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A reliable transverse emittance measurement for high-brightness electron beams is of utmost importance

for the successful development of fourth generation light sources and for the beam transport in plasma-

based accelerators. When the beam exhibits a significant energy spread, typical quadrupole scan emittance

measurements may be affected depending on the beam properties and on the quadrupoles arrangement. The

emittance degradation induced by chromatic effects in measurements involving magnetic lattices is

evaluated analytically for different configurations. Analytical and numerical calculations compared with

measurements have been used to evaluate the consequent error on the emittance value measured for single

and double quadrupole schemes and for typical operating conditions at the SPARC facility.
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I. INTRODUCTION AND MOTIVATION

Fourth generation light sources (e.g. free electron lasers)
and advanced particle accelerators (e.g. laser and plasma
wakefield accelerators) require the production, acceleration,
and transport of high-brightness electron beams. Efforts are
done in order to maximize the normalized transverse bright-
ness, B? / 2Ipeak="

2
n, which means increasing the peak

current Ipeak and/or minimizing the transverse projected

emittance "n. Increasing the peak current, e.g., reducing
the bunch length or increasing the bunch charge, is often
done at expenses of transverse emittance. Therefore sources
of emittance degradation need to be reduced as much as
possible and accurate emittance measurements are manda-
tory for machine optimization. Under certain conditions,
e.g., large transverse beam size, large angular divergence,
and large energy spread, it may happen that the emittance
measurement itself can vary the emittance, therefore typi-
cally overestimating the real emittance of the beam.

The common technique used to measure the transverse
emittance of beams not dominated by space charge forces
relies on the measurements of the transverse beam size after
a linear transport (i.e. linear transformation); the transverse
beam size is measured at a given location while changing
the upstream optics (quadrupole scan) or it is measured in
different locations while keeping the optics fixed (multi-

screen measurements) [1]. Interesting studies have been
published concerning the impact of several parameters that
can affect the measurement including the evaluation of
statistics and systematic errors [2,3]; moreover, Refs. [4,5]

deal with the effect of the space charge, which is not relevant

for the results reported in this manuscript.
In some beam manipulation schemes, such as rf bunch

compression (see Ref. [6] and references within) or ps spaced

pulse train generation [7], it is foreseen the production and

use of beams with energy spread in the few percent range, a

value much higher than usual in high-brightness machines.

Moreover, beams undergoing ultrahigh gradient acceleration

(e.g. wakefield based acceleration) exhibit typically even

higher energy spreads, as well as a beam divergence orders

of magnitude higher than in conventional rf photoinjectors.
In both cases, the chromatic effect in the quadrupole

scan measurement cannot be neglected and the resulting

geometric emittance measurement can be affected by sys-

tematic errors due to the beam energy spread. On top of

that, when the high energy spread (few percent range) is

combined to a beam divergence in the few mrad range (e.g.

beams in laser-driven plasma wakefield accelerators), the

normalized emittance is not simply proportional to the geo-

metric one (details are discussed in Refs. [8,9]). In this paper

we will not deal with this aspect, but only with the effect of

the energy spread on the geometric emittance measurement,

which is the one measured by the quadrupole scan technique.
This paper is motivated by the experience achieved at the

SPARC photoinjector [10] where high-brightness longitudi-
nally compressed beams are produced by means of the
velocity bunching (VB) [6,11]; typically such VB beams
exhibit energy spread in the few percent range while the
divergence is limited to few hundreds of �rad. The SPARC
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scientific program foresees the use of such beams for ad-
vanced beam dynamics experiments [6,12–14] and for novel
schemes for generation of free electron laser radiation [15].

The SPARC accelerator consists of a 1.6 cells rf gun
provided with a solenoid for emittance compensation fol-
lowed by three SLAC-type traveling wave structures [16]:
the rf compression is accomplished by moving the phase of
injection of the beam into the first section (S1) towards the
zero crossing. The emittance can be controlled during the
compression by focusing the beam with a solenoid embed-
ding S1. The SPARC linac is followed by the high energy
(170 MeV) diagnostic section schematically shown in
Fig. 1. Single and multiquadrupole scans [1] are performed
to determine the transverse emittance by measuring the
transverse beam size on the screen F1 for different values
of current in the quadrupolesQT1, QT2, and QT3. The line
includes also a rf deflector (RFD) used for bunch length
and slice emittance measurements or, in combination with
the dipole (D), for a complete characterization of the
longitudinal phase space on the screen F2.

The main advantage in using two quadrupoles with re-
spect to the single quadrupole configuration is the possibility
to measure the emittance and Twiss parameters in both
planes simultaneously. Moreover, with two quadrupoles
there is better control of the beam shape, avoiding losses
due to the cutting of beam tails. However, in order to have a
beam waist in both planes the needed range of currents is
wider and the focusing quadrupole strength stronger, thus
the beam undergoes a stronger focalization [17] than in the
usual single quadrupole scan. A detailed study of the effects
influencing the emittance measurement with the quadrupole
scan technique has been done for different lattice configu-
rations, e.g., one and two quadrupoles.

Beams compressed by the VB technique have typically
an energy spread of the order of few percent, against a value
around 0.1%when the rf compression is not applied (i.e. the
beam is injected on the crest of the S1 rf phase to get the
maximum energy at the linac exit). Such large energy
spread occurs, in some cases, with large transverse beam
size at the entrance of the quadrupole. In this condition, the
measured emittance can be substantially different from the
real one due to the emittance change induced by chromatic
effects in the quadrupoles [18,19]. This paper focuses on
the effect of chromatism on the emittance measurement of

high-brightness beams, combining analytical formulas with
‘‘virtual’’ and ‘‘real’’ quadrupole scan measurements on
typical SPARC beams in different operating conditions.
For reader convenience, the quadrupole scan technique

is reviewed in Sec. II, where the measurement uncertainty
evaluation is also discussed. A detailed description of
the formulas for determining Twiss parameters from the
quadrupole scan measurement is presented in the
Appendix. Section III shows the emittance dependency
on the energy spread in a two-quadrupole (ideal) channel,
giving the general formulas used afterwards. Indeed a
generic magnetic transport line affects differently particles
in the same bunch, depending on their energy. Section IV
illustrates the impact on the geometrical emittance of
chromatic effects in a single quadrupole. Both cases are
considered: correlation and uncorrelation of energy and
transverse coordinates (i.e. position x and angle x0).
Similar arguments in case of a double quadrupole transport
are discussed in Sec. V. Quadrupole-scan virtual measure-
ments are shown to validate analytical calculations in
Sec. VI. Measurements on the SPARC beam are presented
and discussed in Sec. VII, showing a good agreement with
numerical virtual measurements.

II. THE QUADRUPOLE-SCAN TECHNIQUE
TO MEASURE THE EMITTANCE

Let us assume a generic transport line from some location
0 to another location 1. The motion of a single particle can
then be described in terms of a general transfer matrix [1]

M1!0 ¼
A B

C D

 !
: (1)

Therefore, the trajectory of the particle in the horizontal trace
space ðx;x0Þ [20], from the initial location 0 to a new location
1, is described through a linear transformation, such as

x1

x01

 !
¼ A B

C D

 !
x0

x00

 !
: (2)

Assuming the motion is uncoupled, all the following formu-
las apply separately both to the vertical and the horizontal
plane.
The beam matrix� can be defined in terms of the second

order moments of the distribution in position hx2i, angle
hx02i, and correlation term hx0xi; thus in the horizontal plane

� ¼ hx2i hxx0i
hxx0i hx02i

 !
¼ "

� ��

�� �

 !
: (3)

The optical functions�, �, and � are thus proportional to the
three second order moments of the beam distribution, through
the beam emittance. Therefore, the beam size (squared) at
location 1 can be expressed in terms of the optical functions
and the emittance at an upstream location 0 as

�2 ¼ A2�"� 2AB�"þ B2�"; (4)

FIG. 1. Layout of SPARC high energy experimental area.
Emittance measurements are performed by measuring the trans-
verse beam size at the screen F1, which holds a YAG:Ce screen.
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where A and B are the elements of the transport line consid-
ered [21]. The rms of the distribution, e.g., the horizontal

beam size � ¼ ffiffiffiffiffiffiffiffihx2ip
can be measured at a given position by

varying the strength of magnetic lenses (system of quadru-
pole magnets and/or solenoids) between the locations 0 and 1.

In a quadrupole scan beam size measurements for at
least three different quadrupole settings are required in
order to solve for the three independent unknown parame-
ters: ",�, and�. Equation (4) can then be written in matrix
formalism as

�2
1

�2
2

:::

�2
N

0
BBBBB@

1
CCCCCA ¼

A2
1 2A1B1 B2

1

A2
2 2A2B2 B2

2

::: ::: :::

A2
N 2ANBN B2

N

0
BBBBB@

1
CCCCCA

�"

��"

�"

0
BB@

1
CCA; (5)

for a set ofN independent �measurement. Such a system is
overdetermined and it can be solved by the standard tech-
nique of the �2 minimization, where the difference from the
predicted spot size squared [i.e. Eq. (4)] and the measured
one �2

j is weighted for the uncertainty uð�2
j Þ ¼ 2�juð�jÞ:

�2 ¼ XN
j¼1

��2
j � A2

j�"þ 2AjBj�"� B2
j�"

2�juð�jÞ
�
2
; (6)

where �j � uð�jÞ are the rms spot size measurements,

while Aj, Bj are retrieved from the quadrupole line settings.

�2 is minimum when all its derivatives with respect to the
coefficients to be determined, i.e. �", �", �", vanish

@�2

@ð�"Þ ¼ 0;
@�2

@ð�"Þ ¼ 0;
@�2

@ð�"Þ ¼ 0;

which results in a linear system given in Eq. (A1), with the
solution being Eq. (A4).

The error on the fit parameters is given by the error or
covariance matrix V [22], given for reader convenience in
Eq. (A5). The inverse of the covariance matrix is propor-
tional to the second derivative of �2 with respect to �",
�", �", i.e.

ðV�1Þij ¼ 1

2

@2�2

@ai@aj
; (7)

with a1 ¼ �", a2 ¼ ��", a3 ¼ �". The extended expres-
sion of ðV�1Þij, in terms of the transfer matrix elements Aj,

Bj, is given in Eq. (A6).

Once the variances and covariances of the fit parameters
are known, the errors on the Twiss parameters are the
diagonal elements of the 3� 3 matrix defined as [1,2]

ðrafÞTVðrafÞ; (8)

where

f ¼
f1

f2

f3

0
BB@

1
CCA ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a1a3 � a22

q
a1

�a2

a1a3 � a22

0
BB@

1
CCA ¼

�

�

"

0
BB@

1
CCA (9)

and

raf ¼

@f1
@a1

@f2
@a1

@f3
@a1

@f1
@a2

@f2
@a2

@f3
@a2

@f1
@a3

@f2
@a3

@f3
@a3

0
BBBB@

1
CCCCA: (10)

As an example, Fig. 2 shows a typical rms beam sizes
measurement at screen F1 (see SPARC layout in Fig. 1) in a
quadrupole scan, together with the fit of Eq. (4). If the fit has
a unique solution the lines enclose only one ellipse, i.e., a
unique set of�", �", �". Each line represents all the points
in the transverse trace space, whose transport through the
channel would result in �j at the measurement screen.

The consistency of the �2 fit has been validated by means
of a TRACE3D [23] virtual quadrupole scan, where the trans-
verse beam size evolution as a function of the quadrupole
gradient has been computed starting from measured emit-
tance and Twiss parameters. As further validation, the rms
transverse beam sizes retrieved by TRACE3D have been given
as input to the emittance analysis program exhibiting an
agreement typically within 2%.
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FIG. 2. Left picture: retrieved ellipse in the trace space enclosed by tangent lines corresponding to the set of measurements. Right
picture: measured horizontal rms beam size (blue dots) compared to the �2 fit (red curve) as a function of quadrupole gradient g
(measurements in the two-quadrupole configuration; 300 pC, 147.5 MeV, "n ¼ 1:83ð0:11Þ mmmrad).
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III. EMITTANCE CHANGE IN A CHROMATIC
TWO-QUADRUPOLE LINE

In a conventional quadrupole scan, the quadrupole
strength is assumed constant for all the particles in the
bunch, since energy spread is usually negligible. But if
different particles in the same bunch have different ener-
gies, the quadrupole kick changes within the bunch itself
resulting in a transverse emittance variation. In this section
we provide a general formula to account of such an effect,
at least for a generic two-quadrupole line; the resulting
equation is the basis for all the following discussions.

The quadrupole strength is k ¼ qg=p, where g is the field
gradient, p is the average momentum, and q is the particle
charge. For electrons, in practical units kðm�2Þ ¼ 0:2998 �
gðT=mÞ=½�L�LE0ðGeVÞ�withE0 the particle rest energy,�L

the Lorentz factor, and �L the ratio between the particle

velocity and the speed of light. Since the quadrupole strength
depends on the particle energy, the inverse of the focal lengthf
is 1=f ¼ ðk‘Þð1� �Þ ¼ Kð1� �Þ with K ¼ k‘ and ‘ the
quadrupole length. � ¼ �p=p accounts for the difference of
the energy of each particle from the average energy andffiffiffiffiffiffiffiffiffih�2ip ¼ �� is the energy spread. In the thin lens approxima-

tion [24],weconsider twoquadrupoles (i ¼ 1; 2) separatedby
a distance L12. The transport matrices for each element are

i-quadrupole ! 1 0

�Kið1� �Þ 1

 !

and drift ! 1 L12

0 1

 !
(11)

and the transfer matrix of the two-quadrupole transport line is

A B

C D

 !
¼ 1� K1L12ð1� �Þ L12

½�ðK1 þ K2 � K1K2L12Þ þ ðK1 þ K2 � 2K1K2L12Þ�þ K1K2L12�
2� ½1� K2L12ð1� �Þ�

 !
: (12)

Being "0, x0, x
0
0, the emittance, the position, and the

divergence just before the first quadrupole, the geometrical
emittance after the two quadrupoles is

"21 ¼ hx21ihx021 i � hx1x01i2; (13)

since x1, x
0
1 are the beam position and divergence at the exit

of the second quadrupole.
Assuming that the particle energy is uncorrelated from

its transverse position/divergence, it results, for instance,
hA2x20i ¼ hA2ihx20i and so on. Therefore from Eq. (12), one

gets

"21¼½hA2ihC2i�hACi2�hx20i2þ½hB2ihD2i�hBDi2�hx020 i2þ½4hABihCDi�ðhADiþhBCiÞ2�hx0x00i2
þ½hB2ihC2iþhA2ihD2i�2hACihBDi�hx20ihx020 iþ2½hC2ihABiþhA2ihCDi�hACiðhADi
þhBCiÞ�hx20ihx0x00iþ2½hB2ihCDiþhD2ihABi�hBDiðhADiþhBCiÞ�hx020 ihx0x00i: (14)

In a drift, Eq. (14) results in "21 ¼ "20, as expected, for a
beam with constant mean energy (i.e. no acceleration). The
effect of energy and position/angle correlation is discussed
in Sec. IVA.

IV. CHROMATIC EFFECT IN
A SINGLE QUADRUPOLE

For a single quadrupole (L12 ¼ 0, K2 ¼ 0, K1 ¼ K) the
elements of the transfer matrix M1!0 [Eq. (12)] become
A ¼ D ¼ 1, B ¼ 0, and C ¼ �Kð1� �Þ, thus
hCi¼�K and hC2i¼K2þK2h�2i; hACi¼K2; (15)

since hx20�i ¼ hx20ih�i ¼ 0 and hx20�2i ¼ hx20ih�2i ¼ �2
x�

2
�

if the energy spread is assumed uncorrelated from the
particle transverse position/divergence. Simply applying
Eq. (15), most of the terms in Eq. (14) vanish and, remind-
ing that�x is the rms beam size at the quadrupole entrance,
the emittance at the exit of the quadrupole reads

"21 ¼ "20 þ K2�4
x�

2
� ¼ "20 þ "2c; (16)

where "2c accounts for the chromatic effect in the quadru-
pole; that is,

"1 ¼ "0 þ�" with �" ¼ �"0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"20 þ K2�4

x�
2
�

q

giving for very low emittance beams with high energy
spread ("0 � "c)

�"

"0
’ "c
"0

� 1þ "0
2"c

’ "c
"0

; (17)

which corresponds to a linear dependency on quadrupole
strength. On the contrary, in the limit of "0 � "c,

�"

"0
’ "2c
2"20

; (18)

as given in [19], corresponding to a quadratic dependency
on quadrupole strength.
In the case of high-brightness electron beams, the nor-

malized beam emittance, "n, approaches the mm-mrad
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range. The geometric emittance ("0 ¼ "n=�L�L), might
be comparable or even smaller than the chromatic term "c.

A. Effect of energy and position/angle correlation

The handy formula given in Eq. (16) is reasonably
simple and thus very useful for an estimation of the
emittance growth due to chromatic effects, but it assumes
that correlations between transverse coordinates and en-
ergy are negligible. In experimental (real) situations this
assumption is not always applicable, especially for high-
brightness beams transported in quadrupoles after the
interaction with rf fields and solenoids.

In order to include the correlations between energy and
transverse position/angles, one can use

x1 ¼ x0 and x01 ¼ x00 þ Kð1� �Þ (19)

in Eq. (13), thus the emittance after the quadrupole becomes

"21 ¼ "20 þ �2
xK

2hðx0�Þ2i � K2hx20�i2
þ 2Kðhx0x00ihx20�i � hx0x00�i�2

xÞ: (20)

Equation (20) becomes Eq. (16) when the hx0�i¼hx00�i¼0,
i.e., when the particle energy is uncorrelated from its trans-
verse coordinates.

Differently from Eq. (16), that foresees always an increase
of emittance due to chromatic effects, Eq. (20) includes also
the possibility to get a partial compensation depending on the
magnitude and the sign of correlations. This effect has been
also highlighted in simulations shown in Sec. VIA.

B. Spot size variation due to non-negligible ��

and its effect on the emittance measurement

Usually in a quadrupole scan the rms spot size �L is
measured at a distanceL from the quadrupole. Thevariation
of the rms spot size at a distance L from the quadrupole can
be computed directly from the quadrupole matrix Eq. (11):

�2
L ¼ �2

L;�¼0 þ ðKLÞ2h�2x20i þ 2KLð1� KLÞh�x20i
þ 2KL2h�x0x00i; (21)

�2
L;�¼0 is the spot size at distance L when the quadrupole

chromatic effects are negligible, i.e.,

�2
L;�¼0 ¼ ð1� KLÞ2hx20i þ L2hx020 i þ 2Lð1� KLÞhx0x00i:

(22)

Figure 3 shows the difference between �L and �L;�¼0

for a typical SPARC case. The region around the minimum
is critical in the quadrupole scan, and therefore it must not
be undersampled in actual measurement. Assuming no
correlation between the energy and the transverse position
(or divergence), Eq. (21) becomes

�2
L ¼ �2

L;�¼0 þ ðKLÞ2�2
��

2
x; (23)

with �x the spot size at the entrance of the quadrupole and
�� the energy spread.

For a single quadrupole scan, in the thin lens approxi-
mation and in absence of correlations between the energy
and the transverse position (or divergence), the variation of
the spot size squared on the screen at distance L follows a
quadratic law in KL. An analytical correction to the mea-
sured geometric emittance and Twiss parameters due to the
energy spread can then be derived as follows. Combining
Eqs. (22) and (23), one gets

�2
L ¼ ðKLÞ2aþ ðKLÞbþ c; (24)

where

a ¼ �2
xð1þ �2

�Þ ¼ �"ð1þ �2
�Þ;

b ¼ �2½�2
x þ Lhxx0i� ¼ 2"ðL�� �Þ;

c ¼ �2
x þ L2�2

x0 þ 2Lhxx0i ¼ �"� 2L�"þ L2�"; (25)

with �x, �,�, �, " the rms spot size, the Twiss parameters,
and the emittance at the quadrupole entrance, that is where
the Twiss parameter shall be measured. The coefficient a
represents the beam size squared at the quadrupole, multi-
plied by a factor depending on the energy spread, while c is
the beam size squared on the screen when the quadrupole is
switched off.
When the thin lens approximation is reasonable,

Eqs. (24) and (25) are used in actual measurements since
the a, b, c coefficients can be retrieved by a second order
polynomial fit on the measured �2

L values versus KL;
considering a more precise model of the quadrupole
(e.g., thick lenses), one has to use the �2 fit proposed in
Eq. (6). Nevertheless to gain some insight on the physical
parameters affecting the systematic errors in the measure-
ments, it makes sense to investigate the thin lens approxi-
mation and its analytical solution in more detail.
It is clear that the energy spread does not modify the type

of dependence (parabolic in thin lens approximation) of the
squared spot size on the KL parameter. The energy spread
changes the coefficient of the second order term, modifying
the measured emittance value and thus the Twiss parameters.
In the following �, �, " are the optical functions at the
entrance of the quadrupole, while �meas, �meas, "meas are
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0.496
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0.500
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rm
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ot

si
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m
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FIG. 3. Variation of the rms spot size on the measurement
screen for a single quadrupole scan with (red solid line) and
without (black dashed line) energy spread for typical SPARC
operations (�x ¼ 2 mm, �x0 ¼ 100 �rad, �x0x ¼ �xx0 ¼ 0,
L ¼ 5 m, �� ¼ 1%).
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the values that we actually measure ("meas and " are geomet-
ric emittances). If there were not energy spread, a ¼ a0 ¼
�" (since �� ¼ 0) and

"meas ¼ " ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0c� b2=4

p
L

(26a)

�meas ¼ � ¼ a0
"

(26b)

�meas ¼ � ¼ 2a0 þ b

2L"
: (26c)

If �� � 0, then a ¼ a0ð1þ ��Þ and Eq. (26a) reads

ð"measLÞ2 ¼ ac� b2

4
¼ ð"LÞ2 þ �2

�a0c (27)

that is

"2meas ¼ "2 þ �2
�

a0c

L2
¼ "2 þ �2

�

1þ �2
�

ac

L2
: (28)

The error on the measured emittance is the product of three
terms: the energy spread, the spot size at the lens (a0), and the
spot size on the screen with quadrupole off (c), over the drift
length L squared. The rightmost term in the equality of
Eq. (28) can be actually used to compute the systematic error
to the measured emittance, since a, c can be retrieved by the
fitting of the data [according to Eq. (24)] and �� is usually

measured independently.
In the limit of �x < 1 mm, �x0 > 1 mrad, L greater than

few meters and no correlations between position and angle
(hxx0i ¼ � ¼ 0), Eq. (28) can be further simplified, since
a0 ¼ �2

x, c=L
2 � �2

x0 , and

"2meas � "2 þ �2
��

2
x�

2
x0 : (29)

Therefore the bigger �x and/or �x0 are at the quadrupole
entrance, the more the energy spread affects the emittance
measurement. Such simplification is not always applicable
at SPARC, but it may be interesting in plasma wakefield
accelerated beams which, due to the extremely intense
focusing forces inside the plasma, exhibit typically diver-
gence larger than those typical of beams from conventional
accelerators [8].

The Twiss parameters can be computed as well, analo-
gously to Eqs. (26b) and (26c), that is

�meas ¼ �
1þ �2

�

"meas="
; (30a)

�meas ¼ 1

"meas="

�
�þ �

L
�2

�

�
; (30b)

showing that the measurements tend to underestimate the �
values. In absence of correlations between energy and trans-
verse coordinates and in the limit of validity of thin lens
approximation, the above relations can be directly used to
correct the emittance and Twiss parameters also in the pres-
ence of energy spread, once its measurement is provided.

In the presence of correlations an analytical expression
of the error on measured emittance and Twiss parameters,

induced by chromatics effects, can be also retrieved fol-
lowing the same procedure, but starting from the more
general Eq. (21). However, in this case also the coefficient
of the term proportional to KL [in Eq. (24)] is modified by
the energy spread. Therefore, if the correlation terms are
unknown, the correction based only on the measurement of
the energy spread cannot be directly applied as before.

IV. CHROMATIC EFFECT IN
THE DOUBLE QUADRUPOLE

Let us consider the case of two quadrupoles at a distance
L12 and strength depending on the particle energy, so
that Kið1� �Þ for i ¼ 1; 2. For symmetry reasons
h�i ¼ 0, h�3i ¼ 0, thus neglecting the higher order terms
h�2i2; h�4i; h�2i4; . . . , using in Eq. (14) the transfer matrix
defined in Eq. (12), one gets

"21 ¼ "20 þ fðK1; K2; L12Þ�2
��

4
x

þ gðK1; K2; L12Þ�2
��

4
x0 þ hðK1; K2; L12Þ�2

��
2
xx0

þ tðK1; K2; L12Þ�2
��

2
x�

2
x0uðK1; K2; L12Þ�2

��
2
x�xx0

þ vðK1; K2; L12Þ�2
��

2
x0�xx0 ; (31)

where �2
� ¼ h�2i, �2

x ¼ hx20i, �2
x0 ¼ hx020 i, �xx0 ¼ hx0x00i at

the first quadrupole entrance, and

fðK1; K2; L12Þ ¼ fK2 þ K1½1 þ K2L12ð�2 þ K1L12Þ�g2
(32a)

gðK1; K2; L12Þ ¼ L4
12K

2
2 (32b)

hðK1; K2; L12Þ ¼ 4L12ð1 � K1L12Þð2K1K2L12

þ K2
2L12 � 3K1K

2
2L

2
12Þ (32c)

tðK1; K2; L12Þ ¼ 2K2ðK2 � K1ÞL2
12 � 4K1K

2
2L

3
12

þ 2K2
1K

2
2L

4
12 (32d)

uðK1; K2; L12Þ ¼ 4K2L12ð1 � K1L12ÞfK2

þ K1½1 � K2L12ð2 � K1L12Þ�g (32e)

vðK1; K2; L12Þ ¼ 4K2
2L

3
12ð1 � K1L12Þ: (32f)

The previous Eqs. (31) and (32) agree with known limits.
If only the first quadrupole is powered, i.e. K2 ¼ 0, then

"21jK2¼0 ¼ "20 þ K2
1�

4
x�

2
� (33)

which is exactly Eq. (16).
Equation (31) shows that the chromatic contribution to the

emittance after a doublet is smaller if the first quadrupole is
converging; indeed ( ~K > 0)

"21jK1¼ ~K;K2¼� ~K�"21jK1¼� ~K;K2¼ ~K

¼�8 ~K3L2
12�

2
�ðk2L12�

2
xþL12�

2
x0 þ2�xx0 Þð�2

xþL12�xx0 Þ;
(34)

that is, assuming that the increase due to �4
x is dominant,

"21jK1¼ ~K;K2¼� ~K�"21jK1¼� ~K;K2¼ ~K ’�8 ~K5L3
12�

4
x�

2
�: (35)
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This asymmetry can affect double quadrupole scan for large
beam spot size. Figure 4 shows the emittance variation at
the exit of a doublet as a function of the quadrupole strength
K; for example, when K > 0 the blue line refers to the first
quadrupole focusing (i.e. K1 ¼ �K2 ¼ K) while the
red dashed line concerns the first quadrupole defocusing
(� K1 ¼ K2 ¼ K). The beam parameters refer to a SPARC
operation condition (see the second column of Table I in
Sec. VIA). The chromatic emittance variation is smaller
when the first quadrupole is focusing as shown from the
blue (red) line forK > 0 (K < 0), as shown by Eqs. (34) and
(35). Therefore for a given doublet quadrupole scan, horizon-
tal and vertical emittance are affected differently if the only
positive (or negative)K are scanned, as occurring in a typical
double quad-scan measurement.

Spot size variation due to non-negligible ��

Assuming that the distance between the two quadrupoles
is L12 and L is the distance between the last quadrupole and
the measurement screen,

�2
L¼�2

L;�¼0þfK2
1L

2
12þ2K1L12ðK1þ2K2�3K1K2L12ÞL

þ½ðK1þK2Þ2�6K1K2ðK1þK2ÞL12

þ6K2
1K

2
2L

2
12�L2g�2

��
2
xþðK2L12LÞ2�2

��
2
x0

þð2K2L12LfK2LþK1½2LþL12ð2�3K2LÞ�gÞ�2
��xx0 ;

(36)

with

�2
L;�¼0 ¼ hfx� L12ð�1þ K2LÞðx0 � K1xÞ

þ Lðx0 � ½K1 þ K2Þx�g2i; (37)

that is

�2
L;�¼0 ¼ 2½Lþ L12ð1� K2LÞ�f1� K2L� K1

� ½Lþ L12ð1� K2LÞ�g�2
xx0

þ þf1� K2L� K1½Lþ L12ð1� K2LÞ�g2�2
x

þ ðL12 þ L� K2L12LÞ2�2
x0 : (38)

In case of a symmetric doublet, i.e. K1 ¼ �K2 ¼ K > 0,
the variation of the rms spot size as function of KL is
indicated in Fig. 5 for the horizontal (left) and vertical
(right) plane. The difference in spot size with (red solid
line) and without (black dashed line) energy spread is
greater with respect to the single quadrupole scan (compare
with Fig. 3). This difference is even greater in case of
two-quadrupole scan (Fig. 5) in the plane where the first
quadrupole is defocusing (Fig. 5, right plot). Figures 3 and 5
use the same beam parameters and the same span in the
vertical and the horizontal axis allowing the reader to
compare directly the difference between the single and
doublet quadrupole scan. An equation analogous to
Eq. (24) could also be written in the case of symmetric
doublet but the �2

L will depend now on the fourth power of
KL. Therefore the derivation of the systematic error to the
emittance measurement [i.e. a relation analogous to
Eq. (28)] is outside the aim of this manuscript.

VI. VIRTUAL MEASUREMENTS

This section compares virtual quadrupole scan measure-
ments for the SPARC layout using a single quadrupole and
the doublet for the same beam. The results validate the
analytical calculations presented above and explain the
difference in the measured emittance encountered in
some conditions at SPARC [e.g. if the quadrupole scan is
done with a doublet with the first quadrupole focusing in
the horizontal plane and defocusing in the vertical plane
(K1¼�K2¼K>0) or vice versa (K2 ¼ �K1 ¼ K > 0)].
Start-to-end simulations of the beam evolution for typical
SPARC operations are done with the macroparticle TSTEP

[25] code by using 50 000 macroparticles. The average
beam parameters (i.e. emittance, second order moments,
correlations) at the linac exit are computed on the simula-
tion results. Three virtual measurements in three different
beam configurations (Table I) meaningful for the actual
SPARC operation have been done, by propagating a
300 pC beam in the diagnostic beam line of Fig. 1 up to
the measurement screen (i.e. screen F1 of Fig. 1) and
analyzing the virtual scan data according to Sec. II. It has
been also verified, by switching on and off the space charge
routine in TSTEP, that the beam spot evolution is not
affected by space charge forces; therefore from this point
of view the quadrupole scan technique can be applied. For
each configuration, different magnetic lattices for the
quadrupole scan have been explored, i.e., single quadru-
pole for both horizontal and vertical planes, two quadru-
poles with the first one focusing (QT1 of Fig. 1) and the
second one defocusing (QT3 of Fig. 1) in the horizontal
plane, and vice versa. The emittance variation induced by
chromatic effects during the scan has also been recorded.
Table I shows the operating condition and the main beam
parameters at the linac exit (i.e. screen F0 of Fig. 1) for
three cases differing in the chromatic contribution. The
energy is lower in Case 2 and Case 3 (rf compression on)

2 1 0 1 2

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

K m 1

rm
s

em
itt

an
ce

m
m

m
ra

d

FIG. 4. Variation of the rms geometric emittance in a doublet:
the first quadrupole is converging (diverging) in the blue solid
(red dashed) line (�x ¼ 1:7 mm, �x0 ¼ 76 �rad, �x0x ¼ �xx0 ¼
0:1284 mmmrad, L12 ¼ 0:45 m, �� ¼ 1%).
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with respect to Case 1 (rf compression off) because in the
velocity bunching, the beam is injected off crest in the first
section.

In the following, both for TSTEP simulations and mea-
surements of Sec. VII, when dealing with doublet quadru-
pole scans, we will label ‘‘þ, �’’ (‘‘�, þ’’) scans where
the quadrupole QT1 is focusing (defocusing) in the hori-
zontal plane, i.e., it is fed with positive (negative) current,
while the second quadrupole QT3 is defocusing (focusing)
in the same plane, i.e., it is fed with negative (positive)
current. Obviously in ‘‘þ, �’’ (‘‘�, þ’’) scans the first
quadrupole QT1 is defocusing (focusing) while the QT3
focusing (defocusing) in the vertical plane.

A. Emittance variation induced in quadrupole scan

As shown before, the emittance at the exit of a quadru-
pole is different from the one at the entrance because of
chromatic effects resulting in an emittance variation pro-
portional to the quadrupole field gradient. Figure 6 shows
the emittance at the exit of a quadrupole compared to the
analytical expectations of Eq. (16) (no correlations) and
Eq. (20) (correlation included) for the three configurations
of Table I; the gradient range is the typical range usual in
SPARC operation.

The emittance variation induced by chromatic effects
in the quadrupole is negligible in Case 1 where the
energy spread is low. Concerning Cases 2 and 3 (both
with an energy spread around 1% but with a different
spot size), the influence of the quadrupole on the emit-
tance itself is much more remarkable with respect to
Case 3 due to the dependence of "2c on the fourth power
of the spot size [Eq. (16)]. The simulations agree per-
fectly with Eq. (20), accounting the computed correla-
tions between transverse coordinates and energy induced
by rf, space charge, and solenoids during the beam
transport in the linac. Such correlations do affect the
chromatic contribution to the emittance evidencing also
a slightly emittance compensation for some quadrupole
gradients.
On the contrary, Eq. (16) gives always a symmetric

emittance growth with respect to the zero quadrupole
gradient value. However, the approximate Eq. (16) con-
tains only measurable quantities and therefore it can be
used in practice to evaluate approximately the chromatic
induced emittance, since the values of correlation terms are
usually unknown.
Figures 7 and 8 compare the horizontal and vertical

emittance at the exit of a single and doublet quadrupole
transport for Case 2 and Case 3: as expected, the emittance
variation is bigger when two quadrupoles are used. As
discussed in Sec. V, the doublet quadrupole scan showed
an asymmetry in the two planes: the induced chromatic
emittance is larger in the plane in which the first quadru-
pole is defocusing. Such an effect is particularly relevant in
Case 2 where the high energy spread is coupled to a large
spot size. It is worthwhile to observe that also for the
doublet quadrupole scan a partial compensation of emit-
tance appears because of correlations between transverse
coordinates and energy; such correlations are not ac-
counted in Eq. (31).

B. Quadrupole-scan virtual emittance measurements

Tables II, III, and IV summarize the results of virtual
measurements for the three cases of Table I: the reference
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FIG. 5. Variation of the rms spot size on the measurement screen for a doublet quadrupole scan with (red solid line) and without
(black dashed line) energy spread, being the first quadrupole focusing (defocusing) in the left (right) plot. (�x ¼ 2 mm, �x0 ¼
100 �rad, �x0x ¼ �xx0 ¼ 0, L ¼ 4:5 m, �� ¼ 1%).

TABLE I. Operating conditions and computed beam parame-
ters in the three configurations used for the virtual measure-
ments. �x;F0

, �y;F0
are the beam rms spot size at the linac exit

(screen F0 of Fig. 1) while "x;un, "y;un are the transverse

geometrical emittances.

Case 1 Case 2 Case 3

Rf compression Off On On

Solenoid on S1 Off Off On

Energy (MeV) 148 105 105

�x;F0
(mm) 0.571 1.735 0.343

�y;F0
(mm) 0.595 1.788 0.341

�� (%) 0.169 0.993 0.959

"x;un (mmmrad) 4:715� 10�3 14:8� 10�3 7:15� 10�3

"y;un (mmmrad) 4:84� 10�3 14:6� 10�3 7:22� 10�3
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values in the first column are the beam emittance computed
at the linac exit (screen F0 in Fig. 1), while the values in the
other columns are the values retrieved for different mea-
surement configurations.

For a low energy spread beam (Case 1), the agreement
between the single quadrupole scan result and with the
reference value is within 0.4%. In the two-quadrupoles
scan, the measured value agrees within 0.5% only in the
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FIG. 7. Case 2: normalized horizontal and vertical emittance at the exit of the second quadrupole as a function of quadrupole
gradient in a single (a) and doublet quadrupole (b) scan. In the doubler scan, the horizontal axis refers to the gradient in the first
quadrupole where positive gradients are focusing in the horizontal plane.
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plane in which the first quadrupole (QT1) is focusing
(i.e. horizontal in ‘‘þ�’’ configuration and vertical in the
‘‘�þ’’ one); otherwise the emittance is overestimated
(Table II).

The greatest error in the emittance estimation occurs
when the beam has large energy spread and a large spot
size at the first quadrupole entrance, as shown in Table III.
This situation corresponds to SPARC operation in VB
mode when the solenoid around the first accelerating sec-
tion is switched off. In the single quadrupole scan a dis-
agreement as big as 30% occurs while in the two-
quadrupoles configuration the disagreement is within
40% only in the plane where the first quadrupole is focus-
ing; otherwise it increases dramatically up to 200%, com-
pletely spoiling the measurement.

Eventually Table IV concerns a beam with large energy
spread but small spot size at the linac exit, occurring in
actual VB operations at SPARC in the presence of
solenoid focusing on the first linac section. In this case
despite the large energy spread, single quadrupole
measurement agrees very well with the actual emittance
(i.e. the reference value). Also for the double quadrupole
scan measurement, the agreement between the measured
and the actual value improves with respect to the case of
Table III where the large energy spread is combined with
a large spot.

C. Effect of sampling of the quadrupole gradient

It is well known that, also in the absence of chromatic
effects, the accuracy of the emittance measurement de-
pends on the sampling rate of the quadrupole gradient
while performing the spot size scan. In order to clarify
this aspect for single and doublet quadrupole scan, we used
again a virtual measurement.
Different simulated quad-scan measurements have been

done by varying the quadrupole gradient step on a
fictitious monochromatic beam, obtained by assigning
to all macroparticles exiting from the linac (for the
Case 2 of Table I) an energy value equal to the beam aver-
age energy while keeping the transverse coordinates

TABLE II. Virtual emittance measurement (TSTEP simulation)
for different quadrupole scans compared to the expected value
(Case 1 of Table I).

Reference

value

Single

quad

Two quads

(þ , �)

Two quads

(� , þ)

"n;x (mmmrad) 1.375 1.372 1.380 1.535

"n;y (mmmrad) 1.413 1.419 1.590 1.420
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FIG. 8. Case 3: normalized horizontal and vertical emittance at the exit of the second quadrupole as a function of quadrupole
gradient in a single (a) and doublet quadrupole (b) scan. In the doubler scan, the horizontal axis refers to the gradient in the first
quadrupole where positive gradients are focusing in the horizontal plane.

TABLE III. Virtual emittance measurement (TSTEP simula-
tion) for different quadrupole scans compared to the expected
value (Case 2 of Table I).

Reference

value

Single

quad

Two quads

(þ , �)

Two quads

(� , þ)

"n;x (mmmrad) 3.07 4.32 4.78 8.76

"n;y (mmmrad) 3.02 4.38 9.07 4.87

TABLE IV. Virtual emittance measurement (TSTEP simulation)
for different quadrupole scans compared to the expected value
(Case 3 of Table I).

Reference

value

Single

quad

Two quads

(þ , �)

Two quads

(� , þ)

"n;x (mmmrad) 1.483 1.483 1.476 1.540

"n;y (mmmrad) 1.495 1.490 1.555 1.491
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unmodified. In such a way chromatics effects are com-
pletely excluded.

The results for two different steps (0:08 T=m and
0:16 T=m) and for single and doublet quadrupole scans
are reported in Table V where, for the same beam, the
results labeled with the superscript a are obtained with a
gradient step double the one used in the other measure-
ments. In both cases (i.e. in absence of energy spread) the

emittance does not change in quadrupoles but a difference
with respect to the reference value remains due to
undersampling.
Table V shows that a step of 0:08 T=m keeps the error

within 2% for both quadrupole configurations, while a
doubling of the step gives a sensitively larger error for
the two-quadrupole scan in the plane where the first quad-
rupole is defocusing (the same asymmetric behavior ob-
served for nonzero energy spread).
Figure 9 shows the plots of the typical graphical output

of the SPARC quadrupole scan tool applied to the doublet
quadrupole scan of Table V in the horizontal plane. When
the gradient sampling is too high the identification of the
spot size minimum is poor [Fig. 9(a)] and the recon-
structed beam ellipse may not be uniquely defined
[Fig. 9(b)], despite the fit curve well reproduces the spot
size data. Improving the gradient sampling, the spot size
minimum is better reconstructed [Fig. 9(c)] and the trace
space lines (defined in Sec. II) well enclose the beam
ellipse [Fig. 9(d)]. Such visualization is used on-line by
SPARC operators to quickly identify the possibility of
systematic errors due to spot size under sampling during
emittance measurements.

TABLE V. Virtual emittance measurement (TSTEP simulation)
for different quadrupole scans of the same beam (parameters of
Case 2 in Table I, but with �� ¼ 0) compared to the expected

value "ref .

ð"� "refÞ="ref
(horizontal plane)

ð"� "refÞ="ref
(vertical plane)

Single quad �1:6%=� 3%a �1:6%=� 3%a

Two quads (þ , �) �1:9%=� 4%a þ1:98%=þ 66%a

Two quads (� , þ) þ1:4%=þ 57%a �1:7%=� 5%a

aThe results are obtained with a gradient step of 0:16 T=m,
against the step of 0:08 T=m for all the others scans (300 pC
beam).
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VII. MEASUREMENTS

The disagreement shown by simulated emittance mea-
surements in the previous section between single and
multiquadrupoles scan has been investigated experimen-
tally for different beam settings at SPARC. In particular, in
this section we first report the experimental results for the
on crest beam (i.e., maximum energy at the linac exit, no
VB compression) with rms energy spread �� roughly 0.1%

and measured rms spot size at F0 of few hundreds of �m;
this case is analogous to Case 1 of Table I. Afterwords we
focus on VB compressed beam with rms energy spread ��

in the 1% range and large rms spot (>1 mm) at F0; this
case is analogous to Case 2 of Table I. In both measure-
ments the beam charge was approximately 200 pC.

Table VI reports the emittance measurements (with un-
certainties) with single and two-quadrupole scans for an on
crest SPARC beam. The values for the two-quadrupole
configuration are systematically higher than those mea-
sured in a single quadrupole scan. Furthermore, as ex-
pected from simulations of Sec. VI B, the emittance is
always higher in the plane where the first quadrupole is
defocusing. It means that second order effects might affect
the measurement also for low energy spread and moderate
spot size at the first quadrupole entrance.

On the contrary, a significant beam energy spread and a
large rms spot size at the linac exit are typical of VB
compressed SPARC beams when the linac focusing sole-
noids are not used. Figure 10 shows the same transverse
trace space as reconstructed from a single quadrupole (left
plot) and two-quadrupole scans (‘‘þ�’’ in the central plot

and ‘‘�þ’’ in the right one). Estimated emittance and
Twiss parameters can be strongly affected by measurement
artifacts, as shown by the �, �, "n values reported on the
plots. Therefore such measurements cannot be used for a
safe matching on any transport beam line, as typically
needed.

VIII. CONCLUSIONS

Chromatic effects on quadrupole scans for emittance
measurements have been evaluated by means of approxi-
mate analytical formulas, numerical simulations, and ex-
periments at the SPARC facility. Single and multiple
quadrupole scans have been compared; the analysis has
shown that, despite some practical advantages, the two-
quadrupole scan measurement may introduce some errors
in the emittance evaluation for beams with high energy
spread and large spot size at the first quadrupole.
Moreover, also for low energy spread beams an inaccurate
identification of the spot size minimum due to undersam-
pling in the quadrupole gradient scan can affect the mea-
surement in a different way for different quadrupole
configurations.
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APPENDIX: EXTENDED FORMULAS USED IN
THE QUADRUPOLE-SCAN DATA ANALYSIS

The least square method estimates for �", �", �" are
given by the solution of the system written in matrix
formalism asPN

j¼1½�jAj=uð�2
j Þ�2

2
P

N
j¼1 AjBj½�j=uð�2

j Þ�2P
N
j¼1½�jBj=uð�2

j Þ�2

0
BBB@

1
CCCA ¼ ½T‘m�

�"

��"

�"

0
BB@

1
CCA; (A1)

TABLE VI. Emittance measurement at SPARC for low energy
spread and moderate spot size at the first quadrupole entrance:
200 pC, �� ¼ 0:1000ð0:0040Þ%, �x;F0

¼ 0:320ð0:017Þ mm,

�y;F0
¼ 0:3567ð0:0067Þ mm (analogous to Case 1 of Table I).

Single

quad

Two quads

(þ , �)

Two quads

(� , þ)

"n;x (mmmrad) 1.607 (0.075) 1.852 (0.083) 2.44 (0.20)

"n;y (mmmrad) 1.41 (0.26) 2.54 (0.46) 1.77 (0.22)

FIG. 10. Horizontal trace space for a 200 pC VB compressed SPARC beam with �� ¼ 0:860ð0:030Þ%, �x;F0
¼ 1:400ð0:020Þ mm

beam (analogous to Case 1 of Table I). The same trace space is reconstructed from a single quadrupole scan (left plot) and from doublet
quadrupoles ‘‘þ �’’ (‘‘� þ’’) scan in the center (right) plot.
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where

T11¼
XN
j¼1

A4
j

uð�2
j Þ2

; T22¼4
XN
j¼1

�
AjBj

uð�2
j Þ
�
2
;

T33¼
XN
j¼1

B4
j

uð�2
j Þ2

T12¼T21¼2
XN
j¼1

A3
jBj

uð�2
j Þ2

;

T13¼T31¼
XN
j¼1

�
AjBj

uð�2
j Þ
�
2
; T23¼T32¼2

XN
j¼1

AjB
3
j

uð�2
j Þ2

:

(A2)

The product ½T‘m�X, where X is the 3-vector�",�", �", is
equal to the N vector of expected values for the N mea-
surements, which can be considered as elements of the
N-vector Y, i.e., in short notations Eq. (5) becomes

Y ¼ ½T‘m�X (A3)

and with some matrix algebra the vector of Twiss parame-
ters, X, can be obtained:

X ¼ ð½T‘m�T½T‘m�Þ�1½T‘m�TY: (A4)

The error on the fit parameters is given by the covariance
matrix defined as

V¼
�2

�" covð�";�"Þ covð�";�"Þ
covð�";�"Þ �2

�" covð�";�"Þ
covð�";�"Þ covð�";�"Þ �2

�"

0
BB@

1
CCA; (A5)

whose elements are equal to ½T‘m� elements:

ðV�1Þ11 ¼
XN
j¼1

A4
j

uð�2
j Þ2

; ðV�1Þ22 ¼ 4
XN
j¼1

�
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uð�2
j Þ
�
2
;

ðV�1Þ33 ¼ 2
XN
j¼1

B4
j

uð�2
j Þ2

(A6)

ðV�1Þ12 ¼ ðV�1Þ21 ¼ 2
XN
j¼1

A3
jBj

uð�2
j Þ2

;

ðV�1Þ13 ¼ ðV�1Þ31 ¼
XN
j¼1

�
AjBj

uð�2
j Þ
�
2
;

ðV�1Þ23 ¼ ðV�1Þ32 ¼ 2
XN
j¼1

AjB
3
j

uð�2
j Þ2

:

(A7)

The error on the Twiss parameters can then be retrieved
from error propagation, whose extended expressions are

u2ð�Þ ¼ �2
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