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2 Departamento de F́ısica Aplicada, CINVESTAV-Mérida, A.P. 73, 97310 Mérida, Yucatán,
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Abstract. Single top quark production at lepton (or non-hadronic) colliders like the e
+
e
−

International Linear Collider (ILC) can be used to obtain high precision measurements of the Vtb

CKM matrix element as well as the effective tbW coupling. For the ILC we have calculated the
QCD correction for the cross section in the context of an effective vector boson approximation.
Our results show a ∼ 10% increase due to the strong interaction.

1. Single Top production at e+e−, e−e−, γe and γγ colliders

The top quark is likely to provide us with the first clues of physics beyond the Standard Model
[1]. The cross section for tt̄ production being much greater than for single top has made this
mode not only the one of initial discovery but also the one for further studies. In fact, new
physics effects are probably already manifest in the recent tt̄ forward-backward asymmetry
observed at the Tevatron [2, 3]. On the other hand, single top production originates from the
weak interaction and is directly proportional to the left handed tbW coupling. Just as it was at
the Tevatron, in the LHC this process will be extensively studied [4].

The planned International Linear Collider (ILC) will collide electron and positron beams at
an initial energy of 500 GeV and higher. It will provide a clean environment for the study of
precision measurements. There are however other three possible modes of operation depending
on the initial beams to be used like e−e−, γe and γγ.

Table 1. Summary of results for the four types of lepton colliders studied in Ref. [5].

beams Number of tt̄ σ(fb) σ(fb)
diagrams background (

√
s = 0.5 TeV) (

√
s = 1.0 TeV)

e+ e− 20 yes 3.1 6.7
γγ 21 yes 9.2 18.8
e e 20 no 1.7 9.1
γe 4 no 30.3 67.6

The single top production processes at lepton and photon (e+e−, e−e−, γe and γγ) colliders
have been extensively studied at tree level in [5]. We can summarize their results in Table 1

XIII Mexican Workshop on Particles and Fields IOP Publishing
Journal of Physics: Conference Series 378 (2012) 012018 doi:10.1088/1742-6596/378/1/012018

Published under licence by IOP Publishing Ltd 1



W+

γ b̄

t

(a)

W−

γ
t

(Z)

(Z)e−

e+

ν̄e

e−

e−

e+

ν̄e

γ(Z)

t

b̄

ν̄ee+

e−

W+

e−

t̄

b̄

e− (b)

(c)

Figure 1. The three types of diagrams for the process e+e− → tb̄e−ν̄e: (a) vector boson fusion,
(b) vector boson exchange and (c) e+e− annihilation.

where the four possible colliders are presented. The reaction γe− → t̄bνe, is particularly suitable
for precision studies, as it does not have the tt̄ background. Compared to the ILC e+e− → tb̄e−ν̄e
process the γe− reaction can yield a larger production rate and is directly proportional to the Vtb

term. Further studies have thus been done for this reaction. In particular, the QCD corrections
have been studied in [6]. Their conclusion is that the QCD correction is not very large (∼ 5%)
so that this mode remains very well suited for a precise measurement of Vtb. The approach of [6]
is to use the effective vector boson approximation, or effective W approximation [7] (EWA) and
to compute the QCD loop corrections for the W+γ → tb̄ fusion process. Then, the convolution
with the fW+/e+(x) distribution function is applied to obtain the correction to the actual e+γ
process. We would like to point out that the authors of [6] have made a very clear and thorough
presentation of the calculation. In this work we use their analysis of the W+γ → tb̄ process to
estimate the QCD correction for the e+e− → tb̄e−ν̄e process of the ILC. Here, in addition to
the convolution with the W+ boson distribution function we will use the effective photon (as
well as the effective Z boson) approximation to obtain the QCD correction. We will use the
same input values as in [6] for masses and coupling constants, except for the masses of top and
bottom quarks we take mt = 173 GeV and mb = 4.2 GeV.

2. Vector boson contributions at tree level

At tree level there are 20 diagrams for the process e+e− → tb̄e−ν̄e [5]. We can list them in three
different types: (a) vector boson fusion, (b) vector boson exchange and (c) e+e− annihilation
(see Figure1). For the energy range we consider one of the diagrams actually corresponds to tt̄
production, where one of the tops decays leptonically. In order to exclude tt̄ production from the
single top process we discard all events where the invariant mass of the decay products (e−,ν̄e,b̄)
falls inside an interval around the top mass mt −∆M ≤ Meνb ≤ mt +∆M . We take the value
∆M = 20GeV as in [5].

The effective W approximation relies on the fact that the vector boson fusion diagrams become
dominant when heavy particles are produced in very high energy collisions [7]. In general, three
conditions should be met for the EWA to work well: (1) The mass of the vector boson (MW or
MZ) should be much smaller than its energy, and this can be met if we require MV ≪ √

s/2,
(2) For qq̄ production mq ≫ MV , this is true for the top quark but not for the bottom quark,
and (3) One polarization mode should be dominant so that interference effects can be neglected.
Fortunately, in our case the mode Wγ → tb̄ dominates for longitudinal W , and the modes with
the Z boson WZ → tb̄ give even lower contributions.

As expected, this method works very well for tt̄ production at high
√
s and to a lesser degree

for single top, which in our case can be seen as tb̄ production. In [6] the QCD correction to the
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Figure 2. Diagrams for the W+γ(Z) → tb̄ process.

process e+γ → tb̄ν̄e was calculated by doing first the QCD correction to the W+γ fusion into tb̄
and then by taking the convolution with an effective W+ coming from the initial positron (see
Figure 2). We follow the same approach by doing the one loop QCD correction to W+γ → tb̄
as well as W+Z → tb̄ and then convoluting with the effective distribution functions for W+, γ
and Z:

σ(e+e− → tb̄ν̄ee
−) = (1)

∑

WL,WT

∫

1

xmin
W

dxW fW+/e+(xW )

∫

1

0

dxγfγ/e−(xγ) σ(W
+γ → tb̄)(ŝ)

+
∑

WL,T ,ZL,T

∫

1

xmin
W

dxW fW+/e+(xW )

∫

1

xmin
Z

dxZfZ/e−(xZ) σ(W
+Z → tb̄)(ŝ)

Where, xmin
V = 2MV /

√
s, ŝ = xWxγs or xWxZs, and the structure functions can be found in

[7]. The tree-level cross section for single top production at the ILC is shown in Fig. 3. The
exact Born-level calculation for the e+e− → tb̄e−ν̄e process is obtained with CalcHEP [8] and
is shown by the solid line. We can see that the prediction of the EWA (dot-dashed curve) is in
very good agreement with the exact result for center of mass energies above 1.5 TeV. However,
for the energy range of the ILC the EWA values can be significantly lower. In particular, for√
s = 1000GeV there is a 15% difference and for

√
s = 500GeV the EWA result is about one

half of the exact value.
Some kinematical aspects of our calculation are worth discussing in more detail. Because in

the dominant diagrams for the complete process e+e− → W+∗Z∗ → tb̄e−ν̄e the virtual vector
bosons get space-like momenta k2V ≤ 0 (V = W , Z) and are always far from their mass shell, the
EWA is known to work better when the vector-boson squared momenta are set to k2V = 0 in the
external legs, as discussed in [10]. Nevertheless, when dealing with a process like tt̄ production
one may set k2V = M2

V , as this introduces only a small error of order MV /
√
s. For this reason

it is customary [7, 6] to set the external massive W+ and Z on-shell for convenience. We stress
here, however, that the EWA requires [7, 10] the limits of integration to be taken as defined in
(1) for all polarization states of the massive vector bosons, regardless of whether one chooses to
set k2V = 0 or M2

V
1. In our study we keep the EWA condition k2Z = 0 for the Z boson, but

choose k2W = M2
W for the initial-state W+ for calculational convenience. We have numerically

checked that indeed by setting k2W = 0 we don’t find a significant change in the result.
Because of the kinematics of the W+Z → tb̄ process, its tree-level scattering amplitude has

a pole singularity within its physical region [9], leading to divergent behavior as we integrate it
over the Mandelstam variable t (or the polar angle of the outgoing quark). This is due to the fact
that, for energy values from slightly above the threshold mt+mb and up to ∼ 3 TeV, there exists
a certain value of t such that the massive Z boson can actually decay into bb̄, causing the bottom
quark propagator to hit its pole at that t. By strictly adhering to the EWA requirement k2Z = 0,

1 Notice that in [6] the lower limit is set to x
min
W = 0 for the longitudinal W+ distribution, a procedure that is

only justified a posteriori by their results.
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Figure 3. The Born cross section for single top production at the ILC.

the singularity is pushed outside the physical region and no divergent integration appears in the
computation. Notice that a similar situation does not occur with the W+ boson, as it cannot
decay into tb̄.

Below, we will describe the QCD corrections to the W+γ and W+Z processes, including the
Dipole Subtraction Method of infrared divergences. We have followed closely the analysis of the
W+γ mode done by Kuhn et.al. in [6].

3. QCD correction to the W+γ(Z) → tb̄ process.

The QCD loop correction to the W+γ(Z) → tb̄ process is given by 9 Feynman diagrams
(see Fig.2 of [6]). The renormalization procedure involves only the quark’s wave function and
mass parameter. Specific formulas can be found in [6]. Concerning the renormalization scale
dependence we have also set αs at the scale µ =

√
s for our numerical calculation (it becomes

√
ŝ

under the convolution). The extraction of IR singularities is done with the subtraction method
of the dipole formalism [11]. This method consists of adding and subtracting a so-called dipole
term:

σNLO(W+γ → tb̄) =

∫

tbg

[

(dσR)ǫ=0 − (dσB ⊗ dVdipole)ǫ=0

]

+

∫

tb
[dσV + dσB ⊗ I]ǫ=0 (2)

Where dσR comes from the real emission W+γ(Z) → tb̄g process and dσB ⊗ dVdipole is the
subtracting dipole term that matches pointwise the singularities associated with the soft and/or
collinear gluon. Both terms are calculated in d = 4 dimensions. In the second integral the same
dipole term has been partially integrated in the gluon phase space and then added to the virtual
correction dσV . This sum is performed in d = 4 − 2ǫ dimensions (consistent with dimensional
regularization).

The general formula for the dipole term is found in Eq. (5.16) of [11]. The specific expression
in our case is:

dσB ⊗ dVdipole =
〈Vgt,b〉
2kg · kt

|M0(k̃gt, k̃b)|2 + {t ↔ b} , (3)

where

〈Vgt,b〉 = 8παsCF {
2

1− z̃t(1− ygt,b)
− ṽgt,b

vgt,b
[1 + z̃t +

m2
t

kg · kt
]} ,
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z̃t =
kt · kb

(kt + kg) · kb
, ygt,b = 2

kg · kt
sxtb

, ṽgt,b =
λtb

xtb
,

vgt,b =
√

(1 + agt,b)2 − a2gt,b/zb , agt,b =
2zb

xtb(1− ygt,b)
,

k̃b =
xb
2
P +

λtb

λgt
(kb −

P · kb
s

P ) , k̃gt = P − k̃b , P = kW + kγ ,

and M0(k̃gt, k̃b) is the Born-level W+γ → tb̄ amplitude with one modification: the final state

momenta kt and kb have been replaced by k̃gt and k̃b respectively. The other variables are
defined as in [6]: µq = mq/

√
s, zq = µ2

q , xt = 1 + zt − zb, xb = 1 + zb − zt, xtb = 1 − zt − zb,

λtb = λ(1, zt, zb), λgt = λ(1, (kg + kt)
2/s, zb), and λ(x, y, z) =

√

x2 + y2 + z2 − 2xy − 2xz − 2yz.
For the real emission correction we have prepared a Fortran program that integrates the

cross section for the W+γ → tb̄g process along with dipole subtraction. As it turns out, the
subtraction term defined by the dipole formalism in the first integral of Eq. (2) is actually a
very good approximation to the real emission cross section in an important part of the tbg phase
space, so that the numerical results we obtained were very small: about two orders of magnitude
below the values obtained for the virtual correction.

The expression for the dipole term in the virtual correction is:

dσB ⊗ I = |Md(W
+γ → tb̄)|2αs

2π

1

Γ(1− ǫ)

(

4πµ2

s

)ǫ

(Igt,b + Igb,t) , (4)

where Md(W
+γ → tb̄) is the Born-level amplitude in d = 4−2ǫ dimensions (the flux term of the

tb̄ phase space integration is understood). The dipole function is given by Igt,b = CF [2I
eik+Icollgt,b ]

( also Igb,t = Igt,b{t ↔ b}), where Ieik and Icollgt,b are given by Eqs. (5.34) and (5.35) in [11]:

Ieik =
xtb
λtb

{ ln ρ
2ǫ

+
π2

6
− ln ρ ln [1− (µt + µb)

2]− 1

2
ln2ρt −

1

2
ln2ρb

+2Li2(−ρ)− 2Li2(1− ρ)− 1

2
Li2(1− ρ2t )−

1

2
Li2(1− ρ2b)}

Icollgt,b =
1

ǫ
+ 3 + lnµt + ln (1− µb)− 2 ln [(1− µb)

2 − zt]−
µb

1− µb
(5)

− 2

xtb

[

µb(1− 2µb) + zt ln
µt

1− µb

]

where ρ2 = (xtb − λtb)/(xtb + λtb), ρt = (xtb − λtb + 2zt)/(xtb + λtb + 2zt), and ρb = ρt{t ↔ b}.
These formulas also appear in [6], except that in their Eq. (4.14) in Icollgt,b the constant term
should not be 5 but 3.

Concerning the calculation of dσV , the details can be found in [6]. We actually worked out
this same computation before doing the case for the Z boson. As expected from the results
shown in Fig. 3 the contribution from W+Z fusion is much smaller than the one from W+γ. In
fact, we only considered the correction for the polarizations W+ longitudinal and Z transversal
as the other possibilities yield negligible contributions.

Our results are shown in Figs. 4 and 5. The solid line in Fig. 4 is the same exact Born-
level result shown in Fig. 3. The dashed line is obtained by adding to the solid line the QCD
correction computed within the EWA method. Fig. 5 shows the ratio of the QCD correction to
the exact Born cross section (solid line). As seen there, for

√
s > 1 TeV the QCD correction

remains roughtly stable about 11%. Its slow decrease above ∼ 2 TeV is due to the running
of αs(µ =

√
ŝ). On the other hand, below 1 TeV the correction drops to 7% with decreasing
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energy. This is an effect of the Born-level EWA predicted cross section, that drops to ∼ 50%
of the exact Born-level value as shown in Fig. 3. If instead of using the exact Born value as
denominator we use the EWA Born prediction (see dot-dashed line in Fig. 3) our results (dashed
line) show a 17% increase in the Born level cross section at

√
s = 500 GeV.

It will be interesting to compare this result based on the effective W approximation with a
future more robust calculation based on the complete e+e− → tb̄e−ν̄e process.
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