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Abstract

A doubly heavy baryon can be regarded as composed of a heavy diquark and a light quark. In this picture,
we study the masses of the doubly heavy diquarks in the Bethe-Salpeter (BS) formalism first, which are then
used as one of the inputs in studying the masses of the doubly heavy baryons in the quark-diquark model.
We establish the BS equations for both the heavy diquarks and the heavy baryons with and without taking
the heavy quark limit, respectively. These equations are solved numerically with the kernel containing

the scalar confinement and one-gluon-exchange terms. The mass of the doubly charmed baryon EE’Z) is

obtained in both approaches, 3.60 ~ 3.65GeV (sﬁ.’f.)) under the heavy quark limit, 3.53 ~ 3.56 GeV for

Bee and 3.61 ~ 3.63 GeV for &}, without taking the heavy quark limit. The masses of E;n,, El(;z), Egz),

QSE), Q;} o QI(;;) and QI(;Z) are also predicted in the same way. We find that the corrections to the results in
the heavy quark limit are about —0.02 GeV ~ —0.11 GeV for the masses of the doubly heavy baryons.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the last few decades, heavy baryons which contain one heavy quark have been studied
in many references, both theoretically and experimentally [1-7]. Whether the theoretical mod-
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els for such baryons also work for baryons containing two or more heavy quarks needs to be
investigated [6,8—11]. 2} is the first doubly heavy baryon observed in experiments [12]. Al-
though the SELEX Collaboration did report the observation of E/, at a mass of 3519 +2MeV
years ago [13,14], other collaborations like FOCUS [15], BaBar [16] and Belle [17], on the
other hand, failed to observe such a state with the properties SELEX observed. Recently, LHCb
confirmed the existence of the doubly heavy baryon Ef*, and the mass was measured as
3621.40 & 0.72(stat) = 0.27(syst) £ 0.14(A}) MeV [12].

It is expected that more doubly heavy baryons will be observed in the future, hence theo-
retical studies of doubly heavy baryons are urgent. In this paper, we will study the masses of
the doubly heavy baryons systematically. Since baryons consist of three quarks they are much
more complicated than mesons. Because bb, bc and cc' have good spin and isospin quantum
numbers, we will regard them as diquarks in the baryon, where it can be treated as a single
subatomic particle with which the third quark interacts via strong interaction. Using this quark-
diquark model can greatly simplify the study of these baryons which are two-body bound states
[18].

The bound state equation we employ in our work is the Bethe-Salpeter (BS) equation, which
has been extensively used to investigate the properties of heavy mesons and baryons in recent
years [7,19-29]. The kernel for the BS equation is motivated by the potential model, which
includes the scalar confinement and one-gluon-exchange terms in the form of the covariant
instantaneous approximation [7,25,27,29,30], and this approximation is appropriate since the
energy exchange between constituents inside the heavy baryons is expected to be small when
we use the constituent quark masses in the BS equation. Thus we employ this approximation in
this work for the purpose of simplifying our calculations. It should be noted that solving the BS
equation in the Minkowski space has been done before by other researchers [31,32], and we will
also try to accomplish that by modifying our model in our future work. We will establish BS
equations for doubly heavy diquarks first, then the BS equations for doubly heavy baryons. The
masses of heavy diquarks will be solved out first and then used as an input to obtain the masses
of doubly heavy baryons.

The masses of heavy baryons are studied with different approaches [6,10,21,33—37], and most
of them are done under the heavy quark limit, which works well for the doubly bottom diquark
and doubly bottom baryons since m; is much larger than the QCD scale, Agcp. However,
one may expect larger 1/m, corrections for heavy diquarks and baryons including the charm
quark. Therefore, we will also establish the BS equations for doubly heavy diquarks and doubly
heavy baryons without taking the heavy quark limit. We will compare the results in the two
approaches.

This paper is organized as follows. In Sec. 2, the BS equations for the heavy diquarks will
be presented under the heavy quark limit. In Sec. 3, we will establish the BS equations for the
ground-state doubly heavy baryons under the heavy quark limit. Then, we will present our study
for the heavy scalar and axial-vector diquarks without using the heavy quark limit, the formalism
of which will be presented in Sec. 4. After that, the formalism for the doubly heavy baryons
without taking the heavy quark limit will be presented in Sec. 5. Then in Sec. 6, we will show
our results derived from the former sections. Finally, the summary will be given in Sec. 7.

1 Another reason is that cc have a relatively small radius, which makes it more appropriate to consider cc as a diquark
in the structure of doubly charmed baryon.
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2. Doubly heavy diquarks under the heavy quark limit
2.1. The BS equations for doubly heavy diquarks

In the following, we will present the BS equations for the scalar diquark composed of ¢ and
b quarks, and axial-vector diquarks composed of cc, bb and bc. First, the BS wave function for
the scalar diquark composed of two fermions can be written as follows:

X @1, x2)ap = 75O T Y1 () Y2 (x2) | Pp. k)
, d4p ,
—iPpX -
=e P /We Xy (P)aps (D

where v1(x1) and ¥, (xy) are the quark fields, « and B are spinor indices, i, j, k are color
indices, Pp is the momentum of the diquark, X = A;x; +Azxp (A = ml’fr'mz, Ao = ml"izmz , M1(2)
is the mass of the first (second) heavy quark) is the center-of-mass coordinate of the diquark,
X = x1 — x7 is the relative coordinate and p represents the relative momentum between the two
heavy quarks.

Furthermore, the momenta of two heavy quarks can be written with Pp and p as p; = A Pp+
P, p2 = A2 Pp — p, respectively. Define p; = v - p and p; = p — p;v, where v is the velocity of
the diquark. The BS equation for the scalar diquark has the following matrix form [20,21]:

d4q
(2m)*

[y X by @V K" (pr—a) + X1, @K P (pr—q0)1S(—p1),
)

where S(p2) and S(p1) are the propagators for two heavy quarks, and Xpp(P) = Cxpp(p) is
the conjugate form of xp, (p), K (18) and K (“/) denote the one-gluon-exchange and confinement
terms, respectively, which have the following forms in the diquark picture:

75 () =S5(pm) /

~ |87 o
ROO(p —gy=-0 % 3)
e 3 (pr—q0)?+ u?
o Ak’ 3k idmi!
R (p —a)— ! —@n)*8*(p — /—— 4
(pr —qr) (71 — q0)? + 122 (27)"8"(pr = ar) 2m)3 [k2 + u?]? @

where oy and ' are coupling parameters in the meson case, and u is introduced to avoid the
infrared divergence in later numerical calculations, the limit 1 — 0 will be taken in the end
of our calculations. As for the forms of propagators, they can be constructed as follows in the
leading order of 1/mg (Q = b, ¢) expansion:

. mi(l—9)
S = M + pr— o1 —ie)’ ©)
1
S(p2) =i ma(1 +) ©)

2o(MMp — p; — w2 +i€) ’

where M p is the mass of the scalar diquark and wy(2) = /m%(z) — plz. It can be seen from Eqgs. (2)
and (6) that XIZD (p) satisfies the condition

¥xb,(P)= x5 (). 9
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Then, after considering the relation in Eq. (7) and other restrictions from Lorentz covariance and
parity transformation on the form of YIZD , we obtain the following form for the BS wave function
of the scalar diquark:

Xb,(p) =1 +Py g1, (®)

where g is a scalar function of p? and p;. Defining V(18) = —i K18, V) = _j KN 7 =
% g1, and substituting Egs. (5)-(8) into Eq. (2), we obtain the following equation for the BS
wave function of the scalar diquark under the heavy quark limit:

mimy d3q;

Zi(p)=— VI (p, — g0+ VD (pr — q)1Z1(q0). (9)

wim(Mp — o1 —w2) ) (27)3
On the other hand, for the form of the BS wave function of the axial-vector diquark, we have

Ty ()= (1+PE g, (10)

where f;‘ P ) is the polarization vector of the axial-vector diquark, g5 is a scalar function of pt2 and
pi. Following the same technique in the scalar diquark case, we have the following equation for
the BS wave function of the axial-vector diquark under the heavy quark limit:

mima

I TID (p, — gy + VD (pr — g 1R q0)
(11)

which shows that the BS wave function for the axial-vector diquark satisfies the same equation
as that for the scalar diquark when taking the heavy quark limit.

8P == My — o — ) (2n>3

3. Doubly heavy baryons under the heavy quark limit

In this section, we will construct the formalism for the doubly heavy baryons under the heavy
quark limit.

3.1. Baryons composed of a heavy scalar diquark and a light quark

The BS wave functions of baryons composed of a heavy scalar diquark and a light quark, like
Qpe and Ep., can be defined as

x(x1,x2, P) = (O|Ty1(x1)pp (x2)| P, k)
—i d4k —ikx
=e P"fme kx s p (k), (12)

where ¥;(x1) and ¢p (x2) are the ﬁeld operators of the light quark and the scalar diquark, respec-
tively, X = n1x1 +n2x2 (n1 = m, m= mm+m , m; and m p are the masses of the light quark
and the heavy diquark, respectlvely) is the center-of-mass coordinate of the baryon and x is the
relative coordinate, P is the total momentum of the baryon, while k is the relative momentum
between the heavy scalar diquark and the light quark. Then, ky =11 P + k, ko = n2 P — k are the
momenta of the light quark and the heavy scalar diquark, respectively. For the BS equation of
the doubly heavy baryon, we have

d4q
xp (k) = Sl(kl)/ G(P,k,q)xp(q)Sp(ka), (13)

Qm)*
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where G(P, k, q) is the interaction kernel, S; and Sp are the propagators for the light quark
and scalar heavy diquark, respectively, which can be expressed as the following forms under the
heavy quark limit:

i |: }!5(1)[+kz+ﬂn + }ﬁwl—k,—ml :|’

S;(k1) = —
(k1) 20 MM +kj—wy+ie  mM+k 4w —ie
i

(14)

Sp(kz) =

—, (15)
2wp(MmM — ki — wp +i€)

where we define the variables k; = v -k, k, = k — kjv, w; =, /ml2 — k,z, wp =, /mZD — ktz, and M
is the mass of the doubly heavy baryon. For the kernel G(P, k, ¢), we will take the form that has
been used in Ref. [21]:

2
where the vertex I'* has the form: '* = (kg + ké”)FS(Q2) with Fg(Q?) = % describing
0

the interaction between diquarks and the gluon (Qg is a parameter which freezes FS(QZ) as
Q% — 0), and V| and V> are the scalar confinement and one-gluon-exchange terms that have the
following forms in the covariant instantaneous approximation:

d3r 8wk
_ 3¢3 _ w0 ot

8k
(ki — g)* + u?1?

2 2
~ 167 Qoorf Q()
Dotk — gy = —— , (18)
3 [tk —g0)* + 2] [k —90)* + Q7]
where a7 and « are the coupling parameters in the baryon case, and u is introduced to avoid
infrared divergence in numerical calculations. It should be noted that the confinement parameter
in the baryon case is different from that in the diquark or the meson cases, so we replace «’
with k. Since «” is around 0.2 GeV? in the meson case [27,30], and considering A gcp is the only
parameter related to confinement, we expect « around 0.04 GeV? due to the relation x ~ A ocpk’
[7].
On the other hand, after writing down all the possible Dirac structures and considering the
Lorentz and P-parity transformations, we have the following form for x p (k):

‘71 (ks —qr) =

xp (k) = (h1 +kh2)u(v, s), 19)

where u (v, s) is the Dirac spinor of the doubly heavy baryon with the velocity v and the helicity
s, which satisfies the relation pu(v, s) = u(v, s), and hy() is a scalar function with respect to kt2
and k;. Substituting Egs. (14), (15), (16) and (19) into Eq. (13), we obtain the coupled integrating
equations as follows,

1

hik) =
1(ke) dwjwp(—M + w; + wp)

d3 ~ - L
</ Gy {L0m eV + 2007 = 6 + kg0 2] i)

+ [V =200 Pk -4 = omi + o0 ki - i + gD T~ ki -0, [ Taan | @0)



6 Q.-X. Yu, X.-H. Guo / Nuclear Physics B 947 (2019) 114727

1
dwjwp(—M + w; + wp)

f n—t 2 ( )

tC]t

By (ke) =

k
L_’_[VZ}}H(%)

t

+ [(ml—wz)(vl 2wpVa) —qu?]ﬁz(q»}, Q1)

t

where we have defined El(z) =/ g—?hl(g), and V @ = V12)liy=¢; - The following equations based
on Lorentz invariance have been used while obtaining the above two coupled integrals:

d4

on )4q,“f fio + ki (22)
and

d4q

o) ——qq) f =a18" + apv*v’ + azvtk} + askl' v + askl'k;) (23)

where f is a random function of k2, g2 and k; - ¢;. By multiplying appropriate vectors or tensors
on both sides of Egs. (22) and (23), we can easily obtain that

_ d*q ki -q
f2 - (271_)4 kz fv
a; = / d4 zqt (kt 6]:)2 f
(2m)* 2k? ’
wy— [ F Gia) =kl
Q2m)* 2k?
as = d*q 3(ki - q1)* — kzz%zf
(2m)* 2k ’
fi=a3=a4=0. (24)

3.2. Baryons composed of a heavy axial-vector diquark and a light quark

Now we consider the doubly heavy baryons composed of a heavy axial-vector diquark and a
light quark. First, we give the definition of the BS wave function for such a baryon:

Xp (1. 2. P) = Oy (yn) A (32) | P)

e / (2:)4 X (@)e i, 25)

where A’g denotes the axial-vector field and the BS equation for the baryon in momentum space
has the following form:

d4
xp (k) =Sl(k1)/ ﬁGpu(P,k,Q)X;(Q)SZp(kz), (26)
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where § gp (k) is the propagator of the heavy axial-vector diquark, which can be written as the
following form under the heavy quark limit (m p — o0):

i(ghP — vHuP)

2wp(M — kj —wp +i€) ’

Sy (ko) = — @7)

where O(1/mp) terms in the propagator are omitted due to the heavy quark limit. On the other
hand, motivated by the potential model [30], the following form for the kernel G, will be used
[21]

iGpy(Pk,q) =8I @IVi +y"* T 0 Va2, (28)

where T')p) = [gpu(kz + k) — (k2vgpp + képgw)] F4(Q?) is the coupling vertex of heavy

diquarks and a gluon with F,(Q?) being the form factor describing the effect of the diquark
structure, we will take F| A(Qz) = Fg( Q2) for simplicity [38,39]. Meanwhile, we have the fol-
lowing form for x}, (k) under the heavy quark limit:

xp (k) = (b1 + k:b2) B* (v), (29)
where by(2) is a scalar function of k,z, q,2 and k; - q;, B*(v) is the spinor of the doubly heavy
baryon, which has the following explicit forms:

B{L = L()’u +v)ysu(v),

V3
BY =u,(v), (30)

for spin-% and spin-% baryons, respectively, u(v) denotes the Dirac spinor, and u,(v) is the
Rarita-Schwinger spinor. Furthermore, it can be shown that B}, (m = 1, 2) satisfies the conditions
[19]:
PBL(W) =BL(V),  vBLW =0,  y.BY@) =0. (31)
Substituting Egs. (14), (27), (28) and (29) into Eq. (26), and integrating ¢; in the integral

4 4
equations, the terms like [ 9 q" f and f 24 4iq can be transformed to the desired forms

@2m)* @m)*
with the help of Egs. (22)-(24). After all of these steps and some calculations, we arrive at:
by (k) = !
P " dwjwp(—M + o + wp)
a V) + 2007 — (- a0 7]
) [(m + @) (Vi +2wp V2) — (ki - 41) V2] b1 (q1)
+ [T =200k -a) = o+ o) - a1+ gD T
~ kK2g2 — (ki - q)* ~ 1~
+ 1 — 1) (ks - q0) V2 + 301 + wz)%%]bz(%)}, (32)
t
~ 1
by (k) =

dwywp(—M + w; + wp)

d?q ~ ~ Zktz +kioqr 51>
X / ) [Vl +2wpVy + () — ml)TVZ]bl(%)
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k; - ~ k. - ~ ~
+ [Om+ o0 =T = 20p0m — o) =T - g2,
kt kt
k2 2_(k . )2~ -
- D batan §, (33)
24

~ . ~ 4

where by () (k;) is defined as by(2)(k;) = [ éT'jz‘bl(z) (k).

4. Doubly heavy diquarks without taking the heavy quark limit
4.1. The BS equation for the doubly scalar diquark

In this section, we will present the BS equation for a scalar diquark without taking the heavy
quark limit m g — o0o. To obtain the form of the BS wave function for the scalar diquark with
the masses of heavy quarks being finite, we first write down the general decomposition of the
following Dirac fields [20]:

T | - - . 1 _ . .
Vevh = [+ Gy + 30 G o)
+y’ @ ysy) — VSV“(l/_fCiVSVM/fj)]ﬁa.

Then from the definition of the BS wave function of the scalar diquark, and imposing the P-parity
transformation on the BS wave function corresponding to each term on the right-hand side of
Eq. (34), we have

Teo (Plaras = [ v5di + Y5, (Plyda + plids)/Mp + (—D)ysop Phplds/MB] . (39)

201

(34)

where d; (i =1, 2, 3, 4) are Lorentz scalar functions of pt2 and p;.
Now, we will check if these four functions are independent of each other. To achieve this goal,
we introduce the projecting operators [40]:

+  Yor £ (P +my)
AN =—r—"—"7—"7—,
2w
+ (—
px_fort Citm) 56
207

It can be shown that these projecting operators satisfy the conditions: A?E;éA[.lL = Al.i, AiiyﬁAf =
0, i =1, 2. With these operators, we can express the full propagators of quarks as follows:

SF(p1)=i|: AT —+ A . :| (37)
MMp+ pi—w+ie  MMp+ p+ o) —i€
Sr(p2) =i [ A7 — + ) : } : (38)
MMp — pi—wy+ie  AMp—p+w; —ie
Besides, we have the following equations for the projecting operators:
iNT
Afpsip = MM E Pt (39)
1

MMp+ pr+w) —ie’
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and
iNy
MMp — p; —wy +i€’
iA;
MoMp — pr+wy — i€’

AFPS(p2) = (40)

Now, by multiplying a certain combination of (39) and (40) on both sides of Eq. (2), one obtains
the following constrains:

AS¥XE, (pCAaTTe ! =0, 41)
ATPXE, (PC(ATCT =0, (42)

which may help reduce the number of independent scalar functions in Eq. (35). We find d3 =0,
dy = —%dz whenm| =my=m=m (w] = wr) = ).

However, when the masses of the two quarks in the diquark are different, we find no relation
among these four scalar wave functions. Substituting Eqs. (35), (37), (38), K ) = v and
K18 =iv U8 into Eq. (2), and completing the integration f ‘équ’ on both sides of Eq. (2), we
obtain four coupled integral equations:

1 da%
2wim(w) +@2)? — M3 ) (27)3
X (—w1wy + p? —mymp)(V D +4V19)d, (g,)
+ Mp(wamy + wima) (V) —2V1)dy(g,)

di(po) =~ [ +o)

1 ~ . ~ ~
+ g @1+ @) ma = m) (VD 2709y -0 a1

— (@ +o)(pr - VDditan |, 43)
1 d3f1t

2wim2[(01 + @2)? — M3 ) (27)3

x (‘7(cf) +4‘7(1g))g1 (1)

+ (@1 + @) (w2 — pF —myma) (V) —2V1)dy(g,)

+ (01 — ) (VD —2VU9) (p, - g)d3(qr)

do(p) =— {MD(wzml + wimy)

1 ~ o~
+ @ + o) +m)(pr a0 Vg0, (44)
D

1 g
2wi0[(w1 + w2)? — M3] ) (@2n)?
x (my —mp) (V) +4V19)d, (q)
+ Mp (w1 — an)(V —2V19)dy (g,)

(@1 + @) (@12 + p? — mim3)
+ 2
Pt
_ Mp(wimy —wymy)

> (P - a0 VP dian]. (45)
Di

ds(p) = —

[Mp @ + w2

(G(Cf) _ 2V“g>)(pt : %)%(Qt)
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1 g
2wim[ (01 +@2)? — M3 ) (27)3
x (VD +4v19)d\ (g,)
+ Mp(@1 + w2)(my +m) (V) — 2V dy (gy)

du(pi) = — {—M%(w1+w2)

Mp(wym) — wimy)

2 VD Z2709)(p, - g)ds(q0)
Pt
(@1 + wn) (@@ — p; —mim2) Vg,
N ! > PP ~q;)V("f)d4(qt)}, (46)
t

where we have defined Ji(p,) = f %di (p) (i =1,2,3,4). It can be shown that Egs. (43) and
(44) are consistent with the equations in Ref. [20] when the masses of the two quarks are equal.

4.2. The BS equation for doubly axial-vector diquarks

In this subsection, we will present the formalism for the axial-vector diquark. The general
form for the BS equation of the axial-vector diquark is similar to that of the scalar diquark:

Zo" ()= Sr(p) / il “Eo @K " (o — q1)
+ X @K D (pr — g)ISE(—p1). (47)

where r stands for the index of the polarization vector of the axial-vector diquark. The BS equa-
tion for the axial-vector diquark in momentum space has the form:

(p) =R OITY LD (pwy” (pINT (Pp))
=T7e0), (48)

~(r)T

where I'” indicates the Dirac structure of X( DT and sff) is the r-th polarization state of the
axial-vector diquark, which satisfies the relation sg) Pl’; = 0. In general, Dirac field operators for
the axial-vector diquark can be decomposed into several terms like the scalar diquark case, and
the BS wave function corresponding to each term in Eq. (34) can be further expanded as a linear
combination of ps, Pp and g"P. After writing down all the terms contained in I'”, we use the

constrains &, )Pg =0, P-parity and the Lorentz transformations to simplify the form of X(V)T.

Finally, we have the full expansion of x p (r)T.

1 1 1

T

Xg; (p) :|:M—DPZOH1 + VM(MZ Pt PMHZ + Wpt Pt H3 +gﬂpH7)
D D

1
+ Wysyusupa’gmeDﬂHs

D
. 1 1 1
- ZUW(M% pi i PpHy+ M—gWPDHﬁ + M_gpupt H8)} o, (49)
where H; (i =1, -- -, 8) are scalar functions. When the masses of the two heavy quarks are equal,

we follow the same routine used in the scalar diquark case to reduce the number of the scalar
functions. Consequently, we have the constrains for these scalar functions H; (i =1, ---, 8):
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H, = Hg =0,
i — _PiH; +M%H77
mMp
m
H6:M_DH5’

11

(50)

where the masses of the two quarks in the diquark are equal (m; = m> = m). Therefore, in
this case, in the eight scalar functions there are only four independent wave functions H; (i =

3,4,5,7).

With the help of the constrains in Eq. (50), we are able to obtain four integral equations for

scalar functions in the case of the axial-vector diquark:

1 d3q;
2wp}(m3, — 40?) ] (27)3
+4MppI[(p7 + (P - gV +2(p7 —2(pi - 4 V9 Hi(a0)
+2Mp p7 (pr - ) (VD =2V U9 H (g

+ [( —20? p2g? + 422 (pr - qo) + 2Q2m* + ) (p; - g)*) VD

Hy(p) = - {mMb[p?a? = 3(ps - a1V Hatar)

+4( = pia? — 4plal(pe-a) + @m + o)(pr -0 VI | Hsan ). 1)

Hi(py) =

2map} (sz —4w?)

(27:];3 — (m® + 207 (ps - 40} ] VD Halqr)
+4m>Mp p?[(p? + pr - g VD —2(p, - g VIO Hs(qr)
+2m3 pF(py - q) (VD —aVI9) Hy(gy)

+ MD[( —2m? p2g? +2p7q} (pe - q) + 3m*(py - q)?) VD

2= R AP a0 + a0 709 ),

1 Pq
2Mpwp?(m% —40?) ] (27)3
+ ZM%pf[V(Cf) + 2\7(18)]ﬁ7((]1)

— 4AMp p[m® + pr - gV = 2(p, - g VI Hs (1)
+Mp[(pfai ~ (pr ~qt)2><‘7“f 42709 iy |,

1
2M2 wp? (mD —4w?) (277)3
—4MR PR [VCD 42709 ()

+ 2MDp, Len® + i a) VD = 2(p, - q) V' Hs(q1)

—20[(pla? = (pr - )YV +2709)] Hsan) |,

Hs(p:) =

HZm[ — P2} + (pr - a0)* VD Halq)

Hy(p) = e {mmop?a? = (i a1V Hatar)

where Hi(p:) = [ 5L H;(p).

(52)

(53)

(54)
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On the other hand, for the doubly heavy axial-vector diquark composed of two quarks with
different masses, e.g., bc with J P — 1+, we also have similar relations for the scalar functions in
the BS wave function for the axial-vector diquark bc without taking the heavy quark limit:

~ (@1 + w2) (p? Hs + M%ﬁﬂ
1=—

(55)
Mp(miwy +mawy)

i — _2Pt2(m1 —my) [m%ﬁ4 +my(maHy + Mp Hs) +maMp Hs — o1 (w3 + wz)ﬁ4]
Mp [4p} — (5m? + 2m3 + 4ww2) 4 3m?3 p?]

)

(56)
g p?[2(m? — m3)ymi Mp Hs — 201 (my + m2) (w1 + w2)Mp Hs] 57)
6= E
Mp [4p} — (5m? +2m3 + 4w w2) + 3m? p?]
2 2 7
~ m5 —mi7)MpH
( 2 1) D 117 (58)

g = .
(w1 + w2)(mywy + mawy)

In this case, we can follow the same routine used before, substituting Eqs. (55)-(58) into Eq. (49),
which is then substituted into the BS equation for the axial-vector diquark. We will not present
the explicit forms of the integral equations for the scalar functions here because the calculations
are long and demanding, we will present the numerical results for the axial-vector diquark bc in
Sec. 6 instead.

It is noteworthy that there are four independent scalar functions in both scalar and axial-vector
diquark cases, which is consistent with the physical picture since each of these two quarks has
two degrees of freedom. In contrast, there is only one independent scalar function in the scalar
and axial-vector diquark cases when the heavy quark limit is applied.

5. Doubly heavy baryons without taking the heavy quark limit
5.1. Baryons composed of a doubly heavy scalar diquark and a light quark

In this subsection, we continue to use the variables defined in Sec. 3. First, we can start
from writing down the general form of the BS equation for baryons comprised of a heavy scalar
diquark and a light quark, which has the same form as Eq. (13):

d4
XP(k):Sl(kl)fﬁG(P»k,Q)XP(Q)S/D(—kZ)v (59)

except that for the propagator of the scalar diquark we will not take heavy quark limit. In this
case, we have the following form for the propagator of the heavy scalar diquark:

Sp(—ka) =

1 1
— — — |- (60)
2wp | MM —kj —wp +ie M —kj+wp — i€

For the form of the BS wave function xp(k), after considering the constrain on the Dirac spinor
of the baryon u(v, s) (Yu(v,s) =u(v, s)) we write down all the possible combinations of Dirac
structures and momentum (P, k;),

xp (k) = (Y1 4 Yays + Vapshy + Yaly + Ysoume" " P loghig)u(v, s), (61)
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where Y; (i = 1---5) are scalar wave functions of ktz, k; and k; - g;. Furthermore, each term in
the expansion of yp (k) transforms exactly in the way that xp (k) transforms under P-parity and
Lorentz transformations, which can help us simplify the form of x p (k). Finally, we arrive at

xp(k) = (A1 + A2ku(v, s), (62)
following the same routine we. have used in the last few sections. A; and A, are scalar functions
of ktz, k; and k; - g;. Define Aj0) = f %A](z). Then, after we substitute Eqgs. (14), (16), (60)
and (62) into Eq. (59), we obtain two coupled equations for the scalar functions for the baryons
composed of a doubly scalar diquark and a light quark as follows:

1 d3%
dopwi[(wp + w)> — M?] ) (27)3

Atk = H(ZMa)l +2ml(wp+wl)> 7
T <4Mm1a)D FIMKE 4k - qp)
+ (@D + o) Gopr — 5K — ki -q1) ) %}Tl @)

+ |:2(0)D + ) ke - q) Vi + 2<(m1(wD + wp) 4+ o M)g?

— (ki - q)) (M Qep + wp) +my(wp + wz)))%}ﬁz(%)}, (63)

1 dq,

k) = aln o —m21 ] )

Hz(wD + o)V

kt‘Qt 2 k +kt Qt
— o= 2m s —

t I

+ <2M(2wD ) +2M

k; -
+|:2<Ma)l L —my(wp + wy) kqt)V1

t t

+ 2(—Ma)Da)l ki

(wp + wl)) Vz] A1(qr)

t%

L+ mjwp(op + o)
t t

—@p+onl- g +aD) ‘72} Aa(gn) } (64)

It can be seen from these two equations that the corrections are generated from both the \71 and
V, terms compared with the situation under the heavy quark limit, which will be the reason why
the masses calculated from Egs. (63) and (64) are different from those obtained through Egs. (20)
and (21). One can prove that Eqs. (20) and (21) can be obtained by taking the heavy quark limit
(mg — 00).

5.2. Baryons composed of a heavy axial-vector diquark and a light quark

The BS equation formalism for the baryons comprised of a heavy axial-vector diquark and
a light quark without taking the heavy quark limit will be established in this subsection. In this
situation, the degenerate states like {ucc, .} in the heavy quark limit will split into two states
with different masses: spm—— and spm—— We will construct different forms of BS wave functions
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for spin—% and spin-% states of these doubly heavy baryons, respectively. The most difficult thing

in deriving the BS equation for this type of baryons, like /", is to find the correct form of the
wave function for them without the help from the heavy quark symmetry. In the heavy quark
limit, the internal dynamics is determined by the light degrees of freedom due to the SU (2); x
SU(2) y symmetry, then we can easily decompose the wave function into the following form

[19]:

xp (k) = (OITY AL |P) = u(v)§," (v, p), (65)

where 1 and A, represent the light quark and the axial-vector diquark fields, respectively, u(v)
denotes the Dirac spinor of the light quark, &, stands for the polarization vector of A, and u(v)§&,
can be decomposed into spin-% and spin-% baryons By, (m =1, 2). The tensor ¢*" includes all
the dynamics and contains two independent scalar functions in Eq. (29). When the masses of the
heavy quarks are finite the form of Eq. (65) still holds due to the LSZ reduction formula [41].
However, ¢*", which includes internal dynamics, becomes more complicated in this scenario and
will be different for spin-% and spin-% doubly heavy baryons. After taking into account all the
possible Dirac structures and the combinations of Dirac gamma matrices and momenta (k;, P),
and imposing the constrains from P-parity and Lorentz transformations we find that the BS wave
function for all the spin-% doubly heavy baryons, x ﬁ (k)1/2, can be written as the following form:

Xp )12 = (E1vtys + Exy'ys + E3ki'ys + Eav" ki ys + Esy" ki ys + Eek; Kiys)u.

(66)
where the scalar functions E; (i =1, - - - , 6) may have different dimensions. As before, we define
~ dk; )
E(k;)= | ——E(k), i=1,---,6. (67)
21

As for the propagator of the axial-vector diquark, we need its full form,

S0 (k= —i 8 [m2M = k)* v v? + (ki — maM)(!k] + k{'vP) + k{'k{ ] /m]
p AT (1M — ki +wp — i€) M — ki —wp + i€)

(68)

It can be seen that in comparison with the propagator under the heavy quark limit, Eq. (27),
Eq. (68) contains higher order corrections in O(1/mp). On the other hand, Eq. (37) for the light
quark propagator remains unchanged. The kernel applied in this case also includes the scalar
confinement and one-gluon-exchange terms [7,19,29,43],

iIGPH =gPHI @IV + 7y, @THVV,, (69)

where TPV is the vertex of a gluon with two axial-vector diquarks, which has the following
form:

THPY = [(ky + K5)P P — (k5 ghP + ky g"") | Fa(Q). (70)

where g is the coupling constant for strong interaction in the vertex, and F4(Q?) is the form
factor describing the inner structure of the axial-vector diquark.
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Using the same techmques as in the last few sections, we obtain coupled integral equations
for E (i=1,---,6)for spm-— doubly heavy baryons composed of a heavy axial-vector diquark
and a light quark which explicit forms are listed in Appendix A, where we have used Eqs. (22),
(23) and (24) in the derivation of those equations. On top of that, we have also used the following
equations on the grounds of Lorentz invariance:

d*q
Qr )4qi‘qt”qff<k2, g% k- q) =x18""v° + x28""k;’ + x30" 00" + gavt v/
+ x50k} VP + xevP k) kP 4 x70 Kl P + xgv kLl K
+ xok} kP vP + x10k) k) kY, (71)
where x; (i =1, ---, 10) are scalar functions of k,2 and k;, and it can be shown that
d*q kqlti-q)—Ge-a) . 5 5
= k 5 ) k : )
x2 ) 312 f k%, q% k-q)
d*q (ki-q0)® ka7 (ki -q)) . 5 o
k ) ) k ° )
dq k-9’ . 5 -
= - < k ) ) k ° )
X10 (27_[)4 kZG f( q 4)
X]=X3=Xx5=x¢=2x7=x83 =x9=0. (72)

In the same way, considering all the possible Dirac structures, the combinations of Dirac
gamma matrices and momenta (k;, P), and the restrictions from P-parity and Lorentz transfor-
mations, we obtain the explicit form of BS wave function for spin-% doubly heavy baryons,
which has the following form:

Xb (k)32 =(Crglt + Cakigh + C3v™key + Cakl'key + Cshikl ke
+ Cek v key + Cry P kpy + ng”k;kw)uv, (73)

where C; (i = 1,---,8) are scalar functions of k,z, qi and k; - q;, which correspond to eight
different Dirac structures. Using the same techniques as before, we obtain the coupled integral
equations for Ci (Ci = f dNecyi=1,---,8) for spin-% doubly heavy baryons, and the explicit
expressions are given in Appendlx B. One can see that Egs. (A.1)-(A.6) and Egs. (B.1)-(B.8) are
much more complicated than Egs. (32) and (33). However, most of the terms in Egs. (A.1)-(A.6)
and Eqs. (B.1)-(B.8) are higher order terms in 1/m o expansion. One can obtain Egs. (32) and
(33) from Egs. (A.1)-(A.6) or Egs. (B.1)-(B.8) if taking the heavy quark limit.

6. Numerical result

In this section, we will solve all the coupled integral equations emerged in previous sections
numerically. The integration region in each integral will be discretized into n pieces, with n being
sufficiently large. In this way, the integral equation will be converted into an n x n-matrix equa-
tion, and the scalar wave functions of each equation will now be regarded as an n-dimensional
vector. It can be shown that the integral equations, for instance, Egs. (A.1)-(A.6), can be illus-
trated as:
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Ey (k) et e en es es e [ Eigr)
Es (ki) e exn €3 eu es ey E>(q:)
Es(k) | _ | ea1 ex e e e3s e E3(q:)
Eqlke) | | esr esr es3 eas ess ess Eu4(qr)
Es (k) esi esy es3 esq ess ese | | Es(qr)
Eg(k;) €61 €62 €63 €64 €65 €66 Ee¢(q:)
where Ei (i=1,---,6) is an n-dimensional vector, and ¢;; (i, j =1,---,6) is an n X n matrix

function of k; and g;. To make it more clear, we will take Eq. (9) as an example here. In Eq. (9),
the integral equation can be rewritten in the following way once we integrated the angular parts,

81(po) =/dIQz|M(|pr|, lg:)g1 (i), (74)

where |p;| and |g;| are the absolute values for the relative momentum between quarks and di-
quarks in the initial and final states, respectively. Since we choose to integrate |g;| in Eq. (74)
with the Gaussian quadrature rule, we need to convert the Gaussian integration nodes into phys-
ical values for |g,|, which can be done using the following equation

1+t
|q[|:e+wlog|:l+y1—_t], (75)
where ¢ is the ordinary Gaussian integration nodes ranging from —1 to 1, € is a parameter intro-
duced to avoid divergence in numerical calculations, w and y are parameters used in controlling
the slope of wave functions and finding the proper solutions for these functions. One can then
obtain the numerical results of the g} (p;) by requiring the eigenvalue of the eigenvalue equation
to be 1. Similar methods can be applied to evaluate other integral equations in our work.

6.1. Doubly heavy diquarks

In this subsection, the numerical results based on the theoretical framework of doubly heavy
diquarks will be presented. From the potential model and some former works on the BS analysis,
«’ is usually taken to be around 0.20 GeV? for the diquark system [7,20,21,27,42]. For example,
in Ref. [21], the authors used «’ = 0.20GeV? to obtain the masses of heavy diquarks. In the
present work, we will let k" vary in a reasonable range, 0.18 — 0.20 GeVz, to see to what extent
it will affect the masses of the doubly heavy diquarks cc, bb and cb. In our work, we will
employ the values of coupling parameters (o and k) from Ref. [43] and the heavy quark masses
(mp =5.02GeV, m, = 1.58 GeV) from Ref. [27] for the calculation of the masses of the doubly
heavy diquarks. These parameters, e.g., ¥’ and «; were obtained through the investigations of
heavy mesons and heavy quarkonia and led to results consistent with the experimental data [43,
44].

In Table 1, we present the results for the masses of diquarks under the heavy quark limit,
and their counterparts with finite masses for heavy quarks. It can be seen from the table that
the values under the heavy quark limit are generally bigger than their counterparts, especially in
the scalar diquark case, where the correction is about 0.10GeV. The corrections to the masses
of diquarks show a mild increase with the increase of «’. Furthermore, the data obtained in the
heavy quark limit is less independent on the parameter «’. In contrast, the masses of diquarks
calculated without taking the heavy quark limit remain almost unchanged with the variation of
the parameter «’. On top of that, we find that the corrections to the masses of heavy diquarks
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Table 1

The masses of doubly heavy diquarks with and without taking the heavy quark limit. (All
the masses are given in units GeV.)

K’ (GeVE)  ay ccty b0ty  bet)  bbAT)

0.18 0.39 mg — 00 3.40 6.79 6.79 10.07
m g finite 3.37 6.70 6.75 10.05
Corrections —0.03 —0.09 —0.04 —0.02

0.20 0.40 mg — 00 3.42 6.80 6.80 10.08
m g finite 3.37 6.70 6.75 10.05
Corrections —0.05 —0.10 —0.05 —0.03

0.3 T T T

?)

H(lp¢1)(GeV™

il —————— F(lptl) K'=0.20GeV? ]
— — — — Ha(pt) K'=0.20GeV2
) A (O Ha(lpyl) K =0.20GeVv?
Fis(Ipt]) K =0.20GeV?
-03 ; . :
0 1 2 3 4
Ip¢|(GeV)

Fig. 1. The BS scalar wave functions of the axial-vector diquark cc without taking the heavy quark limit.

03 . ' ‘
02f" . ]
(\‘7‘ 0.1 ]
S
[0
g o0
‘I% 01 —————— i (lptl) K'=0.20GeV?
- — — — —  (lptl) K'=0.20GeV?
o2 - | T Ha(lptl) K =0.20Gev2 3
- Hs(Ip¢l) K =0.20GeV?
-03 . . )
0 1 P 3 .
Ipel(GeV)

Fig. 2. The BS scalar wave functions of the axial-vector diquark bc without taking the heavy quark limit.

are all negative, which suggests that the contribution from 1/m ¢ and higher order terms cause a
reduction in the masses of the diquarks.

In Figs. 1, 2, 3, 4 and 5, we plot all the BS scalar wave functions of the diquarks. For axial-
vector diquarks cc, bc and bb in Figs. 1, 2 and 3, the shapes of the BS wave functions are quite
similar, but the scalar wave functions of the diquarks decrease more rapidly as the diquark mass
increases. This is because the radius of the diquark decreases with the increase of the diquark
mass, leading to a larger average transverse momentum within the diquark [23]. Meanwhile, we
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0.3 . i '
S ]
>
[0
e -
§ [ 2
T Fi7(lptl) K'=0.20GeV/

-01p i |
= = = = Ha(lpt|) K'=0.20GeV'

-0.2 : - Hg(pyl) K=0.20Gev2 | ]
His (Ip¢l) ' =0.20GeV2

-0.3 L L .,

0 1 2 3 "
Iptl(GeV)

Fig. 3. The BS scalar wave functions of the axial-vector diquark bb without taking the heavy quark limit.

0.3 T T T
Fiz(Ip¢l) K =0.20GeV?
0-2¢ — — — — Ha(lpt)) ¥=020GeV2 | ]
P R Hallpe)) ¥ =0.206ev2 | ]
S Fis(Ip¢l) K =0.20GeV?
[0} \
2 oof P i
& pomT
T o1} ]
_0.2fF ]
-0.3 L s .
0 1 2 3 4
Ipel(GeV)

Fig. 4. The BS scalar wave functions of the scalar diquark bc¢ without taking the heavy quark limit.

0.30 T T T T T

025 Ga(lptl) cc 4
o020} ====g1(ptl) bc ]
Q¢
% g2(Ip¢l) bb
g g2(lpt 1
3
‘\5’/ 4

2.0 25 3.0

p¢l(GeV)

Fig. 5. The BS scalar wave functions of the diquarks cc, bc and bb under the heavy quark limit with " = 0.20 GeV2,

plot the scalar wave functions for the scalar diquark bc in Fig. 4, where the scalar functions
decrease more rapidly compared with the axial-vector bc plotted in Fig. 2. In Fig. 5, we plot
the BS scalar wave functions of cc, bc and bb diquarks under the heavy quark limit, where the
shapes of the wave functions are steeper when the masses of the diquarks are smaller due to the
same reason as that in the case of finite heavy quark masses [23]. It should be noted that the
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Table 2
The values of o, ¢ 7 in the baryons with « ranging from 0.02 GeV3 10 0.08 GeV3
when m ) is finite.

Kk (GeV?) 0.02 0.04 0.06 0.08
Cseff 0.79 ~0.85 0.81 ~0.86 0.83 ~0.88 0.86 ~ 0.89

axial-vector and scalar bc diquarks have the same BS scalar functions as shown in Egs. (9) and
(11). Obviously, all the wave functions decrease to zero when | p;| is larger than about 3.0 GeV,
which is resulted from the confinement interaction.

6.2. Doubly heavy baryons

Now, we will use the obtained results for masses of the doubly heavy diquarks in last sub-
section to calculate the masses of the doubly heavy baryons in two scenarios: mg — oo and
m g being finite. First, we will find the values of the coupling parameters k and oy.yr, and this
is achieved by fitting the experimental data of baryons in these two scenarios (with and with-
out taking the heavy quark limit), respectively. We take m; = 0.458 GeV, m,, 4 = 0.350GeV in
fitting the experimental data [27].

In the baryon case, the interaction kernel is different from that in the meson case. In general,
the confinement term is still due to scalar interaction, thus the form of V; is still the same as that
in the meson case, only the confinement parameter «’ needs to be replaced with «, which is the
confinement parameter in the baryon case. We take « to be in the range 0.02GeV> ~ 0.08 GeV>
due to the relation between «" and k (k =~ O(Agcp)k’) [7]. Meanwhile, since the diquark is
Ysefr 03
0*+0Q;
between two diquarks and the gluon, where Q(z) is a parameter which freezes F(Q?) when Q7 is

to describe the vertex

not a point-like particle, we introduce the form factor Fg, A(Qz) =

small. By analyzing the electromagnetic form factors of the proton [23,45], Q(z) =3.2GeV? can
result in a good agreement with the experimental data [38].

There exists a constraint between the parameters « and ay.rr when we solve the integral
equations numerically. In this way, we can obtain the corresponding value of ay.rr for each «
in the range of 0.02 ~ 0.08 GeV?>. By fitting the experimental data for the masses of Ao, E/Q,

E(Q*), E(Q*) and SZ(Q*) (baryons composed of a light diquark and a heavy quark) form the PDG
[46], the values of a.rs without taking the heavy quark limit can be determined by Egs. (63)
and (64), where we need the masses of the light diquarks in fitting the experimental data of A g
or other baryons. We can obtain the masses of light axial-diquarks by solving Egs. (51)-(54), and
the results are Mp = 0.97 ~ 0.98 GeV for uu and dd diquarks, Mp = 1.19 ~ 1.21 GeV for ss
diquark, where the coupling parameters «’ is taken to be 0.18 ~ 0.20 GeV?. For the light scalar
diquark ud, we also take ' = 0.18 ~ 0.20 GeV? and we obtain Mp =0.78 ~ 0.80GeV for its
mass. With these results for the diquark masses, we can obtain the values for oz s by fitting the

experimental data for the masses of A, E/Q Eg), Eg) and SZ(Q*) in the two different scenarios
(mg — oo and m is finite). In Table 2, we give the values of oy.rs without taking the heavy
quark limit through solving Eqs. (63)-(64), Egs. (A.1)-(A.6) and Egs. (B.1)-(B.8) numerically,
where we use the experimental data from PDG for the masses of the heavy baryons during the
fitting to obtain the values of ay,rr, which are 2.29GeV for A., 2.58 GeV for g, 2.45GeV
for ¥, 2.52 for X}, 2.47GeV for &, 2.65GeV for E}, 2.70GeV for Q., 2.77GeV for Q,
5.62GeV for Ap, 5.94GeV for E;,, 5.81GeV for X, 5.83 for E;;, 5.79GeV for Ep, 5.95GeV
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Table 3
The values of ¢ in the baryons with « ranging from 0.02 GeV3 10 0.08 GeV?
under the heavy quark limit.

Kk (GeV?) 0.02 0.04 0.06 0.08
Cseff 0.77~0.81 0.79 ~0.83 0.81~0.85 0.80 ~0.86

Table 4
The masses of doubly heavy baryons with and without taking the heavy quark limit, and the comparisons with other
approaches. All the masses are in units of GeV.

K mg — 0o (our results) m finite (our results) [6] [21] [35] [36] [37] [47]
(GeV3) 0.2 0.08 0.02 0.08

Ece 3.63+£0.02  3.624+0.02  3.554+0.01 3.544+0.01 3.676 3.540 3.66 3.66 3.520 3.633
& 3.63+£0.02  3.62+0.02  3.624+0.01  3.62+0.01  3.753 374 381 3.630 3.696
Epe 6.99+0.02  6.98+0.03 6.90+0.01 6.88+0.01 7.011 6840 6.99 6.95 6838 6.922
ELC 7.01£0.02  7.00+£0.02  6.98+0.01 6.97+0.02 7.047 7.04 7.00 7.028 6.950
EZ(, 7.01£0.02  7.00+£0.02  6.99+0.02 6.98+0.02 7.074 7.06 7.02 6986 6.973
Epb 10.31+0.01 10.294£0.02 10.25+£0.01 10.25+0.01 10.340 10.090 10.34 10.23 10.272 10.169
EZb 10.31£0.01 10.29£0.02 10.27+0.01 10.26+0.01 10.367 10.37 10.28 10.337 10.189
Qe 3.73+£0.02  3.7240.02  3.64+0.01 3.63£0.01 3.815 3.635 3.74 376 3.619 3.732
QF. 3.73+£0.02  3.72+0.02  3.71+0.02  3.69+0.02 3.876 3.82 3.89 3721 3.802
Qpe 7.094£0.01 7.07+£0.02 6.97+0.01 6.96+0.01 7.136 6945 7.06 7.05 6941 7.011
Q;n_ 7.10£0.01  7.08+£0.01  7.05+0.02 7.05+0.02 7.165 7.09 7.09 7.116 7.047
ch 7.10£0.01  7.08+£0.01 7.07+0.01 7.06+0.02 7.187 7.12 712 7.077  7.066
Qpp 10.37£0.01 10.36+£0.01 10.344+0.01 10.33+0.01 10.454 10.185 10.37 10.32 10.369 10.259
Q;‘;b 10.37£0.01 10.36£0.01 10.35+0.01 10.35+0.01 10.486 10.40 10.36 10.429 10.268

for B}, 6.05GeV for . It should be noted that we include all these known heavy baryons
containing ¢ and b quarks to obtain oy, ¢ without taking the heavy quark limit during the fitting,
and we only take the ones containing b quark when we fit for the values of ay.ry in the heavy
quark limit for the reason that 1/mj corrections are very small.

On the other hand, the values of c. sy under the heavy quark limit can be obtained by using the

BS equations in Refs. [7,21] to fit the experimental data of A, E’Q, E(Q*), E(Q*) and Qg) [46].
In this way, we can obtain the proper o .rr values, and we assume these parameters obtained
from baryons composed of a light diquark and a heavy quark can also be applied to doubly
heavy baryons since the strong interaction is flavor independent [7,19,21]. Following the same
techniques in obtaining the values in Table 2, we have the values of ay.rr for heavy baryons
under the heavy quark limit in Table 3.

With the numerical values for the parameter Q% in the form factor and the masses of diquarks
cc, bb and bc obtained before, there is only one parameter, «, left free in our model for doubly
heavy baryons. By solving the integral equations for each doubly heavy baryon numerically, we
obtain the results for the masses of doubly heavy baryons under the heavy quark limit and the
results for spin-1/2 and spin-3/2 baryons respectively, without taking the heavy quark limit. The
results are illustrated in Table 4 when « varies between 0.02 and 0.08 GeV>.

In Table 4, our results are different from the previous results in Ref. [21] due to different form
factors applied. Furthermore, the coupling parameters « and o,.rs are obtained by fitting the
known experimental data, and the masses of diquarks are also obtained within the BS formalism.
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Fig. 6. The BS wave functions of E gj) under the heavy quark limit with ¥ = 0.02 GeV3.

The mass of E.. is obtained as 3.60 ~ 3.65 GeV under the heavy quark limit, which is in a good
agreement with the experimental data 3621.40 +0.72 4+ 0.27 4+ 0.14 MeV [12]. Meanwhile, the
mass for E.. obtained without taking the heavy quark limit is 3.53 ~ 3.56 GeV, which is about
0.10GeV smaller than the result obtained under the heavy quark limit and also consistent with
the experimental data. As for E,., which is degenerate with E.. under the heavy quark limit,
we obtain 3.61 ~ 3.63 GeV for its mass without taking the heavy quark limit. On the other hand,
given the fact that the states (E..) observed by SELEX (3519 + 2MeV for E.) and LHCb
(3621.40 £ 0.72 £ 0.27 £ 0.14MeV for E}) are lowest-lying states, our calculations for the
mass of E.. without taking the heavy quark limit are closer to the result reported by SELEX.”

In general, we can see from Table 4 that corrections to the results in the heavy quark limit
gradually decrease as the masses of doubly heavy baryons increase. For example, the mass of
Q. is calculated to be about 3.73 + 0.02 GeV under the heavy quark limit and 3.64 +0.01 GeV
without taking the heavy quark limit, which gives the correction of about 0.10 GeV. However,
in the case of Qpp or Epp, the corrections are basically 0.03 ~ 0.06 GeV. It is consistent with
the expectation of the heavy quark effective theory and shows the importance of corrections
to those in the heavy quark limit when dealing with doubly heavy baryons containing c-quark.
On the other hand, it can be seen from the results that in both scenarios the results have little
dependency on the coupling parameter «, and the results obtained under the heavy quark limit
are generally larger than those in the case of m o being finite, which is similar to the results we
obtained for the doubly heavy diquarks in the previous subsection.

In Figs. 6-10, we plot some of the BS wave functions of doubly heavy baryons as examples.

In Figs. 6 and 7, we plot the scalar wave functions of ESZ) and E,(;;) under the heavy quark limit

with « fixed at 0.02 GeV?3. It can be seen from these figures that wave functions of Eg”;) decrease
more rapidly than those of E},, which is quite similar to the situation for heavy diquarks. Also,
it can be seen from the figures that when the heavy quarks have finite masses (Figs. 8 and 9) the
curves of E.. are clearly steeper than those of Ej; due to the mass difference between b and ¢
quarks. In Figs. 8 and 9, we can see some of the curves, for example, E()(| p:]) (about 107 times
bigger than E3(| p:]) at zero relative momentum) of E.. is significantly bigger in the vicinity of

2 However, there is one problem remaining here, that is the big mass difference between the data obtained by SELEX
and LHCb (where the masses of these two states are supposed to be very close due to very small isospin split between
E;‘; and Ej’c"'), this will need further investigation to be clarified.
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Fig. 9. The BS wave functions of E}. (spin-3/2) without taking the heavy quark limit when « = 0.02 GeV3 (53(|pt D,
Ca(IptD), Cs(UpeD)s Co(Ipel), C7(Ipel) and Cg(| pt ) are 14, 3203, 4703, 102, 31 and 70 respectively when |p;| is 0).

zero relative momentum and decreases much more rapidly than the rest of the scalar functions,
and six scalar functions (C3-Cg) in Fig. 9 are extremely large when | p;| approaches zero. The
exact values of these scalar functions are given below the figures. In Figs. 10 and 11, we also plot
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Fig. 11. The BS wave functions of E;b (spin-3/2) without taking the heavy quark limit when x = 0.02 GeV? (53(| pel),
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the scalar functions for Ep, and E}; without taking the heavy quark limit, which are similar to
but broader than those in Figs. 8 and 9 due to smaller radii of &, and Ezb.

In our calculations where the heavy quark has finite mass, E7. lies about 70 ~ 80 MeV above
8ce, which is very close to the splitting between X, and X} (64.44 MeV [46]). This is consistent
with the Gell-Mann—-Okubo (GMO) mass relation [47,48]

Mg — Mg, = Ms: — M5, . (76)
The similar relation is the following with u, d quarks being replaced by s quark:
Mqx, — Mg, = Mqx — Mq,. a7

From Table 4, we have the splitting around 60 ~ 70 MeV on the left-hand side, which is also rel-
atively close to the one between 2 and €2, (70.7 MeV). From the splitting information extracted
here, we are able to analyze some decay possibilities. For example, since the splitting between
two doubly charmed baryons E},. and .. (and 2}, and ) is not big enough for the 7 meson
emission of 8. (2F.), E%. (£2¥,) can only transfer to E.. ($2¢c) via y emission.

Similarly, we have the following relation for doubly bottomed baryons:

Mg: — Mg, = Ms; — Ms,. (78)

Dh =
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The splitting on the right-hand side of Eq. (78) is 20.2MeV [46], in comparison to our result,
about 10 ~20MeV, on the left-hand side, which is very close to the one on the right. Moreover,
it is noted that the splitting between doubly bottomed baryons is much smaller than that between
doubly charmed baryons, which is due to the fact that b quark is much heavier than ¢ quark, and
the hyperfine splitting is reciprocal to the mass of the heavy quark.

7. Summary and discussion

It is expected that more doubly heavy baryons will be observed in the future experiments,
so theoretical studies for doubly heavy baryons are urgent at present. In this paper, we studied
the masses of doubly heavy baryons in the BS formalism. We derived the BS equations for
different diquark and baryon systems in the covariant instantaneous approximation, with and
without taking the heavy quark limit, respectively. Then we discretized the integral equations
and solved the eigenvalue equations numerically with the kernel containing the color confinement
and one-gluon-exchange terms. We first calculated the masses of the doubly heavy diquarks cc,
bc and bb, and gave the corrections to the masses in the heavy quark limit. After that, by fitting
the experimental data for some known heavy baryons, we obtained the proper values for the
parameter o, ry in the two scenarios (with and out taking the heavy quark limit) corresponding
to k ranging from 0.02GeV? to 0.08 GeV?, where the masses of the light diquarks (uu, ud, ss)
were calculated from BS equations for them and were taken as the inputs during the fitting.

We then used the masses of the doubly heavy diquarks and the coupling parameters as the
inputs to calculate the masses of doubly heavy baryons. We obtained the masses of ng) , which
are 3.60 ~ 3.65 GeV in the heavy quark limit, 3.53 ~ 3.56 GeV for E.. and 3.61 ~ 3.63 GeV for
E%. when ¢ quark has finite mass. These results are consistent with the data from SELEX (3519+
2MeV for E}) and LHCb (3621.40 4 0.72 4+ 0.27 + 0.14 MeV for &) [12-14]. Furthermore,
with the increase in the masses of the doubly heavy baryons, we found the corrections to the
results in the heavy quark limit become smaller. Besides, we found the results obtained with
m o being finite depend hardly on parameters and less sensitive to the variation of c.ry in our
model for the masses of both diquarks and baryons, and because of this, our predictions for these
doubly heavy baryons could help locate more doubly heavy baryons in the experiments with
more accuracy. On top of that, in the situation where the heavy quarks have finite masses, we
obtained the hyperfine splittings between spin-1/2 and spin-3/2 doubly heavy baryons, which
satisfy the GMO mass relations quite well.
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Appendix A. The explicit expressions for coupled integral equations for E,- i=1,---,6)
for spin-% doubly heavy baryons

In order to show the order of the corrections obviously and compare different BS equations
while taking and not taking the heavy quark limit, we present explicit formulas here for the
BS equations in Subsection 5.2. It should be noted that the following lengthy equations can be
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significantly reduced down to just a few terms if the heavy quark limit is taken, same for the
equations in Appendix B>

Ei(k;) = -1 / d’q, {(Vza)szl (ke - q1) — VZwa% k: - q2)
dojop(M? — (w + wp)?)m3, ) 2m)3

- MV2602D (ke - q1) — V2w3D (k- q1) + M*Vamy (k, “qr) — V2m1w12 (ks - q1)

— M3V (k- q1) — M?Viopmy 4+ 2M*Vambm; + 2M Vam%wp +2M Vam3,mywy
—2MViwpmw; + 2MV2m2Da)Da)1 + MVla)%)ml — 2MV1m2Dm1 + M2V20)D (kt - qr)
+ 2V1m2Da)12 — Vla)Dmla)lz + 2V2m2Da)Da)12 + Vla)%)mla)l + 2V1m%)a)pa)l + V1a)3Dm1
+ ZMktszwDa)l — 2MV10)Da)12 — MV w%)a)l + ktszwalz — Vla)le3 — Vla)zDa)l2

— Viwdw + 2Mk>Vam3, + M2k>Vawp — k2 Vawsy + M3 Vim; — M*Viepa
+2MVam3, (k; - q1) + MVaw? (k; - qr) + 2Vambw; + M>Vimyw, — MVimof

— Vimw? + M3Viw, + M2Vi0? — MVi0} — Viw? — 2Vaod o, (k -q,))El @)

+ (3V2w,5 + Vi a)? + 6MV2w? + 3m1V2a);1 + 3V2wDa)? + 3V2a)20a)l3 + MV, wl3

+ lela);’ + kagw? — 12m2DV2wl3 +2 (ks - q¢) Vza)l3 + 6Mm1V2wl3 + Vla)Da)l3

+9M Vza)Dcu? + 3my Vza)Da)? + 3V2a)3Da)12 + Vla)%)a)l2 +6M ng%a}f —3my Vza)zDa)l2
— M?*Vi0} + K2Vi0? — 4m Viw; + MmVieof — 6M>Vaw? — 3 (k; - q;) mi Vaw?,

— M (ks - q¢) Vza)lz +3 (ks - q1) m1V2a)Z2 + 2MV1wDa)l2 + lela)Da)lz + 9M2V2wDa)12
— 12m%) Vga)Da)l2 + 5k - qr) V2a)Da)l2 +9Mm; V2a)Da)12 + V1a)3Da)1 + 3MV2w3Da)1

+ MVla)zDa)[ — lela)Zle + 3M2V2w%)a)1 — kt2 Vzw%)a)l +4 (ks - q¢) Vza)szl

-M? Viw — Mzml Viw — 3M4V2a)1 — MZkIZVZa)l —2M? (kt - q1) Voo — 6M3m1V2a)1
+ M*Viopw — 4m%V1a)Da)z +2Mm;Viopw; + 3M>Vawpow, — 4Mkt2V2a)Da)1
+4M (k; - q;) Vowpw; + 9M2m1V2wDa)1 — lela)%) + 2k,2V2w%) + (ks - q1) ng?[’,

— k210 — MmyViws, — Mk2Vaw?d, + M (k; - q;) Vaw?, — 3M*m Vaw?, + Mk>Vaw?
— MPI2Vy — MPmyVy — MPI2V + M2 (k; - ) Vo — 3M*myVy — 3M? (ky - ) mi Va
+ M2m1V1a)D - 2M2kt2V2wD - M? (ks - q1) Vowp + 3M3m1 Vowp — lZMszVZwDa)l

— 12Mm2D Vza)lz — ZIctsza)Da)l2 — 3m1V2a%wz — 6Mm1V2w2le — 3Mm1V2a)§))Ez(q,)
+ (M2Vawpmi (ki - qi) + MVaohmi (K - ar) +2M Vamho (ki - )

+2MVoawpmw; (ki - qr) — Vza)*z)ml (k- q1) — Vla)%,mz (ks - q1) — 4V2m%,a)12 (ks - q1)
+ Vawpma} (ke - q1) + Vawpymiwp (ke - qr) — 4Vamhopaw; (k- qr)

— 3MVawpa} (k; - 41) — 3MVawpoy (ke - qr)

+2MViopw; (k - 41) — 2Vawpa; (k; - q1) — 2Vawhof (ki - q1) + 2Viwpa] (k - q;)

3 The integrals equations in both Appendix A and B had been checked thoroughly, and programs can be provided upon
requested.



26

Q.-X. Yu, X.-H. Guo / Nuclear Physics B 947 (2019) 114727

+ Viopwr (ke - qr) + 2M*Vam, (ke - q1) + M Vawp (ks - q1) — M*Vawd, (ke - q1)

— MVawj, (ke - qr) + M Vamy (ke - q7) + M*Vamyay (ke - q) — M*Vimy (ke - qr)

— MVamo} (ke - q1) — Vomya} (ke - o) + Vimyo} (ke - q) — M Vawy (ke - q1)

+ M*Vao} (k- q1) — M* Vi (ke - q1) + MVaw; (ke - q1)

+Vio (- a0 — M*Va - a0) ) Eaa)

+ (a2 Vaos} = ki -a) Vi + MaPVao + gmi Vo] + g Vawp} = (ki - ) Vawpos]
+ g7 Vawpwp — M (ki - q) Vo] + (ke - ) Voo — MPq7 Vaw] — 2q7m3, Vaw)

+ ZaZmZDVza)l2 — 2 (kg - q,)m2DV2wl2 + Mq,zleza)l2 —(kt - qr) V1 wDa)l2

+2M g2 Vawpw] — 2M (k; - q1) Vawpw? + gimVawpw? + (ke - qr) m Vawopor

+ 4,2 VZCU%)CUI + (ks - q1) Vzw%wz + ke - q) N w%wl

— g?mVawhwor + M? (ky - qr) Vieoy — MPq?Vawy — 2M (k; - g) m% Vawy — M*q2my Vawy
+ qutz Vowpw; — thzsz Vowpw; + 2a2m2DV2a)Da)l — 2 (ks - q1) sz Vowpw;

— M?* (k; - q1) Vawpawy +2Mgim Vawpw, + 2M (k; - gy miVawpw; + (ke - q5) Vi),

- qtzlezw% — (k 'Qt)leZwSD — (ke - q1)* Vawdy — MgPm Vaw?,

—2M (ke - gy mpVi + M2 (k- q0) Vi — M? (k; - q) Vo = 2M? (k; - gy m, Vs

— M3q,2m1V2 + 2Mq,2m2Dm1 Vo + 2a2Mm2Dm1 Vo +2M (k; - q1) m%)ml Vo

— M? (k- @) Viwp + M*q}miVawp + M? (k; - g1) mi Vawp + Mg} Vawh o

= 2M (ki - ) Viopwr + M (ki - g Vied ) Ealar)

(=3 q) VaM* + k- g) VIM? = g2y VaM® (b - gy mi VoM

+3 (ks - q1) VawpM? — g2 VayM? — 5 (k; - q;) Vay M> — 3 (k; - q;) Vaws, M?

— gP Vo M? + (k; - q) Vaw M — (k- gy mViM? =2 (ks - q)? VaM?

— k22 VaM? — (k; - q1) ViopM? + g*m; Vawp M?

+ 2 (k; - q,)mIVQwDM2 — qtzml VoayM* + (kg - q,)mlvza)zMz + q?Vga)Da)le

— 3 (ks - 1) Vawn M + @2 Vaw} M + 5 (ks - q1) Vaw; M+ (ks - q1) Viwy M — q>miVawh M
+ (ke - 1) mVawh M — (ky - ;) Viwo? M + g2miVaw? M — (k; - ) my Vawi M

+ Zq?Vza)Da)le + (ks - q¢) Vza)pa)le + 4a2m2Dm[V2M + qtsza)szlM

— 7k - qy) Vzw%wlM + quml VowpwoyM + 4 (k; - q;) miVowpwor M + q,2 Vza)?

+2 (ki - q1) Vao} + (ki - g1) Vi), — g7 mi Voo,

=2k - gy mVawp + gt mVaw} = (ki - gy mi Vo) + i Vawpa; — (ki - qr) Vawpe;
— (ks - gy mViwr, = 2 (k; - 1) Vaws — k2q2Vawh + g2 Vawh ot — 4 (k, - q1) Vawho!
+ (k¢ - qy) lela)lz + 2 (k; - q,)2 Vza)l2 + k,zqt2 Vza)l2 — 4q,2m%V2w12 + 4a2m%V2w12

— 8kt - q1) m%Vga}f + (ks - q:) V1 a)Da)l2 + qtzszza)Da)lz +2 (ks - q¢) leza)Da)lz

+ gt Vawywr — (ke - ) Vawnor + 2 (ke - q1) Viohor — glmi Vawhay
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+ (k- qr) szzw%)wz — 4q,2m%)V2waz + 4azfﬂ%) Vowpawy — 8 (ks - gr) m%)Vzwal

+5 (k- ) VawoporM? ) Es (@) + (a7 Vaw] +2Mg? Vo)

+ qtzleza);t =+ q,sza)Dwf + qtsza)%,a)? + 3Mq,2ml Vza)Da)l2

+ (k; - ch)2 Vga)l3 — 2qt2m%) V2a)13 + 4a2m% V2a)13 + 2Mqt2m1 V2w13 + 3Mqt2 VzcuDa)l3
+ g/ mVawpw] + g} Vawho +2M g Vawp o) — gim Vawpap + (ke - q1)* Vi)
+ Zan%) Vla)l2 — 2M3qt2 Vza)lz — 2Mqt2m%) Vza)lz + 4a2Mm%, Vza),z + (k; - %)2 MVQa)l2

— (ks ~q,)2 Vga)Da)l2 + 3M2 Vza)Da)l 2% mDVza)Da)l + 4a2mDV2a)Dw12

+ M3}¢@?Vawpws + Mg Vawhw — gimiVawy o — (k; - q1)? Vawhor + M?q} Vawh oy

— ZMqtzmIVszDa)l - M? (ky - q,)2 Vow; — M4qt2V2a)1 2M3 TmVowy

+ 2Mqt2m%)m1V2a)1 + 4a2Mm%,m1V2a)z + ZaZm%)V1 wpw; — 2M (k; - q,) Voawpw;

— 2Mq, mDngDa)l + 4a2MmDV2wal + 3M2 cmyVowpwy + (k; - q,) VzwD
- M% le260D — (k; 'Clz) Vle — M (k 'C]t) V260D

27

— M?q2mVaws, — M* (k; - q1)* Vi + 2aaMmbhm Vi — M (k; - q))* Va — 2aa Mm%V

— M4qt2m1 Vo + 4a2M2m2Dm1V2 + 2M2qt2m%)m1V2 — M? (k; - %)2 Vowp
+ Mqlmy VzwD)Es(%)},

-1

o 2
Ey(ky) = f (27_[)3 { (ZM Vszml + 2MV2mDa)l

4wwp(M? — (w; + wp)?)my,
+2M Vzszmla)[ +2M Vsza)le + 2V2m%,a)l3 + 2V2m2Da)Da),2> El (g1)
+ (2MV2m2D (ke - q) — 6M2Vammy — 6M Vam w? — 6M Vammya,
— 2MV1m2Dml 6V2mel — 2V1mDa)l 6V2mDa)Da)l — 2V1mDa)Da)1
— 6MV2m2Da)Da)1 +4Mk; Vsz>E2(q,)
+ (—2MVambmi (k- ap) = 2Vamh} (ki - i) = 2Vambopor (ki - ) Ex(ar)
+ (—2MV2m2Da)[ (ke - q1) — 2M*Vam> (ks - q) — 2ay M Vam®m
— 2a V2mD“)l 2a Vsza)Da)l) Ea(qr)
+ (—6MV2m2Da)1 (ks - q1) — 4MV2m2Dm1 (ks - q1) — 4V2m2Da)12 (ke - q¢)

—4Vamhwpwr (ki - q;) — 6M>Vam?, (k; - q;) + 2M Vim?% (k; - q;)

— 4a1MV2m%)ml —4ay Vzm%wlz —4ay ng%wal — 2Mqt2 ngszl
—2¢2Vamhw? — 24 Vszwal)ES(Qt)

+ (ZMVQm% (ks - qt)2 — 4a1M2V2m2Dm1 —4a MVzsza)l2 —4ay Mvzszm[C!)[

(A1)

—4a1MV2m%)a)Dw1—2a1MV1m2Dml 4a1V2mDa), 2a1V1mDa)l 4a1V2mDa)Da)l
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—2ay Vlm%)wpa)[ + 2a1Mkt2V2m%)>Eé(q,)}, (A.2)

—1 d3qt
dojop(M? — (@ + wp))m2, ) Q2m)3

12V, (w2D — W+ M2> 1+ Vz[(k, a [ (@p + er) (wl ( 2mD) +k2wD>

+ M) + K2 (4Mm2) (1 + M) — K2 (—wp + @1 + M) (0p + @ + M) )]

Btk = {(—le[2MV2 (k7 =) k- a0)

+EVior (200 @ + M) + o) +of - M?)) kl2 Ei(a)
+ (Vo[ k(= 4m [ @p +3M) = My + o + 3M]
+3m; (w; + M) (w% — a)l2 + M2) — 6M2wa1 — 12Ma)Dw12 — 3Mw%)a)1
— 6wpw} — 3whwi — 2krwh + 3M3w + 3M*w! + 6Mkiw; — 3Mw;
+ 27 0F = 3wf +4AME) = (k- gp) (i (4Mmd, — 6MK? ) + 2wper (36 — 2m} )
—dmbo} + kod + 5K} + MHE) |+ KV [mi (0} — oF + M2) - 2Mopo,
— Za)lez — a)ZDwz — 4Mm2D + M2w1 — “)13 + 2Mkt2]) éig(q,)
+ ((k, : q,)l:ml[Vz (4Mm%, (1 + M) — K2 (—wi) +AMaoy + o? + 3M2)>
+ 2V, (K = m ) ]+ Va[k? Coper (@ + M) + Mo + 2M20; + 3M o}
~|—2a)l3 + M3) — ZmZD <2a)Da)z (wj + M) + 2Ma)12 + 2(1)13 + Mktz)]
~ i1 @ +on (8 = mp) ]) 5 Faa)
:

+ (2MVaths 90> = i) (V2 o1 = o) (@1 + M)2 = ) + Vi (0h — of + M?))
%) [2Mm2D (2a1 + a5k,2> + qtz[wl <2a)D (w1 + M) + a)%) + ‘012 — M2)
—m (3}, — o} + M2)]]) Eatan)
+ (4MV2(k, g+ (ke - q,)[v2[ —2m (—a% +3Maoy +o? + 2M2> +2Mwpay
+ 20pw? + whay — 4Mm% +3Mod + 5SM*o; + 3Mwf + o) +3M3]
= Vi(2wpwr + o — 2Mm; + o} + M%)
+ Vz[qtz(ml (a)%) —wf + M2> + oy (—2Ma)D —wh + M2) —2wpw} — o}
+2Mk7) — 4w, (2a1 +ask? +7) |) Esan

( ( W2+ 4Moy + P + 3M2> +2M Vi) (ke - g1)?

— Zm% <2a1 + ask; ) Vz(a)[ (wp +2M)
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— Mm; + o] +2M%) + MV\ ]+ g7 Va (o + M) [my (w%) —w12+M2>

— (20),) (@ + M) + 0 + of — Mz)])56(q,)}, (A3)

—1

E4(k;) =
4k) doyop(M? — (@ + wp)P)m?,

dSQz
(2m)3

+op Omi+on) (@ + M) =0 ) ] = (-0 [mi (o @+ M) —wp (@ + M)

{ (Vg [kf [2m?, (w, (p + M) + Mm; + o + M2)

— 2Mm%, + a)3D + (w7 + M)2 (M — a)l)) — 2m2Da)12 — Zsza)Da)[ + Mza)le
+ ZMa)Dcul2 + Ma)zDa)l + a)Dcul3 + a)zDa)l2 + a)%a)l — ktza)ZD — M3a)z — Mza)l2 + Ma)l3

+ k2o? + of — Mzkf]] + k) [w% (@1 + M) — wp (0 + M)* —2Mm, + o),

2 1~
o+ M) (M — ) |) 5 Erian)

t

+ (Vo[ s - o [wper (@1 + M) = 4y ) + i@ @1+ M) = wp (@1 + M)?
+ o} + (@ +M)* (M — w)) — 4mp o] + oF, (Ma)l +of — 3k,2) + whw

— MPw — M2} + Mo} + 3K20? + wf — 3M%K2] — K2[wp (o (sm%, - 5M2)

— Mo} + o —3M3) +my(w} (@ + M)+ 2wp (o + M) = 203,

+ (@ + M2 (M — )+ 8mdof + ) (7Mw1 +4w? + 3M2) + ) () +3M)
+ 5M3a)1 — M2a)l2 — 5Mcul3 — Zw? + 3M4]] — kt2V1 [ml (a)2D — a)l2 + M2>

2 2 2 3 2 3 1~
top (0 = M) + 0 Qo+ M) + o) — M} + M |) 5 Eatn)

t
n (Vg[a)p (@ + M) <w, (—Zm% + M2 - k,z) +2Mo? +wp — Mk?) — (w4 M)
x (a)f <2m% + M - k?) + Mo — Mo} — o} + Mzk,2> +my (@ + M) (0} (@ + M)
—wp (wy +M)2 —2Mm%) +a)3D + (o +M)2(M —wl)) +a)2D(w1 <M2 —kt2>
—|—2Ma)l2 +a)l3 - Mk,z) +w% (Mwl +wl2 +kt2>]

k- ar ~
+ K2V, (w%—waer)) d ZZE3(%)
—D;

+ (=va[m (0} = of + M2) + 1 (200 @+ M) + 0+ of — M) | ki - )
+ (k; -q,)[Zm%[Vg (a)Da)l (wr + M)+ Ma)l2 +a)l3 + Mktz) — Viw; (wp —i—a)l)]
+m[Vi (wﬁ) (@1 + M) — wp (& + M) = 2Mm3 + % + (w0 + M)* (M — w1)>

—2MVam?y (w + M) |+ M*Viopw, + 2MkVawpw, +2M Viepw] + MViopo,
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+ kfvzwaf + V]a)Da)l3 + Vla)ZDa)[z + Vla)zba)l + MzkEVQwD — kfvza% - M3 Viwg
— M*Viw} + MVla)l3 + V]a)?] +kt2V2[2M (az +6],2) m3, — q,z(a)zD (w + M)
—wp (0 +M)* + o} + (o +M)2(M—w1))])ki2§4(qt)
t
+ (—2V2[m1 <w2D — a),2 + MZ) + wy; (20)1) () + M) +wZD +a),2 - Mz) ](kt 'Qt)z
+ k- q) [V1 (wpay ((a)z + M2 — 4m%) + () (@ + M) — op (0 + M)>
+ @ + (w0 + M) (M — w)) — dm% o} + 03 (Ma)l + wf — k,z) + whw — Mo
- Mza)l2 + Ma)l3 —i—klza)lz + w? - Mzktz)
+ V(= @p @+ M) (wr (= 12m3, + 3M2 = 242) + 6Mof + 30 — 2MK7)
+ (@1 + M) (2} (12m2D +3M? kf) +3MPw — 3Mw? — 30} + M2K2)
— 3my (w1 + M) (w%)(a)l + M) — wp (0 + M) + o) +(a)l+M)2(M—a)1))
+ b (a)[ (k,z - 3M2> — 6Mw? — 30} + Mk,2>
+ b (= (3Mar +307 +22))) | - K2
x [a? (mi (@} — of + M2) + 0p (0 = M?) + 0f, Qo+ M) + o}, — Mof + M?)
—4a2Mm%]>l2§5(q,)
ki
+ (2m [ va(or (@n (a2k? =20k - g0?) + MK} (202 + 7)) + F (a2k? = 20k - 41)?)
- asztzml + Mzkt2 (2(12 + qtz) ) + a2Mk3V1] + (k; ~qt)2[m1(V1 (a)%) — a)l2 + M2>
+ Vs (w%,(wl+M)+wD(wl+M)2—w3b+(w,+M)2(M—wl)))
+ w1 (Vi(2wp (w1 + M) + 0} + of — M?)
TRA (aﬁ) (@1 + M) +30p (@ + M)? — b — (M — a) (@ +M)2>)]

K22 Va () + M) [a)% (@1 + M) — wp (0 + M) + o)

1 ~
+ (1 + M) 2 (M —wz)])k—zanz)}, (A4)
t

—1 d3CIt
dojop(M? — (@ + wp))m3, ) Q2m)3

+ (2mb[Valenr (o (K - i +267) +3MK3) = Mom (K - g, + 27 )

Es(kz) =

{ —2MVam?, (0 + M) E (g1)

1 ~ ~
o (ke -q+ 207 ) +30°6) + MKPVI] ) 25 Eatar) +2M Vamy e - 41) E(g)

t
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+2V2m2D((wl+M)(kt’%)(Mml wz(wD+wz))+a1Mk2) Ea(qr)
kt

+2m3, ((kf : f]t)[V2 (—3wa1 (w1 + M) — 3Mw} —3w; + 2Mk,2) + Viw; (wp + o)

Mm; (3V- M) -V, MK>V, (2 2)) L g
+ Mm; 3Va(wp + M) — V) |+ Mk;Va(2a1 +¢q; @ 5
+2m (Valor (w0 (06 90 + a1k ) + 2 ME?) = Moy (ks - g0)* + a1k

1~

+ w? ((kt g +a1k,2) +2a MK2] + alet2V1>k—2E6(qt)}, (A.5)

~ -1
Byt = / = )g{(w[(k, a0 (i (0} — o + 12%)

doywp(M? — (w; + wp)H)m3,

+2Mwpw; + 20pw} + who + 2MmYy — M@, + o — 2Mk?) — k7 (m; + w;)
((a)z + M) — a)D> 1- 12w, (a)% — o} + Mz) )%El(q,)
t
+ (Vz[ktz(Zml (—a)%) +3Mao; + oF + 2M2) +2Mwpw; + 2wpw} + ohw
—4Mm3, + 3Mw?, + 5SMw; + 3M o} + o} + 3M3) — (ks - q1) (my (a)%) —of + M2>
+2Mwpw; + 2wa,2 + a)2Da)1 + 8Mm%) — M2a)1 + a)l3 — 6Mkt2)]

1 ~
IV, (Za)le + @+ 2Mmy + w? + M2> ) S
t

+ (Vz[Zsz (a); (wp +2M) + Mm; + w? + 2M2) +my (o + M) (w% —w? + M2>

+ ZMZwDa)l + 4Ma)Dw1 + Ma)Da)[ + ZwDa)[ + a)le + kzsz — M3wl — Mza)l2

k
— 4MKRoy + Mo — KRof + of = 3MKE] + 2V, (k2 = m}) ) =" Ea(qn)
P}

t

+ (2V2 @1 @b + 1) + M) (ki -0)* = (k- g [Vies (o — o + M2)

Vs ( ((w, + M)2 —a)D> AMm>, (o +M)) + Viey (20p (@1 + M) + o)

1~
+of = M)] + k2 Vala? (o, - wl~|—M)—2a5m2D(a)1(a)D+a)1)+Mm1)])k—2E4(q,)

t

+ (4V2[wl (wp + o) + Mm;)(ks - g0)* + (ke - g)[Va(4m7 (w1 (wp +3M) + Mm;

+ wf + 3M2) +3my (w; + M) (sz — o} + M2) +6M?wpw + 12Mwpw; +3Mwrw;
+ 6wpw; + 3whwi + 2kwh — 3M w — 3M?w} — 6Mkl o) + 3Mw; — 2k*w} + 3w}
- 4M2kt2) — Vi(m (a)D —wf + M2) +2Mwpw; + 2wpw} + whor +4Mm3, — M 2w,

+ a)? — 2Mk,2)] + kag[ZMmz (qtz — 2a5m%)) + 2wpw; <qt2 — 2a5m%)) — 4a5m2Da)l2

1 ~
+470h +gfo] +M°q7]) 5 Esian)

t
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((kt ‘Zt)[ ( ( wD+4Mw1+wl+3M2)+2MV1)
+ o1 (Va(2wp (0 + M) — 0F, + 4Mawy + 30 + M?) + 2V} (0p + @) ) — 4M Vam, |
+kt2[qt2V2(w1+M) (wZD—wlz+M2)

— 2a5m%,(V2 (Za)Da)l (wr + M)+ 2Ma),2 + 250,3 — Mk,z) + Viw; (wp + wyp)

1 ~
+MmmﬂéwrfMH4®ﬂ>ﬁEd%4. (A.6)

t

Appendix B. The explicit expressions for coupled integral equations for 5,- i=1,.--,8)
for spin-% doubly heavy baryons

~ 1 d3
Crlky) = / ar {(2m%[—MV2kt2 (kt-qf+k,2)

dojwp(M? — (@ + wp)P)m? ] 27)]

+kt2m1 <V2 (“’2D - a)l2 +M2> +MV1) +kt2a)1(V2 (20)1) (w + M) +a)2D +w,2 — M2)
1 ~
+Vi@p +on)]) =51
—K;
+ (ZmZD(k,z(k; 'ql)[Vz (—a)Da)[ —i-a)2D + Mm; — 20)12 + Mz) - MVI]

1 ~ ~
+ k2Vag? (w1 (wp + 1) + Mmy) ))pCz(qz) — 2a1 Vam?, (o1 (wp + @) + Mmy) C3(gr)
t

( 2a1mD[ MVok? 4+ my (Vz (a)% —f + M2> +MV1) + (V2 (20p (0 + M)
+ wh 4 wf — M2) + Vi (wp + wz))])@(qt) + 2k,ZX2m%)[V2( — wpw + W + Mmy
— 20 + M?) — MV1]55 (qr) + 2Mk? Vaxam Co(qr) — 8ai Vam3,[wr (wp + @)
+ Mm;]Cq(qr) —4Mk,2V2x2m§)58(q,)}, (B.1)

1 d3ql

Ca(ky) =
2() doyop(M? — (w; + wp)Hm3, ) Q2r)3

{ZmZD[Vz(a)le (k; gt +k,2) — Mm,;

1
x (k,.q,+k,2)+wl2k,.q,+k,2 +M2k2)+Mk2V1] — ~Cian)
t
2 2 2 2 2
+2mb | s g0 [MVakE +my (V2 (0] — of + M) = MV ) + o1 (Va( = 20p (@1 + M)
2 2 2 2 2 i“’ _ 2 ~
—wph —of + M) + Vi (wp + o)) )| + Mk; Vag; k2C2(q’) 2ay M Vom$,C3(qr)
t
— 2a1m% [VQ (a)le + 602D — Mm; + M2> + MV1]54(C];) + 2x2m2D (MVzk,2 + my
X (V2 (a)%) — a)l2 +M2> — MV]) +w1[V2 ( 2wp (w; + M) — a)D a), + M2)

+ Vi @p + o) ])Cs(an) + 2Vaxamb | My — a1 (@p + @) |Colan)
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— 8a1 MVam’% C1(qr) + 4Vaxomb[wi (wp + wy) — Mm;|Cs (1) } (B.2)
~ 1 d*q, { 2 2 2 2

Calky) = (ka- w—w—i—M)
3(ks) dorop (M2 — (@ +a)D)2)m% / 27)3 2k (ke Qt)( D I

— k[ vy (w%) —w? + M2) + Va( (@1 + M) — op (@ + M) + &) + (0 + M)?
x (M — ay))] — wik2[Vy <Za)D (@ + M) + 0} + o — M2)

1 ~
+Va (@ @1+ M)+ op @+ M) + 0 — (M = o) @+ 1)) ]) 5 it

t

+ [qu,z (MI (w%) —w,2 + M2) + wy (ZwD (w1 + M) +w% +w,2 - M2>)

+ ke ) (Va (0h (@1 + M) = op (@ + M) + 0y + (@ + M) (M — @)

-V (w% —wf + Mz) )]52(%)

+ (—Vz[ml (a)%) —wf + Mz) + (2a)D (w1 + M) + 0} + o} — M2> 12 qr)?

+ (ke - g [2M VakZm? + my (Vi (03 (0 + M) — wp (o1 + M)* = 2Mm?, + w3,

+ (@ + M2 (M = w)) — Vam?, (a% — &7 ~|—M2)) + oy (Vam®y (= 20p (0 + M)

— wh —a)lz—i-Mz) +Vi(— o (2m2D+M2) +wp ((a)l + M)? —Zm%) + W (w0 + M)
+ 0} + Mo} + o) — M?))] + ask} Vo[ — 0, (01 + M) + wp (0 + M)* +2Mm3,

1 ~
— o= (M — o) @ +M)*]) 5 Cs(an)
t

1 ~
+ k—2C4(qt)(a5ka2[m% (w% —wf + MZ) — @3 (0 + M) + op (0 + M)* — o}

,
= (M = o) @+ M)*] = (- 0 [mi (Vi (0h — @F + M2) + Va(wh (@1 + M)

—wp (@1 + M)? + o), + (@ + M)* (M — ) + o1 (Vi (20p (0 + M) + o],
+w,2—M2)+V2<w21)(w1+M)+wD(wl+M)2+w%—(M—wz)(w1+M)2))]>
+ (Vaaskt [, (@ + M) = wp @+ M) 2 + 0 + @+ M)> (M — )]

— [ (= m (0h — @F + M) + 0 @ + M) —op (@ + M) + oy + (@ + M)
x (M — a)l))+a)1(mD< 20p (@ + M) — a)D—wl+M2>+a)D(a)z+M)
+op (@ + M)’ + 0}, — (M — ) (01 + M)°)]

ki - q
’kz ~Cs(qr)

+ (Vo[ ks - g fask? (o — o + m?)

— g} (i (- o (2m2D + MZ) +wp ((wl +M)?— Zm%))

—askvy (a)ZD —a)lz +M2>)
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+ 0} (@ + M) + o} + Mo} + o] — M?)
~|—m1(w%3 (w1 + M) — wp (01 + M)* —2Mm3,

+ b+ @+ MM —o)))] +askim, (—2wal + b + 2Mm; — 3P + M2> ]

+ask*vy [sz (0 + M) — wp () + M)>

1 ~
—2Mm3, + wiy + (o1 + M)* (M — wl)])k—zc6(6h)
t

+ (ktz( —4V2[m1 (a)% — a)lz +M2> + w; (ZwD (w; + M) +a)% +a)12 — Mz) ](k, -q,)2
+ (ke - g [ (Va (4m) (w%) — P+ Mz) —3(wd (@1 + M) — op (@ + M) + o
+ (@ + M) (M —aw)))
Vi (w%,(lerM)—wD(wl+M)2+w§)+(w,+M)2(M—w,)))
+a)[(3V2(2m%) <2a)D (w1 + M) + 0} + o} — Mz)
—wh (@1 + M) — wp (0 + M)* — of + (0 + M)* (M — o))
+ Vi (0h (@ + M)+ op (@ + M) + 0 — (M = o) @+ M)?))]
— ask} Va[w? (01 + M) — wp (01 + M) * + o + (0 + M)2 (M — o)) ]) + k2 (ke - q1)
x (Vo (ke - q1) (mz (sz —wf + M2> — <2wD (01 + M) + o + of — Mz))
+ k2 (0} (01 + M) — op (01 + M) + 0} + (0 + M)2 (M — 1))

1 ~ 1 ~
— Vi (0} - of + M%) 5 Cra) + —Cs(an)

kt kt

2 2 2 3 2

x (V2 (thr - 07 (mi (@) (@1 + M) = 0p (@ + M) + 0}y + (@ + M)> (M — )
+ o () @+ M)+ 0p @+ M) +0h — (M = o) (0 + M)?))
—k2q? (a)%) — i + M2) — 2ask} (a)%) — o} + M2) ]+ a5kf[4m2D (sz —wf + M2>
+ my (w0} (0 + M) — wp (0 + M) + o3 + (@ + M)* (M — ;) )
+ 8M2wDa)1 + 7Ma)Da)12 — Ma)%)a)l + 2a)Dw; — a)%,cul2 — 40)%601
+3M3wp - 3Mw}, — 30}, — SM>w; + M*0} + 5Mao} + 20} —3M*])

— a5ka1 (ml(a)%) — a)l2 + MZ) — wp (4Ma)1 + 3a)12 + MZ)

+ Mo+ o} +2M%0 — Mo =20} + M) ) } (B.3)

1
doyop(M? — (w; + wp)?)m3,
d36]t
(2m)3

Calky) =

{(—ZMVQ(]Q “qr) + [a)z(Vz(Za)D (w; + M) + a)%)
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+ o] — M?) +2Vi (0p + @) ) —4M Vamp]

+mi (V2 (w",} —f + M?) + 2MV1))51 (q0)

+ (e -a) (2MV1 = V2 (0, — of + M?)) = 2V2q? (@1 (@p + o) + Mm)) ) Ca(a)
+ (2V2[wz (wp + wp) + Mmy|(k; -q)? — (ky )| — 2V2m%) (w%) — a)lz + M2)

+ Vimy (w% — W+ M2) + Vi, (2a)D (@1 + M) + 0 + o? — Mz)] +ask?V,

1~
x [k (wh = o} + M?) = 2}, (@1 (@p + @) + M) ]) 0@
t

+ (G- g0 (mi[Va (0 — 0f + M2) +2M V1]

+ o[V (2600 (@1 + M) + o, +w12_M2>

+2Vi (wp + @) | —4MV2m%)) +a5k,2(kt2V2[w%) (1 + M) — wp (o + M)?

+ w3, + (@ +M)2(M—wz)] —Zm%)(—MVzk,Z%-mz[Vz (a% —a)12+M2) + MVi]

1 ~
+ o (V2 (200 (@ + M) + o) +of = M?) + Vi (@p + @) )))PC4(611)
t

+ (G- an[Vala? m (@ @1+ M) = wp @1+ M) 2 + 0 + (@ + M) > (M - )
+ o () @+ M)+ op @+ M) + ) — (M = o) (0 + M)?))
— ask} (sz — o} + MZ)) +2a5Mk;‘V1]

1~
+ 2kt xiomd, (Va (—wpoy + ofy + Mimi = 20 + M?) = MV )k—2C5 ()
t

+ (Vz[(k, -q,)(q?(ml (a)%, — a),2 + M2>
+ oy (20)0 (w1 + M) + 0l + o} — M2)> — 2a5Mk;‘)
+ 2M K} x1om3 |- ask*v, (a)%) - 0)12 + M2) )%66(%)
Pr
+ (4Vaks - @ [Mmy (m + 267 ) + o1 (@p + o) (262 = m) ]+ K2k - o)
x [ = 2m}, (V2 (20p@1 + 0} — 2Mm; + 0F + M) +2M V1) +my (3Va (0 (o + M)
—wp (@ + M)+ ) + (0 + M2 (M — ) — V) (w",‘) —a)12~|—M2))
+ o (V) (—2wD (@ + M) — 0 — ? + M2> +3Va (w0 (@1 + M) + op (0 + M)>
+op — (M — o) (@ + M)?)) ]+ k7 (ke - g [V2 (2K - q1) (@1 (@p + @) — Mimy)
— i (@} — of + M)+ 2MKVi] + aski Va[k? (w0 — of + M?)

— gm? 1z
8 (@1 (@p + 1) + Mm) ) - Cr(an)

t
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+ (VZ((kt . fh)[ - C];Z(ml (6020 - 6012 + Mz)

+ o1 (200 @ + M) + 0} + 0f — M2) +4Mm})

+2Mk2q? + 4a5Mkf] + kf[a5( —my (w%) - a)l2 + M2> —wp <4Ma)1 + a)l2 + 3M2)

+ 0}, (4w + 3M) + 3w}, + 2M2w; — 3Mo} — 2w} +3M?) — 4M(as + x10)m} )

+ a5ka1 (—2a)Dw1 + sz +2Mm; — 3a)12 + Mz) )kiza;(q,)}, (B.4)

t

1
dwyop(M? — (w; + wp)?)m?,

~ d3Qt
Cs(ky) = f )3 {(Vz[Z(kz “q1) (w1 (wp + wp) — Mmy)

we (a)%) —oP+ Mz) 1+ 2Mkfvl)ki251(q,)
i
+ (G- a0 (m[2MVy = V2 (0, — o + M2) ]+ ox[Va(20p (@1 + M) + oy + o
— M?) = 2V) (wp + 1) | — 4M Vom?) — 2Mk,2V2q,2) kizéz(q,)
t
+ (2MVath g0 = Vil - a0) (@} — @f + M?) +ask?Va[my (0}, — of + M)
— o1 (200 @1+ M) + 0 +0F = M) 2 ]) 5 Tstan)
t
+ ([Vz (a)%) —w? + M2> +2M Vi) (k; “qr)? +ask,2[Vz(m1 (w%) (01 + M) + w))
—wp (@1 + M)* + (w1 + M)> (M — @) — (0] (@1 + M) + op (0 + M)* + o},
— (M = o) @+ M)2)) = 2m}, (V2 (@per +0h — My + M) + MV ) ]) é&(qt)
+ (4 Vami (ke -0 + 1 s - 4 [Vaa7 (@ (@1 + M) = wp (@1 + M) + )
@+ M) (M = ) + askimy (2MV1 = Va (0 — of + M2) ) + askfo
X (Vz (ZwD (w1 + M) + 0} + o} — M2> —2Vi(wp + wl))] + 2k x1om?,
x [MVak -+ (Va (w0 = o + M?) = MV1) + o (Va( = 20p (@ + M)
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