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Abstract We report on a two-flavor lattice QCD estimate
of the B, and B leptonic decays parameterized by the decay
constants fp, and fpx. In addition to their relevance for phe-
nomenology, their extraction has allowed us to investigate
whether the “step scaling in mass” strategy is suitable with
Wilson—Clover fermions to smoothly extrapolate quantities
of the heavy-strange sector up to the bottom scale. From
the central value of fp, quoted by FLAG at Ny = 2 and

our ratio J{gv 215(10)(2)(*2) MeV and

SfBx/fB, =1 022 ().

we obtain fp =

1 Introduction

In the very active research of new effects in high-energy
particle physics, flavour physics does play a key role at the
so-called intensity frontier. Indeed, rare events are sensitive
probes of New Physics (NP) scenarios with the exchange
of extra particles in quantum loops with respect to what is
known from the Standard Model (SM), However, theoreti-
cal uncertainties on hadronic quantities, for instance hadron
decay constants, that encode the dynamics of QCD at large
distance, severely weaken the constraints that are derived
through the analysis of experimental data. Those hadronic
constants cannot be reliably estimated in perturbation theory.
b-quark physics is a particularly interesting place to search
for NP effects and it has recently regained even stronger atten-
tion after experimental signs of several anomalies in B and B,

. . _ I'(B=>Drtvy)
decays. More precisely several ratios Rp = wz=pron - — B=Dlv)ies’
R I'(B—D*tvy)

_ [(Bes J /Y Tvp) ~
D* = B D lopieey RV = TBes T0Tm e KK =
DB Kt o)

_ LB=>K*utu) .
F(B=KeFeo) and Rg+ = T(B= K eve ) show some dis-
crepancy w1th SM expectations [1-12]. The three former
might bring stringent constraints on bc currents, for instance

mediated by the exchange of leptoquarks [13]. The fur-
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I'(B— DM tvp)
. (B D 0= ‘
at LHCb, will provide even more informations once, on

the theory side, the hadronic matrix elements associated to
By, — Dﬁ*) are under comparable control by means of lattice
QCD. Simulating the By meson on the lattice is delicate as
far as cut-off effects are concerned. Several strategies have
been followed in the literature, including simulations of rela-
tivistic b-quarks using an action tuned so as to minimize dis-
cretization errors [14—17], the use of Non Relativistic QCD
[18,19], performing computations in Heavy Quark Effec-
tive Theory (HQET) [20] and the extrapolation of simulation
results obtained in the region between the charm quark mass
m. and a mass ~ 3m, to the physical b-quark mass [21,22].
As we plan to employ the latter approach to study B decays
with O(a) improved Wilson—Clover fermions, an interme-
diate step is to extract fp and fpx, in order to validate the
method. The lattice QCD community has made a significant
effort to compute fp, with Ny =2 [22,23], Ny = 2 + 1
[14,15,18,24,25] and Ny = 2+ 141 [19,26-28]. Recently,
the SU(3) symmetry breaking fp /fp has been extracted
at the physical point [29]. Concerning the spin-symmetry
breaking ratio fgx/fp, only 2 lattice results are available,
both at Ny =2 +1+1[30,31]. Ratios f5+/fp and fpx/[B,
have been investigated with other methods than lattice simu-
lations, i.e. constituent quark models [32,33] and QCD sum
rules [34-37].

The paper is organized as follows: in Sect. 2 we recall what
is the “step scaling in mass” strategy, in Sect. 3 we present
the simulations details and our raw data, and in Sect. 4 we
describe our analysis and comment the results. Finally we
conclude in Sect. 5.

ther ratios R p® = , under investigation
s

2 Step scaling in mass with Wilson—Clover fermions

The idea is to extract fp, = ;BS x fp, and fps = fB
by separate measurements, of the quantity fp, on one 51de
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the ratio Tor o

In the following we focus on the two latter in the framework
of Ny = 2 Wilson—Clover fermions. With a given pion mass,
through keq, the valence strange quark mass «; and lattice
spacing a, we consider the ratio

[fPV/Mpl(a, kseas Kiiyy s Ks)CH (g, Mp(a, Ksea, K Ks))

[fpv/Mpl(a, Kseas Kn; s KY)CStat(lLf» Mp(a, Ksea, Khiyys Ks))

1
ﬁ =rpl(a, KseayKh,yKh,Hst) (D

1
X . .
where A = (%) ,i =0,...,K —1, kp, is a valence

mpg
heavy quark mass, and Mp(a, Ksea, Kng, Ks) = mp,, up to
mistuning effects. For later usage it is convenient to redefine
rp as

rp(a, Kseas Kiy» Khiyy» Ks)
C‘SAtat(l'Lf9 MP (a? Kseas Kh; ’ KS))
Citat(ﬂf, Mp(a, Ksea, Khiyis Ks))

/
rP(aa Ksea, Kh,' ) Kh,'+1 ) Ks)’

fpr(a, Ksea, Khiyys Ks)
fpr(a, Ksea, Kh; Ks)

rp(a, Ksea, Ky Kiyy s Ks) = 2)
C5™ (i1, p2) and CP™ (i1, p2), that will appear later in the
paper, are the matching coefficients between the QCD cur-
rents JS(CV? = 0y’q(Qyiq) and their HQET counter-

HQET
part JA(V)

scale i, J, A(V) (Ml) = C;;t(v) (11, H«Q)JA(V), where (g
is a scale related to the heavy quark mass m g, for instance
the heavy-light pseudoscalar meson mass Mp(Q, q). C§*
and CJ* are known up to 3-loop of perturbation theory
[38—41].1 rp is independent of w ; because it involves the
renormalization group equation of C‘j{‘“ integrated from
Mp(a, ksea, Kn;» Ks)) t0 Mp(a, Ksea, Kn; > Ks). Thanks to
scaling laws in HQET, it is expected that rp has a sim-
ple expansion in the inverse heavy quark mass defined in a
specific renormalization scheme, for instance the pole mass
[42]. But, in the case of Wilson—Clover fermions and con-
trary to the case of twisted-mass fermions, there is so far no
straightforward relation between the pole quark mass and the
bare quark mass, through the renormalization group invari-
ant (RGI) quark mass, if the quark is significantly heavier
than the charm. Indeed, using the series of RGI masses

= ﬁ yo v>q(hy1q) defined at the renormalization

]11201 such that thI/mRGI = 1/, m RGI = WKpRal
with mRGI already determined [43] and mRGI known after

the tuning of «., we define the improved RGI mass mEGI

(1 +buamp;)mp,, where mh is the heavy vector Ward Iden-
tity quark mass my;y = z/q, . The problem is that

" 2eritical critical

! In this work we have taken the N>LO formulae for the matching
between QCD and HQET at the scale j1¢.

@ Springer

we can have 1+4b,,amy, < 0because the improvement coef-
ficient b, is negative [44]. Negative RGI masses are of course
not physical. The issue would be solved by adding the O (a?)
term in the definition of the RGI mass, which is unfortu-
nately unknown. That is why we have decided to consider the
inverse of pseudoscalar heavy-strange pseudoscalar meson

masses Mp(kp,, ks) = Mpy, (i) as the parameter expansion

Mp (kn; -Ks)
Mp(kn; ks)

that should be constant with the regulator a and the sea quark

mass kgeq. They are the analogous of the ratios of RGI quark

mRGI

masses {”

h

of r p and we define the steps as sequential ratios

3 Lattice calculation details

We have performed our analysis from the CLS ensembles
made of Ny = 2 nonperturbatively O(a)-improved Wilson—
Clover fermions [45,46] and the plaquette gauge action [47].
In Table 1 we collect the main informations about the sim-
ulations. Three lattice spacings ag—s 5 = 0.04831(38) fm,
ag=s3 = 0.06531(60) fm, ag—s» = 0.07513(79) fm, deter-
mined from a fit in the chiral sector [48], are considered with
pion masses in the range [190, 440] MeV. With respect to
the work reported in [49], we have taken the bare strange
quark masses at B = 5.2 from [50] and we have tuned
the charm quark mass on those ensembles by imposing
aMp(a, Ksea, K¢, Ks) = am lz;]yswal The values we find for
k. are close to what is quoted in [50] where the tuning was
realised thanks to a constraint on cut-off effect magnitude
for the ratio of PCAC masses mECAC /mPCAC We have used
the same procedure as in [49] to compute the statistical error
at finite @ and in the continuum limit, to compute stochas-
tic all-to-all propagators and to reduce the contamination by
excited states on 2-pt correlators by solving a 4 x 4 Gen-
eralized Eigenvalue Problem (GEVP) with one local and 3
Gaussian smeared interpolating fields. In our application of
the step scaling in mass strategy we have chosen K = 6
steps. Similarly to [49] we have extracted the relevant matrix
elements from projected correlators along the fixed ground
state generalized eigenvectors vg) (V) (t5x, t0). (thx, to) take
the values (4a, 3a) at B = 5.2, (4a,3a) at B = 5.3 and
(6a, 5a) at B = 5.5. We collect in Tables 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25 of the Appendix the
whole set of raw data we need in our analysis, i.e. ratios of
pseudoscalar and vector heavy-strange mesons masses for 2
subsequent heavy bare quark masses, ratios of pseudoscalar
and vector heavy-strange meson decay constants for 2 sub-
sequent heavy bare quark masses and PCAC quark masses
my, defined by:
PCAC _ 03 Cpp (1) — acadodsCop (1)
2Cpp(1)

) 3
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Table 1 Parameters of the simulations: bare coupling 8 = 6/ gé, lattice resolution, hopping parameter «, lattice spacing a in physical units, pion
mass, number of gauge configurations, bare strange and charm quark masses

id B (L/a)3 x (T /a) Ksea a (fm) my; (MeV) Lmy # cfgs Ks Ke
A5 52 323 x 64 0.13594 0.0751 333 4.1 198 0.135267 0.12531
B6 483 x 96 0.13597 282 5.2 126 0.135257 0.12529
ES 53 323 x 64 0.13625 0.0653 439 4.7 200 0.135777 0.12724
F6 48% x 96 0.13635 313 5 120 0.135741 0.12713
F7 483 x 96 0.13638 268 43 200 0.135730 0.12713
G8 643 x 128 0.13642 194 4.1 176 0.135705 0.12710
N6 5.5 483 x 96 0.13667 0.0483 341 4 192 0.136250 0.13026
o7 64% x 128 0.13671 269 4.2 160 0.136243 0.13022
18 M, fmp, = A —e— | Here we ignore the mistuning effects because our goal is to
ol m’g fmp, = A" —e— | determine how large are the discretisation effects. We show
o 5 O S eSS e eSS S T o ¥ in Fig. 2 the extrapolation in a? and m,zr of rp(i). We observe
14 ¢ 1 very big cut-off effects for the 4™ ratio (10%) and the 5
; 1ol | ratio (17%). Hence we are not quite confident in using the
© ensembles at a = 0.075 fm and, most probably, those at
Lr ] a = 0.065 fm as well, at the final stage of our analysis. That
08¢0ee . — . i is why we prefer, in the combined fit analysis, to exclude
\ the data at the fourth and the fifth heavy quark mass at the
06 10 15 20 py 30 p ) lattice spacings 0.075 fm and 0.065 fm, Then, we have used

t/a the following fit ansatz:

Fig. 1 Effective mass of two pseudoscalar heavy-strange mesons
extracted with the projected 2-pt correlation function C4,p along the
the generalised eigenvector v}u (t6x, o). The CLS ensemble is F7

where Wf(t) = %ﬂ‘m_a), C,p and Cp p are axial-
pseudoscalar and pseudoscalar-pseudoscalar 2-pt correlation
functions of the heavy-strange meson defined by the bare
quark masses (kj,, k) and c4 is the improvement coefficient
of the axial bilinear of Wilson—Clover fermions determined
in [51].

We show in Fig. 1 the effective mass for two heavy-strange
mesons, one at the first step scaling in mass and the other at
the next to last step. For very heavy quarks the signal deterio-
rates quickly. It explains why we fixed shorter interval ranges
to extract the hadronic properties, as indicated in Tables 10,
11,12, 13,14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25.

4 Analysis and discussion
4.1 Extraction of fp

We have performed extrapolations to the physical point by
doing a global fit analysis. However, in a preparatory stage,
we restrict our analysis to a given step in heavy mass i and
study the pion mass and the cut-off dependence of rp (7).

rp(a, m2, My, (i))
= 1+rp, +rpm2 +rp, (Fmisune (i) — 1) + 7py /My, (i)
+rpy(ajag=s3)* +rpy(ajag=s3)*(aMpy,()* (4

Mpy, (@)
MMy, (0)°

parameters and x2/d.o. f..2

We show in Fig. 3 the dependence of 7p on 1/Mpy_ found
with the fit formula (4). We retrieve the parametrically large
cut-off effects o« (aM HS)2 on rp, justifying our decision to
exclude some data of our 2 coarsest lattices in the analysis. It
is reassuring that the pion mass dependence is found to be of
the order of a few % and that it is numerically a sub-leading
effect: by construction of rp, pion mass effects are expected
to vanish. Our way to define rp is such that, according to the
HQET scaling law telling that limys, oo fe/Mp = Cge,
rp should tend to L)L With our value of A = 1.18, the limit
is expected to be 0.92, in excellent agreement with our fit
parameter 1 4+ rp, = 0.94(2). Then, in the continuum, we
interpolate rp at the 6 points m D.r)\'i *+1 to get a set of 6 ratios
rp(i):

with rmistune (i) = We collect in Table 2 the fit

2 In lattice QCD data analysis, a x2/d.o.f. of the order 1 means that the
proposed model to describe them is acceptable. In the discussion we
have paid more attention to the stability of fit parameters when more
terms are added in the fit formula, as well as their compatibility with O
or not.

@ Springer
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Fig. 2 Continuum and chiral extrapolation of rp at the heavy masses Amp_ (a), ..., Wm p, ()
Table 2 Fit parameters of rp ) >
and its Xz/d.o.f. Py rp, [GeV™7] rp, rp,[GeV] rp, ps x</d.o.f.
—0.06(1) 0.08(3) 1.1(3) 0.08(5) —0.006(3) 0.021(9) 1.4
. 2 physical rp; 1.15 . . . : :
rp(l)= 1+rp0 +rp1m7-[py il \ ag=52 +—e—
)\’l"r me ag=s3 +——B—
tat [+1 1.1 Gp=55 A | |
stal 1 . continuum +——<o——
/oy CA (I’Lfvax)\' ) . 5
Fp(i) = —A —rp(i), 5)
Cy* (g, mp.Al) )
&
We recall that 7, (i) is independent of the renormalization
;e fa GHD . |
scale u ¢ and that we have rj (i) = RO We collect in
Table 3 values of r/, at the reference points ——.
p M+ mpg 0.9 n n n L L
0 0.1 0.2 0.3 0.4 0.5 0.6

The last step is straightforward: fg /fp,
series of products:

5

=[]rr@.

i=0

I8,
/b,

@ Springer

is obtained by a

1/my, [GeV~1]

Fig. 3 Extrapolation at the physical point of r p. The curves correspond

to extrapolations at m, = m

(6)

T

physical

and Tmistuning — 1=0
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We get We collect the corresponding fit parameters in Table 5.

I8 Adding together the different sources of systematics, we

— =10.88(4). (7) obtain

I,

The effect on the statistical error of the correlation among the ¥

different terms of the product of r;, (i) is taken into account f_m =0.88(4) (fé). (10)
Dy

by the mean of computing the errors described in [49].
To address the systematic error, we have performed two
other fits:

— fit(A), adding to (4) a “next to leading order” chiral con-
tribution in m2 In(m2)

— fit(B), adding to (4) a contribution in 1/ m%,v (i) to count
for a higher order in the heavy quark expansion

— fit(C): fit (4) but using the matching coefficient C5*" at
NLO

Other fits with extra terms in (aMp,)? or in a* give non
reliable results. We collect the corresponding fit parameters
and x2/d.o. f. in Table 4 and we get

where the first error is statistical and the second error counts
for the systematic error.

Concerning the Dy meson decay constant, an update of
the analysis reported in [49], now that we have the additional
coarsest ensembles A5 and B6, meaning a third lattice spac-
ing at our disposal, gives

fp, =244(4)(2)MeV,  fp: = 268(4)(2) MeV,
Sfpx/fp, = 1.10(2), (11)

where the first error is statistical and the second error comes
from the uncertainty on the lattice spacings. As in the previ-
ous analysis, a next to leading order contribution to the chiral
fir destabilises the fit with chiral fit parameters compatible

15, with zero.

= 0.87(6) (A), Then we get

I8 _ 088y (B), LB — 0.874) (O). ® o =21500Q)(C5) MeV. 1
I, o

A fourth source of systematics can be included by prop-
agating the uncertainty on raw data if we change fpi, —
min + 2a to extract plateaus. In this case we get the follow-
ing result:

where the first error is the statistical error, the second one
counts for the systermatic error on fp, while the third error
corresponds to the systematic error on fg /fp,.

FLAG has recently made an update collection of lattice
estimates of fp, [52]. Our estimate of f_ using the step scal-

7B, ing in mass strategy is compatible with the value obtained by
Ty, = 0-890)- ) the ALPHA Collaboration f5, = 224(14) MeV [23] by a
Table 3 Ratio r), at the reference points m

1/(mDA_)J+l) [GeV~1] 0.4298 0.3637 0.3077 0.2603 0.2202 0.1863

rp 0.9945(116) 0.9863(94) 0.9795(81) 0.9739(76) 0.9692(77) 0.9653(81)

Table 4 Fit parameters of rp and the respective x2/d.o.f. for the fits (A), (B) and (C). (A) corresponds to adding an NLO term in m%,i In m%,i
to Eq. (4), (B) corresponds to adding a term in l/m%k to Eq. (4) while (C) is using the expression (4) and the formulae at NLO of the matching
coefficient C to get rp

P, rp, [GeV 2] rp, rpy [GeV] TPy Tps I'Py, ﬁ
A —-0.07(2) 0.4(1.7) 1.1(3) 0.08(5) —0.01(1) 0.023(9) —0.03(13) GeV~2 1.5
B —0.05(6) 0.08(3) 1.1(3) —0.03(32) —0.01(1) 0.022(8) 0.2(4) GeV? 1.5
C —0.07(2) 0.08(3) 1.1(3) 0.09(5) —-0.01(2) 0.021(9) - 14
Table 5 Fit parameters of rp and its x2/d.o.f. when systermatic errors on raw data are propagated in the analysis
Ry rp, [GeV 2] rpy rpy [GeV] P, 7ps x2/d.of.
—0.06(2) 0.07(3) 1.0(3) 0.07(5) —0.01(2) 0.021(9) 0.8

@ Springer
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Table 6 Fit parameters of R,,* _H 2 2
and R ¢+ and their respective "Xo [GeV ] rx, [GeVl X2 rx; [GeV7 X4 x/d.of.
2
x“/d.of. X=m* 0.026(3) —0.007(3) —0.002(1) 0.364(4) 0.0001(1) 1.7
X =f* 0.2(2) 0.4(2) —0.01(4) 0.5(2) 0.12(3) 1.2
1.2 : o T 161 ag—59 —o— ||
Gp=53 —8— Z‘iﬁ:?g A
1.15 L 48=55 J 1.5+ continﬁ?rﬁ —o— |
’ continuum —eo— )

0.95 .

0 0.1 0.2 0.3 0.4 0.5 0.6

1/my, [GeV™]

(a)

Fig. 4 Extrapolations at the physical point of Ry« a and R+ b. The curves correspond to extrapolations at m; = my

computation, performed over almost the same CLS ensem-
bles as in this paper, of hadronic matrix elements in the
framework of HQET with a non-perturbative matching of
the HQET parameters with QCD. It is 20 lower than the
result reported by the ETM Collaboration [22] with Ny = 2
twisted-mass fermions defined at maximal twist. The fact
that we cannot constrain the static limit of the ratio rp to be
equal to 1, due to mistuning effects of the heavy quark mass,
explains a part of that discrepancy. The second source of dis-
crepancy is the presence of large a”(aM HS)2 cut-off effects
in our data while they are numerically absent in ETMC data.
Having to take them into account necessarily increases the
uncertainty in extrapolation to the continuum limit because
more parameters are required to described the data.

4.2 Extraction of fps/fp,

To extract fpx /fp, wehave performed an alternative analysis
to the one discussed in the previous subsection. We have
examined the ratios

My (a, ksea, kny ks) _ Mpy

Ry = = ,
Mp(a, Kseas Kn, Ks) MHS

R.. — fv(a, ksea, Kn, Ks) — fH_?‘
! fP(aa Kseas Kis Ks) fo
Cy*(uy, Mp,) ,

Rpe(a,m, Mp,) = (13)

As the HQET anomalous dimension of the axial and vector
static-light operator are the same, applying the renormaliza-
tion group equation makes R s+ independent of the renormal-

@ Springer

0 0.1 0.2 0.3 0.4 0.5 0.6

1/mpy, [GeV~Y
(b)

physical

ization scale u r. To extrapolate to the physical point we have
used the following fit ansatz:

Ry (a,m2, My) =1+ rysm? + rys /M,

+rm’2‘ (a/aﬂ=543)2

s /M + s (a/ag=s3)*(aMp,)?, (14)
Rf*(a»m? Mpy,) =1+ rf(;«mf, + g /Mp,

+r g (a/ap=s3)*

+rpr /My, +rpx(ajag=s3)* (@Mp,)’. (15)

We can impose the static limit constraint limps,; — 00 R+ =
limp, —o00 Ry+ = 1 because those ratios are free of heavy
quark mistuning effect. We collect in Table 6 the correspond-
ing fit parameters and we obtain

/B

B

mB;

mps exp
:1.0061(4),( ) —=1.0091, =1.02(2).

mp mp;
We show in Fig. 4 the extrapolation to the physical point
of Ry« and R p+.
To estimate the systermatic error, we have performed fits
(A’) and (B’), that read

— fit(A’): add to (14) and (15) a contribution in m72, ln(m%)

— fit(B’): add to (14) a contribution in 1/m3;

— fit(C’): fit (15) but using matching coefficients C‘j{at and
Cy* at NLO
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Table 7 Fit parameters of R+ and its xz/d,o.f. for the fits (A’) and (B’). (A’) corresponds to adding an NLO term in mf,i In m%,i to Eq. (14) and

(B’) corresponds to adding a term in 1/ milx to Eq. (14)

Tmy [GeV™2] Tmy [GeV] Tm3 rmy [GeV?] Tmy T, &
A 0.1(2) —0.042(9) —0.001(1) 0.37(1) 0.0004(10) 0.01(1) GeV~2 1.7
B’ 0.027(4) —0.053(5) —0.005(1) 0.46(2) 0.0020(1) —0.11(2) GeV3 14

Table 8 Fit parameters of R ¢+ and its X2 /d.o.f. for the fits (A’) and (C’). (A’) corresponds to adding an NLO term in m%i In mii to Eq. (15) and
(C’) is using the expression (15) and the formulae at NLO of the matching coefficient CZ““ and C %}at to get R y+

Iy [GeV~2] ryr [GeV] Iy Iy [GeV?] Ty T %
A 2(10) 03(4) —0.01(4) 0.6(5) 0.123) —0.2(8) GeV 2 13
C 02(2) 03(1) —0.01(4) 0.4(2) 0.123) - 12

Table 9 Fit parameters of Ry« and R s+ and their respective x%/d.o.f. when systermatic errors on raw data are included

rXO[GeV*Z] rx, [GeV] rx, X, [GeVz] rx, Xz/d.o.f.
X =m* 0.02(1) —0.03(6) —0.003(1) 0.364(7) 0.001(1) 0.4
X =f* 0.3(2) 0.4(2) —0.03(5) 0.4(2) 0.13(4) 0.7
Fig. 5 Lattice estimates of fp;
at Ny = 2, with the FLAG
average of 2016 a and of ETMC 13, ) s
it b Coe . HPOCD, 15, = 24141
ALPHA, 14
¢ W ETMC, 17N =2+1+1
. This work <)
IS work g =
HON, = i
o i FJLAG average, :9 Ni=2 | | | |
A0 2 0%, 10

I3,
(a)

Other terms in the fit lead to unstable and reliable results.
We collect the fit parameters in Tables 7 and 8 and we obtain:

mp* *

B 1.0059(7). T _ 1.022) (A",
mp, B,
mps S

—= =1.0058(7) (B,
mp,

=1.032) (C)).

Bs

As for fp /fp,, we have counted for the systematic error
coming from the change fiin — fmin + 2a in the plateaus
extraction. We get the following results:

i 1.0066(7), % = 1.03(2). (16)

s s

Fit parameters are collected in Table 9.
Eventually, we quote

mB;x

= 1.0061(4)(5), § 5= 1020, (17)

s s

nlls,
(b)

where the first error is statistical and the second error counts
for the systematic error estimated by the fits (A’) and (B”) and
contamination from excited states. There is no reason why

. m px* . .
the ratio % should correspond to the experimental ratio
'S

5\ EXP
(%) = 1.0091 because, in our analysis, the strange
quark is quenched. Still, we find aratio 1o lower than in [53]
(1.0070(6)) where the computation was done in the frame-

work of HQET expanded at O(1/my).

4.3 Comment

We collect in Fig. 5 the lattice QCD estimates of fp_ at
Ny = 2[22,23], with the corresponding FLAG average [52]
and those of fBS* /fB, [30], [31]. Of course the fact that we
get fpx/fB, > 1 while the 2 other lattice QCD results read
fBx/fB, < lispuzzling. However, acomputation performed
by the ETM Collaboration with Ny = 2 dynamical quarks
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indicated the hierarchy fg+«/fg > 1, fg«/fp = 1.050(16)
[54]. So, a plausible explanation for the observed tension is
the effect of the quenching of the strange quark in the spin-
breaking contribution of the heavy quark symmetry to the
ratio fpx/fp,. It might be of the same order of magnitude
as in fpx fp, but with a more important qualitative impact
because we examine a region of paramaters closer to the sym-
metric point fg+/fr = 1. Inthat respect, studies of this ratio
with Ny = 2 4 1 ensembles are welcome.

5 Conclusion

In that paper we have reported on a lattice estimate of fp,
and fpx/fp,. The main puropose of the work was testing the
step scaling in mass method with Wilson—Clover fermions
for which the RGI heavy quark mass can not be used yet as
a physical parameter of the heavy quark expansion. Indeed,
severe negative O (am) cut-effects need to be balanced by
still unknown O (am)? improvement terms to define safely
the RGI mass. Instead, we have chosen the (inverse of) the
heavy-strange meson mass as the expansion parameter. We
obtain a quite low result for fp compared to other lattice
QCD estimates at Ny = 2, though it is compatible with the
one got using the same set of gauge ensembles as here but
with a complete different approach to simulate the heavy
quark. We have found the hierarchy fg+/fp, > 1, indicat-
ing a positive correction to the symmetric point when the
strange quark is quenched. A look at the literature leads to
the conclusion that this correction becomes negative when
the strange quark is taken into account in the sea. The next
step of our program is the investigation of the form factors
associated to By, — Dg*)l v using CLS Ny = 2 ensembles,
applying the step scaling in mass method.

@ Springer
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Appendix

In this Appendix we collect all the data (meson masses,
PCAC heavy+strange quark masses, meson decay constants),
in lattice units, that are used in our analysis. We indicate the
time range of the plateaus extraction.

Table 10 Average PCAC heavy and strange quark masses for the
ensemble A5

Kn [#min — fmax] ambShC
0.125310 [8-26] 0.1530(6)
0.121344 [8-26] 0.2095(7)
0.116040 [8-24] 0.2910(9)
0.109307 [8-20] 0.4046(10)
0.100407 [8-18] 0.5783(13)
0.089289 [8-14] 0.8484(17)
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Table 11 Heavy-strange meson
masses and decay constants for
the ensemble AS

Table 12 Average PCAC heavy
and strange quark masses for the
ensemble B6

Table 13 Heavy-strange meson
masses and decay constants for
the ensemble B6

Table 14 PCAC masses for the
ensemble ES

K [fmin —fmax] ~ aMp, (i) My, (i + D)/My, (i) aMpy (i) Mpyx (i + 1)/ Mpy (i)
0.125310 [10-24] 0.7498(8) - 0.8081(13) -

0.121344 [10-24] 0.8851(8) 1.1805(4) 0.9326(13) 1.1541(4)

0.116040 [10-24] 1.0482(8) 1.1843(3) 1.0860(13) 1.1645(4)

0.109307 [10-24] 1.2335(9) 1.1768(3) 1.2631(14) 1.1631(4)

0.100407 [10-20] 1.4572(11) 1.1814(5) 1.4790(17) 1.1709(4)

0.089289 [10-20] 1.7202(15) 1.1804(3) 1.7348(19) 1.1730(3)

Kh [#min — fmax] afu, (i) Su G+ D)/ fu, (D) afuy (i) Sur G+ D/ fu ()
0.125310 [8-24] 0.0911(15) - 0.1149(12) -

0.121344 [ 8-24] - 1.017(4) - 0.999(1)

0.116040 [ 8-24] - 1.016(5) - 1.007(1)

0.109307 [ 8-24] - 1.028(8) - 1.026(2)

0.100407 [ 8-20] - 1.055(24) - 1.088(8)

0.089289 [ 8-20] - 1.107(12) - 1.144(2)

Kp [tmin - tmax] amEsCAC

0.125290 [8-38] 0.1533(5)

0.121313 [8-30] 0.2105(6)

0.116044 [8-24] 0.2911(7)

0.109127 [8-22] 0.4086(8)

0.100172 [8-16] 0.5871(8)

0.088935 [8-14] 0.8690(10)

K [fmin — fmax] ~ aMp, (i) My, (i + 1)/My (i) aMpy(@Q) Mpyx (i + 1)/ Mpy (i)
0.125290 [10-35] 0.7492(6) - 0.8053(11) -

0.121313 [10-35] 0.8858(7) 1.1824(2) 0.9314(10) 1.1565(4)

0.116044 [10-35] 1.0473(8) 1.1823(3) 1.0835(11) 1.1633(3)

0.109127 [10-25] 1.2372(10) 1.1813(3) 1.2655(12) 1.1680(2)

0.100172 [10-20] 1.4614(11) 1.1813(2) 1.4830(14) 1.1719(3)

0.088935 [10-17] 1.7250(14) 1.1803(3) 1.7407(17) 1.1738(3)

K [fmin — fmax] afu, (i) Sfr G+ 1)/ fu, (@) afuy (i) Sur G+ D/ fu ()
0.125290 [10-25] 0.0897(9) - 0.1142(10) -

0.121313 [10-25] - 1.013(3) - 1.003(1)

0.116044 [10-25] - 1.007(4) - 1.011(1)

0.109127 [10-25] - 1.019(8) - 1.031(2)

0.100172 [10-22] - 1.055(14) - 1.081(8)

0.088935 [10-17] - 1.085(19) - 1.165(9)

Kh [fmin — fmax] ampcac (ki Ks)
0.127240 [10-25] 0.1357(9)
0.123874 [10-25] 0.1833(10)
0.119457 [10-25] 0.2484(14)
0.113638 [10-25] 0.3403(17)
0.106031 [10-20] 0.4744(20)
0.096555 [10-18] 0.6713(25)
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Table 15 Heavy-strange meson masses and decay constants for the ensemble ES
Kh [fmin — fmax ] aMpy, (i) Mpu (i + 1)/ Mpu, (i) aMp: (i) Mpx(i + 1)/ Mpz (i)
0.127240 [10-25] 0.6579(7) - 0.7075(14) -
0.123874 [10-25] 0.7770(8) 1.1810(4) 0.8169(14) 1.1546(6)
0.119457 [10-25] 0.9170(10) 1.1803(4) 0.9487(15) 1.1614(5)
0.113638 [10-25] 1.0833(13) 1.1813(3) 1.1081(17) 1.1680(4)
0.106031 [10-20] 1.2826(17) 1.1840(6) 1.3010(18) 1.1741(9)
0.0965545 [10-20] 1.5117(18) 1.1786(2) 1.5248(19) 1.1720(3)
Kn [*min — fmax] afu, (i) Su, @+ 1D/ fh,G) afms(i) S+ 1)/ fux @)
0.127240 [10-25] 0.0830(9) - 0.1025(11) -
0.123000 [10-25] - 1.023(4) - 0.995(2)
0.119457 [10-25] - 1.018(5) - 0.999(2)
0.113638 [10-25] - 1.022(7) - 1.011(2)
0.106031 [10-20] - 1.026(14) - 1.036(10)
0.096555 [10-17] - 1.047(20) - 1.094(11)
Table 16 Average PCAC heavy ] PCAC
and strange quark masses for the K Lfmin — fmax] M
ensemble F6 0.127130 [16-38] 0.1354(8)
0.123700 [16-38] 0.1837(10)
0.119241 [16-38] 0.2495(13)
0.113382 [16-25] 0.3405(15)
0.105793 [ 9-18] 0.4824(10)
0.096211 [ 9-16] 0.6870(11)
Table 17 Heavy-strange meson - . . . . . .
masses and decay constants for n [tmin — fmax] —— aMy, () My, (i + 1)/ My (i) aMp; @) Mp; (i + D/ Mpy; (@)
the ensemble F6 0127130 [10-42] 0.6577(5) - 0.7058(9) -
0.123700 [10-42] 0.7791(5) 1.1847(2) 0.8179(9) 1.1589(5)
0.119241 [10-28] 0.9208(6) 1.1818(3) 0.9516(10) 1.1635(4)
0.113382 [10-26] 1.0883(7) 1.1819(2) 1.1123(10) 1.1688(3)
0.105793 [10-23] 1.2863(9) 1.1819(2) 1.3041(12) 1.1725(4)
0.096211 [10-17] 1.5176(11) 1.1798(3) 1.5316(14) 1.1744(6)
Kn [#min — fmax] afu, (@) Su G+ 1)/ fu, () afuy (i) Sur @+ 1)/ fus ()
0.12713 [10-42] 0.0814(12) - 0.0987(12) -
0.123700 [1042] - 1.037(7) - 0.995(4)
0.119241 [10-28] - 0.995(13) - 1.022(16)
0.113382 [10-26] - 1.024(7) - 1.015(4)
0.105793 [10-23] - 1.068(13) - 1.064(10)
0.096211 [10-17] - 1.070(6) - 1.088(1)
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Table 18 Average PCAC heavy
and strange quark masses for the
ensemble F7

Table 19 Heavy-strange meson
masses and decay constants for
the ensemble F7

Table 20 Average PCAC heavy
and strange quark masses for the
ensemble G8

Kn [fmin — fmax] aml;EAC
0.127130 [16-40] 0.1362(6)
0.123649 [16-40] 0.1847(8)
0.119196 [16-36] 0.2491(9)
0.113350 [16-32] 0.3391(11)
0.105786 [ 9-27] 0.4686(13)
0.096689 [ 9-23] 0.6505(17)
Kn [fmin — fmax] ~ aMp, (i) My, (i +1)/Mpu, (i)  aMpx (i) Mpyx(i + 1)/ My (i)
0.127130 [10-41] 0.6557(4) - 0.7032(10) -

0123649  [10-41] 0.7784(5)  1.1872(2) 0.81709)  1.1617(3)

0.119196  [10-40] 0.9193(5)  1.1810(2) 0.95009)  1.1628(2)

0.113350  [10-35] 1.0861(5)  1.1814(1) 1.10999)  1.1683(2)

0.105786  [10-28] 1.2824(6)  1.1808(1) 130069)  1.1718(2)

0.096689  [10-26] 1.5013(7)  1.1707(1) 1.5149(10)  1.1648(2)

Kn [*min — fmax] afu, (i) Su, @+ D)/ fh,G) afmx (i) Sux( + 1/ fux @)
0.12713 [10-40] 0.0787(8) - 0.0971(9) —

0.123649 [10-40] - 1.010(4) — 0.994(2)

0.119196 [10-40] - 1.003(6) — 0.997(2)

0.113350 [10-35] - 1.019(8) - 1.001(7)

0.105786 [10-28] - 1.047(16) - 1.041(8)

0.096689 [10-26] - 1.056(16) - 1.083(7)

Kn [#min = fmax] ampcac (K, Ks)
0.127100 [16-46] 0.1374(5)
0.123719 [16-46] 0.1850(6)
0.119260 [16-46] 0.2502(7)
0.113447 [16-36] 0.3405(9)
0.105836 [9-27] 0.4710(11)
0.096143 [ 9-23] 0.6649(17)
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Table 21 Heavy-strange meson
masses and decay constants for
the ensemble G8

Table 22 PCAC masses for the
ensemble N6

Table 23 Heavy-strange meson
masses and decay constants for
the ensemble N6

@ Springer

K [fmin — fmax] ~ aMp, (i) My (i +1)/My, (i)  aMpyx@i) Mpyx (i + 1)/ Mpy (i)
0.127100 [10-41] 0.6568(4) - 0.7029(7) -

0.123719 [10-41] 0.7762(5) 1.1817(1) 0.8140(7) 1.1579(2)

0.119260 [10-38] 0.9174(4) 1.1819(1) 0.9477(6) 1.1644(2)

0.113447 [10-36] 1.0833(6) 1.1809(1) 1.1072(6) 1.1683(2)

0.105836 [10-30] 1.2808(6) 1.1823(1) 1.2993(6) 1.1735(1)

0.096143 [10-27] 1.5141(7) 1.1821(1) 1.5278(7) 1.1759(1)

K [fmin — fmax ] afu, (i) SFu G+ D/ fh, @) afuy (i) Srr( + D/ fux (@)
0.12710 [11-41] 0.0800(7) - 0.0954(6) -

0.123719 [11-41] - 1.015(3) - 0.995(1)

0.119260 [11-38] - 1.006(5) - 1.000(3)

0.113447 [11-36] - 1.005(8) - 1.007(3)

0.105836 [11-30] - 1.015(11) - 1.043(6)

0096143  [11-21] - 1.038(24) - 1.085(6)

Kn [#min — max] am}hC
0.130260 [16-42] 0.0986(7)
0.127737 [16-42] 0.1336(8)
0.124958 [16-42] 0.1726(10)
0.121051 [16-38] 0.2288(12)
0.115915 [16-36] 0.3060(13)
0.109399 [16-30] 0.4117(15)
Kn [fmin = tmax] ~ aMp, (i) Mp, (i +1)/Mp, () aMp:x (i) Mpx (i + 1)/ Mpz (i)
0.130260 [10-42] 0.4845(5) - 0.5216(6) -

0127737  [10-42] 0.5804(6)  1.1978(2) 0.6103(6)  1.1700(3)

0.124958  [10-42] 0.6763(6)  1.1652(2) 0.7008(6)  1.1484(2)

0.121051  [10-40] 0.7994(6)  1.1821(2) 0.8191(7)  1.1688(2)

0.115915  [10-36] 0.9467(6)  1.1842(2) 0.9624(7)  1.1749(2)

0.109399  [10-34] 1.1183(7)  1.1812(2) 1.1306(8)  1.1747(1)

K [tmin = tmax] ~ afH, () Sfo, G+ 1D/ fH, () afux (i) Sax(+ 1)/ frs @)
0.130260 [13-42] 0.0603(8) - 0.0714(8) -

0127737  [13-42] - 1.019(4) - 0.983(2)

0.124958 [13-42] - 1.008(4) - 0.984(2)

0.121051 [13-40] - 1.004(5) - 0.988(3)

0.115915 [13-36] - 0.986(10) - 1.007(4)

0.109399 [13-34] — 0.982(11) - 1.028(11)
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Table 24 Average PCAC heavy
and strange quark masses for the
ensemble O7

[#min = fmax]

ampcac (Kp, Ks)

0.130220 [16-46] 0.0993(4)

0.127900 [16-46] 0.1315(5)

0.124944 [16-46] 0.1730(7)

0.120910 [16-42] 0.2309(9)

0.115890 [16-40] 0.3065(10)

0.109400 [16-32] 0.4118(14)
masses and qenny commts for X1 limin —tmax] aMp, () Mi, G+ D/Mu () My () My G+ D/Me ()
the ensemble O7 0.130220  [10-55] 04851(4) - 05213(6) -

0.127900 [10-55] 0.5734(4) 1.1821(2) 0.6029(7) 1.1566(3)

0.124944  [10-55] 0.6756(5)  1.1782(2) 0.6995(7)  1.1602(2)

0.120910 [10-50] 0.8024(5) 1.1877(2) 0.8213(7) 1.1740(2)

0.115890 [10-406] 0.9462(5) 1.1792(2) 0.9609(7) 1.1701(2)

0.109400 [10-34] 1.1170(6) 1.1805(2) 1.1280(7) 1.1739(2)

K [fmin — fmax] afy, (i) S, G+ 1)/ fh, (D) afuzx (i) S+ 1/ fur @)

0.130220 [14-55] 0.0589(7) - 0.0705(10) -

0.127900 [14-55] - 1.002(4) - 0.987(2)

0.124944 [14-55] - 0.991(7) - 0.985(2)

0.120910 [14-50] - 1.006(27) - 0.983(8)

0.115890 [14-46] - 1.050(33) - 0.995(8)

0.109400  [14-34] - 0.996(37) - 1.020(6)
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