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Abstract

In this thesis, we investigate the interplay of quantum fluctuations of matter with different in-

carnations of gravity. In particular, both quantum properties of the background spacetime and its

fluctuations are put to the test in order to provide constraints on dark matter models, on the fate of

chiral symmetry for fermions and on kinematically classical siblings of gravity itself. Non-perturbative

renormalization techniques in the context of the functional Renormalization Group will be the main

tools for the three investigations, and, in particular, to probe the existence of a suitable UV fixed point

for quantum gravity-matter systems within the asymptotic safety perspective. Our first investigation

regards dark matter. The nature of dark matter is a problem with too many potential solutions. We

investigate whether a consistent embedding into quantum gravity can reduce the number of solutions

to the dark-matter problem. Concretely, we focus on a hidden sector composed of a gauge field and a

charged scalar, with gauge group U(1)D or SU(2)D. The gauge field is the dark-matter candidate, if

the gauge symmetry is broken spontaneously. Phenomenological constraints on the couplings in this

model arise from requiring that the correct dark matter relic density is produced via thermal freeze-

out and that recent bounds from direct-detection experiments are respected. We find that the consis-

tent embedding into asymptotically safe quantum gravity gives rise to additional constraints on the

couplings at the Planck scale, from which we calculate corresponding constraints at low energy scales.

We discover that phenomenological constraints cannot be satisfied simultaneously with theoretical con-

straints from asymptotically safe quantum gravity, ruling out these dark-matter models. Our second

study will probe the mechanism of chiral symmetry breaking for fermionic systems in a gravitational

background with curvature and torsion. The analysis is based on a scale-dependent effective potential

derived from a bosonized version of the Nambu-Jona-Lasino model in a Riemann-Cartan background.

We have investigated the fate of chiral symmetry in two different regimes of curvature and torsion. Our

main finding is that, in the scenario where only torsion is present, there is no indication of a mechanism

of gravitational catalysis. Our third and final endeavor is the study of Renormalization Group flows of

unimodular quantum gravity. In particular, we search for non-trivial fixed-point solutions for polyno-

mial expansions of the f(R)-type as well as of the F (RµνRµν)+RZ(RµνRµν) family. Furthermore, we

consider the inclusion of matter fields without self-interactions minimally coupled to the unimodular

gravitational action and we find evidence for compatibility of asymptotically safe unimodular quantum

gravity with the field content of the Standard Model and some of its common extensions.
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Resumo

Nesta tese, investigamos a interação das flutuações quânticas da matéria com diferentes formulações

da gravidade. Em particular, tanto as propriedades quânticas do espaço-tempo de fundo como as suas

flutuações são postas à prova, a fim de fornecer restrições aos modelos de matéria escura, ao destino

da simetria quiral dos férmions e aos irmãos cinematicamente clássicos da própria gravidade. Técnicas

de renormalização não-perturbativas no contexto do Grupo de Renormalização funcional serão as prin-

cipais ferramentas para as três investigações e, em particular, para sondar a existência de um ponto

fixo UV adequado para sistemas quânticos de gravidade-matéria na perspectiva da segurança assin-

tótica. Nossa primeira investigação diz respeito à matéria escura. A natureza da matéria escura é um

problema com muitas soluções em potencial. Investigamos se uma incorporação consistente na gravi-

dade quântica pode reduzir o número de soluções para o problema da matéria escura. Concretamente,

concentramo-nos em um setor oculto composto por um campo de calibre e um escalar carregado, com

grupo de calibre U(1)D ou SU(2)D. O campo de calibre é o candidato à matéria escura, se o a simetria

de calibre é quebrada espontaneamente. Restrições fenomenológicas nos acoplamentos neste modelo

surgem da exigência de que a correta densidade de relíquia de matéria escura seja produzida por meio

de congelamento térmico e que os limites recentes dos experimentos de detecção direta sejam respeita-

dos. Descobrimos que a incorporação consistente na gravidade quântica assintoticamente segura dá

origem a restrições adicionais nos acoplamentos na escala de Planck, a partir dos quais calculamos as

restrições correspondentes em baixa escalas de energia. Descobrimos que as restrições fenomenológicas

não podem ser satisfeitas simultaneamente com restrições teóricas da gravidade quântica assintoti-

camente segura, descartando estes modelos de matéria escura. Nosso segundo estudo irá investigar

o mecanismo de quebra de simetria quiral para sistemas fermiônicos em um fundo gravitacional com

curvatura e torção. A análise baseia-se em um potencial efectivo dependente de escala derivado de uma

versão bosonizada do modelo de Nambu-Jona-Lasino em uma geometria de Riemann-Cartan. Inves-

tigamos o destino da simetria quiral em dois regimes diferentes de curvatura e torção. Nossa principal

conclusão é que, no cenário onde apenas a torção está presente, não há indicação de um mecanismo

de catálise gravitacional. Nosso terceiro e último empreendimento é o estudo dos fluxos do Grupo de

Renormalização de gravidade quântica unimodular. Em particular, procuramos soluções de ponto fixo

não-triviais para expansões polinomiais do tipo f(R), bem como do tipo F (RµνRµν) +RZ(RµνRµν).
Além disso, consideramos a inclusão de campos de matéria sem autointerações minimamente acopladas

à ação gravitacional unimodular e encontramos evidências de compatibilidade da gravidade quântica

unimodular assintoticamente segura com o conteúdo de matéria (além) do Modelo Padrão.
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Chapter 1

Introduction

1.1 Setting the stage: What do we know about the fundamental

building blocks of Nature?

Our current knowledge of the fundamental building blocks of Nature is encoded in two formidable

theories: in the Standard Model (SM) of particle physics on the one side and in General Relativity

(GR) on the other side. Nevertheless, both theories are actually incomplete in the sense that they have

regimes of validity and break down at certain circumstances. This breakdown calls us to go beyond in

order to fully understand the fundamental microscopic building blocks of Nature. In the next section,

we will briefly review how and where these two theories break down, so that we can get an indication

of what is the type of theory or formalism that is needed to be developed to go beyond our current

status of understanding.

1.1.1 The Standard Model and the scale of new physics

The status of the SM pre-LHC (some 12 years ago) was that it worked quite well at energy scales

of around 100 GeV or so, but the particle physics community had a very clear indication where the

next scale of new physics had to be, because, from measuring the masses of the weak gauge bosons,

it is actually possible to infer that, if there is a Higgs particle, then its vacuum expectation value

(VEV) has to be vHiggs = 246 GeV (see, e.g., [1]). If there is not a Higgs particle, then the electroweak

sector runs into a problem below the TeV scale. Therefore, before the LHC was switched on, there

was a very good and robust theoretical understanding of the scale of new physics. Indeed, this new

physics turned out to be the simplest possibility of them all, namely just a Higgs particle that has to

be added or that was already part of the SM. In Fig. 1.1, we can see the Renormalization Group (RG)

running of the bottom- and tau-quark Yukawa couplings yb,τ at 2-loops, and U(1)Y hypercharge gauge

coupling g1 =
√

5
3gY, SU(2)L gauge coupling g2, SU(3)C gauge coupling g3, quartic self-coupling λ and

top-quark Yukawa yt at 3-loops, which are all measured in the infrared, and their RG-evolution up to

the Planck scale (MPlanck = 1.221 × 1019 GeV) and even beyond [2].

Interestingly, the exciting discovery of the Higgs [3, 4] at ATLAS and CMS detectors is telling us
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Figure 1.1: Renormalization Group flow of all couplings in the SM at 3 loops in the U(1)Y hypercharge gauge coupling
g1 =

√
5
3
gY, SU(2)L gauge coupling g2, SU(3)C gauge coupling g3, quartic self-coupling λ and top-quark Yukawa yt and

at 2 loops in the bottom- and tau-quark Yukawa couplings yb,τ . Figure extracted from [2].

where the understanding that we have of the building blocks of matter breaks down. For that, we

have to take a look at the mass of the Higgs, which is related to its VEV and the coupling λ that

parameterizes the quartic Higgs self-interaction. This relation is given by MH =
√
2λvHiggs ≈ 125 GeV

and we see that the Higgs mass depends on the quartic coupling only very weakly (cf. Fig. 1.1) up to

very large trans-Planckian energies (or very small distance scales), where it actually starts to diverge.

This divergence is the so-called Landau pole and signals that this is a scale where new physics has to

exist.

Furthermore, there is only a very narrow range of Higgs masses where we can extend our under-

standing of the degrees of freedom of the fundamental building blocks of matter until very high scales.

This is due to the fact that, if the quartic coupling is tuned to a larger value at low energies, then the

Higgs mass is somewhat higher and, consequently, the Landau pole sets in much earlier and we run into

the so-called triviality problem (see, e.g., [5, 6]). Therefore, if we demand that the SM to be consistent

for a very large range of scales, then this bounds the range of allowed masses from above. Moreover,

there is also a bound from below. This is because the quartic coupling dips into a negative, almost

flat, regime (cf. Fig. 1.1) and, if it becomes truly negative and does not become positive again, then

that would represent an instability of the vacuum, which would be a significant theoretical problem.

In this sense, a small change in the mass of the Higgs by changing the quartic coupling would lead to

a prediction that the scale of new physics has to exist around 106 to 107 GeV.

However, what the measurement of the Higgs mass at low energies is actually telling us is that

we could be facing what has been conjectured as the desert scenario, where the SM is really basically

everything there is for a very long range of scales and then new physics that significantly interacts

with the SM only comes in beyond the Planck scale. Additionally, of course, there are the unresolved

questions of, e.g., origin of neutrino masses, matter-antimatter asymmetry and of what constitutes

dark matter. Regarding the latter, there are scenarios where dark matter can be explained by various

elementary particles that do not couple strongly to the SM and do not change this picture very much

[7] or actually even just interact with the SM gravitationally.

Currently, in the post-LHC era, the SM has been crowned as the very accurate quantum description

2



of the fundamental degrees of freedom of matter, but we actually have the indication that the new

physics scale is somewhere far beyond the Planck scale, which means that actually a quantum theory

of gravity would kick in much earlier. In the next subsection, we will briefly discuss the status of our

understanding of gravity itself.

1.1.2 Status of General Relativity and its limits

Similarly to the SM, all astrophysical phenomena in the weak-field regime all well-described by

GR [8] and its formalism is defined by the Einstein-Hilbert action over a spacetime with no boundary

as

SGR =
1

16πGN
∫ d4x

√
−g (R − 2Λ̄) + Sm, (1.1.1)

where GN = 6.6743(15) × 10−11m3/(kg ⋅ s2) is the CODATA recommended value [9] of the Newton

constant that parameterizes the strength of gravitational self-interactions and also the coupling of

gravity to matter, Λ̄ is a small cosmological constant, g = det(gµν) and Sm is a “matter action”

describing a source for non-gravitational fields1. We remark that the Einstein-Hilbert action is invariant

under active [12] infinitesimal coordinate transformations (x′µ = xµ − vµ), or diffeomorphisms (Diff ),

acting on the metric field according to gµν ↦ gµν + Lvgµν , with

δgµν ≡ Lvgµν = vρ∂ρgµν + (∂µvρ)gρν + (∂νvρ)gρµ

= gρν∇µvρ + gµρ∇νvρ, (1.1.3)

where Lv is the Lie derivative along the generating vector field vµ. The action (1.1.1) also provides

the Einstein field equations,

G ≡ Rµν −
1

2
gµνR + Λ̄gµν = 8πGNTµν , (1.1.4)

which encode how the dynamics of spacetime responds to the energy and momentum of the matter

source given by the energy-momentum tensor

Tµν =
2
√−g

δSm
δgµν

. (1.1.5)

We adopt the conventions where the (Lorentzian) spacetime metric has signature (−,+,+,+) with

Riemann tensor defined by Rαβµν = ∂µΓανβ +⋯ and Ricci tensor defined by Rαβ = Rµαµβ.

The Einstein-Hilbert action is a local and Diff -invariant action of the metric field tensor and the
1If our manifold were bounded by a closed hypersurface ∂M, we would have to add to the Einstein-Hilbert action

the Gibbons-Hawking-York boundary term [10, 11],

SGHY = −
1

8πGN
∫
∂M

d3x
√
γK, (1.1.2)

where this integral is defined on the space-like boundary of a region M of the spacetime manifold, with γ being the
determinant of the induced three-dimensional metric on the boundary and K is the trace of the extrinsic curvature (or
second fundamental form).
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Einstein field equations can be linearized to describe a unique propagating massless spin-2 field (see,

e.g., [13]).

Another formulation of gravity which is classically and kinematically equivalent to GR is the pure

Einstein-Cartan theory [14–19]. It is characterized by two fundamental potentials: the vierbein (in four

dimensions), eaµ, associated to translations in the tangent space of the spacetime manifold and the

spin-connection, ωabµ, associated to local Lorentz transformations (i.e., forming the Poincaré group).

The presence of the vierbein ensures the strong equivalence principle: at every point in spacetime,

it is always possible to find an orthonormal basis. The corresponding field strengths of the veirbein

and spin-connection are the torsion and curvature. The torsion field vanishes outside matter and is

non-propagating. In this case, we recover full GR where torsion is zero. Extensions with propagating

torsion are straighforward to formulate by gauging the Poincaré group, leading to the Poincaré gauge

gravity (see, e.g., [20]). We will discuss in more details the Einstein-Cartan theory in Chapter 4.

There are still other alternative classically equivalent formulations of GR, but which exhibit invari-

ance under a reduced set of transformations. One outstanding example is known as unimodular gravity

[21–28]. In this symmetry-reduced version of GR, the determinant of the metric is non-dynamical and

the cosmological constant is simply an external parameter, only appearing at the level of the equations

of motion as an constant of integration. Its value can in principle be fit to the measured value Λobs

from cosmological observations, which in some sense can elucidate the long-standing apparent mis-

match between the observed cosmological constant and its anticipated value from estimates based on

quantum field theory (also known as the first cosmological constant problem [29, 30]). The unimodular

gravity formulation will be the subject of Chapter 5.

Despite GR being able to describe all current astrophysical phenomema in the weak-gravity regime,

the last decade has witnessed exciting observations in the context of strong-field gravity with both

indirect and direct probes of black holes, respectively through gravitational waves through the LIGO-

Virgo Collaboration [31, 32] and through (supermassive) black hole shadows within the Event Horizon

Telescope Collaboration [33–44]. Of course, these observations are very well compatible with GR

predictions within quite systematic uncertainties. In this sense, these are not necessarily as precise

tests of GR as for instance we have in the weak-field regime.

In Fig. 1.2, we see two ways of thinking about strong versus weak gravity: one of them is through

the curvature scale (here represented by the Kretschmann scalar ξ = (RαβµνRαβµν)1/2) and the other

is through the value of the gravitational potential of the system. Indeed, we see that gravity has been

tested quite well in the regime where the gravitational potential is relatively low. This is exemplified by

various Solar System tests and also by observing how the gravitational field acts on atoms (see, e.g., [45]

and references therein). The novelty are tests at high value of the gravitational potential which allow us

to probe the strong-field gravity. The shadow images of supermassive black holes in the galactic center

of the Messier 87 and the Milky Way and the gravitational waves from black holes and neutron-star

binary mergers are the primary examples. With these, we observationally confirm that black holes do

exist. Nevertheless, of course, theoretically we know that, if we go really deep into this strong-field

regime and deeper into a black hole, at some point we will encounter the breakdown of GR through the
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Figure 1.2: A landscape of regions of observational or experimental tests. The horinzontal axis indicates the characteristic
gravitational potential of the system and the vertical axis indicates the typical curvature scale (given by the Kretschmann
scalar ξ = (RαβµνRαβµν)1/2) probed by that system. Extracted from [45].

curvature singularity that GR black holes actually have, as dictated by the famous singularity theorems

by Hawking and Penrose [46]. In this sense, even though currently the observations are compatible

with GR predictions, the objects that we are observing fundamentally may not be black holes from

GR.

From the agreement between observations and theory, we can exclude that there is a new physics

scale that would predict strong modifications on the order of the curvature radius of a black hole, but

we do not have a very clear indication for what scale of new physics is.

Overall, from the status of our understanding of the fundamental building blocks of Nature, we have

an understanding that already reaches quite far and the indications that we have for the breakdown

of GR and the Standard Model of particle physics is pointing us to new physics only setting in at or

beyond the Planck scale, where quantum effects and gravity become important. There are, of course,

open question in particle physics (e.g., dark matter and matter-antimatter asymmetry), but there is

no theoretical consideration that would uniquely motivate a particular scale of new physics where we

would expect new particle physics to come in before the Planck scale. Therefore, this means that, if

we want to make progress in understanding the fundamental building blocks of Nature, then the next

atitude is to understand the quantum properties of gravity and then its interplay with matter as well.
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1.2 Work plan

The present thesis is structured as follows: In Chapter 2, we discuss the general problem of pertur-

bative quantum gravity and present the main ideas for the non-perturbative renormalization of gravity

through the embodiment of the asymptotic safety program. Main results in the literature of the field

are flashed out and an illustrative example of how to work with the functional Renormalization Group

techniques are presented for the computation of the flow of a four-fermion coupling. This example

will introduce some of the key concepts to be discussed in Chapter 4. Subsequently, in Chapter 3, we

define the dark-matter-gravity models that we explore by introducing field content, interactions and

symmetries. We provide an overview of the methodology to calculate beta functions and list the beta

functions of our model in Appendix B. We close the chapter by providing the results and discussion

of our analysis. In Chapter 4, we present the setup of our investigation in the form a Nambu-Jona-

Lasinio system, which will be the center stage for the study of the mechanism of chiral symmetry

breaking. We then introduce a flow equation for the effective potential, which we use as a tool to

investigate torsion effects on chiral symmetry breaking. We close the chapter by presenting our main

result, namely, the impact of a background torsion on the mechanism of chiral symmetry breaking.

Technical aspects that are relevant to the computations but not essential for the understanding of the

main content of the chapter are relegated to the Appendix C. Finally, in Chapter 5, we begin by giving

an overview of classical unimodular gravity and providing a brief discussion of the background-field

method, Faddeev-Popov quantization and functional Renormalization Group techniques for unimod-

ular quantum gravity. We also discuss the two classes of polynomial projections of f(R,RµνRµν)
and the extraction of beta functions. Results for the interacting gravitational fixed-point structure

both for pure gravity and gravity-matter systems are then presented and discussed. Technical details

and expressions for the anomalous dimensions used in this chapter are presented in the Appendix D.

Throughout this thesis, we work in natural units h̵ = c = 1.
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Chapter 2

An Asymptotically Safe View of Quantum

Gravity

2.1 The problem of perturbative quantum gravity

A first attempt to approach the problem of quantum gravity perhaps would be by just considering

the effects of quantum matter on a curved background. This approach is called the semiclassical treat-

ment of gravity. Generally speaking, it can be described by replacing the classical energy-momentum

tensor in (1.1.4) by the expectation value of the energy-momentum operator computed with respect

to some quantum reference state Ψ,

Rµν −
1

2
gµνR + Λ̄gµν = 8πGN ⟨Ψ∣ T̂µν ∣Ψ⟩ . (2.1.1)

However, this approach gets hampered by a proper treatment of regularization and renormalization of

the right-hand side of (2.1.1). It is not our goal to discuss semiclassical gravity in this thesis any further.

Therefore, for more details on its construction and problems, we refer the reader to, for instance, [47].

Instead, we will first pursue to review the construction of a full quantum theory of gravity by using

the standard tools of perturbative quantization.

For this goal, our starting point for a quantum field theory of gravity is through the path integral

over metric fluctuations for some classical (or microscopic) gravity action,

Z = ∫
ΛUV

Dĝµν eiSgrav[ĝµν], (2.1.2)

where a hat denotes fields to be integrated over and ΛUV denotes an ultraviolet (UV) cutoff in order

to make the functional measure well-defined. In this sense, expectation value of any Diff -invariant

observable O[gµν] is computed from the integral over all metrics (modulo diffeomorphism) weighted

with a quantum-mechanical phase factor, namely

⟨O[ĝµν]⟩ = ∫
Dĝµν O[ĝµν] eiSgrav[ĝµν]

∫ Dĝµν eiSgrav[ĝµν]
. (2.1.3)
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In this sense, field configurations of the metric either interfere destructively and are excluded from

the path integral or interfere constructively and give a non-trivial contribution to observables. Our

starting point for the perturbative quantization of gravity is the Einstein action,

SEH =
1

16πGN
∫ d4x

√
−g (R − 2Λ̄). (2.1.4)

In d dimensions, the Newton coupling GN and the cosmological constant Λ̄ have canonical mass di-

mension [GN] = 2−d and [Λ̄] = 2, respectively. Next step is to perform a linear expansion of the metric

around a classical background ḡµν ,

ĝµν = ḡµν +
√
32πGN ĥµν , (2.1.5)

where the (perturbatively small) fluctuations ĥµν characterize the propagating spin-2 field, the massless

excitations of which describe the two helicity modes of the graviton1. In this convention, the fluctuation

ĥµν has canonical mass dimension [ĥµν] = 1. In a perturbative approach, one would proceed by

evaluating the classical contribution to an observable and then evaluate the quantum contributions

in a loop expansion [48, 49]. Then, at 1-loop, UV divergencies2 would already appear in the form of

following operators

∼
√
−g, ∼

√
−gR̄, ∼

√
−gR̄2,

√
−gR̄µνR̄µν , (2.1.6)

where a bar denotes quantities computed with the background metric. The first divergence is just

related to determinant of the metric and it indicates the need to introduce a cosmological constant as

a counterterm to the action. Then, there is a divergence that takes exactly the form as the initial action

and this means that it can be absorbed in a renormalization of the Newton coupling. Furthermore, there

are logarithmic divergencies3 that have a four-derivative structure. These would indicate the need to

introduce new counterterms that were not part of the initial action. However, at the 1-loop level, there

is a way around this problem, at least for the pure gravity case without a cosmological constant and

without matter. In this case, the classical equations of motion tell us that both R̄ and R̄µν are actually

zero, and this means that on shell these two counterterms vanish in that setting4. Once matter and a

cosmological constant are included, the logarithmic divergencies do not vanish, since in this case the

equations of motion provide non-vanishing curvature-squared contributions [49, 53–60]. Nevertheless,
1Similarly to the photon in electromagnetism and the gluon in quantum chromodynamics, the quantum particle of

the gravity responsible to mediate long-range (self-)interactions is the graviton, a massless bosonic particle.
2The 1-loop divergencies in Minkowskian signature can be straightforwardly computed using standard Schwinger-

DeWitt method [50–52].
3In the first calculations of one 1-loop divergencies in quantum GR by ’t Hooft and Veltman [48] for the case with no

cosmological constant and then by Christensen and Duff [49] in the presence of the cosmological constant, a dimensional
regularization was used. In this case, a logarithmic divergence is replaced by a simple pole 1/ϵ, where ϵ = 4 − d.

4There is still another four-derivative invariant: R̄µναβR̄µναβ , but this term is not independent from the Ricci scalar
and the Ricci tensor. Indeed, they are related via the Gauss-Bonnet term, which reads ∫ d4x

√−ḡ(R̄2 − 4R̄µνR̄
µν +

R̄µναβR̄
µναβ) and is a topological invariant in four dimensions, meaning that its variation with respect to the metric

vanishes.
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as we go to two-loops, there is a new divergence, the so-called Goroff-Sagnotti term [61–64],

∼
√
−gR̄µνλρR̄λραβR̄αβµν , (2.1.7)

and which is not of the form of the original action and so a new counterterm has to be introduced5.

There is also no way to argue that this divergence can be set to zero because even the vacuum field

equations do not provide a vanishing Riemann tensor. In fact, we could expect that this pattern to con-

tinue based on the superficial degree of divergence in perturbative gravity in a Minkowski background,

ḡµν = ηµν , at loop order L in 4 dimensions6, which is given by

DGR = 2L + 2. (2.1.9)

So, we expect that, whenever loop order L increases, the superficial degree of divergence of the diagrams

goes up and that then ultimately implies that, at every loop order, there are new interactions. In

this sense, at every loop order, there will be two more derivatives or another power of curvature

tensor that comes into the counterterm that is needed to be introduced. Technically, this is known

as perturbative non-renormalizability, but what that technical term really means is that the

theory loses predictivity. This is because each of the counterterm with a coupling in front of them and

that coupling is a free parameter and there is no way to determine it from theoretical considerations.

Therefore, an experiment has to be performed in order to measure it and, consequently, the higher

the loop order, the more experiments are actually needed in order to pin down the free parameters

of the theory. Stated differently, if a prediction is made, for instance, for the scattering amplitude

of gravitons at a given loop order, then likely going to next higher loop orders, there would be more

counterterms that would contribute to the same observable and that would spoil the prediction, since

they would come in with a new parameter that enters the prediction. That is really the problem of

perturbative quantum gravity, and it does not, however, mean that GR and quantum physics cannot

be reconciled, as one so often hears. Indeed, both formalisms can be reconciled as an effective field

theory (EFT) [66].

The principle behind an EFT is naturalness, which basically means that all of the couplings that

appear in all of the interactions in the theory can be written as a dimensionless coefficient that is of

order one divided by some characteristic mass scale, which for gravity one would choose to be the

Planck scale raised to an appropriate power. In the specific case of gravity, Diff -invariance dictates

that an effective description is given by an expansion in terms of appropriate contractions of curvature
5Evanescent effects associated to evanescent operators such as the Gauss-Bonnet term can alter UV divergences as in

the Goroff-Sagnotti divergence [65].
6Since the graviton propagator (which can be computed after a suitable gauge fixing [13]) and graviton self-interactions

scale in the UV as ∼ p−2 and ∼ p2, respetively, then, generically, in d dimensions, a generic diagram containing in quantum
GR with L-loops, I-internal propagators and V -vertices feature a momentum scaling of the form

IUV = ∫
ΛUV

(ddp)L 1

(p2)I (p
2)V ∼ Λd+(L−1)(d−2)UV , (2.1.8)

which generates a superficial degree of divergence DGR = dL−2(L−1) if we make use of the topological relation I−V = L−1.
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tensors (symbolically denoted by R) of the form

Seff[g] = SEH[g] + ∑
n>1,m≥0

∫ d4x
√
−g

α(n,m)

M
2(n+m)−4
Planck

∇2mRn, (2.1.10)

where [α(n,m)] = 0 and α(n,m) ∼ O(1). Within this assumption, higher-order interactions in the

theory are subleading for processes that occur at energies E ≪MPlanck. In this way, it is possible, for

instance, to predict or calculate the quantum gravity corrections to the Newtonian potential between

two non-relativistic point particles of masses M1 and M2 [67]

U(r) = −GNM1M2

r
[1 + 3GN(M1 +M2)

rc2
+ 41

10π

GNh̵

r2c3
+⋯], (2.1.11)

where the first term is the usual Newtonian potential, the second term is the relativistic correction

and the third term is the quantum gravity contribution coming from radiative corrections and we have

reinstated the factors of h̵ and c. Even though the third term is o genuine quantum nature, its effect

is extremely hard to measure at any Earth-based laboratory. Considering even a tiny length scale as

the Bohr radius, the third correction term would be of the order of 10−49 [68]. the take-home message

of EFTs, and in particular in gravity, is that the an effective description is enough to capture and

well-describe low-energy phenomena by the relevant degrees of freedom of the system.

It is worth mentioning that it is possible to construct quantum gravity theories that are pertur-

batively renormalizable at the cost of having to keep higher-order curvature invariants on top of the

Einstein-Hilbert action. One famous example is the quadratic gravity action of Stelle [69],

SStelle[g] = SEH[g] + ∫ d4x
√
−g (aR2 + bC2

µναβ). (2.1.12)

A third term proportional to the Gauss-Bonnet density is omitted due to its topological charater. Here,

Cµναβ is the Weyl tensor and a and b are dimensionless couplings, rendering the theory renormaliz-

able to all orders in perturbation theory and, under certain conditions, asymptotically free for all its

couplings [70–72]. However, its spectrum contains negative norm states, i.e., a massive ghost7, which

in principle can violate unitarity of the S-matrix8 [69, 76, 77] (see also [78–85] for recent proposals to

bypass the issue of unitarity violation, [86] for a recent review on quadratic gravity and [87] for settings

of higher-order curvature terms.) Remarkably enough, recently, the asymptotically safe behavior that

quadratic gravity can exhibit suggested to pursue an analogy with QCD [88–90] (see also [91]). In this

analogy, in the trans-Planckian regime, quadratic gravity would be asymptotically safe with gravitons

and ghost-like states in its asymptotic spectrum. For energies around the Planck scale, the theory

would transition into a strongly-correlated regime. Finally, below the Planck scale, the effective low

energy dynamics of the theory would be described by the Einstein-Hilbert action (as the leading-order
7Since this ghost comes from higher-derivative terms in the action, it can not be removed from the physical spectrum,

in contrast to the Faddeev-Popov ghosts in gauge theories.
8At the classical level, higher-derivative terms can generate instabilities in the form of runaway solutions, known as

Ostrogradsky instabilities [73, 74]. However, it has been shown recently that classical stable solutions can be computed
for the nonlinear gravitational dynamics of quadratic gravity [75].
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term), with the ghost-like states being eliminated from the spectrum due to a confinement-like phe-

nomenom (se also [92] for a recent exploration of this analogy in the context of compatibility of light

fermions in quantum gravity (see Section 4)).

However, if we want to understand quantum gravity in the most interesting regimes close to and

above the Planck scale where quantum gravity effects are no longer small, without running into prob-

lems like unitarity violation, the problem then becomes that we truly have to confront the loss of

predictivity. In this sense, there is no way around having to confront infinitely many free parameters

and having to find a way to get rid of infinitely many of them, so that we can get back to a theory

which has just a finite number of free parameters9. One may conclude that the problem resides in

the deep Uv momentum modes and proceed to avoid a local QFT approach, as in the case of string

theory. Alternatively, one pathway to a solution to restore predictivity and which does not necessarily

lead to give up on local QFT techniques is to demand that the theory has more symmetry, which is

the topic of our next discussion and will lead to the notion of non-perturbative renormalizability

for quantum gravity.

2.2 Steps beyond perturbation theory: quantum scale symmetry

Imposing a symmetry on an action generically relates couplings to each other or just sets a set of

couplings to zero and, thereby, reduces the number of free parameters of the theory. A very simple

example is just a real scalar field theory with no internal symmetry. The allowed interactions in this

case include all positive powers of the scalar field, parameterized in the form ∑i λiϕi, with possible

derivative interactions. If then it is required that an internal Z2 symmetry (ϕ ↦ −ϕ) should be

respected, then the infinitely number of allowed interactions with zero derivative is cut down by half,

i.e., ∑i λ2iϕ2i, since now only even powers of the scalar field are allowed. Therefore, we need to think

in a somewhat different way about symmetries in order to really restore predictive power to quantum

gravity. And the way to do so is not by imposing that there is a symmetry at the classical level10, as we

usually do, but instead considering how a symmetry might emerge at the quantum level, and this will

lead us to the idea of asymptotic safety and the symmetry that will be of uttermost importance here

is quantum scale symmetry (see, e.g., [94, 95] for a deep discussion of quantum scale invariance).

Scale symmetry basically states that, once the system is understood at one scale, it is understood

at all scales, which means that the couplings of the theory do not change anymore with respect to an

(external) energy scale. Just from this simple explanation, we can immediately see why this would be

an attractive paradigm for quantum gravity. It would mean that, if we can make sense of quantum

gravity, for instance, at the Planck scale, then we immediately understand gravity at higher energies

or lower length scales. Thus, the hypothesis that will underpins the asymptotic safety approach for

quantum gravity is that the quantum structure of spacetime is described by a theory that is scale-

symmetric, but in a very particular fashion, namely by becoming asymptotically safe, which means
9In [93], it is shown that, in certain situations, quantum field theories characterized by infinitely many couplings can

be studied at high energies perturbatively.
10And checking for possible anomalies after a quantization procedure is adopted.
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Figure 2.1: RG-running of QCD gauge coupling (in blue) at 1-loop approximation for the fermionic content of the
Standard Model. The vertical-dashed line in red represents the Landau pole at the QCD scale ΛQCD ≈ 400 MeV. We
chose the IR initial condition g2QCD(µ0) = 1.17 GeV [97] at the top mass µ0 = 173 GeV.

that scale symmetry only emerges at the quantum level a conjecture first explored by S. Weinberg [96].

Before we continue, it is worth mentioning that scale symmetry really is also a concept that is

ubiquitous in science, making an appearance in mathematics in the context of self-similar systems, or

fractals, and also in the context of phase transitions. At a second order or higher order phase transition,

the correlation length in the system diverges and the system does not have a particular typical length

scale anymore. A typical example is of the Ising model of many spins that can either point up or down.

Lastly, scale symmetry is also important in particle physics. For instance, in the strong sector of the

Standard Model, the scale dependence of the gauge coupling of quantum chromodynamics (QCD) at

1-loop approximation reads

g2QCD(µ) =
g2QCD(µ0)

1 + 7
16π2 g

2
QCD(µ0) log(µ2/µ20)

, (2.2.1)

and asymptotes towards zero as we go to very high energies (cf. Fig. 2.1) for some reference energy scale

µ0 and initial condition gQCD(µ0). Once it reaches zero, it also reaches a regime of scale invariance.

Additionally, at low energies, the strong gauge coupling diverges at a Landau pole around the QCD

scale ΛQCD.

We are now ready to discuss how Weinberg originally characterized what an asymptotically safe

theory is.

2.2.1 Weinberg’s formulation of asymptotic safety

Weinberg’s original formulation of what an asymptotically safe theory is concentrates on the absence

of unphysical divergencies in measurable quantities, such as scattering cross-sections or reaction rates,

when the cutoff scale ΛUV →∞. Observables measured at a characteristic energy scale E will depend

on a set of essential11 couplings gi and a set of dimensionless kinematical variables Xn such as angles
11The nomenclature is due to the existence of inessential couplings ζi, which do not enter the expressions for observables

and can be removed by a quasi-local field redefinition.
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or additional energy ratios. Schematically, any observable quantity O associated to a physical process

then can be written as

O = µ[O]F (E/µ, g̃i(µ),Xn) , (2.2.2)

where [O] is the total canonical mass dimension of the observable, µ is the renormalization scale

and g̃i(µ) = µ−∆igi(µ) are the dimensionless couplings with ∆i being their canonical mass dimension.

Since any observable should be independent of µ, we are free to choose µ = E, which yields the scaling

relation

O = E[O]F(1, g̃i(E),Xn). (2.2.3)

From the last equation it is straightforward to see that the limit E →∞ only exists if the dimensionless

couplings g̃i(µ) are finite as µ→∞. If one or a subset of the dimensionless essential couplings diverge

at some finite value of the characteristic energy E = ΛUV, then is is expected that the observable to also

diverge at this energy scale. From the Callan-Symanzik-type RG-flow equations for the dimensionless

couplings

µ
d

dµ
g̃i(µ) = βi(g̃i(µ)), (2.2.4)

we see that, if all the dimensionless couplings reach a UV fixed point, i.e., limµ→∞ g̃i(µ) = g̃∗i , then

lim
E→∞

O = E[O]F(1, g̃∗i ,Xn) (2.2.5)

and the theory reaches a quantum scale-invariant regime free from nonphysical UV divergences and we

are left with an asymptotically safe theory. The existence of a fixed-point is equivalent to the existence

of a root of the beta function of all the dimensionless couplings, i.e., βi(g̃∗i ) = 0, ∀ i. In fact, in order

to properly reach a UV scale-invariant regime, the dimensionless essential couplings that parameterize

the theory space12 should lie on a particular trajectory such that they asymptotically reach the fixed

point via the renormalization group flow.

2.2.2 The predictive power of RG fixed points

In principle, the essential couplings that parameterize the theory space are infinite-dimensional,

since there could an infinite number of operators compatible with the symmetries of theory. Therefore,

if the QFT at hand exhibits an interacting UV fixed point g̃∗ = (g̃∗1 , g̃∗2 , . . . ), one may wonder if it

is necessary to provide infinitely many initial conditions to integrate the RG-flow which will produce

RG-trajectories that will hit the fixed point. Fortunately, this is not what happens in general. To see
12The theory space consists of the space of action functionals, built from the field content of the theory, that are

compatible with the symmetries that the system requires. This space can be parameterized then by the couplings of the
field monomials.
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this, it is instructive to study the linearized flow around the fixed point g∗, i.e.,

µ∂µg̃i = βi(g̃ = g̃∗) +∑
j

Mij(g̃∗)(g̃j − g̃∗j ) +O ((g̃ − g̃∗)2)

= 0 +∑
j

Mij(g̃∗)(g̃j − g̃∗j ) +O ((g̃ − g̃∗)2) , (2.2.6)

for i = 1,2, . . . and where we have defined the stability matrix

Mij(g̃∗) =
∂βi(g̃)
∂g̃j

∣
g̃=g̃∗

. (2.2.7)

In terms of the critical exponents θl and the eigenvectors V (l), defined by the eigenvalue equation

∑jMij(g̃∗)V (l)j = −θlV
(l)
i , the linearized flow (2.2.6) has a straightforward solution after a suitable

diagonalization [13] and reads

g̃i(µ) = g̃∗i +
∞
∑
l=1
ClV

(l)
i (µ/µ0)

−θl , i = 1,2, . . . . (2.2.8)

In this solution, µ0 is an arbitrary reference scale, Cl denote integration constants, which can be

determined by the initial conditions of the coupling g̃i at the reference scale µ0:

g̃i(µ0) = g̃∗i +
∞
∑
l=1
ClV

(l)
i , i = 1,2, . . . . (2.2.9)

The apparent lack of predictivity given by the a priori infinite set {g̃i(µ0)} can be reconciled if there

is a finite number of free parameters. This translates into a decomposition of the critical exponents

into a finite set {θ1, . . . , θN} such that Re(θl) > 0 and the remaining infinite set {θN+1, θN+2, . . .} with

Re(θl) < 0, then the linearized flow (2.2.8) can be decomposed as

g̃i(µ) = g̃∗i +
N

∑
l=1
ClV

(l)
i (µ/µ0)

−θl +
∞
∑

m=N+1
CmV

(m)
i (µ/µ0)−θm , i = 1,2, . . . . (2.2.10)

Note that, in the UV limit µ → ΛUV → ∞, the first terms in the sums vanishes, since Re(θl) > 0,

moving the coupling towards the fixed point. Furthermore, at low energies, i.e., µ≪ µ0, the constants

of integration Cl become important in evaluating the low-energy values of the couplings, being, thus,

free parameters. In this case, the eigenvector associated are called relevant directions and are UV

attractive/IR repulsive. Oppositely, for Re(θl) < 0, the terms in the second sum drives g̃i(µ) away from

the fixed point in the UV limit, unless the constants of integration are chosen as Cl = 0 for l ≥ N + 1
and Eq. (2.2.9) turns into

g̃i(µ0) = g̃∗i +
N

∑
l=1
ClV

(l)
i , i = 1,2, . . . . (2.2.11)

This puts a restriction on the set of allowed initial conditions {g̃i(µ0)}. The eigenvector associated to

Re(θl) < 0 are called irrelevant directions and are UV repulsive/IR attractive. For µ≪ µ0, the term

(µ/µ0) shrinks away under the RG-flow, and so the Cl just take some arbitrary value and it will not
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Figure 2.2: Pictorial representation of an interacting UV fixed point (yellow dot) and its associated UV critical hyper-
surface and it consists out of all the directions in which it is possible to depart from the fixed point. Orthogonal to this
hypersurface, there is one irrelevant direction aligned with g3 (light blue) which is attracted towards the fixed point and
quantum fluctuations restore scale symmetry. The arrows point towards the IR.

enter the low-energy values of the couplings and, thus, there is no free parameter. From this point of

view, predictivity gets restored as only a finite number of couplings need to be adjusted by experiments,

while the remaining ones get predicted (or postdicted) by the RG-flow13. The finiteness in the number

of relevant directions define in the theory space a hypersurface known as critical hypersurface. In

Fig. 2.2, we show a schematic plot with an interacting UV fixed point (yellow dot) and its associated

UV critical hypersurface. The tangent space of the hypersurface at the fixed point is spanned by the

relevant directions which emanates from the fixed point. Moreover, we remark that beta functions

are not universal, since they depend on various choices of scheme of calculation, but they do contain

universal information which indeed is the same across all schemes and the critical exponents are one

example of this [98].

But what actually determines whether a coupling is relevant or irrelevant? To answer this, let us

discuss the counting of free parameters at free and interacting fixed points. Focusing first on the free

fixed point (also known as Gaussian fixed point (GFP)), for a coupling gi that is an eigendirection of

the stability matrix Mij , the finite contributions to the critical exponent θi are given by

θi = −
∂βi
∂g̃i
∣
g̃=0
= − ∂

∂g̃i
(k∂k (gik−∆i)) ∣

g̃=0
=∆i. (2.2.12)

13There is a third situation that, although rare, it is in principle possible to happen, which corresponds to Re(θl) = 0.
In this case, the eigendirections are said to be marginal and one needs to go beyond the linearized flow in order to
verify if indeed they correspond to a marginally relevant, marginally irrelevant or exactly marginal eigendirection.
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This tells us that, whenever the coupling has a positive mass dimension, the associated critical exponent

corresponds to a relevant direction or a free parameter. Whenever the coupling has a negative mass

dimension, the critical exponent is negative, corresponding to an irrelevant direction and, thus, not

a free parameter. The tricky cases are the couplings with vanishing mass dimension, since they can

correspond either to a one marginally relevant or marginally irrelevant and one has to evaluate the

leading-order term in the beta function beyond this canonical scaling contribution.

The situation is somewhat different at an interacting fixed point (also known as non-Gaussian fixed

point (NGFP)), because it is not just the canonical term from canonical dimension that contributes

to the critical exponent, but in general there is also a contribution that is linear or higher order in the

couplings, i.e.,

θi = −
∂βi
∂g̃i
∣
g̃=g̃∗
= − ∂

∂g̃i
(k∂k (gik−∆i)) ∣

g̃=g̃∗
=∆i +O(g̃∗i ). (2.2.13)

Of course, this contribution can be of the same or of a different sign than the canonical mass dimension

and, therefore, an interacting fixed point can be more or less predictive than the free fixed point.

However, it also means that a priori there is no way to know the free parameters that a theory has

and one has to do explicit calculations of the beta functions to do a count of the free parameters.

2.2.3 Mechanisms for asymptotic safety

In this subsection, we will briefly discuss the mechanisms for asymptotic safety, which will bring

us towards asymptotic safety for gravity as well.

1-loop versus 2-loop effects

The first mechanism is when there is a balance between the 1-loop and the 2-loop effects in a

perturbative beta function. So, for the beta function (we drop the tilde for dimensionless couplings

from now on)

βgi = β1g
α1
i + β2g

α2
i +⋯, (2.2.14)

where β1 and β2 are the 1-loop and 2-loop coefficients respectively and the α’s are the corresponding

powers. The ellipsis represent higher-order terms. If one is able to achieve asymptotic safety in such

a setting, i.e., if the 1-loop term cancels the 2-loop term (or all the higher-order terms beyond this

approximation), then the fixed-point value is at

g∗i = (
−β1
β2
)

1
α2−α1 (2.2.15)

and the fixed point is only real for sign(β1) = −sign(β2). A nice example of this scenario is the

so-called Litim-Sannino models [99, 100], which consist of (gravity-free) non-Abelian SU(Nc) gauge-

Yukawa theories in d = 4 with Nf flavors of Dirac fermions in the fundamental representation and
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Figure 2.3: Beta function of the Litim-Sannino model with gauge coupling αg = Ncg2

(4π)2
. The fixed point is found at

α∗g = 0.5 (black dot) for the specific values B = −1 and C = −2. The arrows point towards the IR.

gauge coupling αg = Ncg2

(4π)2 . The 2-loop beta function reads

βαg = (−B +Cαg)α2
g +O(α4

g). (2.2.16)

In this model, an interacting fixed point is found at α∗g = B/C for non-vanishing B and C. A related

model but with an opposite UV-IR asymptotic behavior is the Banks-Zaks fixed-point in non-Abelian

gauge theories [101].

Non-Abelian gauge theories can become asymptotically free if they do not contain too many matter

fields in the fundamental representation. However, if we consider a setting with too many matter fields,

then the 1-loop coefficient B can actually switch its sign, becoming negative and asymptotic freedom

is lost. Asymptotic safety can be gained if the 2-loop coefficient C is also negative, which happens if

Yukawa interactions are taken into account appropriately (cf. Fig. 2.3). Actually, asymptotic safety

can be strictly proven in the so-called Veneziano limit, where the number of flavors and colors become

large, but their ratio remains finite.

Canonical scaling vs quantum effects

There is another mechanism for couplings which have a non-vanishing mass dimension: a balance

between the canonical scaling term and the quantum scaling term. Let us consider a theory that is

asymptotically free in its critical dimension (the dimension in which the coupling is dimensionless)

with the 1-loop beta function

βgi∣
d=dc
= cβ1gαi , (2.2.17)

where β1 < 0 and α = 2,3. We assume that we start in this critical dimension. Then, we go to d = dc+ϵ.
The coupling then acquires a mass dimensionality gi = ḡikcϵ, where ḡi is dimensionful and c > 0. The

beta function no longer starts with the 1-loop term, but with the term that depends on the canonical
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dimension that the coupling has now acquired, namely

βgi∣
d=dc+ϵ

= cϵgi + β1gαi . (2.2.18)

It is then possible these two terms balance each other out if β1 < 0. If that is the case, then the

theory has an interacting fixed point. An example for this is Yang-Mills theory in d = 4 + ϵ [102]

and another one is gravity. For gravity, the critical canonical dimension is dc = 2, where the Newton

coupling is dimensionless and the theory is trivial, since the Einstein-Hilbert action is topological. The

beta function for the dimensionless Newton coupling G = GNk
d−2 can be computed in an ϵ-expansion

around two dimensions, d = 2 + ϵ [96, 103, 104] and reads

βG = ϵG −
38

3
G2, such that G∗ = 3ϵ

38
. (2.2.19)

We see that the leading-order term is positive, while the term from quantum fluctuations is negative,

which provides asymptotic safety. Of course, it would be nice if we could set ϵ = 2, but for that we

would need a few more terms in the ϵ-expansion in order to do a reliable resummation. However,

this result in the vicinity of the critical dimension already motivates that gravity in d = 4 might be

asymptotically safe.

2.3 Non-perturbative renormalization to quantum gravity

The idea of asymptotic safety in gravity can be quite well explored and understood within the

non-perturbative Wilsonian renormalization point of view of computing path integrals. In particular,

we will adopt the more modern view of the Wilsonian renormalization which is known as the functional

Renormalization Group (fRG). The tools of the fRG were applied to quantum gravity in a pioneering

work by M. Reuter [105]. Before we delve into the details of functional renormalization for quantum

gravity, it is worth mentioning that there are other tools used to probe asymptotic safety in gravity

in four dimensions. One of them is lattice simulations in the framework of Euclidean and Causal

Dynamical Triangulations (EDT/CDT) [106–112] where the spacetime is approximated by discrete

building blocks and one searches for a point in the space of couplings where one can take the lattice

spacing to zero14. Asymptotic safety actually allows us to take such a continuum limit because it

demands a regime where gravity becomes scale invariant. In order for that to be realized, there has to

be a second order phase transition in the phase diagram of these models. Indeed, in CDT, there is by

now quite good evidence that there is a second order phase transition point [107] (see [111, 112, 114, 115]

for recent results in EDT) and the question now becomes whether or not this point can be approached.

However, most of the results for asymptotic safety actually come from fRG techniques15. In the

next subsections we will begin by defining a quantum-field theoretical formulation of metric gravity and
14Evidence for a suitable continuum limit in four dimensions was also obtained within quantum Regge calculus, a

slightly different approach from Dynamical Triangulations, see, e.g., [113].
15Recently, Dyson-Schwinger equations were also adapted to the context of quantum gravity in [116], opening up an

alternative semi-analytical continuum field-theoretic path to probe the existence of a non-trivial fixed point.
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shortly after define how to formulate a non-perturbative renormalization for quantum gravity using

the fRG toolbox.

A comment is in order here: since, as we will see, the Wilsonian picture of renormalization (and the

fRG techniques) will be based on the introduction of the notion of sorting of field modes in the path

integral, there should be a notion of external cutoff scale. This can be easily achieved if we work with

the Euclidean path integral, because then we can actually sort quantum fluctuations into high energy

and low energy, or sort short wavelength and large wavelength, simply by looking at the Fourier modes

of the Euclidean four-momentum. This solution comes with its own problem, since a clear definition

of Wick-rotation from Lorentzian to Riemannian quantum gravity is still an open matter, as the time

coordinate has no physical meaning. Therefore, from here on, we will work in the Euclidean setting

(see Appendix A for conventions).

2.3.1 Asymptotic safety of metric gravity: key concepts

The starting point for defining asymptotic safety in gravity is the Euclidean version of the same

path integral we started with in perturbation theory16,

Z = ∫
ΛUV

Dĝµν e−Sgrav[ĝµν], (2.3.1)

but now the (bare) gravitational action is not composed just by the curvature and cosmological con-

stant terms, but also include higher-order terms that are generated along the RG-flow and which are

compatible with Diff -symmetry, i.e.,

Sgrav[ĝµν] = −
1

16πGN
∫ d4x

√
ĝ (R(ĝ) − 2Λ̄) + ∑

n>1,m≥0
∫ d4x

√
ĝ α(n,m)∇2mRn, (2.3.2)

where, as in the effective-field theoretical approach, R denotes appropriate contractions of curvature

tensors. In the asymptotic safety approach, each one of these couplings depends on the renormalization

group scale, which will be denoted by the Wilsonian scale k and will be driven by quantum fluctuations.

The idea is that all these couplings assume an asymptotically-safe fixed point in the UV and the theory

remains predictive at all scales through the mechanisms that were described.

Contrary to perturbation theory where contributions from quantum fluctuations are included at

each loop order and the path integral of the generating functional is computed all at once, the Wilsonian

renormalization computes the same path integral, but instead integrating over the field modes by

following a momentum-shell-wise integration in flat spacetime. Each momentum shell contains field

configurations with four-momentum p = (p ⋅p)1/2 which slides in the range [k−δ, k+δ] centered around

the fiducial coarse-graining scale k and the path integral is completely computed once all field modes are
16We note that in the Euclidean version of the path integral the measure is weighted by a Boltzmann factor e−Sgrav ,

instead of a quantum phase eiSgrav of the corresponding Lorentzian configuration. This leads ultimately to a statistical
field theory of space, instead of a truly quantum theory of spacetime. This has been the main setting for the asymptotic
safety program, although recent attempts have been put forward at applying the fRG techniques to Lorentzian settings
and at pursuing a Lorentzian formulation of asymptotic safety [117–123].
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integrated17. At each integration step, the contributions of quantum fluctuations can be equivalently

expressed in terms of the quantum effective action. Performing this procedure in a iterative way from

ΛUV down to zero should be tantamount to evaluating the full path integral at once.

Two immediate obstacles are faced when trying to apply the Wilsonian renormalization idea to

gravity. Firstly, the classical gravitational interactions based on general relativity are mediated via the

curvature of the spacetime, which implies that the spacetime itself is dynamical and, from a quantum

point of view, also a fluctuating entity. In this sense, it serves as both the stage and the protagonist.

This is in stark opposition to standard QFT where the flat spacetime is a fixed non-dynamical stage

onto which only the quantum matter fields play their part. The dynamical character of the spacetime

makes the task of defining a coarse-graining scale k difficult, since one would have to compare a

momentum scale with respect to a reference scale that is not fixed, which would raise a lack of a notion

of external scale which tells what is coarser or finer. Secondly, the underlying gravitational action is

assumed to be Diff -invariant. However, this leads to redundancies in the path integral measure, since

it sums over physically inequivalent field configurations. The standard way to solve this issue is to

introduce a suitable gauge-fixing condition, along with Faddeev-Popov ghost terms. By construction,

a gauge-fixing term breaks Diff -invariance, so it is expected the RG-flow will generate interaction field

monomials which are obviously not gauge-invariant. However, the broken Diff -symmetry is recovered

[124] by the so-called BRST (Becchi-Rouet-Stora-Tyutin) symmetry [125–127].

An easy way to overcome these challenges is to employ the background-field method [128, 129]

(but see [130]), which amounts to splitting the metric field into a non-fluctuating background or

reference metric ḡµν and a (not necessarily small) fluctuation part hµν = ⟨ĥµν⟩ such that gµν = ⟨ĝµν⟩ =
ḡµκf(ḡ, h)κν , where f is an arbitrary function. In this thesis, two particular metric parameterizations

or splits of the metric will be chosen, namely the linear and the exponential parameterizations, which

are respectively defined by

gµν = ḡµν + κhµν , (2.3.3)

gµν = ḡµα[exp(κh..)]αν = ḡµν + κhµν +
∞
∑
n=2

κn

n!
hµα1⋯h

αn−1
ν , (2.3.4)

with κ = (32πGN)1/2. The indices are raised and lowered with the background metric, i.e., hµν =
ḡµαhαν . Since the exponential of a matrix always possess positive definite eigenvalues, this implies

that the signature of gµν is the same as that of ḡµν , a feature that does not happen for linear pa-

rameterization. This feature may be not so important for perturbative studies as they rely on small

deviations from the background metric, but may be of relevance in the non-perturbative investigations.

Additionally, we should warn that both parameterizations do not necessarily cover the same configu-

ration space and the Jacobian arising from the path integral measure has to be taken into account.

We refer the reader to references [124, 129] for a comprehensive discussion on those issues. System-
17Here we see explicitly the need of working in an Euclidean setting. If we were to adopt a Lorentzian four-momentum

squared, p2 = p20 − p⃗2, then the comparison of high energy (p2 > k2) and low energy (p2 < k2) field modes with respect to
the coarse-graining scale k would be ill-defined.
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atic studies employing more general parameterizations in Diff -invariant theories can be found in, e.g.,

[131–136] for perturbative quantum gravity and in [137–140] in the context of asymptotic safety. For

specific calculations in this chapter, we will stick to the linear parameterization.

Having chosen a decomposition for the metric, with a compact background, a background covariant

Laplacian is automatically defined, ∆ḡ = −ḡµν∇̄µ∇̄ν , where ∇̄µ is computed with the background metric.

The background covariant Laplacian acting on a field of spin s, ∆ḡφ̂s = λsφ̂s, has eigenvalues which

can be sorted into high-energy fluctuations (λs ≳ k2) or into low-energy fluctuations (λs ≲ k2). Here,

φ̂s is a generic multiplet of fluctuation fields of spin s. If the background is chosen to be flat, i.e.,

ḡµν = δµν , then the eigenvalues will be the four-momentum squared, λs = p2.

Next we turn to the problem of fixing the redundancies in the path integral measure. We recall that

this issue arises due to the non-invariance of the measure under diffeomorphisms, which leads to an over-

counting of field configurations. The linear split of the metric allows us to perform the diffeomorphism

transformations (1.1.3) in two distinct ways that leave the gravitational action invariant. The first way

is the so-called quantum transformation, which keeps the background ḡµν invariant and attributes the

gauge transformation of gµν to the fluctuation field, i.e.,

δ(Q)v ḡµν = 0, δ(Q)v hµν = Lv(ḡµν + hµν). (2.3.5)

This is somewhat motivated by the fact that observables should be Diff -invariant and background-

independent. A second way is through a background-induced auxiliary transformation, known as

background transformation, and consists to evenly split the diffeomorphism transformation between

background and fluctuation, namely

δ(B)v ḡµν = Lv ḡµν = ∇̄µvν + ∇̄νvµ, (2.3.6)

δ(B)v hµν = Lvhµν = vα∇̄αhµν + hαν∇̄µvα + hαµ∇̄νvα. (2.3.7)

The quantum diffeomorphism must be broken by the gauge-fixing procedure, but can be recovered

through BRST symmetry. Nonetheless, the background diffeomorphism is preserved by using a class

of background covariant gauges. Next to that, we follow the usual Faddeev-Popov gauge-fixing proce-

dure18 and supplement the gravitational action by a gauge-fixing of the form

Sgf[h, c̄, c; ḡ] =
1

2α
∫ d4x

√
ḡ ḡµνFµ[h; ḡ]Fν[h; ḡ] + ∫ d4x

√
ḡ c̄µMµν[h; ḡ]cν , (2.3.8)

where c̄µ and cµ stand for the Faddeev-Popov ghosts. We choose a de-Donder-type linear gauge-fixing

function of the form

Fµ[h; ḡ] = (δαµ ḡνβ −
1 + β
4

δνµḡ
αβ) ∇̄νhαβ, (2.3.9)

such that the gauge-fixing action is invariant under background transformations. Here α and β are

gauge-fixing parameters. For practical calculations the limit β → α → 0 will be used in the thesis. The
18We refer the reader to [13] for details on the Faddeev-Popov gauge-fixing procedure in quantum gravity.
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Faddeev-Popov operator is computed according to the following relation

Mµν[h; ḡ]cν =
δFµ[h; ḡ]
δhαβ

δ(Q)c hαβ

= ∇̄α (gµν∇α + gαν∇µ) cν −
1 + β
2

ḡαβ (∇̄µgνβ∇α) cν . (2.3.10)

We note that the ghost part of the gauge-fixing action is linear in the fluctuation field hµν , but contains

vertices to all powers of the background metric ḡµν . This entails that gauge-fixing action depends on

ḡµν and hµν in a independent fashion. As the gauge-fixing action is added to the gravitational action,

the full action of the theory does not respect the so-called split symmetry,

gµν(ḡ, h) ↦ gµν(ḡ + δsplitḡ, h + δsplith) = gµν(ḡ, h). (2.3.11)

This split transformation is tantamount to guaranteeing background independence (see [95, 101, 124]

for a discussion in the context of the fRG approach). For the linear split of the metric19, gµν = ḡµν+hµν ,
the split transformation is given by δsplitḡµν = −χµν and δsplithµν = χµν , with χµν = χµν(x) being a

local transformation parameter. For the non-linear exponential parameterization, more convenient

for unimodular gravity, the explicit form of δsplithµν is not straightforward. In this case, we denote

δsplithµν = Nαβ
µν [ḡ, h]χαβ , and its explicit form can be determined by an iterative procedure (see [141,

142]). At the quantum level, background independence is controlled by a functional Ward-Takahashi

identity, called split-Ward identity, and encode the background independence of physical observables.

Indeed, if we take the expectation value of a Diff -invariant operator with a gauge-fixed gravitational

action,

⟨O[ĝµν]⟩ = ∫
Dϕ̂ e−Sgf[ḡ,ϕ̂]O[ĝµν] e−Sgrav[ĝµν]

∫ Dϕ̂ e−Sgf[ḡ,ϕ̂] e−Sgrav[ĝµν]
, (2.3.12)

where ϕ̂ = (ĥµν , ĉµ, ˆ̄cµ, ϕ̂mat) stands for the fluctuation operator including potential matter fields20

ϕ̂mat, we see that the right-hand side of (2.3.12) should be independent of the background metric, as

the left-hand side is. In this way, by taking a ḡµν-derivative of (2.3.12) and subtracting from it the

equivalent derivative with respect to hµν , we arrive at

⟨O[ĝ] ( δ

δḡµν
− δ

δhµν
)Sgf[ḡ, ϕ̂]⟩ = 0. (2.3.13)

This functional identity, in principle, must be verified when performing the path integral for generating

functional of correlation functions. In the context of the fRG, the split symmetry is further violated

by the regularization, but we postpone this discussion to Appendix D.5 of Chapter 5, where we discuss

the fate of the split symmetry at the level of the effective (average) action.

We have all the ingredients to formulate the path integral of gauge-fixed quantum gravity with
19We omit the normalization factor at this point, since it is not relevant for this discussion.
20In this case, the gauge-fixing action may contain additional gauge-fixing conditions and Faddeev-Popov ghosts

associated to the additional matter fields.
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added sources,

Z[ḡ, J] = 1

N ∫
Dϕ̂ e−Sgrav[ḡ]−Sgf[ḡ,ϕ̂]+∫ d4x

√−ḡJaϕ̂a , (2.3.14)

from which correlation functions can be derived. Here, J = (Jµν , J(c)µ, J(c̄)µ , Jmat) and N is a normal-

ization factor. We adopted a uniform notation where the field indices are raised and lowered with the

metric γab, where a represents Lorentz, gauge group and Dirac indices as well as species of the fields.

The metric γab is diagonal for bosons φ and symplectic for fermions ψ, ψ̄, i.e.,

(γabφ ) = I, (γabψ ) =
⎛
⎝
0 1

−1 0

⎞
⎠
, (2.3.15)

with the properties

φa = γabϕb, ϕa = φbγba, (2.3.16)

γb
a = δab, (γφ)ab = δab, (γψ)ab = −δab. (2.3.17)

With these definitions, the contraction of the supercurrent and superfield reads explicitly

Jaϕ̂a = Jµν ĥµν + J(c),µĉµ − ˆ̄cµJ
µ
(c̄) + Jmatϕ̂mat. (2.3.18)

Next, we define the Schwinger functional W[ḡ, J] = logZ[ḡ, J], which generates all the connected n-

point correlation functions of the fluctuation fields of the underlying gravity-matter theory. Explicitly,

δn logZ[ḡ, J]
δJa1⋯δJan

= ⟨ϕ̂a1⋯ϕ̂an⟩conn . (2.3.19)

We insert a factor 1/
√
ḡ in the convention for functional derivatives. Thus, for a tensor A of rank n,

we have
δAµ1⋯µn(x)
δAν1⋯νn(y)

= 1
√
ḡ
δ(x − y)δ(ν1µ1 ⋯ δ

νn)
µn . (2.3.20)

For the graviton field, this yields

δhµ1µ2(x)
δhν1ν2(y)

= 1

2
√
ḡ
δ(x − y) (δν1µ1δ

ν2
µ2 + δ

ν2
µ1δ

ν1
µ2) . (2.3.21)

Furthermore, we define the effective action, or the generating functional of 1-particle-irreducible (1PI)

diagrams, Γ = Γ1PI, through the Legendre transform of the Schwinger functional,

Γ[ḡ, ϕ] = ∫ d4x
√
ḡ Jaϕa −W[ḡ, J], (2.3.22)

which enables us to write

eΓ[ḡ,ϕ] = 1

N ∫
Dϕ̂ e−Sgrav[ḡ]−Sgf[ḡ,ϕ̂]+∫ d4x

√−g(ϕ̂a−ϕa) δΓ[ḡ,J]δϕa . (2.3.23)
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Here, ϕa = ⟨ϕ̂a⟩ and we have used that

Ja[ḡ, ϕ] = (−1)sa δΓ[ḡ, J]
δϕa

, (2.3.24)

with sa = 1 for fermions and sa = 0 for bosons.

2.3.2 Flow equation for gravity-matter systems

The fRG perspective implements the Wilsonian renormalization in a smooth fashion by the intro-

duction of a mode-sorting term in the generating functional which suppresses quantum fluctuations

with momentum below k. This can be achieved by augmenting the gravity-matter action with an

IR-regulator function Rabk [∆ḡ](x, y) in the form of the regulator action

∆Sk[ḡ, ϕ] =
1

2
∫
x̄,ȳ
ϕa(x)Rab[∆ḡ](x, y)ϕb(y). (2.3.25)

From here on, we use the shorthand notations for volume integrals of the full and background metrics,

respectively, ∫x = ∫ d
4x
√
g(x)) and ∫x̄ = ∫ d

4x
√
ḡ(x). The regulator matrix is given by

(Rabk ) =

⎛
⎜⎜⎜⎜⎜⎜
⎝

Rh 0 0

0 0 Rc

0 −Rc 0

0 0 Rmat

⎞
⎟⎟⎟⎟⎟⎟
⎠

. (2.3.26)

Since the regulator Rabk [∆ḡ](x, y) is a function of the covariant background Laplacian, it is then ultra-

local in position space, i.e., Rabk [∆ḡ](x, y) ∝ δ(x− y) and is such that it suppresses the propagation of

field modes corresponding to eigenvalues λs < k2 and allows the free propagation of field modes with

eigenvalues λs ≳ k2. By measuring the background covariant Laplacian in cutoff units, z = ∆ḡ/k2,
the regulator function Rabk [z] should meet several requirements. The most important ones are: (i) for

z < 1, Rabk [z] > 0 and (ii) limz→∞Rabk [z] = 0. For more details on the properties, we refer the reader to

[13].

The regulator action can be straightforwardly introduced in the path integral of the generating

functional according to

Zk[ḡ, J] = exp(−∫
x̄,ȳ

δ

δJa(x)
Rabk (x, y)

δ

δJb(y)
)Z[ḡ, J]. (2.3.27)

leading to the IR-regularized generating functional. If the generating functional Z[ḡ, J] is finite, then

the IR-regularized generating functional Zk[ḡ, J] is also finite. The Schwinger functional Wk[ḡ, J] has

a flow equation once we take a scale-derivative k∂k of (2.3.27), leading to (see, e.g., [143] for details)

∂tWk[ḡ, J] = −
1

2
Tr(δ

2Wk

δJ2
+ δWk

δJ

δWk

δJ
)∂Rk, (2.3.28)
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where all indices are omitted for simplicity and we have defined the RG-time t = ln(k/k0), with k0 being

some fixed reference scale, so that ∂t = k∂k. The trace contains a sum over Lorentz, position space

and internal indices as well as possible species of fields, including the symplectic metric for fermionic

fields. We note that the first term in the parenthesis is the connected part of the regularized two-point

correlation functions, i.e.,

δ2Wk[ḡ, ϕ]
δJ(x)δJ(y)

= Gk[ḡ, ϕ](x, y) = ⟨ϕ̂(x)ϕ̂(y)⟩ − ϕ(x)ϕ(y), (2.3.29)

and the second term is just the disconnected contribution, ϕ2. The primary tool in fRG studies is the

coarse-grained effective action, or effective average action (EAA), or simply flowing action, Γk[ḡ, ϕ],
which is given by the modified Legendre transform of the Schwinger functional,

Γk[ḡ, ϕ] = ∫
x̄
Jaϕa −Wk[ḡ, J] −

1

2
∫
x̄
ϕaR

ab
k ϕ

b, (2.3.30)

where the solution of the supercurrent is given by (2.3.24). The definition of the EAA is such that it

reduces to the standard (1PI) effective action for k = 0 and provides the quantum equations of motion,

at vanishing currents, for the expectation values of the quantum fields, i.e., δΓ1PI[ḡ, ϕ]/δϕ = 0. In

terms of the EAA, the regulator function has the generic structure

Rabk [z] = (Γ
(0,2)
k [ḡ, ϕ])

ab
rk(z), (2.3.31)

where we have defined the shorthand notation for mixed functional derivatives (recall that a factor

1/
√
ḡ is included)

Γ
(n,m)
k [ḡ, ϕ] = δ

n+mΓk[ḡ, ϕ]
δḡnδϕm

(2.3.32)

and rk(z) is the regulator shape function. In this thesis, we will adopt the Litim and exponential shape

functions, defined respectively by

rk(z)∣Litim =(
1

zα
− 1) θ(1 − z) , (2.3.33)

rk(z)∣exp =
z

ez − 1
, (2.3.34)

with α = 1 for bosonic fields and α = 1/2 for spinor fields. From the flow equation for the Schwinger

functional (2.3.28) and using that
δ2Wk

δJ2
= (Γ(0,2)k +Rk)

−1
, it is straighforward to derive the corre-

sponding flow equation for the flowing action Γk[ḡ, ϕ],

∂tΓk[ḡ, ϕ] =
1

2
STrGk[ḡ, ϕ]∂tRk =

1

2
, (2.3.35)

where Gk[ḡ, ϕ] is the full regularized propagator

Gk[ḡ, ϕ] =
1

Γ
(0,2)
k [ḡ, ϕ] +Rk

. (2.3.36)
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The notation STr for the supertrace is adopted to emphasize that the trace is over all indices and

spacetime coordinates with appropriate sign/multiplicities in the case of complex/fermionic fields.

The double line notation represents the full regularized propagators of the theory and the crossed

circle in the loop stands for the regulator insertion ∂tRk. We emphasize that loop representation is

not a perturbative loop as it relies on the full propagators (not the tree-level ones). The flow equation

for Γk[ḡ, ϕ] is also known as the Wetterich(-Ellwanger-Morris) equation [144–146].

Seen as a function of the coarse-graining scale, the flowing action interpolates between the mi-

croscopic (bare) action Γk→ΛUV
when no quantum fluctuations are taken into account21, and the 1PI

effective action, Γ1PI = Γk→0 when all quantum fluctuations are integrated out. The standard 1-loop ex-

pression for the effective action can be recovered if we substitute Γ
(0,2)
k by the scale-independent second

functional derivative of the classical action S(0,2) and perform the integration over the coarse-graining

scale k from k = ΛUV down to k = 0. This yields

Γ1PI∣1−loop[ḡ, ϕ] ≈ SUV[ḡ, ϕ] +
1

2
STr lnS(0,2)[ḡ, ϕ], (2.3.37)

with

SUV[ḡ, ϕ] = S[ḡ, ϕ] −
1

2
STr ln (S(0,2)[ḡ, ϕ] +RΛUV

) . (2.3.38)

The second term on (2.3.37) refers to the UV boundary condition for the RG flow.

In general, we can write the flowing action for a given field content Φ just as a sum of all possible

interactions {Oi} in the theory in the form

Γk = ∑
i

k−∆igi(k)∫ ddxOi(Φ,∇), (2.3.39)

and the size of the interactions is parameterized by the dimensionless couplings gi(k) that carry the

scale dependence. Here, ∆i represents the canonical mass dimension of the operator Oi. The operators

Oi(Φ,∇) are functions of the covariant derivative acting on the field Φ. In the case of gravity, the

field content is composed of (Euclidean) spacetime metrics gµν and, for the Einstein-Hilbert action,

the possible interactions are

O1(g) =
√
g, O2(g,∇) =

√
gR . (2.3.40)

From the scale-derivative ∂t of the flowing action, we get the RG beta functions, i.e.,

∂tΓk = ∑
i

k−∆i(∂tgi −∆igi(k))∫ ddxOi(Φ,∇). (2.3.41)

The explicit expressions for the beta functions can thus be obtained by projecting the result from the

flow equation into a functional space that contains only the operators that were already included in
21The problem of obtaining the microscopic action from the limit Γk→ΛUV is not so trivial and is known as the

reconstruction problem [147–149].
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the original truncation, i.e.,

1

2
STrGk[Φ]∂tRk = ∑

i

k−∆iBi(g(k))∫ ddxOi(Φ,∇), (2.3.42)

where the coefficients Bi(g(k)) represents the quantum corrections. The matching of coefficients

(2.3.41) with (2.3.42) yields the system of RG-flow equations

∂tgi(k) =∆igi(k) +Bi(g(k)). (2.3.43)

The key aspect about the method relying on the flow equation is that is provides a formally exact

equation. However, it generates a tower of coupled equations for the beta functions of the different

couplings. Since there are infinitely many couplings in the theory, it is an infinite tower, which in general

is not something that one can actually meaningfully derive. Then, one has to resort to approximations,

and thus the method loses its exactness. So, the strategy is to take into account only a finite set of

equations or a finite set of interactions (or an infinite set of interactions, but of a very particular

form). In such a truncation, one then searches for fixed-point solution. If one solution is found, the

truncation is then enlarged, and step by step the results need to be checked for convergence or apparent

convergence. If the results show apparent convergence, then the approximation can be trusted. Many

successful examples of the application of this method and strategy in particle physics, statistical physics

and condensed matter can be found in this recent review [150]. Additional systematic expansions of

the flowing action may be employed in order to further reduce the level of complexity, leading to more

practical or realizable truncations (see, e.g., [124, 151, 152]).

2.3.3 Different flavors of running couplings

It is important to pause a bit to make some remarks about semantics. Throughout this chapter, the

term “running coupling” has been used quite extensively to mean the change of a coupling according

to an external energy scale. However, more fundamentally, there are three different notions of running

couplings and the corresponding RG. We will follow closely the references [95, 153] for this discussion.

When particle physicists talk about running couplings, they define the coupling in terms of some

scattering amplitude in some particular kinematical configuration characterized by a momentum scale

p = (p ⋅ p)1/2. Once this scale is fixed to a particular renormalization scale, p = µR, then what can be

called physical running is the dependence of the coupling on µR. On the other hand, in perturbation

theory, a parameter µ needs to be introduced in order to preserve dimensions, either in dimensional

regularization (µ4−d) or in cutoff regularization (log(Λ2/µ2)). The dependence of the coupling on this

parameter can be called µ-running, and defines a less physical notion as the previous one, since it

does not appear in the expressions of physical observables. The corresponding RG-flow equations can

be computed by acting with a µ ∂
∂µ derivative on the coupling, or equivalently, with a Λ ∂

∂Λ derivative in

cutoff regularization. Finally, in a non-perturbative context, one can define a RG as the dependence of

the couplings in the effective action on some cutoff, which can be an UV cutoff in Wilson’s definition
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or an IR cutoff in fRG. This last notion can be dubbed non-perturbative running. These three

notions of RG are different and it is important to see if and when they give the same results.

This question has been addressed in the literature (see, e.g., [95, 154] for critical discussions and

[153, 155] for more recent accounts), and we have a clearer understanding, although not fully complete,

about the relation between these three notions.

One important difference between beta functions computed with the FRG in comparison with

perturbative renormalization group schemes (e.g., MS-scheme) is that the structure (Γk[ḡ, ϕ] +Rk)−1

in the flow equation (2.3.35) generically produces threshold contributions of the form (1 +mass2)−#,

with # a positive number, when one integrates over massive fields. Such threshold effects automatically

account for the decoupling of massive fields at RG scales below their mass scale. This is a significant

contrast with perturbative schemes where the decoupling needs to be implemented “by hand”.

At energies scales higher than the mass threshold of all masses, the leading- and the next-to-

leading-order contributions to the perturbative beta functions can also be computed from the non-

perturbative fRG-beta functions. The 1-loop contribution for the non-perturbative beta functions are

straightforwardly obtained from (2.3.37). The 2-loop contributions are discussed in [156–162].

Finally, the physical running of couplings may be only defined in asymptotic regions and the non-

perturbative running agrees in these regions. Indeed, this has been recently verified in [153] for a

higher-derivative shift-invariant scalar toy-model of the type

L = −Z1

2
∂µϕ∂

µϕ − Z1

2m2
− Z

2
1g

4m4
(∂µϕ∂µ)(∂µϕ∂µ), (2.3.44)

where Z1 is the wave-function renormalization factor andm a mass. This model serves as a prototype of

higher-derivative gravity theories. In this model, the effective-field theoretical physical beta functions

for the higher-derivative coupling was seen to be zero, but the µ-beta function and fRG-beta function

were non-vanishing. However, low-energy expansion in the fRG-beta function goes like βg ∼ g2k4, which

indeed goes to zero in the limit k → 0. Therefore, this quartic running can be thought of as being part

of the threshold behavior. Whether the agreement between physical running and non-perturbative

running in asymptotic regions is a general feature or not remains to be answered.

2.3.4 Illustrative example: RG-flow of a four-fermion interaction

As an illustrative example of how to work with the flow equation, we consider a purely fermionic

massless system with only one fermion species (NF = 1) in d = 4 Euclidean spacetime, characterized

by a Nambu-Jona-Lasinio-type model, which shares many features of the strong interactions such as

spontaneous symmetry breaking (see [163] for a review). This model is an effective theory that can be

obtained from the one-flavor QCD dynamics after integrating out the gluonic degrees of freedom. We

consider a zero-temperature setting (see, e.g.. [164, 165] and [166] for a review on the fRG-treatment of

the finite temperature case). This example will also serve to introduce the main aspects of dynamical

symmetry breaking in four-fermion models to be discussed in Chapter 4 in the context of gravitational

catalysis.
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Our truncation for the flowing action is composed of a scalar and pseudo-scalar interaction channels

of the form

Γk,NJL[ψ̄, ψ] = ∫ d4x{Zψψ̄i∂/ψ +
1

2
Z2
ψλ̄ [(ψ̄ψ)

2 − (ψ̄γ5ψ)]}, (2.3.45)

where λ̄ is the dimensionful four-fermion coupling and Zψ(k) is the fermionic renormalization factor.

The fermionic quartic self-coupling λ̄ has canonical mass dimension [λ̄] = 2 − d, which means that the

theory is perturbatively non-renormalizable in four dimensions and we will define it with a fixed UV

cutoff ΛUV. The action (2.3.45) is invariant under phase transformations

ψ(x) ↦ eiαψ(x), ψ̄(x) ↦ ψ̄(x)e−iα, (2.3.46)

and under chiral U(1) transformations or axial transformations

ψ(x) ↦ eiγ5αψ(x), ψ̄(x) ↦ ψ̄(x)eiγ5α, (2.3.47)

with α being a real constant parameter. The chiral transformation prohibits an explicit mass term in

the action, such as mψ̄ψ. As we will see, chiral symmetry can be spontaneously broken by quantum

fluctuations, generating a finite fermionic condensate ⟨ψ̄ψ⟩ in the ground state of the theory. This

represents a dynamical generation of a mass term for the fermion, which would correspond to a con-

stituent quark mass in low-energy QCD. The connection between the chiral symmetry breaking induced

by quantum fluctuations and the strength of the quartic self-coupling can be mapped into mass terms

for bound states through a Hubbard-Stratonobitch transformation [167, 168], which amounts to intro-

ducing an auxiliary scalar field in the theory. Schematically, this mapping reads λ̄(ψ̄ψ) ↦ 1
λ̄
ϕ2 + ϕψ̄ψ.

Spontaneous chiral symmetry breaking is then signalled by a diverging four-fermion coupling where

the mass term transitions from positive to negative values.

In momentum space, the effective action is given by

Γk,NJL[ψ̄, ψ] = −∫
d4p

(2π)4
Zψψ̄(p)/pψ(p)

+ 1

2
Z2
ψλ̄(

3

∏
i=1
∫

d4pi
(2π)4

) ψ̄(p1)ψ(p2)ψ̄(p3)ψ(p1 − p2 + p3)

− 1

2
Z2
ψλ̄(

3

∏
i=1
∫

d4pi
(2π)4

) ψ̄(p1)γ5ψ(p2)ψ̄(p3)γ5ψ(p1 − p2 + p3). (2.3.48)

Next, we need to compute the second functional derivatives of the flowing action with respect to the

fields

Φ(q) ≡
⎛
⎝
ψ(q)
ψ̄T(−q)

⎞
⎠

and ΦT(−q) = (ψT(−q), ψ̄(q))T , (2.3.49)

and evaluate it, for simplicity, for mean-field (constant) backgrounds Ψ̄ and Ψ such that ψ(p) =
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Ψ(2π)4δ(4)(p) and ψ̄(p) = Ψ̄(2π)4δ(4)(p). In this way, the so-called Hessian matrix is written as

Γ
(2)
k,NJL =

δ2Γk,NJL

δΦT(−p)δΦ(p)
=
⎛
⎜
⎝

δ2Γk,NJL

δψT(−p)δψ(p)
δ2Γk,NJL

δψT(−p)δψ̄T(−p)
δ2Γk,NJL

δψ̄(p)δψ(p)
δ2Γk,NJL

δψ̄(p)δψ̄T(−p)

⎞
⎟
⎠
. (2.3.50)

In order to compute the flow of the four-fermion coupling, we can make use the so-called PF-expansion

[169]. In this approach, the inverse regularized propagator can be decomposed into an inverse regular-

ized propagator matrix Pk = Γ
(2)
k,NJL[Ψ̄ = 0 = Ψ] +Rk, which is field-independent, and a field-dependent

fluctuation matrix Fk = Γ
(2)
k,NJL[Ψ̄,Ψ] − Γ

(2)
k,NJL[Ψ̄ = 0 = Ψ], such that Γ

(2)
k,NJL +Rk = Pk + Fk. Adopting

the following profile for the regulator matrix,

Rk(p, p′) =
⎛
⎝

0 −Zψ/pTrψ( p
2

k2
)

−Zψ/prψ( p
2

k2
) 0

⎞
⎠
(2π)4δ(4)(p − p′), (2.3.51)

where rψ(p2/k2) is the fermionic shape function22, there follow

Pk(p, p′) =
δ2Γk,NJL

δΦT(p)δΦ(p′)
+Rk(p, p′) =

⎛
⎝

0 −Zψ/pT(1 + rψ)
−Zψ/p(1 + rψ) 0

⎞
⎠
(2π)4δ(4)(p − p′) (2.3.52)

and

Fk(p, p′) =
⎛
⎝
F11 F12

F21 F22

⎞
⎠
(2π)4δ(4)(p − p′). (2.3.53)

where, respectively,

F11 = −λ̄Z2
ψ (Ψ̄

TΨ̄ − γ5Ψ̄TΨ̄γ5) , F12 = −λ̄Z2
ψ (Ψ̄Ψ − γ5(Ψ̄γ5Ψ) +ΨΨ̄ − γ5ΨΨ̄γ5)

T

F21 = −FT
12, F22 = −λ̄Z2

ψ (ΨΨT − γ5ΨΨTγ5) (2.3.54)

The flow equation for fermions (with minus sign) can then be expanded in powers of the fields, ulti-

mately representing a sum of 1-loop diagrams. The decomposition reads

∂tΓk,NJL = −
1

2
Tr

∂tRk

Γ
(2)
k,NJL +Rk

= −1
2
Tr∂̃t ln [Γ(2)k,NJL +Rk]

= −1
2
Tr∂̃t ln [Pk +Fk]

= −1
2
Tr∂̃t lnPk −

1

2

∞
∑
n=1

(−1)n−1

n
Tr∂̃t (P−1k Fk)

n
, (2.3.55)

where we have introduced the formal scale-derivative ∂̃t which acts only on the k-dependence of the

regulator function Rk, and not on Γ
(2)
k,NJL i.e., formally ∂̃t = ∫q ∂tRk(q

2) δ
δRk(q2) . This expansion simply

is an expansion with an increasing number of vertices of the theory. Here, Fk is quadratic in the Dirac
22At this stage, there is no need to specify the form of the regulator shape function.
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Figure 2.4: Diagram contributing to the running of the four-fermion coupling. The right-hand side of the flow equation is
ultimately computed by acting with the formal scale-derivative ∂̃t on this diagram, which yields a corresponding regulator
insertion k∂kRk on the internal propagators.

fields. Since we are interested in the RG-flow of the four-fermion coupling, it suffices to truncate the

series and consider only the term Tr (P−1k Fk)
2 as it is of fourth-order in the fields, i.e., Tr (P−1k Fk)

2 ∼
(Ψ̄ΓiΨ)2, where Γi stands for some Dirac matrix or combination thereof. The first term is simply a

vacuum contribution. The diagram contributing to the RG-flow of λ̄ is displayed in Fig. 2.4. Explicitly,

∂tΓk,NJL∣(Ψ̄ΓiΨ)2
= 1

2
Tr∂̃t (P−112F22P−121F11) +

1

2
Tr∂̃t (P−112F21P−112F21) , (2.3.56)

where P−1ij and Fij are the components of the regularized propagator and fluctuations matrices, re-

spectively. The first term provides a vector-channel contribution of the form (Ψ̄/pΨ)2 and mixed-terms

of the form p2γ5(Ψ̄Ψ)(Ψ̄γ5Ψ), which are terms generated along the flow, but they are not included

in the original truncation of the flowing action. Therefore, they will be discarded. The second term

provides non-trivial contributions which are part of the original truncation and reads

1

2
Tr∂̃t (P−112F21P−112F21) =

1

2
λ̄2∫ d4x∫

d4p

(2π)4
∂̃t

Z2
ψ(1 + rψ)

2

[p2(1 + rψ)2]2
p2 [(Ψ̄Ψ)2 − (Ψ̄γ5Ψ)2]

= 1

2
λ̄2

Ω4

(2π)4
v4k

2 [(Ψ̄Ψ)2 − (Ψ̄γ5Ψ)2]∫
∞

0
dzz2∂̃t

⎡⎢⎢⎢⎢⎣

Z2
ψ(1 + rψ)

2

z2(1 + rψ)4

⎤⎥⎥⎥⎥⎦
, (2.3.57)

where we have defined the volume of d-sphere of unit radius Ωd = 2πd/2

Γ(d/2) and v4 stands for the volume of

the four-dimensional spacetime. Again, a vector-channel contribution and mixed-terms are generated,

which we disregard. The left-hand-side of the flow equation for our truncation, evaluated on constant

background fields, is given by

∂tΓk,NJL =
1

2
v4∂t(Z2

ψλ̄) [(Ψ̄Ψ)2 − (Ψ̄γ5Ψ)2] . (2.3.58)

The scale derivative hitting the wave-function renormalization factor term will produce the anomalous

dimension ηψ = −∂t lnZψ. Finally, we compare the coefficients of the four-fermion self-interactions

terms on both sides of the flow equation to read the beta function for the four-fermion coupling λ̄. By

defining the dimensionless coupling λ = k2λ̄ and using the fermionic Litim shape function (2.3.33), we
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Figure 2.5: Plot of the βλ for the dimensionless four-fermion self-coupling λ in the scalar-pseudoscalar channel as a
function of the RG-scale k. The black dots indicate the fixed points.

are led to the 1-loop beta function

βλ ≡ ∂tλ = (2 + 2ηψ)λ −
1

4π2
λ2. (2.3.59)

In (2.3.59), the term (2 + 2ηψ)λ is the canonical scaling contribution and the other one comes from

quantum corrections computed from the fermionic diagram in the flow. For this computation, we drop

the anomalous dimension ηψ coming from the regulator insertion ∂tRk and only keep the corresponding

contribution in ηψ coming from the scaling term on the left-hand side of the flow equation. In Fig.

2.5, we show a sketch of the flow of the dimensionless four-fermion coupling λ. Apart from a free fixed

point, the theory admits a non-Gaussian fixed point at λ∗ = 8π2 with critical exponent θ = −∂βλ∂λ ∣λ∗ = 2,
indicating that is a free parameter. The flow equation is a simple ordinary differential equation which

can be straightforwardly solved analytically with boundary conditions at an IR-scale k = kIR up to an

UV-scale k = ΛUV to yield

λ(kIR) =
2 (kIR/ΛUV)2 λΛUV

2 − aλΛUV
(1 − (kIR/ΛUV)2)

, (2.3.60)

where a = 1/4π2. For initial condition λΛUV
= λ∗, the four-fermion coupling does not depende on the

coarse-graining scale k: λ(kIR) = λ∗ (green-dashed line in Fig. 2.6). If the initial condition is chosen

as λΛUV
< λ∗, then the four-fermion coupling decreases towards the IR, reaching a non-interacting

regime (blue-dashed lines in Fig. 2.6). In this case, chiral symmetry remains unbroken. Finally, for

λΛUV
> λ∗, the four-fermion coupling grows rapidly towards the IR, eventually diverging at a Landau

pole (red-dashed lines in Fig. 2.6). As discussed previously, this behavior signals the breakdown of

chiral symmetry in the ground state of the theory. In this way, the value of the fixed point can be

regarded as an order parameter which separates the chirally symmetric phase from the broken chiral

symmetry regime in the ground state.
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Figure 2.6: RG-flow of the four-fermion self-coupling λ. The green-dashed line indicates the RG-scale-independence of
the coupling for λΛUV = λ∗, the blue-dashed lines represent the RG-trajectories in which chiral symmetry is preserved in
the IR for initial conditions λΛUV < λ∗ and the red-dashed lines are RG-trajectories that signal chiral symmetry breaking
for λΛUV > λ∗.

2.4 Brief overview of results in asymptotic safety in gravity

Since the pioneering work by Reuter [105], a number of studies in asymptotic safety in gravity

was put forth, providing more and more evidence for the existence of a non-trivial UV fixed point for

gravity systems. In this section, we briefly review some important works.

The Einstein-Hilbert approximation

The fRG techniques were first applied in trying to quantize gravity by Reuter and Souma [105, 170]

and subsequently by Reuter and Saueressig [171] in a simple truncation parametrized by the Einstein-

Hilbert action

Γk[ḡ;h] =
kd−2

16πgk
∫ ddx

√
g (2k2λk −R) + classical gauge-fixing terms, (2.4.1)

where gk and λk are the dimensionless Newton coupling and cosmologial constant. In Fig. 2.7, we show

the phase diagram of the Newton coupling and the cosmological constant, exhibiting an asymptotically

safe fixed point at23 g∗k = 0.403 and λ∗k = 0.330. It is also possible to see that both couplings correspond

to relevant directions, because there are many RG trajectories that reach many different values of gk
and λk starting from the fixed point. This can also be seen from the spiralling behavior of the flows

from the complex conjugate pair of critical exponents θ± = 1.941±3.147i. In this way, both gravitational

couplings correspond to free parameters.

The first non-trivial check of the theory is whether or not one can start at the fixed point and connect

to a regime of classical gravity in the IR. For that, we need to see what characterized classical gravity.

The classical regime is characterized by a constant dimensionfull Newton coupling, GN = const., which

means that in d = 4 the dimensionless Newton coupling scales like k2, i.e., gk = GNk
2 ∼ k2. Similarly, in

the classical regime the dimensionfull cosmological constant is constant, λ̄ = const., which means that
23This calculation has been done [171] using a sharp regulator shape function, rk(z) = 1

θ(z−1)
− 1, within the so-called

type-A scheme [13] and adopting the Feynman-’t Hooft gauge, α = 1.
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Figure 2.7: Phase portrait of the RG-flow for the Einstein-Hilbert action. The arrows point towards decreasing k, i.e.,
towards the IR. Plot extracted from [171].

its dimensionless counterpart goes like k−2, i.e., λk = Λ̄k−2 ∼ k−2. Combining these two implies that the

product gkλk = const. in the classical gravity regime, which basically means that gk ∼ 1/λk. And this

type of scaling is observed in Fig. 2.7 for trajectories that pass close to the origin. Among these RG

trajectories, it is then possible to find one in particular that realizes the measured values of the Newton

coupling and the cosmological constant with product gkλk = 0.14, being then the RG trajectory “of our

Universe”. In references [171, 172], this product was computed using different schemes of regularization

and choices of gauge, leading to the same number, which supports the idea that the product is regulator

independent and, thus, has a universal meaning.

Curvature-squared results

Moving on with the first non-trivial order in curvature is the curvature-squared terms, which are

the 1-loop counterterms of perturbative gravity. There are three terms at this level on top of the

Einstein-Hilbert term, namely

Γk,grav[g] =
1

16πGN
∫ d4x

√
g [2Λ̄ −R + āR2

µν + b̄R2 − 1

ρ̄
E] , (2.4.2)

where E = R2 − 4RµνRµν +RµναβRµναβ is the topological-invariant Gauss-Bonnet combination. The

theory has four different (dimensionful) couplings of local terms and one of the topological term. It

turns out that there is a fixed point [173, 174] which has three relevant directions, one irrelevant and

one marginal. The marginal direction is connected to the topological term. But once again we start to

see how asymptotic safety is predictive, because, in perturbation theory, there would be just four free

parameters [70, 71, 175, 176] at this setting and in asymptotic safety one coupling does not correspond

to a free parameter.

Again, we can wonder if we can use these three relevant directions to connect to our Universe.

One scenario that one would want to connect to would be classical gravity plus Starobinsky inflation,

which would be driven by the coupling b̄ = k−2bk in the bkR2 term [177]. In Fig. 2.8, we display the
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Figure 2.8: Phase portrait of selected RG trajectories in the space parametrized by gk, λk and bk. The fixed point is in
red. Plot extracted from [177].

phase diagram of of selected RG trajectories in the space parametrized by gk, λk and bk. There is a

non-trivial fixed point at g∗k = 1.59, λ
∗
k = 0.133 and b∗k = 0.119 with critical exponents θ± = 1.26 ± 2.45i

and 27.0. From this fixed point, there is a green trajectory that actually realizes both the classical

values of GN and Λ̄ and also a value for bk needed in order to drive Starobinsky inflation. The latter

is not a must in the sense that, if it is possible to realize inflation in a different way or even to do

without inflation entirely by just choosing different trajectories where bk takes a lower value, so that

one would not get into the inflationary regime.

Results in higher-order in curvature

Extended truncations in higher-order terms in curvature invariants have been addressed in the

literature. We can cite, for instance, polynomial functions of the scalar curvature [178–183], f(R),
effective actions of both the forms f1(RµνRµν) +Rf2(RµνRµν) (which will explored in Chapter 5 in

the context of unimodular gravity), where f1 and f2 are polynomial functions [184] and of general

functions of the Riemman tensor and the inverse metric, f(Rµνρσ, gαβ) [185], and truncations with the

Einstein-Hilbert term plus the Goroff-Sagnotti counterterm RµνρσR
ρσ
αβR

αβ
µν [186]. For a complete

list for extended higher-order in curvature truncations, see [95]. In all these investigations, a non-trivial

UV fixed point with three relevant directions and higher-order irrelevant directions was observed. The

higher order curvature-invariant terms are then predictions. Of course, these predictions are not

necessarily easily testable, because we currently do not have a meaningfull access to values of higher-

order curvature couplings even in the strong-gravity regime.
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Results for gravity-matter systems

The asymptotic-safety paradigm has been extended to include the SM matter fields, see [187–189]

for reviews. There is a robust evidence that gravity remains asymptotically safe with the inclusion

of fluctuations of Standard Model fields [190–197]. The interplay of gravity with matter provides a

mechanism that fixes couplings in the Standard Model from first principles [98, 198–207]. The interplay

of asymptotic safety with scalars [208–218], fermions [219–226] and gauge fields [193, 199, 201, 227–

229] has also been investigated separately. Extensions beyond the Standard Model have also been

explored [230–247]. In Chapter 3, further extensions of the Standard Model will be studied with the

inclusion of dark matter degrees of freedom coupled to quantum gravity.

Convergence of the results and the near-perturbative nature

So far, it seems that asymptotic safety in gravity has three free parameters and this emerges from,

for instance, the studies of all the higher-order in Ricci scalar terms, but also from studies including the

Goroff-Sagnotti term. Those type of studies indicate the existence of quite a lot of predictive power.

In particular, in the studies of higher-order truncations in Ricci scalar, it is interesting to note that the

values of these critical exponentes which feature Re(θ) < 0 are actually what is called near-Gaussian,

since they are quite close to the canonical mass dimension. We recall that, if we were at the free fixed

point, then the critical exponents would be exactly the canonical dimension. Therefore, if the values

of the critical exponents are close to the canonical dimension, then this means that the fixed point

is not quite non-perturbative, being actually called near-perturbative. This also means that there

is a robust scheme of how to choose truncations for reliable calculations, which is according to the

canonical power-counting. So, terms which have a canonical high mass dimension are very likely to be

irrelevant, and then it is a matter of calculationg the critical exponents to check afterwards whether

the initial assumption was correct, which is in general the case from the calculations cited.

In this way, despite the fact that with the fRG, one has to make approximations, there is by now

a way of how to make these approximations quite robust. So, in summary, there is quite compelling

evidence for asymptotic safety in a quantum theory of space, but not yet in a quantum theory of

spacetime (but see the discussion below). Of course, moving beyond a pure theory about the building

blocks of gravity, we can also by now have a lot to say about the predictive power of a theory about

the building blocks of matter. It is fair to say that there is quite robust evidence for asymptotic safety

in gravity-matter systems and a deep understanding what are the implications for particle physics.

2.5 Two open questions in brief

Unitarity

The conservation of probability is a fundamental principle in quantum mechanics. Extending to

QFTs on a flat Euclidean background, conservation of probability is translated into a well-defined
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scattering matrix (S-matrix), which connects asymptotic initial and final states. The results can then

be converted to corresponding Lorentzian ones, as guaranteed by Osterwalder-Schrader axioms, which

make use of the requirement of reflection positivity of the spectral function of the theory. In this way,

the theory is guaranteed to possess an analytical continuation to a unitary QFT.

However, the situation is a lot complicated once we consider a general curved background ḡµν , as

the generalization of the concept of an S-matrix is not trivial (but see [248, 249]) and a Wick-rotation

gets further hampered by a dynamical metric. Around a flat background, higher-derivative gravity

theories may contain negative-norm states in the asymptotic physical spectrum, featuring ghost-poles

in the graviton propagator. In the context of an asymptotically safe theory of quantum gravity,

the unitarity issue should be based on propagators extracted from the effective action Γk→0, since

correlation functions derived from the flowing action Γk may contain artificial poles.

Aspects of non-perturbative unitarity in QFT and in QG were discussed in [250] where the possibil-

ity of ghost degrees of freedom in truncated effective actions could actually be fictitious was addressed.

The results in [250] indicate that these “fake ghosts” would dissapear from the asymptotic spectrum

of states once all possible operators compatible with the underlying symmetries are inclued in the

effective action. In [251], criteria and conditions for the graviton propagator to be consistent with

causality, unitarity and stability were presented.

Another indicator that ASQG could be unitarity comes from the cross-fertilization with other

methods [252], such as CDT (see Section 2.3).

Euclidean versus Lorentzian signature

Related to the issue of unitarity in quantum gravity is the issue of having to perform asymptotic

safety calculation in Euclidean settings. As discussed previously, this technical problem arises due to

the need of sorting out modes in the path integral à la Wilson.

First studies aiming to address this problem came from trying to formulate asymptotic safety in

spacetimes with a built-in foliation structure which naturally provides a direction of time, as in the

Arnowitt-Deser-Misner formalism [192, 253–256](see also [231, 257–260]).

Fortunately, more recently, computations for ASQG could be directly performed within a Lorentzian

signature. In [118–123], a direct fRG approach to Lorentzian (metric) quantum gravity was put forward,

leading to the non-perturbative computation of the graviton spectral function. These results allow us

to reach a stage in ASQG where we can have access to quantitative information for observables with

Lorentzian signature.
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Chapter 3

An Asymptotically Safe Road into the

Darkness

3.1 Motivation for connecting quantum gravity and dark matter

Fundamental physics faces several profound challenges. One is to understand the quantum nature

of gravity and another is to understand the true nature of the dark matter (DM). At a first glance,

these challenges appear unrelated, because they are associated to very different energy scales. Quantum

gravity is typically assumed to become dynamically important at energies of E ≈MPlanck = 1019GeV.

DM candidates span a huge range in masses [261–272], but most proposals focus on energy scales far

below the Planck scale, with the typical mass scales for Weakly Interacting Massive Particles (WIMPs)

in the GeV-TeV range [273]. In this chapter, we advocate that much can be learnt about both quantum

gravity and DM, if we consider both challenges simultaneously. We support this claim by providing a

concrete example.

The key idea underlying this chapter is that the interplay of quantum gravity with dark (and

visible) matter1 imprints structures on and constrains the couplings of the matter sector at the Planck

scale, see [188] for a review. The renormalization group (RG) then acts as a lever arm that translates

these structures at tiny length scales (high energies) to structures at large length scales (low energies).

Thereby, two important goals are achieved: first, by generating predictions for the interaction structure

of dark and visible matter, the quantum gravity theory becomes testable by current observations.

Second, by predicting the interaction structure of the DM, the huge space of DM models is reduced

and, as we will show, phenomenologically viable DM models are ruled out on theoretical grounds.

Both goals – making quantum gravity testable and making DM models more predictive – are critical

in order to make progress in our understanding of our Universe.

This chapter supports the idea that such progress can be made, if we overcome the division between

quantum-gravity research and DM research, and consider quantum gravity and DM together in a multi-

scale setup. In such a multi-scale setup, theoretical constraints at the Planck scale are combined with
1In this context, by matter we refer to all fields except the metric; i.e., gauge fields are part of the matter sector.
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phenomenological and observational constraints at lower scales and the resulting theory of DM and

quantum gravity is significantly more predictive than a theory of DM on its own.

In the present chapter, we explore this general idea in the context of asymptotically safe quantum

gravity (ASQG) and WIMP dark matter.

We have compelling evidence from cosmological and astrophysical observations ranging from the

Cosmic Microwave Background (CMB) radiation to dwarf galaxies [274–276] that the majority of the

matter density in the Universe is non-baryonic DM with no particle candidates in the Standard Model

(SM) able to account for this DM content. This amount of evidence collected over the last eight

decades suggest that DM consists of one or more particles. We are going to assume it is made of at

least one new kind of particle. From these observations, a set of properties can be established on the

DM content: first, it should be non-luminous, meaning that it should not have a large coupling2 to

U(1)EM gauge interactions and should not be charged under the strong gauge group3 SU(3); second,

it should be feebly interacting with itself and with visible particles of the SM; third, it should be a

stable and long-lived particle with a lifetime longer than the age of the Universe (t ≳ 14 billion years);

fourth, it should be non-relativistic (cold) at the time of cosmological structure formation and, finally,

as a fifith requirement, it should be produced in the early Universe. A common assumption is that

the DM particle is produced via the so-called thermal freeze-out mechanism and it works as follows:

in the early Universe, the DM particle was in thermal equilibrium through interactions with the SM

particles4. As the Universe expands and temperature decreases, the expansion rate becomes larger

than the interaction rate for the DM production. Therefore, at some point, DM effectively decouples,

creating the finite relic abundance of DM that is observed today [274].

The most studied DM particle candidate consistent with these properties has been the WIMP.

However, the WIMP paradigm has become highly challenged by the absence of expected WIMP signals

in DM particle search experiments – both direct, indirect and collider experiment [261, 280–284].

Therefore it is now highly motivated to study the remaining parts of the WIMP parameter space as

well as alternatives to the WIMP paradigm and in particular new ways to constrain the vast parameter

space of such alternative paradigms. Another promising candidate for cold dark matter is the QCD

axion (see, e.g., the review [285]). This is characterized by a light neutral scalar or pseudoscalar

boson that couples weakly to the SM particles with a feeble decay constant parameter. The interest

in this model is that it preserves the CP-symmetry of QCD via the so-called Peccei-Quinn (PQ)

mechanism [286]. If the PQ is explicitly broken, either in the Langrangian or due to quantum effects

such as anomalies, a small axion mass is generated, motivating its detection as DM in dedicated direct

detection experiments (see, e.g., the review [287] and references therein).

In the context of asymptotic safety, dark matter has for the first time been studied in [230], where

it was discovered that the Higgs portal to a single, uncharged dark scalar must vanish, ruling out this
2The strength of the interaction should be less than the size of the interaction to electrons and protons, for instance.
3This is because DM particles are kinematically allowed to decay into neutral strongly-interacting particles, such as

neutral pions, which, in turn, decay can into photons.
4Cosmological observations of the CMB radiation spectrum and of the light element abundance imply that the SM

particles were also in thermal equilibrium in the early Universe [274, 277–279].
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simplest WIMP candidate. Extended WIMP models have been considered in [232–235, 237, 243] and

axion-like dark matter has been considered in [239]. In the present chapter, we start from a WIMP

model that is phenomenologically viable, as explored in depth in [288], and investigate whether or not

it is compatible with asymptotic safety.

3.2 Definition of the models

We consider two extensions of the SM coupled to gravity: U(1)D and SU(2)D hidden DM models

with vector DM candidates and a new SM singlet scalar S that is charged under the dark gauge group.

These models are particularly relevant since they are phenomenologically viable [288]. Schematically,

the gauge-fixed flowing action for the gravity-matter dynamics reads

Γk = Γk,grav + Γ0
k,SM + Γk,DM. (3.2.1)

For the SM subsystem, we consider the gauge interactions of the SM gauge group U(1)Y × SU(2)L ×
SU(3)C coupled to the quarks and leptons. In particular, for the Yukawa sector, we consider an

approximation where only the top and bottom quarks have nonvanishing (real) Yukawa couplings.

We denote by Γ0
k,SM the SM action without the Higgs potential, and gY =

√
3
5g1, g2 and g3 are the

respective SM gauge couplings, which are dimensionless in four dimensions. Explicitly, it reads

Γ0
k,SM =

1

4
∫
x
W a
µνW

a,µν + 1

4
∫
x
BµνB

µν + SEW
g.f. + S

EW
ghosts

+ 1

4
∫
x
GbµνG

b,µν + SSU(3)
g.f. + SSU(3)

ghosts

+ ∑
j=1,2,3

∫
x
iψ̄

L/R
i ,j
/Dψ

L/R
i ,j + ∫

x
(DµΦi)†(DµΦi) + Γk,Yukawa . (3.2.2)

Here Bµ is the U(1)Y hypercharge gauge field, W a
µ are the SU(2)L weak gauge fields and Aaµ are

the gluon gauge fields of the color group SU(3)C, with Bµν = ∂µBν − ∂νBµ, W a
µν = ∂µW a

ν − ∂νW a
µ +

g2ϵ
abcW b

µW
c
ν and Gaµν = ∂µAaν −∂νAaµ+g3fabcAbµAcν being their respective field-strengths. The fermionic

fields ψi,j represent general quark qi,j and lepton li,j doublet fields with their respective chiralities,

with i being the isospin index and j labeling the generation, ranging over the whole families of quarks

and leptons of the SM. Compactly, we have ψi,j = (qi,j , li,j). The covariant derivative of the fermionic

fields reads

Dµψ
I
i,j = ∂µψIi,j + ωµψIi,j − igYY BµψIi,j − ig2Wa,µT

a
ikψ

I
k,j + ig3Aµ,bt

b
IJψ

J
i,j . (3.2.3)

The quarks live in the fundamental representation of the color group SU(3)C with color indices

I, J = 1, 2, 3. The matrices T a and ta are the generators of SU(2)L and SU(3)C, respectively. The

hypercharge values Y are assigned according to each quark and lepton generation and their respective

chiralities. In this sense, right fermions do not couple to weak isospin. The coupling of the fermionic

fields with gravity is via the so(4)-valued spin-connection ωµ. Furthermore, the coupling of the Higgs
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doublet with the EW gauge group is done via the covariant derivative

DµΦi = ∂µΦi −
i

2
gYBµΦi − ig2Wa,µT

a
ijΦj . (3.2.4)

The gauge-fixing and the associated Faddeev-Popov ghost action for the EW and QCD sectors are,

respectively,

SEW
g.f. + S

EW
ghosts =

1

2ξW
∫
x̄
(∂µW a,µ)2 + 1

2ξB
∫
x̄
(∂αBα)2

+ ∫
x̄
(c̄(2)a ∂µ∂

µc(2)a − g2ϵabcc̄(2)a ∂α (Wc
αc
(2)
b )) , (3.2.5)

S
SU(3)
g.f. + SSU(3)

ghosts =
1

2ξA
∫
x̄
(∂µAa,µ)2∫

x̄
(c̄(3)a ∂µ∂

µc(3)a − g3fabcc̄(3)a ∂α (Acαc(3)b )) , (3.2.6)

For the Yukawa sector, we consider an approximation where only the top and bottom quarks have

nonvanishing (real) Yukawa couplings. The explicit action reads

Γk,Yukawa = ∫
x
yt (q̄Li,3ΦiqR1,3 + q̄R1,3Φ†iqLi,3) + ∫

x
yb (q̄Li,3Φ̃iqR2,3 + q̄R2,3Φ̃†iqLi,3) , (3.2.7)

where the spinorial and color indices are omitted and Φ̃i = iσij2 Φ
†
j with σ2 being the second Pauli

matrix. The third generation of the right chirality SU(2)L quark doublet is explicitly given by qRi,3 =
(tR, bR)T. Moreover, all the SM and beyond SM fields, including ghosts, are augmented by wave-

function renormalization factors, i.e., ϕSM ↦ Z
1/2
SM ϕSM and ϕDM ↦ Z

1/2
DM ϕDM, which encode the running

of all the respective attached fields, leading to the anomalous dimensions ηSM = −∂t logZSM and

ηDM = −∂t logZDM.

The gauge-fixed pure gravity sector of our truncated flowing action is given by the Einstein-Hilbert

action

Γk,grav =
1

16πGN
∫
x
(2Λ̄ −R(g)) + 1

2α
∫
x̄
ḡµνFµ[h; ḡ]Fν[h; ḡ] + ∫

x̄
C̄µMµν[h; ḡ]Cν , (3.2.8)

where R is the Ricci scalar, GN and Λ̄ are the scale-dependent dimensionful Newton coupling and

cosmological constant, respectively, and Cµ and C̄µ denote the Faddeev-Popov ghosts. Their dimen-

sionless counterparts are obtained through GN(k) = k−2G(k) and Λ̄(k) = k2Λ(k). The (full) metric is

expanded into an Euclidean background ḡµν = δµν and a dynamical (not necessarily small) fluctuation

piece hµν as

gµν = δµν +Z1/2
h (32πk

−2G(k))1/2hµν (3.2.9)

where Zh is the wave-function renormalization factor for the graviton hµν . The choice of a flat back-

ground is sufficient in order to compute the RG-flow of curvature-independent, matter couplings. The
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linear gauge-fixing function is

Fµ[h; ḡ] =
√
2Z

1/2
h (δ

α
µ ḡ

νβ − 1 + β
4

δνµḡ
αβ) ∇̄νhαβ, (3.2.10)

where α and β are gauge-fixing parameters. Here, ∇̄µ stands for the spacetime covariant derivative

defined with respect to the background metric. The Landau-gauge limit, α → 0, is adopted. The

corresponding Faddeev-Popov operator is computed from the gauge-fixing function Fµ[h; ḡ] and reads

Mµν[h; ḡ] =
√
2Z

1/2
h [∇̄

α (gµν∇α + gαν∇µ) − 2
1 + β
4

ḡαβ (∇̄µgνβ∇α) ]. (3.2.11)

Extensions

We first extend the Standard Model by a dark complex scalar S charged under a U(1)D gauge

symmetry with gauge boson Vµ. Explicitly, the gauge-fixed action reads [289]

S
U(1)D
DM = ∫

x
[1
4
VµνV

µν + (DµS)∗(DµS) + V (Φ, S)] + 1

2ξD
∫
x̄
(∂αV α)2 , (3.2.12)

where Vµν = ∂µVν − ∂νVµ is the field-strength tensor for the U(1)D gauge field and

DµS = ∂µS − igDVµS, (3.2.13)

in which gD is the U(1)D gauge coupling and Φ is the SU(2)L Higgs doublet. For explicit computations,

we adopt the Landau-gauge limit, i.e., ξD → 0 and the corresponding Faddeev-Popov ghosts only

contribute to the flow of the gravitational couplings. An additional unbroken Z2 symmetry is present,

under which the dark vector boson transforms as

Vµ ↦ −Vµ, (3.2.14)

while all other fields are even. This symmetry ensures the stability of the dark sector and prohibits a

kinetic mixing between the dark vector Vµ and the gauge field of the hypercharge sector of the SM,

i.e., a term of the form VµνB
µν , where Bµν = ∂µBν − ∂νBµ.

The scalar potential supplemented by a portal interaction with the Higgs doublet is given by [288]

V (Φ, S) =m2
HΦ

†
iΦi +

λH

6
(Φ†

iΦi)
2 +m2

SS
∗S + λS

6
(S∗S)2 + 2λp(Φ†

iΦi)(S
∗S), (3.2.15)

where the quartic couplings λH, λS and λp are dimensionless in four dimensions.

The second model to be considered is the non-Abelian SU(2)D extension. In this model, the DM

candidate comprises a SU(2)D vector triplet V a
µ with a = 1,2,3, alongside a complex SU(2)D doublet
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Si with i = 1,2. Explicitly, the gauge-fixed action is given, in this case, by [290]

S
SU(2)D
DM = ∫

x
[1
4
V a
µνV

a,µν + (DµSi)†(DµSi) + V (Φ, S)] + SSU(2)D
g.f. + SSU(2)D

ghosts , (3.2.16)

where V a
µν = ∂µV a

ν − ∂νV a
µ + gDϵabcV b

µV
c
ν is the field-strength of the SU(2)D gauge field and

DµSi = ∂µSi − igDVa,µT aijSj , (3.2.17)

where we use the same notation for the non-Abelian dark gauge coupling as in the Abelian case. These

couplings should be distinguished by the context. The matrices T a are the generators of the SU(2)D
dark gauge group. Gauge symmetry forbids kinetic mixing of the DM vector triplet V i

µ with SM gauge

fields. For this non-Abelian case, Faddeev-Popov ghosts do not decouple in the matter sector. In this

way, the proper gauge-fixing action along with the associated Faddeev-Popov ghost term are given by

S
SU(2)D
g.f. + SSU(2)D

ghosts =
1

2ξD
∫
x̄
(∂µV a,µ)2 + ∫

x̄
(c̄(D)a ∂µ∂

µc(D)a − gDϵabcc̄(D)a ∂α (Vcαc(D)b )) . (3.2.18)

The Landau-gauge limit is also chosen here. Similarly to the Abelian case, the potential is chosen with

the normalization

V (Φ, S) =m2
HΦ

†
iΦi +

λH

6
(Φ†

iΦi)
2 +m2

SS
†
i Si +

λS

6
(S†

i Si)
2 + 2λp(Φ†

iΦi)(S
†
iSi). (3.2.19)

These truncations are motivated by previous results that asymptotically safe gravity can induce a

near-perturbative UV completion for matter models, see, e.g., [188] and references therein. In such a

near-perturbative setting, the above truncations are likely to capture all relevant terms and are thus

sufficient for a first study.

We can proceed by using the FRG machinery to compute the beta functions of SM and DM

couplings including contributions due to gravitational fluctuations. Explicit expressions for the beta

functions are displayed in the Appendix B.

3.3 Approximations for the beta functions

In our analysis of the system of beta functions, we have considered the following approximations:

• We set m2
H and m2

S to zero in the beta functions of the gauge and Yukawa couplings. This

approximation allows us to integrate the flow of the gauge and Yukawa couplings independently

of the quartic couplings and mass parameters.

• We work within the 1-loop approximation: since the regulator function is typically chosen to

be proportional to the wave-function renormalization factors, their scale-derivative coming from

the right-hand-side of the flow equation generates further anomalous dimensions contributions.

Once these contributions are expressed in terms of the couplings, they lead to higher-order con-
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tributions in the couplings for the beta functions. Generally, from FRG-extracted beta functions,

the universal 1-loop results can be recovered for perturbatively renormalizable couplings by sim-

ply neglecting the additional anomalous dimensions contributuions coming from the regulator

insertions.

• We parametrize the flow of the dimensionless gravitational couplings G and Λ with a Heaviside

function according to

G(k) = G∗ θ(k −MPl) and Λ(k) = Λ∗ θ(k −MPl) , (3.3.1)

where G∗ and Λ∗ denote their fixed-point values, corresponding to the zero of the gravitational beta

functions in [202]. This parameterization is a good approximation of the flow resulting from the inte-

gration of the beta functions in [202]. In particular, it implements the decoupling of the gravitational

contributions below the Planck scale. We note that this decoupling is not due to true massive threshold

effects, but due to the fact that the (dimensionful) Newton coupling is approximately constant below

the Planck scale, i.e., it is due to gravity transitioning into the classical-gravity regime.

3.4 Results

3.4.1 Constraints from direct detection experiments

There are several ways of constraining DM models in the IR including via direct and indirect

detection, hidden decays and from requiring the correct relic density. We focus here on constraints

coming direct detection Earth-based experiments. In this type of experiment, the DM candidate from

e.g. the Milky Way scatters off the nucleon of a noble gas element such as Xenon in the XENON1T

experiment [291]. One would then measure the recoil of the nucleon and from that deduce the mass of

the DM particle which hit it. Currently, the experiments that provide the most stringent constraints

on DM are the XENONnT [292], LUX-ZEPLIN (LZ) [293] and PandaX-4T [294] experiments. We

assume that the presented models account for all of dark matter. We, thus, require a relic density of

Ωch
2 = 0.120±0.001 [274]. This requirement is satisfied on a single line in the coupling-mass parameter

space for both U(1)D and SU(2)D models, as displayed in Fig. 3.1.

An overview of the constraints of the U(1)D model can be found in [288], which focuses on DM

masses MV < O(10) TeV (cf. Fig. 3.1). Then, the DM mass is constrained to around 1 TeV with a

coupling 0.66 ≤ gD ≤ 0.7.

In the following section we will investigate three points in parameter space to illustrate the general

situation. Besides one point in the phenomenologically viable area, we also investigate two points at

lower values of the coupling, gD = 0.1 and gD = 0.25. Despite being excluded due to an overproduction

of the DM relic density from thermal freeze-out according to [288], we include them in our study to
5The neutrino floor denotes a theoretical limit on WIMP-like DM models that could be discovered in direct detection

experiments. Usually it is interpreted as the point at which DM signals are hidden underneath a similar-shaped neutrino
background, since the recoil signatures of neutrinos and DM can be very much alike.
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Figure 3.1: The red line indicates the correct relic abundance, Ωh2 = 0.12 [274]. The yellow region represents the excluded
region by the LZ experiment [293], the green region indicates the XENON1T experiment [291], the purple region indicates
the LHC constraint for Higgs decay into two dark scalars [295, 296], the orange region indicates the neutrino floor5 [297]
and the gray region is the projected 90% confidence level exclusion limit constraint from the XENONnT experiment
[292]. Plots extracted from [288].

illustrate the exclusion mechanism from asymptotic safety. Furthermore, assuming a mass of MV =
911GeV for the vector DM candidate, these parameter points are also excluded by direct detection

experiments such as XENON1T and LZ [298, 299].

For the SU(2)D model, there is a small unconstrained region similar to the U(1)D model for 0.7 ≤
gD ≤ 0.8 (cf. Fig. 3.1). Alternatively, one can consider the case where the coupling is gD ≥ 2, where

the model generally escapes constraints from direct detection. Arguably this comes at the price of

departing from the perturbative regime. Depending on how heavy a DM mass one considers, the

larger the mass, the larger the coupling [288].

3.4.2 Constraints from asymptotic safety on U(1)D dark matter

In this section, we explore asymptotically safe RG-trajectories emanating from UV fixed points

obtained from the beta functions presented in Appendix B. Here, we focus on the U(1)D DM model to

discover whether asymptotically safe constraints are compatible with the phenomenological constraints

from direct detection experiments reviewed above.

We focus on fixed-point solutions with vanishing non-Abelian gauge and bottom Yukawa couplings,

i.e.,

g2,∗ = 0 , g3,∗ = 0 and yb,∗ = 0 . (3.4.1)

This choice is motivated by: i) the fact that g2 and g3 are asymptotically free even without gravity;

ii) previous studies in ASQG indicating that one can accommodate the IR-measured value of yb on

an RG-trajectory starting from yb,∗ = 0 [202], whereas a nonzero fixed-point value of yb results in a

prediction of the ratio of the top and bottom mass [204] that is not our focus here.

Using the beta functions for the gravitational couplings reported in [202] to compute their fixed-

point values, we find

G∗ = 2.78 and Λ∗ = −3.58 , (3.4.2)
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FP gD,∗ gY,∗ g2,∗ g3,∗ yt,∗ yb,∗ Stable
V∗(Φ, S)?

i 0, rel 0, rel 0, rel 0, rel 0, rel 0, rel Yes (Flat)
ii 0, rel > 0, irrel 0, rel 0, rel > 0, irrel 0, rel Yes
iii 0, rel 0, rel 0, rel 0, rel > 0, irrel 0, rel Yes
iv 0, rel > 0, irrel 0, rel 0, rel 0, rel 0, rel No
v > 0, irrel 0, rel 0, rel 0, rel 0, rel 0, rel No
vi > 0, irrel > 0, irrel 0, rel 0, rel 0, rel 0, rel No
vii > 0, irrel 0, rel 0, rel 0, rel > 0, irrel 0, rel No
viii > 0, irrel > 0, irrel 0, rel 0, rel > 0, irrel 0, rel No

Table 3.1: Classification of fixed-point solutions for the gauge-Higgs-top-bottom system with U(1)D DM sector with
gravity. Herein, “rel” stands for relevant directions and “irrel” denotes irrelevant directions. V∗(Φ, S) stands for the
scalar potential evaluated at the fixed-point values of the mass parameters and quartic couplings. We note that the fixed
point (i) has a flat scalar potential, i.e. V∗(Φ, S) = 0

which are obtained by setting the matter content to that of the SM plus the U(1)D DM model.

In total, there are eight fixed-point candidates compatible with Eq. (3.4.1) and Eq. (3.4.2). In

Tab. 3.1, we classify the different fixed points in terms of the signs and (ir)relevance of gauge and

Yukawa couplings.

First, we note that the fixed points with non-vanishing gauge coupling gD (FP’s (v)-(viii), cf. Tab. 3.1)

lead to a negative (unstable) scalar potential in the fixed-point regime, i.e., at least the dark quartic

scalar coupling λS is negative at the fixed point. This is a consequence of the signs of the g4D and g2D

contributions to βλS and βm2
S
, respectively, cf. Eq. (B.0.11) and Eq. (B.0.17). That these terms can

trigger negative quartic couplings is a generic result and holds whenever the gravitational contribution

is not too large, see Tab. 1 in [300].

Similarly, the fixed point with gY,∗ > 0 and yt,∗ = 0 (FP (iv), cf. Tab. 3.1) leads to negative

fixed-point values for λH and m2
H through a similar type of terms in the respective beta functions.

In our study, we stay within a near-perturbative regime and therefore assume that the quadratic and

quartic terms in the potential are sufficient. We further assume that the fixed-point potential should

be stable in order to yield a well-defined path integral. Thus, we will not investigate RG-trajectories

emanating from fixed-point candidates with negative values of quartic couplings.

Second, we also disregard the fixed point (ii) in Tab. 3.1. This is motivated by previous studies in

ASQG indicating that a fixed point with gY,∗ > 0 leads to a prediction of the IR value of the hypercharge

gauge coupling that is approximately 35% larger than the measured value [203]. The fixed-point value

here is different than in [203], because it is affected by the dark degrees of freedom which change the

gravitational fixed-point values and therefore the fixed-point values of matter couplings. Nevertheless,

the change is not sufficient to produce the correct value of the gauge coupling in the IR. The fixed-

point value of the hypercharge gauge coupling with DM degrees of freedom is gY,∗ = 1.143, whereas its

Planck-scale value in the Standard Model is significantly smaller.

The remaining viable fixed points are the candidates (i) and (iii) in Tab. 3.1. We focus on the

fixed point (iii), which is the most predictive among the viable options. In particular, we note that the

top Yukawa coupling corresponds to an irrelevant direction at the fixed point (iii), which means that

one can predict its IR value as a function of the relevant couplings. At the same time, this prediction
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IR values at k = 173 GeV
Coupling gD = 0.10 gD = 0.25 gD = 0.66
gY (free par.) 0.35 0.35 0.35
g2 (free par.) 0.65 0.65 0.65
g3 (free par.) 1.17 1.17 1.17
yt (pred.) 0.665 0.664 0.665
λH (pred.) -3.88 ⋅ 10−2 -4.15 ⋅ 10−2 -3.87 ⋅ 10−2
λS (pred.) -9.77 ⋅ 10−4 -4.27 ⋅ 10−2 -4.63 ⋅ 107
λp (pred.) -3.13 ⋅ 10−7 -2.16 ⋅ 10−6 -1.86
m2

H (free par.) -0.005 -0.005 -0.005
m2

S (free par.) -0.5 -0.5 -0.5

Table 3.2: We show IR values of various couplings in the U(1)D DM model evaluated at k = 173 GeV for different IR
values of gD. The label “free par.” indicates that the RG-flow allows us to choose the IR value of the corresponding
coupling, since it is a free parameter. In contrast, the label “pred.” indicates that the IR value is a prediction of an
RG-trajectory with asymptotically safe boundary condition.

corresponds to an upper bound on values of the top Yukawa coupling achievable from fixed point (i).

Due to this property, we will see that by ruling out fixed point (iii), we simultaneously rule out fixed

point (i).

The quartic couplings λH, λS and λp are also irrelevant at this fixed point. Thus, their IR values

are predictions of the RG-trajectories emanating from such a fixed point. Explicitly, the fixed point

(iii) is located at
gY,∗ = 0 , g2,∗ = 0 , g3,∗ = 0 , gD,∗ = 0,

yt,∗ = 0.20 , yb,∗ = 0,

λH,∗ = 5.56 ⋅ 10−3, λS,∗ = 0, λp,∗ = 0,

(m2
H)∗ = 7.59 ⋅ 10

−4, (m2
S)∗ = 0 .

(3.4.3)

Note that the scalar potential at this fixed point is flat in the dark scalar direction.

We obtain RG-trajectories by integrating the system of beta functions reported in Appendix B

with boundary conditions corresponding to the fixed point in (3.4.3). In the integration process, we

select the RG-trajectories to match the appropriate IR values for relevant couplings gY, g2, g3 and yb.

In particular, we use their reference one-loop values at kIR = 173GeV [6]. We decouple the bottom

Yukawa coupling by approximating yb ≈ 0. In Tab. 3.2, we summarize the IR values of the various

couplings at 173GeV.

We investigate the three benchmark values for the U(1)D dark gauge coupling,

gD(MV = 911 GeV) = 0.10, 0.25, 0.66 , (3.4.4)

fixed at a phenomenologically relevant mass scale. The latter matches the phenomenologically viable

point explored in [288] (cf. Fig. 3.1).

In Fig. 3.2, we plot the RG-trajectories for various couplings in our model. In the first row, we show

the gauge and Yukawa couplings, which show a SM-like behavior for the SM gauge couplings. The dark

gauge coupling is asymptotically free (which is a crucial difference to the setting without gravity) and

decreases very slowly in the IR. The top Yukawa coupling increases towards the IR from its fixed-point
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Figure 3.2: RG-trajectories of various couplings in the U(1)D DM model for different IR values of the dark gauge coupling,
gD(MV = 911 GeV) = 0.10 (left), 0.25 (middle) and 0.66 (right panels). The top panels depict top Yukawa and gauge
couplings, where the RG-flow of the bottom Yukawa coupling is omitted and we employ the normalization g1 =

√
5/3gY.

The middle panels illustrate scalar couplings, with negative values (dashed lines) indicating unstable potential in both
the Higgs and dark scalar directions, posing a challenge to asymptotic safety. Finally, the bottom panels display the
dimensionless mass parameters of the Higgs and the dark scalar.

value. Its predicted value in the IR is too low compared to measurements [301, 302]. This is different

from the result in [202], where the predicted value was compatible with the experimentally determined

value. The difference between the two settings are the dark sector degrees of freedom. These impact

the top Yukawa coupling indirectly: they change the gravitational fixed-point values, which in turn

change the top Yukawa fixed-point value.

In the second row of Fig. 3.2, we show RG-trajectories corresponding to the quartic couplings λH,

λS and λp. All quartic couplings become negative in the IR. This is caused by gauge field fluctuations,

encoded in the g4D-term in the beta function βλS . Since the term proportional to g4D has a positive

coefficient, it drives the quartic coupling towards negative values in the IR. In the beta functions for

λH and λp, there is a competition between positive and negative terms. In the UV, the negative terms

dominate, such that λH and λp flow towards positive values. Further in the IR, the positive terms in

λH and λp start to dominate over the negative ones, thus pushing λH and λp towards negative values.

The transition from positive to negative values of λH and λp happens around k = 1021 GeV. All quartic

couplings remain negative below this scale.

Furthermore, we have verified that the Higgs and dark quartic couplings flow towards negative

IR values even when the mass parameters are excluded from the system of RG equations. The main
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Figure 3.3: RG-trajectories of the dimensionful mass parameters (
√
m2
i k

2 with i = H,S) for various IR values of the dark
gauge coupling, gD(MV = 911 GeV) = 0.10 (left), 0.25 (middle) and 0.66 (right panel).

difference is that, in this case, the portal coupling vanishes along the entire RG-trajectory.

In the third row of Fig. 3.2, we plot the RG-trajectories for the dimensionless (squared) mass

parameters m2
H and m2

S (see also Fig. 3.3 for RG-trajectories of the dimensionful mass parameters

(
√
m2
i k

2 with i = H,S) in the IR region). For the Higgs mass parameter, we obtain the same behavior

for all the benchmark values of the dark gauge coupling gD. As we see, the running of m2
H oscillates

between positive and negative values. We select its IR value according to Tab. 3.2 as an attempt to

obtain spontaneous symmetry-breaking in the IR. The dark mass parameter departs from its fixed-point

value (m2
S)∗ = 0 in the UV towards negative values. It remains negative all the way to the deep IR for

the benchmark values gD(k = 911GeV) = 0.10 and gD(k = 911GeV) = 0.25. For gD(k = 911GeV) = 0.66,
m2

S becomes positive in the IR.

The overall picture we obtain is this: starting from an asymptotically safe transplanckian regime

one can connect the gauge couplings to phenomenologically viable values in the IR. There are, however,

two problems with other couplings. First, the top quark Yukawa coupling is predicted to be significantly

smaller than the measured value. Because this prediction also serves as an upper bound for top-Yukawa-

values of fixed point (i), it also puts fixed point (i) in tension with experiment. Second, the quartic

scalar couplings run towards negative IR values, which results in a perturbatively unstable scalar

potential.6 This is a strong indication that the U(1)D DM model explored in [288] is incompatible

with ASQG. We emphasize that this conclusion is not just a consequence of the specific benchmark

values used in our analysis. The instability of the scalar potential is a general consequence of the

positive contribution involving gauge couplings to the 4th power in the beta functions for the quartic

couplings. Therefore, different benchmark values of gD(k = 911GeV) can change quantitative details,

but without changing our qualitative results.

3.4.3 Constraints from asymptotic safety on SU(2)D dark matter

The RG flow obtained with the SU(2)D DM model shares many of the features with the U(1)D
model discussed in the previous section. Nevertheless, there are important differences:

• First, the non-Abelian dark gauge coupling gD is asymptotically free even in the absence of
6In our setting, we cannot exlude that a non-perturbative IR setting may be phenomenologically viable and feature

a stable potential in the presence of higher-order terms.
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gravity. This reduces the number of fixed-point candidates, as gD,∗ = 0 is the only possibility of

UV completion for the non-Abelian dark gauge coupling. In this case, the possible fixed-point

candidates share the same feature as the candidates (i)-(iv) in Tab. 3.1.

• Second, using the matter content of SU(2)D DM model, one obtains the fixed-point values G∗ =
1.88 and Λ∗ = −2.19. At this fixed point, the value for the cosmological constant lies outside the

viable region for UV completion of Yukawa couplings (Λ ≲ −3.3 [202]), i.e., the Yukawa couplings

vanish at the Planck scale.

In principle, one can argue that the last point already indicates the incompatibility between the

SU(2)D DM model with ASQG. However, the fixed-point values of the gravitational couplings are

subject to large systematic uncertainties, and it is interesting to explore the qualitative features of the

RG-flow independently of specific values of G∗ and Λ∗.

We thus explored RG-trajectories obtained by integrating the flow with benchmark values for

G∗ and Λ∗ lying inside the viable region for UV completion in the Yukawa sector. We focused on

trajectories with boundary conditions corresponding to a UV fixed point with similar features as the

fixed-point candidate (iii) in Tab. 3.1. The resulting trajectories are similar to the ones obtained in

the previous subsection.

In particular, the RG-flow drives the quartic scalar couplings to negative values in the IR, resulting

in a perturbatively unstable scalar potential. Again, this is a consequence of positive contributions

to the beta functions of the quartic scalar couplings that are proportional to the gauge couplings.

This result constitutes a strong indication of the incompatibility between the SU(2)D DM model and

ASQG. We refer the reader to [188] for an up-to-date status of DM models which have indications of

being compatible with ASQG.
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Chapter 4

Fate of Chiral Symmetry in

Riemann-Cartan Spaces

4.1 Light fermions

In the Standard Model, the masses of all quarks and leptons, that constitute our visible Universe,

are very much light as compared to the Planck scale. The generation of masses for fermions is related

to the breaking of chiral symmetry. This symmetry merely rotates the left- and right-handed chiralities

of a Dirac fermion field, ψL and ψR
1, into each other independently, prohibiting the formation of a mass

term mψψ̄ψ =mψ(ψ̄RψL + ψ̄LψR), see also Subsection (4.2.1). At two distinct energy scales, there are

two independent mechanisms in the Standard Model that underpin the generation of fermion masses.

First, at the Fermi scale (or electroweak scale), characterized by the vacuum expectation value (VEV) of

the Higgs field, vEM ≈ 246 GeV, the Englert-Brout-Higgs-Guralnik-Hagen-Kibble mechanism2 generates

current masses for the quarks and charged leptons3 triggered by the Higgs-Yukawa couplings [303–306].

Below this, at the QCD scale ΛQCD = O(100) MeV, the masses of the nucleons (protons and neutrons)

are lifted dynamically through the interactions of quarks with gluons, leading to the constituent-quark

masses.

For instance, focusing on the light quark sector of the SM, comprised of the up and down quarks, the

current-quark masses of the light u and d quarks are of order of a couple of MeV, (mu/d)cur ≈ 3−5 MeV,

which are two orders of magnitude smaller than the constituent-quark masses, (mu/d)con ≈ 300 − 400
MeV. Since the proton is made up of three quarks (uud), this explains why about 99% of the mass

of the proton (which is ≈ 938 MeV) is dynamically produced in QCD. This mechanism is also called

dynamical chiral symmetry breaking (DχSB), which is a nonperturbative effect as it is rooted in the

low-energy regime of QCD, where notably the strong coupling αQCD is large.

On the other hand, it is conceivable that the attractive nature of gravity could induce genera-
1The left- and right-handed chiralities of a Dirac fermion field is defined through the chiral projectors, PR,L = 1

2
(1±γ5),

with ψR,L = PR,Lψ.
2For brevity, from now on, we will only refer to it as “the Higgs mechanism”.
3The Higgs mechanism also generates masses for the gauge bosons of the weak interactions, i.e., the W ± and Z0

vector bosons.
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tion of nontrivial fermionic bound states in a nonperturbative regime due to metric fluctuations and,

consequently, breaking chiral symmetry. In this scenario, the mass spectrum of all fermions in our

Universe would be of the order of the Planck mass, being thus incompatible with observations. In this

sense, one could conceive of a number of mechanisms that could break chiral symmetry in quantum

gravity. Here, we focus on three mechanisms. The first is due to induced graviton fluctuations. This

has been investigated in the context of asymptotically safe quantum gravity and no induced interaction

terms that could violate chiral symmetry were observed thus far [222, 225]. A regulator function that

explicitly violates chiral symmetry could change this conclusion.

Nevertheless, graviton fluctuations induce fermions (self-)interactions [200, 219, 221, 223, 307],

being the second mechanism considered. The class of interactions induced by gravity belongs to the

chirally-symmetric four-fermion interactions of the Nambu-Jona-Lasinio type, which are characterized

by dimension-six operators of the form

SInduced−4F =
1

16πGN
∫
x

√
detg (λ̄+ (V +A) + λ̄− (V −A)) , (4.1.1)

with the local four-fermion operators for NF flavors

V = (ψ̄iγµψi)(ψ̄jγµψj), A = (ψ̄iiγµγ5ψi)(ψ̄jiγµγ5ψj), (4.1.2)

where i, j ∈ {1, . . . ,NF} and the sum over the indices i, j,⋯ is implied. This class of induced four-

fermion interactions has also been investigated within the asymptotic safety framework of quantum

gravity [200, 219, 221]. In particular, the combination of Abelian gauge and metric fluctuations leads

to a lower bound on the number of charged fermions in order for chiral symmetry to be intact [307].

However, in a QCD-gravity system, topology-changing fluctuations induced by gravitational instantons

possibly lead to anomalous spontaneous chiral-symmetry-breaking at the Planck scale [308].

The third aspect of the interplay between gravity and chiral symmetry breaking is the mechanism

of gravitational catalysis, which is already operative on classical geometries [168, 309–336]. In this

case, a negative spacetime curvature, which encodes the effects of the gravitational background field,

generates an effective mass term for fermionic systems. In this sense, an anti-de Sitter geometry

catalyses nontrivial bound-state formation. In particular, this phenomenom is a consequence of an

effective dimensional reduction in the spectrum of the Dirac Laplacian. The mechanism of gravitational

catalysis resembles the magnetic catalysis of chiral symmetry breaking for (2+1)-dimensional fermionic

systems placed in a magnetic background field [337–340].

In [334], the mechanism of gravitational catalysis was used in conjunction with the effects of metric

fluctuations in ASQG to establish a bound on the curvature of local patches of spacetime by demanding

long-range chiral symmetry to remain intact. As pointed out in [334], the mechanism of gravitational

catalysis produces an upper bound on the number of fermions that are compatible with chiral symmetry.

This result was later extended to include thermal effects [335].

So far, studies of the phenomenon of gravitational catalysis are mostly restricted to formulations

of gravity where the spacetime geometry is fully characterized by the metric. However, there are other
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proposals of gravitational theories that give rise to richer geometric structures. For example, the general

class of metric-affine theories [19, 341, 342] treats the spacetime metric and the affine connection as

independent objects. In contrast to the metric formulation, where the spacetime geometry can be

entirely specified by the curvature tensor, in the metric-affine formulation, the spacetime geometry

also depends on information about the nonmetricity and the torsion tensors. The general class of

metric-affine theories includes Palatini [343–345] and teleparallel [346–348] theories as special cases.

Within metric-affine theories, we can also describe gravity in such a way that the metric and

the affine connection are built in terms of more fundamental (and independent) objects, namely, the

vierbein and the spin connection. A particular case is the so-called Einstein-Cartan theory, see [14–

19]. In general, the spacetime geometry encoded in the Einstein-Cartan formalism is characterized by

curvature and torsion. The Einstein-Cartan formulation has the appealing feature of bringing gravity

to a language that is closer to the other fundamental interactions. The spin connection is the gauge field

associated with local Lorentz symmetry, thus playing a similar role to the gauge bosons in Yang-Mills

theories.

The Einstein-Cartan formalism is naturally related to some approaches to quantum gravity, such

as loop quantum gravity and spin foams [349, 350]. In this context, spin foam models formulated in

terms of BF -theories exhibit a correspondence to the Einstein-Cartan action augmented with the Holst

term. The Holst action was also investigated in the context of ASQG, pointing toward the viability of

an asymptotically safe theory formulated in terms of Einstein-Cartan formalism [351].

The Einstein-Cartan theory is classically equivalent to the Einstein-Hilbert theory in the absence

of fermions. In the presence of fermions, torsion is naturally sourced and metric and torsion (or

more naturally, metric and affine connection) are independent fundamental variables. Indeed, in this

case, torsion is, on-shell, expressed in terms of fermionic bilinears. Once it is plugged back into the

original action, it gives rise to a metric theory with additional dimension-six operators accounting for

the interaction of fermionic axial4 currents [354–356]. In this scenario, phenomenological implications

for inflation and dark matter production were investigated in [353, 357]. At the quantum level, it is

expected that the Einstein-Cartan theory is not equivalent to the quantum Einstein-Hilbert formalism.

Thus, in the search for a theory of quantum gravity, it would be helpful to have a classification of the

degrees of freedom we should account for in the quantization process.

In this chapter, we explore the possibility of using the interplay between chiral symmetry breaking

and gravity to gain some insights on the allowed geometric structures in a gravitational theory due

to its coupling to matter degrees of freedom. We focus on the Einstein-Cartan theory, where the

spacetime geometry can exhibit nonvanishing torsion. Focusing on a fermionic system coupled to a

gravitational background with nonvanishing torsion, we study the impact of the background torsion

on the dynamics of four-fermion interactions. In particular, our goal is to understand whether torsion

acts in favor or against chiral symmetry breaking, and whether torsion can also act as a gravitational
4The presence of torsion allows for nonminimal Dirac kinetic terms (see, e.g., [352, 353]), which then generate inter-

actions of parity-violating axial-vector currents and vector-vector currents. In this work, we leave out the possibility of
considering these nonminimal interactions.
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catalyzer. Our findings suggest that spacetime torsion acts in favor of chiral symmetry breaking, but

not enough to engender gravitational catalysis.

4.2 Chiral symmetry breaking mechanism in Riemann-Cartan back-

ground

4.2.1 Setup

In this section, the general setup for the investigation is presented. In this first part, we give a brief

detour on the main features of the Riemann-Cartan geometry, which forms the basis for the Einstein-

Cartan formulation, or otherwise generically known as the first order formalism of gravity [358]. In

the second part, we present the fermionic system chosen to probe the fate of chiral symmetry in the

presence of both curvature and torsion.

Overview of Riemann-Cartan geometry

In Riemann-Cartan geometry, the spacetime geometry is characterized by the tetrad/vierbein 1-

form ea(x) = eaµ(x)dxµ and the spin connection 1-form ωab(x) = ωabµ(x)dxµ, with x being a arbitrary

spacetime point over a four-dimensional5 differentiable manifold M. The spin-connection ωab(x) de-

fines the notion of parallel transport of tensors onM as it is deeply connected with the affine connection

(see discussion below). Here and hereafter, the Latin frame indices a, b, c, . . . refer to coordinates in

the tangent space Tx(M) of the manifold, while Greek world indices µ, ν,α, . . . refer to local space-

time coordinates in a given chart. Throughout this chapter, the quantum fields are written within

Euclidean signature, since functional renormalization group methods will be employed6. In this way,

Tx(M) corresponds to Euclidean flat space of flat metric δab = diag(+,+,+,+). Nevertheless, the term

spacetime will still be used to refer to the background space where quantum fields are defined.

For every spacetime point x ∈ M, a coordinate system xµ is related to a local inertial frame xa in

the tangent space by means of the isomorphism dxa = eaµ(x)dxµ and dxµ = eaµ(x)dxa, with ea
µ(x)

being the inverse of the vierbein field [12, 360]. In this sense, the isomorphism relations ensure the

metric field arises as a composite field built from the vierbein as gµν(x) = eaµ(x)ebν(x)δab. An infinite

number of inertial frames are connected to each other by means of an SO(4) transformation, leaving

the metric field invariant. For this Euclidean orthonormal frame, these local frame rotations form the
5In d dimensions, eaµ(x) is called the vielbein, while for specific dimensions, one has zweibein, dreibein, vierbein and

so on for, respectively, 2,3,4, . . . .
6See [117, 118, 121, 122, 253–256, 359] for recent developments on Lorentzian formulation of the functional renor-

malization group with a direct or indirect focus toward a quantum field theory of gravity or general quantum fields on
curved backgrounds.
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isometry group of the Euclidean spacetime.7

We define the covariant derivative acting on objects with frame (implicit) and world indices by the

following rule

DµAν1... νk = (∂µ + ωµ)Aν1... νk −
k

∑
i=1

ΓλµνiAν1... νi−1λνi+1... νk , (4.2.1)

where ωµ = 1
2ω

ab
µΣab, with Σab being the generators of the orthogonal group. Both ωabµ and Σab

are antisymmetric in the tangent space indices, i.e., ωabµ = −ωbaµ and Σab = −Σba. The compatibility

conditions on both the vierbein and the metric are assumed, which are expressed byDµe
a
ν = 0 (vierbein

postulate) and Dµgνλ = ∇µgνλ = 0, where ∇µ is the standard covariant derivative that acts on objects

containing only world indices, thus depending only on the affine connection Γαµν . The compatibility

conditions ultimately ensure that the nonmetricity tensor, Qµνλ = ∇µgνλ, vanishes8 and allow us to

establish a relation between the spin connection and the affine connection, namely

Γλµν = eaλ(∂νeaµ + ωabνe
b
µ). (4.2.2)

Equation (4.2.2) implies that the affine connection Γαµν is not necessarily symmetric in its two lower

indices. The antisymmetric contribution of the connection Γαµν defines the torsion tensor T λµν =
ea
λT aµν = Γλµν − Γλνµ, which can be written as the field strength of the vierbein, i.e.,

T aµν = ∂µeaν − ∂νeaµ + ωacµecν − ωacνecµ. (4.2.3)

In the case of vanishing torsion tensor, the affine connection is symmetric in its lower indices, being

thus given by the Levi-Civita connection and GR is recovered.

Additionally, the field strength of the spin connection defines the Riemann-Cartan curvature ten-

sor9. Its components in the dual basis reads

Rabµν = ∂µωabν − ∂νωabµ + ωacµωcbν − ωacνωcbµ. (4.2.4)

The vierbein can be used to recast local indices in favor of world indices, namely Rαβµν = e
α
a eβ bR

ab
µν ,

which is the usual Riemann tensor related to the affine connection Γαµν .

7For a Minkowski flat tangent space, the local inertial coordinate system enforces the strong equivalence principle
[360], which states that at every point in spacetime, it is always possible to find an orthonormal basis (excluding thus
the effects of gravity). In this sense, for local spacetime regions, the laws of special relativity hold. Put differently,
tangent spaces of flat Minkowskian metric are equivalent to freely falling local reference frames. In this case, locally
there are infinite equivalent tangent spaces connected by local Lorentz transformations via e′aµ(x) = Λab(x)ebµ(x), with
Λab(x) ∈ SO(1,3), and the isometry group of the Minkowski space is given by the Lorentz group.

8Geometrically, if the nonmetricity tensor does not vanish, then the norm of a vector is not preserved under parallel
transport. For metric-affine Langrangians under suitable conditions, a priori a nonvanishing nonmetricity tensor would
imply the propagation of a potentially dangerous free massless spin-3 particle [342, 361, 362].

9The geometrical interpretation of curvature and torsion is quite simple. The curvature tensor carries information on
the failure of the parallelogram rule of vector addition. In other words, it describes how the orientation of a vector gets
modified by a parallel transport around a closed path. If, additionally, torsion is present, then the parallelogram formed
by the parallel transport of any two vectors will not close.
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One can solve Eq. (4.2.3) for the spin connection, resulting in the following expression

ωabµ =
○

ωabµ(e) +Kab
µ(e, T ). (4.2.5)

The first term is the so-called Levi-Civita spin connection and encodes the torsion-independent part

of ωabµ. One can express the Levi-Civita spin connection solely in terms of the vierbein, namely

○

ωabµ(e) =
1

2
ecµ (Ωabc +Ωbca −Ωcab) , (4.2.6)

where Ωabc = eaνebλ (∂νecλ − ∂λecν). Throughout this chapter, a circle on top of geometrical objects

indicates association with the torsionless part of the underlying geometry. The second term in (4.2.5)

is the contorsion tensor defined by

Kab
ν =

1

2
(eaλebµ − ebλeaµ)(Tλµν − Tµνλ + Tνλµ). (4.2.7)

Note that this tensor is antisymmetric in its first two indices. Moreover, Eqs. (4.2.4) and (4.2.5) allow

us to write the relation

Rαβµν =
○

R
α
βµν +

○

∇µKα
βν −

○

∇νKα
βµ +Kα

λµK
λ
βν −Kα

λνK
λ
βµ, (4.2.8)

where ∇̊µ and
○

Rλρµν denote, respectively, the covariant derivative and Riemann curvature tensor

associated with the (torsionless) Levi-Civita connection
○

Γαµν (Christoffel symbols). We emphasize

that the Riemann-Cartan curvature tensor Rαβµν is no longer symmetric under simultaneous change

of pair of indices. Due to this missing symmetry, the Ricci tensor constructed from the Riemann-

Cartan curvature tensor, Rµν = Rαβαν , is no longer symmetric (Rµν ≠ Rνµ). For completeness, the

corresponding Ricci scalar for the connections Γλµν is the unique contraction R = Rµνµν and it is

written in terms of the torsion tensor as

R =
○

R +
1

4
TαβλT

αβλ + 1

2
TαβλT

βαλ + TααβT λβλ − 2
○

∇βTααβ. (4.2.9)

Note that the last term ∝ 2
○

∇βTααβ can be disregarded. In manifolds with boundary, this term would

give rise to a surface contribution.

Four-fermion interactions in a Riemann-Cartan framework

We aim to study the impact of torsion on the fate of chiral symmetry. For this purpose, we

consider the NJL model [163, 363] for a system with NF Dirac fermions in a curved background with

nonvanishing torsion. The starting point is a chirally symmetric (Euclidean) action comprising the

(V +A)-channel of four-fermion interactions

S[ψ, ψ̄; e] = ∫
x
( i
2
(ψ̄iγµDµψ

i −Dµψ̄
iγµψi) − λ

4
(V +A)), (4.2.10)
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with local (dimension-six) four-fermion operators10 of the form of (4.1.2). Herein, we adopt the short-

hand notation ∫x = ∫ d
4x ∣e∣ for the integral over the four-dimensional spacetime with ∣e∣ = det(eaµ) =

√
detg. The Dirac gamma matrices in a curved background are connected to their tangent/flat

space counterparts via the vierbein, i.e., γµ = eaµγa, and satisfy the (Euclidean) Clifford algebra

{γµ, γν} = 2gµν14 and γ5 = γ0γ1γ2γ3 (see App. (A) for more details on Euclidean conventions). The

covariant derivative acts on Dirac fermions according to

Dµψ = ∂µψ +
1

8
ωabµ[γa, γb]ψ , (4.2.11)

Dµψ̄ = ∂µψ̄ −
1

8
ωabµ ψ̄ [γa, γb] . (4.2.12)

The action (4.2.10) is symmetric under the global chiral group SU(NF)L × SU(NF)R, which corre-

sponds to transformations of the form

ψi ↦ ψ′i = (UR)ij PRψj + (UL)ij PLψj , (4.2.13)

ψ̄i ↦ ψ̄′i = ψ̄jPL (U †
R)ji + ψ̄jPR (U †

L)ji , (4.2.14)

where U †
R,LUR,L = UR,LU

†
R,L = 1 with PR,L = 1

2(1±γ5). Such symmetry is spontaneously broken if a finite

condensate ⟨ψ̄ψ⟩ is generated. As discussed in the introduction, a four-fermion operator of the form

(V −A) is also allowed by chiral symmetry. However, our analysis is restricted to the (V +A)-channel,

which is the channel related to chiral symmetry breaking 11.

By using the technique of Fierz rearrangements (see App. (A.2)), the (V +A)-channel can be recast

in terms of scalar and pseudoscalar channels, according to

V +A = −2 [(ψ̄iψj)(ψ̄jψi) − (ψ̄iγ5ψj)(ψ̄jγ5ψi)] . (4.2.15)

Equation (4.2.15) can be further rewritten in terms of the chiral components, ψi = ψiR + ψ
i
L (with

ψiR,L = PR,Lψ
i), as

V +A = −8(ψ̄iLψ
j
R)(ψ̄

j
Rψ

i
L). (4.2.16)

Thus, the action (4.2.10) turns into

S[ψ, ψ̄; g] = ∫
x
( i
2
(ψ̄iγµDµψ

i −Dµψ̄
i γµψi) + 2λ (ψ̄iLψ

j
R)(ψ̄

j
Rψ

i
L)) . (4.2.17)

The investigation on the fate of chiral symmetry becomes easier if we consider a partially bosonized

version of the four-fermion model in (4.2.17), which can be achieved by a Hubbard-Stratonovich trans-

formation [167, 168]. In this way, the four-fermion interaction can be translated into a Yukawa-like

interaction with new scalar degrees of freedom. The bosonized formulation of the action (4.2.17) can
10The reader should be cautious with the use of Latin indices for both tangent space indices and internal labels for

fermionic fields. Letters from the beginning of the alphabet are used to denote tangent space indices, while lettes from
the middle of the alphabet are devoted to internal labels of Dirac fermions.

11The (V −A)-channel might be associated to the generation of a vector condensate [167].
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be written as

SB = ∫
x
( i
2
(ψ̄iγµDµψ

i −Dµψ̄
i γµψi) + 1

2λ
tr(ϕ†ϕ) + iψ̄i [PL(ϕ†)ij + PRϕij]ψj) , (4.2.18)

where we have introduced a conjugate pair of matrix-valued fields ϕ and ϕ†, both of which are scalars

under Lorentz transformations. The action (4.2.17) can be recovered by integrating out ϕ and ϕ† in

the path integral or, equivalently, plugging in (4.2.18) the composite scalar fields,

ϕij = −2iλψ̄jPLψ
i, ϕ∗ji = −2iλψ̄iPRψ

j , (4.2.19)

derived from the equations of motion. The Yukawa-like interaction now forces ϕ to transform according

to

ϕ↦ ϕ′ = UR ϕU
†
L , (4.2.20)

ϕ† ↦ ϕ′
† = UL ϕ

†U †
R , (4.2.21)

so that the partially bosonized action continues to be chirally symmetric [167].

In this scenario, the spontaneous breaking of chiral symmetry translates into a finite and positive

expectation value ⟨ϕ⟩, leading to a mass term for the fermion. Thus, the expectation value of the field

ϕ can be seen as an order parameter. To determine whether or not ϕ has a nonvanishing expectation

value, we analyze the structure of minima of the effective potential Veff(ϕ,ϕ†) obtained by integrating

out fermionic fluctuations.

Since we are interested in the effects of the background torsion on the mechanism of chiral symmetry

breaking, it is useful to rewrite (4.2.18) in such a way that we can make the torsion contribution explicit.

Using Eqs. (4.2.5) and (4.2.11), one can write

Dµψ =
○

Dµψ +Kµψ, (4.2.22)

Dµψ̄ =
○

Dµψ̄ − ψ̄Kµ, (4.2.23)

with
○

Dµ being the Dirac covariant derivative built with the torsionless spin connection and Kµ =
1
8K

ab
µ[γa, γb] is the so(4)-valued contorsion, which, using the relation (4.2.7), reads

Kµ =
1

16
[γα, γβ](Tαβµ − Tβαµ − Tµαβ) . (4.2.24)

Upon integration by parts, the Dirac term can be expressed as

SDirac = ∫
x

i

2
(ψ̄iγµDµψ

i −Dµψ̄
i γµψi) = ∫

x
(iψ̄iD̊/ψi + i

2
ψ̄i{γµ,Kµ}ψi) . (4.2.25)

At this point, it is convenient to decompose the torsion tensor in terms of its irreducible components

Tµ (vector component), Aµ (axial-vector component)12 and qµνρ (irreducible rank-3 component) [352,
12These names are due to their behaviour under time reversal and space inversion (parity transformation).
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364, 365]. Explicitly,

T λµν =
1

3
(δλνTµ − δλµTν) +

1

6
ϵλµνσA

σ + qλµν , (4.2.26)

with qλµλ = 0, ϵµνρσqνρσ = 0 and qλµν = −qλνµ. Furthermore, Tµ = T λµλ is the trace of the torsion

tensor and Aρ = ϵλµνρT λµν is the axial-trace vector13. Using Eqs. (4.2.24) and (4.2.26), together with

the identity {γµ, [γα, γβ]} = 4ϵµαβργ5γρ, yields

{γµ,Kµ} =
1

4
γ5A/ . (4.2.27)

Thus, the Dirac action finally turns into

SDirac = ∫
x
(iψ̄iD̊/ψi + i

8
ψ̄iγ5 /Aψi) = ∫

x
iψ̄iD/ψi , (4.2.28)

where we have introduced a new derivative operator defined by

Dµψ =
○

Dµψ −
1

8
γ5Aµψ , (4.2.29)

Dµψ̄ =
○

Dµψ̄ +
1

8
ψ̄γ5Aµ . (4.2.30)

Thus, the minimal coupling of Dirac fermions with gravity in the presence of nonvanishing torsion is

equivalent to fermions minimally coupled to a torsionless curved background, plus an axial interaction

through Aµ [367, 368]. The torsion-dependent term ψ̄iγ5 /Aψi has certain similarities with parity-

violating terms investigated in the context of theories with Lorentz- and CPT-symmetry violations

[369–371].

The onset of chiral symmetry breaking is signalled by a nonvanishing vacuum expection value of

ϕ. For simplicity, we choose an homogeneous breaking pattern ϕij = ϕ0δij , with ϕ0 being a constant.

This vacuum configuration breaks the SU(NF)L ×SU(NF)R down to the diagonal subgroup SU(NF)V.

In this way, the bosonized action (4.2.18) can be expressed as

SB[ψ, ψ̄;ϕ0] = ∫
x
[iψ̄iD/ψi + iϕ0ψ̄iψi +

NF

2λ
ϕ20] . (4.2.31)

We are now ready to analyze the effective potential associated with (4.2.31).

4.2.2 Effective potential and its flow equation

The fermions appear as bilinears in the bosonized action (4.2.31) and, once inserted in the Boltz-

mann weight of the generating functional, they can be readily integrated out. This ultimately provides

an expression for a purely bosonic quantum effective action. The associated effective potential Ṽeff(ϕ0)
13A spin-parity decomposition of the torsion tensor, inspired by the York decomposition of symmetric rank-2 tensors,

is given in [366] and is tailored-made for 1-loop computations involving the torsion tensor in arbitrary dimensions.
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is given by (see, e.g., [167] for details)

Ṽeff(ϕ0) =
NF

2λ
ϕ20 −

NF

v4
log [Det(D/ + ϕ0)]

= NF

2λ
ϕ20 −

NF

2v4
Tr[log(−D/ 2 + ϕ20)].

(4.2.32)

The factor v4 stands for the 4-dimensional spacetime volume14.

Our goal is to explore how local patches of the spacetime geometry influence the mechanism of

chiral symmetry breaking. Therefore, instead of computing the effective potential taking into account

all modes of the fermionic field, we perform a coarse-grained analysis in terms of a scale-dependent

effective potential. The idea is to introduce a momentum scale k that acts as an infrared regulator,

such that the effective potential associated with a scale k (denoted as Ṽk(ϕ0)) only includes effects

of fermionic modes with “momentum”15 larger than k. In this sense, the scale-dependent effective

potential Ṽk(ϕ0) probes the effects of local patches of geometry with a characteristic length scale of

order ∼ 1/k.

To define the scale-dependent effective potential we follow a strategy inspired by the regularization

scheme used in the framework of the functional Renormalization Group [13, 150, 372] (see also Sect.

2.3).16 Here, we regularize (4.2.32) by the replacement

log(−D/ 2 + ϕ20) ↦ log(−D/ 2 +Rk(−D/ 2) + ϕ20) , (4.2.33)

where Rk(−D/ 2) is the FRG regulator function. As discussed in Sect. 2.3, the regulator function

Rk(−D/ 2) is defined17 such that it suppresses quantum fermionic fluctuation contributions based on

the spectrum of the effective Dirac operator −D/ 2, i.e., Rk(−D/ 2) suppresses modes with eigenvalues

lower than k2. In general, in the limit k → 0 the regulator Rk(−D/ 2) should vanish, implying that

Ṽk=0(ϕ0) = Ṽeff(ϕ0). Throughout this chapter, we use the notation Rk(−D/ 2) = k2r(y) (with y =
−D/ 2/k2), and we explore the Litim [374] and exponential shape functions, respectively defined by (c.f.

Sect. 2.3.2)

Litim: r(y) = (1 − y)θ(1 − y) , (4.2.34)

Exponential: r(y) = y

ey − 1
. (4.2.35)

14In the case of a noncompact manifold, an appropriate regularization must be employed.
15More precisely, we define the coarse-graining procedure in terms of the differential operator −D/ 2. Thus, the scale-

dependent potential Ṽk(ϕ0) includes fermionic fluctuations associated with eigenvalues of −D/ 2 that are larger than k2.
16Alternatively, one can also define a scale-dependent potential using the proper-time regularization scheme as done

in [334, 335] in the study of gravitational catalysis in Riemannian geometries.
17Following [373], we adopt the so-called type-II regularization, in which the argument of the regulator function is the

full Dirac operator squared. This choice is motivated by [220], where the authors argued that the type-II regulator is
more appropriate for the treatment of fermions in a curved background. See also [225, 226].
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Based on this FRG regularization scheme, we define the scale-dependent effective potential as

Ṽk(ϕ0) =
NF

2λ
ϕ20 −

NF

2v4
Tr[ log(−D/ 2 +Rk(−D/ 2) + ϕ20)] . (4.2.36)

We define the flow of Ṽk(ϕ0) by acting on (4.2.36) with a scale-derivative operator k∂k, such that

k∂kṼk(ϕ0) = −
NF

2v4
Tr[( −D/ 2 +Rk(−D/ 2) + ϕ20)

−1
k∂kRk(−D/ 2)] . (4.2.37)

The right-hand side of (4.2.37) is both ultraviolet- and infrared-finite, as long as Rk(−D/ 2) satisfies all

the standard properties of an fRG-regulator (c.f. Sect. 2.3.2). To compute the effective potential at a

given scale kIR, we integrate the flow equation (4.2.37), resulting in18

ṼkIR(ϕ) =
NF

2λΛ
ϕ2 − ∫

Λ

kIR

dk

k
k∂kVk(ϕ)

= NF

2λΛ
ϕ2 + NF

2v4
∫

Λ

kIR

dk

k
Tr[( −D/ 2 +Rk(−D/ 2) + ϕ2)

−1
k∂kRk(−D/ 2)] ,

(4.2.38)

where Λ is an ultraviolet cutoff scale, and we used the boundary condition ṼΛ(ϕ) = NF ϕ
2/(2λΛ),

with λΛ = λ. Since field-independent contributions in ṼkIR(ϕ) are irrelevant for the analysis of chiral

symmetry breaking, it is convenient to define

VkIR(ϕ) = ṼkIR(ϕ) − ṼkIR(0) , (4.2.39)

which automatically removes divergences that are proportional to Λ4.

Before discussing the impact of torsion on the mechanism of chiral symmetry breaking, let us briefly

review how to identify chiral symmetry breaking from VkIR(ϕ). To simplify the discussion, we first

consider the case of flat spacetime. In this case, we can compute the trace in (4.2.38) in Fourier space.

Computing VkIR(ϕ) in a polynomial expansion around ϕ = 0, we find19

VkIR(ϕ) =
NF

2λΛ
ϕ2 + NF

8π2
∫

Λ

kIR

dk

k
( k6

k2 + ϕ2
− k4)

= NF

2λΛ
ϕ2 + NF

16π2
(k2IR −Λ

2)ϕ2 +O(ϕ4)

= NF

2
( 1

λΛ
− 1

λcr
+ 1

8π2
k2IR)ϕ

2 +O(ϕ4) ,

(4.2.40)

where λcr = 8π2Λ−2. We are interested in determining if ϕ = 0 is a local minimum or a local maximum

of VkIR(ϕ). If ϕ = 0 is a local maximum, the structure of VkIR(ϕ) implies the existence of at least two

degenerate minima with nonvanishing ϕ,20 thus implying chiral symmetry breaking.

Since V ′kIR(0) = 0, ϕ = 0 is an extremum of VkIR(ϕ). Thus, to determine if ϕ = 0 is a local minimum

18From now on, we omit the subscript on ϕ0 and we write simply ϕ for constant field configurations.
19In this example, we use the Litim regulator defined in (2.3.33).
20Assuming that the effective potential is bounded from below (which is necessary for stability reasons), it implies

that, if ϕ = 0 is a local maximum, the potential VkIR(ϕ) has at least two local minima with nonvanishing ϕ.
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or a local maximum, we need to investigate the sign of

V ′′kIR(0) = NF (
1

λΛ
− 1

λcr
+ 1

8π2
k2IR) . (4.2.41)

If λΛ < λcr, then the sign of V ′′kIR(0) is positive for all values of kIR, implying that ϕ = 0 is a local

minimum of VkIR(ϕ) for all kIR. However, if λΛ > λcr, then the sign of V ′′kIR(0) becomes negative for

kIR < kχSB (where k2χSB = 8π
2(λΛ−λcr)/(λΛλcr)), implying that ϕ = 0 is a local maximum of VkIR(ϕ) for

kIR < kχSB. Thus, for λΛ > λcr, the potential VkIR(ϕ) has nontrivial minima for kIR < kχSB, indicating

that quantum fluctuation can trigger chiral symmetry breaking.

From the discussion above, we see that the sign of V ′′kIR(0) plays a key role in determining whether

or not the system exhibits chiral symmetry breaking. Using Eq. (4.2.38), we can write

V ′′kIR(0) =
NF

λΛ
− NF

v4
∫

Λ

kIR

dk

k
Tr[( −D/ 2 +Rk(−D/ 2))

−2
k∂kRk(−D/ 2)] . (4.2.42)

In the next section, we use this equation to study the impact of a nontrivial background geometry on

V ′′kIR(0).

4.2.3 The impact of torsion on the fate of chiral symmetry

In this section we investigate the impact of the background torsion on the mechanism of chiral

symmetry breaking. Our analysis entails the evaluation of the trace on the right-hand side of (4.2.42).

In general, it requires the knowledge of the spectral properties of the nonminimal operator −D/ 2 (c.f.,

Eq. (4.2.48)), thus leading to a complicated problem of spectral geometry. To simplify the analysis,

we focus on two different regimes:

• ∣
○

R ∣/k2IR ≪ 1 and A2/k2IR ≪ 1: In this regime, we can use early-time heat kernel expansion to

evaluate the trace in (4.2.42). This approximation allows us to carry the combined effect of

background curvature and torsion. However, it is not applicable in the infrared regime.

•
○

Rµναβ ≈ 0 and A2 is approximately homogeneous: In this regime, we can evaluate the trace in

(4.2.42) without employing the early-time heat kernel expansion. Therefore, this approximation

allows us to investigate the impact of background torsion in the deep infrared regime.

Effects of background curvature and torsion

Now, we investigate the regime where
○

R and A2 are small in comparison with the cutoff scale k2IR.

In this regime, we can evaluate the trace in (4.2.42) using standard heat kernel methods based on

early-time expansion.

For a generic function of the square of the Dirac operator W(−D/ 2), the heat kernel expansion reads
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[13, 367, 372, 375]

TrW(−D/ 2) = 1

(4π)2
∞
∑
n=0
∫
x
Q2−n[W] tr [b2n(−D/ 2)], (4.2.43)

where b2n(−D/ 2) denotes the nonintegrated heat kernel coefficients for the operator −D/ 2. The Q-

functionals are defined as

Qn[W] =
(−1)p

Γ(n + p) ∫
∞

0
dz zn+p−1

dpW(z)
dzp

, (4.2.44)

where p denotes some arbitrary positive integer satisfying the restriction n + p > 0. In particular, if n

is positive, then p = 0. Here, tr denotes the trace over the internal and spacetime indices.

For the trace that we are interested in computing (see Eq. (4.2.42)), we can identify the function

W(z) = k∂kRk(z)
(z +Rk(z))

2
, (4.2.45)

leading to

Qn[W] =
1

Γ(n) ∫
∞

0
dz zn−1

k∂kRk(z)
(z +Rk(z))

2
= 2k2(n−1)In[r] . (4.2.46)

We have introduced the dimensionless threshold integral In[r], which one defines in terms of the shape

function r(y) according to

In[r] =
1

Γ(n) ∫
∞

0
dy yn−1

r(y) − y r′(y)
(y + r(y))2

. (4.2.47)

The numerical value of In[r] depends on the explicit form of the shape function r(y), except in the

case n = 1 where one can show that I1[r] = 1 for all suitable choices of regulator (see, e.g., [13, 372]).

Since we are interested in the regime where ∣
○

R ∣/k2IR ≪ 1 and A2/k2IR ≪ 1, we will only keep terms

that are at most linear in
○

R and A2. In such case, we just need to evaluate I2[r], which results in

I2[r] = 1/2 for the Litim regulator and I2[r] = 1 for the exponential regulator.

In order to use the (nonintegrated) heat-kernel coefficients b2n available in the literature, it is useful

to rewrite the Dirac operator −D/ 2 in a minimal form. In fact,

−D/ 2 = −
○

D
2 + B̂µ ○

Dµ + X̂ , (4.2.48)

where the operators B̂µ and X̂ are defined as follows

B̂µ = − i
4
γ5σ

µνAν , (4.2.49)

X̂ = 1

4
(
○

R +
1

16
A2)1 + 1

8
(
○

∇ ⋅A − iσµν
○

∇µAν)γ5 , (4.2.50)

where σµν = i
2[γ

µ, γν]. The heat-kernel coefficients for this class of operators are available, e.g., in
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[376–378]. In our analysis, we use

tr [b0(−D/ 2)] = 4 , (4.2.51)

tr [b2(−D/ 2)] =
2

3

○

R +
1

2
tr(

○

∇µB̂µ) − 1

4
tr(B̂µB̂µ) − tr(X̂) . (4.2.52)

From the definition of B̂µ and X̂, one can show that tr(
○

∇µB̂µ) = 0, tr(B̂µB̂µ) = −3
4A

2, and tr(X̂) =
○

R + 1
16A

2, resulting in

tr [b2(−D/ 2)] = −
1

3

○

R +
1

8
A2 . (4.2.53)

Plugging those results in Eq. (4.2.42) leads to

V ′′kIR(0) = NF (
1

λΛ
− 1

λcr
) + NF

4π2
I2[r]k2IR +

NF

16π2
(1
3
⟨
○

R⟩ −
1

8
⟨A2⟩) log(Λ2/k2IR) , (4.2.54)

where we have defined spacetime averaged quantities as ⟨(⋯)⟩ = 1
v4 ∫x(⋯). Here, we also use the critical

coupling λcr defined as
1

λcr
= Λ2

4π2
I2[r]. (4.2.55)

In order to absorb the logarithmic divergence in the last term of (4.2.54), we add the following coun-

terterm to the original action

δS[ϕ] = NF ξΛ
3
∫
x
(R − TαβµTαβµ + TαβµT βαµ + TµµαT ναν + 2∇µT ννµ) ϕ2 , (4.2.56)

where all geometrical objects are defined with respect to the full affine connection Γαµν . Such countert-

erm leads to the following contribution to the scale-dependent effective potential

δVkIR(ϕ) = NF ξΛ (
1

3
⟨
○

R⟩ −
1

8
⟨A2⟩) ϕ2 . (4.2.57)

Thus, we define a renormalized effective potential such that

V ′′kIR(0) = NF (
1

λΛ
− 1

λcr
) + NF

4π2
I2[r]k2IR +NF ξIR (

2

3
⟨
○

R⟩ −
1

4
⟨A2⟩) , (4.2.58)

where we have introduced the renormalized coupling

ξIR = ξΛ +
1

32π2
log(Λ2/k2IR) . (4.2.59)

In principle, ξIR needs to be fixed by experiments. In our analysis, we leave ξIR as a free parameter.

As discussed in the previous section, the analysis of chiral symmetry breaking relies on the sign of

N−1F V ′′kIR(0). If chiral symmetry breaking is present and a bound-state formation occurs, there must
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Figure 4.1: Regions in the parameter space λΛ×λcr where chiral symmetry breaking is triggered by quantum fluctuations
in the presence of curvature or torsion. Left panel: we have set ⟨A2⟩ = 0 and we have probed the range ξIRk−2IR⟨R̊⟩ =
−1/2 ,−1/4 ,0 ,1/4 ,1/2 from lighter to darker regions. Right panel: we have set ⟨R̊⟩ = 0 and from darker to lighter we
have probed the range ξIRk−2IR⟨A2⟩ = −1 ,−1/2 ,0 ,1/2 ,1.

be a transition scale ktr such that V ′′ktr(0) = 0. From (4.2.58), we find the transition scale

k2tr =
4π2

I2[r]
( 1

λcr
− 1

λΛ
− 2

3
ξIR⟨

○

R⟩ +
1

4
ξIR⟨A2⟩) . (4.2.60)

For vanishing curvature and torsion, such transition scale only makes sense if λΛ ≥ λcr. For nonvanishing

curvature and/or torsion, the viability of chiral symmetry breaking depends on the inequality

1

λcr
− 1

λΛ
− 2

3
ξIR⟨

○

R⟩ +
1

4
ξIR⟨A2⟩ ≥ 0. (4.2.61)

For ξIR > 0, we find that positive (negative) values of ⟨
○

R⟩ act against (in favor of) chiral symmetry

breaking, while the axial-torsion term ⟨A2⟩ acts exclusively in favor of chiral symmetry breaking. For

ξIR < 0, the term ⟨
○

R⟩ can still act in favor of or against chiral symmetry breaking (depending on its

sign), while the axial-torsion term only acts toward the preservation of chiral symmetry. A comment

is in order: due to our use of an Euclidean setting, the sign of A2 is positive definite. In a Lorentzian

framework, this is not necessarily true, and a spacetime average can be rather misleading quantity in

order to make concrete statements. In such a quantum-field theoretic on a fixed background setting, one

can choose specific backgrounds where one can compute quantities beyond their averages. In Fig. 4.1,

we show the regions in the parameter space λΛ × λcr where chiral symmetry breaking is triggered by

quantum fluctuations in the presence of curvature or torsion.

Since the results presented in this section were based on the early-time heat kernel truncated at

the first order in ∣
○

R ∣/k2IR and A2/k2IR, our results do not allow us to extract information concerning the

deep infrared regime. In the deep infrared, higher order terms in ∣
○

R ∣ and A2 would come with inverse

powers of the infrared scale kIR, which would dominate over the first order contributions. It is of great
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importance then to determine whether or not there is a mechanism of gravitational catalysis related to

a nontrivial background structure. For Riemannian manifolds (i.e., without torsion), the mechanism

of gravitational catalysis was investigated, e.g., in [334]. If we take such infrared contributions into

account, we expect the inequality (4.2.61) to have an extra term, namely

1

λcr
− 1

λΛ
− 2

3
ξIR⟨

○

R⟩ +
1

4
ξIR⟨A2⟩ + FkIR(Aµ,

○

Rµναβ) ≥ 0 , (4.2.62)

where FkIR is a function of invariants built from Aµ and
○

Rµνβα (and their derivatives), and it encodes

the contributions beyond the early-time heat kernel expansion. We expect that FkIR acts as the

dominant contribution in the infrared. Thus, if FkIR > 0, it would necessarily trigger chiral symmetry

breaking. Determining the form of FkIR associated with the operator −D/ 2 (see Eq. (4.2.48)) in the

presence of curvature and torsion is a complicated problem of spectral geometry lying outside the scope

of this work. In the next section, we show that FkIR = 0 if we neglect curvature effects and restrict the

axial-torsion component to be homogeneous.

Is there a torsion-based catalysis?

In this section, we study the regime of homogeneous axial-torsion Aµ and vanishing Riemannian

curvature
○

Rµναβ = 0. Our goal is to derive the contribution of Aµ to V ′′kIR(0) beyond the early-time heat

kernel approximation, aiming at an understanding if torsion can be a source of gravitational catalysis.

Within the approximation where
○

Rµναβ = 0 and Aµ is homogeneous, the differential operator −D/ 2

reduces to

−D/ 2 = (−∂2 + 1

64
A2)1 − i

4
γ5σ

µνAν∂µ . (4.2.63)

This approximation is useful because it allows us to evaluate the full heat-kernel trace (see Appendix

C for more details), resulting in the following expression

Tr [exp(−τ D/ 2)] = 1

16π2 τ2
(4 + τ

8
A2) . (4.2.64)

Surprisingly, the axial-torsion contributes at most up to linear order in A2. This result implies that

we can determine all the heat kernel coefficients bn associated with the operator in (4.2.63), leading to

tr[bn(−D/ 2)] = 4δn,0 +
1

8
A2δn,2 . (4.2.65)

Thus, only b0 and b2 lead to nonvanishing contributions to the trace in (4.2.43). In other words, we

can truncate the series in (4.2.43) at n = 1 without resorting to any form of early-time approximation.

Based on these results, we find

V ′′kIR(0) = NF (
1

λΛ
− 1

λcr
) + NF

4π2
I2[r]k2IR −

1

4
NF ξIR⟨A2⟩ , (4.2.66)
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which correspond exactly to the limit
○

R → 0 of (4.2.58). However, the current result is exact and not

restricted to small values of A2/k2IR.

The most striking feature of Eq. (4.2.66) is the absence of torsion-dependent contributions related

to the deep infrared regime. On physical grounds, a background torsion would affect the mechanism

of chiral symmetry breaking by deforming the region in the parameter space of λΛ × λkIR where we

can flip the sign of V ′′kIR(0). However, our results show no indication of a mechanism of gravitational

catalysis based on a background torsion. If λΛ is sufficiently small, then V ′′kIR(0) remains positive in

the deep infrared, thus avoiding chiral symmetry breaking. This is different from the mechanism of

curvature-based gravitational catalysis investigated in [334], where chiral symmetry breaking might be

triggered even for arbitrarily small values of λΛ.

This conclusion may change if we drop the assumptions we considered in this section. It is possible

that by combining the effects of curvature and torsion, a more sophisticated geometric-driven mech-

anism could lead to gravitational catalysis. It is also conceivable that a nonhomogeneous Aµ could

change our conclusion. The analysis in this direction, however, goes beyond the scope of this work.

Comments on the teleparallel theory

Manifolds with torsion play an important role in the formulation of teleparallel theories of gravity

[346–348] (see also [379–381] for reviews). This class of theories is a particular case of the general class

of metric-affine gravity (MAG) [19, 341], and they are known to be classically equivalent to general

relativity [342].

The teleparallel formulation is characterized by vanishing curvature and nonmetricity tensors, such

that spacetime degrees of freedom are entirely encoded in the torsion tensor. In this framework, there

is a special spin connection configuration
●

ωabµ, called the Weitzenböck spin connection, that ensures

that
●

Rρλµν = 0, with
●

ωabµ =
○

ωabµ +
●

K
ab
µ. (4.2.67)

Here, we use a filled ring to indicate that the geometric quantities are computed with the Weitzenböck

spin connection.

In the following, we briefly discuss the mechanism of chiral symmetry breaking (due to background

effects) in the context of teleparallel theories. The key point for such discussion is to identify the

prescription of minimal coupling between fermions and gravity in teleparallel theories. Following

Refs. [382, 383], in the context of teleparallel theories, fermions couple to gravity according to

∂µψ ↦ ∂µψ +
1

8
( ●ωabµ −

●

K
ab
µ)[γa, γb]ψ. (4.2.68)

Using condition (4.2.67) we recover the usual Levi-Civita covariant derivative and no torsion contri-

bution appears. Therefore, the mechanism of chiral symmetry breaking in the context of teleparallel

theories is equivalent to the case of Riemannian manifolds explored in [334].
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Chapter 5

Exploring New Corners in Asymptotically

Safe Unimodular Quantum Gravity

5.1 Introduction

Still to these days, the apparent mismatch between the observed value of the cosmological constant

(Λobs) and its anticipated value (ΛQFT) from estimates based on quantum field theory is a concern

that brings together efforts from particle physicists and cosmologists to try to solve it. Whether there

is really a conflict between the Standard Model’s vacuum condensates and the phenomenological value

of the cosmological constant has remained elusive. Since more than 30 years ago, Weinberg published

a very thorough review on the so-called cosmological constant problem [29], where the related questions

are precisely formulated, but still lack a generally accepted answer.

In the ΛCDM model, see, e.g., Sections. 22 to 29 of the Review of Particle Physics [384], one

attributes the cosmological constant to the density of the dark energy (DE), ρDE = ΛobsM
2
Planck, where

MPlanck = 1/
√
8πGN is the reduced Planck mass. Furthermore, the parameter fit of the ΛCDM model

allows that ρDE is equivalent to the energy density of the vacuum, which in turn is then assumed to be

the case. The cosmological constant problem can be now quantified such that ρDE has, with respect

to the Standard Model’s scales, a very tiny parameter fit value of ρDE ≈ (meV)4 [385].

On the other hand, a possible way of getting a predicted value for the cosmological constant comes

from a number of contributions from particle physics. According to the Weinberg-Salam electroweak

theory, our current Universe is in the low-temperature symmetry-broken phase, leading to a contri-

bution to the vacuum energy density of ρEW ≈ (200 GeV)4. If one resorts to the QCD dynamics

and, in particular, to the fact that light quarks undergo dynamical chiral symmetry breaking (DχSB),

the vaccum energy density gets an extra contribution. One effective quantity to describe the magni-

tude of the QCD-related DχSB is the so-called quark condensate. For the two lightest quark flavors

q(x) = (u(x), d(x))T, this quantity is given by1 ⟨0∣ q̄(x)q(x) ∣0⟩ ≃ −(0.23 ± 0.03GeV)3. Then, DχSB
1From the point of view of the RG, one should note that the quark condensate is both RG scheme and RG scale

dependent, and its typical size, for the two light quarks, is computed at a renormalization scale of order 1GeV and within
the MOM scheme [386].
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leads to a vacuum energy density ρDχSB ≈ (0.2GeV)4. However, if we extend our quantum field theory

calculations all the way up to the Planck scale, a contribution of ρPlanck ≈ (1018 GeV)4 would arise.

Solely, the ratio of this contribution to the observed parameter fit of the ΛCDM model gives rise to

the famous 10120 discrepancy. In this sense, if particle physics were to contribute to the cosmological

constant up to the Planck scale, then the scale atributed to the theoretical vaccum energy density

would be in glaring mismatch as in comparison with the parameter fit of the ΛCDM model.

In Weinberg’s review [29], among five different approaches to the cosmological problem, one that

stood the test of time as a firm contender is the idea of considering a transverse-diffeomorphism-

invariant version of General Relativity in which the cosmological constant appears only at the level of

the equations of motion as a constant of integration. In this way, such a constant would simply be

fixed by an initial boundary condition, then most conveniently chosen as the measured value (Λobs).
This symmetry-reduced version, which has the same classical dynamics as GR, is usually dubbed

unimodular gravity (UG) [21–28]. From a quantum-gravity perspective, alternative theories of the

gravitational field based on different symmetry principles will, very likely, define different quantum

theories. However, in the case of UG, this issue becomes subtle, since it is based on a different

symmetry principle in comparison to GR, but feature the same classical dynamics. Hence, it is an

immediate question whether dynamical equivalence remains true in the quantum realm.

In particular, with a view towards asymptotic safety, the theory space defined by Diff -invariant op-

erators is different from the one associated with TDiff. This is due to the treatment of the cosmological

constant. In GR, it corresponds to a parameter which is fixed from the beginning and added by hand,

as a coupling constant. It is, generically, subject to quantum corrections. In UG, the cosmological con-

stant arises as an integration constant and, therefore, must be fixed by initial conditions. However, as

such, it does not enter the classical action of the theory invariant under TDiff since the measure term

is just a fixed scalar density. Thus, in the former case, the cosmological constant defines a direction in

the theory space while in the latter, it does not. This can indicate that, if asymptotically safe, Diff -

and TDiff -invariant theories might not be equivalent. However, as pointed out in [30, 142, 387], this

discussion is more subtle than it sounds and this is still not completely understood.

In a standard perturbative quantization of GR within the background-field method, the dynamical

structure of vertices and propagators will contain infinitely powers of the fluctuation field. The situation

is completely different for a perturbative quantization of UG, since the metric determinant is fixed and

various Feynman diagrams will be structurally modified. Thus, once again, there is no strong reason

to believe that GR and UG will describe equivalent quantum theories. In this regard, both theories

might be described by distinct quantum theories, but featuring the same classical limit.

The question of the quantum (in)equivalence was probed in [388, 389], where the computation

of tree-level (on-shell) amplitudes for the scattering of three, four and five gravitons suggests that

GR and UG produce coincident results, despite the considerable differences in the overall structure

of propagators and vertices. By incorporating quantum effects, in [387], the one-loop effective action

of UG was shown to be the same as that of GR, a result which is in agreement with the conclusions

of [390, 391] for fully Diff -invariant versions of UG (but see [392] for a conflicting result within a
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Hamiltonian analysis). For an updated review on perturbative computations of scattering amplitudes

in UG, see [393].

The quantum (in)equivalence was latter revisited in [394] for the case of TDiff and later extended

for the case of WTDiff in [393], both in the Euclidean setting. In [394], a formal proof at the level of

path integrals was put forward for a general Diff -invariant action SDiff[g(ḡ;h)] within the background-

field method approach. By gauge-fixing the longitudinal diffeomorphisms (LDiff ), followed by an

appropriate definition of the functional measure, it was shown that the path integral of the Diff -

invariant action over the fluctuation field was equivalent to that of its unimodular version. Thus,

showing that there is a quantization scheme where both quantum theories are equivalent.

In this chapter, we leave aside this discussion and take TDiff as the fundamental symmetry of the

would-be theory of quantum gravity and look for further hints for the existence of a non-trivial UV

fixed point. For simplicity, we call the hypothetical asymptotically safe theory as unimodular quantum

gravity (UQG), although it does not mean that our starting point for the quantization is the unimodular

version of the Einstein-Hilbert action. Earlier results on asymptotic safety and unimodular gravity can

be found in [395–398], where a non-trivial fixed point was obtained within truncations of the flowing

action Γk. We provide a systematic analysis of fixed points within certain classes of truncations of Γk
by taking into account the following refinements: We take Γk to be a function of the Ricci scalar and

the quadratic contraction of Ricci tensors, i.e.,

Γk = ∫ ddxω fk(R,RµνRµν) . (5.1.1)

For concreteness, we subdivide the analysis in two classes, the first being the so-called f(R)-truncations,

i.e., fk(R,RµνRµν) = fk(R) and the second is defined by fk(R,RµνRµν) = Fk(R2
µν)+RZk(R2

µν), where

Fk(R2
µν) and Zk(R2

µν) are arbitrary functions. The second class of truncations was introduced in [399].

For both classes, we restrict the analysis to polynomial expansions of the curvatures on a spherical

background, for technical simplicity. The other improvement that we implement in this chapter is

that we employ the modified flow equation for UQG introduced in [142] due to the properties of the

functional measure of UQG discussed in [30, 387]. Moreover, we treat the anomalous dimensions of

the elementary fields in different approximations as discussed in the context of UG in [142]. Finally,

we minimally couple matter fields and analyse the impact they play on the gravitational couplings.

5.2 Executive summary

The results obtained in the future sections of this chapter can be summarized in the following way:

• We considered extended truncations for a general Langragian fk(R,R2
µν). For this, flow equa-

tions have been derived, in a spherical background, for particular polynomial projections for the

sub-classes fk(R) and Fk(R2
µν) +RZk(R2

µν) for two choices of the endomorphism parameter in

the regulator function. For both choices, we have observed stable qualitative results in both

polynomial truncations, where the fixed point features two relevant directions.
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• We found that the modification in the flow equation for UQG due to the proper treatment of the

functional measure does not seem to change the qualitative properties of the fixed-point structure

in comparison with previous works in the literature.

• Finally, we also investigated the impact of matter fields on fixed-point candidates in the unimod-

ular theory space. The minimal requirement for a viable scenario of asymptotically safe UQG

coupled to matter is that it should accommodate the matter content associated with the SM, i.e.,

Ns = 4, Nv = 12 and Nf = 22.5. The results in Table 5.1 fo Section 5.7.2 indicate that such matter

content is compatible with an asymptotically safe scenario. We also find indications of suitable

fixed-point candidates for UG coupled to the matter content Ns = 4, Nv = 12 and Nf = 24, which

corresponds to a SM extension where we add three right-handed neutrinos. For the matter con-

tent corresponding to beyond SM scenarios of minimal supersymmetric standard model (MSSM)

and SU(5) grand unified theories (GUT), there is no suitable fixed-point candidate. For the

matter content corresponding to SO(10) GUT, we do not find suitable fixed-point candidates at

the level of the unimodular Einstein-Hilbert truncation, but we find fixed-point candidates for

higher-order truncations. In general, our results for asymptotically safe UQG show a qualitative

agreement with investigations based on the “standard” scenario for ASQG.

5.3 Unimodular gravity: The classical theory

The name unimodular gravity stems from constraining gravity to obey
√
∣g∣ = 1. Interestingly, this

version of UG was first explored by Einstein himself (see [400] for the English version of the manuscript.)

However, behind this specific condition is a predetermined choice of coordinate systems with dimensions

of length. Moving away from this restriction, we will adopt a more general definition of UG by requiring

that the square root of the determinant of the metric is taken to be some prescribed fixed function

ω(x), which is a scalar density of weight one. Hence, the so-called unimodularity condition reads2

√
∣g(x)∣ = ω(x) . (5.3.1)

The symmetry group is reduced from the group of diffeomorphisms (Diff ) to the subgroup of transverse

diffeomorphisms (TDiff ), i.e., volume-preserving coordinate transformations3. Such a group is gener-

ated by transverse vectors ϵαT, which satisfy ∇αϵαT = 0, where the covariant derivative is defined with

respect to the unimodular metric gµν . This can be seen by looking at the variation of the determinant

of the metric under TDiff transformations δϵTgµν = gνα∇µϵαT + gµα∇νϵαT, namely

δϵT (det gµν) = g
αβδϵTgαβ det gµν = 2det gµν (∇αϵ

α
T) = 0 . (5.3.2)

2For the discussion on the classical theory of UG, there is no need to stick to an Euclidean signature and we come
back momentarily to the Lorentzian setting.

3We remark that UG is different from the so-called TDiff -gravity [401]. Despite the fact that both theories share the
symmetry-reduced group of TDiff transformations, in TDiff -gravity no restriction is imposed on the determinant of the
metric, and, as a consequence, an extra propagating mode is present in the theory in comparison to UG. Additionally,
TDiff -gravity theories are generally equivalent to scalar-tensor theories under a specific gauge-fixing [401, 402].
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The unimodular version of a general gravity-matter action SUG[g;Φ] is constructed by replacing
√
∣g(x)∣ by the fixed, non-dynamical scalar function ω(x) in the volume form. Here, Φ denotes a

generic matter field multiplet. Since the determinant of the metric is a fixed function, any arbitrary

unimodular-preserving functional variation of the metric is subject to the tracelessness condition

gµν δ̃gµν = 0, (5.3.3)

where the tilde notation defines variation which satisfies the condition (5.3.1). Relation (5.3.3) allows

us to express δ̃gµν in terms of the traceless part of δgµν in d dimensions, namely

δ̃gµν = (δαβµν −
1

d
gµνg

αβ) δgαβ, (5.3.4)

where δαβµν = 1
2(δ

α
µδ

β
ν + δβµδαν ) is the symmetric identity. The unimodular-preserving functional variation

of the gravity-matter action, δ̃SUG[g;Φ], leads to the trace-free form of Einstein’s field equations (see,

e.g., [30, 393]). For the case of the Einstein-Hilbert action plus a generic matter action4,

SUG[g;Φ] = −
1

16πGN
∫ ddxωR(g) + Sm[g;Φ], (5.3.5)

with GN being the gravitational Newton constant, the trace-free equations read

Rµν − 1

d
gµνR = 8πGN (TµνUG −

1

d
gµνTUG) , (5.3.6)

where we have defined the symmetric rank-two tensor TµνUG =
2

ω

δSm
δgµν

. However, we should not fall

into the temptation to call this quantity an energy-momentum tensor for two reasons. First, the

underlying symmetry with respect to TDiff is not sufficient to guarantee that TµνUG is conserved.

Second, the quantity TµνUG leads to a dynamical different structure with respect to the corresponding

energy-momentum tensor in GR. For instance, if we consider a scalar field coupled to gravity in the

unimodular setting,

Sϕ = ∫ ddxω (−1
2
gµν∇µϕ∇νϕ − V (ϕ)) = ∫ ddxωLm(g;ϕ), (5.3.7)

we would get TµνUG = ∇
µϕ∇νϕ. This is not the same as TµνGR = ∇

µϕ∇νϕ−gµν (1
2
∇αϕ∇αϕ + V (ϕ)), which

would be the energy-momentum tensor for a scalar field coupled to GR. In particular, we see that TµνUG

does not recover the correct flat-field limit that one would obtain from TµνGR.

However, by demanding the matter part of the action to be TDiff -invariant, there follows the
4Notice that, since the metric determinant is a fixed scalar density, a vacuum energy contribution such as a cosmological

constant automatically decouples and we can omit such a a term in the action from the beginning. Thus, it is usually
said that the vaccum energy does not “gravitate” in UG.
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weaker condition5 [30]

∇µTµνUG = ∇
νΣ(x) → ∇µ(TµνUG − g

µνΣ) = 0, (5.3.9)

where we can define a new tensor which is covariantly conserved with the help of an arbitrary scalar

function Σ(x). This implies that the rank-two tensor extracted from the constrained variation can

be improved to the one extracted from standard GR. In this regard, the usual statement of energy-

momentum conservation is seen as a subsidiary condition in UG. Moreover, the modified conserved

tensor TµνUG − g
µνΣ matches TGR if one identifies the arbitrary auxiliary scalar function with (minus)

the matter Lagrangian, i.e., Σ = −Lm.

We highlight that, in many works (see, e.g., the status report [393] and references therein), it is

invoked a conservation of the tensor TµνUG obtained from the constrained variation. In particular, it is

said that this is an essential condition in order to regain Einstein’s field equations from the trace-free

unimodular equations. However, as we saw, this is an over-constraining condition, since TµνUG is not

necessarily conserved if one works out with an explicit example.

Furthermore, the trace-free unimodular field equations (5.3.6) are invariant under the redefinition

TµνUG ↦ TµνGR = T
µν
UG − g

µνΣ. Therefore, using this freedom, the trace-free unimodular field equations

read

Rµν − 1

d
gµνR = 8πGN (TµνGR −

1

d
gµνTGR) . (5.3.10)

Finally, taking the four-divergence of Eq. (5.3.10), making use of energy-momentum conservation and

employing the Bianchi identities, one obtains

∇ν (d − 2
2

R − 8πGNTGR) = 0, (5.3.11)

which can be straightforwardly integrated, resulting in

d − 2
2

R − 8πGNTGR = dΛ0, (5.3.12)

where Λ0 denotes an integration constant (the multiplicative factor of d has been introduced for further

convenience). By plugging this result back into Eq. (5.3.10), one regains the Einstein’s field equations

for standard GR,

Rµν − 1

2
gµνR + gµνΛ0 = 8πGNT

µν
GR (5.3.13)

and the classical equivalence between GR and UG is complete. Therefore, locally, UG provides the

same equations of motion as GR, and the cosmological constant appears as an integration constant,

which must be determined by initial boundary conditions. However, if the manifold has a well-defined

volume V , then the integration of the local unimodularity condition
√
∣g(x)∣ = ω(x) amounts to fixing

5Indeed, this weaker condition fulfills the invariance of the matter action under TDiff transformations according to

δϵTSm = ∫ ddx
δSm
δgµν

δϵTgµν =
1

2 ∫ ddxωT̃µν(2gµα∇νϵαT)

= −∫ ddxω(∇µT̃µν)ϵT,ν = −∫ ddxω(∇νΣ)ϵT,ν = ∫ ddxωΣ(∇µϵµT) = 0. (5.3.8)
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the volume form, which imposes a global physical restriction, i.e.,

∫ ddx
√
∣g(x)∣ = ∫ ddxω(x) = V. (5.3.14)

In this sense, there is a single global degree of freedom associated to the spacetime total volume (and

thus to the cosmological constant), playing a different role in GR and UG.

Finally, we note that if the tensor TµνUG had not been redefined, there would be an extra term

associated to Σ(x) in the field equations (5.3.13) which could be associated to some kind of diffusion

process, which, in turn, would hamper the GR-UG classical equivalence, but allowing for interesting

applications in astrophysics and cosmology [403–407].

5.4 Unimodular quantum gravity: Method and model

5.4.1 UG and the background-field method

For the purposes of this chapter, it is highly convenient to choose the exponential parameterizationor

split of the metric. We recall its definition:

gµν = ḡµα[exp(κh..)]αν = ḡµν + κhµν +
∞
∑
n=2

κn

n!
hµα1⋯h

αn−1
ν , (5.4.1)

with κ = (32πGN)1/2. The unimodularity condition det gµν = ω2(x) can be easily implemented in

Eq. (5.4.1) by choosing a unimodular background det ḡµν = ω2(x) and traceless fluctuations ḡµνhµν ≡
htr = 0. This allows to write the transversality condition in terms of the background covariant deriva-

tive:

0 = ∇µϵµT =
1
√
g
∂µ(
√
gϵµT) =

1
√
ḡ
∂µ(
√
ḡϵµT) = ∇̄µϵ

µ
T. (5.4.2)

In a path-integral formulation, the restriction to traceless fluctuations around a unimodular background

in the exponential parameterization automatically restricts the configuration space to unimodular

metrics. It must be emphasized that the tracelessness of the fluctuation field is not taken as a gauge

condition but rather as a constraint from the very definition of such a field. Such a formulation of the

unimodularity condition is called as “minimal version” and was put forward in [30, 387, 395, 397, 398].

This is one particular way to implement the unimodularity condition in the path integral and it is the

one we adopt in this chapter. Different strategies to implement such a condition may bring different

conclusions with respect to those reported here. See, e.g., [396, 408, 409] for different perspectives on

how to implement the unimodularity condition in the path integral.
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5.4.2 Digression on the Faddeev-Popov quantization in UG

The Euclidean path integral of UQG is performed over trace-free fluctuations in the exponential

parameterization as discussed in Subsect. 5.4.1 and can be written formally as

ZUQG = ∫
Dhtr-free

µν

VTDiff
e−SUG[h;ḡ], (5.4.3)

where VTDiff stands for the volume of the TDiff group and the classical unimodular action SUG[h; ḡ]
is invariant under TDiff - but does not need to coincide with the unimodular version of the Einstein-

Hilbert action. Applying the standard Faddeev-Popov procedure6, one inserts in the functional integral

a formal identity as

ZUQG = ∫
Dhtr-free

µν

VTDiff
(∫ DϵT∆FP δ(FT)) e−SUG[h;ḡ], (5.4.4)

where ∆FP corresponds to the Faddeev-Popov determinant and FT
µ [h; ḡ] = 0 corresponds to a transverse

gauge-fixing condition, which respects the transversality of the diffeomorphisms. The Faddeev-Popov

unity is obtained by the integration over transverse contravariant vectors ϵTµ. In addition, we assume

that the integration measures are invariant under TDiff.

Differently from the standard situation in the Faddeev-Popov prescription, one cannot factor out

the integral over the transverse vectors ϵTµ and associate it with the VTDiff. The main reason is that

the transverse vector is metric-dependent. Following [30, 387], the volume of TDiff is defined as

VTDiff = ∫ Dϵ δ(∇̄µϵµ) , (5.4.5)

where it is used that for unimodular metrics, ∇µϵµ = ∇̄µϵµ. Decomposing ϵµ in terms of transverse and

longitudinal parts, i.e., ϵµ = ϵTµ + ∇̄µφ, it is straightforward to find that

VTDiff = Det−1/2(−∇̄2)∫ DϵT , (5.4.6)

as a proper representation of the volume of the TDiff group. Therefore, the final expression of the

path integral of unimodular quantum gravity is represented as

ZUQG = ∫ Dhtr-free
µν DC̄αDCβ Det1/2(−∇̄2) e−SUG[h;ḡ]−Sg.f.+gh.[h,C̄,C;ḡ], (5.4.7)

where Sg.f.+gh.[h, C̄,C; ḡ] corresponds to a gauge-fixing action along with Faddeev-Popov ghosts C̄α
and Cβ term. In summary, Eq. (5.4.7) is the proper formal definition of the Euclidean functional

integral of UG (in its minimal version) and the starting point for applying fRG techniques.
6See [30, 142, 387] for further details about the Faddeev-Popov procedure in UG in its minimal version.
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5.4.3 Functional Renormalization Group for UG

In order to search for a fixed point in the renormalization group flow, we employ functional renor-

malization techniques, broadly discussed in Section 2.3. One can formally define a scale-dependent

path integral for a metric formulation of UQG by introducing a regulator action in the Boltzmann

factor. This yields

ZUQG,k[J, η, η̄; ḡ] = ∫ Dhtr-free
µν DC̄αDCβ Det1/2(−∇̄2) exp( − SUG[h; ḡ] − Sg.f.+gh.[h,C, C̄; ḡ]

−∆Sk[h,C, C̄; ḡ] + ∫ ddx
√
ḡ (Jµνhµν + η̄µCµ − C̄µηµ)), (5.4.8)

where, (Jµν , ηµ, η̄µ) are external classical sources. Following the discussion in Section 2.3, it is

straightforward to derive the Wetterich equation for UQG. The flow equation now receives an ex-

tra contribution coming from the extra determinant in (5.4.7). Regularizing the extra determinant as

Det(−∇̄2) ↦ Det(Pk(−∇̄2)), where Pk(z) = z +Rk(z), the flow equation for Γk becomes

∂tΓk =
1

2
STr[(Γ(2)k +Rk)

−1
∂tRk] −

1

2
Tr(∂tRk(−∇̄

2)
Pk(−∇̄2)

) . (5.4.9)

Note that, according to the procedure adopted earlier, the extra determinant does not generate addi-

tional fluctuation vertices and it arises from a proper application of the Faddeev-Popov procedure in

UG. As a consequence, it contributes only to the “background flow” ∂tΓk[0; ḡ].

5.4.4 Setting the truncation for unimodular gravity-matter systems

In this chapter, the key strategy to obtain information about the fixed-point structure is based on

a mixed approach which combines the background-field approximation, vertex, and derivative expan-

sion, similarly to what has been done in [142, 190, 212, 410–414]. On the one hand, in the background

approximation the extraction of the beta functions of the dimensionless gravitational background cou-

plings is obtained from the flow equation by turning off all the fluctuating fields after the computation

of the Hessian. Moreover, the anomalous dimension of the graviton is identified with the running

of the background Newton coupling. The ghost and matter anomalous dimensions are set to zero.

On the other hand, a simultaneous vertex and derivative expansion generate one-loop-structure dia-

grams as corrections to the flow of the two-point function of the fields and allow to unambiguously

derive independent anomalous dimensions of all fluctuating fields. In this sense, the extra functional

trace associated with the path integral measure only contributes to the background flow, since it only

depends on the background metric. Furthermore, as an approximation, the different avatars of the

Newton coupling (see, e.g., [195, 213]) in the vertices and graviton propagator are identified with its

background value.

We consider a truncation for the flowing action Γk in the unimodular setting containing an arbitrary
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number of massless Gaussian matter fields7, namely scalar, Abelian vector and Dirac fields, minimally

coupled to gravity in four-dimensional Euclidean spacetime. Throughout the chapter, we investigate

a truncation of the form

Γk = Γgravity
k + Γmatter

k + Γg.f.
k + Γ

gh.
k , (5.4.10)

where we follow [136, 399] and write the gravitational sector as

Γgravity
k [gµν] =

1

16πGN,k
∫
x
ω fk(R,R2

µν) , (5.4.11)

where GN,k is the dimensionful Newton coupling, fk is an arbitrary function of the Ricci scalar and

the square of the Ricci tensor, R2
µν = RµνRµν . The k-dependence comes from the scale-dependent

renormalization factors and couplings of curvature invariants. The matter sector of the effective average

action is composed of Nϕ scalar fields, NA Abelian vector fields and Nψ Dirac spinors. Its complete

action is given by

Γmatter
k [g, ϕ, ψ̄, ψ,A] = 1

2

Nϕ

∑
i=1
∫
x
ω gµν∂µϕi∂νϕi +

Nψ

∑
i=1
∫
x
ω iψ̄i /∇ψi

+ 1

4

NA

∑
i=1
∫
x
ω gµαgνβFi,µνFi,αβ , (5.4.12)

where the summation index i runs over the particle species and Fi,µν is the field-strength of the

Abelian gauge field Ai,µ. We do not consider the running of wave-function renormalization factors of

the matter fields as they do not lead to self-consistent results within the hybrid approximation adopted

in this chapter (see Subsect. 5.7.1 for details). The covariant Dirac operator /∇ = e µ
a γ

a∇µ satisfies the

Lichnerowicz relation

∆L 1
2

ψi = − /∇2ψi = ( −∇2 + R
4
)ψi . (5.4.13)

The fermion-gravity interaction is achieved through the vierbein and spin connection. In a spacetime

manifold with vanishing torsion, these are not independent fields and can both be expressed in terms

of hµν adapted to the exponential decomposition once the local O(4) gauge invariance is gauge-fixed

by a Lorentz symmetric condition (see App. B in Ref. [205])8. Moreover, due to the relation gµν =
eaµe

b
νηab, the vierbein also obeys the unimodularity condition, i.e., deteaµ = ω. Besides featuring a Z2

symmetry for the scalar sector under which ϕi ↦ −ϕi, this toy model also features a shift symmetry

ϕi ↦ ϕi + const., which prevents a scalar mass term. Additionally, an axial U(1) symmetry, i.e.,

ψi → eiαγ5ψi, ψ̄i → ψ̄ie
iαγ5 , prohibits a Dirac mass term. In this model the scalars and “chiral”

fermions are uncharged, not leading to gauge interactions.

The gauge-fixing action for the TDiff and the Abelian gauge symmetry is given by [30, 205, 387,

395, 397]

Γg.f.
k [h,A; ḡ] =

1

2a
∫
x
ω ḡµνFT

µ [h; ḡ]FT
ν [h; ḡ] +

1

2ζ

NA

∑
i=1
∫
x
ω (ḡµν∇̄µAi,ν)2, (5.4.14)

7Meaning that we do not consider matter self-interactions.
8Alternatively, for the Dirac covariant operator /∇, one could use the spin-base formalism [415–417] expressed in

accordance with the exponential parameterization. Both prescriptions are equivalent at the level of our computations.
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where a and ζ represent gauge parameters for the gravitational and Abelian sectors, respectively. Using

the transverse projector with respect to the background metric (PT)µν = ḡµν − ∇̄µ(∇̄2)−1∇̄ν , we define

the transverse gauge-fixing function as FT
µ [h; ḡ] =

√
2 (PT) νµ ∇̄αhνα. This particular prescription of

the gauge-fixing function is necessary, since only the transverse diffeomorphism sector should be fixed.

In this chapter, we adopt the Landau gauge for both gravitational and Abelian sectors, i.e., a → 0

and ζ → 0. The introduction of the transverse projector makes the gauge fixing for TDiff a non-local

functional. This could be avoided by allowing a higher-derivative operator in the gauge-fixing, see,

e.g., [398].

Accompanying the gauge-fixing term there is the action for the Faddeev-Popov ghosts9 which reads

Γgh.
k [h, C̄,C, c̄, c; ḡ] = ∫

x
ω C̄µ ḡ

µν δF
T
ν [h; ḡ]
δhαβ

δQChαβ +
NA

∑
i=1
∫
x
ω c̄i(−∇̄2)ci, (5.4.15)

where Cµ (C̄µ) and ci (c̄i) are ghost and anti-ghost for the gravitational and Abelian sectors, respec-

tively. In the unimodular setting, the Faddeev-Popov ghost for the gravitational sector is constrained

by the transversality condition ∇µCµ = ∇̄µ(gµνCν) = 0 as a consequence of the transverse nature of the

TDiff generator. Furthermore, δQChαβ corresponds to the “quantum” transformation of the fluctuation

field with generator being the ghost field Cµ. The explicit implementation of the gravitational ghost

sector suitable for the exponential split of the metric is discussed in [141, 142].

A minimal and diagonal Hessian together with an exact inversion of the kinetic operators can be

achieved following two steps: first, going to a spherical background, characterized by

R̄µναβ =
1

12
(ḡµαḡνβ − ḡµβ ḡνα)R̄, and R̄µν =

1

4
ḡµνR̄, (5.4.16)

and, second, by decomposing the fluctuation field hµν into the York basis [421], namely,

hµν = hTT
µν + 2∇̄(µξν) + (∇̄µ∇̄ν −

1

4
ḡµν∇̄2)σ. (5.4.17)

We emphasize the absence of the trace mode in the decomposition due to the unimodularity condition.

No non-local field redefinitions are performed and, as a consequence, the Jacobians arising from the

change of variables are taken into account in the flow equation by a suitable regularization of the

resulting determinants. Furthermore, appropriate wave-function renormalization factors are introduced

for the gravitational ghost fields and for each spin sector of the gravitational fluctuation according to

hTT
µν ↦ Z

1/2
k,TT h

TT
µν , ξµ ↦ Z1/2

k,ξ ξµ, σ ↦ Z1/2
k,σ σ, (5.4.18a)

Cµ ↦ Z1/2
k,C C

µ, C̄µ ↦ Z1/2
k,C C̄µ. (5.4.18b)

9Alternatively, the gauge-fixing and ghost terms for different formulations of unimodular gravity can be derived
through BRST transformations, see [408, 418]. See also [419, 420] for a discussion of the BRST implementation of the
unimodular gauge.
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The wave-function renormalization factors Zk,Φ with Φ = (TT, ξ, σ,C, C̄) generate anomalous dimen-

sions ηΦ = −∂t lnZk,Φ and contribute to the system of beta functions of Newton and higher curvature

couplings.

The Abelian gauge potentials are also decomposed into its transverse and longitudinal parts,

Ai,µ = AT
i,µ + ∇̄µ[(−∇̄2)−1/2AL

i ], ∇̄µATµ
i = 0. (5.4.19)

Contrary to the fluctuation field decomposition, herein we chose to insert an inverse square root of

the Bochner Laplacian, −∇̄2, so that the Jacobian associated with this field redefinition is a simple

identity.

5.5 Setting the flow equation

At the practical level, the right-hand side of the flow equation is expanded on the same basis

as the one chosen for the truncation such that a suitable projection rule selects the beta functions

associated to each coupling. The beta functions of the background gravitational couplings can be

read off at zeroth order in the fluctuating fields and the elements of the Hessian10 employed in such a

computation are listed in the App. D.2. The entries of the regulator function Rk are built from the

following prescription [180]

Rk,φiφj(∆) = Γ
(2)
k,φiφj

(∆)∣
∆↦∆+Rk(∆)

− Γ(2)k,φiφj(∆) , (5.5.2)

where ∆ is an appropriate coarse-graining operator and Γ
(2)
k,φiφj

denotes the second functional derivative

of Γk with respect to the fields φi and φj . For the regulator kernel (i.e., for the shape function that

enters the regulator) we choose the Litim-type cutoff (2.3.33)

Rk(∆) = (k2 −∆)θ(k2 −∆) . (5.5.3)

In particular, we adopt two types of regularization schemes distinguished by two common choices of

coarse-graining operators [180] namely, the Bochner-Laplacian, −∇̄2 (Type I), and the Lichnerowicz-

Laplacians, ∆Ls (Type II), which are connected by the Lichnerowicz relations on a four-dimensional

maximally symmetric Euclidean background

∆L2 = −∇̄
2 + 2

3
R̄ , ∆L1 = −∇̄

2 + 1

4
R̄ , ∆L0 = −∇̄

2 . (5.5.4)

10The elements Γ
(0,2)
k [x, y; ḡ, h] of the Hessian can be extracted after expanding the flowing action up to second order

in the fluctuation field. Schematically, this reads

Γk = Γ̄k + ∫ d4xω(x)Γ(0,1)k,A [x; ḡ, h]φ
A(x)

+ 1

2 ∫ d4x∫ d4y ω(x)ω(y)φA(x)Γ(0,2)k,AB[x, y; ḡ, h]φ
B(y) +O(φ3), (5.5.1)

where φ = (hµν ,Cµ, C̄µ).
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Inspired by [190, 194, 422, 423], in order to accommodate both regularization prescriptions, we

define the “interpolating” coarse-graining operator for each spin-s sector as ∆s =∆Ls − γsR̄, where the

endomorphism parameters were introduced such that the choice γ0 = γ 1
2
= γ1 = γ2 = 0 implements the

Lichnerowicz-Laplacians and γ0 = 0, γ 1
2
= 1/4, γ1 = 1/4 and γ2 = 2/3 result in the Bochner-Laplacian.

According to [220], in order to account for a correct sign for the fermionic contributions to the Newton

coupling constant, a Type II regularization must be adopted. The fermionic regulator function then is

written as

Rk,ψψ(z) = i[
√
1 + (k2/z − 1)θ(k2/z − 1) − 1] /∇, (5.5.5)

where z =∆L 1
2

. Furthermore, since for massless scalar fields both types of regularizations are equal, we

adopt for simplicity the Type II regularization prescription for the gauge fields as well [190]. Henceforth,

we explore in this chapter both types of coarse-graining operators only in the gravitational sector.

For the truncation (5.4.10), the running of the dimensionless gravitational couplings can be read

off, at zeroth order in the fields, from the following flow equation written in the Landau gauge, i.e.,

a = 0,

∂tΓk =
1

2
Tr(2)[GTT ∂tRk,TT] +

1

2
Tr′(1)[Gξξ ∂tRk,ξξ] +

1

2
Tr′′(0)[Gσσ ∂tRk,σσ] −Tr(1)[GCC̄ ∂tRk,CC̄]

− 1

2
Tr′(0)[(∆0 +Rk(∆0))−1∂tRk(∆0)] +

Nϕ

2
Tr(0)[Gϕϕ ∂tRk,ϕϕ] −NψTr(1/2)[Gψψ ∂tRk,ψψ]

+ NA

2
Tr(1)[GATAT ∂tRk,ATAT] +

NA

2
Tr′(0)[GALAL ∂tRk,ALAL] −NATr(0)[Gcc̄ ∂tRk,cc̄]

+ T Jacob.
(1) + T Jacob.

(0) , (5.5.6)

with Gij = [(Γ(2)k +Rk)
−1]

ij
for every pair (i, j). The first term in the second line corresponds to the

extra determinant accounting for an appropriate treatment of the volume of the TDiff group. The last

two terms in the fourth line denote additional contributions coming from the Jacobian associated with

the change of variables hµν ↦ {hTT
µν , ξµ, σ}. Upon regularization ∆s ↦∆s+Rk(∆s), these contributions

manifest themselves as the following additional traces

T Jacob.
(1) = −1

2
Tr′ [(∆1 +Rk(∆1) +

2γ1 − 1
2

R̄)
−1
∂tRk(∆1)] , (5.5.7a)

T Jacob.
(0) = − 1

2
Tr′′ [(∆0 +Rk(∆0) −

1

3
R̄)
−1
∂tRk(∆0)]

− 1

2
Tr′′ [ (∆0 +Rk(∆0))−1 ∂tRk(∆0)] . (5.5.7b)

The computation of the traces in the fRG equation is performed with standard heat kernel tech-

niques. All the necessary technical tools and notation are collected in App. D.3. In general, the result

of the trace computation leads to very long expressions and, therefore, we shall not report explicit

results here. The anomalous dimensions can be computed by acting with two functional derivatives

with respect to the fields on the flow equation (5.5.6) and expanding the full scale-dependent effective
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action in powers of the fields on a flat background. Their extraction is then obtained by means of

suitable projection rules. We follow the same strategy as in [142, 205]. The explicit expressions for the

anomalous dimensions used in this chapter are reported in App. D.4.

5.6 f(R,RµνRµν
) projections and extraction of beta functions

In this section, we discuss the extraction of beta functions from two different types of polyno-

mial projections of the fk(R,RµνRµν)-truncation minimally coupled with Gaussian matter degrees of

freedom in the unimodular setting.

To extract the beta functions of the background gravitational couplings from the fRG equation, we

can adopt a projection which consists in setting to zero all fluctuation fields. Within the background

approximation, the truncation (5.4.10), inserted in the left-hand side of (5.5.6), leads to a flow equation

of the form

1

16πGN,k
[ − ηNfk (R̄, R̄2

µν) + ∂tfk (R̄, R̄2
µν) ] = F (fk, f

(m,n)
k , ηi, ∂tfk, ∂tf

(m,n)
k ,NΨ) , (5.6.1)

where the left-hand side of (5.6.1) features the “background anomalous dimension” ηN = −∂t lnZN with

ZN = (16πGN,k)−1 and NΨ = (Nϕ,NA,Nψ). The dependence on η⃗ = (ηTT, ηξ, ησ, ηc) on the right-hand

side of (5.6.1) comes from the regulator insertion ∂tRk associated with each field sector. Moreover, we

adopt the compact notation

f
(m,n)
k = ∂

m+nfk(R̄, X̄)
∂R̄m∂X̄n

, (5.6.2)

with X̄ = R̄2
µν . In order to obtain concrete results, we resort to polynomial truncations. In principle,

had we performed all calculations in a generic background, the most general polynomial expansion

(within the class of the fk(R,R2
µν)-truncation) would be of the form

fk(R,R2
µν) = ∑

n1,n2

ᾱ
(n1,n2)
k Rn1 (RµνRµν)n2 (5.6.3)

where ᾱ(n1,n2)
k denotes the scale-dependent couplings. The running of the couplings ᾱ(n1,n2)

k can be

extracted by expanding both sides of the flow equation (5.6.1) in powers of R̄ and R̄µν and comparing

the coefficients of the same curvature invariants on both sides order by order. Unfortunately, this

procedure carries an ambiguity for a spherical background as the invariant R̄2
µν collapses to 1

4R̄
2. As a

consequence, the running of any two couplings ᾱ(p1,p2)k and ᾱ
(q1,q2)
k can no longer be disentangled for

all pairs (p1, p2) and (q1, q2) satisfying the relation p1 +2p2 = q1 +2q2. A way to bypass this ambiguity,

without appealing to a generic background, is to impose some restriction on the function fk(R,R2
µν).
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5.6.1 f(R) polynomial projection

In this subsection, we consider the particular case corresponding to the f(R)-approximation, which

can be directly obtained by neglecting the R2
µν-dependence in our truncation. For practical computa-

tions, we focus on the polynomial approximation

fk(R) = −R +
N

∑
n=2

k2−2nαk,nR
n , (5.6.4)

where αk,n corresponds to scale-dependent dimensionless couplings and the parameter N stands for a

positive integer number that fixes the maximal degree of the polynomial truncation. This truncation

was largely explored in the context of “standard” asymptotic safety. See, e.g., [178–183, 194, 399, 422–

435]. The coefficient of the first term is normalized to −1 in order to recover the unimodular Einstein-

Hilbert truncation once higher-order powers of the curvature scalar are neglected. Furthermore, the

zeroth-order term, which would be proportional to the cosmological constant, is absent since we are

dealing with a unimodular theory space11.

We extract the system of beta functions associated with the dimensionless Newton coupling Gk and

the set of dimensionless couplings {αk,n}n=2,⋯,N by plugging Eq. (5.6.4) into the flow equation (5.6.1)

and expanding both sides of it up to order R̄N . In this case, the flow equation leads to the following

structure

ηN

16πGk
k2R̄ + 1

16πGk

N

∑
n=2
((2 − 2n − ηN)αk,n + β(n)α )k4−2nR̄n ≡

N

∑
n=1

Hn (αk,NΨ, η⃗, β
(m)
α ) , (5.6.5)

where Gk = k2GN,k is the dimensionless Newton coupling and we have defined β
(n)
α = ∂tαk,n. The

function Hn has the general schematic form

Hn (αk,NΨ, η⃗, β
(m)
α ) ≡ An(αk) + Ãn(NΨ) +

4

∑
j=1

Bn,j(αk)ηj +
N

∑
m=2

Mn,m(αk)β(m)α . (5.6.6)

The coefficients An, Ãn, Bn,j and Mn,m are scheme-dependent quantities and can be computed ana-

lytically for the Litim’s cutoff. By matching contributions according to the power of scalar curvature,

we arrive at the RG equations

βG = 2Gk[1 + 8πGkH1 (αk,NΨ, η⃗, β
(m)
α ) ] , (5.6.7a)

β(n)α = (ηN + 2n − 2)αk,n + 16πGkHn (αk,NΨ, η⃗, β
(m)
α ) , (5.6.7b)

with n = 2, . . . , N . In Eq. (5.6.7a) we have used ηN = G−1k βG − 2. We highlight that the system of
11It is important to emphasize that, since the introduction of the regulator breaks BRST invariance, mass-like terms

for the graviton can be generated and mimick the effect of the cosmological constant [142]. Nevertheless, such terms
arise as a symmetry-breaking effect due to the regulator and are not present in the background approximation.
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RG equations defined by (5.6.7a) and (5.6.7b) provides only implicit results for the beta functions βG
and β(n)α . Furthermore, the system is not closed because of the presence of the anomalous dimensions

(ηTT, ηξ, ησ, ηc). In principle, this system can be solved analytically in order to extract explicit results

for βG and β(n)α once a prescription to obtain the anomalous dimensions is adopted. In Sect. 5.7.1, we

will consider two types of prescriptions: the standard “RG-improvement” approximation12 and a hybrid

semi-perturbative approximation based on an independent calculation of the anomalous dimensions

using the derivative expansion around a flat background. We emphasize that the latter prescription

is somewhat not self-consistent since it glues together results obtained under different schemes and

backgrounds. Nonetheless, we take this tentative choice to obtain results beyond the background

approximation. As usual in functional methods, the use of hybrid schemes might be justified a posteriori

if the underlying results find good convergence properties. Nevertheless, the final expressions for the

system of RG equations are very lengthy and not worth being reported here.

The so-called non-trivial or non-Gaussian fixed-point (NGFP) solutions (denoted as G∗ and α∗n)

may be obtained in terms of the following equations

2G∗[1 + 8πG∗H1 (α∗,NΨ, η⃗ ∣∗,0) ] = 0, (5.6.8a)

(2n − 4)α∗n + 16πG∗Hn (α∗,NΨ, η⃗ ∣∗,0) = 0. (5.6.8b)

The notation (⋯)∣∗ indicates that the quantity in parenthesis is evaluated at the fixed-point solution.

In Sect. 5.7.1, we report numerical evidence for interacting fixed-point solutions associated with various

choices of N .

5.6.2 F (RµνRµν
) +RZ(RµνRµν

) polynomial projection

Another way of bypassing the technical problem of distinguishing the invariants R2 and R2
µν on a

spherical background is to consider an alternative class of truncation, which is characterized by the

following decomposition13

fk(R,R2
µν) = Fk(R2

µν) +RZk(R2
µν), (5.6.9)

where Fk(R2
µν) and Zk(R2

µν) denote scale-dependent arbitrary functions of the invariantR2
µν . This class

of truncation was first investigated in [399] as an approach to include effects beyond the tensor structure

of the Ricci scalar. For practical calculations, we restrict our analysis to polynomial truncations defined

by

Fk(RµνRµν) =
NF

∑
n=1

k2−4nρk,2n(RµνRµν)n , (5.6.10a)

12In Appendix D.5, the reader can find more details about the identification of the background anomalous dimension
with the one derived from the second derivative of the flowing action with respect to fluctuations.

13Hereafter we refer to such decomposition as FZ-truncation.
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Zk(RµνRµν) = −1 +
NZ

∑
n=1

k−4nρk,2n+1(RµνRµν)n , (5.6.10b)

where NF = ⌊N/2⌋ and NZ = ⌊(N − 1)/2⌋, with ⌊⋯⌋ representing the floor function. We denote

as {ρk,n}n=2,⋯,N the set of scale-dependent dimensionless couplings. This particular decomposition

allows us to unambiguously extract the beta functions associated with the set of higher-curvature

couplings {ρk,n}n=2,⋯,N even in a spherical background. This follows from the fact that Fk(RµνRµν)
and RZk(RµνRµν) contribute to the left-hand side of the flow equation with even and odd powers of

R̄, respectively, when projected onto a spherical background. Following the same procedure outlined

in the f(R)-approximation, we extract the system of RG equations associated with the dimensionless

couplings Gk and {ρk,n}n=2,⋯,N by plugging (5.6.10a) and (5.6.10b) into both left-hand side and right-

hand side of Eq. (5.6.1) to obtain the following expressions

1

16πGN,k
[ − ηNfk (R̄, R̄2

µν) + ∂tfk (R̄, R̄2
µν) ]∣

S4

=

= ηN

16πGk
k2R̄ + 1

16πGk

NF

∑
n=1

k4−4n

4n
(β(2n)ρ + (2 − 4n − ηN)ρk,2n) R̄2n

+ 1

16πGk

NZ

∑
n=1

k2−4n

4n
(β(2n+1)ρ − (4n + ηN)ρk,2n+1) R̄2n+1 , (5.6.11a)

for the right-hand side of the flow equation and

F (fk, f
(m,n)
k , ηi, ∂tfk, ∂tf

(m,n)
k ,NΨ) ∣

S4

=

=
N

∑
n=1
(An(ρk) + Ãn(NΨ) +

4

∑
j=1

Bn,j(ρk)ηj +
N

∑
m=2

Mn,m(ρk)β(m)ρ ) , (5.6.11b)

for the left-hand side of the flow equation. The notation (⋯)∣
S4 denotes the projection on the spherical

background. Performing an order by order comparison in the curvature scalar R̄, one easily obtains

the system of RG equations for the FZ-truncation and the equations for the fixed-point solutions G∗

and {ρ∗n}n=2⋯N . The final expressions are quite similar to the condensed expressions in (5.6.7a) and

(5.6.7b) for the flow equations and (5.6.8a) and (5.6.8b) for the fixed-point equations, respectively.

Nevertheless, the explicit form of the coefficients An, Ãn, Bn,j and Mn,m obtained within the FZ-

truncation differs considerably from the ones extracted via f(R)-approximation.

5.7 Results for the interacting gravitational fixed-point structure

5.7.1 Pure gravity systems

In the following, we present our results regarding the fixed-point structure extracted within the two

previously defined polynomial truncations, focusing on the case without matter fields, i.e., by setting

Nϕ = NA = Nψ = 0. The analysis including matter contributions is reported in Sect. 5.7.2.
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The fixed-point equations for both truncations are considerably complicated so that we resort to

a numerical recursive solution of the fixed-point equations for the higher-order couplings in terms of

the two lowest ones and adopt a bootstrap search strategy [181, 182] to select suitable fixed-point

solutions and critical exponents. Within the background approximation, a canonical choice of closure

for the system of RG equations is obtained with the RG-improved anomalous dimensions (see, e.g.,

[413]) ηTT = ησ = G−1k ∂tGk − 2 and ηξ = ηc = 0. Alternatively, a hybrid closure is obtained by improving

the background approximation with anomalous dimensions computed in an independent way via the

vertex expansion (see, e.g., [142, 412, 413]).

For the f(R)-approximation within the RG-improved closure, we have performed the search for

fixed-point candidates at each order of the approximation from N = 1 to N = 20. It is worth mentioning

that, in the case of standard ASQG, i.e., where the theory space is defined by all Diff -invariant

operators, the fixed-point analysis has been performed within polynomial expansions involving terms

up to R70 [183].

In Fig. 5.1, we show the results of the fixed-point values for some of the dimensionless couplings

(up to α∗6), defined in the polynomial f(R)-decomposition - see Eq. (5.6.4), as functions of the

order of approximation N . For higher-order couplings (α∗7 , ⋯, α∗20), the fixed-point coordinates are

of order ∣α∗n∣ < 10−4. In each plot, the results computed with the Bochner-Laplacian (Type I) as a

coarse-graining operator are represented by a blue circle, whereas the ones computed employing the

Lichnerowicz-Laplacians (Type II) are distinguished by a red square. We observe that the fixed-point

values stabilize against the inclusion of higher-order operators. Albeit quantitatively different, the

fixed-point structure is similar for both coarse-graining operators and, in particular, it displays an

apparent stabilization for sufficiently large truncation.

In order to provide a better visualization of the stabilization pattern against higher-order extensions

for both regularization schemes, we consider in Fig. 5.2 a convenient normalization for the fixed-point

couplings. Following [182, 183, 399], we define the set of normalized fixed points {λn}n=1,⋯,N according

to

λ1(N) =
G∗(N)

G∗(Nmax)
+ 1 and λn(N) =

α∗n(N)
α∗n(Nmax)

+ n, (5.7.1)

where G∗(N) and α∗n(N) represent the fixed-point values of the dimensionless couplings computed at

order N . The couplings λn are normalized in units of the fixed-point values computed at the largest

approximation order, which in the present case is Nmax = 20, and are shifted by n. Fig. 5.2 gives

evidence for the rapid apparent stabilization of the fixed points.

Fig. 5.3 displays the corresponding critical exponents for both types of coarse-graining operators

as functions of N and gives evidence for a non-increasing number of relevant directions. This indicates

that the dimensionality of the UV critical hypersurface does not grow up to the dimension of the

truncated unimodular theory space, which is a crucial feature for the asymptotic safety program. As

occurred for the fixed-point values, higher-order additional invariant operators do not seem to spoil the

stabilization of the critical exponents. In particular, for the critical exponents computed within the

Type I regularization, i.e., Bochner-Laplacian as a coarse-graining operator. Fig. 5.3 (left) indicates
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Figure 5.1: Fixed-point values of the couplings Gk, αk,2, αk,3, αk,4, αk,5 and αk,6 in the f(R)-truncation. The blue
circle indicates the Type I regularization (Bochner-Laplacian), whereas the red square indicates the Type II regularization
(Lichnerowicz-Laplacians). All plots are computed within the RG-improved prescription.

that the number of relevant directions saturates at two (except obviously for N = 1). For the Type II

regularization, characterized by the Lichnerowicz-Laplacians (right), the analysis is a bit more subtle.

In this case, we observe a small oscillation in the neighborhood of positive values for lower-order

truncations (N < 6). In spite of that, the inclusion of additional invariant operators drives the number

of relevant directions to stabilize at two as well.

An interesting feature also displayed in Fig. 5.3 is the near-canonical character of the critical

exponents , i.e., a small deviation of the critical exponents in comparison with the canonical scaling of

the operators appearing in our truncation. Indeed, the critical exponents computed within the f(R)-
expansion behave like θn ∼ ∆n, where ∆n = 4 − 2n is the canonical scaling dimension of an invariant

of the form R̄n. The two positive critical exponents appear as exceptions, since they deviate from

the corresponding canonical scaling dimension by a greater gap. The near-canonical character of the

86



Figure 5.2: Normalized fixed points in the f(R)-truncation. The convergence pattern is exhibited with the normalization
λ1(N) = G∗(N)

G∗(Nmax)
+ 1 and λn(N) = α∗n(N)

α∗n(Nmax)
+ n (for n > 1). From bottom to top, we display λn(N) for n = 1,⋯,15

in the Nmax = 20 truncation (see main text). The left panel shows the normalized fixed-points values associated with
the Type I regularization scheme, while the right panel corresponds to results obtained via the Type II regularization
scheme. Both schemes of calculation are closed with the RG-improved prescription.

Figure 5.3: Critical exponents associated with the fixed-point structure in the f(R)-approximation for the range n =
1,⋯,15 in the Nmax = 20 truncation within the RG-improved closure. The left panel corresponds to results obtained
under the Type I regularization, while the right panel displays the results obtained under the Type II regularization.

critical exponents was already observed in a unimodular setting based on a polynomial expansion of

f(R) up to R̄10 [397]. Additionally, it is worth mentioning that a near-canonical spectrum of critical

exponents has been investigated in detail within standard ASQG [181–184, 195, 213, 399]. In particular,

such a property suggests that power-counting can be a good guiding principle in the construction of

truncations of the flowing effective action.

As stated earlier, as an attempt to go beyond the RG-improvement prescription, the anomalous

dimensions of the fluctuating metric and ghost fields may be independently computed through a simul-

taneous vertex and derivative expansion of the effective average action in the same fashion as discussed

previously in the unimodular setting [142] (see also [412, 413]). This provides a second way of closing

the system of RG equations by combining the background-field approximation for the couplings with

independent anomalous dimensions for fluctuating fields in a hybrid approach, as in [190, 411, 413, 414].
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Figure 5.4: Plots of the convergence pattern for the normalized fixed-point values of the couplings λn(N) for the f(R)-
approximation evaluated within the hybrid semi-perturbative closure. The left plot exhibits the convergence pattern for
the the range n = 1,⋯,13 in the Nmax = 16 truncation under the Type I regularization, while the right plot displays
the convergence pattern for the range n = 1,⋯,11 in the Nmax = 14 truncation under the Type II regularization. All
couplings follow the same normalization convention as defined previously. The truncations are smaller with respect to
previous results and different for different coarse-graining operators due to numerical instabilities.

Our setup for the generation of the interaction proper vertices employs the same ansatz (5.4.10). In

order to capture higher-curvature effects, the Lagrangian f(R,R2
µν) is decomposed into an Einstein-

Hilbert term supplemented by quadratic-curvature invariants such that the gravitational sector is in

the form

Γgravity
k [gµν] =

k2

16πGk
∫
x
ω ( −R + k−2αk,2R2 + k−2ρk,2RµνRµν) , (5.7.2)

with αk,2 and ρk,2 being the same dimensionless couplings as in (5.6.4) and (5.6.10a), respectively. In

particular, for computational simplicity, curvature-squared contributions to the vertices are neglected.

We emphasize that this is an additional approximation that should be refined in a future investigation.

After expanding the gravitational action in powers of the fluctuation field hµν , we set ḡµν = δµν . This

setup allows us to obtain the anomalous dimensions in the form ηi = ηi(Gk, αk,2, ρk,2, βα, βρ,NΨ).
The explicit expressions are given in App. D.4 within a semi-perturbative approximation14 and, when

inserted in the RG equations for the f(R)-truncation, the coupling ρk,2 and its beta function are set

to zero, since the f(R)-approximation does not contain any R2
µν-dependence. Similarly, when treating

the system of RG equations for the FZ-truncation, the coupling αk,2 and its beta function are not

considered.

To avoid a proliferation of similar plots, we refrain from showing the plots of convergence of in-

dividual fixed-point values and only exhibit results for the normalized fixed points and the critical

exponents in Fig. 5.4 and Fig. 5.5.

As argued in [191], for a generic class of regulators proportional to the two-point functions, the

imposition that the regulators must diverge in the UV leads to the constraint η⃗ ∣∗ < 2. Since our

regulators fall in this class, we have selected, within the hybrid semi-perturbative prescription, fixed-
14The semi-perturbative approximation consists in setting to zero all the η’s that would arise from the RG-scale

derivative on the regulator function. This amounts to neglecting the η’s on the right-hand side of the expressions for the
anomalous dimensions [141, 142, 190, 203, 212, 223, 228].
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Figure 5.5: Critical exponents associated with the fixed-point structure in the f(R)-approximation within the hybrid
semi-perturbative closure. The left panel corresponds to results for the range n = 1,⋯,13 in the Nmax = 16 truncation
under the Type I regularization. In particular, only the third and fourth set of critical exponents, under this regularization,
are complex conjugate pairs and, consequently, the lines representing their real parts fall on top of each other. The right
plot exhibits the results for the range n = 1,⋯,11 in the Nmax = 14 truncation under the Type II regularization. Clearly,
in the latter case, the truncation needs to be further extended in order to verify if apparent convergence is restored for
the critical exponents.

point values for G∗ and α∗2 which respect the bound15 η⃗ ∣∗ < 2. The convergence pattern of the

normalized fixed-point values λn(N) for the f(R)-approximation are displayed in Fig. 5.4 for both types

of regularization schemes. Considering the non-linear character of the expressions for the anomalous

dimensions given by (D.4.1a), (D.4.1b), (D.4.2), as opposed to the RG-improved case, we managed

to find suitable fixed-point solutions for the polynomial truncation up to Nmax = 16 for the Type

I regularization and up to Nmax = 14 for Type II. As in the case of the RG-improved prescription,

the Type I regularization leads to stable fixed-point solutions, apart from a late stabilization of the

normalized coupling associated with the invariant R̄5. However, the Type II regularization only leads

to a clear apparent stabilization for the first four lower-order operators and seems to be sensitive

against the inclusion of higher-order invariants. This behavior is again evident in the plots of the

critical exponents in Fig. 5.5. In order to tell if this behavior is a truncation artifact due to the

independently-computed anomalous dimensions or simply reflects a limitation in our search method,

an investigation of higher-order truncations would be needed. Interestingly though, the near-canonical

character of the critical exponents is still manifest for both types of regularization schemes within

this hybrid semi-perturbative approximation. This indicates that quantum fluctuations encoded in the

anomalous dimensions provide a mild contribution to all invariant operators.

We move on to discuss the fixed-point structure of the polynomial FZ-truncation. The more

complicated nature of this truncation naturally leads to larger expressions in contrast with the f(R)-
truncation, thus demanding additional computational capacity. As a consequence, within the RG-

improved prescription, we limit ourselves to explore the fixed-point equations within a truncation

where the highest-order invariant operator corresponds to R(RµνRµν)7 (i.e., Nmax = 15). As in the
15The constraint verified in this chapter is subjected to the approximations made here. In particular, for ησ the range

of fixed-point values may be more restrict if one considers the effects of symmetry-breaking graviton mass terms (and
full closure), as discussed in [142].
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Figure 5.6: Fixed-point values of the couplings Gk, ρk,2, ρk,3, ρk,4, ρk,5 and ρk,6 in the FZ-truncation. The blue circle
indicates the Type I regularization (Bochner-Laplacian), whereas the red square indicates the Type II regularization
(Lichnerowicz-Laplacians). All plots are computed within the RG-improved prescription.

f(R) case, a numerical recursive solution of the fixed-point equations is implemented alongside a

bootstrap search method.

In Fig. 5.6, we display our findings of the fixed-point values of the dimensionless couplings up to

ρk,6 as functions of N extracted from the FZ-truncation for both types of coarse-graining operators.

We adopt the same convention for the plot markers as in the f(R)-truncation. Additionally, in Fig. 5.7,

we display the convergence pattern of the normalized fixed-point values of the couplings λn(N) defined

in terms of (Gk, ρk,n). As one can notice from Figs. 5.6 and 5.7, for the regularization employed by the

Lichnerowicz-Laplacians (red squares in 5.6 and right panel in 5.7), we managed to find suitable NGFP

solutions for the polynomial truncation until Nmax = 15, exhibiting mild oscillations for higher-order

operator invariants (with the exception of wild oscillations at the approximation orders N = 3 and

N = 8). Contrarily, the regularization based on the Bochner-Laplacian (blue circles in 5.6 and left
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Figure 5.7: Plots of the convergence pattern of the normalized fixed-point values of the couplings λn(N) (now given in
terms of (Gk, ρk,n)) for the FZ-truncation evaluated within the RG-improved prescription. The left plot exhibits the
convergence pattern for the range n = 1,⋯,7 in the Nmax = 9 truncation under the Type I regularization, while the
right plot displays the convergence pattern for the range n = 1,⋯,12 in the Nmax = 15 truncation under the Type II
regularization. All couplings follow the same normalization convention as in the f(R) case.

Figure 5.8: Critical exponents associated with the fixed-point structure in the FZ-truncation within the RG-improved
closure. The left panel corresponds to results for the range n = 1,⋯,7 in the Nmax = 9 truncation obtained under the
Type I regularization, while the right plot displays the results for the range n = 1,⋯,12 in the Nmax = 15 truncation
obtained under the Type II regularization.

panel in 5.7) leads to suitable, apparently stabler, NGFP solutions only up to Nmax = 9. This feature

is attributed to a limitation in our numerical method implemented to generate fixed-point solutions.

According to the critical exponents illustrated in Fig. 5.8, our findings for the FZ-truncation still

indicate that the UV critical hypersurface is characterized by two relevant directions for both types of

coarse-graining operators. Despite the stabilization of the number of relevant directions, the numerical

values for the critical exponents undergo the same unstable behavior as the fixed-point values depicted

in Fig. 5.6. Albeit the difficulties in extending our analysis to truncations higher than N = 9 for the

Type I regularization scheme, the results shown in Fig. 5.8 (left) indicate that the critical exponents

share the same near-canonical character as in the case of the f(R)-approximation. However, such a

behavior is less apparent in the case of Type II coarse-graining operators. Here, as one can see from

Fig. 5.8 (right), some critical exponents behave according to the near-canonical scaling. Nevertheless,
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Figure 5.9: Plots of the convergence pattern for the normalized fixed-point values of the couplings λn(N) (given in
terms of (Gk, ρk,n)) for the FZ-truncation evaluated within the semi-perturbative prescription. The left plot exhibits
the convergence pattern for the range n = 1,⋯,7 in the Nmax = 8 truncation under the Type I regularization, while
the right plot displays the convergence pattern for the range n = 1,⋯,9 in the Nmax = 10 truncation under the Type II
regularization. All couplings follow the same normalization convention as in the f(R) case.

for assorted choices of N there are points which exhibit appreciable deviations from the canonical

scaling of invariant operators within the truncation.

To conclude this section, we display in Figs. 5.9 and 5.10 the results for the normalized fixed-point

values and critical exponents in the FZ-truncation when the semi-perturbative prescription is adopted.

For the regularization employed by the Lichnerowicz-Laplacians (right panel in Fig. 5.9), suitable

NGFP solutions were found for polynomial truncation until Nmax = 10, with improved stabilization of

the fixed-point coordinates, apart from a severe oscillation at order N = 5. These are better results in

comparison with the previous case (given the simplicity of our truncation). Regarding the Bochner-

Laplacian operator (left panel in Fig. 5.9), stable results were achieved only up to Nmax = 8. A similar

limitation was observed in the previous analysis. Moreover, at order N = 2, we have disregarded the

only would-be suitable NGFP solution for the pair (G∗, ρ∗2), since one of the two corresponding critical

exponents is ∼ 110 and may be regarded as a truncation artifact. Conclusive statements regarding the

stability of the fixed point requires an extensive analysis of more sophisticated truncations.

As in the RG-improved case, the dimensionality of the UV critical hypersurface is still two for

both regularization schemes. However, for the Type II case, the two positive critical exponents exhibit

mild oscillations and, as opposed to the corresponding RG-improved result, the gap controlling their

near-canonical scaling is severely reduced by the anomalous dimensions contributions when higher-

order invariant operators are included. Nevertheless, in contrast with the RG-improved analysis, the

critical exponents do not exhibit appreciable deviations from canonical scaling for several choices of

the approximation order N .

Notably, our findings suggest that in the unimodular version of the FZ-truncation the search for

fixed-point candidates gets hampered by difficulties in extending the approximation order beyond

N = 16 (which is the case considering Lichnerowicz-Laplacians within the RG-improvement prescrip-

tion) in comparison with the fixed-point analysis in the unimodular version of the f(R)-approximation.
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Figure 5.10: Critical exponents associated with the fixed-point structure in the FZ-truncation within the semi-
perturbative closure. The left panel corresponds to results for the range n = 1,⋯,7 in the Nmax = 8 truncation obtained
under the Type I regularization, while the right plot displays the results for the range n = 1,⋯,9 in the Nmax = 10
truncation obtained under the Type II regularization.

The possibility of extension gets more restricted when independent anomalous dimensions are adopted.

As a consequence, the FZ-truncation in the unimodular setting generates less stable solutions than

its f(R) relative overall. This characteristic is opposed to considerations previously made in the

standard ASQG setting. In particular, the systematic investigation carried out in [399] reveals that

the FZ-truncation presents a faster stabilization, including higher-order extensions, than the f(R)-
approximation. Considering the approximations we have used, our findings reveals the opposite be-

havior in the unimodular version.

5.7.2 Gravity-matter systems

Several works in standard ASQG provide strong hints for the existence of a NGFP in the RG flow

within different truncations, ranging from the Einstein-Hilbert approximation to more sophisticated

ones [138, 139, 151, 170, 171, 174, 178–184, 186, 253, 255, 399, 410–413, 422–432, 434–450]. On top

of that, a growing number of investigations provide compelling evidence for the persistence of the

NGFP against the introduction of a large class of matter fields, such as the field content corresponding

to the SM of particle physics and some beyond SM (bSM) extensions, see [141, 190–196, 198, 200–

204, 208, 209, 211–213, 219–223, 225, 230, 232, 233, 307, 414, 433, 435, 451–458, 458–462, 462, 463].

In this section, we explore the impact of matter degrees of freedom on the interacting gravitational

fixed-point structure in the unimodular setting for both f(R) and F (R2
µν) + RZ(R2

µν) polynomial

truncations. By varying the number of matter fields, we can probe the compatibility of non-trivial

fixed-point solutions in the unimodular theory space coupled to the field content corresponding to the

SM of particle physics as well as to some bSM extensions.

Following the same strategy employed in the pure gravity case, a numerical recursive solution

and a bootstrap search method were adopted for the selection of suitable fixed-point candidates. For

both f(R)- and FZ-truncations we have limited our search to fixed-point solutions within polynomial

approximations ranging from N = 1 to N = 10. The results reported in the case of gravity-matter
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Stability of NGFP for some specific matter models

Model Matter content Type I Type II

Nϕ NA Nψ f(R) F (R2
µν) +RZ(R2

µν) f(R) F (R2
µν) +RZ(R2

µν)

SM 4 12 45/2 ✓(2) ✓(2) ✓(2) ✓(2)

SM + 3νR 4 12 24 ✓(2) ✓(3) ✓(2) ✓(2)

MSSM 49 12 61/2 ✖ ✖ ✖ ✖

SU(5) GUT 124 24 24 ✖ ✖ ✖ ✖

SO(10) GUT 97 45 24 ✓∗(2) ✓∗(3) ✓∗(2) ✓∗(2)

Table 5.1: Collection of the results on the stability of NGFPs arising from the matter content of the Standard Model
and some of its commonly studied extensions for both f(R) and F (R2

µν) + RZ(R2
µν) polynomial projections in the

unimodular setting. The RG-improved closure is adopted. The symbols go as follows: check-marks ✓ indicate the
underlying setup possesses a suitable NGFP which converges for increasing order of approximation N . The number
between parenthesis indicates the number of relevant directions observed. An asterisk simply indicates that there is no
NGFP at the level of the Einstein-Hilbert truncation (N = 1), converging afterwards towards a suitable NGFP. Finally,
an ✖ means that there is no NGFP at all orders of approximation, except for one appearance at only one power of
curvature.

systems are restricted to the RG-improved treatment for the anomalous dimensions, i.e., using a

prescription that relates ηTT and ησ to the beta function of the Newton coupling, while setting all

other anomalous dimensions to zero. The other prescription considered in the pure gravity case, with

anomalous dimensions computed via derivative expansion, will not be reported here. The reason is

related to the existence of certain bounds on the anomalous dimensions, as it was pointed out in [191],

appearing as a consistency requirement for an appropriate behavior of the fRG regulator at k →∞. For

gravity-matter systems we have found fixed-point values that violate such bounds and we can argue

that these results are not self-consistent.

In Table 5.1 we exhibit a summary of the results concerning the stability of NGFPs for specific

matter contents for both f(R) and F (R2
µν) +RZ(R2

µν) approximations. In this case, we just report

the main qualitative features, i.e., in which cases we find evidence for fixed-point solutions and the

corresponding number of relevant directions. In all cases, we have investigated polynomial truncations

including operators up to O(R10).

The minimal requirement for a phenomenological viable fixed-point solution is its compatibility

with the matter content of the SM, i.e., Nϕ = 4, NA = 12 and Nψ = 45/2. As we can observe

in Table 5.1, our result points towards the existence of this fixed point for both truncations under

investigation and for both types of regulators employed in the coarse-graining procedure. The fixed-

point solution corresponding to the SM matter content exhibits similarities with the results observed

for pure gravity. In both truncations and regularization schemes, we have found evidence for two-

dimensional UV critical surfaces. Furthermore, the numerical values for the fixed-point solutions,

as well as for the critical exponents, seem to stabilize for truncations characterized by N ≳ 6. The

exception is the FZ-approximation with Type I regulator, which presents a mild deviation from the

“convergence” pattern at N = 9 and N = 10.

To complement our analysis, we also have considered the matter content associated with some bSM
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scenarios. The first extension, which is motivated by the necessity to accommodate neutrino masses,

corresponds to the choice (Nϕ = 4,NA = 12,Nψ = 24), i.e., including 3/2 additional Dirac fermions (or 3

Weyl fermions), accounting for 3 right-handed neutrinos. In this case, our results also point towards the

existence of UV fixed-point solutions. The main difference in comparison with the SM matter content

is the appearance of an extra relevant direction in the FZ-truncation with Type I regularization. For

the other approximations/schemes, our results indicate two relevant directions.

It is also interesting to consider matter content corresponding to bSM scenarios characterized by

larger symmetry groups, e.g., supersymmetric models and grand unified theories (GUTs). In Table

5.1, we report our findings for matter content associated with the minimally supersymmetric Standard

Model (MSSM), SU(5) and SO(10) GUTs. Among these options, only the SO(10) GUT (Nϕ = 97,

NA = 45 and Nψ = 24) exhibits suitable fixed-point solutions. In this case, most of the schemes under

investigation leads to UV fixed-points characterized by two relevant directions. The exception, once

again, is the FZ-truncation with Type I regulator, where we have found three relevant directions. It

is also interesting to emphasize that, in the case of matter content corresponding to SO(10) GUT, the

fixed-point solutions do not appear at the level of the lowest truncation, i.e., N = 1.

For the matter content corresponding to the MSSM and SU(5) GUT, we do not find evidence for

the existence of suitable fixed-point solutions within the aforementioned truncations. Our findings

show a qualitative agreement with the results for non-unimodular settings reported in [190, 194]. As

it was pointed out in [190], the absence of suitable UV fixed-points for gravity-matters systems with

field content corresponding to the MSSM and SU(5) GUT can be explained by the inclusion of too

many scalars and fermions, without being compensated by the inclusion of extra vector fields. It is

important to emphasize that this explanation is restricted to the calculations based on the background-

field approximation. It is worth mentioning that results from the fluctuation approach, see [124], for

ASQG indicate that the inclusion of too many scalars pushes the scalar anomalous dimension to a

regime that violates certain regulator bounds [191].

The upshot is that, apart from the global degree of freedom and the status of the cosmological

constant at the level of field equations, no substantial differences have been found between UQG and

its Diff-invariant version, even when matter is included.
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Chapter 6

Concluding Remarks and Outlook

In this thesis, we investigated the interplay of quantum fluctuations of matter with different in-

carnations of gravity. In particular, both quantum properties of the background spacetime and its

fluctuations were put to the test in order to provide constraints on dark matter models, on the fate of

chiral symmetry for fermions and on kinematically classical siblings of gravity itself.

Non-perturbative renormalization techniques in the context of the functional Renormalization

Group were the main tools for the three investigations, and, in particular, to probe the existence of a

suitable UV fixed point for quantum gravity-matter systems within the asymptotic safety perspective.

Our first endeavor was to put to the test the predictive power of asymptotic safety in testing

concrete (vector) dark matter models, which are phenomenological not excluded. There are a priori

several ways in which asymptotic safety can be incompatible with a given phenomenological model.

First, there might not be any asymptotically safe fixed point in the model together with quantum

gravity. This is not the case of Chapter 3, where, in fact, there are several fixed points at which

different subsets of the couplings are nonzero.

Second, a fixed point can have irrelevant directions. Each irrelevant direction generates a prediction

for a coupling (or combination of couplings) in the infrared. These predictions may disagree with

phenomenologically allowed or experimentally measured values. This is the case here, where the top

quark Yukawa coupling is predicted for some fixed points (and bounded from above by others) and

comes out smaller than the value inferred from experiment. There is, however, a caveat to ruling out

a model in this way and that caveat is due to systematic uncertainties. These arise from the use of

a truncation (and thus the neglecting of higher-order interactions which are generically present at an

asymptotically safe fixed point and impact the beta functions within the truncation), but also from the

use of Euclidean signature in the RG calculations. Although attempts can be made [202, 207], these

systematic uncertainties are difficult to estimate. If we are very conservative about the size of systematic

uncertainties, ruling out the model robustly based on the too-low value of the top quark mass may not

be possible. If we are somewhat more optimistic about the size of systematic uncertainties, the present

work provides an explicit example of the idea put forward in [202]: dark degrees of freedom change

gravitational fixed-point values and thus result in changes of all predicted SM couplings, even if the
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corresponding degree of freedom (here, the top quark) is not coupled to the dark sector. Furthermore,

we emphasize that the DM models considered in this paper are only ruled out in the near-perturbative

regime and it is in principle not excluded that a very different strongly coupled UV completion exists

once we go beyond the approximations adopted.

Third, a model may rely on a dynamical mechanism, with spontaneous symmetry breaking as one

important example. Whereas spontaneous symmetry breaking in phenomenological models is usually

built in by fiat by making assumptions about the scalar potential, this is no longer an option in an

asymptotically safe setting. There, the scalar potential at low energies arises as a combination of the

UV initial conditions from asymptotic safety with the effect of quantum fluctuations at all scales down

to the IR. The UV initial conditions are subject to the free-parameter count from asymptotic safety

and typically only the mass parameters remain as free parameters. At all scales below, the contribution

that arises from quantum fluctuations is completely fixed in terms of the other couplings in the model.

In our case, these restrictions are sufficient to rule the model out, because most fixed points result in

either perturbatively unstable or symmetry-broken potentials in the UV. At the remaining fixed points,

gauge fluctuations in the dark sector drive the quartic coupling towards negative values. Because there

are no free parameters in the scalar potential that could offset this effect, the resulting potential is

not bounded from below within the perturbative regime. We stress that this last criterion, in contrast

to the second one, is a qualitative, not a quantitative one. Thus, it is less sensitive to the systematic

uncertainties of our study, because it only relies on well-established, universal signs of terms in beta

functions.

Because of the qualitative and general nature of the criterion that rules out these particular DM

models, we conjecture that vector DM models with only vectors and scalars in the dark sector are

generally not viable in asymptotic safety in a near-perturbative regime. If fermions are added with a

large enough Yukawa coupling, they may stabilize the scalar potential (see [232] in the context of DM

and [247] for work in the context of cosmic strings). We highlight that exploring vector dark models

beyond the perturbative regime, where additional, canonically irrelevant, interactions may be relevant,

is an interesting subject for further studies.

This result adds further to the evidence that models with a Higgs portal to the dark sector are

either strongly constrained [233, 235] or fully ruled out [230] in asymptotic safety, depending on the

matter and interaction content of the dark sector. This motivates to look elsewhere for viable DM

models. It is already known that axion-like particles are also constrained [239], putting another popular

DM candidate under (theoretical) pressure.

We thus propose that a way towards finding viable models of DM in asymptotic safety is to follow

up on results which show which interaction structures are generically viable in asymptotic safety. A

promising candidate could be strongly coupled fermionic sectors in which symmetry breaking triggers

the formation of massive bound states. Such composite models with dark sectors may fit into the

asymptotic safety paradigm [464], because it is known that i) gravity does not trigger bound-state

formation, so that bound states less massive than the Planck scale may be viable [200, 219, 221, 307],

ii) gravity generates non-vanishing four-fermion interactions which may then be driven to criticality by
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a non-Abelian gauge interaction [465] and iii) the fermion mass parameter generically remains a free

parameter [222] so that even in non-chiral fermion systems bound-state formation may be achieved. If

indeed composite models with dark sectors are viable in asymptotic safety, then a dark gauge interaction

is present, but, unlike in the setting of this work, does not supply the dark-matter candidate itself.

Our second endeavor was to investigate the impact of a non-trivial spacetime background on the

fate of chiral symmetry. In particular, we focused on the impact of background torsion. Our analysis

was based on the evaluation of a scale-dependent effective potential in the bosonized version of the

NJL model on a Riemann-Cartan manifold. Within this setting, we used fRG-inspired tools to define

a coarse-grained effective potential.

We have analyzed the impact of torsion in two different situations. First, in the approximation

where ∣
○

R ∣/k2IR ≪ 1 and A2/k2IR ≪ 1, we investigated the combined impact of torsion and curvature. In

this case, torsion may contribute toward or against chiral symmetry breaking, depending on the infrared

value of the renormalized nonminimal coupling ξIR. In fact, for a given sign of the nonminimal coupling

ξIR, the torsion contribution plays the analog role of negative curvature, i.e., favors chiral symmetry

breaking for positive nonminimal coupling and prevents it for negative coupling. The analysis with

∣
○

R ∣/k2IR and A2/k2IR does not capture the deep infrared regime. Thus, it does not allow us to investigate

a possible torsion-based gravitational catalysis.

The second analysis we performed was in the regime of vanishing curvature and homogeneous

torsion. Although this analysis does not capture the combined effects of curvature and torsion, it

allows us to investigate the impact of torsion on the mechanism of chiral symmetry breaking in the

deep infrared. Surprisingly, in this regime, the only contribution of torsion to V ′′kIR(0) comes from the

leading order correction in A2 in an early-time heat kernel expansion. In physical terms, we have found

no indication of a torsion-based gravitational catalysis mechanism.

To our knowledge, this is the first paper investigating the effect of non-Riemannian structures on the

mechanism of gravitational catalysis. The results presented here are in agreement with the very recent

account [466], where the possibility of chiral symmetry breaking was also investigated in a background

with curvature and torsion, but computing the effective action from the anomaly-induced vacuum

effective action in non-Riemannian spacetimes probed in [467]. Furthermore, the results presented

here were restricted to a nondynamical background. As a next step, we aim to investigate the impact

of torsion fluctuations on the mechanism of chiral symmetry breaking. In particular, one can investigate

the compatibility of light fermions [219] with quantum gravity scenarios with fluctuating torsion field.

We hope to report on this soon.

Torsion effects can also play a role in low-energy physics. For instance, effects of torsion can be

emulated in condensed matter systems [468–470]. In the context of the geometric theory of defects,

the appearance of torsion and curvature in solids are associated with topological defects known as dis-

locations and disclinations, respectively. Crystalline structures are then viewed as a manifold endowed

with a Riemman-Cartan-like geometry. The methods used in this paper can, in principle, be adapted

to the study of chiral symmetry breaking in low-energy systems that emulate torsion effects. This path

could pave the road to the experimental realization of the results presented in this paper by means of
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analog gravity systems.

Our final investigation was with regards to unimodular quantum gravity. In Chapter 5, the renor-

malization group flow of unimodular quantum gravity was analyzed. This was motivated by the

possibility of such a quantum theory to be asymptotically safe and, thus, well defined up to arbi-

trarily short distances. We have explored larger theory spaces with respect to previous analyses, by

considering truncations which involve the tensorial structure of Ricci-tensor invariants and anomalous

dimensions which are computed from the running of the two-point function of gravitons and Faddeev-

Popov ghosts. Moreover, in the background approximation, we have used the background-dependent

correction to the flow equation discussed in [142]. Such improvements enabled us to confront previous

results [395, 397] with truncations enlargements and, apart from quantitative differences which follows

from truncation-induced effects, we have found evidence for the persistence of the fixed point.

Technically, we have also tested how the underlying fixed-point structure is affected by different

choices of the endomorphism parameter in the regulator function. In particular, we discussed results

obtained for Bochner and Lichnerowicz coarse-graining operators. As expected, different choices of such

operators, in the background approximation, directly affect the projection onto curvature invariants in

the flow equation and can lead to substantial different qualitative results such as the number of relevant

directions (see, e.g., [434, 471]). For this discrete choice of the endomorphism parameter, we have

observed stable qualitative results both in the f(R) and FZ truncations, where the fixed point features

two relevant directions. Nevertheless, different classes of truncations lead to different computational

subtleties and we have verified that in this setup, the f(R) truncation has better (apparent) convergence

properties. More efficient methods must be employed for the FZ-truncation in order to probe whether

the fixed point structure stabilize for larger truncations. In any case, it is remarkable that by changing

the endomorphism parameter and the anomalous dimension prescription in each class leads to a fixed

point which features the same qualitative features, leading to the expectation that this is a consequence

of the near-perturbative nature of the fixed point (which is reflected in the near-canonical scaling).

Finally, we have considered the interaction of unimodular quantum gravity with matter degrees of

freedom. Intuitively, matter fluctuations will affect the running of the gravitational couplings and since

we aim at describing a realistic theory of quantum gravity, the fixed point must exist in the presence

of matter fields. As a first approximation, we have included scalars, spinors and vectors without self-

interactions coupled to the unimodular gravitational field. As discussed, the matter content of the SM

and of some of its extensions does not destroy the fixed point, leading to evidence for the existence of

a complete theory of quantum gravity and matter. However, as pointed out, for some extensions of the

SM, the matter content is “too big" and destroys the fixed point, i.e., they act against scale invariance

in the UV. Hence, it is a concrete realization that even for truncated theory spaces, one might indeed

find systems which do not feature a fixed point.

The investigation of Chapter 5 suggests several different ways of improving the truncations of

unimodular quantum gravity and matter systems. In particular, a promising and necessary direction

is the consideration of approximations that go beyond the background one. In this work we have

performed a purely background approximation and a hybrid one. However, it is necessary to investigate
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momentum-dependent correlation functions in unimodular quantum gravity and compare the results

with our present findings. We hope to report on this soon.

Lastly, there is the discussion about the equivalence of unimodular quantum gravity and standard

quantum gravity. Conceptually, from the point of view of asymptotically safe quantum gravity, this

is still an important puzzle to be resolved. Different symmetry groups define, in principle, different

theory spaces and hence, a different set of essential couplings that should reach a non-trivial fixed

point. In the unimodular setting, there is no room for a cosmological constant as an essential coupling

while in standard gravity, it is usually treated as an essential coupling (but see [472]) and it is required

to reach a fixed point in the asymptotic safety program. However, it is far from clear if this necessarily

leads to incompatible pictures. In standard gravity, the cosmological constant corresponds to a relevant

direction and, thus, a free parameter that should be fixed by “experiments”. In unimodular gravity,

the cosmological constant appears as a constant of integration which is also fixed by initial conditions.

In the end, it remains to be understood if such theories share the same observables or not.
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Appendix A

Euclidean Spacetime Conventions

In this appendix, we outline the procedure for Wick rotation and we fix our conventions for ob-

jects defined directly with the four-dimensional Euclidean signature. These conventions will be used

throughout this thesis, unless explicitly stated otherwise (see Chapter [CITE]). All the expressions

written in terms of Lorentzian objects were defined with the metric signature ηµν = diag(+,−,−,−).

A.1 Minkowski to Euclidean Spacetime

A.1.1 Wick Rotation

The Wick rotation is defined by

x0∣L = −ix0∣E, x1∣L = x1∣E, x2∣L = x2∣E, x3∣L = x3∣E, (A.1.1)

which is valid for Lorentzian coordinates with upper indices. For Lorentzian coordinates with lower

indices, we have

x0∣L = −ix0∣E, x1∣L = −x1∣E, x2∣L = −x2∣E, x3∣L = −x3∣E. (A.1.2)

The Euclidean version of the scalar product of the coordinates follows if we define the Euclidean metric

δµν = diag(+, . . . ,+), such that

ηµνx
µ∣Lxν ∣L = −δµνxµ∣Exν ∣E. (A.1.3)

Under Wick rotation, the derivative ∂µ transforms according to

∂0∣L = i∂0∣E, ∂1∣L = ∂1∣E, ∂2∣L = ∂2∣E. ∂3∣L = ∂3∣E. (A.1.4)
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A.1.2 Fourier Transforms

In this subsection, we summarize our conventions for Fourier transforms in four-dimensional Eu-

clidean spacetime. For bosonic fields, we employ

Φ(x) = ∫
d4p

(2π)4
Φ(p)eipµxµ . (A.1.5)

For fields which are complex or Grassmaniann in nature, the conjugate pair carries an additional

minus sign in the exponential factor. So, for fermionic fields our conventions read

ψ(x) = ∫
d4p

(2π)4
ψ(p)eipµxµ , (A.1.6)

ψ̄(x) = ∫
d4p

(2π)4
ψ̄(p)e−ipµxµ , (A.1.7)

where, by self-consistency, the dual Euclidean spinor carries an imaginary factor, namely, ψ̄ = (iψ)†γ0.
ψ and ψ̄ should be considered as independent anti-commuting Grassmann fields. We refer to App.

(A.2) for our conventions on Euclidean gamma matrices.

A.2 Euclidean Clifford Algebra and Fierz Identities

Fermions form a great part of this thesis, so it is justified to properly state our conventions for the

Euclidean Clifford algebra and the Fierz rearrangement identities.

Euclidean Clifford Algebra

The Clifford algebra in Euclidean signature reads1

{γµ, γν} = γµγν + γνγµ = 2δµνI, (A.2.1)

γ†
µ = γµ, (A.2.2)

γ5 = γ0γ1γ2γ3 =
1

4!
ϵµναβγ

µγνγαγβ with γ†
5 = γ5, (A.2.3)

σµν =
i

2
[γµ, γν] =

i

2
(γµγν − γνγµ) . (A.2.4)

The explicit form of the gamma matrices in the Weyl representation reads

γ0 =
⎛
⎝
0 I2
I2 0

⎞
⎠
, γj =

⎛
⎝

0 −iσj
iσj 0

⎞
⎠
, γ5 =

⎛
⎝
−I2 0

0 I2

⎞
⎠
, (A.2.5)

where σj are the usual Pauli matrices.
1Check the definition of the (densitized) Levi-Civita later.
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Fierz Rearrangement Identities

In some chapters of this thesis we will be interested in four-fermion interactions of the form

IX = (ψ̄iOXψ
i) (ψ̄jOXψ

j) , (A.2.6)

with i, j ∈ {1, . . . ,NF}, where NF is the number of Dirac fermions. Different choices for OX correspond

to different four-fermion channels. We consider X ∈ {S,V,T,A,P}, so that

OS = I, OV = γµ, OT =
1√
2
σµν OA = iγµγ5, OP = γ5. (A.2.7)

Our aim is to show that

(ψ̄iOXψ
i) (ψ̄jOXψ

j) = ∑
Y

CXY (ψ̄iOYψ
j) (ψ̄jOYψ

i) , (A.2.8)

with Y ∈ {S,V,T,A,P} and for an appropriate choice of CXY.

In order to achieve this, let us consider the following basis for the Euclidean Clifford algebra:

{Γ(A)} = {I, γµ,
1√
2
σµν , iγµγ5, γ5}, (A.2.9)

which obey the property

tr(Γ(A)Γ(B)) = 4 δAB (A.2.10)

along with the completeness relation

1

4
∑
A
(Γ(A))αβ(Γ(A))α̃β̃ = δαβ̃δβα̃. (A.2.11)

Therefore, any pair of matrices M(1)αβ and M(2)ρσ in the Clifford algebra can be expanded as

M(1)αρ M(2)σβ = δαβ̃δβα̃M(2)σα̃M(1)
β̃ρ

= 1

4
∑
A
(Γ(A))αβM

(2)
σα̃ (Γ

(A))α̃β̃M
(1)
β̃ρ
. (A.2.12)

Written in matrix notation, we get

M(1)M(2) = 1

4
∑
A
Γ(A)M

(2)Γ(A)M(1). (A.2.13)
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Using the last identity, we can rewrite IX according to

IX = (ψ̄iα(OX)αρψiρ) (ψ̄jσ(OX)σβψjβ)

= (OX)αρ(OX)σβψ̄iαψiρψ̄jσψ
j
β

= −1
4
∑
A
(Γ(A))αβ (OXΓ

(A)OX)
σρ
ψ̄iαψ

j
βψ̄

j
σψ

i
ρ

= −1
4
∑
A
(ψ̄iΓ(A)ψj) (ψ̄jOXΓ

(A)OXψ
i) , (A.2.14)

where (α,β, . . . ) denote spinorial indices. From Eq. (A.2.14), it follows then that

IX = −
1

4
∑
Y
(ψ̄iOYψ

j) (ψ̄jOXOYOXψ
i) , (A.2.15)

such that OXOYOX = −4CXYOY, with CXY having the matrix form

CXY = −
1

4

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 1 1 1 1

4 −2 0 2 −4
6 0 −2 0 6

4 2 0 −2 −4
1 −1 1 −1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

. (A.2.16)

Thus, we achieve the so-called Fierz identities for rearranging four-fermion interactions:

(ψ̄iOXψ
i) (ψ̄jOXψ

j) = ∑
Y

CXY (ψ̄iOYψ
j) (ψ̄jOYψ

i) . (A.2.17)

(V +A) and (V −A) channels

Let us exemplify the Fierz rearrangement identities for the particular cases of the (V + A) and

(V −A) channels:

(V ±A) = (ψ̄iOVψ
i)2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
IV

±(ψ̄iOAψ
i)2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
IA

, (A.2.18)

where IV = (ψ̄iγµψi) (ψ̄jγµψj) and IA = (ψ̄iγµγ5ψi) (ψ̄jγµγ5ψj). Let us define

ρij = ψ̄iOSψ
j = ψ̄iψj , (A.2.19)

ρij5 = ψ̄
iOPψj = ψ̄iγ5ψj , (A.2.20)

(J ij)µ = ψ̄iOVψ
j = ψ̄iγµψj , (A.2.21)

(J ij5 )
µ = ψ̄iOAψ

j = ψ̄jiγµγ5ψj , (A.2.22)

(τ ij)µν = ψ̄iOTψ
j = 1√

2
ψ̄iσµνψj . (A.2.23)
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Using the Fierz identities, we obtain

IV = −ρijρji + ρij5 ρ
ji
5 +

1

2
J ij ⋅ J ji − 1

2
J ij5 J

ji
5 , (A.2.24)

IA = −ρijρji + ρij5 ρ
ji
5 −

1

2
J ij ⋅ J ji + 1

2
J ij5 J

ji
5 . (A.2.25)

Therefore, we can recast the (V + A) and (V − A) channels in terms of scalar/pseudoscalar and

vector/axial-vector interactions, respectively, as

(V +A) = −2 (ρijρji − ρij5 ρ
ji
5 ) = −2 (ψ̄

iψjψ̄jψi − ψ̄iγ5ψjψ̄jγ5ψi) (A.2.26)

(V −A) = J ij ⋅ J ji − J ij5 J
ji
5 = ψ̄

jγµψ
jψ̄jγµψi − ψ̄iiγµγ5ψjψ̄jiγµγ5ψi. (A.2.27)
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Appendix B

Beta Functions for SM and DM Couplings

with Gravity Threshold Effects

Using the FRG, we computed the beta functions of SM and DM couplings including contributions

due to gravitational fluctuations. In this appendix, we present explicit expressions for the beta function

used in our analysis.

For compactness, we define the effective Newton coupling

Gn(m1,m2) =
Gn

(1 − 2Λ)m1(1 − 4Λ/3)m2
, (B.0.1)

where G and Λ are the dimensionless versions of the scale-dependent Newton coupling and cosmological

constant, respectively. For n = 1, we use the notation G(m1,m2) = G
1
(m1,m2). Some of the beta functions

also depend on a parameter ζ, which allows us to unify the results obtained with U(1)D (ζ = 0) and

SU(2)D (ζ = 1) vector DM models.

For the SM (non-)Abelian gauge couplings, we find

βgY = −fg gY +
5 g3Y
12π2

+
g3Y

96π2(1 +m2
H)4

, (B.0.2)

βg2 = −fg g2 −
5 g32
24π2

+ g32
96π2(1 +m2

H)4
, (B.0.3)

βg3 = −fg g3 −
7 g33
16π2

, (B.0.4)

where fg is the gravitational contribution to the flow of gauge couplings (see [98, 193, 199, 201, 203,

205, 227–229, 473, 474])

fg =
5G(1,0)

9π
−
5G(2,0)
18π

. (B.0.5)

We note that fg is the same for all gauge couplings, which is a consequence of gravity being “blind” to

internal symmetries.
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For the gauge coupling in the dark sector, we find

βgD = −fg gD +
(1 − ζ/2) g3D

48π2(1 +m2
S)4
−
11 ζ g3D
24π2

. (B.0.6)

In the Yukawa sector of the SM, we focus on the top and bottom Yukawa couplings. The other

flavors have subleading effects in our analysis. The resulting beta functions are

βyt = −fy yt +
3 y3t
16π2

+ 3 y3t
32π2(1 +m2

H)2
+
3 y2byt

16π2
−

y2byt

16π2(1 +m2
H)
−

y2byt

32π2(1 +m2
H)2
− g

2
3 yt
2π2

−
g2Y yt

24π2
−

3 g2Y yt

128π2(1 +m2
H)
−

3 g2Y yt

128π2(1 +m2
H)2
− 9 g22 yt
128π2(1 +m2

H)
− 9 g22 yt
128π2(1 +m2

H)2
,

(B.0.7)

and

βyb = −fy yb +
3 y3b
16π2

+
3 y3b

32π2(1 +m2
H)2
+ 3 y2t yb

16π2
− y2t yb
16π2(1 +m2

H)
− y2t yb
32π2(1 +m2

H)2
− g

2
3 yb
2π2

+
g2Y yb

48π2
−

3 g2Y yb

128π2(1 +m2
H)
−

3 g2Y yb

128π2(1 +m2
H)2
− 9 g22 yb
128π2(1 +m2

H)
− 9 g22 yb
128π2(1 +m2

H)2
,

(B.0.8)

with the flavor-independent gravitational contribution (see [98, 200, 205, 209, 233, 456])

fy = −
15G(2,0)

16π
+
G(0,1)
8π

−
G(0,2)
48π

+
2G(0,2)m

4
H

3π(1+m2
H)2
−
2G(0,1)m

2
H

5π(1+m2
H)
+

8G(0,1)m
2
H

15π(1+m2
H)2

−
2G(0,2)m

2
H

15π(1+m2
H)
−

G(0,1)
36π(1+m2

H)2
−

G(0,2)
36π(1+m2

H)
.

(B.0.9)

For the Higgs and dark quartic scalar couplings, we find

βλH = −fλH λH +
λ2H

4π2(1 +m2
H)3
− 9 g22 λH

32π2(1 +m2
H)
− 9 g22 λH

32π2(1 +m2
H)2

−
3 g2Y λH

32π2(1 +m2
H)
−

3 g2Y λH

32π2(1 +m2
H)2
+

3 (1 + ζ)λ2p
2π2(1 +m2

S)3
+
3λH y

2
b

4π2
+ 3λH y

2
t

4π2

+
9 g22 g

2
Y

32π2
+ 27 g42
64π2

+
9g4Y
64π2

−
9 y4b
4π2
− 9 y4t
4π2

,

(B.0.10)

and

βλS = −fλS λS +
5 (1 + ζ/5)λ2S
24π2(1 +m2

S)3
+

3λ2p

π2(1 +m2
H)3
−
3 (1 − ζ/4) g2D λS

8π2(1 +m2
S)2

−
3 (1 − ζ/4) g2D λS

8π2(1 +m2
S)

+
9 (1 − 13 ζ/16) g4D

4π2
.

(B.0.11)

The gravitational contributions to the quartic scalar couplings are (see, e.g., [208, 230, 233, 460, 462])

fλH/S = −
5G(2,0)

2π
−
G(0,2)
3π

+ FλH/S(m
2
H/S) , (B.0.12)
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with

Fλ(m2) = −
16G(0,1)m

4

π(1 +m2)3
−
16G(0,2)m

4

3π(1 +m2)2
+
16G(0,1)m

2

3π(1 +m2)2
+
8G(0,2)m

2

3π(1 +m2)

−
G(0,1)

9π(1 +m2)2
−

G(0,2)
9π(1 +m2)

+ λ−1 (64m
4

3
G2
(0,3) + 240m

4G2
(3,0)

−
256m6G2

(0,2)

3 (1 +m2)2
+
1024m8G2

(0,2)

3 (1 +m2)3
+
1024m8G2

(0,3)

3 (1 +m2)2
−
512m6G2

(0,3)
3 (1 +m2)

) .

(B.0.13)

As in the gravitational contribution to the flow of the SM gauge couplings, we note that these con-

tributions are the same for both quartic couplings, i.e., the gravitational contribution is “blind" to

internal symmetries. For the scalar portal coupling, we find

βλp = −fλp λp +
λ2p

4π2(1 +m2
H)2(1 +m

2
S)
+

λ2p

4π2(1 +m2
H)(1 +m

2
S)2
−

9 g22 λp

64π2(1 +m2
H)

−
9 g22 λp

64π2(1 +m2
H)2
−
3 (1 − ζ/4) g2D λp

16π2(1 +m2
S)
−
3 (1 − ζ/4) g2D λp

16π2(1 +m2
S)2

−
3 g2Y λp

64π2(1 +m2
H)

−
3 g2Y λp

64π2(1 +m2
H)2
+

λH λp

8π2(1 +m2
H)3
+
(1 + ζ/2)λp λS

12π2(1 +m2
S)3
+
3λp y

2
b

8π2
+
3λp y

2
t

8π2
,

(B.0.14)

with gravitational contribution (see [230, 233])

fλp = −
5G(2,0)

2π
−
G(0,2)
3π

−
8G(0,1)m

4
H

3π(1 +m2
H)3

−
16G(0,1)m

2
Hm

2
S

3π(1 +m2
H)2(1 +m

2
S)
−

16G(0,1)m
2
Hm

2
S

3π(1 +m2
H)(1 +m

2
S)2

+
4G(0,2)m

2
H

3π(1 +m2
H)
−

G(0,1)
18π(1 +m2

H)2
−

G(0,2)
18π(1 +m2

H)

−
8G(0,1)m

4
S

3π(1 +m2
S)3
+

8G(0,1)m
2
S

3π(1 +m2
S)2
−

G(0,1)
18π(1 +m2

S)2
(B.0.15)

−
16G(0,2)m

2
Hm

2
S

3π(1 +m2
H)(1 +m

2
S)
+

8G(0,1)m
2
H

3π(1 +m2
H)2

+
4G(0,2)m

2
S

3π(1 +m2
S)
−

G(0,2)
18π(1 +m2

S)

+ λ−1p ( +
32G2

(0,3)m
2
Hm

2
S

9
+ 40G2

(3,0)m
2
Hm

2
S

−
128G2

(0,3)m
4
Hm

2
S

9 (1 +m2
H)

−
64G2

(0,2)m
4
Hm

2
S

9 (1 +m2
H)

2

+
512G2

(0,3)m
4
Hm

4
S

9 (1 +m2
H) (1 +m

2
S)
+

256G2
(0,2)m

4
Hm

4
S

9 (1 +m2
H)

2 (1 +m2
S)

+
256G2

(0,2)m
4
Hm

4
S

9 (1 +m2
H) (1 +m

2
S)

2
−
128G2

(0,3)m
2
Hm

4
S

9 (1 +m2
S)
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−
64G2

(0,2)m
2
Hm

4
S

9 (1 +m2
S)

2
) .

There is again the same universality, i.e., those terms that are independent of the scalar masses are

exactly the same as the first two terms in fλH/S .

Finally, by defining dimensionless versions of the Higgs and dark mass parameters by the rescalings

m2
H → k2m2

H and m2
S → k2m2

S, their beta functions read

βm2
H
= −2m2

H − fm2
H
m2

H −
9g22m

2
H

64π2(1 +m2
H)
−

9g22m
2
H

64π2(1 +m2
H)2
−

3g2Ym
2
H

64π2(1 +m2
H)

−
3g2Ym

2
H

64π2(1 +m2
H)2
+
3m2

Hy
2
b

8π2
+
3m2

Hy
2
t

8π2
− 9g22
64π2

−
3g2Y
64π2

− λH

16π2(1 +m2
H)2

−
(1 + ζ)λp

8π2(1 +m2
S)2
+
3y2b
8π2
+ 3y2t
8π2

,

(B.0.16)

and

βm2
S
= −2m2

S − fm2
S
m2

S −
(1 + ζ/2)λS

24π2(1 +m2
S)2
−
3 (1 − ζ/4) g2Dm

2
S

16π2(1 +m2
S)2

−
3 (1 − ζ/4) g2Dm

2
S

16π2(1 +m2
S)

−
3 (1 − ζ/4) g2D

16π2
−

λp

4π2(1 +m2
H)2

,

(B.0.17)

with gravitational contribution

fm2 = −
5G(2,0)

2π
−
G(0,2)
3π

+
4G(0,2)m

4

3π (1 +m2)2
+

4G(0,1)m
2

3π (1 +m2)2
−

G(0,1)

18π (1 +m2)2
−

G(0,2)
18π (1 +m2)

(B.0.18)

for m2 =m2
H and m2 =m2

S.

Besides the gravitational contributions, the results presented here differ from standard one-loop

beta functions in two ways: i) they automatically contain threshold effects due to a mass-like regulator

function; ii) the beta functions for the mass parameters contain terms proportional to λH, λS and λp

that are non-vanishing in the limit m2
H,m

2
S → 0.
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Appendix C

Heat-Kernel Trace of the Squared Dirac

Operator in Spaces with Torsion and

Vanishing Curvature

In this Appendix, the heat-kernel trace of the squared Dirac operator is computed. This is given

by

Kτ = Tr [exp(−τ (−D/ 2))] . (C.0.1)

We focus on the particular case of homogeneous axial-torsion and vanishing curvature. In this way,

the differential operator operator −D/ 2 is defined in Eq. (4.2.63).

This approximation allows us to perform a Fourier space representation for the heat-kernel trace,

namely

Kτ = v4 e−τA
2/64∫

q
e−τ q

2

tr [exp(−τ
4
γ5 σ

µνAµ qν)] , (C.0.2)

where tr stands for the trace over Dirac indices. In order to actually compute the momentum space

integrals, it is useful to perform an expansion of the exponential inside the remaining trace:

tr [exp(−τ
4
γ5 σ

µνAµ qν)] = 4 +
∞
∑
n=1

(−1)nτn

22n n!
tr [γ5 σµ1ν1⋯γ5 σµnνn]Aµ1⋯Aµn qν1⋯qνn , (C.0.3)

where tr1 = 4 is the zeroth order term. Remarkably, the only nonzero contributions in the sum are with

even values of n. These terms will have a trace which will contain even powers of γ5, which ultimately

can be combined into an identity matrix. Relabeling n↦ 2n, we find

tr [exp(−τ
4
γ5 σ

µνAµ qν)] = 4 +
∞
∑
n=1

τ2n

24n (2n)!
tr [σµ1ν1⋯σµ2nν2n]Aµ1⋯Aµ2n qν1⋯qν2n . (C.0.4)
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Plugging ((C.0.4)) back into (C.0.2), we find

∫
q
e−τ q

2

tr [exp(−τ
4
γ5 σ

µνAµ qν)] = 4∫
q
e−τ q

2

+
∞
∑
n=1

τ2n

24n (2n)!
tr [σµ1ν1⋯σµ2nν2n]Aµ1⋯Aµ2n ∫

q
qν1⋯qν2n e

−τ q2 . (C.0.5)

The result for tr [σµ1ν1⋯σµ2nν2n] can be expressed as a linear combination of products of the flat metric

δµν . Consequently, for each value of n, the combined expression

I = tr [σµ1ν1⋯σµ2nν2n]Aµ1⋯Aµ2n ∫
q
qν1⋯qν2n e

−τ q2 , (C.0.6)

can be recast into the form

I =
n

∑
m1=0

2n

∑
m2=0

cm1,m2 δn,m1+m2 (A
2)n−m1 ∫

q
(q ⋅A)2m1 (q2)m2 e−τ q

2

, (C.0.7)

for a given set of coefficients cm1,m2 . The integrals over the squared momentum can be further reduced

by the replacement

(q ⋅A)2m1 ↦
Γ(m1 + 1

2)√
πΓ(m1 + 2)

(A2)m1(q2)m1 , (C.0.8)

where the symnbol ↦ indicates the replacement can only be implemented under the momentum-

integral. With this, the remaining integrals can be written as

∫
q
(q ⋅A)2m1 (q2)m2 e−τ q

2

=
Γ(m1 + 1

2
)

√
πΓ(m1 + 2)

(A2)m1 ∫
q
(q2)m1+m2 e−τ q

2

. (C.0.9)

It then follows that

I = Cn (A2)n ∫
q
(q2)n e−τ q

2

, (C.0.10)

where

Cn =
n

∑
m1=0

2n

∑
m2=0

cm1,m2 δn,m1+m2

Γ(m1 + 1
2
)

√
πΓ(m1 + 2)

, (n > 0). (C.0.11)

Remarkably, the last expression can be computed order by order with the built-in function FindSe-

quenceFunction from Mathematica. Using this function, the following expression for Cn is obtained:

Cn =
8√
π

Γ (n + 3
2
)

Γ(n + 2)
. (C.0.12)

Returning to the original integral, we get

∫
q
e−τ q

2

tr [exp(−τ
4
γ5 σ

µνAµ qν)] =
∞
∑
n=0

Cn
24n (2n)!

τ2n (A2)n ∫
q
(q2)n e−τ q

2

, (C.0.13)
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where C0 = 4 has been defined (which is compatible with (C.0.11) in the limit n → 0) to collect all

terms into one single sum. Finally, the remaining integral over q can be computed. Explicitly, it reads

∫
q
(q2)n e−τ q

2

= 1

16π2
∫
∞

0
dq2 (q2)n+1 e−τ q

2

= Γ(n + 2)
16π2 τn+2

. (C.0.14)

Therefore, we are led to

∫
q
e−τ q

2

tr [exp(−τ
4
γ5 σ

µνAµ qν)] =
1

16π2 τ2

∞
∑
n=0

Cn Γ(n + 2)
24n (2n)!

(τ A2)n . (C.0.15)

Based on (C.0.11), we can make use of Mathematica once again to show that the sum in the last

expression converges to

∞
∑
n=0

Cn Γ(n + 2)
24n (2n)!

(τ A2)n = 1

8
eτ A

2/64(32 + τ A2). (C.0.16)

Returning to the heat-kernel trace, we finally led to

Kτ =
v4

16π2 τ2
(4 + 1

8
τ A2) . (C.0.17)
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Appendix D

Supplementary Material on (Quantum)

Unimodular Gravity

D.1 Alternative formulations of classical UG

The equations of motion of UG can also be obtained by the variation of an action SUG[g;Φ] defined

as

SUG[g;Φ] = SG[g;Φ] + ∫ ddxB (
√
∣g∣ − ω) , (D.1.1)

with SG[g;Φ] being a full Diff-invariant gravitational action (e.g., the Einstein-Hilbert action), possibly

containing matter fields, and B is a Lagrange multiplier. Note that, when imposing the unimodularity

conditon by means of a Lagrange multiplier, the action has to be written as if there are no constraints,

i.e., the metric is treated as an unconstrained variable. The equation of motion for B imposes (5.3.1).

Apart from being equivalent to imposing the unimodularity condition directly on the determinant of

the metric, the formulation of UG with a Lagrange multiplier would bring computational difficulties

at the quantum level (for instance, in defining the vertices and consequent Feynman diagrams of the

underlying theory).

Another commonly used formulation of UG, based on an enlarged symmetry group, is achieved by

writing the full Diff-invariant action SG[g;Φ] in terms of an unrestricted dynamical metric γµν , which

is conformally related to the constrained metric gµν via [133, 387, 408, 475]

gµν = γµν (ω−2 detγµν)
−1/d

. (D.1.2)

It is straightforward to check that relation (D.1.2) enforces the unimodularity condition det gµν =
ω2 irrespective of any restriction on the new dynamical metric γµν . In terms of this fundamental

unconstrained metric, the action is defined by SUG[γ;Φ] = SG[g(γ),Φ], and all geometrical quantities

such as covariant derivatives and curvature invariants are constructed in terms of γµν .

In addition to being symmetric under SDiff transformations, the action SUG[γ;Φ] is symmetric
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under Weyl rescalings

γµν ↦ γ′µν = Ω2(x)γµν , (D.1.3)

with ω′ = ω, where Ω(x) is a local dilation. Correspondingly, the action is invariant under the enlarged

symmetry group WTDiff ‘, characterized by the combined SDiff ⋉ Weyl transformations. The trans-

formation from constrained metric gµν to dynamical unrestricted metric γµν is clearly non-invertible

(one degree of freedom corresponding to detγµν is lost as, by construction, the action is independent of

it). This non-invertibility may spoil the equivalence of UG written in terms of gµν and γµν [403–407].

So far, this equivalence is only guaranteed at the classical and at 1-loop levels [387].

We close this short discussion on alternative formulations of UG by noting that the classical equiv-

alence of UG and GR extends to Riemann-Cartan formulations of gravity, which are characterized

by a non-vanishing torsion field. In [476], the authors considered a first-order formulation of the uni-

modular version of the Einstein-Cartan action, where the spin density of matter fields (notably, Dirac

spinors) act as a source of spacetime torsion. The unimodularity condition is implemented through an

unrestricted dynamical vierbein ẽaµ conformally related to the constrained one by

eaµ = (ω−1 det eaµ)
−1/d

ẽaµ, (D.1.4)

with det eaµ =
√−g. In the first-order formulation of UG, the field equation of the vierbein is traceless,

in conformity with the torsion-free UG scenario.

D.2 The decomposed Hessian

In this Appendix we report the Hessians employed in the computation of the beta functions of the

gravitational couplings. Expanding the gravitational part of the flowing action (5.4.10) up to second

order in the fluctuation field h leads to the expressions

Γ
(2)
TT = Zk,TT[f

(0,1)
k (∆2 + (γ2 − 1)R̄) − f (1,0)k ](∆2 +

2γ2 − 1
2

R̄) (D.2.1a)

Γ
(2)
ξξ =

2Zk,ξ
α
(∆1 +

2γ1 − 1
2

R̄)
2

(D.2.1b)

Γ(2)σσ =
9Zk,σ
8
[Pk(∆0 +

3γ0 − 1
3

R̄) +Qk](∆0 +
3γ0 − 1

3
R̄)(∆0 + γ0R̄)2 (D.2.1c)

Γ
(2)
CC̄
=
√
2Zk,C(∆1 +

2γ1 − 1
2

R̄), (D.2.1d)

where we have defined

Pk = f
(2,0)
k + 1

4
R̄2 f

(0,2)
k + 4 R̄ f (1,1)k + 2

3
f
(0,1)
k , (D.2.2a)

Qk =
1

3
f
(1,0)
k + 2

9
R̄ f

(0,1)
k . (D.2.2b)
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Furthermore, as defined in the main text, we define the coarse-graining operator for each spin-s sector

as ∆s =∆Ls − γsR̄, where the endomorphism parameters are introduced such that the choice γ0 = γ 1
2
=

γ1 = γ2 = 0 implements the Lichnerowicz-Laplacians and γ0 = 0, γ 1
2
= 1/4, γ1 = 1/4 and γ2 = 2/3 provide

the Bochner-Laplacian. As the matter action is already second order in the fields, its Hessian elements

are given by

Γ
(2)
ϕϕ =∆L0 (D.2.3a)

Γ
(2)
ATAT =∆L1 (D.2.3b)

Γ
(2)
ALAL =

1

ζ
∆L0 (D.2.3c)

Γ
(2)
ψψ̄
= i /∇ (D.2.3d)

Γ
(2)
cc̄ =∆L0. (D.2.3e)

D.3 Heat kernel evaluation and trace technology

We follow the standard heat kernel techniques to compute the functional traces needed in Chapter

5. We restrict the calculations below to d = 4. On general grounds, as we briefly discussed in Chapter

4, a functional trace can be expanded in terms of heat kernel coefficients [13, 477, 478], namely

Tr(s)[W (∆s)] =
1

16π2

∞
∑
n=0
∫
x

√
ḡ Q2−n[W ] tr[b2n(∆s)], (D.3.1)

with Qn-functional defined (for arbitrary real n) according to

Qn[W ] =
(−1)k

Γ(n + k) ∫
∞

0
dz zn+k−1

dkW (z)
dzk

, (D.3.2)

where k denotes some (arbitrary) positive integer satisfying the following restriction n+k > 0. Moreover,

tr[b2n(∆s)] denotes the trace of the (non-integrated) heat kernel coefficient b2n(∆s) associated with

the coarse-graining operator ∆s. When the background is evaluated over a sphere S4, we can express

tr[b2n(∆s)] = cs R̄n , (D.3.3)

where cs denotes a numerical coefficient depending on the choice of the coarse-graining operator. In

Tables D.1 and D.2, we report the relevant cs-coefficients for the analysis presented in Chapter 5.

For the Litim’s cutoff (5.5.3), the Qn-functionals can be computed analytically even for a general

function of the form fk(R̄, R̄2
µν). Due to specific properties of this choice of profile function, only a

finite number of Qn-functionals (with negative n) lead to non-vanishing results. As a consequence, the

heat kernel expansion in (D.3.1) involve only a finite number of terms.

Since the fRG equation written in the York basis features traces over differential constrained fields,

spurious eigenvalues of the coarse-graining operator must be properly removed. In the main text this
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s n = 0 n = 2 n = 4 n = 6 n = 8 n = 10 n = 12

0 1 5
6

749
2160

26141
272160

130117
6531840

203161
61585920

925711
2037934080

1 3 3
2

259
720

4931
90720

1373
241920

8527
20528640

261865
13450364928

2 5 −5
6 − 1

432
311

54432
109

1306368 − 317
12317184 − 6631

4483454976

Table D.1: cs-coefficients associated with the Bochner-Laplacian as the coarse-graining operator. All the coefficients
were computed within the 4-sphere background.

s n = 0 n = 2 n = 4 n = 6 n = 8 n = 10 n = 12

0 1 1
6

29
2160

37
54432

149
6531840

179
431101440 − 1387

201755473920

1/2 4 −1
3 − 11

2160
31

544320
41

26127360
31

492687360
10331

3228087582720

1 3 −1
2

19
720 − 5

18144 − 11
2177280 − 19

143700480 − 347
67251824640

2 5 −25
6

719
432 −23125

54432
101981
1306368 − 952135

86220288
50728409

40351094784

Table D.2: cs-coefficients associated with the Lichnerowicz-Laplacian as the coarse-graining operator. All the coeffi-
cients were computed within the 4-sphere background.

was indicated with the inclusion of an appropriate number of primes in some functional traces. These

“primed” traces can be computed according to [172, 179, 180]

Tr′⋯′(s)[W (∆s)] = Tr(s)[W (∆s)] − ∑
l∈Ms

Dl(s)W (λl(s)), (D.3.4)

where Ms = {s, s+1,⋯,m−1+s} with m denoting the number of spurious modes (“primes”). Moreover,

λl(s) denotes the l-th eigenvalue of the “interpolating” background Laplacian ∆s defined on the 4-sphere

and Dl(s) represents the degree of degeneracy associated with λl(s). For the calculation performed in

Chapter 5, the relevant expressions when s = 0 or 1 are given by

λl(s) =
(l + 3) l − s

12
R̄ − γ0 δ0,s R̄ + (

1

4
− γ1) δ1,s R̄ , (D.3.5a)

Dl(s) =
(2l + 3) (l + 2)!

6 l!
δ0,s +

l (l + 3) (2l + 3)
2

δ1,s . (D.3.5b)
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D.4 Anomalous dimensions

Here we report the (non-vanishing) contributions to the anomalous dimensions of the graviton

modes and ghost fields. The expressions are presented within the semi-perturbative approximation

where all anomalous dimensions contributions on the RHS of the equations are set to zero. We omit the

k-dependence for simplicity. For the graviton modes, the gravitational contribution to the anomalous

dimension of ηTT and ησ yield the following results

ηTT∣grav =
G

432π
[54 + 90

(1 + ρ)4
−
4(53βρ − 69)
(1 + ρ)3

−
1656 − 155βρ + α(290βρ − 3252)

(1 − 2α)(1 + ρ)2

+ 20(50 + 2α(87α − 95) − βα)
(1 − 2α)2(1 + ρ)

+ 18

(1 − 6α − 2ρ)4
+
8(12βα + 4βρ − 3)
(1 − 6α − 2ρ)3

+
76(3βα + βρ) − 8α(15 + 87βα + 29βρ)

(1 − 2α)(1 − 6α − 2ρ)2
− 8(11 + 2α(87α − 47) + 5βα)
(1 − 2α)2(1 − 6α − 2ρ)

], (D.4.1a)

ησ ∣grav =
G

432π
[ − 504 − 720

(1 + ρ)4
+
8(291 + 23βρ)
(1 + ρ)3

−
22α(5βρ − 138) − 47βρ + 1494

(1 − 2α)(1 + ρ)2

+
2 (660α2 − 532α + 8βα + 113)

(1 − 2α)2(1 + ρ)
− 144

(1 − 6α − 2ρ)4
−
8(42βα + 14βρ − 51)
(1 − 6α − 2ρ)3

−
4(α(66βα + 22βρ − 42) − 57βα − 19βρ + 9)

(1 − 2α)(1 − 6α − 2ρ)2
− 4(4α(33α − 65) − 8βα + 85)
(1 − 2α)2(1 − 6α − 2ρ)

]. (D.4.1b)

The ghost anomalous dimension is given by

ηc =
G

270π
[
5(3βρ − 4)
(1 + ρ)2

+ 20

1 + ρ
−
4(7 + 9βα + 3βρ)
(1 − 6α − 2ρ)2

+ 148

1 − 6α − 2ρ
]. (D.4.2)

D.5 UG and background-field approximation

In the background-field approximation, the unimodular background effective action splits in a

transverse diffeomorphism-invariant part and a gauge-fixing part in the form

Γk[ḡ, φ,Ψ] = Γ̄k[g,Ψ] + Γ̂k[ḡ, φ], (D.5.1)

with Γ̂k[ḡ, φ] ≈ Sk,gf[ḡ, h] + Sk,gh[ḡ,ghosts], where φ = (h, C̄,C, c̄, c) is the fluctuating multiplet com-

prising the metric fluctuation and the ghosts associated with TDiff and U(1) gauge symmetries. The

multiplet Ψ = (ϕ,A,ψ) collects the matter part. The covariant approach provides a local invariance as-

sociated with the use of the background-field method, namely a split transformation of the background

metric and the fluctuation field which renders the full metric invariant, i.e.,

gµν(ḡ, h) ↦ gµν(ḡ + δsplitḡ, h + δsplith) = gµν(ḡ, h). (D.5.2)
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As briefly discussed in Section 2.3, this split transformation is tantamount to guaranteeing back-

ground independence (see [95, 101, 124] for a discussion in the context of the FRG approach). For

the linear split of the metric, gµν = ḡµν + hµν , the split transformation is given by δsplitḡµν = −χµν
and δsplithµν = χµν , with χµν = χµν(x) being a local transformation parameter. For the non-linear

exponential parameterization, more convenient for unimodular gravity, the explicit form of δsplithµν

is not straightforward. In this case, we denote δsplithµν = Nαβ
µν [ḡ, h]χαβ , and its explicit form can be

determined by an iterative procedure (see [141, 142]). In the following, we discuss on the corresponding

functional identity associated with the split symmetry.

The invariance of Γ̄k under local split transformations1, i.e., δsplitΓ̄k[g,Ψ] = 0, leads to the following

functional identity written in schematic form:

δΓ̄k
δḡ
−N[ḡ, h] ○ δΓ̄k

δh
= 0, (D.5.3)

where the ○ notation indicates a space-time integration and a contraction of all indices and it is

understood that h(ḡ, g). By acting with (δ/δḡ + δ/δh) on (D.5.3) and noting that, at h = 0, we have

N[ḡ,0] = 1 and δḡN[ḡ, h]∣h=0 = 0, the functional identity (D.5.3) turns into

δ2Γ̄k
δḡ2
∣
h=0
− δ

2Γ̄k
δh2
∣
h=0
= [δN

δh
○ δΓ̄k
δḡ
]
h=0

. (D.5.4)

By requiring that the background is on-shell, i.e., ḡ = ḡEoM, the right-hand side of (D.5.4) vanishes,

and the background and the fluctuation two-point correlation functions agree in the exponential pa-

rameterization:
δ2Γ̄k
δḡ2
∣
h=0
= δ

2Γ̄k
δh2
∣
h=0

. (D.5.5)

The projection adopted for the anomalous dimensions consists of taking two derivatives w.r.t to quan-

tum fields of the flow equation. Therefore, applying a scale derivative on both sides of (D.5.5) provides

an identification of the anomalous dimensions of the graviton modes to be proportional to the back-

ground anomalous dimensions. Although the background-field approximation is still useful, Eq. (D.5.3)

is not preserved along the flow as it does not correspond to the modified Nielsen identity, mNI = 0,

namely, [95, 101, 124, 213, 479],

mNI = δΓk
δḡ
−N[ḡ, h] ○ δΓk

δh
− ⟨[ δ

δḡ
−N[ḡ, h] ○ δ

δh
]Γ̂k⟩ +Ξk[ḡ, φ], (D.5.6)

where Ξk[ḡ, φ] is a regulator-dependent contribution. Therefore, for our purposes and for technical

reasons, we have chosen to go one step further and also consider a hybrid closure of the system of beta
1Actually, the full effective action explicitly breaks the split symmetry since the gauge-fixing and regulator terms are

not shift-symmetric. Hence, the Ward identity associated with shift symmetry is actually deformed by those explicit-
breaking sources. Nevertheless, ultimately, one is interested in integrating down to k = 0 which eliminates the spurious
breaking coming from the regulator. As for the gauge-fixing, it arises as a BRST-exact term and, therefore, can be
handled in conjunction with the Slavnov-Taylor identity. Since we are working in the background approximation where
fluctuations are turned off at the level of the flow equation after the computation of the Hessian, we simply ignore those
symmetry-breaking contributions.
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functions by improving the background-field approximation with anomalous dimensions computed in

an independent way via the vertex expansion employing a flat background metric.
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