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Abstract

This work investigates the evaporation of black holes immersed in a de Sitter environment,
using the Vaidya-de Sitter spacetime. The role of cosmological observers is highlighted in
the development and Hayward thermodynamics for non-stationary geometries is employed
in the description of the compact objects. The results of the proposed dynamical model
are compared with the usual description based on stationary geometries, with specific
results for primordial black holes (PBHs). The timescale of evaporation is shown to depend
significantly on the choice of cosmological observer and can differ substantially from
predictions based on stationary models at late times. Deviations are also shown with respect
to the standard assertion that there is a fixed initial mass just below 10'° g ~ 10~ M, for
the PBHs which are completing their evaporation process at the present epoch.

Keywords: black-hole evaporation; Vaidya-de Sitter metric; generalized black-hole
thermodynamics; primordial black hole

1. Introduction

Black holes are inherently dynamical objects, evolving through either matter accretion
or Hawking emission. While they are often approximated as static in slow-variation
regimes, they are never truly stationary. In addition, the black-hole background can itself be
dynamical [1-10]. For instance, considering a primordial black hole (PBH) formed during
the radiation-dominated era, it will evolve during the expansion of the Universe, eventually
reaching the period when the cosmological constant dominates [11]. This scenario has led
to growing interest in PBHs as potential dark matter candidates [12-17].

Despite their dynamical evolution, the evaporation of PBHs is often modeled using
the Schwarzschild geometry. These static treatments predict a PBH lifetime on the order

of [18-22]
G*M; 64 [ Mo ’
0~ 10 (m) yr, (1)

where M) is the initial mass of the PBH. More precisely, Equation (1) refers to the proper
time measured by a static observer at (asymptotically flat) infinity. This leads to the well-
known prediction that PBHs originated with an initial mass smaller than 10'° g would
have already evaporated completely by the present epoch. However, in an accelerating
universe, deviations from this timescale are expected.

In this work, we are interested in the Vaidya-de Sitter spacetime [23], which describes
a black hole emitting or accreting photons immersed in a universe dominated by a positive
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cosmological constant. Following the approach used in [24,25], an evaporation model
for black holes in a de Sitter background is constructed and the evolution of the compact
objects is analyzed from the perspective of cosmological observers, which asymptotically
comove with the expansion of the spacetime. In this framework, Hayward’s works [26-29]
provide an important tool as dynamical spacetimes, such as Vaidya-de Sitter, can be
thermodynamically treated. Underlying this proposal is the fact that the dynamics of a
PBH should assume neither a static nor a pure de Sitter description of the Universe. These
two scenarios are considered to be the extremes of a spectrum of possible PBH models
based on FLRW cosmology.

To examine the limitations of the standard evaporation timescale in Equation (1), we
propose to explore the other side of the spectrum, where the expansion rate is maximized.
The discrepancies between the models are expected to become more pronounced in the
far future, when the de Sitter description should be more appropriate. Furthermore,
cosmological observers hold a privileged status in this framework. The process of PBH
evaporation observed from Earth can be effectively described using the reference frame
established by these asymptotically comoving observers.

Anticipating some key findings of the present work, our approach is explored and
compared with the conventional static framework, challenging previously established
results. We demonstrate that the timescales of black-hole evaporation can exhibit significant
dependence on the choice of a cosmological observer. Notably, we identify scenarios in
which the evaporation is decelerated, with some black holes never completely evaporating
from the perspective of certain cosmological observers.

2. Cosmological Observers in Vaidya-De Sitter

Vaidya-de Sitter spacetime describes an asymptotically de Sitter and dynamical black
hole, taking into account the backreaction of photons being accreted or emitted radially. Its
line element, in outgoing Eddington-Finkelstein coordinates, is given by

2GM(u) 12

ds?> = — |1 — -3 2du? — 2cdudr + r*dQ?, (2)

c2r
in which a = 1/3/A with A a positive cosmological constant.

The dynamics of a black hole due to its evaporation can be described by the mass
function M of the retarded time coordinate u [25]. On the other hand, considering cos-
mological black holes, such as primordial ones, it is important to be able to measure
the evolution of their mass with respect to a cosmic time. This requires comparing the
Eddington-Finkelstein time coordinate with the cosmological time, which is measured by
observers that are comoving with the expansion of the Universe. However, these observers
are typically defined in homogeneous and isotropic spacetimes, and the presence of a black
hole changes this scenario. Our procedure involves first determining a set of cosmological
observers in pure de Sitter space, extending their world lines to Vaidya-de Sitter.

In pure de Sitter spacetime, cosmological observers are described naturally with the
comoving coordinate representation of the line element,

ds*> = —c2dt? + a? cosh? % (d;(z + sin? XdQZ) , 3)

which privileges a set of geodesics characterized by ), 6 and ¢ constant, with x ranging
from 0 to 7. These are the world lines of the observers under our consideration, following
the spacetime expansion.

In outgoing Eddington-Finkelstein coordinates for de Sitter, the line element is adapted
to the emitted radial null geodesics, assuming the form of Equation (2) with a vanishing
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M. We have found the transformation from comoving to outgoing Eddington-Finkelstein
coordinates, valid for 0 < x < 7/2, to be

arctanh(ta“th) — %ln(lﬂ,) + %ln(Hsir‘X) , forO<7r <1;

cos X 1—r 1—sinx
u' = 4)
cosy } _ 1 r'+1 1 1+4sinx ’ .
arctanh(tanhT,) 3 In(r,fl) + 2ln(lisim() , forl <7t <oo;
where
cT .
r =acosh —sinx. (5)
a

In more detail, the causal structure of the de Sitter spacetime and its two regions that
are relevant for the present work are shown in the Carter-Penrose diagram in Figure 1.

I+
T = 00
T = —00
x=0 s

Figure 1. On the (left), the Penrose diagram for the de Sitter spacetime is shown. On the (right), it is
highlighted the details of the two disconnected regions that are covered by the (t,1, 6, ¢) coordinates.

The dimensionless retarded time ('), cosmological time (7’) and radial position (')

are defined as:
, _cu , T

u , T , T

Q=

— — 6
p p (6)

Equation (4) was set so that #/ = 0 when v’ = 0, which explains the restriction on the
valid values of ¥, as illustrated by the Carter-Penrose diagram in Figure 2. As shown in the

diagram, it is clear that y > 7/2 cannot be set with 1’ = 0.

I+
T =00
i
I
I
\c)
I
’l,:’ll,f
I
T=0------~ X A
u=0
T=—00
x=0 I~ X=m

Figure 2. Representation of a comoving observer (dash-dotted red line), O, in the Penrose diagram
of the de Sitter geometry. The dashed green lines indicate the coordinate u# at T = 0 and T — oo for
the observer.

Alternatively, rather than labeling cosmological observers by constant values of x,
it is convenient to label them by r{, where r{, is the value of the dimensionless radius
" when 7 = 0. That is, r, gives the initial position of the observer relative to the
cosmological horizon:

ro=siny, 0<ry<l. 7)



Universe 2025, 11, 394

40f12

For each value of r(’), the map

a7 [u(T),r(t), 60, o) 8)

defines a curve parameterized by the cosmological time in de Sitter spacetime, describing
cosmological observers receding exponentially from the coordinate origin. At this point, we
extend these curves from pure de Sitter to Vaidya-de Sitter. In this setting, the worldlines
of cosmological observers retain the same functional form as in Equation (8), but are now
embedded in the dynamical Vaidya-de Sitter geometry.

As the observer (labeled by r(’)) recedes from the black hole, the coordinate u deviates
from the cosmological proper time 7, as illustrated in Figure 3. A direct measurement of the
black-hole dynamics with respect to u cannot be correctly compared to the evolution of the
background geometry, unless the transformation between these two coordinates u and 7 is
performed. This point is significant, for instance, when the evaporation of black holes is
measured on timescales comparable to the age of the Universe, as it is the case with PBHs.

10 - I
~-erp =107t
sl -y =10"2 |
— ) =10"%
r=
6, .
]
4, ,
2, .

log,q (T’)

Figure 3. Dimensionless coordinate u’ as a function of the dimensionless cosmological time T’ for
different cosmological observers (labeled by the dimensionless initial radial position). From top to
bottom, each curve represents a cosmological observer that reaches the asymptotic regime more
quickly according to their proper time.

3. Evaporation Model

For the characterization of the evaporation process, the black-hole temperature must
be considered. Given that Vaidya-de Sitter is a dynamical, non-asymptotically flat geometry,
Hawking radiation can be suitably framed as a quantum-tunneling phenomenon [30-32].
This formalism is carried out in Hayward’s generalized thermodynamics [26-28], where the
black-hole boundary is defined as a future outer trapping horizon (FOTH). The quasi-local
approach near trapping horizons provides a well-defined notion of black-hole temperature
in dynamical and multi-horizon settings. In this formalism, the temperatures associated
with the black hole and cosmological horizon are derived independently. This ensures that
the evaporation timescale is unaffected by the cosmological horizon in treatments where
thermal exchange between both horizons is negligible.

Within this framework, the temperature T associated to the black hole is proportional
to the geometric surface gravity «¢ of the FOTH [29],

_ hcxg(u)
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For Vaidya-de Sitter geometry, the geometric surface gravity is given by
1 2GM(u) 12
KG(H) = an 1-— T - a*Z (10)

My
M(T', 7, My) = {

&

FOTH

The mass loss of the black hole, due to Hawking radiation, is a quasi-local process
occurring near its horizon. As a result, we expect the Schwarzschild term 2GM/c?r in the
metric to dominate the geometry in this region. In fact, for reasonable values of the black-
hole mass (even for supermassive ones, up to the order of 1011M@), the last term can
be neglected at first order due to the extremely small value of the cosmological constant.
A similar analysis leads to the position of the FOTH being well approximated by the
(dynamical) Schwarzschild radius, 2GM(u)/¢2. This approximation reduces Equation (9) to
the standard expression for the Vaidya black hole [33].

Combining results (9) and (10) with the Stefan-Boltzmann law [33,34], the mass varia-
tion of the Vaidya-de Sitter black hole is well approximated by

dM(u) hct 1

= — . 11
du 1536071G2 M(u)? (1)

Solving this differential equation and applying the coordinate transformation (4),
the mass function M in terms of the dimensionless cosmological time 7’ is determined,

1
3 ’ ’ 1+si 3
- 51%;@ [arctanh(tigls‘; ) - %lnt:,) + %ln(l's':gi)} } , for0<r <1;

(12)
. 3
T [arctam(t;g;§,> ~im(Z) 4 ;m(}j;;g;ﬂ } | forl<r <oco.
A characteristic mass for the evaporation model is given by
_hac (9 560 x 1072°M )3 (13)
5120mG2 ~ \” “)

which can be used as a numerical reference. The solar mass is, approximately, 1.988 x 10 kg
and the cosmological constant A is taken to be 1072 m~2 [35].

Actually, black-hole evaporation is not perfectly described by a black-body spectrum.
Semiclassical treatments reveal that it depends on the species of particles emitted, which in
turn depends on the size of the compact object [19,20]. Nonetheless, the Stefan-Boltzmann
law is a commonly used approximation, which is particularly useful for the present work
as our main results emerge from measuring the evaporation with the cosmological time.
As it will be presented in Section 4, our model suppresses these quantum corrections to
Equation (11), which have no similar effect.

From the evaporation model proposed in this section, the choice of a de Sitter back-
ground is justified. The evaporation process can be more easily treated when compared to
more general cosmological black-hole solutions (e.g., McVittie-type metrics [7-11]). Specifi-
cally, the Vaidya solution (2) explicitly describes a spherically symmetric geometry with a
radial null-energy flux T",,. Thus, the Einstein equations yield a simple relation between
the energy-momentum tensor and the rate of change in the Misner-Sharp mass Mys,

d My d (GM 3
27 S
Ty = =—|—+=]. 14
Ty du du( c? 2a2) (14)

The first equality is valid for any spherically symmetric metric in Eddington-
Finkelstein-like coordinates [36], and the second one is valid for the Vaidya-de Sitter
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spacetime. At the FOTH, the Misner-Sharp mass provides a precise representation of the
black-hole mass, and the component 1", thus describes the black hole’s emission as it
evaporates [37]. The Vaidya-de Sitter spacetime, which is naturally expressed in Eddington-
Finkelstein-like coordinates, allows one to directly model the backreaction of Hawking
radiation via a Stefan-Boltzmann-type law, relating the black hole temperature to T", [38].

It should be emphasized that the main distinction between the evaporation rate in
expanding and stationary universes does not originate from the cosmological constant’s
direct effect on black-hole temperature. Rather, it stems from its impact on observer
trajectories and on the asymptotic structure of spacetime, specifically from the fact that
conformal infinity is spacelike.

In Schwarzschild spacetime, a distant static observer’s proper time approximately
coincides with the coordinate u, leading to the standard description of evaporation via
M(u) and resulting in Equation (1). However, in a rapidly expanding universe, cosmo-
logical observers are more naturally described by the time 7. We therefore propose that
Equation (12) provides a more physically appropriate description in this context.

Moreover, for curves close to the horizon!, the coordinate transformation of
Equation (4) is trivial, u ~ 7. For Equation (12), using T = a7'/c and keeping only the
function dependence on the cosmological time explicit for simplicity,

M(u) = M3—Lu o M3—h7C47 §~M(r) for ' ~ 0 (15)
U0 51207tG2 — U0 51207tG2 - ’ -

Equation (15) corresponds to the standard model for Hawking evaporation. Therefore,
as one might intuitively expect, our model tends towards the usual treatment near the black
hole, where the compact object dominates the geometry.

4. Analyzing the Evaporation Model

In order to characterize the evaporation rate of the black hole, one must specify both
the cosmological observer’s initial position r{, and the initial black hole mass M,. We
have conducted a systematic exploration of this parameter space and present here the
most representative results. Our analysis focuses on highlighting the main differences
between our dynamical model and the conventional static description commonly used
for PBHs [13-15,19,21]. When considering scenarios where the dynamical nature of the
Universe cannot be overlooked, our results lead to non-standard evaporation timescales.

The first step is to analyze the accuracy with which the observers defined by
Equation (8) are actually “cosmological”, in the sense that their proper time is approx-
imately equal to 7. Since the black hole is evaporating and the observers are receding, it is
sufficient to evaluate the norm of & at the initial time. Ultimately, if the approximation is
accurate enough at T = 0, it will be even better for latter times. For the largest black hole
investigated in this section (Mo = M) and choosing an observer with world line relatively
close to the black hole,

rg=10"1 = ¢ ?|ala,| >1-10"1. (16)

This reveals a remarkable agreement between this observer’s proper time and 7.
Selecting the correct observer depends on the desired level of precision. Although exact
agreement between proper time and 7 is only achieved asymptotically as r — oo, our
results show that the range of suitable observers is broader than one might assume. This
implies that one can describe the dynamics of a primordial black hole without fine-tuning
the observer and using a proper time that is meaningful in a cosmological context.
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We consider now the evolution of the black hole according to the cosmological ob-
servers. Figure 4 shows the evolution of M according to our proposed evaporation model,
where the curves were derived from Equation (12) with My and r;, fixed. The two lighter
black holes in this figure (with initial masses of 5.00 x 1072°M, and My = 8.75 x 102 M)
exhibit a similar evaporation rate (both numerically and in functional form) to that of the
traditional static model, which relies on the Schwarzschild time and follows (M3 — M3) o t.
In particular, they evaporate completely (M = 0) at finite values of /. On the other hand,
the heavier black hole (Mg = 1.25 x 10~ M) exhibits a completely new behavior in terms
of its evaporation rate [note that this threshold is of the same order as the characteristic
mass (13)]. Thus, a key finding is that black holes in static and dynamical backgrounds
can evaporate with significantly different profiles, depending on their initial mass and the
considered observer.

12.5 . 8
S 10f T i
= R
= T
8 _
=) 7.5 f
<
g 5 . 8
= LMy =5.00 x 107 M,
2.5 V- My =875 x 10" M | |
V|- My =1.25 x 107 My,
U | ‘ | |
0 0.5 1 1.5 2

/

Figure 4. Black-hole mass as a function of dimensionless cosmological time for different values of
initial masses. An observer characterized by r(, = 0.866 is considered. The vertical line indicates the
present epoch (t/ ~ 0.75, while 7’ is varied.) The curve where My = 1.25 x 10719 M, exemplifies a
scenario in which a PBH would still be evaporating today. The other two curves exhibit behaviors
similar to those of the traditional Schwarzschild-based model.

In fact, from the perspective of a cosmological observer (for instance, an observer on
Earth), mass loss can occur at a decelerated rate, rather than at the standard accelerated rate
of evaporation. This dynamical effect predicted by the model is illustrated in Figure 4, as the
curve of positive concavity. At the present epoch (7/ = 0.75), its mass has only decreased to
approximately 1.0 x 10~ M. A standard calculation in the Schwarzschild-based model
would show a much larger fractional mass loss over the same time interval. Remarkably,
a black hole can retain a finite residual mass indefinitely in this scenario.

When referring to observers on Earth, we assume that PBHs are observed in the early
Universe. In such cases, due to the large cosmological distances involved, the effects of ac-
celerated expansion play a more significant role in the observational predictions. As shown
by the dash-dotted red line in Figure 4, a black hole with initial mass My = 1.25 x 10~ M,
observed by r, = 0.866 (x = 71/3) approaches the asymptotic mass

lim M(7',rp = 0.866, My = 1.25 x 107 "My) ~ 7 x 1072 M, (17)
T/ =00
as T — oo, never fully evaporating.
This effect becomes even more pronounced for more massive black holes. When
My ~ M, cosmological observers given by r, = 0.866 detect essentially no evaporation:

lim M(t') ~ Mg . (18)

' o0
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The radiation rate becomes so slow from this particular cosmological perspective that
the black hole appears effectively stable.

These results can be understood by examining the relation between cosmological time
and the coordinate u’. The cosmological time extends indefinitely for a finite interval of u’.
More precisely,

T1’11>T<1>0 u' = arctanh(cos x) + % ln<1iz$i§> = finite, (19)

reflecting the spacelike character of future infinity in de Sitter spacetime. This asymptotic
behavior is also apparent in Figure 3, where we observe the characteristic “stretching” of
cosmological time relative to the coordinate u.

Our results also indicate that the evaporation rate of a black hole, measured with
respect to a cosmological time, is sensitive to its initial mass. Even within the same order
of magnitude, for example at My ~ 1071 M, we see that completely different behaviors
emerge, as shown in Figure 4. This phenomenon has no counterpart in the usual analysis
considering the Schwarzschild spacetime.

In our framework, the complete evaporation of black holes becomes an event inaccessi-
ble for some observers. As the primary objective of this work is to compare our results with
Equation (1) from traditional static models, we do not take into account strong quantum
corrections in the final stages of evaporation, which could potentially lead to relics. For the
family of cosmological observers that we consider, the asymptotic black-hole mass can be
determined by evaluating the limit:

lim M(t’) for some specific observer r{, . (20)
T =00

Prescription (20) determines the asymptotic black-hole mass at future infinity as a
function of both its initial mass My and observer’s initial position r{,.

This issue is analyzed in Figure 5, which quantifies the observer-dependence of
the final state of an evaporating black hole. Each curve in the figure follows from the
analytical result of Equation (12) with 7/ — oo and r{, fixed, while M is varied. For
initial masses around 1071 M, the asymptotic final mass is particularly sensitive to the
choice of cosmological observer. For more massive black holes (My > 5 x 10~ 1My),
evaporation rates become largely independent of the observer. This occurs because black
holes evaporate extremely slowly, except for those with very small masses. As shown in
Figure 3, in this case cosmological observers have sufficient time to reach the asymptotic
regime, in which the evaporation rate is significantly reduced from their perspective.

One objective of our analysis is to identify which black holes have completed their
evaporation during the current cosmic epoch as observed by our family of cosmological
observers. Specifically, we evaluate:

M(t' ~ 0.75) for some specific observer rj, , (21)

where T/ ~ 0.75 corresponds to the current age of the Universe (T ~ 4.35 x 10! s) in
dimensionless time units. This analysis is presented in Figure 6, where the analytical
result (12) is considered with 7/ = 0.75 and r{, fixed, while M) is varied. Several features
emerge from the results in this figure.

First, the evaporation dynamics governed by Equation (12) tends to the standard
Schwarzschild description as r{, — 0.

For example, a trajectory with rj, = 1070 at present cosmic time (7 = 0.75) matches
the Schwarzschild solution with a discrepancy of approximately 10~10 [verifiable via
Equation (4), and noting that we are comparing analytic solutions].
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Figure 5. Asymptotic mass of an evaporating black hole at the infinite future for distinct cosmological
observers (labeled by their initial radial positions). From left to right, each curve corresponds to a
cosmological observer for which an asymptotically vanishing black hole has a larger initial mass.

O 15F ]
& - rh =0.997 j
[ I 7l = 0.866 P
— _ Pl
o) ?, 77.6 =10 10 ///A‘.A 7
= P .
=2 b |--- =031
= O .
s = Pt
=g 7 /
= E Y !
S o /
£ S 05 , /
[ o , i
< // |
1
& ! i
- 1
= | ! H | ! |
13} 0 I .
0.75 1 1.25 1.5

Initial mass [1079 M)

Figure 6. Final mass of an evaporating black hole at the current age of the Universe for distinct
cosmological observers (labeled by their dimensionless initial radial position). From left to right, each
curve corresponds to a cosmological observer for whom a black hole that is currently reaching the

end of its evaporation process had a larger initial mass.

Consequently, the solid blue curve in Figure 6 serves as an effective reference for
comparing all other cases with the conventional Schwarzschild evaporation scenario.

Additionally, the evaporation rate cannot be simply inferred by the initial distance
between the black hole and the observer. For example, the evaporation may occur at
a slower rate for some observers, as it happens for r; = 0.311. In this case, a black
hole that should have vanished (when considering the usual treatment) could still be
present. Conversely, observers who start their trajectory close to the cosmological horizon
(rj = 1) can experience dramatically accelerated evaporation. A striking example occurs
for ryy = 0.997. While a black hole with My = 1.25 x 10~ M, (red dash-dotted curve in
Figure 6) would have completely evaporated from this observer’s perspective, it would
show a mass loss of less than 20% in the Schwarzschild approximation (solid blue curve
in Figure 6).

As a direct consequence of our analysis, if a PBH signal were detected, inferring
its initial mass from the standard evaporation model could be significantly erroneous,
as our relative motion to the compact object would not be taken into account. For example,
a detected PBH with a current mass of 5 x 102 M, could be interpreted as a heavier object
in our model, when compared to the standard (static) scenario summarized by Equation (1).
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5. Final Remarks

In this work, we analyze the evaporation of black holes in a de Sitter environment,
comparing our results with those from the usual static frameworks, with special attention
to PBHs. In this description, the Vaidya-de Sitter spacetime is used to model a black
hole in an accelerated Universe, explicitly accounting for the crucial role of cosmological
observers. Building on Hayward’s thermodynamic formalism for dynamical spacetimes,
our analysis reveals striking departures from conventional evaporation rates. Notably,
cosmological observers measure significantly modified PBH evaporation rates compared
to static spacetime predictions.

In several studies examining the evaporation of PBHs, the phenomenon is investi-
gated without considering the effects of a positive cosmological constant. In such cases,
the Schwarzschild solution is typically employed as the framework for describing the
evaporation process. However, if the spacetime is dynamical and not asymptotically flat,
the preferred observers must be redefined. We focus on a class of observers that are (asymp-
totically) comoving with the expansion of the Universe. For these observers, we have
shown that the rate of evaporation of a black hole can be highly distinct when compared to
the Schwarzschild counterpart.

In the conventional descriptions, primordial black holes that reach the end of their
lifetime at the current age of the Universe are those with an initial mass just below
101 g ~ 107 M. Our analysis predicts deviations from this result for a wide set of ob-
servers who measure the cosmological time, leading to primordial black holes evaporating
earlier or later than expected. Naturally, these results must be taken with a grain of salt
since a more accurate setting for the dynamics of a PBH should be neither static nor de
Sitter but somewhere in between. This notwithstanding, our model provides a preliminary
estimate of the deviation that can be expected when the spacetime expansion is taken
into consideration.

As the Universe ages and its expansion rate accelerates, differences between the
commonly used static evaporation model and our dynamic description become more pro-
nounced. As the cosmological constant becomes dominant, the expected phenomenology
asymptotically approaches the description presented in this work. One remarkable new
result is the fact that, for certain cosmological observers, complete evaporation is inac-
cessible and therefore never observed. This is a consequence of the spacelike nature of
the future conformal infinity and represents a significant departure from conventional
evaporation scenarios. The results of this work challenge conventional expectations based
on static models. Nevertheless, they are a genuine consequence of the difference between
analyzing evaporation using the coordinate u versus the cosmological time, measured by
asymptotically comoving observers.

This work suggests several new research directions. For instance, one could ex-
tend the analysis to realistic cosmological backgrounds that transition between radiation,
matter, and dark energy cosmological eras, possibly using a McVittie-type solution. Fur-
thermore, investigating the implications for cosmological phenomenology, particularly
primordial black-hole constraints, would be valuable. These possibilities are currently
under investigation.
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Notes

1

Nonetheless, these curves may not correspond to appropriate world lines for cosmological observers, in general.
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