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Abstract

We present a freeze-out approach for describing the formation of heavy elements in expand-
ing nuclear matter. Applying concepts used in modeling heavy-ion collisions or ternary
fission, we determine the abundances of heavy elements taking into account in-medium
effects such as Pauli blocking and the Mott effect, which describes the dissolution of nuclei
at high densities of nuclear matter. With this approach, we search for a universal initial
distribution in a quasi-equilibrium state from which the coarse-grained pattern of the solar
abundances of heavy elements freezes out and evolves by radioactive decay of the excited
states. The universal initial state is characterized by the Lagrange parameters, which are
related to temperature and chemical potentials of neutrons and protons. We show that
such a state exists and determine a temperature of 5.266 MeV, a neutron chemical potential
of 940.317 MeV and a proton chemical potential of 845.069 MeV, with a baryon number
density of 0.013 fm 2 and a proton fraction of 0.13. Heavy neutron-rich nuclei such as the
hypothetical double-magic nucleus 3°8Sn appear in the initial distribution and contribute
to the observed abundances after fission. We discuss astrophysical scenarios for the real-
ization of this universal initial distribution for heavy-element nucleosynthesis, including
supernova explosions, neutron star mergers and the inhomogeneous Big Bang. The latter
scenario may be of interest in the light of early massive objects observed with the James
Webb Space Telescope and opens new perspectives on the universality of the observed
r-process patterns and the lack of observations of population III stars.

Keywords: nucleosynthesis; r-process; solar abundances; mass fractions of heavy nuclei;
inhomogeneous big bang nucleosynthesis

1. Introduction

Explaining the cosmic inventory of nuclear species is one of the fundamental chal-
lenges for astrophysics and cosmology. Our knowledge of the isotopic abundances at
various astrophysical sites has improved rapidly in recent decades thanks to a combination
of advanced observational techniques and theoretical modeling. For the solar system,
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the isotopic abundances are well studied [1-5]. For other astrophysical sites, the measure-
ments are usually restricted to elemental abundances. Particular efforts have been made to
determine these abundances in metal-poor stars [6-8].

The solar abundances of isotopes (mass number A, charge number Z) are expressed in
terms of mass fractions XSZ = Anpyz/ng, where n 47 is the number density of the isotope,
and np the baryon number density. The mass fractions X3, (t) of isotopes in the solar
system are not constant but change with time ¢ due to nuclear reactions. For example,
fusion processes convert H to heavier elements. In the Sun, H is burned into He, which,
in the future will partially be converted into C and O. For stars significantly more massive
than the Sun, the production of heavier elements reaches up to the iron group. On Earth,
we observe the radioactive decay of some long-lived isotopes such as U and Th. The time-
dependent distribution of elemental and isotopic abundances X, (t) must have started
with some initial state. This raises the question of the origin of the elements.

The current understanding of the origin of the isotopic distribution of the elements is
the standard Big-Bang nucleosynthesis model [9-12]. The expanding Universe cools down,
and at the end of the “first three minutes” after the Big Bang, the light elements 2H, *He,
“He and “Li are synthesized. A homogeneous Universe is assumed, in which the baryon
density np is constant in space. The primordial mass fractions at the baryonic density
inferred from the cosmic microwave background are theoretically determined as [11]

XN = 0248, X; 0PN = 649 x 1077, X3PPN =425 % 107°, 3PN =52 % 107°. (1)

We use the notation HBBN for the homogeneous Big-Bang nucleosynthesis considered
here, as we also consider in this work the inhomogeneous Big-Bang nucleosynthesis (IBBN)
as an alternative scenario. The mass fractions X}EBN for heavier isotopes are very small,
on the order of 107?°, and can be neglected. The mass fractions XEIEEN, XSHP?EN, X?P?BN
agree well with observational data [11]. One exception is X%?BN, which is significantly
higher (by a factor of ~3.5) than the primordial abundance derived from observations. This
discrepancy is known to as the “cosmological lithium problem”.

The HBBN scenario has important implications. One of them is that there should be
a first generation of stars—usually referred to as population IlI—that have formed from
pristine HBBN material and contain virtually no metals, i.e., elements heavier than He. This
lack of metals affects the formation, the evolution and, ultimately, the explosions of popu-
lation III stars [13]. So far, no population III stars have been found observationally [7,14].
Even the recently observed stars with the lowest Fe abundance [15] contain a certain
amount of elements beyond He. Moreover, neither pair-instability supernovae, which are
supposed to result from population III stars, nor the associated nucleosynthetic imprints
have yet been identified beyond doubt in observations.

In their seminal papers, Burbidge et al. [16] and Cameron [17] proposed that all
elements heavier than those produced in HBBN are formed by nuclear reactions under
favorable conditions in specific astrophysical sites. Over the past decades, substantial
knowledge has been accumulated about the structure of nuclei and their reaction processes.
The nuclear reactions responsible for the temporal evolution of X 47(t) are incorporated
in nuclear reaction network (NRN) codes such as SkyNet [18] and WinNet [19]. Starting
out from the primordial HBBN distribution XEEBN, the formation of heavier elements in
suitable astrophysical sites is modeled with these nuclear reaction networks [12,16]. The
synthesis of the nuclear species in stars up to the iron—nickel region is well established [20].
Our work focuses on the origin of heavy elements (A > Apeayy) Which remained elusive
for a long time [21]. Heavy elements are nuclei beyond the iron peak that are almost not
modified by stellar burning processes, but there is no sharp limit for the mass number. As
discussed below in Section 3, we choose the value Apeayy = 76.
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Burbidge et al. [16] invoked nucleosynthesis processes (now called the p-, s- and
r-processes, and some variants thereof) for the production of heavy elements. For details,
see the recent reviews by Arcones and Thielemann [12], Cowan et al. [22], Diehl et al. [23],
Bandyopadhyay and Beers [24] and the references given there. It is assumed that the
nucleosynthesis pathway of the r-process (rapid neutron-capture process) proceeds close to
the neutron-drip line in the nuclear chart. The astrophysical objects and events that provide
the required conditions for the r-process to operate, i.e., high neutron fluxes, turned out
to be difficult to identify [12,22,25-29]. Most of the astrophysical sites proposed for the
r-process involve the ejection of material from regions of high densities and contain neutron
stars (NSs) or black holes (BHs). Potentially, conditions for the operation of the r-process are
reached during core-collapse of massive stars or mergers in double-compact systems [22].
While for many years the occurrence of the r-process has been associated with supernovae
(SNe), where the innermost ejecta close to the central neutron star were supposed to be
neutron-rich, more recent studies have cast substantial doubts on this environment for
heavy-isotope production. Recent core-collapse supernova simulations [30] indicate that
the extreme conditions necessary for the r-process to operate are not reached, and it seems
safe to conclude that neutrino-driven proto-neutron star winds are excluded as the major
origin of heavy r-process elements [31]. Moreover, detailed spectroscopic observations
even disfavor more extreme supernova events producing gamma-ray bursts as site for the
production of r-process elements [32].

Mergers in double-compact systems containing neutron stars, black holes or white
dwarfs have been investigated as alternative sites for heavy-element production [29,33,34].
Spectroscopic observations of kilonova AT2017gfo associated with the neutron star merger
GW170817 confirmed the production of r-process elements in this event [35]. Postprocessing
the nuclear reactions in simulations of binary neutron star mergers reveals details of the
production of heavy elements in such neutron-rich and dense environments [27,36,37]. The
impact of nuclear matter properties on the nucleosynthesis and the kilonova from binary
neutron star merger ejecta was recently studied by Ricigliano et al. [38]—see also Just
et al. [39]. Although the production of r-process elements in NS mergers is confirmed
by observations, it remains unclear whether they merely contribute to the enrichment
of the Universe with heavy elements or whether they can account for the total cosmic
abundances of these heavy nuclei. In particular, r-process elements detected in metal-poor
stars require a source in the very early Universe and the time scales of enrichment with
r-process elements due to NS mergers may be too long [40]—see also Section 4.3.

An interesting finding from the observation of metal-poor stars is the similarity of the
abundance pattern of heavy elements with mass numbers A > Aje,yy to that observed in the
Sun [22,24,41-45]. This similarity initiated the notion of the “universality of the r-process”—
at least for the heaviest stable and observable elements. The similarity of the abundances
observed in extremely metal-poor stars and the Sun is one of the most important clues to
the astrophysical origin of heavy elements [46—49]. It is assumed that at least one relatively
common r-process source in the early Universe produced a consistent abundance pattern
among some light elements spanning the first and second r-process peaks [50]. Deviations
from universality were recently discussed by Ji et al. [51]. Any proposal about the site of
nucleosynthesis of heavy elements is confronted with this universality feature.

Together with the non-detection of population III stars, this raises the question of
whether there are alternatives to the Burbidge et al. [16] scenario, which assumes the
formation of the heavy elements as a product of a build-up process from light nuclei in
specific astrophysical sites. Such an alternative scenario is that of inhomogeneous Big-Bang
Nucleosynthesis (IBBN), which posits that large dense objects form in the early Universe
before nucleosynthesis takes place [52-54]. The baryonic matter expands in the space
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between these massive objects and forms nuclei when the density drops below the baryon
saturation density' 1155t = 0.15 fm>. Compared with HBBN, baryonic matter in this case
takes a different evolutionary path in the phase diagram, and heavy nuclei are created
very early during the IBBN. In this scenario, the homogeneous low-density state with the
primordial distribution X/IZ‘IEBN, Equation (1), is not the only initial state for the formation
of elements. Although the average baryon number density 7ig in HBBN is low (of the order
of 1071 fm~2), density fluctuations are assumed to occur, forming compact, dense objects;
see Ref. [55].

A reaction pathway near the neutron drip-line to form the heavy elements is not
absolutely necessary, and later events such as supernova explosions and neutron star
mergers are not the only prerequisite for the formation of the heavy elements, although
such events can still contribute and modify the isotopic distributions. The IBBN scenario
opens new perspectives to explain universality of the observed r-process patterns and the
lack of observations of population III stars.

In contrast to the nuclear reaction network calculations starting from the primordial
distribution X}EBN, as given in Equation (1), we explore another potential pathway to the
formation of heavy elements: As a starting point, we aim to find in this work a universal
initial state of baryonic matter in quasi-equilibrium, specified by the temperature T, the baryon
number density np, and the proton fraction Y, with a distribution of mass fractions X3! of
nuclei extending out to very large values of A. This state is chosen without referring to a
specific astrophysical site it could be realized in. Given this initial quasi-equilibrium state,
we determine whether the observed solar heavy-element pattern of mass fractions X5, for
isotopes with mass number A and charge number Z can be recovered from this state in a
freeze-out scenario with a feed-down afterburner, i.e., a reaction network which describes
in particular the decay of the excited, unstable nuclei.

The primary goal of our work is to describe expanding hot and dense nuclear matter
using the freeze-out concept, which defines an initial distribution of nuclei described
by few nonequilibrium parameters related to temperature and chemical potentials. We
infer such an initial distribution for the solar abundances considering the heavy-element
distribution and using approaches similar to those that have proved successful in describing
heavy-ion collisions (HICs). We introduce the concept of heavy element freeze-out (HEFO),
which considers the temporal evolution of the distribution of heavy elements to be a
slow process when certain conditions (hot, neutron-rich dense matter) are not provided.
We are concerned with the formation of nuclear clusters” (nuclei, resonances) in high-
density matter, which requires quantum statistical approaches to describe in-medium
effects, in particular Pauli blocking and the Mott effect [56]. These effects are usually
not accounted for in current approaches to nucleosynthesis. Our freeze-out concept is of
general interest in the search for the astrophysical site of heavy-element creation.

The paper is organized as follows: We give a short review of the behavior of expanding
nuclear matter in laboratory experiments in Section 2.1 and discuss the coarse-grained
pattern of the solar mass fraction distribution in Section 2.2. In Section 2.3, we present
our methods—the Zubarev method of the nonequilibrium statistical operator, that has the
freeze-out concept and the nuclear reaction kinetics as special cases—and in Section 2.4
the method of Green’s functions, which describes clusters in dense matter. As results, we
demonstrate in Section 3.1 the impact of in-medium corrections on the distribution of light
elements, and in Section 3.3 we give an estimation for an initial distribution fitted to the
solar abundances. Processes leading to the final distribution of heavy nuclei are considered
in Section 3.2. In Section 4, we discuss our results and draw the conclusions in the final
Section 5.
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2. Methods

Common approaches to describe the temporal evolution of astrophysical systems
involving nuclear reactions are based on a combination of the equations of fluid dynamics
coupled to nuclear reaction networks. This method is well established at low densities,
where the components of the system can be considered as particles that move almost
freely and occasionally have reactive collisions. At high densities, this approach becomes
invalid as in-medium effects change the properties of the components and of the reaction
rates. Bound states are dissolved (Mott effect) and correlations in the continuum become
important. Such effects break the assumption of an ideal fluid. We show that the freeze-
out concept, which is able to incorporate the in-medium effects, can be embedded in a
general approach to nonequilibrium, and we demonstrate this general approach to in-
medium corrections using a thermodynamic Green’s function approach. This allows us to
consistently treat matter at high densities, where the usual reaction—kinetic networks are
no longer valid.

2.1. Analogies to Nuclear Cluster Formation in Laboratory Experiments

The expansion of hot and dense nuclear matter is studied in laboratory experiments.
The yields of different isotopes are observed in heavy-ion collisions (HIC) at various
energies. Here, we give only a few examples: At the highest energy densities presently
reached in laboratory experiments, the formation of clusters up to *He (« particle) and its
antiparticle was measured at the Large Hadron Collider (LHC) at CERN [57]. A laboratory
test of the nuclear matter equation of state has been performed at low collision energies in
the range of the Fermi energy [58,59]. It has been shown that the simple nuclear statistical
equilibrium is not able to describe the measured yields, and in-medium corrections must
be taken into account. The production of light elements has been studied in ternary
(spontaneous or induced) fission, where, for example, isotopes up to 2*Mg were observed,
formed in the low-density neck region at the scission point of fission of 242Pu [60].

At first glance, the distribution of observed yields of nuclei formed in HIC or ternary
fission shows features very similar to that obtained from the mass action law (sometimes
called the Saha equation), which describes chemical equilibrium. This concept is also
widely used in nuclear astrophysics. A simple statistical model—that of nuclear statistical
equilibrium (NSE), see, e.g., Ref. [61]—can be employed to infer the temperature and the
density of a suggested freeze-out state.

For both modeling HIC and astrophysical processes, however, a more sophisticated
version of the freeze-out approach has to account for the following problems:

1.  The observed yields are not identical with the initial (primordial) yields because of
afterburner processes, in particular the decay of unstable states.

2. The initial (primordial) distribution is not a mixture of non-interacting stable nuclei.
We have to consider excited states and continuum correlations, but also in-medium
effects such as self-energy shifts and Pauli blocking.

While the first problem is usually taken into account in astrophysical models, the sec-
ond problem is often ignored.

A self-consistent determination of the primordial distribution of nuclear species from
observed yields is a complex problem and the use of a simple NSE model to fit the thermody-
namic parameters at freeze-out is insufficient. Since chemical evolution is a nonequilibrium
process, a quantum statistical approach is required that can describe cluster formation and
the influence of the surrounding medium when expanding dense matter is considered.
The method of the nonequilibrium statistical operator (NSO) as discussed in detail by
Zubarev et al. [62] represents a general approach to modeling such nonequilibrium pro-
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cesses; see Section 2.3. It combines the freeze-out scenario with nuclear reaction kinetics as
described by NRN codes.

For instance, it has been found [63] that in ternary spontaneous fission of 2°2Cf, 17 %
of the observed a particles are produced primordially as *He, which is surprising given the
unstable nature of this isotope. In-medium effects have clearly been identified in HIC at
low temperatures [59]. With the approach discussed above, it was possible to determine the
parameters for the primordial distribution of nuclei at freeze-out. For HIC at ultrarelativistic
energies [57], the inferred parameters at freeze-out are T =157 MeV and up = 0; for HIC
at energies in the Fermi energy range [59], temperatures of 5-10 MeV and baryon number
densities of ng = 0.02-0.04 fm > were reported, and for ternary fission of 242py the freeze-
out values T =1.29 MeV, ng = 6.7 x 107> fm~2 and proton fraction Y, = 0.035 have been
found [64]. Together with an afterburner (decay) process, which leads to the feed-down
of excited nuclei and unstable states, the improved freeze-out approach proved to be very
successful in explaining the yields of isotopes from expanding hot and dense nuclear matter
(i.e., a fireball). With this approach, it is possible to infer quasi-equilibrium parameters for
a primordial distribution in a consistent way. More details are found in Appendix A.

In this work, we discuss the solar abundances of isotopes, in particular the heavy
nuclei with mass numbers A > Apeayy. We infer parameter values for the initial distribution
at the heavy-element freeze-out—see Section 2.2— taking into account in-medium effects,
in particular self-energy effects, Pauli blocking, screening, and continuum correlations. We
discuss the conditions under which such nuclei are formed. Ropke [54] found parameter
values of 5 MeV for the temperature and 0.016 fm > for the baryon number density. Regard-
less of the particular scenarios discussed above (supernova explosions, double-compact
object mergers, IBBN), such conditions are of general relevance for the creation of heavy
elements in the Universe.

2.2. Distribution of the Solar Accumulated Mass Fractions

For our study, we take the solar abundances reported by Lodders [1] as a reference.
Instead of the usual detailed dependence of the abundances of isotopes on their mass
number A and charge number Z, we use the average dependence on A as shown in
Figure 1, introducing the accumulated mass fraction

and the A-metallicity®
MG =Y Xg, : (3)

Here, ng denotes the baryon number density, and 14/ 7, the number density of clusters
with mass number A and charge number Z. The intrinsic quantum number v gives the
excitation state of the nucleus {A, Z} and A characterizes the group of clusters; it can take
values in [0,4,8,12,...). This coarse-grained representation of the abundance distribution
of nuclear species shows neither the odd—even staggering nor the high abundances of
light na nuclei, which are averaged over. The only significant deviations from the general
monotonic decrease of )A(g with increasing A as shown as blue “x” symbols in Figure 1 are
the low abundance X related to the weakly bound elements Li, Be and B, the large values
in the maximally bound Fe-Ni region X£, (iron peak), and enhanced abundances in the
regions A ~80/88, 128/138, 197 /208 referred to as the first, second and third r/s-process
peak [12,65]. These peaks are discussed in reference to the nuclear shell model, which
implies larger binding energies near the magic numbersof Zand N=A — Z.
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The A-metallicity Mg shown as orange “+" symbols in Figure 1 gives the sum of mass
fractions of isotopes with mass number A’ > A. Tt is monotonically decreasing with A. Due
to normalization, My’ = 1. The A-metallicity will be of importance for our considerations,
in particular to determine the freeze-out conditions in Section 3.3.

OF
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ok logM?
a4l
—6 + )k
—8 F 3
. 1 1 1 1 1 1 1 1 1 1 1 x\'

0 20 40 60 80 100 120 140 160 180 200 220 240

A

Figure 1. Accumulated mass fraction YE{, Equation (2) (blue “x” symbols) and the A—metallicity Mg,
Equation (3) (orange “+" symbols). Lines to guide the eyes. Data from Lodders [1], see Table A1.

Using the coarse-grained, accumulated mass fractions X 4 (as shown in Figure 1)
in the discussion of the time evolution of the distribution instead of the non-averaged
mass fractions X,z has the advantage that they are invariant with respect to special
processes such as B, B+ and 1 reactions. Emission and absorption of neutrons or protons
change the distribution X 4 () only locally (A — A = 1), but leave the coarse-grained pattern
nearly unaffected, which, however, is significantly modified by a-decay, fission, and fusion
processes. We suppose that this coarse-grained pattern of the cluster distribution function is
formed already before the details like even—odd staggering are frozen out. Whereas the last
stage of the chemical evolution of the expanding nuclear system is described by reaction
kinetics, i.e., NRNs, which fix the composition but not the kinetic spectra, the coarse-grained
distribution is more robust and contains information about the earlier state of matter.

Likewise, the A-metallicity M 4(t) is invariant with respect to f, B+ and  reactions.
Whereas emission or absorption of single nucleons give rise to a diffusion process (with
respect to the variable A) for the accumulated mass fractions, the metallicity provides an
integral distribution, and as such it better reflects the global changes of the mass number
distribution of clusters.

In this work, we focus on the heavy clusters A > Apeayy and propose an initial distri-
bution which can explain the coarse-grained pattern of the distribution of heavy-element
abundances arising from expanding hot and dense matter. Initially, we assume a local
thermodynamic equilibrium. As is generally accepted, the formation of heavy elements is
associated with a hot, neutron-rich environment. Relaxation to thermodynamic equilib-
rium freezes out when the parameter values of the environment, for example the density,
become subcritical.

Neither the light-element distribution nor the detailed isotopic distribution of the
heavy elements will be considered here. Even—odd staggering and similar individual
deviations from the coarse-grained pattern can be obtained via an NRN treatment from the
distribution for the expanding and cooling matter after freeze-out. Our final coarse-grained
distribution can be considered as an initial distribution for an NRN calculation, which
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describes the evolution of the distribution of nuclei after freeze-out and allows us to derive
the details of the final elemental abundances.

2.3. The Method of the Nonequilibrium Statistical Operator

The nonequilibrium evolution of a system is described by the statistical operator p(t),
which is the solution of the Liouville-von Neumann equation,

Z0(6)+ 2 [H,p(0) =0, @

with given initial conditions. In the Zubarev method of the nonequilibrium statistical
operator (NSO) [62], the initial conditions are represented by the average values (B;)!
of a set of relevant observables {B;} in the past t' <t that characterize the state of the
system. This information is used to construct the relevant statistical operator p. () as
the maximum of the information entropy Sin(+') = — (0rel(*’))rel under given boundary
conditions, i.e., the self-consistency conditions

(B = Tr{prar(t))B: }. ©)

As known from equilibrium statistics, these self-consistency conditions are taken into
account in the variational problem via Lagrange parameters A;(#'), and we obtain the
generalized Gibbs distribution

exp[— Y Ai(t')Bj]
Trexp [— Y /\i(t’)Bi} ’

Prel (t/) = (6)
The Lagrange parameters A, (') must be eliminated using the self-consistency conditions (5),
which represent the nonequilibrium generalizations of the equations of state.

The solution of the Liouville-von Neumann equation at given boundary condi-

tions (5) is

p(t) = lime || at e 00 g e 100 )

e—0

in the limit e — 0.

The Zubarev—-NSO method was also formulated for relativistic hydrodynamics
by Zubarev et al. [66]. For various applications, see [67-72]. For reasons of mathematical
convenience, a co-moving system is usually used, in which standard quantum statistical
methods can be applied.

A special feature of the method of the NSO is the selection of the set of relevant ob-
servables {B;}. A minimum set of relevant observables are the conserved quantities energy
H and the particle numbers N, with T = n, p, for neutrons and protons, respectively, in a
volume V (neglecting weak interaction). The solution is the generalized Gibbs distribution

/ exp[—(H — Ay (t') Ny — /\p(t/)Np)//\T(t/)]

Prei(t) = Trexp[—(H — An(#)Np — A (#)Np) /A7 (t)] ©

Note that the Lagrange multipliers A;(#'), which generally depend on time, are not identical
to the equilibrium parameters T and i, but can be regarded as nonequilibrium gener-
alizations of the temperature and the chemical potentials. The information entropy can
only be unambiguously identified with the thermodynamic entropy if the system is in
thermodynamic equilibrium, and then we can define the quantities T and y; with the
known properties.

Further correlations in the nonequilibrium state p(t) that are not included in the
set of relevant observables {B,} are generated dynamically and appear in p(t) by tak-
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ing the limit € — 0. If each fluctuation within the relevant distribution relaxes to zero
within the time Ty,y, the limit € — 0 in Equation (7) can be replaced by € < Trgllax' For
Tt > )Li_l (t) dA;(t)/dt, the relevant statistical operator remains almost constant during

relax =

theearelaxation time, so that, according to Equation (7), p(t) can be approximated by pe(t).
The memory of the system is short in this so-called Markov limit. All other observables are
assumed to relax fast to this relevant state. Then, for instance, a Markov approximation to
describe the nonequilibrium evolution is possible.

If special fluctuations do not fulfill this requirement, they should be included in the set
of relevant observables. This new set { B;}, as well as the corresponding relevant statistical
operator p(t), includes the former set of relevant observables but adds new degrees
of freedom. The temporal evolution is now described by an extended set of averages
(B;)!, for which so-called kinetic equations must be solved. The instant of time where
the relaxation to the relevant state is no longer realized and new degrees of freedom
appear marks the onset of freeze-out. It depends on the process which is considered,
and which degrees of freedom become new relevant observables, because they describe
long-lived fluctuations.

If, for example, the densities of the conserved quantities are considered to be relevant
observables, a hydrodynamical description with Lagrange parameters as a function of time
and position is obtained [62]. The relevant distribution p(t) freezes out if the relaxation
of certain fluctuations becomes too slow, so that a temporal change in the conditions (5)
can no longer relax to pye(t). Then, these particular fluctuations should be added to the set
of relevant observables { B;}, so that a Markov approach remains possible.

To give an example of HIC, the state p(f) of nuclear matter is described by the
density of energy and the particle density of the baryons if it is sufficiently hot and dense.
Other degrees of freedom such as composition are governed by the corresponding Lagrange
parameters T and yi¢. In a simple approximation, we obtain the Saha equation describing
the state of NSE. Better approximations lead to virial expansions and the generalized Beth—
Uhlenbeck equation [56,73]. When matter expands and cools, inelastic reactive collisions
become rare and the composition freezes out—this is also referred to as “chemical freeze-
out”. New degrees of freedom are the partial densities of the various components, i.e., the
nuclei. An NRN code describes the subsequent evolution. Nevertheless, elastic collisions
can be active for longer, so that each component approaches the equilibrium (Boltzmann)
distribution as a function of the center-of-mass momentum. If the relaxation owing to
elastic collisions also becomes too slow, the occupation numbers in momentum space
become the new degrees of freedom. The corresponding kinetic freeze-out provides the
spectrum for the various components in momentum space, and the subsequent evolution
is described by the temporal evolution of the distribution function in momentum space.

We are interested in the reactions between the components of the expanding hot and
dense nuclear matter. When the reaction rates become too slow, the composition of the
system freezes out. The composition remains at the values of the relevant state described
by the parameters A;(t) at freeze-out if no further reactions are considered. For the sake of
simplicity, we also use the terms T and i, for the nonequilibrium Lagrange parameters
instead of Ar(#) and A () at the freeze-out time.

But even after freezing out, further reactions take place that change the abundances
of the various components. This stage of the nonequilibrium evolution due to nuclear
reactions is often referred to as the afterburner process. The method of NSO offers the
possibility of extending the set of relevant observables {B; }. To derive kinetic equations,
the occupation numbers of the quasiparticle states must be included in the set of relevant
observables in order to achieve rapid convergence when calculating reaction rates [62].
Further Lagrange parameters then appear in the generalized Gibbs distribution, such as
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parameters related to the single-particle distribution function. The Boltzmann equations
result when only the occupation numbers of the components in momentum space are
considered as relevant observables. The equilibrium solution is the ideal quantum gas,
without correlations and in violation of energy conservation. To improve this, we need
to add the densities of the conserved quantities as relevant observables, as known from
the hydrodynamical description. The NSO method includes the hydrodynamic freeze-out
approach and the reaction—kinetic approach using NRN codes as special cases.

The freeze-out concept is related to the particular process for which the fast relaxation
is disturbed. We consider expanding hot and dense matter, where the rapid neutron
exchange leads to a quasi-equilibrium, which determines also the distribution of the heavy
nuclei. If with decreasing density the absorption of neutrons by nuclei becomes slow,
the initial distribution Xi}“’iz of heavy nuclei freezes out. After this heavy-element freeze-out
(HEFO), fusion reactions between the light components can still remain frequent, so that the
freeze-out of the composition of the light elements occurs at a later time. This subsequent
evolution of X4 7(t) after HEFO can be approximated by NRN calculations if in-medium
effects are irrelevant—see Section 3.2.

We emphasize this staircase character of the freeze-out processes. The chemical freeze-
out related to reactive collisions between the constituents and the subsequent kinetic
freeze-out related to elastic collisions are known from HIC. If we start from hot and dense
matter in local thermodynamic equilibrium, we consider HEFO solely in connection with
processes that change the mass number A of the nuclei, before the chemical freeze-out
occurs, related to all kinds of nuclear reactions. Even after freeze-out, the various processes
continue, but they no longer lead to a generalized equilibrium (6). Instead, further degrees
of freedom are established.

The aim of the present work is to infer the values of the Lagrange parameters T and
ur for the generation of the solar abundances of elements, i.e., the initial distribution in
a freeze-out scenario for expanding hot and dense matter. This distribution can serve as
an initial condition for NRN calculations describing the evolution of the expanding hot
and dense matter after freeze-out up to the observed composition. Before switching to the
NRN approximation, however, the NSO method allows us to improve the reaction—kinetic
approach by taking into account in-medium effects in a systematic quantum statistical
approach to obtain a consistent description of expanding hot and dense nuclear matter,
which also remains valid at high densities. In particular, the treatment of light clusters in hot
and dense nuclear matter near the Mott point is a difficult task [56,74,75]. The contribution
of light clusters to the equation of state, in particular the symmetry energy, is often neglected
or treated in simple approximations such as the NSE [76] or the excluded volume [77]
approaches, which are not valid near the saturation density. The need for a consistent
description of nuclear matter including correlations and bound state formation in the
subsaturation density range was discussed recently in the context of proto-neutron stars—
see, e.g., Dinh Thi et al. [75], Gulminelli and Raduta [78], Pais et al. [79,80], Furusawa
et al. [81], Furusawa and Nagakura [82], Dinh Thi et al. [83] and references given therein.
One advantage of the NSO approach for nonequilibrium processes is that it enables the
application of the many-body theory, since the relevant statistical operator p.(t) (6) has
the form of a Gibbs ensemble.

2.4. Green’s Function Method

A main challenge is the elimination of the Lagrange parameters T and i according
to Equations (5) and (8), i.e., the nonequilibrium forms of equations of state. Because
Pre1(t) as given in Equation (8) has an exponential form, this many-body problem can be
solved using the method of thermodynamic Green’s functions [84]. For hot and dense
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nuclear matter, the cluster decomposition of the single-nucleon spectral function [56,85]
leads to the equation of state for the total density of nucleons n!°?!(T, 1i.,) as the sum of the
partial densities 1 47, (T, pn, pip) of the nucleus with mass number A, charge Z and intrinsic

quantum number v (e.g., spin)

n;Otal(T, ,un;]lp) — Z (A — Z) ”AZV(T/ Un, ,up)/
AZv

n;JOtal(T,,un/ﬂp) = Z ZnAZV(T,]/ln/Vp)/ )
AZv

with
a3 p

exp{ Eaz(p)=(A-2) Vn—Zﬂp} _(c1)A

(10)

1 (e}
nAZv(TrVnrﬂp) = (27_[)3/
0

The quasiparticle energy E 47, (p) of the nucleus depends on the center-of-mass momentum
hip. For A > 2, it is the solution of the in-medium Schrédinger equation

[ESE(1) + -+ + E%(4) = Eaza(p) |94z (p) (1.... 4)

+[1-f1) = £(2)] Y V(12,12) pazy(p) (1'2'... A) + perm. =0, (11)
12/
which contains the self-energy (SE) term and the Pauli blocking factors [1 — f(1) — f(2)].
The occupation number f(1) of the single-particle state, |1) = |p1, 01, 71) in momentum-
spin—isospin representation, can be approximated by the Fermi function for the uncorre-
lated medium.
Various approximations are known for the self-energy shift. We use the DD2-RMF
model [86] fitted to empirical data,

ESE(1) = \/[mcz + (T, ng, Y,g)}2 + (hep)? — o(T, np, ). (12)

Expressions for s(T,ng, Y,) and v(T, ng, Yp) are given by Typel et al. [86] and expressions
for the Pauli blocking shift are provided by Ropke [87,88,89,90].

The solution of the in-medium Schrédinger Equation (11) can have a bound part and a
continuum part, which is denoted by the intrinsic quantum number v. For A = 2, summing
over v (including continuum correlations) leads to the Beth-Uhlenbeck formula [73] for the
second virial coefficient. In the non-degenerate case, we perform the integral over the center-
of-mass momentum p in Equation (10) and obtain for the partial density naz (T, pn, ptp) of
the nucleus in the channel {A, Z} the expression

27TF12 -3/2
nAZ(T/.un/,up) = RAZ(T/,Mn/,up) (AmT)
ES (T — (A - —
xexp{_ Azt 1) ; Z) pin ZP‘P}, (13)

where EY, is the medium-modified ground state energy of the nucleus {A, Z}. The degen-
eracy factor g 47 and the sum over all excited states, including the continuum contributions,
are absorbed in the prefactor Rz (T, py, yp), the intrinsic partition function. For the light
elements, the excited states of the nuclei and their degeneracy are known [91] so that the
summation can be performed within the intrinsic partition function and the continuum
contribution to the virial form [64,92]. For the heavier nuclei, the summation over their
excited states can be replaced by the integral over the density of states [93]
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A2 (15MeV\ V4 TP EA E
RAZ:gAZ—|—12( . ) E/ AEEtexpday/ oo — 2 b, (14)

where we take Epnin =25MeV/ A and Emax as the binding energy of the bound state { A, Z}.
For a more detailed discussion of the intrinsic partition function, see Rauscher [94].

From the Beth—Uhlenbeck results for the virial coefficients for 2H, *H, °He and 8Be,
the approximation

-1 -1
g Ethres /MeV + 1.129 ES5S/MeV + 245
Rvirial _ |:eXp ( Az /MeV + > i 1] |:eXp ( urs/MeV + 1 (15)

0.204 TMev

was suggested for the light clusters by [92], with the energy E%¢ of the continuum edge of

scattering states (for resonances, the negative value of the resonance energy). The Pauli
blocking shifts for light elements A <16 were considered in Ropke [90]. For 10 < A <16,
the expression

AETSY ~ 1064 e 001083 Tvev (N, + Znyy) MeV fm? (16)

was found. A more detailed treatment requires us to take into account not only the influence
of T but also the dependence on the center-of-mass momentum of the nucleus. Both effects
result in a decrease of the Pauli-blocking shift. A further effect is that the bound-state
contribution to the partial densities (9) disappears if the binding energy becomes zero, but,
according to the Levinson theorem, a contribution of the continuum appears, which can
be interpreted as a relic of the merging bound state with the continuum [73]. We impose a
Pauli blocking shift

AERSN (T, ng, Y,) = ASSS(T, Y, )np (17)

for Z=Y, A, which describes the effective suppression of the contribution of the nucleus
{A, Z} to the partial density.

The solution of the in-medium Schrédinger Equation (11) for the ground state (and
excited states) of nuclei is very complex and requires an expression for the interaction
potential. Instead, the empirical data for the binding energies can be used, which are
known for many isotopes ([91], see also [95]). Since we need values for the binding energies
of isotopes far from stability, we estimate them using model calculations. Hartree—Fock—
Bogoliubov calculations [96], microscopic mass formulas [97] and calculations with the
Finite-Range Droplet Model [98] were proposed for this purpose. Since we are not dealing
with the fine structure of element abundances, we use simple estimates for the general
behavior of heavy nuclei. Here, we consider the liquid droplet model (LDM) for the
ground-state bound state energies E , of Equation (13),

Z(Z—1) (A—27)?
A TR

ES"PM = —a, A + 0, AY3 + ag (18)
The parameters a, =15.76 MeV, as =17.81MeV, a.=0.714MeV and a, =23.7MeV are
known for isolated clusters [99]. Further contributions to the LDM consider pairing
(not of relevance for the averages X 4) and shell corrections [97,98,100,101], but see
also Skyrme-Hartree-Fock-Bogoliubov (SHFB) calculations [96] and machine learn-
ing approaches [102]. We use the parametrization of the shell correction according
to Dieperink and van Isacker [101]. The shell correction to the bound state energy is

Esnenn(N, Z)/MeV = —1.39 S, + 0.02 5% +-0.003 S5 + 0.075 5,1, (19)
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S, = nv(Dn - nv) + Z”U(DZ - Zv)/
Dy, D,
G — 1y (Dy — 1y) (21 — Dyy) i 2y(D; — 24) (225 — Dy)
3 D, D. ,
ny(Dy — 1y) 2o(Dz — 24)
Snp - Dn Dz s (20)

with 71,(zy) denoting the number of valence neutrons (protons) and D, (D) the neutron
(proton) valence shell, e.g., D,,(D,) = 32 for the 50-82 shell. We use the magic numbers 2,
8, 14, 20, 28, 50, 82, 126, 184 and add the numbers 228 and 308 given by Koura and Chiba
[103]. In general, the contributions of the shell corrections in Equation (14) depend on T—
see Iljinov et al. [104]—which should be taken into account in a more sophisticated approach.
There is increasing knowledge about the properties of nuclei far from stability, which is
relevant for reaction-network calculations—see the recent publications by Storbacka and
Qi [105] and Mollaebrahimi et al. [106]. In our work, we use the simple estimates of the
Duflo—Zuker parametrization since we are far from stability, where no empirical data are
available, and we consider only the averaged behavior of the distribution of mass fractions.
In addition to the self-energy and Pauli blocking associated with the strong interaction,
another in-medium correction is the screening of the Coulomb interaction. Instead of more
sophisticated approaches for the dielectric function of a charged particle system using
Green’s function techniques [107], we use the simple Wigner—Seitz model, in which the
Coulomb part of the binding energy, Equation (18), of a droplet cluster is reduced so that

1/3
Y, Y
aénatter —071411 = 1.5< png) + 05 P(’)/IB MeV, (21)
1y np

with n, =), ng as the proton density of the matter and n(;, as the proton density in the cluster.

The method of Green’s functions offers a systematic approach to treat in-medium
effects, in particular self-energy and Pauli blocking. At high densities, nuclear matter can no
longer be considered as an ideal mixture of baryons and nuclei. A semiempirical approach
to account for the effect of Pauli blocking is the concept of an excluded volume—see,
e.g., Hempel and Schaffner-Bielich [77]. However, this concept is neither able to reproduce
details of Pauli blocking such as its momentum and temperature dependence, nor the
dissolution of bound states (Mott effect).

3. Results

To determine the Lagrange parameter values for the initial distribution at freeze-
out from local thermodynamic equilibrium, we consider the heavier elements which are
almost not influenced by stellar burning cycles. We discuss the coarse-grained heavy-
element distribution Xg, A >76 of the solar abundances, as shown in Figure 1 and listed
in Appendix B.

When hot and dense matter expands and cools, the initial distribution of heavy
elements evolves after freeze-out through decay processes such as particle emission, «-
decay and fission. The reverse reactions are increasingly suppressed with decreasing density.
We demonstrate this freeze-out approach in Section 3.1, discuss the decay processes in
Section 3.2 and present an estimate of the Lagrangian parameters T, y, and i, at heavy-
element freeze-out (HEFO) in Section 3.3. We focus here on the expansion of hot and dense
matter, regardless of how this state was reached.
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3.1. Initial Distribution for the Light Elements H and He

We follow an approach similar to that taken in interpreting ternary fission and HIC
experiments—see Appendix A. To move on to astrophysical conditions, we start out with
calculations for a nuclear system with Z <2. Considering a final mass fraction Xuy, = 0.245
of *He in the H-He system, which is close to the observed solar composition, we search
for possible initial distributions characterised by T and ng, taking the proton fraction Y
as a free parameter. We include all isotopes of H and He, as well as their excited states,
in the initial distribution. Continuum correlations and in-medium modifications are taken
into account. We assume that in the expansion phase after freeze-out, neutrons and all H
isotopes decay to the stable nuclei 'H and 2H—they feed down to these stable isotopes.
Similarly, all He isotopes decay to the stable nuclei *He and “He—they feed down to these
stable He isotopes. The remaining neutrons feed the yield of 'H.

The results of the calculations for Y}, =0.5,0.3,0.15 and 0.13 are shown in Figure 2. For
these different parameter values of the proton fraction Y}, the parameter values (T, ng) are
shown for which a mass fraction Xy, = 0.245 of *He is recovered in the final distribution.
The corresponding initial distributions also contain isotopes of H and He with higher
mass numbers. In particular, in the neutron-rich case Y, =0.13, the isotopes 5He and
®He will be abundant with increasing density and even exceed the initial yield of *He.
The mass fractions of the heavy helium isotopes 5He, ®He, etc., increase with higher
densities. Note that the mass fraction 0.245 refers to the final ‘He components given by
X,f}nal = (4/nB) Y a>4 1, The emitted neutrons from the heavier He isotopes eventually
contribute to the stable components of H.

— Y,=05 NSE, Y, ()ﬁ’/,
| — YI):0'3 /4
100F — y,=0.15 '
SN
Y,=0.13 ‘
>
(]
=)
&~
100
107!

10720 1076 10712 1078 1074

ng [fm’3]

Figure 2. Nuclear matter phase diagram. For given proton fraction Y, = 05,0.3,0.15 and 0.13,
the temperature is shown at which the final mass fraction of 4He takes the value 0.245, as a function
of the baryon density ng (full lines). Only light elements Z < 2 are considered. For comparison,
the ideal gas (NSE) approximation (dashed) for Y, = 0.5 is also shown. The red star denotes the
estimated freeze-out parameter values of Ropke [54]. The dashed line indicates the pathway of
the homogeneous Big Bang path (HBBN) and the green shaded areas indicate typical conditions
in matter during supernova explosions (SN) [108,109] (ng — T profiles at time steps after 1, 2, 5,
10 s; from above). The dark green curves show the evolution of two tracer particles placed in the
supernova simulation. The dash-dotted curve represents matter that ends up deep inside the forming
NS, whereas the dotted curve follows the evolution of matter that get ejected in the explosion.

However, above a critical density of about ng = 0.011 fmfg, the helium clusters are
dissolved due to Pauli blocking and the Mott effect—see Figure 3. For comparison, the cor-
responding curve at Y}, = 0.5 for the simple NSE considering the stable isotopes of H and He
is also shown in the figure. The deviation at high densities is caused by taking into account
the unstable states of helium isotopes. A similar behavior is encountered for the H isotopes.
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With increasing density, the abundance of heavier H isotopes increases, but it goes down at
the Mott density, where the bound clusters are dissolved. However, the protons (H) and
the neutrons remain in the nuclear matter as quasiparticles. Pauli blocking, which lowers
the binding energies and finally gives rise to the dissolution of bound states, is a dominant
effect at subsaturation densities 103 fm > < ng < 0.15 fm 3. We consider ng = 0.011 fm >
as a critical baryon density at which bound states are formed. This value depends only
weakly on the proton fraction Y). It should be mentioned that a more detailed treatment
of correlations in nuclear matter predicts a smoother dissolution of the bound states if the
dependence on the center-of-mass momentum and the contribution of the continuum are
taken into account rigorously.

0.30

0.25
0.20
N
T 0.15
0.10

0.05

0.00 -
10-° 105 10~* 103 1072

Figure 3. Composition at freeze-out for the final distribution with Xapy, = 0.245, Y}, = 0.13. Tempera-
tures as a function of baryon density ng according Figure 2. The primary mass fractions of various
He-isotopes *He-8He are presented.

Comparing the two cases shown in Figure 2—the quantum-statistical calculation with
in-medium corrections (solid line) and the NSE (dashed line)—one main difference is the
suppression of cluster formation at increasing density. All bound states are dissolved near
ng = 0.01 fm~3. The kink behavior near ng = 0.005 fm 3 is related to the disappearance
of He and He. These isotopes are not shown here, because their abundances are small.

In-medium corrections, in particular Pauli blocking and the Mott effect, are impor-
tant phenomena in the calculation of the initial distribution not only for HIC or ternary
fission experiments, but also for astrophysical sites where hot and dense matter occurs.
There are calculations of light clusters in supernova matter at subsaturation densities
(0.0001 fm™> < g < 0.15 fm~3), based on the concept of NSE. An unexpectedly high con-
centration of light clusters, such as *H and 8He and more neutron-rich isotopes, in the
central part of collapsing stars was reported by Yudin et al. [110]. These results are un-
realistic because in-medium corrections are not taken into account (in particular Pauli
blocking and the Mott effect), as shown by Fischer et al. [111]. Since we expect the site of
heavy-element formation to fall in a high-density region, we must also take these effects
into account. A description in terms of NSE is not valid in this region.

3.2. Heavy-Element Chemical Freeze-Out and the Final Abundances of Isotopes

As discussed in Section 2.3, the freeze-out concept defines the initial distribution,
which is the relevant distribution at the instant of time when the fluctuations no longer
relax fast enough to restore this relevant state. The mass fractions X4 z(t) of the various
components remain in local thermodynamic equilibrium up to the heavy-element freeze-
out (HEFO) where the initial distribution Xf{l‘}z is obtained. The balance of emission and
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absorption of neutrons by nuclei necessary for the chemical equilibrium of heavy nuclei
A > Apeavy 1s not realised if the density of the neutron environment decreases. After HEFO,
we treat the evolution of the distribution X4 7(¢) as an approximation similar to the case
of HIC and ternary fission (see Appendix A) considering the decay of excited states as
feed-down processes.

In this reaction-kinetic stage of evolution, 8 and 7 decays convert the excited nuclei to
lower-energy states without changing their mass number A. Only processes that change
the mass number A are of relevance for the evolution of X ;(t). In the case of heavy nuclei,
the transition to nuclei with a lower mass number takes place by emission of nucleons (e.g.,
the evaporation of neutrons), a-decay and fission.

Excited neutron-rich nuclei emit neutrons. This evaporation process is well known,
for instance at fission. There, daughter nuclei are formed, which emit the average num-
ber 7 of neutrons with an energy distribution corresponding to a temperature of about
1MeV. The average neutron multiplicity is nearly proportional to the excitation energy;,
V7 =a Eex + b, with a2ss;; =0.12 MeV~, axop, = 0.14 MeV~! and b~2.5[112]. At tempera-
ture T, a nucleus with A nucleons has an excitation energy of Ecx = A T2 /¢ with c = 8 MeV
as obtained from the phenomenological Fermi gas approximation [113] and an empirical
value of c ~10MeV [114]. We estimate the neutron multiplicity evaporated from a nucleus

A at temperature T as
2

7(A,T) = aT?A =d ATy (22)

with d = 0.012. The increase with A is also shown in the evaporated neutron distribution of
spontaneous fission of 22Cf [113].

The emission of 7 neutrons (22) from a nucleus with mass number A gives a nucleus
with average mass number A’ =y A, with vy =1 — 7/ A (for averages, we consider A as
continuous variable, to be replaced by discrete values with corresponding probabilities at
the end). This process of evaporation transforms the initial distribution Xg‘i to X;i' The
mass fraction of the interval [A, A + 3] is reduced by 1, but also the interval is changed by
the same value so that the values Xifg‘i at the new position yA remain, X'(A) = X™(A/y)
taking A as a variable. Since A is a discrete number, we have to redistribute the mass
fraction over the intervals of A in order to obtain the accumulated mass fraction after
evaporation, but the height remains almost unchanged. The metallicity is shifted and
reduced, M'(A) = yM™™(A/) taking A as variable.

The initial distribution Xgﬁ is characterized by the parameters T, p, and yp, and it
extends over arbitrary A, including values of the order of 10%. The heaviest stable nucleus
is 2%Pb. Nuclei with A > 208 will decay. They feed down lower values of A in the final
distribution. The processes of main interest are a-decay, binary fission, ternary fission
and multifragmentation.

A comprehensive discussion of the a decay of actinides and superheavy elements
would go beyond the scope of this work. We only mention that the a-decay daughter
nucleus remains in the heavy element range, so that this reaction has only a minor influence
on the total amount My, .~ of matter bound in the heavy elements. We consider the fate
of nuclei with A > 208 obtained in the initial accumulated mass fraction after HEFO (see
below). Some of these nuclei undergo alpha decay and feed down the nuclei found in the
intervals with lower accumulated mass numbers A. For example, actinides such as Po
decay into nuclei in the lead range (A =204 and 208 of the coarse-grained distribution)
that are stable. A more detailed consideration of this afterburning process should take into
account the half-lives for « decay. Some isotopes such as 22Th, 23U, 238U and ?**Pu have
extremely long half-lives and are present in the solar abundances.
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The role of fission for nucleosynthesis became of increasing interest during the last
decade [113,115-120]. Since we are not concerned with the problem how fission becomes
active starting from low-density matter, the initial distribution at HEFO contains all possible
nuclei and resonances so that only the decay of them is of interest. Although nuclear
fission is of great importance for the description of the abundances of the heavy elements,
only limited experimental data are available. As described in [113], experimental data
and the GEF (general description of fission observables) calculations tend to indicate
symmetrical fission for large mass numbers A. Fission fragments populate the regions near
A =116 (Z=50) and A =176 (Z=70). Part of th mass fraction observed in that range
can be attributed to a fission origin [14]. Fission has no effect on the total amount M Aneavy”
Ahneavy A 76, of matter bound in the heavy elements if the fission fragment nuclei remain in
the heavy element range.

After HEFO, the evolution of the distribution X z(t) can be approximated by NRN
calculations as afterburner, based on detailed information about the isotopes, their excited
states and reaction cross sections. This is not the aim of our present work. Instead, we
are interested in determining the parameter values T, ji,, and i for an initial distribution.
Therefore, we consider only the coarse-grained pattern of the distribution function given
by the accumulated mass fractions X ;. For future work, NRN calculations would be of
interest to determine the final distribution X4 7. It should be mentioned, however, that
these calculations make approximations if HEFO appears at extreme conditions. The typical
NRN approximation neglects in-medium corrections such as Pauli blocking and self-energy
effects, which are included in the relevant statistical operator p, at freeze-out, as well as
correlations in the continuum.

3.3. Initial Distribution from the Heavy-Element Abundances

To construct the initial distribution at heavy-element freeze-out (HEFO), the binding
energies of nuclei are needed. As generally accepted, the formation of the heavy elements
requires a neutron-rich, hot environment; see also Figure 2. Neutron-rich nuclei are formed,
with binding energies not known from experiments.

Hartree-Fock-Bogoliubov or Finite-Range Droplet Model calculations are applied
to determine the binding energies of nuclei far from stability, but one has to consider the
effects of the medium which influence the properties of nuclei. For the light nuclei, where
the binding energies are measured experimentally, the shifts of the binding energies due to
self-energy and Pauli blocking are known. For the heavy nuclei, we use the Liquid Droplet
Model (LDM) (18). Its parameter values ay, a5, 4. and a, depend on the surrounding
medium. Within the Wigner-Seitz approximation, the modification of the Coulomb term
a. was already discussed in Section 2.4. Because of screening and a low proton fraction,
the Coulomb term becomes very small at high densities. We assume that the asymmetry
energy 4, is not modified.

Self-energy shifts affect bound states as well as continuum states so that they effectively
modify the chemical potentials. We use the DD2-RMF result [86] given in Section 2.4 for the
nucleons in the nuclei, which leads to a renormalization of the chemical potentials i, and pip,.
Typical values for the self-energy of nucleons at T = 5MeV, ng = 0.01 fm > and Y, =0.13are
AESE = —6.31MeV and AE%E = —13.08 MeV. The Pauli blocking partially compensates the
self-energy shift and leads to the dissolution of the bound states (Mott effect), as discussed
in Section 2.4. According to Equation (17), we introduce the parameter 672l (T, Yp) as an
average value of 6531(T, Y, ) and add this to the bulk parameter a2 (T, ng, ;) = a;, —
6Pauli(T, Y, )ng. For T=5MeV and Y, = 0.13, we estimate a™!" (T, ng, Y} ) ~ 14.26 MeV.

For an estimate of the parameter value of the surface term amatter we consider the
ratio X4/ qu as shown in Figure 4. Using the solar data (see Table A1) we expect a smooth



Universe 2025, 11, 323

18 of 32

average dependence on A. However, there are strong deviations related to the peaks in }A{g
owing to the magic numbers and the iron peak (see Figure 1), which are not relevant for
our present discussion of the LDM.

40

0 1 1 1 1 1
0 20 40 60 80 100 120
A

Figure 4. Double ratio of accumulated mass fractions. Solar distribution In )A(?A —2In )A(g +3InA
(purple “4” symbols, lines to guide the eyes; values from Table A1) compared with liquid droplet
model calculations, Equation (23), brown curves, for various parameter values a5/ T as given in the
line labels. Further parameter values are provided in the text.

We employ the LDM (18) to calculate the ratio Xoa/ Xi. For a nucleus with mass num-
ber A, we assume an average charge number Z(A) = Y, A. From Equation (13) we obtain

X 3/2
1/2 2
ln}i—zzA +3InA = In 27/271,13%72 71 RzzA(T)
4 7 \m) RyT)

The bulk term 4y, and the asymmetry term a, of the Bethe-Weizs&cker relation (18) cancel
in the exponent.

We use this relation to infer values for a5/ T and a./T by comparison with the solar
data Xg’ listed in Table A1; see Figure 4. The strong deviations from a smooth behavior are
due to the fact that magic numbers are not included in the Bethe-Weizsécker relation (18).
Relation (23) is shown in Figure 4 for various parameter values as/T = 1.6,...,3.6. The
graph is not very sensitive to the first term on the right-hand side of (23) for which
a, =23.7MeV, T =5MeV and ng=0.013 fm 2 has been used. The least-mean-square-
deviation fit to the data for A = (68,72,76,80,84,88,116), which are heavy nuclei not
related to magic numbers, gives aMater /T =241 and Y%aé“atter /T =244 x 10~°. The small
value of the Coulomb term in the LDM is an indication of a small value of the proton
fraction Y, ~ 0.1 and the strong screening in the dense, neutron-rich matter. Of interest is
the result for the surface term as/T. Assuming a temperature of about 5MeV, the value
afatter — 12 05MeV follows, which is smaller than the free value as =17.81 MeV given
above. The corresponding free value as/T ~ 3.6 is in conflict with the observed data;
see Figure 4. Lattimer and Swesty [121] discuss a reduction of the surface term a"@ter for
nuclei embedded in hot and dense matter; see also Ravenhall et al. [122]. The simple LDM
discussed here supposes a value of the surface term in the range 2 < a!" /T < 2.5.

In a next step, we construct the initial distribution at HEFO. With the in-medium
modifications of the LDM and the nucleon self-energy shifts given above, we determine
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the parameter values T, y, and pj so that M =1. The assumption that the observed
distribution X ; of the heavy elements is obtained from an initial distribution predominately
by decay processes (neutron emission, a-decay, fission) has the consequence that the initial
A-metallicity M‘;fi‘i must have been larger than the presently observed A-metallicity M% in
the region A > Apeayy. At A =76, only the evaporation of neutrons from the heavy nuclei
significantly changes the initial distribution M2 to the final one. The flow of matter bound
in heavy nuclei across Ape,yy due to a-decay is small. It is determined by the number of
nuclei which emit the « particles. Fission gives almost no flow of matter across Apeavy
because the fission fragments remain with mass numbers A > Ape,yy. Evaporation of
neutrons after fission has to be taken into account. The A-metallicity M in the range of
Apeavy 18 nearly conserved with respect to fission processes. We consider these conditions
for M} in the region 76 < A <120 as a prerequisite to infer the initial distribution from the
observed final abundances.

As an example, in Figure 5, we show a result for parameter values T =5.266 MeV,
ng=0.013fm—> and Y, =0.13. The chemical potentials are p,=940.317MeV and
jip = 845.069 MeV. Here, the model parameter values """ = 15.26 MeV and ay"@"" = 11 MeV
have been used. The parameter values for T, j;, and p, are obtained from the conditions
that Mp=1and AM; = M’A - M% ~0 in the range 76 < A <120 as shown in Figure 5d.
The small deviation AM ; > 0 is self-consistently determined by the a-decay of heavy nuclei
which is discussed below.

The inferred distribution at HEFO extends to very large numbers of A; the accumulated
initial mass fraction Xg‘i drops down above A ~ 600. The initial A-metallicity M%‘i also
has a long tail. As shown in Figure 5¢, it crosses the solar Mg near A = 76. The value of
107626 for A =76 agrees well with the observed values, implying that the gain of heavy
nuclei matter by fission of light nuclei and neutron absorption is compensated by the
loss of heavy nuclei matter due to evaporation of neutrons and a-decay. We consider
Aheavy =76 as the border between light and heavy nuclei. The accumulated solar mass
fraction takes a minimum here. Burning processes will hardly extend much beyond the iron
peak, and fission of superheavy elements and emission of clusters are also not expected to
contribute to a flow across this value. Emission of neutrons is possible but will give only
a small left-directed flow, which is compensated by the right-directed fusion flow. The
metallicity My can approximately be considered as conserved quantity. We expect only
minor changes of its value after HEFO. Fusion will change the distribution of the light
nuclei after HEFO, forming, for example, the iron peak. We do not discuss the light nuclei
A <76 here.

For the heavy nuclei, we obtain three peaks at mass numbers near the observed max-
ima, but at slightly higher values of A, as shown in Figure 5a. These and further maxima are
related to magic numbers of neutrons and protons, 58 =50 + 8, 96 =82 4- 14, 146 = 126 +- 20
and 212 =184 + 28. The proton fractions for these double-magic nuclei are close to the as-
sumed proton fraction Y, = 0.13 of the nuclear matter. The corresponding nuclei are bound
but far from stability. The neutron separation energy S, is negative, but they nonetheless
contribute to the composition of matter as correlations in the continuum. For example,
as discussed in Appendix A, experiments find that the unstable nucleus °He (S, < 0)
contributes to the primordial distribution in ternary fission. The appearance of peaks at
higher mass numbers A = 264 and 356 is of interest.
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Figure 5. Accumulated mass fraction X 4 (top row) compared with the solar accumulated mass
fraction )A(:: (blue “x” symbols) and A-metallicity M 4 (bottom row) compared with the solar
A-metallicity Mg (orange “+” symbols). Values are given in Table Al. Dotted lines mark the
double magic numbers 5048, 82 +14, 126+ 20, 184428, 228 +36 and 308 + 50 (included in
A =356). Panel (a): Initial accumulated mass fraction X;‘i‘i (red “4” symbols) for the parameter
values T = 5.266 MeV, i, = 940.317MeV and y, = 845.069 MeV. Panel (b): Accumulated mass
fraction after evaporation of neutrons Xf@ (red “+” symbols) for 7=0.1A. Panel (c): Initial A-
metallicity M7 (green “x” symbols) for the parameter values T = 5.266 MeV, y, = 940.317 MeV
and yp, = 845.069 MeV. Panel (d): A—metallicity M;§ after evaporation of neutrons (green “x” sym-
bols) for 7 = 0.1A.

De-excitation processes will modify the initial distribution. - and y-decays do not
change the distribution of mass fractions. The evaporation of neutrons concerns all heavy
nuclei which are excited. Using Equation (22) with d Tf/[ev =0.1, the evaporation of neutrons
results in the mass fraction distribution X, shown in Figure 5b. A corresponding plot of
the accumulated mass fractions X;i shows a good reproduction of the three peaks.

The accumulated mass fraction Xﬁ@ extends significantly beyond the limit of stabil-
ity at A =208. Nuclei with A > 208 are unstable with respect to a-decay, binary fission,
ternary fission and multifragmentation. a-decays shift the actinides toward the lead re-
gion. The overpopulation of accumulated mass fractions X5, and X5,¢ accounts for part
of the actinides. For an estimate, we calculate the mass fraction of the overpopulation
X4+ X505 — Xhoa + Xhog = 1.92 x 1078, The amount of matter bound in nuclei with mass
numbers A > 212 to decay through fission or through a-decay is M, = 5.44 x 10~8. For
the estimate, we assume a sharp separation between nuclei with smaller mass numbers A,
which decay by emission of an « particle, and superheavy nuclei with larger mass numbers,
which decay by fission. Of course, the branching ratios for fission and a-decay of super-
heavy nuclei do not jump sharply with A. In this simple estimate, since M}, = 3.52 x 1078,
the fraction of matter bound in nuclei with 212 < A < 312 is required to account for the
overpopulation at A = 204,208. The loss of matter bound in heavy nuclei due to a-decay is
estimated as AX, =}, )A(;i (1—208/A)~2 x 102 over this interval. This determines the
difference AM ; given above in the interval 80 < A <120. The process of a-decay is not
completed yet; reduced values of the accumulated mass fractions of A =232 and 236 (Th,
U, Pu) remain and are subject to chemochronology.
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Fission is the fate of the remaining heavy nuclei, with a total mass fraction of
3.52 x 1078 according to our estimate. Of particular relevance is the peak at A =356,
which is related to the double magic nucleus 3°°Sn. After evaporation of neutrons, the max-
imum in the distribution )A(;i appears near A =320. Assuming symmetric fission [113],
fragments near A =106 would appear, which can explain the enhanced observed mass
fractions in that region.

The example of the freeze-out distribution considered here is determined by
the Lagrange parameters T, p, and p, which yield the initial A-metallicity Mifiﬁ
shown in Figure 5c; see also Table Al. The inferred parameter values T =5.266 MeV,
pn = 940.317 MeV and pp, = 845.069 MeV satisfy the requirements My =1 and Mifi‘i > M%
for A > Ahneavy given at the beginning of this section. After evaporation of neutrons, M;ﬁ
coincides with Mg in the range 100 < A <120 with the small gap AM,, which accounts
for the a-decay. Taking into account a -decay and fission, A metallicity M;i will change
further, so it will approach MS. The material bound in heavy clusters, M%heavy, and its

change with A, )A(;lh , are nearly conserved. We investigated only the coarse-grained
eavy

pattern of the final distribution of the mass fractions X 4, which concerns the sum of the
detailed mass fractions X4 7 with four subsequent mass numbers A. In order to obtain the
final distribution of the mass fractions X, 7, a more detailed description of the individual
properties of nuclei is necessary, for example of the decay processes of the various excited
isotopes far from the region of stability.

4. Discussion

Our work deals with the question of whether the shape of the heavy-element abun-
dances can tell us something about the origin of these nuclei. In the framework of a
nonequilibrium approach, we reconstruct the Lagrange parameter values of the heavy-
element freeze-out (HEFO) in a region where in-medium corrections are essential. We
considered the coarse-grained pattern of the mass fraction distribution and used the metal-
licity M4 in the region 76 < A <120 to determine the value of the Lagrange parameters.
We did not perform NRN simulations to calculate the isotopic abundances of the individual
stable nuclei, but instead consider our final distribution as input for such calculations of the
abundances of the elements. Current NRN calculations usually start when the temperature
decreases to 0.7 MeV, with the initial composition being determined assuming nuclear
statistical equilibrium (NSE); see, e.g., Ricigliano et al. [38], Fischer et al. [109]. There are
several other issues that will be addressed in more detail in the following discussion.

4.1. HEFO and In-Medium Corrections

Our scenario describes expanding hot and dense matter in which relaxation to the
generalized Gibbs state (8) takes place as long as the relaxation time for reactive collisions
is sufficiently short. To describe nuclear matter at subsaturation densities, in-medium
corrections must be taken into account, in particular self-energy shifts and Pauli blocking.
Resonances, i.e., correlations in the continuum, must be considered. The Mott density
determines the region in which bound states can exist.

If the density and/or the temperature decrease, the relaxation of the fluctuations can
become so slow that the general local equilibrium is no longer maintained, but new degrees
of freedom occur at this freeze-out point. In contrast to the NRNs, which consider all types
of nuclear reactions, the accumulated mass fractions of the elements can only be changed by
emission and absorption of particles, fission and fusion processes. The freeze-out for heavy
elements (HEFO) occurs when the equilibrium of these processes is no longer maintained.
The subsequent temporal evolution of the accumulated mass fraction distribution is then
dominated by decay processes.
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For the state of the nuclear system at HEFO, the Zubarev NSO approach provides a
systematic quantum mechanical description, so that correlations in the system are taken
into account in the distribution function X}EFO. This is not possible for an NRN approach,
which is based on single-particle properties and reaction rates in free space. In this approxi-
mation, the local thermodynamic equilibrium solution is an ideal gas composed of various
components. It would be of interest to work out reaction kinetics including in-medium
effects, based, e.g., on the spectral function, but this is presently out of reach. We consider
decay processes in a summary approach to derive the final distribution—a method known
from investigations in nuclear physics; see Appendix A.

After HEFO, the excited, unstable states of nuclei, which exist in the initial distribution,
will decay and feed the abundances of nuclei with lower mass numbers A. The NRNs
currently used to simulate the r-process are well established to describe chemical evolution
in the low-density regime (ng < 10~* fm~3) where in-medium effects are less important.
For subsaturation densities (104 fm < ng <0.15 fm—3), however, Pauli blocking and the
Mott effect must be taken into account. The concept of NSE [110] cannot be applied in this
regime and leads to flawed results as shown by Fischer et al. [111].

It is also not expected that the formation of heavy elements would terminate in the
neutron-rich superheavy region due to fission and rarely extend beyond the element
Z =100 [119]. If the trajectory of matter in the density—temperature plane passes through
states characterized by the Lagrangian parameters given in this work (see Figure 3), nuclei
with mass numbers as large as A ~ 600 are formed in the initial distribution. Fission and
a-decay are a common side effects of nucleosynthesis. Hence, an interesting prediction
of the HEFO scenario is the increased initial abundance of nuclei in the range around
A =358, Z = 50—see Figure 5a—which due to fission contributes significantly to the ob-
served increased abundances in the range A =160.

4.2. Phase Transition and Distribution of Lagrange Parameters

Within the framework of a nonequilibrium approach, which includes both the kinetic
and the hydrodynamic approximation for the description of expanding dense matter,
parameter values for the freeze-out of heavy-element formation (A > 76) are inferred. Under
our specific approximations, the values of the HEFO parameter A; (8) corresponding to
T =5.27MeV, ng =0.013 fm—3, and Yp = 0.13 are estimated, which characterize a potential
astrophysical site of heavy-element formation with the characteristic abundance pattern of
the solar system. Regardless of the specific astrophysical event (supernova explosions, NS
mergers or inhomogeneous Big Bang), these relevant parameter values are an important
prerequisite for discussing the origin of the observed abundances.

It is of interest to look at the abundance patterns of objects beyond the solar system. We
expect different values for the Lagrange parameters A;. Chemical compositions have been
measured for many stars and galaxies. Information is also available for cosmic rays. The
heavy-element distribution is quite robust, but a distribution of the Lagrange parameters is
expected. For example, a higher freeze-out temperature is implied by the heavy-element
abundances in cosmic rays.

The HEFO parameter values are located in the range of thermodynamic instability
of the nuclear matter (liquid—gas) phase transition ([54], see also [123]), so that a rapid
change in the parameter values—especially the baryon density—is to be expected during
expansion. Pasta-like structures can appear as known from proto-neutron stars. The
connection between freeze-out and the formation of bound states (Mott effect) in nuclear
matter was recently discussed by Blaschke et al. [124]. The investigation of the dynamical
evolution of hot and dense matter under these conditions (nucleation in a nuclear matter
fog) is beyond the scope of this work but is the subject of future investigations. Nevertheless,
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we assume that our final coarse-grained distribution )A{f}\“al can serve as an initial condition
for performing NRN calculations for the elemental abundances.

4.3. Inhomogeneous Big-Bang Nucleosynthesis

Simulations and observations indicate that violent astrophysical processes such as SN
explosions and NS mergers give rise to conditions for heavy-element formation, so the
pattern of the heavy-element mass-fraction distribution may change during these events.
However, it is an open question whether these violent processes are the only places for
the formation of heavy elements, or whether heavy elements were already formed very
early in the Universe under other conditions. New observations of massive objects at large
redshifts, e.g., with the James Webb Space Telescope (JWST) [125], suggest that massive
objects already existed very early in the evolution of the Universe. Unusual nucleosynthesis
has been detected for a massive star in the early Universe [51].

Open questions also arise in the context of galactic chemical evolution (GCE). It is
beyond the scope of this article to review the research field of GCE, and we refer to Mat-
teucci [126]. Here, we only mention the following special problem: stars with high r-
process abundances ([Eu/Fe] = 0...2) and extremely low metallicity ([Fe/H] < — 2.5)
have been observed, and an astrophysical site for nucleosynthesis is under discussion
in an environment with lower metallicity than binary NS mergers could have—see
Farougqi et al. [47], Wehmeyer et al. [127,128], Thielemann et al. [129]. Upcoming mea-
surements will provide an important constraint on the actual local NS-NS merger rate, and
will help to decide whether or not compact binary mergers are the dominant source of
r-process elements in the Universe [130].

An additional production site of heavy elements active in the early Universe would
provide an alternative. Hydrodynamic simulations of this additional r-process source
still need to ensure the conditions for a robust r-process pattern [131]. The values for the
Lagrangian parameters and the corresponding distributions given in our work may be of
interest here.

We briefly mention inhomogeneous Big-Bang nucleosynthesis (IBBN) as an alternative
or complementary source of heavy elements. This scenario implies that heavy elements
are formed very early in the Universe. According to the IBBN, large density fluctuations
arise in the context of the quark-hadron phase transition [132-134] and are assumed to
exist already at t,,,, when the primordial distribution, Equation (1), would freeze out in
the HBBN model. Phase transitions and the formation of gravitationally bound clusters of
matter are possible processes for the emergence of long-lived, dense objects already at high
mean density and temperature. This stage of the early Universe is quite hypothetical. For
a recent discussion of primordial density fluctuations in the context of primordial black
hole formation and heavy element synthesis, see Gonin et al. [55], where further details
and references can be found. The IBBN scenario, which avoids all matter passing through
the compositional state (1), could explain the so-far unsuccessful search for population
III stars and pair-instability supernovae. Moreover, the IBBN scenario coupled to our
freeze-out model for the formation of heavy elements provides a natural explanation for
the universal abundance pattern beyond the iron group found in various astrophysical
objects. In this framework, only the three parameter values for T, j1,, and i determine the
initial distribution X%‘i at heavy-element freeze-out, from which the observed abundance
pattern evolves.

5. Conclusions

In the framework of a general nonequilibrium approach, we relate the observed coarse-
grained distribution of the mass fractions of heavy elements to a hot and dense state of
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nuclear matter described by the Lagrangian parameters T and y., the nonequilibrium
generalizations of temperature and chemical potentials. Values inferred from the solar
abundances are presented. After the freeze-out of the heavy-element mass fraction distribu-
tion, the evolution of the corresponding coarse-grained distribution function is determined
by decay processes. At a later stage, further nuclear reactions freeze out, and nuclear
reaction networks can be employed to follow the temporal evolution of the individual
isotopic distributions that lead to the observed mass fractions.

The description of clusters in hot and dense nuclear matter requires a quantum
statistical approach to account for in-medium effects. For conditions close to nuclear
saturation density, self-energy and Pauli blocking must be taken into account. In this regime,
the standard model of nuclear statistical equilibrium, which is based on the properties
of free nuclei, is no longer valid, since bound states are dissolved by the Mott effect.
Continuum correlations, in particular resonances, must be included. It is expected that
large neutron-rich clusters form, for example the double magic nucleus 3¥Sn. However,
nuclear physics needs to be further developed to explore the properties of nuclei in the
range of subsaturation densities.

Our proposed scenario raises the question of the astrophysical sites of heavy-element
production. Parameter values of density and temperature at heavy-element freeze-out
are encountered in supernova explosions in the forming proto-neutron star where the
pasta structures appear in the crust. Here we are confronted with the nuclear matter
phase transition, and future work is needed to study the behavior of nuclear matter in
this critical regime. Neutron star mergers are thought to be the site for the origin of
heavy elements, but this might not be the only source of r-process elements. Additional,
perhaps complementary production sites of heavy elements may exist in the early Universe.
From the coarse-grained pattern of the element abundances, we derive the Lagrange
parameters T, u, and pp, for the heavy-element freeze-out, which can be instrumental for
characterizing the state of such additional production sites.
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Appendix A. Freeze-Out Approach for Laboratory Experiments

We demonstrate the freeze-out concept and the afterburner approach for the formation
of the light elements H and He in expanding hot and dense nuclear matter. To explain
the evolution of the primordial (initial) distribution after freeze-out, we consider nuclear
matter with only two elements, H and He, together with neutrons in the primordial
distribution of isotopes. Can we derive the Lagrange parameters T and i at freeze-out
from observed yields of the stable isotopes 1H,2H, 3He, *He? This problem was investigated
for HIC [58,59] and ternary fission [64,92]. The primordial distribution contains not only the
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stable isotopes but also all unstable isotopes, including their excited states and continuum
contributions. The energies of the ground state and the excited states are modified by
in-medium effects such as self-energy and Pauli blocking. A simple NSE description
is invalid because it neglects these effects. For HIC at collision energies of 35MeV per
nucleon, Natowitz et al. [58] reported the freeze-out baryon density 1z = 0.005 fm ™ for
T =5MeV and a proton fraction of Y}, = 0.41.

In ternary fission, nuclei are formed during scission in the neck region, where the
proton fraction Y) is low, so that neutron-rich isotopes appear more abundantly. For
instance, in addition to the stable nuclei 2H, °H, 3He, *He, the abundance of unstable
nuclei such as °He in the hot and dense primordial matter is calculated, which decay after
freeze-out and feed the observed yields of “He. Their contribution of about 17 % to all
observed “He events was determined by experiments [63], in which the 1 — a correlations
in the ternary spontaneous fission of 2>2Cf were measured. The same was observed for
the unstable isotope “He, which feeds the final yield of ®He. Also *H is obtained in the
primordial distribution, but it feeds the final yield of 3H. If all decay processes are taken
into account (see [64,92]), the primordial distribution at freeze-out converts to the final
distribution. This analysis allows us to infer the Lagrange parameters for the primordial
distribution (13) from the observed elemental and isotopic abundances. Together with
the observed yields of 2H and ®H, a freeze-out parametrisation for 2*!Pu of the neck
region at fission was obtained with T =1.29 MeV, baryon density ng =6 x 107> fm 2 and
proton fraction Y, = 0.035. For this purpose, a least-squares fit was performed between the
observed yields and the calculated final distribution, which is determined by the Lagrange
parameters T and p+.

Comparing the calculated yields of °He and ®He with the observed yields, the suppres-
sion of weakly bound clusters due to Pauli blocking was discussed [92]. These in-medium
effects are more evident in the suppression of the weakly bound isotopes 'Li and C [64].
Medium effects are also evident in HIC [59].

Appendix B. Coarse-Grained Pattern of Solar Abundances

In Table Al we give values for the accumulated mass fraction X4, defined in
Equation (2) and the A-metallicity M 4, defined in Equation (3) as plotted in Figures 1 and 5.
Solar mass fractions )A(g and A—metallicity M% are obtained from Lodders et al. [3]. The ini-

tial mass fractions )A(ifi‘it and A-metallicity Mg‘it assume parameter values of T =5.266 MeV,
pn =940.317 MeV and ), = 845.069 MeV.

Table Al. Accumulated mass fractionsX 4 and A-metallicities M i

A log X¢ log M%) log Xnit log Miit
0 —0.1523 0.0000 .. 0.0000
4 —0.5555 —0.5291 —2.1068 —2.0424
8 —8.2524 —1.7580 —3.1644 —2.9030

12 —2.4070 —1.7580 —4.5508 —3.2476

16 —2.1284 —1.8684 —3.4172 —3.2698

20 —2.6028 —2.2147 —4.6030 —3.8108

24 —3.1198 —2.4432 —4.0245 —3.8873

28 —3.1011 —2.5459 —4.9128 —4.4543

32 —3.4024 —2.6876 —4.9323 —4.6400

36 —3.9822 —2.7807 —5.2269 —4.9501

40 —4.2017 —2.8089 —6.0153 —5.2767

44 —5.6959 —2.8268 —5.9716 —5.3642

48 —5.3849 —2.8274 —6.3886 —5.4874
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Table Al. Cont.

A log Xg) log ME log Xg‘it log Mg‘“

52 —3.9617 —2.8286 —6.1494 —5.5457

56 —2.8715 —2.8618 —6.2884 —5.6701

60 —4.5829 —4.5167 —6.1171 —5.7897

64 —5.5298 —5.3657 —6.7205 —6.0659

68 —6.2388 —5.8679 —7.1405 —6.1747

72 —6.7211 —6.1088 —7.3338 —6.2244

76 —7.0309 —6.2303 —7.5739 —6.2595

80 —6.8766 —6.3052 —7.5629 —6.2811

84 —6.9336 —6.4408 —7.6142 —6.3044

88 —7.1233 —6.6093 —7.4308 —6.3263

92 —7.8379 —6.7681 —7.2421 —6.3618

96 —8.2692 —6.8067 —6.8260 —6.4231
100 —8.3142 —6.8219 —7.4362 —6.6418
104 —8.3692 —6.8362 —7.8646 —6.7177
108 —8.4435 —6.8491 —8.1783 —6.7499
112 —8.3928 —6.8603 —8.3965 —6.7664
116 —8.1629 —6.8732 —8.5154 —6.7767
120 —8.2007 —6.8961 —8.6020 —6.7847
124 —7.9386 —6.9182 —8.6037 —6.7913
128 —7.6523 —6.9617 —8.5831 —6.7981
132 —7.9881 —7.0607 —8.4733 —6.8053
136 —7.7132 —7.1154 —8.3179 —6.8147
140 —8.1821 —7.2417 —8.0678 —6.8285
144 —8.7119 —7.2946 —7.7928 —6.8543
148 —9.0105 —7.3116 —7.6929 —6.9075
152 —8.9770 —7.3203 —8.2115 —6.9852
156 —8.9190 —7.3300 —8.5854 —7.0118
160 —8.7799 —7.3414 —8.8581 —7.0236
164 —8.7875 —7.3575 —9.0451 —7.0299
168 —9.0449 —7.3739 —9.1690 —7.0342
172 —8.9853 —7.3833 —9.2471 —7.0374
176 —9.1763 —7.3943 —9.2859 —7.0401
180 —9.1656 —7.4011 —9.2979 —7.0425
184 —9.0851 —7.4091 —9.2786 —7.0446
188 —8.4962 —7.4183 —9.2322 —7.0475
192 —8.0903 —7.4562 —9.1452 —7.0504
196 —8.4125 —7.5710 —9.0142 —7.0537
200 —8.7710 —7.6385 —8.8327 —7.0586
204 —8.0595 —7.6718 —8.6202 —7.0660
208 —7.9157 —7.9005 —8.3788 —7.0783
212 e —9.3651 —8.0964 —7.1006
216 e —9.3651 —8.2286 —7.1468
220 e —9.3651 —8.6321 —7.1844
224 e —9.3651 —8.8996 —7.2002
228 ... —9.3651 —9.0644 —7.2089
232 —9.5072 —9.3651 —9.1504 —7.2150
236 —9.9195 —9.9195 —9.1806 —7.2201
240 . e —9.1699 —7.2249
244 e e —9.1305 —7.2299
248 . . —9.0676 —7.2353
252 . e —8.9829 —7.2418
256 e e —8.8717 —7.2497
260 . .. —8.7252 —7.2602
264 e e —8.5343 —7.2754

268 . .. —8.7735 —7.2999
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Table Al. Cont.

A log X/? log ME log Xg‘it log Mg‘“
272 e e —9.0477 —7.3148
276 ... ... —9.2409 —7.3229
280 e ... —9.3691 —7.3282
284 e e —9.4461 —7.3322
288 e e —9.4848 —7.3356
292 e e —9.4959 —7.3387
296 . e —9.4889 —7.3417
300 . e —9.4711 —7.3448
304 . e —9.4482 —7.3481
308 e e —9.4243 —7.3515
312 e e —9.4017 —7.3552
316 e e —9.3806 —7.3591
320 . e —9.3598 —7.3633
324 e e —9.3358 —7.3677
328 e .o —9.3038 —7.3724
332 . ... —9.2566 —7.3775
336 e e —9.1856 —7.3833
340 . . —9.0802 —7.3902
344 e e —8.9283 —7.3991
348 . .o —8.7156 —7.4122
352 . e —8.4272 —7.4343
356 e e —8.0566 —7.4809
360 e e —8.2879 —7.6149
364 ... ... —8.7160 —7.7186
368 e e —9.0654 —7.7646
372 . .o —9.3259 —7.7869
376 e e —9.4967 —7.7997
380 e e —9.5922 —7.8085
384 ... ... —9.6293 —7.8157
388 e ... —9.6242 —7.8224
392 e e —9.5897 —7.8293
396 . ... —9.5365 —7.8369
400 e e —9.4723 —7.8457

Notes

1

In nuclear physics, the baryon number density np is given usually in fm~3. For conversion to the mass density use 1fm 3

0" gcm—3. We consider also T = kpTinerm as energy which is usually measured in MeV, 1 MeV

corresponding to 1.673 x 1
corresponds to the thermodynamic temperature Tiperm, = 1.1604 X 1019 K. With Tyey = T/MeV we have Tyey = To/11.604.
We use the term “cluster” for referring to a nuclear particle correlation in high-density matter and not in the sense of clusters of
astrophysical objects, such as stars or galaxies.

Usually, the astrophysical term “metals” (Z) refers to the set of all elements beyond He. In analogy, with the A-metallicity we

denote the fraction of material found in nuclei with mass numbers A’ > A.
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