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Abstract
Motivated by the renewed interest due to the presently available extreme light sources, the dynamics of
a single classical relativistic (spinless) extended electron interactingwith a classical electromagnetic
field (an incoming radiation and thefield radiated by the electron) is revisited. Thefield is treated in
Lorentz gauge, with the Lorentz condition. By assumption, there is a crucial finite cut-off kmax on the
magnitude of anywavevector contributing to the field (preventing a point electron) and, for a simple
formulation, the initial conditions for particle andfields are given in the infinitely remote past. In an
infinite three-dimensional vacuumand in an inertial system,Hamilton’s dynamical equations for the
particle and the complexfield amplitudes acting as canonical variables (aʼs) yield an exact Lorentz
force equation for the former, that includes the incoming radiation and an exact radiation reaction
force FRR due to thefield radiated by the electron.Uniformmotion is obtained as a test of consistency.
Based uponnumerical computations, some approximations onFRR are given. A covariant formulation
is also presented.

1. Introduction

The problemof radiation reactionmay be stated as finding the correct equations ofmotion that describe, in a
consistent way, the interaction of a structureless charged particle and the electromagnetic field, with due account
of the radiatedfield and its back-reaction on the charged particle. The problemhas attracted a lot of interest for
at least one century, due to its fundamental nature: any charge in acceleratedmotionmust emit radiation, this
radiation carries energy,momentum, etc and, forcefully, this has to have an impact on the charge’s trajectory.
But accounting for this has proven to be difficult, and the problem as it is stated here remains perhaps one of the
few forwhich a completely satisfactory solution is not available, in spite of sustained efforts bymany outstanding
scientists, like Lorentz, Abraham,Dirac, Landau, Rohrlich, or Schwinger to name a few, see [1, 2] formodern
review papers with references to the original literature. Perhaps some of the difficulties arise from the dissimilar
nature of the two systems at hand, namely a point particle with a classical trajectory, and an extended object, like
the electromagnetic fieldwhosemutual interaction takes the formof singular integrals in afirst, naive attempt to
account for the radiatedfield [3–9].

Apart from its theoretical interest, the problemof radiation reaction has recently experienced a vigorous
revival due to the availability of extreme light sources: since the discovery of theChirped Pulse Amplification
(CPA) technology [10], laser pulses have increased their intensity in an extraordinary way for almost three
decades. Its advantage was clear from the very beginning; nowpeak intensities of 1023W/cm2 have been
reported [11] and peak powers and peak intensities grow very rapidly particularly for near/mid infrared (IR)
laser pulses.

The interaction of electronswith those near IR laser pulses is very peculiar. At intensities of the order of 1016

W/cm2 outer shell electrons become unbound and begin to be driven by the strong laser field. At 1018W/cm2
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electronsmove at relativistic speeds and inner electrons can be ionized too, and this happens five orders of
magnitude below today’s power record.

Those ejected electrons can be considered as electrons that are releasedwith almost zero initial speed and are
rapidly accelerated to relativistic speeds and quickly expelled from the high intensity region due to the
ponderomotive force. The latter is an ubiquitous effect that can be understood because the electron inside the
laserfield has to have a quivermotion (oscillating along the laser electric field andmoving forward due to the
magnetic drift). Such electron, thus, tends to go to lower intensity regions to avoid having this high energy
related to its quivermotion.

In the case of electrons accelerated externally to the laserfield (using a conventional accelerator or a laser
accelerator, for example) the dynamics is different. Highly relativistic electrons (with energies of oneGeV or
more, in the laboratory frame) thatmove counter-propagating to the laser field can enter the high energy region
because of their inertia. Althoughwe are not going to consider it in the present paper, the dynamics of such
electrons can be understood usingwhat is called the Lorentz boost, or the framemoving at the electron’s initial
velocity. Anyhow, the important point is that such counter-propagating electrons enter the highfield part of the
pulse andmove driven by suchfield. The dynamics of an electron driven by such extreme fields is not completely
understood.We are entering a sort of ‘terra incognita’waiting for experiments that showhow electrons behave
under such extreme circumstances.

There are two effects that can be expected to happen: one is radiation reaction, perhaps the first feature to
appear; the other is pair cascading, that is probably expected at even higher intensities.

As pointed above, radiation reaction is one of these effects that are known formany decades but whose
description generates endless controversy due to the difficulties in providing self-consistentmodeling and due to
the directmeasurement difficulties. It is clear that an accelerated charged particle is going to radiate, and this is
particularly relevant for relativistically driven electrons. From the pioneering description of the laser driven
electrons given by [12], andmany otherworks published on that subject, the radiation pattern produced by a
laser driven electron (assuming that the loss of energy of this electron is negligibly small) is by now clear. This
radiation is useful to determine themotion of the electron and thus the intensity of the laser fields [13].
Therefore the study of the driven electron is a fundamental problemwith a large number of applications, see for
example [14–16] and references therein for studies on driven electrons by ultra intense or ultrashort structured
laser beams, including also the paraxial longitudinal fields. In the case of the onset of relativistic effects (say
between 1016 and 1018W/cm2)we can neglect the influence of the emitted radiation to the dynamics of the
electron.However, as the intensity increases orwhen the electron has a large initial speed—radiation reaction
has to be taken into account.

The study of radiation reaction is relevant by itself to explore the phenomenology that is opening at
intensities between today’s limit and the Schwinger criticalfield (ES=m2c3/eh= 1.32× 1018V/m) that
corresponds to an intensity around 1029W/cm2 [17]. This intensity is by far not allowedwith current
technology. Existingmulti-petawatt lasers seem to arrive to a limit that is notmuch above the current record of
10 PW, although novel schemes are under consideration to bypass the technological difficulties [18] and to
arrive well above 50 PWbefore the end of this decade. Such pulses with a tight focusing could arrive to 1024

W/cm2. In any case, the expected intensity will be at least five orders ofmagnitude below the Schwinger critical
intensity for an electron at rest. However, the situation is completely different if the electron is initiallymoving
against the laserfieldwith a relevant speed (say in theGeV range). In the case of a counter-propagating electron,
the intensity seen by the electron (intensity in electron rest frame) can get closer to this limit due to the Lorentz
boost.When approaching the Schwinger criticalfield the dynamics is going to be affected by the creation of pairs
[19].We can say approximately that the incoming electron helps the creation of one pair. The emitted electron-
positron help in turn to the creation of new pairs, andwe have a cascade. An electron-positron pair cascade in
this context has not been observed yet, it is part of this ‘terra incognita’. The onset of such cascade [20]will
depend onmany factors and one of themost relevant will be the slowing down of the incoming electronwhen
entering such extreme laser fields.

Radiation reaction has been studied also using aQEDdescription of the accelerated electron [21] and
calculating numerically the driven electronmotion. The quantumnature of the electron opens a lot of possible
new complexities when describing its deeply relativisticmotion. Fortunately solutions of theDirac equation
describing a driven electron arewell known from the early times of relativistic quantummechanics [22] and it is
difficult to calculate the electronwave-packet evolution in a laser field [23]. The result is that, in spite of the high
electric andmagnetic fields involved in extreme laser pulses,many features as the spin dynamics are not relevant
for the description of the dynamics [24]. Themost relevant quantum feature that remains is the electron-
positron pair cascading, theQED fundamental pair creation process. This has been studied too [25] and has been
shown thatQED effects could be relevant for extremely short pulse durations,maybewe could say unfeasible
short. Pulses, laser pulses, of less than one cycle have to be considered apart because the electric field does not
average to zero and it is hard to consider them as a propagating field. Today’s frontiers in laser technology allow
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pulses of a few cycles (say two or three complete cycles in the infrared). Those pulses imply a bandwidth covering
one octave and extreme amplification techniques of such extreme broadband are notwell developed at present
time. Talking about extreme lasers (PWand above) todays limits are in the 15 fs duration (for about one
micrometer central wavelength) and it is extremely hard to transport and focus such pulses at full power (due to
the need of extremely broadband optics combined to very high damage coatings, two properties difficult to be
combined).Most of the expected PWormulti-PW systems in operation in construction or in design consider
pulsed durations of ten optical cycles ormore (of course, wemean durations at focuswith short f-number
focusingmirrors). Taking all this into account, it is relevant to see how an electron behaves inside an extreme
field for the intensities that are expected in the next decade. New effects are going to appear, by sure, andwe need
to have specific tools developed for that purpose.

The present paper develops amodel to analyze classical radiation reaction and the consequent slowing down
of a classical electronwhen entering an extreme laser field (an incoming, non-necessarilymonochromatic,
classical electromagnetic field) in the framework of theHamiltonian formalism. Time-honored treatments of
the subject (see, for instance, [3–5, 7, 8]) proceed as follows: they start from the full Lorentz force equation for the
relativistic electron including the incoming external radiation and thefields generated by the particle. Then, they
compute the latter fields (by solvingMaxwell’s equations with the electron density and current density, as
sources) and inject them into the corresponding contribution in the full Lorentz force equation. In so doing,
particle and field variables are treated differently from an early stage in the analysis. TheHamiltonian treatment
in the present work (even if equivalent to the above standard ones) starts also from first principles andwill deal
with particle and field variables on an equal footing up to a certain (more advanced) stage, inwhich thefield
variables be eliminated in favor of electron ones so as to provide the radiation reaction force FRR. A new form for
the latter will be given (to the best of the present authors’ knowledge), whichwill provide a basis for further
developments and approximations below. For other treatments of the problem, see for example [26–38].

This work is organized as follows. Section 2 summarizes the essentials of theHamiltonian description, in an
arbitrarily chosen inertial frame in an infinite three-dimensional vacuum, of a classical relativistic electron
interactingwith the classical electromagnetic field. Thefield is treated in Lorentz gauge, with the Lorentz
condition, and expanded into planewaveswith standard complex amplitudes a. Section 3 presentsHamilton’s
dynamical equations for the particle and the aʼs. By integrating the aʼs and substituting into the electron
dynamical equation, one arrives directly in section 3 at an exact Lorentz force equation for the latter, which
includes the incoming radiation and an exact radiation reaction force FRR due to thefield radiated by the
electron, in the considered inertial frame. Section 4 analyzes uniformmotion, as a test of consistency. Section 5
discusses brieflyMaxwell’s equations for the dynamicalfield radiated by the electron and the description if the
radiation gaugewere used. Section 6 presents a simpler formof FRR and employs it for somenumerical analysis.
Based upon the latter, section 7. analyzes some approximations on FRR. Section 8. deals with a covariant
formulation of the exact Lorentz force equation and the exact radiation reaction force FRR and summarizes the
exact solution describing uniformmotion of the electron. Section 9 contains some conclusions and discusses
several open problems.

2.General formulation

Throughout thework, theMKS systemof units [7] is used. c is the velocity of light in vacuum, ò0 andμ0 are,
respectively, the dielectric permittivity andmagnetic susceptibility of vacuum. The physical system considered is
a single classical relativistic electronwith restmassm and a classical electromagnetic field in vacuum, interacting
with each other and in the infinite three-dimensional space, in an arbitrary inertial system. They are supposed
not to interact with other systems. x and t denote a generic position vector and time, respectively. By assumption,
the dynamics of the interacting electron-field systemwill be considered for any t>−∞ , that is, for the sake of a
simple and neat formulation, the initial conditions for particle andfields are given in the infinitely remote past.
Initial conditions atfinite timewere considered in [36]: in such a case, as the authors emphasize, the initial
conditions for thefield and for the data cannot be given independently from each other.

At time t, the electron position andmomentum are x(t) and:

g= =( ) ( )t m
d

dt
p p

x
1

g g= = - - -( ) [ ( ) ] ( )t c d dtx1 22 2 1 2

The electromagnetic (em)fieldwill be described bymeans of a scalar potentialA0= A0(t, x) and a vector
potentialA= A(t, x) (Lorentz gauge: see, for instance, [39]). The standard Lorentz conditionwill always be
assumed:
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¶
¶

+ =· ( )
c

A

t
A

1
0 3x2

0

The electron generalized or canonicalmomentum andHamiltonian are:

= +( ) ( ) ( )t e tP p A x, 4

= + -[ ( ) ] ( )H m c c eP A 5e
2 4 2 2 1 2

The electric andmagnetic fields, in terms of the potentials, are (×denoting vector product):

 = - -
¶
¶

= ´ ( )A
t

E
A

B A; 6x x
0

The scalar and vector potentials admit the following general expansions in terms of planewaves, namely

 * *ò p w
= + -

[( ) ]
[ ( ) ( )] ( )A

d
v a i a i

k
kx kx

2 2
exp exp 7

k
k k k k k

0
3

3 1 2
0 0 0 0

 * *òå p w
= + -

l
l l l l

= [( ) ]
[ ( ) ( )] ( )d

v a i a iA
k

kx kx
2 2

exp exp 8
k

k k k k k
1

3 3

3 1 2 , , , ,

withωk= ck, k= |k| and * denoting complex conjugate. A real cut-off function vk= 1 for  k k0 max, vk= 0
for >k kmax is employed (kmax being thefixedwavevector cut-off). kmax,finite by assumption, is a crucial cut-
off on themagnitude of any contributing k: this assumption expresses the crucial fact that the electron is
extended: would kmax→∞ , then onewould be dealingwith a point electron.

The òʼs (polarization vectors) satisfy, by assumption, the following conditions which imply that for every k,
òk,λ=1,2,3 form an orthonormal basis system

  * =( ) ( )c 9k k
0 0 2

  *å d= -
l

l a l b ab
a b

=

( ) ( )
( ) ( )

( )
k k

k
10k k

1

2

, , 2

  * =l a l b
a b

= =( ) ( )
( ) ( )

( )
k k

k
11k k, 3 , 3 2

α,β= 1, 2, 3 denote cartesian components in three-dimensional space, that is,  l a( )k, is theα-thCartesian
component of the vector òk,λ. δαβ is the Kronecker’s delta= 0, 1 ifα≠ β,α= β, respectively. The aʼs are
complex functions which can be regarded as the dynamical variables characterizing the electromagnetic field.
TheHamiltonian of the electromagnetic field is:

 * *⎜ ⎟
⎛
⎝

⎞
⎠

ò åw= -
l

l l
=

( )H d a a a ak 12emf k k k k k0
3

1

3

, ,
0 0

The totalmomentum is:

= + ( )P P P 13tot emf

 * *⎜ ⎟
⎛
⎝

⎞
⎠

ò å= -
l

l l
=

( )d a a a aP k k 14emf k k k k0
3

1

3

, ,
0 0

The totalHamiltonian is:

= + + + ( )H U H H eA 15e emf0
0

U0 is a constant self-energy (irrelevant for the analysis here andwhich can be discarded if desired).

3.Dynamical equations ofmotion

Based upon the totalHamiltonian in section 2,Hamilton’s equations forfield and particle are derived in
Subsection 3.1.Hamilton’s equations for thefield are explicitly integrated in terms of the particle variables and
of the incoming field in section 3.2. In section 3.3, thefield solution is reshuffled intoHamilton’s equation for
the electron, thereby arriving at a generalization of the Lorentz force equationwhich includes the incoming field
and the radiation reaction force.

3.1.Hamilton’s equations
H depends on the variables x,P and on the set of all ak

0, *ak
0 , ak,λ and *lak, , for all kwith  k k0 max andλ= 1,

2, 3. Notice thatH contains no explicit dependence on t. Hamilton’s equations read:
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l
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a
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δdenotes variational derivative. Equations (16), (17), (15) become:

⎡
⎣

⎤
⎦

  = + ´ ´ -· [ ] ( )d

dt
e

d

dt
e

d

dt
e A
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x
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0



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[( ) ]
[ ( )] ( )da

dt
i a

iev
i tkx

2 2
exp 19k

k

k

k
k

k
0

0
0

0
3 1 2



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= - + -l
l l[( ) ]

[ ( )]( ) ( )da

dt
i a

iev
i t

d

dt
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x
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exp 20k

k

k

k
k k

,
,

0
3 1 2 ,

equations (4), (18), (13), (17) and = -
d

dt

d

dt

P Pemf readily imply the conservation of total energy andmomentum in
the dynamical evolution of the system:

= = ( )dH

dt

d

dt

P
0, 0 21tot

3.2. Integration of electromagneticfields
Another assumption is that the dynamics of the electron-field systemwill be consideredwith initial conditions as
t→−∞ : then, they are assumed to be non-interacting. Specifically, the incoming electromagnetic field is
supposed to be a free one, characterized by the potentials given in equations (7) and equations (8)with
* * w= ( )a a i texpin kk k

0
;

0 , w= -l l ( )a a i texpin kk k, , ; , with t-independent *a ink;
0 and ak,λ;in and so on for their

complex conjugates. For the electron, the initial conditions are xin andpin.
By integrating equations (19) and (20):






* *

ò

w

p w
w

=

- ¢ ¢ + - ¢
-¥

[ ]

[( ) ]
[ ( )] [ ( )( )] ( )

a a i t

dt
iev

i t i i t tkx

exp

2 2
exp exp 22

in k

t
k

k
k

k k

k

0
;

0

0

0
3 1 2




 *ò
w

p w
w

= -

+ ¢ - ¢ - - - ¢
¢

l l

l
-¥

[ ]

[( ) ]
[ ( )] [ ( )( )]( ) ( )

a a i t

dt
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i t i i t t
d

dt
kx

x

exp

2 2
exp exp 23

in k

t
k

k
k

k k

k

, , ;

0
3 1 2 ,

whereωk± iò, with a very small ò> 0 has been introduced (no confusionwith either ò0 or the polarization
vectors should arise). This inclusion enables the integrals over ¢t to converge at ¢  -¥t . It is understood that
ò→ 0 at the end of the computation. And so on for their complex conjugates. Upon replacing equations (22) and
(23) and their complex conjugates into equations (7) and (8), onefinds:

= + ( )A A A 24in dyn
0 0 0

= + ( )A A A 25in dyn

A0
in andAin are given respectively by the right-hand-sides of equations (7) and (8), with * * w= ( )a a i texpin kk k

0
;

0 ,
w= -l l ( )a a i texpin kk k, , ; andwith their complex conjugates. A0

in andAin describe free electromagnetic
potentials (unaffected by the electron charge): they satisfy the Lorentz condition (equation (3)) and yield through
equation (6) the free electromagnetic fieldsEin,Binwhich, in turn, fulfill the source-freeMaxwell equations. Let

XR denote the real part ofX. By using equations (22), (23), (7) and (8), one finds the dynamical potentials:





ò

ò
p w

w

=

´ ¢ - ¢ - - - ¢
-¥

∣ ∣ ( )
( )

[ ( ( ))] [ ( )( )] ( )

A
d v iec

dt i t i i t t

k

k x x

2

exp exp 26
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k

k
t

k

0
3 2 2

3
0

R





ò

ò
p w

w

=

´ ¢ - ¢ - - - ¢
¢-¥

∣ ∣
( )

[ ( ( ))] [ ( )( )] ( )

d v ie

dt i t i i t t
d

dt

A
k

k x x
x

2

exp exp 27

dyn
k

k
t

k

3 2

3
0

R

¢( )tx is the solution of the electron’s dynamical equation, to be given in section 3.3. The dynamical A0
dyn andAdyn

satisfy the Lorentz condition (equation (3)): this is possible due to the inclusion of−iò, enabling to discard
contributions at ¢  -¥t (upon performing integrations by parts in ¢t ). The dynamical electric andmagnetic
fieldsEdyn andBdyn, by using equations (6), (26) and (27) are:
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The total electric andmagnetic fields are

= + = + ( )E E E B B B, 32in dyn in dyn

3.3. Lorentz force equation for the electron: radiation reaction force
From equations (16), (18) (and following, for instance, [4]), one arrives at the Lorentz force equation for the
electron:

⎡
⎣

⎤
⎦

g = + ´ ( )d

dt
m

d

dt
e e

d

dt

x
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x
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which, by employing equation (32), becomes:
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e e
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dt

x
E

x
B F 34in in RR

where FRR= FRR(t, x(t)) is the following radiation reaction (RR) force, when evaluated at the charge’s trajectory:
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The initial conditions for the field as t→−∞ follow from those embodied in the behavior ofEin andBin (which
in turn follow from those of the chosenAin andA

0
in) in such a limit. The initial conditions for the electron are

finite xin andpin as t→−∞ .
In [6], a non-relativistic extended classical electron is considered from the outset, and a Lorentz force

equation is obtained after integratingMaxwell’s equations for thefields in terms of the electron trajectory
(thereby, aHamiltonian approach not being directly implemented in [6]). In such a Lorentz force equation, the
actual counterpart of our - ¢[ ( ( ))]i tk x xexp is approximated by unity, by arguing that the exponent is small in
the nonrelativistic limit. So, that Lorentz force equation for the acceleration at time t is a retarded integro-
differential one, having in its right-hand-side the acceleration at time ¢ t t (referred in [6] as first due to
Markov). Equation (34) (from theHamiltonian approach and inwhich no such approximations are performed)
constitutes a nontrivial generalization of the above developments in [6]. Another interesting feature is that, in
such a (Markov) equation, the electronmassm is replaced by the summ+ δm (a renormalizedmass), with
certain electromagneticmass δm due to the electron-field interaction. In section 8.2, very different
approximations on equation (34)will be carried out whichwill lead to a relativistic effective Lorentz force
equation (kmax-dependent). Furthermore, in the latter, non-relativistic approximations at a later stagewill lead
to a nonrelativistic effective Lorentz force equation, with a similar replacement ofm by a renormalizedmass
m+ δm, with the same δm.
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4.Uniformmotionwithout incomingfield

It is well known that some standard treatments of the radiation reaction effect lead to the unphysical
phenomenon of self acceleration, i.e. the particle accelerates evenwhen there is no external electromagnetic
field. The aimof this section is to prove that in our case, and in full generality, when there are no external fields,
the radiation reaction force exactly cancels out for the uniformmotion. Put otherwise, uniformmotion in the
absence of externalfields leads to zero radiation reaction force, hence preventing the appearance of self
acceleration.

Let there be no incoming electromagnetic field, that is,Ein= 0 andBin= 0 for any x and any t>−∞ .
Equivalently, let ak,λ;in= 0 and * =a 0ink;

0 , for any k,λ. Then: x(t)= xin+ v0t,p(t)= p0=mγ0v0,

g = - - -[ ]c v10
2

0
2 1 2, with arbitrary constant v0 such that - - c v1 02

0
2 provides an exact solution of the

Lorentz equation ofmotion. It describes a uniformmotionwith constant velocity v0 (v0
2 being allowed as close

to c2 as desired). By using the above x(t) in equations (22) and (23), and integrating over ¢t (profiting from the ò):


 

*
p w w

=
+ -[( ) ]

[ ( )]
·

( )a
ev i t

i

kx

k v2 2

exp
38k

k k
k

k0
0

0
3 1 2

0


 

*
p w w

=
-

- -
l

l( ) ·
[( ) ]

[ ( )]
·

( )a
ev i t

i

v kx

k v2 2

exp
39k

k k
k

k
,

, 0

0
3 1 2

0

The dynamical potentials for a generic x outside or on the trajectory are:

 ò p w w
= ´

-
- -

∣ ∣ ( )
( )

[ ( )]
·

( )A
d v ec i t

i

k k x v

k v2

exp
40dyn

k

k k

0
3 2 2

3
0

0

0

R

 ò p w w
= ´

-
- -

∣ ∣
( )

[ ( )]
·

( )d v e i t

i
A

k v k x v

k v2

exp
41dyn

k

k k

3 2

3
0

0 0

0

R

Clearly, one has g =[ ]m 0d

dt

d

dt

x . Next, the radiation reaction force FRRwill be evaluated on the electron

trajectory, that is, for x(t)= xin+ v0t. ForFRR1, and integrating over ¢t , onefinds:

 ò p w w
=

-
- -

∣ ∣
( )

( · )
·

( )e d v

i

c

i
F

k v v k

k v2
42RR

k

k k
1

2

0

3 2

3

2
0 0

0

R

At this stage, for real x, one invokes the formal expression: 1/(x− iò)= P(1/x)+ iπδ(x), where P and δ denote
Cauchy principal value and theDirac delta function, respectively. Upon replacing the later formula in
equation (42) and employing =( )ix 0R for real x, the principal value does not contribute and one gets:

 ò p w
d w= - - +

∣ ∣
( )

( ) ( · ) ( )e d v
cF

k
v k k v

2
43RR

k

k
k1

2

0

3 2

3
2

0
2

0R

Since k2δ(− ωk+ k · v0)= 0, it follows: FRR1= 0. A similar analysis shows that FRR2= 0 and, hence, FRR= 0.
The conclusion is that is x(t)= xin+ v0t is an exact solution of equation (33). Thefield energy, eA

0 and the total
energy (H) , evaluated for x(t)= xin+ v0t are:


⎡
⎣⎢

⎤
⎦⎥òp p

= - ( )H
e dk

4
44emf

k2

0 0

max


⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

òp p
= +

+
-∣ ∣

∣ ∣
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( )eA
e dk c c
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v

v4
ln 45

k
0

2

0 0 0

0

0
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
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎡
⎣⎢

⎤
⎦⎥

⎤
⎦⎥

òp p

= +
-

+ - +
+
-

-[ ]

∣ ∣
∣ ∣
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( )

H U
mc

c

e dk c c

c

v

v

v

v

1

4
1 ln 46

k

0

2

2
0
2 1 2

2

0 0 0

0

0

max

In the non-relativistic limit |v0|= c, equation (46) becomes:

d
d

+ + +
+( ) ( )H mc U U

m m v

2
472

0 0
0
2




⎡
⎣⎢

⎤
⎦⎥òd

p p
= + ( )U

e dk

4
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k
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max


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⎣⎢
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p p
d= = ∣ ∣ ( )m

c

e dk
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3 4

4
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49
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2

2

0 0 2 0
max
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Similarly, eA, evaluated for x(t), reads:


⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

òp p
=

+
-∣ ∣

∣ ∣
∣ ∣

( )e
e dk

c

c

c
A

v

v

v

v4

1
ln 50

k2

0 0

0

0

0

0

max

Notice that the (effective) electromagneticmass δm and energy δU0 turn out to be related by d d=m U
c

4

3 02 .

The latter agrees with time-honored previous classical computations: see, for instance, [7]. See also [6].

5.Maxwell equations for Edyn andBdyn. remarks on radiation gauge

5.1.Maxwell equations for Edyn andBdyn in Lorentz gauge
Some computations yield (uponperforming integrations by parts in ¢t and discarding certain contributions at
¢  -¥t , due to the inclusion of−iò) the followingMaxwell equations for the dynamicalfieldsEdyn andBdyn :

 ò
r

r r
p

 = = = -· ( ) ∣ ∣
( )

[ ( ( ))] ( )t
d v e

i tE x
k

k x x, ,
2

exp 51dyn
k

x
0

3 2

3
R

 =· ( )B 0 52dynx

 ´ = -
¶

¶
( )

t
E

B
53dyn

dyn
x

m ´ =
¶

¶
+ ( )

c t
B

E
j

1
54dyn

dyn
x 2 0

ò p
r= = - =( ) ∣ ∣

( )
[ ( ( ))] ( ) ( )t

d v e
i t

d

dt
t

d

dt
j j x

k
k x x

x
x

x
,

2
exp , 55k

3 2

3
R

Using standard techniques, one derives directly thewave equations for the dynamical potentials:

⎜ ⎟⎛
⎝

⎞
⎠

m
¶
¶

- D = ( )
c t

A j
1

56dynx2

2

2
2

0


r¶

¶
- D =( ) ( )

c t
A

1
57dynx2

2

2
2 0

0

equations (56) and (57) lead, by using the standard retardedGreen’s function, to the Liénard-Wiechert potentials
containing ρ and j. In the limit  ¥kmax , ρ(t, x)will tend toDirac’s eδ(x− x(t)) and so on for j. Hence, one
obtains the physically sound result that the radiationfield comes from the EMfields computed from the
(singular) charge and current densities located at the trajectory [36].

5.2. Remarks on radiation gauge
In this subsection , some shorts remarks (omitting details)will bemade on the radiation gauge, thereby
detaching along the former from the discussion in the Lorentz gauge. Adequate discussions on the comparison
between both gauges can be seen, for instance, in [40].

In the radiation gauge, * *= =a a 0ink k;
0 0 (and so on for their complex conjugates),A0= 0 and∇x · A= 0.

Accordingly, the analysis in sections 2, 3 and 4 and in section 5.1 simplify: details will be omitted.Bdyn in Lorentz
and radiation gauges coincide, butEdyn does not. In fact, in the radiation gauge ρ does not appear explicitly and
equation (51) is replaced by∇x · Edyn= 0.However, on the electron trajectory x= x(t),Edyn coincide in both
Lorentz and radiation gauges (a property which ceases to hold for arbitrary x). Then, the Lorentz equation of
motion is the same (namely, equation (34)) in both Lorentz and radiation gauges.

6. Radiation reaction force: integration over k

The integrations over k can be carried out exactly in both FRR1 and FRR2:firstly, over thewhole solid angle in k
and, secondly, in  k k0 max. Let = - ¢( )ta x x , a= |a| and =( )j x x

x0
sin and = -( )j x x

x

x

x1
sin cos

2 be the

spherical Bessel functions of orders 0 and 1, respectively.
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The results are:


 ⎡

⎣⎢
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
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4
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2
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
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⎠
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⎣
⎢

⎤
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òp
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¢
´
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+
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( ( ( ( ))) ( ( ( )))

( ( ( ( ))) ( ( ( )))
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d
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k j k a c t t j k a c t t

a

k j k a c t t j k a c t t

a

F
a x x

4
exp
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RR

t

2,2

2

2
0
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2

1 max 1 max

max 0 max 0 max

2

Equations (58), (60), (61) and (34) constitute an exact integro-differential equation for x(t): to implement them
for effective numerical computations lies outside our scopehere.At thepresent stage, equations (58), (60), (61)
display that their integrands containing the spherical Bessel functions oscillate indefinitely, tend to vanish as
- - ¢( )a c t t and + - ¢( )a c t t growandwill give rise to interferences and cancellations. So, equations (58), (60),

(61)will suggest, at least indirectly and qualitatively, in section 7.1 fromwhich domains receivesFRR its leading

contributions: seefigure 1 for an example of thebehavior of the +- - ¢ - + - ¢[ ( ( ( ( ))) ( ( ( )))k j k a c t t j k a c t t

a
max
2

1 max 1 max

- - ¢ - + - ¢ ]( ( ( ( ))) ( ( ( )))k j k a c t t j k a c t t

a

max 0 max 0 max

2 and
- - ¢ + + - ¢( ( ( ( ))) ( ( ( )))k j k a c t t j k a c t t

a
max
2

1 max 1 max kernelswhen computed

over a constant velocity trajectory corresponding to a counterpropagating 100MeVelectron, and
= ´k k1000max 0. k0= 2π/λ0= ω0/c is chosen having inmind an externalfield corresponding to an IRultra

intense pulsewith centralwavelengthλ0= 800 nm.The spikynature of these functions is apparent, specially at

Figure 1.Plot of integrand kernels, i.e, the parts including spherical Bessel functions, in dimensionless variables t t w¢ = = ¢t2 0 , at a
fixed value of τ = ω0t = 32π. Kernels are rather spiky, but not singular at any t¢ value, and their non-zero values are concentrated in a
narrow region around t t¢ = . In red, kernel of equation (58), in blue kernel of equation (60).
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large values of kmax, and that thewhole integral(s)will receive theirmain contribution froma very narrowregion
around = ¢t t .

6.1. Exact Cancellation of the RadiationReaction Force for anUniformMotion
An interesting property of the integrals in equations (58), (60) and (61) is that they are, without incoming filed,
amenable to an exact analytical computation in the case of an uniformmotion. Then, the integrands

-
¢

[ ( ) · ( )]c d

dt

d

dt a

x x a2 ,
¢

d

dt

x and
¢

( · )
a

d

dt

d

dt

a x x assume constant values, namely, bg b-c2
0

2
0 0, cβ0, c

2β0β0 and can be

taken out of the integral sign, while the kernels take the simpler forms

+b b
b

b b
b

- - - ¢ - + - ¢
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- - - ¢ - + - ¢
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[ ]( ( ( )( ))) ( ( )( )))

( )
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( ( ))
k j ck t t j ck t t

c t t

k j ck t t j ck t t

c t t

1 1 1 1max
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1 max 0 1 max 0
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max 0 max 0 0 max 0

0
2 and

b b
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- - - ¢ + + - ¢

- ¢

( ( ( )( ))) ( ( )( )))
( )

k j ck t t j ck t t

c t t

1 1max
2

1 max 0 1 max 0

0
that can be exactly integrated over ¢t (as indefinite integrals, hence

still depending on t and ¢t ). The obtained integrals, named collectively ¢( )I t t,unif , have the property that Iunif(t,
t)− Iunif(t,−∞ )= 0, hence the radiation reaction force is exactly zero for the uniformmotion, as it should be.
This is an extra consistency check, on top of the considerationsmade in section 4.

7. Approximations for radiation reaction terms (equations (34), (35), (36) and (37))

7.1. A strategy
Here, it will be allowed that the incomingfields donot vanish in principle (Ein≠ 0 andBin≠ 0), so that the electron
has a non-vanishing acceleration. Inspections at the integrals over ¢t in equations (36) and (37) and also in
equations (58), (60) and (61) suggest that they receive their leading contributions froma suitably small interval

t- < ¢ <t t tRR , with smallτRR, so that t− τRR is adequately close to the upper integration limit ¢ =t t . In fact,
forfixedk, the larger is - ¢t t , the larger the variations of w- ¢ - - - ¢[ ( ( ) ( )) ( )( )]t t i t tk x x k and, so, the
greater the oscillations of w- ¢ - - - ¢[ ( ( ) ( )) ( )( )]i t t i t tk x xexp k and,finally, themore important the
cancellations of the latter exponential upon integrating over ¢t . Consequently, one could expect that the dominant

contribution to ò ¢
-¥

dt
t

comes from ò ¢
t-

dt
t

t

RR
. Consistently, upon expanding about ¢ =t t , one approximates: (i)

- ¢ - ¢ - - ¢
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Notice that ⎡
⎣

⎤
⎦
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¢ ¢=( )( ( ))( )i i t tkexp d

dt t t
k

x in (iii) is neither expandednor approximated,whichwill be

crucial for the overall approximate consistency of the strategy. It is supposed that - ¢
¢ ¢=

( )t td

dt t t

x1

2
2

2

2 is smaller than

- ¢
¢ ¢=

( )t td
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x , in that integration interval. Then, equations (35), (36) and (37) yield the approximation:

= + ( )F F F F 62RR RR app RR app RR app, , ,0 , ,1




⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎛

⎝
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣

⎤
⎦

⎞

⎠

ò òp
w

w w
w

= ¢
¢

- - - ¢

´ - + - +

t- ¢=

∣ ∣
( )

( ( ))( )

( · ) ( )

e d v
dt i

d

dt
i t t

c
d

dt

d

dt

d

dt

F
k

k
x

x k
k

x x

2
exp

1
63

RR app
k

t

t

t t
k

k k
k

, ,0

2

0

3 2

3

2
2

RR

R




⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡

⎣
⎢

⎛

⎝
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎞

⎠

⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠

⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎛
⎝

⎞
⎠

⎤

⎦
⎥

ò òp
w

w w

w w

= ¢
¢

- - - ¢

´ - - + - +
¢

- ¢

-
¢

¢ - + - +
¢

¢ -

t- ¢=

¢=

¢= ¢=

∣ ∣
( )

( ( ))( )

∣ ∣ · ( )

· ( ) ∣ ∣ · ( ) ( )

e d v
dt i

d

dt
i t t

c
d

dt
c

d

dt

d

dt
i

d

dt
t t

d

dt

d

dt
t t c

d

dt

d

dt
t t

F
k

k
x

x k
k k

x x
k

x

k x x
k k

x x

2
exp

1
.

1

2

1
64

RR app
k

t

t

t t
k

k k t t

k t t k t t

, ,1

2

0

3 2

3

2
2 2

2
2

2

2

2

2

RR

R

The computation foruniformmotion in section4yieldingFRR= 0provides a strategy towards the computation
ofFRR,app,0 and this is done.There is an important differencedue to the fact that the integrationover ¢t is not carried

out for t¢ < -t t RR. Then, upon integratingover ¢t : ⎡
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Then, there is an additional contribution proportional to t-( )exp RR . One has:
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Apriori, themagnitude of FRR,app,0 would be an open question, due to two apparently conflicting features:
t-( )exp RR (as ò)→ 0 at the end of the computation) and the smallness of τRR (which is a basis of the above

approximation). On the other hand , the net result, after integration over k, is that FRR,app,0 turns out to be
nonlinear in the electron velocity: this appears to be an unphysical outcome of the approximation so far, because
in section 4 it has been seen that for uniformmotion the radiation reaction vanishes exactly. Then, such a
controversialmagnitude of FRR,app,0 due to those two features appears to be an artifact of the computation, when
one pushes the interpretation of those features possibly too far. Then, it does not seemunreasonable to set

FRR,app,0; 0 consistently, that is, to regard t-
t w
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d
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x
as implying a negligible result for FRR,app,0

compared to FRR,app,1. The approximate computation of FRR,app,1 is undertaken fromnowonwards. One now

integrates approximately: 
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k

x
 ,having

neglected the contribution at t¢ = -t t RR. Then:

( )F F F 66RR app RR app RR app, , ,1 , ,2 

Further analysis of FRR,appwill be considered in appendix and in section 7.2.Notice that, in the present
approximations, τRRno longer appears in FRR,app,2.

7.2. Analysis of radiation reaction force approximation FRR,app,2
One has:

 p
=
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( )e

c
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F I

2
67RR app, ,2
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The computation of I (real) is outlined in appendix. The result is:
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Then, in the framework of the above approximations: FRR; FRR,app,2 is linear in ¢ ¢=

d

dt t t

x2

2 (but non-linear in d

dt

x ).

The physical dimension of FRR,app,2 is  
=

p ¢ ¢= ¢ ¢=
∣ ∣ ∣( ) ∣

( )
k f ck fe

c

d

dt t t

e

c

d

dt t t

x x

2 max max
2

0
2 3

2

2

2

0
3

2

2 . Notice that

=
¢ ¢=

∣ ∣ ∣ ∣ fI d

dt t t

x2

2 . f is a dimensionless (nonlinear) function of
¢ ¢=( )∣ ∣ cd

dt t t

x and of the angleσ between
¢ ¢=( )d

dt t t

x

and
¢ ¢=

( )d

dt t t

x2

2 . Figure 2 shows the coefficientsmultiplying d

dt

x2

2 and b b( · )d

dt

x2

2 in equation (78) as a function ofβ

in the highly relativistic range of velocities. Both coefficients turn out to be negative, although the one

multiplying b b( )·d

dt

x2

2 is substantially larger than the other, scaling in fact as γ2 in the ultra-relativistic limit.

Summarizing, the approximate equation ofmotion for the electron follows by combining successively
equation (34) (62) (withFRR,app,0; 0), (64), (66), (90), (67), (91), (68)–(77).

An interesting point is the following. OnceFRR,app,2 has been obtained as indicated above in the chosen

inertial frame (as an approximation to the exact FRR), at a later stage one can replace the acceleration
d

dt

x2

2 in the

former bywhat implies the exact Lorentz equation (34) in the same inertial system, but nowwith the radiation

reaction force FRR eliminated in its right-hand-side. That is, one keeps only + ´e eE Bin
d

dt in
x from the exact

Lorentz equation (34), which in general depend on x(t) and t. This would give rise to a partial differential
equation linear in the acceleration but certainly nonlinear in the velocity (and still kmax-dependent, as well).

The above approximate FRRhas the following properties:

(1) if =
¢ ¢=

( ) 0d

dt t t

x2

2 , there is no radiation reaction.

(2) Let the electron have an accelerated motion with very small velocity, that is, let |β| be very small (|β|= 1).
By keeping the leading approximations in equations (68)–(77), onefinds:


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⎠
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⎠
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8

15

5

3
81RR app, ,2

2
max

0
2 2

2
2

2

2

2


Then, at very low velocity, the radiation reaction force is opposite to the acceleration at the same t, which is
physically reasonable.

(3) Conversely, let the electron have an accelerated motion with very large velocity (very close in magnitude to
c) . By keeping the leading approximations in equations (68)–(77), onefinds for |β|→ 1 (with |β|< 1):

Figure 2. Scaling of radiation reaction force coefficients in the ultra-relativistic limit. The inset shows the behaviour of the coefficient

proportional to d

dt

x2

2 (in red); the one proportional to b b( · )d

dt

x2

2 (in black) scales as γ2.
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Both contributions to FRR,app,2 grow as the velocity is very close inmagnitude to c. The⎡⎣ ⎤⎦
d

dt

x2

2 contribution to the

radiation reaction force is opposite to the former (as b- <( ∣ ∣)ln 1 0). The sign of the b b( · )d

dt

x2

2 contribution

is negative for sufficiently large velocity, since then b- - - <
b-( )( ∣ ∣)

∣ ∣
ln 1 01

1
. Those signs are not

physically unreasonable either.
A curious consistency condition a posteriori is the following: δm in equation (49) coincides with the

coefficient
 p( )

e k

c 2

4

3

2
max

0
2 2 multiplying ( )d

dt

x2

2 in the right-hand-side of equation (81). That is,the above low velocity

approximation in this section also produces the same δm obtained in the exact computation for uniformmotion

in section 4. Stimulated by the last fact,for |β|= 1 (that is considering only


⎡
⎣

⎤
⎦

⎞
⎠

-
p ( )( )( )

FRR app
e k

c

d
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x
, ,2 2

4

3

2
max

0
2 2

2

2 ,

onemay regard δm as some sort ofmass renormalization counterterm and,so,m+ δm as some physical or
renormalizedmass: thus,kmax is absorbed into the renormalizedmass. Then,the Lorentz equation equation
becomes approximately for |β|= 1 (γ; 1):

d+ + ´( ) ( )m m
d

dt
e e

d

dt

x
E

x
B 83in in

2

2


inwhich kmax no longer appears explicitly. Notice that such a complete absorption of kmax into a renormalized
mass does not seem to apply in the remaining cases without the non-relativistic approximation, asβ-
dependences occur.

8. Covariant formulation

8.1. General aspects
The three-dimensional formulation presented in the previous sectionswill be recast here as a four-dimensional
one in the same inertial reference system. That would enable to transform the description of the electron-field
dynamics directly to another arbitrary inertial reference system, just by invoking the standard Lorentz
transformations. Only the necessary equationswill be given. Themetric tensor, enabling tomove Lorentz
indices up and down, is the standard one (see, for instance, [39]): gμν,μ, ν= 0, 1, 2, 3, with gμν= 0 forμ≠ ν and
g00=+ 1=− g11=− g22=− g33. Let (n

μ) be a constant vector such that nμn νgμν=+ 1. In the inertial system
considered in all previous sections, we understand that: (nμ)= (1, 0, 0, 0).

The space-time electron coordinates are: x= (xμ)= (ct, x),μ= 0, 1, 2, 3, with x= x(t) along the electron

trajectory and (xμ)= (ct,− x). The differential line interval s along the latter fulfills: ⎡
⎣

⎤
⎦

= - - ( )ds cdt c1 d

dt

x2
2 1 2

and, using it, the electron trajectory is: xμ= xμ(s). The particle fourvelocity (uμ) and fourmomentum (pμ) are:

⎛

⎝

⎜
⎜⎜⎡

⎣
⎤
⎦

⎡
⎣

⎤
⎦

⎞

⎠

⎟
⎟⎟

⎛
⎝

⎞
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=
- -
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-

-( ) ( )
( ) ( )u

c

c
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dx
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1

1

,

1

84
d

dt

d

dt

d

dt

x

x

x2
2 1 2

1

2
2 1 2

=m m ( )p mcu 85

with uμu νgμν=+ 1. The exact total fourpotential for uniformmotion is, with obvious notation andmeaning:

= + =m m m -( ) ( ) ( ) ( ) ( )A A A c A A, 86in dyn
1 0

ò

ò

d q
p

= =

´ ¢ - - ¢
¢

m m

m

-¥

( ) ( ) ( )
( )

[ ( ( ))] ( ) ( )

A A x
d kv ie k k

c

ds ik x x s
p s

mc

2
2

exp 87

dyn dyn
cov

s

4 2 2 0

3
0

R

with k= (c−1(ωk− iò), k)= (kμ), δ denotesDirac’ s delta function, θ(k0) is the standard step function,
kx= kμx νgμν. vcov= vcov(n

μk νgμν): in the inertial system considered in the previous sections, nμk νgμν= |k|, so
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that vcov= v(|k|), which is just the real cut-off function considered in the previous sections. So, vcov is a covariant
formof writing the cut-off function, due to the introduction of (nμ) .

Also: =m -( ) ( )A c A A,in in in
1 0 , =m -( ) ( )A c A A,dyn dyn dyn

1 0 .

The (antisymmetric) electromagnetic tensor = -mn ¶
¶

¶
¶

n

m

m

n
F A

x

A

x
for uniformmotion reduces to, for mAdyn:

ò

ò

d q
p

= =

´ ¢ - - ¢
¢ - ¢

mn mn

m m n m

-¥

( ) ( ) ( )
( )

[ ( ( ))] ( ) ( ) ( )

F F x
d kv ie k k

c

ds ik x x s
k p s k p s

mc

2
2

exp 88

dyn dyn
cov

s

4 2 2 0

3
0

R

and so on mn ( ( ))F x sin . The Lorentz equation ofmotion for the electron trajectory (x= x(s)) reads, in covariant
form:

= +
m

mn s
ns

mn s
ns

( ) ( ( ( )) ( ) ( ( )) ( ) ) ( )dp s

ds
e F x s u s g F x s u s g 89in dyn

8.2. Uniformmotion in covariant form
Let there be no incoming electromagnetic field, that is, =mn ( )F x 0in for any x and any t>−∞ . Then, an exact
solution of the covariant Lorentz equation is: = +m m m( )x s x u sin 0 , with constant mxin and

=m
- --

-

-( ) ( )
[ )] [ ]

u ,
c

c

cv

v

v0
1

1 12
0
2 1 2

1
0

2
0
2 1 2 , the constant v0 being such that - - c v1 02

0
2 . In fact, in this case:

=mn
ns

sF g u 0dyn : The proof (using ò ¢ - - ¢ =
-¥

[ ( )] ( )ds iku s s ikuexp 1
s

0 0 , having recalled k= (c−1(ωk− iò), k))
is a direct generalization of the one in section 4 andwill be omitted. This solution describes a uniformmotion,
which is the four-dimensional formof the three-dimensional one in section 4. The actual covariant counterparts
ofH in section 4 are nowmore difficult to evaluate directly in an arbitrary inertial system, as the corresponding
angular integrals turn out to be somewhatmore involved to carry out compactly. The reason is that an additional
angular dependence, in an arbitrary inertial system arises, due vcov= vcov(n

μk νgμν) (arising, in turn, from the
existence of the cutt-off) . This discussionwill lie outside the scope of this work.

8.3. Comment a posteriori on a covariant approximate solution
The assumptions and approximations in section 7.1 and 7.2 can be readily extended here, with a similar

expansion for ¢m ( )x s up to and including
m ( )d x s

ds

2

2 , so that mnFdyn becomes approximately linear in
m ( )d x s

ds

2

2 . The

integration over ¢s in a small interval below ¢ =s s can be performed similarly. In the resulting approximate
(finite) expression for mnFdyn which is the covariant counterpart of FRR,app,2, the corresponding angular integrals in
an arbitrary inertial system are now somewhatmore involved to carry out compactly than in section 7.2. The
reason is that an additional angular dependence, in an arbitrary inertial system arises, due to
vcov= vcov(n

μk νgμν). This discussion lies outside the scope of this work.

9. Conclusions and further developments

The present investigation is aimed at a consistent treatment of the classical radiation reaction problemof a
relativistic extended electron, inwhich the scientific community has a renewed interest due to the presently
available extreme light sources. The scope of our work ismainly focused in the interaction of high-energy
electron and ultra intense lasers in vacuum, but it could beworthmentioning that radiation reaction effects are
also expected in solids due to high internal intra crystalline fields, see for example [42–44] for suggested effects in
diamond, and for reporting high internal fields in semiconductors relevant formodern optoelectronics devices.

The classical electron-field system evolve in an infinite three-dimensional vacuumand in an inertial system.
The electromagnetic field is treated in Lorentz gauge, with the Lorentz condition. By assumption, there is a
crucialfinite cut-off kmax on themagnitude of anywavevector contributing to the field (thereby preventing a
point electron) and the initial conditions for particle andfields are given in the infinitely remote past.

TheHamiltonian approach employed here accounts, from first principles, for the radiatedfield and its
effects on the electron dynamics (RadiationReaction). ThisHamiltonian approach has the advantage that
particle and field variables are treated on an equal footing up to some stage. Hamilton’s dynamical equations for
the particle and the field amplitudes aʼs yield an exact Lorentz force (integro-differential) equation for the
former, with includes the incoming radiation and an exact radiation reaction force FRR due to thefield radiated
by the electron.

The treatment is relativistic from the outset, and sufficiently general to account for external fields of any
intensity and of basically arbitrary spatial and temporal shapes, provided kmax is suitably chosen. The theory is
aimed in this sense to contribute to the phenomenon of radiation reaction under the effect of ultra short and
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ultra intense laser fields, whose current interest has been fostered by the availability of extreme light sources. The
only free parameter of the theory is a cutoff kmax in themodes of the total electromagnetic field. At this stage, it is
still an open question how to choose this kmax so as to obtainmeaningful numerical results from the theory. But
as far as one sticks to the condition < +¥kmax , it can be proved that the dynamics is free frompathologies like
self-acceleration, etc that have plagued the analytical treatment of radiation reaction since nearly a century ago. A
preliminary, and qualitative consideration about kmax is that it should be large enough to account at least for the
spacial shape of the external electromagnetic field and for the shortest wavelength photons, if we can share for a
moment this concept fromquantum theory, that can be emitted from the radiating electron. A possible
judicious choice for kmax could be somewhere in the range  k k kmax max1 max 2 with =k mc c2max1

2 (ÿbeing
rationalized Planck’s constant) and =k r1max e2 , re= e2/(4πò0mc2) the classical electron radius. kmax1 (about
1011 cm−1) corresponds to the energy of a photon producing an electron-positron pair, kmax2 (about 10

13cm−1)
is the inverse of the classical electron radius re. It is interesting to note that the condition that

p l= <  k k k k2 max max0 0 1 max 2 is compatible with ultra high intensity powers in IR lasers, i.e. with central
λ0 typically around 1μm.Comparewith the discussion in section 1, which considered in particular
electromagnetic radiations in the infrared or near infrared ranges.

It is shown that an uniform velocity trajectory for the electron, in the absence of incoming external radiation,
satisfies exactly the Lorentz force equation, even by including the effect of radiation reaction. Some judicious
approximations in the exact Lorentz (retarded integro-differential) equation allow to deal with the radiation
reaction term(s). Specifically, based upon numerical computations some approximations on FRR are given. They
have desirable physical properties in both the limits of very small and, particularly, at ultrarelativistic velocities,
where a dependence of FRR on γ

2 has been obtained, in accordance with themain term in the classic Landau-
Lifschitz equation.

The theory has also been given in a fully covariant form, so as to be of application in any inertial system, not
only in an arbitrarily chosen laboratory system. Related to the approximations in section 7 and to the last item,
one canmake another remark. If one constructs (following the approximations in section 7)Edyn,app,2 and
Bdyn,app,2 on the trajectory in the chosen inertial reference system, one could construct directly in the standard
way the (antisymmetric) electromagnetic tensor Fμν,app,2 (approximate), on the trajectory. Even if such Fμν,app,2
is an approximation to the exact Fμν, the former, due to its antisymmetry, fulfills exactly

=mn
¢= ¢=

m n( ) ( )F 0dx

ds t t
app

dx

ds t t
, ,2 ,

¢=

m( )dx

ds t t
being the standard four-velocity. Its approximate usefulness in other

inertial system is an open issue not to be analyzed here.
Some of the topics that are outside the scope of the paper, but are planned to investigate in further researches

are a quantitative comparison of the approximate radiation reaction terms obtained herewith other approaches,
based for example in thewell-established Landau–Lifshitz equation [41]. Similarly, a further development will
be to numerically integrate the dynamical equations. Some of the difficulties of this task have to dowith the
(apparent) arbitrariness of the cutoff limit kmax, and also, from anumerical point of view, with the highly
oscillatory and spiky behavior of integrand functions, specially in the case of large kmax.
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One starts from the above FRR,app,2. One again invokes the formal expression for real x, already employed in
section 4: 1/(x− iò)= P(1/x)+ iπδ(x),P and δ beingCauchy principal value and theDirac delta function,
respectively. One replaces the later formula in equation (90), and notices that =( )ix 0R for real x and

d w d w- + - + =( · ) ( · )k k k 0k
d

dt k
d

dt

x x2 . One recalls that kmax is the upper cut-off in the integration over k
and that vk only depends on k. Onemakes use of equation (67), with :
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The iò’ s and iδ(x)’ s no longer appear and theCauchy principal value symbols (P) can be safely eliminated in
general as long as the electron velocity is smaller than c. All integrals are finite as k→ 0 (that is, infrared finite))
andfinite at large k as long as kmax isfinite (those integrals diverge proportionally to kmax, as  +¥kmax . The
integration over k amounts to carry out two angular integrations. For that purpose, one takes in three-

dimensional Cartesian coordinates (x, y, z), the z axis along
¢ ¢=( )d

dt t t

x and chooses
¢ ¢=

( )d

dt t t

x2

2 in the (x,z) plane

(forming an angleσwith the z axis). The integrations are direct, but somewhat cumbersome.
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