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Abstract. We studied the behavior of charge carriers in graphene nanoribbons with zigzag
edges. We start from free nanoribbons, and by using second-order confluent supersymmetry, we
added external magnetic fields perpendicular to the graphene layer. The technique allows us to
obtain explicit expressions for the solution of the Dirac equation and gives the transcendental
equations that must be solved to obtain the energy spectrum.

1. Introduction

Graphene is a single layer of honeycomb arranged atoms of carbon, this two-dimensional
structure can be rolled to form nanotubes, can be bent to form fullerenes, or it can also be
stacked to form graphite. Although it was theoretically described in 1947 [1], it was found in
the laboratory until 2004 by Novoselov et al. [2]. Graphene has a variety of interesting electric
properties, which makes it a good candidate to take the place of traditional semiconductor
materials in an attempt to reduce the size of electronic components. It also is an excellent
subject of study per se because its charge carriers are ruled by the Dirac equation instead of by
the Schrédinger equation as in conventional condensed matter materials [3,4].

At low energies, |e¥| < 2 eV, the electron dispersion relation is linear e*(k) = +hvp|k|,
where vp ~ ¢/300 is the Fermi velocity [4]. The Hamiltonian ruling the excitations is recovered
using the prescription p — o - p, i.e. H = vpo - p, where o = (0,,0y) is a vector with Pauli
matrices and p = —ih(0,, 0y) is the two-dimensional momentum operator. The explicit form of
the Dirac equation becomes

UF(U'p>\I/<m7y) :G\I/(.f(},y), (1)

y))T. To introduce the interaction
with a perpendicular magnetic field B = B(z,y)é, = V x A we make the substitution
p — p+ eA/c in the Hamiltonian.

A graphene nanoribbon consists of a thin band of graphene; depending on the orientation of
the carbon atoms at the edges of the ribbon will have different terminations. If the edges coincide
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Figure 1. Portion of a graphene nanoribbon of width L with zigzag edges (a) and armchair
edges (b). Black and white dots represent the triangular sublattices of graphene.

with the Bravais lattice vectors, the ribbon will be named ‘zigzag ribbon’. If instead, the edges
coincide with the parallel sides of the hexagon formed by the atoms, then the ribbon will be
known as ‘armchair ribbon’, as seen in Figure 1; here, the edges of the ribbon are represented
vertically, and the width horizontally. It is relevant to determine the type of ribbon to study
because the electronic properties will depend on the band’s size and geometry and the boundary
conditions [5].

Electromagnetic fields can be applied to modify the behavior of charge carriers in graphene.
Different effects can be studied in this two-dimensional material as the Hall effect or Klein
tunneling [6,7]. Supersymmetric quantum mechanics (susy) is a technique used to find exact
solutions to the Dirac equation with electromagnetic fields [8-12]. This technique maps solutions
of an eigenvalue equation into solutions of a new eigenvalue equation. In this work, we show how
to apply an iteration of this method, known as confluent supersymmetry, to zigzag nanoribbons.
In other words, we map solutions of the Dirac equation associated with free zigzag nanoribbons
into the case of a position-dependent magnetic field.

This paper is organized as follows: In Section 2, we present the initial system, free zigzag
graphene nanoribbons, its particular boundary conditions, the solutions of the Dirac equation,
and its spectrum. In Section 3, we present a summary of confluent supersymmetry applied to
Schrodinger equations. The main results of this work are in Section 4, where we present exact
solutions of the Dirac equation for zigzag nanoribbons under a perpendicular magnetic field. We
finalize with our conclusions.

2. Free zigzag graphene nanoribbons

The study of solutions to the Dirac equation for graphene nanoribbons was originally done
by Brey and Fertig [5,13]. While the particular boundary conditions of nanoribbons are
discussed in [14,15], a more complete discussion is given by Castro Neto in [4]. Our subject of
study is a graphene nanoribbon (GNR) of finite width L = 1 and infinite length, with zigzag
edges at x = 0 and = = 1, in order to simplify notation we use units where h = vp = 1.
The translational symmetry of the system allows us to separate variables using W, (z,y) =
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eFy @, (z) = e (o5 (), %7 (2))T. Then, the Dirac equation reads

(i 5 (EE)-(58) o

Equivalently, we can write the system of coupled equations

ww>=”(d+@)$mm (3)

€, \dx
Oy = L (L k) e ). (4)
€n dx Y

(A)

We can decouple the first component by substituting (4) into (3), then ¢, satisfies the
Schrédinger equation

—on ™ (x) + k2050 () = € o) (2), (5)

with general solution
o) (v) = ae™ " + Be 7, (6)

where 22 = k; — €2. The second component of the spinor ¢\ () is directly obtained using (4).
The zigzag geometry of the edges imposes the following boundary conditions

n(0) = ¢n” (1) = 0. (7)

The second boundary condition, (25518)(1) = 0, gives us a transcendental equation for z, a real
value

e 2 =4 (8)
and a different transcendental equation for z, = ik, a pure imaginary value

kn
tank, = k—y 9)

Each solution of z, from (8) and k,, from (9) gives us an energy eigenvalue ¢, of the spectrum
of the Dirac Hamiltonian H. There is an important example, studied by Brey and Ferting [5],
when k, = 0 then z, = ik, is a pure imaginary number, by solving (9) the energy spectrum is
€n = £(2n + 1)7/2, and the spinor components have the expressions

2«
%A) ((1;) = 27 sin kn T, ;.LB) ([1}) = ? (kn Ccos kn €T — ky sin kn (IZ) s (10)
where « is a normalization constant.

3. Confluent supersymmetry of the Schrodinger equation

Confluent supersymmetry is a higher-order susy transformation. There are different approaches
leading to this transformation, here we present the main results with the formalism of Jordan
chains as presented in [16]. In this work we will focus on second-order confluent supersymmetry.
For different approaches consult [17-21]. It is worth noticing that there are matrix approaches
that can be applied directly to Dirac equations, see for example [22,23].

We start considering that the solution of the stationary Schrodinger equation is known

¢" + (E —Vo)o =0, (11)
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where E is a real parameter and Vp = Vj(x) is the potential. Moreover, there are two functions
u1, uo that can be obtained by solving the system

uf + (A = Vo)ur = 0; ulhy + (A — Vo)ug = —u; (12)

where ) is a real constant, the system (12) is a second-order Jordan chain and the functions u;, us
are often referred as seed solutions or transformation functions. Note that u; is a particular
solution of (11). Because u; solves a differential equation of second order, the Schrédinger

equation, there must exist a second linearly independent solution uf The function uf- must

satisty W, L= 1, where Wy 4 is the Wronskian of the functions indicated as indices. Then, uf-

can be written as

1
uf‘:ul/ —5dt. (13)

uy

The function ue can be found using the reduction of order formula and can be expressed in

terms of u; and ui as
T t 1
ug = uy + C ui + ul/ </ u%ds) —5dt. (14)
uy

From the Jordan chain we can derive an useful property. First, we notice Wy, ,,, = ujujy —ujus =
—u?, then integrating

mezm—/um, (15)

where wyg is an integration constant.
Once we determine the transformation functions uq and ug, we can construct the function
= WU17U27¢ Wu1,u2,¢>

= , 16
Wi us wo — fm u%dt (16)

which is valid when A # E. We can simplify further the last expression using (11), (12), and
(15):

Wiiws u u? ui
= Mz A—F)— ! = L ! /\—E—Il] . (17
v WU1,U2¢ | ) Wy us ? wo — f u%dt¢ " |:< ) wo — f U%dt ¢ (17)
This function satisfies the Schrédinger equation

U+ (E— Vo) =0 (18)

where V5 is the confluent susy partner potential of Vj and is given by

d? d u?
— Vo= 2o I Wiy = Vo 4+ 2+ [ —— ). 1

VQ ‘/0 dx2 n W, 1,U2 ‘/0 + dr <LU() _ f U%dt) ( 9)

The degenerated case A = E needs more attention. Equation (16) reminds valid, but now the
function ¢ must be taken as a linear combination of u1 and ui, then after some elementary row
operations in the numerator Wronskian and using the Jordan chain, v takes the form

Uy uq
— — . 20
v Wi e  wo— [Fuldt (20)

It is worth noting that wp and u; must be chosen so the Wronskian W, u, = wo — f v u%dt is a
nodeless function in the domain of Vj in order to generate a regular potential V5.



Quantum Fest 2021 IOP Publishing
Journal of Physics: Conference Series 2448(2023) 012011  doi:10.1088/1742-6596/2448/1/012011

4. Zigzag nanoribbons under magnetic fields

To analyze the problem of a zigzag nanoribbon under a perpendicular magnetic field, let us
chose the Landau gauge A (z) = A,(z)é, that generates the magnetic field B = £ A,(z)é..
Then the Dirac equation after separation of variables becomes

Hd(x) = <—iamdi + ayw(:v)> O(x) = €,P(x), (21)

where w(z) = ky+Ay(z). Again we used the spinor ®,(z) = (¢4 (z), ¢’ (x))T As in Section 2,

equation (21) can be written as two coupled equations. After decoupling, the upper component
Y must satisfy
"
—on™ () + Vo(@) 0" () = En 11" (), (22)

with potential Vo(z) = w'(z) +w?(x). Note that €, is the energy spectrum of Dirac Hamiltonian
(21) while E,, = €2 is the energy parameter in the Schrodinger equation (22).

4.1. Application of the confluent supersymmetry

Let us now apply the confluent susy algorithm, we start with the solution of the first equation
of the Jordan chain (12) with a constant potential, as in the free zigzag nanoribbons (5):

uf () + (A= k) uy(x) =0, (23)

the domain of the potential being = € [0,1]. There are three possible scenarios for the seed
solution wu:

(i) If XA < k7, then ui(x) = cosh (, [k2 — Ax + (5) where 0 is a real constant.
(ii) If A = k;, then ui(x) = x + up with ug an integration constant.
(iii) If X > k2, the solution is uj(x) = cos (, [N —k2z + 5> where ¢ € [0,27) is a phase.

Once the seed solution is chosen, we can fix us and the Wronskian Wy, 4, = wo— [* ufdt. Then,
it is possible to construct a second Schrédinger equation

P A" 4 (E - Vo)l =0, (24)

similar to (22) but with a potential V5 given by (19). The solutions QS%A’Q) are constructed as in
(16) from solutions d)%A). An important remark is that we can shift the energy by a constant Ay

as ¢:L(A’2) +(E— Xy — ‘72) 7({4’2) = 0, where ‘72 = V5 — Ao, this shift will be important later.
A Dirac Hamiltonian Hy = —ioy, % + oy wa(x) can be constructed as in (21) looking for a

function wy related to the potential Vo as Vo = wh + w%. With the ansatz

wo(z) = . Inv(z) = V(@) (25)

x v(z)
the Riccati equation transforms as
—V +Vav = \ov. (26)

Since this equation is the same Schrédinger equation as (24), there must be a function vq solving
(22) where E = A9 such that v = Wy, vy 00/ Wy u,- There are three possible solutions:
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o I Xy < k2 then vy = sinh (\/k2 = Ao + ).

e For Ay = k;, Vg = x + ro with 79 an integration constant.

e Last case is \g > k; and has the solution vy(z) = sin (, [Ag — K2z + B).

The magnetic field associated with wg is

dws(z)

By () = dx

é. (27)

The spinor component ¢£LB’2) (z) is obtained with the relation

. (A,2)

o2 @) = |20 )02 (1) (28)
€(2,n) dx

The boundary conditions (7) must be satisfied by P () and P B2 (z). They allow us to

obtain the energies € ). To fulfill the condltlon ¢(A2 (0) = 0 is sufficient to choose a seed

function w;(0) = 0, while the condition B ( ) = 0 gives two transcendental equations to be
solved:

) M) + )
tohan = L) = = 0 g(Tan(D) + (1) )
o D+ ) — ()
tankn = wlhn) = b gy (1) — (1) )
where we used the abbreviations
u? ui
f) = o o) = (0= B) - (31)

4.2. Examples

In the next subsections we give explicit examples of zigzag nanoribbons under perpendicular
magnetic fields.

4.2.1. Example 1, A > k§ = 4. Here we choose a seed solution u; and an auxiliary function vy
in the following way:

ui(z) = sin (1/)\ — k2 x) ,  vo(x) = sinh (1/,1{:12, — Xz + 6) . (32)

and the parameters A =8, Ao =3, =10, and wy = —2.
The spinor component has two expressions, one when z, is a real number

A2 (2) = —2, f(2) cosh z,z + g(x) sinh 2z, (33)
and another when z, = ik, is a pure imaginary number

¢£IA,2) () = —ky, f(2) cos kpz + g(x) sin k. (34)
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((z,) tanh z,
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k(ky,) tank, (k)
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(a) Solutions for z, a real number. (b) Solutions for z, = ik,.

Figure 2. Solution to the transcendental equations. Dots mark the intersection between the
functions ((z,) and tanh z, of (29) and the functions x(k,) and tank,, of (30) for Example 1.

Recall that the functions f(x) and g(z) are defined in (31). The function u;(z) is null at z =0

and, as a consequence, f(0) = 0. This ensures that the boundary condition ¢7(1A,2) (0) =0is

fulfilled. The second boundary condition ¢$LB’2) (1) = 0 imposes the transcendental equations

(29) and (30) whose solutions are shown for the first n-values in Figure 2. The first eigenvalues
are

leo] = 1.881, |er| =2.381, |eo| =4.978, |es| = 8.015. (35)

The magnetic field and the components spinor for the lowest energy are plotted in Figure 3 (a)
and (b) respectively.

4.2.2. Example 2, A = Ay = k; = 4. This case is interesting because both function wu;(z) and
vo(x) are straight lines. We choose

ui(x) = x, vo(z) = = + 10, (36)

and wp = —2. The condition ¢7(1A,2) (0) = 0 is satisfied. The magnetic field in these conditions
has a singularity at = 0 because v/{/(z) = 0. Thus, v(0) = 0 and lin% wa(z) — oo. However, the
z—

system has bound states. The first three eigenvalues of the Dirac equation are
leo| = 4.918, |e1| = 7.980, |ea| = 11.086. (37)

The magnetic field and the components of the spinor for the lowest energy are shown in Figure
3 (a) and (c), respectively.

5. Conclusions

We studied zigzag graphene nanoribbons in the presence of external magnetic fields and found
the eigenvalues and eigenfunctions of the corresponding Dirac equation. We use the confluent
supersymmetry algorithm to generate the magnetic fields. We gave explicit expressions for each
component of the eigenspinor. Due to the specific boundary conditions for zigzag terminations in
graphene, it was necessary to solve a couple of transcendental equations numerically to find the
eigenvalues. Finally, we presented two examples, one with a finite magnetic field and another field
diverging at one of the edges. As a continuation of the present work, it would be interesting to
compare our results with a numerical tight-binding calculation; moreover, it could be attractive
to study slight perturbations of an external constant magnetic field in such nanoribbons.
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(a) Magnetic fields of Examples 1 and 2. (b) Example 1, A > k7 = 4.
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(c) Example 2, A = A2 = k; =4.

Figure 3. Magnetic fields of both examples (a) and the square of the normalized spinor
components, ¢7(1A’2) () and ¢;B’2) (z), for each example (b) and (c) for the lowest energy level.
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