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Abstract We investigate the dynamics of test particles
around a spherically symmetric, non-rotating, hairy regular
black hole, examining how the model parameters affect par-
ticle motion. The black hole is characterized by two param-
eters, the mass M and a hairy parameter «. Using the effec-
tive potential, we examine the stability of circular orbits.
We derive analytical expressions for the energy and angu-
lar momentum of test particles as a function of the black
hole parameters. The effective forces acting on particles and
the innermost stable circular orbits are also examined. Addi-
tionally, we numerically integrate the equations of motion
to examine particle trajectories and further investigate their
motion. Epicyclic oscillations of test particles close to the
equatorial plane are explored, and analytical expressions
for radial, vertical, and orbital frequencies are derived as
functions of the black hole parameters. We also examine
the frequency of periastron precession of the particles. We
compare the motion of test particles around a hairy regu-
lar black hole with the particle motion around a classical
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non-rotating Schwarzschild black hole. Further, we discuss
thermally fluctuating phenomena by using the Tsallis entropy
and the energy emission process. Our findings show that the
black hole model’s parameters significantly impact particle
motion and thermal features.

1 Introduction

Black holes (BHs) are some of the most compelling and enig-
matic subjects of study in contemporary physics because of
their unique properties and structural complexities. Their vis-
ible exposures serve as significant indicators to unravel the
puzzles associated with these celestial objects. A monumen-
tal achievement in this regard took place in 2019 when the
Event Horizon Telescope (EHT) Collaboration captured the
first-ever image of the accretion flow enclosed by a supermas-
sive BH lying at the center of the M87* galaxy [1,2]. This
marked a crucial moment for researchers seeking to explore
the properties of BHs by enabling validation of their work
with observations [3]. Subsequent to this, in 2022, the same
collaboration disclosed an image of Sgr A*, a supermassive
BH located at the center of our galaxy, which further advances
our understanding of these giants [4—6]. The EHT aimed to
explore supermassive BHs that are located at the centers of
galaxies. Collecting data from multiple radio telescopes that
are located throughout the world helps in accomplishing this
objective. Through collective functioning, a virtual instru-
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ment is created by these telescopes with an efficient fissure
in comparison with the Earth’s diameter. The angular resolu-
tion has been considerably improved by such a configuration,
allowing one to observe massive structures at a scale equiv-
alent to the event horizon of a BH.

An intriguing element regarding the dynamics of the test
particles surrounding BHs is its link with the quasiperiodic
oscillations (QPOs) that are observed during the X-ray emis-
sions of certain micro-quasars [7]. Therefore, it is worthwhile
to examine QPOs from an astrophysical perspective, as it pro-
vides considerable support for the credibility of gravitational
models functioning under sufficiently strong field conditions.
Furthermore, QPOs serve as effective indications for deter-
mining the spin and other properties of BHs [8,9]. In the
field of research related to astrophysics, these oscillations
have served an essential purpose since their identification
nearly 30 years ago. A class of theoretical frameworks have
been proposed to explain their origins, including (i) warped
disk, (ii) disk-seismic, (iii) resonance, and (iv) hot-spot mod-
els [10]. The precise physical nature behind the origin of
QPOs still remains unclear. They continue to be an appeal-
ing subject of study within the context of Einstein’s relativity
and other modified theories [11-18]. For those interested in
studying the physical origins and observational attributes of
QPOs, more information can be found in [19]. Several inter-
esting works are available in the literature that discuss various
aspects of multiple BH geometries [20-28]. Interesting work
on QPOs has recently been reported in [29-37].

Studying the extraordinary conditions surrounding BHs
provides an opportunity to explore the motion of particles
in these regions. Such regions around a BH often provide
a platform to test predictions made in Einstein’s theory of
relativity. It is obvious that the moving particles’ paths and
trajectories of light and matter existing near a BH’s event
horizon are profoundly influenced. The particles that exist
near a BH may significantly alter their behavior on the basis
of the attributes of the BH (for instance, its mass, spin, and
charge). As a result, one can gain valuable insights into the
properties of spacetime near a BH by analyzing these paths.
Importantly, it has been revealed through governing equa-
tions of motion that when a particle approaches the event
horizon, it experiences considerable relativistic phenomena
such as gravitational redshift and time dilation. Both phe-
nomena are notable at the nearest point on which a moving
particle can have an orbit around a BH without succumbing
to the pull of gravity [38]. Moreover, the results obtained
from these explorations have considerable implications for
identifying gravitational waves. The dynamics of the mov-
ing particles in a sufficiently strong gravitational field play
a critical role when discussing the merger and spiral phases
[39-45].

Another pivotal notion in BH physics is the no-hair theo-
rem, which has a major role in the study of such celestial bod-
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ies. According to this theorem, we can characterize a BH by
only three of its observable parameters, namely mass, electric
charge (if charge is present in the BH under consideration),
and angular momentum. The analogy of “without hair” sug-
gests that BHs lack discriminating properties or “hair” that
would help reveal data or information on the matter used in
their formation or that falls into them. At the moment when a
BH achieves its stable state, all information related to its cre-
ation and the matter that was used in its formation becomes
unattainable to external observers, as it remains bound within
the event horizon [46]. This leads to important implications
for us in broadening our understanding regarding preserva-
tion of the information in the universe and raises penetrating
questions about what the “reality” is, as explained by general
relativity versus quantum mechanics. The photon ring, illu-
minated by the accretion disk within a strong gravitational
field, serves as a crucial tool for identifying the shadow of a
BH [47]. However, the no-hair theorem has shown potential
exceptions in certain scenarios [48,49]. Recent discoveries of
“hairy” BH solutions—those that require additional param-
eters beyond conserved charges—have opened new avenues
for investigating possible violations of the no-hair theorem.
Notable examples of these solutions include various models
that challenge traditional understandings of BH characteris-
tics [50-54].

Research into periodic orbits is crucial for unraveling the
fundamental characteristics of BHs, as these orbits can reveal
insights into their formation mechanisms and the dynamics
of particles in their vicinity. Levin and colleagues [55] intro-
duced a systematic classification for periodic orbits, repre-
sented by three integers, w, z, and v, which correspond to
the rotation, scaling, and vertex behavior of the orbit, respec-
tively. This leads to the definition of the quantity g = wT—H)
When ¢ is irrational, the orbit exhibits a precessing behav-
ior, meaning that each subsequent orbit shifts slightly rela-
tive to the previous one [56,57]. Conversely, if g is ratio-
nal, the orbit is periodic, allowing a particle to return to
its initial position after a finite number of revolutions. This
classification not only enhances our understanding of BH
dynamics, but also has potential applications in simplifying
gravitational wave calculations by leveraging the properties
of periodic orbits. The precessing orbit of a particle can be
understood as a perturbation of a periodic orbit, which sug-
gests that an analysis of periodic orbits may yield important
insights into their characteristics, particularly in the context
of BH physics. Kerr BHs are rotating BHs defined by their
mass and angular momentum, with the surrounding space-
time displaying frame-dragging phenomena. Black holes of
this type possess an ergosphere and a ring-shaped singular-
ity, in contrast to non-rotating BHs. These models are essen-
tial for comprehending rotating compact objects within the
framework of general relativity [58,59]. This classification
approach has been rigorously explored across various BH
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types, including Kerr metrics which are rotating and exhibit
unique features such as an ergosphere and a static limit [60—
62], Schwarzschild geometries which are non-rotating [63],
charged BHs [64], naked singularities [65], polymer BHs
[66], and others [67,68]. Some other interesting works on
compact stellar models have been actively discussed, where
different BH solutions are considered as exterior spacetime
[69-95].

The study of hairy BHs is crucial for enhancing our under-
standing of BH properties and their physical characteris-
tics. The hairy BH model challenges the traditional no-hair
theorem, suggesting that these BHs can possess additional
defining parameters, thus enriching the physical insights we
can derive from them [96,97]. This complexity makes the
examination of periodic orbits particularly significant, as they
are sensitive to the physical influences exerted by the extra
hairy parameters [98,99]. In the context of extreme-mass-
ratio inspiral systems, time-like test particles that traverse
the periodic orbits around hairy BHs will generate distinc-
tive gravitational wave signals, which hold significant obser-
vational value for testing and extending the no-hair theo-
rem. Moreover, these systems are crucial targets for upcom-
ing gravitational wave detection initiatives, including LISA
[100] and others [101,102]. The gravitational wave signals
produced by binary systems provide crucial insights into the
spacetime geometry surrounding BHs, enabling researchers
to differentiate between standard BHs and those with “hair”
or additional features. Analyzing the periodic orbits and grav-
itational wave signatures associated with hairy BHs enhances
our understanding of these enigmatic objects and establishes
a robust theoretical framework for interpreting data from
future gravitational wave detections. This research not only
enriches our understanding of BH physics, but also informs
the design of upcoming observational strategies aimed at cap-
turing these elusive cosmic phenomena. As one of the numer-
ous extended theories of gravity, f(R) gravity [80-84] is a
popular alternative to GR. It modifies the gravitational action
by adding a function of the Ricci scalar, R [85,86]. This the-
ory aims to explain the universe’s rapid expansion without
the need for dark energy [87,88]. The focus of some research
on this topic has been on analyzing the effects of this change
on various astrophysical structures, particularly BHs [89,90].
An additional use of f(R) gravity is its impact on spacetime
geometry close to BHs [91,92], which changes how particle
trajectories and QPOs respond [93,94].

This paper discusses the regular hairy BH and the parti-
cle dynamics around it. The paper is structured as follows.
Section 2 considers the line element that represents the geom-
etry of a non-singular hairy BH and defines certain param-
eters associated with this geometry. Section 3 discusses the
dynamics of those particles surrounded by the hairy BH. In
this regard, we explore the effective potential, innermost sta-
ble circular orbits, the particles’ trajectories in which they

move, and the impact of the hairy parameter on the effec-
tive force. Section 4 explores the perturbations of the circu-
lar orbit and the harmonic oscillations it produces. We also
explore the frequencies of moving particles measured by both
local and distant observers. In the final section, we conclude
our results in light of how the parameter « significantly influ-
ences the dynamics of the particles.

2 Hairy regular BH

The line element describing the geometry of a spherically
symmetric hairy regular BH is given by [103]:

ds? = = f()de? + £ ()dr? + 2 (d6? + sin 0dg?), (1)

where the lapse function f(r) reads

£(r) 1+—1 2M2+2Mr+r2
r)y = —
Mr o o?
r 2M
<o (~557) - 5 @

Here, M is the mass of the BH, and « is a hairy parameter
of the BH model. In contrast to other hairy solutions, the
current considered regular hairy black hole is distinguished
by its ability to avoid singularities and maintain secondary
hair by using the parameter «. We would like to mention
here that it is very easy to obtain Schwarzschild geometries
by taking « — 0, where in a straightforward way one can
obtain the Minkowski spacetime by imposing a condition
o — 00. The horizon of the non-rotating hairy regular BH
(1) can be found by solving f(r) = 0. The behavior of
parameters « on the lapse function f(r) isillustrated in Fig. 1.
It can be seen that the lapse function increases with increasing
radial distance r and hairy parameter «. The function f(r)
crosses the axis of 0 < o < 0.387. Thus, BH exists when
0 <o <0.387.

3 Particle dynamics around a hairy regular BH

The following equations represent the Hamiltonian of a neu-
tral particle’s motion:

1

1
H = 38" pupv+ zuz, 3)

where p is the particle’s mass, p® = pu®, u* = dx*/dr
is the four-velocity, and 7 is the proper time associated with
the particle. It is possible to express the equations of motion
in Hamiltonian formalism as

dx® oH dpgy oH

dr ac  oxe’ @)

= pu® = —,
0Pa

where the affine parameter is ¢ = t/u.
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Fig. 1 Behavior of the lapse function of spacetime of a non-rotating
hairy regular BH

The inherent symmetries of geometry give rise to two con-
served quantities, the specific angular momentum L and the
specific energy E, which are stated as

Dt 1 s 2Mr r?
—=14+—1(2M —
m + Mr ( + + a?
r 2M
<o (- g4) - =< ®
d
Po _ 26299 _ o, ©6)
m dr

where £ = E/m and £ = L/m are the definitions of specific
energy and specific angular momentum, respectively.

The equations of motion that follow the temporal u’,
azimuthal u®, and radial u” components of the four-velocity
u® components are as follows:

&

Tk e el
. L
*= Tare ®)
2 +<e+%)(l+i(zw+2aﬂ

s D )ew () - ) =2 ©)

where € = 1 denotes time-like particles while € = 0 denotes
null particles in this context. The overdot represents a differ-
ence in relation to the correct time 7.

The Hamiltonian (3) for a non-rotating hairy regular BH
(1) can be written in the form

2Mr r2)
+

2

2 Mr

1 1 5
H=_|1+—(2M>+
o
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r 2M 1
o (~gig) = 72+ gl
2 2
+§m [Veff(", 0)—¢& ] , (10)

where the effective potential V¢ (r, 0) takes the form

L2 csc2 6
Verr(r,0) = 1+ 3

L Gy L
Mr o a?

X exp (—ﬁ) — 27M> . (11)

For « = 0, the effective potential (11) reduces to the
Schwarzschild case.

3.1 Effective potential

The effective potential V. sz (r, 6) is crucial for examining the
motion of test particles, as it facilitates the analysis of particle
trajectories without the need to directly solve the equations of
motion. The extrema of V, s elucidate orbital stability: peaks
signify unstable circular orbits, whereas minima denote sta-
ble circular orbits. Figure 2 shows the variation in V,¢¢ with
respect to the radial coordinate . Stable orbits correspond to
the minima of the potential, while unstable orbits are related
to its maximum. An increase in the hairy parameter « or the
orbital angular momentum £ increases the effective poten-
tial. Furthermore, when « increases, the potential’s minimum
approaches the event horizon.

The circular orbits for an equatorial plane are found under
the following conditions:

dVer(r)
dr

To solve Eq. (12), we obtain the circular orbits around a
non-rotating hairy regular BH, given by

Ve (r) = E2, 0. (12)

~ & (atr) (202412
r\/2 A }22( a?+r?)
L= , (13)
\/eot (6a3+rl—|3-3ar2+6a2r) +2(r —3)
and the corresponding energy takes the form
2¢ a (r2 —2a2 (e — 1 +ar (ae* +2
o VT2 ) e @ 1)

2\/regt (r34+3ar?—6a3 (e'/*—1)+20%r (ae’/*+3))
o =

Figure 3 illustrates the angular momentum L for equa-
torial circular orbits surrounding a non-rotating hairy reg-
ular BH. However, the angular momentum L decreases as
the hairy parameter « increases, increasing with a greater
radial distance. The circular orbits around a conventional
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Fig. 2 Plots of the effective potential of particles around a non-rotating hairy regular BH
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Fig. 3 Plots of angular momentum of particles moving around a non-
rotating hairy regular BH

Schwarzschild solution demonstrate greater angular momen-
tum than those around a hairy regular BH solution. Figure 4
presents the energy &£ of equatorial circular orbits around
a non-rotating hairy regular BH. As the hairy parameter o
increases, the energy of the particles decreases. In contrast,
the energy increases with the radial distance r.

3.2 Innermost stable circular orbits

Stable and unstable circular orbits are distinguished by the
minima and maxima of the effective potential, respectively.
In Newtonian physics, the effective potential consistently

FT T a
0.99fF 0.40
0.98F

[ 0.35
0.97F

f 1
0.96] 0.30

& I
0.95:— 0.25
0.94f ]

i 10 020
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0.92 { B o.15

Lo 1 1 P B 1 |

2 4 6 8 10 12

r 0.10

Fig. 4 Plots of energy of particles moving around a non-rotating hairy
regular BH

exhibits a minimum for any given angular momentum, and
there is no notion of an innermost stable circular orbit (ISCO)
with a specified minimum radius. Nevertheless, the effec-
tive potential is contingent upon the particle’s rotational
momentum and additional parameters. At a particular angu-
lar momentum, these two extrema converge, establishing
the ISCOs, situated at r = 3rg, where r, represents the
Schwarzschild radius. The ISCOs for the considered BH can
be ascertained by employing the subsequent criteria

d? Vegr (r) _

2 0. (15)

@ Springer
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Fig. 5 Plots for ISCOs of particles moving around non-rotating hairy
regular BH

The radius of an ISCO for a non-rotating hairy regular BH
is given by

e ( —r% 4 ar’ (ae"/“ - 5) — a2t ((3a +2)e 15)

3.3 Trajectories of particles around a BH

We numerically solve the equations of motion for test par-
ticles and plot their trajectories around a non-rotating hairy
regular BH, depicted in Fig. 6. Different trajectories are plot-
ted for varying hairy parameters «. The first row represents
the case with « = 0.1, the second row for ¢ = 0.2, and
the third row for « = 0.39. We fix all parameters and vary
the hairy parameter o, and examine the effects of varying «
on particle trajectories. All the cases result in stable motion.
Increasing the hairy parameter « shifts the particle motion
closer to the BH event horizon.

3.4 Effective force

The effective force acting on a particle provides clarity with
respect to its motion, indicating whether it is being attracted
to the BH or repelled from it. We examine the dynamics
of particles in the vicinity of a non-rotating hairy regular
black hole, where both attractive and repulsive gravitational
forces may occur. The resulting force exerted on the particle
is obtained using Eq. (12), articulated as

_LdVeyy
- ‘ 2 dr 17
e @ (£2 (r3 + 3ar? — 603 (e’/“ — 1) + 20%r (oee’/“ + 3)) + r2 (r3 +ar?—2aq3 (er/"‘ — 1) + 2a2r)) (18)

2034

—a’r? (@ — 14)e"® +26) — 2a*r? (@ — 6)e”/* + 12)

—12¢° (e’/“ - 1)2 +2a°r (e'"/" -1) (ae’/“ + 12)) =0. (16)

Figure 5 illustrates the equatorial ISCOs around a non-
rotating hairy regular BH. The parameter o modifies the
gravitational potential, reducing the ISCO radius by allow-
ing stable orbits closer to the black hole. Initially, the ISCOs’
radii remain constant with increasing hairy parameter « and
then decrease as « increases. For the case where o = 0, the
ISCO radius is found to be risco = 6. The ISCOs around
a hairy regular BH lie below the ISCOs corresponding to a
classical Schwarzschild BH. They significantly influence the
efficiency of energy extraction from the atmosphere and the
dynamics of accreting matter. The ISCOs affect the luminos-
ity and spectral characteristics of X-ray binaries and active
galactic nuclei. Researchers can estimate their mass and spin
by analyzing X-ray emissions and their spectra. The energy
and structure of the X-ray emission lines help to elucidate
the location of the ISCOs.

@ Springer

Figure 7 illustrates how the effective force varies with r
for different sets of BH parameters. As the hairy parame-
ter « increases, the effective force becomes more attractive.
Similarly, smaller values of the orbital angular momentum
of the particle result in a more attractive force. Moreover, the
effective force increases with increasing values of the hairy
parameter « or the angular momentum L.

4 Harmonic oscillations as perturbation of circular
orbits

To examine the oscillatory motion of neutral particles, we
applied perturbations to the equations of motion surrounding
stable circular orbits. Upon a minor displacement of a test
particle from its equilibrium location in a stable circular orbit
inside the equatorial plane, it experiences epicyclic motion,
defined by linear harmonic oscillations.



Eur. Phys. J. C (2025) 85:633 Page 70f 18 633

15 ‘ 15
10 o L=37.8:0.956 i
5 5 2.,
y 0 z O ———— ¢ Z 0
-5 -5 tZ
4
10 -10 ro=7., 8,=1.6 ‘ﬁs
551055 0 5 10 15 21521055 0 5 10 15 02
X X -
15 ‘ 15
10 o L=37.8:0.956 i
5 5 2k,
y 0 z 0 —— 1 2z 0
-5 -5 ‘;2
4
=10 S0 Tl 0216 ‘q;
551055 0 5 10 15 21521055 0 5 10 15 02
X X o
15 ‘ 15
10 o L=37.8:0.956 i
5 5 2
y ©0 z 0 —mmm ——— 1 Z 0
-5 -5 1;2 ’
4
10 0 e =
5505 0 5 10 15 21521055 0 5 10 15 02
X X

Fig. 6 Trajectories of test particles moving around a non-rotating hairy regular BH
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Fig. 7 Plots for the effective force acting on particles moving around a non-rotating hairy regular BH
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4.1 Frequencies measured by a local observer

The frequencies of harmonic oscillatory motion ascertained
by the local observer are specified as follows:

=19 Verr (1, 0)

2
0= (19)
1 grr(r,0) 3% Vesi (r, 0)
2 rr
—_ - N 20
YT 202 0
d¢
wp = 7. 1)

The radial (w,), latitudinal (wg), and orbital/axial (wg)
frequencies of the neutral test particle for a non-rotating hairy
regular BH take the following form:

_r
2 e «
T 2a43

+60°r (ae'/“ + 4)))

|:f (£2 (r4 +4ar’ + 12021 — 240 (er/“ —-1)

— 2 (r4 + 2022 — 4a* (er/a — 1) + 40{3r> j|, (22)

o _ e @ (ot+r)(2a2+r2)
a)g = — (6a3+r3 2Ot3 2 ’ (23)
2 (e @ (60 +r'a-;—3otr +602r) F20r — 3)>

5 ¢~ (@tr) (207412
a)é = - T . (24)

o3

For vanishing parameters « = 0, the Egs. (22)—(24)
reduce to the radial, latitudinal, and axial frequencies of test
particles around a non-rotating Schwarzschild BH.

4.2 Frequencies measured by a distant observer

The locally determined angular frequencies wg are speci-
fied in Egs. (22)—(24). In contrast, the angular frequencies as
measured by a static distant observer (£2) are given by

Qp = 0 (25)
/3 - C()’B dl )

where dt/dt is the redshift coefficient, given by

dr &

— = (26)

dr 8t

When a distant observer measures the frequencies of small
harmonic oscillations in physical units, the frequencies of
neutral particles, as ascertained by these observers, manifest
as follows:

3

1
21 GM
wherei € {r, 0, ¢}; 2;, Q¢,and 4 denote the dimensionless
radial, latitudinal, and axial angular frequencies as perceived

Q;[Hz], 27)

Vi
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by a distant observer and are defined as follows:
2
2_ ¢ ¢
@ = 20014
2.4 r/o
—a°r ((3oe +2)e'’% + 15)
—ar? ((a — 14)e’7™ + 26)
—2a*r? ((a —6)e* + 12)
—12a5 (er/a — 1)2 +2a°r (er/“ - 1)
x (e’ +12) ], (28)

e (—r3 —ar? + 2a° (e’/“ - 1) — 2(x2r)
20313
5 (—3 _ 2 3(,r/a _ _ 2
Q?, _ e ( r ar +2i;r3(e 1) 2a r) (0
Figure 8 presents the radial profiles of the frequencies v;
for small harmonic oscillations of neutral particles around
a non-rotating hairy regular BH, observed by a distant
observer. Frequencies are plotted for different values of the
hairy parameter «. The radial profiles of the orbital fre-
quency (£24) and the latitudinal frequency (£2¢) overlap. The
radial profiles do not change much when increasing the hairy
parameter «. Moreover, the frequencies of QPOs can be asso-
ciated with the orbital frequencies of matter in proximity to
the ISCOs, especially around them. If the inner border of
the accretion disk is situated at or near the ISCOs, the fre-
quencies of the QPOs may be linked to the dynamics of the
disk material orbiting at this radius under the effect of the
involved parameter «. The currently calculated QPOs can be
detected by X-ray observations.

[ — 0+ ar? (aer/“ - 5)

Q2= . (29

4.3 Periastron precession

This section examines the periastron frequency of a neutral
test particle circling a non-rotating hairy regular BH, concen-
trating on minor perturbations around the equatorial plane at
7 /2. To determine periastron precession, we examine a minor
variation in the particle from its equilibrium location, lead-
ing to oscillations around that point, characterized by a radial
frequency €2,. The periastron frequency, represented as Qp,
is defined as the differential between the orbital frequency
Q24 and the radial frequency £2,, expressed by the following
relation:

Qp = Qp — 2, (31)

e (—r3 —ar? 4203 (er/e —
“r = 20373

1) — Zazr)

efi

203r2
—a?r* ((Ba +2)e"7™ + 15)
—a?r? (@ — 14)e"™ +26)

[—r6+ar5 (aer/o‘ —5)
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Fig. 8 Plots of frequencies of particles moving in the background of a non-rotating hairy regular BH

—2a*r% ((a — 6)e"™ + 12)
—12a° (er/"‘ — 1)2 +2a°r (er/o‘ — 1)
(e’ +12) ]%. (32)

Unlike Newtonian gravity, where the radial and orbital fre-
quencies are equal, general relativistic effects near a BH lead
to the inequality 29 # 2. Figure 9 presents the graphical
behavior of the periastron frequency for particles orbiting a
non-rotating hairy regular BH, showing the effects of varying
BH parameter «. The frequency of the periastron decreases as
the radial distance increases. Moreover, as the hairy param-
eter o increases, the frequency of the periastron decreases.

5 Constraints on the parameters of a decoupling black
hole

This section presents constraints on the parameters of a grav-
itational decoupling BH using QPO observations from differ-
ent binary X-ray systems. We employ Markov chain Monte
Carlo (MCMC) sampling to explore the parameter space,
leveraging the emcee software package for posterior distri-
bution estimation. The analysis incorporates multi-frequency

QPO data from these systems to investigate deviations from
standard predictions, focusing in particular on hairy param-
eters arising from the considered BH solution. The selected
binaries provide complementary constraints through their
well-measured twin-peak QPO frequencies, which probe dif-
ferent orbital resonance conditions in the strong-field regime,
particularly the relativistic precession (RP) model. The twin-
peak QPOs observed in many X-ray binaries are interpreted
within the RP model as follows:

(Upper QPO frequency) (33)
vy = vy — V. (Lower QPO frequency) (34)

VU = Vg,

This model naturally explains the observed 3:2 frequency
ratio in high-frequency QPOs (HFQPOs) as a resonance
condition between these fundamental oscillatory modes
[104,105].

5.1 Markov chain Monte Carlo
In this phase of the study, the MCMC methodology is
implemented to rigorously estimate the physical parame-

ters that govern the decoupling BH system. The analysis
leverages the relativistic precession framework, which incor-
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Fig. 9 Plots for periastron frequency of particles moving around a non-
rotating hairy regular BH

porates orbital dynamics influenced by strong-field gravita-
tional effects. Posterior probability distributions are system-
atically constructed through Bayesian inference, integrating
observational data with theoretical priors to quantify parame-
ter uncertainties. This approach enables high-precision sam-
pling of the multidimensional parameter space, ensuring
robustness against local minima and convergence to phys-
ically meaningful solutions. The formulation of this distri-
bution is given by

L(D|6,M ®e|M
P@© | D, M) = £ |z<p|)X4(>| ). 35)

In Bayesian inference, the posterior distribution P(® |
D, M) captures the updated probability distribution of model
parameters © after conditioning on observed data D and
assuming a specific model structure M. This distribution
arises from the interaction of two key components: the like-
lihood function L(D | ®, M), which quantifies the probabil-
ity of observing the dataset D under fixed parameters ® and
the model M, and the prior distribution 77 (® | M), which
encapsulates prior assumptions or beliefs about the values of
plausible parameters before observing the data. The posterior
is proportional to the product of these two components, scaled
by the normalization factor Z(D | M), often referred to as
the model evidence. This marginal likelihood ensures proba-
bilistic coherence by integrating the product of the likelihood
and prior over the entire parameter space, thereby guarantee-
ing that the posterior constitutes a valid probability density
function.

@ Springer

In our model, the prior distributions are specified as Gaus-
sian within predefined limits, with the constraint given by

1 /6, —60.:\°
7 (6;) ~ exp |:—5 (%) :| » Olow,i < 0; < Ohigh,i-
1

(36)

This applies to the parameters 6; = [M,r, «, B], each
associated with its respective standard deviation o;. To facil-
itate a more nuanced analysis, we utilize dimensionless vari-
ables /M, f/M, and r = r3.,/ M, which represent the nor-
malized radial position of the 3:2 resonance. Our MCMC
analysis integrates five different datasets derived from both
higher- and lower-frequency data presented in Table 1. The
likelihood function, denoted as £, forms the central compo-
nent of this analysis and is formulated accordingly as

log £ = log Lyp + log Liow. (37)

The logarithmic form of the likelihood function is con-
structed by summing the logarithms of the likelihoods asso-
ciated with both the high- and low-frequency data. Specifi-
cally, the logarithm of Ly}, encapsulates the likelihood per-
taining to the high-frequency data, which is mathematically

represented as
- vll:lp, th)2
5 . (38)

1 (vi )
log Lup = —3 Y ( up; obs

i
(Oup, obs)

Conversely, log Lo denotes the likelihood linked to the
low-frequency data and is formulated as

1 i — vl w)?
log ﬁlow _ _5 Zl. ( low, obs low, th ) (39)

i 2
(Ulow, obs)

This approach enables the estimation of ® for the con-
sidered BH model using the observed dataset D within the
framework of the model M, thus facilitating a comprehen-
sive analysis of the underlying phenomena. Harmonic oscil-
lations can be seen as minor deviations from stable circu-
lar orbits in various physical systems, including the cases
of the planetary motion and charged particles in magnetic
fields. When an item significantly diverges from a circular
trajectory, the restoring forces exerted on it frequently induce
oscillatory motion, which can be approximated as harmonic.
These perturbations generally manifest in the radial or ver-
tical direction and are regulated by linearized equations of
motion. This method streamlines the examination of stabil-
ity and resonances in dynamical systems. The constraining
bonds using the observational data for four different pulsars
on the involved parameters can be seen in Fig. 10. The best-fit
values for the parameters are provided in Table 2.
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Table 1 Key characteristics of the five X-ray binary systems selected for our analysis, including their masses, upper frequencies, and lower

frequencies of QPOs
GRO J1655-40 XTE J1550-564 XTE J1859+226 GRS 1915+105
M (M) 54£03 9.1£0.61 7.85£0.46 12.4729
vup (Hz) 441£2 276 £3 227572} 168 +3
Viow (Hz) 298 +4 18445 128.671°8 11345

M/Mo =7.470 +0.046

BN GRO J1655-40
A r/M=4.498 +0.013
t t +
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g 4501 1 g
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4.46 - 1 /M =0.200£0.010
. . . .
t t t t t t
0.22 | T b
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Fig. 10 Parameter constraints obtained from various observational data measurements within the framework of the model, showing both 1o and

20 confidence intervals
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Table 2 Constraints at 95% CL on the parameters for the decoupling BH using different QPO measurements

Object M/Mg r/M a/M

GRO J1655-40 7.47040.046 4.498+0.013 0.20040.010
XTE J1550-564 11.90£0.13 4.503+0.015 0.2971-40.0095
XTE J1859+226 12.394:£0.072 4.6860.011 0.3110.012
GRS 1915+105 16.30£0.17 4.567+0.014 0.30140.010

0.02

0.00
—-0.02

Ty —0.04
—-0.06
-0.08

-0.10

1o

Fig. 11 Hawking temperature 7 along horizon radius ro by fixing
M =1 for different values of «

6 Hawking temperature of a regular hairy black hole

Taking the derivative of f(r) with respect to r allows us to
derive the Hawking temperature Ty for regular hairy BHs,
expressed as

e*a% (2a3M3 (eaLOM — 1) — 202 M?ry — onrg — rg)

Ty =
47'[0(3M2rg

(40)

In this context, » = ry denotes the BH event horizon. The
thermodynamic stability of a system is significantly influ-
enced by the sign of its temperature. Systems with pos-
itive temperatures generally exhibit stability because they
can absorb energy to reach equilibrium without succumbing
to runaway effects. In contrast, negative temperatures often
indicate an unstable state characterized by an inverted pop-
ulation distribution. Typically, a positive temperature is nec-
essary for achieving stability. In our analysis, the graphical
representation of the Hawking temperature, as depicted in
Fig. 11, reveals that for varying values of «, the regular BH
solution initially exhibits instability due to negative temper-
atures. However, beyond a certain radius of horizon rg > 1,
which depends on the specific values of «, the solution transi-
tions to a positive temperature regime, thereby demonstrating
the global stability of the regular hairy BH.

Our study employs Tsallis entropy due to its capacity to
characterize systems demonstrating non-extensive behavior,

@ Springer

especially in black hole thermodynamics, where conven-
tional Boltzmann—Gibbs entropy may inadequately repre-
sent the system’s inherent complexity. Tsallis entropy offers
a more generalized framework for statistical mechanics by
incorporating a parameter «, which enables the entropy to
consider non-equilibrium states and long-range interactions
frequently encountered in gravitational systems. In some sys-
tems, like black holes, classical thermodynamics may not
adequately characterize the microscopic states, especially
under intense gravitational fields or severe circumstances.
Hence, the Tsallis entropy of the BH is expressed in the fol-
lowing form [106]:

S=3s (mg)K , (41)

where « regulates the degree of non-extensiveness, with
k = 1 corresponding to the classical entropy. For « # 1,
it encompasses nonlocal interactions or quantum corrections
pertinent to gravitational systems, where § is a scaling factor
that guarantees the appropriate dimensionality and magni-
tude of the entropy, modifying the entropy according to the
specific geometry or structure of the BH.

The examination of particle motion and the use of the
Tsallis entropy in BH physics provide significant insights into
the relationship between gravitational dynamics and thermo-
dynamics. This study examines the motion of test particles
around a spherically symmetric, non-rotating hairy regular
BH, demonstrating the impact of BH parameters (mass M
and hairy parameter «) on particle trajectories, the stability
of circular orbits, and oscillatory behaviors. These findings
enhance our understanding of BH spacetime geometry and
its influence on particle dynamics, encompassing phenomena
such as precession and stable orbital radii. The incorpora-
tion of Tsallis entropy in thermodynamics broadens the con-
ventional entropy framework to address the non-extensive
characteristics of BHs, especially those affected by quan-
tum or exotic aspects. This study integrates Tsallis entropy
with the energy emission processes and thermal fluctuations,
linking particle motion to the thermodynamic characteristics
of BHs and revealing how parameters such as « and § alter
entropy and thermal radiation. Essentially, this comprehen-
sive approach basically improves the comprehension of BH
mechanics. The entropy equation quantifies the information
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contained within a BH and its relationship to the horizon
radius rg.

7 Thermal fluctuations

This section examines the influence of thermal fluctuations
on the thermodynamics of the newly proposed BH model.
To investigate this influence, we use the Euclidean quantum
gravity paradigm, in which the time axis is transposed into
the complex plane. This approach allows us to define the
partition function for the BH, as outlined in [107-112]. For
a comprehensive elucidation, refer to reference [108], which
encapsulates the streamlined methodology:

Z:/DgDAexp(—I). (42)

In this context, the integral runs across all fields that adhere
to particular periodicity or boundary requirements, and the
equation / — o1 reflects the field’s Euclidean action. There
is a connection between the references [113,114] and the
statistical mechanical partition function:

Z= foo DET(E) exp(—VE), (43)
0

where i represents the inverse of 7. With a few mathematical
calculations, one may find the density of states as follows:

Yo+ioo

F(E):L dweS(‘/’). (44)

2mi Yo—ioo
Adding ¢ E to the natural logarithm of Z, one may obtain
Sc. By removing thermal fluctuations, we find that the entropy
is close to the equilibrium temperature ¥ as § = § (nrz)K.
The entropy S.(y) is determined by [107] showing the ther-
mal fluctuations are integrated as

1 *S(¥)
Se=S+5 W =0 (v) . (45)
v V=10
Therefore, the following formula can be utilized to
describe the density:

1 [Yotioo %(x/f—wo)(—iﬂ’)) :
I'(E)=5— dyre v=vo (46)
2mi Yo—ioo
and
1
s 2 z
M(E) = -2 (a S(‘f)) : (47)
V2 [\ VT Sy,

It is possible to express the corrected entropy equation
using the relation

1

3 1 32S(¥) ?

Equating the square of the energy fluctuation with the sec-
ond derivative of entropy yields the result. Using the relation-
ship between conformal field theory and the small degrees
of freedom of a BH can simplify this expression [115]. The
entropy, S = my"! + moy "2, is a result of the positive
constants m1, ma, ni, and np [116].

. . . +i
The maximum entropy is achieved at vy = (%) "

Ty ! where T represents the thermodynamic temperature as
defined in Eq. (40). Extending the entropy in the vicinity of
this peak results in the findings presented in [117,118]:

*S(Y)

a2

A modified formulation of entropy, derived by omitting
higher-order corrections, is presented as follows:

) =Sy, 2 (49)
Y=o

1
S, =8— E1n ST (50)

Since BHs are known to have quantum fluctuations, sev-
eral questions about thermal fluctuations in BH thermody-
namics have arisen. When the BH is small and exhibits a high
temperature, the variations are noticeable. Quantum fluctua-
tions might not matter for larger BHs. These structures with
high temperatures are the most susceptible to thermal vari-
ations. When a BH shrinks in size, its temperature rises in
tandem. As a result, these adjustment parameters are primar-
ily relevant to extremely tiny BHs with high temperatures
[107]. Then, by leaving out the correction elements of higher
order, we can obtain the universal entropy formula:

S.=S—yInST}, (51)

where y is a parameter that regulates the intensity of the log-
arithmic correction resulting from thermal fluctuations and
quantum phenomena, especially for small BHs. We define y
as a fixed parameter that includes the logarithmic correction
terms related to thermal fluctuations. Setting y to zero pro-
duces the entropy expression devoid of correction terms. As
previously stated, for large BHs that exhibit very low tem-
peratures, we consider y — 0, while for small BHs with
elevated temperatures, we consider y — 1. By employing
Egs. (40) and (51), the corrected entropy formula can be
derived:
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2r I 2
Smk—2 (rg)'( e~ aM <2a3M3 (eﬁ — 1) — 202 M?%ry — aMrg — r3>

K
Se =8n” (ré) — ylog

16056M4ré

(52)

We include thermal fluctuation-induced entropy modifica-
tions in our study, which are especially important for small
BHs when quantum effects become important. The tradi-
tional Bekenstein—Hawking entropy is supplemented with
logarithmic terms to introduce these corrections. This cor-
rection reflects the underlying quantum gravitational degrees
of freedom and is a result of statistical fluctuations near ther-
mal equilibrium in the canonical ensemble. The behavior of
entropy with these corrections shows that, in the low-BH
mass or temperature regime, the logarithmic term takes front
stage, suppressing divergent behavior close to critical points.
In addition to enhancing the system’s thermodynamic stabil-
ity, these adjustments suggest minor adjustments to the BH’s
geometry, which may have an impact on observable param-
eters. The corrected entropy Sc against rg is plotted for dif-
ferent values of the BH parameter «, the entropy parameters
k, &, and the correction parameter y for large BH (y = 0),
and for small BHs (0 < y < 1) y = 0.3, 0.7, and 1.0.
Here, Fig. 12 predicts that the corrected entropy increases
uniformly throughout the range of r( for all the parameters
mentioned.

Tsallis entropy provides a unique perspective on BH ther-
modynamics, differing from conventional entropy definitions
such as the Bekenstein—Hawking entropy. The Bekenstein—
Hawking entropy, expressed as Spg = % (where A denotes
the size of the event horizon), presupposes an extensive sys-
tem in which entropy correlates with the BH surface area.
However, this definition of entropy fails to incorporate quan-
tum corrections or non-equilibrium effects, which are essen-
tial for more intricate BH models, such as those involving
quantum gravity or exotic matter (e.g., hairy BHs). Con-
versely, the Tsallis entropy is a non-extensive entropy that
incorporates the parameter «, which addresses microscopic
correlations and quantum effects, enabling it to represent
the non-equilibrium characteristics of BHs. Tsallis entropy
is particularly advantageous for characterizing BHs influ-
enced by quantum fluctuations or exotic materials when the
premise of extensiveness is invalid. Essentially, it offers a
broader framework for comprehending BH thermodynamics,
which includes modifications to the conventional entropy—
area relationship. Moreover, thermal fluctuations, required
for understanding the stability and thermodynamics of BHs,
are included through Tsallis entropy.
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The incorporation of thermal fluctuations alters the entropy,
offering a more refined comprehension of the BH thermo-
dynamics. One can specifically note that the parameter y
indicates the influence of these fluctuations on the total
entropy, providing insights into the system’s non-equilibrium
behavior. Compared to other entropy definitions, Tsallis
entropy provides a more precise characterization of BHs
in non-extensive systems, integrating quantum and thermal
phenomena that traditional entropy formulations, such as
Bekenstein—Hawking entropy, fail to account for. The inte-
gration of Tsallis entropy with thermal fluctuation analy-
sis results in a more comprehensive and dynamic model of
BH thermodynamics, providing enhanced insight into their
behavior under diverse physical conditions, including those
affected by quantum and exotic matter.

8 Emission energy

Quantum fluctuations in BHs lead to ongoing particle cre-
ation and annihilation on a significant scale just outside the
event horizon. The tunneling process [119-123] causes pos-
itively charged particles to be attracted to the core of the
BH, which aids in the emission of Hawking radiation and
ultimately contributes to the BH’s evaporation over a finite
period. The rate of evaporation is directly proportional to the
rate of energy emission. The high-energy reception cross-
section closely approximates the shadow of a BH for a distant
observer. This cross-section demonstrates oscillations about
a fixed, constrained value, o07;,,, which is associated with the
radius of the BH [124-126]:

Olim ™ I (53)

In this context, ro denotes the radius of the BH event hori-
zon. The formula for the energy emission rate of a BH is
provided as follows [125,126]:

d2e 27207im 3
= —w.

=—3 (54)
dwdt eTn — 1

The temperature is defined as Ty = # %. By replacing
the horizon radius rg, temperature Ty, and cross-section oy,
into Eq. (54), one can derive the expression for the emission
energy process:
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The energy emission rate, determined by the modified
entropy and Hawking temperature, signifies the influence
of quantum and thermal fluctuations on black hole radia-
tion. The incorporation of logarithmic adjustments results in
a decreased Hawking temperature, subsequently minimizing
the energy emission rate.

This indicates a decreased evaporation process of black
holes, hence improving thermodynamic stability, especially
for small BHs. The reduced emission is crucial for theoretical
models of primordial BHs, which are potential sources of
observable signatures in high-energy astrophysical contexts.
We can obtain complete information on the energy emission
phenomenon of the BH from Fig. 13. It is obvious from the
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figure that e,; decreases with increase in parameters o and
M.

9 Conclusions

We have explored the complex interaction between BH prop-
erties and gravitational effects by studying the behavior of
test particles in the spacetime of a spherically symmetric,
non-rotating hairy regular BH. The hairy parameter o and
the mass M affect the motion and physical properties of the
system by including these factors together.

We have determined analytical formulas for the energy
and angular momentum of test particles as functions of M
and o by analyzing the stability of circular orbits within the
effective potential framework. Insights into deviations from
the Schwarzschild geometry have been further enhanced by
the results, which demonstrated a clear dependence of these
variables on the hairy parameter. Important changes caused
by a were found in the effective forces on the particles and the
position of the ISCOs, highlighting the role of these factors
in controlling the motion of the particles.

We were able to see particle trajectories and investigate
their epicyclic oscillations close to the equatorial plane by
numerically integrating the equations of motion. Additional
evidence of the effect of @ on these oscillatory modes was
given by analytical derivations of the radial, vertical, and
orbital frequencies. The frequency of periastron precession
was also calculated and displayed unique characteristics in
contrast to the classical Schwarzschild scenario. One possi-
ble way to tell hairy regular BHs apart from their non-hairy
relatives is by observing their unique characteristics.

We also studied thermal characteristics, going beyond
particle dynamics, by studying thermal fluctuations and the
energy emission process with Tsallis entropy. In addition to
changing the dynamical aspects, our results show that the
parameter o, coupled with the Tsallis entropy parameters
8, « and the correction parameter y, greatly affect the ther-
modynamic properties of BHs.

All the physics of particle motion and thermal processes
around a hairy regular BH are explained in this paper. The
findings highlight the significant impact of the BH param-
eters on the dynamics and observable characteristics, sug-
gesting possible ways to investigate these spacetimes using
astrophysical data and gravity experiments.

Our analysis bridges the gap between classical Schwarzs-
child BHs and more generalized models, enriching the theo-
retical framework for understanding gravitational systems
and providing valuable insights for future observational
endeavors involving BH environments.

The results of this study have important theoretical and
practical implications for the future of this field of study.
A possible observational signature could be the differential
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impacts of the hairy parameter « on orbital stability, ISCOs
radius, precession frequencies, and thermal properties, espe-
cially in data from X-ray binaries, accretion discs, and grav-
itational wave sources. Potential tools for constraining o and
testing this BH model include the EHT and future space-
based detectors. We could learn more about spacetime if we
could draw links between « and quantum gravitational cor-
rections, and we could compare rotating spacetimes with Kerr
BHs and frame-dragging effects if we extended the analysis
to such spaces. Hairy BHs in binary systems can be detected
using the derived frequencies, which can also improve the
gravitational wave templates. In addition, the ways in which
o affects the BH shadows and plasma dynamics point to
potential avenues for investigating new astrophysical phe-
nomena. BH thermodynamics, shadow imaging, and obser-
vational astrophysics are all improved in this work, which
also provides a foundation for evaluating modified gravity
theories.

As afinal comment, our current analysis has results similar
to the Schwarzschild model under a specific constraint (i.e.,
o — 0). However, as a future project, we would like to pur-
sue the Kerr rotating version of the considered BH solution,
which can provide us with a proper comparative platform
for the Kerr case. For other modified theories of gravity, of
course, our current analysis can be implemented along with
additional numerical simulations and astrophysical observa-
tions.
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