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Abstract

In this paper, we consider a singular limit of the Chern—Simons—Higgs equations
that reveals a correspondence between the Chern—Simons—Higgs and Chern—Si-
mons—Schrodinger systems. Specifically, we demonstrate that in the limit as the
speed of light goes infinity, known as the non-relativistic limit, a family of time-
dependent solutions of the modulated Chern—Simons—Higgs system, which depends
on the parameter ¢ representing the speed of light, converges to the solution of the
Chern—Simons—Schrodinger system, given suitable initial data assumptions.
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1 Introduction

In this paper, we are interested in a rigorous proof of a singular limit from the Chern—
Simons—Higgs (CSH) system to the Chern—Simons—Schrédinger (CSS) system. The
dynamics of the (2 4 1)-dimensional CSH system are governed by the following
Lagrangian density':

!This is a modified version of the original Lagrangian introduced in [12], which we have adjusted to facili-
tate the discussion of the non-relativistic limit. A detailed derivation of this modification will be provided
in Appendix A.
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1 —— — 1
L= e A Fy + 5 Do¢D° + D;oDI¢ — |6 (|6l* = *)?, (1)

where ¢ : R*T! — Cis a matter field, A, : R*™" — R (1 = 0, 1, 2) are gauge fields,
F,, =0,A, — 0,4, is the strength tensor of the gauge fields, and D,, = 9,, — ¢4,
is the covariant derivative. The parameter ¢ represents the speed of light, and e”#*”
is the totally skew-symmetric tensor with €"*? = 1. We consider the (2 + 1)-dimen-
sional Minkowski space R?*! with the metric diag (1, —1, —1), which is used to
raise or lower indices. The summation convention will be used for summing over
repeated indices: the Greek indices run over 0, 1, 2, whereas the Latin indices run
over 1, 2. We also use the notation 0; = 0, 0> = 0, and 9y = 0;. Then, by consider-
ing the corresponding Euler-Lagrange equations for the Lagrangian (1.1), the gov-
erning equations for the CSH system are as follows:

1 ? 3

5 DoDo¢ — D1D16 — DaDab + 76 = |66 — 1519["0,
For = — Im (¢D29),
Foz = Im (¢D19),

Fiy = ;12 Im (¢Do).

(1.2)

The Chern-Simons gauge theory was introduced to explain phenomena in planar
physics [7, 12], such as the fractional quantum Hall effect [13] or high 7. super-
conductivity [7, 22]. Since then, the CSH and CSS systems, proposed within the
Chern-Simons gauge theory as relativistic and non-relativistic models respectively,
have garnered significant attention in the mathematical community. The initial value
problem of CSH system has been extensively studied in various works [4, 6, 11, 19,
20]. Notably, local and global well-posedness in H? has been established [4], and
global energy solutions in H' have been constructed [20]. On the other hand, the
initial value problem of CSS system has been studied in [2, 10, 15, 16]. The local and
global well-posedness of CSS system in H? has been discussed in [2]. Additionally,
studies on finite energy solutions in H* have been pursued [10, 15], and decay and
scattering results have been obtained [18].

Among the various topics related to these systems, our focus is on rigorously
deriving the CSS system from the CSH system, which was formally introduced as the
non-relativistic limit in [12]. Previous mathematical investigations on this topic can
be found in [5, 9]. In [9], the authors studied this issue concerning time-independent
self-dual solutions, while in [5], it was explored in the context of solutions to the
initial value problem. In this paper, we aim to revisit and refine the result presented
in [5] from two perspectives, with the goal of deepening our understanding of the
asymptotic behavior of solutions to the CSH system in the non-relativistic regime.

(1) In [5], the authors explored with the original version Lagrangian, presented in
[12], along with the covariant derivative
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1 . .
DO = Eﬁt - %AO and Dj = 8j - EA]', for ] = 1,2,
C

and observed the asymptotic behavior of ¢ ™' A ; in the limit as ¢ goes to infinity,
which does not vanish in the limit. This is a remarkable feature when compared to
the well-known Maxwell-Klein—Gordon system, where the magnetic field effect
disappears in the non-relativistic regime, resulting in the Schrédinger—Poisson
equations [1, 17]. However, the Lagrangian used by the authors does not clearly
exhibit these characteristics. Thus, we reformulated the Lagrangian density for
the CSH model as introduced in (1.1) to address this aspect of the CSH system.
This reformulation yields a more concise form of the CSH equations, as shown
in (1.2), essentially identical to the equations in [5, 12]. This process facilitates
a clearer understanding of the non-relativistic limit of the CSH system. For a
detailed discussion, refer to Appendix A.
(2) While conventional derivatives satisfy the inequality

[V1Vaullz + [|[V2Viull2 S [ViViullz + [[V2Vaula,
covariant derivatives generally fail to satisfy the following inequality:
|D1Daull2 + ||D2Dyullz S [[D1D1ull2 + || D2 Daull2.

As a result of this observation, it was necessary to revise the proof in [5] con-
cerning the uniform bound of ®(¢) (where ¢ := ¢~1). This revision is addressed
in Proposition 3.2, which is a critical step in deriving the main theorem. For
details, please refer to Step 3 of the proof of Proposition 3.2 in this paper. Addi-
tionally, we have updated (3) of Lemma 3.2 in [5] to (3) of Lemma 3.4 in this
paper to resolve this issue.

To discuss the non-relativistic limit of the CSH system to the CSS system, we apply
the standard modulation ansatz introduced in [14, 21], given as

2

M@J)wpcgv¢@¢)

to (1.2). This yields the following modulated CSH system with c-dependency of the
solutions:

1 3

— DoDou’ — iDgu® — Dy D1u’ — Dy Dyu’ = |uf|?u® — —|uc|4uc,

c? 4c?

6014; - 61A8 =—1Im (Fl)guc)7 1 3
00 AS — By AS = Tm (@eDyu), (1.3)

1 — 1
A5 — 02 AT = = Im (u®Dou®) — §|uc|2.

As ¢ — o0, the system (1.3) formally converges to the following CSS system:
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iDou + Dy Dyu + DyDou = —|ul?u,
OpA1 — 01 A9 = — Im (EDQ’LL),
OgAg — 0249 = Im (ﬂDlu), (14)

1
81142 — 82141 = —§\u|2.

Therefore, our aim in this study is a rigorous and quantified derivation of the non-
relativistic limit from the modulated CSH system (1.3) to the CSS system (1.4) as
¢ — 00. We defer the precise statement of the main theorem regarding the non-rela-
tivistic limit to the end of Section 2, as some prerequisite background is necessary to
fully describe the result.

The rest of the paper is organized as follows. Section 2 introduces several proper-
ties of the CSH and CSS equations, with a particular focus on establishing the well-
posedness of these systems. The main theorem of the paper is also presented in this
section. Section 3 presents uniform-in-¢ bounds of the solutions, which are crucial
estimates in proving the non-relativistic limit. Section 4 offers a complete proof of
the main theorem by directly estimating the difference between the solutions of the
modulated CSH equations and the CSS equations. Finally, Section 5 summarizes our
result and its significance. Appendix A contains a detailed derivation of the Lagrang-
ian density within the context of the non-relativistic limit approach.

We conclude this section by listing the notation used throughout the paper.

Notation. We use the standard Lebesgue spaces LP = L?(R?), employing the fol-
lowing convenient notation for the corresponding norms:

Ifllp = Ifllze®ey, 1<p<o0.

We also use the standard Sobolev spaces W®P(R2),W*P(R?) and
H*(R?) := W*2(R?)(s > 0) with the norms

1 lwee = IF A+ P2 py 1 fllyien = IFHEFFS) I,

where F, F~! denote the Fourier and inverse Fourier transforms, respectively.
Regarding the L?-norm of the covariant derivatives, we denote them as follows:

1Dzu(t)]13 —ZHD w3, 1DzDsu(t)]3 = Z | Dk Dju(t)|]3,
j=1 J,k=1
2 2
1DoDau()l3 := Y [1PoDsu(t)[3, | DaDou(t)ll3 := D Dy Doult)|5.
j=1 j=1

We denote ¥, := {(z,t) € R2 x R: ¢t = 7} and use A < B to indicate an estimate
of the form A < CB, where C denotes a generic constant independent of the speed
of light ¢ := ~1. We also use the notation g(¢) = O(?), indicating that g(¢) < Ce&”
to specify the order of dependence on ¢.
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2 Preliminaries

In this section, we will discuss the basic properties and well-posed results of the CSH
and CSS systems, which are essential for the discussion of the non-relativistic limit.
Additionally, we will present the main theorem of the paper, which provides rigorous
proofs for deriving the CSS equations from the CSH equations.

2.1 Well-Posedness of the CSH and CSS Systems

To discuss the non-relativistic limit, the global-in-time well-posedness of both the
CSH system and the CSS system should be guaranteed. We note that the CSH equa-
tions (1.2) are invariant under the following gauge transformation:

¢ — pe™, A, — A+ Oux,

where x(x,t) is a smooth real-valued function. That is, a solution of the system is
given by a class of gauge-equivalent pairs. Therefore, to fix the gauge freedom, an
additional gauge-fixing condition, such as the Coulomb gauge, the Lorenz gauge, or
the heat gauge conditions, should be imposed. Among many options, we adopt the
Coulomb gauge condition 91 A; + J2 A; = 0, which provides an elliptic feature for
the gauge fields A,,. We also observe that if the equations (1.2); 2 3 hold, then (1.2)4
is satisfied for all time if it is initially imposed:

1 _
Bt (81142 — 62A1 — 672 Im (¢D0¢)> = 0

So, we can rewrite the Cauchy problem of CSH system (1.2) with the Coulomb gauge
condition as follows:

2
3 DoDod — DDy — DyDagy + 6 = |66 — 51010,
AAg = 0y Im (¢D2¢) — 9o Tm (¢D1¢), 2.1)
AAy =50, Tm (3D06),  Ady = 0y Tm (3D00),

subject to initial data
d)(xv 0) = ¢0(£), at¢(x70) = (]51(1‘), Au(xvo) = CLM(JJ), (22)
with the following constraints

1 — 1
Oray + Oqan = 0, Orag — Ohay = 672 Im (¢0¢1) — anl(ﬁolz. 2.3)

Then, we quote the following theorem that provides the global well-posedness of the
CSH system under the Coulomb gauge condtion (2.1)- (2.3).
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Theorem 2.1 [4] For the initial data (¢o,¢1,a;,az2) € H?*(R?) x H!(R?)
x H1(R?)? satisfying constraints (2.3), there exists a unigue global solution to
(2.1)- (2.2) such that

¢ € C([0,Th]; H*(R*) N CH([0, Th]; H(R?)), A1, A € C([0,Th]; H' (R?)),

forany T; > 0. Moreover, the solution continuously depends on the initial data.

As for the CSH system, we choose Coulomb gauge condition and reformulate the
CSS system (1.4) as follows:

iDou + D1D1u + D2D2u = 7|U|2U,
AAg =01 Im (ﬂDgu) — 0 Im (uDlu),

(2.4)
1 2 1 2
AAl = 762|U,‘ 5 AAQ = —*61|U| 5
2 2
subject to initial data
U,(J?, O) = UQ(JI), AH(JZ, 0) = CLH(JU), (25)
with constraints
1 2
O1a1 + Oras =0, Oras — Obay = §|U,0| . (2.6)

We also note that the CSS system has two conserved quantities: charge and energy,
given by

Q) = [u®)3, E(t) = |[Dau(t)]3 - %Ilu(t)Hi-

The following theorem addresses the local well-posedness of the CSS system (2.4)-
(2.6), and also establishes global well-posedness under the assumption of small ini-
tial data.

Theorem 2.2 /2] For the initial data ug € H?(R?), there exists Typ = T(||ug]]) > 0
depending only on |ug||gz, such that (2.4)- (2.6) has a unique solution

u(z, t) € C([0, Ty); H?(R?)) that continuously depends on initial data. In addtion,
the solution exists globally as long as

2
l|uollz < 2T

where C; is the constant from the covariant Sobolev inequality (3.1).
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2.2 Main Theorem

In this subsection, we present the main result concerning the rigorous derivation of
(1.4) from (1.3). Given that the global-in-time well-posedness of solutions to (1.3)
is assured under the Coulomb gauge condition, we impose this gauge condition on
the CSH system (1.3) (see assumption (A1) below). For the CSS system (1.4), the
global-in-time well-posedness with small initial data assumptions is also guaranteed
under the same gauge condition. To analyze the non-relativistic limit, we need to
impose the following assumptions specifically on the initial data: For each ¢ > 1, we
consider the following initial data for the CSH system (1.3) given by

u(r,0) = ug(x), Ou(z,0) =ui(z), Aj(z,0)=a,(v),
satisfying

c & P c (& 1 (& 1 —C, C 1 & c
(A1) 01a§ + O9a5 =0, 0Ora5 — Doaf = 7§\u0|2 + = Im (ufuf) — 6—2110\110|27
(A2) lugllmz + l[uilla = O),  llafllar + llasllar = O(1),
1
(A3) 3¢ € H*(R?) such that |u§ —Cllz2 = O(*)(A>0), and || < B3
4

(A4)  [lugll3 + [ Daugll3 < (209)71, 0< 8¢ < (5CH) 7,

where

1 1
af = C‘%(Z+TQ>’ where C4 is the constant from the covariant Sobolev inequality (3.1),

2.7)

2
p 4 5 1 ;1
g3+ (14 5 ) (ID0u 13 + 5l — 5 lul)-

) 1
B = 5 1Dougl2 +
¢ 2

2 .
ZDOU,(CJ + fug

We remark that assumption (.A4) is specifically related to obtaining a uniform bound
with respect to ¢ for the solutions, as detailed in the proof of Proposition 3.1 (1).

Theorem 2.3 Foreach ¢ > 1, let (u®, A},) be the unique global solutions to the CSH
system (1.8), and let (u, A,,) be the unique global solution to the CSS system (2.4)-
(2.6), subject to the initial data (ug, u$, aﬁ) and ug = (, satisfying the assumptions
(A1)- (A4), respectively. Then, as ¢ — oo, for every 0 < T < oo, we have

u = ulleqorizzy = 0, A7 = Ajll Lo o, wazey = 05 1AG — Aol (jo,7y;09) = 0,

where j=1,2,1 <p<ooand?2 < q < o0.

3 Uniform-in-c estimates

First of all, we present some lemmas that will be used to obtain the uniform estimates.
We utilize the following covariant Sobolev inequality [8].
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Lemma 3.1 For any 2 < q < oo, there exists a constant Cy depending only on g
such that for 1 € L?(R?) with 9pp € L*(R?) and Ajp € L*(R?) forj = 1,2, the
following inequality holds:

2 1—2
[¥llg < Call¥ll3 1 D2lly - 3.1

We also use the following form of the Brezis—Gallouet inequailty introduced in
[3]. It plays an important role in controlling the L>°-norm of a solution, as seen in
[4, 21].

Lemma3.2 For any ¢ € H?(R?), the following inequality holds:
’l
19l @) S 19l @2y (1+ (14 [|AY[| L2 (r2))) * -
Additionally, we use the following Hardy-Littlewood—Sobolev inequality.

Lemma 3.3 Let I; be the fractional integral operator given by
I f(x) := / 7f(y) Y.
Rz [ — Y|
If1/q=1/r—1/2,1 <r <2, then

I fllg S I1F 1

From now on, we replace ¢! with ¢ in (1.3) and denote the solutions as (u?, AS)
to indicate dependence on ¢. That is, for each 0 < & < 1, let (u, A7,) be the solution
to the following equations:

£2DoDou’ — iDou® — Dy Dyu® — Dy Douf = |uf|*uf — 252|u5|4u6, (3.2)
Do A5 — 91 A5 = — Im (uf Dou®), (3.3)

Do A5 — 0245 = Tm (ufDyuf), (3.4)

01 A5 — 02 A5 = €? Tm (uFDou®) — %|u‘5|27 (3.5)

subject to the initial data

u(2,0) = ug(x), Gt (x,0) =ui(x), A(z,0) = a(x). (3.6)

We note that equations (3.2)- (3.6) exhibit the energy conservation given by
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2 1
E°(t) := %[ Dous ()15 + | Dus(2)3 + %Huf(t)llg - illug(t)\li =£&°(0)=:&. (3.7)

We then establish several bounds on the solution to (3.2)- (3.6) that are independent
of ¢ and uniform in time.

Proposition3.1 Let (u®, A5,) be the solution to (3.2)- (3.6) satisfying the assumptions
(A1)- (A4). Then, forallt > 0 and 0 < ¢ < 1, we have

M) [[u= @)z + [ Dzu (#)[l2 = O(1).
) el[Dou(t)[]2 = O(1).
3) [145D)lg = O(1), [|A5#)|lg = O(1), where j = 1,2 and 2 < q < 0.
Proof of (1): By energy conservation (3.7), the covariant Sobolev inequality and
Young’s inequality, we have

1 1 ] .
1D2us (@)113 < € + Il (®)lI2 < & + 5Cillu* @311 Do ()13
(3.8)

1> 1 15 1> 2
<& + il @15 + 1 Daws®)]13)"

On the other hand, multiplying (3.2) by u¢, taking its imaginary part, and integrating
it over R2, we obtain

d _
o |uf|? — 2¢? Tm (ufDou®) dx = 0,

Py
which implies

lus(t)]|3 = 252/ Im (ufDouf) dx + ||u§||z — 252/ Im (ufDou®) dz .

t o

=Ty

By Hélder’s inequality and Young’s inequality, we have

1
[l @113 < 2w (@) |21 Dou (B)l2 + To < 5[l (@13 + 2¢* [ Do ()15 + Zo- - (3.9)

To control || Dou®(t)||2, we use energy consevation (3.7) and the covariant Sobolev
inequality:

€ € 1 € € 1 € € 2
Dot (03 < & + Sl (14 < & + 301 (e @13 + D OIR)° . (3.10)

Applying (3.10) to (3.9) gives
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1 . .
(013 < 441 Dou ()13 + 280 < 4 (&5 + 7C1 (@I + 10w )13)° ) + 220 (3.11)

Now, we add (3.8) and (3.11) to have

€ € € 1 € &€ 2
lu (0113 + | Daus (#)]]3 < (1 +4€2)(50 + 7G4 (@15 + [ Deu(0)]3) ) +2Zo

Then we have, for X¢(t) := ||u®(t)||3 + || Dou(t)||3,
AFXE (1) — X5(t) + 55 >0,

where o, 3¢ are defined in (2.7). Note that our assumption (.44) on initial data states
that

X(0) < (205)7"  and 0 <4ap° < 1. (3.12)

By the continuity principle with (3.12), we finally have the desired result: for all
t>0and0<e<1,

xe(y < Lo VIZ A (3.13)

- 2af
Proof of (2): By combining (3.10) and (3.13), it is easy to have

1— I=4aepe

1
2 € 2 € 4
D t < EE+ - (
€ ” ou ( )H27 0 404 20E

)<

Proof of (3): Under the Coulomb gauge condition, equations (3.3)- (3.5) are equiva-
lent to

AAS = 81 Im (FDQUE) - 32 Im (?Dlue),

: _ 1 (3.14)
AAS = (=1)7 0y (62 Im (ufDgu®) — §\u6|2),
where j' =2ifj = landj’ = 1ifj = 2. Weuse Lemma 3.3 with1/g = 1/r — 1/2,
2 < g < oo and Lemma 3.1 to show that

— — 2 22
1A llg S I1us Dous[lr + [[u Dyw[lr S [[uf[lql Dav®[l2 S luf[l3 [| Deufl; * < O(1),

~ —

_ 1
145l S el Dous |l + S lulI3, < ellulo (] Dows[l2) + O(1) < O(1),

forallt >0and0 < e < 1. i

We need the following energy estimates to derive uniform bounds with respect to
e for the higher-order derivatives of the solutions. To state these estimates, we use
the notation for the nonlinear terms W (u) := |u®|?u® — 3&%|uf|*u° and indicate
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the e-dependency in the strengh of the gauge fields as F;, := 9, A; — 0, Aj,. Addi-
tionally, since we are using the Einstein summation convention, we emphasize once
again that the repeated Latin indices should be summed over 1 and 2 in the following
estimates.

Lemma 3.4 Let (u®, Aj,) be the solution to (3.2)- (3.6) satisfying the assumptions
(A1)- (A4). Then, we have the following:

1d d I
- Douf|?dx —e*— | Im(DoufDyDouf) d
2dt/zt\0u| vt . m(Dous DyDou®) dx

(1)
= 7/ 0;FyRe(u® Douf) 4 2F5 Re(Dous Djuf) dx f/ Im(Dous DoW (u®)) dz.
N 3¢
(2) 52£ / | Do Douf | dx + i/ |DoDyuf|? 4+ |DoDous |? da
dt s, dt Iy,
=2 g OoFi;Im(u® Do Djus) + 2F5; Im(Dou® Do Djuf) + Fg; Im(Do Dous Dju®) dx
+2 Re(DoDous DoW (uf)) dz.
P
d d
(3) 52—/ | D1 Douf |2 4 | Dy Douf|? dx + —/ |D1Dyuf + DaDouf|? da
dt Js, dt Js,
= 262 / nglm(DousDjDouf) + a]'F]-SOIm(EDoDQUE) + 2F]-501m(Dju5D0D0u5) dx
Js,

- 2/ 0j Fio Re(u® Dou®) + 2F5, Re(Dju Dou®) do — 2 / Re(DoD;DjusW (uf)) da.
P I

Proof Essentially, we follow the calculations from [5] with some modifications. In
particular, it is crucial to correctly understand the second integral in (3). For this rea-
son, we will provide a detailed proof only for (3), while the remaining parts can be
derived in a similar and more straightforward manner.

Let us remind the following calculation laws

0u(¢%) = Dyt + Dy,

. 3.15
D,D,¢ = D,D,¢+iF,,é. (.15

Recall that (u*, A7) satisfies
£2DyDou’ — iDouf — Dy Dpu® — W (u) = 0. (3.16)

We multiply (3.16) by DoD; D;u¢ for each j = 1, 2, add the resulting equations, take
the real part and integrate the resulting equation over R? to obtain
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0=—¢* / Re (DoD;Djuf DyDyu®) dx + / Re (iDoD; Djuf Dou®) dx
pI 3¢
+/ Re (DoD;Djus Dy Dyu®) dx +/ Re (DoD;DjusW (uf)) dx = Zj”
3¢ 3¢

Applying the calculation law (3.15) carefully, we can derive

e2d
jn(t) = —_— (\D1D0u5|2 + ‘D2D0’ll,5|2) dx
2 dt [y,
— 52/ FOE]-Im(D()UngD()US) +8jF]-EOIm(ED0DUu )+ 2F OI’H’L(D U D(]D()U )d
PR
,_712(15) = aijoRe(FDou )+2F ORF(D ILED()IL )(l.’[},

P

\713( ) th/ |D1D1U +D2D2u5‘ dI J14( ) = Re (D()D D uc W( ))d y

which yield the dersired result. O
We will demonstrate a uniform bound in & for ®°(t), where ®*(t) is defined by

1
®%(t) := &' Do Dou ()3 + & (| Do Do (B)13 + [[1D2 Dou ()[3) + | D Do ()13 + 7| Do ()3,

which includes the L?-norms of second derivatives. Unlike Proposition 3.1, this
bound depends on the given time 7.

Proposition3.2 Let (u®, A5,) be the solution to (3.2)- (3.6) satisfying the assumptions
(A1)- (A4). Then, for a given T > 0 and for all 0 < € < 1, we have

sup D°(t) = O(1).
0<t<T

Proof To attain the desired result, we will derive the following Gronwall inequality
forO0<t<Tandforall0<e<1:

% (1) §00+/ C1(1+In(1 + ®°(r)%))d°(r) dr, (3.17)
0

where Cj is a constant depending on the initial data and C is a generic constant, both
of which are independent of ¢ and arise from the following calculations. Applying
Gronwall’s lemma to (3.17) will then yield a uniform bound in e for ®¢(¢), depending
only on Cy, C1, and T.

We will derive (3.17) through the following four steps.

Step 1. (Estimates for F{j; and W (u®)): Applying Holder’s inequality, the covari-
ant Sobolev inequality and Proposition 3.1 to (3.3)- (3.4), for each j = 1, 2, we have
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1 1 1
[1E55lla < llufloo | Dzu 4 < O [[0 oo | Daw” (|3 | DaDaul3 < O(1)[[uf[| oo ®*(£) 1

| : '(3.18)
5112 < l[ufllallDavtlls < O(1)[[De Deus|3 < O(1)25 ()7
We apply (3.15) to (3.3)- (3.4) to obtain
00 FE. = (=1)7 Im (DouéDiuf + uzDoD;iuf),
oFo; = (—1) (Dous D oDjruf) (3.19)

ajFSj = (71)j Im (Djuij/uE +ED]'DJ'/U€),

where ;' =2 if j =1 and j' = 1 if j = 2. Simalar calculations as in (3.18) with
(3.19) give

100 EG; 2 < [ Dous|lal Do |la + [[u®[loo [ Do Daut]|2

1 1 1
< O)|[Dov’[|3 [ Da Dous |3 | Da Dau |3 + [[u®[[oc [ Do Dau||2,
1

10, F5;ll2 < 1 D2 || + [[uf]| oo || Da Daufl|2 < O(1)(1 + [|u o) 8% (1) 2.
To estimate W (u) = [u®[*u® — 22|uf|*u, we note that for each p = 0,1,2 and
j=1,2:

D, (|u¥)?uf) = 2 Re (uFD,u)us + [uf|2D,uc,

Du(%g\uf\‘lus) — 362 Re (@ D) |u 2 + %62|u5\4DMuE,

D;D;(|uf|?uf) = 2|Dju *u + 2 Re (v€D;D;ju)u’ + 4 Re (u¥Dju)Dju + |[uf|>D; Djuf.

The same calculations as in (3.18) show that for each j = 1, 2:

1DoW ()2 S 112 (| Doz + £l L]l Dou< 14)
< 12 (| Dowt 2 + €2 O(1) | Do || €2 || D Dot [3)
< 0()|uf |2 @5 (1) %,
1D W ()2 S 1l 2 lall Dy [l + <l *lall Dy
S |IDawe 311D Do |3
< 0(1)@°(1)7,
105 (10 Pw)llz S oo | Dot 3 + 0] | Da Dot < O(L)(L + [0 12) 8% (1)

Step 2. (Estimates for the right-hand sides of (1)- (3) in Lemma 3.4): We will show
Re(t) < O)(L + [[u” (1)][5) % (1), for ¢=1,2,3,

where
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Ri(t) := 22 0o F; Im(u® Do Djus) + 2Fg; Im(Dou Do Djuf) + Fg;Im(Do Dous Dju®) dx
P

Re(DoDous DoW (u®)) de,
¢
—/ 0;FioRe(u® Douf) + 2F5 Re(Dous Dju®) dv — Im(Dous DoW (u®)) dz,
P P

+ 2¢2

Rz(t) =

Rs(t) := 22 F5;Im(Dou® D Douf) + 95 FgIm(u® Do Dou) + 2F;oIm(D;uc Do Dou®) du
Zy

=2 [ 0;FjyRe(ufDou®) + 2FjoRe(Dju Dou®) dv — 2 / Re(DoD;D;usW (u®)) de.

J3 J 3

o (Estimates of R and R2): By Holder’s iequality, the covariant Sobolev inequality,
and the bounds derived in Proposition 3.1 and Step 1, we have

Ra(t) < €[lu” ool 100 FG; |2l Do Do |12 + €| F || Dow 4] Do Dou® 2

+ 2| F5; llall Da® |4l Do Dow |2 + 2| DoW (uF) 2| Do Dou® |2
1
|DyDyuf||3 + HusHoosﬂDgD,,usH2>5HD0DIUEH2

1 1
S 1w llo (2311 Dow? 1 €2 1 D2 Dou 3
1 1
+ [0 [0 ®F (1) ¥ 3| Dou® || €% || Dy Dow|3 €| Do D |1
1 1
+ 1|0 ®F (1) || Do |13 | Do Do |3 €3[| Do Do |12 + [[u® |2, @ (£) 2| Do Do |2
S oo ® () + [Jus |2, 9°(2)
<O)(1+ [[uf]|2,) 5 (2),
and
Ra(t) <195 Fll2llu® ool Dout ll2 + || Fiollall Dew® |4l Doul2 + || Dou (|2 | DoW (uf)]|2
1
Ot [l oo (1 + [[u%[|oo)@% (£) + O(1)[[0F |0 @ (£) F | Dy Do |3 % (£) 2 + O(1) [[uf||2,@% (£)

<
SO+ [uf)%) % (t).
© (Estimates of R3): Except for the last term in R3(¢), all other terms can be bounded

by
O(D) [l [loo (1 + [[u]loc) 2% (1),

as above. Thus, we omit the details for these terms and focus on estimating the last

term in detail.
By (3.15) and integration by parts, we can rewrite it as

72/ Re (DoD, D, W (uf)) da
3
=2 [ FjIm (Dju*W(u))dr - 2/ Fio ITm (u*D;W(uf)) dz — 2 Re (Dou®D;D;W (uf)) dz
5, 5, DY

3
=: Z T (t).
=1

We can then estimate each term as follows:

@ Springer



Journal of Nonlinear Mathematical Physics (2026) 33:22 Page 15 of 24 22

Jo1(t) < ([ Fjoll2l| Dav [ W (u)]l4 < O() ()| D Do |13 [0 12 < O(L)]|uf 2,95 ().
Ta2(t) < | Fsplallu [l oo|D; W (u) |2 < O(1) 1| ®¥ (1)%.
Toa(t) = 72/ Re (WDij(\uEFuE)) dz + 252/ Re (WDJ-(\UEWE))
PN bR
S [1Dows [[2]| Da Do (|uf[*u) |2 + || Do Dou® |2 || Dy (| [*u) 2
< O()(1+ [|uf|[2) @5 (1) + £0(1)@% (1) ¥
<O)(1 + [Ju”||2,) @5 (t).

Step 3. (Estimates for ®°): To estimate ®°(t), we divide the estimates into two parts:
deriving uniform-in-¢ estimates of || Dou||3 and || D, D, u¢||3, respectively.
o (Estimates of || Dou®|3): By (2) in Lemma 3.4 and Step 2, we have

d [ £ £ (>
= (4100 Douf ()3 + 2 [ Do Do (1)) < Ra(t) < O)(1 + [ (D)]|2)2°().
We integrate it over the time interval [0, ¢] to derive
13
16 Dot ()] + 2| DoDu ()13 < #°0) + | 01+ [l (7)) () . (3.20)
0

On the other hand, by integrating (1) from Lemma 3.4 over the time interval [0, ¢] and
applying Holder’s inequality and Young’s inequality, we obtain

1 I
5||D0u5(t)\|§ < || Douf (0)]3 — €2 / Im (Dguf Dy Douf) dz
o

t
+62/ Im (DouEDoDouE)d:L'+/ Ro(7)dr
2t 0 (3.21)

1
< {1Dou (0)113 + &1 Do Dou ()13 + 7 1 Dous ()15 + &* [ Do Dou® (1)|13

N

‘ € 2 &
+ [0+ (IR () dr
We combine (3.20) and (3.21) to have
1 t
ZIIDouE(t)H%§0(1)<1>8(0)+/0 OM)(1 + [us()|1Z)®(1)dr.  (3.22)

o (Estimates of || D, D, u¢||3): To rewrite the second integral in (3) from Lemma 3.4,
using the calculation law (3.15), we observe that
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D1 DyuDyDouf = 85(DyDyuf Dauf) — 81 (D2 Dyu® Douf) + | Dy Do
+ iFfuDy Douf — iFS, DiuDaous,
D3 Dou Dy Dyuf = 09(DoDouf Dyuf) — 81 (Dy Dauf Dyuf) + | Do Dyuf|?
+ iF5;uDyD1uf — iF5; Dou® Dyue,
iF5,u® Dy Dyuf = iF5 u(DyDouf — iF5 uf),

and

D1Du®DyDout + Dy Dou® Dy Dyué dx
Py

— / |D1Dyuf |2 + | Dy Dy uf)? + F52uf|? + 2F%, Tm (DyufDauf) d.
Zy

Thus, we can replace the second integral in (3) from Lemma 3.4 with the above equa-
tion as

%(EZHDEDOUE(I‘/)Hng | De Do (8)]|2 + / Ff22\11,5|2dm) = 7% 2F%, Tm (Dyuf Do) dr + R (1),
¢ P

which yields

&*|[Dx Dous ()3 + HDszus(t)H%+/ Fi®u|? da

t

— &2\ D, Do (0)]3 + | Da Dy (O)]3 + / 52 P do + / 2F5, Im (DyuDaw) de (3 23)

o 2o
t
- / 2F7, Im (Dquf Daus) da +/ Rs(T)dr.
3y 0
Using equation (3.5) for F7, and appling Young’s inequality, we obtain
/ 2F7, Im (Dyu® Douf) dx
¢
1
< 20 FE all Dol Dati 2 < O (Il 2l + &2u® Dow 1) | D2 D3
1 1 1 o2 1
< (142w s Dowls) 1D Dow1§ < € (1 + ¥ [ Dou |5 1Da Dowl5 ) 1D Do? I (3.24)
1 3 1
< C4 4 J 1D Dot |3+ CeF || D, Do | 1D, D |

1 . iz 1 1. . .
< Ot 5| DaDyti|[3 + CF¥ | Do Dow|l2 < C + 5| Do Dats®|[3 + 52| Da Dou?| + (Ce)3.
Combining (3.23) and (3.24), we get
1 1 !
581D Do ()3 + 51D2 Do ()5 < O(1)7(0) +/ OM)(1 + [[u|3,)@*(7) dr.(3.25)
0

We now combine the estimates from (3.20), (3.22), and (3.25) to conclude:
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&7 () < O(1)37(0) + / O()(1 + [|uf (7) %)@ (7) dr. (3.26)

Step 4. (Estimates for ||u||«): For each j = 1,2, we apply Lemma 3.3 to (3.14); to
obtain
1451l S Il + ®llu Dour s < Jluf|lallufll2 + (ellu[la) (]| Dour[l2) < O(1).
Considering the Coulomb gauge condition, we have

9juf = Du+iASu®, Au = D;Djuf + 2iA5Djuf + AS*uc.
These yield

105ull2 < [Djusl2 + [[A5ull2 < [|Deuf[l2 + [[AF[lallu"[la < O(1),
B 1
1AW Jl2 < || D2 Das® |2 + | A5 lall Do lla + 457 lallu[la < O(1) + @°(1)=.

Applying the Brezis—Gallouet inequality, we obtain

[[u(®)[loc < 0(1)\/1 +In(1 + ®=(t)2). (3.27)

Finally, we note that, given the uniform-in-¢ assumption on the initial data from
(A2), it is straightforward to show that ®<(0) is uniformly bounded with respect to
€. We then apply (3.27) to (3.26) to obtain the desired result in (3.17). O

We also establish several bounds for the gauge fields. Since we employ Proposi-
tion 3.2 for the proof, the bounds are independent of &, while they depend on the
given time 7.

Proposition3.3 Let (u®, A5,) be the solution to (3.2)- (3.6) satisfying the assumptions
(A1)- (A4). Foragiven T > 0 and for all 0 < € < 1, we have

sup [|[VAG(®)]l, =O(1), sup HVA;(t)Hp =0(1), where j=1,2,1<p< o0,
0<t<T 0<t<T

sup [|AAG(t)]l2 =0(1), sup [|0:AG(t)|lq =O(1), where 2 < q < 0.
0<t<T 0<t<T

Proof Direct calculations using (3.14); with the bound (3.27) yield:

1
IAAG(B)l2 < [1Duf(|F + [0 [loo | Da Do (£) [l < O(1) (1 + ®%(£)?) .
On the other hand, differentiating (3.14); with respect to time gives

A(9AG) = 01(2 Im (Douf Douf) + Fip|u®|?) — 02(2 Im (DouDyu®) + Fiplu®|?).
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Appling Lemma 3.3, for 2 < ¢ < oo and 1/r = 1/q + 1/2, we get:
18:A5llg < |1 Dows Dju ||y + | Efolu® || < || Dow||2]| Dl + | F5oll2 w13,
1 2 -2 1
< O°(1)F | Dy |3 | DDy "+ O(1)@ (1) < O(1)(1)' 7.

Lastly, we apply the Calderon—Zygmund inequality to (3.14) to obtain the desired
bounds for [|[VAZ ||, for p =0,1,2and 1 < p < oo. O

4 Proof of the Non-relativistic Limit

In this section, we provide the proof of Theorem 2.3. To do this, we fix T" > 0 and
choose 0 < € < 1 small enough to satisfy

ed®(t) <1, for all 0<t<T.

We recall the modulated Chern—Simons—Higgs system and the Chern—Simons—
Schrodinger system as follows:

e20uuf — i0puf — Auf = 2 NE + NE,
AA(E) = 81 Im (FDQUE) - 82 Im (FDlue)., (4 1)

_ 1 — 1
AA] = —05 (52 Im (ufDyu®) — §\u5\2>, AAS =0, <52 Im (ufDou®) — 5\u5|2),

where

3
NG = 00, AGus + 20 A5D,u° + A5 us — Z\u5|4ug, NE = —2iA50;u° + Aju® — AS%u® + |u 2o,

and
i0yu+ Au = 214,;0;u — Agu + A?u — JuPu = =N,
AAg =01 Im (EDQ’U,) — 0y Im (HDlu), 4.2)
1 1
AAl = 582|’U,|2, AAQ = 7581|u|2.
We present the proof in the following four steps.
Step 1. (Estimates for the difference of the matter fields): We begin by adding

(4.1)1 and (4.2)1, multiplying the resulting equation by u — @, taking its imaginary
part, and then integrating over R?. This process yields the following:

3
d _
o —uf? de =282 | I ((F — w)9) de = -2 Ti(t).  (43)
Xt =1

4
dt Js,
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where
Zi(t) == 52/2 Im (Opu®(Ouf — Opu)) dw, Ip(t) == 52/2 Im (NG (uf — 7)) d,
Ty(t) = / Im ((F — N (& — 7)) de.

P

The first and second term can be estimated as follows:

IZ1(2)
| Z5 ()

| < 210 ||2]|Brull2 < O(e)(el| Dov[|2 + €l AGllallu|l4) < O(e),
| S (10 A5ul2 + | AG0:u% |2 + | AF%u |2 + [[uf[I3,) < O(e),
where we observed

2[0,A5uc |12 < €2[10,A5|alluf||s < eFei Do ()T < O(e),
2| 45000 |12 < 2| A5 )lalldvut|la < €2(| Dol + || Aguf]|)
: 1 1
< e¥e3||D, Dot |1 | Dow® |3 + 2] A5 lsllu[ls < O(e)(e2 0% ()% +1) < O(e),

and we dealt with other terms in a similar manner.
For 0 < t < T, we integrate (4.3) over [0, f] and use Holder’s inequatility to derive

t
I(w® —w)(®)]13 < llug — uol3 + O(e) + O(e)t + 2/0 |Zs(7)| dr- (4.4)

Step2. (Estimates for the difference of the gauge fields): We subtract the gauge
equations in (4.1) and (4.2) to observe their differences. From this point on, we
will use vector notation for the spatial gauge fields, denoted as A = (A5, A5) and
A= (A, As).

o (Estimate of A5 — A;): Note that for j = 1,2,

AU — A7) = (-9 (2 m (@Dgu?) — S — [ul?)).

By Lemma 3.1 and Lemma 3.3, for 2 < ¢ < oo, we have

145 = Ajllq < elluflly (el Dovll2) + (ufllq + lullg) v — ull2 < Oe) + O)||u® — ull2.  (4.5)

Similarly, for 1 < p < oo, the Calderon—Zygmund inequality yields

VA5 = VA;jlp < [l |2l Dovl2p + ([ l2p + llullzp) [u” — ullzp

-1 1
< 0¥ H)eb [ Dyuc [ e 17|ID Doy 7 + O Juf — ul|(Vu — Va7 (4.6)

<O ) + 0|t — ull§.

o (Estimates of A§ — Ay): Direct calculation shows that
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A(AG — Ag) = 1 Im ((uf — u)(Dou® + pu)) — D2 Im ((uf — u)(Oru® + O1u))
= Ou((A5 — A2)[uf?) = Oy (A5 ([u"* = [ul?)) + B2((AT — Ap)[ul®) + Oa(AT([u®f* — [u]*)).

Again, using Lemma 3.1 and Lemma 3.3, for 2 < ¢ < oo, we obtain

145 = Aollg < (IVullg + IVullg)le® = ull2
1147 = Allgllullf + A% 2q (I ll2g + ull2g) 1w — ull2 - (4.7)
< O(e) + O(D)||u® — ul2.

Step 3. (Estimates for Z3): We expand Z3 as

zg(t):/E Im (N — A3)(@ — W) dx—ZI;gg

where Z3,(t) for £ = 1,2, 3, 4 will be defined and estimated separately.
o (Estimate of Z31): We observe that

Ty (t) = _2/2 o ((A0;u® — A;0u) (0F — ) da
= _2/2 Re ((A5 — A;)0ju(u® — u)) do — 2/2 Re ( (u® — u)(u® — 7)) dw
=-2 / Re ((Aj — A;)0ju(uf —u)) dx + 2 Re (9; ) AS[u® — ul %) dx
e

P

_ _2/2 Re (45 — A;)0;u(i — ) d.

By applying (4.5), we have
| Zs1(8)] < 147 = Alls||Vullallu® — ull2 < Oe)llu® — ullz + O1)[Ju® — ull3.

o (Estimate of Z35): Similarly, we rewrite Z32(t) as
Iso(t) := / Im ((Aju® — Aou) (v — 1)) dx :/ Im ((A§ — Ao)u(uf — 1)) du.
I pa

Then, applying (4.7) yields
[ Zs2(t)] < 1145 — Aollalluflal|u® —ulla < O(e)[u® — ullz + O1)[Ju® — ull3.

o (Estimate of Z33): Similarly, we rewrite Z33(t) as

Tas(t) := —/2 Im (A5 — A%u)(uf — 7)) dz = —/Z Im ((A5* — A?)u(v® — 7)) da.
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and estimate it as

[ Zs3(t)] < 1|47 = Alls(|A° 4 + | Alla) ulls[lu® = ull2 < O€)[[u® = ull2 + O(1)[|u® — ulf3,
© (Estimate of Z34): Similarly, Z34(t) can be rewritten as

Toa(t) ::/Z Im ((\u6|2u57\u\Qu)(Ffﬂ))dwz/ Im (0P — [u2)u(e — @) de,

which yields
[ Z34(t)] < O(1)[Ju® — ulf3-
Finally, we collect estimates for Z3,(t) to obtain
I Z3(t)] < O(e)[Ju® — ullz + O(1)[[u” — ull3. (4.8)

Step 4. (Passing to the limit): We insert (4.8) into (4.4) to have for 0 < ¢ < T,

I(u® = w)(®)3 < llu§ = uoll3 + O(=) + Oe)t + /0 0()||(u® = w)(7)]l2 + O (u® = u)(7)[I3dr. (4.9)

Gronwall’s lemma and assumption (A3) yield
[(u® —u)(@®)]3 < (£ + O(e) + O(e)T) M7

By applying (4.9) to (4.5)- (4.7), we also obtain:

W=

A7, — Aullg < O(e) + ((aA +0(e) + O(E)T)eo(l)T) ’

S =

1745 = Ayll, < OEH7) + (€ + 0(6) + 0E)T)eVT)

foruy=0,1,2and j =1,2,and forall 2 < g < o0 and 1 < p < oo. Letting £ — 0,
we obtain the desired result:

lv® —ulloqoryizzy = 0. 1A — Aullzee(o,rpza) = 0 and  [|V(AS — Aj) = ((0.1);Lr) — 0.

O

5 Conclusion
In this paper, we revisited the non-relativistic limit of the Chern—Simons—Higgs sys-

tem previously studied in [5]. Unlike the behavior of Maxwell gauges in the non-rel-
ativistic regime, where spatial gauges vanish as the speed of light ¢ tends to infinity,
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the spatial gauges of the Chern-Simons system remain in the form ¢~ A; in this
limit, and continue to act as the spatial gauge in the non-relativistic regime. To clarify
this distinctive feature, we reformulated the Lagrangian for the non-relativistic limit,
which is essentially equivalent to the original version. This reformulation allowed us
to correct several inaccuracies in [5] and to provide a more rigorous derivation of the
non-relativistic limit with quantified convergence estimates.

Appendix A. Derivation of the Lagrangin Density (1.1)

In [5], the authors utilized relativistic coordinates (xg,x1,x2) = (ct,z1,22),
employing 91 = 8, 82 = 9y, and 9y = ¢~ ;. The authors used the original version
of the Lagrangian density for the Chern—Simons—Higgs model, as presented in [12],
to describe the relativistic-to-non-relativistic correspondence between the CSH and
CSS models, which is given by:

r_ K Pl 2 —  h%e! 201 412 212
L= 56 ApF,ul/+h D;LQSD'UJQI)* 2‘¢| (|¢| -0 ) ) (Al)

cAr!

where ¢ : R**! — C the matter field, A, : R**' — R the gauge fields and

. € . . .
D,=0,—1—A the covariant derivative
w 1 ch )

F,, =0,A, —0,A,, the field strength,

e”" : the totally skew-symmetric tensor with €1 =1

%' > 0: the Chern-Simons coupling constant ,
h: the Planck constant, e: the charge of electron ,
c: the velocity of light, o >0: a real parameter .

To simplify the discussion, the parameters e and & were scaled to unity. It was first
observed that the quadratic term in the potential in (A.1) defines the mass through its
coefficient, which is m?2c?. This implies

9 9 0.4 0_2

moct = —5 or equivalently m=—.
Ak?’ ) 3k!

To maintain the mass m in the limit ¢ — oo, the authors set

with a fixed &, considered a new Chern—Simons coupling constatant. Thus, the limit
¢ — oo is accompanied by the limits 0 = ¢ — oo and ¥’ — 0.
Reflecting on these observations, the equation (A.1) becomes as follows
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— 1
ER — %EPMVAPF}W + D;LﬁbD#(b _

0P (Ig]* = ).

c2K?

The remarkable point is that, in the non-relativistic limit, the spatial gauges with the
relativistic effect c™' A ; converges to the spatial gauges of the CSS equations, in
contrast to the temporal gauge. Therefore, to make this feature explicit and facilitate
analysis, we replace

1
A() — Ao, EA] — Aj,

and rewrite (A.1) as

K o 1 — — 1
Lh = 5" ApFu + 5 Do¢D% + D;¢DI¢ — @|¢\2(|¢|2 —0%)?,

where D, = 0, —iA,, and 0y = 0, 01 = Op, 02 = 0y. This is the form of the
Lagrangian addressed in this paper, particularly focusing on the scaled version with
k = 2 in Lagrangian (1.1).
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