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ABSTRACT: There is controversy surrounding the origin and evolution of our universe’s largest
supermassive black holes (SMBHs). In this study, we consider the possibility that some
of these black holes formed from the direct collapse of primordial density perturbations.
Since the mass of a primordial black hole is limited by the size of the cosmological horizon
at the time of collapse, these SMBHs must form rather late, and are naively in conflict
with constraints from CMB spectral distortions. These limits can be avoided, however,
if the distribution of primordial curvature perturbations is highly non-Gaussian. After
quantifying the departure from Gaussianity needed to evade these bounds, we explore a
model of multi-field inflation — a non-minimal, self-interacting curvaton model — which
has all the necessary ingredients to yield such dramatic non-Gaussianities. We leave the
detailed model building and numerics to a future study, however, as our goal is to highlight
the challenges associated with forming SMBHs from direct collapse and to identify features
that a successful model would need to have. This study is particularly timely in light of
recent observations of high-redshift massive galaxy candidates by the James Webb Space
Telescope as well as evidence from the NANOGrav experiment for a stochastic gravitational
wave background consistent with SMBH mergers.
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1 Introduction

Supermassive black holes (SMBHs) are ubiquitous in our universe, being present in the centers
of nearly all massive galaxies. Quasars,! powered by black holes with masses M ~ 103719 M,
are also found in large numbers in the high-redshift universe. At present, over 170 quasars
have been observed at z > 6, with the most distant at z = 7.54, and several hundred others at
z=5—06 [2-10]. Figure 1 shows the quasar abundance as a function of redshift over several
ranges of black hole mass. While this magnitude limited quasar catalog is believed to be nearly
complete out to z ~ 5, only a small fraction of SMBHs are, in fact, quasars. A more complete
census of SMBHs is possible in the local universe where one finds Qg (z = 0) ~ 1076 [11].
This contrasts with the peak quasar mass density of Qquasar(z = 2) ~ 10~%. While specific
models for SMBH population evolution have been proposed [12-14], the limited available
data leaves a great deal of uncertainty.

!Quasars are the most luminous active galactic nuclei (AGN). In this paper, quasar refers to an AGN
that is sufficiently luminous to appear in a quasar catalog such as SDSS DR7 [1]. While this definition is
redshift-dependent, the most luminous quasars should be consistently present in the catalog up to the DR7
redshift limit of 5. In the text, the phrase “quasar mass” refers to the mass of the black hole that powers the
quasar.



It is usually assumed that SMBHs grow over time from relatively low-mass seeds (possibly
the remnants of Population III stars [15]) through the process of accretion. The rate of
mass accretion is Eddington limited to

. M
Mgaa S —2, (1.1)
TS
where
0T 9
= —=~45 M — 1.2
s 4 G'my, vt <O.1> (1.2)

is the Salpeter time [16], o = 87 a?/(3m?) is the Thomson cross section, m,, is the proton
mass, and ¢ is the radiative efficiency. At the Eddington-limited rate, a 102 M black hole
seed would require ~ 0.8 Gyr to grow to M ~ 10'° M. Since z ~ 6—7 corresponds to only
~ 0.7—0.9 Gyr after the Big Bang, such a scenario would require these large high-redshift
black holes to have grown at high accretion rates almost continuously throughout the first
Gyr of our universe’s history. Interestingly, there seems to be quite a significant population
of quasars at z ~ 6 to 7 in this mass range [4, 17-19].

The continuous accretion required to explain this rapid growth contrasts with the
intermittent accretion observed of SMBHs at lower redshifts. Further, from figure 1 we see
that the most massive Mpy > 10'° M, population has remained approximately constant
since at least z ~ 5 [20]. This would require any growth in the number of SMBHs to be
balanced by a decrease in the fraction of SMBHs that are actively quasars. From this
perspective, it is surprising that so many highly-massive quasars have been observed at such
high redshifts [21-25]. These observations prompt two intriguing questions:

1. If these quasars grew from small black hole seeds, how did they come to be so massive
on such a short timescale?

2. Why did their growth rate dramatically slow down during the subsequent 13 Gyr?

Various solutions to the first question have been put forth, including an enhanced role
of mergers as well as the possibility of super-Eddington accretion [26]. However frequent
mergers would require more heavily clustered populations in the early universe, and further
can have both positive and negative impacts on SMBH growth, since they can also kick
SMBHSs out of the material-rich centers of galaxies. A certain degree of super-Eddington
growth is expected to occur in high-redshift galaxies containing large reservoirs of gas and
efficient angular momentum transport due to turbulence. However as increased accretion
produces powerful jets and outflows which drive material away, it is uncertain how long it
can be sustained. Feedback effects from transient periods of super-Eddington growth are
actually expected to impede SMBH growth within a few Myr [27].

Regarding the second question, it has been suggested that the suppressed growth of
the most massive black holes after the first Gyr could perhaps be attributed to galaxy-scale
feedback. This, however, would require the M-co relation? to evolve with redshift and for the
quasar luminosity function to steepen at the highest values [28, 29]. Alternatively, it has
been proposed that there might be a maximum mass that black holes can reach through

2The M-o relation is the observed correlation between the velocity dispersion of a stellar bulge o and the
mass of the SMBH at its center.
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Figure 1. Estimates of the quasar black hole comoving mass density in units of the z = 0 critical
density as a function of redshift, plotted for the four different mass classes indicated. Black hole
masses and redshifts are taken from the DR7 SDSS quasar survey [1], which covers 20% of the sky
and the redshift range 0 < z < 5. The results shown represent the moving average of 100 quasars
sorted by redshift.

accretion, resulting from the fragmentation of the accretion disks that could have otherwise
facilitated rapid black hole growth [30]. Despite these suggestions, there remain many open
questions concerning the origin and evolution of our universe’s most massive black holes.
In this study, we take these questions to motivate another possibility: that our universe’s
most massive black holes did not acquire most of their mass through accretion, but are
instead predominantly primordial in origin.® Unlike the small primordial black holes (PBH)
typically considered as dark matter candidates, these massive objects would have formed
at “late” times, as governed by the size of the cosmological horizon. During the radiation

dominated era, the horizon contains the following amount of energy:

Arr 10keV\ 2/ 3.36 \ /2
My = —pR3 ~ 3 x 10° M, ( )( ) , 1.3
H 3 pivg X ®© T g*(T) ( )

where Ry = H~! is the size of the horizon, p = 72¢,(T)T*/30 is the radiation density,
and g, is the number of relativistic species at temperature T. When a sufficiently large

density fluctuation collapses to form a PBH,* the mass of the resulting black hole is typically

3Primordial black holes (PBHs) have previously been considered as SMBH seeds [31]. Unlike population
IIT stars, which do not form until z ~ 30—20, PBH seeds form much earlier, and so the timing problem is
allayed. Refs. [32, 33] have argued that establishing a population of PBHs with mass 10®—~10°Mg by z ~ 20
would be sufficient to seed even the most massive SMBHs. Here we consider the more exotic possibility of
SMBHs from direct collapse, with little growth through accretion required.

4There exist other PBH formation mechanisms beyond the collapse of overdensities seeded by inflation.
For example, PBH could form during first order cosmological phase transitions [34] or due to the collapse of
supercritical vacuum bubbles nucleated during inflation [35]. The prospect of primordial SMBHs from these
mechanisms is discussed in ref. [36] and ref. [37], respectively.



an order one fraction of the horizon mass, Mpg ~ v My, where v ~ 0.2 quantifies the
efficiency of collapse [38]. From eq. (1.3), we conclude that the PBHs in the mass range
of interest here form after the start of Big Bang nucleosynthesis (' ~ MeV corresponds to
Mp ~ 10° M) but well before the onset of matter domination or recombination (T ~ eV
corresponds to My ~ 3 x 1017 My).

Many inflationary models enable PBHs to form efficiently [39], including those in which
the inflaton undergoes a period of ultra-slow-roll [40-43], or whose potential features localized
bumps, dips, or steps on small scales [44-46]. More generically, a local enhancement of the
power spectrum P, requires a deviation from slow-roll evolution (see for example, refs. [47-61]).
Regardless of the mechanism, PBH formation requires a significant enhancement in the
amplitude of the primordial power spectrum. Assuming Gaussian statistics, this amplitude
must be P¢(kpn) ~ 102, seven orders of magnitude larger than observed on large scales,
Pe(kemp) =~ 2.1 x 1079 [62]. Such an amplification inevitably leads to large CMB spectral

-1

distortions. In particular, for scales kpg < 10° Mpc ™!, corresponding to black holes in the

mass range Mgy 2> 103M,,, the predicted spectral distortions are in strong conflict with
COBE/FIRAS measurements [63, 64].

In principle, PBHs can form from smaller peaks in the power spectrum if the tail of
the ¢ distribution is sufficiently non-Gaussian. Of course, observations on large scales and
measurements of the non-linearity parameters fni, and gnr, seem to indicate that ¢ is very
nearly Gaussian on CMB scales [65, 66]. However the scales on which PBHs are formed can
be disconnected from CMB scales, and so these bounds need not apply.

In this paper, we quantify the degree of non-Gaussianity that would be required to viably
produce primordial SMBHs and present a model of inflation that contains the necessary
features. We begin in section 2 by reviewing the calculation of the PBH abundance in
the Press-Schechter formalism. In section 3, we examine how measurements of spectral
distortions constrain the primordial power spectrum, and demonstrate that the appreciable
formation of SMBHs from Gaussian density fluctuations is excluded on the basis of these
constraints. Section 4 considers departures from Gaussianity, and quantifies the heaviness
of the distribution needed to evade these bounds. In section 5, we review the calculation of
the curvature perturbation and its statistics in the standard curvaton scenario, which has
been shown to be capable of producing appreciable non-Gaussianity. This model, however,
cannot viably produce a significant abundance of primordial SMBHs, so in section 6 we
introduce self-interactions to augment the non-Gaussianity and speculate on the maximum
PBH abundance in this model. We conclude in section 7 with a discussion of our results
and some comments on directions for future investigations.

2 Primordial black holes from Gaussian perturbations

The initial abundance of PBHs is quantified in terms of their mass fraction at the time
of formation:
PBH
p="ren (2.1)
Ptot

For PBHs that formed during radiation domination, this quantity is related to the fractional
energy density in black holes today, Qpy ~ (1 + z¢) Qg, where zf is the redshift at the



time of black hole formation. Using eq. (1.3) and entropy conservation, this can be written
more conveniently in terms of the initial PBH mass as:

1/2 1/4
g =107 (1 )(v)“ 10° Mg /(g*,s@))% a3 \
BH — 10_10 02 MBH 391 g*(Tf) 9 .

where T is the temperature at the time of black hole formation.

In the standard® treatment based on the Press-Schechter formalism [72], 8 is computed
by integrating the probability distribution Ps for the coarse-grained density contrast § = dp/p
over all values greater than the critical threshold for collapse, d.:

3~ 2/500 ds P5[]. (2.3)

The factor of 2 is customarily introduced® to compensate for the undercounting that otherwise
arises [72]. This prescription has the benefit of having an intuitive interpretation — we are
summing over the fraction of regions with a sufficient overdensity to collapse to form a PBH
— and a simple implementation. One issue concerns the uncertainty”’ of the collapse threshold,
which should in principle depend on the overdensity profile.® Assuming a spherical profile,
we expect a perturbation to be able to collapse during radiation domination if the size of
the overdensity at maximum expansion exceeds the Jeans length. This led to Carr’s original
estimate of 8. = c2 = 1/3 [38], where c; is the sound speed of density perturbations. A more
careful treatment that is applicable for an arbitrary equation of state,’ w, finds [81]:

5, = M sin? M , (2.4)
5+ 3w 143w

which has been shown to faithfully replicate the results of numerical simulations and yields

d. = 0.414 during radiation domination. We adopt this value throughout our analysis.
While the coarse-grained density contrast is the proper object to consider when computing

the probability of PBH formation, it is often convenient to work directly with the curvature

5One can also calculate the black hole abundance using peak theory [67-70]. Unlike Press-Schechter, where
the overdensity must simply exceed the threshold, peak theory further demands that it be a local maximum.
This formalism has been demonstrated to be more appropriate when perturbations exist on multiple scales.
As we consider a sharply peaked spectrum, the simpler Press-Schechter prescription suffices for our purposes.
A comprehensive comparison can be found in [71], which demonstrated that differences are minimal so long as
the window function is implemented properly.

5Tt is unclear whether this factor should still be included when considering asymmetric probability
distribution functions, as in the case of non-Gaussianities. We retain it nevertheless since this is an ultimately
inconsequential O(1) effect.

"It has been demonstrated that a more precise quantity which does away with this uncertainty is the
compaction function C, defined as twice the local mass excess over the comoving areal radius [73]. The value
of the compaction at its peak is interpreted as the threshold. See also ref. [74].

8Since the overdensity profile is modified in the presence of non-Gaussianities, these can also change the
threshold for collapse [75-78]. Given the uncertainties involved in these calculations, we take a conservative
position and determine J. using eq. (2.4).

Tt was argued in [79] that the softening of the equation of state at electron-positron annihilation should
lead to an enhancement in the formation of PBHs with Mgy ~ 106]\/[@. However [80] pointed out that due to
the onset of neutrino free-streaming, overdensities are reduced at this time, leading to an overall suppression
of PBH formation.



perturbation (, since its statistics are more easily computed from underlying inflationary
models. When large perturbations exist only on one scale, as is the case for the sharply
peaked power spectra we consider, only a minimal amount of error is incurred by making
this approximation. On superhorizon scales, ¢ is related to the density contrast field by [82]

6= —25(1:33) ((;)2 e % <v2< - ;(@-C)Q) : (2.5)

Working to linear!? order in radiation domination, this simplifies to the Fourier space relation:

sem s (B 6 (2.6

Z

which implies that their power spectra, defined for arbitrary Fourier variable f; via the
2-point function as (fifr/) = %Pf(k)d(?’)(g + k'), are related as

4
Ps(k) ~ g <a’;) Pe(k). (2.7)

Note that at the time of horizon crossing k ~ aH, when a perturbation can collapse to
form a black hole,'' the density contrast and curvature perturbation are linearly related,
0~ %C . We can then assume that peaks in ¢ also correspond to peaks in ¢, and work directly
with the curvature perturbation. In terms of {, the initial abundance in the Press-Schechter
formalism reads:

B2 /< d¢ P[c] (2.8)
where the collapse threshold (. ~ 2§, follows from ag ~ %O’?, since P ~ ¢ for a sharply

peaked spectrum. More precisely, the variance of ¢ smoothed on the scale R ~ (aH)™! ~ k~!
can be computed from the power spectrum as [84]

20y 2 > dk 5 o
RR= k= [ GV RPR), (2.9)
where W (k, R) is the Fourier transform of the (real space) window function used to coarse-
grain d. It is unclear what functional form for the window function most accurately reproduces
the actual relation between the PBH abundance and power spectrum, but popular choices
in the literature include the (volume normalized) Gaussian, as well as real and k-space top
hats. For simplicity, we use the former, W (k, R) = exp (—k2R?/2), but see [85, 86] for a
discussion of the resultant uncertainties.
Consider the case of a Gaussian distribution P = PCG , where

1 276 2
PS¢ — - /% 2.10
¢ \/27ra< ( )

10A certain degree of non-Gaussianity inevitably arises in the density contrast field due to this nonlinear

relation. This implies that even if the statistics of { were perfectly Gaussian, those of § would not be. See, for
example, ref. [82] for discussion.

"There is additional uncertainty in the calculation of PBH abundance coming from non-linear effects around
the time of horizon crossing. See ref. [83].



In this case the mass fraction at formation evaluates to

B ¢\ [20¢ S
B_erﬂ:(\/iag)_\/;@; exp( 202), (2.11)

where erfc is the complimentary error function and the second approximation holds for

Ce > o¢, which is generically true for all cases of physical interest. Since the threshold is fixed,
the initial abundance is determined solely by the variance of the power spectrum. In order to
have 8 = 10729, we see we need crg ~ (.01, corresponding to a peak in the power spectrum of
P¢ ~ 0.01, which is 7 orders of magnitude greater than the value measured on CMB scales.
Since the amplification of P¢ needed for PBH formation depends on 3 only logarithmically,
this degree of enhancement is a generic requirement for any non-vanishing initial abundance.

3 Spectral distortions

The small scales relevant for primordial SMBH formation are well below the angular resolution
probed by current CMB measurements. Nevertheless, inhomogeneities on these scales will
generate isotropic deviations from the usual blackbody spectrum [87-91]. These deviations
are known as spectral distortions and in this context it is useful to distinguish between
three characteristic redshift intervals:

« Thermalization era (z > 2 X 10°): at high redshifts, Compton scattering ye —
~ve, double Compton scattering ve — yye, and Bremsstrahlung ep — epy maintain
a blackbody spectrum for the photons, and spectral distortions are exponentially
suppressed.

e p-era (2 x 10°% < z < 2 x 10%): during this era, photon number changing processes,
double Compton scattering and Bremsstrahlung, become ineffective at maintaining a
blackbody spectrum. Compton scattering, however, continues to redistribute photon
energies to maintain a Bose-Einstein distribution, parameterized by both a temperature,
T, and a chemical potential, u. A p-distortion refers to a Bose-Einstein distribution
with p # 0.

e y-era (2 < 2 X 10%): Compton scattering becomes ineffective at redistributing
photon energies during this era, so there are no processes to maintain a Bose-Einstein
distribution. Spectral distortions that are generated at these redshifts are characterized

by a departure from an equilibrium distribution, and often yield so-called y-distortions.'?

A spectrum with a (positive) y-distortion can be expressed as an average of blackbodies
with slightly different temperatures [93-96]. An average of blackbodies with a mean tempera-
ture T and variance T2 A will (for A < 1) be a y-distorted blackbody characterized by the
temperature T = T (1+A?) and the parameter y = A?/2. y-type distortions can be generated
through a variety of mechanisms, including the Compton scattering of CMB photons with a

2Technically, the division between the two types of spectral distortions is not entirely unambiguous, and
inhomogeneities dissipating around z ~ 5 x 10* can give rise to distortions of an intermediate type, whose
shape is not simply the sum of u- and y-type distortions [92].



population of electrons with a different temperature. In this paper, we will be interested in
y-distortions that are generated through photon diffusion. Limits on such spectral distortions
allow us to constrain the amplitude of inhomogeneities on very small scales [97].

- and y-type spectral distortions are traditionally quantified in terms of the parameters
w and y, which are related to the fractional increase in energy per photon (relative to a
blackbody spectrum with the same number density of photons) [87, 91]:

A A
S0 and oy ~025222 (3.1)
P Pry

By introducing k-space window functions accounting for the effects of thermalization and

p~14

dissipation, u and y can be approximately calculated from the spectrum of density per-
turbations, P: [91, 95]:

o dk k k 2
~ 2.9 Pk S — - S U — , 3.2
p /kmm Pl )lexp( 5400Mpc1> eXp< [31.6Mpcl} )] (3.2)

< dk k 2
~ 0.4 Pk ], 3.3
Y /kmm R el )eXp< [31.6Mpc_1} ) (3.3)

where kpin = lMpc_l.

The strongest existing constraints on spectral distortions come from the COBE/FIRAS
instrument, which restricts || < 9.0x 107 and |y| < 1.5 x 107 at the 95% C.L. [63, 64]. The
standard cosmological model predicts spectral distortions of j ~ 2 x 1078 and y ~ 1076 [98],
consistent with current limits. The models of interest in this study have enhanced P, and
thus enhanced g and y, which can be constrained by CMB measurements.

For concreteness, consider the case of a power spectrum that is sharply peaked at a
single scale, kppy:

Pe(k) = g ko(k — kpn). (3.4)

Using the delta-function to perform the integral, i and y become functions of kg and ag
alone. From the horizon crossing condition k = aH, and fact that H = 1.66+/g,(T)T?/Mp,
during radiation domination, we can relate the wavenumber to the temperature,

kst = 92 Mpe~! ( T ) <g*(T)>1/2 ( 3.91 >1/37 55

10keV ) \ 3.36 9x,s(T)

which can then be related to the horizon mass using eq. (1.3) to estimate the mass of the
resulting black hole:

1\ 2 1/2 2/3
92 Mpc~! Y\ [ 9+(T) 3.91
~ 8 JeMpe ) (7
Mgy ~ 5 x 10° Mg, ( . > <0‘2> ( 336 > oo (T : (3.6)

For the sharply peaked spectrum of eq. (3.4), adopting v = 0.2, and for black holes in the

mass range of interest, the u- and y-parameters can be written as

) 1.5 x 10° Mo \ /* 4.5 10° My,
o= 220'< exXp | — M—BH —exXp | — M—BH 5 (37)

4.5 x 109 M,
~ 0.402 exp|—|——— .
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Figure 2. Constraints on the primordial power spectrum P¢ [99] coming from CMB temperature
anisotropies (dark blue) [66], Lyman-« forest (light blue) [100], CMB spectral distortions (red) [63, 64],
and pulsar timing arrays (green) [101]. The cusp in the COBE/FIRAS excluded region signifies
the wavenumber where constraints from p- and y-type distortions are equally restrictive. Overlaid
are illustrative sharply peaked log-normal power spectra resulting in the formation of PBHs with
Mgy = 10%°,106,102,1072, and 10~ %M, and an initial abundance of 3 = 1072%, assuming Gaussian

statistics for (.

Note that these results should also hold, for example, in the case of a log-normal spectrum
of sufficiently narrow width.

In egs. (3.7) and (3.8), we can identify the impact of the various eras described earlier in
this section. In particular, for Mgy < 1.5 x 10° My, (corresponding to kgg > 5400/Mpc),
the black holes are formed during the thermalization era, and both u- and y-type spectral
distortions are suppressed. For 1.5 x 10° My < Mpy < 4.5 x 109 Mg, (31.6/Mpc < kgn <
5400/Mpc), the black holes are forming during the p-era, leading primarily to p-type spectral
distortions. Larger black holes form later, yielding primarily y-type spectral distortions.

We can use egs. (3.7) and (3.8) to quickly estimate whether a scenario featuring primordial
SMBHs is consistent with spectral distortion constraints. Recall that, for the case of Gaussian
statistics, a value of 02 > 1072 is required in order to obtain a non-negligible abundance
of PBHs. For such large values of Jg, spectral distortions exclude all black holes masses
Mgy 2 fewx103My,. This conclusion is consistent with figure 2, where we compare the bounds
from COBE/FIRAS with the power spectra predicted for several values of Mpp. Therefore,
the existence of a non-negligible abundance of primordial SMBHs requires the presence of
significant non-Gaussianities in the distribution of the primordial curvature perturbations.



4 Departures from Gaussianity

For Gaussian density perturbations, constraints from spectral distortions severely limit the
abundance of primordial SMBHs that could have formed in the early universe. In this case,
the variance must be small in order to limit spectral distortions, while a large variance is
required to generate a non-negligible abundance of PBHs. This tension could be resolved,
however, if the distribution of curvature perturbations features a heavier tail than that of
a Gaussian. Such non-Gaussianities thus potentially allow primordial SMBHs to form!?
without necessarily violating spectral distortion constraints.'*

Fortunately, the distribution of primordial density perturbations is generically predicted
to be non-Gaussian. Firstly, there is intrinsic non-Gaussianity that arises from the non-linear
mapping between the curvature perturbation ¢ and the density contrast J, as can be seen
in eq. (2.5). Thus, even if the probability distribution function for ¢ were exactly Gaussian,
the distribution in § would not be. Secondly, and more crucially, large departures from
Gaussianity are generically found in models which produce a local enhancement in the
primordial power spectrum [82].

To quantify the degree of non-Gaussianity that would be required to generate primordial
SMBHs without violating spectral distortion constraints, it is instructive to consider a class
of probability distribution functions of the form [104]

B = maorl ) () | “1)

where n parameterizes the heaviness of the distribution’s tail. The variance of the density
contrast is set by the second moment of the distribution:

3T (1+2)

3T (1+2) .

03(00) = / d6 8% P =

Note that for n = 2, this reduces to the Gaussian form of eq. (2.10) with 03 = 0%. For n =1
the tail falls off exponentially, while for 0 < n < 1 it falls off even more slowly; we will refer
to this class of distributions with n < 1 as “heavy-tailed”.!?

In figure 3, we show the shape of this class of probability distributions for various choices
of n. As expected, we see that smaller n gives rise to heavier tails. This raises the question
of how small n must be in order to efficiently form primordial SMBHs while keeping the

13As noted in [102], large curvature perturbations in models with heavy-tailed distributions are often type II.
Such perturbations have been demonstrated to form PBHs [103], however collapse in the type II case — in
particular the mass of the resultant PBH — is not completely understood.

MRef. [104] proposes an alternative way to obtain the extreme statistics needed to form primordial SMBHs
compatible with spectral distortion bounds. Their multi-field model results in effectively two different
inflationary histories for the casually disconnected Hubble patches, with a subdominant fraction experiencing
more expansion. By the § N formalism this equates to large curvature perturbations, such that these patches
collapse to form PBH. Since this occurs only in a tiny fraction of patches, there is no observable generation of
spectral distortions.

15Formally, the probability distribution P, of a random variable z is said to be “heavy” if its tail is not
exponentially bounded, lim; o0 e’ F(z) = coV A > 0, where F(z) = f:o dz' Py(z').
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Figure 3. Probability distribution functions eq. 4.1 for various choices of n at fixed § (left) and fixed
variance o2 (right). We see that smaller n corresponds to heavier-tailed distributions.

peak of the power spectrum within bounds of spectral distortions, Pr < 10~%. In figure 4,
we plot the maximum PBH mass fraction at formation Sn.x, for a variance that saturates
the spectral distortion constraints from COBE/FIRAS. Note that to generate a present day
abundance of Qpy > 10720 with Mgy < 101 My, we need a heavy tail with n < 0.6.

We now turn to the question of what inflationary models could yield such dramatic
departures from Gaussianity. In the context of single-field inflation, refs. [105-108] perturba-
tively studied the local non-Gaussianity that arises in models which deviate from the slow-roll
attractor, as in ultra-slow-roll inflation. Going beyond perturbation theory, refs. [46, 51]
used the 0N formalism [109-114] to compute the non-perturbative distribution of curvature
perturbations.'® For inflaton potentials with a small step or bump-like feature that induces
a period of off-attractor behavior, these studies found that the tail of the distribution can
become exponential, without inducing any significant non-Gaussianities in the perturbative
regime [46]. This result highlights the fact that perturbative measures of non-Gaussianity are
not generally adequate to describe the large, rare fluctuations that lead to PBH formation.
Finally, many of the mechanisms for enhancing local curvature perturbations rely on a
temporary reduction in the inflaton’s velocity. When the slow-roll classical drift vanishes,
the field dynamics can receive large corrections from quantum diffusion, and the stochastic
inflationary formalism [110, 116] may be necessary for a proper description of the dynamics.
Combining this with the 6N formalism [117], a number of studies [47, 49, 50, 118-120] have
found that prominent exponential tails arise generically from quantum diffusion.

While many single-field models have been found to yield exponential tails [121], there is
currently no known model which generates a heavier-tailed distribution.'” However, as shown
in figure 4, a heavy-tailed Ps ~ exp (—[d|") with n < 0.6 is needed to yield a non-negligible

16Ref. [115] presents another non-perturbative method for calculating the PBH abundance in models where
¢ is related to a Gaussian reference variable (¢ by a “generalized local transformation”.

1"Ref. [122] interprets the NANOGrav signal as evidence of PBH mergers with Mpg ~ 10! —10'2M¢, and
claims that p-distortion constraints can be overcome for sufficiently non-Gaussian single-field models. However
they make no reference to y-type distortions, which are more constraining for this mass range, and which we
have verified rule out this single-field scenario for any non-negligible abundance.
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Figure 4. The maximum primordial black hole mass fraction at formation ..« as a function of
mass Mgy for a value of the variance O'g that saturates the spectral distortion constraints from
COBE/FIRAS, as estimated according to eq. (3.7). We assume the distribution function given in
eq. (4.1) and consider Gaussian (n = 2, black), exponential (n = 1, red), and power law (n = 0.6
blue, n = 0.25 green) behavior in the tail. Note that the cusps which appear near Mpy ~ 3 x 109 M,
correspond to the value of Mpy at which u- and y-type spectral distortions are equally restrictive.
Contours of constant Qpp, as computed using eq. (2.2), are shown in dashed gray.

population of primordial SMBHs while satisfying bounds from CMB spectral distortions.
While it is unclear whether primordial SMBHs can appreciably form in any viable single-field
models, it is plausible that the necessary heavy tails can arise in certain multi-field scenarios.
In particular, curvaton models have long been known to generate density perturbations with
sizeable non-Gaussianities in the case that the curvaton remains subdominant at the time
of its decay [123]. While the standard curvaton with quadratic potential is incapable of
producing the dramatic non-Gaussianities needed for our scenario, there is good reason to
believe that these can be augmented for a self-interacting curvaton model. We explore these
possibilities in the following sections.

5 Standard curvaton scenario

Curvaton models introduce a second light, unstable spectator field that is present during
inflation and that is responsible for generating the dominant contribution to the primordial
curvature perturbations [124-127]. The perturbations of the curvaton are initially isocurvature,
but become adiabatic upon curvaton decay sometime after inflation ends [128]. Due to the
non-linearity inherent in this transfer, the full perturbation ¢ can become quite non-Gaussian.
In particular, when the curvaton is still very subdominant at decay, the inefficient conversion
can yield a very heavy-tailed distribution for (.
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Non-Gaussianity in the curvaton model was first investigated using the N formalism in
ref. [123], with implications for PBH formation analyzed in refs. [58, 102, 129]. As we will
see, the standard curvaton model with only a quadratic potential cannot produce sufficient
non-Gaussianity to generate a non-negligible abundance of SMBHs without violating spectral
distortions constraints.

5.1 Curvaton cosmology

We begin by reviewing the calculation of the curvature perturbation ¢ and its statistics in
the standard curvaton scenario [123], for which the total potential is

Vi x) = Vo(9) + Vi(x) (5.1)

where V; is the unspecified potential of the inflaton ¢, and V, = mixg /2 is the quadratic
potential of the curvaton x. The curvaton mass is required to be light, satisfying m, < H
throughout inflation, such that quantum perturbations are the dominant influence on its
evolution. This also implies that the background field ¥ will remain effectively fixed at some
initial value y, during inflation, where a star denotes the value of quantities at horizon exit.
For the curvaton energy density to remain subdominant throughout inflation, we demand
Xx < 1/2Vy /mf< Just like the inflaton, the curvaton receives perturbations dy. ~ H,/27
set by the Hubble rate at horizon exit H,. Since the curvaton is a weakly coupled field, we
expect the perturbations dx, to be described by a Gaussian random field. Thus we can write
the curvaton at horizon exit as the sum of a background field and a linear perturbation,
with no higher order terms:

X+ = Xx + OXx - (5-2)

The goal of this section will be to relate these initial Gaussian field perturbations to the
total curvature perturbation ¢ via some mapping ¢ = f(dx«). This will be the key to
constructing the probability distribution function for ¢, since the statistics of a non-Gaussian
variable are completely determined by the statistics of a Gaussian reference variable when
the mapping between them is specified.

When inflation ends and the inflaton decays, the universe enters into an era of radiation
domination, with pg ~ a~%. At this point, the curvaton energy density is subdominant and
its fluctuations are still isocurvature in nature. As the Hubble rate decreases, it eventually
drops below m,, causing the curvaton to start oscillating about the minimum of its potential.
We denote the field value at which this occurs by yg. During this oscillating phase, the
curvaton redshifts like matter with p, oc a~3 and its energy density grows linearly relative
to radiation. Finally, when H ~ 77! where 7 is the y lifetime, the curvaton decays to
radiation and its isocurvature perturbations become adiabatic perturbations, assuming the
decay products thermalize with the existing radiation.

5.2 The /N formalism

To calculate the distribution of the curvature perturbations in this model, we employ the
ON formalism [109-114, 130], which we review in appendix A. This technique identifies ¢ on
large scales (k < aH) with the variation of inflationary e-folds across Hubble patches and
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non-perturbatively captures its non-Gaussianities. The 0NV formalism was first used to study
non-Gaussianity in curvaton models in refs. [123, 131]. On a general hypersurface of uniform
curvaton density, the conserved curvaton curvature perturbation ¢, is [113, 131]

QX@,f)::5}v@,f)%—;ln_<pzsaf)> : (5.3)

where dN (¢, Z) is the perturbed number of e-folds, p, (¢, Z) is the x energy density, and p,(t)
is its background value. In spatially flat slicing, this becomes

@@@:;m<%&g», (5.4)

and the curvaton energy density can be written as
px(t,8) = XD 5 (1) (5.5)
In uniform total density slicing, eq. (5.3) becomes

1 (u) —
G(t.3) =+ g n (W) : (5.6)

where ( is the total curvature perturbation.'® Since ¢ and (y are gauge invariant quantities,
eq. (5.5) can be equated with eq. (5.6) to yield

o (1,7) = X501 (5.7)

A similar treatment for the radiation energy density in uniform total density slicing gives

o () = O (1) ~ (1), (58)

where we have assumed for simplicity that the main contribution to the curvature perturbation
comes from the curvaton. In order to derive analytic results, we work in the instantaneous
decay approximation such that the curvaton decays when H = 7!, where 7 is the curvaton
lifetime. On a uniform total density slice at ¢ = 7, the energy densities satisfy

P (1.8) + ) (r, &) = p (7). (5.9)
where p*) = ﬁgg) + ﬁ&u) is the total homogeneous energy density. Substituting eqs. (5.7)
and (5.8), this becomes a 4" degree algebraic equation for ¢ at 7:

el = () e + (2 —1) = 0. (5.10)
Alternatively, it is customary to introduce the parameter r,, defined as [124]:

80, 3pY
=0 3500 1 gpl

I (5.11)

T

8Note that this generically has non-vanishing mean, (¢) # 0, and so when we later consider PBH formation,
we will have to define a physical (pnys = ¢ — (¢) [58]. The expectation value (¢) can be computed using the
Gaussian Psy as ({) = fdéXCP(sw with ¢ expressed as a function of §, given in eq. (5.13).
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in terms of which the equation for ¢ becomes:

4r 3r,—3
4¢ _ T 3x)el 22T 2 . 5.12
¢ 3+, (e )e + 3+ 7, ( )

The general solution is

BY2 4+ \/Ar,B-1/2 - B

=InX, X = 5.13
C n ] (3 + ’I"7-)1/3 9 ( )
where A = 3% and we have defined
1
B = [0V 4 (rr = )3 +rp) P07 (5.14)
C = (Ar)? 4+ J/(Aro )t + B+ 7)1 —1r)3. (5.15)

This gives the mapping ¢ = In[X({)] between ¢ and (.

5.3 Calculating the probability distribution

Finally, to obtain (, in terms of dx., we return to eq. (5.4), which gave the curvature
perturbation in spatially flat slicing as a function of perturbed and background energy
densities. For the simple quadratic potential of this model, we have p,(t,Z) = mix2 /2.
Expanding x(t,Z) = x(t) + dx(t,Z), we can write this as

= I 5o 24 S 2
pu(t.9) = 5t (14 2) =01+ 602, (5.16)

where 6, = 0x/x is the curvaton contrast in spatially flat slicing. Comparing with p, = e30x P>
we see we should identify e*x = (1 + d,)2. Finally in order to relate the contrast &, to its
value at horizon exit, consider the equations of motion for x and the perturbation Jy:
d*x dx
ZAL3H A L2y =0 5.17a
g2 T3 Fmx =0, (5.17a)
2 2

d d k
—(0x) +3H— (8 - 2)5 =0. 5.17b
dtQ(X)+ dt(x)Jr(aermX X ( )
On superhorizon scales k < aH is negligible and so these reduce to the same equation. This

implies dy ~ x, such that dx/x = dx«/x» and

2
A= =(146,)% = <1 + 5X*> . (5.18)

X*
Combining with eq. (5.13), we obtain the desired mapping between ¢ and the Gaussian initial
field perturbations dx.. We can now use probability conservation to write

s’ doy,
_ + X - X

Pele = Pa (57O | 5| + o 500 |2 (5.19)

where Ps_is fully determined by the Gaussian variance o2 and the roots 5%({ ) satisfy
34 3r, — 3
+ T T _
- 14+ 3¢ ¢ 2
5X \/( drr )e * ( dry )e ’ (5 0)

which arise from solving eq. (5.12) and substituting eq. (5.18). In figure 5, we plot the
probability distribution for the curvature perturbation as given by eq. (5.19) for a few choices
of r-, which controls the heaviness of the tail.
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Figure 5. The probability distribution function for the curvature perturbation ¢ as given by eq. (5.19)
for various choices of r,. The vertical dashed line corresponds to the threshold value for collapse
(., and the PBH mass fraction § is obtained by integrating beyond this threshold. We see that a
smaller 7, corresponds to a heavier-tailed distribution, leading to a larger PBH abundance. Note
that the reference value 02 = 0.04 is chosen to illustrate the heaviness of the tail as r; is varied, but
the minimal scenario presented in section 5 cannot realize such a large value without violating the
observational limits on the power spectrum shown in figure 2.

6 Heavy tails and primordial black holes in curvaton models

Viably forming an appreciable number of primordial SMBHs requires both amplified power on
small scales and a departure from Gaussianity. Thus we require the following two additional
ingredients:

¢ Enhanced Power: one mechanism for enhancing the power spectrum is to introduce
a non-canonical kinetic term for the curvaton, which depends on the inflaton’s field
value [58]. In section 6.1, we review this scenario and calculate the power spectrum
resulting from such a kinetic term.

e Large Non-Gaussianity: the non-Gaussianity in a curvaton model can be amplified
through self-interactions, which lead to non-linear growth of y perturbations between
horizon exit and the onset of curvaton oscillations [132-140]. In section 6.2, we review
the evolution of the non-quadratic curvaton and calculate the resulting probability
distribution function.

6.1 Non-minimal curvaton scenario

The minimal curvaton model described in section 5 provides non-Gaussian statistics, but
does not amplify P¢. This deficiency can be remedied with a non-canonical kinetic term'?

for the curvaton [58]:

£5 57000 (6.1)

Such a term naturally arises in many dilatonic and axionic models of inflation [141].
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If f(¢) is chosen such that this kinetic term is suppressed at field values ¢ = ¢, the
power spectrum will be enhanced on scales corresponding to the horizon size at ¢.. For
concreteness, consider the evolution of the inflaton and curvaton governed by the following
system of equations:

/ 2
G BHS V(D) = FF'E =0 >2+(3H+J{¢) LM<, (6.2)

where f' = 04f and the source term of the first equation is negligible until the curvaton
begins to oscillate. Similarly, the curvaton perturbation evolves according to

d 2f . k:2 my
which, to leading order, can be simplified inside the horizon, k£ > aH, to yield

d? k2
p7s) (fox) + g(ﬁx) ~0, (6.4)
whose solution can be written as

oy ~ \/%af exp (—zk:/ Cit) , (6.5)

which establishes the initial conditions in the adiabatic vacuum. As in section 5, on super-

horizon scales, k < aH, x and dy evolve according to the same equation, so their solutions
have the same functional form for all ¢ > t.:

OX _ OXx H,
X X a Vv 2k3f(¢*)>2* ’

where k = a(t.)H(t.). Using eq. (6.6), the power spectrum for d, becomes

-2 (etian) 67

so, if f(¢) is chosen to have a dip at ¢, corresponding to k. = kpy, Ps, will exhibit a peak at

(6.6)

k,3

K oxe|?
o2

Ps, (k) = -

kpn. However, for modes far away from kpp, f(¢«) =~ 1, recovering the nearly scale-invariant
spectrum required for consistency with CMB observations on larger scales. Assuming f(¢) has
such a localized feature, combining egs. (5.19), (6.7), and (2.8), the PBH abundance becomes

00 oy |03l
:2/ 5. P +2/ ds,, P5.[5,] = erf derfe [ 2L} 68
o [ o ) e (5

where 63&6 = 5% (¢c) are the roots of eq. (5.20) evaluated at the threshold.
Using eq. (3.7), we obtain the maximum value of 8 consistent with spectral distortion

constraints.?’ The degree of non-Gaussianity in this scenario is governed by 7., as defined
in eq. (5.11). In the 7 — 1 limit, the curvaton dominates the energy density prior to its

2ONote that the variance Ug corresponds to the physical curvature perturbation, O'g = <C;2>hys> = <C2> —{¢)?,
which can be computed from ((6y) in eq. (5.13) as 0 = [ déy ¢* Ps, — (f ddy CP5X>2.

,17,



Standard Curvaton

1073
1076
1079

10712 |

Bmax

10715}

10718]

Figure 6. The maximal PBH mass fraction at formation fnax in the standard curvaton scenario for
0'2 subject to spectral distortion constraints for various choices of r, from eq. (5.11).

decay, so the relation between ¢ and ¢, from eq. (5.12) is approximately linear. Thus, in this
regime, the non-Gaussianity comes entirely from the non-linear relationship between ¢, and
dy; see eq. (5.18). In the opposite regime?! that the curvaton is still very subdominant when
it decays (- < 1), the relation between ¢ and ¢, is highly non-linear, and so the degree of
non-Gaussianity is large. This is reflected in figures 5 and 6. Clearly this scenario is incapable
of producing primordial SMBHs while satisfying spectral distortion constraints.

6.2 Self-interacting curvaton scenario

Introducing curvaton self-interactions allows for non-linear evolution of d, between horizon
exit and the onset of oscillations, which can lead to even more dramatic departures from
Gaussianity. This scenario is also physically well-motivated since the curvaton needs to decay
for the isocurvature perturbations to be converted to adiabatic perturbations. The effects of
self-interactions in curvaton models were first investigated in refs. [132-140]. However, these
studies restricted themselves to computing the non-linearity parameters fyr, and gnr,, which
do not capture the non-perturbative statistics in the tail of the distribution. Unfortunately
following the curvaton’s evolution in the non-quadratic regime and computing the exact
resulting curvature distribution require extensive numerics beyond the scope of this study.
We offer here a schematic picture, but leave the detailed model building to future studies.

21Tt may seem counterintuitive that a very subdominant curvaton can still generate the curvature perturbation.
The key is that because the curvaton is subdominant during inflation, its perturbations from quantum
fluctuations are large relative to the background field value. Ref. [142] finds that a subdominant curvaton can
still viably produce the curvature perturbation provided r» > 1075.

~
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We now allow the curvaton potential V() to be an arbitrary well-defined function of .
The cosmological evolution of the curvaton proceeds similarly to the case of the quadratic
potential, but with a few crucial differences. At a time ¢ = ¢, corresponding to V'(x«) ~ H,
x begins rolling towards the minimum of its potential. We choose parameters such that
this occurs while the curvaton’s energy density is dominated by the interaction terms. At
a later time t = ty > tint, these interaction terms become subdominant and the curvaton
mass term drives field evolution, resulting in matter-like scaling p, o< a—3. Note that with
self-interactions, the curvaton energy density generically falls off faster than in the quadratic
case, resulting in a smaller r, at the time of decay.

Recall that in the case of the quadratic potential, the curvaton density contrast d,
remained constant after horizon exit since the background field y and perturbation dy obeyed
the same equation of motion, shown in eq. (5.17). This led to dx/x = dxx/Xx, which allowed
dy to be used as a Gaussian reference variable. Upon introducing interactions this is no
longer the case, as d, evolves non-trivially between i, and the onset of quadratic oscillations
at tg. In this regime, the equation of motion for the perturbation is:

d? 5 d ne

ﬁ( x)+3H%(6x)+VX5X—O, (6.9)
where it is understood that the second derivative of the potential should be evaluated at
the background field value.

A natural choice of Gaussian reference variable is the initial curvaton perturbation &y,
which can be related to the ¢, by first solving eq. (6.9) along with the equation for the
background field y, computing the total and background energy densities at decay, and finally
applying eq. (5.4). The resulting dx% = g;(¢y) can then be mapped onto the total curvature
perturbation ¢ via eq. (5.12), since the relationship between ¢, and ¢ is unchanged in the
presence of y self-interactions. Although an exact solution requires the use of numerical
techniques, an approximate relation can be derived in the limit of weak interactions.

We are interested in the relation between dx, and ¢, at the time of curvaton decay. For
x values sufficiently close to the minimum of its potential, the potential is approximately
quadratic, and the energy density is

1 2.2
Px = §mxx07 (610)
where g is the amplitude at the onset of oscillations. Since non-linear evolution takes place

between horizon exit and oscillation, this initial amplitude is a function of initial field value
Xx). In terms of background field values xo = xo(Xx), this can be expanded as:

- 1 - 9"x0
Xo=Xo+ Y jxé")éxf R : (6.11)
— n. 8X* _s
n=1 X=Xx*
and the energy density can then be written as:
1 1 ?
a —(n) ¢ n
Px =Py |1+ — ) —Xo OXxi| 6.12
o X0 712::1 n! 0 (6.12)
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where p, = %mi){%. Comparing with eq. (5.4), the bracketed quantity is identified with
e3¢x. Then also expanding

=1
G =G+ Z ﬁgx,n ) (6.13)
n=2""

we can write to leading order:

(6.14)

S2.o v/ —/\ 3
+ (Xof‘go — 3X0%0 2) (XO) 53
X0
which can then be substituted into eq. (5.13) to obtain ¢ as a function of the Gaussian reference
variable dx,. Note that though we have written this expression to fixed order, higher order
terms can become significant in the presence of large non-Gaussianities. It is also possible to
invert this mapping to obtain the roots g;(¢) = 6x*(¢). The probability distribution is then:

PC[C] _ Z QE(CO
J

\ Piy. [0;(0)]. (6.15)

where the sum runs over all real roots.

In figure 7, we plot the maximal PBH abundance consistent with spectral distortion
constraints for a sample set of parameters. Comparison with Spn.x in the standard cur-
vaton scenario (see figure 6) reveals the dramatic amplification of non-Gaussianity that
self-interactions can afford. We leave the determination of a potential that could actually
yield these parameter values to future investigation.

7 Discussion and conclusions

Much remains to be understood about the origin and evolution of our universe’s most massive
black holes. The inferred population of supermassive black holes with Mgy ~ 105—10 M,
in the high-redshift universe is perhaps surprising, and challenges the standard assumption
that these objects formed from low mass seeds which grew through the processes of accretion
and mergers. In this study, we have taken this as motivation to consider the possibility that
some of our universe’s supermassive black holes may be primordial in origin, having formed
from the direct collapse of overdensities seeded by inflation.

Forming primordial SMBH from direct collapse requires an enhanced power spectrum
on small scales (k ~ 10—10%* Mpc~1!), which results in dangerous CMB spectral distortions.
Since the CMB exhibits a nearly perfect blackbody spectrum, such distortions exclude the
possibility that a population of primordial SMBH could have formed from Gaussian density
perturbations. However, if the distribution of primordial curvature perturbations were highly
non-Gaussian, it is possible that primordial black holes may have formed from smaller peaks
in the power spectrum. To evade limits from spectral distortions, the tail of the probability
distribution must be very heavy, falling off as P; ~ exp (—|¢|") with n < 0.6; we are not
aware of any single-field inflationary model that can realize this behavior.
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Figure 7. Maximal PBH mass fraction at formation fpnax as a function of PBH mass in the self-
interacting curvaton model from section 6.2, where ag saturates spectral distortion bounds for different
values of r,, as defined in eq. (5.11). We take (,, = c1 xx + c20x2 + c30x> to take the form of
eq. (6.14), with sample parameters fixed as (c1, ¢z, c3) = (1,0.5,0.1). Contours of constant Qpp today
are shown in dashed gray.

In this paper, we have explored the possibility of generating curvature perturbations with
heavy-tailed probability distributions in the event that a self-interacting curvaton field is also
present as a spectator during inflation. In the standard curvaton scenario, non-Gaussianity
arises from the inefficient conversion of isocurvature perturbations into adiabatic perturbations
when the curvaton decays. However, the degree of non-Gaussianity in this minimal realization
is insufficient to yield an appreciable primordial SMBH population. Introducing curvaton self-
interactions results in non-linear evolution of the curvaton contrast J, between horizon exit
and the onset of quadratic oscillations, potentially resulting in a heavier-tailed distribution,
as seen in figure 7. We leave the detailed model building and determination of a potential
that can realize this benchmark point to future investigation. Provided such a potential can
be found, the non-minimal self-interacting curvaton could viably yield SMBHs from the direct
collapse of primordial perturbations, without violating spectral distortion constraints.

We note that beyond the bounds from CMB spectral distortions, there are two further
more speculative constraints that potentially need to be addressed in a full model. First, as
pointed out by ref. [143], the small scale curvature perturbation impacts structure evolution
as traced by dark matter halos. Presuming a bump in the small scale power spectrum, they
investigated host halo and subhalo evolution. By comparing the results of their simulations
with the observed number of dwarf spheroidal galaxies and stellar streams, they were able to
place bounds on P to greater sensitivity than COBE/FIRAS for a region of wavenumbers.
The result would exclude some, but not all, of the SMBH mass range we consider. These
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bounds are less robust than those coming from CMB spectral distortion and are subject to
modeling uncertainties, but nevertheless should be noted. Second, the large non-Gaussianities
described in this model would likely lead to heavy clustering of quasars. Ref. [144] calculated
the observed angular correlation function using the 92 quasars at z ~ 6 reported by the
Subaru High-z Exploration of Low-Luminosity Quasars project and compared this with
that predicted in a PBH model which used a light spectator field to source non-Gaussian
primordial perturbations. They found the amplitude of the angular correlation function
predicted by the model to be much larger than that observed, a result which would seem
to preclude PBHs as the sole progenitors of SMBHs in this redshift range. More concretely,
they were able to restrict the fraction of PBH originating SMBHs to < 1074,

These potential constraints notwithstanding, this work is especially timely in light of two
distinct recent observations. The James Webb Space Telescope (JWST) has reported a number
of surprisingly luminous high-redshift galaxy candidates [145-148] whose existence poses a
challenge to the standard ACDM paradigm. These massive early galaxies could conceivably
be explained if primordial black holes accelerated galaxy formation in the early universe [149].
Meanwhile, the NANOGrav collaboration and several other pulsar timing array experiments
have just announced evidence of a signal consistent with the stochastic gravitational wave
background in the nHz frequency range [150-153]. The leading astrophysical interpretation
of this signal is that it consists of gravitational waves from supermassive black hole binary
mergers. However, some aspects of this data, such as the frequency scaling of the spectral
density parameter, are not particularly well-fit by this interpretation [154, 155]. Given that
the distribution of SMBH binaries would be different if these objects were of a primordial
origin, one avenue for future investigation would be to compute the gravitational wave signal
predicted in this scenario. While for homogenously distributed primordial SMBHs this
possibility is in conflict with constraints on total abundance from large scale structure and
the UV galaxy luminosity function [156], a highly clustered population could still viably
source the gravitational wave signal [157]. Given that a clustered population can arise in
the presence of non-Gaussianities, it would be interesting to see what our model predicts in
this context; see refs. [144, 158] for closely related work. There are also other signals, such
as scalar-induced secondary gravitational waves, which could offer complimentary evidence
of this scenario and deserve further study; see refs. [159, 160] for a potential connection
between scalar-induced gravitational waves and the PTA signal. Regardless, these recent
observations provide us with strong motivation to better understand the cosmic origin of
our universe’s supermassive black holes.
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A  The N formalism

A.1 Review

The 6N formalism [109-114, 130] is a technique for computing the non-linear curvature
perturbation ¢ on large scales by identifying it with the perturbed logarithmic expansion
from some initial state to a final state of fixed energy density. In a homogenous background,
the number of e-folds elapsed between two moments of times ¢; and t9 is

t
Ntot1) = [ dtH. (A1)

t1

Meanwhile, the amount of expansion in a perturbed universe is [113]

to .
N(ta, t1: ) :/ dt (H + ), (A.2)
t1
where 1) is the curvature perturbation appearing in the decomposition of the spatial 3-metric
9ij = a2(t)e2w(t’f)5ij.22 Note that this expression holds on superhorizon scales, where spatial
gradients can be neglected. We define 6N = N(to,t1;2) — N(t2,t1) to be the difference
between the perturbed and unperturbed expansion, and see that it equates to the change in

the curvature perturbation from an initial hypersurface at t; to a final hypersurface at to

ON = N(tg,t1;%) — N(ta,t1) = (t2, %) — Y(t1, ) . (A.3)

Equivalently, the change in ¢ going from one choice of slicing to another is the difference
between the actual number of e-folds N and the homogenous background value N.

Since the curvature perturbation v is a gauge-dependent quantity, whose value depends
on the choice of slicing, it is convenient to combine this with the gauge-dependent density
perturbation dp to form the gauge-invariant curvature perturbation [161]:

1 et®)
) =)y [ 7

_w A4
3 ) (T rwp (A.4)

where w is the equation of state of the cosmological fluid, p(¢, Z) is the inhomogenous local
energy density, and p(t) is the homogenous background energy density. It was demonstrated
in ref. [113] that this quantity is conserved on superhorizon scales.

We would like to equate this gauge-invariant, conserved curvature perturbation ¢ with
the perturbed logarithmic expansion § N. By choosing the initial hypersurface at ¢; to be
spatially flat, such that ¥ (t1,Z) = 0, from eq. (A.3) we can equate 0N (to,t1; & = ¢ (t2, Z). By
choosing the finial hypersurface at t2 to be uniform density, such that p(t2, Z) = p(t2), from
eq. (A.4) we have ((t2,Z) = (t2,Z). Combining these expressions gives the N formula

((te, @) = 6N (t2,t1;7), (A.5)

relating the curvature perturbation with the perturbed expansion between a spatially flat
and uniform energy density hypersurface.

22We ignore tensor perturbations.
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A.2 Numerical implementation

It is also possible to implement the § N formalism numerically. Following inflaton decay, the
exact system of equations describing the evolution of the curvaton and radiation bath is

(2 8

. 1 X
H+ =) x = 'r +A4Hpp = H?>= —"_ ) A.
x+(3 +T>X+VX 0, pr+4Hppr = 3M§1(pR+pX) (A.6)

We set the initial conditions at the end of inflation by specifying x; = x«, xi = 0, and H; = H,,
3M2

87-|-P1
until a final time ?; satisfying H; < 771, such that the curvaton has decayed completely.

which in turn determines pr; = H? -V, (x;). The system of equations should be evolved
The number of e-folds elapsed is then computed as N = In(ay/a;). This procedure should
then be repeated for the perturbed field value xx + dxx, with the fluctuation determined by
the size of Hubble at horizon exit dx. = H,/27. Evolving until the same final hypersurface
of fixed energy density, the curvature perturbation is computed as:

¢ = N(x«+0xx) = N(xx) - (A7)

Repeating for many different dy, gives a functional relation between ¢ and the Gaussian
dxx. We leave an in-depth numerical study to future investigation.
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