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Abstract: We assume the picture in which a vacuum is filled with virtual wormholes. The presence of
external fields changes the distribution of virtual wormholes and, in principle, allows for the creation
of a coherent structure that can work as an actual wormhole or the Alcubierre bubble. We establish the
explicit functional relationship between the external field and the distribution of virtual wormholes in
vacuum. This opens a way for examining the question about the possibility of the artificial creation of
such objects in a laboratory. We show that weak and quasihomogeneous fields suppress the density
of wormholes and cannot be used. We also discuss the existence of a threshold for the intensity of an
external field beyond which the formation of wormhole-type structures becomes possible.

Keywords: Euclidean wormholes; quantum fields; topology changes

1. Introduction

The physics of wormholes must deal with two important problems. The first is that
wormholes violate the averaged null-energy condition (ANEC) [1], i.e., they require the
presence of an exotic matter that does not exist in lab experiments. The second problem
is that, according to Geroch theorem [2,3], topology changes are rigorously forbidden in
classical general relativity. Nevertheless, there exists a widely spread misunderstanding
that it is enough to prepare an exotic ANEC-violating matter in order to artificially create
a wormhole. This is surely not true because irrespective of what sort of stress-energy
tensor we may use as a source in classical general relativity, the space topology remains the
same. An exotic energy may produce exotic dynamics but does not change the topology. In
particular, the idea of creating a new universe (or baby universe) with an artificial process
was first discussed in [4,5]. In connection with ANEC-violating theories in [6], it does not
assume any topology change but rather an inflation for a small portion of space 1.

The first rigorous model thay may allow for describing the creation of an artificial
wormhole was suggested in [8]. This model is based on quantum gravity effects, namely,
on the spacetime foam picture [9,10]. At Planckian scales, space-time is assumed to be filled
with a gas of virtual wormholes described by Euclidean wormhole configurations that were
first suggested in [11,12]. The virtual wormhole represents a quantum topology fluctuation
(tunneling between different topologies) that takes place at Planckian scales and lasts for a
very short (Planckian) period of time. It should not obey the Einstein equations; therefore,
it can violate ANEC.

Our model is based on the fact that a coherent set of virtual wormholes may work
as an actual wormhole; see also [13,14]. In a somewhat different context, an analogous
idea was discussed in [15]. Thus, by applying an external classical field, one may change
the vacuum distribution of virtual wormholes and try to organize an artificial wormhole
or the Alcubierre bubble [7]. Actual topology changes do not occur at all here, so no
obstruction emerges from the Geroch theorem standpoint. What actually happens is a
specific redistribution of virtual wormholes.

In the present paper, we employ the techniques that we developed in [16] in order
to examine how an external field affects the distribution of the number density of virtual
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wormholes. Naive expectations that, e.g., a homogeneous external electric field may align
virtual wormholes along electric lines, do not work here. Indeed, if it were the case,
such a phenomenon would be observable in laboratory experiments. Instead, when the
characteristic scale of the inhomogeneity of an external field exceeds the characteristic
scales of the spacetime foam, the field suppresses the number density of the wormholes.
This becomes clear once we recall that the presence of virtual wormholes diminishes the
vacuum energy density [17]. The external classical field always carries a positive energy
density; therefore, in the presence of any external field, the total energy becomes higher,
which means that the number density of virtual wormholes should shrink. This feature is
important since it demonstrates that the artificial creation of an actual wormhole requires
strongly inhomogeneous external fields with very high energy.

The predicted suppression of the virtual wormhole number density produces an
important effect that directly admits the experimental verification, namely, the decrease
in the virtual wormhole number density in some spatial region causes the decrease in the
speed of light in vacuum; therefore, any sublight particle penetrating such a region should
start emitting Cherenkov radiation.

The negative perturbation in the number density of wormholes in the presence of
weak external fields may lead to a positive shift in the value of the cosmological constant;
see details in [17]. Whether it is possible to use this phenomenon to explain the observed
acceleration of the universe requires a further study.

At first glance, the fact that an external classical field suppresses the density of virtual
wormholes means that the creation of an actual wormhole meets an obstruction that seems
to agree with [6], where an obstruction for creating a universe in the laboratory was reported.
However, such a conclusion is valid only for weak fields whose amplitude is less than
a certain critical value, and their inhomogeneity scale is sufficiently large in comparison
to the characteristic scales of the foam. In fact, the presence of virtual wormholes leads
to the emergence of a specific self-interaction between particles, even in free theory [16].
Therefore, the external classical field must also possess the same nonlinearity. In this case, a
field of very strong intensity may generate small-scale structures and redistribute virtual
wormholes in the required way. Such phenomena should be analogous to the development
of turbulence in hydrodynamics and apparently correspond to a specific threshold or
critical value of the field intensity. This opens up the possibility to control the distribution
of virtual wormholes. As it follows from dimensional estimates, this critical value can be
extremely large (the naive estimate gives the Planckian order). One still cannot exclude the
possibility that the threshold could be reached experimentally.

2. Effective Action in the Presence of Virtual Wormholes

We now briefly summarize our previous results [16].
Virtual wormhole. A virtual wormhole represents a tunneling event that is described

by the Euclidean wormhole configuration as follows [14]. In the integral Euclidean path
approach, the dominant contribution comes from metrics with the least Euclidean action. As
was first shown by Hawking [11], those are given by conformally flat metrics (α = 0, 1, 2, 3):

ds2 = h2(x)δαβdxαdxβ, h = 1 +
a2

(xα − xα
0)

2 . (1)

Namely, conformal transformation gαβ = h2g∗αβ transforms the Euclidean action into

SE = − 1
16π

∫
R
√

gd4x + C = − 3
8π

∫
h(−∆ +

1
6

R∗)h
√

g∗d4x + C, (2)

where R is the Ricci scalar, (∆− 1
6 R∗) is the Laplace–Beltrami conformally invariant oper-

ator, and C is the surface term that allows for removing second derivatives, e.g., see [18].
Therefore, for the conformally flat metric ds2 = h2ds2

E, the Euclidean vacuum Einstein
equations reduce to conformally invariant equation [11] (∆− 1

6 R∗)h = 0 with R∗ = 0. The
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above conformal factor represents the simplest nontrivial solution of that equation the
boundary condition h → 1 as x → ∞ and point xα

0 being removed. The singularity, i.e.,
the blowing up of the conformal factor at point xα

0 , actually means that there is another
asymptotically Euclidean region as h� 1. This can be directly seen upon the inversion of
the coordinate system that transforms xα

0 → ∞.
Metric (1) is invariant under inversion transformation

x′µ − x′µ0 =
a2Λµ

ν

(
xν − xν

0
)

(xα − xα
0)

2 ,

where Λµ
ν ∈ O(4) and describes a Euclidean wormhole of radius 2a that connects two

asymptotically Euclidean spaces ρ� a and ρ� a (where ρ2 = (xα − xα
0)

2). Both Euclidean
regions ρ� a and ρ� a can be identified by the gluing, which means that both entrances
lead to the same Euclidean space. Let xα

± be coordinates in both spaces, i.e., primed and
nonprimed coordinates in the above expression. Then, the identification is the rule

xµ
+ = Rµ

+ + Λµ
ν (xν
− − Rν

−), (3)

where R± is the position of the center of the wormhole in coordinates xµ
±. If the separation

of entrances X = |R+ − R−| is a large X � a, the conformal factor can be approximately
written as

h ' 1 +
a2

(xα − Rα
+)

2 +
a2

(xα − Rα
−)

2

which also gives the least Euclidean action. The influence of entrances on each other
and the exact form of h can be obtained with the image method that includes a series of
additional images with decreasing values of throats an ∼ aεn, where ε = an/Xn, which
are placed within spheres of radius a and centers at xα = Rα

±. Such a wormhole can
also be viewed as a baby universe [11,12] that first branches off at point Rα

− and then at
point Rα

+ joints onto the mother Euclidean space. The Euclidean action for (1) reduces to
surface term C and is SE = 3a2π. Since point xα

0 is removed, there are two such terms,
h → ∞ and h → 1.This means that the typical size of a wormhole, weighted by factor
e−SE , does not exceed the Planckian order. The most general distribution of Euclidean

wormholes corresponds to the conformal factor of type h = 1 + ∑
a2

N
(xα−Rα

N)2 , where the sum

takes over all wormhole entrances and their images. However, to avoid multiple counting
in the action, the integration should be performed over the region restricted by spheres

a2
N

(xα−Rα
N)2 > 1, while all additional images lie within those spheres.

The Green function for a scalar field in the presence of virtual wormholes. In the case of a
free scalar field (for a more general case and more details, see [19]), wormholes modify the
Green function that is the solution of Laplacian equation(

−∆ + m2
)

G
(

x, x′
)
= δ

(
x− x′

)
,

where m is the mass of particles. As boundary conditions, we require G and ∂G/∂n
to be continuous at throats. The Green function has the structure of G0 + δG, where
G0(x − x′) = m2

4π2
K1(mρ)

mρ . Source δ(x− x′) generates a set of 4-dimensional multipoles
placed in the center of throats that determine the corrections to Green function δG. In the
dilute gas approximation, corrections become additive and can be written as

δG(x, x′) =
∫

δG
(
x, x′, ξ

)
F(ξ)dξ, (4)
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where F(ξ) is the density of wormholes in the configuration space ξ

F(ξ) = ∑
i

δ(ξ − ξi) (5)

and for the lowest monopole term in δG (for the general case, see [19]), we obtain

δG(x, x′) = −2π2a2(G0(x− R+)− G0(x− R−))
(
G0
(

x′ − R+
)
− G0

(
x′ − R−

))
. (6)

Background vacuum distribution has an isotropic and homogeneous character, i.e., ρ(ξ) =<
0|F(ξ)|0 > with ρ(ξ) = ρ(a, X), and X = |R+ − R−|. Then, for the Fourier transform of
the Green function, we find

G(k) =
1

k2 + m2

(
1− 1

k2 + m2 ν(k)
)
≈ 1

k2 + m2 + ν(k)
, (7)

where ν(k) is given by [19]

ν(k) = 4π2
∫

a2(ρ(a, 0)− ρ(a, k))
J1(ka)
ka/2

da, (8)

where J1(x) is the Bessel function that accounts for the finite size of the throat, and ρ(a, X) =∫
ρ(a, k)e−ikX d4k

(2π)4 . In the analogy to the consideration in [20], we may define the effective

radius of virtual wormholes R2(k) as

R2(k) =
1
n

∫
a2ρ(a, 0)

J1(ka)
ka/2

da,

where n =
∫

a2ρ(a, 0)da has a sense of the vacuum density of wormholes. Then, the
polarization function takes the form

ν(k) = 4π2nR2(k)(1− µ(k)),

where µ(k) is the distribution of wormholes over the separation between entrances into the
same wormhole and is determined by

µ(k) =
1

nR2(k)

∫
a2ρ(a, k)

J1(ka)
ka/2

da.

Generating functional and effective action. The partition function for scalar particles in
the presence of an external source is determined in the standard way

Ztotal(J) = ∑
τ

∑
ϕ

e−SE

where the sum is taken over field configurations ϕ and wormholes τ. We take the Euclidean
action in the form

SE =
∫ [
− 1

16π
R +

1
2

ϕ
(
−∆ + m2

)
ϕ− Jϕ

]
√

gd4x + C, (9)

where C includes all surface terms. We do not account for all gravitational degrees of
freedom and take the conformally flat metric of a type (1) with a general conformal factor
describing a distribution of virtual or Euclidean wormholes as the background. Gravitons
and other gauge fields can be considered to be additional perturbations. For the sake of
simplicity, we consider only the scalar field here.
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The integration over fields can be performed for any particular distribution of worm-
holes, which gives

Ztotal(J) =
∫
[DF]Z0(G)e

1
2 (JGJ), (10)

where G = G0 + δG is the Green function for a particular (4) distribution of wormholes,
Z0(G) =

∫
Dϕe−SE(J=0), and

∫
[DF] defines the sum over the number of wormholes and

the integration over their parameters. Expanding this expression by J, we find (see details
in [16]):

W(J)−W(0) = ln
Ztot(J)
Ztot(0)

≈ 1
2
(J, GJ) +

1
8
(J, ∆GJ)2 +

1
48

(J, ∆GJ)3 + . . . (11)

where we use notion (J, ϕ) =
∫

J(x)ϕ(x)d4x, and the overbar denotes the vacuum mean
value G =< 0|G|0 >, i.e.,

G =< 0|G|0 >J=0=
1

Ztotal(0)

∫
[DF]Z0(G)G(ξ). (12)

These terms are expressed via moments of the number density of wormholes in the config-
uration space as follows

G = G0 +
∫

δG(ξ)ρ(ξ)dξ,

where ρ(ξ) =< 0|F(ξ)|0 >J=0 is the mean density (5), and δG(ξ) is expressed by (6).
Analogously, the next term in (11) that describes topology fluctuations can be expressed as

∆G∆G =
∫

δG(ξ)δG(ξ)ρ(ξ)dξ +
∫

δG(ξ)δG
(
ξ ′
)
ω(ξ, ξ ′)dξdξ ′

where we denote (∆F(ξ) = F(ξ) − ρ(ξ)), and for fluctuations in the mean number of
wormholes density, we obtain

ρ(ξ, ξ ′) =< 0|∆F(ξ)∆F
(
ξ ′
)
|0 >J=0= ρ(ξ)δ

(
ξ − ξ ′

)
+ ω(ξ, ξ ′).

Higher-order mean values in (11), e.g., ∆G∆G∆G, are expressed via the respective momenta
ρ(ξ, ξ ′, ξ ′′), etc.

Effective action. The effective action for a scalar field can now be obtained by the
Legendre transformation

Γ(ϕc) = (ϕc Jc)−W(J(ϕc)),

where ϕc(J) = δW
δJ is expressed via source J. In the approximation of a rarefied gas of

wormholes, we may neglect the correlations between positions of wormhole, which are
ω(ξ, ξ ′) ' 0. Then, this transformation gives (see details in [16]):

Γ(ϕ) =
1
2
(ϕ
(
−∆ + m2

)
ϕ) + V1(ϕ) + V2(ϕ) + . . .

where terms V1(ϕ) and V2(ϕ) are

V1(ϕ) = −1
2

(
ϕ
(
−∆ + m2

)
δG
(
−∆ + m2

)
ϕ
)

,

V2(ϕ) = −1
8

∫ (
ϕ
(
−∆ + m2

)
δG(ξ)

(
−∆ + m2

)
ϕ
)2

ρ(ξ)dξ.

Effective action Γ(ϕ) produces the self-consistent quantum field theory that is free of
divergencies in all orders of perturbations. Indeed, it was previously demonstrated [16]
that this action has the Pauli–Villars structure and automatically realizes the invariant
Pauli–Villars regularization scheme [21]. In this sense, virtual wormholes cure the basic
illness of quantum theory and play the role of a natural regularizator.
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The two terms V1(ϕ) and V2(ϕ) have a clear interpretation. Term V1(ϕ) describes
the effects of scattering on virtual wormholes and is responsible for the generation of
additional massive excitations with masses Ma. The corresponding masses are expressed
via moments of wormholes < 0|a2mX2n|0 > (see [16]), and exact values of mass spectrum
Ma essentially depend on the typical value of distance X between wormhole entrances.
The naive expectations give Ma & MPl . Second term V2(ϕ) corresponds to the back
reaction that comes from the quadratic term in generating a functional (11). It describes
the effects of a redistribution of virtual wormholes in the external field. Before considering
the relation between external field and wormhole number density, we describe possible
coherent structures of interest that, as expected, admit formation by external fields.

3. Possible Coherent Structures

As was demonstrated in [13], an actual wormhole-type structure can be modeled with
a coherent set of virtual wormholes. We now present the simplest coherent structures.
Consider first the distribution function that corresponds to a particular single virtual
wormhole. Such a function is given simply by

δF
(
ξ, y, y′

)
= δ(a− a0)δ

4(R+ − y)δ4(R− − y′
)

which corresponds to a single wormhole with entrances at R+ = y, R− = y′, and throat
radius a = a0. Let us fix vector Xα

0 = Rα
+ − Rα

− = const that determines the position of the
second entrance via the position of the first as y′ = y− X0. This allows for us to define
coherent sets of wormholes by integrating the above distribution over some portion of
space with an auxiliary density n(y) as

δρ(ξ, n) =
∫

δF(ξ, y)n(y)d4y. (13)

Auxiliary density has a clear physical interpretation. It is the number density of entrances
into wormholes that have the same radius a0, the same separation, and which are directed
along the same vector Xα

0 . The length of the throat for metric (1) has the value ` = 2a that
tends to zero in limit a → 0. In limit a0 → 0, the virtual wormhole degenerates into a
point; from a topological standpoint, distribution (13) defines the gluing of points of the
region of space where n(y) 6= 0 with an analogous region shifted on vector X0. Indeed, let
n(y) = n0δ( f (y)). Then the integration in (13) reduces to the integral over hypersurface
S = { f (y) = 0}. Every point on S, y ∈ S corresponds to the first entrance into a virtual
wormhole, while second entrance y′ lies on shifted hypersurface S′, i.e., to y′ = y−X0 ∈ S′.
Parameter n0 ≤ 1 determines the porosity of the gluing for both surfaces. Thus, the
above density corresponds to a coherent set of wormholes that roughly glue domains
D = {n(y) 6= 0} and analogous domain D′ shifted in space on vector X0. Density n(y)
here defines the degree of gluing (the transparency coefficient for the resulting wormhole).

If we take different densities n(y), we may obtain different wormhole-type coherent
structures that correspond to actual wormholes. An actual wormhole exists for a sufficiently
big interval of time t; therefore, density n(y) = n(r) where y = (t, r). The simplest example
is the analog of an astrophysical wormhole that can be modeled with a spherically symmetric
function e.g., n(y) = n(r) = n0δ(r− b), where b relates to the radius of the throat, and r is
the radial coordinate. Another example can be called the Star Gate when density n(r) is
concentrated on a thin two-dimensional disk, e.g., n(~r) = n(ρ, ϕ, z) = nθ(b− ρ)δ(z) (where
ρ, ϕ, z are polar coordinates of vector~r). In homogeneous case, n(y) = n, and we obtain the
example of space with anomalous or anisotropic velocity of light discussed by one of us
in [14].

The example of the Alcubierre bubble, or the so-called warp drive, can also be constructed
as follows. From a 4-dimensional standpoint, the bubble is a tube in which the structure of
light cones differs from that in the outer region [7]. Such a structure can be obtained with
the cut of the tube from the original mother universe and the subsequent gluing onto its
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place of an analogous tube with a somewhat different direction of the time coordinate. In
other words, it can also be considered to be a specific defect of space and can be constructed
with a cut and paste technique. Therefore, this can be achieved with function n(y) =
n0θ(rs(x, t)− b), where b is the bubble radius, θ(x) is the step function, and r2

s (x, t) =

(x− xs(t))
2 + y2 + z2. It is assumed that the shift on vector X is an element of symmetry of

the tube, and (13) defines the gluing of points within the tube only. Within the tube, the
causal structure changes due to the change in the speed of light.

By using different densities n(y) in (13) and substituting it into (8), we determine
the resulting change in Green function δG(J), and may determine the required external
source J. In order to create the respective structure in vacuum, we should solve the inverse
problem, namely, to determine the external field that produces the respective polarization
of the vacuum. We consider the relationship between the external field and the correction
to the Green function in the next section.

4. Back Reaction

Since we study corrections to the Green function due to the presence of an external
field, and the latter is supposed to be sufficiently small, we may use the approximation
of a rarefied gas of additional virtual wormholes. Therefore, to the leading order, we
may assume that the correlations between positions of wormholes are absent, and set
ω(ξ, ξ ′) ≈ 0. This may give a rather good approximation in the general case. Indeed, as
was demonstrated in [17,19], in order to obtain finite quantum field theory, wormholes
should degenerate into pointlike objects when the throat radius tends to zero a → 0. In
this limit, the vacuum energy density has a finite value, while the portion of the volume
in space occupied by wormholes tends to zero. Nevertheless, some corrections appear
due to interactions between throats. To account for such correlations, it requires further
development of the theory.

Thus, we find the decomposition of the generating functional in the form

W(J)−W0 =
1
2
(JG0 J) +

1
2

∫
(JδG(ξ)J)ρ(ξ)dξ +

1
8

∫
(JδG(ξ)J)2ρ(ξ)dξ + . . . (14)

First term here corresponds to the standard free scalar field. The second term describes the
effects of the scattering of scalar particles on virtual wormholes and corresponds to V1(ϕ)
in the effective action. The third term introduces a nonlinearity due to the back reaction that
corresponds to V2(ϕ). From (14), we find the relation between the external field produced
by source J and the additional correction to the Green function as

G = G + δG(J) (15)

where

δG(J)xx′ =
1
2

∫
(JδG(ξ)J)δG(ξ)xx′ρ(ξ)dξ +

∫ (∫
δG(ξ)xy Jyd4y

)(∫
δG(ξ)x′z Jzd4z

)
ρ(ξ)dξ, (16)

G is the vacuum mean Green function that is given by (12); see also (7), (8) and δG(ξ) is
determined by (6).

Equation (15) gives the implicit relation between the distribution of virtual wormholes
and the external field. In order to find the necessary field, the corresponding inverse prob-
lem must be solved, which is rather serious. In general, inverse problem (15) is incorrect
and requires separate study. However, here we present a simple analysis. First, homoge-
neous and regular quasihomogeneous fields always suppress the density of wormholes.
To see this, it is sufficient to look at the sign of the self-interacting term in (14) and (16).
For quasihomogeneous fields, typical scales obey inequality k2 � M2

min where Mmin is
the minimal mass of additional excitations; then, one may take G ' G0. Therefore, if the
external field does not include very small-scale inhomogeneities, correction δG(J)xx′ to the
bare Green function G0 is always positive, while wormholes give a negative contribution
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that can be directly seen from (7). This explains the fact why such phenomena were not
observed so far.

The possible creation of an artificial wormhole assumes that an external field possesses
inhomogeneities with typical scales of order k2 ∼ M2

min. This can be achieved in two ways.
The first is direct, e.g., by trying to accelerate particles to almost Planckian energies. This
way seems to not work at all. The problem is that the external field should be a classical
one that presumes that the number of particles in the given state should be extremely
large. Moreover, the possibilities of LHC are still far from such energies, and even cosmic
ray particles do not reach Planckian scales. The second way looks to be more promising
since it is based on the nonlinearity of vacuum equations for external classical fields, as
follows from (14) and the possibility that such fields, e.g., electromagnetic fields, can be
produced with very high intensity. For example, strong intensities can be obtained by
focusing beams from lasers. By the analogy with the turbulence phenomena, we expect the
existence of a specific threshold in the intensity of the field that switches on the generation
of inhomogeneities of increasingly smaller scales.

The estimate for the threshold, i.e., the critical value of the field, can be found as
follows. Let ` be the characteristic scale of the inhomogeneity of the field, ϕcr be the critical
amplitude, a be the typical scale of throats, X be the typical distance between entrances,
and n be the density of virtual wormholes. Then, from (14), we find the estimate

ϕ2
cr ∼

`2

< a4 >< X4 > n
.

Let us assume that all of the typical scales are a ∼ X ∼ n−1/4 ∼ Lpl ; then, we obtain
ϕcr ∼ `/L2

Pl , which was still far from possibilities of modern technologies. The basic
hope is that the actual typical scale X is a much larger X ∼ L � Lpl , which gives a very
modest value ϕcr ∼ `/L2. In particular, such a case is realized for the fractal distribution
of wormholes [20], which is also predicted by lattice quantum gravity models [22–25].
Even when we reach such intensities, the serious problem remains of creating the desired
structure of the field itself.

5. Discussion

Our analyses show that the creation of a classical wormhole or wormhole-type struc-
tures requires very large energy densities whose exact value depends on the characteristic
scales of spacetime foam a, X, and n−1/4. From the formal standpoint, there are no principle
obstructions. The naive estimates give a ∼ X ∼ n−1/4 ∼ Lpl , and at the present level of
technology, such energies cannot be reached. Even if one of the foam scales is a sufficiently
large X ∼ L� Lpl , the necessary energies should be enormous. Indeed, the scattering on
virtual wormholes produces additional massive particles for all types of fields [16]. Such
additional particles were not detected, which means that the typical scale has not yet been
reached. There also remains a problem that sufficiently intensive external classical fields
produce the effects of particle production that essentially complicate the total picture.

In conclusion, quasihomogeneous fields somewhat reduce the vacuum value of the
speed of light. The value of the effect depends on the intensity of the field: c2 = 1− 2b2

3!M4
2
,

where b2 = (∇ϕ)2 and M−4
2 = π4

6 < a4X4 > n, e.g., see [16]. Such an effect can already
be verified in laboratory experiments. Moreover, it should produce specific features of
radiation from active galactic nuclei and black holes.
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Note
1 So, it may be used for the Alcubierre warp drive [7], since the latter does not presume a nontrivial topology.
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