Eur. Phys. J. C (2023) 83:624
https://doi.org/10.1140/epjc/s10052-023-11802-6

THE EUROPEAN ()]
PHYSICAL JOURNAL C e

updates

Regular Article - Theoretical Physics

Topologically nontrivial black holes of Lovelock gravity sourced

by logarithmic electrodynamics

Askar Ali?

Department of Sciences and Humanities, National University of Computer and Emerging Sciences, Peshawar 25000, Pakistan

Received: 3 June 2023 / Accepted: 30 June 2023
© The Author(s) 2023

Abstract [ investigate the topologically nontrivial black
holes of Lovelock gravity sourced by logarithmic electro-
dynamics. To calculate the solution describing these black
holes, additional constraints are also imposed on the base
manifold of the higher dimensional spacetime. Relying on
the selection of geometric mass, electric charge, and the non-
linearity parameter, this solution can be portrayed as a black
hole with a single horizon, two horizons, or naked singular-
ity. I also look into how the thermodynamical and conserved
quantities of this solution are affected by the logarithmic elec-
tromagnetic field. Additionally, it is demonstrated that these
quantities correspond to the first law of thermodynamics. At
last, the local and global thermodynamic stabilities of the
accomplished black hole are studied as well.

1 Introduction

Higher order curvature theories of gravity have received a
lot of interest and are actively investigated these days. As
expected, the simple extension of Einstein’s theory of grav-
ity (EG) can effectively give rise to a wide range of modified
gravities whose actions incorporate higher order curvature
terms. Although EG is a non-renormalizable theory, a renor-
malizable one [1] can be developed provided these terms are
considered in the action. Due to the inclusion of these terms,
additional couplings between the operators of the dual CFT
are created in the case of AdS/CFT correspondence, and a
more comprehensive class of dual CFTs is formed [2—4]. The
Lovelock gravity [5] is the most intriguing modified theory
that encompasses higher curvature corrections. It can offer
the general covariance requirements and is the most exten-
sive theory in higher dimensions. Furthermore, the Love-
lock action is also compatible with the modifications pro-
posed by string theory to the model of EG [6-8]. The most
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rigorous study of the gravitational fields has been carried
out in the Gauss—Bonnet (GB) gravity [9—13]. Even though
the field equations that arise in third order Lovelock grav-
ity seem complicated, different black hole solutions of this
gravity theory are derived [13-19]. The GB gravity is known
to guarantee supersymmetric extension [20,21], whereas all
higher order Lovelock gravities merely allow the demand
of supersymmetric extension [22,23]. Certain investigations
have also been broadened to generic Lovelock gravity to
explore new black holes and their properties [24-28].
Although the majority of the established solutions of
Lovelock gravity are characterizing black holes with max-
imally symmetric horizons, the existence of black holes with
nonconstant curvature horizons could also be debatable. As
an example, Page discovered the first explicit inhomogeneous
compact Einstein metric in four dimensions [29]. Likewise,
the generalized version of this metric in higher dimensions
was presented in Ref. [30]. Bohm also discovered a vast
class of inhomogeneous solutions that had positive curvature
on product of spheres [31]. The physical aspects of Bohm
and Einstein metrics were addressed in Ref. [32]. The even
dimensional nontrivial black hole solution of Lovelock-BI
gravity was derived by selecting the non-Einstein base man-
ifold [33]. If the horizons of the Lovelock black holes are
supposed to be nonconstant curvature spaces, the higher cur-
vature terms have also an influence on the geometry of the
boundary due to the restrictions on its Weyl tensor. [34]. Con-
sequently, the new charge-like parameters appeared in the
solution. The black hole solution of GB gravity under these
restrictions has been obtained in Ref. [34], while its phys-
ical properties were extensively studied in Refs. [35-41].
In third order Lovelock gravity, the spacetimes with Ein-
stein manifold were also explored. For these geometries, the
Weyl curvature is adhered to two different sorts of algebraic
restrictions [42]. The general tensorial conditions required
for the topologically nontrivial black holes of an arbitrary
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order Lovelock theory were established in Ref. [43]. Addi-
tionally, the Birkhoff’s theorem has also been generalized
under these conditions [43]. The physical properties of these
vacuum black holes were discussed in Ref. [44]. Similarly,
the Lovelock black holes sourced by Maxwell’s electrody-
namics under these conditions were investigated in Ref. [45].

The objective of this work is to investigate charged
Lovelock black holes with nonconstant curvature horizons
sourced by nonlinear electrodynamics (NED). In the sub-
ject of black holes, numerous frameworks for NED have
been put out, each with a distinct motivation [46-53]. In
contrast to Maxwell’s electrodynamics, these formulations
provide predictions concerning the finite nature of electro-
magnetic energy and potentials [54—58]. Among these mod-
els, the Born-Infeld (BI) NED [46] was developed to figure
out a well-behaved self-energy of electrons. The first solu-
tion of EG sourced by BI electrodynamics was derived in
Ref. [59]. Following that, different nonlinearly charged black
holes of EG were extensively investigated in Refs. [60-74].
Additionally, the nonlinearly charged black hole solutions
of GB and Lovelock theories have also been derived [75—
86]. Recently, the effects of the BI electromagnetic field on
the Lovelock black holes with nonconstant curvature horizon
have also been investigated [87]. Presently, I want to calculate
the new solution characterizing the topologically nontrivial
black holes of the third order Lovelock gravity sourced by
logarithmic electrodynamics.

I make the outline of this paper as follows: In Sect.2, 1
briefly review the field equations of Lovelock gravity and
logarithmic electrodynamics. Then, the family of static solu-
tions describing nonlinear electrically charged black holes
with nonconstant curvature horizon is deduced. Section 3 is
devoted to the thermodynamic properties of these topologi-
cally nontrivial black holes. Finally, I present the concluding
remarks in Sect. 4.

2 Black hole solution

The action of Lovelock gravity coupled with logarithmic
electrodynamics can be defined as

7= /ddx\/—_g

kmax
(6774
" [Z R R+ “T)} |
k=0

@2.1)

where £ stands for the Lagrangian density of logarithmic
electrodynamics and is specified as

Y
L(Y) =—88%In (1 + @) (2.2)

@ Springer

in which g is the nonlinearity parameter, T = F;,F M
Fp, = 0,A, — 0,A,, and A, is the gauge potential. Fur-
thermore, A is the cosmological constant, and oy ’s are the
arbitrary coupling parameters. Variation of Eq. (2.1) with
respect to the metric tensor, gy, gives

kma.\/
Yk cvrior-rok pp1Bi Pic Bre
Z ok+1 worpr-pifi Rrnor ** Rijon
k=0
I, Y p oL

Likewise, the nonlinear Maxwell’s equations would be

obtained if one take variation of Eq. (2.1) with respect to
the gauge potentials A*. Hence, one can find

2.3)

oL
I vV—g==F") =0. (2.4)
aY
Consider the general line element in the form as
2 2 dr2 2 i .
ds® = —f(r)dt” + 1) +rhij(z)dz'dz’ . (2.5)

This line element represents the d-dimensional manifold M?
as the wraped product of a two dimensional Riemannian sub-
manifold M? and a (d — 2)-dimensional submanifold X¢~2.
We define the submanifold K¢~ as an Einstein manifold of
nonconstant curvature, and has unit metric /; ;. Subsequently,
tilde will be used for denoting the tensor quantities defined on
the submanifold ?2. Accordingly, the Ricci scalar, Ricci
tensor, and Riemann tensor of this submanifold can be stated
as

R =1«(d—-2)d-73),
Rij = x(d = 3)hij,
RY = Wl +xc(558, — 8187),

2.6)

where i, j =2,3,...,d — 1 and Wi';.[ are the components of
Weyl tensor defined on the submanifold ¢~2. The vanish-
ing of Weyl tensor in four dimensions guarantees the satis-
faction of the third relation in Egs. (2.6) for the manifolds
with constant curvature. Nevertheless, manifolds of constant
curvatures are the particular cases of Einstein manifolds in
dimensions higher than four. It is shown that the constraints
[43]

1 Isymy-Symy x3,7191
on+l1 8jr1q1--~rnqn Wsimy -

(d—3)!6§. k <k> )
) (€D e, @)
2d —2k =3 = \n

Trndn __
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should be imposed on the Wiljl when the Einstein manifolds
are satisfying Egs. (2.6). Moreover, n = d — 1 and the &’s
are dependent on the geometry of the submanifold.
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Using the ansatz (2.5) in Eq. (2.4), one can find the poten-
tial A; as

28241 ( <[—1 —(d—l):| [d—3}
A)\z— Fl N 4 ’
(d—1)g 27 2d—4 2d — 4

_q—2 —1)s°
,32F2d_4 A

where F denotes the Gaussian hypergeometric function and
q is the integration constant related to electric charge. One
can see that in the limit 8 — oo, A, corresponds to that
of the Maxwell’s theory. In order to construct the family of
nonlinearly charged black hole solutions with nonmaximally
symmetric horizon, one need to express Eq. (2.7) for k = 2
and k =3 as

(2.8)

- gy 1 .~ - .
Wi Wiy = 35,-1 Wi Wi = 026}, (2.9
and
L 2 .
AW W WL+ W W W) = 35{
X@WIWIWE + W WIS W) = 68], (2.10)

respectively. These two conditions were first derived in Refs.
[34,42]. Now, by substituting Egs. (2.8)—(2.10), and metric
ansatz (2.5) in Eq. (2.3) with k;,,4x = 3, one can obtain the
following cubic equation
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where ®(r) = (k — jj(r))/rz, d;i = d — i, and the coupling
parameters oy ’s and ¢ ’s are defined as
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It should be emphasized that the integration constant m
denotes the object’s geometric mass. The real solution of

Eq. (2.11) can be found as

= .2
f) =K+
33

1/3
[1 + (W) £V + wm)

—1/3
—y”(r)(x//(r) +./Y+ wZ(r)) ] ,
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in which
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One can verify that the topologically nontrivial solution cor-
responding to the Maxwell’s electromagnetic source [45] will
be obtained from Eq. (2.13) if one imposes the limit 8 — oo
or when r — oo0. In addition, when the charge and non-
linearity parameter are vanishing, the solution describing
uncharged black hole with nonmaximally symmetric hori-
zon is recovered [42]. Furthermore, the Kretschmann scalar
related to Egs. (2.5) and (2.13) is irregular at r = 0. It fol-
lows that » = 0 is a true curvature singularity. By looking
at the roots of f(r) = 0, one may be able to recognize the
horizons of a black hole. Therefore, it is trivial to figure out
the geometric mass in terms of event horizon r4 as

— d — d d — =
m = a3 ry +ak?ry +erl (r} + 3a30)

d
~ - 2ArS!
= ds | — dq +
toanbory taslzry —
fory f3ry dids
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— 0\t
d2d, prrh
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Fig. 1 Geometric mass m (Eq. (2.16)) versus ry ford = 10, A = —1,
q=10,5=0.5,43=0.006,k = 1,0 =2,and w3 =5
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Fig. 2 Geometric mass m (Eq. (2.16)) versus ry ford = 10, A = —1,
B =0.005, =05,3=0006« =1,a =2,and@z = 5
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(2.16)

Figure 1 shows the plot of the geometric mass m (ry) for
various values of §. It turns out that the topologically non-
trivial black holes have two horizons for greater values of .
However, when the value of this parameter falls the two hori-
zons collide and the black hole becomes extremal. Likewise,
the impact of the electric charge on the behaviour of geomet-
ric mass is depicted in Fig. 2. It is recognized that there exists
a critical value of charge parameter g for which Eq. (2.13)
represents the extremal black hole. Despite this, the solution
(2.13) predicts black hole with two horizons when the charge
magnitude rises over this value. Remember that the radius of
the event horizon r4 can be described by the largest root of

@ Springer
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Fig. 3 g(r) givenby Eq. (2.16) versusr ford = 10, A = —1,8 = 0.5,
q=1,00=0.5,3=0.006,k = 1,00 =2,and oz =5
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Figure 3 shows the behaviour of g(r) for various values of
geometric mass m. The position of the event horizon corre-
sponds to the largest value of the radial coordinate at which
the function g(r) crosses the horizontal axis. Additionally,
the mass of the extremal black hole can be determined from
the condition f(r,) = 0 and (df/dr)|,=r, = 0 as follows:
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with r, refers to the extremal black hole’s horizon satisfying
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It should be reported that for o3 = E% /3and & = &3 = 0,
Eq. (2.13) leads to the black hole solution of Lovelock grav-
ity coupled to logarithmic electrodynamics [81]. It is also
crucial to remember that the solution (2.13) with m = 0 can
still possess horizon as opposed to the maximally symmet-
ric solutions of Lovelock gravity which possess no horizons
under this substitution.

3 Thermodynamics

In this section, I wish to figure out the thermodynamic quan-
tities of the accomplished solution (2.13). Firstly, the Hawk-
ing temperature can be determined from the notion of surface
gravity [88] as

- L] 2 + 1
T 4w Zl(r+)

| L@ie® — 673021 +1)
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dik 4 o~ 2Ari
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3.1
with

Z1(ry) = r{ + 2006r] + 3037 + &), (32)

T(x:)

Fig. 4 Temperature versus ry ford =10, A = —1, g = 10, =1,
3=5k=10y=2,ando3 =5
Tir:)

Fig. 5 Temperature versus ry ford =10, A = -1, 8 = L5, =1,
3=5k=1ay=2,ando3 =5

The implications of the nonlinearity parameter and elec-
tric charge on the black hole’s temperature are investigated
in Figs. 4 and 5, respectively. The radii with positive temper-
ature values encode the horizons of the physical black holes.
The area law, which stipulates that the entropy is equal to one
quarter of the horizon area, is invalid in Lovelock gravity.
Because of this, it is helpful to utilize the Wald’s prescription
for figuring out the entropy [89,90]. This formulation can be
applied to any black hole whose event horizon is the Killing
horizon. Hence, by using this technique we have

= —-2r % ddzxf

where L refers to the Lagrangian density, while l;a,g denotes
the binormal to the Killing horizon. Thus, the entropy asso-
ciated with solution (2.13) is given by

Z,(dzriz[ 1 2k 3as(k?+ Ez):|
4 b

aﬂbyg, 3.3)

S = (3.4)

d2 d4l”_%_ d6ri

where X, designates the volume of a hypersurface with non-
constant curvature. Note that the first term corresponds to
the horizon’s area. Additionally, topological invariants can
be seen to contribute to the overall entropy of the solution
(2.13). Likewise, the terms containing parameters o and o3
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Fig. 6 Finite mass given by Eq. (3.5) versus ry. ford = 10, A = —1,
Ye=1,¢g=10,0,=0.5,23=0.006,«k =1,0p =2,and 3 = 5
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Fig. 7 Finite mass given by Eq. (3.5) versus r4 ford = 10, A = —1,
2 =1,=554=05,3=0006,k =1, 0, =2,andaz =5

represent contributions from the maximally symmetric hori-
zons, and term containing ¢» is present due to the contribution
of Einstein horizon.

The finite mass of the black hole is computed as

_ Zedom  Edy T3 d
T l6mr 167w T+

+azk2rf + I(rﬁi7 (rj_ +3@30) + &zfzrf + 5323}’17

2070 8(2d — 3)B2 0 PE
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N 8drq*? F [1 d3:| [3d—7} g2
1 S0 A g | s .
ddyr® 2’ 2d, 2d, B2

(3.5)
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The unavoidable effects of the parameters 8 and g on the
black hole’s finite mass M can be respectively analyzed from
Figs. 6 and 7. Furthermore, calculating the electromagnetic
flux at infinity will yield the thermodynamic electric charge
Q of the black hole. Hence, one might discover

_Ekq drds
0= ar NV 2

One can see that the above formula of electric charge is inde-
pendent of the parameter S. In order to work out the expres-
sion for electric potential of the black hole [91,92], one need
to take nonzero component of the gauge potential A,. It can
be verified that the electric potential vanishes when r tends
to infinity. Consequently, the black hole’s electric potential
can be claimed as

(3.6)

W(ry) = AnXH| . — AX?|

r=r4

2 p([2L =
~ T dq '\ 272 |

d3 q°
2w, | ) T
2 ,Br+

Here X* denotes the temporal Killing vector. Consider
that the temperature 7" and electric potential W, respectively,
are the intensive parameters conjugate to entropy and electric
charge Q. Hence, one may write

s M| _ (oM as ™!
_BSQ_ ory )|y \ors

and

(3.7)

’

o

(3.8)

o] - (). (52)"
00|y \dg - \ g

It can be easily shown that the Egs. (3.8)—(3.9) are in the
same forms as Eq. (3.1) and (3.7), respectively. Hence, the
first law

(3.9)

.+

dM = TdS + VdQ. (3.10)

is satisfied by the above quantities.

The local thermodynamic stability of the black hole can
be demonstrated from the positivity of specific heat capacity
[93]. This condition determines local stability in the canon-
ical ensemble. Since M depends on the horizon radius and
charge, the heat capacity can be stated as

Cy = ds 3.11)
H="ar '
q
Substitution of Egs. (3.1) and (3.4) yields
Ch SedyHo (r}er'Hl —2Kr+212) (3.12)

 ads(r3 Z0H) ) — @S Hmaer D H 1~ 26 27)
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Figure 8 demonstrates the effect of parameter 8 on the
behaviour of heat capacity (3.12) as a function of the outer
horizon. It is observed that Cy vanishes at ry = r, and
infinite at 4 = r; withi = 1,2,3,..,and r; < <

.. Hence, the black hole possesses phase transition at these
points. It can also be seen that the smaller black holes having
re < r4 < rp are locally stable while the larger objects
for r+ > r; could be unstable as well. One can examine that
these phase transition points are shifting to the right when the
parameter S increases in magnitude. Furthermore, the effect

Cglrs)
20000 -
. . ,

| 0.3 0
- 20000 [— B=3

— £=10
—40000F__ 5_np
—soooo [ F=0

Fig. 8 Heat capacjty Cy (Eq. (3.12)) versus ry ford = 10, A = —1,
q=10,5=0.5,3=0.006,k = 1,0, =2,and w3 =5

Cylr.)
1000}
; r
0.3

1000 — 9503
— g=1

_20pp— 9=13
q::.

Fig. 9 Heat capacity Cy (Eq. (3.12)) versus ry ford = 10, A = —1,
B=30,0=0523=0006k =1, =2,anda3 =5

of electric charge on the behaviour of Cy can be observed
in Fig. 9. One can see that the horizon radii associated with
the phase transitions and extreme black holes (7" = 0) are
increasing when the electric charge increases.

In the grand canonical ensemble, the local thermodynamic
stability of black hole requires the positivity of the determi-
nant of Hessian matrix. This determinant is given by

oy _ (M (M >M \?
)= (Ty) (a_QZ) B (383Q> ‘

Thus by using Egs. (3.4) and (3.5) we have

(3.16)

dsHj (F+31H/ (4;str + 4&2KrJ3r)H1 — ZICZ%)

rrdzr_zf_ Y le'Hz

H(ry) =

2d?
w2d3 02 52Hj

X («/dzdgﬂr \/,32 222d2d3 —|—32n2Q2)

2

(3.17)

with

V2Bry

H3(ry) = 1 0%

VB2 2d0dy + 32m202
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Fig. 10 Determinant of the Hessian matrix H (r4) (Eq. (3.17)) versus
ry ford =10, A = —1, Q0 =10, Z, = 1, & = 0.5, &3 = 0.006,
Kk =1,ap =2,anda3z =5

Hir.)

—100}

=200

—300f

Fig. 11 Determinant of the Hessian matrix H (r4) (Eq. (3.17)) versus
ryford=10,A=—-1,=1,%, =1,8 =0.5,4 =0.006,« =1,
ay) =2,anday =5
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In Figs. 10 and 11, the consequences of the parameter
B and thermodynamical charge on the determinant of the
Hessian matrix (3.17) are explored, respectively. It is con-
cluded that there exist horizon radii r, and rp, such that H (r)
remains positive in the domain r, < r4 < rp. Thus the black
hole is stable in this domain and remains unstable outside
of it. It is also noted that both the radii r, and r, grow in
their magnitudes when the parameter 8 increases. Addition-
ally, Fig. 11 suggests that the regions of local stability in the
grand canonical ensemble are getting larger when the mag-
nitude of the electric charge rises. The expression of Gibbs
free energy density [93] can be written as

G=M-TS, (3.19)

@ Springer
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Fig. 12 ~Gibbs energy (Eq. (3.19)) versus ry ford = 10, A = —1,
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Fig. 13 Gilgbs energy (Eq. (3.19)) versus ry ford = 10, A = —1,
B =0.005,¢,=0.5¢3=0.006,k =1,0p =2,and a3 = 5

where T', S, and M are respectively calculated in Egs. (3.1),
(3.4), and (3.5).

The negativity of the Gibbs energy density can be used
to estimate the black hole’s global stability. The response of
this quantity in terms of r with various values of 8 and ¢ is
respectively illustrated in Figs. 12 and 13. One can conclude
that the topologically nontrivial black holes described by Eq.
(2.13) are globally unstable.

4 Summary and conclusion

In this paper, I used the model of logarithmic electrodynam-
ics and found the new topologically nontrivial black hole
solution of the third order Lovelock gravity. The relevant
horizon space for this solution can be inferred to be an Ein-
stein space with nonzero Weyl curvature. Due to the emer-
gence of charge-like parameters Z;’s in the metric function,
the extra constraints on the Weyl tensor resulted in a consid-
erable alteration to the solution and its physical properties. I
further demonstrated that, based on the selection of param-
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eters ¢, B, Cr, and 3, the resultant solution (2.13) either
characterizes nonlinearly charged black holes with single or
two horizons or represents naked singularities. Additionally,
I calculated thermodynamic and conserved quantities of the
resultant gravitating object and showed that they adhere to
the first law of thermodynamics.

Using the expressions of thermodynamic quantities in
terms of ry, I also investigated the local stability of the
resultant black hole in both canonical and grand canoni-
cal ensembles. It is concluded that there exists r = r, at
which both temperature and specific heat are equal to zero.
This value of the event horizon corresponds to the first order
phase transition and coincides with the horizon radius of the
extremal black hole. The specific heat exhibits singularities
atry = r;’s that are analogous to the second order phase tran-
sition of the black hole. It is shown that the horizon radius of
the extremal black hole grows in size when the electric charge
and nonlinearity parameter f rise in magnitude. According to
the plots of the determinant of the Hessian matrix, the object
would be stable if its horizon radius r falls in the range
rq < r+ < rp, otherwise unstable. I have also observed that
the values of r, and r, grow with the increase in 8. Addition-
ally, when the thermodynamic electric charge Q increases,
the interval of 1 corresponding to the stability in the grand
canonical ensemble grows. Finally, I have also studied the
behaviour of Gibbs free energy density as a function of the
event horizon and showed that for any value of ¢ and 8, black
holes described by (2.13) are globally unstable.

It may be very important to explore the impacts of dark
energy, dark fluid, and the cloud of strings on black holes
with nonmaximally symmetric horizons. Similarly, it could
also be highly fascinating to investigate the quasitopological
black holes with nonconstant curvature horizons and their
physical characteristics. These issues are reserved for my
next solo work.
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