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Abstract

Dark Matter Detection Phenomenology

by

Ahmet Coşkuner

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Kathryn M. Zurek, Co-chair

Professor Lawrence J. Hall, Co-chair

In the last century, cosmological and astrophysical observations indicated that ∼ 85% of the
matter in the universe is inert, non-baryonic and non-luminous dark matter. The existence of
particle dark matter is well motivated, however, all that is known about its nature is indirect
information coming from large-scale astrophysical/cosmological observations or laboratory
bounds. The nature of this elusive yet abundant dark matter naturally became one of the
greatest conundrums in modern science. A tremendous effort was spent on exploring the
theory space and building detection experiments. Still, the dark matter remained elusive.
This elusiveness emphasized the importance of a more comprehensive approach to the dark
matter hunt: The standard minimalist scenarios may not be sufficient; wider mass ranges
and richer “dark sectors” may need to be considered. The dark sector theories’ potential
to address the dark matter problem along with other problems in the Standard Model, and
the independent motivation for them coming from various top-down models, caused them to
get significant traction. In addition to exploring a broad range of theoretical possibilities,
another important aspect of dark matter detection is background reduction. Since the dark
matter particles are competing with the Standard Model particles for interacting with the
experiments, the methods distinguishing the dark matter events are crucial to improve the
signal-to-noise ratio. In this dissertation, we have embraced a comprehensive approach to
dark matter detection by considering a wide range of dark matter candidates (with large
freedom in mass, and considering nonminimal dark sectors), interactions (including nuclear
recoils, collective excitations, electron excitations), and targets (including superfluids, su-
perconductors, Dirac materials, polar crystals.) In addition to overall reach constraints, we
also focused on the anisotropies and the daily modulation prospects to explore the potential
to distinguish dark matter signals from the background noise effectively.
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Chapter 1

Introduction

Discoveries in Cosmology in the last century have shown that the vast majority of the energy
content in the Universe is unfamiliar: Only the ∼ 5% of energy is the “familiar” baryonic
matter, whereas the remaining ∼ 95% consists of dark energy and dark matter (DM) (which
compose ∼ 70% and ∼ 25% of the Universe’s energy, respectively). Dark energy is an
unknown type of energy that affects the Universe at the largest scales and is responsible
for its accelerated expansion [1], and DM is a non-baryonic, non-luminous type of matter
(hence the name “dark”), which has become an integral part of the ΛCDM (Lambda cold
dark matter) cosmology [2, 3].

The success of the ΛCDM cosmology has established the existence of DM with a high
degree of confidence, and astrophysical observations provided further evidence for it. Even
though the Universe at large scales gives us hints about the features of DM, our knowledge
about its particle physics properties is limited (since the DM has never been observed to
interact with other particles through an interaction other than gravity). In that sense, our
understanding of what DM is (and what it is not) is based almost solely on our “macro”
observations on large-scale properties of the Universe and astronomical objects.

Unsurprisingly, understanding the nature of this mysterious DM has become one of the
main goals in physics. This new type of matter has to be compatible with our current under-
standing of particle physics and conserve the successes of ΛCDM cosmology. Accordingly,
the possibilities being explored in the hunt for DM are expansions to our Standard Model
(SM) of particle physics, and ΛCDM cosmology.

The DM challenge is unique. Historically, there have been other challenging particle
hunts too. After estimating the neutrino cross section to be less than 10−44cm2, Bethe and
Peierls famously predicted that “It is therefore absolutely impossible to observe processes
of this kind with the neutrinos created in nuclear transformations.” [4] Still, the ingenuity
of experimentalists proved the existence of these ultra-weakly interacting particles less than
two decades later. What makes this challenge different than the DM challenge is, even
though the cross section was small, the nature of the interaction was not unknown. There
have been well motivated predictions for the way neutrinos interact with other particles, and
those predictions guided the experimental discovery efforts. However, for the case of DM,
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how it interacts with the SM particles is not known. It is fair to say that we are looking
for a particle that we do not know about (All we know is indirect information coming from
cosmological/astrophysical observations and laboratory bounds.) This makes the theory
space wide: There are minimal DM models and more complicated dark sectors, bottom-up
and top-down approaches, huge freedom in the allowed mass range, and interaction cross
sections.

This freedom in theory space and the elusiveness of the DM so far provides motivation
for a comprehensive approach to the hunt for DM: A broad range of possibilities for the
nature of DM are worthy of consideration.

• DM mass can range from ultra-light to ultra-heavy, with a freedom around 90 orders
of magnitude.

• DM can have a nonminimal dark sector with its “hidden” dynamics. It can be inter-
acting with the SM particles through various mediators/portals.

• DM can be interacting with the SM particles by depositing lower energies than the
thresholds of the current experiments.

Even if we optimistically assume that we make accurate predictions about the nature of DM
and its interactions, the challenge is not over. Other particles compete with DM interactions
in the experiments, causing background noise. Therefore another crucial aspect of DM
detection is improving the signal-to-noise ratio [5].

In this thesis we aimed to embrace a comprehensive approach and considered a diverse
range of possibilities for the nature of DM. In addition, we focused on the anisotropic mate-
rials and the daily modulation of the scattering rate to distinguish the DM events from the
background events more effectively. To summarize:

• Ch. 2 introduces the fundamentals of the hunt for DM. It is an introductory chapter
explaining the basics and the motivation for the chapters to follow.

• Ch. 3 (Ref. [6]) considers a hidden sector scenario: Asymmetric Dark Matter (ADM).
There we discuss how ultra-heavy composite ADM nuggets can form and how they may
interact with the SM particles by considering nuclear recoils, collective excitations and
electronic excitations. We compare low threshold low exposure experiments to higher
threshold higher exposure experiments to observe the effect of coherent enhancement.
We also discuss indirect constraints on composite Asymmetric Dark Matter.

• Ch. 4 (Ref. [7]) analyzes the small O(meV) band gap Dirac Materials for dark-photon
mediated scattering and absorption of light DM events. The daily modulation prospects
of the anisotropic Dirac materials were studied and the factors affecting the daily mod-
ulation amplitude were discussed.
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• Ch. 5 (Ref. [8]) evaluates 26 materials for single phonon excitation events. There we
study the reaches and the daily modulation amplitudes of a wide variety of targets and
discuss the factors affecting the modulation amplitudes.

A more detailed explanation of chapters 3, 4, and 5 can be found below:
Chapter 3: We study the reach of direct detection experiments for large bound states

(containing 104 or more dark nucleons) of Asymmetric Dark Matter. We consider ordinary
nuclear recoils, excitation of collective modes (phonons), and electronic excitations, paying
careful attention to the impact of the energy threshold of the experiment. Large exposure
experiments with keV energy thresholds provide the best (future) limits when the Dark
Matter is small enough to be treated as a point particle, but rapidly lose sensitivity for more
extended dark bound states, or when the mediator is light. In those cases, low threshold, low
exposure experiments (such as with a superfluid helium, polar material or superconducting
target) are often more sensitive due to coherent enhancement over the dark nucleons. We
also discuss indirect constraints on composite Asymmetric Dark Matter arising from self-
interaction, formation history and the properties of the composite states themselves.

Chapter 4: Dirac materials, because of their small O(meV) band gap, are a promising
target for dark photon-mediated scattering and absorption of light dark matter. In this
chapter, we characterize the daily modulation rate of dark matter interacting with a Dirac
material due to anisotropies in their crystal structure. We show that daily modulation is an
O(1) fraction of the total rate for dark matter scattering in the Dirac material ZrTe5. When
present, the modulation is dominated by the orientation of the material’s dielectric tensor
with respect to the dark matter wind, and is maximized when the crystal is oriented such
that the dark matter wind is completely aligned with the largest and smallest components of
the dielectric tensor at two different times of the day. Because of the large modulation, any
putative dark matter scattering signal could be rapidly verified or ruled out by changing the
orientation of the crystal with respect to the wind and observing how the daily modulation
pattern changes.

Chapter 5: Single phonon excitations are sensitive probes of light dark matter in
the keV-GeV mass window. For anisotropic target materials, the signal depends on the
direction of the incoming dark matter wind and exhibits a daily modulation. We discuss
in detail the various sources of anisotropy, and carry out a comparative study of 26 crystal
targets, focused on sub-MeV dark matter benchmarks. We compute the modulation reach for
the most promising targets, corresponding to the cross section where the daily modulation
can be observed for a given exposure, which allows us to combine the strength of DM-
phonon couplings and the amplitude of daily modulation. We highlight Al2O3 (sapphire),
CaWO4 and h-BN (hexagonal boron nitride) as the best polar materials for recovering a
daily modulation signal, which feature O(1 – 100)% variations of detection rates throughout
the day, depending on the dark matter mass and interaction. The directional nature of single
phonon excitations offers a useful handle to mitigate backgrounds, which is crucial for fully
realizing the discovery potential of near future experiments.
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Chapter 2

Fundamentals of the Hunt for Dark
Matter

The evidence for DM also gives us information about its properties. Accordingyly, investi-
gating the evidence for its existence also means collecting clues about its nature. In the next
section (Sec. 2.1) we discuss the evidence for (and therefore the known properties of) DM.

In Sec. 2.2 we explore the thermal freeze-out scenario and the weakly interacting massive
particle (WIMP) miracle.

Sec. 2.3 lays out the framework for the direct detection of dark matter. The detailed
discussion of the kinematics including the daily and annual modulations of the rate help to
interpret the work done on background suppression in the chapters to follow.

In Sec. 2.4 we consider a nonminimal dark sector by focusing on asymmetrically produced
dark matter. We discuss how composite states can form, and how the coherent enhancement
can provide a massive advantage for the low threshold experiments.

2.1 Dark Matter: Statement of the Problem, and the

Evidence

Evidence for Dark Matter

Since the only way the DM was observed to interact with the “ordinary” matter is through
gravity, the observations that indicate its existence are all large-scale cosmological or as-
trophysical observations. In this section we will investigate the observations that serve as
evidence for DM in rough chronological order, and then discuss the crude properties of DM
that we infer from this observational evidence.
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Zwicky and the Galaxy Cluster Masses

In papers published in the 1930s, Zwicky has calculated the mass of the Coma galaxy cluster
using the virial theorem [9] (utilizing the redshift data by Hubble and Humason [10]). Hubble
and Humason noticed that eight galaxies in the Coma cluster were observed to have a peculiar
velocity distribution with large scatters compared to other clusters observed. This peculiarity
attracted the interest of many, and Zwicky was the first to get a mass estimate of the galaxy
cluster via the virial theorem. After this analysis, he famously announced (in his original
1933 paper in German) “If this would be confirmed, we would get the surprising result that
dark matter is present in much greater amount than luminous matter.” which became a
popular quote in virtually any dark matter related presentation. Although he was cautious
with the statement, he came up with both the first evidence and the name for this new type
of matter: dark matter.

Zwicky started with the fundamental law of the motion of nebulae (σ), which was fun-

damentally a ~F = m~a equation recast for the nebulae:

Mσ
d2~rσ
dt2

= ~Fσ , (2.1)

with M and ~r denoting the mass and position of the nebula respectively, and ~F stands for
the total force acting on it. Multiplying both sides by ~r and summing over the nebulae (σ
index) yields:

1

2

d2Φ

dt2
= Vir + 2KT , (2.2)

where Φ =
∑

σMσr
2
σ is the polar moment of inertia, Vir =

∑
σ ~rσ · ~Fσ is the virial, and

KT is the total translational kinetic energy of the nebulae in the galaxy cluster. Zwicky
assumes the cluster is stationary and therefore the polar moment of inertia oscillates around
a constant value in time. This makes the time average of the change in Φ zero. Thus,
denoting the time averages with a bar, one gets:

Vir = −2KT . (2.3)

Then, assuming the gravitational interactions among the nebulae are accurately described
by Newton’s law of gravity, one also gets Vir = U where U is the total gravitational potential
energy of the cluster due to its constituent nebulae. Combining these equations gives rise to
the equation that is known as the virial theorem:

−Ū = −2K̄T =
∑
σ

Mσv2
σ , (2.4)

where again, the σ indices denote individual nebulae, and vσ is the speed of a single nebula.
Zwicky assumes a spherical distribution of nebulae in the cluster and uses the corresponding
polar moment of inertia:

U = −G3Mcluster

5Rcluster

, (2.5)
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with G being the familiar Newton’s gravitational constant. Using double bars to denote
averaging over both time and the masses,

∑
σMσv2

σ can be recast as:∑
σ

Mσv2
σ = Mclusterv2 . (2.6)

This gives a way of writing down the cluster mass:

Mcluster =
5Rclusterv2

3G
. (2.7)

In his original paper, Zwicky discusses that the uniform mass distribution assumption is not
valid for the Coma cluster, and following an example nonuniform mass distribution he comes
with a more conservative estimate of the cluster mass:

Mcluster >
Rclusterv2

5G
. (2.8)

Then, having this framework built, Zwicky analyzed the Coma cluster (assuming 1000 galax-
ies, a radius of 2×106 light years, and using the observed 700 km/s velocity dispersion), and
he arrived at an unexpectedly high mass to light ratio (γ) of around 500 [9]. He compared
this result to the mass to light ratio obtained from the local Kapteyn stellar system (γ′ = 3),
and stated that the discrepancy is so great that a further evaluation of the problem is in
order. In the same paper, Zwicky made statements describing his thoughts about what this
“dark matter” is: “we must know how much dark matter is incorporated in nebulae in the
form of cool and cold stars, macroscopic and microscopic solid bodies, and gases.” Zwicky
realized that this mysterious form of matter was non-luminous. As we have discussed in the
preceding chapters, this observational evidence also gave us clues about the properties of
DM. In the following years, methods similar to Zwicky’s established the existence of dark
matter with much higher confidence. Still, Zwicky’s prediction is infamous for being the very
first prediction of DM.

Rubin and The Galactic Rotation Curves

One way to measure the speed of the gas rotating around galaxy centers is to measure the
redshift (or Doppler shift) of the light coming from the baryons (For example, redshifts in the
21 cm hyperfine transition observation of hydrogen atoms [11]). Assuming certain symmet-
rical structures for the galaxies, significant information about the expected velocities for the
rotating gasses can be inferred. Assuming the mass distribution in galaxies is cylindrically
symmetric (which is a reasonable assumption considering the disk shaped galaxies), one can
write down the expected circular speed of rotating gas particles (for example, stars) at a
distance r from the center, by using Newtonian gravity:

vθ(r) =

√
GMenclosed(r)

r
, (2.9)
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Figure 2.1: Rotation curves of 3 galaxies (M31, M101, and M81) in addition to the Milky
Way. The curves flatten in large radii. [12]

where Menclosed(r) is the mass enclosed in a cylindrically symmetric Gaussian shape with
radius r, and vθ denotes the circular (tangential) speed. The radial dependence of the
speed above will depend on the mass distribution inside the galaxy. However, outside the
galaxy where the enclosed mass is simply the total mass of the galaxy, the radial dependence
simplifies:

vθ(r) =

√
GMtotal

r
outside the galaxy. (2.10)

This behavior of vθ(r) ∝ r−1/2 is called Keplerian fall-off, which indicates the expected
behavior of circular speed outside the galaxy. However, in the '70s and '80s, multiple papers
have strongly established that the rotation curves were linear in lower radius values and
flattened at higher r values, rather than the expected r−1/2 fall-off [11–14] (an example
figure demonstrating this behavior can be seen in Fig. 2.1). Assuming spherical halo shapes
for the galaxies, flat rotation curves implied a linear increase of total mass with radius.

The easiest way to explain this is the presence of matter outside the luminous part of
the galaxy 1. For example, assuming uniform mass distribution in a sphere (Mr ∝ r3), the

1It is worth noting that another way of explaining this behavior is to think that the standard Newtonian
gravity picture works differently at large scales. There are models (called modified Newtonian dynamics or
MOND models) exploring this possibility, however they are not as successful as the cold particle DM picture
in explaining other evidence we will discuss in the following sections.
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circular speed would be:

vθ(r) ∝
√
Mtotal

r
∝ r . (2.11)

This explains the linear dependence of the circular speed on radius in lower radii values.
The fact that the curve flattens in the high radii values indicates that, at those higher
distances from the center, the enclosed mass still increases as the radius increases, implying
the presence of the non-luminous “dark” matter. Even though the calculational details of
the picture change depending on the actual mass distribution of individual galaxies, these
rough properties derived (like expected Keplerian fall-off where there is no mass and linear
curves at small radii, etc.) hold for other cylindrically symmetrical distributions as well.

The advent of radio telescopes and further observations to this day have only confirmed
these nontrivial findings further [15, 16]: the rotation curves either flattened or declined at
a much slower rate than the naively expected Keplerian fall-off behavior of vθ(r) ∝ r−1/2,
providing strong evidence for nonluminous DM.

Cosmic X-ray Observations

The baryonic matter under a strong gravitational potential emits Bremsstrahlung radiation,
whereas the baryonic matter in environments with weak gravitational potential present emits
much fewer photons. Measuring the x-ray profile of a baryonic gas (which includes its thermal
Bremsstrahlung profile) provides a way of measuring the gravitational potential affecting the
gas, therefore the mass profile of the galaxy. By assuming spherically symmetric galaxies,
and with help from statistical mechanics, the mass content of a galaxy can be estimated as
follows.

Assuming spherical symmetry, the Euler’s equation of fluid dynamics can be recast as:

ρ
d~v

dt
= −∇p− ρ∇Φ , (2.12)

where ρ and p denote the density and the pressure respectively. In equilibrium where ~v = 0,
Eq. 2.12 implies

dp

dr
= −GNM(r)ρ

r2
, (2.13)

where GN is the gravitational constant, and M(r) is the mass enclosed in the radius r. To
write the pressure p as a function of temperature T , we can utilize the ideal gas law by
assuming a gas consisting of nucleons:

p =
ρkBT

mN

, (2.14)

where mN is the mass of a nucleon. Substituting the expression for p in Eq. 2.14 into Eq. 2.13,
the mass enclosed M(r) can be written as:

M(r) =
kBTr

GNmp

(
−dlnρ

dlnr
− dlnT

dlnr

)
, (2.15)
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Figure 2.2: Baryonic mass density in the Bullet Cluster (obtained through X-ray obser-
vations, shown in pink) and “dark” mass density in the Bullet Cluster (obtained through
gravitational lensing, shown in blue) overlayed. The image was created by combining the
work of Refs. [19, 20].

which relates the total mass profile to the temperature and the gas density profile. This
relation can be used to probe the mass content of a galaxy by using its temperature data.

When the temperatures are measured using x-ray profiling, the discrepancy between
the observed temperatures and the temperatures expected from the gravitational effects of
baryonic matter implies the presence of nonbaryonic matter in galaxies [17]. This alone
serves as proof that DM exists, however the evidence becomes stronger when combined with
weak gravitational lensing, which is discussed in the next subsection.

Weak Gravitational Lensing

According to the theory of general relativity, the path of light is affected by gravitation, and
thus the massive objects bend the trajectories of photons. This distortion in the observed
images due to photons tracking curved geodesics can be used to probe the presence of
gravitational force, and hence the mass in a region. Applying this method in large scales, for
example to the galaxy clusters, provides another way of probing the mass present in those
galaxy clusters [18].

Overlaying the mass profile of luminous baryonic matter obtained through x-ray obser-
vations and the “dark” mass profile obtained through the gravitational lensing yields an
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interesting observation that can be seen in Fig 2.2. After the collision of these two huge
galaxy clusters, the baryonic gas clouds collided and their shapes were distorted. However
the “dark” clouds did not interact (or interacted very weakly) by means of any interaction
other than gravity. This observation of colliding baryonic gas and collisionless DM gas serves
as one of the most compelling pieces of evidence for the existence of DM, partly because this
phenomenon is hard to explain with competing modified gravity models and more directly
indicates a particle DM compared to the other evidence we have discussed so far.

Cosmic Microwave Background and Matter Power Spectra

Details of the predictions of Cosmic Microwave Background (CMB) and matter power spectra
are beyond the scope of this brief review, still, we will qualitatively discuss how the presence
of cold DM fits greatly to our understanding of cosmology and cosmic evolution. As discussed
in Ch.7 of Ref. [3] and Ch.9 of Ref. [2], the anisotropies in both the CMB and power spectra
sensitively depend on the presence of DM in the Universe.

As shown in Fig. 2.3, both the CMB and power spectra strongly confirm the ΛCDM
cosmology which relies on the presence of dark matter. These figures can be qualitatively
interpreted as follows: Both CMB and power spectra are measures of anisotropies in struc-
ture in the Universe. The lack of DM is expected to give rise to a much more isotropic or
“smooth” universe, and the anisotropies observed in cosmic structures are hard to explain
without proposing the existence of the DM. The existence of DM provides “gravitational po-
tential wells” that help the matter collapse together, helping the formation of the anisotropic
structures observed. This, which is quantitatively shown in Refs. [2, 3] provides yet another
powerful evidence for DM. Just like the weak gravitational lensing and the Bullet Cluster dis-
cussion, this anisotropic structure formation (derived from CMB and power spectra) is also
another piece of DM evidence that is hard to explain with MOND theories, strengthening
the case for the particle DM.

General Properties of Dark Matter

So far we have discussed the evidence for DM, and all the observations considered were
related to large scales. Thus almost all of our understanding of what DM is comes from
the macroscopic/cumulative observations of it. Since no DM particle has been observed
in a laboratory, we have no direct clues about its particle physics properties. Still, the
macroscopic observations provide rough information on the particle properties the DM has to
have. These are the requirements a DM hunter has to fulfill when considering the possibilities
about what DM could be.

To start with, as the name implies, DM has to be dark. In other words, it should not
interact electromagnetically, or emit photons. This virtual lack of electromagnetic interaction
of DM can be used to put constraints on how much charge it can have [23]. Not being able
to emit photons implies DM cannot cool efficiently by means of photon emission, therefore
it is dissipationless. Without this efficient electromagnetic cooling mechanism available, it is



CHAPTER 2. FUNDAMENTALS OF THE HUNT FOR DARK MATTER 11

Figure 2.3: Top: An analysis of the matter power spectra, comparing the DM picture (black
line) and a no DM picture (dashed blue line) to the observations (shown in red) [21] (The
solid blue lines are predictions of a MOND theory.). Bottom: An analysis of the CMB
spectra, comparing various scenarios of abundances of DM to the observations (shown in
red) using WMAP 7-years data. [22].
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harder for DM to lose its energy, collapse on itself and form structures. This explains why
DM is more evenly spread in space compared to baryonic matter.

Following the discussion on Bullet Cluster in Sec. 2.1, DM gasses apparently do not
interact (or interact very weakly) with interactions other than gravity. The fact that DM
clouds in the Bullet Cluster passed through each other with virtually no distortion to their
shapes translates to limits on how much DM particles can interact with each other or with
baryonic matter.

DM also needs to be fluid, in the sense that, it cannot consist of a small number of ultra-
heavy objects. The possible extremely heavy dark matter particles would distort the other
stellar objects, for example, stellar clusters [24]. The observed behavior of visible stellar
objects puts constraints on how large or “granulated” the DM can be. Gravitational lensing
observations also put constraints on the granularity of DM, since the DM masses that are
too massive would have corresponding weak gravitational lensing signatures.

Another property of DM is, it is classical in the sense that it is localized in galaxies.
The fact that DM can be confined to smaller galaxies like dwarf galaxies indicates that its
quantum properties (de Broglie wavelength, to be specific) allow it to be confined to these
scales. This also translates to limits on how large the de Broglie wavelength of a DM particle
can be.

Since only the crude properties like the ones discussed can be inferred about the DM,
the range of possibilities is wide. A large number of different theoretical candidates were
explored: Some were minimal extensions to the standard particle and cosmology pictures,
and some others were nonminimal models with more complex internal dynamics (Nonminimal
“dark sectors” which are well motivated by various top-down approaches like string theory
and supersymmetry, and aim to solve various problems of SM in addition to the DM problem,
are discussed in more detail in Ch. 2.4.) An overview of the popular DM candidates is shown
in Fig 2.4.

Distribution of Dark Matter in the Universe: Density and Velocity Profiles

The flattening rotation curves we have discussed indicate a DM density profile that has a
radial dependence of ρ(r) ∝ 1/r2. Having this piece of information, and considering the
rough properties of DM discussed, we can use classical mechanics to try to infer the velocity
distribution of the DM gas.

The evolution of the phase space density f(~r,~v) of a gas is described by the Boltzmann
equation:

~L(f) = ~C(f) , (2.16)

where ~L(f) is the Liouville operator and ~C(f) is the collision operator. In the non-relativistic
limit, the Liouville operator can be written as:

~L(f) =
∂f

∂t
+ ~̇r

∂f

∂~r
+ ~̇v

∂f

∂~v
. (2.17)
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Figure 2.4: A summary of popular DM candidates and the search techniques, from Ref. [25].

Putting the possibility of the DM interactions in parentheses and assuming the gas is colli-
sionless, we will have ~L(f) = 0. According to Jeans theorem, solution to this requirement
in steady state (∂f

∂t
= 0) can only be an (~r,~v) pair that satisfies

d

dt
I(~r(t), ~r(t)) = 0 (2.18)

for integrals of motion I(~r(t), ~r(t)). Accordingly, for a spherically symmetric, steady state
halo, Jeans theorem yields that the f(~r,~v) can only depend on the energy. For convenience,
we define the energy per unit mass ε = Ψ − 1

2
v2 where Ψ is the gravitational potential.

Aiming to get a ρ(t) ∝ r−2, we conveniently choose a phase space density distribution
f(~r,~v) = f(ε) ∝ eε. This yields (with the velocity dispersion σ):

ρ ∝
∫ ∞

0

dv v2f(v) =

∫ ∞
0

dv v2 exp

(
Ψ− v2/2

σ2

)
∝ eΨ/σ2

. (2.19)
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This combined with the Poisson’s equation ∇2Ψ = −4πGρ gives

ρ(r) =
σ2

2πGr2
, (2.20)

which is the ρ(r) ∝ r−2 density distribution we aimed for. As a result, we see that a velocity
distribution

f(v) ∝ e−v
2/σ2

(2.21)

gives us a mass density profile that is consistent with the flattening rotation curves, thus
it is a good ansatz for the actual velocity distribution of DM. This observation comes with
a slight caveat: This density profile, when integrated, would yield an infinite mass. This
indicates that the assumption of flat rotation curves should no longer be valid in high radial
distances (which are not in the reach of current observations).

In this calculation to get an analytic velocity distribution expression, we have made vari-
ous assumptions (steady state and axially symmetric galaxies, etc.) that are not completely
valid. So it is helpful to compare the behavior of this analytic expression to the results of
more sophisticated simulations. One famous set of figures comparing the Maxwell-Boltzmann
(MB) velocity distribution to results of various simulations is shown in Fig. 2.5.

2.2 Thermally Produced Dark Matter: The WIMP

Example

Relic Density and the WIMP Miracle

WIMP stands for “weakly interacting massive particle” and has been a popular candidate
for dark matter (due to reasons we will discuss in this section). Even though the lack
of WIMP signals in recent detection experiments challenged the WIMP paradigm, it still
provides an informative framework to study DM detection phenomenology and relevant
particle production mechanisms. Accordingly, in this section, we will discuss some popular
(proposed) DM production mechanisms, and the reasons the idea of WIMP got the field so
excited that the term “WIMP miracle” was introduced.

We start with considering the production of DM with the freeze-out mechanism. We
will consider a 2 → 2 event χχ → XX where χ and X denote the DM and SM particles
respectively. To review the essence of freeze-out mechanism, in the early universe when this
reaction is in chemical equilibrium, the number of DM and corresponding SM particles are
also in chemical equilibrium. Then, as the Universe expands and cools down, the possibility
of particles finding each other to react gets lower and the reaction “freezes”, leaving the DM
with a constant co-moving density 2. Beyond this point the DM density is diluted only by
Hubble expansion. The time that this decoupling from the equilibrium happens is when the

2Exceptions like self interactions of DM are ignored in this deliberately simple picture.
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Figure 2.5: Comparison of the best fitting Maxwell-Boltzmann velocity distribution (dotted
lines) with the results of Via Lactea and GHALO simulations (red lines). Light green regions
indicate 68% scatter and dark green boundaries indicate maximum and minimum ranges [26].
As can be seen, MB velocity distribution is not a perfect fit to the simulation results, but is
a reasonable analytic estimate.
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reaction rate falls below the Hubble expansion rate, which corresponds to the condition:

Γchemical = nχ〈σv〉 ∼ H , (2.22)

where Γ, nχ, 〈σv〉 and H stand for the reaction rate, DM number density, velocity-averaged
cross section and Hubble rate. Even after this χχ→ XX reaction “freezes” and is decoupled
from the chemical equilibrium, it can still be in a state of kinetic equilibrium through the
corresponding elastic events χX → χX. Similar to above, these elastic interactions also
“freeze” or decouple when Γthermal = nX〈σv〉 ∼ H, and the particles move freely without
chemical or thermal interactions. From the cosmology textbooks, we learn the temperature
dependence of particle number densities in relativistic and non-relativistic (hot and cold)
regimes:

nχ ∝ T 3/2e−mχ/T for cold and

nχ ∝ T 3 for hot particle species.
(2.23)

Now, we proceed to investigate the freeze-out density of DM candidates. The equilibrium
condition indicates:

〈σv〉12(neqχ )2 = 〈σv〉34n
eq
3 n

eq
4 . (2.24)

Here the numbers 1,2,3 and 4 denote the particles in the χχ → XX event, and n3 and n4

are written independently to incorporate the possibility of different final particles. Then the
corresponding Boltzmann equation can be written as

ṅ+ 3Hn = 〈σv〉12

(
n2

eq − n2
)
. (2.25)

Switching to the yield notation (Y = n/s where s is the entropy density), and using the fact
that sa3 is a constant (a is the scale factor), the yield equation can be written as:

dY

dt
= 〈σv〉12s

(
Y 2

eq − Y 2
)
. (2.26)

Noting that dx/dt = Hx (x is defined as m/T ) , the equation can be written as a derivative
in terms of x:

dY

dx
= −xs〈σv〉12

H(m)

(
Y 2 − Y 2

eq

)
. (2.27)

The equation above describes the yield of desired particle species as a function of temperature
T , thus gives us an account of the particle density via the mechanism of freeze-out as the
Universe evolves. It can be approximately solved analytically, or can be solved numerically.
Evaluating certain limits allows deriving rough conclusions. When the rate of interaction
is higher than the Hubble rate, the particles maintain equilibrium and the yield depends
on the temperature of the Universe specifically at that point in time (to express this with
equations, Y (x . xf.o.) ' Yeq(x) since Γ� H. Here f.o. stands for freeze-out.) On the other
hand, after the decoupling when the reaction rate is much smaller than the Hubble rate, the
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yield is already frozen out and it corresponds to its value at the freeze-out temperature or
the time (which means, Y (x & xf.o.) ' Yeq(xf.o.) since Γ � H.) The freeze-out event stalls
the yield of DM in the Universe which would otherwise decrease exponentially. Using this
information, and conveniently isolating the x dependence by using 〈σv〉 = 〈σv〉0x−n and
s = s0x

−3, Eq. 2.27 can be simplified to3:

dY

dx
' − λ

xn+2
Y 2, where λ =

〈σv〉0s0

H(m)
. (2.28)

Solving this differential equation yields

1

Ytoday

− 1

Yf.o.

=
λ

(n+ 1)xn+1
f.o.

. (2.29)

Using the fact that typically Yf.o. � Ytoday :

Ytoday '
n+ 1

λ
xn+1

f.o. . (2.30)

For the sake of the argument, by picking xf.o. = 10, we can estimate the DM abundance:(
Ωχ

0.2

)
' xf.o

10

(
5× 10−9GeV−2

σ

)
(2.31)

and therefore (depicting the interaction strength with 〈σv〉 ∼ α2/m2):

Ωχh
2 ∼ 3× 10−26 cm3/s

〈σv〉 '
(

0.01

α

)2 ( m

200 GeV

)2

. (2.32)

If we substitute the weak-scale interaction strength α ∼ 0.01 and mass m ∼ 200 GeV, we
get the observed DM density. A 200 GeV DM particle interacting at the weak-scale almost
magically giving the correct DM density pleasantly surprised the people and this phenomenon
was called the “WIMP miracle”. Weak-scale was a natural place to expect beyond-the-
standard particle physics and cosmology (due to, for example, naturalness considerations)
and the idea of WIMP attracted significant interest. In addition to the minimal extensions to
standard pictures, the similar particles proposed by top-down approaches like supersymmetry
added to the excitement, and WIMPs became the leading candidates in the hunt for DM.
There has been and still is a significant effort to detect WIMPs (which will be discussed
in more detail in the later sections), however, proposed WIMPs were elusive so far and no
signal has been detected.

3〈σv〉 is typically a series in x, and here we assume one annihilation mode dominates.
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Caveats to the WIMP Miracle

Even though the WIMP picture miraculously gives us the correct abundance with an in-
teraction strength that is at the weak-scale, the requirement in Eq. 2.32 is not exclusive to
WIMPs. The requirement can be satisfied by using a wide range of α and m values while
keeping the α/m ratio the same (For examples of these alternative possibilities, you can see
Ref. [27]).

The thermal production of DM via freeze-out mechanism and a simple, one-type DM
particle were other assumptions we had made. There are multiple ways that the WIMP
picture might change, even when these assumptions are still made.

One caveat is the possibility of having a resonance at temperatures near the freeze-out
temperature Tf.o.. If Tresonance ' Tf.o., the velocity averaged cross section used in the freeze-
out calculation 〈σv〉f.o. will be much higher than the 〈σv〉today. This discrepancy between
the interaction strengths at the freeze-out time and today introduces a complication to the
standard freeze-out picture.

Similarly, having a kinematic energy threshold for the production of the final SM particles
also introduces a sharp change in the 〈σv〉. Decreasing temperature, therefore decreasing
collision energy would imply that if the Universe cools down enough to kinematically prohibit
the pair production of the SM particles, the 〈σv〉 would sharply decrease. This would also
imply 〈σv〉today < 〈σv〉f.o.

There are more possible exceptions to the standard WIMP freeze-out picture than can
be discussed here. Some notable examples are self interacting dark matter (SIDM) and
the asymmetric dark matter (ADM). Self interacting dark matter could change the number
density of the DM particles while keeping the entropy unaffected [28] and asymmetric dark
matter (which is covered in Chapter 3) produces the observed DM abundance with an an-
nihilation mechanism similar to the mechanism created the Baryon asymmetry [29]. More
broadly, other possible exceptions are “hidden valley” or dark sector theories that intro-
duce more sophisticated interaction mechanisms for the dark sector compared to the simpler
picture studied in this chapter [30, 31].

2.3 Direct Detection of Dark Matter

Even though there could be theoretical reasons to expect the existence of a certain particle
(like the case for the neutrinos in the first half of the 21st century), the way to actually
confirm its existence and show that it is more than a useful theoretical tool is, its detection.
This makes the detection of dark matter crucial.

The DM can interact with the SM particles elastically or inelastically. An inelastic
interaction, for example:

χ+X → χ′ +X ′ , (2.33)

(again, with χ’s denoting DM particles and X’s denoting SM particles) would imply at least
two different types of DM particles. Even though the work has been done to explore this
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possibility independent of the details of the nonminimal dark sector [32], the details of these
inelastic scattering events highly depend on the DM model considered. And since our current
understanding of the particle properties of DM and the details of the phenomenology of dark
sector are also minimal, the theory space for inelastic scattering is wide. However, elastic
scattering, which can be stated in the form:

χ+X → χ+X (2.34)

allows a minimal treatment with a single DM particle without requiring a richer dark sector
phenomenology. This makes it possible to study elastic scattering events in a rather model-
independent way, which we will do in this section. Since the scattering events are also
interactions, the details of elastic scattering events will also depend on the DM models
considered, though many of the conclusions we arrive at in this section will be applicable to
all the elastic scattering events.

The reader probably already knows that DM detection is a challenge and the extraordi-
nary effort to detect it through multiple ingenious experiments has not returned a positive
outcome so far. The main reason that makes the detection of DM a challenge is: We do not
know what dark matter is, and we have little information about its particle properties (which
are coming from cosmology). For this reason, it is fair to say that we do not know what
we are looking for. Given that the hypothesized particle’s properties are almost completely
unknown, and the way it interacts with SM particles, or if it interacts with SM particles
at all (other than gravitational interaction) are a complete mystery, designing a detection
experiment also becomes a harder challenge with endless possibilities. For the case of recent
particle discoveries in the past century (for example, for the cases of Higgs particle and
neutrinos), the detection was a challenge even though the way those particles interact with
other SM particles were known/predicted. Experimentalists knew how the hypothesized
particles were expected to interact with the more familiar SM particles, and designed the
experiments accordingly, still it took decades to detect them. In the current state of little
to no information regarding the properties of DM, this challenge is amplified.

Another reason that makes DM detection a challenge is, the kinematic restrictions on
detection. In a scattering event, the maximum energy deposited is determined by the kine-
matics, and if that maximum energy deposited is below the threshold energy of the detection
experiment the signal will not be noticed. Therefore ideally for DM detection, the kinematic
space of the scattering events should be available for the detection, which can be achieved
with lower experimental thresholds or larger DM masses (a large particle can deposit higher
energy upon impact). Exploring the conservation of energy helps us see this more quanti-
tatively. For elastic scattering described in Eq.2.34, we label the initial momentums of SM
and DM particle pX1 and pχ1 respectively.:

pX1 = (mN , 0, 0, 0) , pχ1 =

(
mχ +

1

2
mχv

2,mχv, 0, 0

)
, (2.35)

where mN denotes the mass of the target nucleus. With q being the momentum transferred,
we can write down the momentum conservation (after boosting to the center of mass frame
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for convenience):
~q = ~pX2 − ~pX1 ,

~pX1 = µχN~vχ ,

~pX2 = ~q + µχN~vχ ,

(2.36)

where µχN is the reduced mass of the target nucleus and the DM particle. If we conveniently
denote the scattering angle with θ, squaring ~q would give:

q2 = 2p2
X1 − 2~pX1 · ~pX2 = 2p2

X1(1− cos θ) = 2µ2
χNv

2
χ(1− cos θ) . (2.37)

Since the recoil energy ER in the center of mass frame is given by ER = q2

2mχN
, it can be

written as:

ER =
q2

2mN

=
µ2
χN

mN

v2
χ(1− cos θ). (2.38)

Eq. 2.39 gives us a way to calculate the minimum DM mass mχ we can probe for a given
detector threshold energy (Eth).

ERmin = Eth =
q2

2mN

=
mχ

2
min

mN

v2
χ(1− cos θ). (2.39)

In the expression above, since we are looking for the minimum DM mass, we made the sim-
plification that µχN ≈ mχmin. Considering the approximate Eth of the noble gas experiments
as ≈ 1 keV, substituting the galactic escape velocity (vesc ≈ 600 km/h) as an ansatz for the
maximum velocity of the DM particle, and considering a Xenon target as an example (with
A = 131), the minimum mass that can be detected mχmin is found to be around 10 GeV.
This means that, if the event considered is a nuclear recoil, the lowest mass accessible to the
currently running experiments is in the 1-10 GeV range.

The exercise above has shown that the mass range that can be detected by means of
nuclear recoils is already limited. However, even if the DM particles are heavy enough
and observable events happen, this still is not sufficient to announce the existence of dark
matter due to competing background events. Sensitive DM detection experiments will detect
background signals from other particles (like neutrinos.) As a result, having a sufficient DM
signal-to-noise ratio is also crucial. We can write down the rate of scattering from a target
material as:

R = K
vρχ
mχ

σ , (2.40)

where K ≈ 6× 1026/A is the number of target nuclei (each with A nucleons) per kilogram,
σ is the scattering cross section and ρχ is the DM density. Substituting the “WIMP-like”
scattering cross section of σ ∼ 10−37cm2, the DM density of ρχ ≈ 0.3 GeV/cm3, the DM
velocity of vχ ≈ 240 km/s, and an atomic number of A ≈ 130, we find that the expected
rate of events (per kilogram per day) is around 0.01 - 0.1. This small event rate confirms
the toughness of DM detection. The DM-SM scattering rate can be increased by increasing
the target size, however this would increase the background noise as well. Background
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suppression is important and an active area of research [33]. One way of suppressing the
background is to make the DM-SM scattering events more distinctive, which can be achieved
by utilizing the DM’s unique properties. For example, the DM is thought to move in the
galaxy in the form of a DM wind, and this wind’s rotation around the center of the galaxy
means that at a given time of the day or the year the DM wind will be approaching the
experiment from a different direction. This periodic change in the direction of incoming DM
wind can be used to isolate the DM-SM scattering events. Two of the periodic motions that
can be utilized for this purpose are:

• Earth’s motion around the Sun: The relative speed of the Earth with respect to in-
coming DM wind at different times of the year will give rise to a change in DM flux,
which can be detected as a change in the observed event rate [34].

• Earth’s daily rotation: If the scattering event rate is dependent on the orientation of
the target (in other words, if the interaction is not isotropic), the rate will depend on
from which direction the DM wind is approaching, which also depends on the time of
the day [35].

Both these scenarios will be discussed in detail. Since the competing background events (like
neutrinos from the Sun or the black novae) do not share the same motion directions as the
DM wind, being able to utilize the directionality of the DM wind would help distinguish the
events of interest, making the signal-to-noise ratio higher.

Scattering Event Rates

We have already discussed the event rates to some extent, but in this section we will discuss
how to evaluate the expected event rates in more detail. We can state the differential event
rate as:

dR

dER
=

nχ
mN

〈
vχ

dσ

dER

〉
, (2.41)

where dσ/dER is the differential scattering cross section. Writing the velocity averaging
explicitly using the DM velocity distribution, the same expression can be written as:

dR

dER
=

ρχ
mχmN

∫
d3vvflab(v, t)

dσ

dER
, (2.42)

where flab is the velocity distribution in the laboratory frame. The minimum speed detectable
vmin is determined by the kinematics of the event. Following Eq. 2.39 and considering the
back-scatter scenario which corresponds to the minimum DM speed that can be detected:

vmin =

√
mNER
2µ2

χN

(2.43)
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which would correspond to the minimum boundary of the velocity integral. This expression
implies the vmin gets smaller as the detector gets more sensitive (in other words, as Eth gets
smaller), and vmin becomes larger as mχ becomes smaller. This is expected since lighter
DM particles need higher speeds to deposit the same amount of energy, therefore to be
detected by the experiment with a constant energy threshold. The maximum boundary
vmax is typically taken to be the galactic escape speed of vesc ≈ 600 km/s. An inspection of
Fig. 2.5 will show that as vmin gets larger, the tail of the velocity distribution is probed. As
a result, the tail behavior of the velocity distribution becomes significant especially for low
mass DM scenarios.

Now, to proceed, we boost the DM velocity to the lab frame to be able to use the velocity
distribution in the lab.

flab(v) = f (v + vobs(t)) , where vobs(t) = v0 + ve(t). (2.44)

v0 ≈ 220 km/s is the Sun’s speed around the galactic center and ve ≈ 30 km/s is the speed
of the Earth around the sun. Combining Eq. 2.42 and Eq. 2.44, we get:

dR

dER
=

ρχ
mχmN

∫
d3vvf (v + vobs(t))

dσ

dER
(2.45)

To proceed further, one needs to make assumptions about the form of the differential scat-
tering cross section dσ/dER which is model dependent. Therefore we will consider a sample
interaction model by using effective operators, following Ref. [36].

Incorporating Specific DM-SM Interactions

Since electroweak interaction has historically been a source of “new physics”, and further im-
plied by the WIMP miracle, considering a Fermi four-interaction as an effective theory would
be a good starting point. We focus on a spin-1/2 Dirac Fermion DM and the interaction
with the SM particles happens through the mediator φ. To include various possibilities, we
do not make any assumptions about the mass or the spin of the mediator particle. To start
exploring the widely studied phenomenon of DM-nucleon interaction, we further assume the
interacting SM particles are quarks Q. In the light of these, the effective interaction can be
written down as:

L = g′
(
g, q2,mφ

)
χ̄ΓχχQ̄ΓQQ . (2.46)

For completeness, Γχ,Q could be any of {I, γ5, γµ, γµγ5, σµν , σµνγ5}, and g′ (g, q2,mφ) denotes
a generic effective coupling (with g denoting the bare coupling). g′ (g, q2,mφ) is proportional
to 1/m2

φ and 1/q2 for heavy mediator
(
q2 � m2

φ

)
and light mediator

(
q2 � m2

φ

)
scenarios

respectively.
For the next step we follow the usual procedure of effective theory mapping in the non-

relativistic limit. We will map the quark operators to the target particle operators (nucleons
for this case) to get the amplitude M for the DM-nuclei interaction. Then we will utilize
the spinor algebra to evaluate this amplitude in the nonrelativistic limit. As a final step,
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we will use Fermi’s golden rule to get the differential scattering cross section dσ/dER from
the nonrelativistic amplitude Mnr. This procedure is best demonstrated by focusing on an
example Lagrangian, which we do below by considering a spin-independent interaction.

L1 = gχ̄χQ̄Q . (2.47)

For simplicity, we assume an interaction with a heavy mediator (which is also called short
range or contact interaction) therefore the coupling g is independent of the momentum
transfer q. What we are interested in is the interactions with nucleons (n, p). Accordingly,
we map the interaction terms to the nucleon operators. This would give us an amplitudeM
that has terms of the form 〈n|Q̄Q|n〉 and 〈p|Q̄Q|p〉. Such terms can be evaluated using the
QCD energy-momentum tensors [37]. Conveniently, fraction of a nucleon mass accounted
by a quark flavor q is defined as mnf

n
Tq
≡
〈
n
∣∣mqQ̄Q

∣∣n〉 and this way the couplings can be
stated as:

fn =
∑

q=u,d,s

mn
g

mq

fnTq +
2

27
fnTG

∑
q=c,b,t

mn
g

mq

, (2.48)

where fnTG = 1 −∑q=u,d,s f
n
Tq

[38]. When the couplings are mapped into nucleon couplings
this way, the interaction amplitude can be recast as:

M = fpχ̄χp̄p+ fnχ̄χn̄n . (2.49)

The expression above assumes that protons are neutrons behave as single target particles and
their internal structures are not resolved (in other words, we are in the nonrelativistic limit).
The modifications required if the momentum transfer is large enough to probe the internal
structure of the nucleons will be discussed below. For now, we stick to this nonrelativistic
limit. Noting that p̄p and n̄n are the proton and the neutron numbers respectively, M can
be recast in terms of the nucleon fields N :

M = [Zfp + (A− Z)fn] χ̄χN̄ΓNN , (2.50)

where A and Z are the mass and the atomic number respectively. The most general form of
the Lorentz-invariant matrix ΓN , since the answer depends only on qµ and Pµ, gives rise to:

N̄ΓNN = N̄N + N̄γµNqµ + N̄γµNPµ + N̄σµνNqµPν . (2.51)

Utilizing the Dirac equation’s implications γµpµN(p) = mNN(p) and N̄ (p′) γµp′µ = mNN̄ (p′),
the amplitude M can be simplified to:

M = [Zfp + (A− Z)fn] χ̄χN̄N . (2.52)

Before we proceed further, this is a good point to incorporate the possibility of high mo-
mentum transfer events probing the structure of the nucleus. If the interaction is coherent
over all nucleons as in the case of the one we are considering, a form factor can be obtained
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by taking the Fourier transform of the mass distribution in the nucleus. This results in the
Helm form factor [39];

F (q) = 3e−q
2s2/2

(
sin (qrn)− qrn cos (qrn)

(qrn)3

)
, (2.53)

where rn is the nucleus’ radius, and s ' 0.9 fm. With this, the more general form ofM can
be written as:

M = [Zfp + (A− Z)fn] χ̄χN̄NF (q) . (2.54)

Not surprisingly, when the q is small, F (q) ' 1 and we retrieve the Eq. 2.52. Now the
next step is to find the nonrelativistic limit of the amplitudeM. We will use spinor algebra
following the procedure outlined in the Quantum Field Theory textbooks:

N s(p) =

( √
p · σξs√
p · σ̄ξs

)
. (2.55)

Above s denotes spin, and ξ is a two-component spinor. In the nonrelativistic limit,

√
p · σ ≈ √mN − p · σ ≈ √mN

(
1− p · σ

2mN

)
(2.56)

which yields:

N̄ s′ (p′)N s(p) =
(
N s′ (p′)

)†
γ0N s(p)

=
(√

p′ · σξs′†,
√
p′ · σ̄ξs′†

)( 0 1
1 0

)( √
p · σξs√
p · σ̄ξs

)
= ξs

′†
(√

p′ · σ̄√p · σ +
√
p′ · σ√p · σ̄

)
ξs

≈ 2mNξ
s′†ξs ,

(2.57)

where s and s′ denote the spins of incoming and outgoing nuclei respectively. A similar
treatment of χ̄χ gives χ̄χ ≈ 2mχξ

r′†ξr where r and r′ denote the spins of incoming and
outgoing DM particles. This makes the nonrelativistic amplitude Mnr:

Mnr = 4mNmχ [Zfp + (A− Z)fn]F (q)ξs
′†ξsξr

′†ξr . (2.58)

We conveniently drop 4mNmχ because this part originates from the relativistic normalization
convention, and get the differential scattering cross section as:

dσ

dER
=

2mN

πv2

1

(2JN + 1) (2Jχ + 1)

∑
s,s’,r,r’

[Zfp + (A− Z)fn]2 F 2(q)
∣∣∣ξs′†ξ∣∣∣2 ∣∣∣ξr′†ξr∣∣∣2 , (2.59)

where JN and Jχ are the nuclear and the DM spin respectively. After spin summations are
evaluated, we get:

dσ

dER
=

2mN

πv2
[Zfp + (A− Z)fn]2 F 2(q) . (2.60)
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Not surprisingly, we observe that dσ
dER

is independent of spin, since we had started with a
spin independent Lagrangian. We also see that if the coupling to protons and neutrons are
the same, we get dσ

dER
∝ A2 which indicates a coherent coupling to all nucleons in the target

nucleus.
Similarly, a spin-dependent Lagrangian is expected to give a spin-dependent differential

cross section. Following an example in Ref. [37], we can consider the interaction:

L = gχ̄γµγ
5χQ̄γµγ5Q , (2.61)

where g denotes the coupling. This would give rise to a differential cross section:

dσ

dER
=

16mN

πv2
G2
FJ(J + 1)Λ2S(|q|)

S(0)
, (2.62)

where S(|q|) is the spin-independent form factor that would be obtained from the nu-
clear calculations, Λ = (1/J) [ap 〈Sp〉+ an 〈Sn〉], GF is the Fermi coupling constant, 〈Sp〉 =
〈N |Sp|N〉 is the spin of the proton part of the nucleus (and similar for 〈Sn〉), and ap and an
are the effective couplings of the DM particle to the protons and the neutrons respectively.
One observation we make is, for the case of spin-dependent interactions the interaction is not
coherent over all the nucleus. Accordingly, we do not see an A2 dependence in the differential
cross section. This lack of “constructive interference” among target constituents results in
smaller expected interaction rates. Accordingly, the relevant bounds are weaker compared
to the bounds for spin-independent interactions. In Fig. 2.6, we see a compilation of the
bounds and the projected bounds [30]. The figure explores the scenario of spin independent
scattering with a heavy mediator. The target material used depends on the specific experi-
ment, thus it is convenient to factor out the nuclei-dependence to write the bounds in terms
of scattering from individual nucleons:

σN =
µ2
Nχ

µ2
nχ

A2σn, where σN is given by
dσ

dER
=

2mN

4µ2
Nχv

2
σNF

2(q) . (2.63)

Accordingly, the cross section value constrained in Fig. 2.6 is σn.
Some properties common to all shown “WIMP detection” experiments are: They all lose

sensitivity at aroundmχ ' 10 GeV due to experimental energy thresholds (depositing enough
energy to induce a detectable signal gets harder as the mass gets smaller). Sensitivities also
gradually decrease with increasing mass because the expected DM number density decreases
(hence the positive slope of the constraint curves at high masses). These experiments probed
the 10 GeV − 100 GeV range the best, however DM has not been detected yet.

Form of the σn can be evaluated further when focused on specific models. For instance,
for tree-level scattering through the Z boson:

σn ≈
g4µ2

n

4πm4
Z

≈ 10−39 cm2 , (2.64)



CHAPTER 2. FUNDAMENTALS OF THE HUNT FOR DARK MATTER 26

Figure 2.6: Current and projected constraints for the DM-nucleon interaction (with 90%
confidence intervals) [30]. Solid, dashed and dotted lines indicate short, medium and long
term projections respectively. Red circle indicates the rough prediction region for MSSM.
Gray-shaded areas indicate the best experimental bounds, and yellow region indicates the
cross section values where the experiments become sensitive to scattering of neutrinos from
target nuclei (Note that the figure reflects the bounds and constraints from 2017, the year
figure was produced.)

or for neutralinos scattering through Higgs in MSSM, the σn can be stated as [40]:

σn ≈ 8.3× 10−42 cm2

(
Zd
0.4

)2(
tan β

30

)2(
100 GeV

mH

)4

, (2.65)

with Zd, tan β and mH denoting the Higgsino fraction, the mixing angle and the Higgs mass
respectively.
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A Closer Look: Elastic Neutralino Scattering

In this subsection we demonstrate the model dependence of scattering cross sections further,
specifically by focusing on the case of neutralinos. In MSSM, the neutralinos are the neutral

fermion mass eigenstates that are mixtures of
(
B̃, W̃3, H̃

0
1 , H̃

0
2

)
. Bino (B̃), Wino (W̃3),

and two Higgsinos (H̃0
1 , H̃

0
2 ) are the fermionic supersymmetric partners of the hypercharge

gauge boson, SU(2) neutral gauge boson (W 0), and two neutral MSSM Higgses respectively.
Even though a deep understanding of SUSY is not required to follow the argument in this
subsection, in case the reader is interested, one or few of the great reviews on supersymmetry
(like Refs. [37, 41]) can be consulted.

The mass matrix depicting the mixing of the neutralino in the
(
B̃, W̃3, H̃

0
1 , H̃

0
2

)
basis

after the electroweak symmetry breaking is:

Mx̃0 =


M1 0 −g′v1√

2
+g′v2√

2

0 M2 +gv1√
2
−gv2√

2

−g′v1√
2

+gv1√
2

0 −µ
+g′v2√

2
−gv2√

2
−µ 0

 (2.66)

with g and g′ denoting the SU(2) and U(1) hypercharge coupling constants respectively,
and v1,2 being the vacuum expectation value (VEV) of the real, neutral parts of the two
Higgs doublets. The corresponding mass parameters are the gaugino masses M1 and M2,
and the supersymmetric Higgs-higgsino mass parameter µ. In this basis, the neutralino can
be written as:

χ̃0
i = Ni1B̃ +Ni2W̃3 +Ni3H̃

0
1 +Ni4H̃

0
2 . (2.67)

Conveniently, the bino, wino and higgsino fractions for the lightest neutralino are defined to
be |N11|2, |N12|2, and (|N13|2+|N14|2) respectively. The composition of the lightest neutralino
is determined by the relative magnitudes of the mass parameters M1, M2 and µ, and the
phenomenology of neutralino direct detection is highly dependent on the composition of the
neutralino. Below we focus on some important cases to demonstrate the significant effect the
neutralino composition has on the scattering cross section. Following Ref. [42], we rewrite
the neutralino in the photino, zino and higgsinos basis:

χ = γ1γ̃ + γ2Z̃ + γ3H̃
0
1 + γ4H̃

0
2 . (2.68)

The dominant contribution to spin-independent cross section for the elastic scattering of a
neutralino with a nucleus i of atomic number A is due to the exchange of H2 and q̃ (squark).
Assuming the squarks are heavier than all the other particles involved, and assuming they
are degenerate for simplicity, the coherent spin-independent contribution to the cross section
is given by [42]:

σSI
i =

4
√

2

π
GFm

2
Z

m2
im

2
χ

(mi +mχ)2A
2

[
g2

H

m4
H2

+ ε
gHgq̃

m2
H2
m2

q̃

+
3

4

g2
q̃

m4
q̃

]
. (2.69)
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The couplings gH and gq̃ are:

gH =

(
ggg
φNN

2k
(2)
u + k

(2)
d

3
+ gss

φNNk
(2)
d

)
(γ3 sinα + γ4 cosα) γ2

gq =

(
ggg
φNN

2kq̃u + kd
d

3
+ gss

φNNk
d̃
d

)
γ2,

(2.70)

where

ggg
φNN = −

(√
2GF

)1/2 αs

4π

〈N |GG|N〉
Ψ̄NΨN

' 5× 10−4, (2.71)

is the coupling of the gluons inside the nucleon to a standard Higgs through one loop of heavy
quarks. The crucial part of equations 2.69 and 2.70 for our discussion is their dependence on
the fractions γi. It can be seen that there are multiple terms in Eq. 2.69 that are of the form
σSI
i ∝ ∼ (γ3 +γ4)a(γ2)b where a and b are 1 or 2 depending on the term. Qualitatively, these

terms can be interpreted as the higgsino fractions multipled by the gaugino (bino plus wino)
fractions. Accordingly, the spin independent contribution to cross section is maximized for
mixed neutralino states, and suppressed for pure states.

On the other hand, if we focus on the spin-dependent cross section for the elastic scat-
tering of a neutralino with a nucleus i, which is driven by the coupling to the Z boson, we
get [42]:

σSD
N = 3

G2
F

2π
αZg

2
A

m2
χm

2
N

(mχ +mN)2 (2.72)

where αZ = (γ2
4 − γ2

3)
2
. Again, the important aspect for our discussion is the dependence on

the γi fractions. This time the dependence on fractions is rather nontrivial: The coupling
(and therefore the rate) vanishes for pure higgsino states.

To summarize the conclusions in this subsection:

• The spin-independent contribution to cross section (through H2 and q̃ exchange) is
maximized for the mixed states and suppressed for the pure states.

• The spin-dependent contribution to the cross section (through Z exchange) depends
on the higgsino fractions, but vanishes for pure higgsino states.

As can be seen, the MSSM neutralino serves as a perfect demonstration for the dependence
of the scattering cross sections on the assumptions and the parameters of the underlying
models.

Kinematics of Direct Detection

So far we have discussed the ways of constraining the expected interaction cross section of
DM and targets. We also have mentioned that a crucial step in DM detection is to increase
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the signal-to-noise ratio, so that we can be sure that our signal is a DM signal. Considering
the diversity and the abundance of cosmic particle accelerators that could give rise to false
detection signals, the task of background reduction is significant. Two of the most popular
methods proposed for background reduction are, to utilize the changing directionality of
incoming DM particles with respect to the annual and daily motions of the Earth. The DM
is expected to form a halo around the galactic center. Accordingly, the direction and the
flux of incoming DM particles depend on both the time of the year and the day. In this
subsection we explore utilizing the expected annual and daily rate modulations to improve
the signal-to-noise ratio in DM detection.

Annual Modulation

If we restate the Eq. 2.44:

flab(v) = f (v + vobs(t)) , where vobs(t) = v0 + ve(t) (2.73)

and expand the lab velocity as:

vobs(t) ≈ v0 (1 + ε cos [ω (t− t0)] + · · · ) , (2.74)

where ω = 2π/year is the angular frequency of the Earth around the sun, t0 is the initial
time that corresponds to the initial phase of the oscillation, and ε is conveniently defined as
ṽe/v0 where ṽe is the projection of Earth’s velocity along the direction of the Sun’s velocity.
Since ε is small, to a good approximation, the velocity distribution can be expanded as:

f (v + vobs(t)) ' f (v + v0) + ε cos [ω (t− t0)] f ′ (v + v0) + · · · (2.75)

which allows us to write down the rate as:

dR

dE
= A0 + A1 cos [ω (t− t0)] + · · · (2.76)

Eq. 2.76 shows us that the rate has two terms: a constant term and a term that modulates
with the period of a year. The expansion yields higher terms as well which may become
significant depending on the details of the velocity distribution. However, here we will
consider only the two terms shown above for simplicity.

This annual modulation can be interpreted physically. DM dust is assumed to be at rest
with respect to the galactic center, therefore its velocity in the lab frame is equivalent to
the opposite of the Sun’s velocity. Fig. 2.7 schematically shows that the relative speed of
incoming DM particles depends on the direction of the velocity of the Earth. This means
the flux of incoming DM particles varies around the year, resulting in an expected annual
modulation in the DM scattering rate.

In addition, Fig. 2.7 includes another factor that affects the DM flux: Gravitational
focusing [34]. If, with respect to the incoming DM particles, the Earth is “behind” the Sun,
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Figure 2.7: A schematic representation of the annual modulation of the flux of incoming DM
particles, from Ref. [34].

the Sun acts as a gravitational lens collecting the DM particles closer as shown in Fig. 2.7.
On the contrary, if the Earth is in front of the Sun in terms of facing the DM particles first,
the trajectories of incoming DM particles are not altered in a similar way. This effect also
causes a change in flux which depends on relative orientations of the Earth and the Sun, and
the total effect of the annual modulation should be evaluated by considering these multiple
factors altogether. A unique aspect of this gravitational focusing is, it affects the heavier DM
particles more therefore the trajectories of the heavier DM particles are bent more compared
to the lighter ones. This effect theoretically provides a probe to isolate the different effects
in annual modulation with higher confidence, which helps to reduce the signal-to-noise ratio.

Daily Modulation

In the previous section, we have explored the expected annual modulation in the scattering
rate, which depended on the changing flux of incoming DM particles throughout the year.
In this section we will consider the daily modulation of the expected rate. As the Earth
rotates around its axis, the relative velocity (therefore the speed) of incoming DM particles
with respect to the detector changes (visualized in Fig. 2.8). This gives rise to a change in
flux. Also, more importantly, it may boost the speed of the incoming DM particles (in the
lab frame) and cause them to deposit higher recoil energies. This makes DM particles easier
to detect. To explore this possibility, we refer back to Eq. 2.45.
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<latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit><latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit><latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit><latexit sha1_base64="hqjQp0Pb/9qLbkjw/xV0Yy+guLk=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bJJTzmfrbo0UhfwELVR0iJafoeBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBlo8QIbIpIRaYTgEUlNTZJksJObBDCQGE7mNxkfvsBjZWRvqdpjH4IIy2HUgClUqdHYyToY79SdWtuDr5MvIJUWYFGv/LVG0QiCVGTUGBt13Nj8mdgSAqF83IvsRiDmMAIuynVEKL1Z3neOT9NLFDEYzRcKp6L+HtjBqG10zBIJ0OgsV30MvE/r5vQ8NqfSR0nhFpkh0gqzA9ZYWRaBPKBNEgEWXLkUnMBBojQSA5CpGKSNlNO+/AWv18mrfOa59a8u4tq/bJopsSO2Qk7Yx67YnV2yxqsyQRT7Ik9sxfn0Xl13pz3n9EVp9g5Yn/gfHwD12KUeQ==</latexit>

crystal
<latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit>

z�axis
<latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit>

t = 0
<latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit>

t = 1/2 day
<latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit>

crystal
<latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit>
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Figure 2.8: A visualization of the daily modulation of incoming DM flux, taken from Ref. [7]
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dER
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ρχ
mχmN

∫
d3vvf (v + vobs(t))

dσ

dER
. (2.77)

As we can remember from the Fermi’s golden rule, dσ
dER

has an energy conservation delta
function.

dR

dER
∝ δ (Ef − Ei − ω) . (2.78)

Above we denote the deposited energy with ω. This energy conservation condition can be
applied to the velocity integral:

g(q, ω) ≡
∫
d3vfχ(v)2πδ (Ef − Ei − ω) . (2.79)

So far what we have done does not have a physical significance, we simply started thinking
of the energy conserving delta function as a part of velocity integral rather than the dR

dER
.

However, when the commonly used Maxwell-Boltzmann velocity distribution is used, the
integral in Eq. 2.79 can be evaluated analytically to find:

g(q, ω) =
2π2v2

0

N0q

[
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−/v

2
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)
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−v2

esc/v
2
0

)]
, (2.80)

where

v− = min

{
1

q

∣∣∣∣q · ve +
q2

2mχ

+ ω

∣∣∣∣ , vesc

}
. (2.81)
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The g(q, ω) function serves as a phase-space weight factor which determines where in the
phase space the events are favored or suppressed kinematically. To investigate the behavior
of g(q, ω) function further, we conveniently define

v∗ ≡
q

2mχ

+
ω

q
. (2.82)

• For v∗ ≥ vesc + ve, we would have v− = vesc and the g(q, ω) function would be zero at
all times. This corresponds to the kinematically forbidden region.

• For ve ≤ v∗ < vesc + ve, the g(q, ω) function is maximized when q̂ · v̂e = −1. To
state this qualitatively, in this region, the rate is expected to get maximized when the
relative directions of q̂ and v̂e correspond to full back-scatter.

• Finally, in the v∗ ≤ ve region, g(q, ω) function is maximized when q̂ · v̂e = −v∗/ve. In
this region the events are kinematically allowed for any momentum transfer direction,
therefore g(q, ω) function is always positive for any q̂.

Behaviors explained above in these three regions are visualized in Fig. 2.9. Not surprisingly,
the kinematic weight assigned to events by the g(q, ω) function depends on the relative
orientations of momentum transfer q̂ and Earth velocity’s direction v̂e. Since v̂e changes
with time during the day, the kinematically favored regions in the scattering events also
vary with time. This gives rise to the daily modulation of the rate of scattering events. The
potential for utilizing this modulation for reducing background and improving signal-to-noise
ratio was explored in recent works such as Refs. [7, 43–45].

2.4 A Glimpse Into the Hidden Sector: Asymmetric

Dark Matter Nuggets

The dark matter conundrum is one of the multiple puzzles beyond what is explained by the
standard pictures in particle physics and cosmology. Many popular attempts to tackle the
DM question assume minimalist extensions to the standard picture: DM is a single type of
stable particle for which the relic density is set by the thermal freeze-out mechanism. In this
picture, the DM particles interacted with and annihilated each other as the Universe was
cooling down, and eventually when the temperature fell below the freeze-out temperature,
the relic density was set. In Sec. 2.2 we have discussed how the DM masses around the
weak interaction range (∼ 1 TeV) correspond to the observed DM relic density, resulting
in a celebrated “coincidence” called WIMP miracle. Considering the significance of the
weak-scale when it comes to looking beyond the Standard Model, this WIMP framework
naturally attracted the interest of both theorists and experimentalists. As a result of being a
minimal extension to the standard picture, the WIMP framework provided sharp predictions
for experimental programs to explore.
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Figure 2.9: Top: A visualization of v∗ ≡ q
2mχ

+ ω
q

versus momentum transfer q for various

mχ and ω values. By comparing v∗ to ve and ve + vesc we can observe the different regions
described in the text for g(q, ω). Bottom: g(q, ω) versus q for several fixed mχ, ω values,
with varying q̂ · v̂e. The g(q, ω) function weights different q̂ directions according to their
relative orientation with respect to ve(t). All the plots in this figure are from Ref. [8]

Even though the WIMP picture of DM sounds promising, this minimalist way of tackling
the DM problem is not the only way. It is possible to imagine a DM particle spectrum like the
one in the Standard Model, with its own dynamics, gauge groups and quantum numbers.
In other words, there could be a “hidden sector” of DM particles that interact with the
SM particles via weakly interacting mediators or portals (in addition to gravity). Such
dark sectors are also motivated by top-down models like string theory and supersymmetry.
Further motivation for these nonminimal DM sectors comes from other problems beyond the
Standard Model, like hierarchy problem, baryon asymmetry or CP violation. The possibility
of resolving multiple beyond the SM puzzles with the same framework motivated many
theorists to introduce nonminimal dark hidden sectors. Some famous examples are:
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• Axions: Introducing a Peccei-Quinn symmetry [46, 47] to solve the strong CP problem
predicts a sub-eV particle (axion) [48] that interacts weakly with the SM particles.
The aforementioned properties make this particle a natural DM candidate.

• DM can be supersymmetric neutralinos, therefore can be incorporated in the super-
symmetry framework [37].

• Another DM candidate, sterile neutrinos, aim to solve the neutrino oscillations prob-
lem [49].

• The DM particles could have an asymmetry in their abundance similar to the baryon
asymmetry, which would help to explain the similarity of observed DM and baryon
abundances [29].

The list above is not comprehensive, and there is a wide range of hidden sector DM models
(a visual representation summarizing the proposed DM models can be seen in Fig. 2.10). In
the following sections, we will discuss the idea of “asymmetric dark matter” (ADM) and the
composite states of it called “nuggets”, as an example hidden sector model.

Asymmetric Dark Matter

In the standard WIMP picture, the production of DM by means of thermal freeze-out is
not relevant to the baryon asymmetry. The observed baryon abundance is the result of
the generation of baryon asymmetry, which apparently is not related to the abundance of
WIMPs. However, observations indicate that the abundances of DM and baryons are close:

Ωb

Ωdm

' 0.2. (2.83)

The fact that these two seemingly unrelated mechanisms produce similar amounts of the
Universe’s energy content is puzzling, which naturally leads theorists to consider a possible
similarity in the production mechanisms. Why would two supposedly irrelevant production
mechanisms result in similar amounts of matter? Could there be a relation between them?
Could the DM and baryons have a common or related origin? These questions are the main
motivations behind the asymmetrically produced DM models.

There is a wide variety of ADM theories [29]. We will focus on the properties common
to the popular ADM models.

First, the generation of asymmetry in the dark sector should also satisfy the Sakharov
conditions: the (dark) baryon number violation, C and CP violation, and interactions out
of thermal equilibrium. The first condition is required by the definition of (dark) baryon
asymmetry. The C and CP symmetry violations ensure the distinguishability of (dark)
matter from anti-matter. The requirement for interactions out of equilibrium allow the relic
DM particles to “survive” annihilation therefore prevents the asymmetry generated from
getting washed out.

The ADM mechanism can be thought of as consisting of three steps:
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Figure 2.10: A visual representation of the landscape of DM candidates, by T. Tait (Taken
from Ref. [50]).

i) An asymmetry needs to be generated in the visible and/or dark sectors. This can
be achieved in scenarios where the DM and SM particles share a common quantum
number, or there is an equivalent “dark baryon number” BD for the DM particles,
similar to the baryon number for the visible particles BV. The asymmetry could have
been generated in one sector and transferred to the other, or it can be generated in
both sectors simultaneously.

ii) The asymmetry transfer mechanism between the dark and visible sectors loses its
efficiency, freezing in the asymmetric abundances in both sectors separately.

iii) The symmetric abundances need to annihilate away, leaving only the asymmetric com-
ponents of the DM and baryon abundances.
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Step 1: Asymmetry Generation

One way the asymmetry can be generated is if the visible baryons and the DM particles share
a common quantum number. In this case the asymmetry can be distributed between the
dark and the visible sectors through relevant interactions. After these interactions decouple
from the thermal plasma, the generated asymmetries would be frozen-in.

Another possibility is the generalization of the visible baryon number BV to the dark
sector, introducing a dark baryon number BD which is also conserved at low energies. In
this picture, there are multiple possibilities:

i) A linear combination of BD and BV could be conserved while a linearly independent
combination is broken.

ii) BD is broken while BV is not, or vice versa.

iii) Both BD and BV are broken.

The scenarios described in 2 and 3 are qualitatively similar: the asymmetry is distributed
between the sectors through interactions (discussed in more detail in the next subsection).
Scenario 1 is different. The conserved and broken combinations can be written as:

Bcon = aBV + bBD,

Bbro = cBV + dBD,
(2.84)

After normalizing the coefficients and redefining, the above definitions can be simplified
further:

Bcon = BV −BD,

Bbro = BV +BD.
(2.85)

Under these requirements, since Bcon is zero before and after the asymmetry generation,
the Universe produces equal amounts of BD and BV. Accordingly, this scenario implies
both sectors have the same amount of asymmetry, and the asymmetry in the hidden sector
“cancels” the asymmetry in the visible sector.

Step 2: Transfer of Asymmetry

In general, transfer mechanisms can be grouped into two:

• Electroweak sphalerons: If the DM particles carry a global dark baryon number BD

the sphalerons may violate the relevant U(1)D global symmetry.

• Higher dimension operators and renormalizable interactions: Introducing an interac-
tion between the SM quantum number B − L and the dark quantum number BD will
allow scatterings inducing the chemical equilibrium. This way the asymmetry in one
sector will be transferred to the other.
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Step 3: Interactions Out of Equilibrium

The symmetric component of the abundance should annihilate away, which provides con-
straints on the pair-annihilation scattering cross sections. The relative abundances of sym-
metric and asymmetric components depend on the temperature when the asymmetry is pro-
duced. The DM particles can directly annihilate to light mediators, or they can annihilate
through mediators heavier than themselves.

Production of Composite States: ADM Nuggets

We have discussed how the idea of ADM is analogous to SM baryons in many aspects.
Pursuing this analogy further, it is natural to hypothesize bound states of ADM (called
nuggets), similar to SM nuclei. If asymmetrically produced baryons can fuse to form SM
nuclei throughout cosmic history, the same is possible for ADM as well. In addition to
being a natural next step in SM baryon-DM resemblance, there are independent reasons
that motivate the exploration of composite ADM models. To list a few:

• In the standard freeze-out scenario, particles heavier than ∼ 10 TeV are not compat-
ible with the observed DM abundance. Since the heavier ADM nuggets form in the
hidden sector from the lighter constituents, they do not suffer from the aforementioned
restriction, and the formation of ultra-heavy composite states is possible. Therefore if
ADM nuggets exist they can be way heavier than 10 TeV, which provides an interesting
picture for the DM detection experiments.

• As we will discuss, ADM nuggets can be very large in size, which introduces the pos-
sibility of significant coherent enhancement. If the size of the ADM nugget is smaller
than the inverse momentum transfer of the scattering event, the coherent enhance-
ment will boost the scattering cross section. However, typically the experiments with
the lower energy thresholds also have smaller exposure. Therefore this possibility of
coherent enhancement introduces an interesting trade-off between lower threshold and
higher exposure.

Drawing analogies from the SM baryons, we can initially think of ADM nuggets with
∼ 100 constituents. However, there is no reason to think that the bottlenecks that prevent
nuclei with more constituents also exist in the hidden sector. It is possible for the DM
particles to interact with attractive forces only, which makes it possible to form much larger
nuggets than SM nuclei. An ultra-large nugget with 103 to 1020 constituents means the N2

χ

coherent enhancement can significantly boost the scattering cross section (The number of
constituents 103 to 1020 was motivated in Ref. [51]). The comparison of low threshold - low
exposure and higher threshold - higher exposure experiments for ADM nugget detection is
presented in Ch. 3.

In our discussion of the formation of ADM nuggets, we will follow Refs. [51–53]. In this
section, we denote the DM particles with χ. The properties of the constituents are denoted
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by lowercase letters (like mχ) whereas the properties of nuggets are denoted by uppercase
letters (like Mχ.) First, we need to start with assumptions for the interaction between ADM
constituents. We will assume no long-range repulsive force like SM electromagnetism exists
in the hidden sector, so that the formation of ultra-large composite states is possible. And
if we introduce a long-range attractive interaction, the relevant Lagrangian can be written
as:

L = χ̄ [i∂ − (mχ − gφφ)]χ+
1

2
(∂φ)2 − 1

2
m2
φφ

2 − V (φ) . (2.86)

The above Lagrangian describes a Dirac fermion DM with a real scalar mediated interaction.
The nuggets start efficiently forming when the Universe’s temperature falls below the binding
energy of the ADM nugget. Having the ADM framework set with constituents interacting
attractively, the bulk nuclei-like properties of the nuggets like the saturation density and
binding energy can be computed using the σ − ω and compound nucleus models from the
nuclear physics [51–53]. By solving the Boltzmann equation numerically, Ref. [52] also
obtains a distribution for the nugget sizes exiting synthesis. It was observed that if multiple
states adjacent in size (for example, N = 3, 4) are unstable, a bottleneck is expected to
occur. The results for the nugget size distribution for the cases with and without low N
bottlenecks were shown in Fig. 2.11. For the benchmark couplings considered that allow
the two-body fusion, the results show that in the absence of the bottleneck the mass regime
most motivated is 103 GeV . Mχ . 1020 GeV. In the presence of a bottleneck, a bimodal
mass distribution is observed where the nugget sizes are distributed between a dominant
smaller-mass population and a subdominant larger-mass population.

When the nugget radius is larger than the de Broglie wavelength of the mediator, the
nugget “saturates”. Even though the properties of lowN nuggets highly depend on the model
considered, the saturated nuggets have their properties parametrized in two quantities, the
(isolated) constituent mass mχ, and the mass per constituent in the nugget (which is also
called reduced constituent mass) mχ. For example, two important quantities, the total
nugget mass and the nugget radius can be written as:

Mχ = Nχm̄χ + εsurfN
2/3
χ ,

Rχ =

(
9π

4

Mχ

m̄4
χ

)1/3

,
(2.87)

where εsurf denotes the surface energy density. In the absence of a bottleneck, the details of
the nugget formation and synthesis are quite model independent, and can be stated as [51]:

Nχ ' 1012

(
g∗ (Tsyn)

10

)3/5(
1 GeV

m̄χ

)12/5( m̄3
χ

nsat

)4/5(
Tsyn

m̄χ

)9/5

. (2.88)

The equation implies that the lower constituent masses result in larger nuggets, which is not
surprising since lower constituent masses also imply lower saturation densities.

In this section we have briefly discussed the asymmetric dark matter nuggets by focusing
on a real-scalar mediated interaction. A more detailed survey into the direct detection
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Figure 2.11: The top (bottom) row shows the results in the absence (presence) of the low
N bottleneck. kfo and Mfo stand for the nugget constituent number and the typical nugget
mass respectively. The blue region corresponds to small binding energies that prevent the
formation of two-body bound states, and therefore prevent the production of larger nuggets.
Results are taken from Ref. [51].

prospects of asymmetrically produced dark nuggets, including the interactions mediated by
scalars and vectors, is presented in Ch. 3.
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Chapter 3

Direct Detection of Bound States of
Asymmetric Dark Matter

3.1 Introduction

The last decade has seen a dramatic broadening in the types of Dark Matter (DM) theories
that are being proposed and searched for using various experiments [25, 54]. Previously the
Weakly Interacting Massive Particle (WIMP) and the axion were the focus of both theoretical
and experimental attention, and for good reason: in addition to solving the DM mystery,
they resolve another theoretical puzzle, the hierarchy problem and the strong CP problem,
respectively. As the WIMP has not surfaced, the urgency to look elsewhere has increased.
At the same time, a qualitative expansion of the number of DM candidates has occurred.
Most of the new ideas have centered around hidden sector DM, where the dynamics of the
non-Standard Model sector allow for a wider range of dark matter candidates and signatures.

Most of the work in hidden sector dark matter has focused on candidates of a low mass
[55–60], as envisioned and proposed in the hidden valley model. This focus is partly phe-
nomenologically motivated, but as thermal candidates with mass above 10 TeV cannot obtain
the correct relic abundance through a standard thermal freeze-out scenario, there is also the-
oretical motivation. A natural question is what models of DM exist above this “unitarity
bound” and how one searches for such candidates.

Here we consider the detection of very heavy composite bound states of Asymmetric
Dark Matter (ADM). These states satisfy the unitarity bound because they are synthesized
relatively late in the Universe from light constituents in a hidden sector. The symmetric
component of the DM freezes out through annihilation to light force mediators in the hidden
sector, as proposed in the original models [61, 62]. If the forces in the hidden sector are
sufficiently strongly attractive and long range, the DM states will bind and grow into large
states, as shown in [63–67]. When the states grow to a size such that the Fermi degeneracy
pressure dominates the dynamics of the bound state, they “saturate” to a constant density
[68, 69]; we call these states ADM nuggets. If the confining force in the dark sector undergoes
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a first order phase transition, dark quark nuggets can form[70, 71], though in this chapter
we focus on nuggets formed via fusion. Because the properties of ADM nuggets depend on
very few parameters, such as the force range and strength and the constituent masses, and
combined with the requirement that the states can form in the first place, the theory space
is fairly predictive. It was found in [72] that the natural size of ADM nuggets, formed via
early universe fusion, is MX . 1020 GeV, and that they give distinctive signatures in the
structure of galaxies and can produce signatures in indirect detection [67, 72].

Due to their large size, the scattering of ADM nuggets in direct detection experiments can
benefit from a significant N2

X coherent enhancement, with NX the number of constituents in
the nugget. The corresponding phenomenology was studied in [73, 74], where it was shown
how the recoil spectrum of an ADM nugget can be distinguished from that of normal WIMP
DM. The focus of this previous work was primarily on noble liquid and semi-conductor ex-
periments, and in this chapter we aim to extend it by including more recent, lower threshold
ideas for both electron and nucleon couplings. We furthermore consider both massive and
light mediators, as well as a light, kinetically mixed dark photon mediator. Our motivation
is that the N2

X enhancement only holds as long the momentum transfer is low compared to
the inverse radius of the nugget, which correlates strongly with the experimental threshold.
This effect was recently exploited for the largest composite objects, MX & 1020 GeV, whose
interaction cross-section is dominated by the object’s geometric size, in the context in par-
ticular of gravitational wave detectors and spin precession experiments [75]. Here we focus
on the regime most motivated by synthesis considerations (in the absence of a bottleneck,
see [72]), 103 GeV . MX . 1020 GeV, and show how the recent program towards ultra low
threshold detectors can impact the nugget DM parameter space.

In particular, a number of experiments have been recently proposed that are sensitive to
very low momentum transfers, both for DM coupling to nucleons (see e.g. [76–82]) as well
as electrons (see e.g. [83–88]); some of these experiments are also sensitive to interactions
via dark photons. Due to the increased sensitivity via the coherent enhancement, these
experiments are natural places to look when searching for ADM nuggets. However, these
novel experiments are very small in volume compared to the large noble liquid detectors
used in classic WIMP searches. Our goal is to quantify the relative reach of low threshold
experiments compared to the classic WIMP-like searches. We will show that the relative
sensitivity at a given nugget mass depends strongly on the constituent mass, which (largely)
fixes the nugget radius. For lower constituent masses, where the nugget saturation densi-
ties are lower and their size is larger, the low threshold experiments dominate; for larger
constituent masses, the opposite is true and the noble-liquid experiments provide better sen-
sitivity. This result highlights the necessity of a multi-prong experimental approach to place
constraints on ADM nuggets.

The outline of this chapter is as follows. In the Sec. 3.2 we review the model of composite
dark matter we employ, and lay out our conventions and the main formulas for the direct
detection of nuggets. We also review the relevant constraints from probes other than direct
detection. In Secs. 3.3 and 3.4 we consider the direct detection prospects of ADM nuggets
with couplings to nucleons and electrons respectively. We conclude in Sec. 3.5.
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3.2 Composite Asymmetric Dark Matter

The goal of this section is to give a brief review of ADM nugget properties and their formation
history. This allows us to select a natural model space for direct detection, as well as define
our conventions for the direct detection parameter space. We also discuss the relevant
constraints on the particle mediating the scattering with the Standard Model (SM), from
probes other than direct detection.

Model and formation history

In the absence of a bottleneck, such as provided by electromagnetism in the SM, fermionic
DM with a sufficiently attractive and long-range force can be synthesized with as many
as ∼ 1020 constituents. We refer the reader to [72] for a review of nugget synthesis and
properties. A generic Lagrangian to describe the properties of bound states of the fermions
is given by

L = χ̄(i/∂ −mχ)χ− 1

2
m2
ϕϕ

2 +
1

2
m2
V V

2
µ − χ̄

[
gϕϕ+ gV /V

]
χ− V (ϕ, a, V,A) , (3.1)

where χ are the constituent fermions of the bound state and for compactness we have omitted
the kinetic terms of the scalar, ϕ, and vector, V , mediators. Such a weakly coupled model
(with ϕ relabeled as the σ and V relabeled as the ω) is employed in nuclear physics to
describe the gross features of the underlying strong dynamics.

To determine the reach of direct detection experiments, we need to parametrize the
properties of the nuggets. The properties of nuggets with only a few constituents are quite
model-dependent. However, once the nugget radius exceeds the de Broglie wavelength of
the force mediator, the nugget enters a constant density regime called saturation. Here,
it can be shown that all the nugget properties can be parameterized in terms of just two
quantities [69, 72] – the constituent mass mχ and the reduced constituent mass mχ, with
the latter taking into account the in-medium effects of the nugget on the constituent mass.
For example, the radius of a bound state of NX constituents,

RX =

(
NX

4/3πnsat

)1/3

, (3.2)

is determined by the saturation density nsat. This quantity is in turn is set by mχ:

nsat

m̄3
χ

=


1

3π2

C4
V

C2
ϕ
≤ 1

8

1
3π2

[
1
2

+
(
C4
V

C2
ϕ

) 1
3

]−3
C4
V

C2
ϕ
> 1

8

mχ

mχ

=


(

2
C2
ϕ

) 1
4 C4

V

C2
ϕ
≤ 1

8

1

(CϕCV )
1
3

[
1
2

+
(
C4
V

C2
ϕ

) 1
3

]
C4
V

C2
ϕ
> 1

8

(3.3)
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where

C2
V ≡

g2
V

3π2

m2
χ

m2
V

and C2
ϕ ≡

g2
ϕ

3π2

m2
χ

m2
ϕ

[
1 +

2g2
ϕV (mχ/gϕ)

m2
ϕm

2
χ

]−1

. (3.4)

In order for the bound states to reach saturation, neither mϕ or mV can be too small, i.e, it
must be that both mφ and mV must be larger than R−1

X . Thus we see that mχ and mχ tend
not to be widely separated.

The total nugget mass is

MX = NXmχ + εsurfN
2/3
X , (3.5)

where εsurf is the surface energy density. In a general model with both attractive and repulsive
forces, εsurf is typically within an O(1) number of mχ and hence is a negligible contribution
to the total mass for large nuggets (see Refs. [69, 72] for a discussion and calculations).

For our purposes, we choose MX = NXmχ and nsat = m̄3
χ/(3π

2) to illustrate the reach of
direct detection experiments. All our results will be parametrized in terms of MX and mχ

with the radius of the nugget in Eq. (3.2) written in terms of these variables,

RX =

(
9π

4

MX

m̄4
χ

)1/3

. (3.6)

Note that throughout this chapter we use a convention where the index χ is used as a
constituent label, while X refers to the bound state of χ’s.

A natural question to ask is the typical size of nuggets that are synthesized via early
universe fusion. While the size of synthesized states is in general model-dependent, large
nuggets that constitute a significant fraction of the DM energy density are most naturally
synthesized in the absence of a bottleneck to formation. In this case, the dynamics of
synthesis are quite model-independent, determined only by the Hubble parameter and the
geometric cross section of the nugget. One finds the synthesized size to be [72]

NX ' 1012

(
g∗(Tsyn)

10

)3/5(
1 GeV

mχ

)12/5( m̄3
χ

nsat

)4/5(
Tsyn

mχ

)9/5

. (3.7)

Thus we see that lower constituent masses tend to give rise to larger nuggets. The reason
for this can be seen in Eq. (3.3): nuggets with low constituent masses tend to have lower
saturation densities, and hence larger sizes, implying that freeze-out of the synthesis process
happens later. As we will see in the next section, however, self-interaction constraints tend
to favor smaller interaction cross sections, implying that nuggets typically are not too large
if they compose all the dark matter. Furthermore, if there is an additional mediator, either
scalar or vector, whose de Broglie wavelength exceeds the radius of the nugget, its couplings
must be extremely small in order to not affect the formation history and structure of ADM
nuggets. In this work we will however take the nugget mass as a free parameter, with all
nuggets having the same mass for simplicity. We leave the interplay between the nugget
mass distribution, as predicted from the formation history, and the direct detection bounds
for future studies.
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Constraints on the mediator

We assume that the Dark Sector interacts with the Standard Model via a mediator1, φ,
which couples either to nucleons or electrons,

L ⊃ 1
2
m2
φφ

2 + gχφ χ̄χ+ gnφ n̄n+ geφ ēe . (3.8)

where n here stands for nucleons and e for electrons. The mass of the mediator, mφ, can
either be large or small, compared to the typical momentum transfer in direct detection
experiments. In our analysis, we will always consider gn or ge separately, in Secs. 3.3 and
3.4 respectively. We will discuss these types of constraints in the rest of this subsection.

Mediator Interactions with Standard Model

The constraints on the coupling of the mediator to the Standard Model are highly dependent
on the mediator mass, and we only consider a few benchmark scenarios, corresponding to
the heavy and light mediator scenarios.

For a heavy mediator with a coupling to nucleons, the collider constraints depend on the
UV completion of the gnφ n̄n coupling. We consider the

L ⊃ αs
4Λ
φGaGa (3.9)

operator, where we fix Λ = 2 TeV. Λ is approximately the scale where Eq. (3.9) in turn
must be UV completed, and its value is taken such that the UV completion can plausibly
be outside the reach of the LHC, depending on the details of the model. Following [89],
we then map this coupling to the effective nucleon coupling gn = 2π

9
mn
Λ
≈ 3.4 × 10−4 and

choose mφ = 10 GeV and gχ = 1. The mediator φ will then decay invisibly if 2mχ < mφ,
and to a pair of soft jets otherwise. The collider limits in these cases are extremely weak or
non-existing respectively (see e.g. [90, 91]), and do not constrain the model for our choice
of Λ. For the above parameter choices we can then estimate an upper bound on the nugget
direct detection cross section of

σXn ≈ N2
X

g2
χg

2
n

4π

µ2
Xn

m4
φ

. 3× 10−34 ×
(
NX

103

)2

× cm2 (3.10)

with µnX ≈ mn the nugget-nucleon reduced mass. It is possible to further relax this con-
straint by considering a scenario where φ has O(10−1) couplings to the up and/or down
quark, though this requires a relatively complex flavor model.

For a heavy mediator coupling to electrons, we take mφ = 25 MeV and ge = 10−4. This
benchmark point is allowed by the current the (g−2)e and SLAC beam dump bounds [92], as
well as the Babar bound [93, 94] and the projections for Belle II [95], both if φ decays visibly

1The mediator φ, responsible for the interactions with the SM, is in general not the same field as the
mediator which binds the ADM nugget in Eq. (3.1), denoted by ϕ.



CHAPTER 3. DIRECT DETECTION OF BOUND STATES OF ASYMMETRIC DARK
MATTER 45

and invisibly. For 2mχ < mφ the mediator can decay to the dark matter, in which case the
LSND bound considered in [96] applies. With the parameter choices above, it suffices to
take gχ = 10−1 to evade this constraint. For these choices, the direct detection cross section
is roughly

σXe ≈ N2
X

g2
χg

2
e

4π

µ2
Xe

m4
φ

. 2× 10−33 ×
(
NX

103

)2

× cm2. (3.11)

We will see in Secs. 3.3 and 3.4 that this bound is largely irrelevant compared to the direct
detection constraints, especially for NX � 1.

For mediators with eV-scale masses, the most stringent constraints arise from astrophysi-
cal considerations, such as stellar cooling constraints. For even lighter mediators, constraints
from fifth force and weak equivalence principle violation tests become more important. The
constraints on light mediators in the mass range of an eV to a GeV are summarized in
e.g. [97]. In this work, we do not scan over mediator masses, but instead choose a bench-
mark of mφ = 1 eV to illustrate the feasibility of detecting ADM nuggets via this portal.
Stellar cooling constrains gn . 10−12 and ge . 10−15 for this mass [98]. Sec. 3.4 we will also
briefly consider a dark photon mediator. The stellar bounds on the mixing parameter κ with

the SM photon is roughly κ . 10−12 ×
(

eV
mA′

)
, with mA′ the dark photon mass [99].

It is worth noting that once the stellar cooling constraints are satisfied, the mediator does
not thermalize with the SM in the early universe [97]. The mediator is however in thermal
contact with the ADM nuggets, and its relic abundance therefore depends on the details of
the thermal history of the dark sector. In this work we aim to be as agnostic as possible
about this aspect, but it would be interesting to explore possible CMB and/or BBN bounds
in the context of a concrete formation history for the ADM nuggets.

Mediator Interactions with Dark Sector

The coupling of the mediator to the dark sector is constrained by DM self-interactions, both
in the early universe and in the collisions of galaxy clusters, and by the properties of the
bound states in the presence of an additional long-range mediator.

Self-interaction constraints tend to be quite stringent, as the DM-DM cross section is
enhanced by the N2

X coherence factor. For a heavy (short range) mediator, we can assume
that the DM-DM cross section is saturated to the geometric cross section. Since the short
range force which binds the ADM nugget also contributes to DM-DM scattering, this remains
true regardless of the strength of the DM-SM mediator. The bound is then

σgeo
XX = 4πR2

X . 1 cm2 × MX

g
, (3.12)

where the cross-section is chosen to be consistent with DM dynamics in the Bullet Clus-
ter [100, 101]. This can be written as a lower bound on MX using the relation in Eq. (3.6)

MX & 4× 1014 GeV ×
(

MeV

mχ

)8

. (3.13)
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This extreme sensitivity to mχ implies that no self-interaction bound exists for mχ & 100
MeV.

In the case of a light mediator, the cross section receives a contribution from the corre-
sponding long range interaction, in addition to the purely geometric contribution that arises
from the short range force that binds the ADM nugget. The range of the interaction is there-
fore larger than the radius of the ADM nugget, but the scattering is biased towards small
angles. Therefore, the cross section of interest is the momentum transfer cross section, σT
[102, 103], which can be approximated in terms of the classical ”point of closest approach”
dC ,

σlight
T ∼ 4π d2

C ∼
4π

m2
φ

W

[
4αXmφ

MXv2
rel

]2

. 1 cm2 × MX

g
αX ≡ N2

X

g2
χ

4π
(3.14)

where W is the Lambert W function. The inequality again represents the Bullet Cluster
constraint. The self-interaction bound for a light mediator is then

gχ .

(
π

4

m̄4
χv

4
rel

MX

× 1 cm2

g

)1/4

e
1
4

√
m2
φ
MX

π
× 1 cm2

g . (3.15)

The exponential term indicates that the bound quickly becomes negligible when the range of
the mediator becomes small compared to the Bullet Cluster bound on the scattering length.
This occurs for

MX & 1016 GeV

(
eV

mφ

)2

. (3.16)

In this regime the light mediator φ does not contribute to the SIDM bound, though the
constraint in Eq. (3.13) still applies, due to the short range DM-DM force that binds the
constituents of the ADM nugget.

The bounds in Eqs. (3.13) and (3.16) do not apply if the nuggets make up less than
roughly 10% of the dark matter. Given the relative complexity of the dark sector and the non-
trivial formation history, this is rather plausible, in particular if there are bottlenecks in the
dark fusion processes [69]. To illustrate the variation in the direct detection phenomenology,
we will consider a benchmark with mχ = 10 MeV, which is excluded by self-interaction
bounds for MX . 4 × 106 GeV if all of the DM is made up out of a nugget of a single
mass. For this benchmark we therefore assume that the ADM nuggets we consider for direct
detection compose 1% of the total DM density. All direct detection limits can be trivially
rescaled to the desired subcomponent fraction, including 100%, in the large MX part of the
parameter space.

While the SIDM constraints do not apply for subcomponent DM, there are additional
consistency conditions on gχ which must be satisfied even in a subcomponent scenario: for
example, the potential for a light scalar mediator will be modified due to the presence of the
background charge density sourced by the nugget constituents. In particular, one expects



CHAPTER 3. DIRECT DETECTION OF BOUND STATES OF ASYMMETRIC DARK
MATTER 47

the mass of a light field to receive an in-medium correction of the order δm2
φ ∼

g2χ
mχ
〈χχ〉 with

〈χχ〉 ∼ m̄3
χ from the background χ-field in the nugget. If this correction reduces the range

of the mediator inside the nugget to be comparable or smaller than the radius of the nugget
itself (δm−1

φ & RX), the scattering cross section is dramatically altered2. To avoid this, we
require

gχ . N
−1/3
X . (3.17)

When the coupling becomes larger than this, the in-medium screening effects will alter the
experimental reach, including its dependence on MX , and so we will limit ourselves to regions
of parameter space where Eq. (3.17) is satisfied. If one instead assumes a repulsive interaction

instead of an attractive one, the ADM nugget becomes unbound unless, again, gχ . N
−1/3
X .

Finally, in Sec. 3.4 we will briefly consider the special case of a light, kinetically mixed
dark photon acting as the mediator. In this case the interaction is repulsive and it may be
difficult for large ADM nuggets to form, due to a Coulomb-like barrier sourced by the dark
photon. In order for ADM nuggets to undergo fusion in the early universe, they must have
enough kinetic energy to overcome this repulsive barrier, i.e.

µX1X2v
2

2
& g2

χ

NX1NX2

RX1 +RX2

(3.18)

where µX1X2 is the reduced mass of the two nuggets and we have allowed for the possibility
that fusion occurs between nuggets of different sizes. Assuming fusion occurs either between
nuggets of the same size or between a nugget and a single constituent, the barrier can be
overcome if

gχ .

{
N
−5/6
X Two identical nuggets

N
−1/3
X Constituent and a nugget

. (3.19)

One might wonder whether instead of overcoming the barrier classically, it would be possible
to have fusion occur via quantum mechanical tunneling through the barrier. In this case, the
constraint on gχ involves calculating the Gamow factor and requiring that the transmission
probability is a sizable fraction of unity. The corresponding constraint on the coupling is

gχ .

{
N
−5/4
X Two identical nuggets

N
−1/2
X Constituent and a nugget

(3.20)

where in Eqs. (3.19)-(3.20), we assume that the fusion occurs in a thermal bath whose
temperature is on the same order as mχ. For scattering in this type of environment, fusion
due to quantum mechanical penetration of the barrier is negligible until the barrier can
be overcome classically. Therefore, we take Eq. (3.19) as indirect constraints on gχ when
considering dark photons. While model specific contributions can change the prefactors in
Eq. (3.17) and Eq. (3.19), the scaling as a function of NX will remain.

2This is akin to the Debye screening mass that a photon develops in a charged plasma.



CHAPTER 3. DIRECT DETECTION OF BOUND STATES OF ASYMMETRIC DARK
MATTER 48

Direct detection of composite Dark Matter

For a heavy mediator, the potential seen by a point-like DM particle is simply the sum of
the potential for each of the scattering centers in the target. The part of the Hamiltonian
governing this contact interaction is

V(r) =
N∑
J=1

VJ(rJ − r) =
2πbXt
µXt

N∑
J=1

δ(rJ − r) (3.21)

or in Fourier space

V(q) =
2πbXt
µXt

N∑
J

eiq·rJ . (3.22)

where J sums over all scattering centers with location rJ , µXt is the reduced mass of the DM
and the SM target particle,3 which we take to be a nucleon or an electron; we will generalize
to nuclei in the next section. The DM-target scattering length is bXt, again defined as either
the DM-nucleon or DM-electron scattering length, depending on the model and process
under consideration. For simplicity we have assumed a single type of scattering center in
the target, by pulling the bXt/µXt factor in front of the sum; the generalization to multiple
types of scattering centers is straightforward and will be included when appropriate (e.g. for
a GaAs target). The potential is normalized such that the cross section for a probe on a
single, free scattering center is

σ0 ≡ 4πb2
Xt. (3.23)

In other words, σ0 is the cross section for the scattering of a hypothetical DM nugget with
radius zero off a SM nucleon or electron. Since this quantity is the analogue to the famil-
iar DM-nucleon/DM-electron cross section for elementary DM, we will therefore use it to
parametrize the constraints. In particular for DM that couples to nucleons, σ0 is defined
as the cross section off a single, free nucleon, to allow for convenient comparison between
targets with different atomic mass numbers.

Given that we will be comparing a variety of different target materials, it is helpful to
explicitly separate the DM kinematics from the properties of the target by defining the
structure function of the target by

S(q, ω) ≡ 1

N

∑
f

∣∣∣∣∣
N∑
J

〈λf |eiq·rJ |λi〉
∣∣∣∣∣
2

δ(Ef − Ei − ω) (3.24)

which is normalized to be an intrinsic quantity. The 〈λi,f | are the initial and final states of
the target, and the Ei,f their corresponding energies; q and ω are respectively the momentum

3Throughout, we use the convection that lowercase letters indicate constituents and capital letters indi-
cate the bound states. E.g. mn and mN refer to the nucleon mass and nucleus mass respectively.
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transfer and the energy deposited by the DM. The states 〈λi,f |, and therefore the function
S(q, ω), are highly material dependent and must be computed on a case-by-case basis. In
general, S(q, ω) depends on the direction of q, in particular for long-wavelength scattering in
anisotropic crystals. However in this chapter we will always work in the isotropic approxima-
tion, where S(q, ω) only depends on q ≡ |q| and ω. It is worth noting that this prescription
is correct only as long as the Born approximation is valid, i.e. as long as the total cross
section remains smaller than the geometric cross section. This condition is violated in part
of the parameter space, as we will comment on when appropriate.

By Fermi’s golden rule, the differential cross section of a point-like probe with the target
is then

dσ

dq dω
= σ0

q

2v2µ2
Xt

|Fmed(q)|2 S(q, ω), (3.25)

where v is the DM velocity in the lab frame. We have included the form factor induced by
the mediator particle, which we take to be

Fmed(q) =

{
1 (heavy mediator)
q2

0/q
2 (light mediator)

, (3.26)

where q0 is a reference momentum transfer. The typical momentum transfer is often pro-
portional to µXt, which depends on the target. We will not study the intermediate regime,
where the mediator being heavy or light varies from experiment to experiment – we will
assume that the mediator mass is such that either the heavy or light case applies for all
experiments shown in a given plot. In terms of the underlying model parameters σ0 is given
by

σ0 = N2
X

g2
t g

2
χ

4π
×
{
µ2
Xt/m

4
φ (heavy mediator)

µ2
Xt/q

4
0 (light mediator)

(3.27)

with gt standing for ge or gn, depending on the case at hand. The N2
X factor makes the

coherence over the nugget constituents explicit. Finally, with Eq. (3.27) it becomes manifest
that the physical cross section for a light mediator in Eq. (3.25) is independent of the arbitrary
parameter q0.

Moving on to the scattering of extended nuggets, we must introduce a form factor to
account for the non-zero radius of the DM particle, as laid out in [73]. For elastic scattering
with uniform couplings to all constituents, the form factor is given by the Fourier transform
of the mass density, ρX ,

FX(q) =
1

MX

∫
d3r eiq·rρX(r). (3.28)

Further assuming that the constituents of nuggets are uniformly distributed, the mass density
is simply a three dimensional spherical top hat function and thus the form factor is

FX(q) =
3j1(qRX)

qRX

=
3(sin(qRX)− qRX cos(qRX))

(qRX)3
(3.29)
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where j1(x) is a spherical Bessel function of the first kind (see Fig.3.1). The differential
scattering cross section of an ADM nugget can then be written as

dσ

dq dω
=

dσ

dq dω
|FX(q)|2 (3.30)

where dσ/dq dω is the differential cross section of a point-like dark matter particle with the
same mass and coupling strength as the ADM nugget, as defined in Eq. (3.25). We have
normalized the form factor such that FX(0) = 1, such that we manifestly recover the point-
like limit if qRX � 1. In this regime all constituents contribute coherently and the scattering
rate scales with the square of the number of constituents, as is evident from Eq. (3.27). If the
inverse momentum transfer is smaller than the radius but still larger than the interparticle
spacing of the nugget, coherence is lost and the form factor drops rapidly. Finally, once
the momentum transfer is larger than the inverse interparticle spacing, we enter the regime
of deep inelastic scattering (DIS), and the form factor description breaks down. Given the
relatively low speed of the DM in the galaxy, the maximum momentum transfer in a single
collision is O(mN v) ∼ 100 MeV, such that DIS is only relevant for mχ � 100 MeV. If the
interior of ADM nugget is resolved in the collisions, the rate moreover is always dominated by
the lowest accessible momentum transfer, such that the DIS contributions are a negligible
correction. The one exception occurs for high threshold, noble liquid experiments when
mχ . 10 MeV; here, the experimental threshold pushes the scattering into the crossover
region between the form factor and DIS descriptions. When relevant, we will comment on
this effect when presenting our results.

We can combine Eq. (3.24) and Eq. (3.30) to obtain the differential rate per unit of

10-2 10-1 100 101 102

10-6

10-3

100

q (1/RX)

|F
X
(q
)
2

Figure 3.1: Nugget form factor, with q in units of 1/RX .
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exposure, as seen by the experiments

dR

dω
=

ρX
MX

nT
ρT

σ0

2µ2
Xt

∫
dv

1

v
f(v)

∫
dq q |FX(q)|2 |Fmed(q)|2 S(q, ω) (3.31)

with ρX ≈ 0.3 GeV/cm3 the DM mass density in the galaxy, ρT the mass density of the
target material, and nT the number of available scattering centers in the target. Here, f(v)
is the velocity distribution of the DM in the frame of the earth, given by

f(v) =
1

N0

πvv2
0

ve
×


e−(v+ve)2/v20

(
e4v ve/v20 − 1

)
v < vesc − ve

e−(v−ve)2/v20 − ev2esc/v20 vesc − ve < v < vesc + ve
0 v > vesc + ve

, (3.32)

N0 ≡ π3/2v3
0

[
erf(vesc

v0
)− 2√

π
vesc
v0

exp
(
−(vesc

v0
)2
)]
, (3.33)

with v0 = 220 km/s, ve = 240 km/s, truncated by the escape velocity vesc = 550 km/s.
Energy and momentum conservation enforce target-dependent boundary conditions on

the q-integral, depending on whether the DM scatters with a nucleus, a phonon or a bound
electron. Finally, different detectors are sensitive to different energy ranges, which in turn
restricts the integration range over ω. We will elaborate on all these differences and their
impact in the following sections, but it should be already clear from Fig. 3.1 that in particular
the boundary conditions on |q| will have a huge impact on the rate: if the threshold of a
particular experiment is too high to allow for coherent scattering, its reach will be greatly
reduced.

3.3 Nucleon couplings

In this section we consider the case where the nuggets have a coupling to SM nucleons
only. The nucleon couplings give rise to a nuclear recoil, or in the case that the momentum
transfer is smaller than the inter-atom spacing, coherent phonon excitations. As was shown
in Refs. [68, 69, 72], there is enormous variation in dark nugget formation histories and
resulting size. For this reason, it does not seem warranted at this point to carefully recast
all existing limits on elementary dark matter to the composite case. Instead we consider
a handful of simplified experimental concepts which are representative of the larger set of
experiments and ideas for (future) dark matter direct detection, as listed in Table 3.1.

In particular, we compare high threshold, high exposure noble liquid experiments with
low threshold, low exposure experiments such as semi-conductor or superfluid helium targets.
(For a recent overview, see [25].) For nuggets on the higher end of the mass range, as we will
see, only the low threshold experiments benefit from the coherent enhancement over nucleon
number, such that they can be competitive despite their much lower exposure. This implies
a high degree of complementarity between both approaches, which we quantify below. The
calculations are qualitatively different depending on whether the scattering takes place in
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Experiment Exposure (kg-year) Threshold Timescale Nevents

XENON1T [104] 103 5 keV existing limit 3
CDMSlite [105] 0.2 0.5 keV existing limit BD
Liquid Xe 1.5× 104 5 keV in progress 10
semi-conductor (Ge) 100 50 eV in progress 104

semi-conductor (Si) 1 10 meV R&D needed 3
superfluid He (recoil) 1 1 meV R&D needed 3
superfluid He
(phonon)

1 1 meV R&D needed 3

GaAs (phonon) 1 1 meV R&D needed 3

Table 3.1: Overview of assumed exposure and thresholds for the existing and future exper-
iments considered in this work, for DM-nucleon couplings. Nevents refers to the number of
expected signal events that were assumed to estimate the 90% exclusion limits, where “BD”
refers to a bin dependent analysis. (See text for details.)

the nuclear recoil regime, or in the regime where direct phonon production dominates and
so we treat both cases separately.

Nuclear recoils

For ordinary nuclear recoils, the structure function in Eq. (3.31) is

S(q, ω) = A2|FN(q)|2δ
(
ω − q2

2mN

)
, (3.34)

with A the atomic mass number of the nucleus and mN the mass of the nucleus. FN(q) is
the Helm form factor of the nucleus

FN(q) ≡ 3j1(qRN)

qRN

e−q
2s2/2, (3.35)

with skin depth s ' 0.9 fm and RN ≈ A1/3 × 1.2 fm. We have assumed that the scattering
length is the same for protons and neutrons.

We take XENON1T [104] as a representative for the existing limits from the large expo-
sure experiments;4 PandaX-II [109] and LUX [110] have set very similar bounds. XENON1T

4The kinematic restriction in Eq. (3.34) is lifted if the nucleus emits a photon during its recoil [106], or
by emitting a Migdal electron [107]. For light DM these processes add sensitivity for detectors of which the
threshold would normally be too high to detect the regular nuclear recoil, as is evident from a recent LUX
analysis [108]. For ADM nuggets, one can verify that the bremsstrahlung process never provides more reach
than nuclear recoils, regardless of RX . The recast of the Migdal effect is more involved, and we leave this
for future studies.
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reaches its maximal signal efficiency for 10 keV . E . 45 keV, but is partially efficient for
substantially lower/higher recoil energies. To model this effect, we use the full efficiency
curve supplied in [111] in our calculations. For our approximate reinterpretation, we use the
“reference region” defined in [111], which contains roughly 50% of the signal and an expected
background of 0.36 events. No events were observed and so we take 3 signal events in this
region as our approximate limit. We consider CDMSlite [105] as an example of an exist-
ing, low-threshold experiment with a semi-conductor target. (Other experiments with com-
petitive results on low-threshold nuclear recoils are CRESST-II [112] and NEWS-G [113].)
CDMSlite had an exposure of 70 kg-days in their second run, with a threshold of roughly 0.5
keV and a maximal signal efficiency leveling around 50%. We use the full efficiency curve
provided by the collaboration, which we unfold to nuclear recoil energies using the Lindhard
formula with the parameters given in [105]. The analysis had a large number of background
events, divided over four non-overlapping energy bins. For each bin, we extract a limit on
the cross section assuming that all background events can be interpreted as signal, and select
the strongest such limit for each mass point. This procedure reproduces the CDMSlite limit
to within 50% for DM masses above roughly 10 GeV. For the part of the phase space near
the detector threshold the agreement is worse, however our estimate is always conservative.

Loosely modeled after LUX-ZEPLIN [114], we estimate the reach for future high exposure
experiments by assuming a 15 ton-year exposure and a 5 keV (75 keV) lower (upper) energy
threshold. We further assume a background expectation of 5 events in the signal region,
which corresponds to an expected 90% exclusion of roughly 10 signal events if no background
subtraction is attempted. For a future, low threshold semi-conductor experiment we consider
a Ge target with 100 kg-year exposure, a threshold of 50 eV and 104 expected background
events. These parameters are loosely modeled after the superCDMS [115] projections.

Lastly, we consider a few ultra-low threshold options, for which the R&D is still ongoing:
A miniaturized silicon detector with transition edge sensor (TES) read-out, for which we
take the dynamic range between 10 meV and 1 eV, and a long-term exposure of 1 kg-
year, which may eventually be achieved by multiplexing the detector. In the same vein,
we include a superfluid helium target in nuclear recoil mode [79, 116, 117] with a dynamic
range between 1 meV and 100 meV; superfluid helium in the phonon mode will be discussed
in the next section. For both concepts, we (optimistically) assume negligible irreducible
background. At least for radiogenic backgrounds, this is expected to be true due to the
suppressed background spectrum at low recoil energies (see e.g. [118]) and the relatively
low exposure. It is moreover straightforward to approximately rescale our projections for
different background assumptions. Other future proposals, which we do not discuss here,
include searches for anomalous color centers [76, 78], magnetic bubble chambers [119] and
excitations in molecular gases [120].

In the remainder of this section we will present a number of analytic, approximate formu-
lae for the rate. This will allow us to understand the features present in the sensitivity curves
and to make explicit where low threshold detectors can perform better than the standard
noble liquid experiments. We make the following approximations: (i) we set the DM velocity
distribution to a delta function centered at v0, (ii) drop the form-factor for the SM nuclei
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(FN ≈ 1) and (iii) take MX � mN , such that the reduced mass µXN ≈ mN . The ADM
nugget form factor can further be expanded as

|FX(qRX)|2 =

{
1 +O(q2R2

X) qRX � 1
9

2(qRX)4
+O

(
1

q6R6
X

)
qRX � 1

, (3.36)

where the expansion at large momentum transfer only holds when the form factor is inte-
grated against a smoothly varying function of q.

With the assumptions outlined above, the maximum and minimum momentum transfer
for nuclear scattering is

qmax = 2mNv0 and qmin =
√

2mNEthres, (3.37)

where Ethres is the experimental threshold. There are then three regions of the sensitivity
curve that each have a different dependence on the ADM nugget mass, as shown in Fig. 3.2.
They are:

• Region I: No form factor suppression, qmaxRX . 1.

The ADM nugget radius is always less than the inverse momentum transfer. The SM
nucleus therefore cannot probe any of the finite size properties of the ADM nugget and
the nugget behaves like a point-like particle for all available phase space, regardless of
the threshold of the detector. For heavy DM, this property holds when

mχ

18π

(
mχ

mNv0

)3

&MX . (3.38)

• Region II: Partial form factor suppression, qmaxRX & 1 & qminRX .

The ADM nugget radius is larger than the inverse momentum transfer for some of
the accessible phase space, and the coherent enhancement only occurs for a fraction of
the scattering phase space. For heavy DM, this partial form factor suppression occurs
when

√
2mχ

9π

(
m̄2
χ

mNEthres

)3/2

&MX &
mχ

18π

(
mχ

mNv0

)3

. (3.39)

• Region III: Complete form factor suppression, qminRX & 1.

The ADM nugget radius is larger than the inverse momentum transfer even for the
smallest detectable momentum transfer, and thus the SM nucleus can probe the finite
size properties of the ADM nugget for all of the accessible phase space. This implies
that the coherent enhancement never occurs. For heavy DM, this complete form factor
suppression occurs when

MX &

√
2mχ

9π

(
m̄2
χ

mNEthres

)3/2

. (3.40)
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Due to the simplicity of dynamic structure function for nuclear recoil, the detector-specific
rate can be well approximated by an analytic expression. As we seek to determine which
detectors work best for various regions of the ADM nugget parameter space, we pull out the
dependence of the rate on the atomic mass number A by substituting mN = Amn.

For a heavy mediator, the fiducial cross section for an ADM nugget with mass MX and
radius RX , scattering off of a target nucleus is

σheavy
NR ≈ σ0 ×


A2q2max

4v20m
2
n

= A4 Region I
9A2

8R2
Xv

2
0m

2
n

Region II
9A2

8q2minR
4
Xv

2
0m

2
n

= 9A
16EthresR

4
Xv

2
0m

3
n

Region III

, (3.41)

where σ0 is the reference cross section for scattering off a single, free nucleon, as defined in
Eq. (3.23). In all regions, the cross section receives an A2 enhancement from the coherence
over the SM nucleus. In region I, this is supplemented with an A2 phase space enhancement
for heavy target nuclei, while for region III the 1/q2

min phase space suppression partially
cancels the effect of the coherent enhancement over the SM nucleus.

The effect of the form factor on the reach of two hypothetical experiments with different
thresholds is shown in Fig. (3.2), where we labeled the transitions between regions I, II and
III. In both panels, the crossover between regions I and II indicates where the form factor
starts to reduce the reach relative to the point-like DM case. The left hand panel shows that
this transition occurs sooner for lower values of mχ, which correspond to a larger nugget. In
the right hand panel we see that the transition between regions I and II is independent of
Ethres, as expected from Eq. (3.38).

The dependence of the cross section on the dark nugget radius in the three different
regions can be explained by simple arguments. In region I, where the nugget behaves like a
point particle, there is no dependence on RX . In region III, where the form factor is nontrivial
for the entirety of the phase space, the expansion in Eq. (3.36) dictates that the cross section
will scale as 1/R4

X . Lastly, in the intermediate region II, where the form factor only affects
high momentum transfer scattering, the cross section scales with 1/R2

X . This is because
the largest momentum transfer that is unaffected by the form factor is roughly 1/RX , such
that one can obtain an estimate for the cross section by substituting qmax → 1/RX in the
expression for region I.

For interactions between the ADM nuggets and SM nuclei via a light mediator, these
conclusions change qualitatively: the additional form factor in Eq. (3.26) further weights
the matrix element towards lower momentum transfer and favors low threshold experiments
over their higher threshold counterparts. The approximate fiducial cross section in this case
is

σlight
NR ≈ σ0 × q4

0 ×
{

A2

4q2minv
2
0m

2
n

= A
8Ethresv

2
0m

3
n

Region I & II
3A2

8R4
Xv

2
0m

2
nq

6
min

= 3
64AR4

Xv
2
0m

5
nE

3
thres

Region III
, (3.42)

where q0 = v0mn is an arbitrary reference momentum, to render the definition of σ0 in
Eq. (3.27) IR finite. The cross section is even more biased towards the low momentum
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Figure 3.2: Example reach curves for nuggets and point-like DM particles for He target. Top:
Fixed Ethres = 1 eV, varying mχ. Bottom: Fixed mχ = 100 MeV, varying Ethres. Roman
numerals indicate the regions where the impact of the form factor differs qualitatively, as
described in the text.

transfer regime, as is evident from the qmin factors in the denominator of both expressions.
This implies that to leading order, there is no difference between regions I and II, since in
both cases the process is still coherent near the low momentum threshold. The phase space
distribution also changes the dependence on the atomic mass number A, making heavy nuclei
detectors less favorable, as compared to the heavy mediator case in Eq. (3.41). For both
Region I and Region II, where the dominant contribution to the scattering rate is unaffected
by the form factor, there is no dependence on RX . It is only in Region III, where the form
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factor affects the entirety of the phase space, do we see a 1/R4
X dependence that arises from

the expansion of Eq. (3.36).

Collective Modes

When the inverse momentum transfer is larger than the inter-particle spacing, the response
of the target is qualitatively different than what was considered in the previous section: the
target can no longer be treated as a collection of non-interacting nuclei and instead one
has to integrate out the atoms and use an effective description of a phonon gas at zero
temperature. While scattering at such low momentum occurs for all types of dark matter,
this contribution is typically heavily phase space suppressed for heavy dark matter. Large
dark nuggets are an exception to this rule, as the coherent N2

X enhancement to the cross
section at low momenta can overcome the phase space suppression in certain regions of the
parameter space. A similar effect can occur when the scattering is due to a light mediator.
Calculations of the single phonon production have been performed for the polar materials
GaAs and sapphire [81, 82] and for two phonon/roton production in superfluid helium [79,
80].

For superfluid helium, we estimate the reach with the analytic expressions for the dynamic
structure function in Refs. [79, 80] which match the simulation data [121] to within an order
of magnitude. In particular, in the region where |q| . 1/Å, the structure function can be
approximated as

S(q, ω) ≈ q

2mHecs
δ(ω − ωq) +

7m
5/2
He

60π2ρ0

c4
sq

4

ω7/2
(3.43)

where the first and second terms represent single and double phonon production respectively.
However, for q . keV and optimistic energy thresholds, the single phonon component is
always too soft to contribute to the detection rate, as its energy is ωq ≈ csq where cs ≈ 10−6

is the speed of sound in superfluid He. We therefore rely on double phonon production to
detect ADM nuggets in superfluid helium when the momentum transfer is below the nuclear
recoil threshold.

For scattering off phonon excitations in a crystal, the structure function is

S(q, ω) =
1

2

∑
ν

|Fν(q)|2
ων,q

δ(ων,q − ω) (3.44)

with Fν(q) and ων,q are respectively the phonon form factor and energy corresponding to the
phonon branch ν and momentum q. We consider the example of GaAs, which has a cubic
crystal structure with one gallium and one arsenic atom in its primitive cell, which give rise
to 6 independent phonon modes. To leading order, only the longitudinal modes contribute
with the form factor

|F±(q)|2 ≈ q2

2

∣∣∣∣ AGa√
mGa

eirGa·q ± AAs√
mAs

eirAs·q
∣∣∣∣2 (3.45)
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where the + and − indicate the longitudinal acoustic (LA) and longitudinal optical (LO)
mode, respectively. AGa and AAs are the atomic mass numbers for gallium and arsenic, while
rGa and rAs are the locations of the gallium and arsenic atom with respect to the origin of
the primitive cell. For a rough estimate, one can take rGa,As ·q ≈ 0. The LO mode has energy
ωLO ≈ 30 meV, which is to good approximation momentum independent. For q . 1 keV,
the LA mode has a linear dispersion relation ωLA = csq with the sound speed cs ≈ 2× 10−5.
We refer to [82] for details on the derivation of Eq. (3.45).

Identical to the nuclear recoil case in the previous section, there are three qualitatively
different regimes in the parameter space, set by the hierarchy between qmin, qmax and 1/RX .
The main difference is that for phonon modes qmin can be substantially lower than for nuclear
recoil, thus enlarging the region of parameter space where coherence over the ADM nugget is
possible (region I). We illustrate this for the case of the LA phonon in GaAs with simplified
expressions for the fiducial cross section. The analogous expressions for the LO mode and
helium can be easily derived. For the LA mode,

qmin = Ethres/cs, qmax = qc (3.46)

with qc ≈ 1 keV the momentum transfer at which the single phonon description starts to
break down. For q & qc one has to match to the nuclear recoil regime by including higher
order corrections to the matrix element, which we do not attempt here. For a heavy mediator,
the fiducial cross section is

σheavy
LA ≈ σ0 ×

A

3m3
nv

2
0cs


q3
c Region I
9π

2R3
X

Region II
27cs

2R4
XEthres

Region III

. (3.47)

where we use that A ≈ AGa ≈ AAs. Due to the strong q3
c/m

3
n phase space suppression in the

coherent regime (region I), we find that phonons in GaAs are never competitive with nuclear
recoils in superfluid helium for a heavy mediator. The same conclusion holds for phonons in
superfluid helium. For a light mediator on the other hand, the fiducial cross section is

σlight
LA ≈ σ0 × q4

0 ×
A

m3
nv

2
0cs

{
cs

Ethres
Region I & II

9c5s
10R4

XE
5
thres

Region III
(3.48)

This scaling is much more favorable for a low threshold, phonon based detection principle
and, as we shall see in the next section this detection strategy can be competitive with high
threshold, high exposure experiments.

Results

We now turn to a quantitative comparison of the numerical results. As discussed extensively
in the previous sections, the key quantity is the radius of the ADM nugget, given by

RX =

(
9π

4

MX

m̄4
χ

)1/3

. (3.49)
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Figure 3.3: Existing and projected reach of experiments in Table 3.1 for heavy mediator
coupled to nucleons and nuggets with 10 MeV constituents. We assume nuggets are 1% of
the DM density due to SIDM constraints; the dot-dashed purple curve indicates the LHC
constraint on the UV completion in (3.10).

In our reach estimate, we fix mχ to a few benchmark values and vary the ADM nugget
mass MX . For fixed mχ, the radius therefore grows with increasing MX , while for fixed MX ,
smaller mχ correspond to a larger, less dense ADM nugget. We illustrate the direct detection
phenomenology with the limiting cases of mχ = 10 MeV and mχ = 10 GeV; the mχ = 10
MeV benchmark roughly corresponds to the lowest value for the constituent mass for which
one can imagine a plausible formation history, consistent with Big Bang Nucleosynthesis.
As discussed in Sec. 3.2, this benchmark is also in tension with self-interaction bounds if
MX . 4 × 106 GeV, which leads us to assume that the ADM nuggets make up 1% of the
total DM mass density. This bound does not apply for the mχ =10 GeV benchmark, which
will roughly correspond to the highest value for which low threshold experiments can add
sensitivity, for a heavy mediator.

The reach for a heavy mediator is shown in Figs. 3.3 and 3.4 for nuggets with constituent
masses mχ = 10 MeV and mχ = 10 GeV respectively. In the gray region the cross section
exceeds the geometric cross section for an ADM nugget with radius RX ; the parameter space
there is unphysical. Current constraints are shown by shaded regions. There are parts of
the parameter space, specifically at large cross sections and low nugget masses, where no
experiment has any reach, as the nuggets are stopped by an overburden equivalent of around
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Figure 3.4: Existing and projected reach for the experiments described in Table 3.1, for
heavy mediator interacting with nucleons and nuggets with 10 GeV constituents. The white
triangle on the left marks where rock overburden eliminates underground direct detection
sensitivity. Constraint curves terminate when the expected number of ADM nuggets passing
through the detector drops below one per year.

2 km of rock. This overburden effect depends on MX due to the ADM nugget’s form factor,
as computed in Appendix A. In other parts of the parameter space, multiple interactions
in the detector can occur in the same event, which requires a dedicated analysis [122]. We
also indicate, in dot-dashed purple, the LHC constraints on the UV completion described in
Sec. 3.2. Lastly, note that the maximum nugget mass that a superfluid helium detector can
probe with a kg-year exposure is slightly higher than that which can be probed by a silicon
detector with the same exposures because of the difference in the detector volumes.

For mχ = 10 MeV (Fig. 3.3), the ADM nugget is large enough such that the fully
coherent regime (Region I) is never available, regardless of the detector. For high threshold,
high exposure experiments, even partial coherence is not possible, regardless of MX . The
fiducial cross section is therefore heavily suppressed as the scattering is always in Region
III. For a low threshold detector on the other hand, qminRX < 1 as long as MX . 105

(Si) or MX . 6 × 107 GeV (He), such that coherent scattering remains possible in part of
the phase space (Region II). For larger MX the low threshold detectors also transition to
the fully incoherent regime (Region III), as is evident from the change in slope of the Si
and He curves in Fig. 3.3. Beyond this point, the form factor suppression is present for all
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experiments but it is more severe for the high threshold detectors.5 This can be seen from the
approximate formula for region III in Eq. (3.41), which shows that the fiducial cross section
scales with 1/Ethres. The rate per unit exposure in Eq. (3.31) is moreover proportional to
1/mN = 1/(Amn), such that there is no residual enhancement for large nuclei. This implies
that the relative reach of the various experiments in this regime is determined by the ratio
of their exposure over their threshold, assuming comparable backgrounds rates.

For mχ = 10 GeV (Fig. 3.4), the ADM nugget has a much smaller radius and thus does
not suffer from form factor suppression for even intermediate masses. This means that the
traditional, large exposure experiments perform best in most of the parameter space, except
for very high MX . Concretely, only for MX & 1013 GeV a low threshold Si experiment with
kg-year exposure would outperform the existing XENON1T limit, and even in this case a
future liquid xenon experiment is still expected to set the best limit. In the intermediate
regime for the constituent mass, 10 MeV < mχ < 10 GeV, the reach of both types of
experiments is complementary: relatively low MX is covered by liquid xenon detectors,
while the reach for high MX can be better for a low threshold experiment.6

The reach for a light mediator is shown in Fig. 3.5. “Light” here refers to a mediator
whose mass is low compared to the typical momentum transfer in the scattering, meaning
mφ � mNv0. The scattering is heavily biased towards the low momentum transfer regime,
and a low threshold detector is always advantageous, regardless of the radius of the nugget
(see Eq. (3.42)). In this scenario the phonon modes for helium and GaAs have the potential
to outperform the high exposure experiments with several orders of magnitude in the full
parameter space. For completeness, we also include a number of indirect constraints, for
which we assumed the mediator mass mφ to be 1 eV. For this mass value, the maximal
coupling to the mediator to the SM nucleons is gn ∼ 10−12, as derived from stellar cooling
bounds [98]. This constraint on gn is combined with several constraints on gχ to demarcate
regions that are either excluded via indirect constraints or must be handled with care. For
example, DM self-interactions via a light mediator, derived in Eq. (3.15), exclude regions
above the red dashed line, labeled as SIDM; this bound can be avoided if ADM nuggets are
a subcomponent of the total DM density. There is also a region in Fig. 3.5 which is a priori
physical, but for which our approximations do not apply: above the dot-dashed blue line,
corresponding to Eq. (3.17), the mediator mass receives important in-medium corrections
which should be accounted for in the scattering rate. This effect is expected to weaken the
constraints; for more details we refer to Sec. 3.2.

5For the liquid xenon detectors the minimum momentum transfer is roughly ∼ 10 MeV. For the mχ = 10
MeV benchmark this means that strictly speaking the scattering always occurs in the cross over regime
between the form factor description and the DIS description. We expect that the true constraints for the
xenon experiments could therefore be somewhat weaker than what is shown in Fig. 3.3.

6The reach shown for He and Si is reduced because we assume an upper bound on the detectable energy,
100 meV and 1 eV, respectively. This is an estimate for the final generation of detector concepts, with the
lowest thresholds. As these campaigns will occur in stages, gradually lowering the energy range of interest,
our projections are likely somewhat conservative for this benchmark. The upper bound on deposited energy
also invalidates some of the analytic relations in Sec. 3.3; the necessary modifications are easily derived.
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Figure 3.5: Existing and projected reach of experiments described in Table 3.1 for light
mediator, coupling to nucleons and nuggets with mχ = 10 GeV constituents. At high
MX , the curves terminate when the expected number of ADM nuggets passing through the
detector volume per year drops below one. Above the dot-dashed blue line, the mediator
receives important in-medium corrections inside the nugget. For the perturbativity, SIDM
and in-medium correction bounds, we saturated the stellar cooling limits by fixing gn = 10−12,
assuming a mediator mass of 1 eV (See text for details.)

While we also consider the case in which the light mediator is a dark photon, we will delay
the discussion of this interaction until Sec. 3.4, in order to be able to present the constraints
from both nucleon and electron interactions at the same time. For now, we just note that
due to the heaviness of the DM nuggets, nuclear recoil experiments like XENON1T are able
to place constraints on this type of interaction, as shown in Fig. 3.9.

3.4 Electron couplings

In this section, we consider scattering of ADM nuggets with electron couplings, including
interactions mediated by dark photons. The leading existing electron-recoil limits are derived
from XENON10 data [83, 123–125] and a recent surface run by the SENSEI collaboration
[126]; SENSEI had a factor of ∼ 10 lower threshold, but substantially smaller exposure. A
comparable result exists from the SuperCDMS collaboration [127]. Near future (1-5 years)
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detectors will have enhanced sensitivity to electron recoils, primarily by pushing for higher
exposure, and in some cases lower thresholds. This includes semiconductor targets (SENSEI
[25, 126], DAMIC-K [128], SuperCDMS [25]), scintillators [86], graphene (PTOLEMY [85,
129]) and xenon (LBECA [25]). As an example we take a silicon semiconductor with a
kg-year exposure with a two electron threshold, as a future projection for SuperCDMS,
SENSEI or DAMIC [25]. Finally, there are slightly longer term prospects for even lower
threshold detectors, such as superconducting aluminum [87, 118], Dirac materials [88], and
polar materials (e.g. GaAs, sapphire) [81, 82]. As representative examples we consider a
superconducting target and, in the case of a dark photon mediator, a polar material (GaAs)
and a nuclear recoil experiment (XENON1T). All (proposed) experiments we consider are
listed in Table 3.2 (with the exception of XENON1T, which is listed in Table 3.1), along with
their (assumed) thresholds and exposure. Just as we did for the nucleon couplings, we have
assumed aspirational exposures for the more long term proposals; rescaling the projected
limits for different assumptions is trivial.

Experiment Exposure (kg-year) Threshold Timeline Nevents

XENON10 0.041 15 eV existing BD
SENSEI 5.2× 10−8 8.3 eV existing BD
Si semiconductor 1 4.7 eV in progress 3
superconductor 1 1 meV R&D needed 3
polar material (A′

mediator)
1 30 meV R&D needed 3

Table 3.2: Overview of assumed exposure and approximate thresholds for the existing and
future experiments considered in this work, for electron-nugget couplings. Nevents refers to
the number of expected signal events that were assumed to estimate the 90% exclusion limits.
(See text for details.) “BD” refers to a bin-dependent analysis, as described in the text.

Electron recoils

For reference, we summarize the dynamic structure factors for electron targets appearing
in Eq. (3.31). The dynamic structure factor, S(q, ω), in semiconductors and liquid xenon
depends strongly on the electron potential in the medium. The electrons in a superconductor
can be approximated by a non-interacting Fermi liquid at zero temperature, and the impact
of Pauli blocking must be accounted for.

Ionization in Atomic Targets

In this process, the DM ionizes an electron in one of the outer shells of the target atom,
Xe in the case at hand. The residual kinetic energy of the electron is deposited in the form
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of secondary electrons or (unobserved) scintillation photons. The corresponding structure
function is

S(q, ω) =
1

4

∑
n,`

1

ω − |εn,`|
|fn,`(k′, q)|2 (3.50)

with εn,` the binding energy of the atomic level (n, `), k′ ≡
√

2me(ω − |εn,`|) and the ioniza-
tion form factor. The form factor fn,`(k

′, q) is non-trivial and must be computed from the
atomic wave functions and the wave function of the outgoing, unbound electron, as detailed
in Refs. [83, 123, 124, 130]. We compute the structure function and the electron yield as a
function of the recoil energy with QEdark code [123, 124], which supplies fn,`(k

′, q) for Xe.
Since the rate is dominated by the 4d10 and 5p6 shells, we neglect the remaining orbitals in
our estimates. We further bin the differential rate according to the expected number elec-
trons and require the signal to be below the XENON10 data [125] at 90% confidence level in
each bin. The above approximations reproduce the limits for light, elementary dark matter
in [124] to within ∼ 30%.

Electronic Transitions in Semiconductors

In semiconducting targets, such as silicon and germanium, the gap between a valence and
conduction band is 1.1 eV and 0.67 eV respectively, which corresponds to the lower bound
on the energy threshold. In practice, the threshold is often taken to be the energy needed
to produce two or three electrons, in order to suppress the dark count rate and/or other low
energy backgrounds. The structure function is

S(q, ω) =
1

nT

∑
i,i′

∑
G′

∫
BZ

d3k

(2π)3
|fi,k→i′,k′,G′|2δ (Ei′,k′ − Ei,k − ω) (3.51)

where nT is the electron number density and the i, i′ label the initial and final electronic
bands, with energy Ei,k at momentum k. The sum over G′ is over the reciprocal lattice and
the integrals over the initial and final electron momenta k, k′ are over the first Brillouin zone.
The transition matrix element fi,k→i′,k′,G′ is determined from the electron wave functions
and has been evaluated numerically [84] with the Quantum EXPRESSO [131] package, and
subsequently tabulated as part of the QEdark code [84, 123], which we use for our calculations.
(See [130] for a semi-analytic approach.)

To convert the energy deposited by the DM to the number of ionization electrons (ne),
we assume the same linear relationship as in [84]. For the existing bounds, we recast the
latest SENSEI limit [126]. Since this was a surface run, the one and two electron bins have
a large amount of background events and we set a limit only with the ne & 3 and ne & 4
electrons selections, which respectively correspond to a threshold of 8.3 eV and 11.9 eV. In
these two signal regions, 132 and 1 event(s), respectively, were observed and the bounds at
90% confidence level are computed by conservatively assuming that all observed events were
signal. For each point in the parameter space, we take the strongest of these two limits.
For the future reach of a larger exposure, underground detector, a negligible background is
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assumed for ne & 2, which corresponds to an effective threshold of 4.7 eV; as a benchmark,
we assume an exposure of 1 kg-year.

Scattering in Superconductors

In metal targets, DM can scatter off of the quasi-free valence electrons [87, 118], which have
a typical Fermi velocity, vF ∼ 10−2. In the superconducting phase, a small gap on the order
of an meV develops above the Fermi surface, which forbids scattering processes with energy
depositions less than the width of the gap. For energy depositions sufficiently above a meV,
the existence of the gap can be neglected and the scattering becomes identical to that in a
free Fermi gas, at zero temperature. In this case, the dynamic structure factor is

S(q, ω) =
mev(2meµ− ξ2)

2πq nT
Θ(
√

2meµ− ξ)

ξ = Max

[√
2me(µ− ω),

me

q

(
ω − q2

2me

)] (3.52)

where me is the mass of an electron, µ the chemical potential and nT is the electron number
density. Note that for superconducting aluminum, µ ≈ 11.7 eV. The structure function is
derived in greater detail in Appendix B. For the future reach, we assume a meV threshold,
kg-year exposure and negligible irreducible backgrounds.

If the particle mediating the scattering is a kinetically mixed dark photon, the scattering
is subject to screening by the valence electrons of the metal. In practice the rate is sup-
pressed by the Thomas-Fermi screening length, which implies a reduction of the reach of
several orders magnitude, depending on the momentum transfer. For our rate calculation we
include the full momentum dependent correction to the dark photon propagator, following
the discussion in [118].

Polar materials

The detector with a polar material target proposed in [81] can be described as an ultra-
low threshold calorimeter for single, athermal phonon excitations. Since polar materials are
insulators or semiconductors, the 1-10 meV threshold needed to detect single phonons is
well below the band gap of the material. Unlike the examples discussed above, the detector
is therefore not optimized for detecting electron excitations directly, but it is nevertheless
still possible to excite phonons through the coupling to the inner shell electrons [82]. For a
mediator coupling to electrons, a superconducting target tends to perform somewhat better
than a polar material target. The kinetically mixed dark photon mediator is however an
important exception due to the screening effect described in the previous section, which
strongly limits the reach of superconductors for this scenario. For an insulator (e.g. sapphire)
or a semiconductor (e.g. GaAs) this issue does not arise.

A defining feature of polar materials is that the optical phonon modes of the crystal
correspond to the coherent oscillation of an electric dipole in each unit cell, which implies an
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enhanced coupling to a kinetically mixed dark photon. In the limit where the dark photon
is massless, the ADM nugget can be thought of as carrying a small electric charge. In this
case the dynamic structure factor is [81, 82]

S(q, ω) =
2q2

e2

ωLO
nT

(
1

ε∞
− 1

ε0

)
δ(ωLO − ω), (3.53)

taking σ̄0 in Eq. (3.27) (for the massless case), ge = e and gt = κe with e the electron charge
and κ the kinetic mixing parameter. ε0 and ε∞ are the low and high frequency dielectric
constants respectively, and ωLO is the energy of the longitudinal optical phonon in the zero
momentum limit. The reference momentum is taken to be q0 = αme.

7 We note that the
above equation is an analytic approximation, valid only for isotropic crystals like GaAs. The
general structure function is more complicated and must be evaluated numerically; see [82]
for details. Since the numerical treatment is rather computationally intensive, we restrict
ourselves to the analytic formula in Eq. (3.53) for GaAs in this work. As in Sec. 3.3, we
require q < 1 keV, to ensure the validity of the phonon description.

Results

We now turn to a quantitative comparison of the numerical results. As in the case of coupling
to nucleons, the key quantity is the radius of ADM nugget, given by

RX =

(
9π

4

MX

m̄4
χ

)1/3

. (3.54)

In our reach estimate, we again fix mχ to two benchmark values and vary the ADM nugget
mass MX . As for DM coupling to nuclei, the scaling of a detector’s sensitivity falls into
three unique regions (see Fig. 3.2), depending on how the momentum transfer compares to
the inverse radius. In Region I, the maximum allowable momentum transfer, qmax, is smaller
than the inverse radius. The scattering of a composite nugget is therefore fully coherent
and also indistinguishable from that of an elementary DM particle. In Region II, while
qmaxRX & 1, the lowest momentum transfer to which the detector is sensitive, qmin, is still
smaller than 1/RX . The scattering is therefore still coherent, but only in part of the phase
space. In Region III, qminRX & 1 and the scattering is never coherent and thus the rate is
strongly suppressed.

The transitions between Region I and II and Region II and III occur roughly when the
inverse radius is small compared to the maximal momentum transfer and the experimental

7Note that our definition of the reference cross section σ̄0 differs with a factor of 4 from the definition in
[81, 82].
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momentum transfer threshold, i.e.

MX ∼


3× 106 GeV ×

(
mχ

10 MeV

)4

×
(

8 keV
qmax

)3

transition between Region I and II

109 GeV ×
(

mχ
10 MeV

)4

×
(

eV
Ethres

)3

transition between Region II and III

,(3.55)

where v0 is the typical DM velocity in the Milky Way and qmax ≈ 2αme, as explained below;
this is significantly smaller than in the nuclear recoil case. Notice that, at least for atomic
ionization and semiconductor detectors, Region II is fairly narrow, as qmax is numerically
close to qmin ≈ Ethres/v0.

The structure functions are substantially more complicated than those for nucleon cou-
plings in Sec. 3.3, but we can still extract the rough scaling of the scattering rate by making a
number of additional approximations: if the electron were free, the structure function would
simply be Eq. (3.34), except with the mass of the electron instead of mass of the nucleus
and A = 1. The effect of the electron being in a bound state is two-fold: first, the energy
transferred to the electron, Ee, is now related to the momentum transfer via

Ee = q · v − q2

2µXN
≈ q · v , (3.56)

found by imposing energy conservation on the DM-electron-nucleus system. This implies the
relation

qmin = Ethres/v0 (3.57)

between the minimum possible momentum transfer (qmin) and the detector threshold (Ethres).
Secondly, the electron is not only not at rest, but its velocity in the atom, ve, is larger than
the mean DM velocity. This implies that qmax ≈ 2meve, where ve ≈ α ≈ 10−2, and we expect
that the cross sections for scattering via a heavy mediator roughly scales as

σheavy
ER ∼ σ0 ×


q2max

4v20m
2
e

= v2e
v20

Region I
1
R2
X

2
v20m

2
e

Region II
1
R4
X

2
q2minv

2
0m

2
e

= 1
R4
X

2
m2
eE

2
thres

Region III

, (3.58)

while for a light mediator, we expect the cross section to scale as

σlight
ER ∼ σ0 × q4

0 ×


1

4q2minv
2
0m

2
e

= v2e
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1
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eE

2
thres

Region I & II

1
R4
X

1
v20m

2
eq

6
min

= 1
R4
X

v6e
v20

1
m2
eE

6
thres

Region III

. (3.59)

Note that while these electron recoil cross sections have the same scaling dependence on
qmax, qmin and RX as for the nuclear recoil case, the dependence on Ethres is altered, following
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Figure 3.6: Existing and projected reach of experiments in Table 3.2 for heavy mediator
interacting with electrons and nuggets with 10 MeV constituents. We assume nuggets make
up 1% of the total DM density to evade SIDM constraints; the dot-dashed purple line is an
intensity frontier constraint on a 10 MeV mediator; see Sec. 3.2. The grey area marks where
geometric cross section is exceeded.

Eq. (3.57). These relatively crude approximations broadly reproduce the scaling behavior
of the reach of the various detector types, but their quantitative accuracy is not always
guaranteed, as more subtle but numerically important in-medium effects (e.g. Pauli blocking)
are not accounted for. However, these in-medium effects can also sometimes be included in a
similarly rough manner; when appropriate, we will provide an estimate of the consequences
of these effects on specific detector limits in our discussions below. In our result plots, we
always present the full, numerical results, as outlined in the preceding sections.

The reach for a heavy mediator is shown in Figs. 3.6 and 3.7 for mχ = 10 MeV and
mχ = 10 GeV respectively. The grayed region again indicates cross sections larger than
geometric, which are unphysical. For electron couplings there is a mild overburden effect
for underground experiments, as argued in Appendix A. The parameter space where this is
relevant is however fully covered by the SENSEI surface run. The dot-dashed purple line
refers to the constraint in Eq. (3.11), which represents the intensity frontier bounds on the
mediator particle, specifically from BaBar and LSND (see Sec. 3.2 for details).

When in Region I, i.e. when the ADM nuggets are quite small, low threshold detectors
(superconductors in the present context) do not have an advantage over their counterparts
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Figure 3.7: Existing and projected reach of experiments in Table 3.2 for heavy mediator
coupled to electrons and nuggets with 10 GeV constituents. The dot-dashed purple curve is
an intensity frontier constraint on a 10 MeV mediator, see Sec. 3.2. The grey area marks
where geometric cross section is exceeded.

with higher thresholds: comparing a 1 eV threshold semiconducting experiment to a meV
threshold superconducting experiment only shows the effect of Pauli blocking, which weak-
ens the constraints by approximately three orders of magnitude. The initially surprising
appearance of Pauli blocking can be understood in the following way: While one might
naively expect that the rate for DM scattering in superconductors should be dominated by
electrons deep in the Fermi sea (because the nugget carries plenty of kinetic energy), the rate
is instead dominated by energy deposits near the detector threshold. The physical reason is
that scattering of heavy, slow-moving dark matter off of a fast electron typically imparts a
momentum transfer twice the initial electron momentum. For the electrons deep in Fermi
sea, this does not suffice to knock the electron across the Fermi surface, and as such the
process is Pauli blocked. Thus one can only scatter off electrons near the Fermi surface,
which substantially reduces the number of available scattering centers for the ADM nugget.

Of the existing constraints for mχ = 10 MeV (Fig. 3.6), the XENON10 limit is substan-
tially stronger than the SENSEI limit, due to its much larger exposure. The 1, 2 and 3
electron bins for XENON10 however have a substantial amount of background, such that
the reach at low MX is primarily driven by bins with 4 or more electrons, effectively raising
the threshold to ∼ 60 eV. With Eq. (3.55), this explains why the limit from XENON10
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starts to deteriorate at lower MX , as compared to the SENSEI limit. Focusing next on the
reach of future semi- and superconductor experiments, note that both have the same qmax,
as it is set by twice the typical electron momentum. Therefore, both detectors transition
between Region I and Region II around MX & 3×106 GeV, and the difference in their reach
at low nugget masses can be understood completely through the existence of Pauli blocking
in superconductors. Moreover, the semiconductor detector rather quickly transitions from
Region II to Region III, due the numerical coincidence that qmin is less than an order of mag-
nitude smaller than qmax for this detector. This transition is delayed for the low threshold,
superconducting device, such that it can eventually compensate for the suppression due to
Pauli blocking. This is what occurs in Fig. 3.6, where superconductors begin to dominate
over semiconductors around MX ≈ 1011 GeV.

For more compact nuggets, i.e. with mχ = 10 GeV, the ADM nuggets behave like
point particles for all detectors, and there is no form factor suppression. The semiconductor
(or ionization) experiments therefore always dominate, since they do not suffer from Pauli
blocking. The reach is therefore primarily exposure-driven, as is shown in Fig. 3.7. A future
noble liquid detector with sensitivity to ionization signals and more exposure than XENON10
(e.g. LBECA) could therefore be an interesting alternative to search for ADM nuggets, or
heavy DM with electron couplings more generally. That is, provided that the backgrounds
can be kept low, a caveat which applies to all future proposals we consider.

The reach for a light scalar mediator and for a light, kinetically mixed dark photon is
shown in Figs. 3.8 and 3.9 respectively; both are for point-like nuggets, with mχ = 10 GeV.
As in the nuclear recoil case, a mediator is considered “light” if its mass is small compared
to the typical momentum transfer, in this case mφ � αme. For the scalar mediator case,
we take the mediator mass to be mφ = 1 eV, which corresponds to a maximal coupling to
electrons of ge ∼ 10−15 from stellar cooling constraints [98]. For the vector mediator case, we
fix κ = 10−10, which is consistent with stellar cooling bounds for a dark photon with mass
mA′ = 10−2 eV [99]. This constraint is combined with the constraints from perturbativity
(gχ . 1) and dark matter self-interactions in Eq. (3.15). We also include the lines that
demarcate regions that are a priori physical, but for which our approximations do not hold.
In particular, in the region above the dot-dashed blue line, defined by Eq. (3.17), the mediator
mass receives important in-medium corrections, as the charge density of the fermions can
dramatically alter the light mediator’s potential. Lastly, note that the maximum nugget
mass that GaAs, silicon semiconductor and aluminum superconductor detectors can probe
with a kg-year exposure are slightly different due to the difference in the detector volumes.

In direct detection experiments, the scattering rate for interactions via a light mediator is
always dominated by low momentum transfer, due to the q2

0/q
2 form factor in Eq. (3.26) and

so low threshold experiments always perform best, as long as Pauli blocking or in-medium
screening effects are not too severe. Focusing first on scalar mediators (Fig. 3.8), the existing
constraints are provided by XENON10 and the surface run of SENSEI. For the future reach,
superconductors dominate over semiconductors, despite the Pauli blocking suppression, as
the rate per unit exposure is proportional to 1/q2

min ∼ 1/E2
thres.

There are several important differences when considering a dark photon mediator (Fig. 3.9):
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Figure 3.8: Reach curves of experiments in Table 3.2 for light scalar mediator. The pertur-
bativity, in-medium effects and SIDM constraints are drawn assuming ge = 10−15, consistent
with stellar cooling bounds for mφ = 1 eV. Pauli blocking is present only in superconductors.

For polar crystals (e.g. GaAs), the dark photon has a strong coupling to the optical phonons
in material, which enhances their sensitivity. Superconductors on the other hand pay a large
penalty in reach due to the screening by the valence electrons, as discussed in Sec. 3.4. On the
other hand, for point-like nuggets, the typical momentum transfer can be substantially larger
than a keV. This means that the electric charge of a nucleus is not significantly screened
in the high threshold, noble liquid detectors, resulting in a nuclear recoil signature with
coupling proportion to the charge of the nucleus (see e.g. [132]). As a result, XENON1T
has a sensitivity similiar to that of a semiconductor detector for masses below 108 GeV.
Above this mass, the DM form factor becomes nontrivial for XENON1T and thus the rate is
suppressed relative to that in semiconductors. For indirect constraints, we also demarcate,
with a dot-dashed green line, where the dark Coulomb barrier would forbid nuggets from
successfully undergoing fusion in the early universe, as given in Eq. (3.19). Depending on
whether the last fusion reaction to freeze out is between two large nuggets or a large nugget
and a free constituents or small nugget affects the mass of the maximum nugget that can be
synthesized [66, 69] and so we choose to plot both of these constraints.
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3.5 Conclusions

We have considered the detection of nuggets of Asymmetric Dark Matter, comparing and
contrasting low threshold but low exposure proposed experiments (such as superconductors,
superfluid helium, polar materials and semi-conductors) with higher threshold but larger
exposure experiments (notably the traditional noble liquid xenon experiments). We found
that both types of experiments have a role to play:

• Larger experiments are more successful at accessing compact and lighter nuggets that
interact with the Standard Model via a heavy mediator;

• Smaller, but lower threshold, experiments can dominate for less dense nuggets and for
nuggets which interact with the Standard Model via a longer range mediator.

It has been shown that large bound states of Asymmetric Dark Matter arise quite gener-
ically in the presence of a sufficiently strong attractive force, and their astrophysical and
cosmological evolution can be quite distinct from other known DM candidates. It is there-
fore important to pursue complimentary search strategies for constraining these intriguing
dark matter candidates.
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There are number of possible future directions: Firstly, in our analysis we have not con-
sidered the likely possibility that the ADM nuggets follow a non-trivial mass distribution,
which can be bimodal in the case of a bottleneck in the formation history [69]. In such a sce-
nario, there could be a signal from larger nuggets in one or more low threshold experiments,
simultaneously with a signal from the smaller nuggets in the traditional large noble liquid
detectors. Moreover it could be interesting to revisit some of the prior studies of the differ-
ential energy spectrum [73, 74] by including low threshold detectors, as well as correlating
the spectrum with the formation history of the ADM nuggets.
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Chapter 4

Directional Dark Matter Detection in
Anisotropic Dirac Materials

4.1 Introduction

The direct detection of dark matter has seen a dramatic broadening of scope beyond the
traditional domains of the search for the Weakly Interacting Massive Particle (WIMP) and
the axion. Both are highly motivated by solving other problems in the SM sector, such as
the hierarchy problem (WIMP) and the strong CP problem (axion). However, the WIMP
has been increasingly constrained by highly sensitive experiments that have searched for new
physics at the weak scale for decades.

At the same time, visible and dark matter may originate from two separate sectors,
independent of any problems in the SM [56]. The development of the hidden sector paradigm
has opened a fruitful direction in building models of dark matter. Similar to the SM, the
lightest particle of the dark sector may be stable thanks to a gauge or global symmetry. The
interactions with the SM may be only gravitational, or mediated by new forces that interact
only very feebly with the dark and/or visible sectors. However, these feeble interactions
with the SM may be crucial in setting the dark matter abundance, as is typical, for example,
in models of MeV dark matter [55, 133, 134], WIMPless miracle DM [135], Asymmetric
DM [61, 136], GeV hidden sector dark matter [137–139], freeze-in DM [140], and Strongly
Interacting Massive Particles [60]. In this case, well-motivated and clear benchmarks exist to
search for dark matter in hidden sectors. Two classic examples are Asymmetric Dark Matter
annihilating its symmetric abundance through the dark photon [62], as well as dark-photon
mediated dark matter produced through a freeze-in process [141, 142].

While there are many well-motivated models, if the mass of the dark matter in the hidden
sector is below approximately a GeV, existing technologies to search for the WIMP through
nuclear recoils are not sensitive to it. However, recent years have seen the development of
many new ideas to detect sub-GeV dark matter (see Ref. [25] for an extensive review). When
the dark matter carries more energy than electronic excitation energies–typically in the 1-10
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eV range, corresponding to the kinetic energy of 1-10 MeV dark matter–semiconductor [83,
84, 143] or noble liquid [123] targets developed to search for the WIMP through nuclear recoils
with keV energy deposition can be extended to search instead for valence-to-conduction-band
transitions or ionization. The challenge is to reduce dark counts and increase sensitivity to
energy depositions three orders of magnitude below that needed for WIMPs. This program
is well under way in noble liquid [124] and silicon targets, and is actively being pursued in
collaborations such as SENSEI [126, 144, 145], DAMIC [146, 147] and SuperCDMS [127,
148–151].

When the DM mass drops below an MeV, new ideas and targets must be found. This has
been the focus of intense efforts on small gap materials, such as superconductors [87, 118],
graphene [85], and Dirac Materials [88] in the case of electronic excitations, and superfluid
helium [79, 80] and polar materials [81] when the DM couples to nuclei or ions.

In this chapter, we will focus on electronic excitations, and in particular dark photon
mediated couplings to electrons in Dirac semimetals. These materials have a small band gap
of order O(1− 10 meV), allowing to probe keV-MeV mass DM through scattering. Super-
conductors are another small gap material that can probe sub-MeV dark matter interacting
with the electromagnetic current via a kinetically mixed dark photon, but in-medium effects
have been shown to have a dramatic effect on the dark matter interaction rate [118]. The
large in-medium effects (or, equivalently, optical response) are a result of the large electron
density of states near the Fermi surface of a metal. Dirac materials were proposed in Ref. [88]
as an antidote to this problem: the optical response of Dirac materials is much smaller than
superconductors and more similar to a semiconductor. At the same time, the presence of
states within O(1−10 meV) of the Fermi surface gives sensitivity to similarly light DM as for
superconductors. An additional desirable feature is that Dirac materials feature anisotropic
Fermi velocities and permittivity tensor, suggesting that dark matter interaction rates should
be dependent on the orientation of the material with respect to the dark matter wind, in-
ducing a daily modulation. Such a modulation is a smoking gun signature for dark matter
interactions, distinguishing signal from background.

The goal of this chapter is to explore in detail how direct detection signals are affected
by Dirac materials anisotropies: both the electron Fermi velocities, which dominate the
kinematics of the DM-electron scattering, and the permittivity tensor, which characterizes
the strength of the electron interactions with the dark photon. We find that daily modulation
is O(1) for DM scatterings, while no modulation is present for DM absorption. Since the
scattering rate modulation turns out to be dominated by anisotropies in the crystal dielectric,
it can be maximized by orienting the crystal in such a way that the DM wind is completely
aligned with the smallest and largest component of the dielectric tensor at two different
times of the day.

In deriving these results, we also identify and correct a critical fallacy in the formalism
previously used to analytically derive the dielectric tensor of Dirac materials [118, 152].
Specifically, we point out that the contribution of electronic states far from the Fermi surface,
while previously ignored, dominates the dielectric. The inclusion of these states drastically
changes the amount of in-medium screening and therefore the projected reach for Dirac
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Materials.
Strong anisotropy and daily modulation in sub-MeV dark matter interaction rates are

also a feature of polar materials, as proposed in Ref. [82], though in Dirac Materials the
interaction is with electrons rather than ions. Other proposals for directional detection of
DM candidates include using two-dimensional materials like graphene [85] in the case of
DM coupling to electrons; defect production in crystals [78, 153], and nuclear recoils in
semiconductors [154].

The outline of this chapter is as follows. In the next Section we lay out the formalism
for calculating dark matter interactions with in-medium effects. In Sec. 4.3, we define our
conventions for the orientation of the crystal with respect to the DM wind. Then in Secs. 4.4
and 4.5, we compute the anisotropic absorption and scattering rates. Finally we conclude.

4.2 Dark Matter Interactions with In-Medium Effects

As a benchmark model we consider a dark sector coupled to the Standard Model through a
kinetically mixed dark photon, 1

L ⊃ −1

4
FµνF

µν − 1

4
F ′µνF

′µν +
ε

2
FµνF

′µν + eJµEMAµ + gDJ
µ
DMA

′
µ +

m2
A′

2
A′µA′µ , (4.1)

where Fµν (F ′µν) is the electromagnetic (dark) field strength, ε the kinetic mixing parameter
and JµEM (DM) the electromagnetic (dark) current that couples to (dark) photons with a

coupling e (gD). The dark photon has a mass mA′ which can be generated either by a dark
Higgs or through the Stueckelberg mechanism [155] (though astrophysical constraints are
weakest for the case of a Stueckelberg dark photon [156]). In the vacuum, the propagating
photon (found by diagonalizing the kinetic term in Eq. 4.1) is Ãµ = Aµ − εA′µ. In this basis
the dark photon mass eigenstate A′ couples to the electromagnetic current with a strength
eε.

Because of this coupling, the propagation of a dark photon in optically responsive media
is modified. Specifically, including in-medium effects and dropping O(ε2) terms, we can write
down the effective Lagrangian (in the Ã, A′ basis)

L ⊃− 1

4
F̃µνF̃

µν − 1

4
F ′µνF

′µν + eJµEM

(
Ãµ + εA′µ

)
+ gDJ

µ
DMA

′
µ +

m2
A′

2
A′µA′µ (4.2)

+
1

2
ÃµΠµνÃ

ν + εÃµΠµνA
′ν (4.3)

where the in-medium polarization tensor is defined as Πµν ≡ ie2〈JµEMJ
ν
EM〉, and the equation

of motion has been used to derive the last line. In the familiar case of isotropic materials,
the polarization tensor can be written as Πµν = ΠT (εµ+ε

ν
+ + εµ−ε

ν
−) + ΠLε

µ
Lε
ν
L, with εL and ε+,−

1Notice that reference [88] uses a different conventions for the sign of the mixing term.
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the longitudinal and transverse polarization vectors. For q ‖ ẑ, they can be written as:

εL =
1√
q2

(
|q|, ω q̂

)
ε± =

1√
2

(
0, 1,±i, 0

)
. (4.4)

where q = (ω,q) is the four-momentum transfer. One then finds that transverse and longi-
tudinal dark photons remain decoupled during their propagation in a isotropic medium and
interact with the electromagnetic current with reduced couplings [118]:

L ⊃ εe
q2

q2 − ΠL,T

A
′T,L
µ JµEM . (4.5)

In the case of anisotropic materials, the polarization tensor cannot be decomposed into
a longitudinal and a transverse component. This induces a mixing between longitudinal
and transverse polarizations that can be parametrized in terms of a symmetric 3× 3 mixing
matrix, K, defined as

KAB ≡ (εµA)?Πµνε
ν
B, (4.6)

with A and B running over longitudinal and transverse polarizations. It is therefore useful
to choose a basis, εµi=1,2,3, for the physical polarizations that is not mixed by in-medium
propagation. This basis is found using the 3 × 3 unitary matrix, S, that diagonalizes the
mixing matrix:

(εµ1 , ε
µ
2 , ε

µ
3 ) = S

 εµL
εµ+
εµ−

 with S−1KS = diag
(
π1(q), π2(q), π3(q)

)
. (4.7)

In this new basis, the Lagrangian of Eq. 4.2 takes the form

L ⊃− 1

4
F̃ i
µνF̃

µν
i −

1

4
F
′i
µνF

′µν
i + eJµEM

(
Ãiµ + εA

′i
µ

)
+ gDJ

µ
DMA

′i
µ −

m2
A′

2
A
′µ
i A

′i
µ (4.8)

− πi
2
ÃiµÃ

µ
i − επiÃiµA

′µ
i (4.9)

and can be diagonalized making the following field redefinition:

Ãiµ = Āiµ +
επi(q)

m2
A′ − πi(q)

Ā
′i
µ A

′i
µ = Ā

′i
µ −

επi(q)

m2
A′ − πi(q)

Āiµ . (4.10)

One then finds that the propagating dark photons Ā′i couple to the electromagnetic current
as:

L ⊃ εe
q2

q2 − πi
Ā
′i
µJ

µ
EM . (4.11)

Thus we see that in the anisotropic case the role of ΠL,T is played by the mixing matrix
eigenvalues πi.
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Working in Lorentz gauge, the in-medium photon propagator takes the form

Gµν
med(q) =

∑
i

P µν
i

πi − q2
(4.12)

where Pi is the projector operator on the direction of the i-th polarization. In order to com-
pute the eigenvalues of the mixing matrix, we relate its components to the optical properties
of the medium (see appendix C for details):

KLL = q2 (1− q̂ · ε · q̂) KL± = −ωq q̂ · ε · ε̂± K±± = ω2 (1− ε̂∓ · ε · ε̂±) (4.13)

where ε is the dielectric tensor.2

From Eq. 4.13, it is clear that in the scattering limit (|q2| ∼ q2 � ω2) the mixing matrix
is dominated by the KLL component. Therefore, for DM scattering there is a negligible
mixing between longitudinal and transverse polarizations, and the rate is dominated by the
longitudinal degrees of freedom whose in-medium propagator is given by

Gµν =
P µν
L

q2(q̂ · ε · q̂)
. (4.14)

Conversely, in the absorption limit, all components of the mixing matrix are of the same
order. Hence in-medium propagation gives rise to a sizable mixing. Therefore, to study DM
absorption we need to work in the basis defined in Eq. 4.7 and use the general in-medium
propagator given in Eq. 4.12.

4.3 Preliminaries: Dark Matter Wind

The effects we are considering arise because the DM velocity with respect to the detector
changes as the Earth rotates around its axis, see Fig. 4.1. There are two kinds of effects.
The first is kinematic, where the flux of DM particles in the kinematic configuration that
can excite a response in the target changes on a daily basis. This effect is dominated by the
anisotropy of the Fermi velocity in the material. The second is due to the size of the matrix
element, as shown for example in Eq. 4.14, where the direction of the momentum transfer
(typically oriented along the DM wind) changes with respect to the anisotropic dielectric
tensor ε. We will detail these effects separately for both absorption and scattering below.

But before moving to the results we summarize here our conventions for the DM velocity
distribution and the orientation of the DM wind in the crystal rest frame, using a set-up
similar to Ref. [82]. For the velocity distribution in the galactic rest frame, fgal(v), we assume
a Maxwellian form, with velocity dispersion v0 = 220 Km/ s, truncated at vesc = 500 Km/ s.

2We will neglect the ion contribution to the dielectric tensor since it is expected to be sub-leading
compared to the electronic one.
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t = 0
<latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit><latexit sha1_base64="FykfVh8EGafe2dktb3LF+5DfqWQ=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EYI2FhG8JJAcoS9zSQu2ftgd04IR36DrVZ2YuvPsfC/eHdeoYmverw3w7x5fqykIdv+tCorq2vrG9XN2tb2zu5eff+gY6JEC3RFpCLd87lBJUN0SZLCXqyRB77Crj+9yf3uI2ojo/CeZjF6AZ+EciwFp0xyiV0ze1hv2E27AFsmTkkaUKI9rH8NRpFIAgxJKG5M37Fj8lKuSQqF89ogMRhzMeUT7Gc05AEaLy3CztlJYjhFLEbNpGKFiL83Uh4YMwv8bDLg9GAWvVz8z+snNL7yUhnGCWEo8kMkFRaHjNAyawHZSGok4nlyZDJkgmtOhFoyLkQmJlkttawPZ/H7ZdI5azp207k7b7QuymaqcATHcAoOXEILbqENLgiQ8ATP8GLNrFfrzXr/Ga1Y5c4h/IH18Q0hBJJG</latexit>

t = 1/2 day
<latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit><latexit sha1_base64="sArTlKCJZIUZVTYSV66yDVVy/mk=">AAACBnicbVDLSgNBEJyNrxhfMR69DAbBU9wNooIIAS8eI5gHZEPonXTikNkHM71iWHL3K7zqyZt49Tc8+C9u4h40sU5FVTddXV6kpCHb/rRyS8srq2v59cLG5tb2TnG31DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXU391j1qI8PglsYRdn0YBnIgBVAq9Yol4pfcOa66F4mrfd6H8aRXLNsVewa+SJyMlFmGeq/45fZDEfsYkFBgTMexI+omoEkKhZOCGxuMQIxgiJ2UBuCj6Saz7BN+GBugkEeouVR8JuLvjQR8Y8a+l076QHdm3puK/3mdmAbn3UQGUUwYiOkhkgpnh4zQMi0FeV9qJIJpcuQy4AI0EKGWHIRIxThtqZD24cx/v0ia1YpjV5ybk3LtNGsmz/bZATtiDjtjNXbN6qzBBHtgT+yZvViP1qv1Zr3/jOasbGeP/YH18Q21/peD</latexit>

crystal
<latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit><latexit sha1_base64="eiFKczBVQ1mozkboE+Ln4a+jc6I=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmJhjJI5CElVrS+bMIpd7a5WyNFVgq+ghYqOkTLp1DwLzjGBSRMNZrZ1c5OECtpyXU/naXlldW19dJGeXNre2e3srffslFiBDZFpCLTCcCikiE2SZLCTmwQdKCwHYyvZn77AY2VUXhLkxh9DaNQDqUAyiQ/7RnNhZlYAjXtV6puzc3BF4lXkCor0OhXvnqDSCQaQxIKrO16bkx+CoakUDgt9xKLMYgxjLCb0RA0Wj/NQ0/5cWKBIh6j4VLxXMTfGyloayc6yCY10J2d92bif143oeGln8owTghDMTtEUmF+yAojszaQD6RBIpglRy5DLsAAERrJQYhMTLJ6ylkf3vz3i6R1WvPcmndzVq2fF82U2CE7YifMYxeszq5ZgzWZYPfsiT2zF+fReXXenPef0SWn2Dlgf+B8fAPytJbK</latexit>

z�axis
<latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit><latexit sha1_base64="L+nTHHTBtwA+ivUuw2loxBZ5zo4=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESHRENkIAWUkGsogkYcUW9H6sgmnnB+6WyOCFYmvoIWKDtHyKxT8C3ZwAQlTjWZ2tbPjx0oasu1Pa2FxaXlltbRWXt/Y3Nqu7Oy2TJRogU0RqUh3fDCoZIhNkqSwE2uEwFfY9keXud++Q21kFN7QOEYvgGEoB1IAZZL7kLo64MdwL82kV6naNXsKPk+cglRZgUav8uX2I5EEGJJQYEzXsWPyUtAkhcJJ2U0MxiBGMMRuRkMI0HjpNPOEHyYGKOIxai4Vn4r4eyOFwJhx4GeTAdCtmfVy8T+vm9DgwktlGCeEocgPkVQ4PWSEllkZyPtSIxHkyZHLkAvQQIRachAiE5OsnXLWhzP7/TxpndQcu+Zcn1brZ0UzJbbPDtgRc9g5q7Mr1mBNJljMntgze7EerVfrzXr/GV2wip099gfWxzfFdpYa</latexit> Earth0s

<latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit><latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit><latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit><latexit sha1_base64="e6+l1nFo+r60WOczEb2khR+7QS8=">AAAB/3icbVC7SgNBFJ2NrxhfUUubwSBahV0RtQyIYBnBPCBZwuzkJhkys7vO3BXCksKvsNXKTmz9FAv/xdk1hSae6nDOfZ4glsKg6346haXlldW14nppY3Nre6e8u9c0UaI5NHgkI90OmAEpQmigQAntWANTgYRWML7K/NYDaCOi8A4nMfiKDUMxEJyhlfy0qxW9ZhpHx2baK1fcqpuDLhJvRipkhnqv/NXtRzxRECKXzJiO58bop3ac4BKmpW5iIGZ8zIbQsTRkCoyf5kdP6VFiGEY0Bk2FpLkIvztSpoyZqMBWKoYjM+9l4n9eJ8HBpZ+KME4QQp4tQiEhX2S4FjYNoH2hAZFllwMVIeVMM0TQgjLOrZjYeEo2D2/++0XSPK16btW7PavUzmfJFMkBOSQnxCMXpEZuSJ00CCf35Ik8kxfn0Xl13pz3n9KCM+vZJ3/gfHwDPACWVg==</latexit>

ve
<latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit><latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit><latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit><latexit sha1_base64="Ag8Mh6MDz7GIhdE5nSiX9WiLL0U=">AAAB+3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjJI5IESKzpfNuGUu7N1t44UWf4KWqjoEC0fQ8G/YBsXkDDVaGZXOztBJIVF1/10VlbX1jc2K1vV7Z3dvf3awWHHhrHh0OahDE0vYBak0NBGgRJ6kQGmAgndYHqT+90ZGCtCfY/zCHzFJlqMBWeYSQ/JIBjTWTqEYa3uNtwCdJl4JamTEq1h7WswCnmsQCOXzNq+50boJ8yg4BLS6iC2EDE+ZRPoZ1QzBdZPisApPY0tw5BGYKiQtBDh90bClLVzFWSTiuGjXfRy8T+vH+P4yk+EjmIEzfNDKCQUhyw3ImsC6EgYQGR5cqBCU84MQwQjKOM8E+OsmmrWh7f4/TLpnDc8t+HdXdSb12UzFXJMTsgZ8cglaZJb0iJtwokiT+SZvDip8+q8Oe8/oytOuXNE/sD5+AZmVpTP</latexit>

DM wind
<latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit><latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit><latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit><latexit sha1_base64="XbgDZ6uXNBBHBfqf+Im4I7y/TXQ=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgEQTCQoapCCRhxSb6HzZhFPOZ+tuDYqsNHwFLVR0iJY/oeBfsI0LSJhqNLOrnR0/ksKgbX9ac/MLi0vLpZXy6tr6xmZla7tlwlhzaPJQhrrjMwNSKGiiQAmdSAMLfAltf3Se+e170EaE6gbHEXgBGyoxEJxhKt0mrg7oxZV79iBUf9KrVO2anYPOEqcgVVKg0at8uf2QxwEo5JIZ03XsCL2EaRRcwqTsxgYixkdsCN2UKhaA8ZI89YTux4ZhSCPQVEiai/B7I2GBMePATycDhndm2svE/7xujINTLxEqihEUzw6hkJAfMlyLtA6gfaEBkWXJgQpFOdMMEbSgjPNUjNN+ymkfzvT3s6R1WHPsmnN9VK0fF82UyC7ZIwfEISekTi5JgzQJJ5o8kWfyYj1ar9ab9f4zOmcVOzvkD6yPb9sGlqw=</latexit>

Figure 4.1: Orientation setup of the experimental apparatus. At t = 0 the z-axis of the crys-
tal is aligned with the Earth’s velocity (which is approximately in the direction of Cygnus).
With this choice for the crystal orientation, the modulation of the signal is independent of
the position of the laboratory.

The velocity distribution in the laboratory frame is related to the one in the galactic frame
by flab(v, t) = fgal(v + ve(t)):

flab(v, t) =
1

N0

exp

[
−(v + ve)

2

v2
0

]
Θ(vesc − |v + ve|) , (4.15)

where ve(t) is the Earth’s velocity with respect to the DM rest frame due to its revolution
around the Sun and N0 is a normalization constant given by

N0 = π3/2v3
0

[
erf

(
vesc

v0

)
− 2√

π

vesc

v0

exp

(
−v

2
esc

v2
0

)]
. (4.16)

The net effect of the Earth’s revolution is to induce a DM wind oriented in the opposite
direction of ve in the laboratory reference frame. The orientation of ve, and therefore of
the DM wind, relative to the crystal changes due to the rotation of the Earth. Choosing
the crystal orientation such that at t = 0 the z-axis in the crystal frame is aligned with the
Earth’s velocity the explicit form of ve is:

ve = |ve|

 sin θe sinφ
sin θe cos θe (cosφ− 1)
cos2 θe + sin2 θe cosφ

 (4.17)
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Parameter Value for ZrTe5 (th.) Value for ZrTe5 (exp.)

Re(εxx, εyy, εzz) (187.5, 9.8, 90.9)
(vF,x, vF,y, vF,z) (2.9, 0.5, 2.1) · 10−3 (1.3, 0.65, 1.6) · 10−3

∆ 2.5 meV 11.75 meV
Λ 0.14 keV
g 4

Vuc 795Å
3

ρT 6.1 g/ cm3

ne 8.3× 1023 e−/kg

Table 4.1: Theoretical and experimental values of the material parameters for ZrTe5 [88].
Specifically, we report the values of the dielectric tensor components, εii, the Fermi velocity
components, vF,i, the band gap, ∆, the momentum cut-off, Λ, the product of Dirac cone
and spin degeneracies, g, the volume of the unit cell, Vuc, the target density, ρT , and the
valence electron density, ne. Theoretical (experimental) values are used for the curves labeled
“th” (“exp”) in plots throughout this chapter. Some of the parameters are very sensitive
to material engineering [157], for those we do not repot an experimental value and use the
theoretical value instead.

where |ve| ≈ 240 Km/ s, φ = 2π× t/24 h is the angle parametrizing the rotation of the Earth
around its axis and θe ≈ 42◦ is the angle between the Earth’s rotation axis and the direction
of its velocity (see Fig. 4.1 for an illustration of the orientation setup).

4.4 Absorption in Anisotropic Dirac Materials

The DM absorption rate per unit time and detector mass is given by:

Rabs =

∫
d3v flab(v, t)Rabs(ω,q) (4.18)

where flab(v, t) is the DM velocity distribution in the laboratory frame, as defined in the
previous section, and Rabs(ω,q) is the DM absorption rate at fixed energy and momentum
transfer:

Rabs(ω,q) =
1

ρT

ρχ
mχ

〈nTσabsvrel〉DM , (4.19)

where ρT is the mass density of the target, nT the number of target particles, σabs(ω,q)
the cross section for DM absorption by the target and vrel the relative velocity between the
target and the DM. For DM absorption, the energy transfer is uniquely fixed by the DM
mass (ω = mχ) and the momentum transfer is equal to the DM momentum (q = mχv).
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To derive the absorption rate of dark photons we start by considering the one of ordinary
photons. This is related to the optical properties of the medium through the optical theorem:

〈nTσabsvrel〉γi =
1

ω
Im
[
(εµi )∗Πµν ε

ν
i

]
= − 1

ω
Im
[
πi(q)

]
(4.20)

where εµi are the polarization vectors that diagonalize the polarization tensor and πi(q) the
corresponding eigenvalues (as discussed in Sec. 4.2). From Eq. 4.11, we see that the effective
mixing between ordinary and dark photons is given by

ε2
eff,i =

ε2m4
A′

[m2
A′ − Re πi(q)]

2
+ [Im πi(q)]

2
(4.21)

and so the dark photon absorption rate at fixed energy and momentum transfer reads

RA′

abs(ω,q) = −1

3

ρχ
ρT

3∑
i=1

ε2
eff,i

Im πi(q)

ω2
, (4.22)

where the 1/3 comes from the average over the three dark photon polarizations that are
assumed to be equally populated. The functional form of πi, for the absorption limit (ω �
|q|), can be computed for a specific orientation of q. This is possible because the mixing
matrices, K and K′, for two different orientations of the momentum transfer, q and q′, are
related by a similarity transformation (i.e. K′ = RTKR where R is a 3-by-3 matrix such
that q′ = Rq) and therefore have the same eigenvalues. Hence, choosing for example q ‖ ẑ,
we find that the functional form of the three πi for the absorption case is given by:

πi = ω2(1− εii) , (4.23)

which allows us to write the absorption rate as

RA′

abs(ω,q) =
ε2

3

ρχ
ρT

3∑
i=1

Im[εii]

Re[εii]2 + Im[εii]2
. (4.24)

As discussed in Appendix D, since for ω . ΛvF the imaginary part of the dielectric
receives contributions only from excitations close to the Dirac point, Im[ε] can be computed
using the analytic electron wave functions provided in [88]. For what concerns the real part,
we need to resort to a DFT calculation whose results are shown in Table 4.1. Note this is
in contrast to Refs. [88] and [152] which used an analytic calculation of the real part of ε to
determine the rate. This underestimates ε because the analytic calculation, including only
states near the Dirac point, does not give the contribution of the full electronic response.
In Fig. 4.2 we show the projected reach for a ZrTe5 target with a gap of 2.5 meV and
7.5 meV, and we compare it with the reach of polar materials [82], superconducting [118]
and semiconducting targets [158]. The Dirac material reach shown here is almost one order
of magnitude smaller than previously claimed in references [88] and [152] because of their
underestimate of ε. We summarize in more detail in Appendix D.1 the differences between
the present calculation and those that appeared previously.
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Figure 4.2: Projected reach for the absorption of a kinetically mixed dark photon with a
kinetic mixing parameter ε and a mass mA′ . We show the 95% C.L. sensitivity (3 events) that
can be obtained with 1 kg-year exposure of a Dirac material with the properties of ZrTe5

shown in Table 4.1 but with a band gap of 2.5 meV (solid red), 7.5 meV (solid blue), or
11.75 meV (solid purple). For comparison we also show the sensitivity of a superconductor
(SC) with a 1 meV threshold (black line) [118], sapphire (Al2O3) with a 1 meV threshold
(orange) representative for polar materials [82], and two-phonon excitations in germanium
(dotted red) and silicon (dotted blue) semiconductors [158]. The gray shaded region is
excluded by stellar emission constraints [159, 160]. The plot is cut at mA′ = 10−1 eV, which
is the largest energy deposit consistent with the linear energy dispersion relation.

4.5 Scattering in Anisotropic Dirac Materials

We will characterize the dark matter interaction rate in terms of the target response (the so-
called dynamic structure factor S(q, ω)), the dark matter velocity phase space characterized
by the DM velocity distribution fgal(~v), and the nature of the mediator (massless or massive).
Then we have the rate to scatter from the valence band of the crystal (−, momentum k) to
the conduction band (+, momentum k′) given by [84]

Rk,k′ =
1

ρT

ρχ
mχ

πσe
µ2
χe

∫
d3q

(2π)3

∫
d3vflab(v) Fmed(q)2S(q, ω), (4.25)
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where µχe is the DM-electron reduced mass,

ω =
1

2
mχv

2 − (mχv − q)2

2mχ

= q · v − q2

2mχ

(4.26)

is the energy deposition, and the dynamic structure factor S(q, ω) is

S(q, ω) = 2π

(
q2

|q · ε · q|

)2
1

2

(2π)3

V

(
1− k̃ · k̃′
|k̃||k̃′|

)
δ3(q− (k′ − k))δ(∆Ek,k′ − ω) , (4.27)

where V is the volume of the crystal. The energy splitting from valence to conduction band
near the Dirac point is

∆Ek,k′ =
√

k̃2 + ∆2 +
√

k̃′2 + ∆2 =
√

k̃2 + ∆2 +

√
(k̃ + q̃)2 + ∆2 , (4.28)

with k̃ = (vFxkx, vFyky, vFzkz).
We utilize a convention where σe is the fiducial cross-section

σe =
16πµ2

χeε
2αEMαD

q4
0

, (4.29)

and Fmed(|q|) incorporates the momentum dependence in the scattering cross-section,

Fmed(|q|) = q2
0/|q|2, q0 = αme. (4.30)

Because ω depends on q · v, the energy conserving delta function can be used to evaluate
the velocity integral as proposed in Ref. [82]:∫

d3vflab(v)δ(∆E − ω) =
πv2

0

N0|q|
[
exp(−v2

−/v
2
0)− exp(−v2

esc/v
2
0)
]
≡ g(q,∆Ek,k′), (4.31)

where N0 is a normalization constant defined in Eq. 4.16, and

v− = min

{∣∣∣∣q · ve + q2/2mχ + ∆E

|q|

∣∣∣∣ , vesc

}
(4.32)

is the minimum velocity (in the galactic reference frame) that a DM particle should have to
induce a scattering with energy deposition ∆E and momentum transfer q. To obtain the
total rate, R−,k→+,k′ is summed over initial and final state BZ momenta, over a region of
size Λ near the Dirac point

Rcrystal = gsV
2

∫
BZ

d3kd3k′

(2π)6
R−,k→+,k′ = gsgCV

2

∫
cone

d3kd3k′

(2π)6
Rk,k′ . (4.33)
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Figure 4.3: Projected reach of dark matter scattering in Dirac material for a background-free
95% C.L. sensitivity (3 events) assuming a 1 kg-year exposure of ZrTe5 with band gaps of
2.5 meV (red line), 7.5 meV (blue line) and 11.75 meV (purple line). For ZrTe5 curves, “Th”
indicates the use of theoretical parameters, and “Exp” indicates the use of experimental
parameters (See Table 4.1). For comparison, we show the respective reaches of superconduc-
tors with a 1 meV threshold (black line) [118] and sapphire (Al2O3) with a 1 meV threshold
(orange line) [81]. The thick orange line indicates the region of parameter space where
the freeze-in production results in the correct dark matter relic abundance, as computed
in Ref. [142]. Shaded regions are bounds from red giants (RG), white dwarfs (WD), big
bang nucleosynthesis (BBN) and supernovae (SN), and are derived from millicharged parti-
cle limits [84, 161]. The dashed line is the self interacting dark matter bound derived from
observations of the Bullet Cluster [162].

The scattering rate per unit time per unit detector mass is then given by

R =
ρχ
mχ

πσe
µ2
χe

∫
d3q

(2π)3

∫
d3k

(2π)3
Fmed(q)2 |〈f |FT |i〉|2 g(q,∆Ek,k′) (4.34)

with

|〈f |FT |i〉|2 = πg neVuc

(
q2

|q · ε · q|

)2

︸ ︷︷ ︸
ε-factor

×
(

1− k̃ · (k̃ + q̃)

|k̃||k̃ + q̃|

)
︸ ︷︷ ︸

WF-factor

, (4.35)

where Vuc is the volume of the unit cell, ne is the electron density, and g = gsgC is the
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Figure 4.4: Daily modulation of the dark photon mediated scattering rate for ZrTe5 (using
theoretical parameters, see Table 4.1) with a band gap of 2.5 meV (left panel) and 7.5 meV
(right panel) for three different dark matter masses.

product of Dirac cone and spin degeneracies. For future convenience, we labeled two factors
in the Matrix Element

∑
f |〈f |FT |i〉|2 as ε and WF factors respectively.

In Fig. 4.3 we show the projected reach for a ZrTe5 target with gap values of 2.5 meV,
7.5 meV and 11.75 meV, and we compare it with the one of a superconducting target with
1 meV threshold [163]. Because of the large in medium screening of superconductors [87, 118]
compared to the Dirac Materials, Dirac Materials are far superior in reach. By contrast, polar
materials [81] have a better reach. Note that our results again differ from those presented in
[88] and [152], where the dielectric constant was underestimated by an order of magnitude
leading to an O(102) larger rate; a more detailed discussion of the differences between the
present calculation and previous works is given in Appendix D.1.

In Fig. 4.4 we report the daily modulation of the scattering rate for ZrTe5 for different
mass and threshold values. We observe that daily modulation increases for higher masses
and thresholds. Also, the rate is maximized around t = 1/2 day when the DM wind point
along the smallest component of the dielectric tensor. The reason for these behaviors is
discussed in detail next.

Origin of the daily modulation

The crystal anisotropies and the Earth’s motion single out two preferred directions for the
momentum transfer. The relative orientation of these directions changes during the day
because of Earth’s rotation giving rise to a daily modulation. Specifically, when these two
directions coincide we have a maximum of the scattering rate and vice versa.
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Figure 4.5: Modulation of the the different terms appearing in (4.34). Specifically, we show
the integrated values of the ε-factor (left panel), kinematic term (central panel), and WF-
factor (right panel) for different orientation of q in the x-y plane (which is the one presenting
the largest anisotropies). The reported values (which are normalized to its average value)
are obtained by taking mχ = 50 keV, ∆ = 2.5 meV, and integrating over the magnitude of q.
To disentangle the effect of crystal anisotropies and Earth motion in the kinematic term, we
have varied the orientation of q while keeping the angle between q and the Earth velocity
fixed.

Crystal anisotropies affect the rate in two ways. First, they appear through the anisotropy
in the Fermi velocity; the kinematics prefers the momentum transfer to be anti-aligned with
the direction of the smallest Fermi velocity in order to increase the available phase space. We
refer to this as a kinematic effect. And second they affect the magnitude of the scattering
matrix element, |〈f |FT |i〉|, through the so-called ε and “WF” factors labeled in Eq. 4.35. We
now discuss the preferred direction singled out by each one of these two elements together
with the Earth motion.

Anisotropies in Kinematics

The kinematics of the scattering is sensitive to anisotropies in the Fermi velocity due to the
rescaled momenta k̃ and q̃ that appear in ∆Ek,k′ . From Eq. 4.28 we can see that, for a given
k, the energy transfer is minimized when q is aligned with the smallest component of the
Fermi velocity. Therefore, when q points in this direction, a larger fraction of momenta in
the BZ is kinematically allowed, so that the rate is maximized (as shown in the central panel
of Fig. 4.5).
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Figure 4.6: Left: Value of the kinematic factor g(q,∆E) (normalized to its average value)
for different values of q · ve and a fixed value of |q|. Right: kinematic factor g(q,∆E) for
different values of |q| and q · ve. The dashed line indicates the value of |q| assumed in the
left panel.

Anisotropies in the Matrix Element

The scattering matrix element is sensitive to anisotropies in both the band structure and the
dielectric tensor. To understand the modulation induced by the matrix element it is useful
to deconstruct the impact on the matrix element in terms of the ε and WF factors defined
in Eq. 4.35.

Crystal anisotropies enter in the ε-factor thorough the tensorial structure of ε. Namely,
the ε-factor is maximized when q points in the direction of the smallest component of the
dielectric tensor (as shown in the left panel of Fig. 4.5).

The WF-factor is sensitive to anisotropies in the band structure of the crystal through
the rescaled momentum transfer q̃. The WF-factor grows by increasing the angle between
q̃ and q̃ + k̃. This angle is non-zero when q̃ gives a sizable contribution to the sum q̃ + k̃.
The fraction of the kinematically allowed q that satisfies this requirement grows when the
momentum transfer is aligned with the largest component of the Fermi velocity, given that
this maximized the rescaled momenta q̃. The WF-factor is maximized (minimized) when
the momentum transfer points along the direction with the highest (smallest) Fermi velocity,
as shown in the right panel of Fig. 4.5.
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Earth motion

The Earth’s motion picks out a preferred direction for q through the minimum velocity,
v−, appearing in the velocity phase space integral Eq. 4.32. A smaller minimum velocity
corresponds to a larger available phase space, and hence a larger g(q,∆Ek,k′) and a larger
rate. As shown in Fig. 4.6, this function is maximized when q is antiparallel to ve(t).

We now have all the ingredients to understand the daily modulation shown in Fig. 4.4.
Because of the large anisotropies in the ε-factor (see Fig. 4.5), the rate is dominated by
momentum transfers along the y-direction, corresponding to the smallest component of the
dielectric tensor. Therefore, the average value of the scattering rate is approximately given
by fixing q ‖ ŷ in the integrand of Eq. (4.34). A daily modulation around this average value
is induced by the rotation of the Earth via the kinetic term. This term reaches is maximum
when the Earth velocity is antiparallel to q (see Fig. 4.6). Because of this, the scattering
rate is maximized at t = 1/2 day, when the Earth velocity is aligned with the y-axes.

4.6 Conclusions

Dirac materials, due to their small band gap, are promising targets to look for scatterings
and absorption of light dark matter. In this work we discussed how crystal anisotropies can
give rise to a daily modulation of the DM interaction rate with a Dirac material.

To this end, we generalized the discussion of Ref. [88] to accurately take into account
anisotropies of the crystal structure, which induce a mixing of the longitudinal and transverse
dark photon polarizations during their propagation in the media. We then applied these re-
sults to the specific case of the Dirac material ZrTe5 finding no modulation for the absorption
signal and a daily modulation of O(1) for the scattering signal (see Fig. 4.4). In Fig. 4.2
(Fig. 4.3 ) we also provide new projected reach for the absorption (scattering) signal, which
is one (two) orders of magnitude weaker in comparison to Refs. [88] and [152]. This discrep-
ancy, as discussed in Appendix D.1, is due to an incorrect prescription for incorporating the
dielectric tensor, which underestimated the impact of in-medium screening.

Since, for the scattering signal, the shape of the modulation depends on the orientation
of the crystal with respect to the dark matter wind, modulation effects can be used to
validate any putative dark matter signal simply by changing the orientation of the crystal and
observing a change in the shape of the modulation. Finally, we notice that the modulation
amplitude seems to depend on the DM mass. However, further studies are needed to establish
whether or not this feature can be used to infer the value of the DM mass in the case of a
definitive observation of the modulation signal.
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Chapter 5

Directional Detectability of Dark
Matter With Single Phonon
Excitations: Target Comparison

5.1 Introduction

If the cold dark matter (DM) in the universe consists of new particles, they must interact very
weakly with the Standard Model. Directly detecting these feeble interactions in a labora-
tory requires extraordinarily sensitive devices. Traditional direct detection experiments (e.g.
ANAIS [164], CRESST [165–167], DAMA/LIBRA [168], DAMIC [169], DarkSide-50 [170],
DM-Ice [171], KIMS [172], LUX [173, 174], SABRE [175], SuperCDMS [151, 176], and
Xenon1T [177]), based on nuclear recoil, are gradually improving their sensitivity and clos-
ing the open parameter space before reaching the irreducible solar and atmospheric neutrino
background. However, these experiments are fundamentally limited in the DM mass, mχ,
they can probe. When the DM scatters off a nucleus at rest, the energy deposited, ω, is
limited by ω . m2

χv
2/mN , with v ∼ 10−3, and vanishes quickly as the DM mass decreases

below the nucleus mass mN .
This limitation in DM mass is typically not problematic in the search for the prototypical

weakly interacting massive particle (WIMP) which produces the DM abundance through
freeze-out, as mχ . GeV would both be overabundant and be in tension with indirect
detection bounds on DM annihilation rates. However, many other theoretically motivated
explanations of the origin of DM such as freeze-in [140, 178], hidden sector DM [56, 137–139],
asymmetric DM [59, 61, 136, 179], and strong self interactions [60, 180], allow for DM ligher
than a GeV and therefore should be searched for by means other than nuclear recoil.

In the pursuit of sub-GeV DM, several new experimental concepts have been proposed.
These include electron excitations in a variety of target systems [83–86, 124, 130, 143, 181–
186] for DM with mass above an MeV, while single (primary) phonon excitations [79–82,
187–197], with energies up to O(100) meV, have been shown to be especially sensitive to



CHAPTER 5. DIRECTIONAL DETECTABILITY OF DARK MATTER WITH
SINGLE PHONON EXCITATIONS: TARGET COMPARISON 90

a wide range of DM models with masses down to a keV. This coupled with the fact that
detector energy thresholds are approaching the O(100) meV range [198–202] makes single
phonon excitations an exciting avenue for DM direct detection. Phonons are quasiparticle
vibration quanta which can exist in multiple states of matter, e.g. as sound waves in liq-
uids or superfluids and lattice vibrations in crystalline solids. Superfluid helium has been
proposed [79] and studied as a light DM detector [80, 187–190] and an experiment is cur-
rently in the R&D phase [203]. Crystal targets have also been proposed [81] and studied
extensively. Initial studies focused on GaAs and Al2O3 (sapphire) targets [82], and more
recently this analysis has been extended to account for more general DM interactions [191,
195] and applied to a broader set of target materials [192]. Other targets have also been
proposed individually, e.g. SiC [194], and there has been work on understanding the signal
from multi-phonon excitations [193, 196, 197]. Similar to superfluid helium, a DM detector
using a crystal target with single phonon readout is also in the R&D phase of development
[203].

Most of the previous work has focused on calculating the theoretically predicted DM-
phonon interaction strength. Equally important is to minimize the experimental back-
ground [5]. This becomes easier when the DM scattering signal has unique properties which
can distinguish it from backgrounds. For example, in experiments sensitive to nuclear recoil
or electron excitations, the rate modulates annually due to the change in the DM velocity
distribution in the Earth frame, as the Earth orbits around the Sun [84, 130, 204].

In an experiment based on primary phonon readout, the DM scattering rate can have a
larger and more unique signature: daily modulation. As the Earth rotates about its own
axis, the orientation of the detector relative to the DM wind changes. In a nuclear recoil
experiment this does not have an effect since the interaction matrix element is independent
of the direction of the DM velocity relative to the detector orientation — an (unpolarized)
nucleus is isotropic in its response. However, crystal targets can be highly anisotropic,
which means that the amplitude of the response depends not only on the magnitude of the
momentum transfer but also on its direction. This can lead to a significant daily modulation.
Moreover, since the modulation pattern depends on the crystal orientation, running an
experiment with multiple detectors simultaneously with different orientations can further
enhance the signal-to-noise ratio. This effect was studied for sapphire in Ref. [82] (see
also Refs. [7, 85, 152, 191] for discussions of daily modulation in electron excitations). In
this work, we expand the understanding of the daily modulation effect in single phonon
excitations to a broader range of materials, including those targeted in Ref. [192].

In particular, we highlight the following targets in the main text: Al2O3 (sapphire) and
CaWO4, already utilized for DM detection and have a significant daily modulation; SiO2,
shown to have a strong reach to several benchmark models; SiC, proposed in Ref. [194]
(for which we choose the commercially available 4H polytype); and h-BN (hexagonal boron
nitride), a highly anisotropic material. Among them, Al2O3 and CaWO4 have the best
prospects overall in terms of daily modulation reach and experimental feasibility.

Of the additional materials considered in Ref. [192], results for those with daily mod-
ulation larger than 1% (for at least some DM masses) are presented in an appendix. We



CHAPTER 5. DIRECTIONAL DETECTABILITY OF DARK MATTER WITH
SINGLE PHONON EXCITATIONS: TARGET COMPARISON 91

make available our code for the phonon rate calculation [205], and also publish an interactive
webpage [206] where results for all the materials presented Ref. [192] and in this chapter,
including reach curves, differential rates and daily modulation patterns, can be generated
from our calculations. Twenty-six materials are initially included on the interactive web-
page [206]: Al2O3, AlN, h-BN, CaF2, CaWO4, CsI, C (diamond), GaAs, Ge, GaN, GaSb,
InSb, LiF, MgF2, MgO, NaCl, NaF, NaI, PbS, PbSe, PbTe, Si, 4H-SiC, SiO2, ZnO, and
ZnS. This diverse set of materials (with some currently in use in nuclear recoil experiments,
some proposed for light dark matter detection, and some others being promising polar crys-
tals from theoretical considerations) aims to explore a wide range of possibilities with the
hope of identifying broad theoretical features that could be implemented in a more practical
experimental setup. Materials shown in-text (Al2O3, SiO2, SiC, CaWO4 and h-BN) are the
ones with the highest daily modulation in this list.

5.2 Directional Detection With

Single Phonon Excitations

Excitation Rate

We begin by summarizing the formulae for single phonon excitation rates; see Refs. [81,
82, 191] for more details. For the scattering of a DM particle χ with mass mχ and general
spin-independent interactions, the rate per unit target mass takes the form

R(t) =
1

ρT

ρχ
mχ

πσψ
µ2
χψ

∫
d3v fχ(v, t)

×
∫

d3q

(2π)3
F 2

med(q)S
(
q, ωq) , (5.1)

where v is the incoming DM’s velocity, q is the momentum transferred to the target, ρT is
the target’s mass density, and ρχ = 0.4 GeV/cm3 is the local DM density. σψ, with ψ = n
or e (neutron or electron), is a reference cross section defined as

σψ ≡
µ2
χψ

π
|Mχψ(q = q0)|2 , (5.2)

where µχψ is the reduced mass,Mχψ is the vacuum matrix element for χψ → χψ scattering,
and q0 is a reference momentum transfer. We present the reach in terms of σψ, with q0 = mχv0

(where v0 = 230 km/s, the dispersion of DM’s velocity distribution) for ψ = n and q0 = αme

for ψ = e. fχ(v, t) is the DM’s velocity distribution in the lab frame, taken to be a truncated
Maxwell-Boltzmann distribution, boosted by the time-dependent Earth velocity ve(t), as will
be discussed in more detail in the next subsection. Fmed(q) is the mediator form factor, which
captures the q dependence of the mediator propagator:

Fmed(q) =

{
1 (heavy mediator) ,

(q0/q)
2 (light mediator) .

(5.3)
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Finally, S(q, ω) is the dynamic structure factor that encodes target response to DM scat-
tering with momentum transfer q and energy transfer ω, constrained by energy-momentum
conservation to be

ωq = q · v − q2

2mχ

. (5.4)

Generally, one sums over a set of final states f with energies ωf , and S(q, ω) takes the form

S(q, ω) =
∑
f

2π δ(ω − ωf )S ′f (q) . (5.5)

For single phonon excitations, we assume the target system is initially prepared in the ground
state at zero temperature with no phonons, and sum over single phonon states labeled
by branch ν and momentum k inside the first Brillouin zone (1BZ). Lattice momentum
conservation dictates that q = k +G, with G a reciprocal lattice vector. To find k and G
from a given q, we first find the reduced coordinates (q1, q2, q3) (i.e. q =

∑3
i=1 qibi with bi

the basis vectors of the reciprocal lattice), and then find the nearest point (G1, G2, G3) with
Gi ∈ Z. In this way, any q outside of the 1BZ is mapped to a k inside the 1BZ and a G
vector. The sum over final states therefore only runs over ν,

S(q, ω) =
∑
ν

2πδ(ω − ων,k)S ′ν(q) . (5.6)

As was shown in Refs. [81, 82, 191], S ′ν can be written in terms of the phonon energies
ωνk, eigenvectors ενkj and an effective DM-ion couplings Y j (with j labeling the ions in the
primitive cell):

S ′ν(q) =
1

2Ωων,k

∣∣∣∣∑
j

e−Wj(q)

√
mj

eiG·x
0
j
(
Y j · ε∗ν,k,j

)∣∣∣∣2, (5.7)

where Ω is the volume of the primitive cell, and mj,x
0
j , and Wj(q) ≡ Ω

4mj

∑
ν

∫
d3k

(2π)3
|q·εν,k,j |2
ων,k

are the masses, equilibrium positions, and Debye-Waller factors of the ions, respectively.
We obtain the material-specific force constants in the quadratic crystal potential and the
equilibrium positions from density functional theory (DFT) calculations [82, 192, 207], and
use the open-source phonon eigensystem solver phonopy [208] to derive the values of ων,k,
εν,k,j for each material.

The DM-ion coupling vectors Y j are DM model dependent. In our target comparison
study in Sec. 5.3, we will focus on two sets of benchmark models, with a light dark photon
mediator and a heavy or light hadrophilic scalar mediator, respectively. These are the same
models considered in Ref. [192], for which Y j are given by

Y j =


− q ·Z?

j

q̂ · ε∞ · q̂
(dark photon med.),

qAj FNj(q) (hadrophilic scalar med.).

(5.8)
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Here Z?
j is the Born effective charge tensor of the jth ion, ε∞ is the high-frequency dielectric

tensor that captures the electronic contribution to in-medium screening, Aj is the atomic

mass number, and FNj(q) =
3 j1(qrj)

qrj
e−(qs)2/2 (with rj = 1.14A

1/3
j fm, s = 0.9 fm) is the Helm

nuclear form factor [39] (which is close to unity for the DM masses considered in this work).
These benchmark models have highly complementary features. In a polar crystal, the

dark photon couples to the Born effective charges of the ions, which have opposite signs within
the primitive cell, and therefore dominantly induces out-of-phase oscillations corresponding
to gapped optical phonon modes in the long-wavelength limit. By contrast, the hadrophilic
scalar mediator couples to all ions with the same sign, and therefore dominantly excites
gapless acoustic phonons that correspond to in-phase oscillations in the long-wavelength
limit. There is also a difference between a light and heavy mediator due to the mediator
form factor in Eq. (5.3). Noting that Y j scales with q and the energy conserving delta
function contributes a factor of q−1 (see Eq. (5.11) below), we see that for a heavy mediator,
the integral scales as

∫
dq q3ω−1 and so is always dominated by large q. For a light mediator,

on the other hand, the integral scales as
∫
dq q−1ω−1. So for optical phonons with ω ∼ q0,

it receives similar contributions from all q, whereas for acoustic phonons, it is dominated by
small q where ω ∼ q.

Daily Modulation

In the rate formula Eq. (5.1), the time dependence comes from the DM’s velocity distribution
fχ(v, t), specifically via the Earth’s velocity ve(t) that boosts the distribution. Concretely,
we take

fχ(v, t) = 1
N0

exp
[
− (v+ve(t))2

v20

]
Θ
(
vesc − |v + ve(t)|

)
, (5.9)

where N0 is a normalization constant such that
∫
d3v fχ(v) = 1, vesc = 600 km/s is the

galactic escape velocity, and v0 = 230 km/s as mentioned above. Assuming the detector is
fixed on the Earth, in the lab frame ve becomes a function of time that is approximately
periodic over a sidereal day as a result of the Earth’s rotation. As a default setup, we
adopt the detector orientation in Refs. [7, 82, 191], for which, independent of the detector’s
location,

ve(t) = ve

 sin θe sinφ(t)
sin θe cos θe (cosφ(t)− 1)
cos2 θe + sin2 θe cosφ(t)

 , (5.10)

where ve = 240 km/s, θ = 42◦, and φ(t) = 2π
(

t
24 hr

)
. It is this periodicity of the direction of

ve(t) that induces the daily modulation in R(t) we study in this work.1

1Annual modulation is also present, due to the change of the magnitude of ve, as in any terrestrial direct
detection experiment. Here we fix ve = 240 km/s and focus on the daily modulation signal, which is unique
to anisotropic (crystal) targets.
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Figure 5.1: Top: To understand the kinematic function, g(q, ω), defined in Eq. (5.11), we
plot v∗ ≡ q

2mχ
+ ω

q
as a function of q (blue) for various mχ and ω values. Comparing v∗ to ve

and ve + vesc we can qualitatively reconstruct the shape of g(q, ω), as discussed in the text.
Bottom: g(q, ω) vs. q for several fixed mχ, ω values, with varying q̂ · v̂e. The kinematic
function weights different q̂ directions according to their angle with respect to ve(t), which
ultimately leads to a daily modulating rate.

With the specific form of fχ in Eq. (5.9), the velocity integral in Eq. (5.1) can be done
analytically [7, 82, 191]. We define

g(q, ω, t) ≡
∫
d3v fχ(v, t) 2πδ(ω − ωq)

=
2π2v20
N0q

{
exp
[
− (v−(q,ω,t))2

v20

]
− exp

[
−v2esc

v20

]}
,

(5.11)

where
v−(q, ω, t) = min

(∣∣∣q̂ · ve(t) + q
2mχ

+ ω
q

∣∣∣ , vesc

)
. (5.12)
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We will refer to g(q, ω, t) as the kinematic function. The rate formula Eq. (5.1) then becomes

R(t) =
1

ρT

ρχ
mχ

πσψ
µ2
χψ

∫
d3q

(2π)3
F 2

med(q)∑
ν

S ′ν
(
q) g(q, ων,k, t) . (5.13)

With the rate written in this form, the time dependence now comes from the v− function
contained in g(q, ω, t). As we will discuss in detail in the rest of this subsection, the origin
of daily modulation is as follows. First, the kinematic function g(q, ω, t) selects a region of q
space at each time of the day that is strongly correlated with ve(t). For anisotropic targets,
this then results in a modulating rate after the q integral in Eq. (5.13). Intuitively, the DM
wind hits the target from different directions throughout the day, some of which may induce
a stronger response than others.

Kinematic Function

The kinematic function g(q, ων,k, t) can be viewed as a weight function: for each phonon
branch ν, the integrand in Eq. (5.13), F 2

med(q)S ′ν
(
q), is weighted toward momentum transfers

q that maximize the g function or, equivalently, minimize v− defined in Eq. (5.12). To
visualize this minimization, we plot

v∗ ≡
q

2mχ

+
ω

q
(5.14)

as a function of q in the top panel of Fig. 5.1. Setting ω to a constant approximates the case
of optical phonons, which have relatively flat dispersions, whereas ω → 0 corresponds to the
case of acoustic phonons, for which ω/q is bounded by the sound speed, which is typically
much smaller than the DM’s velocity. We can identify three distinct regions (as shown with
different colors in the plot):

• For v∗ ≥ vesc + ve, we have v− = vesc and therefore g = 0 for all q̂ directions. This is
the kinematically forbidden region.

• For ve ≤ v∗ < vesc + ve, the g function is maximized at q̂ · v̂e = −1.

• For v∗ ≤ ve, the g function is nonzero for all q̂ directions, and is maximized at q̂ · v̂e =
−v∗/ve. In the large mχ, small ω limit, v∗ → 0, and therefore the g function is
maximized when q̂ · v̂e = 0.

These behaviors are seen in the lower panels of Fig. 5.1 (see also Ref. [7]), where we plot
g(q, ω) as a function of q for fixed mχ, ω, and with varying q̂ ·v̂e. Note that in the ω → 0 case,
the g function has support down to q = 0, but the phase space integral for acoustic phonons
is cut off at qmin ' ωmin

cs
= 2× 10−2 keV

(
ωmin

1 meV

)(
5×10−5

cs

)
, where ωmin is the detector’s energy

threshold, and cs is the sound speed (slope of the linear dispersion). From these plots we see
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Figure 5.2: Comparison between the various sources of anisotropy a in SiO2 target, for an
example DM mass for each benchmark model. A 1 meV energy threshold is assumed in all
cases. As discussed in the text, anisotropy in the Y j ·εν,k,j factor in Eq. (5.7) is the dominant
factor in determining the daily modulation pattern.

that the kinematically favored region of q is strongly correlated with v̂e(t) and, therefore,
rotates with it throughout the day. This rotation then translates any target anisotropy into
a detection rate that modulates daily.

Sources of Anisotropy

There are a number of possible sources of anisotropy, as we can infer from Eq. (5.13) and
Eq. (5.7). First of all, the phonon energies ων,k generically depend on the direction of
q = k + G. This means that the region selected by the kinematic function, as discussed
above, does not preserve its shape as it rotates in q space. Also, the ω−1

ν,k factor in Eq. (5.7)
is different in the dominating kinematic region at different times of the day, which adds to
the daily modulation signal.

The anisotropy in ων,k has two contributing factors. First, phonon dispersions can be
anisotropic as a result of crystal structures. For example, in h-BN, the sound speed of
the longitudinal acoustic phonons differs by more than a factor of two between different k
directions. Second, by the prescription explained above Eq. (5.6), a sphere of constant q
outside the 1BZ does not map to a sphere of constant k inside the 1BZ. Since the size of the
1BZ is typically O(keV), and the DM velocity is O(10−3), this is relevant for mχ & MeV.

Another related source of anisotropy is the eiG·x
0
j factor in Eq. (5.7): a constant-q sphere

outside the 1BZ does not map onto a unique G vector.
In addition to ων,k and eiG·x

0
j discussed above, the scalar product of the DM-ion coupling
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Figure 5.3: Left: Daily modulation for a h-BN target with various experimental thresholds,
ωmin, assuming dark photon mediated scattering and mχ = 100 keV. Right: Differential
rate at t = 0 for the same process assuming σe = 10−43 cm2. The daily modulation pattern
is drastically different depending on whether the optical phonon modes just below 100 meV
are included or excluded.

and phonon eigenvectors, Y j ·εν,k,j, can also be anisotropic for a variety of reasons, depending
on the DM model. For the hadrophilic scalar mediator model, Y j · εν,k,j are simply propor-
tional to the longitudinal components of phonon eigenvectors q̂ · εν,k,j, so the anisotropy is
determined by the extent to which the phonon eigenvectors deviate from transverse and lon-
gitudinal in different q̂ directions. For the dark photon mediator model, Y j ·εν,k,j are instead

proportional to
q̂·Z?j ·εν,k,j
q̂·ε∞·q̂ , so there are additional anisotropies if the Born effective charges

Z?
j and dielectric tensor ε∞ are not proportional to the identity. All these anisotropies are

ultimately determined by the crystal structure.
We can carry out a simple exercise to see how the various sources of anisotropy discussed

above contribute to the full daily modulation signal. As an example, we consider a SiO2

target, and pick one mχ value for each benchmark model, as shown in the three panels of
Fig. 5.2. We obtain the full rate normalized to its daily average, R/〈R〉, as a function of
time, as shown by the solid red curves labeled by “full.” We then artificially make the various
factors in the rate formula isotropic and see how the modulation pattern changes.

First, we make S ′ν(q) isotropic by setting ων,k and Y j · εν,k,j to their values at a specific

direction (q̂ = ẑ), and setting eiG·x
0
j → 1. This isolates the effect of the kinematic function

g(q, ων,k, t) on daily modulation. The results are shown by the dot-dashed purple curves
in Fig. 5.2, labeled “isotropic S ′ν(q).” In all three panels, we see that the “isotropic S ′ν(q)”
curves are far from the full results (solid red curves), meaning that the anisotropy in S ′ν(q)
plays an important role in determining the total modulation pattern. We find the same
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Figure 5.4: Effect of the crystal target orientation on the daily modulation pattern, for
a sapphire target and the light dark photon mediator model as an example. The default
orientation is the one adopted in Refs. [7, 82, 191] for which ve(t) is given by Eq. (5.10),
and the alternative orientation is achieved by rotating the crystal z axis by 60◦ clockwise
around n̂ = (x̂+ ŷ + ẑ)/

√
3.

conclusion for the other materials and for other mχ, ωmin values.
We can further dissect the anisotropy in S ′ν(q) by computing the daily modulation with

ω−1
ν,k or Y j ·εν,k,j made isotropic by the same prescription as above; these are labeled “isotropic

ω−1
ν,k” (dotted blue curves) and “isotropic Y j · εν,k,j” (dashed green curves) in Fig. 5.2,

respectively. We see that the anisotropy in the Y j · εν,k,j factor contributes the most to
daily modulation, as making it isotropic leads to the most significant deviations from the
full results. We find the same is true for other materials.

We have also examined the effect of setting eiG·x
0
j → 1 in S ′ν(q) while leaving both ω−1

ν,k

and Y j · εν,k,j intact. This has a visible impact only when the region of q space just outside
the 1BZ has a significant contribution to the rate; as q moves farther away from the 1BZ,
summing over contributions from many different G vectors mitigates the effect. For the
dark photon mediator model, this explains the enhanced daily modulation at mχ & MeV
(see Fig. 5.5 below). For the light hadrophilic scalar mediator model, there is no significant
effect since the q integral is dominated by small q. For the heavy hadrophilic scalar mediator
model, in contrast, the q integral is dominated by large q, so the enhancement happens in a
window around mχ ∼ MeV (see Fig. 5.7 below).
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Figure 5.5: Top: Projected reach for the dark photon mediator model assuming 1 meV and
20 meV energy thresholds and one kg-year exposure. Solid curves show the 95% confidence
level (CL) exclusion limits in the case of zero observed events, assuming no background.
Dashed curves and the associated ±1σ bands show the modulation reach for DM masses
with more than 1% daily modulation, i.e. cross sections for which we can reject the non-
modulating hypothesis and establish the statistical significance of a modulating signal, as
explained in App. E.1. Bottom: Daily modulation amplitudes fmod, defined in Eq. (5.15),
for the same energy thresholds for selected DM masses. Results are shown only for mχ values
where a material has substantial reach and fmod > 10−2.

Effects of Experimental Setup

The daily modulation pattern can also be significantly affected by experimental factors,
including in particular the detector’s energy threshold and the orientation of the target
crystal. The energy threshold ωmin can be important if phonon modes at different energies
have different modulation patterns. As an example, we show in the left panel of Fig. 5.3 the
daily modulation in h-BN for several different values of ωmin, for the dark photon mediator
model with mχ = 100 keV. The distinct daily modulation curves can be understood from
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Figure 5.6: Same as Fig. 5.5, for the light hadrophilic scalar mediator model.

the differential rate plot in the right panel of Fig. 5.3. We see that the phonon modes just
below 100 meV dominate the total rate, so long as ωmin is below this, and they drive the
daily modulation pattern. On the other hand, if ωmin > 100 meV, these modes are no longer
accessible, and the daily modulation is instead induced by phonon modes at energies higher
than about 175 meV, for which the rate has a very different time dependence.

Meanwhile, the orientation of the crystal determines the function ve(t), and hence the
daily modulation pattern. As an example, Fig. 5.4 compares the daily modulation pat-
terns between our default setup, given in Eq. (5.10), and an (arbitrarily chosen) alternative
orientation where the crystal z axis is rotated by 60◦ clockwise around n̂ = (x̂+ ŷ+ ẑ)/

√
3.

5.3 Target Comparison

Having discussed the physics underlying daily modulation, we now consider concrete target
materials. Among the 26 materials studied [206], 19 are observed to have more than 1%
daily modulation for some DM masses in at least one of the benchmark models considered.
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Figure 5.7: Same as Fig. 5.5, for the heavy hadrophilic scalar mediator model.

In this section, we focus on the following five which are observed to have the highest daily
modulation amplitudes: Al2O3, SiO2, SiC, CaWO4 and h-BN. Among them, Al2O3, SiO2

and SiC have been proposed and recommended for near-future phonon-based experiments,
while Al2O3 and CaWO4 are in use in the CRESST experiment. Meanwhile, h-BN is a highly
anisotropic target with layered crystal structure that we have found to have exceptionally
large daily modulation; while its experimental prospects have not been assessed, it serve as a
useful benchmark for our theoretical study. We supplement this analysis with the remaining
14 materials with more than 1% daily modulation (AlN, CaF2, GaN, GaSb, InSb, LiF, MgF2,
MgO, NaF, PbS, PbSe, PbTe, ZnO, ZnS) in App. E.

Our main results are shown in Figs. 5.5, 5.6 and 5.7, for the dark photon mediator model
and the light and heavy hadrophilic scalar mediator models, respectively. In the top panels
of each figure, we show both the projected exclusion limits (solid) and the cross sections
needed to distinguish the modulating signal and a non-modulating hypothesis in the event
of discovery (dashed and shaded ±1σ bands), assuming 1 and 20 meV energy thresholds.
For the solid curves, we set t = 0 when computing the rates for concreteness, and assume
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Figure 5.8: Left: Daily modulation for an h-BN target with various DM masses, assuming
dark photon mediated scattering and ωmin = 1 meV. The change in modulation pattern is
a result of the kinematically favored q̂ · v̂e increasing from −1 toward 0 as mχ increases.
During the transition between different modulation patterns, an intermediate mass value
around 20 keV features a reduced modulation amplitude, which explains the peak in the
modulation reach curve in the top-left panel of Fig. 5.5. A similar effect is also observed
for the hadrophilic scalar mediator models in Figs. 5.6 and 5.7. Right: Differential rates
at t = 0 for several higher mχ assuming σe = 10−43 cm2. Another transition between
modulation patterns occurs when new phonon modes become dominant as mχ increases,
resulting in a second reduced modulation mass point, around 200 keV, in Fig. 5.5.

3 events per kilogram-year exposure, corresponding to 95 % confidence level (CL) exclusion
in a background-free experiment. The results for Al2O3, CaWO4 and SiO2 were computed
previously in Ref. [192] (numerical errors in some of the materials in early versions of that
reference have been corrected here and on the interactive webpage [206]), and here we perform
the calculation also for SiC and h-BN. For the dashed curves and the shaded bands for the
modulation reach, we compute the number of events needed to reject the constant rate
hypothesis at the 95 % confidence level by a prescription discussed in App. E.1; they are
truncated where the daily modulation falls below 1%.

In the lower panels of Figs. 5.5, 5.6 and 5.7, we quantify the amount of daily modulation
for several representative DM masses by

fmod ≡
max

(
|R− 〈R〉|

)
〈R〉 , (5.15)

which characterizes the maximum deviation of detection rate throughout the day from the
daily average 〈R〉. We shall refer to fmod as the daily modulation amplitude. The fmod plots
give us an overview of the amount of daily modulation to expect. More detailed information
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on the daily modulation signal can be gained by plotting R(t)/〈R〉, as in Figs. 5.2, 5.3
and 5.4, for each DM mass and energy threshold; we provide these plots on the interactive
webpage [206].

We have considered detector energy thresholds ωmin = 1 meV and 20 meV. For the dark
photon mediator model (Fig. 5.5), the energy threshold does not have a significant impact
on either the reach or the daily modulation amplitude, except at the lowest mχ values. This
is because gapped optical phonons dominate the rate as long as they are above ωmin and the
DM is heavy enough to excite them. For the hadrophilic scalar mediator models (Figs. 5.6
and 5.7), on the other hand, gapless acoustic phonons dominate and, as a result, both the
reach and the daily modulation amplitude are sensitive to ωmin. Generally, a higher energy
threshold tends to amplify the daily modulation since the kinematically accessible phase
space becomes limited, as discussed in detail in Sec. 5.2. Similarly, the daily modulation
amplitude tends to increase at the lowest mχ considered because of phase space restrictions.
The enhanced daily modulation in these cases comes at the price of a lower total rate, so
there is a trade-off between better overall sensitivity and a higher daily modulation signal.
This is reflected by the dashed modulation reach curves in the top panels of each figure,
which ascend at lower masses since the rate also vanishes.

From Figs. 5.5, 5.6 and 5.7, we see that h-BN consistently outperforms all other materials
in terms of the daily modulation amplitude, which reaches O(1) for some mχ and ωmin values.
This is due to the layered crystal structure which means that the momentum transfers
perpendicular and parallel to the layers lead to very different target responses. Among the
other materials, Al2O3, CaWO4 and SiC are also competitive targets for the dark photon
mediator model at mχ . 100 keV, and CaWO4 shows percent level daily modulation across
a wide range of DM masses for the heavy scalar mediator model.

It is also worth noting that the modulation reach curves and fmod often exhibit a nontrivial
dependence on mχ. In particular, for given target material and ωmin, there can be mχ values
where the modulation signal diminishes. For example, for dark photon mediated scattering,
h-BN with ωmin = 1 meV has two such low-fmod mass points at around 20 keV and 200 keV,
corresponding to the peaks of the modulation reach curve in the top-left panel of Fig. 5.5.

Generally, low-fmod points at low mχ result from the change in q̂ · v̂e favored by the
kinematic function. As discussed in Sec. 5.2, as mχ increases, the favored q̂ · v̂e increases
from −1 toward 0. As v̂e changes with time (e.g. as in Eq. (5.10)), a given q̂ · v̂e probes
the crystal’s S ′ν(q) along a set of q̂ directions that modulates, and the modulation pattern
depends on the kinematically favored q̂ · v̂e value. We verify this expectation in the left panel
of Fig. 5.8 for h-BN. In this case, the modulation pattern flips as mχ increases from 10 keV
to 40 keV, and an approximate cancelation occurs around 20 keV. Note, however, that the
daily modulation sensitivity may be recovered by analyzing the differential rates dR(t)

dω
.

The low-fmod points at higher mχ, on the other hand, are explained by new phonon
modes with different modulation patterns becoming kinematically accessible as mχ increases.
Again focusing on h-BN as an example, we see from the right panel of Fig. 5.8 that while the
dominant phonon modes are the ∼ 100 meV modes for mχ = 50 keV and 100 keV, the modes
above 150 meV take over as mχ increases to 250 keV. The reduced modulation sensitivity at
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mχ ' 200 keV results from the transition between the two regimes.

5.4 Conclusions

As new experiments focused on light DM detection with single optical and acoustic phonons
begin an R&D phase [203], it is important and timely to understand which target crystals
have the optimal sensitivity to well-motivated DM models. This includes not only the sensi-
tivity to the smallest interaction cross section for a given DM model, but also the ability to
extract a smoking gun signature for DM that can be distinguished from background. Daily
modulation provides such a unique fingerprint. In this work, we have carried out a compar-
ative study of daily modulation signals for several benchmark models, where DM scattering
is mediated by a dark photon or hadrophilic scalar mediator. Our results supplement the
information on the cross section reach obtained previously in Ref. [192], and provide further
theoretical guidance to the optimization of near future phonon-based experiments.

Our analysis shows that there is often a trade-off between detection rate, modulation
amplitude, and experimental feasibility. For example, for dark photon mediated scattering,
Al2O3 (sapphire), CaWO4 and SiO2 (α-quartz) outperform h-BN in terms of their sensi-
tivities to the total rate; h-BN’s daily modulation signal, however, is significantly stronger.
Still, despite having the largest daily modulation amplitude, h-BN will likely be difficult
to fabricate as a large ultra-pure single crystal target. Overall, Al2O3 and CaWO4 provide
perhaps the optimal balance between the overall reach and the daily modulation signal, and
have both already been used in direct detection experiments.

Beyond the results presented in this chapter, we also publish an interactive webpage [206],
where additional results can be generated from our calculations of single phonon excitation
rates and their daily modulation.
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Appendix A

Asymmetric Dark Matter Nuggets:
Material Overburden

In this appendix we calculate the material overburden due to the rock above the experiments.
The relevant quantity is the energy lost per unit of distance that was traveled through the
material in question. For an ADM nugget coupling to hadronic matter and with velocity v,
the average energy loss per collision is

〈∆E〉v0 =
1

σXN

∫
dE dq E |FX(q)|2|Fmed(q)|2 dσ̄XN

dE dq
(A.1)

=
1

σXN

A2

4mNm2
nv

2
0

∫
dq q3 |FX(q)|2|Fmed(q)|2 (A.2)

with

σXN =

∫
dE dq |FX(q)|2|Fmed(q)|2 dσ̄XN

dE dq
(A.3)

=
A2

2m2
nv

2
0

∫
dq q |FX(q)|2|Fmed(q)|2, (A.4)

where we took the MX � mN limit. The average energy loss per unit of length is thus〈
dE

dx

〉
v0

≈ Min
[
nTσXN , n

1/3
T

]
× 〈∆E〉v0 , (A.5)

with nT the number density of the material. The second term in Min accounts for the
possibility that the nugget scatters off every nucleus it meets, which occurs if the cross
section is sufficiently large [122]. The presence of the form factor implies that the overburden
depends on the nugget radius. For large nuggets, the probability of transferring a sizable
amount of momentum is suppressed, these nuggets are much less likely to get stopped, as
compared to a point-like DM with a comparable mass and cross section.
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For ADM nuggets coupling to electrons through a light mediator, we estimate the energy
loss with the Lindhard-Scharff formula for electronic energy loss [209]. For a singly ionized
atom with speed v and atomic number Z1, traveling the through medium with atomic number
Z2, the average energy loss per unit distance is〈

dE

dx

〉
≈ 8πn2e

2a0
Z1Z2

(Z
2/3
1 + Z

2/3
2 )3/2

v

v0

. (A.6)

Here n2 the number density of the target, e the electron charge, a0 the Bohr radius and
v0 ≈ α the typical velocity of a bound electron. This prescription has shown to be in
reasonably good agreement with the data for a variety of projectile and target ions [210]. At
low velocity the elastic atomic recoil can be of comparable importance [209], but since we
only attempt an order of magnitude estimate here, we neglect this contribution. To estimate
the overburden effect, we take the earth’s crust to consist primarily of silicon Z2 = 14 with a
mean density of n2 = 2.7 g/cm3. We take Z1 = 1, since the nugget does not have an electron
cloud as long as its total effective electric charge is . 1. Because of the stringent stellar
cooling bounds on ge, this is always satisfied in our parameter space. For the light mediator
case, we then estimate the energy loss per unit distance as〈

dE

dx

〉
≈ 8πn2e

2a0NXgχge
v

v0

≈ 120× MeV

cm
× (NXgχge)

2 × v

10−3
. (A.7)

where we identified the dimensionless parameter NXgχge with the electric charge in the
Lindhard formula. (The energy loss in a dielectric is proportional to the square of the
electric charge, see e.g. [211].) Requiring that the total energy loss remains smaller than the
kinetic energy implies

σXe � 10−24 cm2 ×
(
MX

GeV

)
, (A.8)

which is always satisfied for a scalar mediator in the parameter space we consider. For a
vector mediator, there is a sliver of parameter space where this is not satisfied; however, this
region is constrained by the SENSEI surface run. Finally, for a heavy mediator, the typical
energy loss per collision is estimated to be 〈∆E〉0 ≈ 1

2
α2me ≈ 10 eV. Using Eq. (A.5), the

ADM nugget would only get stopped in the earth’s crust if

σXe > 10−26 cm2 ×
(
MX

GeV

)
and MX . 1011 GeV (A.9)

which is always satisfied for nuggets with 10 GeV constituents, but not for nuggets with 10
MeV constituents; however, the region where overburden is important is always constrained
by the SENSEI surface run. Note that for both the heavy and light mediators with electron
couplings we have implicitly treated the ADM nuggets as point particles, which is a good
approximation for low mass ADM nuggets, which is where the overburden effect is relevant.
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Appendix B

Zero Temperature Limit for
Superconductors

From [212], S(ED, q) can be calculated by

S(ED, q) = mev
πqnT

∫∞
p−
dp2 p2f(E2)(1− f(E4)), (B.1)

where nT is the number density of target, p2 is the momentum of incoming electron, p4 is
the momentum of the outgoing electron and f(E) is the Fermi-Dirac distribution:

p− =
me

q

(
ED −

q2

2me

)
E4 = E2 + ED

f(E) =

[
1 + exp

(
E − µ
T

)]−1

,

(B.2)

where at zero temperature, the chemical potential µ is simply the Fermi energy. In the zero
temperature limit, the Fermi-Dirac distribution functions correspond to Heaviside theta
functions and so the dynamics structure function becomes

S(ED, q) = mev
πqnT

∫∞
p−
dp2 p2 θ(µ− E2)θ(E4 − µ). (B.3)

Writing everything in terms of p2, the two Heaviside theta functions simply become integra-
tion limits, so that

S(ED, q) =
mev

πqnT

∫ √2meµ

ξ

dp2 p2θ(
√

2meµ− ξ)

=
mev

2πqnT
(2meµ− ξ2)θ(

√
2meµ− ξ), (B.4)

where

ξ = Max[p−,
√

2me(µ− ED)]. (B.5)
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Appendix C

In Medium Polarization Tensor

The in-medium vacuum polarization tensor can be related to the optical response of the
medium by using the two following relations [213]:

Jµ = −ΠµνA
ν (C.1)

J i = σijE
j (C.2)

where σij = iω(δij − εij) is the conductivity tensor. Specifically, using eq.(C.2) and taking
the spatial component of eq.(C.1) we get:

Ji = −ΠijA
j − Πi0A

0

Ji = σijE
j = σij (iωAj − iqjA0)

(C.3)

where in the second equation we have used the Maxwell equation Ej = iωAj − iqjA0. From
this we see that

Πij = −iωσij (C.4)

Πi0 = iσijq
j . (C.5)

While from Eq. (C.2) and (C.1), together with current conservation ∂µJ
µ = 0 and Maxwell

equation Ej = iωAj − iqjA0, we get

Π00 =
1

iω
~q · σ · ~q . (C.6)
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Appendix D

Dielectric Tensor

Following [214], the imaginary part of the macroscopic dielectric tensor is given by the
Lindhard formula

Im[εii(ω)] =
ge2

q2
lim
q→0

∑
nn′

∫
d3k

(2π)3
2π δ(En′k − Enk − ω)|f[nk→n′k+q êi]|2 , (D.1)

where êi are the unit vectors for the three cartesian components, and the sum runs over the
energy levels. The energy conserving delta ensures that for small ω (i.e., ω . vFΛ ∼ eV)
only transition between the valence (n = −) and conduction (n′ = +) band near the Dirac
point will contribute. The form factor |f[nk→n′k′]|2 for these low energy transitions can be
computed analytically in Dirac materials [88]:

|f[−k→+k′]|2 =
1

2

(
1− k̃ · k̃′ + ∆2√

k̃2 + ∆2
√

k̃′2 + ∆2

)
. (D.2)

where, as in the main text, k̃ = (vFxkx, vFyky, vFzkz). Plugging this expression in Eq. (D.1)
we are able to compute the imaginary part of the dielectric tensor for low energy deposition
(i.e., ω . vFΛ ∼ eV).

The real and imaginary part of the dielectric are related by the Kramers-Kronig relation:

Re[εij(ω)] = 1 +
2

π
P
∫ ∞

0

Im[εij(ω
′)]ω′

ω′2 − ω2
dω′ (D.3)

where P denotes the principal part value. From this relation it is clear that the real part of
the dielectric, even for small values of ω, receives contributions also from transitions between
states far away from the Dirac point. For these transitions the analytic expression of the
form factor given in Eq. (D.2) is no longer accurate and we have to resort to a density
functional perturbation theory calculation. The result, that we will use as an input for our
calculations, is shown in Table 4.1.
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D.1 Comparison with previous results

In this appendix we highlight the reasons behind the discrepancy between our results and
the ones presented in references [88] and [152].

In these two works the dielectric was computed analytically exploiting the analogy be-
tween QED and low energy electronic excitations of Dirac materials (see Eq. (B.3) in [88],
and Eq. (3.5) and (3.6) in [152]).1 The analytic expression for the dielectric obtained is

ε = I +


v2F,x
κxx

0 0

0
v2F,y
κyy

0

0 0
v2F,z
κzz

Π(q̃2) , (D.4)

where κij is the background dielectric and Π(q̃2) is computed analytically via the expression

Π(q̃2) = =
e2g

4π2 vF,xvF,yvF,z

[∫ 1

0

dx

{
x(1− x)ln

∣∣∣∣∣ (2Λ̃)2

∆2 − x(1− x)q̃2)

∣∣∣∣∣
}

+i
π

6

√
1− 4∆2

q̃2

(
1 +

2∆2

q̃2

)
Θ(q̃2 − 4∆2)

]
,

(D.5)

with Λ̃ ≡ Λ×max (vF,x, vF,y, vF,z) and q̃ = (vFxqx, vFyqy, vFzqz).
This analytic expression fails to reproduce the needed form of the real and imaginary

parts of the dielectric that enters into both scattering and absorption rates. First, we note
that Eq. (D.5) only includes the contribution from states near the Dirac point. This does
not encompass most of the contribution to photon screening, which is dominated by electron
states far from the Dirac cone. Thus for the real part of the dielectric used in calculating
both absorption and scattering rates, we must employ instead the values computed from
Density Functional Theory (DFT), shown in Table I. Second, the Lindhard formula Eq. (D.1)
encodes the relevant information of the imaginary part of the dielectric needed, in particular,
for absorption rates; the imaginary part of Eq. (D.4), however, reproduces the Lindhard
formula only in the limit that κii → 1. We verified this prescription by comparison with
DFT results.2 These two important differences summarize the changes in comparison to
Refs. [88] and [152], where the absorption and scattering rates computed here differ by at
least an order of magnitude in comparison to previous results.

A procedure, akin to a renormalization and matching scheme, that manages to encap-
sulate the contribution of the high energy excitations in Eq. (D.4) with κii → 1, and gives
qualitatively the same results of the procedure used in the main text is the following. The
difference between the polarization tensor measured at two different energy scales (within

1The polarization tensor computed in Eq. (3.5) and (3.6) of [152] can be related to the dielectric tensor
by using Eq. (C.4)

2We thank Hsiao-Yi Chen and Marco Bernardi for this comparison and for collaboration on future work.
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the region of validity of the low energy effective theory) is finite and given by

Π(q̃2)− Π(q̃2
0) =

e2g

4π2vF,xvF,yvF,z

∫ 1

0

dx x(1− x)

[
ln

(
∆2 − q̃2

0x(1− x)

∆2 − q̃2x(1− x)

)]
, (D.6)

by computing ε(0, 0) from DFT we can extract the value of Π(0) ' ε(0, 0)/v2
F and write

Π(q̃2) = Π(0) +
ẽ2g

4π2vF,xvF,yvF,z

[∫ 1

0

dx x(1− x) ln

∣∣∣∣ ∆2

∆2 − q̃2x(1− x)

∣∣∣∣
+i

π

6

√
1− 4∆2

q̃2

(
1 +

2∆2

q̃2

)
Θ(q̃2 − 4∆2)

]
.

(D.7)

The real part of Π(q̃2) turns out to be dominated by Π(0), suggesting that the main contri-
bution to the dielectric comes from electron states far from the Dirac cone. Moreover, this
justifies the assumption made in the main text, i.e. ε(ω,q) ' ε(0, 0). By contrast, since
Π(0) is real, the imaginary part of Eq. (D.7) is the same of Eq. (D.5).

Finally, the anisotropic dielectric tensor derived in Appendix B of Ref. [88] carries a
q̃2-dependence which would lead to a daily modulation for the absorption rate. As already
pointed out by Ref. [152], the q̃2 dependence in Eq. (B.3) of Ref. [88] derives from an
erroneous generalization of the isotropic dielectric; the correct expression replaces q̃2 → q2

in Eq. (B.3) of Ref. [88] and implies no daily modulation rate for absorption.
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Appendix E

Daily Modulation Amplitudes for
Additional Materials

In addition to the materials discussed in the main text, we have also investigated the daily
modulation of the full list of materials considered in Ref. [192]. Their projected reach curves
were already computed in Ref. [192] and are included on the interactive webpage [206]. Here
we only show the daily modulation amplitude fmod, defined in Eq. (5.15), as in the lower
panels of Figs. 5.5, 5.6 and 5.7 in the main text. The results for the dark photon mediator
model, the light hadrophilic scalar mediator model and the heavy hadrophilic scalar mediator
model are shown in Figs. E.1, E.2 and E.3, respectively. Only materials with fmod ≥ 10−2

for at least one mχ value are shown in each case.

E.1 Calculation of the Modulation Reach

To establish the statistical significance of a modulating signal, we find the expected number
of events needed to reject the non-modulating hypothesis using the following procedure.
For a given DM model, with the DM mass mχ and experimental energy threshold ωmin

specified, we first obtain the modulating signal shape r(t) ≡ R(t)/〈R〉 as explained in the
main text. We divide a day into Nbins = 24 equal-size bins, and denote the bin boundaries
by tk = (k/Nbins) days. Given an expected number of events Nexp, we simulate a DM signal
sample and a non-modulating sample by generating events following a Poisson distribution in
each bin, with mean 〈Nk〉sig ≡ Nexp

∫ tk
tk−1

r(t) dt/day and 〈Nk〉non-mod ≡ Nexp/Nbins for the kth

bin, respectively. We define our test statistic to be the difference between the Pearson’s χ2

values when fitting the simulated data to the non-modulating vs. modulating signal shapes.
Concretely, suppose the number of events in the kth bin is Nk. The test statistic is given by

TS =
∑
k

(Nk − 〈Nk〉non-mod)2

〈Nk〉non-mod

−
∑
k

(Nk − 〈Nk〉sig)2

〈Nk〉sig
. (E.1)
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Figure E.1: Daily modulation amplitudes for the dark photon mediator model for selected
DM masses. Solid and dashed lines assume energy thresholds of 1 meV and 20 meV, respec-
tively. Among the materials studied, only those that have a modulation amplitude greater
than 1% for at least one mχ value are shown. As in the lower panels of Figs. 5.5, 5.6 and
5.7 in the main text, the low mass values where the rate diminishes are excluded for each
material. Therefore the shown modulation amplitudes correspond to the mass values where
the materials have reach.
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Figure E.2: Same as Fig. E.1, for the light hadrophilic scalar mediator model.
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Figure E.3: Same as Fig. E.1, for the heavy hadrophilic scalar mediator model.

GivenNexp, we simulate events according to the modulating (DM signal) and non-modulating
hypotheses for Nsample = 104 times each, and obtain the distribution of TS for the modu-
lating and non-modulating samples. For the non-modulating sample, we compute the 95
percentile value TSnon-mod, 95%. For the modulating signal sample, we compute the mean
TSsig, mean and the (50± 34) percentiles TSsig,±1σ. These numbers tell us to what extent we
can reject the non-modulating hypothesis: TSnon-mod, 95% < TSsig, mean means we can reject
the non-modulating hypothesis at 95% CL on average, while TSnon-mod, 95% < TSsig,±1σ means
we can reject the non-modulating hypothesis at 95% CL given a ±1σ statistical fluctuation
of the signal. Repeating the calculation for many values of Nexp, we obtain the interpolat-
ing functions TSnon-mod, 95%(Nexp), TSsig, mean(Nexp) and TSsig,±1σ(Nexp). These allow us to
solve for the Nexp needed for TSnon-mod, 95% to drop below TSsig, mean, and for it to go below
TSsig,±1σ. These then translate into cross sections assuming 1 kg-yr exposure, represented by
the modulation reach curves in Figs. 5.5, 5.6 and 5.7. Note that the procedure here largely
follows that in Ref. [82], but we have adopted a different test statistic that we find simpler
to compute and interpret. We have checked that using instead the test statistic in Ref. [82]
produces very similar results in most cases.
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