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In a recent paper [M. Sato, K. Hasebe, K. Esaki, and M. Kohmoto, Prog. Theor. Phys. 127,
937 (2012)] Sato and his collaborators established a generalization of the Kramers degeneracy
structure to pseudo-Hermitian Hamiltonian systems, admitting even time-reversal symmetry,
T 2 = 1. This extension is achieved using the mathematical structure of split-quaternions instead
of quaternions, usually adopted in the case of Hermitian Hamiltonians with odd time-reversal
symmetry, T 2 = −1. Here we find that the metric operator for the pseudo-Hermitian Hamil-
tonian H that allows the realization of the generalized Kramers degeneracy is necessarily
indefinite. We show that such H with real spectrum also possesses odd antilinear symmetry
induced from the existing odd time-reversal symmetry of its Hermitian counterpart h, so that
the generalized Kramers degeneracy of H is in fact crypto-Hermitian Kramers degeneracy. We
study in greater detail a new example of the pseudo-Hermitian split-quaternionic four-level
Hamiltonian system, which admits an indefinite metric operator and time-reversal symmetry
and, as a consequence, a generalized Kramers degeneracy structure. We provide a complete solu-
tion of the eigenvalue problem, construct pseudo-Hermitian ladder operators closing the normal
and abnormal pseudo-fermionic algebras, and show that this system fulfills a crypto-Hermitian
degeneracy.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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1. Introduction

The study of pseudo-Hermitian and PT -symmetric Hamiltonians has attracted a great deal of inter-
est over the last decade [2–9]. In this framework, Sato and his collaborators [1] have extended
the Kramers theorem to the case that time-reversal symmetry is even (T 2 = 1). They have shown
that η-pseudo-hermiticity is consistent with the time-reversal symmetry if the “metric operator” η
commutes or anticommutes with the time-reversal operator T . The metric that ensures the general-
ized Kramers degeneracy of the eigenvalues of pseudo-Hermitian Hamiltonians corresponds to the
anticommutative case.

In the usual Hermitian quantum mechanics the even time-reversal symmetry (T 2 = 1) is appropri-
ate to the boson systems or systems with an even number of fermions, in which there is no Kramers
degeneracy structure. However, as established in Ref. [1], the situation is different in the case of
the pseudo-Hermitian quantum mechanics in which a Kramers-degeneracy-like structure exists for
systems with even time-reversal symmetry. This Kramers degeneracy is achieved by the use of the
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split-quaternions1 in lieu of the quaternions used traditionally in the odd time-reversal symmetry
(T 2 = −1).

The aim of the present paper is to investigate new relevant features of this kind of pseudo-Hermitian
system and to provide a new example.

The paper is organized as follows. In Sect. 2, after having reviewed the main results on the Kramers
degeneracy for even time-reversal invariant pseudo-Hermitian systems (called generalized Kramers
degeneracy [1]), we highlight the indefiniteness feature of the metric operator. We establish in Sect. 3
that the Kramers degeneracy in a system with pseudo-Hermitian Hamiltonian H with real spectrum is
in fact cryptic Kramers degeneracy in the related Hermitian system, i.e. it is crypto-Hermitian degen-
eracy. Performing the diagonalization of the Hermitian counterpart h of such pseudo-Hermitian H ,
we construct the odd time-reversal symmetry of h and establish that it induces an odd antilinear
symmetry of the original H . For the purposes of illustration, we study in Sect. 4 an eight-parametric
pseudo-Hermitian split-quaternionic four-level system that is invariant under the even time-reversal
symmetry and reveals Kramers degeneracy. We construct the complete solution of the eigenvalue
problem for this system. In the case of the real spectrum of our parametric pseudo-Hermitian
Hamiltonian H , we construct the corresponding positive-defined metric operator η+ and perform
the explicit diagonalization of the related Hermitian Hamiltonian h, revealing its odd time-reversal
symmetry, and the induced odd antilinear symmetry of H . In the last subsection we construct the cre-
ation and annihilation operators of our system that satisfy the normal and abnormal pseudo-fermionic
algebras in a consequence of its pseudo-hermiticity. The paper ends with concluding remarks.

2. Generalized Kramers degeneracy

2.1. Kramers degeneracy and pseudo-hermiticity

We begin this section by reviewing the main results introduced in Ref. [1] on the Kramers degeneracy
for even time-reversal invariant pseudo-Hermitian systems (T 2 = 1). We consider a diagonaliz-
able pseudo-Hermitian Hamiltonian H with a discrete spectrum. Then a complete biorthonormal
eigenbasis |ψn〉, |φn〉 exists, i.e. a basis such that [6,9–11]

H
∣∣ψn

〉 = En
∣∣ψn

〉
, H†

∣∣φn
〉 = E∗

n

∣∣φn
〉
, (1)〈

ψn
∣∣φm

〉 = 〈
φn
∣∣ψm

〉 = δnm, (2)∑
n

∣∣φn
〉 〈
ψn| =

∑
n

∣∣ψn
〉 〈
φn
∣∣ = 1. (3)

The eigenvalues of H are either real or come in complex-conjugate pairs. If both real and complex
eigenvalues are present, then we restrict n to labeling the real eigenvalues an only, ν to labeling the
complex eigenvalues αν with positive imaginary part, and −ν to labeling the complex eigenvalues
α−ν = α∗

ν with negative imaginary part. This yields the following spectral representation of H and
metric operator η [6,9]:

H =
N0∑

n=1

∣∣ψn
〉 〈
φn
∣∣+ N1∑

ν=1

(
αν
∣∣ψν 〉 〈φν∣∣+ α∗

ν

∣∣ψ−ν
〉〈
φ−ν

∣∣), (4)

1 The quaternion algebra is generated by the 2 × 2 unit matrix σ0 and the pure imaginary complex number
i multiplied by the SU(2) Pauli matrices (iσ1, iσ2, iσ3), while the split-quaternion algebra is generated by
the 2 × 2 unit matrix σ0 and the pure imaginary complex number i multiplied by the SU(1,1) Pauli matrices
(−σ1,−σ2, iσ3).
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η =
N0∑

n=1

∣∣φn
〉 〈
φn
∣∣+ N1∑

ν=1

(∣∣φν 〉 〈φ−ν
∣∣+ ∣∣φ−ν

〉 〈
φν
∣∣), (5)

with the properties

∣∣φn
〉 = η

∣∣ψn
〉
,
∣∣ψn

〉 = η−1
∣∣φn
〉
, (6)∣∣φ±ν

〉 = η
∣∣ψ∓ν

〉
,
∣∣ψ±ν

〉 = η−1
∣∣φ∓ν

〉
. (7)

Reference [1] suggests a given non-Hermitian Hamiltonian H that satisfies three conditions, namely:
(i) H is pseudo-Hermitian, which means that H satisfies the relation H† = ηHη−1, where η is a
Hermitian operator, called a metric operator; (ii) H is invariant under the even time-reversal symme-
try (T 2 = 1):

[
H, T

] = 0,where the time-reversal operator is given by T = U K , and U is a unitary
matrix that can be chosen as a real matrix with all the diagonal terms equal to the 2 × 2 Pauli matrix
σx and all the off-diagonal terms equal to zero, K being a complex-conjugation operator; (iii) the
time-reversal operator T anticommutes with the metric operator η. As a consequence of the above
conditions [1], the eigenstates of H admit a generalized Kramers degeneracy structure with Kramers
pair

∣∣ψn
〉

and Tη−1
∣∣φn
〉
.

2.2. Kramers degeneracy and indefinite metrics

In this subsection we consider the properties of the metric operator η, establishing that in the above-
described scheme the metrics is necessarily indefinite. In this aim we shall show that the η-norm(
related to the η-inner product

〈
ψ
∣∣φ〉

η
= 〈
ψ
∣∣ηφ〉) of the eigenstates of H is indefinite. We shall

consider the cases of the complex and real eigenvalues separately.
For the complex eigenvalue case, we calculate the norms

〈
Tη−1φν

∣∣Tη−1φν
〉
η

and
〈
ψν
∣∣ψν 〉η of the

Kramers pairs. We readily find that 〈ψν
∣∣ψν 〉η is vanishing:

〈
ψν
∣∣ψν 〉η = 〈

ψν
∣∣ηψν 〉 = 〈

ψν
∣∣φ−ν

〉 = 0. (8)

For the second norm, we first take into account the anticommutation relation between η and T to
obtain 〈

Tη−1φν
∣∣Tη−1φν

〉
η

= −〈Tη−1φν
∣∣Tηη−1φν

〉 = −〈Tη−1φν
∣∣Tφν 〉. (9)

Then we use the antiunitary property of T and T 2 = 1, and get

〈
Tη−1φν

∣∣Tη−1φν
〉
η

= −〈T 2φν
∣∣T 2η−1φν

〉 = −〈φν∣∣η−1φν
〉
, (10)

wherefrom, by using (7), we find

〈
Tη−1φν

∣∣Tη−1φν
〉
η

= −〈φν∣∣ψ−ν
〉 = 0. (11)

Thus the η-norms of eigenstates of H with complex eigenvalues are all vanishing. This proves that
the η-metric is indefinite in the complex eigenvalue case.

For the real eigenvalue case, we first note that |ψn〉 and |φn〉 are related as
∣∣φn
〉 = η|ψn〉 and |ψn〉 =

η−1
∣∣φn
〉
, wherefrom we find that the Kramers pair is |ψn〉 and T |ψn〉. Thus we have to calculate the
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norms
〈
ψn
∣∣ψn

〉
η

and
〈
Tψn

∣∣Tψn
〉
η
. We have〈

ψn
∣∣ψn

〉
η

= 〈
ψn
∣∣ηψn

〉 = 〈
ψn
∣∣φn
〉 = 1, (12)

and 〈
Tψn

∣∣Tψn
〉
η

= 〈
Tψn

∣∣ηTψn
〉
. (13)

By using again the anticommutation relation between η and T and the antiunitary property of T and
T 2 = 1, we obtain〈

Tψn
∣∣Tψn

〉
η

= −〈Tψn
∣∣Tηψn

〉 = −〈T 2ηψn
∣∣T 2ψn

〉 = −〈ηψn
∣∣ψn

〉
, (14)

wherefrom, by using the hermiticity property of η and Eqs. (6) and (12), we derive〈
Tψn

∣∣Tψn
〉
η

= −〈ψn
∣∣ηψn

〉 = −〈ψn
∣∣ψn

〉
η

= −1. (15)

We see that the norm
〈
ψn
∣∣ψn

〉
η

is positive while the norm of the Kramers partner
〈
Tψn

∣∣Tψn
〉
η

is
negative. This means that the operator η is not positive definite, i.e. it is a pseudo-metric (or indefinite
metric) operator [13–16]. Thus we have shown that the operator η is indefinite in both cases of the
complex and real eigenvalues.

3. Crypto-Hermitian degeneracy

Consider the case of the pseudo-Hermitian H with real eigenvalue and Kramers degeneracy structure.
For such H there exists a positive definite metric operator η+ (in the form of the first sum in (5)) and
the similarity transform ρHρ−1 ≡ h, ρ = √

η+, is a Hermitian operator (therefore H is also called
crypto-Hermitian or quasi-Hermitian [17,18]). This h inherits the same energy-level degeneracy, and
being Hermitian, it should possess odd time-reversal symmetry. In order to construct the related odd
time-reversal operator, it is convenient to consider the diagonal form hd of h:

UhU−1 = diag{E1, E2, . . . , EN } ≡ hd , (16)

where the operator U is unitary. The total diagonalizing operator D, DH D−1 = hd takes the product
form, D = Uρ. One can verify that η+ = D† D [19].

The diagonal form hd enables us to find easily the odd time-reversal operator T0 = S0K . For exam-
ple, if N is even and E2k = E2k−1, k = 1, 2, . . . , N/2, then the N × N odd involution matrix S0 that
commutes with hd takes the block-diagonal form (σ2 being the second Pauli matrix)

S0 = diag{iσ2, iσ2, . . . , iσ2}. (17)

One can verify that T0 is antilinear and antiunitary, T 2
0 = −1 and [T0, hd ] = 0. Such an odd time-

reversal operator was introduced in Ref. [20]. Using this, we construct the odd time-reversal operator

T1 = U−1T0U = U−1S0KU, (18)

which (is antilinear, antiunitary, and) satisfies T 2
1 = −1 and [T1, h] = 0, i.e. it is an odd time-reversal

symmetry of h. Further similar construction produces

T2 = ρ−1T1ρ = ρ−1U−1T0Uρ = D−1T0 D, (19)

which is an antilinear odd involution, satisfying T 2
2 = −1 and [T2, H ] = 0, but its antiunitarity is

not guaranteed in view of the nonunitarity of D (due to the nonunitarity of ρ). So T2 represents an
odd antilinear (but not antiunitary) symmetry of H .

4/9
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Similarly, one can verify that, if T is an even time-reversal operator, commuting with crypto-
Hermitian H , then the operator

T̃ = ρTρ−1, ρ = √
η+, (20)

is an antilinear involution
(
T̃ 2 = 1

)
, commuting with Hermitian h. However, its antiunitarity is not

guaranteed in view of the nonunitarity of ρ. So T̃ represents an even antilinear (but not antiunitary)
symmetry of Hermitian h.

In conclusion to this section we note that, since, in the case of H with real spectrum, the same
energy-level degeneracy occurs in the spectrum of the Hermitian counterpart h of H , which can be
described by means of an odd time-reversal symmetry, the generalized Kramers degeneracy of the
pseudo-Hermitian H can be viewed as induced from the Kramers degeneracy of Hermitian h. Also, in
analogy to the name “crypto-Hermitian” of the pseudo-Hermitian H with real spectrum [17,18], one
could say that the generalized Kramers degeneracy of the spectrum of such H is “crypto-Hermitian
degeneracy”.

4. Illustration

In this section we illustrate the above general results with an example. We consider the split-
quaternionic four-level model, described by the following Hamiltonian:

H =
(
δa αb
βc −δa

)
, (21)

where α, β, and δ are real parameters, b = b0σ0 − b1σ1 − b2σ2 + ib3σ3 and c = b0σ0 + b1σ1 +
b2σ2 − ib3σ3 are real split-quaternions, and a = a0σ0 is the real split-quaternion proportional to the
identity; σi (i = 1, 2, 3) are the Pauli matrices. By setting A± = b1 ± ib2 and B± = b0 ± ib3, this
Hamiltonian H can also be written as a four-level Hamiltonian as follows:

H =

⎛
⎜⎜⎜⎝

δa0 0 αB− αA−
0 δa0 αA+ αB+

βB+ −βA− −δa0 0
−βA+ βB− 0 −δa0

⎞
⎟⎟⎟⎠ . (22)

We remark that, in the particular case in which α = β = δ = 1, our Hamiltonian (21), (22) recovers
the SO(3,2)-type Hamiltonian studied in Ref. [1]. So we can consider the Hamiltonian (22) as an
extension of SO(3,2)-type Hamiltonians.

4.1. The eigenvalue problem and time-reversal symmetry

The Hamiltonian H in (22) is pseudo-Hermitian with indefinite metric operator η,

H† = ηHη−1, (23)

with η, which anticommutes with the time-reversal operator T,

η =
(
βσz 0

0 ασz

)
. (24)

One can easily verify that the following even time-reversal operator T [1],

T =
(
σx 0
0 σx

)
K , (25)

commutes with H and anticommutes with the pseudo metric operator (24): [H, T ] = 0, {η, T } = 0.

5/9
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The eigenvalues of H are

E = ±�, with � =
√
δ2a2

0 + αβ(b2
0 + b2

3 − b2
1 − b2

2). (26)

These eigenvalues are twofold degenerate as a consequence of the generalized Kramers degeneracy.
Here we consider the case of real eigenvalues, i.e.

�2 = δ2a2
0 + αβ(b2

0 + b2
3 − b2

1 − b2
2) > 0. (27)

The eigenstates
(∣∣ψ−+

〉
,
∣∣ψ−−

〉)
and

(∣∣ψ++
〉
,
∣∣ψ+−

〉)
associated with the negative and positive energy

are given respectively as follows:
For the negative-energy E = −�,

∣∣ψ−+
〉 = k

⎛
⎜⎜⎜⎝

−αB−
−αA+
(�+ δa0)

0

⎞
⎟⎟⎟⎠ ,

∣∣ψ−−
〉 = T

∣∣ψ−+
〉 = k

⎛
⎜⎜⎜⎝

−αA−
−αB+

0
(�+ δa0)

⎞
⎟⎟⎟⎠ . (28)

For the positive-energy E = �,

∣∣ψ++
〉 = k′

⎛
⎜⎜⎜⎝
(�+ δa0)

0
βB+

−βA+

⎞
⎟⎟⎟⎠ ,

∣∣ψ+−
〉 = T

∣∣ψ++
〉 = k′

⎛
⎜⎜⎜⎝

0
(�+ δa0)

−βA−
βB−

⎞
⎟⎟⎟⎠ . (29)

The eigenstates
(∣∣φ−+

〉
,
∣∣φ−−

〉)
and

(∣∣φ++
〉
,
∣∣φ+−

〉)
associated with H† are obtained by the action

of η to the eigenstates of H , which are given as follows:
For the negative-energy E = −�,

∣∣φ−+
〉 = αk

⎛
⎜⎜⎜⎝

−βB−
βA+

(�+ δa0)

0

⎞
⎟⎟⎟⎠ ,

∣∣φ−−
〉 = αk

⎛
⎜⎜⎜⎝

−βA−
βB+

0
−(�+ δa0)

⎞
⎟⎟⎟⎠ . (30)

For the positive-energy E = �,

∣∣φ++
〉 = βk′

⎛
⎜⎜⎜⎝
(�+ δa0)

0
αB+
αA+

⎞
⎟⎟⎟⎠ ,

∣∣φ+−
〉 = βk′

⎛
⎜⎜⎜⎝

0
−(�+ δa0)

−αA−
−αB−

⎞
⎟⎟⎟⎠ , (31)

where k and k′ are normalization constants, fixed by the requirement that:

2�α(�+ δa0)k
2 = 1, 2�β(�+ δa0)k

′2 = 1. (32)

These states satisfy the abnormal relations that are a consequence of the indefinite metric η given
in (24), 〈

ψ++
∣∣φ++

〉 = 1,
〈
ψ+−

∣∣φ+−
〉 = −1,

〈
ψ−+

∣∣φ−+
〉 = 1,

〈
ψ−−

∣∣φ−−
〉 = −1,〈

ψms
∣∣φms

〉 = 0,
〈
ψms

∣∣φms
〉 = 0,

〈
ψms

∣∣φms
〉 = 0, (33)

where s = ±, m = ±, m, and s are the opposite signs of m and s respectively. These states also
satisfy the relations∣∣ψ++

〉 〈
φ++

∣∣− ∣∣ψ+−
〉 〈
φ+−

∣∣+ ∣∣ψ−+
〉 〈
φ−+

∣∣− ∣∣ψ−−
〉 〈
φ−−

∣∣ = 1. (34)
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The (indefinite) η-norms of the Kramers partners are given by

〈ψ++|ψ++〉η = 〈ψ++|φ++〉 = 1, 〈ψ+−|ψ+−〉η = 〈ψ+−|φ+−〉 = −1, (35)

〈ψ−+
∣∣ψ−+

〉
η

= 〈ψ−+
∣∣φ−+

〉 = 1, 〈ψ−−
∣∣ψ−−

〉
η

= 〈ψ−−
∣∣φ−−

〉 = −1. (36)

4.2. Crypto-Hermitian degeneracy for the split-quaternionic four-level model

Our Hamiltonian (22) in the case of the real spectrum (27) also admits a positive definite metric
operator η+ of the form (5). Using the above-obtained explicit solutions for the eigenstates, we find

η+ = 1

�

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

M/2 −αβ
2 A−B−

�+ δa0
0 αβA−

−αβ
2 A+B+

�+ δa0
M/2 αβA+ 0

0 αβA−
α

2β
M

α2βA−B+
�+ δa0

αβA+ 0
α2βA+B−
�+ δa0

α

2β
M

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (37)

Using the relation η+ = D† D, we obtain the diagonalizing operator D−1 in the form

D−1 =
(

k′(�+ δa0)σ0 −kαb
k′βc k(�+ δa0)σ0

)
, (38)

where b and c are split-quaternions, defined after Eq. (21), and

M = β(�+ δa0)+ αβ2

�+ δa0
(B+B− + A+ A−). (39)

The action of the positive definite metric operator η+ to the eigenstates of H generates new eigen-
states of H† denoted by |χms〉, which are related to the eigenstates |φms〉 given previously in Eqs. (30)
and (31) by the relation |χms〉 = s|φms〉. The states |ψms〉 and |χms〉 form a complete biorthonormal
set (to be compared with the set of |ψms〉 and |φms〉), i.e.

〈ψms
∣∣χm′s′

〉 = δmm′δss′, (40)

|ψ++〉〈χ++| + |ψ+−〉〈χ+−| + |ψ−+〉〈χ−+| + |ψ−−〉〈χ−−| = 1. (41)

The Hermitian counterpart in the diagonal form hd of the pseudo-Hermitian Hamiltonian H and the
related matrix S0 of the odd time-reversal operator T0 = S0K read

hd = �

(
σ0 0
0 −σ0

)
, S0 =

(
iσ2 0
0 iσ2

)
. (42)

The odd time-reversal operators S0K with S0 in the forms (17) and (42) have been introduced in Refs.
[20,21]. We see that the Kramers degeneracy of our Hamiltonian (22) in the case of the real spectrum
is in fact a “crypto-Hermitian degeneracy”, since its diagonal Hermitian counterpart hd is invariant
under the odd time-reversal transformation S0K , realizing the “Hermitian” Kramers degeneracy.

4.3. Pseudo-fermionic algebras

Fermionic algebra in quantum mechanics has been extended to the case of pseudo-Hermitian quan-
tum mechanics by Mostafazadeh [12], showing that there exist two types of pseudo-fermionic
algebra, which depend on whether the associated metric operator is definite or indefinite.
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In the first one, which corresponds to the positive definite metric operator η+, the defining algebra
is the pseudo-Hermitian generalization of the usual fermion algebra, namely [12]:

Y 2 = Y #2 = 0, Y Y # + Y #Y = 1, (43)

where Y # = η−1
+ Y †η+ is the pseudo-adjoint of Y . The operators Y # and Y are respectively the

creation and annihilation operators of what is called the pseudo-fermion or simply phermion [12].
The second type of pseudo-fermionic algebra corresponds to the indefinite metric operator η. This

algebra is spanned by two operators Z , Z# = η−1 Z†η, which satisfy the relations [12]:

Z2 = Z#2 = 0, Z Z# + Z# Z = −1. (44)

The object that is “created” and “annihilated” by the operators Z#, Z is called an abnormal pseudo-
fermion or abnormal phermion [12].

In our case, we firstly introduce the annihilation operator Y associated with the Hamiltonian H
given in Eq. (22),

Y =
∑

m=+,−
|ψ−,m〉〈χ+,m | = |ψ−+〉〈χ++| + |ψ−−〉〈χ+−|. (45)

The creation operator, which is the η+-pseudo-Hermitian adjoint of Y , is given by

Y # = η−1
+ Y †η+ =

∑
m=+,−

|ψ+,m〉〈χ−,m | = |ψ++〉〈χ−+| + |ψ+−〉〈χ−−|. (46)

Y and Y # act on the eigenvectors of H as follows:

Y |ψ−,m〉 = 0, Y |ψ+,m〉 = |ψ−,m〉, (47)

Y #|ψ+,m〉 = 0, Y #|ψ−,m〉 = |ψ+,m〉. (48)

Operator Y annihilates the lowest eigenstates |ψ−,m〉, Y # brings this states onto the upper eigenstates
|ψ+,m〉.

After calculation, we find that Y # and Y satisfy the normal pseudo-fermionic algebra, namely

Y 2 = Y #2 = 0, Y Y # + Y #Y = 1. (49)

Secondly, we introduce the abnormal “annihilation” operator Z associated with the Hamiltonian H
given in (22),

Z = |ψ−+〉〈φ+−| + |ψ−−〉〈φ++|. (50)

The abnormal “creation” operator, which is the η-pseudo-Hermitian adjoint of Z , is given by

Z# = η−1 Z†η = |ψ++〉〈φ−−| + |ψ+−〉〈φ−+|. (51)

The operators Z and Z# act on the eigenstates of H as follows:

Z |ψ−,m〉 = 0, Z |ψ+,m〉 = m|ψ−,m〉, (52)

Z#|ψ+,m〉 = 0, Z#|ψ−,m〉 = m|ψ+,m〉, (53)

where m = ± and m is the opposite sign of m. The operator Z annihilates the lowest eigenstates
|ψ−,m〉, and Z# brings these states onto the upper eigenstates m|ψ+,m〉. After calculation, we find
that Z# and Z satisfy the abnormal pseudo-fermionic algebra, namely

Z2 = Z#2 = 0, Z Z# + Z# Z = −1. (54)

It is worth pointing out that this abnormal pseudo-fermionic algebra does not admit the fermionic
algebra in the usual Hermitian quantum mechanics as a particular case, corresponding to η = 1.
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5. Concluding remarks

In this article, we have highlighted new relevant properties for pseudo-Hermitian Hamiltonians H
that are invariant under the even time-reversal symmetry. We have shown that the metric operator
that allows the realization of the generalized Kramers degeneracy is necessarily indefinite. For H
with real spectrum, the related Hermitian counterpart h admits the same Kramers degeneracy, this
time generated by an odd time-reversal symmetry. Moreover, using the relations between H and
h, we found that h is also invariant under an even antilinear symmetry, induced from H , and H
also commutes with an odd antilinear operator, induced from h. In view of all that, we can say
that the Kramers degeneracy in pseudo-Hermitian systems with real spectrum is crypto-Hermitian
degeneracy.

We have illustrated the above general results by explicit calculations in the interesting model of the
split-quaternionic four-level pseudo-Hermitian Hamiltonian H , which is regarded as a generalization
of the SO(3,2) model of Ref. [1]. For this more general Hamiltonian system, we have constructed
a complete solution of the eigenvalue problem and, performing the diagonalization of H and its
Hermitian counterpart h, have revealed the crypto-Hermitian character of the Kramers degeneracy
of H . For our system, we have also considered the pseudo-Hermitian generalizations of the usual
(normal) fermion algebra [12], constructing the creation and annihilation operators that obey the
normal and abnormal pseudo-fermionic algebras, the latter being a consequence of the indefinite
metrics.
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