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Abstract. The pair production of charged scalar dyons is analytically studied in near-
extremal Kerr-Newman (KN) dyonic black holes. The pair production rate and its thermal
interpretation are given. Moreover, the absorption cross section ratio has been compared
with the two-point function of the conformal field theories (CFTs) holographically dual
to the near horizon geometry, namely warped AdS3, of the near extremal Kerr-Newman
black holes to verify the threefold dyonic KN/CFTs correspondence.

1 Introduction

Two independent processes, the Schwinger mechanism [1] and the Hawking radiation [2] are mixed
for the spontaneous pair production in charged black holes. The leading contribution is expected
to happen in the near horizon region. In particular, the results of production can be analytically
obtained for the near extremal black holes [3–5]. Thus we investigate the pair production of scalar
dyons in the spacetime of the near-horizon region of the near extremal dyonic Kerr-Newman (KN)
black holes [6] without considering the back-reactions. The spacetime has the geometric structure
of a warped AdS3 plus an electromagnetic field. In such a background we can analytically solve the
Klein-Gorden (KG) equation for the probe scalar dyons, and obtain the exact solutions in terms of
the well-known hypergeometric functions. Further, by imposing the particle viewpoint of boundary
condition on the solutions, the physical quantities such as the vacuum persistence amplitude, the mean
number of produced pairs and the absorption cross section ratio are obtained. The corresponding
thermal interpretation [7–9] has been discussed. In addition, the physical quantities calculated from
the gravity side are shown to match well with those results of the scalar dyon operator in the dual
boundary conformal field theories (CFTs) side, based on the KN/CFTs correspondence [10, 11].
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2 The near horizon near extreme dyonic KN black holes
The geometry of the near horizon of a near extreme dyonic KN black hole has the structure of a
warped AdS3 as [6]

ds2 = Γ(θ)
[
−(ρ2 − B2)dτ2 +

dρ2

ρ2 − B2 + dθ2
]
+ γ(θ)(dφ + bρdτ)2, (1)

A[1] = −
Q(r2

0 − a2 cos2 θ) − 2Pr0a cos θ
Γ(θ)

ρdτ −
Qr0a sin2 θ − P(r2

0 + a2) cos θ ± PΓ(θ)
Γ(θ)

dφ, (2)

Ā[1] = −
P(r2

0 − a2 cos2 θ) + 2Qr0a cos θ
Γ(θ)

ρdτ −
Pr0a sin2 θ + Q(r2

0 + a2) cos θ ∓ QΓ(θ)
Γ(θ)

dφ,(3)

where

Γ(θ) = r2
0 + a2 cos2 θ, γ(θ) =

(r2
0 + a2)2 sin2 θ

r2
0 + a2 cos2 θ

, b =
2ar0

r2
0 + a2

, r0 =
√

Q2 + P2 + a2. (4)

The ρ is the radial coordinate of the warped AdS3 section, B labels a deviation from the extreme
limit and acts as the new horizon radius in this geometry, a is the angular parameter and Q, P are the
electric and magnetic charges of the original dyonic KN black holes. The magnetic monopole induces
a string-like singularity causing different choices of the gauge potential: the upper sign is regular in
the northern hemisphere (0 ≤ θ < π/2), and the lower sign in the southern hemisphere (π/2 < θ ≤ π).
Moreover, the dual gauge potential, Ā[1], is defined as (⋆ denoting the Hodge dual)

F̄[2] = dĀ[1] such that F̄[2] =
⋆F[2]. (5)

The black hole’s thermodynamical quantities, such as the Hawking temperature, entropy, angular
velocity and chemical potentials in the new coordinates reduce to

TH =
B
2π
, S BH = π(r2

0 + a2 + 2Br0), ΩH = −
2ar0B
r2

0 + a2
,

ΦH =
Q(Q2 + P2)B

r2
0 + a2

, Φ̄H =
P(Q2 + P2)B

r2
0 + a2

. (6)

3 Particle creation
3.1 Boundary conditions

There is a potential barrier due to the electromagnetic and gravitational forces in the near horizon
region, against which the pair production becomes a tunneling process by considering the fluxes in
the scattering matrix theory. Two boundary conditions can be imposed (see the Fig. in [12]):

The first one is the outer boundary condition (particle viewpoint), which restricts no incoming
fluxes at the asymptotic outer boundary in the new coordinates (1). In the Stückelberg-Feynman
picture, the outgoing (transmitted) flux at the asymptotic region represents the spontaneous produced
particle, the outgoing (incident) flux at the horizon represents the total particles created by vacuum
fluctuations, and the incoming (reflected) flux represents the re-annihilated pairs.

The second one is the inner boundary condition (antiparticle viewpoint) that restricts no outgoing
fluxes at the inner boundary, which means that the incoming (transmitted) flux at the horizon rep-
resents the spontaneous produced antiparticle, the incoming (incident) and the outgoing (reflected)
fluxes at the asymptotic region represents the total created antiparticles and the re-annihilated pairs.
Since particles and anti-particles are always produced in pairs due to the charge conservation and/or
the energy-momentum conservation, these two boundary conditions are actually equivalent [3].
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3.2 Physical quantities

For bosonic particles, the flux conservation [13]

|Dincident| = |Dreflected| + |Dtransmitted|, (7)

is related to the Bogoliubov relation
|A|2 − |B|2 = 1, (8)

where the vacuum persistence amplitude |A|2 and the mean number of produced pairs |B|2 are given
by the ratio of the flux components in the Coulomb gauge

|A|2 ≡ Dincident

Dreflected
, |B|2 ≡ Dtransmitted

Dreflected
. (9)

Moreover, from the viewpoint of scattering of an incident flux from the asymptotic boundary, we can
define the absorption cross section ratio as

σabs ≡
Dtransmitted

Dincident
=
|B|2
|A|2 . (10)

4 Scalar dyons production

The EoM of the probe scalar field Φ with mass m, electric and magnetic charges q, p propagating in
the near horizon geometry (1) is

DαDαΦ − m2Φ = 0, (11)

where Dα ≡ ∇α − iqAα − ipĀα with ∇α being the usual covariant derivative. The corresponding radial
flux is

D = i
√−ggρρ(ΦDρΦ∗ − Φ∗DρΦ). (12)

Using the following ansatz

Φ(τ, ρ, θ, φ) = e−iωτ+i[n∓(qP−pQ)]φR(ρ)S (θ), (13)

the KG equation can be completely separated into the angular part, see [6], and the radial part

∂ρ
[
(ρ2 − B2)∂ρR

]
+



[
ω(r2

0 + a2) − (qQ + pP)(Q2 + P2)ρ + 2nar0ρ
]2

(r2
0 + a2)2(ρ2 − B2)

− m2(r2
0 + a2) − λl

R = 0,

(14)
where λl is the separation constant. The radial equation resembles the EoM of a scalar field with an
effective mass

m2
eff = m2 − [2nar0 − (qQ + pP)(Q2 + P2)]2

(r2
0 + a2)3

+
λl

r2
0 + a2

, (15)

propagating in the AdS2 space with the radius LAdS = r2
0 + a2. The instability in the AdS2 space

occurs if the Breitenlohner-Freedman (BF) bound [14, 15] is violated, i.e., m2
eff < −

1
4L2

AdS
, whose

relation becomes

m2
eff < −

1
4(r2

0 + a2)
⇒ [2nar0 − (qQ + pP)(Q2 + P2)]2

(r2
0 + a2)2

− m2(r2
0 + a2) −

(
λl +

1
4

)
> 0. (16)
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Now Eq. (14) can be exactly solved and leads to the following solution

R(ρ) = c1(ρ − B)−
i
2 (κ̃−κ)(ρ + B)

i
2 (κ̃+κ)F

(
1
2
+ iκ̃ + iµ,

1
2
+ iκ̃ − iµ; 1 + iκ̃ − iκ;

1
2
− ρ

2B

)

+ c2(ρ − B)−
i
2 (κ̃−κ)(ρ + B)

i
2 (κ̃+κ)F

(
1
2
+ iκ + iµ,

1
2
+ iκ − iµ; 1 + iκ − iκ̃;

1
2
− ρ

2B

)
, (17)

with three essential parameters

κ̃ =
ω

B
, κ =

(qQ + pP)(Q2 + P2) − 2nar0

r2
0 + a2

, µ =

√
κ2 − m2(r2

0 + a2) − λl −
1
4
, (18)

in which µ2 is positive due to the BF bound violation in Eq. (16). Then the Bogoliubov coefficients
and the absorption cross section ratio in the particle viewpoint can be obtained as [6]

|A|2 =
cosh(πκ − πµ) cosh(πκ̃ + πµ)
cosh(πκ + πµ) cosh(πκ̃ − πµ) , (19)

|B|2 =
sinh(2πµ) sinh(πκ̃ − πκ)

cosh(πκ + πµ) cosh(πκ̃ − πµ) , (20)

σabs =
|B|2
|A|2 =

sinh(2πµ) sinh(πκ̃ − πκ)
cosh(πκ − πµ) cosh(πκ̃ + πµ)

. (21)

5 Thermal Interpretation

Following our previous studies [3, 5], the mean number of produced pairs (20) can be reexpressed as

N = |B|2 =
(

e−2πκ+2πµ − e−2πκ−2πµ

1 + e−2πκ−2πµ

) (
1 − e−2πκ̃+2πκ

1 + e−2πκ̃+2πµ

)
. (22)

Note that the mean number (22) has a similar form except for different quantum numbers as that of
charged scalars in a near-extremal RN [3] and KN [5] since the near-horizon geometry is an AdS2×S 2

for the near-extremal RN black hole while it is a warped AdS3 for the near-extremal KN black hole.
Following Refs. [7, 8], we introduce an effective temperature and its associated counterpart

TKN =
m̄

2πκ − 2πµ
= TU +

√
T 2

U +
R

8π2 , T̄KN =
m̄

2πκ + 2πµ
= TU −

√
T 2

U +
R

8π2 , (23)

where the effective mass m̄ is

m̄ =

√
m2 − λ + 1/4

2
R, (24)

and the corresponding Unruh temperature TU and AdS curvature R are

TU =
κ

2πm̄(r2
0 + a2)

=
(qQ + pP)(Q2 + P2) − 2nar0

2πm̄(r2
0 + a2)2

, R = − 2
r2

0 + a2
. (25)

Therefore, we have

2πκ − 2πµ =
m̄

TKN
, 2πκ + 2πµ =

m̄
T̄KN
, 2πκ̃ =

ω

TH
, 2πκ =

qΦH + pΦ̄H + nΩH

TH
, (26)
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N = e
m̄

TKN ×


e−
m̄

TKN − e−
m̄

T̄KN

1 + e−
m̄

T̄KN

 ×



e−
m̄

TKN

(
1 − e−

ω−qΦH−pΦ̄H−nΩH
TH

)

1 + e−
ω−qΦH−pΦ̄H−nΩH

TH e−
m̄

TKN


. (27)

Now the physical meaning of each term in Eq. (27) becomes clear; we interpret the first parenthesis as
the Schwinger effect with the effective temperature TKN in AdS2 [16] and the second parenthesis as the
Schwinger effect in the Rindler space [17], in which the Unruh temperature is given by the Hawking
temperature and the charges have the chemical potentials of ΦH, Φ̄H, and ΩH, while the effective
temperature for the Schwinger effect due to the electric field on the horizon is still determined by
TKN.

The mean number of produced pairs above and the absorption cross section ratio in the previous
section have been obtained using the exact solution in the near horizon geometry of an extremal or
near extremal KN black hole. In addition, by applying the phase-integral formula, we can derive
the instanton actions from the Hamilton-Jacobi action for the field equation, which lead to the mean
number, for details see [6]. This method allows one to understand the physical origin of each term as a
consequence of simple poles in the complex plane of space [18] and further connects the interpretation
to other physical systems involving the Schwinger effect in curved spacetimes [19].

6 Holographic CFT description

According to the KN/CFTs duality [10, 11], the absorption cross section ratio of scalar field in Eq. (21)
corresponds to that of its dual operator in the dual two-dimensional CFT with left- and right-hand
sectors

σabs ∼ T 2hL−1
L T 2hR−1

R sinh
(
ω̃L

2TL
+
ω̃R

2TR

) ������Γ
(
hL + i

ω̃L

2πTL

)������
2 ������Γ
(
hR + i

ω̃R

2πTR

)������
2

, (28)

where TL, TR are the temperatures, hL, hR are the conformal dimensions of the dual operator, ω̃L =

ωL−qLΦL and ω̃R = ωR−qRΦR are the total excited energy in which (qL, qR) and (ΦL,ΦR) are respec-
tively the charges and chemical potentials (both including the electric and the magnetic contributions
for the dyonic KN black hole case) of the dual left and right-hand operators.

From the field/operator duality in the AdS/CFT correspondence, the complex conformal dimen-
sions (hL, hR) of the dual operator in the two-dimensional CFT can be determined from the asymptotic
expansion of the bulk dyonic charged scalar field (17) at the AdS boundary [6]

hL = hR =
1
2
± iµ. (29)

Next, we will analyze the dual CFTs descriptions of the pair production rate and the absorption cross
section ratio in the near extremal dyonic KN black hole in the J- and Q- as well as the P-pictures,
respectively.

6.1 J-picture

In the J-picture, the left- and right-hand central charges of the dual CFT are determined by the angular
momentum [10, 11]

cJ
L = cJ

R = 12J, (30)
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and the associated left- and right-hand temperatures for the near extremal dyonic KN black hole are

T J
L =

r2
0 + a2

4πar0
, T J

R =
B

2πa
. (31)

The CFT microscopic entropy is calculated from the Cardy formula

S CFT =
π2

3
(cJ

LT J
L + cJ

RT J
R) = π(r2

0 + a2 + 2r0B), (32)

which agrees with the macroscopic entropy (6) of the near extremal KN black hole.
Besides, by matching the first law of black hole thermodynamics with that of the dual CFT, i.e.,

δS BH = δS CFT, the following relation holds

δM −ΩHδJ − ΦHδQ − Φ̄HδP
TH

=
ω̃L

TL
+
ω̃R

TR
, (33)

where the angular velocity and chemical potentials at ρ = B are given in Eq. (6). To probe the rotation
we need to turn off the charges of the probe scalar field and set TL = T J

L and TR = T J
R, then for the

dyonic KN black hole δM = ω, δJ = n, δQ = 0, δP = 0. Thus, we have

ω̃J
L = n and ω̃J

R =
ω

a
⇒

ω̃J
L

2T J
L

= −πκ and
ω̃J

R

2T J
R

= πκ̃, (34)

where q, p are set to zero. Consequently, the agreement between the absorption cross section ratio (21)
of the scalar field (with q = p = 0) in the near extremal dyonic KN black hole and that of its dual
scalar operator in Eq. (28) is found in the J-picture.

6.2 Q-picture

In the Q-picture, the left- and right-hand central charges of the dual CFT are [10, 11]

cQ
L = cQ

R =
6Q(Q2 + P2)

ℓ
, (35)

where the parameter ℓ is the measure of the U(1) bundle formed by the background Maxwell field,
which can be interpreted as the radius of the embedded extra circle in the fifth dimension. The asso-
ciated temperatures of the left- and right-hand sectors for near horizon geometry of the near extremal
dyonic KN black hole are

T Q
L =

(r2
0 + a2)ℓ

2πQ(Q2 + P2)
, T Q

R =
r0Bℓ

πQ(Q2 + P2)
. (36)

Then, the microscopic entropy of the dual CFT obtained from the Cardy formula

S CFT =
π2

3
(cQ

L T Q
L + cQ

RT Q
R ) = π(r2

0 + a2 + 2r0B), (37)

again reproduces the area law for the entropy of the near extremal dyonic KN black hole.
In the Q-picture, the modes n and p, which characterize the rotation and magnetic charge of the

probe scalar field, should be turned off in order that the electrically charged probe only detects the
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δS BH = δS CFT, the following relation holds

δM −ΩHδJ − ΦHδQ − Φ̄HδP
TH

=
ω̃L

TL
+
ω̃R

TR
, (33)

where the angular velocity and chemical potentials at ρ = B are given in Eq. (6). To probe the rotation
we need to turn off the charges of the probe scalar field and set TL = T J

L and TR = T J
R, then for the

dyonic KN black hole δM = ω, δJ = n, δQ = 0, δP = 0. Thus, we have

ω̃J
L = n and ω̃J

R =
ω

a
⇒

ω̃J
L

2T J
L

= −πκ and
ω̃J

R

2T J
R

= πκ̃, (34)

where q, p are set to zero. Consequently, the agreement between the absorption cross section ratio (21)
of the scalar field (with q = p = 0) in the near extremal dyonic KN black hole and that of its dual
scalar operator in Eq. (28) is found in the J-picture.

6.2 Q-picture

In the Q-picture, the left- and right-hand central charges of the dual CFT are [10, 11]

cQ
L = cQ

R =
6Q(Q2 + P2)

ℓ
, (35)

where the parameter ℓ is the measure of the U(1) bundle formed by the background Maxwell field,
which can be interpreted as the radius of the embedded extra circle in the fifth dimension. The asso-
ciated temperatures of the left- and right-hand sectors for near horizon geometry of the near extremal
dyonic KN black hole are

T Q
L =

(r2
0 + a2)ℓ

2πQ(Q2 + P2)
, T Q

R =
r0Bℓ

πQ(Q2 + P2)
. (36)

Then, the microscopic entropy of the dual CFT obtained from the Cardy formula

S CFT =
π2

3
(cQ

L T Q
L + cQ

RT Q
R ) = π(r2

0 + a2 + 2r0B), (37)

again reproduces the area law for the entropy of the near extremal dyonic KN black hole.
In the Q-picture, the modes n and p, which characterize the rotation and magnetic charge of the

probe scalar field, should be turned off in order that the electrically charged probe only detects the

electric charge of the black hole, i.e., δM = ω, δJ = 0, δQ = q, δP = 0. Then, using Eq. (33), with
TL = T Q

L and TR = T Q
R , we have

ω̃Q
L = −qℓ and ω̃Q

R =
2ωr0ℓ

Q(Q2 + P2)
, (38)

and ω̃Q
L

2T Q
L
= −πκ and ω̃Q

R

2T Q
R
= πκ̃ for the dual CFT. Therefore, the absorption cross section ratio of the

charged scalar field (with n = p = 0) in Eq. (21) also agrees with that of its dual scalar operator in
Eq. (28) in the Q-picture.

6.3 P-picture

The left- and right-hand central charges of the P-picture CFT can be obtained from the electromagnetic
duality, which are

cP
L = cP

R =
6P(Q2 + P2)

ℓ
, (39)

and the associated left- and right-hand temperatures are

T P
L =

(r2
0 + a2)ℓ

2πP(Q2 + P2)
, T P

R =
r0Bℓ

πP(Q2 + P2)
. (40)

Then, the microscopic and macroscopic entropies are the same:

S CFT =
π2

3
(cP

LT P
L + cP

RT P
R) = π(r2

0 + a2 + 2r0B). (41)

Along the same line as the Q-picture, we need to turn off the modes of n and q in the P-picture,
i.e. δM = ω, δJ = 0, δQ = 0, δP = p. Then, applying Eq. (33), with TL = T P

L and TR = T P
R, we

obtain
ω̃P

L = −pℓ and ω̃P
R =

2ωr0ℓ

P(Q2 + P2)
, (42)

and ω̃P
L

2T P
L
= −πκ and ω̃P

R
2T P

R
= πκ̃. Therefore, in the P-picture of the KN/CFTs duality, we find the

agreement between the absorption cross section ratio of the charged scalar field (with n = q = 0) in
Eq. (21) and that of its dual scalar operator in Eq. (28).

7 Conclusions

We study the scalar dyon production for the near extremal dyonic KN black hole without back-
reaction. The KG equation is eactly solved in the near horizon region where the geometry includes
a warped AdS3 structure. The near horizon region contains a causal horizon and a dominating elec-
tric field which capture both contributions: the Hawking radiation and the Schwinger mechanism.
The exact solutions were obtained in terms of the hypergeometric functions. By imposing the par-
ticle viewpoint of boundary condition, the physical quantities associated to the pair production can
be derived by the ratio of boundary fluxes. In particular, the expressions of the vacuum persistence
amplitude, the mean number of pairs and the absorption section ratio were obtained. The existence
condition for the pair production corresponds to the instability of the probe fields in the AdS2, i.e. the
violation of the BF bound.
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The thermal interpretation of the pair production rate for the dyonic KN black holes includes two
contributions: one is the Schwinger effect in the AdS2 space caused mainly by the electromagnetic
field of black holes and the other is the Schwinger effect in the Rindler space due to the Hawking
temperature, i.e. the deviation from the extremality. The leading term of the production rate is de-
termined by the effective temperature TKN, which is a kind of Unruh temperature originated from the
acceleration due to the electromagnetic force and the AdS2 curvature. There is duality between the
electric charges and magnetic charges of the black hole and produced pairs. The effect of the AdS2
curvature is to bind pairs and thereby decrease the pair production while the electromagnetic field
increases the Unruh temperature for the effective temperature and thus enhances the pair production.
The angular momentum, electric and magnetic charges of the produced dyonic particles are expected
to couple with the corresponding thermal quantities, i.e. the angular velocity, electric chemical po-
tential, and magnetic chemical potential, of the dyonic KN black hole as the subleading terms to the
leading Boltzmann factor.

The twofold dual CFTs descriptions (i.e., J-picture and Q-picture) of the Schwinger pair produc-
tion of the near extremal KN black hole [5] are generalized into the threefold dual CFTs pictures
for the dyonic KN black hole which includes an additional magnetic charge. The presence of the P-
picture is associated with the dual gauge potential which can be regarded as a new “magnetic hair” of
the dyonic KN black hole and provides the U(1) fiber on the base manifold. It can only be probed by
the magnetic charge of the scalar field. Furthermore, based on the threefold dyonic KN/CFTs duality,
the dual CFTs descriptions of the absorption cross section ratios and the pair production rate of the
dyonic charged scalar field are found in the J-, Q-, and P-pictures, respectively.
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