresolved. In their letter,
they suggested that more data was needed in order to clarify the behavior of the
valence quark distribution at high-x, as pointed out in Ref. [279]. More comprehensive
reviews of the structure functions of the kaon and that of the pion can be found in
Refs. [215, 221]

In this chapter, with this in mind, we investigate the structure of the kaon in
particular by evaluating the valence quark distributions (PDF') within the three flavors
NJL model, using proper-time regularization. This simulates the effect of confinement,
as explained in Chapter Bl and is a Poincaré covariant quantum field theory, which
preserves many properties of QCD in the low energy region. We also explain how we
extract the PDF from its moments. Then, we show that the PDF in the NJL model
satisfies the number and momentum sum rules, which guarantee conservation of the
charge and momentum, respectively. Next, our evolution result of the valence quark
distribution of the kaon and pion using the DGLAP equation [234], as discussed earlier
in Section ELTTl, are presented. This then give us access to compare our kaon and
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pion PDF results to experimental data. The DGLAP evolution [234] will generate the
perturbative, extrinsic sea of the quark-antiquark pairs and gluons, at large Q?, as
given in Eq. (ZZITH). Then, our numerical results for the valence quark distribution of
the kaon and the pion are presented in Sections Bl and B3, respectively.

5.1 Quark Distributions of the Kaon

In this section, we determine the valence quark of the kaon and pion in the NJL model.
The twist-2 the quark distribution in the kaon and pion are formally defined by

inle) =" [ G | G0 (6) | ade (5L.)

where ¢ stands for the quark flavour, ¢ denotes a connected matrix element, meaning the
vacuum transitions of the (0 | J,J, | 0)(P | P) do not contribute to the valence quark
+

distribution, and (« | denotes the pseudoscalar meson (kaon or the pion) and x = % is
the Bjorken scaling variable, whee p is the plus-component of the hadron momentum
and k' is the plus-component of the struck quark momentum. Further, Q* = —¢?
denotes the four momentum transfer of virtual photon and P is the momentum of the
target. Note that the gluons are frozen out in the valence dominated NJL model and
therefore the gauge link factor in Eq. (1T is unity.

The valence quark distribution functions of the pion or kaon are given by the two
Feynman diagrams in Fig. BTl where the operator insertion is given by

O =~% (x — E) P, (5.1.2)
ot

and Pq is the projection operator for quarks of flavour ¢:

R 1/2 1
Poy==(214X+—2)\ 51.3
/d 2 <3 3 + \/g 8) ( )
A 1 1
Pi=-1-—7)Xs. 5.1.4
JL- (5.1.4)
Using the relation ¢(z) = —q(—=x) the valence quark and anti-quark distributions in

the pion of kaon are evaluated. Following the kaon form factor derivation, the valence
quark distribution has two Feynman diagrams, which contribute to the kaon and pion
parton distribution functions. These come from the quark and antiquark contributions

as illustrated in Fig. BTTL
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k—p

Figure 5.1.1: The Feynman diagrams for the valence quark distributions in the kaon.

ETY\ 1
The red cross denotes the operator insertion, which is given by v*4 (x — —+) 5(]1 +
p

1
A3 + % Ag), where the plus sign is for the up quark projection and the minus sign

denotes the anti-down quark projection.

Based upon the Feynman diagrams in Fig. BT, the valence quark and antiquark
distributions in the kaon can be straightforwardly defined as

i (a) = 9 [ (o= ) Tr esian Si@nsia 0] 6.19)
e (a) = [ (o= ) Tr esitan Sl 0] 6.10)

where ¢ (), ¢ (x) are, respectively, the valence quark and antiquark distributions. g4,

is the kaon quark-antiquark coupling constant, which is defined in Eq. (B57]).

oS
We then employ the Ward Identities S;(q)y"S1(q) = — 81 (9) to Eq. (EEI0) and
=
perform an integration by parts. This yields the expression for the quark and antiquark
distributions, that is

K (z) = —QiNcg%qqaipg/ (5734 ($ - Z—:) Tr [v551(9)v552(q — k)], (5.1.7)
K (z) = —QiNcg%qqa%g/ (5734 ($ - Z—:) Tr [v552(0)1551(q + k)], (5.1.8)

In our calculation, the valence quark and antiquark distributions are evaluated via
the moments of the PDFs. This provides the symmetric combination of the parton
and anti-parton distribution functions for the first moment and the anti-symmetric
combination for the second moment. In brief, the moments of the PDFs are introduced
as

Ay = (2" i (7)) = /0 dra" gk (7), (5.1.9)

with gx (x) the valence quark distributions of the kaon and n = 1,2,--- is an integer,
which is the order of the moment. In order to extract the PDF of the kaon, we evaluate
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the valence quark distributions in Eq. (BI7) via moments by plugging the valence
quark distribution into Eq. (EId). Next, we perform a Feynman parameterization,
a Wick rotation and a PTR scheme, respectively, the final expression of the valence
quark distribution in the kaon is obtained as (A full derivation of the kaon parton
distribution can be found in Appendix [A-T6)

arc (x) = Negia / Mo g L e ey ez e )
472 1 T
Agv
x [1+7 [k (v —2%) — (z — 2%) (Mo — M;)?]] (5.1.10)
_ . Ncg%{q’q IlR 1 —T(kQ(CC —z)+zM?Z—M2(z—1))
G (0) = =35 / =
Agv
X [147 [K (x = 2®) = (v — 2®) (M) = Mp)*]], (5.1.11)

where M7, M are the constituent quark masses of the quark and antiquark, respectively
and N¢ denotes the number of colors. For the pion case, M; = M, = M, where M is
the constituent quark mass. Note that the formula in Eq. (BII0) is written in general
form, so it can be used easily for the different cases of the pseudoscalar mesons and
the valence quark distribution formulation is ¢,(x) = ¢(x) — g(x).

The valence quark distributions for the kaon are very important to satisfy the baryon
number conservation [l and momentum conservation. This guarantees the validity of
the baryon number and momentum sum rules. The expression of the baryon number

sum rules is defined as
1 1
/ dr uf(r)=1= / dx 55 (1), (5.1.12)
0 0

with v (2) = [uk(z) — tx(2)] B and 5(x) = [Br(x) — sk()] H. The subscript v
denotes a valence quark. This also guarantees that the positively charged kaon only
has a u- quark and an s5- quark.

The momentum sum rules can be formulated as

/01 dx x [uf+(x) +55 (@) =1, (5.1.13)

where the v () and 5% (x) are the valence up- and anti-strange quark distributions,
respectively. Note that the strange quark distribution in the kaon is assumed negligeble
in this calculation. This is because in the NJL model we do not consider the sea-quarks
and gluons, only the valence quarks. In perturbative QCD, the sea quarks can be
produced by gluons, which is decay quarks and anti-quarks. Therefore, the virtual
strange quark may be expected to produced by QCD evolution, which means it is not
zero at higher Q. Analogous results hold for the remaining kaons and the pions.

1The baryon number conservation is equivalent to charge conservation
+( Qo) =a; (x, Qo)

3K

5, (2,Q5) = 5 (2,Qp).
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5.2 Results for Quark Distributions of the Kaon

In this section, we discuss our numerical results for the PDFs of the kaon. The numer-
ical result are computed with the use of the NJL. model parameter sets, as given in
Section EE3. The valence up and anti-strange quark distributions are computed using
Egs. (ETI0), (ELI2) and (EEII13). The initial model scale of the NJL model must be
determined. As discussed in Section EZTT], the initial scale of the NJL model for parton
distribution function in our calculation is chosen to be, Q3= 0.16 GeV? [231-233]. Any
valence dominated quark model must match QCD at a low scale, where we know that
the valence quarks dominate empirically. Then, after the initial model is determined,
the valence quark distributions are evolved to higher Q* with the help of the DGLAP
equation [234] in order to compare with the experimental data from the Drell-Yan
reaction as well as the empirical parameterizations.

08 I — Q2 = 0.16 GeV? ]
==+ NLO, Q% = 5 GeV?
0.6 r 4
=
504 F :
S
02 | o Tl 1
’ ~“~.
’ ~~~
’ S
¥ .§~..
0 ! ! ! ! il
0 0.2 0.4 0.6 0.8 1

X

Figure 5.2.1: The valence up quark distribution of the kaon K*. The valence up quark
distributions of the kaon at the NJL model scale, Q3 = 0.16 GeV? (red solid line) and
the valence up quark distribution of the kaon evolved up to NLO to the scale, Q* = 5
GeV? (black dashed line).

Figure. B2l shows the valence up quark distribution computed at the NJL model
scale, Q3 = 0.16 GeV?. Then, this is evolved at NLO using DGLAP equation [234] to
a scale, Q* = 5 GeV2. Clearly, we found that the distribution peak for the evolved up
quark distribution is at around x ~ 0.2. This evolved distribution decreases smoothly
with increasing x, where x denotes the Bjorken variable. The average momentum
fraction carried by the valence quarks in the kaon at the NJL model scale, Q3 = 0.16
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GeV?, based upon the momentum sum rules in Eq. is written as
1
/ dz z [ul (z, Q) + 55 (z,QF)] = [0.42 4 0.58] = 1. (5.2.1)
0

Here Q7 is the NJL model momentum scale. This indicates that all the momentum
of the kaon is carried by the kaon’s valence quarks. In other words, the momentum is
conserved at the NJL model scale at the model scale, Q2. In Eq. (X)), this reveals
that the valence anti-strange quark carries more momentum than the valence up quark
in the kaon, which agrees with DSE-RL analysis in Ref. NE] A logarithm of the
average momentum fraction carried by the valence u-quark in the kaon for the various
@Q?* as a function of the moments is depicted in Fig. and the average momentum
carried by valence u quark in the kaon for the various moments as a function of the ¢
is displayed in Fig.

1 I N 1 /N 1 7N 1

i > n=1 ]
- —E—n:2 4
L e ,',L:B .
_A_n:é‘:
- n=5 -
& i
« = = |
)
N |
= ]
© = D
A A A
VAN A
| Y | Y |

Q*(GeV?)

Figure 5.2.2: The average momentum of the valence up quark as a function of the Q?,
for the various moments PDF.



5.2. RESULTS FOR QUARK DISTRIBUTIONS OF THE KAON 102

-0 Q% = 0.16 GeV?
—>— ()% = 4 GeV?
- (% = 8 GeV?
- Q%2 = 12 GeV?
Q? = 16 GeV?
= 20 GeV?

<uK(x7 Q2)>

Moments (n)

Figure 5.2.3: As in Fig. 222 but as function of the moments PDF, for the various Q.

Figure B.2.3l shows that the average momentum carried by the valence v quark in
the kaon decrease with increasing the moments (n), but is almost constant for the
various Q*. The moments of the distribution of the valence quark u for the various Q?,

which are calculated using the NJL model with proper-time regularization scheme, are
summarized in Table B2l
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Table 5.2.1: The moments of the kaon valence up quark distribution at the NJL model
scale, Q3 = 0.16 GeV? (second column) and after evolved up to the NLO at the
various scale, Q* = 4,8 ,12,16 ,20 GeV? (third column, respectively), where n denotes
moments.

n ul (x,0.16) ut (x,4) uf (x,8) uf (x,12) u* (x, 16) u® (x, 20)

[ [

1 1.00 0.99 0.99 0.98 0.98 0.98
2 0.42 0.19 0.18 0.17 0.17 0.17
3 0.25 0.08 0.07 0.07 0.07 0.06
4 0.17 0.04 0.04 0.04 0.04 0.04
! 0.13 0.03 0.02 0.02 0.02 0.02

Table 5.2.2: The moments of the kaon valence anti-strange distribution at the NJL
model scale, Q2 = 0.16 GeV? (second column) and after evolved at NLO at the var-
ious scale, @* = 4,8 ;12,16 ,20 GeV? (third column, respectively), where n denotes
moments.

n 5% (x,0.16) 5% (x,4) 5% (x,8) 5% (x,12) 5% (x,16) 5" (x,20)
1 1.0 1.02 1.02 1.02 1.02 1.02
2 058 0.27 0.26 0.25 0.25 0.24
3 040 0.13 0.12 0.12 0.12 0.11
4 031 0.08 0.08 0.07 0.07 0.07
5 025 0.06 0.05 0.05 0.05 0.05

Similarly, using the same procedure as in the u-quark, the logarithm of the average
momentum of the valence 5-quark in the kaon is calculated for the various of the Q? as
a function of the moments, which is depicted in Fig. B2 and the average momentum
of the valence s-quark in the kaon for the various of the moments as a function of the
Q?, is illustrated in Fig. A summary of the average momentum of the s for the
various Q* and moments can be found in Table
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Figure 5.2.4: The average momentum of the valence anti-strange quark as a function
of the Q?, for the various moments PDF.
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Figure 5.2.5: As in Fig. 224 but as function of the moments PDF, for the various Q.
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Figure 5.2.6: The valence anti-strange quark distribution of the kaon K. The valence
anti-strange quark distributions of the kaon at the NJL model scale, Q2 = 0.16 GeV?
(plum dashed dot line) and the valence up quark distribution of the kaon evolved up
at NLO to a scale, Q> = 5 GeV? (green dashed line).

In Fig. B20 we display our result for the valence anti-strange quark distribution,
at the NJL model scale, Q5 = 0.16 GeV>. Then, we also show the anti-strange quark
distribution evolved at NLO to a scale, Q* = 5 GeV?. Figure 526 indicates that the
evolved anti-strange quark distribution has a peak over the range x = 0- 0.45 and it
then decreases at x > 0.45. If we compare the result of the up quark distribution in
Fig. .27l to the result of the anti-strange quark distribution, this shows that the up
quark distribution decreases faster than the anti strange quark distribution. This is
expected due to the mass of the strange quark is heavier than the light quarks such as
the up and down quarks. Also, Figure B22Z6 shows that the valence anti-strange quark
distribution has a peak at around z ~ 0.45 at Q* = 5 GeV?.
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Figure 5.2.7: The valence quark distributions of the kaon and pion at NLO are com-
pared to experimental data. We show the valence up quark distribution of the kaon
(blue dashed line), the valence anti-strange quark distributions of the kaon (black
dashed dot line) and the valence up quark distribution of the pion (red solid line). The
experimental data are taken from Ref. ﬂﬁ] (plum point).

In Fig. B2l we show a comparison of our results for the valence quark distribution in
the kaon and pion to the experimental data ﬂﬁ] This clearly shows the evolved valence
up quark distributions of the pion has a remarkable agreement with this experimental
data. In contrast, the valence u-quark distribution of the kaon decreases faster than
other valence quark distributions. This indicates that the valence u-quark of the pion
carries larger momentum than the valence u-quark of the kaon over the range x = 0.2
- 1.0. This result is consistent with previous model analyses @, , ﬂ] In addition,
this difference is obviously seen in Fig. Moreover, Figure B2 also shows that
the valence anti-strange quark distribution gives the highest contribution to the kaon
distribution at large x. This indicates that the heavy strange quark carries a larger
fraction of the kaon momentum than that of the light quarks, as explained earlier.
This is also consistent with other model calculation predictions E, , %} However,
the experiment data does not cover the valence quark distribution in the low x region,
which is still a problem up to now. This is because the structure function in this region
are dominated by sea quarks and gluons. To include the sea quarks and gluons, we
must include the higher Fock states in our model M]
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Figﬂ% 5.2.8: As in Fig. 27, but compared to the E615 and NA10 experimental
fit .

In Fig. we show a comparison of the valence u-quark distribution of the pion
and the valence u-quark and s- quark distributions of the kaon and the experimental fit
in Ref. M] We show the valence up quark distribution of the kaon (blue dashed line),
the valence anti-strange quark distributions of the kaon (black dashed dotted line) and
the valence up quark distribution of the pion (red solid line). The parameterization of
the experimental fit has the form

2V, = Aa®[l — x)°, (5.2.2)

where A, was determined in terms of a and 3. For the E615 experimental fit, the
values of A, = 0.9 + 0.3, « = 0.64 £ 0.03, § = 1.15 £ 0.02 were chosen, whereas for
the NA10 experimental fit, the values were A, = 0.9 + 0.3, a = 0.64 + 0.03, § = 1.08
£ 0.02. More details about these parameters can be found in Ref. M] Note that
these parameter sets have been compared to the parton distribution at Q* = 5 GeV?,
as done in this work. Figure shows that the valence u-quark distribution of the
pion shows good agreement with both experimental fit models @], in particular at
large z.
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Figure 5.2.9: Ratio of the valence up quark distribution of the kaon to that of the pion,
after evolving at NLO to a scale, Q* = 5 GeV? (red dashed dotted line). This ratio
is compared to the Drell-Yan experimental data in Ref. [225, 226]. The data is taken
from dimuon sample events with invariant mass 4.1 < M < 8.5 GeV.

In Fig. we show the ratio of the up quark parton distributions of the kaon
to that of the pion, after evolving at NLO to a scale, Q? = 5 GeVZ2. The ratio of
the up quark distribution of the kaon to the pion decreases with increasing x. This
indicates that the valence up quark distribution of the kaon is lower than the valence
up quark distribution of the pion, in contrast with the form factor result, given in
Section Fl where the up quark form factor in the kaon is larger than form factor in the
pion. In addition, this ratio indicates that the anti-strange quark carries a higher kaon
momentum fraction than the up quark. Moreover, our ratio prediction, in Fig. 29,

provides the ratio of the valence up quark distribution of the kaon to the pion at x ~ 1,

ug(r ~1
% ~ approximately 0.4. In comparing our result with the experimental data,
Uy (T ~

which is taken from the Drell-Yan experiment in Ref. [225, 226], our result is in good
agreement with the available data 225, 226].
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Figure 5.2.10: The valence up quark distribution of the kaon, after evolving at NLO
to a scale, Q* = 5 GeV? (red dashed dotted line), 10 GeV? and 27 GeV?,

In Fig. BEZT0 we display the valence u-quark distribution of the kaon for various
Q? = 5, 10, 27 GeV?, respectively. The valence u-quark distribution of the kaon,
evolved at NLO to a scale Q? = 5, 10 and 27 GeV? are represented by the blue solid
line, red dashed line and black dotted line, respectively. Clearly, this shows that the
valence u-quark distributions of the kaon decrease above z ~ 0.15 with increasing Q*
evolution. However their shapes look quite similar.

Similarly, Figure BZZTTl shows the anti-strange quark distribution of the kaon for
various %, as in Fig. 210 The evolved anti-strange quark distribution at NLO to a
scale Q? = 5 GeV? has a different distribution, which is quite larger than the others.
The evolved anti-strange quark distribution at NLO at a scale Q? = 10 GeV? has the
same shape as that of the anti-strange quark distribution at a scale Q* = 27 GeV?
. This is very important, since we want to compare our model to experiment in the
future, at large @Q*. Also, this may be important to see the behavior of the valence
quark distribution at large Q.
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Figure 5.2.11: As in Fig. BEZT0, but for the valence anti-strange quark distribution of
the kaon.

5.3 Quark Distributions of the Pion

In this section we present the derivation of the valence quark distributions of the
pion, particularly for positively charge pion 7", in the NJL model with the help of the
proper-time regularization scheme. The derivation is similar to the kaon case. However
in the pion case, we consider isospin symmetry, M, = My = M, as pointed out in
Section B2 Consequently, the relation between the valence up-quark distributions of
the pion u,(7)[= ¢,(x)] and the valence anti-down quark distributions d,(z)[= ¢, ()]
in Eq. (ELI0) is ux(7) = dr(z). In fact, we only derive one quark distribution.

With this in mind, following the same procedure as for the kaon, the quark dis-
tribution of the pion is evaluated based on the Feynman diagram in Fig. BTl that
is

o) = 220 [ A5 (o ) T eSS+ B] (530
0 (2) = Z‘ZF_@ / (37345 (x - Z—:) Tr [vS(@)v"S(g)vsS(q + k)] (5.3.2)

where the ¢,(z) denotes the valence quark distribution of the pion and ¢.(x) is the
valence anti-quark distribution of the pion. The spin independent anti-quark distribu-
tions are obtained from the quark distributions in the negative x domain [231l, 232],
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via the symmetry relation, G(x) = —q(—x). The isospin factor in Eq. (B3]) has been
1
evaluated 5(1 +7,7) = L.

Using Ward-Takahashi identity and integrating by parts, Eq. (E3]) can be simpli-
fied. It then has a form

o (0) = 2iNeay o [ 4 (o ) Trbus@rusta- Bl (533
o (0) = 2oy [ o (o ) Trbus@rusa+ B (63

Note that the g,(x) has support between 0 < z < 1 and therefore ¢, has support
between —1 < z < 0.

Next, substituting the quark propagators to Eq. (B33)), employing the Feynman
parameterization, Wick rotation and PTR scheme, one obtains

472 1 T
(Ayv)2

¢r(z) = Caq [ gy [ g |2 2(1 — z)m?2 | e T@E—mi+M) (5.3.5)
0 T

where the formula of the quark distribution of the pion is similar as the anti-quark
distribution of the pion, ¢-(z) = g.(x), therefore we do not repeat again the g,(x) in
Eq. (&33).

The quark and anti-quark distribution of the pion should satisfy the baryon number
and momentum conservation, as in Section[.2l The baryon number sum rules is written
as

/01 do T (z) = 1 — /01 do &7 (x), (5.3.6)

where u”(x) = [u,(z) — U (7)] and d7(z) = [d.(x) — d(x)]. Here u,(z), U, d.(x) and
d,(x) are the up quark, anti-up quark, anti-down quark and down quark distributions
of the pion, respectively. However, @,(x) = 0 and d,(z) = 0. This is because they
do not contain the valence quarks of the pion. These sum rules ensure that the 7+
contains one and only one up valence quark and anti-down valence quark.

For the momentum sum rules, the expression can be written as

/01 dr x [ug+ (z) +d~ (:E)] =1 (5.3.7)

5.4 Results for Quark Distributions of the Pion

In this section, our numerical results of the valence quark distribution of the pion are
discussed. The valence quark distribution of the pion in Eq. (E3H) are computed
using the parameter sets in the NJL model. The valence quark distribution of the pion
ought to satisfy the baryon number and momentum sum rules. In order to compare

to experimental data, we evolute the valence quark distribution of the pion using the
DGLAP [234].
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Figure 5.4.1: The valence up quark distribution of the pion. The valence up quark
distributions of the pion at the NJL model scale, Q2 = 0.16 GeV? (red dashed dotted
line) and the valence up quark distribution of the pion evolved at NLO to a scale, Q* =
5 GeV? (blue dashed line).

In Fig. ATl we display our numerical result for the u- quark distribution of the
pion at the NJL model scale, Q2 = 0.16 GeV? and after evolution at NLO to a scale,
with the help of the DGLAP [234], Q* = 5 GeV?. We see the evolved valence up
quark distribution decreases smoothly with increasing above x ~ 0.3. The peak of
the evolved valence quark distribution is approximately around x ~ 0.25. Then the
average momentum carried by u-quark in the pion for the various Q* as a function of
the moments is depicted in Fig. and for the various moments as a function of
the Q2 is illustrated in Fig. 2.4 We also summarize the n'"* moments of the valence
u-quark in the pion in Table B4l

Figure shows the valence anti-down quark distribution of the pion which is
identical to that of the up quark distribution in the pion, both at the NJL model scale,
Q2 = 0.16 GeV? or at evolved to a scale Q* = 5 GeV?. This is because of isospin
symmetry, where the constituent quark masses , M,, = My = M, as pointed out earlier.
The valence anti-down quark distributions of the pion at the NJL model scale, Q3 =
0.16 GeV? (black dashed dotted line) and the valence anti-down quark distribution of
the pion evolved at NLO to a scale, @Q* = 5 GeV? (red dashed line).



CHAPTER 5. QUARK DISTRIBUTIONS

113

Table 5.4.1: The moments of the pion valence u-quark distribution at the NJL model
scale, Q2 = 0.16 GeV? (second column) and after evolving at NLO to the various scale,
Q* =4 ,8,12 ,16 ,20 GeV? (third column, respectively), where n denotes moments.

n uy (x,0.16) u

v

Tx4) Ul (x,8) uh (x,12) ul (x,16) w (x, 20)

1 1.00 1.01 1.01 1.01 1.01 1.01
2 0.50 0.23 0.22 0.22 0.21 0.21
3 0.33 0.11 0.10 0.10 0.10 0.10
4 0.25 0.07 0.06 0.06 0.06 0.06
5) 0.20 0.05 0.044 0.04 0.04 0.04
r=+= Q3 = 0.16 GeV?
LT — NLo, @2 = 5 Gev? .
08 L ’.’_o. ° .
E ° o
e 0.6 o .
= e
H .
0.4 P _
= —f e — — —
R ~
02 r »~° ° ~ ]
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Figure 5.4.2: The valence anti-down quark distribution of the pion.
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Figure 5.4.3: The average momentum of the valence u-quark distribution of the pion
for the various Q? as a function of the moments.
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Figure 5.4.4: As in Fig. E433, but for the various moments as a function of the Q2.
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Figure 5.4.5: The valence up quark distribution of the pion, after evolving at NLO to
a scale, Q* = 5 GeV? (red dashed dotted line), 10 GeV? and 27 GeV?.

Figure shows that the average momentum of the valence u-quark decreases
with increasing the moments, which is similar trend as in kaon. Finally, we calculate
the first two moments of the momentum distribution function of the valence u-quark of
the pion using the NJL model with help of the PTR scheme at a evolution scale Q? =
4 GeV?, 2(x); ~ 0.46 and the second moment, 2(z*); ~ 0.22. Our NJL prediction
is consistent with predictions of the previous analyses in the various models such as
Aicher et al. in Ref. [235] has a first moment, 2(x), = 0.55 and the second moment,
2(x?); = 0.18, at a scale Q* = 4 GeV?, Sutton et al. in Ref. [228] has a first moment,
2(x), = 0.40 £ 0.02 and the second moment, 2(x?), = 0.16 + 0.01, at a scale Q* =
4 GeV? and Lattice calculation in Ref. [236] has a first moment, 2(x), = 0.46 & 0.07
and the second moment, 2(z%), = 0.18 % 0.05, at a scale Q* = 49 GeV?.

In Fig. we display the valence u-quark distribution of the pion for the various
Q* = 5, 10, 27 GeV?, respectively, as in kaon. The valence u-quark distribution of
the pion, evolved at NLO, with help of the DGLAP [234], to a scale Q* = (5, 10 and
27) GeV?, are represented by the blue solid line, red dashed line and black dotted line,
respectively. This shows that the valence u-quark distributions of the pion decrease
with increasing @? evolution above z ~ 0.25. In addition, we shows the anti-down
quark distribution of the pion for the various Q? in Fig. This indicates that the
evolved anti-down quark distribution is identical to the evolved up quark distribution
of the pion at all Q%
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Figure 5.4.6: As in Fig. 40, but for the valence anti-down quark distribution of the
pion.

5.5 Quark Distributions at Large-x

In this section we discuss the valence quark distributions of the kaon and pion at large
-z and their relation with the form factor at large Q. The limit x — 1 corresponds
to elastic scattering from the target and as such it it natural to expect correspondence
between form factors and PDFs in this limit. Such correspondence was first considered
by Drell and Yan [237] and West [23§] il finding relation:

1 .
F(Q*) ~ R Q* >> Agep — qz) ~ (1 —2)™ 1 o1, (5.5.1)
where n is related to the number of valence constituents in the hadron.

The valence u-quark distributions of the pion, the valence u-quark distributions of

the kaon and the valence s-quark distributions of the kaon has the form

ur () = 32 / AT r(oh? a2 [1+ k2r(x —2?))], (5.5.2)

= g
4277 T

2

T

where k%2 = m

Neg? 1
e (2, ) = Zi;{qq/dT;e_T(kQ(rQ_Z)JF””MQQ—Mf(w—l))

4Later it is well known as the Drell-Yan West relation.
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x [1+7 [k (z — 2%) — (z — 2®)(My — M)?]] . (5.5.3)

Ngg? 1
(@ k) = lgr;{qq / dT;e‘T(’“Q<x2—x>+xM%—M§(:c—1>>

x [1+7 [k (z — 2%) — (z — 2®)(M; — M>)?]], (5.5.4)

where k* = m3. These equations satisfy the baryon number and momentum sum
rules, as explained in the previous section. Our numerical results for the valence quark
distributions at large x will be discussed in Section

5.6 Results for Quark Distributions at large-z

In this section we discuss our complementary result for the kaon and pion PDF at
large x. Through the parton distribution functions of the kaon and pion in Eqs. (B52)-
(BE54), we numerically evaluate the PDF of the kaon at x — 1 for large -z. We note
that the valence quark distribution in the low energy scale has no physical meaning at
this model scale, since the valence quark distribution at the low energy scale consider
non-negligeble contributions from all twist operator. However we just show our result
for the valence quark distributions within the kaon at the model scale, Q3 = 0.16 GeV?*:

ug+(x — 1) =04, (5.6.1)
Sg+(x — 1) =1.13,

similarly for the pion case, we obtain
Upt (2 — 1) =dpr (. — 1) = 1. (5.6.3)

Our results for the valence quark distributions of the kaon for varying Q* will be shown
in Table B.6.01 We then compute the ratio between the valence u-quark distributions
of the kaon and pion at large x (z — 1), one obtains

ug+(z ~ 1)

= 0.4. (5.6.4)

Upt+(x ~ 1)

On the contrary, the Dyson-Schwinger equation rainbow-ladder (DSE-RL) prediction
in Ref. [215] gives

U+ T ~ T Mu !

and at low momentum scale the NJL model result using the sharp cutoff in Ref. [85,
8] yields the ratio,
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Table 5.6.1: The valence quark distributions of the kaon and pion at large x for varying

Q.

ug+(r — 1) Sg+(x — 1)

Q* (GeV?) ug+(x — 1) Sg+(x — 1) ups(z — 1) Upr(z — 1) dpe(z— 1)

Q2=0.16 GeV? 0.4 1.13 1.00 0.4 1.18
4 0.002 0.0054 0.0046 0.4 1.17
8 0.001 0.0036 0.0031 0.3 1.16
12 0.001 0.0029 0.0025 0.4 1.16
16 0.00098 0.0026 0.0022 0.4 1.18
20 0.00088 0.0023 0.00198 0.4 1.16
102 0.00047 0.0012 0.0011 0.4 1.09
10 0.00013 0.00036 0.00030 0.4 1.20
10° 0.000057 0.00015 0.00013 0.4 1.15

Using the DYWR [237-224()], we attempt to understand the behavior of the valence
quark distributions at large  and large Q2. To achieve our goal, we simply calculate
the valence quark distributions of the kaon and pion and evolve them with the help
of the DGLAP at a scale Q* = (4,8,12,16,20,10% 10*,10°) GeV*. After evolving the
valence quark distributions, we numerically compute the valence quark distribution at
large z for each Q. Our numerical results are summarized in Table B6.1. We find
uk (z)
ur ()

5.7 Drell Yan West Relation

In this section we calculate the valence quark distribution at large  and Q? via DYWR.
By using the values of the valence quark distribution at large x for each the squared
four momentum transfer in Table B71], we extract the n parameter which shows the
number of constituent quark inside kaon or pion. Based upon DWYR in Eq. (BE50),
the scaling behaviour of the kaon and pion PDF and the logarithm of them, as x
approximate to one, for the pion is written as

U () = dp(x) ~ (1 — 2)* 7 ~ (1 — 3)Pur (5.7.1)
Infus ()] = (Bur) Inl(1 — 2)], (57.2)

where (3, = 2n — 1 is taken for simple calculation and similarly for the kaon can be
expressed

~ 0.4 as  — 1, in good agreement with existing data from Ref. [225].

ug(z) ~ (1 — )P« (5.7.3)
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Table 5.7.1: The values of n of the valence quark distribution of the kaon and pion.
The values of 3 are extracted using Eqs. (B0 - (BEZ3). Using a relation between
f and n, which is defined as (3, = 2n,,_ — 1, we can determine n,,. The values of 3
parameter is obtained from the fitting procedure.

Q* (GeV?) Bur Ny Bue  Nuy Bsg sy
4 1.299 12 1400 1.2 1.330 1.2
8 1.390 1.2 1488 1.2 1.420 1.2
12 1437 1.2 1532 1.3 1466 1.2
16 1.468 1.2 1562 1.3 1497 1.2
20 1.490 1.2 1.584 1.3 1.519 1.2
102 1631 1.3 1.720 14 1.659 1.3
10°* 1.908 1.4 1.989 15 1.934 1.5
109 2.097 15 2173 1.6 2121 15

Qg=0.16 GeV? 0.0027 0.5 0.0018 0.5 0.015 0.5

Sr () ~ (1 — ) (5.7.4)
fug ()] = (Bug) (1 — )] (5.7.5)
In[sk(x)] = (Bs,) In[(1 — 2)]. (5.7.6)

Now we extract the n fi parameter in Eq. (BT]). The values of the §,, and n,;, is
found in Table BE7T1

Using almost the same procedure, we can extract the power scaling of the kaon
and pion form factors in Eq. (B5J]). We firstly recall the general formula for the
pseudoscalar form factor in the asymptotic region, it has the form

1
Fp(Q*) = o (5.7.7)
By applying the logarithm in the both sides in Eq. (B2Z1), one obtains
In[Fp(Q?)] = —nn[Q?], (5.7.8)

where P denotes pseudoscalar mesons. We then calculate the logarithm of the kaon
and pion form factors, one then obtains

0.52e¢, 0.345
Q2 | = In] Q2

5ﬁuw = 2n,,—1 stand for the extracted paramater (constant) from the valence u-quark distributions
of the pion at larger -x and n,, can be also determined.

In[FE"(Q?)] = In] | = In[0.345] — In[Q?] (5.7.9)
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0.23e,
02

We then extract the n for the kaon form factor by comparing the general form
factor in Eq. (Z8) and our form factor calculation results in Eq. (BZ9). This clearly
indicates that n ~ 1 for the up and strange quarks in the kaon. A summary of results
can be found in Table

Similarly for the pion, one obtains

In[FX"(Q?)] = In] ] = In[0.08] — In[Q?]. (5.7.10)

In[F7 (Q%)] = In[0.45¢,] — In[Q?] = In[0.3] — In[Q?],
ln[F§+(Q2)] = In[0.45¢4] — In[Q?] = In[0.15] — In[Q?], (5.7.11)

A result summary of the power scaling for the pion form factor is provided in
Table B2

Table 5.7.2: The n values for the kaon and pion form factor.

particle npg MFT Np Npk NpK MK
Pion (ud) 1 1 1
Kaon (u s) 11 1

Overall, we find that the valence quark distributions of the kaon and pion behave
as ¢r ~ (1 — z)' after DGLAP evolution to various Q?, as shown in Table BZ1l In
1

~ o

addition, the kaon and pion form factors at large -Q* have a form Fp(Q?)

5.8 Conclusion

The valence quark distributions of the kaon and pion have been computed. Our nu-
merical result for the positively charged kaon is shown in Fig. 2Tl We found that the
distribution peak for the evolved up quark distributions is at around x ~ 0.2. The av-
erage momentum fraction carried by the valence quarks in the kaon at the NJL model
scale, Q3 = 0.16 GeV?:

1
/ drz [ul (z,QF) + 55 (2, QF)] = 0.42 4 0.58 = 1. (5.8.1)
0

This means at the model scale, @7, all the momentum of the positively charged kaon
are carried by the kaon’s valence quarks. This result is consistent with the DSE-RL
result [215]. The average momentum of the valence u-and s-quarks of the kaon are
summarized in Table BE22ZT and 222

Thus, the valence quarks in the kaon and pion are compared to the available exper-
imental data [227]. The u-quark distribution in the pion has a good agreement with
the data [227]. In addition, the u-quark distribution also agrees well with the E615
and NA10 experiment fit models [22§].
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uk ()

U ()

GeV? to the existing data, as illustrated in Fig. EZ9 Our result has a good agreement

We compared our ratio prediction, , after evolving at NLO to a scale, Q* = 5

ug(x
with the existing data [225]. At x ~ 1, the ratio, ﬂ, is approximately 0.4.
Ur(

Finally, we find that the valence quark distributions of the kaon and pion behave

as ¢z ~ (1 —2)' after DGLAP evolution to various Q?, as shown in Table E-Z1l In
1

@.

addition, the kaon and pion form factors at large -Q* have a form Fp(Q?) ~
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Charge Symmetry Violation

In the preceding chapters the form factors and parton distribution functions of the
kaon and the pion have been discussed. In those calculations we considered that the
non-strange quarks to satisfy charge symmetry ﬂ, which implies m, = my, and hence
M, = M, as in Refs. [241-244]. However, these non-strange quarks actually have
slightly different masses in nature [244-246€], where m,, # mg, and hence M,, # M, [241-
246]. This is because at the partonic level, charge symmetry is broken spontaneously,
but it is hidden by DCSB. This intrinsic quark mass difference leads to the so-called
charge symmetry violation (CSV) B. For instance, the quark mass differences can be
found in the Particle Data Group (PDG) [16] and several previous analyses in chiral
perturbation theory (ChPT) [247, 24]], that is, the light quark masses of the m, =
2.3 + 0.7 (0.5) MeV and my = 4.8 + 0.7 (0.3) MeV and the ratio of the u- and the

my, ms , )

d-quark masses, namely — = 0.38 - 0.58 and — = 17 - 22 [16]. Consequently, this
mq mq

u-d quark mass difference has an implications for the isospin breaking in the masses

of the composite particles (mass splitting) such as the proton and neutron masses, the
negatively charge pion and the neutral pion masses and the negatively charge kaon and
the neutral kaon masses. Experimentally, the value of the mass differences of the octet
baryons are m, — m, = -1.29 MeV, myo — my- = - 4.81 £ 0.04 MeV, my+ — my- =
- 8.08 £ 0.08 MeV, and mzo — m=- = - 6.50 + 0.25 MeV, and the value of the
quark mass differences of the kaons and pions are, respectively, Am, = m + — m o =
4.5936 + 0.0005 MeV and Amy = mg+ — mgo = - 3.995 + 0.0034 MeV [249, 250)].
Aside from its implications for the mass splitting of different particles, as mentioned

!Charge symmetry is related to the invariance of the QCD Hamiltonian invariance under a 180°
rotation about the 2-axis in isospace corresponding to the interchange of u and d quarks and also
protons and neutrons. At the partonic level, charge symmetry implies the equality of different parton
distribution functions: u?(z, Q?) = d"(z,Q?), d”(z,Q?*) = u™(x,Q?). There is an analogous relation
for anti-quark PDF.

2In some references, CSV is also called as charge symmetry breaking (CSB).

123



124

earlier, the CSV in parton distribution functions also plays a significant role in order
to determine a precision tests of the weak interaction in the Standard model [251]. An
understanding of CSV is required to explain the discrepancy between the predicted
and measured binding energy differences of mirror nuclei, which is well known as the
Okamoto-Nolen-Schiffer anomaly [252, 253, 255 and to reduce the 30 deviation from
the standard model found in the NuTeV measurement [256].

From point of view of QCD, CSV arises due to the quark mass differences between
non-strange quarks as well as an electromagnetic interaction among the non-strange
quarks [257-260]. However, an electromagnetic interaction has a minor contribution

at higher energies and is less well known. It is expected that the contribution of the

1
electromagnetic force with coupling constant, agy; = ——=, on masses are at the 1 %

level or smaller, as mentioned in Ref. [261], therefore it is very difficult to measure.
Recently, with a fully dynamical simulation of QED+QCD technique, the QCDSF-
UKQCD collaboration observed the pseudo-scalar meson masses to study the effect of
CSV is due to QCD, arising from the u-d quark mass difference and the effect of CSV
is due to QED, arising from the different charges of the light quarks [261]. They found
that the effect of the electromagnetic interaction is very small in the pions because
the quarks are very light, however it is much larger in the kaons because the strange
quark mass is heavier. Therefore, the non-strange quark mass differences become
an interesting feature of the QCD view of CSV. In addition, CSV is an important
background in the extraction of the strange vector form factor of the nucleon [262].
In the past, some theoretical and phenomenological calculations have been performed
on the nucleon electromagnetic form factors [262] and parton distribution function
(PDF) [263-269]. Also, another investigation on the nuclear CSV has been performed
by Coon et al. [265]. In their letter, they suggested a connection between the CSV at
low energy in nuclear fl and particle physics.

At this stage there is very little in the way of a quantitative determination of
the extent of CSV. Definitive experiments are certainly needed. Several attempts
to measure CSV have been performed. One previous measurement result indicated
that the experimental limit of CSV in PDFs was around, approximately, 5-10 % [266,
267). Knowledge of the extent of CSV is critical to test physics beyond the standard
model [267] and to find a new physics beyond standard model. A recent work on
CSV has been investigated on the spin independent and dependent parton distribution
functions of the nucleon [268]. They found that the chiral corrections are qualitatively
more significant for the spin-independent moments and its effect to the spin dependent
CSV moments are quite small. Therefore, our work, in this thesis, is certainly relevant
to the exploration of the CSV effect on PDF and the electromagnetic form factor of the
pseudoscalar mesons. The results of this work are very useful to provide the additional
contributions of CSV in the kaon and pion PDF to the Drell-Yan ratio. Note that
the largest contribution arises from the differences between d-quark in the positively
charged pion (1) and the u-quark in the negatively charged pion (77), as explained
in Ref. [264].

3The parton distribution functions obey the chiral symmetry at nuclear physics energy scale. This
is because the CSV effects are extremely small in this energy scale.
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In this chapter, we explore and investigate the CSV effect in the parton spin-
independent distribution functions and form factors of the pseudoscalar mesons in
the NJL model, with the help of the proper-time regularization scheme. They provide
valuable insight into the nuclear environment sensitivity of the quark distributions in-
side the kaon or pion. In this work, we focus on CSV arising from the light constituent
quark mass differences, which is represented by 0M = M, — M,. This is because the
isospin symmetry breaking through the current quark masses is not usually observed
in hadronic physics but through the constituent quark masses. The light quark mass
difference contribution is expected, approximately, one percent of any typical energy
scale of QCD. Next, here, we define the expression for the average constituent quark

1
mass, M = §(Mu + My), where M, and M, denote the constituent masses of the up

and anti-down quarks, respectively. Using the gap equation of the NJL model, we nu-
merically obtain the constituent quark mass, M = 0.4 GeV, which is used in this work.
With this expression of M, the constituent masses of the up and anti-down quarks in
the pion are formulated as

M, =M —§M, (6.0.1)
My = M +6M,

where §M H denotes the light quark mass difference and more details can be found in
Refs. [257-259, 267]. Thus, we explore the effect of the light quark mass difference
on the u-quark sector form factor of the pion, F7(Q?) in Eq. (EZZX) and the d-quark
sector form factor of the pion, F7(Q?) in Eq. (EZX), respectively, by plugging the new
masses of the light quarks, M — M, and M — My, in Eq. (EXLT]). Similarly, for the
kaon, we only consider the non-strange valence quark changing. We then investigate
the light quark mass difference effect in the kaon PDF and FF by evaluating their
ratio and differences. Note that, in the kaon case, the down and up quarks come from
the different kaons, namely, K° and K. We emphasize that we will observe CSV
effect in the kaon parton distribution functions in Eqs. (BEII0) and (E23H), as pointed
out earlier. The constituent quark masses with éM are then utilized as the input to
the form factors and parton distribution functions. In our form factor calculation, we
ignore the charge of the quarks in order to purely see CSV effect in the form factors.
Our formalism and numerical results will be discussed in the next section.

6.1 Charge Symmetry Violation in Form Factors

In this section charge symmetry violation on the quark sector form factor of the kaons
and pions is discussed. To investigate effect of the quark mass difference 0 M in the
kaon and pion quark sector form factors, we recall the expression of the quark sector

form factors in Eq. (L2 for quark sector form factors and Eq. (EZ12) and EZI3)

4The values of §M are chosen based on the current u« — d mass difference and therefore the values
of M ought to be (0.0033, 0.0050, 0.010) GeV, since those values are more realistic.
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for the quark sector form factors for the kaon in Section EE2, respectively, that is

NeGrar 1, [@w? d
u+(Q2) cy qq / dﬂf (A1R) 7—6_ (_Q2(I2—I)+M3)
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(ruv)?

X e
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(6.1.1)

(6.1.2)

(6.1.3)

(6.1.4)

Clearly, F" (Q* # F%.(Q?), because of the constituent u-d quark mass differences.
The constituent u quark mass is denoted by M, = M — dM and the constituent d-
quark mass is denoted by My; = M + éM. Our numerical results for the CSV on the
quark sector form factors within the kaon and pion will be discussed in Section B2
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6.2 Results for the Charge Symmetry Violation in
the Pion Form Factor

In this section our numerical results for the ratio of the u quark sector form factor to

Q)
| FHQY)
four momentum transfer are discussed. Note that the u and d quark charges are not
considered in the calculation in order to observe purely the quark mass difference effect,
as pointed out earlier. The full parameter sets of the NJL model used in this calculation
can be found in Section and our previous paper [159]. The numerical results will
give information not only on the direct effect of the quark mass but also the influence
of the nuclear environment inside the pion. This information is also very useful if we
want to extend to the more complex systems such as the proton, neutron and octet
baryon.

With these new definitions of M, and My, we fix 0M = 0.000 GeV, éM = 0.0033
GeV, 0M = 0.0050 GeV and dM = 0.010 GeV, respectively. Next, we employ the new
values of the M, and M, as an input to the form factors in Eq. ([E&1T]). Our numerical
results on the ratio of the u-quark sector form factor to d—quark(seg‘)cor form factor in
. L +_ o5 Fr@
the pion, which is composed by the valence quark 77 = ud, FOQR)
the virtual squared four momentum transfer Q? is depicted in Fig. A summary
of the new values of the M, and M,, their ratio and their effect on the pion mass is
shown in Table. B.2.T]

Later on, we also investigate the quark mass differences in the quark sector form
factors of the different kaons in Section B2l In this thesis, we extract the quark mass
differences from the K° — K™ mass differences to determine the value of the CSV. We
know that the neutral kaon consists of the d and § quarks and the positively charged
kaon consists of the u and s quarks, at the parton level. Since we intend to determine
the value of the u-d quark mass differences from the kaon mass difference K° - K+,
then we commonly consider that the s-quark is as a spectator, so it can be subtracted
out from the kaon mass difference. With this in mind, for instance, let us consider the
neutral kaon mass mgo = 497.67 MeV and the positively charged kaon mg+ = 493.68
MeV, the value of the quark mass difference, which is determined from the kaon mass
differences, is qualitatively obtained by means of mg0(497.67) - m+(493.68) ~ M, -
M, = 3.99 MeV. The various values of the quark mass difference used in the quark
sector form factors analysis are based on this My - M, value. Our numerical results
for the CSV effects on the quark sector form factors within the kaon are given in the
next section below.

as a function of the virtual

d quark sector form factor in the pion (7 = ud)

as a function of
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Table 6.2.1: The values of the up and anti-down quark masses and pion mass m, by
taking the constituent up and anti-down quark masses, M, = M — éM and My =
M — oM, respectively. In this work, we set the constituent quark mass M = 0.40
GeV, which is computed using the NJL model. The model parameters used in this
calculation are Ayy = 0. 645 GeV, m, = 0.0164 GeV, ¢r,; = 4.23, and f; = 0.093
GeV [159]. All units are in GeV and M = My — M,,.

M, M, oM 2

mq

0.400 0.400 0.000 1.00 0.0196 0.016 0.016
0.3967 0.4033 0.0033 0.57 0.0196 0.012 0.020
0.395 0.405 0.005 0.42 0.0197 0.0096 0.023
0.390 0.410 0.010 0.10 0.0198 0.0030 0.030

| — OM = 0.000 GeV
i e G M = 0.0033 GeV
11 ——— M = 0.005 GeV
e OM = 0.010 GeV 1
1 D
Fi (Q?) 0.9 e T ]
0_8 - T e ]
0.7 r i
06 | | | | | | | | |

o 2 4 6 8 10 12 14 16 18 20
Q* (GeV?)

Figure 6.2.1: Ratio of the up quark sector form factor to anti-down quark sector form
factor in the pion for the various 0 M as a function of the virtual squared four momen-
tum transfer Q2.

In Fig. BZT we display that the ratio of the u-and d-quark sector form factors,
Q)
FAQ*)’

for the various values of M, as a function of Q?. The ratios are calculated
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for the M = 0.000 GeV f (red solid line), 6M = 0.0033 GeV (green dotted line),
dM = 0.0050 GeV (blue dashed line) and M = 0.010 GeV (black dot-dashed line),
Fu 2

respectively. This clearly shows that the FEE?P) decreases with increasing @Q* and M.
This indicates that the distribution of the down quark in the pion is larger than the up
quark distribution, as the value of the M increases. In Fig. we show the change
in the individual quark contribution, Fy (Q?), as M, decreases, whereas in contrast
Fig. shows F% (Q?), as My increases. By multiplying the individual quark sector
form factors by Q?, we emphasize the corresponding effects at higher Q? in Figs.
and G20

1

—— §M = 0.000 GeV
44444444444444 OM = 0.0033 GeV
— O0M = 0.005 GeV
.......... oM = 0.010 GeV

0.8

e (Q7)

0.2

O | | | | | | | | 1
0 2 4 6 8 10 12 14 16 18 20

Q* (GeV?)

Figure 6.2.2: The up quark sector form factor of the pion for the various oM as a
function of the virtual squared four momentum transfer, Q.

5The §M = 0.000 means that M, = My, which implies charge symmetry.
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| | | | | |
— §M = 0.000 GeV
.............. 6M — 0.0033 Gev
0.8 —— 5M = 0.005 GeV 4
---------- SM = 0.010 GeV
s 06 ]
e
ot
0.4 _
0.2 _
0 1 1 ] ] | ) | | |

0 2 4 6 8 10 12 14 16 18 20
Q? (GeV?)

Figure 6.2.3: As in Fig. B2 but for the anti-down quark sector form factor.

Q*F (Q%)

— dM = 0.000 GeV
....... OM = 0.0033 GeV
.............. SM = 0.005 GeV
.......... OM = 0.010 GeV
O I | | | | | | | |

0 2 4 6 8 10 12 14 16 18 20
Q? (GeV?)

Figure 6.2.4: The up-quark sector form factor of the pion multiplied by Q? for the
various 6 M as a function of the virtual squared four momentum transfer Q.
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gz 4
=T
[«
OM = 0.000 GeV
OM = 0.0033 GeV
-—= 0M = 0.005 GeV
.......... SM = 0.010 GeV

0 | | | | | |
0 2 4 6 8 10 12 14 16 18 20

Q? (GeV?)

Figure 6.2.5: As in Fig. B24 but for the anti-down quark sector form factor of the
pion.

X 2 - Ea I~-~.\. T T T T T T T T _]
0021, —— §M = 0.000 GeV
e — 0M =0.0033 GeV 1
L T — 6M =0.005 GeV ]
0.01 H ~=eee T —— 0M =0.010 GeV -
§§ T T
I3 0

: -
o _
—0.01 i
—0.02 _‘ | | 1 1 1 | | | ]

0 2 4 6 8 10 12 14 16 18 20

Q* (GeV?)

Figure 6.2.6: As in Fig. G.2.4] but for 5F:+_CZ(Q2) = F“(Q%) — F;a (Q%) (solid line) and
SFITQ?) = F4(Q?) — F* (Q?) (dashed line).
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Figure shows our numerical results for the difference 6 4Q?) = F“ (Q) —
ij; (Q%) (solid line) and (5Fjj“(@2) = F7‘f_+(Q2) — F“ (Q?) (dashed line) as a function
of Q?. Explicitly, the quark sector form factor differences, OF" J(QQ) within the pion
grows with increasing quark mass differences, 6 M and Q*. Their differences, OF J(Qz)
and 5F7‘rz; “(Q*), have opposite sign, but they are the same in magnitude. Then the
relation between both can be written as (5F:f+_d_(Q2) = —5Fjj“(@2). This also means

v (Q%) < F% (Q?), since the constituent u-quark mass is smaller than constituent d-
quark mass. Overall, this qualitatively indicates that the quark sector form factors are
very sensitive to the quark mass differences dM. In other words, this result confirms
that CSV has a quite significant effect to the quark sector form factors in the pion.

6.2.1 Kaon Form Factor

Next, we discuss our numerical results for the CSV effect on the quark sector form
factors within the kaons. Using a similar procedure to the pion case, the u-d quark
mass difference (CSV) effect on the quark sector form factors within the different types
of kaon are calculated using Eqs. (E13)) and (E14). In this calculation, we emphasize
that the u-quark comes from the positively charged kaon (K ) and the d-quark comes
from the neutral kaon (K°), as pointed out earlier. Our numerical results for the quark
sector form factors of different kaons are shown in Figs.

In Fig. B2 we display our result for the ratio of the up quark sector form factor
in the kaon plus (K" = [u, 5]) to the down quark form factor sector in the kaon neutral
(K° = [d, 5]). Similar procedure to the pion case, the quark sector form factors do not
include the quark charges in the calculation.

Based on Dashen’s theorem, the electromagnetic effects for positively charged mesons,
namely K ' and 77 are the same in magnitude, whereas neutral mesons such as K°
and 7% disappear [272]. However, the electromagntic effect is not easy to handle in
particular for the kaon. Therefore, we just consider the quark mass difference, without
the electromagnetic effects, in this section. The ratio are calculated for the 6 M = 0.000
GeV (red solid line), dM = 0.0033 GeV (green dotted line), 0M = 0.0050 GeV (blue
dashed line) and 6 M :20.010 GeV (black dot-dashed line), respectively. This shows
that the ratios, ?2%(32;, for the various the quark mass differences 0 M, explicitly

KO
decrease with increasing non-strange quark mass differences, M and Q2.

The analysis of the CSV effect for the ratio of the individual quark form factors of
the kaons can be seen in Figs. and 29 We plot the ratio of the valence quark
form factors for the positively charged kaon K ' and neutral kaon K°, respectively.
These figures are very useful to clearly see the behavior of the individual u- and s-
quark sector form factors in the K™ and of the individual d- and 5-quark sector form
factors within the K° by varying the quark mass differences and also to explain the
ratio in Fig. clearly. Figure indicates that the u-quark sector form factor
in K" decreases with increasing 6M and @Q?, as illustrated in Fig. GBZI0 This result
confirms that, in the K the u-quark sector form factor is suppressed approximately
10 % of the s-quark sector form factor. In particular, we concentrate on the u and
d-quarks sector form factors, rather than the s-quark in the K™ and K°, respectively.
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1
0.8

(@)

Fi @5 U0

— 0M = 0.000 GeV

02 |~ dM = 0.0033 GeV
.......... IM = 0.005 GeV
—— 5M = 0.010 Gev

o 2 4 6 8 10 12 14 16 18 20
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Figure 6.2.7: Ratio of the up quark sector form factor in the kaon plus (K™*) to the
down quark sector form factor in the kaon neutral (K°) as a function of the virtual
squared four momentum transfer Q.

Later on, we show the effect of CSV in Fi ., (Q?) and Fio(Q?) in order to give a
full description of the CSV effect in the kaon. Figure shows the CSV has a
sizable effect on the u-quark sector form factor in the K, as explained earlier. On
the contrary, the CSV effect on Fi.(Q?) changes only a little bit with varying JM.
The 5-quark sector form factor in the K increases with increasing M, as shown in
Fig. G211

We then explore the quark sector form factor of the internal structure of the K°
for the various 6 M. To explore the behavior of the valence quark within the K°, we
plot the ratio of and individual quark sector form factor as a function of M and and

Fd 2
@Q? in Figs. G249, and BE2ZI3 Figure shows that the ratio of %
KO

increases with increasing 6M, but decreases with increasing ?. This means that the
Feo(Q%) is larger than the Fi(Q?) for the various 6M. This is more clearly seen from
the individual quark sector form factors in the K° in Figs. and B2ZT3 Note
that the d-quark sector form factor of the K° is the same in magnitude as the u-quark
sector form factor in the K, whereas the 5-quark sector form factor of the K° is the
same magnitude as the 5-quark form factor in the K. This indicates that the d-quark
sector form factor within the K increases with increasing the §A/ and decreases with
decreasing Q*. The tendency of the d-quark sector form factor in the K° and u-quark
sector form factor in the K are different and have reverse sign. For the strange quark
in the K°, the Fj-(Q?) decreases with increasing M. This indicates that the 5 quark
sector form factor in the K is suppressed by the d-quark sector form factor in the K°.
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— 0M = 0.000 GeV
.............. SM = 0.0033 GeV

LF —— 5M = 0.005 GeV | | | |
.......... SM = 0.010 GeV

0.15 r 7

FL(Q%)

F Q)

Q* (GeV?)

Figure 6.2.8: The CSV effect for the u- quark sector form factor in the kaon plus (K™)
as a function of the virtual squared four momentum transfer, Q.

Therefore, this implies that Fi (Q?) > Fio(Q?).

Finally, our numerical results on the CSV show its significant contribution to the
quark sector form factors in the kaon, This would be of great interest to confirm our
results with the new experimental data in the future. Unfortunately, at present, there
is no data available yet to test our results for the CSV effect in the quark sector form
factors, in particular for the kaon form factors. However, our result can be used as
a guide tool for the future experiments, other sophisticated models and lattice QCD
studies.
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Figure 6.2.9: As in Fig. E2Z8, but for K°.
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Figure 6.2.10: The effect of CSV for the u- quark sector form factor in the K, for the

various 6 M, as a function of the Q.
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Figure 6.2.11: As in Fig. BZT0 but for the s-quark sector form factor.
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Figure 6.2.12: The effect of CSV for the d-quark sector form factor in the K°, for the
various 6 M, as a function of the Q2.
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Figure 6.2.13: As in Fig. B2ZT2 but for the s-quark sector form factor.
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Figure 6.2.14: The difference between the u-quark sector form factor in the K+ and

the d-quark sector form factor in the K°, 6F I“;rd_ K0

(@)

line) and 0F5" 1 (Q%) = Fio(Q*) — Fite(Q%) (dashed line).
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= Fr+
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Figure 6.2.15: As in Fig. EEZT4] but for the s-quark sector form factors in the K and
K°, respectively, 6Fiy_0(Q?) = Firi (Q*) — Fio(Q?) is represented by the solid line
and 6Fjo o4 (Q%) = Fio(Q*) — Fi (Q?) is the dotted line.

To clearly understand the the CSV effect in the kaons. The difference between the
u-quark sector form factor in the K+ and d-quark sector form factor in the K°, for
the various 6 M, as a function of the Q? is depicted in Fig. and the difference
SF(Q?) — Fio(Q*) = Fii ;o(Q?) and plot it for the various 6M in Fig.
Again, there is unfortunately no experimental data available for the CSV in the form
factors at the moment. However, the possibilities are open in the future experiments
to test our results. This results can also be used as guide tool for other sophisticated
models such as the DSE model and lattice QCD studies. Overall, our results show
that CSV has a quite significant contribution to the kaon form factors. Apart from the
investigation of the CSV in the quark sector form factors, we now turn to a discussion
of the CSV effect in the parton distribution function of the kaon and pion.

6.3 Charge Symmetry Violation in Parton Distri-
bution Functions

In this section, charge symmetry violation in the parton distribution functions of the
kaon and pion is discussed. To investigate the effect of the quark mass difference oM,
we recall the formula of the parton distribution function of the kaon and pion expression

in Eqs. EZX), (E33) and (ELI), respectively, that is
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Ncg%:— Pl_ 1 2 (22 22
q(x) = 4 > / R (7~ 7" (2" —2)+aMy—Mf (z—1))
Tow
x [1+7 [k (z — 2%) — (z — 2*)(Ms — M)?]], (6.3.1)
Negd o a2 1
a@) = % / TIR dT;e‘T(’“Q<r2—w>+wM%—M§(r—1)>
Afy
x [1+47 [k (z —2%) — (z — 2°)(M; — My)?]], (6.3.2)

here M, M, are the constituent quark masses of the quark and anti-quark, respec-
tively and N denotes the number of colors. Note that the valence quark distribution
formulation is ¢,(z) = ¢(x) — ¢(x), where ¢(z) and g(z) are, respectively, the quark
and anti-quark distributions. The valence quark distributions within the kaon and

1
pion must satisfy the baryon number conservation, / dx u,(z) = 1 and momentum
0

1
sum rules, / dx xlu,(z) + d,(x)] = 1, as explained earlier. A more comprehensive

explanation gbout the PDF can be found in our previous paper [159].

Londergan et al. in Ref. [264] proposed that the values for the pion valence quark
distribution and the sea quark distribution can be extracted through the pion-induced
Drell-Yan processes. From this experiment, the Drell-Yan cross section for the pos-
itively and negatively charged pions on deuterium can be measured. Having these
valence quark distributions, we can formulate the ratios of the Drell-Yan cross sec-
tions:

4gDY_ _ 5DY
DY _ nt+D n—D
Rﬂ'D (xm 33) - UDY - O’DY ) (633)
D nt+D

where 02}, and 02}, denote the lowest order Drell-Yan cross sections, which have the

form

o2l = g () + ()] s ()
oD = g [y () + ()] G (a07), (6.3.4)

In the m — D process, the pion PDF can be extracted directly from the Drell-Yan
experiment, as suggested in Ref. [264]. Apart from the importance of the determina-
tion of the nucleon PDF to understand the CSV effects, they also argued that there
is an additional terms to contribute, namely 6R?Y (x,,x), to the Drell-Yan ratio of
Eq. (633). This additional term arises from the CSV in the parton distribution func-
tion of the pion. The largest CSV effect emerges from differences between the d-quark
in the 71 and u-quark in the 7#~. This is another strong motivation for exploring the
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CSV effect in the valence quark distribution of the pion (or kaon). The additional term
has the form

4 |d7" () —afy (z)
3y (zr) ’

SRPY (2, 7) = (6.3.5)

where 7, () stands for u7 (z) = d7 (z) = d¥ (z) = @" (). These distribution func-
tions can be calculated using Eq. (E30]). With all these explanations above, next we
will explore the CSV effects in the parton distribution functions of the pion. Similarly,
the CSV effects in the parton distribution of the different kaons will be investigated in
the next section.

By following the analysis procedure on the kaon form factor, in our PDF analysis, we
firstly calculate the PDF of the kaon through Eq. (E3]) by using the new constituent
quark masses in Eq. (EIL1]) as an input, where M; = M, for the kaon and pion, and
M, = My for the pion case and My = M, for the kaon case. Then, our numerical
results for the CSV effect in the parton distribution functions of the kaon and pion will
be discussed in Section G4l

6.4 Results for the CSV in Parton Distribution Func-
tions

In this section we discuss our numerical results on CSV effects in the parton distri-
bution function of the kaon and pion. The parton distribution functions have been
calculated using the NJL model with help of the proper-time regularization scheme.
The parameter used is similar as previous calculation. The PDF of the kaon has been
independently calculated using NJL model. We numerically compute the PDF of the
KT and K°, respectively, in our calculation. Thus, our numerical results for the ratio

% and the difference z6u(r) = rug+ () — 2dgo(z) at the NJL model scale Q2 =
TAgolT
0.16 GeV? are illustrated in Figs. and 622
Figure provides our numerical result for the ratio, m;lKiﬂL((x)), at the NJL model
Tdgo(X

scale, Q2 = 0.16 GeV?2. The ratios are computed for the §M = 0.000 GeV (red solid
line), 0M = 0.0033 GeV (blue dotted line), dM = 0.0050 GeV (green dashed line)
and dM = 0.010 GeV (black dot-dashed line), respectively. This shows that the ratios
increase with increasing quark mass difference, M, but it decreases with increasing x
and the trend of the ratios change at around x ~ 0.4, when it has one crossing. This
indicates that the d-quark valence distribution in the K° is quite a bit smaller than
the u-quark valence distribution in the K™ over the range the longitudinal momentum,
x = 0.0 —0.4. Then at x > 0.4 the u quark valence distribution becomes smaller and
the d-quark distribution becomes dominant with increasing the quark mass difference,
0M. Consequently the ratios become less than one. Explicitly, in Fig. B4l the CSV
effects are clearly seen from the difference between the PDFs with the charge symmetry
(0M = 0) and the PDF with the CSV (M # 0). The individual valence CSV u-quark
distributions in the K decreases with increasing M. The CSV effect shifts down the
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Figure 6.4.1: Ratio of the u-quark distribution in the positively charged kaon to the

rug+(x
d-quark distribution in the neutral kaon as a function of x. The ratio, L() is

xdgo(z)
o(2)

d
represented by the dotted line and ToKONT)

is represented by the dot-dashed line.
TUug+ ()

valence CSV wu-quark distribution, as clearly seen in Fig. E43 On the contrary, the
valence CSV d-quark distribution of the K increases with increasing M as depicted
in Fig.

In Fig. 42, we show that the difference, xdu(x) = rug+(x) —xdgo(x), represented
by the solid line, whereas the difference, xdd(z) = zdgo(r) — xug+(x) denoted by
the dotted line. The valence xdu(z) has a negative value. This indicates that the
valence CSV wu-quark distribution in the K™ is smaller than the valence CSV d-quark
distributions in the K°. This also implies that the zdd(z) has a positive value. Thus,
their relation is simply introduced as du(z) = - dd(x). This relation is the same with
the findings on other calculation in Refs. [270-272].

To understand clearly the quark distribution in different kaons, we compute the
moments of the difference in Fig. A2 We find that the first moment of the valence
CSV distributions is zero because of the valence quark normalization ((du(z)) =1). In
addition, we also calculate the second and higher moments of the valence CSV quark
distributions in Fig. The value of the moments of the valence CSV quark distri-
bution for the various 6M at the NJL model scale, Q2 = 0.16 GeV? are summarized
in Table Moreover, the individual valence u- and s-quark distributions of the
K% and d- and s-quark distributions of the K° and the value of their moments for
each 0 M are provided in Appendix [A_I8. Our first and second moments results of the
valence CSV distributions are consistent with the lattice and other model predictions,



6.4. RESULTS FOR THE CSV IN PARTON DISTRIBUTION FUNCTIONS 142

for nucleon case, in Refs. M]

0035 T T T T T T T T T T T T T T T T T T T
— M = 0.000 GeV
— 0M = 0.0033 GeV
0.025 ' — 50 = 0.005 GeV I
— 6M = 0.010 GeV
0.015 ]
=
s 0.005
o
8
—0.005
—0.015
_0.025 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1
0 0.2 0.4 0.6 0.8 1
i

Figure 6.4.2: The difference xdu(x) = xug+(x) — vdygo(z) as a function of xz. This is
calculated at the NJL model scale Qf = 0.16 GeV>.

Table 6.4.1: The moments of the xdu(z) = zug(r) — xdyo(x) distribution at the NJL
model scale, Q3 = 0.16 GeV?, where n denotes moments.

n oM = 0.000 GeV M = 0.0033 GeV 0M = 0.005 GeV oM = 0.010 GeV

1 0.0000 0.0000 0.0000 0.0001
2 0.0000 0.0022 0.0033 0.0066
3 0.0000 0.0020 0.0030 0.0060
4 0.0000 0.0016 0.0025 0.0049
5 0.0000 0.0014 0.0021 0.0041

To clearly see the CSV effect in PDFs, we also calculate the ratio and difference
between the valence CSV u-quark distribution in the K* and d-quark distribution in
the K, after they evolves. We evolve the valence CSV quark distribution using the
DGLAP at scale Q? = 5 GeV2.
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Figure 6.4.3: The PDF zug+(z) as a function of x. This is calculated at the NJL
model scale Q2 = 0.16 GeV?.
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Figure 6.4.4: The PDF xdgo(x) as a function of x. This is calculated at the NJL model
scale Q% = 0.16 GeV?.
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Figure 6.4.5: The moment of du(x) distribution at the NJL model scale, Q3 = 0.16
GeV?2.
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Figure 6.4.6: Ratio of the PDF zugo(z) to the PDF zdgo(z) as a function of x, after
QCD evolution using DGLAP at NLO to a scale Q* = 5 GeV?.
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In Fig. BEZ6 we shows our numerical results for the ratio, xljfiﬁ, after QC'D
Tago\T

evolution using the DGLAP at NLO to a scale, Q? = 5 GeV?2. This results indicates
that the trend of the ratios seems similar to the ratio calculated at the NJL model
scale in Fig. BE4Tl, but their magnitudes and the crossing point are different. This has
a crossing point at z ~ 0.16. This may be caused the gluon distributions included in
the DGLAP evolution. Additionally, this clearly shows that the ratios increase with
increasing quark mass differences, M, but they decrease with increasing z. Similar
interpretation to Fig. B4l this indicates that the valence d-quark distributions in the
K" are a bit larger than the valence u-quark distributions within the K at > 0.16.
Inversely, the valence d-quark distributions in the K° are a bit smaller than the valence
u-quark distributions within the K™ at z < 0.16.
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Figure 6.4.7: The difference zugo(x) —xdgo(z) as a function of x, after QCD evolution
using DGLAP at NLO to a scale Q* = 5 GeV?.

We also calculate the difference between the valence CSV u-quark distribution in the
K™ and the valence CSV d-quark distribution in the K° after we evolved them using the
DGLAP evolution. Our results for the difference, zdug+_go(x) = xugo(z) —xdro(x) as
a function of x, after QCD evolution using DGLAP at NLO to a scale Q* = 5 GeV?, is
depicted in Fig. B4Z7 Then we calculate the moments of the difference, xoug+_ o ().
The summary results of the difference moments is shown in Table B2

Figure BELY displays our numerical result for the ratio of the up and anti-down
distributions in the pion as a function of the Bjorken variable, z. The CSV effects
are observed on the valence quark distributions in the pion for the various quark mass
differences, 0 M = 0.000 GeV is represented by the red solid line, M = 0.0033 GeV
is represented by the blue dotted line, 0 M = 0.0050 GeV is represented by the black
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dotted line and 6 M = 0.010 GeV is represented by the green dotted line. The valence
xdd is represented by the solid line. The ratio of the quark distributions in the pion
has been computed at the NJL model scale, Q3 = 0.16 GeV?. This indicates that the
ratio, %ngg, decreases with increasing x and passes through one for different 0 M at
around x ~ 0.43. This result is consistent with the prediction in Ref. [264].

Similarly for the kaon case, we also calculate the difference of the quark distribution
in the pion at the model scale, Q5 = 0.16 GeV?. Our result for the difference quark
distribution in the pion is illustrated in Fig. 429 This shows that the crossing point
is at © ~ 0.48. For x < 0.43 the value of the xdu,(x) is small, but for x > 0.48, the
values of xdu, becomes large with increasing M.

In Fig. B2 T0 we show our numerical results for the ratio of the up quark distribution
to anti-down quark distribution in the pion, after QCD evolution using DGLAP at NLO
to a scale, Q% = 5 GeV? as a function of z. The ratios are calculated for the 6M =
0.000 GeV (black solid line), 0 M = 0.0033 GeV (blue dashed line), 6M = 0.0050 GeV
(red dotted line) and M = 0.010 GeV (green dot-dashed line). By increasing the
light quark mass differences (CSV effect), the magnitude of the ratio igﬂ (i) decreases
rapidly above at x ~ 0.2. The ratios generally decrease with increasing x gs in Fig.
Our result for the difference quark distribution in the pion at a scale, Q* = 5 GeV? is
illustrated in Fig. This shows that the crossing point is at  ~ 0.2. For x < 0.2
the value of the zdu,(x) is small, but for x > 0.2, the values of xdu, is large with
increasing 6 M. Note that the solid line represent the difference between the d-quark
distribution and the u-quark distribution in the pion (positive value) and the dotted
lines is the difference between the u-quark distribution and the d-quark distribution in
the pion (negative value).

Table 6.4.2: The moments of the zdug+_go(r) = xuk () — xdgo(x) distribution at a
scale, Q* = 5 GeV?, where n denotes moments.

n 0M = 0.000 GeV oM = 0.0033 GeV oM = 0.005 GeV oM = 0.010 GeV
1 0.0000 0.0004 0.0007 0.0013
2 0.0000 0.0010 0.0016 0.0031
3 0.0000 0.0006 0.0010 0.0019
4 0.0000 0.0004 0.0006 0.0013
S 0.0000 0.0003 0.0005 0.0009
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Figure 6.4.8: Ratio of the up quark distribution to the anti-down quark distribution in
the pion versus z at the NJL model scale, QF = 0.16 GeV2.
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Figure 6.4.9: As Fig. B.4.8, but for the difference between the u-quark distribution and
the d-quark distribution in the pion.
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Figure 6.4.10: As in Fig. A8 but at a scale, Q* = 5 GeV? as a function of x.
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Figure 6.4.11: As in Fig. B.410, but for the difference between the u-quark distribution
and the d-quark distribution in the pion.
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6.5 Conclusion

In this last section, we have discussed the CSV in the form factors and parton dis-
tribution functions in the kaon and pion using the SU(3) Nambu-Jona-Lasinio model
with the help of the PTR scheme. From our calculation result, we found that the
effect of CSV, which arises from the light quark mass differences, significantly change
the momentum distribution of the valence light quarks in the kaon and pion. Such a
change indicates their sensitivity to the nuclear environment. Unfortunately there is
no yet available of the experimental data at the moment. However, in the future, we
will compare our model prediction on CSV to the forthcoming experimental data from
JLAB [274-276]. Our results can be used as a guide tool for the future experiment,
other sophisticated models and lattice QCD studies, in particular for the kaon and
pion.
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Summary and Outlook

Exploring the strong interaction in QCD is of fundamental importance in hadronic
physics. Using probes of increasing energy, scattering experiments have revealed the
quark and gluon structure of the hadron in DIS. These experimental discoveries have
led to the development of QCD as the accepted theory describing the physics of strong
interactions. The quark and gluon structure of the hadron can be parameterized with
the help of PDFs, which describe the momentum distributions of partons inside the
hadron. There has been significant progress in both experiment and theory. These are
necessary not only to reveal the internal structure of the hadron in unprecedented depth
and precision but also to explore ways of connecting the underlying parton distributions
with other hadron properties.

In the SM the kaon consists of a quark-anti-quark pair. The internal structure of
the kaon is simpler than the nucleon. Therefore the dynamics of quarks and gluons
inside the kaon and pion may be easier to study than inside the nucleon. Understanding
the dynamics of the quarks and gluons in the kaon and pion will lead us to extract
new knowledge of QCD as the underlying strong interaction theory. Nowadays we are
still far from fully understanding the behavior of the kaon internal structure, in part
because of a lack of experimental data.

In this work we begin our studies by modeling the parton interactions inside the kaon
and pion in the framework of the Nambu-Jona-Lasinio model — chiral effective quark
theory of QCD — regularized with the help of the proper-time regularization scheme.
This regularization scheme simulates some important aspects of confinement. The
BSE has been used to described a bound state of the quark-antiquark pair in the kaon.
After introducing the BSE, the meson statics and dynamics properties were derived in
the NJL model. The meson properties considered are the pseudoscalar meson quark-
antiquark coupling, pseudoscalar meson masses. pseudoscalar meson decay constant
and GMOR relation for the kaon and pion in the NJL model. These properties are
then used to compute the kaon FFs and PDFs.

The electromagnetic elastic form factor of the kaon and pion provide important and
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useful information concerning their internal structure. In pQCD, the electromagnetic
form factor at large Q? provides information to test the validity of pQCD. From the
experimental point of view , the availability of the kaon electromagnetic form factor
data in the space like region (Q? < 0) is considerably rare. Therefore more studies are
required to have more complete information about the kaon internal structure. We have
determined the kaon electromagnetic form factor in the space like region in the NJL
model with help of the PTR scheme. The separate contributions of each quark flavour
sector form factor to the total elastic form factor of the kaon has been explored, with
and without the effect of the dressing at the quark-photon vertex. While at the present
time one does not know the separate flavor contributions to the kaon elastic form factor,
one may hope that it will prove possible to measure them in future. We find that the
anti-strange quark sector form factor multiplied by Q? grows with increasing @*. On
the contrary the u-quark sector form factor of the kaon multiplied by Q? decreases
with increasing Q?. Both asymptotically become flat to the region up to Q* = 20
GeV?, where the different shows on the asymptotic value. This clearly shows that the
anti-strange quark sector form factor has a larger contribution than the u-quark sector
form factor to the total bare kaon form factor at both small and large Q*. However,
overall our kaon form factor with a bare quark is in disagreement with the experimental
data and empirical monopole function. Similarly, we find that our form factor of the
pion does not agree well with either the experimental data and the phenomenological
monopole. This is because we treat the quark as a point like particle. We then improve
our kaon and pion form factor by including a dressed quark via the quark-photon vertex,
which is given by solving an inhomogeneous BSE self-consistently. We find that the
anti-strange quark sector form factor of the kaon with the dressed quark is larger than
the up quark sector form factor with the dressed quark in the whole Q? region. An
immediate consequence of this result is that our kaon form factor shows an excellent
agreement with the experimental data and the empirical monopole (VMD) and the
quark sector form factors of the kaon has a good improvement. Similarly the pion form
factor with the dressed quark also has an excellent agreement with the experimental
data and the empirical monopole prediction. In addition, our pion form factor has
similar prediction to that obtained with the DSE-RLT model at around Q* ~ 6 GeV?.

We also investigated the ratio of the up quark sector form factor to the anti-strange
quark sector form factor of the kaon in order to understand the sensitivity of the local
hadronic environment of the valence quark in the kaon. We find that the ratio of
the up quark and anti-strange quark sector form factor in the positively charged kaon
decreases rapidly with increasing *. This indicates that the up quark distribution is
much smaller than the anti-strange quark distribution in the kaon. Our ratio results
between the kaon form factor and the pion form factor, with and without dressed quarks,
show excellent agreement with the experimental data at lower Q?. We also find that the
vector mesons make a significant contribution to the form factors. Then we compute the
pion form factor with the pion cloud, we find that our result is in remarkable agreement
with the experimental data and the DSE rainbow-ladder truncation. An excellent
result for the elastic form factor has an implication to the charge radius squared. We
find that the charge radius squared of the kaon is consistent with the experimental
data. At large Q% the pion form factor plateau, we find that Q?F(™44P9)(Q?) ~ 0.39,
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Q?’Fmd) (Q?) ~ 0.48 and Q*F ) (Q?) ~ 0.52, respectively.

We calculated the PDF's, which are basic nonperturbative ingredients for QCD hard
scattering processes, involving the kaon and pion. We found that the evolved valence u-
quark distribution of the pion has a remarkable agreement with the experimental data
as well as both experimental fit models (E615 experimental fit and NA10 experimental
fit), in particular at large x. The ratio of the valence u-quark distribution of the kaon
ug(z ~ 1)
Ur(z ~ 1)
with the existing experimental data.

Possible charge symmetry violation in the form factors and parton distribution
functions were also investigated. We found that the charge symmetry violation has
a sizable contribution to the kaon and pion form factors and their quark sector form
factors. We determine the kaon form factor by taking the quark mass difference to be
dM = (0.000,0.0033,0.005,0.010) GeV, respectively. Unfortunately, at present, there
is no data available yet to reveal the CSV effect in the quark sector form factors. How-
ever, our results can be used as a guide for the future experiments, other sophisticated
models and lattice QCD studies, particularly for the kaon and pion. However, in the
future we will compare our model prediction on CSV to forthcoming experimental data
from JLAB.

Overall, we conclude that our kaon form factor and parton distribution functions
show excellent agreement with the existing experimental data and other models. Our
results in this thesis can be used as a guide tool in future experiment, sophisticated
models and lattice QCD studies. It can also be applied in many interesting and im-
portant related topics of nuclear physics. This formalism used here can be straight-
forwardly extended to calculate the general parton distribution of the kaon and pion,
where generalized parton distribution is a combination of the parton distributions and
form factors, transverse momentum distribution (TMD) and SIDIS. The NJL formula
can be also used to study more complex feature of the internal structure of hadrons
such as nucleon and nuclear matter as well as phase transition with help of the QMC
or RMF models. In this thesis, we have reported important results for understanding
the internal structure of the kaon and pion.

From the experimental point of view, experimental data for the pion and the kaon
are very rare. This is of course caused target difficulties for the pion and kaon. However,
this becomes accessible through the Drell Yan experiments. The Jefferson Laboratory
(JLAB), Newport News, USA is in the process of upgrading their experimental energy
range up to 12 GeV. Thus the theoretical results in this thesis can be potentially be
tested using new experimental data from JLAB. Additionally, in the near future the
new data are expected from CLAS on DVCS, as well as the HERMES collaboration
and COMPASS experiment at CERN.

to the pion at x ~ 1, , is approximately 0.4. This result is in good agreement
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Appendix

A.1 Generators of SU(2)

The definitions of generators of SU(2) can be defined as

. 0 1 . 0 —1 . I 0
T = <1 0) i Ty = <’L OZ) i T3 = <0 _1) . (A].].)

A.2 Generators of SU(3)

The generators of SU(3) can be written as

o foroy {0 -0y (1 0 0
M=(1o0o0|, A=[i 0 0], N=[0 -1 0
000 0 0 0 0 0 0
~foo1y /o0 -\ (o000 (00 0
M=(0o0 0|, N=(o00 0], Ns=[00 1], A=[00 i
100 i 00 010 0 i 0
{1000
d=-—=[01 0]. (A2.1)
V3\o 0 —2
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A.3 Dirac d-function

The Dirac -function [l is introduced by
0 if 0
5(z) = a7 (A3.1)
00 ifx =0

oo

where the integration of the §(z) can be written as / d(z)dz = 1. For x — 0, we
then can define f(x)d(x) = f(0)d(x), this implies )

/OO f(x)d(z)dz = f(0), (A.3.2)
/ " H@)d(z — a)dz = f(a), (A.3.3)

For the linear transformation equation, for instance, y = k(x — a), so that we can
write

d(y) = —d(x — a), (A.3.4)

where the §(z) satisfies the d-function definition in Eq. and this equation is
straightforward to prove. Assume that we have the set points, {z;} and f(z;) = 0, the
delta function can be easily showed by employing a Taylor series expansion around the
x;, it then gives

1
S f(x)] = 0 (7 — 1), (A.3.5)
F@ =2 7]
Another representations of the d-function are defined as
1 e 2 dO(x)
— 1K.T — A‘ .
i(r) E /e &’k or  I(x) T (A.3.6)
where Heaviside step function, ©(z), can be defined as
if
o =10 1T (A37)
1 ifx>0
A.4 Feynman Parametrization
1 ! 1
— = dx , A4l
AB /0 [zA + (1 — z)B)? (A-41)
1 ! n(l—z)"!
— = d . A4.2
AB" /0 "TTA + (1— 2B (4.4.2)

Tn three dimension (3D), the delta can be written as, 6(r) = 6(z)6(y)d(2).



APPENDIX A. APPENDIX 157

A.5 Fierz Transformation

To yield the interaction Lagrangian of the three flavor NJL model in Eq. (B1d), we
evaluate the interaction Lagrangian in Eq. (BZI3) using Fierz transformation. It has
the form

Einteraction = Gq [&Fq¢]2 = qugjrzl@ﬂ%@sz, (A51)

with ¢ denotes appropriate channel such as scalar (¢1v), pseudoscalar (¢y51)), vector
(Y,0), axial vector (Yy57,1) and tensor (1o,,). T stand for a local operators in
Dirac, flavor and color space. Then performing the Fierz transformation to Eq. (AR,
it has the form

F [Emteracticm] - Fq Fklwzwlwk¢]7 (A52)

where F is an operator symbol for the Fierz transformation. Performing the Fierz
transformation to the interaction Lagrangian in Eq. (AZR)), it yields a new Lagrangian

in Eq. (A52), by exchanging the particle 1, — 1, and ¥l — 1);, as seen in Eq. (AZ])).
In Fierz transformation, a contraction of the I', I'f, can be defined as

Lerf, =Y CiTiTy, (A5.3)
M

where C}, is unknown coefficients which are need to be solved. By evaluating Eq. (A52)
by means of the result in Eq. (A53), it then gives

Leschange = —G Zcq DT by = —Gy Y Chy (M )”. (A.5.4)
M

By summing the Eimemmm and F [Linteraction], @ total Lagrangian of the quark-
antiquark interaction can be written as

E(jq = Einteracticm + f [Emteracticm] ) (A55)

In Dirac space, the exchange Lagrangian L.;pange Of the quark-antiquark channel
are defined by

b 1l
(1), (D) IO S Y AN E
(075);5 (175 )y 4 41 ‘11 (075) 1 (175) 5
(Y)i; (V) = r 1 -5 =5 0 V) iy |
(u15)yy (W) o T | | us
(Uw)ij () T T2 2 1 (@) (UMV)k]
3 =3 0 0 3
(A.5.6)
In flavor and color for U(N) )\, interaction can be written as
1 1
(Li5) (1) 2 2 (1) (1),
(e 6.) = N (o) (A5T)
N? N

where ), are the generator of the SU(N), where a = 1,---, N? — 1.
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A.6 Integral Relations

d*p P
= A6.1
/ el st (A.6.1)
/ e / T (A6.2)
2m)* [p2 — X +ie" 4 (2m)* [p? — X + i€’ e
d'p  plp“pPp” Lo oot wovo ooy [ AP '
/(2@4 e L v A A )/(2@4 st
(A.6.3)
d*p p? 2 / d*p 1
=z _ A6.4
/ 2m)* [p2 — B +id" n ) (2n)*[p? — X+ e (A.64)
with n > 1 and the function ¥ has no p dependence.
A.7 Quark Propagators
Sy H(k) = § — mq + ie, (A.7.1)
f+mq
So(k) = =9 AT.2
o(F) k2 +m2 + i€’ (A.72)
STHk) =} — M, + ie, (A.7.3)
f+ My
-_—— A. .4
S(k) k2 + M2 +ie’ (AT4)
—2iG, , 10x
=(q) = —2iG, + ——F——, A.75
=)= e T Eom (A-7.5)
—4iGs . igs
= e . AT.6
) = TG Y T o (A.7.8)
A.8 Useful Integrals for the PTR Scheme
2o rrea) _ €N
/ dp“p“e P = —, (A.8.1)
0 T
o0 2 —TA
/ dp?ple=T@+A) = 2 5 (A.8.2)
0 T
o0 —TA
/ dp2p66—7(p2+A) — 667_4 ) (A.8.3)
0

A.9 Wick Rotation

d4q d4QE i o)
29 - da2q>. A9.1
/ 2mt ! / (2r)d ~ 1672 /0 1edE (A.9.1)
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Where (g0, q) — (ig%, qz) and ¢ — —q%. In an O(4) invariant regularization, it can
be defined as

q-qr — —iq?g, (A.9.2)
4-q+q-q+ — —%qiﬂ (A.9.3)
A.10 Derivation of the NJL gap equation
iS(k) = iSo(k) + iSo(k) [—iS(k)] iS(k), (A.10.1)
(A.10.2)

where Y is defined as

_is(k) = —2iG, {ZFM / APy, S(k)]S(k)}

— 9 d'p T [11 1VeT, d4_p T |[1Y5T,1
2 GW{]L/ (%)4T [1iS(k)] + ivs / (%)4T [ivs aS(k)]}, (A.10.3)

where I is given by

I =il.®p®1, (A.10.4)
I,=1.®1;®lp. (A.10.5)

Multiplying Eq. (AI0I) with S;'(k) from the left side and then multiplying with
S~1(k) from the right side, one obtains

So ' (k)S(k) = S5 (k) So(k) + Sg (k) So(k) S (k) S (k)

S
Sy t(k) = STH(k) + B(k), (A.10.6)

Substituting the definition of the propagators in Eq. (A1) into Eq. (AT0LA), it
then gives

k¥ —mg+ie = — M, + ic + X(k)
M, =m,+ 3(k), (A.10.7)

with 3(k) can be rewritten as

d*p M,

A.10.8
(2m)4 p? — M2 + i€’ ( )

(k) = 8iG Ny Ne /

where Tr [1] = 4NgNc.
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A.11 Derivation of the Mass of the Pion

Consider the scattering of a quark of flavor i from a quark of flavor j illustrated in

Fig. L1111

Figure 1.11.1: Diagrammatic of Bethe-Salpeter equation (BSE) for quark-antiquark
interaction. The solid lines is a dressed quark propagator and the dashed lines is the
meson T-matrix.

The total scattering amplitude U;(k?) is given as

iU () = (i) T, (QiG + 2iG(%Hps(k;2))2iG + QiG(%Hps(k2))2iG(%Hps(k;z))%G + ) (i75)T;

= (iv5)Ti (1 — Qéﬁs(k?)) (iv5)15, (A.11.1)

where k stands for the four momentum of the meson and 7; = T; = 73 for the 70 or
T, = 73, T; = ) for creating a 7+ or 7~ and the bubble graph has the form

d*p k k
2 _ e . . Y . o
IL,(k%) = z/ (2ﬂ)4Tr {175T18(p + 2)175TJS(p 2) . (A.11.2)

On the other hand, Eq. (A112) can be written into the form
I, (k*) = 4iNc Np Sy — 2iNe Npk? 7 (k?), (A.11.3)
The mass of the pion is then given by the pole structure of the T-matrix as

1 —2G,I0,,,(k*) = 0. (A.11.4)
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Using the gap equation, which has the same integral, %, with the first term on the
RHS in Eq. (ATL3), we obtain

1 — 2G, I, (k?) = % + 4iG NoNpk27 (k?) = 0 (A.11.5)

Setting k* = m?2, the mass of the pion is determined as

2 m 1
S— . A1
M = TN 4G NoNp 7 (m2) (A.11.6)

A.12 Derivation of Meson Quark-AntiQuark Cou-
pling

In Eq. (AILTl), we evaluate that the scattering matrix is generated by the exchange
of a pion and the bound state is defined as the iteration of the bubble graphs IT,.(k?) .
Then the scattering matrix is written as
2iG
Ui (k) = (iv5) T} s) 15, A12.1
i) = (00) T (5 ) )T (A121)

Expanding the expression in Eq. (AIZI]) about its pole at k* = m2 and satisfying
1+ 2GT,(k*) = 0, then it gives

—i(GE) !
iUy(k*) = (Ws)ﬂﬁ

s

(i) T (A.12.2)

On the other hand, the scattering matrix can be obtained from the minimal local
interaction Lagrangian. It describes the coupling of a pion field to quark fields. The
effective interaction (pion exchange) can be written as

2

ﬁ(i%ﬂ}- (A.12.3)

™

U (k) = (i75)T;

Then the quark pion coupling constant can be obtained by comparing between

Egs. (AT22) and (AT23) that is

oL\ !

where ps stands for pseudoscalar meson such as pion, kaon. Similarly, the meson quark-
antiquark coupling constant, for other meson, can be computed in the same way.

A.13 Derivation of the Kaon Mass

The mass of the kaon is given by the pole of the T-matrix, that is

1 — 2K (k%) =0, (A.13.1)
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1 1
where Kg_ = Gﬂ— + QNcKZtT’[Sl] = GW + §NOK1(4M1.’Z-1) = GW + 2NOKZM1f1 is the
flavor dependent effective coupling constant. Additionally, the familiar expression of
the bubble graph is obtained as

2 M. 2M
2\ g4 2 . 1 T 2 2
Hps(]{? ) = 4ZN07(M2 n Ml)fg + 42N07(M2 n Ml)jl 4iNck fgl(k? )
8iN,
_ m (My Iy + My Fy) — 4iNek? F15(k?), (A.13.2)
1

with the gap equation for M; and M, are introduced here,

M, = my + 4iG,Notr[S)| — 2NE Ktr[S,]tr[S:]
=mq + 4ZG7TN0(4M1f1> - 2N3K(4M2f2)4(M1j2)
=my + 16iGNcM, .9, — 32NZK My M, 5.9, (A.13.3)

where the relationship between Tr[Sy] and % is given by

d4p 1 Tr [SQ]
/ e -~ (A13.4)

The relationship between Tr [S;] and .#; can be easily obtained using the similar
way. Thus expression for the gap equation, M, is obtained as

My = my + 4iG Notr[Ss] — 2NE Ktr[S;]tr[S:]
= mo + 4ZG7TN0(4M2f2> - 2N3K(4M1f1)(4M1j1)
= my + 16iG N My Iy — 32NZK M S, 9. (A.13.5)

Then summing Eqs. (AT3.3) and (AI37H) then we obtain

My + My = my + my + 16iGNg (M9, + My.%)
+ 32° NZK M, %, (My.Iy + M, .7,)
=my +my + 16iN¢ (G + 2iNcK) (M Iy + M, 97)
=my + my + 16iNg K§ (Mo Iy + M, 5)
(M + My) — (my +my) = 16iNc K (My Iy + M, .5), (A.13.6)

where K = (G, + 2iN¢K) B. I our calculation, we set the coupling constant, K = 0
for simple mathematics expression, therefore K = G for K = 0. i
Then eliminating the propagator in the bubble graph in Eq. (A13.2) with the result

in Eq. (AT38), one has

M1 + Mg) — (m1 + mg)
2K§ (My + M)

I, (k%) = ( — 4iNck® I, (K?), (A.13.7)

2K is the coupling constant of the six-fermion term.
3In our case, we do not include this term, so it does not change the physical interest in our work.
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Plugging the bubble graph in Eq. (AI37) into the pole structure of the T-matrix
in Eq. (A1), this gives the form

1 — 2K T, (k%) = 0

M, + M) — (mq + my) .
1o (M — 4iNck? I (k) ) =0
6 ( 2K (M + M) INeR I ()
(m1 + my) AT 7.2 2
1—-1 SiINck*K7T 75 (k*) =0
TR QL1 ) TSN Ky Sk
) + moy)
SINGREKE Sy (k?) = — At M2).
Nk Ky In(k) = =723
(A.13.8)
From Eq. (AT3.8), the kaon mass is straightforwardly determined by taking k? =
2
ms,
k2 — ( + m2) 1
(M2 + Ml) 82N0K+f21(k’2)
m2 _ (m1 + mg) 1
K (M2 + Ml) SZNcK6 jgl(k2)
(m1 + mg) 1
p— A¢13'9
(M2 + Ml) SZNcG fm(k)z) ( )

A.14 Derivation of the Kaon Form Factor

In this appendix, the derivation of A*(k.k") in Eq. ([EZH) will presented. Also, the
derivation of the trace in Eq. (=ZH) will evaluated.

A.14.1 Derivation of AY(k, k')
Recall A%(k, k') in Eq. (E2H) and evaluate it, one has the form

4

(;lT’;ALTr 55u(p + K)7Su(p + 038, (A141)

with the dressed quark propagators can be defined as

Ak, K') = 2iNcgi g /

Sulp +K) = @ f J)f/fj\g“ i (A.14.2)
Sg(p) = [p2 g L;w—i ie] ’ (A.14.3)

By plugging the appropriate dressed quark propagators into Eq. (AZ3), it then

gives
. d*p ¥+ +M
/ 2 u
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(i) ()

Later on, we evaluate the numerator (trace) and the denominator separately.

A.14.2 Evaluation of the Trace
Recall the numerator of Eq. [AJ4.4l) here, the trace is separately written as

N =Tr [y + % + M)y + ¥ + M)y + Ms)]
= Tr[ysp/ 7,0 vs0] + Tr[vsp 70 vsMs] + Tr[vsp/ v vs0/] + Tr[ysp/ 7.k 75 Ms]
+ Tr[vs /7 Muyst] + Tr[vsp v MaysMs] 4+ Tr[ysk .0 vs0] + Te[ysk v/ v5 Ms]
+ Tr[ysk vl ys0] + Tr[vsl v v Ms] + Tr[ysk v, Muysp] + Tr[ysk 7, My Mgl
+ Tr[ys Muyup 1501 + Tr[vs My v5Ms] + Tr[vsMuyu i v + Tr[ysMuy, s Ms)
+ Tr[vsMuy Muysp] + Trlys Muy,MuvsMs] (A.14.5)

USing the Tr [Odd,S’}/] = 07 Tr [7#71/7)\70] = 4[g/u/g)\a — Zur8uo + guagu)\]a and Trh/u%/] =
4g,, so that the trace in Eq. (AJZH) can be rewritten as

— p"P D Ty, a5 78] + PPV K T sy, 7578) + PP MuMsTr[57,7,075]
+ PP KT 5,5 v8] + KPR PO Te [v5 7,70 v578) + KPP MM Te[v57,7,075)
+ P’ My M5 Tr[ys7,7,75) + K MuMsTr[y57,7,75) + M2 T [v57,957,)

= _4[(172 - Mg)(pu + k/& + k) — MS(!{:L + k) + (Ms — Mu)2(pu + k; + k)
+p.kk, — K kp, + p.k'k, + M, Mg(k), + k)]

= —4[(p* — MHN, + NG. (A.14.6)
we will cancel the (p? — M?) term, therefore the numerator is expressed as
N = —A[(p* = MHN: + N3, (A.14.7)
N1 = (pu + Ky + k), (A.14.8)
No = (=M (K, + k) + (Ms — M,)*(p,, + k;, + k) + p.kkj, — k' .kp, + p.k'k,
+ M, Ms(k;, + k). (A.14.9)

A.14.3 Evaluation of the propagators
Propagator for N}

In this appendix, after we cancel (p® — M?) term, we straightforwardly evaluate the
propagator in Eq. ([AJ4J]) using a Feynman parameterization. By assuming that
A=I[p+k) =M + i and B = [(p+ k)* — M + ie] , One finds that

1 _/1d 1
(P k)2 —M2vid[(p+ k)2 —M2+id Jy " [Az+ (1—2)B2’

and the denominator (D, ) in above equation can be calculated as

(A.14.10)

Dy = [vA+ (1 —2)B)?
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= [o[(p + K')? = Mg +ie] + (1 — 2)[(p + k)* — M +ie]]?

= [z[(p* + K + 2p.K') — M2 +ie] + (1 — 2)[(p* + k* + 2p.k) — M2 + ie])?

= [xp® + 2k? + 22p k' — xM? +ize + p* + k* + 2p.k — M2 + ie

—ap® — xk® — 2ap.k + xM? — ize)?

= [p? + 2xp.k’ — 2xp.k + 2p.k — M2 + k* — 2k® 4 ok 4 ie)?

= [p* + 2p.[ak — xk + K] — M2 + k* — ok* + 2k + ie)?

= [(p+ [z — zk + k])? — (zk' — zk + k) — M? + k> — 2k? + 2k” + ie]?,

(A.14.11)

shifting the p — p — [zk’ — xk + k] this result can be written as

Dy = [p* — (zk' — zk + k)*> — M? + k* — zk* + ok + i€]?

= [p* — (2K — xk +k)* — M2+ k* — ok* + 2k + ie]?

= [p* — (k* — 20k® + 2°k* 4 22k K — 22°k.K' + 2%K) — M2 + k* — ok? + ok + i)
= [p* — K+ 20k® — 2K — 20k K + 227k K — &°K? — M + k* — ok® + xk” + ie)?
= [p* + 22k* — 2k* — 2xk. k' + 22°k K — 2%K* — M? — xk* 4 2k + i)

2 2

= [p?* + 20k* — 2%k* — 22(K* — %) + 2% (k? — %) — 2%K? — M? — 2k* + ok + ie]?
= [p* +2¢* — 2*°¢* — M? +ie]?
= [P* + ¢ (x — 2*) — M +ie]?, (A.14.12)

_ 2
where k2 = k% and kk' = (k*— %) The propagator for NV, after applying the Feynman

parameterization becomes

1 1 1
[(p+ k)% — M2 +i€)[(p+ k) — M2 + ie] /0 e [p? + ¢*(x — 22) — M2 +ie?
(A.14.13)

Recall N7 and performing the shift variable p — p — (zk' — 2k + k) = p — xq — k to
the numerator N, the final expression then gives

NlZ(pu—f-k“—i-k;):(pu—xk/:—f-xku—ku—i-k“—i-k/:):(pu—x(k/:—k“)—i-k;)

1 1 1
= (py — xq, + k;;) = (—zq, + k;) = (_iq“ + k;;) = —i(kL — k) + kL = 5(1::; + k).
(A.14.14)

where we have ignored the terms in p and the factor one half are taken from the
symmetry in the denominators under z — (1 — x).

Propagators for N,
Now, the three propagators for numerator, Ny are evaluated using a Feynman parama-

terization, that is

1
Tt E)? = ME[(p+ k)2 — M2 [p? — M2
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1
ABO_Q/ dx/ A+ B-Az+(C—A)F (A.14.15)

By setting A = p> — M2 4+i¢, B= (p+k)? — M?> +icand C = (p + K)? — M? + ic.
Then plugging A, B and C into Eq. ([AJ4TH), the three propagators for the numerator
N, is written as

=[A+ (B—Az+ (C - A)z?
=[P — M2 +ie+ ((p+k)* = M> +ie — (p* — M2 +ie))z + ((p+ k')* — M? + ic
— (0" = M +ie)2)’
= [P — M2 +ie+ (p* + K2+ 2p.k — M2 +ie — p* + M2 —ie)x
+ (p® + K? + 2p.K — M? +ie — p* + M2 — ie)2]?
= [p* — M3 +ie+ (K* + 2p.k — M2 + M2)x + (K” + 2p.k' — M? + M?Z)2)?
= [p? — M2 + 2k + 2xp.k — o M? + o M2 + 2k + 22p .k — 2 M2 + 2 M2 + ie]?
= [p* + 2p.(zk + 2K') — My + ok* + 2K? — a M2 + x M2 — 2M? + zM? + ie)®
= [(p + (zk + 2K'))?* — (wk + 2k')* — M2 + xk* + 2K? — aM? + xM?
— 2M? + 2 M? + ie)?, (A.14.16)

ST

Applying shift to the results in Eq. (AJZI6) by using p — p — [zk + 2k'], it gives

Dy = [p* — (vk + 2K')* — M2 + ak® + 2K — a M2 + M2 — zM? + 2M? + ie]?
= [p* — (%K + 22K + 202k k') — MZ + ak® + 2K — oMy + 2 M? — =M,
+ 2M? 4+ ie]?
= [p? — 2°k? + 2k® — 22k + 2K? — 22zk.q — 2202k k — M? — xM? + v M?
— zM? + 2 M2 + i)
= [p* — 2*k* + 2k® — 2PK? 4+ 2K? + v2q® — 202k — M2 — xM? + 2 M?

— zM? + 2 M2 + i)

= [p* — k*(2® — 2) — K*(2* — 2) — 2w2k* + 22¢® — M2 — 2 M? + o M?
— M2 + M2 + ie]?

= [p? — K*[(2® — z) + (2% — 2) + 222] + w2¢* — M? — s M?* + v M?

— zM? + 2 M2 + i)

=[p? — K*[2? — 2 + 22 — 2 + 202] + 22¢® — M2 — o M? + xM?

— zM? + 2 M2 + i)

=[p* = kK*2® + 22+ 2202 — 2 — 2]+ w2q® — M2 — xM? + 2 M?

— zM? + 2 M? + i)

=[p* — K(z +2)* — (v + 2)] + v2¢* — M? — xM? + 2 M?

— zM? + zM? + ie]?, (A.14.17)

2
where ¢.k = —% or 2¢.k = —¢*, k* = k’* and ¢ = k' — k. The propagator for N after

applying the Feynman parameterization becomes
1
H
(p+#)? = M) [(p+k)* — M) [p* — MZ]
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1 1—x
—>2/ dm/ dz
0 0
1
X

[p? — k2[(z 4 2)2 — (x + 2)] + w2q> — M2 — x M2 + 2 M2 — 2M2 + 2 M2 + ie]®’
(A.14.18)

Now, recall the numerator N3 and applying shift p — p — (zk + 2k’) to the numerator
Ns, it then gives
Ny = pkk), + p.k'ky — K kp, — Mk, + k) + (Ms — My)?(p + K, + k) + M M (K, + k)
= (pp — vk — 2k").kk,, + (pu — 2k — 2K') Kk, — K k(p, — vk, — 2K},
= My (ky, + k) + (Ms = Mo)*((p — ki, — 2k7,)
+k, A+ k) + M Ms(k), + k), (A.14.19)
Dropping p,, term, which gives zero in the integral. It then gives
No = —xk.kk, — 2k kk, — vk K'k, — 2k" k'K, + 2k" Kk, + 2k kK, — Muz(k:; + k)
+ (My — My)* (1 — @)k, + (Ms — My)*(1 — 2)k), + M M (K, + k)
= —xk%L — zk"k, — Mf(k:; + k) + (Mg — M,)*(1 — 2)k,
+ (Ms — My)*(1 — 2)k;, + M Ms(K, + k), (A.14.20)

1 1
where the odd terms in p is ignored. Introducing the equation k; = 5(%4—1{:#) + 5(% —

1 1
k,) and k,, = 5(1@2 +k,)— §(k:‘ — k). By putting these expressions into Eq. (AI4.13),
one has

No = a5 (K, + k) g (K = k)] = K25 (K, + B) — 2 (K, — k)]
(M5 = M2 = )50, + ) = 500 = k)] + (= 2500+ ) + 58, — k)]
— MZ(k), + k) + M M;(k), + k),
xk? xk? 2k? 2k,
= Tk R) = (K — )] — ok R+ S (K, — R
+ (M = M1 = 2) 50, + k) -

— M (k;, + k) + M My(K, + k)

(K, — k) + (= 2[5 (K4 k) + 5K, — £,)]

N | —

= k) R0, ) — Tk, — )+ 20— k)

(M, — Mu)Q[%(k’L ) = S ) - %(kL B+ S+ k) + %(k:; )
= 20+ )+ 0+ ) — SO, — )

— MZ(K), + k) + M M (K, + k)

B N e
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T z i z
(M= MK+ by) = S, + k) = S+ k) + 5 (K, = k) = S(k, = k)
— M2 (k) + ky) + M Ms(k;, + k)

2 2 2 2
_ =k ;zk (k"“—i—k‘”)—i—Zk . xk (' — k)
M. — M. )2 1_f_f / r_z
(M = M= 5 = D), + ) + G = 2)
X(k;:_ku)]
— M2 (K, + k) + M, M;(k), + k), (A.14.21)

Note that the last term in Eq. (AI4.21]) is vanished because the variable transformation

1
r — Q(x + z) and z — —(z — z), which evaluates being zero. This is because the

numerator odds in z. In another reason, once we evaluate the integral over z or =,
separately, it will gives the same answer, therefore the integral over the terms of x — z
equals to zero. Then, the final result of the numerator, N5 becomes

1
Ny = =Sk (0 + 2) (K + k) + (Mg = ML= 5 = D)k, + k)]
— M2 (k) + k) + MM (K, + k)
= [~ gH @+ 2) + (M= M) (U~ 5 — 2 M2+ MUM(K, + )
1 1
— [_§k2(:c +2) + M2+ M? — 2M, M, — §(M§ — M,)*(z + z) — M + M, M;|(K, + ky,)
1 1 ,
- [_§k2(x +z) — i(Mg — M,)*(x + z) + M3 — M M](k), + ky), (A.14.22)

By putting the result of the numerator and the denominator together, the electromag-
netic current of the kaon can be written as

w N _ o 2 d'p Trlvs(y + K + Mu)’Yu(p( + K + My)vs(ff + Ms)]
Ak, K) = 2iNcgicay / @) [(p+ K2 — M2 +id [(p+ k) — M2 4 ic] [p® — M2+ id

= —8iNcg; / d’p (p* = MEN.,
B @)t [(p+ k)2 = M2+ el [(p + k) — M2 +ie] [p* — M3 + ie]
— 8iNgg? / d'p Ns
CIKaa | 2m) 1 (p+ k)2 — M2 +i€] [(p + k)2 — M2+ i€] [p2 — M2 + ic]’
(A.14.23)
The (p® — M?) in the first term are canceled. One has the form
d*p N
ANk, k') = —8iNcg2 ..
08 = 8ot | G Tl T T

— 8iNcg; / d'p N
C9Ka [ om)i(p+ k)2 — M2+ i€ [(p + k)2 — M2 + ic] [p* — M2 + i]

d'p [ 5 (K" + K+
= —8iNcgy / P / dx 3 ) .
“w)oemt )y PP+ ¢ — 2?) — M2+ ie]?

» d4p 1 l1-z
_SZNCg%qq/W2/O dl’/o dz
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N
2 — k2[(x + 2)2 — (x + 2)] + w2q? — M2(1 —x — 2) — M2(x + 2) + i€]?

dp ! (k'™ + k*)
= —4iNqqg> d
! Cquq/@w) / P+ P —a?) — M2+ ie?

1-z
+ 16iNc G4 / / /
3

k2(x+z M,)*(zx + 2) — MZ + M, M;|(k;, + k)
[p? — k2[(z + 2)% — (x + z)] +x2¢2 — M2(1 —x — 2) — ME(x + 2) + ie)3

dp ! (k'™ + k*)
= —4iNgg? — | dx
! Cquq/ <27r> / 02+ @ (x — 22) — M2 +ie?’

1—x
+8iNcg%<qq/ / dx/

[k%(z + 2) W)@+ 2) = 2MZ + 2M, M)(K), + k)

[p? — k2[(x + z) — (x + z)] +x2¢2 — M2(1 —x — 2) — M2(z + 2) + i€
(A.14.24)

X

X

A.15 Derivation of AY(—k, —k')

Recalling AL (—k, —k'), gives

/ . d* /
Nk, k) = 2iNegiey, [ 3 TSk~ S0~ KeSu(p)]. (415)

where the propagators can be defined as

Slp—k) = _ﬁ k_)f’/fM]\;i o (A.15.2)
n o_ ]7( — ]{?7 +M§

Ss(p— k) = (T Ve (A.15.3)

Su(p) = [pﬁLizwi ie]’ (A.15.4)

Putting the Sz(p — k), Ss(p — k') and S,(p) propagators into the AL (—k, —k'), it
then gives

m Ny 2 d4p I/ B H + M§
k) = 2o [ 1500 (V)

w(plemirra) (o)t (s

p— k)2 — M2 +ie M2 +ie

For sake of the simplicity, the trace in the numerator in Eq. (A-I5.5) and propagators in
the denominator are evaluated separately. The trace in the numerator will calculated
in the next subsection.
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A.15.1 Evaluation of the Trace

The trace in the numerator, which is symbolized NZ, can be written as

N3 = Trfys(f = W + Ms)y, (i — K + Ms)ys (1 + My)]
= Tr[vs/ v v ) + Tr[ysp vu s Mu] = Tr[vsp/ v 5] — Trlysp v M,y

+ Trlysp 7 Mssp ] +Tr [0 7uMsysMa] = Te[yslf v/ v50/] — Trlysl 7.0/ 75 M)
+ Trysl v vs0/] + Te[yslf vl v Ma] — Tr[ysl 7, Msvsp/] —Tr[ysl 7, Msys M)
+ Tr[ysMsyup/ 0] +Tr[vsMsyup/ vsMa] — Tr[ysMsyu s p/] —Tr[ysMsy, b/ v M,

+ TT[%MﬂuMg%p/] + Tr[%MgVuMg%Mu], (A.15.6)

By using trace identities some of the trace will vanish and the remaining traces are

N3 = Ty v vs50] — Telysp vl vs 0] + Telysp 7 MsvsMa] — Tr[ysl 5,0 v51]
+ Tr[vsK v 7510 — Tr[ysk 7, MsvsMa] + Tr[ysMsy,p/ 15 My
— Tr[ys Mgy, 75 Mu] + Tr[y5Msy,Mgysp]
= —A[(p* — (M + MZ — (Ms — M,)*))(pp — ky — k},) + kuk'.p — k.k'p,
+ k.pkj, + MZp, — M, Mk, — M, Mk,
= _4[(172 - Mi)(pu — bk — k’:;) - Mg(pu —ky — k;,;) + (Ms — Mu)2(pu —ku — k,:)
+ kyk'.p — k.K'py + k.pk, + MZp, — M, Mk, — M, Mk}
= _4[(172 - Mi)(pu —ku — kf;) + Mg(ku + k,:) + (Ms — Mu)Q(pu —ku— k’:;)
+ kuk' p — k.K'p, + k.pk), — M, Mgk, — M, Mk, ]
= —4[(p* — MPONZ* + N2, (A.15.7)

where N3* and N3° can be written as

NG = (P — b — k) (A.15.8)
0= (MZ2(ky + k) + (Ms — M,)*(p — by — K],)
+ kuk' p — k.K'py + k.pki, — My Ms(k, + k.,)). (A.15.9)

A.15.2 Evaluation of the propagators
propagator for N;*

After we cancel (p2 — M?) term, using Feynman paramaterization we easily evaluate
the propagators. By setting A = [(p — k)* — M2 +ie] and B = [(p — k')* — M2 + i€,
we find

1 1

(p— k)2 — MZ+id[(p— K)? — MZ+id[p> — M2+ i /0 e [Az 4 (1 — 2) B]*’
(A.15.10)
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and the denominator (D) can be calculated as

rA+ (1 —z)B)?

(9= )2 = M2 i + (1= 2)[(p— K — M2 + i

[p +k*—2p.k — M2 +iel + (1 — 2)[p* + K* — 2p.K — M2 +i€]]?
op® + xk? — 2ap.k — x M2 +ize +p* + K? — 2p. k' — M? +ie — xp?
— 2k + 22p K + x M2 — ixe]?
= [p? — 2p.(xk — k' + k') + K*(1 — 2) — M2 + zk? + i€)?

[ E

= [(p— (vk — zk' + k))? — (2k — ok’ + K)? + K*(1 — 2) — M2 + 2k* 4 i€)?,
(A.15.11)

=
=[x
= [z
=

Shifting the p — p + (zk — xk’ + k') , the Dy can be written as
Dy = [p* — (vk — ok’ + K')* + k(1 — 2) — M2 + zk? + ie]?
= [p? — (K? 4 22k.k' — 2Kz + K*2® — 2k.K'2* + k?2%) + K2 (1 — ) — M2 + 2k 4 ie)?
= [p* — 2zk.k + 2K"?x — K?2® + 2k.k' 2 — kK%2® — ok — M2 4 ok?* + ie)?
2
4q

2
= [p* — 2x(k* — % + 2K 1 — K?2® + 2(k* — 53:2 — K22 — 2k — M2 + 2k* + ie)?

= [P* + ¢*(x — 2%) — MZ +ie]?, (A.15.12)

2
where £? = k* and kK = (k* — %) The propagator for the numerator N3, after

performing the Feynman paramaterization, it becomes

1
.1 . —>/ dx ! —.
(=R =M +id[(p— K - ME i Sy TP+ e — ) — M i)
(A.15.13)

Recall N7* and performing the shift p — p + (vk — ok’ + k') = p+ ok — ok’ + k' =
p+alk—k)+kK =p—x¢®+ K to the N} numerator, it then gives
50 = (pu — by — k) = (pu + bk — ak, + K, — k, — K,

1
= (pu — X4y — ku) = (_qu - ku) = (_§qu - ku)

1 1
= 5k = k) + k= =5 (K, + k), (A.15.14)

5
where we have ignored the terms in p and the factor one half are taken from the
symmetry in the denominators under z — (1 — x).

Propagators for N7’
Now the three propagators for numerator, N, are evaluated using Feynman parama-
terization, that is

1
(p—k)2—M2)[(p— k)2 — MZ] [p> — M?]

—
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1
ABO_Q/ dx/ AL (B=Az+(C—A) (A.15.15)

By setting A = p> — M2 +i¢, B= (p— k)> — M? +icand C = (p — K')? — M? + ie.
Then plugging A, B and C into equation above, three propagators for NZ° becomes

Dy =[A+(B—- Az + (C— Az
=[p* = M +ic+ ((p— k)> — MZ +ie — (p* — M +i€))x + ((p — k')
— M? 4 ie — (p* — M2 +ie))z]?
= [p* — M2 +ie+ (p* +k* —2p.k — M2 +ic — p* + M2 —ie)x + (p* + k”
—2p.k" — M? 4ie — p* + M? — ie)2]?
= [p* — M +ie+ (K —2pk — MZ + M)z + (K — 2p.k' + M — M?)z]°
= [p? — M? + 2k? — 2up.k — M2 + o M? + 2K — 22p.k' + 2M? — 2M? + i)
= [p* — 2p.(zk + 2k') — M? + ok? + 2k — o M2 + o M? + 2M? — 2M? + ie)?
= [(p — (zk + 2k"))* — (zk + 2k')* — M? 4+ ok® + 2k"* — aM? + xM? — zM3,  +2zM? +ic)?,

(A.15.16)

Applying shift to the results by using p — p + [zk + 2k'], it gives

D3 = [p* — (wk + 2k')* — M2 + wk* + 2k — a M2 + o M? — 2M2 + zM? + ie]®
= [p* — (2®k* + 22k + 222k k') — M2 + 2k® + 2k — x M2 + xM? — 2M?
+ 2zM? +ie]?
= [p* — 2%k + 2k® — 22k + 2K* — 222k.q — 2x2k.k — M2 — x M2 + xM? — 2 M?
+ 2M?2 + ie]?
= [p* — 2*k* + 2k — 22K? + 2K? + v2q® — 202k — M2 — a M2 + xM? — 2 M?
+ zM? + ie]?
= [p* — K} (2 — 2) — K*(2* — 2) — 22zk* + w2 — M2 — 2 M2 + xM? — zM?
+ 2zM? +ie]?
= [p* — K*[(2® — ) + (2% — 2) + 222] + 224> — M? — M2 + xM? — 2 M?
+ 2zM? +ie]?
= [p? — K*[2? — 2+ 22 — 2 + 2w2] + 22¢° — M2 — o M? + xM? — 2 M2
+ zM? + ie]?
= [p* — K a* + 22 + 202 — v — 2] + v2¢® — M2 — aM? + M2 — 2 M?
+ M2 +ie]?
=[p* — K*[(x +2)* — (x + 2)] + v2¢* — M2 — 2 M2 + 2 M? — zM?
+ 2zM? +ie]?
=[p* - Kz +2)° = (v +2)] + 12> — M2(1 — 2 — 2)
— MZ(z + 2) +ie]?, (A.15.17)

2
where ¢.k = —% or2q.k=—¢* kK> =kK?*and g=Fk — k.
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The propagator for ./\/22b after applying the Feynman parameterization becomes

1
p+ k)2 — M2)[(p+ k)? — M2] [p* — M?]

11—z
%2/(&/
1

[p —k2[(x+2)2 = (x+2)] +22¢2 — M2(1 —x — 2) — M2(x + 2) + ie]3’
(A.15.18)

Now recall VZ* numerator and applying shift p — p+ (zk + zk’) to NZ* numerator,
it gives
30 = (M2 (ky + K,) + (M — My)*(pp — ky — k) + kuk' . p — k.K'py
+ k.pk; — M, Ms(k, + k;))
= pkk, 4+ p.k'k, — K kp, + MZ(K, + k) + (Ms — M,)*(pu — k;, — k)

nw
— M, Ms(K, + k,.)
= (pu + vk + 2K'). kK, + (p + ok + 2K'). Kk, — K k(p, + xky, + 2k],) + MZ(k), + ky,)
+ (Ms — M)*((p + 2k + 2k,) = Ky, — k) — MMy (K, + k), (A.15.19)

Dropping p,, term which gives zero in the integral. it then gives
50 = xk.kk, + 2k kK, + xk.K'k, + 2K Kk, — 2k kk, — 2k kK, + MZ(K, + k,)
+ (My — M) (z — 1)k, + (M — My)*(z = 1)k), — M M(k), + k)
= kK, + 2Kk, + MZ(K), + k) + (Ms — M,)*(x — 1)k,
+ (Ms — M,)*(z — Dk, — M M;(K), + k), (A.15.20)

1 1
where the odd terms in p is ignored. Using k;, = 5(1{:; + k) + 5(1{:; —k,) and k, =

1 1
5(16; + k) — 5(16; — k,). By putting these relations into Eq. (AJ520), it gives

1 / 1 / / 1 / 1 /
Ny = xk:Q[i(k:u + k) + 5(’% — k)] + 2k 2[5(1% + k) — §(kzu — k)]

(M = Myl = DI (K, + k) = 5K, — K]+ (2 = D0+ k) + 58, — k)
+ MZ(kj, + k) — My Mq(k;, + k)
T + T e+ [%Q(k,; VE) - %’2(% k)

g
2 F 2 F

(M = Myl = DI (K, + k) = 5, — K]+ (2 = D0+ k) + 58, — )
+ MZ(kj, + k) — My Mq(k;, + k)

xk? 2k"? xk? 2k'?

= (ko) + [ (e + k) + == (R = k)] = = (K — K]

-+M@—A@V%@L+hﬂ—%%L+hJ—%M¢—k) %@ — k) + S0+ h)

N | —
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1 z

(K, + k) 5 (K — ) = 5 (K, — £,

2
+ MZ(K), + k) — M M;(k, + k)
2 2 2 12
_ xk —gzk (% 4 k) + xk . zk (k" —

/ xz / z / xz / z /
+ (Ms — M)*[—(k, + k) + 5(1% + k) + 5(1% + k) — §(k — k) + §(k — k)]
+ MZ(kj, + k) — My My(k;, + k)
xk? + 2k xk? — 2k

= f(k’/u + kﬂ) + 9 (k:’# - k’u)
Tz, r oz,
(= M1+ 24 D01 )~ (B = D k)
+ MZ (K], + k) — My Ms(K,, + k), (A.15.21)

1
The last term is vanished because after variable transformation z — §(x + z) and

1
z— §(x — z) which then evaluates to zero because the numerator is odd in z. Another

reason is when we evaluate for z or x separately in integral, it will gives the same result,
therefore the terms x — z in integral equal to zero. Therefore the final results for the
numerator, N5’ becomes

1 , x oz, ,
3 = SR (@ )R k) A (M= M1+ 5+ )+ k)] + ME(K, + k)
— MuMg(k; + k)

1 T oz ,
= [GF (@ +2) + (Ms = My)* (=14 5 + 5) + MJ = MM (K, + k)

1 1
— [518(:); +2) — M2 — M? + 2M;M, + §(M§ — M)z +2) + M2 — M, M) (K, + k)

1 1 )
— [ikz(x +2) + §(M§ — M,)*(z + z) — M + M, M;)(K, + ky). (A.15.22)

By putting the result of the numerator in Eqs. (AT5.T4), (AT5.22) and the denom-
inator in Eqgs. (AJ5.12), (AJ5.ID) the kaon form factor can be written as

B 1 — 05 N2 dp  Trlys@ — ¥+ Mo)y(® — K + My)ys (i + M)
Aa (k. k) = 2iNegicy / @) [(p— k)2 — M2 +i€] [(p — k)2 — M2 +i€] [p* — M2 + ic|

4 2 A2\ A2
= —8iNcg§{ / “p . (7" = M, )N . .
W)@t (p— k)2 = ME+ie] [(p — K)? — MZ + ie] [p? — M3 + ie]
d4p /\/'2
Q 2 2
BiNcYics / @m)* [(p— k)2 — MZ +i€] [(p — ') — MZ + ie] [p® — M2 + ie]

(A.15.23)
The (p* — M?) in the first term are canceled. Therefore it becomes

d*p NG
2m)4(p— k)2 — M2 +ie| [(p— K')2 — M2 + i€

N(—k, k) = ~8iNegh, |
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d*p N2

— 8iN~g> -
SiNCYicoq / @m) [(p— k)2 — MZ +i€] [(p — k)2 — M2 + ie] [p*> — M2 + ie|
dp ! —5 (K" + kM)
N, d 2
i Cquq/ (27)" /0 TP+ 2w — 22) — MZ +ie?

d4 1-x
8ZNCquq/ / dx/
N2

b
2

X

P2 — K2[(x + 2)%2 — (v + 2)] + w2q®> — M2(1 —x — 2) — M2(x + 2) + i€]?
dp ! (K + k)
Z Cquq/< >4/0 R D e T

d4 1-z
— 16@NCquq/ / /
[ _

/{:Q(x+z M,)?(x + z) — M} + M, M;s|(K,, + k)
[p? — K2[(x + 2)% — (93+z)] +x2¢2 — M2(1 —x — 2) — M2(x + 2) + i¢)3

d'p [ (K" + k)
= 43N,
! Cquq/m >4/0 MR TPl P - ME T id?

d4 1—x
82Nchqq/ / dx/

[k:z(a:+z 1)*(z + 2) — 2M7 + 2M, M5)(k], + k)
[p? — k2[(x + 2)2 —(x+z)]+xzq — M2(1 —x — 2) — M2(z + 2) +ie]3
(A.15.24)

Generally the definition of the electromagnetic current is expressed in terms of the
local matrix elements of the electromagnetic quark currents which is symbolized by J*

TE(k K = (K (k)| J"| K(K)) = (K" + k") Fr(Q?), (A.15.25)

where K is the kaon field operator and virtual momentum transfer Q? = —q? and kaon
electromagnetic current J% (k, k") can be written as

TE (ke K') = e N (k, ) + e (—k, —K),
(A.15.26)

Using the definition of the electromagnetic current in Eq. (AJ5.28) and taking
2 1
the value of e, = 3 and e, = -3 and putting the A*(k, k') and AL(—k, —k") into
Eq.[AT526), we obtain the form factor of the kaon, which is expressed as

Fie(¢°) = euFy (¢%) + esFi+ (4°)
dp [* 1
= —4iNcg% ey d
1CIKar® / (2m)4 /0 x[p2 + ¢*(x — x?) — M2 + ie]?

)
dp [ 1-2
8iNcg%,tu | —— [ d d
+ StNe G gq¢ /(2704/0 x/o z
[K*(z + 2) + (Mg — M,)*(x + 2) — 2M2 + 2M,, Mj]

2 — k2[(z + 2)2 — (x + 2)] + w2¢* — M2(1 —x — 2) — M2(x + 2) + i€]?

X




A.15. DERIVATION OF A(—K, —K') 176

5 d'p [* 1
47N, s | —— d .
AN O /<2w> / P+ @ —a?) — M2+ ic]?

—8iNcgf<qqes/ / dx/
[

/{:Q(x+z W)+ 2) — 2M2? + 2M, M|
[p? — k2[(z + 2)% — (x+z)]+xzq — M2(1 —x — 2) — M2(x + 2) + i€’
(A.15.27)

X

Performing a Wick rotation and introducing the 4-D polar, it then gives

NCgK 7Cu 1
F = ——0_ d / d
K+( / PE pE‘ Z % — ¢®(x — 22) + M2 — ie]?

Noquqeu / / . / e

[K*(z + 2) + (Mg — M,)*(x + 2) — 2M?2 + 2M,, Mj]
% + k(x4 2)2 — (x4 2)] —x2®? + M2(1 —x — 2) + M2(z + z) — ie]?
1
1
2d2/d
FE J g — @l — 2?) + M~ ie]?

" )+ (Ms — M,)*(z + z) — 2M? + 2M,, M|
%+ K2 [(x+2)2 — (v + 2)] —22¢? + M2(1 — x — 2) + M2(x + z) —ie]®’
(A.15.28)

Performing the proper-time regularization into Eq. (AI5.28), it becomes

Fa(¢?) = NCquqeu/ /AIR) dr (@@ —a) M)

472
(A V)

2 1-x —_—
+ NC-quqeu/ dl’/ dZ/(AIR) dTe—T(k2[(x+z)2—(x+z)}—rzq2+M§(1—x—z)+M3(m+z))
0

4:7T2 0 1
(Ayv)?
x [K*(z + 2) + (M - Mf)2(x + 2) — 2M2 4 2MM,]
Nchqqes AIR o~ T(@? (@ —2)+ M2)
472
(AU\/)2
N €s I—z A
o9 _ - IKag e / dx / dz / w? o~ TR [(@42)2 = (a+2)] —wzq>+ ME(1-a—2)+ M2 (2+2))
42
(/\Uv)2
x [K*(z + 2) + (Mg — M,)*(z + 2) — 2M?2 + 2M,, Mg). (A.15.29)

The final result of the kaon form factor can be written as

Fr(¢*) = eu Mok / / (AIR) A7 ey

472

AUV)2



APPENDIX A. APPENDIX 177

NCQK(IQ/ dﬂf/ /AIR dTe—T(kQ[(z+z)2—(z+z)}—:czq2+M§2(l—z—z)+M3(z+z))
Cu 2
4 T

x [K*(x + 2) + (M, — M)(a:—i—z) 2M?2 + 2M M,

i NeGicaq / / o dT —7(q? (22 —x)+ M2)
s 42

AUv)
_ Cquq / /1 * / AIR) re T(k2[(x+2)2—(z+2)]—z2¢> + M2 (1—2—2)+ M2 (x+2))
T 4
AUV
x [K*(x + 2) + (Mg — M,)*(x + 2) — 2M? + 2M, Mj). (A.15.30)

Note that to check normalization of the kaon form factor Fi+(Q?) by setting Q* = 0,
it will give Fix+(0) = 1. Similarly, the pion form factor can be written as

Negz ' T? dr
Fw+(q2) :eu%/ dx IR 7 Cr(—Q%(a?—x)+ M2)

(AU\/)2

1 1-x 3
uNZi;rqq/ d.fE/ AIR) d,]_e—T(kQ[(z—l—z)Q—(z-i—z)}+:czQ2+M§(1—:c—z)+M5(:c—i—z))
0

AUv)2

x [k*(z + z) + (M, — M)*(z + 2) — 2M3 + 2MzM,)]

2 1 1
g / dz / Ot AT r( Qe +0r3)
0

42
(AU\J)2
1—x
+e Nt [, dz “IR” =Tk (@ +2)*— (a+2)+22Q3+ ME (1—a—2)+ M3(2+2))
cd 42 Jo o
(AUv)
x [K*(x + 2) + (Mg — M,)?*(z + 2) — 2M? + 2M, My, (A.15.31)

where ¢ = —Q.

A.16 Derivation for the kaon PDF's

We derive the quark distribution of the kaon in Eq. (&I1) , that is

(o) = ~2iNoghns [ L5 (o= ) Trbasitanssala— B, (A16)

where N¢ denotes color numbers, grq, is the pion quark-anti-quark coupling constant,
and S(q) is the quark propagator which can be defined as

Sile) = 2 %le;ﬁ ic] (A.16.2)
Slg—k) =—24° £+ M, (A.16.3)

(= kP =B +id’
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where ¢ is four momentum transfer, k is pion four momentum and M; and M, stand
for the dynamical quark mass of kaon constituent.
Then plugging the propagators in Eq. (AJ6.2) into Eq. (A6, it gives

arc(z) = —%Ncg%qq@% / 5:545 (x - Z_)
XTT[WS([ (M gl )} (1.16.4)

¢ =M +ic] "[(q— k) — M3 + id
We then evaluate the quark distribution of the kaon in Eq. (LI64) via moments,
it gives

1
An:/ dra" qx (z), (1.16.5)
0

where n denotes a moment of the quark distribution of the kaon. It starts from n =1, 2,
.... Plugging the quark distribution of the kaon in Eq.([.I6.4]) into moments equation

in Eq.([CI63). it has the form

: , 0O dq ! n—1 q-
A, = —ZZNCquq@ o ), dxz" " 6(x — E)TTD[%Sl(Q)%SE(Q — k)]

, 0 dq (! g \"" q_
= ~2iNcGig 55 / ) /0 da (k—_) 0(x = 2=)Trp[1551(4)759: (g = F)]

0 dq [* g \""
:—22.N09%(qqm /(2ﬂ)4/0 dz <k:__) TTD[’Y551(Q)’Y5SQ(Q—]{?)]], (1.16.6)

with the quark dressed propagators are defined in Eq. (AZ16.2) and plugging the prop-
agators into Eq.([CIE0), then moments has the form

A =g [ e (F)
xTrp|ys (ﬂ) 7 <(q—Q/_]§/+M2 )H- (1.16.7)

2 — M} +ie k)2 — M2 + ie

By evaluating the trace, it then gives

Triys(qd + Mi)vs(d — K + Ma] = Tr[vsqvsq] — Trvsqd Vs + Trvsq v Ma)
+ Tr[ys Miysq | — Tr[ys Myysk | + Tr[ys Miys Mo
= -Trld¢|+ Trld¥] + M, M;Tr|[Z]

= —4¢* + 4q.k — AM My = 4[—¢* + q.k + M, M),
(1.16.8)

where 7 is identity matrix. Then pefroming a little trick calculation to the denominator
before the Feynman paramaterization applies, it then gives
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H . 1 .
[q> — M} + i€] [(q — k)? — M3 + ie]
1
C2¢2 —2k.q+ k2 — M? — M3

1

1
[[q2 — M7 + ié] -

(-]

Similarly the numerator can be expressed as

2 /{32
272
2¢° + 2q.k + 2M My — K] + K
2¢° + 2q.k + M3 + M} — (M — M;)* — k?] + K
2¢° + 2q.k + Mj + M7 — K*] + k* — (M, — My)>.
(1.16.10)

_q2 + qk + MMy = {—q2 + qk + My My —

—2¢* 4 2q.k + 2M, M, =

[_
[_
[_

Putting the numerator in Eq.(CIEI0) and denominator in Eq.(CI69) into the
trace part of Eq.(CIG.8), one has the form

o [ dq [, [\ A~ + q.k + M, M)
A, = —2iNcg%, — dr [ 2=
oKy / (2n) /o ! (k) [ — M7+ idi(q — k2 — M3 + i
o | d'q ! q- o 2[—¢* + q.k + My My ]
= —4iNcg% —— de [ =
Neka gz / (2m)? /0 ! (k-) (¢ — M} +i€][(q — k)2 — M2 + i€
. 0
= —4@Ncg%{qu
y / d'q /ldx (q__)”‘1 2% + 2q.k 4+ MZ + M2 — k2 + k2 — (My — M;)?
(2m)* Jo ke (2 — M2 +ie][(q — k)2 — M3 + ie]
. 0
- _47/Ncg%{qq%
dq q_ —2¢® +2q.k + M2 + M? — k?

<1/

+

/0 e <k—) [q> — M +i€][(q — k)? — M3 + i€
k2 — (My — M,)? |
[¢? — M} +ie][(q — k)? — M3 + ie]”

(2m)*

(1.16.11)

Then the final quark distribution of the kaon is obtained after applying the Wick
rotation and proper-time regularisation scheme, one has

Ncg? 1
G (x, k%) = _ZiKqu / dr —e T PN )

X [1+7 [k (z — 2%) — (z — 2*)(Ms — M)?]], (1.16.12)

where k* = m?%. This result satisfies the baryon number and momentum sum rules.
This is analogous relation with the anti-quark distribution.
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A.17 Derivation for the charge radius squared of
the kaon and pion and their quark sector

Here we can evaluate the derivation of the kaon form factor and its quark sector form
factor, it is given as

dFK" _d {Ncg%qu /1 de dr o T(Q% (2 2)+M2)}

aQ? dQ2 472
1—x
Cquq —7(k2((z+2)%—(2+2))+22Q?+ M2 (1—z—2)+M? (z+2))
dQ2 = / / dz/dTe 2
[k:Q(a:—l—z ) (z + 2) — 2M3 + 2M, M|
_ NCquq _T(Q2(x_m2)+M12):|
472 T dQ2
1—x
+ Zif;qq / / dZ/dT k2 l’ + Z) (M1 MQ) (I‘ + Z) — 2M2 + 2M2M1]
xi |:€—T(k’2((:c+z)2—(z+z))+zzQ2+M22(l—x—z)—l—MlQ(:c+z)):|
dQ)?
Zgg{qq/ /dT (z — 22)Te —T(QQ(m—x2)+M12)]
T
Negicgg e 2 2 2
0 0
% [_xZTe—T(k2((:c+z)2—(z+z))+zzQ2+M22(l—z—z)-‘,—M%(:c—i—z))} 7 (1.17.1)

Then the charge radii of the up quark sector form factor can be written as

e = 258 [y [0, o

272

3N 11—z
CgKQQ/ d.CE/ dZ/dT
272
X [F*(x + 2) + (My = M)*(x + 2) — 2M5 + 2M, M, |
% prre T(kQ((I"FZ)Q (z+2)+M2(1—2— Z)"‘]WlQ(:’?‘f‘z))7 (1172)

and for the anti-strange quark sector form factor contribution can be expressed as

dfgl{+(Q2 _ Nchqq/ / e T(@Q%(@—x )+M2)]
dQ)? 472 T dQ2

CgK o
VOIKqq
12 / da?/ dZ/dT

dQ?

NCquq / / dT 3? _ x2)€—T(Q2(CE—I2)+M22):|

472
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C’quq e
1 / dx/ dz/dT

[k2(x+z — M) (z + z) — 2M7 + 2M; Ms]

5 [_Tmze—T(kQ((m+z)2—(ac+z))+aczQ2+M12(1—$—Z)+M2 (m+z)):| 7 (1173)

The charge radii of the anti-strange quark sector form factor can be defined as

3N,
(r)s/+ = ;:qu/ /_T z —a?)e T

3N09K e
52 ——% / / dz / dr
x [k (x4 2) + (M — My)*(z + 2) — 2M7 + 2M; M,

. pze—TE (@+2)2—(@+2)+ M (1—z—2)+ M3 (+2)) (1.17.4)

The total kaon charge radii can be written as

(r¥) g+ = eu<r2)f + eq(r §

. 3NCquq/ /dT x_x T(M12)
T on?

3Ncyi e
€u 271'2 —=4 / / dz / dr
[k;z(x +2) + (M, — My)? (x + 2) — 2M3 + 2M> M, |

X TaTe T(kQ((rJrz) —(z+2))+ M3 (1—z—2)+MF (x+2))

3N,
S T e
83NCquq/ /1 * /dT
272
x [K*(x + 2) + (Mo — M;)? ($+Z — 2M7 + 2M, My
% 7 me—T 0 (@+2)?—(@+2)+ ME(1—o—2)+ M (2+2)) (1.17.5)

A.18 Additional Figures for Section 6.4

In this section we present the extra figures for the CSV in Parton Distribution Func-
tions.



A.18. ADDITIONAL FIGURES FOR SECTION 6.4 182

1.2 . , | | | | | | |
- = ug+ (), 0M = 0.000 GeV, Q3 = 0.16 GeV? .= |
1 F eeeee Sre+ () ]
0.8 1
= 06 i _
8 i - 1
04 ]
02 - '.....-' |

0 ..... | | 1 | 1 | 1 | 1
0 0.2 0.4 0.6 0.8 1

X

Figure 1.18.1: The parton distribution function of the positively charged kaon for § M =
0.000 GeV.
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Figure 1.18.2: As in Fig. [LTI8 but for 6 M = 0.0033 GeV.
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Table 1.18.1: The moments of the positively charged kaon valence u-quark distribution

at the NJL model scale, Q2 = 0.16 GeV?, where n denotes moments.

n 0M = 0.000 GeV oM = 0.0033 GeV oM = 0.005 GeV M = 0.010 GeV

1.0000
0.4238
0.2494
0.1706
0.1273
0.1006
0.0827
0.0699
0.0604
0.0531

1.0000
0.4227
0.2484
0.1698
0.1267
0.1000
0.0822
0.0695
0.0600
0.0528

1.0000
0.4222
0.2479
0.1694
0.1263
0.0997
0.0819
0.0692
0.0598
0.0526

1.0000
0.4206
0.2465
0.1682
0.1253
0.0989
0.0812
0.0686
0.0593
0.0521
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Table 1.18.2: The moments of the positively charged kaon valence s-quark distribution

at the NJL model scale, Qg = 0.16 GeV?, where n denotes moments.

n 0M =0.000 GeV dM = 0.0033 GeV oM = 0.005 GeV M = 0.010 GeV

1.0000
0.5762
0.4017
0.3061
0.2461
0.2051
0.1754
0.1530
0.1356
0.1216

1.0000
0.5772
0.4029
0.3073
0.2471
0.2060
0.1763
0.1538
0.1363
0.1223

1.0000
0.5778
0.4035
0.3079
0.2477
0.2065
0.1767
0.1542
0.1367
0.1226

1.0000
0.5794
0.4053
0.3096
0.2492
0.2079
0.1780
0.1554
0.1378
0.1236
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Table 1.18.3: The moments of the neutral kaon valence d-quark distribution at the NJL
model scale, Q3 = 0.16 GeV?, where n denotes moments.

n 0M = 0.000 GeV oM = 0.0033 GeV oM = 0.005 GeV M = 0.010 GeV

1 1.0000 1.0000 1.0000 1.0000
2 0.4238 0.4249 0.4255 0.4271
3 0.2494 0.2504 0.2509 0.2524
4 0.1706 0.1714 0.1718 0.1731
Y 0.1273 0.1280 0.1284 0.1294
6 0.1006 0.1012 0.1015 0.1024
7 0.0827 0.0831 0.0834 0.0842
38 0.0699 0.0703 0.0706 0.0712
9 0.0604 0.0608 0.0610 0.0616

10 0.0531 0.0535 0.0536 0.0542
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Table 1.18.4: The moments of the neutral kaon valence s-quark distribution at the NJL
model scale, Qg = 0.16 GeV?, where n denotes moments.

n 0M =0.000 GeV dM = 0.0033 GeV oM = 0.005 GeV M = 0.010 GeV

1 1.0000 1.0000 1.0000 1.0000
2 0.5762 0.5751 0.5745 0.5728
3 0.4017 0.4006 0.3999 0.3981
1 0.3061 0.3050 0.3044 0.3027
5 0.2461 0.2451 0.2445 0.2430
6 0.2051 0.2042 0.2037 0.2023
7 0.1754 0.1746 0.1741 0.1729
8 0.1530 0.1523 0.1519 0.1507
9 0.1356 0.1349 0.1345 0.1334

10 0.1216 0.1209 0.1206 0.1196
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