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Abstract: The electron transitions in atoms caused by charged particle impact are benchmarks for

the study of electron dynamics. In the present paper we focus on the excitation of helium by proton

and antiproton impact. We perform both ab initio and perturbational calculations, revealing the

importance of electron correlations and higher-order effects. The influence of the projectile charge

sign on the excitation cross section is also studied.

Keywords: excitation; helium; proton and antiproton impact; time-dependent close-coupling (TDCC)

method

1. Introduction

Cross sections of the excitation of helium via proton impact have been experimentally
measured and calculated since the 1960’s; for example, see the articles by Thomas [1,2] and
the references therein. Obtaining these data has been particularly interesting for modelling
fusion plasma, which was still a focus within the field in the 1990s [3,4]. On the other
hand, to our knowledge there are no experimental data on the excitation of helium by
antiproton projectiles. However, since 1987 several measurements have been made for
the single and double ionization of helium by antiproton impact and the cross sections
obtained have been compared with the corresponding proton data [5]. In the case of
single ionization, as expected, the effect of the projectile’s charge sign on the result was
small, but for double ionization, the cross section of the antiproton’s impact showed a
much higher impact than the corresponding proton impact. This result explained the
previously observed Barkas effect for the stopping power of positively and negatively
charged projectiles in matter. An explanation for the charge sign’s dependence on the
double ionization cross section was found in the importance of electron correlation and the
interference between first-order and second-order contributions [6–8]. Since then, several
more precise experimental measurements and calculations have been performed for the
ionization of helium by antiproton impact [9–20], but the excitation process has generally
been neglected. Some calculations were published for proton impact [21–23], and even for
antiproton impact [24–27], the focus was not on the excitation processes. As such, we have
no knowledge about experimental cross sections for antiproton impact.

In the present paper we calculate excitation cross sections of helium atoms in col-
lision with proton and antiproton projectiles. We perform an ab initio, time-dependent
close-coupling (TDCC) calculation, based on the numerical solution of the time-dependent
Schrödinger equation for two electrons, and also a simpler, first-order calculation. A com-
parison of the different results can reveal the importance of higher-order and electron
correlation effects in these excitation processes, and clearly show the limits of the applica-
bility of the first-order calculations for different excited states in different energy impact
regions. While the first-order calculation leads to the same cross section for protons and
antiprotons, the ab initio calculation shows that the excitation cross section depends on the
sign of the projectile charge, and can reveal the cause of these differences (higher-order
effects such as target polarization, electron correlation). We compare our results for proton
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impact with previous calculations and the existing experimental data, while for the antipro-
ton impact, a comparison is made with the few existing theoretical excitation cross sections.
This study intends to contribute to a better understanding of two-electron dynamics in the
ion–atom collision processes.

2. Theory

In our calculations, we use the semi-classical impact parameter approximation, which
assumes a classical straight-line trajectory for the projectile, and only the electron system
of the target is treated using quantum mechanics. This approach is valid for fast heavy
projectiles, such as protons or antiprotons. Deviations from the straight-line trajectory
because of Coulomb deflection from the nucleus are negligible. In the case of the lowest
considered projectile energy (100 keV), the deviation is only larger than 1◦ for impact
parameters lower than 0.05 atomic units. This region contributes to a cross section of
less than 0.1%. Furthermore, the validity of the straight-line trajectory model was also
demonstrated by Classical Trajectory Monte Carlo (CTMC) calculations for projectiles with
even lower energies, down to 3 keV [19]. This semi-classical model cannot be applied
to equivelocity light projectiles (electrons and positrons). In those cases, the de Broglie
wavelength associated with the projectile is close to atomic dimensions, so a classical
description would be incorrect, and a quantum description is needed, as in [28].

The cross section for the excitation process can be written as an integral over the
impact parameter b

σi→ f =
∫

d2b|ai→ f |
2, (1)

where ai→ f is the transition probability amplitude, while i and f are the initial and the final
states, respectively (eigenstates of the unperturbed Hamiltonian of the atomic system with
energies Ei and E f ).

2.1. Perturbational Method

The simplest way to calculate the excitation cross section is the application of one
active electron and first-order perturbation approximation. The projectile trajectory is
assumed to be along the Oz axis. In this framework the first-order transition amplitude
is calculated as the integral of the matrix element of the projectile–electron interaction
(multiplied by an oscillating factor) over the z coordinate (the trajectory) of the projectile

a(1) = i
Zp

v

∫ ∞

−∞
dz ei

E f −Ei
v z⟨ f |

1

|R(t)− r|
|i⟩. (2)

Here, R(t) is the position vector of the projectile and r is the position vector of the active
electron. Zp is the charge and v is the velocity of the projectile.

For the single-electron wave functions i and f , the radial and orbital parts are separated

i = Ri(r)Ylimi
(r̂), (3)

f = R f (r)Yl f m f
(r̂). (4)

Here, li, l f , mi and m f are the orbital and magnetic quantum numbers of the active electron
in the initial and final states, respectively.

The interaction potential is expanded using the multipole series

1

|R(t)− r|
=

∞

∑
l=0

rl
<

rl+1
>

Pl(cos θ), (5)

where the Legendre polynomial depends on the mutual angle between r and R, while
r< = min{|r|, |R|} and r> = max{|r|, |R|}.
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In order to perform the integral according to the orbital coordinates of the electron, we
make use of the expression of the Legendre polynomials as a function of spherical harmonics

Pl(cos θ) =
4π

2l + 1

l

∑
m=−l

Y∗
lm(R̂)Ylm(r̂). (6)

Substituting (3)–(6) into expression (2) of the transition amplitude, we perform the integra-
tion over r̂ using the equation

∫

Y∗
l f m f

(r̂)Ylm(r̂)Ylimi
(r̂) dr̂ =

√

(2l + 1)(2li + 1)

4π(2l f + 1)
C

l f 0

l0li0
C

l f m f

lmlimi
, (7)

where C
l f 0

l0li0
and C

l f m f

limi lm
are the Clebsch–Gordan coefficients. For the first-order excitation

amplitude, we obtain

a(1) = i
Zp

v ∑
l

4π

2l + 1

√

(2li + 1)(2l + 1)

4π(2l f + 1)
C

l f 0

li0l0 ∑
m

C
l f m f

limi lm
×

∫ +∞

−∞
dz ei

E f −Ei
v zY∗

lm(R̂)
∫ +∞

−∞
dr r2R∗

f (r)
rl
<

rl+1
>

Ri(r).

(8)

2.2. The Time-Dependent Close-Coupling Method

In our ab initio approach, the quantum dynamics of the two active electrons driven by
the time-dependent Coulomb field of the classical projectile are solved numerically using
the TDCC method [18]. The fully correlated two-electron wave function is represented as
the basis of symmetrized coupled spherical harmonics [19,20]

Ψ(⃗r1, r⃗2, t) = ∑
l1l2LM

RLM
l1l2

(r1, r2, t)

r1r2
ΥLM

l1l2
(Ω1, Ω2). (9)

For the radial partial wave functions we have used the finite element discrete variable
representation (FEDVR) [29,30], where each radial coordinate is divided into finite elements
(i.e., segments with finite length) and inside each finite element the wave function is
represented on a local polynomial basis. For the time propagation of the wave function, the
short iterative Lanczos method [31,32] with adaptive time step control was implemented.

The time evolution of the wave function was started from the ground state of He, which
in turn was obtained by performing the negative imaginary time propagation (t → −iτ) of
an initial guess wave function.

The excitation probability amplitudes were calculated directly from the time-dependent
wave function by projecting it onto eigenstates of the He target obtained by directly diago-
nalizing the discretized Hamiltonian using the Scalable Library for Eigenvalue Problem
Computations (SLEPc) package [33]. The accuracy of the obtained results was ensured
by convergence tests with respect to the numerical parameters of the model. More details
on these convergence tests and on the present implementation of the TDCC model can be
found in our earlier publications [19,20].

3. Results and Discussion

We have performed calculations for the excitation of helium by proton and antiproton
impact in the projectile energy region between 100 and 1000 keV. In the case of the ab initio
calculations, the two-electron wave functions for the initial and final states were obtained
by our code, but for the perturbational calculations we have used one-electron variational
wavefunctions from the literature. The 1s ground state is taken from the basic configuration
of the wavefunction of Nesbet and Watson [34], while for the 2s and 2p excited states we
have used the wavefunctions given in [35]. The 3d excited state is taken to be simply a
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hydrogenlike function. The 2s wavefunction is orthogonalized onto the ground state using
the Gram–Schmidt method.

In addition to excitation cross sections (comparable with experiments), we also show
transition probabilities as a function of the impact parameter in order to identify the impact
parameter regions in which the first-order calculations fail.

The impact parameter dependence on the excitation probabilities in the 2s state ob-
tained from the perturbational method and the ab initio calculations are presented in
Figure 1, where the impact parameter is in atomic units (a.u.).
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Figure 1. Transition probabilities for the 1s → 2s excitation process of helium as a function of the

impact parameter for proton and antiproton projectiles in the case of different impact energies. The

results obtained from the ab initio TDCC calculations are presented compared to the first-order

perturbational approximation.

For the highest projectile energy (1000 keV), as expected, the results obtained with the
perturbational method are in good agreement with the TDCC calculations, and there is
no significant difference between the transition probabilities for protons and antiprotons.
For lower impact energies, the higher-order and electron correlation effects become more
and more important, and the difference between the two methods increases. We obtained
higher transition probabilities for protons than for antiprotons for all impact parameters.
This may be caused by the fact that the protons attract the electrons, resulting in a smaller
average electron–projectile distance during the collision, and a stronger interaction. The
first-order results are higher than the ab initio data for small impact parameters in the case
of both projectiles.

The 1s → 2p excitation probabilities calculated with the perturbational approximation
and the TDCC method are shown in Figure 2. Similar to the 1s → 2s excitation, for the
highest impact energy the transition probability practically does not depend on the charge
sign of the projectile, and the perturbational approach gives comparable results. For lower
impact energies, the difference between the three curves increases, particularly for small
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impact parameters. In the case of large impact parameters, where the distant collision
mechanism is dominant [36], the perturbational result reproduces those obtained from the
ab initio calculations very well. This suggests that, in this impact parameter region, the
excitation is mainly a single-electron process and the electron correlation effects can be
neglected, even at a 100 keV projectile energy. In contrast, at small impact parameter values,
significant difference between the proton- and antiproton-induced transition probabilities
is observed. This indicates that in the excitation process the correlated multi-particle
quantum dynamics plays an important role, which is the fingerprint of the close collision
mechanism [36]. An important difference relative to the 1s → 2s excitation is that, in the
present case, the transition probabilities for antiprotons and for small impact parameters
(below 1 a.u.) are much higher than for protons. For impact parameters above 2 a.u., the
transition probabilities for antiprotons are slightly smaller compared to proton projectiles.
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Figure 2. Same as Figure 1 but for the 1s → 2p transition.

The 1s → 3d excitation probabilities calculated using the TDCC and the perturbational
method are shown in Figure 3. Similarly to the previous cases, for a 1000 keV projectile
energy the transition probabilities are practically the same for protons and antiprotons,
and the first-order approximation reproduces the TDCC results well. For lower-impact
energies, the TDCC method leads to higher excitation probabilities for antiprotons below
the impact parameter b = 1 than for proton projectiles, and higher transition probabilities
for protons at larger impact parameters. The perturbational method underestimates the
results especially for small impact parameters, and at 100 and 250 keV projectile energies.

The excitation cross sections for the 1s → 2s transition are presented in Figure 4 for
proton (left panel) and antiproton (right panel) projectiles as a function of impact energy.
Our TDCC and perturbational results are compared with the theoretical calculations for
protons by Alladustov et al. [22], and for antiprotons with the calculations by Igarashi
et al. [26] and the coupled pseudostate (CP) results of McGovern et al. [27]. We also show
the recommended values proposed for proton projectiles by Heer et al. [4]. Our TDCC
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results show a good overall agreement with these data for both projectiles, but for lower
proton energies we obtain up to 10% smaller cross sections than the recommended values.
The first-order results are close to the ab initio ones for proton projectiles even at the lowest
energy, while they overestimate the cross sections obtained with antiprotons up to a factor
of 2.2 at 100 keV. This observation suggests that, for this transition, electron correlation and
higher-order effects are more important for antiprotons than for protons.
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Figure 3. Same as Figure 1 but for the 1s → 3dtransition.

The excitation cross sections for the 1s → 2p transition obtained with proton and
antiproton projectiles are shown in Figure 5 as a function of projectile energy, in comparison
with other theoretical calculations and experimental and recommended data (for proton
impact). In this case, our TDCC method leads to slightly lower values relative to the
recommended and experimental ones for protons and both theoretical calculations for
antiprotons, for all energies. However, for proton projectiles we have obtained good
agreement with the most recent calculations of Alladustov et al. [22]. Our perturbational
results are higher than the TDCC ones for both projectiles. These show good agreement
with other theories for antiprotons and the experimental data for protons above a 500 keV
projectile energy, but below this energy, they overestimate all of the other data.
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Figure 4. Excitation cross sections of helium for the 1s → 2s transition as a function of the projectile

energy for proton (left panel) and antiproton (right panel) projectiles. The results of the first-order

perturbation approximation and the TDCC method are compared with the recommended values

given by Heer et al. [4] and the theoretical results of Alladustov et al. [22] for proton projectiles, and

the calculations of Igarashi et al. [26] and McGovern et al. [27] for antiproton projectiles.
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Figure 5. Same as Figure 4, but for the 1s → 2p transition. The results for protons are compared in

addition to the calculation of Rodriguez et al. [21] and the experimental data of Hippler et al. [37].

The excitation cross sections calculated for the 1s → 3d transition are presented in
Figure 6 in comparison with the available recommended and experimental values for
proton impact and theoretical calculations for antiproton impact. In the case of protons, the
TDCC results agree well with the recommended values for energies above 500 keV, while
for the low energies (below 200 keV) the agreement is good with the experimental data
of Van den Bos et al. [38]. Here, the recommended values are lower. In contrast with the
other two excitations in this case the first-order results are lower than the ab initio ones.
In the case of antiprotons, our TDCC results are lower than the other two calculations of
Igarashi et al. [26] and McGovern et al. [27]. Surprisingly, our first-order results are in
perfect agreement with the ab initio ones above 250 keV. Below this energy the first-order
calculations underestimate the TDCC ones.
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Figure 6. Same as Figure 4, but for the 1s → 3d transition. The results for protons are compared in

addition to the experimental results of Van den Bos et al. [38].

The present TDCC results are in good agreement with the recent convergent close-
coupling (CCC) calculations of Alladustov et al. [22], which is not a surprise since both
approaches use a relatively large basis set during the solution of the time-dependent
Schrödinger equation. In contrast, there is noticeable difference between the present TDCC
results and previous calculations [26,27], which can be attributed to the smaller basis sets
used in those calculations.

Finally, in Figure 7 we show a comparison of the obtained excitation cross sections with
proton and antiproton projectiles by the TDCC method and the first-order approximation,
for all three studied excited states. One may observe that, for the excitation of the 2p
state, the cross sections for protons and antiprotons are almost identical. This does not
mean that higher-order effects are not important, because, as we have seen in Figure 2,
transition probabilities depending on the impact parameter differ for the two projectiles.
For this excitation, the effects for small and large impact parameters cancel each other
out. The first-order perturbational results overestimate the TDCC ones for all energies,
especially on the lower side. In the case of the other two studied excitations’ cross sections,
the results for protons are comparatively higher than those for antiproton projectiles. As
expected, the difference increases for lower impact energies, because here, higher-order
effects, responsible for the Barkas effect, are more important. The perturbational results
reproduce the TDCC cross sections for the excitation of the 2s state by proton impact almost
exactly, and for the excitation of the 3d they are in very good agreement with the TDCC
results for antiprotons above 250 keV. Looking at Figures 1–3, this agreement is also a
result of the cancellation of differences in transition probabilities for small and large impact
parameters. It can be also observed, that the difference between proton and antiproton
excitation cross sections is significantly larger in the case of dipole-forbidden transitions
compared to the dipole-allowed transitions. This behaviour was also observed in the case
of the H target [7].



Atoms 2024, 12, 57 9 of 11

100 200 300 400 500 600 700 800 900 1000
E (keV)

0

0.5

1

1.5

2

2.5

3

3.5

4
(1

0
18

cm
2 )

2s
Perturbation
TDCC antiproton
TDCC proton

100 200 300 400 500 600 700 800 900 1000
E (keV)

0.25

0.5

0.75

1

1.25

1.5

1.75

2

(1
0

17
cm

2 )

2p
Perturbation
TDCC antiproton
TDCC proton

100 200 300 400 500 600 700 800 900 1000
E (keV)

0

0.5

1

1.5

2

2.5

3

(1
0

19
cm

2 )

3d
Perturbation
TDCC antiproton
TDCC proton

Figure 7. Comparison of excitation cross sections for helium obtained with proton and antiproton

projectiles (TDCC calculations) and the perturbational approximation. Excitation to the 2s, 2p and 3d

states are presented as a function of projectile energy.

4. Conclusions

We have performed perturbational and ab initio TDCC calculations for the excitation
of helium by proton and antiproton impact. Studying the impact parameter dependence of
the transition probabilities, we have observed that these behave differently for the three
studied excitations. For the 2s state transition, the probabilities for antiprotons are higher
relative to protons for all impact parameters. In the case of the excitation of the 2p and 3d
states for small impact parameters, the transition probabilities for antiproton projectiles are
higher, while for larger impact parameters the proton projectiles induce the transition with
a higher probability.

Concerning the excitation cross sections as a function of the impact energy, the results
for proton and antiproton projectiles are practically equal for the highest considered energy,
1000 keV. This suggests that higher-order effects, responsible for the dependence of the
cross section on the projectile charge sign, can be neglected in this case. Consequently, the
first-order perturbational calculations reproduce the TDCC results well at this energy. For
lower impact energies, in the case of the excitation of the 2s and 3d states, higher cross
sections are obtained for protons than for antiprotons. For the excitation of the 2p state,
the cross sections obtained with proton and antiproton projectiles are almost the same.
Concerning the perturbational results, these overestimate the TDCC ones for the 2p state,
while in the case of 2s they reproduce the cross sections obtained with protons almost
exactly. As for the 3d state, the perturbational result is below the TDCC ones for the lowest
impact energy (100 keV), while for higher energies follow the TDCC data for antiprotons.

Comparing our results with other calculations, and in the case of the proton impact
on the recommended and experimental cross sections (excitation of the 2s), the agreement
is very good. In other cases, such as the excitation of the 2p state by proton impact, our
TDCC result is in good agreement with other elaborate calculations [22] but are below
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the experimental and recommended cross sections. For the excitation of the 3d with the
same projectile, the agreement with the experimental data (small impact energies) or the
recommended values (higher energies) is good. While in case of the excitation of the 2p
and 3d states by antiproton projectiles, our TDCC results are below the other two available
calculations, which can be attributed to the relatively small configuration space on which
the Schrödinger equation was solved in those studies.
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