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Abstract

In quantum physics, the scattering of a free particle by an impurity leads to the Ramsauer-Townsend
effect, characterized by resonances in the cross section for transmission and reflection of the incident
particle. In this work, we analyze this problem within the context of quantum information theory. In
particular, we study the Shannon and Fisher entropy, as well as the Heisenberg uncertainty relations,
to analyze the fragmentation of a wave packet in collision dynamics. As a primary contribution of this
work, we note that these properties are directly related to each other through the same reflection and
transmission coefficients as those of the Ramsauer-Townsend effect. Furthermore, we observe that
the Heisenberg uncertainty principle satisfies the minimum value, i.e. /i/2, for the transmitted wave
packet at resonance transmission and a maximum at higher fragmentation of the wave packet. We
obtain that at resonance transmission, the reflected contribution to the uncertainty principle is zero
with no violation of the Heisenberg principle. This leads, consequently, to the violation of it by the
reflected wave packet, as there is no reflection. Moreover, the Shannon and Fisher quantum
information entropy is found to be directly connected to Heisenberg’s uncertainty principle for a
dynamical system. Finally, we establish that these effects require the proper description of the time-
dependent spreading of the wave packet to account for the proper dynamics.

1. Introduction

The scattering by a square well potential is a fundamental problem in quantum mechanics that explores how
particles behave when encountering a region of space with an obstacle or impurity. A key aspect includes
analyzing the scattering amplitude, which reveals information about the particle’s interaction with the
impurity. However, its treatments usually focus on the scattering of a time-independent plane wave, which
exhibits phenomena such as reflection and transmission [ 1]. In this regard, the scattering of a time-dependent
wave packet by a square potential (barrier or well) provides a unique opportunity to study some additional
novel quantum phenomena, such as quantum tunneling times [2—6], the Hartman effect [ 7], and the transient
interference effect on reflection and transmission [8].

One of the most intriguing quantum mechanical phenomena is the Ramsauer-Townsend (RT) effect
[9, 10].In 1921, this phenomenon was first observed in noble gases when low-energy electrons were scattered
by atoms. Specifically, when a low-energy electron beam collides with certain atoms, such as xenon or argon, a
minimal amount of scattering occurs. At some particular energies, the scattering cross section reaches a mini-
mum because the electron, behaving as a wave, can partially or even completely transmit, depending on the
nature of its wavelength and the characteristic properties of the impurity [11, 12]. This phenomenon can be well
explained by a 1-D model of a plane wave that describes an electron scattered by a square-well potential. Such
behavior of the system can be described through a straightforward solution of the time-independent

© 2026 The Author(s). Published by IOP Publishing Ltd


https://doi.org/10.1088/1402-4896/ae391b
https://orcid.org/0000-0001-5921-8870
https://orcid.org/0000-0002-1937-2686
mailto:sansantanu1991@gmail.com
mailto:trujillo@icf.unam.mx
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ae391b&domain=pdf&date_stamp=2026-01-28
https://crossmark.crossref.org/dialog/?doi=10.1088/1402-4896/ae391b&domain=pdf&date_stamp=2026-01-28
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

10P Publishing

Phys. Scr. 101 (2026) 045103 S Mondal and R Cabrera-Trujillo

Schrodinger equation [1]. In this phenomenon, the RT effect is caused by constructive interference between the
incoming and outgoing components of the wave function within the potential well or barrier, resulting in
nearly complete transmission of the wave [1]. Experimentally, the RT effect can be directly probed in several
systems, such as positron-argon collisions [13], xenon thyratrons [ 14], solid hydrogen [15], and “He—*He scat-
tering [16]. It also plays an important role in the study of fundamental quantum mechanical processes, includ-
ing X-ray absorption fine structure in the zinc tetraimidazole clusters [ 17], as well as in theoretical frameworks
such as quaternionic quantum mechanics [18] and q-deformed quantum mechanics [19-22]. It is worth noting
that the use of the time-independent approach with plane waves inevitably leads to the loss of the time-resolved
interference effects inherent in the full dynamical (time-dependent) treatment. Although time-dependent for-
mulations explicitly describe the system’s temporal evolution, neither framework is fundamentally superior.
This correspondence closely parallels classical mechanics, where the Lagrangian formulation through Hamil-
ton’s principle remains fully equivalent to the step-by-step temporal evolution of Newtonian mechanics. How-
ever, only a few studies in the literature have explored this phenomenon when, instead of a plane wave, a
Gaussian wave packet is used [23] (and references therein), mainly due to the complexity involved in solving
analytically the time-dependent Schrédinger equation in this context.

Another important aspect of quantum mechanics is the study of quantum information entropy (QIE), which
provides valuable information on the uncertainty and spatial distribution of quantum states [24]. In general,
QIE serves as a measure of the localization or delocalization of the probability distribution associated with a
quantum system. It is often quantified through various entropic measures, such as Shannon and Fisher infor-
mation entropy, each offering unique perspectives on the system’s behavior [25-28]. The Shannon entropy,
regarded as a global measure of information entropy, reflects the degree of delocalization of the system. The
Shannon entropy, S, is defined as,

S= —f_oo p(x, H)np(x, t) dx @))

where
p(x, t) = Ui(x, 1)V(x, t) ®)

is the system probability density distribution as a function of position x and time ¢, and W(x, t) is the particle
wave-function. A lower value of Shannon entropy typically corresponds to a more localized state, whereas a
higher value indicates greater delocalization and spatial spreading of the wave function. Conversely, the Fisher
entropy, known as a local measure of information entropy, behaves in a manner conjugate to the Shannon
entropy in most of the quantum systems, being more sensitive to local variations in the probability distribution
and is defined as

|Ep(x) t)|2
dx.
7= L p(x; t) @

Importantly, both of these entropic measures exhibit a close relationship with the ionization potential of
quantum systems [29] and, as such, can be indirectly verified through experimental observations. A higher
Shannon entropy indicates a more delocalized electron distribution, which can correlate with a lower
ionization potential. Conversely, a higher Fisher entropy, which measures the sharpness of the probability
density, often corresponds to a more localized electron distribution and a higher ionization potential. Such
entropies have a wide range of applications, such as in quantum computing [24], chemical reactivity [30],
correlation measure [31-37] and characterization of atoms and molecules [38—40]. Moreover, these entropic
measures have proven to be highly effective as indicators of electron correlation and relativistic effects in
confined atoms [41], in analyzing atomic orbital shape modifications [42], and in distinguishing virtual states
in photon-induced transitions [43, 44]. Furthermore, extensive theoretical studies have been carried out on the
time-independent treatment of atomic systems in different confinement scenarios, such as pressure
confinement [45-49], plasma environments [50, 51], quantum dots [52-57], and fullerene cages [58]. In
addition, Shannon entropy has also been established as an important tool for describing atomic collisions and
molecular fragmentation [59]. However, to the best of our knowledge, no prior studies have explored the role of
information entropy in the context of a scattering process within a real dynamical framework. In consequence,
these entropies have significant potential for providing deeper insights into scattering processes.

Moreover, evaluating uncertainty in a quantum or classical measurement is equally crucial to under-
standing the fundamental limits of the system, in comparison to information entropy. However, unlike classi-
cal measurements, quantum measurements are inherently bound by a finite, irreducible minimum uncertainty
[60, 61]. Heisenberg uncertainty, which is considered as the fundamental principle of quantum mechanics,
precisely defines this intrinsic limit of uncertainty in quantum measurements. It is a variance-based measure of
uncertainty between two conjugate observables, such as position, x, and momentum, p, associated with the
corresponding operators £ and p, and is expressed in a product form as [60]
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The Heisenberg uncertainty principle has profound implications not only in information theory but also across a
wide range of fundamental research areas, including quantum entanglement detection [62—64], quantum non-
cloning [65, 66], quantum cryptography [67], quantum synchronization [68, 69], quantum metrology [70], and
the detection of mixedness [71, 72], among others. Importantly, under the influence of external perturbations or
under extreme confinement conditions, the Heisenberg uncertainty principle for a real atom exhibits intricate
behavior, yet it invariably adheres to its fundamental lower bound [73] (and references there in). However, the
same problem has not yet been explored for a wave packet fragmentation in a collision.

In the present work, as a first approach towards this study, we revisit the reflection and transmission con-
cepts by modeling the incoming particle as consisting of a Gaussian wave packet scattered by a square well with
fixed width and depth. The reason for this is that we are interested in wave packet’s dynamics where
equation (1) and (3) can provide physical information on the fragmentation dynamics. Goldberg et al [23]
reported a detailed description of the time-dependent evolution for a Gaussian wave packet, using computer-
generated motion pictures to illustrate the phenomena of reflection and transmission from a square well or
barrier potential. However, the reflection and transmission coefficients depend on the energy of the incident
particle as well as on the width and height (or depth) of the potential, making this problem analytically intract-
able. The square well potential is well justified since it has been used to model interactions between nucleons
(protons and neutrons) within the nucleus in nuclear physics [74]. As mentioned above, it is also used to study
the scattering of electrons by noble gas atoms, where a minimum in the scattering cross-section is observed at
certain energies [9, 10]. Furthermore, this model is used to determine the scattering length and effective range,
which are important parameters in low-energy scattering, characterizing the interaction at long distances [75].
Some other works on the study of the infinite square well and delta potential are available in the literature
[76, 77]. In this work, the corresponding time-dependent one-dimensional Schrodinger equation is solved
numerically using the finite-differences method, with the time evolution handled by the Crank-Nicolson tech-
nique [78]. However, it should be mentioned that the full three-dimensional treatment of the RT-effect is more
realistic, but a one-dimensional model can often approximate the energy dependence and show the qualitative
behavior of the cross-section through the reflection and transmission coefficients. While not fully realistic, one-
dimensional models can still provide physical insight into how the scattering process works and why the RT-
effect occurs. For instance, it can give an understanding of how the electron’s wave function interacts with the
potential, how energy quantization affects the scattering, and how interference can result in the observed cross-
section minimum. The one-dimensional model is, of course, an approximation. In reality, the interaction
between the electron and the target is fully three-dimensional, with the electron scattering in all directions, and
the quantum wave function is spread out in three-dimensional space. However, for first-order approximations
or for conceptual models, one-dimensional simplifications are often acceptable and can provide the core
understanding without the need for overly complex calculations. Thus, the present work is a benchmark
towards the three-dimensional goal. Therefore, the reflected, transmitted, and trapped portions of the wave
packet estimated from the Crank-Nicolson technique are then used to calculate the respective scattering coeffi-
cients. We verify the Ramsauer-Townsend effect by systematically varying the incident particle energy. Addi-
tionally, we compute the Shannon and Fisher entropies and analyze their behavior as functions of the incident
particle energy. Importantly, the calculation of entropic measures offers an advantage over macroscopic (glo-
bal) quantities, such as scattering coefficients, by providing microscopic or structural insights into the com-
plexity, delocalization, and coherence of the wavefunction. Thus, the time evolution of both the scattering
coefficients (macroscopic) and the information entropic (microscopic) quantities is examined in detail to gain
the overall understanding of the dynamical process. Furthermore, we investigate how the scattering quantum
process correlates with the uncertainty principle and QIE.

The structure of the work is organized as follows: in section 2, we provide a brief overview of the theory, as
well as the analytical and numerical techniques employed. In section 3, we present a thorough discussion of our
findings. Finally, in section 4, we conclude with a summary of our work. Throughout this work, all parameters
are expressed in atomic units unless stated otherwise.

2. Theory

2.1. Scattering by a square well potential
The time-dependent Schrodinger equation for a particle described by the wave-function W(x, f) is
1 9% ov

—_— V)V =i—, 5
2m Ox2 Ve 181‘ )
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where m is the particle’s mass. The square well potential V(x) is given by

Vo for |x[ < Ro
Vix) = 0 elsewhere. (6)

The parameters Ry and Vj refer to the width and depth (or height for a potential barrier) of the potential. In this
work, we shall consider the case of an attractive well.

The scattering solutions for collision energy E > 0 are reported in Quantum Mechanics textbooks [1, 79].
For the case of an incident particle from the left, x < — Ry, we have

P(x) = Aetkx 4 Be~ikix) (7)
where k; = /2 mE = mv, corresponding to the incident projectile momentum. Inside the well, where
V(x) = VO)
P(x) = Csin(kyx) + D cos(kyx), )]

for —Ry < x < Ry, with, ki = /2 m(E 4+ V;). To theright, assuming that there is no incoming particle from
the right, we have

P(x) = Gerr, ©)
for x > Ry. Here, A is the incident amplitude, Bis the reflected amplitude, and G is the transmitted amplitude.
From the continuity of the wave function at x = — Ry and x = Ry, one can determine the probability amplitudes.
In particular, the transmitted and reflected probabilities are given by [ 1, 79]

2
1
= (10)

1+ 45(11“) sin? (/8B(1 + €))

with the condition that R + T'= 1. The reduced energy e and 3are givenby e = E/Vyand 3 = mR} V.
Resonance transmission occurs when /83 (1 + ¢) = nm,withn=1,2,3,...,such that

r-|4
G

mn?

e+ 1= ) (11)
80
This can be rewritten as
2
T
E,+ Vo= ——n?, 12
n 0 2m(2R0)2 ( )

which happens to be precisely the allowed energies for the infinite square well, shifted from the bottom of the
square well. This resonance transmission is the Ramsauer-Townsend effect, which occurs when the target
becomes completely invisible to the projectile. From equation (8), we see then that kj; = mvy = wn/2R, such
that the de Broglie wave length of the particle inside the well must be an integer fraction of the well width, i.e.
A 7= 4R0 / n.

With respect to the wave function, as seen from equation (7), it is not normalizable as it is completely
delocalized in the configuration space, such that one can not say anything about density and entropy. The
dynamics of a free particle, described by a Gaussian wave packet, becomes a better choice since it is a super-
position of plane waves with a distribution of momenta centered around a mean value. The width of the wave
packet represents the uncertainty in the position of the particle, which spreads over time as it propagates. This
spreading is a consequence of the wave-particle duality and leads to the Heisenberg uncertainty principle. The
time evolution of a free Gaussian wave packet is given by [79]

1/4  (x—xg(0)* .
2 - g k
L] e e TE (13)
Tw?(t)

wg(x’ t) = (

where w(t) = wy+/1 + 2it/muwy is the width of the Gaussian wave packet, x,(t) is the position at time ¢, wy its
initial width and E = (k* + 1/w?)/2m. However, as mentioned earlier, the analytical solution for the reflection
or transmission of a free particle, represented by a Gaussian wave packet when colliding with a square-well
potential, has not been reported yet to the author’s knowledge. Thus, in order to solve equation (5), we resort to
anumerical time-dependent propagation through the Crank-Nicolson approach to obtain the scattering
dynamics within a finite-differences approach [78, 80, 81]. A brief discussion on this is given below. Before that,
let us make an analysis on the consequences of using this analytical wave function.

2.2. Shannon entropy, Fisher entropy, and Uncertainty principle for a Gaussian wave-packet

By comparing equation (13) to equation (7), and supported by the numerical results shown in section 3 (see
below), we construct, at the end of the collision, the wave function on the left of the square as a reflected
Gaussian wave packet
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Y(x) = VR (x) (14)
and the transmitted wave function as

Y (x) = VT (x), (15)

where R and T are the RT coefficients, given by equation (10). Here, considering the scattering coefficients to
represent a proper definition of reflected and transmitted Gaussian wave packet is physically correct. A plane
wave provides an idealized representation of a free particle and is therefore well-suited for determining the
scattering coefficients R and T, which characterize the interaction with the potential. These coefficients are
intrinsic properties of the scattering potential and depend only on the particle energy (or momentum). In the
present work, however, we employ a Gaussian wave packet with a sufficiently large spatial width so that it
closely resembles a free particle wave packet over the interaction region. Such a broad Gaussian packet is
effectively quasi-monochromatic and can be viewed as a superposition of plane waves narrowly distributed
around a central momentum. Under this condition, each plane-wave component experiences nearly identical
scattering, allowing the plane-wave coefficients R and T to accurately describe the reflected and transmitted
portions of the Gaussian wave packet. This choice combines physical transparency with numerical practicality,
while preserving the essential scattering physics. Here, v/, is the reflected Gaussian wave packet at position x,(t),
while ¢, is at position x,(¢) for the transmitted Gaussian wave packet. With this, our plane wave is now
normalizable and one can determine Shannon, Fisher, and Heisenberg uncertainty relations. By employing
equation (2), from equations (14) and (15), it can be found that

p(x, 1) = R + Tl + 2VRTRIY; ] (16)

Since in the asymptotic limit after scattering, both the reflected and transmitted wave packet are non-
overlapping in spacei.e., 1} ¢, ~ 0. This gives,
p(x, t) = Ry, + TIY. = Rp,(x, 1) + Tp,(x, 1) 17)

Now, with the help of equation (1), one finds
Sr= —f [Rp,(x, ) + Tp,(x, O]In[Rp,(x, t) + Tp,(x, t)]dx (18)

With alittle bit of algebra, one obtains
Sr=S8+5 (19)
where S;is given by
Si=CS; — CiInC,. (20)

Here, C; denotes either R or T, with i corresponding to either r or t. The entropies S, and S; quantify the
information content carried by the reflected and transmitted parts of the wave packet, respectively. However,
these do not represent the true Shannon entropies of the reflected and transmitted wave packets. We employ
the term frue to emphasize that Shannon entropy must be derived from the corresponding normalized density
distributions, which is not the case for S, and S,. The true Shannon entropy S; is given by the same equation (1)
with the density calculated with the Gaussian 1);, such that

S,:%[1 —h{%)], @1

is the contribution from the normalized reflected and transmitted part of the Gaussian wave packet. For this
result, we have assumed that there is no overlap between the reflected and transmitted Gaussian wave packets.
For the total Fisher entropy, equation (3), gives

Fr=E+FE=RE+TH (22)
where the true Fisher entropy F; is given by the same equation (3) for the Gaussian contribution v;, such that
4
Fi=—. (23)
w
Since R+ T=1, then
4

Thus, the total Fisher entropy is the same as the Fisher entropy of the reflected or transmitted contribution.
These expressions are independent of the position of the reflected wave packet but depend on time through the
time-dependent width.
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With respect to the uncertainty principle, we obtain the following expectation values for position

(x) = R{x), + T(x),
(x?) = R{x?), + T(x%);,. (25)

For the case of the Gaussian wave packet, we get

(), = [“’7 ; ] 6

with equivalent equations for the transmitted part.
For the momentum, one obtains

<P> = R<P>r + T<P>t>

(p*)=R(p*)r + T(p?) (27)
where
(phr=k
(p*)r = [kz + %] (28)

Then, the variances of position and momentum are given by

(Axr)? = (Ax,)? + (Ax,)? — 2RT (x), {x),
(Apr)* = (Ap)* + (Ap)?* — 2RT (p), (p): (29)

with
(AA;)? = Ci{A%); — CHA). (30)

and A; is either x or p and again, C;is either R or T'with i being either r or ¢ or the total, respectively.
For the Gaussian wave packet, one obtains

2
Ax, = \/—RZ’ + x2(R — R,

Ap = \/% + k*(R — R?. (31)

Consequently, Heisenberg’s uncertainty principle, for the reflected contribution, is

R | 4x; 2.2 2

Ax,Ap. = 5 1+ T - fw k| + Qx,.kT)%. (32)
w

Equivalent equations for the transmitted part are obtained by swapping R and T as well as the sub-indices rand

tin these previous equations. Note here that wand x, are functions of time. From equation (31), we find that the

variance is correlated through the reflection and transmission wave packets and it is not just the sum.

2.3.Scaling to an effective mass
By making the following change of variable x’ = x/R, and € = E/V;yin equation (5), the time-independent
Schrodinger equation reduces to

1 0%
———— 4+ V'(x)p = e (x)). 33
TG TV = @) (33)
where ) = 1//R to maintain the normalization condition. With this, the potential is given by
_ !
V() = { 1 for |x| <1 (34)
0 elsewhere.

Thus, equation (33) provides the bound and continuum solutions for a particle of effective mass 3 = mR, Vg
in a square well potential of unit area. This has the advantage that we do not need to carry out the dynamics for
all combinations of the square well parameters Ry and V,,. Thus, square wells with the same 3 = mR, V§ show
the same universal behavior. This scaling becomes convenient when performing the numerical analysis, as seen
in the following.
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Regarding QIE, with this scaling, equation (1) for the Shannon entropy becomes

S — S+ 1InRy (35)
and the Fisher entropy reduces to
F
F — F’ (36)

0

but now Sand Fevaluated with the density in the scaled coordinates, i.e. p = |1 (x/, t)[>and it being a function
of 3.

Regarding the uncertainty relations, we have that

Ax =RoAx/,

Ap’
Ap = , 37
P R, (37)

such that AxAp = Ax'Ap’,i.e. the uncertainty principle is independent of the scaling. Furthermore, the wider
the well, the larger the variance in x, while the smaller the uncertainty in the momentum.

Therefore, the scaling highlights that the impurity size plays an important role in QIE and uncertainty
measurements, and the scaling allows the extraction of this as a universal feature [82, 83]. With this, the results
of equations (21) to (32) are obtained systematically under the integrals of equations (35) and (36), simply
replacing the variables with those in the scaled system. In what follows, we will work in the scaled coordinates
and drop the primes.

2.4. Finite-differences approach

Let us define the Hamiltonian of the systemas H = T + V,where T = — 21—500—; and V are the kinetic energy
and potential energy operators, respectively. The general solution to equation (33) is given by
Yt + AN = U, t+ ADy(x, 1), (38)

where the time evolution operator is given by U (¢, t + At) = ¢~iHAt Therefore, equation (38) can be recast
as,

Y(x, t+ Af) = e A (x, 1) = e i T+ (5 1),

By using the ‘split operator’ technique [80], one reduces the time-propagation to matrix algebra for each time
step. By defining f (x, t) = e~/ (x, t), discretizing the wave function in a numerical mesh such that
W(x, t) — P(xp, t") — Y} wherex — xiand t — t", one recasts the problem as

M+,(/)n+l — Mffn — b, (39)
where ¢/ is an array with elements ¢} "' with k= 1,2, ..., Nand N is the number of points in the mesh. The

matrix elements of the tri-diagonal matrix M™ are Mlil =142, Mlil = Mif_l = F2v,where

iAt
48(Ax)?"
equation numerically using our own developed FORTRAN code. Specifically, the subroutines ZGTTRF and
ZGTTRS from the LAPACK and BLAS libraries were employed to efficiently solve the resulting matrix

equation.

v= Here Atand Axare the time and space grid steps in a uniform mesh. We have solved the above

2.5.Numerical implementation

At first, we consider a square well potential as the one given by equation (34), where by choosing different values
of 3 one obtains the dynamics for all Vand Ry, which are constrained to that 3. In this work, we select the
values of 3 =5, 25, and 100. The spatial domain, in the scaled coordinates, is chosen as x € [ — 200, 200], divided
into N = 20, 000 mesh points. This results in a spatial step size of Ax = 0.02 a.u. The time step is set to
At=0.001 a.u. to ensure numerical convergence. The initial position of the incident wave packet is placed ata
sufficiently large distance x, = — 40 with respect to the square well in the scaled coordinated. The initial width
of the wave packet, wy, in the scaled domain, is set at 15, so that the wave packet is wide enough to represent a
plane wave. The values of e were chosen from 0.01 to 10 in a logarithmic mesh that provided 100 energy values.

3. Results and discussions

3.1. Reflection and transmission density
By solving equation (39), the scattered wave function is obtained for each time step, which is subsequently used
to determine the density distribution. As mentioned before, from here on, we use the scaled units and show the

7
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Figure 1. The probability density distribution of the scattered wave p(x, t) as a function of position x for different time ¢ for the case of
(=5.1In(A), we show the case for incident particle energy of e = 0.01, in (B), for € = 0.1, in (C), for ¢ = 1, and in (D), for e = 10. See
text for discussion.

A) E/V, = 0.01 B) EVy = 0.1
5000 : ) ENV : 1600 : ) ENVo :
4000 ™ |
o 3000 — —
£ — —]
= 2000 L |
1000 B g 7
0
- 100 -50 0 50 100
[0}
£

-100 -50 0 50
X X

Figure 2. The same as figure 1, but for the case of 3 = 25.

results without the prime variable, for simplicity. In figure 1, we show the probability density evolution as a
function of x and ¢ for four different collision energies, e = 0.01, 0.1, 1, and 10. In figure 1(A), we show the case
for 3 = mVyR§ = 5. Our results reveal that for low collision energy, as the Gaussian wave packet approaches
the potential well, the density shows interference near the origin due to the collision with the well. As the wave
packet passes through, the distribution splits into two distinct components—reflected and transmitted waves.
However, this splitting behavior depends explicitly on both e and 3. To clarify this, let us first concentrate on
figure 1(A), for e = 0.01. It is observed that, despite the low-energy collision (E < Vj), the Gaussian wave packet
undergoes a near complete transmission through the potential well following an initial disturbance at the well
position. This can be explained from equation (1 1), since for e = 0.01, we find that the resonance occurs for
n=2,1.e.,it satisfies a near-resonance condition. Under such circumstances, constructive interference inside
the well enhances the probability of transmission, making it dominant over reflection. On the other hand, as e
increases and depending on the resonance condition, destructive interference may occur within the well. This
leads to partial reflection of the wave packet, as evident in figure 1(B) and (C). In figure 1(B), we find that n =2.1
for e =0.1and in Cn = 2.85 for ¢ = 1. Thus, the case B shows a slight reflection, while C shows almost a full
transmission. Interestingly, the case shown in C for € = 1 corresponds to the condition E = V,, which still shows
some reflection. In contrast, at high energy, such as e = 10 where E >> V,,, the wave packet is only weakly
affected by the potential depth. Consequently, it is almost entirely transmitted, with only a faint reflected
contribution, as observed in figure 1(D). Also, note that as e = E/V}y increases, the time of the dynamics is
reduced, as observed in figure 1.

In contrast, the case for = 25 isillustrated in figure 2. For low collision energy, as shown in figure 2(A) for
€ =0.01, the post-collision density is predominantly contributed by the reflected part of the wave packet. For
this case, equation (11) gives n = 4.2 out of resonance. For the case of figure 2(B), we obtain n =4.72 fore = 0.1,
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Figure 3. The same as figure 1, but for the case of 5= 100.

while for figure 2(C), we obtain #n = 6.37 for e = 1, out of resonance, while for figure 2(D) one has almost full
transmission due to the high energy collision for e = 10.

Finally, for the case 8 =100, shown in figure 3, the dominant contribution at energy ¢ = 0.01 arises from the
transmitted wave packet with resonance with the level n = 9 as observed in figure 3(A). For the case of e = 0.1 is
shown in figure 3(B), resulting in #n = 9.44, showing reflection, as well as for the case of figure 3(C), where
n=12.7 for e = 1. However, in all the results at high energy (¢ = 10), almost complete transmission is observed,
which appears to be independent of the value of 3. These intricate behaviors are better understood through the
calculation of the scattering coefficients, as discussed in the following section.

3.1.1. Reflection and transmission coefficients: Ramsauer-Townsend effect
Next, using the density distribution p(x, f) of the wave packet, we determine the scattering coefficients
corresponding to the reflected, R, transmitted, T, and transient trapped, T '+, components as,

R:f:a p(x, t)dx
T :fo p(x, 1)dx
T =[" o (40)

The value of a = 3 is used in order to consider the tail of the possible trapped particle in the well [ 79].

In figure 4, we present R and T from the numerical calculations (symbols). The analytic results, from
equation (10), are overlaid in figure 4, where the red solid line and blue dashed lines represent R and T, respec-
tively. As is evident, the numerical data closely match the analytical results. The RT effect is effectively explained
by treating the incident wave as a plane wave modulated by a Gaussian wave packet. The oscillatory nature
arises due to the destructive interference between the reflected wave from the well at x = + 1 and the corresp-
onding resonance condition. Upon a closer examination of all three panels of this figure, the following pre-
liminary observations can be drawn: (7) At very low energy (¢ — 0), the transmission coefficient T'dominates
over the reflection coefficient R for 3= 5, whereas the opposite behavior is observed for 3= 100. (ii) The
number of half oscillations in both R and T'increases with increasing (. (iii) For 3= 5, the variationsof Rand T
remain well separated and do not intersect. In contrast, for 3= 25, a single crossing point is observed, and this
number increases to two for 5= 100. At each crossing, the values satisfy R = T'=0.5. (iv) For 3= 25, the
crossing between R and T occurs near € 2 0.1, while for 8= 100, the two crossings occur approximately at
€72 0.02 and e 2 0.15. The first observation can be well explained by studying the quasi-bound resonances that
satisfy the condition given in equation (11), i.e.

2.2
(=11 _1, (41)
80
It can be found that for 3= 5, there exist only two bound states for the stationary equation (33), i.e.
€;=—0.75326 and ¢, = — 0.013. Due to €, — 0, the resonant wave packet tends to overlap with the low-energy

wave packets. This can exhibit quasi-resonances near € — 0, resulting in the enhancement in the transmission
coefficient. Additionally, atlow energy € — 0, k;— 0 and A\; — oo. This makes the wave packet outside the well
almost unperturbed, which also favors the dominant transmission. On the other hand, for 3= 25, four bound
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Figure 4. Reflection, R, (red solid line) and transmission, T, coefficients (blue dashed line) as a function of the ratio of e = E/V;,. In A,
we show the case =5, in B, we show the case § =25, and in C, the case 5= 100 is shown. The same color symbols refers to the
numerical results obtained for R and T'with the initial Gaussian wave packet. See text for discussion.

states are formed with energies ¢; = — 0.95065, €, = — 0.80261, €3 = — 0.55587, and ¢, = — 0.21043. Notably,
the last bound state energy ¢, lies significantly below the continuum threshold, indicating that no quasi-
resonance features emerge in the low-energy regime (¢ — 0) and consequently the coefficient R dominates over
T.However, for 5= 100, a total of nine bound states can be found. Intricately, the bound state ey has the energy
—0.0007, which again supports the quasi-resonance condition. Therefore, for the low-energy regime, again T
dominates over the coefficient R. It is worth mentioning here that such an oscillatory behavior of R and T'was
first reported by Ramsauer and Townsend, and they coined it as ‘resonant transmission’ [9, 10]. Next, the
number of oscillations (case (ii)) in T'(or R), as also depicted in figure 4, can be exactly estimated with the help of
equation (10). For this, we have to count the number of resonances at which T'= 1 for the energy range

€ €[0.01, 10]. Then equation (41) is used to determine the maximum number of complete half oscillations
imax. The nodes of such oscillation provide the exact positions of the resonances. Thus, the maximum number
of complete half oscillations is evaluated as,

Mmax = MZGM") . (42)
s

Evidently, since the upper bound of the energy is fixed at €max = 10, the maximum number of half oscillations
Nmax 18 governed solely by the effective mass 8. This behavior indicates that 7,,,,, scales proportionally with the
square root of the effective mass, i.e., f.x X \/B . Finally, the values of ., for =5, 25, and 100 are
respectively found to be 6, 14, and 29. This indicates that increasing 3 allows a greater number of resonant states
to form. The explanation for the observations (iii and iv) is quite straightforward and it can be understood by
recalling equation (10). Evidently, at the point of intersection R = T = % This gives,

sin? ({/8B(1 + €)) = 4e(1 + ¢). (43)
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Figure 5. Time evolution of the scattering coefficient R (blue solid line), T (red dashed line) and T s (black dotted line) for the case of
three different energies e = 0.1, 1 and 10. In A, we show the case 3 =5, in B, the case 5 = 25, and in C, the case 5= 100. See text for
discussion.

By solving this equation for 3= 5, no accessible roots are found. In contrast, for 3= 25, a single accessible root
occurs at € = 0.113. On the other hand, when 3= 100, two accessible roots emerge at € 2 0.019 and € = 0.155.
The conditionof R = T = % indicates that the Gaussian wave packet has equal probabilities of being
transmitted and reflected, which are controlled solely by two parameters 3 and e. But more importantly, no
trapping occurs. Physically, this refers to a point of balanced interference, i.e., neither fully constructive nor
fully destructive. This scenario is closely associated with the first resonance of the square well.

The time evolution of the reflection, R, transmission, T, and transient trapped, T -, components is illu-
strated in figure 5 for three different incident energies: e = 0.1, 1, and 10, as well as for the three cases of 5 =5,
25,and 100. The overall behavior of R, T'and T+ remains qualitatively similar for all 3 values considered, as
discussed below. It is observed that the low-energy particle (e = 0.1 a.u.) takes a longer time to reach the poten-
tial well due to its lower collision energy. During its interaction with the well, a non-zero transient component,
T is observed, and it exhibits a Gaussian-like profile. As the energy increases, the peak of this profile increases
monotonically, while its width becomes narrower, indicating a reduced trapping duration. The transmittance,
T, for particles at all energy levels initially remains zero but increases in a step-like manner as time progresses.
After the collision with the potential well, T eventually converges to a particular value for low collisional energy.
As the collisional energy increases, the final value of T'also increases, reaching T — 1 for the high-energy case,
€ = 10, indicating complete transmission. An opposite trend is observed for the reflection coefficient, R, which
decreases with increasing energy. This behavior signifies that at high energies, the particle possesses sufficient

kinetic energy for the potential well to act effectively as a transparent medium, that is, to overcome the well or
barrier.

3.1.2. Shannon and Fisher entropy
Information entropy, such as Shannon and Fisher entropy, provides an excellent opportunity to underscore the
overall deformation of the density distribution due to the collision of the particle with the square well, in
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Figure 6. Time evolution of Shannon entropy S; = S; — In R, (i refers to r or tor tr), from equation (35). Here, the reflected, S,, is
shown with solid blue line, the transmitted, S;, with red dashed line, and the transient trapped, S  with black short-dashed line. The
case 3= >5isshownin A, 3= 25 in B, while 3= 100 is shown in C. See text for discussion.

particular when there is fragmentation in the system. For the case of the FD numerical calculations, motivated
by the results of figures 1-3, we find that the final wave function can be split as

VX, 1) = Pe(x, 1) + Pe(x, 1) (44)

with 1, corresponding to the reflected wave packet for x < — Ry and ¢, the transmitted wave packet for x > Ry,
with no overlap between these two functions. By normalizing these two contributions, we have that

7/)(9% t) = \/E'lzjr + ﬁ’lzjt (45)

where ¢); = 1);//C;. Notice here that 1) is the numerical wave function and not the Gaussian approximation
used in equations (14) and (15). With this expression, the determination of expected values, numerically, is
readily carried out. Interestingly, with the definition of equation (44), the total Shannon entropy reduces to an
equation equivalent to equation (19).

In the following, we focus on the variation of the Shannon entropy in the scaled coordinates for both the
reflected and transmitted waves. In particular, we examine reflected S,, transmitted S, and trapped component
S of the Shannon entropy, in the scaled coordinates, which are exactly equivalentto S, — In Ry, S; — In Ry,
and S;, — In Ry as functions of € in the physical system. Before delving into a detailed discussion of the entropic
measures, it is essential to understand the explicit time dependence of the wave packet. As established in the
earlier discussion, the wave packet undergoes increasing dispersion as it evolves over time. Consequently, the
components of Shannon entropy also exhibit a time-dependent behavior [see equation (21)]. To illustrate this,
the time evolution of the S, S, and S for three different values of 3= 5,25 and 100 is presented in figure 6. A
closer examination of all three cases reveals two distinct characteristics. First, for a given ¢, both §,and S, remain
constant for a certain period of time, attaining a maximum value for the transmitted wave packet and a mini-
mum for the reflected component. Eventually, the entropy stabilizes again, with the reflected part exhibiting
the minimum value and the transmitted part reaching the maximum. Second, due to the collision energy, ¢, the
time required for the Shannon entropy to converge differs significantly for different ¢, the lower the ¢, the
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Figure 7. The Shannon entropy components, S; (i refers to r or f) from equation (35), and total Shannon entropy, St = S, + S, asa
function of the collision energy ¢ = E/Vj in the scaled coordinates. Here, S, corresponds to the results of Shannon entropy for a
single Gaussian, as is shown in equation (21) (shown in thin purple line). The reflected contribution, S,, is shown in solid blue line,
while the transmitted, S is shown in red dashed line. Finally, the sum (total) Shannon entropy is shown in black dotted line. The same
color symbols are the corresponding numerical results. We also compare to the numerical data (open down triangle symbol) from
equation (45), equivalent to a Gaussian contribution S,. In A, we show the case 3= 5, in B, the case 3 = 25, and in C, the case 3= 100.
See text for discussion.

higher the time . On the other hand, the trapped entropy S i exhibits a Gaussian-like profile within the poten-
tial well, and the corresponding profile shifts towards the higher time region as € decreases. This behavior is well
understood, as the incident wave packet interacts with the potential well within the region —Rg < x < Ry,
leading to a transient trapping of probability density. This, in turn, manifests as a temporary contribution to the
Shannon entropy S 1, which gradually vanishes as the wave packet escapes the well and continues its
propagation.

Next, the detailed variation of the S, and S, as a function of e is depicted in figure 7. Here again, the lines are
the analytical results from equation (20) while the same color symbols are the numerical results from the finite-
difference approach. Evidently, both sets of results are in excellent agreement. Interestingly, we find that both S,
and S, exhibit oscillatory behavior, with their nodes or anti-nodes occurring at exactly the same energy values as
those observed for the R and T coefficients. At low energies with a small effective mass (e.g., 3= 5), the particle
is transmitted almost entirely through the potential well due to the near-resonance condition. This resultsin a
more dispersed spatial distribution of the transmitted wave, while the reflected wave packet remains compara-
tively localized (see the upper panel of figure 1). As a result, the S, becomes much higher as compared to S, as
clearly depicted from the upper panel of figure 7. As the energy increases with the same (3, a portion of the wave
packet begins to be reflected back from the potential well. Consequently, S, attains a high value and then
decreases nearly parabolically up to a specific €, beyond which it displays an oscillatory pattern. This can be
clearly noted from figure 7. For instance, for 5= 5, the value of S, is 20.95 at e = 0.01, which attain a height
S,= 1.5ataround € 2 0.45, and then decreases to zero at € & 1.3, beyond which S, follows a decaying oscillatory
trend. This suggests that at resonance energies, the reflected Shannon entropy vanishes due to the complete
transmission of the wave. This behavior can eventually be interpreted, in an information-theoretic sense, as a
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Figure 8. The Fisher entropy, F;, for the reflected and transmitted contributions, in the scaled coordinates, as a function of the ratio
€ = E/V,. Thelabeling is the same as in figure 7. In A, we show the case 3= 5, in B, the case 3= 25, and in C, the case 3= 100. See text
for discussion.

quantitative signature of ‘quantum transparency’. While the reflection coefficient R measures the total reflected
probability, the entropy S, characterizes the information content and spatial delocalization of the reflected
probability density. The simultaneous collapse of both quantities at resonance indicates the disappearance of
reflected information. The energy dependence of S, near resonance closely follows the resonance profile. In
particular, the sharpness of the entropy minimum reflects the resonance width I': narrow resonances produce a
rapid and localized suppression of S,, whereas broader resonances yield smoother minima. Since resonance
widths are experimentally accessible in atomic, molecular, and nanoparticle scattering via transmission or
cross-section measurements, this establishes a natural connection between the entropy behavior and measur-
able quantities. Furthermore, the stability of a resonance against external perturbations can be inferred from
the robustness of the entropy minimum. Stable resonances retain a deep and well-defined minimum in S,
under small parameter variations, whereas fragile resonances show a rapid lifting of the minimum and
increased entropy fluctuations. Thus, the behavior of Shannon entropies near resonance provides com-
plementary insight into resonance stability, consistent with, but independent of, traditional lifetime and line-
width analyses. Another interesting observation is the decrease in the peak heights of the antinodes of S,, along
with a reduction in their widths as e increases. This is due to the rapid transmission of the particle through the
well. As the collisional energy rises, the kinetic energy of the wave packet increases and therefore the potential
well appears to be more transparent. An exactly opposite trend is observed for S,, while, as expected, S s remains
zero throughout the entire energy range. The overall variation of S, and S, for different 3 closely follows the
same trend observed for the reflection and transmission coefficients. It is important to emphasize that neither
S, nor S, represents the frue entropy, since, as noted earlier, these quantities are derived from a non-normalized
density distributions, but their sum does [see equation (19)]. Their significance may be understood as follows:
during the scattering process, a portion of the wave packet is reflected, carrying with it the information content
S,» while the remaining part, S, is transmitted through the potential well. Hence, S, and S, represent the respec-
tive contributions to the Shannon entropy sum, satisfying the relation given by equation (19). The variation of
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Figure 9. Time evolution of the Fisher entropy, F; (i refers to r or t or tr) from equation (36), for the three different energies e = 0.1, 1
and 10 in the scaled coordinates. The labeling is the same as in figure 6. In A, we show the case 5 =5, in B, the case =25, and in C,
the case 3= 100. See text for discussion.

St asafunction of € can be found in figure 7, depicted by the black dotted line (S, + S;) and black diamond
symbol (numerical data). Evidently, it exhibits a very intriguing feature as it demonstrates an oscillatory nature
with the positions of minima identical to the reflected S, entropy. Moreover, the total Shannon entropy of the
system for the numerical and analytical approximation reflected and transmitted components agrees very well.
This indicates that, except for the low energy, the breaking of the wave packet into two Gaussian waves is a good
approximation. In the same figure, just for completeness, we show the single reflected and transmitted Gaus-
sian contribution of equation (21) (purple dotted line) and the numerical results when normalizing the reflec-
ted and transmitted wave function [equation (45)] (open down triangle). Thus, the total true Fisher entropy is
modulated by those two contributions [see equation (20)].

In addition to the Shannon entropy, we have also evaluated Fisher entropy, F. It is worth noting that, for a
stationary state, the Fisher information entropy typically exhibits a conjugate behavior in comparison to its
Shannon entropy counterpart. However, this relationship is not necessarily preserved in dynamical systems,
particularly in scattering processes where fragmentation is involved. The underlying reasons for this divergence
are multifaceted. For example, when a Gaussian wave packet interacts with a square well potential, it experi-
ences interference effects, resulting in partial reflection and transmission of the wave packet. In such scenarios,
the Fisher entropy, which serves as a local measure of information and is highly sensitive to the gradient of the
probability density, may exhibit behavior analogous to that of the Shannon entropy.

To gain a deeper insight, first, we have plotted the reflected, F,, and transmitted, F,, components of Fisher
entropy as a function of the energy ¢, as shown in figure 8. Notably, for low-energy particles (¢ < 0.08) with
arbitrary (3, F, exhibits an almost conjugate behavior relative to the corresponding Shannon entropy comp-
onent S,. However, beyond this energy threshold, we observe that the overall characteristics of F,, including its
oscillatory nature and the positions of its nodes, closely resemble those of S,. On the contrary, it is observed that
F,for € < ¢y and arbitrary S behaves almost similarly to that of S,. The values of ¢, for =5, 25 and 100 where
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Figure 10. Standard deviation, Ax, in the scaled coordinates, as a function of the ratio e = E/ V} [see equation (37)]. The labeling is
the same as in figure 7. The case for § =5 is shown in A, for 5= 25in B, and 5= 100 in C. See text for discussion.

this occurs, are approximately 1.2, 0.25, and 0.22. Thereafter, for € > €, F; exhibits oscillations. Unlike S, the
resonance peaks of F;increase monotonically and eventually saturate to a nearly constant value at higher ener-
gies (€ > 5). This behavior can be well understood from basic principles of quantum mechanics. At some low
energies (e < 0.1) with arbitrary (3, the incident particle lacks sufficient energy to overcome the potential bar-
rier. As aresult, at those energies, the wave packet is mainly reflected, with only a small fraction transmitted
through the potential well. This is evident in the Fisher information: F, is high due to the localized reflected
wave, whereas F, remains very low. In contrast, at higher energies (¢ > 5), the particle easily overcomes the
barrier, and most of the wave packet is transmitted. The transmitted wave becomes increasingly localized in the
transmission region, leading to a monotonic rise in F,, which follows the resonance structure as a function of e.

However, it should also be mentioned here that both F, and F, are explicitly functions of #. So the estimation
of these values is critical and may differ from the time of evolution. To ensure the consistency of the results, we
provided sufficient time to converge the entropy values for any value of . The variation of the scaled F,, F,and
Fy asafunction of tis demonstrated in figure 9. To clearly illustrate the variation, both axes are presented on a
logarithmic scale. We have considered three distinct energy values (e = 0.1, 1, 10) and three effective mass
values (3=15, 25, 100). Itis evident that the convergence of the Fisher information takes a longer time for
particles with lower energy. Specifically, the reflected Fisher information, F,, initially remains nearly constant,
followed by a distinct peak, after which it decreases in a step-like manner before finally converging as t increa-
ses. In contrast, the transmitted Fisher information, F,, starts from a very small value for all three energy levels
and gradually increases, eventually saturating to a constant value as t increases. The result is consistent for any
arbitrary eand 3.

Further, the total Fisher entropy, defined as Fr, for the numerical and analytical cases are also evaluated
and presented in figure 8. One important observation from this figure is that the numerical and analytical
Gaussian approximation coincide with each other for all values of e with arbitrary 5. More importantly, unlike
the Shannon entropy sum (Sr), the Fisher entropy sum (Fr) is independent of R and T, and varies solely with
the width of the wave packet, as confirmed by equation (24).
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Figure 11. The same as figure 10, but for Ap [see equation (37)].

3.1.3. Standard deviation and uncertainty principle

The analysis of the standard deviations in position, Ax, and momentum, Ap, during a scattering process is
crucial for characterizing the position and momentum spread of the wave packet. More specifically, these
measures provide insights into the localization and dispersion properties of the wave packet in both position
and momentum space.

By employing equation (29), the values of standard deviations in position space, Ax, and momentum space,
Ap, are determined with the help of the numerical wave function, while the same is performed with the Gaus-
sian wave function approximation of equation (31). Over the entire energy range (¢), the values of Ax for both
the reflected (Ax,) and transmitted (Ax,) components obtained from the FD technique are in close agreement
with those from the Gaussian wave packet. From figure 10(A), it is found that the value of Ax, is less than that of
Ax,, for e < 0.1 for the case 3= 5. This is because, at such low energy, most of the wave packet is reflected by the
potential wall, forming a more localized wave packet, whereas the transmitted part is weak and more dispersed.
As eincreases, both Ax and Ax, grow monotonically at first, and then exhibit an oscillatory behavior, with
minima occurring at the same energy values as observed previously in the context of the RT effect and QIE.
Importantly, the minima for Ax, consistently remain higher than those of Ax,, supporting the notion of near-
complete transmission at those specific energy values, while the nullity of the reflected dispersion is due to the
fact that there is no reflected wave packet. However, at high energy with high kinetic energy, we find a sig-
nificant difference between Ax, and Ax,, and particularly Ax, > Ax,, indicating near-complete transmission
and greater dispersion of the transmitted wave packet. An exactly conjugate nature is observed for both stan-
dard momentum deviation Ap;and Ap, for 3= 5asis depicted in figure 11(A). As Fincreases to 25, it is
observed that for low collision energy (e < 0.1), Ax, begins to dominate over Ax;, as expected. Even at low
energies, the near-resonance condition allows most of the wave packet to transmit through the potential well.
Consequently, the reflected wave becomes more dispersed, leading to the dominance of Ax,. On the other
hand, at high energies, the variation follows a similar trend to that for 8= 5, with the only difference being that
the number of oscillations increases due to the enlargement of the effective mass 3. A similar observation is also
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Figure 12. The Heisenberg uncertainty, AxAp, as a function of the energy ratio e = E/V, for the case /= 5in A, 5=25inB, and
(#=100in C. The labeling is the same as in figure 7. See text for discussion.

noted for 3= 100. Another important observation for all 31is that at resonances Ax, — 0, while Ax, remains
finite. This is expected because, at resonance, the wave packet undergoes full transmission, leaving no residual
reflected component. The total position-space standard deviation, Axy, reveals a distinct discrepancy between
the FD technique and the Gaussian wave packet for low energies (¢ < 0.1). Interestingly, such a discrepancy is
observed only for small values of 3 (e.g., 3 =5), while it becomes less pronounced as 3 increases. This trend is
clearlyillustrated in figure 10. In contrast, an exactly conjugate trend for all G values is observed in momentum
space for both Ap, and Ap,. The main reason for this discrepancy is that the approximation of a Gaussian wave
packet, as assumed in equations (14) and (15) do not hold anymore. Atlow collision energy, the reflected wave
packet shows several trailing waves from reflection on the two walls of the square well potential [84], well repre-
sented by the numerical results.

Next, we study Heisenberg’s uncertainty principle [60] that gives the lower bound of the product of the
position Ax and momentum Ap uncertainty. Mathematically, this principle can be expressed as

AxAp > —. (46)

N | —

In this study, we have evaluated this uncertainty product for both reflected and transmitted components of the
wave packet for various energies of the incident particle to gain deeper insight into the underlying quantum
behavior during scattering dynamics. In figure 12, the variation of the uncertainty relation for both reflected
and transmitted wave packets is presented as a function of the energy e for 5= 5,25 and 100. It is observed that
for B=5and € < 0.1, the uncertainty for the transmitted wave packet dominates over the reflected part. As
earlier discussed, in the low energy limits Ax, dominates over Ax,, and conjugately Ap,dominates over Ap,.
But, due to conservation of energy, Ap, = Ap, < 1, while Ax, = Ax, > 1. Therefore, overall, the product
exhibits a trend similar to that of Ax, or Ax,. As the energy increases beyond € = 0.1, a sharp peak appears near
€~ 0.5, followed by a step-like decrease, reaching its minimum around € ~ 1.1. Beyond € = 1.2, the uncertainty
exhibits an oscillatory behavior, with nodes occurring precisely at the same energies as those identified for the
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Figure 13. Zoom of figure 12 showing the behavior of Heisenberg uncertainty principle for the reflected and transmitted wave
packet. Note that the transmitted wave packet fulfills the minimum uncertainty for full transmission, as shown by the dotted line,
while the reflected becomes null. See text for discussion.

RT variation. However, for § = 25, the first peak occurs near € ~ 0.13, with Ax,Ap, ~ Ax,Ap, ~ 65, while the
second peak appears around € & 0.5, where Ax,Ap, ~ Ax,Ap,~ 97. This indicates that, at € 2 0.13, the wave
packetisless dispersed compared to the case at € = 0.5, as is also indicated from the density profile presented in
figure 2. Beyond this, the behavior becomes monotonic, with the peak heights decreasing as the collisional
energy increases, suggesting that the wave packet becomes progressively more localized. An identical pattern of
uncertainty variation is observed for 3= 100.

Another important observation is that, irrespective of the value of 3, the uncertainty at resonances is exactly
zero for the normalized reflected wave packet, while it is exactly 0.5 for the normalized transmitted wave packet,
at the resonance of the RT effect. This behavior can be clearly visualized in figure 13 and can be well explained
by recalling equation (32). At resonances, R = 0, which gives Ax,Ap, = 0, independent of 3. In contrast, since
T'= 1 atresonances, and a simple analytical calculation shows that Ax, Ap, = %, which is also independent of
(. This is well known for a Gaussian wave packet, which is a coherent state and satisfies the minimum of uncer-
tainty [79]. Intriguingly, near the resonances where R = 0 but R — 0, we find that Ax, Ap < %, while

Ax, Ap, > % For instance, at 3= 5 for e = 8.111, the corresponding values of Ax,Ap,=0.2255 and
Ax,Ap,=1.2044. Similarly, the values of Ax,Ap, =0.2482 at e = 10.0 for 3= 25, while Ax;,Ap, = 1.8648.
Thus, it is evident that, at certain values of ¢, close to the resonance position for a 3, the values of Ax,Ap, appear
to violate the Heisenberg uncertainty principle. This is because at these points, the quasi-resonance condition is
satisfied and therefore most part of the wave packet is transmitted through the potential well, a feeble part of
which is reflected back. However, the total uncertainty, i.e. AxpAp7, always satisfies the uncertainty principle.

Finally, a selected set of data presented in this work is provided in tables 1-3 for =5, 25, and 100, respec-
tively, for compilation and reference purposes.
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Table 1. Reflection and transmission coefficients (R and T), scaled Shannon entropy (S,and S,), scaled Fisher entropy (F, and F,), position variance (Ax, and Ax,), and momentum variance (Ap,and Ap,) for different collisional energy e
for 3= 5. The notation a(b) stands for a x 10°.

€ R T S, S, E, F, Ax, Ax, Ap, Ap,

0.010 1.2588(—1) 8.7400(—1) 8.7361(—1) 4.3233(40) 3.2834(—4) 2.1947(—3) 3.4813(+1) 4.3998(+1) 1.0576(—1) 1.2333(=1)
0.014 1.1991(—1) 8.8007(—1) 8.1701(—1) 4.2150(+0) 2.0805(—4) 1.5370(—3) 3.4255(+1) 4.0934(+1) 1.2427(—1) 1.3748(—1)
0.020 1.2153(=1) 8.7847(—1) 8.0591(—1) 4.0751(+0) 2.4776(—4) 1.8336(—3) 3.4413(+1) 3.9100(+1) 1.4911(=1) 1.5909(—1)
0.028 1.2985(—1) 8.7015(—1) 8.3204(—1) 3.9155(+0) 3.5782(—4) 2.4242(—3) 3.5251(+1) 3.8432(+1) 1.8242(—1) 1.8963(—1)
0.040 1.4468(—1) 8.5532(—1) 8.9032(—1) 3.7423(+0) 5.3359(—4) 3.1621(—3) 3.6693(+1) 3.8787(+1) 2.2670(—1) 2.3155(—1)
0.057 1.6600(—1) 8.3400(—1) 9.7642(—1) 3.5598(+0) 8.0029(—4) 4.0168(—3) 3.8593(+1) 3.9943(+1) 2.8459(—1) 2.8760(—1)
0.081 1.9333(—1) 8.0667(—1) 1.0844(+0) 3.3727(+0) 1.1871(=3) 4.9450(—3) 4.0759(+1) 4.1626(+1) 3.5857(—1) 3.6024(—1)
0.100 2.1202(—1) 7.8798(—1) 1.1556(+0) 3.2610(+0) 1.4854(—3) 5.5133(—3) 4.2069(+1) 4.2742(+1) 4.1143(—1) 4.1255(—1)
0.142 2.4474(—1) 7.5526(—1) 1.2749(+0) 3.0831(+0) 2.0863(—3) 6.4359(—3) 4.4085(+1) 4.4550(+1) 5.1409(—1) 5.1470(—1)
0.201 2.7425(—1) 7.2575(—1) 1.3745(+0) 2.9308(+-0) 2.7607(—3) 7.3120(—3) 4.5598(+1) 4.5962(+1) 6.3399(—1) 6.3457(—1)
0.285 2.9069(—1) 7.0931(—1) 1.4201(+0) 2.8317(+0) 3.3553(—3) 8.2050(—3) 4.6259(+1) 4.6607(+1) 7.6713(—1) 7.6818(—1)
0.404 2.7844(—1) 7.2156(—1) 1.3571(+0) 2.8284(+0) 3.5831(—3) 9.3215(—3) 4.5504(+1) 4.5916(+1) 9.0035(—1) 9.0240(—1)
0.572 2.1620(—1) 7.8380(—1) 1.0996(+0) 2.9741(+0) 3.0205(—3) 1.1027(=2) 4.1611(+1) 4.2205(+1) 9.8294(—1) 9.8664(—1)
0.811 9.6681(—2) 9.0332(—1) 5.6701(—1) 3.2711(+0) 1.4226(—3) 1.3529(—2) 2.9657(+1) 3.0721(+1) 8.3784(—1) 8.4396(—1)
1.000 2.6955(—2) 9.7304(—1) 1.9270(—1) 3.4375(+0) 3.9120(—4) 1.4993(—2) 1.6135(+1) 1.8098(+1) 5.0763(—1) 5.1610(—1)
1.417 1.1813(=2) 9.8819(—1) 9.4176(—2) 3.4562(+0) 1.7213(—4) 1.5841(—2) 1.0980(+1) 1.3379(+1) 4.0922(—1) 4.1170(—1)
2.009 3.9518(—2) 9.6048(—1) 2.6520(—1) 3.3715(+0) 6.4069(—4) 1.5887(—2) 1.9565(+1) 2.0945(+1) 8.7167(—1) 8.7457(—1)
2.848 8.7433(—4) 9.9913(—1) 9.3900(—3) 3.4580(+0) 9.9993(—6) 1.6853(—2) 2.9195(+0) 8.2433(40) 1.5554(—1) 1.7080(—1)
4.037 1.2085(—2) 9.8792(—1) 9.5241(—2) 3.4224(+0) 2.0177(—4) 1.6934(—2) 1.0929(+1) 1.3281(+1) 6.9205(—1) 6.9549(—1)
5.722 2.6961(—3) 9.9730(—1) 2.5334(—2) 3.4403(+0) 4.3659(—5) 1.7274(=2) 5.1971(+0) 9.1773(40) 3.9164(—1) 3.9627(—1)
8.111 2.4910(—4) 9.9975(—1) 2.9682(—3) 3.4424(+0) 3.1173(—6) 1.7450(—2) 1.5866(+0) 7.7287(40) 1.4215(—1) 1.5583(—1)
10.000 1.6597(—3) 9.9834(—1) 1.6371(=2) 3.4371(+0) 2.7849(—5) 1.7490(—2) 4.0355(+0) 8.5560(+-0) 4.0388(—1) 4.0958(—1)
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Table 2. Same as table 1 but for 3= 25.

€ R T S, S, F, F, Ax, Ax, Ap, Ap,

0.010 9.6069(—1) 3.9312(—2) 4.0139(+0) 2.8973(—1) 4.1766(—3) 1.7246(—4) 2.4754(+1) 2.0494(+1) 1.5206(—1) 1.4040(—1)
0.014 9.4479(—1) 5.5207(—2) 3.8442(+0) 3.8129(—1) 5.2847(—3) 3.1021(—4) 2.6641(+1) 2.3866(+1) 2.0275(—1) 1.9523(—1)
0.020 9.2243(—1) 7.7573(—2) 3.6710(+0) 5.0071(—1) 6.4691(—3) 5.4497(—4) 2.9540(+1) 2.7762(+1) 2.7545(—1) 2.7106(—1)
0.028 8.9072(—1) 1.0928(—1) 3.4882(+0) 6.5722(—1) 7.6074(—3) 9.3353(—4) 3.3336(+1) 3.2222(+1) 3.7728(—1) 3.7523(—1)
0.040 8.4496(—1) 1.5504(—1) 3.2832(+0) 8.6535(—1) 8.5247(—3) 1.5640(—3) 3.7917(+1) 3.7257(+1) 5.1741(—1) 5.1718(—1)
0.057 7.7645(—1) 2.2355(—1) 3.0295(+0) 1.1506(+0) 8.9822(—3) 2.5867(—3) 4.3093(+1) 4.2769(+1) 7.0642(—1) 7.0774(—1)
0.081 6.6773(—1) 3.3227(=1) 2.6698(+0) 1.5601(+0) 8.6113(—3) 4.2916(—3) 4.8278(+1) 4.8244(+1) 9.4879(—1) 9.5173(—1)
0.100 5.6986(—1) 4.3014(—1) 2.3538(+0) 1.8970(+0) 7.7445(—3) 5.8639(—3) 5.0499(+1) 5.0647(+1) 1.1062(+0) 1.1103(+0)
0.142 3.2410(—1) 6.7590(—1) 1.5113(+0) 2.6514(+0) 4.6944(—-3) 9.8924(—3) 4.7312(+1) 4.7857(+1) 1.2422(+0) 1.2489(+0)
0.201 4.3598(—2) 9.5640(—1) 2.9170(—1) 3.3967(+0) 6.0570(—4) 1.4690(—2) 2.0337(+1) 2.2032(+1) 6.4020(—1) 6.5060(—1)
0.285 6.7627(—2) 9.3237(—1) 4.1981(—1) 3.3165(4-0) 1.0243(-3) 1.4905(—2) 2.5583(+1) 2.6416(+1) 9.5223(—1) 9.4899(—1)
0.404 2.5015(—1) 7.4985(—1) 1.2158(+0) 2.8175(+0) 4.0976(—3) 1.2414(-2) 4.3910(+1) 4.4195(+1) 1.9459(+0) 1.9452(+0)
0.572 1.8215(—1) 8.1784(—1) 9.4157(—1) 2.9931(+0) 3.0358(—3) 1.3834(—2) 3.8972(+1) 3.9508(+1) 2.0606(+0) 2.0642(+0)
0.811 7.3297(—3) 9.9267(—1) 6.2412(—2) 3.4355(4-0) 9.4762(—5) 1.6967(—2) 8.6770(4-0) 1.1453(+1) 5.4669(—1) 5.4655(—1)
1.000 9.5106(—2) 9.0489(—1) 5.5262(—1) 3.2106(+0) 1.6117(—3) 1.5635(—2) 2.9515(+1) 3.0265(41) 2.0723(+0) 2.0722(+0)
1.417 7.6532(—4) 9.9923(—1) 8.3418(—3) 3.4433(40) 3.4588(—5) 1.7369(—2) 2.7896(+0) 8.0692(+0) 2.3260(—1) 2.4156(—1)
2.009 1.2860(—2) 9.8714(—1) 1.0071(—1) 3.4099(4-0) 2.0956(—4) 1.7287(-2) 1.1222(+1) 1.3498(+1) 1.1235(+0) 1.1279(+0)
2.848 5.7750(—3) 9.9423(—1) 4.9912(-2) 3.4251(+0) 9.2051(—5) 1.7488(—2) 7.5256(+40) 1.0635(+1) 8.9843(—1) 9.0281(—1)
4.037 1.5728(—3) 9.9843(—1) 1.5718(—2) 3.4338(40) 2.2709(—5) 1.7617(—2) 3.9509(+0) 8.4829(+0) 5.6113(—1) 5.6345(—1)
5.722 4.7482(—3) 9.9525(—1) 4.1818(=2) 3.4247(+0) 8.0577(—5) 1.7606(—2) 6.7765(+0) 1.0097(+1) 1.1522(-+0) 1.1548(+0)
8.111 3.1811(-3) 9.9682(—1) 2.9277(—-2) 3.4278(+0) 5.4448(—5) 1.7661(—2) 5.5451(+40) 9.3179(4-0) 1.1201(+0) 1.1223(+0)
10.000 1.1626(—4) 9.9988(—1) 1.4816(—3) 3.4350(40) 1.3444(—6) 1.7726(—2) 1.0478(+0) 7.5826(-+0) 2.3689(—1) 2.4593(—1)
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Table 3. Same as table 1 but for = 100.

€ R T S, S, F, F, Ax, Ax, Ap, Ap,

0.010 3.7726(—1) 6.2274(—1) 1.7427(+0) 2.5644(+0) 4.4010(—3) 7.2693(—3) 3.7732(+1) 3.7815(+1) 6.8814(—1) 6.8660(—1)
0.014 4.4362(—1) 5.5638(—1) 1.9538(+0) 2.3241(+0) 5.7553(—3) 7.2246(—3) 3.8644(+1) 3.8606(+1) 8.3883(—1) 8.3703(—1)
0.020 5.1388(—1) 4.8612(—1) 2.1664(+0) 2.0761(+0) 7.2420(—3) 6.8578(—3) 3.8877(+1) 3.8742(+1) 1.0039(+0) 1.0021(+0)
0.028 5.8238(—1) 4.1762(—1) 2.3640(+0) 1.8338(-+0) 8.7412(—3) 6.2752(—3) 3.8388(+1) 3.8169(+1) 1.1787(-+0) 1.1769(+0)
0.040 6.4241(—1) 3.5759(—1) 2.5295(+40) 1.6173(+0) 1.0107(—2) 5.6331(—3) 3.7358(+1) 3.7067(+1) 1.3633(+0) 1.3618(+0)
0.057 6.8621(—1) 3.1379(—1) 2.6448(+0) 1.4547(+0) 1.1176(—2) 5.1190(—3) 3.6207(+1) 3.5865(+1) 1.5709(+0) 1.5698(+0)
0.081 7.0216(—1) 2.9784(—1) 2.6814(+0) 1.3925(+0) 1.1726(—2) 4.9851(—3) 3.5677(+1) 3.5331(+1) 1.8426(-+0) 1.8422(+0)
0.100 6.8801(—1) 3.1199(—1) 2.6374(+0) 1.4423(+0) 1.1622(—2) 5.2851(—3) 3.6079(+1) 3.5776(+1) 2.0724(+0) 2.0725(+0)
0.142 5.7003(—1) 4.2997(—1) 2.2887(+0) 1.8465(+0) 9.7550(—3) 7.3964(—3) 3.8272(+1) 3.8202(+1) 2.6352(+0) 2.6373(+0)
0.201 1.4391(—1) 8.5609(—1) 7.7770(—1) 3.0845(+0) 2.4017(—3) 1.4808(—2) 2.6722(+1) 2.7578(+1) 2.2194(+0) 2.2264(+0)
0.285 2.0082(—1) 7.9918(—1) 1.0157(+0) 2.9307(+0) 3.4389(—3) 1.3951(—2) 3.0694(+1) 3.1180(+1) 3.0260(+0) 3.0226(4-0)
0.404 2.4624(—1) 7.5376(—1) 1.1936(+40) 2.8054(+0) 4.2727(-3) 1.3261(—2) 3.2911(+1) 3.3373(+1) 3.8677(+0) 3.8710(+40)
0.572 1.4881(—1) 8.5119(—1) 7.9653(—1) 3.0634(+0) 2.5742(—3) 1.5014(—2) 2.7144(+1) 2.7833(+1) 3.8078(+0) 3.8058(+0)
0.811 2.3341(-2) 9.7666(—1) 1.6918(—1) 3.3808(4-0) 3.7087(—4) 1.7223(-2) 1.1497(+1) 1.3608(+1) 1.9258(+0) 1.9228(+0)
1.000 6.3706(—2) 9.3629(—1) 3.9535(—1) 3.2790(+0) 1.0921(-3) 1.6570(—2) 1.8513(+1) 1.9815(+1) 3.4483(+0) 3.4518(+40)
1.417 7.6104(—4) 9.9924(—1) 8.2929(—3) 3.4345(40) 3.5715(—5) 1.7682(—2) 2.1090(+0) 7.7977(+0) 4.6405(—1) 4.6849(—1)
2.009 3.4175(-2) 9.6583(—1) 2.3324(—1) 3.3510(4-0) 5.9019(—4) 1.7144(-2) 1.3722(+1) 1.5519(+1) 3.6347(+0) 3.6365(+4-0)
2.848 1.6814(—2) 9.8319(—1) 1.2674(—1) 3.3935(+0) 2.8834(—4) 1.7456(—2) 9.6803(+0) 1.2173(+1) 3.0602(+0) 3.0621(+0)
4.037 4.8392(—3) 9.9516(—1) 4.2588(—2) 3.4227(40) 8.0120(—5) 1.7671(=2) 5.2212(+0) 9.1080(-+0) 1.9665(+0) 1.9663(+0)
5.722 5.2155(—3) 9.9478(—1) 4.5422(-2) 3.4215(4-0) 8.9257(—5) 1.7673(—2) 5.3929(+4-0) 9.2058(+4-0) 2.4257(+0) 2.4261(+0)
8.111 1.0913(-3) 9.9891(—1) 1.1243(-2) 3.4315(+0) 1.7623(—5) 1.7748(—2) 2.4687(+0) 7.8892(+40) 1.3216(+0) 1.3224(+0)
10.000 3.8254(—4) 9.9962(—1) 4.3585(—3) 3.4332(40) 5.6812(—6) 1.7762(—2) 1.4544(+0) 7.6389(-+0) 8.6656(—1) 8.6969(—1)
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4. Conclusion

In this work, we have investigated the behavior of reflection and transmission coefficients, information entropy
(Shannon and Fisher entropy), and Heisenberg’s uncertainty principle on the scattering of a free particle
impacting an impurity, modeled by a finite square well potential. By applying a suitable scaling transformation,
we rewrite the Schrodinger equation in terms of an effective mass, 3 = mVy R, and the energy ratio, e = E/ V.
The effective mass, which in principle depends on the width and depth of the potential as well as the mass of the
free particle, provides a universal scaling of the physical properties. Importantly, this approach eliminates the
need to consider all possible combinations of well parameters to study the system dynamics. The Schrodinger
equation is solved using the Finite-Difference approach in conjunction with the split-operator technique to
investigate the dynamics of the system. The well-known Ramsauer—Townsend (RT) effect is observed as a
function of the energy € by estimating the reflection, R, transmission, T, and trapped, T s coefficients of the
wave packet. Itis found that the effective mass governs the RT effect, with the number of resonances increasing
as the effective mass increases. For the first time in the literature, we have investigated quantum information
measures, such as Shannon and Fisher entropy, as functions of the energy e for a dynamical scattering process.
We find that both Shannon and Fisher entropy for reflected as well as for transmitted wave packets can
effectively capture the delocalization or localization characteristics of the wave packet scattered by the square
well when fragmentation is occurring. An oscillatory behavior is also observed for both Shannon and Fisher
information entropy, with the number of oscillations being controlled by the effective mass 3, which dictates
the RT behavior. Unlike most quantum systems where Shannon and Fisher entropy exhibit conjugate behavior,
here we observe that they vary similarly with respect to the energy €. The standard deviations in both position
and momentum space, as functions of the energy ¢, exhibit distinctive features and demonstrate the variation in
the overall dispersion of the wave packet as a function of e. Additionally, we have examined the most
fundamental principles of quantum mechanics, namely the Heisenberg uncertainty principle, as a function of
the effective mass. For a given value of the effective mass, at certain energies, the uncertainty for the normalized
reflected wave packet falls below the lower bound, whereas the uncertainty for the normalized transmitted wave
packet remains valid across the entire energy range. We find that it is inevitable due to the presence of quasi-
resonances at which a very tiny part of the wave packet is reflected back. All these previous results are validated
through analytical expressions based on the reflected and transmitted coefficients for Gaussian wave packets.

In closing, the model problem studied here is fundamentally important, not only because the scaling para-
meters allow flexibility for arbitrary potential values, but also because the approach can be readily extended to
real atomic systems. For instance, the square well potential can serve as a simplified model for a quantum dot,
enabling the study of how an incoming electron scatters from the quantum dot’s effective potential, including
resonances and transmission properties. Moreover, quantum information measures provide a valuable tool for
understanding the stability and overall charge distribution of an atom during scattering by an incident particle
in a more explicit manner. In this regard, a detailed study on the effectiveness of quantum information mea-
sures in real atomic scattering processes is currently in progress. Finally, we hope that the present study pro-
vides substantial insights into the fundamental properties of a particle scattered by a square well potential and it
paves the way for future research in scattering and fragmentation theory.
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