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Resumo

O problema da hierarquia no Modelo Padrão surge devido à presença de di-

vergências quadráticas provenientes de correções quânticas ao parâmetro de massa

do bóson de Higgs. O presente trabalho trata sobre um recurso conhecido como

Supersimetria Dobrada (Folded Supersymmetry), que pode ser usado para construir

extensões do Modelo Padrão que estejam livres dessas divergências. Dado que a

contribuição do top quark é a mais significativa, este trabalho se propõe centralizar

nele demonstrando que o cancelamento é possivel mediante um parceiro do top

quark de spin oposto e carga de cor diferente ao da particula top. Deve-se notar a

diferencia com as teorias supersimétricas, onde o parceiro, apesar de ter spin oposto,

necessariamente possui a mesma carga de cor. Finalmente, construimos uma teoria

com uma dimensão espacial extra que serve como UV Completion para explicar a

origem dos cancelamentos à energias maiores.

Palavras Chaves: Supersimetria Dobrada; Supersimetria, Modelo Padrão; Prob-

lema de hierarquia; MSSM; Dimensões extra.

Áreas do conhecimento: Além do Modelo Padrão .
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Abstract

The hierarchy problem in the Standard Model arises due to the presence of

quadratic divergences coming from loop corrections to the mass parameter of the

Higgs boson. The present work reviews a tool known as Folded Supersymmetry

that can be used to build Standard Model extensions which are free of those diver-

gences. Since the top quark contribution is the most significant, this dissertation

focuses on it showing that it is possible to cancel it out with a top quark partner

with opposite spin-statistics and the same color charge as the top particle. We must

note the difference with supersymmetric theories where the partner (superpartner),

despite having opposite spin-statistics, necessarily has the same color charge. Fi-

nally, we construct a suitable UV completion in a 5-dimensional spacetime for the

folded supersymmetric theory that explains the origin of the cancellations at higher

energies.

Keywords: Folded Supersymmetry; Supersymmetry; Standard Model; Hierarchy

problem; MSSM; Extra Dimensions.

Knowledge areas: Beyond the Standard Model.
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Chapter 1

Introduction

There exist four known fundamental interactions in nature: electromagnetism, weak

interaction, strong interaction and gravitation. In the search for unification, physi-

cist have achieved a description of the first three of them in one theory known as the

Standard Model (SM). It is, so far, the best theory to describe elementary particle

interactions neglecting the effects of gravity. Its predictions have been tested with

great accuracy including the discovery of the Higgs particle at the LHC in 2012. All

currently known elementary particles, along with some of their properties, are listed

in Table 1.1.

However, lots of phenomena are still not explained by the SM. Among them we

have: the nature of dark matter, the origin of the mass of the neutrinos, the matter-

antimatter asymmetry, the strong CP problem and the hierarchy problem. These

suggest that the SM is, actually, an effective theory valid up to some high energy,

above which new physics is expected. New physics means new particles which must

have specific properties that could solve some or all those phenomena.

One of the problems that the SM faces is the Hierarchy problem, which arises

when one calculates the quantum corrections to the mass parameter of the Higgs

particle. It turns out that these corrections are quadratically sensitive to high en-

ergy scales, making the physical mass of the Higgs field extremely large unless an

incredible fine tuning is impose, which seems to be unnatural.

Naturalness in the form of the hierarchy problem is one of the basis upon which

extended realizations of the SM are constructed. In this dissertation we describe one

possible way of extending the Standard Model in order to partially solve it called

Folded Supersymmetry which was first introduced by Burdman, Chacko, Goh and

Harnik in [1].

1



Chapter 1. Introduction 2

Particle Mass Electric charge Spin

e 0.5109989461± 0000000031 MeV −1 1/2

νe < 2 eV 0 1/2

µ 105.6583745± 0.0000024 MeV −1 1/2

νµ < 0.19 MeV 0 1/2

τ 1776.86± 0.12 MeV −1 1/2

ντ < 18.2 MeV 0 1/2

u 2.2+0.6
−0.4 MeV 2/3 1/2

d 4.7+0.5
−0.4 MeV −1/3 1/2

s 96+8
−4 MeV −1/3 1/2

c 1.275± 0.003 GeV 2/3 1/2

b 4.18+0.04
−0.03 GeV (MS) −1/3 1/2

t 173.21± 0.51 GeV 2/3 1/2

γ < 1× 10−18 eV < 10−35 1

W± 80.385± 00151 GeV ±1 1

Z 91.1876± 0.0021 GeV 0 1

g 0 (theoretically) 0 1

H0 125.09± 0.11 GeV 0 0

Table 1.1: Masses, electric charges and spin of the elementary known particles.[13]

1.1 Outline of the dissertation

The present work is structured as follows.

• In Chapter 2, we present the notation and conventions used in the dissertation.

We also review some concepts such as Dirac, Weyl and Majorana spinors and

Grassmann numbers.

• In Chapter 3, we review the Standard Model. We show how the Higgs mech-

anism works in order to give mass to fermions and gauge bosons and finally

we list some problems within the SM that serve as motivation for looking for

extended theories.

• In Chapter 4, we review basic concepts of supersymmetry in 4 dimensions. We

study the chiral and the vector supermultiplet and construct supersymmetric
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Lagrangians out of them. Then we treat the minimal extension of the SM

with supersymmetry, namely, the Minimal Supersymmetric Standard Model

(MSSM).

• Chapter 5 deals with the topic of Extra dimensions. We study the particular

case of a 5-dimensional spacetime. We introduce the concepts of orbifold and

Scherk-Schwarz compactifications as well as the Kaluza-Klein decomposition.

• In Chapter 6, Folded supersymmetry is introduced. We begin by studying two

examples of orbifolded theories in order to understand how they overcome the

hierarchy problem and elaborate a prescription to build folded supersymmetric

theories. We also note the need for a UV completion which is constructed in

a 5-dimensional spacetime framework.

Appendix A and Appendix B contain derivations that are useful to understand

some implications of folded supersymmetric theories and their UV completions.



Chapter 2

Preliminary concepts, notation and conventions

This chapter is devoted to specify the notation, conventions and preliminary con-

cepts used throughout the dissertation for four dimensions of space-time, one tem-

poral and three spatial dimensions. In chapter 5 and beyond we will work with 5

dimensions. The respective conventions are specified there.

As is usual in high energy physics, we work in natural units where physical con-

stants like the speed of light (c) and the reduced Planck constant (~) are set to 1.

The space-time metric in 4 dimensions chosen here is ηµν = diag (+1,−1,−1,−1).

Lorentz indices are represented by greek letters µ, ν, etc. and they run from 0 to 3.

With the chosen conventions, a free complex scalar field φ with mass mφ is

described by the Lagrangian

Lφ = ∂µφ
†∂µφ−m2

φφ
†φ, (2.1)

a free spin−1 field Aµ with mass mA is described by

LA = −1

4
FµνF

µν +m2
AAµA

µ, (2.2)

where the strength field tensor is

Fµν = ∂µAν − ∂νAµ, (2.3)

and a free four component Dirac spinor field Ψ with mass mΨ is described by

LDirac = iΨ̄γµ∂µΨ−mΨΨ̄Ψ, (2.4)

where

Ψ̄ ≡ Ψ†γ0. (2.5)

4
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We will work with the Weyl representation of the Gamma matrices γ which is defined

by

γµ =

(
0 σµ

σ̄µ 0

)
, (2.6)

where σµ = (12×2,
−→σ ) and σ̄µ = (12×2,−−→σ ). Here, −→σ denotes the three Pauli

matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (2.7)

Gamma matrices satisfy the Clifford algebra

{γµ, γν} = 2ηµν . (2.8)

Also, we define the chirality operator

γ5 ≡ iγ0γ1γ2γ3 =

(
−12×2 0

0 12×2

)
. (2.9)

If we decompose a Dirac spinor in two 2-component form as

Ψ =

(
χ

ψ

)
(2.10)

we note that χ and ψ are eigenvectors of the chirality operator in the sense that

γ5

(
χ

0

)
= −

(
χ

0

)
, γ5

(
0

ψ

)
=

(
0

ψ

)
. (2.11)

The 2-component spinors χ and ψ are known as Weyl-spinors. The chirality eigen-

value of χ is −1 and it is said that it has left-handed chirality and the chirality

eigenvalue of ψ is +1 and it is said that it has right-handed chirality. They can be

obtained from Ψ by applying the projector operators PL and PR defined as

PL =
1

2
(1− γ5) , (2.12)

PR =
1

2
(1 + γ5) . (2.13)

Then, indeed

ΨL ≡ PLΨ =

(
χ

0

)
, ΨR ≡ PRΨ =

(
0

ψ

)
. (2.14)

ΨL and ΨR are the left-handed and right-handed projection of Ψ respectively.
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Weyl fermions are extremely useful when we work with supersymmetric theo-

ries. Therefore, it is convenient to develop a manageable notation when dealing

with them. In order to distinguish between right and left handed Weyl spinors we

will use the ‘dot notation’. The components of a left-handed Weyl spinor χ will be

denoted by an undotted lower index χa where a takes the values 1, 2. The compo-

nents of a right-handed Weyl spinor ψ will be denoted by a dotted upstairs index

and a bar above as ψ̄ȧ with a = 1, 2. The last bar notation must not be confused

with that which was used in (2.5) since, in that case, it was defined for 4-component

spinors, while here it is defined for two-component Weyl spinors.

It is worth emphasizing that, when quantized, the components χa and ψȧ are

anticommuting quantities or Grassmann numbers (explained later).

Index a can be raised by

χa = εabχb (2.15)

and index ȧ can be lowered by

ψ̄ȧ = εȧḃψ̄
ḃ, (2.16)

where

ε11 = ε22 = 0, ε12 = +1, ε21 = −1, (2.17)

ε1̇1̇ = ε2̇2̇ = 0, ε1̇2̇ = −1, ε2̇1̇ = +1. (2.18)

Also, we can define the matrices εab and εȧḃ

εabε
bc = δca, (2.19)

εȧḃε
ḃċ = δċȧ, (2.20)

which lower undotted indices and raised dotted indices respectively. Their compo-

nents are

ε11 = ε22 = 0, ε12 = −1, ε21 = +1, (2.21)

ε1̇1̇ = ε2̇2̇ = 0, ε1̇2̇ = +1, ε2̇1̇ = −1. (2.22)

Left-handed and right-handed Weyl spinors have different but well defined transfor-

mations under Lorentz transformations. However, we can construct Lorentz scalars

terms out of them. Example of them are

χaξ
a ≡ εabχaξb, (2.23)

χ̄ȧξ̄ȧ ≡ εȧḃχ̄
ȧξ̄ ḃ. (2.24)

Also, we can construct four-vectors as

ψ̄ȧ (σ̄µ)ȧb χb, (2.25)
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ψa (σµ)aḃ χ̄
ḃ. (2.26)

The transformation properties of these terms as well as that of the Weyl spinors

are explored in more detail in Ref. [2]. Terms in (2.23)−(2.26) will be used to con-

struct Lorentz invariant terms in Lagrangians. However, wherever it is understood

that we are working with Weyl-spinors, repeated indices contracted as

a
a or ȧ

ȧ (2.27)

will be omitted to avoid clutter.

Finally, we must know that the hermitian conjugate of any left-handed Weyl

spinor is a right-handed Weyl spinor and viceversa. That is, we can write

(χa)
† ≡ χ̄ȧ, (2.28)

(χ̄ȧ)† ≡ χa. (2.29)

Here we list some identities involving Weyl spinors that will be useful later

χψ = ψχ, (2.30)

χ̄ψ̄ = ψ̄χ̄, (2.31)

(χψ)† = χ̄ψ̄, (2.32)

χσµψ̄ = −ψ̄σ̄µχ, (2.33)

θσµθ̄θσν θ̄ =
1

2
θθθ̄θ̄ηµν , (2.34)

εab
∂

∂θb
= − ∂

∂θa
, (2.35)

(θχ)(θψ) = −1

2
(θψ)(θθ), (2.36)

(θ̄χ̄)(θ̄ψ̄) = −1

2
(θ̄ψ̄)(θ̄θ̄). (2.37)

These and more identities can be found in the appendices section of the references

[3] and [4], although care must be taken with some different conventions.

Now, we are able to write the Dirac Lagrangian in (2.4) in terms of Weyl spinors.

With Ψ decomposed as in (2.10), it takes the form

LDirac = iχ̄σ̄µ∂µχ+ iψσµ∂µψ̄ −mΨ

(
χ̄ψ̄ + χψ

)
. (2.38)
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Just as we use Weyl spinors we can also use Majorana spinors since they both

have the same number of degrees of freedom. A Majorana fermion is defined as

being the same as its charge conjugate. The charge conjugate of a 4-component

spinor Ψ is given by

ΨC = CΨ∗, (2.39)

where

C = −iγ2. (2.40)

Then, ΨM is a Majorana fermion if it fulfills the condition

ΨC
M = ΨM . (2.41)

Given the left-handed Weyl spinors χ and ξ, we can construct the Majorana spinors

Ψχ
M =

(
χa

χ̄ȧ

)
, Ψξ

M =

(
ξa

ξ̄ȧ

)
, (2.42)

and use the relations

χξ = Ψ̄χ
MPLΨξ

M , (2.43)

χ̄ξ̄ = Ψ̄ξ
MPRΨξ

M , (2.44)

χ̄σ̄µξ = Ψ̄χ
Mγ

µPLΨξ
M , (2.45)

χσµξ̄ = Ψ̄χ
Mγ

µPRΨξ
M (2.46)

to translate from Weyl to Majorana language.

2.1 Grassmann numbers

Grasmann numbers are defined as being anticommuting quantities, that is, two

Grassmann numbers η and ξ satisfy

ηξ + ξη = 0, (2.47)

from where, it follows that

(η)2 = (ξ)2 = 0. (2.48)

Then, if we have a general function of, let us say, η, f(η), the power expansion in η

f(η) = f0 + f1η (2.49)

will only contain terms up to the linear order in η because higher order terms will

vanish.
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Grassmann numbers can be multiplied by ordinary numbers in the usual way, as

well as they can be added and subtracted normally. Differentiation is defined by

∂(aη)

∂η
= a, (2.50)

where a is any ordinary number. Also, for the differentiation of the product of two

Grassmann numbers, we have
∂(ηξ)

∂η
= ξ (2.51)

and
∂(ξη)

∂η
= −ξ. (2.52)

Then, for f we have
∂f

∂η
= f1. (2.53)

Integration is defined by ∫
dη = 0,

∫
ηdη = 1 (2.54)

and the imposition of linearity. Then∫
dηf(η) = f1, (2.55)

from were we notice that differentiation and integration are equivalent for Grass-

mann numbers.

Finally, for a Weyl spinor field θ which, as we already said, has anticommuting

components, we will use the following definitions

d2θ ≡ −1

4
dθadθa = −1

4
dθdθ, (2.56)

d2θ̄ ≡ −1

4
dθ̄ȧdθ̄

ȧ = −1

4
dθ̄dθ̄, (2.57)

d4θ ≡ d2θd2θ̄, (2.58)

which lead to the following properties∫
d2θ(θθ) = 1,

∫
d2θ̄
(
θ̄θ̄
)

= 1, (2.59)

that are widely used in supersymmetry.



Chapter 3

The Standard Model

The Standard Model (SM) is the theory that best describes the electromagnetic,

weak and strong interactions of all known elementary particles so far as well as the

mechanism by which some of them acquire a mass. It is a gauge field theory build

on the local symmetry group U(1)Y ×SU(2)L×SU(3)C , where Y , L, and C denote

hypercharge, left-handed chirality and color, respectively. The field content of the

theory and their representations under the symmetry group is shown in Table 3.1.

There, we describe all three families of fermions. Here, for simplicity, we write the

SM Lagrangian just for one family:

LSM =ilγµDµl + iqγµDµq + ieγµDµe+ iuγµDµu+ idγµDµd

− 1

4
BµνB

µν − 1

4
W a
µνW

aµν − 1

4
GA
µνG

Aµν

+ (Dµh)†(Dµh)− λ
(
h†h− 1

2
v2

)2

− ye
(
lhe+ eh†l

)
− yd

(
qhd+ dh†q

)
− yu

(
qh̃u+ uh̃†q

)
,

(3.1)

where covariant derivatives are defined as:

Dµl = ∂µl + i
g2

2
σaW a

µ l − i
g1

2
Bµl, (3.2)

Dµq = ∂µq + i
g3

2
λAGA

µ q + i
g2

2
σaW a

µq + i
g1

6
Bµq, (3.3)

Dµe = ∂µe− ig1Bµe, (3.4)

Dµu = ∂µu+ i
g3

2
λAGA

µu+ i
2g1

3
Bµu, (3.5)

Dµd = ∂µd+ i
g3

2
λAGA

µd− i
g1

3
Bµd, (3.6)

10
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Dµh = ∂µh+ i
g2

2
σaW a

µh+ i
g1

2
Bµh, (3.7)

where g1, g2 and g3 are the coupling constants associated with the groups U(1)Y ,

SU(2)L and SU(3)C , respectively. Also, in eq.(3.1), SU(3)C indices for q, d and u

were not written explicitly.

Names Fields (I = 1, 2, 3) SU(3)C SU(2)L U(1)Y

Lepton doublet lI =

(
νIL

lIL

)
1 2 -1/2

Lepton singlet eI ≡ eIR 1 1 -1

Quark doublet qI =

(
uIL

dIL

)
3 2 1/6

Up-type quark singlet uI ≡ uIR 3 1 2/3

Down-type quark singlet dIR 3 1 -1/3

Higgs doublet h =

(
h+

h0

)
1 2 1/2

Gluons GA
µ 8 1 0

W bosons W a
µ 1 3 0

B boson Bµ 1 1 0

l1 =

(
νeL

eL

)
, l2 =

(
νµL

µL

)
, l3 =

(
ντL

τL

)
e1 = eR, e2 = µR, e3 = τR

q1 =

(
uL

dL

)
, q2 =

(
cL

sL

)
, q3 =

(
tL

bL

)
u1 = uR, u2 = cR, u3 = tR

d1 = dR, d2 = sR, d3 = bR

Table 3.1: Field content of the Standard Model with corresponding transformations

under the gauge group. The index I labels the three generations (or families) of

leptons and quarks; index a (= 1, 2, 3) label the three SU(2)L gauge bosons; and

indexA (= 1, ..., 8) label the eight SU(3)C gauge bosons (gluons). Quantum numbers

of fields respect the Gell-Mann Nishijima relation (Q = T3 +Y ), where Q, T3 and Y

denotes electric charge, third component of isoespin and hypercharge, respectively.

The terms in the first line of the Lagrangian in eq.(3.1) are the fermionic (mat-

ter content) kinetic terms as well as the interaction of these with the gauge bosons
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contained in the covariant derivatives.

The second line describes the kinetic terms for gauge bosons. The field strength

tensors are defined as

Bµν = ∂µBν − ∂νBµ, (3.8)

W a
µν = ∂µW

a
ν − ∂νW a

µ − g2ε
abcW b

µW
c
ν , (3.9)

GA
µν = ∂µG

A
ν − ∂νGA

µ − g3f
ABCGB

µG
C
ν , (3.10)

where εabc (a, b, c run from 1 to 3) is the Levi Civita symbol and λABC (A,B,C

run from 1 to 8) are the completely antisymmetric structure constants of the SU(3)

algebra. The non-zero values are

f 123 = 1, f 147 = f 246 = f 257 = f 345 = f 516 = f 637 =
1

2
,

f 458 = f 678 =

√
3

2

(3.11)

with their corresponding permutations.

The third line contains the Higgs kinetic term and its potential which will be

important for the Higgs mechanism explained later.

Finally, the fourth and fifth lines in eq.(3.1) are the Yukawa interaction terms

from which masses of fermion fields and interaction of the Higgs field with fermions

will appear after the mentioned Higgs mechanism. h̃ is defined as

h̃ ≡ iσ2h∗. (3.12)

3.1 Higgs mechanism

We note that in the Lagrangian in eq.(3.1), there are no mass term neither for the

gauge bosons nor for the leptons and quarks. For fermions, a mass term would be

proportional to f̄f = f̄LfR + f̄RfL and this would be invariant only if left and right

components of fields transform in the same way under gauge transformations. Since

the SM is a chiral theory, that is, left and right components interact in different

ways, a term of this form is also forbidden.

However, we know by experimental data, that quarks, leptons and some gauge

bosons actually have a mass. So, how is this possible? The answer to this relies on

the Higgs mechanism [5, 6, 7]. This consists on the spontaneous breaking of a gauge
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symmetry. We say that a symmetry is spontaneously broken when the Lagrangian

of the theory is invariant under the action of the symmetry group but its vacuum

does not. Let us see how this works in the SM.

The principal ingredient in the SM that allows the Higgs mechanism is the Higgs

potential:

V (h) = λ

(
h†h− 1

2
v2

)2

. (3.13)

In order to have a theory with a bounded from below energy, λ must be positive,

and, to allow spontaneous symmetry breaking, v2 also has to be positive.

The minimum of the potential in eq. (3.13) is achieved when

h†h =
1

2
v2. (3.14)

There exist infinite equivalent configurations for H such that (3.14) is satisfied.

Each of them has the same energy and we can go from one to another by an SU(2)

trannsformation. So, we can choose any of them without lose of generality. We

choose

h0 =
1√
2

(
0

v

)
, (3.15)

where v is real. A state ϕ is invariant under the action of a generator G if

exp(iαG)ϕ = ϕ (3.16)

or, infinitesimally, if

(1 + iαG)ϕ = ϕ ⇔ Gϕ = 0. (3.17)

Let us see how H0 behaves under the action of the generators of the group SU(2)L×
U(1)Y

τ1h0 =
σ1

2
h0 =

1

2

(
0 1

1 0

)(
0

v/
√

2

)
=

1

2
√

2

(
v

0

)
6= 0, (3.18)

τ2h0 =
σ2

2
h0 =

1

2

(
0 −i
i 0

)(
0

v/
√

2

)
= − i

2
√

2

(
v

0

)
6= 0 , (3.19)

τ3h0 =
σ3

2
h0 =

1

2

(
1 0

0 −1

)(
0

v/
√

2

)
= − 1

2
√

2

(
v

0

)
6= 0, (3.20)

Yhh0 =
1

2
h0 6= 0 (3.21)
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but

Qh0 = (τ3 + Yh)h0 =
1

2
(σ3 + I)Φ0 =

1

2
√

2

(
1 0

0 0

)(
0

v

)
= 0. (3.22)

Then, the vacuum h0 remains invariant under gauge transformations of the group

U(1)Q, that is

exp(iθQ)h0 = h0. (3.23)

We say that the Higgs vacuum h0 produce the spontaneous breaking

SU(2)L × U(1)Y → U(1)Q. (3.24)

The gauge field corresponding to this U(1)Q local group will be interpreted as

the photon.

In order to derive the interactions and mass terms after the spontaneous sym-

metry breaking it is more convenient to write the Higgs field as

h(x) =
1√
2

exp

(
i

v
θa(x)τa

)(
0

v + ĥ(x)

)
, (3.25)

where θa(x) and h(x) are four real scalar fields. Since the exponential in (3.25) is an

element of the SU(2) gauge group, it can be rotated away by a particular element

of the group. This choice is called unitary gauge. Then, only the physical field h(x)

remains and the Higgs doublet reads

h(x) =
1√
2

(
0

v + ĥ(x)

)
. (3.26)

3.2 Gauge bosons masses

Let us see how masses for gauge bosons are generated. In unitary gauge, we have

Dµ(x)h(x) =

[
∂µ +

i

2
g2W

a
µ (x)σa +

i

2
g1Bµ(x)

]
h(x)

=

(
∂µ + i

2
g2W

3
µ + i

2
g1Bµ

i
2
g2(W 1

µ − iW 2
µ)

i
2
g2(W 1

µ + iW 2
µ) ∂µ − i

2
(g2W

3
µ + g′Bµ)

)(
0

1√
2
(v + ĥ)

)

=
1√
2

(
i g2√

2
W+
µ (v + ĥ(x))

∂µĥ(x)− ig2
2 cos θW

Zµ(x)(v + ĥ(x))

)
,

(3.27)

where we used the definitions

W±
µ ≡

1√
2

(W 1
µ ∓ iW 2

µ), (3.28)
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Aµ ≡ sinθWW
3
µ + cosθWBµ, (3.29)

Zµ ≡ cosθWW
3
µ − sinθWBµ. (3.30)

Replacing this on the second and third line in eq. (3.1), we obtain

LSM ⊃−
1

4
BµνB

µν − 1

4
W a
µνW

aµν + (Dµh)†(Dµh)− λ
(
h†h− 1

2
v2

)2

=− 1

4
FµνF

µν +

(
−1

2
W+
µνW

−µν +
g2

2v
2

4
W−
µ W

+µ

)
+(

−1

4
ZµνZ

µν +
g2

2v
2

8 cos2 θW
ZµZ

µ

)
+

1

2
(∂µĥ)(∂µĥ)− λv2ĥ2 − λvĥ3 − λ

4
ĥ4

+
g2

2v

2
W−
µ W

+µĥ+
g2

2v

4 cos2 θW
ZµZ

µĥ

+
g2

2

4
W−
µ W

+µĥ2 +
g2

2

8 cos2 θW
ZµZ

µĥ2,

(3.31)

where

W±
µν = ∂µW

±
ν − ∂νW±

µ , (3.32)

Zµν = ∂µZν − ∂νZµ, (3.33)

Fµν = ∂µAν − ∂νAµ. (3.34)

Then, the Lagrangian (3.31) describes a massless gauge field Aµ (photon), a com-

plex vector field W+
µ (W bosons) with mass mW = g2v/2, a real vector field Zµ (Z

boson) with mass mZ = g2v/2cosθW and a real scalar field ĥ (Higgs boson) with

mass mh =
√

2λv2.

We note that the masses of the W and Z bosons are related by

mZ =
mW

cosθW
. (3.35)

In 1973, in the Gargamelle bubble chamber located at CERN, it was observed for

the first time the effects of neutral current interactions as was predicted by the

electroweak theory [8]. The W and Z vector bosons were experimentally detected

in 1983 in a series of experiments led by Carlo Rubbia and Simon van der Meer

[9, 10, 11, 12]. Their measured masses are mW = 80.385 ± 0.015 GeV and mZ =

91.1876±0.0021 GeV [13]. The experimental measure of sinθW is 0.23176±0.00060.

Then, we can see that relation (3.35) is satisfied with great precision in nature.
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3.3 Fermion masses

Fermions acquire their masses after electroweak symmetry breaking due to the Higgs

mechanism and it occurs through the Yukawa interactions between the fermionic

fields and the Higgs field.

As we explained before, a fermionic mass term must contain the left and right

handed components of the field. Since in the SM, neutrino fields do not have a right

handed component, they will not acquire a mass ∗. However, charged fermionic

fields, having both chiralities, will posses a mass term. Let us consider the fourth

and fifth lines of the SM Lagrangian written in (3.1)

LSM ⊃ −ye
(
lhe+ eh†l

)
− yd

(
qhd+ dh†q

)
− yu

(
qh̃u+ uh̃†q

)
. (3.36)

We emphasize that here we are considering just one family of fields for simplicity.

After spontaneous symmetry breaking, H takes the form in (3.26), and the previous

sector of LSM converts into

LSM ⊃−
ye√

2
(v + ĥ) (ēLeR + ēReL)− yd√

2
(v + ĥ)

(
d̄LdR + d̄RdL

)
− yu√

2
(v + ĥ) (ūLuR + ūRuL)

=− yev√
2
ēe− ydv√

2
d̄d− yuv√

2
ūu− ye√

2
ĥēe− yd√

2
ĥēe− yu√

2
ĥēe,

(3.37)

which shows mass terms for the electron, down quark and up quark fields with

masses me = yev/
√

2, md = ydv/
√

2 and mu = yuv/
√

2, respectively. Also, it shows

Yukawa interaction terms between the fermions and the Higgs boson. In this way,

we managed to generate mass for fermion fields through the Higgs mechanism.

3.4 Problems of the SM

The Standard Model predictions have been tested with great accuracy over the last

years, being the discovery of the Higgs particle in 2012 its greatest recent triumph

[14, 15]. However, it is far from being the complete theory of nature. Here we list

some of the problems that the SM faces:

Neutrino mass: Neutrinos are massless in the Standard Model. However, it

was discovered in the late 1960s that neutrinos can change its lepton flavour (elec-

tron, muon or tau) during its travel through space; and this phenomenon, known

∗Actually, it is an experimental fact that neutrinos do have a mass but it is not explained in

the SM.
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as Neutrino oscillation, is only possible if neutrinos are massive. We do not know

how neutrinos acquire its mass and even more we do not know how they are ordered

(Neutrino mass hierarchy problem).

Dark Matter: In 1975, the astronomer Vera Rubin, after taking measurements

of rotation curves of galaxies (the plot of orbital speeds of stars and gas as a function

of their distances from the center of the galaxy), announced the discovery that stars

in spiral galaxies at large distances from the center rotate around it with almost

the same speed [16]. Theoretically, taking into account the visible matter, it was

expected that the orbital speed of stars in these galaxies decrease at large radial

distances. The conflict between what we expect and what we see is known as the

galaxy rotation problem. In order to solve this problem, it is considered that some

kind of dark matter † which is forming a giant but invisible halo around the galaxy

must exist in addition to the normal matter.

Apart from the galaxy rotation problem there exist various other observations

that reinforce the existence of the dark matter (DM). For instance, a galaxy with

great amount of mass can distort the images of other galaxies. This is because it

interacts gravitationally and bends the light that pass near it (gravitational lensing).

The effect of DM on gravitational lensing can be measured and in fact, it is possible

to map the distribution of DM in a galaxy through these measurements ‡. Also,

dark matter has notable effects on structure formation, redshift space distortions

and the distribution of the cosmic microwave background.

Cosmological measurements shows that ordinary known matter (which is com-

posed by the particles in the SM) constitutes just a 5% of the mass-energy of the

universe; 27% is dark matter and 68%, dark energy. Then, extensions of the SM

that incorporate new particles with the DM characteristics are sought.

Strong CP Problem: Besides the known terms in the SM Lagrangian, there

could be an additional natural one of the form

g2

32π2
θ GA

µνG̃
Aµν , (3.38)

where θ is an arbitrary dimensionless parameter and G̃Aµν = 1
2
εµνρσGA

ρσ is the dual

†The term “dark” comes from the fact that it does not interact with electromagnetism and thus

it is not visible.
‡The most detailed map of dark matter recently released was made around the MACS J0416

galaxy cluster [17].
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strength tensor corresponding to the gluon fields. This term would violate CP

symmetry in the strong sector (C corresponds to charge conjugation under which

particle and antiparticle states are interchanged and P refers to parity symmetry

under which left and right component fields are interchanged). However, there is no

experimental detection of violation of CP in quantum chromodynamics. This is why

we called this apparent contradiction as the Strong CP problem. Furthermore, the

existence of the θ-term would contribute with the electric dipole moment of the neu-

tron estimated by dE(n) ∼ 10−16 θ e cm. The current experimental measurements

put an upper limit of dE(n) < 2.9 × 10−26e cm [18]. Then, θ . 10−10, which is an

extremely small number if we compare it with the values of the other SM parame-

ters. Even, if we start with θ = 0 in the SM Lagrangian, quantum corrections will

induce a term like (3.38).

A possible solution to this problem was proposed by Peccei and Quinn in 1977 [19],

in which a new global chiral symmetry U(1)PC is introduced under which both

quarks and Higgs doublets transform non-trivially allowing the parameter θ to be

promoted to a dynamical field. The U(1)PC symmetry is spontaneously broken by

the vacuum, generating a Goldstone boson, named axion, with bare mass equals to

zero but that acquires a small mass due to anomalous quantum corrections. This

particle has been searched without success. It also can be a constituent or the whole

of dark matter.

The interested reader can find more information about the strong CP problem

and other solution proposals in references [20, 21, 22].

Hierarchy problem: It happens to be that the Higgs mass parameter receives

quadratically divergent quantum corrections due to loop contributions with large

momentum. The most relevant of them are due to the diagrams in Figure 3.1.

Their contributions are [23]:

− 3

8π2
ytΛ

2 ∼ −(2TeV)2 (3.39)

for the top loop,
1

16π2
g2Λ2 ∼ (700GeV)2 (3.40)

for the gauge loop, and
1

16π2
λ2Λ2 ∼ (500GeV)2 (3.41)

for the Higgs loop.
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h

h h

(c)

Figure 3.1: One loop contributions to the Higgs mass parameter due to (a) top

quark, (b) gauge boson and (c) Higgs autointeractions.

In the last equations Λ is a parameter that regulates the divergent loop integrals

resulting from the diagrams. It is interpreted as the energy until which the theory

is still valid. For the sake of illustration it was assumed a cutoff energy Λ = 10 TeV.

Then, the physical Higgs mass is approximately

m2
h,phy = m2

bare − (100− 10− 5)(200GeV)2. (3.42)

The measured Higgs mass is mh,phy = 125 GeV; so, in order to keep it to that

value, we need to finely tune the bare mass. This is even worse if we consider Λ to

be the Planck scale mP = 1.2 × 1019 GeV, the energy at which it is believed that

the effects of gravity becomes important.

Among possible solutions to this problem are the Composite Higgs models [24],

in which the Higgs boson is not anymore considered a fundamental particle but it

is a bound state of new strong interactions. Other candidate theories to solve the

hierarchy problem add new particles that interact with the Higgs such that the total

corrections cancel out stabilizing the mass of the Higgs boson. Examples of these

are Little Higgs theories, twin Higgs theories and weak scale supersymmetry.



Chapter 4

Supersymmetry and the Minimal

Supersymmetric Standard Model

An interesting way to solve the hierarchy problem is based on a new type of symme-

try called supersymmmetry (SUSY) which is discussed in the present chapter. This

transformations convert fermionic into bosonic states and viceversa by the action of

elements of the group generated by spinor operators Q:

Q |fermion〉 = |boson〉 , Q |boson〉 = |fermion〉 . (4.1)

The history of supersymmetry dates back to the late 1960’s. In 1967, Coleman

and Mandula, based on certain assumptions, proved a no-go theorem which states

that the biggest symmetry any 4-dimensional quantum field theory could have is

always a direct product of the Poincaré group and an internal group, that is, space-

time and internal symmetries cannot mix in any but a trivial way [25]. The first

supersymmetric theories were constructed around 1971 in the context of the string

theory as 2-dimensional theories where fermionic and bosonic fields can be inter-

changed leaving the action invariant [26, 27, 28, 29]. The first 4D realization of

supersymmetry was done by Golfand and Likhtman [30] at approximately the same

time but, surprisingly, their work did not attract so much attention [31]. About

three years later, Wess and Zumino published a series of articles in the same direc-

tion [32, 33, 34] where they established the foundations of the construction of 4D

supersymmetric theories. They also pointed out that the Coleman-Mandula theorem

does not apply to supersymmetric theories because one of the assumptions of the

theorem is violated, namely, that only generators that satisfy commutation relations

are allowed. In supersymmmetry, the generators are fermionic operators, satisfying

anticommutation relations. This condition enlarges the most general symmetry that

a theory can have to be a direct product of the so-called superPoincaré group and

an internal symmetry, as shown by Haag,  Lopuszański and Sohnius in 1975 [35].

20
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Now we proceed with the technical treatment of supersymmetry.

4.1 Algebra of supersymmetry

As we said, supersymmetry generators are fermionic operators which we will denote

by Q. Furthermore, they are Weyl-spinors carrying two spinor indices. Then, there

exist in total four fermionic supersymmetric generators Qa and Q̄ȧ with a and ȧ

both taking the values 1 and 2. We can extend the number of generators having N

distinct copies of these four generators giving rise to an extended N = N supersym-

metry.

Here we will focus on N = 1 supersymmetry. Its algebra is defined by the

relations

[Qa, Pµ] = [Q̄ȧ, Pµ] = [Pµ, Pν ] = 0, (4.2)

{Qa, Qb} = {Q̄ȧ, Q̄ḃ} = 0, (4.3)

{Qa, Q̄ȧ} = 2σµaȧPµ, (4.4)

where Pµ is the usual translation generator. Relation (4.4) is an important one

because therein lies the direct connection between the supersymmetry transforma-

tions and space-time translations. Therefore, we can regard SUSY as an extended

space-time symmetry.

The supersymmetry algebra can be seen as a Lie algebra with anticommutating

elements. So, we can define a finite supersymmetric transformation (element of the

algebra) as:

G(xµ, θ, θ̄) = ei(θQ+θ̄Q̄−xµPµ). (4.5)

Here, θ, θ̄ and xµ are real constant parameters associated with each generator. In or-

der to find out how the successive action of supersymmetric transformations change

the coordinates, we multiply two of this group elements with different parameters

(aµ, ξ, ξ̄) and (xµ, θ, θ̄). Then, we obtain

G(aµ, ξ, ξ̄)G(xµ, θ, θ̄) = G(xµ + aµ − iθσµξ̄ + iξσµθ̄, θ + ξ, θ̄ + ξ̄), (4.6)

that is, if we set the initial values of the spacetime and fermionic coordinates to 0,

after the two successive transformations defined by G(xµ, θ, θ̄) and G(aµ, ξ, ξ̄), they

will transform as

0 −→ xµ −→ xµ + aµ − iθσµξ̄ + iξσµθ̄,

0 −→ θ −→ θ + ξ,

0 −→ θ̄ −→ θ̄ + ξ̄.

(4.7)
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The first line of the last equation reinforces what was said lines above, that SUSY

transformations affect space-time translations and, moreover, shows how they do it.

Now we introduce a concept that will help us in dealing with supersymmetric

theories: the superfield. Any function of the coordinates xµ, θ and θ̄ will be called

a superfield and will be denoted by S. Then, if we start from a superfield S(0, 0, 0)

and we make two successive SUSY transformations on it, by the previous analysis,

we will end up with the superfield

S(xµ + aµ − iθσµξ̄ + iξσµθ̄, θ + ξ, θ̄ + ξ̄). (4.8)

With the aim to find how infinitesimal SUSY transformations act on superfields we

make an expansion of this field considering the parameters aµ, ξ and ξ̄ as infinitesimal

ones:

S(xµ + aµ − iθσµξ̄ + iξσµθ̄, θ + ξ, θ̄ + ξ̄)

= S(xµ, θ, θ̄) + (aµ − iθσµξ̄ + iξσµθ̄)∂µS + ξa∂aS + ξ̄ȧ∂
ȧS

= S(xµ, θ, θ̄) + aµ∂µS + ξa(∂aS + iσµθ̄∂µS) + ξ̄ȧ(∂
ȧS + iσµθ̄∂µS)

= S(xµ, θ, θ̄) + (−iaµPµ + iξaQa + iξ̄ȧQ̄
ȧ)S,

(4.9)

where

Pµ = i∂µ, (4.10)

Qa = −i
(

∂

∂θa
+ iσµaȧθ̄

ȧ ∂

xµ

)
, (4.11)

Qȧ = −i
(
− ∂

∂θȧ
− iθaσµaȧ

∂

xµ

)
. (4.12)

Then, the expressions in (4.10), (4.11) and (4.12) are the supersymmetry gener-

ators expressed in field representation, i.e. the supersymmetric transformations act

on superfields as:

S(xµ, θ, θ̄)→ ei(ξQ+ξ̄Q̄−aµPµ)S(xµ, θ, θ̄). (4.13)

Any given superfield S can be expanded in power series in the coordinates θ and

θ̄ as

S(x, θ, θ̄) =A(x) +B(x)θ + C̄(x)θ̄ +D(x)θθ + E(x)θ̄θ̄

+ Fµ(x)θσµθ̄ +G(x)θθ̄θ̄ + H̄(x)θ̄θθ +Gθθθ̄θ̄.
(4.14)

Every field that is a function of xµ in the previous expansion is known as component

fields. We must say that Lorentz invariance was imposed in (4.14). With the help

of the generators in field representation found in (4.10), (4.11) and (4.12), we can
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know how each field component changes under a SUSY transformation. There are

some group of field components that form irreducible representations of the SUSY

algebra, that is, they transform into each other. These irreducible representations

are described by special superfields that can be obtained by imposing constraints to

a general superfield S(x, θ, θ̄). Here we study two of them: the chiral and the vector

superfields.

4.2 Chiral superfield

A chiral superfield (a.k.a. matter or scalar superfield) is defined by the constraint

D̄ȧS(x, θ, θ̄) = 0, (4.15)

where

D̄ȧ = − ∂

∂θ̄ȧ
+ iθaσµaȧ

∂

∂xµ
, (4.16)

Da =
∂

∂θa
− iσµaȧθ̄ȧ

∂

xµ
. (4.17)

We normally denote a chiral superfield by Φ. The general solution for eq. (4.15) is

of the form

Φ(y, θ) = φ(y) +
√

2θχ(y) + θ2F (y) (4.18)

with yµ given by

yµ = xµ − iθσµθ̄. (4.19)

φ(y), χ(y) and F (y) are the component fields of the chiral superfield Φ and it is said

that they form a chiral supermultiplet. φ and F are complex scalar fields while χ is

a left-handed Weyl spinor field.

Expressing (4.18) in terms of xµ, θ and θ̄, we have

Φ(x, θ, θ̄) =φ(x) +
√

2θχ(x) + θ2F (x)− iθσµθ̄∂µφ(x)

+
i√
2
θ2∂µχσ

µθ̄ − 1

4
θ2θ̄2∂µ∂

µφ(x).
(4.20)

The adjoint

Φ†(x, θ, θ̄) =φ†(x) +
√

2θ̄χ̄(x) + θ̄2F †(x) + iθσµθ̄∂µφ
†(x)

− i√
2
θ̄2θσµ∂µχ̄−

1

4
θ2θ̄2∂µ∂

µφ†(x)
. (4.21)

satisfies the constraint

DaΦ
† = 0. (4.22)



Chapter 4. Supersymmetry and the Minimal Supersymmetric Standard Model 24

These type of superfields are known as antichiral superfields.

We now see how the component fields vary under a supersymmetric transforma-

tion. The supersymmetric infinitesimal transformation of the chiral supermultiplet

Φ is given by:

δΦ = i(ξQ+ ξ̄Q̄)Φ, (4.23)

where Q and Q̄ are defined in (4.11) and (4.12). Then, by comparison with

δΦ = δφ+
√

2θδχ+ θ2δF, (4.24)

we can infer the supersymmetric infinitesimal variations for the component fields φ,

χ and F :

δφ =
√

2ξχ, (4.25)

δχa =
√

2ξaF − i
√

2
(
σµξ̄
)
a
∂µφ, (4.26)

δF = i
√

2∂µχσ
µξ̄ (4.27)

from where we notice that, indeed, φ, χ and F form an irreducible representation

of the SUSY algebra.

We eventually will want to construct realistic supersymmetric theories. For that,

we have to be able to construct supersymmetric Lagrangians out of superfields. The

most general supersymmetric and renormalizable Lagrangian including just chiral

superfields Φi can be written in the form:

L =

∫
d4θΦ†iΦi +

[∫
d2θW (Φi) + h.c.

]
, (4.28)

where W (Φ), called superpotential has the form

W (Φi) =
1

2
mijΦiΦj +

1

3
λijkΦiΦjΦk. (4.29)

An important feature of the superpotential is that it is holomorphic, meaning that

it cannot contain adjoints of Φ. The presence of Φ† in W (Φi) would spoil supersym-

metry.

In terms of component fields, the Lagrangian in eq.(4.28) is:

L = ∂µφ
†
i∂

µφi + iχ̄iσ̄
µ∂µχi + F †i Fi

+ (mijφiFj + λijkφiφjFk −
1

2
mijχiχj − λijkχiχjφk + h.c.).

(4.30)
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Since there are no derivatives of F in the Lagrangian, this is an auxiliary field and

can be removed by replacing its EOM:

F †i = −mijφ− λijkφjφk. (4.31)

Using this into eq.(4.30) we obtain:

L =∂µφ
†
i∂

µφi + iχ̄iσ̄
µ∂µχi − |mijφj + λijkφjφk|2

−
(

1

2
mijχiχj + λijkχiχjφk + h.c

)
.

(4.32)

Let us analyze the case for just one chiral superfield Φ. In this case the superpotential

becomes

W (Φ) =
1

2
mΦ2 +

1

3
λΦ3 (4.33)

and the Lagrangian after integrating out the auxiliary field F is

L = ∂µφ
†∂µφ+ iχ̄σ̄µ∂µχ− |mφ+ λφ2|2 − (mχχ+ λχχφ+ h.c.) (4.34)

from which we see that the theory describes a complex scalar field φ and a Weyl

spinor χ, both with the same mass m.

Let us analyze the matching between degrees of freedom (d.o.f.) of fields with

opposite statistic in a chiral supermultiplet. An off-shell chiral supermultiplet (with-

out using EOM’s) contains three fields: two complex scalar fields φ and F , each of

them with 2 d.o.f., and one off-shell Weyl spinor with 4 d.o.f.; then we note that the

number of fermionic and bosonic degrees of freedom is equal. Also, an on-shell chiral

multiplet contains a complex scalar φ with 2 d.o.f. which match with the 2 d.o.f. of

the on-shell Weyl spinor χ. This must not be surprising, since we are working in the

SUSY framework where transformations change bosons into fermions and viceversa

and we cannot loose or gain degrees of freedom after the transformations.

Finally, let us see how SUSY theories can solve the hierarchy problem. Let us

expand the Lagrangian in (4.34):

L = ∂µφ
†∂µφ+ iχ̄σ̄µ∂µχ−m2φ†φ− λ2(φ†φ)2 −mλφ†φ2 −mλφ†2φ

−mχχ−mχ̄χ̄− λχχφ− λχ̄χ̄φ†,
(4.35)

and find the quadratic one loop contributions to the mass of the scalar field φ.

These are given by the diagrams in Figure 4.1.
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χ

φ φ

(a)

φ

φ φ

(b)

Figure 4.1: Quadratically divergent one loop contributions to the mass of the field

φ due to (a) a χ loop and (b) a φ loop.

with quadratic contributions

− 4λ

∫
d4k

(2π)4

1

k2
(4.36)

for the χ loop, and

+ 4λ

∫
d4k

(2π)4

1

k2
(4.37)

for the φ loop. Then, both divergences cancel each other making the supersymmetric

theory free of quadratic divergences. We see that the existence of the fermionic

counterpart χ of the scalar φ is crucial for the cancellation to take place, since its

contribution have the same value as the bosonic one but with opposite sign. Also,

the parameters of the boson-fermion and boson-boson interaction terms must be

related.

4.3 Vector superfield

The second type of irreducible representation of the SUSY algebra to be studied is

the vector superfield. A vector superfield, which we will denote by V , is defined by

the constraint

V (x, θ, θ̄) = V †(x, θ, θ̄). (4.38)

The most general solution to 4.38 can be written in the form:

V (x, θ, θ̄) =C(x) + iθψ(x)− iθ̄ψ̄(x) +
i

2
θ2 [M(x) + iN(x)]

− i

2
θ̄2[M(x)− iN(x)] + θσµθ̄Aµ(x)

+ iθ2θ̄

[
λ̄− i

2
σ̄µ∂µψ(x)

]
− iθ̄2θ

[
λ− i

2
σµ∂µψ̄(x)

]
+

1

2
θ2θ̄2

[
D − 1

2
∂µ∂

µC

]
,

(4.39)
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where C, M , N and D are real scalar fields; Vµ is a real vector field and χ, λ are

Weyl spinor fields.

Using the definitions 4.16 and 4.17 we can obtain

V | = C (4.40)

DaV | = iχa, D̄ȧV | = −iχ̄a, (4.41)

D2D̄ȧV | = −4iλ̄ȧ, D̄
2DaV | = 4iλa, (4.42)

DbD̄2DaV | = 4Dδba − 2i(σµσ̄ν)baFµν , (4.43)

DaD̄2DaV | = 8D, (4.44)

where the vertical line | means evaluation at θ = θ̄ = 0.

The infinitesimal supersymmetric variations of the superfield V is:

δξV = i(ξQ+ ξ̄Q̄)V, (4.45)

with Q and Q̄ defined in (4.11) and (4.12). Then, with the help of the identi-

ties (4.40)-(4.44), we obtain the infinitesimal supersymmetric variations of the field

components:

δC =i(ξQ+ ξ̄Q̄)V | = (ξD + ξ̄D̄)V | = i(ξχ− ξ̄χ̄), (4.46)

δλa =
i

4
(ξD + χ̄D̄)D̄2DaV | = iDξa +

1

2
(σµσ̄ν)baξbFµν , (4.47)

δAµ =− iλ̄σ̄µξ + iξ̄σ̄µλ− ∂µ(ξχ+ ξ̄χ̄), (4.48)

δD =ξσµ∂µλ̄+ ∂µλσ
µξ̄ (4.49)

Also, for F µν = ∂µAν − ∂νAµ:

δF µν = i
[
∂µ
(
ξσνλ̄− λσν ξ̄)− ∂ν(ξσµλ̄− λσµξ̄

)]
. (4.50)

It is easy to construct a vector superfield out of a chiral superfield. It just needs to

fulfill the constraint in eq.(4.38). This is:

Φ + Φ† =φ+ φ† +
√

2(θχ+ θ̄χ̄) + θ2F + θ̄2F † + iθσµθ̄∂µ(φ† − φ)

+
i√
2
θ2∂µχσ

µθ̄ − i√
2
θ̄2θσµ∂µχ̄−

1

4
θ2θ̄2∂µ∂

µ(φ+ φ†).
(4.51)

Now, we define the generalization of a gauge transformation for superfields as

V → V + Φ + Φ†, (4.52)
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under which the component fields transform as:

C →C + Φ + Φ†,

ψ →ψ − i
√

2χ,

M + iN →M + iN − 2iF,

Aµ →Aµ + i∂µ(φ† − φ),

λ→λ,
D →D.

(4.53)

We see that λ and D remain invariant under this gauge transformation, while Aµ

varies as expected for a massless spin-1 field , that is, Aµ → Aµ + ∂µα, where α is

a real arbitrary x-dependent parameter. Also, we note that there exists a special

gauge where C, ψ, M and N are all zero. This is known as the Wess-Zumino (WZ)

gauge. In this gauge, V in eq.(4.39) becomes

V = θσµθ̄Aµ + iθ2θ̄λ̄− iθ̄2θλ+
1

2
θ2θ̄2D. (4.54)

In order to write a Lagrangian for a vector superfield, we define:

Wa = −1

4
D̄ȧD̄

ȧDaV, (4.55)

which is a chiral superfield since

D̄ḃWa = 0. (4.56)

Computing Wa in Wess-Zumino gauge, we have

Wa = −iλa(y) +

[
δbaD(y) +

i

2
(σµσ̄ν)baFµν

]
θb − θ2σµaȧ∂µλ̄

ȧ(y), (4.57)

from where

W aWa|θ2 = 2iλσµ∂µλ̄+D2 − 1

2
FµνF

µν +
i

4
FµνFρσε

µνρσ. (4.58)

So, now, we are able to write a supersymmetric action for a vector superfield. That

is,

S =

∫
d4x

∫
d2θ

1

4

[
W aWa + W̄ȧW̄

ȧ
]
. (4.59)

Expanding it in field components we obtain

S =

∫
d4xL =

∫
d4x

[
iλ̄σ̄µ∂µλ−

1

4
F µνFµν +

1

2
D2

]
, (4.60)
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which describes a massless spinor λ, a massless spin-1 field Aµ and a real scalar D.

We say that λ, Aµ and D form a vector supermultiplet. The spinor λ in this context

is known as gaugino.

There are no derivative terms of D in the Lagrangian. Then, this is an auxiliary

field and can be integrated out by its EOM D = 0 leaving just the fields λ and Aµ.

Let us analyze the degrees of freedom as in the chiral supermultiplet case. An off-

shell vector superfield contains an off-shell gaugino with 4 d.o.f., an off-shell spin-1

vector Aµ with 3 d.o.f. and a real scalar D with 1 d.o.f. Then, the number of bosonic

and fermionic degrees of freedom is equal. For the on-shell vector supermultiplet we

have an on-shell gaugino with 2 d.o.f. that matches with the 2 degrees of freedom

of the massless on-shell spin-1 vector field Aµ.

4.4 Supersymmetric gauge invariant Lagrangian

In this part we treat supersymmetric gauge theories.

4.4.1 Abelian case

Let us start with a global U(1) theory. Consider a chiral field Φ that transforms

under U(1) global transformations as

Φ −→ e−2iθΦ, (4.61)

where θ is real and constant. Since any constant parameter c satisfies the constraint

D̄ȧc = 0, θ can be considered as a chiral superfield. Moreover, a product of chiral

superfields is also a chiral superfield. Then, the superfield Φ transform into another

chiral superfield.

When the theory is promoted to a local U(1) invariant theory, θ is not anymore

constant but it depends on x. Then, it has to be promoted to a chiral superfield,

such that Φ transforms into another one as

Φ −→ e−2igΛΦ, (4.62)

Φ† −→ e2igΛ†Φ†, (4.63)

where g is a dimensionless parameter which is identified as the gauge coupling that

corresponds to the U(1) symmetry group. Now, writing a kinetic term for Φ of the
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form ∫
d4θΦ†Φ

as we did in section 4.2 would not respect gauge symmetry. Therefore, in order to

fix this we introduce a vector superfield V that transforms as

V −→ V + i(Λ− Λ†) (4.64)

under U(1) local group, and write instead∫
d4θΦ†e2gV Φ (4.65)

which is gauge invariant. Furthermore, the product Φ†e2gV Φ in (4.65) is real making

it a vector superfield. Then (4.65) is also supersymmetric.

We note that a superpotential of the form (4.33) cannot be introduced because

it is not gauge invariant. However, if we consider more than one superfield Φi

transforming as

Φi −→ e−2iqigΛΦi, (4.66)

where qi is the U(1) charge corresponding to the superfield Φi, it is possible to have

a superpotential of the form

W (Φi) =
1

2
mijΦiΦj +

1

3
λijkΦiΦjΦk, (4.67)

where mij is different from zero only if qi + qj = 0 and yijk is different from zero

only when qi + qj + qk = 0.

Finally, the total Lagrangian for a supersymmetric theory with U(1) local in-

variance is written as

L =

∫
d2θ

1

4
(W aWa + W̄ȧW̄

ȧ) +

∫
d4θΦ†ie

2qigV Φi +

[∫
d2W (Φi) + h.c

]
. (4.68)

In field components and considering the WZ gauge, (4.68) becomes

L =(Dµφi)
†(Dµφi) + iχ̄iσ̄

µDµχi + F †i Fi −
1

4
FµνF

µν + iλ̄iσ̄
µ∂µλi +

1

2
D2

+ (mijφiFj + λijkφiφjFk −
1

2
mijχiχj − λijkχiχjφk + h.c.)

+ i
√

2gqi(φ
†
iχiλ− φχ̄iλ̄i)− qiφ

†
iφiD,

(4.69)

where

Dµφi = ∂µφi + igqiAµφi, (4.70)
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Dµχi = ∂µχi + igqiAµχi. (4.71)

After eliminating the auxiliary fields Fi and D replacing its EOM in (4.69), we

obtain

L =(Dµφi)
†(Dµφi) + iχ̄iσ̄

µDµχi −
1

4
FµνF

µν + iλ̄iσ̄
µ∂µλi

− |mijφj + λijkφjφk|2 −
(

1

2
mijχiχj + λijkχiχjφk + h.c

)
+ i
√

2gqi(φ
†
iχiλ− φχ̄iλ̄i)−

1

2
q2
i

(
φ†iφi

)2

.

(4.72)

4.4.2 Non-abelian case

The generalization of the previous discussion to the non-abelian case is relatively

straightforward. Let us consider a theory which is invariant under a non-abelian

local group G and suppose that it contains a chiral superfield Φ that transforms

non-trivially under G:

Φ −→ e−iΛΦ, (4.73)

Φ† −→ Φ†eiΛ
†
, (4.74)

where now Λ is the matrix

Λ ≡ 2gT aΛa, (4.75)

with T a being the hermitian generators of G in the representation at which Φ trans-

forms, and g is the gauge coupling constant corresponding to the group G.

The generalization of (4.65) ∫
d4θΦ†eV Φ, (4.76)

with V given by

V ≡ 2T aV a (4.77)

will be SUSY invariant if the transformation for V is extended to

eV −→ e−iΛ
†
eV eiΛ. (4.78)

Also, the field strength Wa in (4.55) is generalized to

Wa = −1

4
D̄D̄e−VDae

V , (4.79)

so that it transforms as

Wa −→ e−iΛWae
iΛ. (4.80)
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Finally, the full non-abelian superysmmetric Lagrangian is written as

L =

∫
d4θ

1

4
Tr
(
W aWa + W̄ȧW̄

ȧ
)

+

∫
d4θΦ†eV Φ, (4.81)

where the superpotential was not considered. After writing it in terms of field

components and eliminating auxiliary fields, it takes the form

L =(Dµφi)
†(Dµφi) + iχ̄iσ̄

µDµχi −
1

4
F a
µνF

aµν + iλ̄ai σ̄
µ∂µλ

a
i

+ i
√

2g
[
(φ†iT

aχi)λ
a − λ̄a(χ†iT aφi)

]
− 1

2
g2(φ†iT

aφi)(φ
†
jT

aφj),
(4.82)

where the covariant derivatives are

Dµφi = ∂µφi + igT aAaµφi, (4.83)

Dµχi = ∂µχi + igT aAaµχi. (4.84)

4.5 The Minimal Supersymmetric SM (MSSM)

In this section, we will study the minimal supersymmetric extension of the SM, also

known as the MSSM. The purpose of this section is to get used to build super-

symmetric theories. We will describe the field content of the theory as well as the

Lagrangian. We will also introduce terminology and notation that will be useful in

future chapters.

4.5.1 Field content

The first thing to note in order to construct a supersymmmetric version of the SM,

is that every field within the SM must be part of a supermultiplet (either chiral

or gauge). So, one adds a supersymmetric partner (superpartner) with opposite

statistic but with the same gauge transformations for every field in the SM. In the

MSSM, this is done in the following way: leptons and quarks belong to chiral su-

permultiplets, and the corresponding spin-0 superpartners are named by adding the

letter ‘s’ (for ‘scalar’) at the beginning of the SM field name; thereby they are called

sleptons and squarks. Also, for the electron we have its superpartner, the selec-

tron; for the neutrinos, the sneutrinos; for the muon, the smuon, and so on. Gauge

bosons belong to vector multiplets and the corresponding spin-1/2 superpartners

are named by adding the suffix ‘-ino’ to the regular SM field names. Thus, they

are called gauginos. The superpartner of the photon is called photino; that of the

gluon is called gluino and so on. Finally, in the MSSM, it is necessary to introduce

two Higgs doublets unlike the SM where there is just one (this will be explained
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Names Spin-0 Spin-1/2 SU(3)C ,SU(2)L,U(1)Y

sleptons, leptons LI l̃I =

(
ν̃IL

l̃IL

)
lI =

(
νIL

lIL

)
1, 2, -1/2

EI ẽI eI ≡ (eIR)c 1, 1, 1

squarks, quarks QI q̃I =

(
ũIL

d̃IL

)
qI =

(
uIL

dIL

)
3, 2, 1/6

UI ũI uI ≡ (uIR)c 3̄, 1, -2/3

DI d̃I dI ≡ (dIR)c 3̄, 1, 1/3

Higgs, higgsinos HU hU =

(
h+
U

h0
U

)
h̃U =

(
h̃+
U

h̃0
U

)
1, 2, 1/2

HD hD =

(
h0
D

h−D

)
h̃D =

(
h̃0
D

h̃−D

)
1, 2, -1/2

Table 4.1: Chiral supermultiplet fields in the MSSM with corresponding transfor-

mations under the gauge group. The index I runs from 1 to 3 and denotes each of

the three families of particles. Adapted from [36].

afterwards). These Higgs doublets belong also to a chiral supermultiplet and the

corresponding superpartners are called Higgsinos. All superpartners are denoted by

putting a tilde above the normal symbol for the SM field. The superfields contained

in the MSSM and their components are listed in Tables 4.1 and 4.2.

Names Spin-0 Spin-1/2 SU(3)C ,SU(2)L,U(1)Y

gluino, gluon G̃ Gµ 8, 1, 0

winos, W bosons W̃ Wµ 1, 3, 0

bino, B boson B̃ Bµ 1, 1, 0

Table 4.2: Gauge supermultiplet fields in the MSSM with corresponding transfor-

mations under the gauge group. Adapted from [36].
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4.5.2 The MSSM Lagrangian

To specify the Lagrangian of a supersymmetric theory we need to define its super-

potential. The MSSM superpotential is given by

WMSSM = yIJu UIQJ ·HU − yIJd DIQJ ·HD − yIJe EILJ ·HD + µHU ·HD. (4.85)

Here, yu, yd and ye are 3×3 matrices in family space. They are the same Yukawa

couplings of the SM (eq. 3.1), now for three families. These trilinear terms consti-

tute the supersymetric version of the Yukawa terms of the Standard model in the

sense that they are responsible for giving mass to leptons and quarks after the Higss

fields h0
U and h0

D acquire vacuum expectation values.

Now, we can justify the presence of two Higgs doublets in the MSSM rather than

the single h field in the SM. If we refer to the Yukawa terms of the SM Lagrangian

(3.36), we notice that the Higgs field h gives mass to the down quark and the electron

when it acquires a vev while the responsible for giving mass to the up quark is the

field h̃ defined as

h̃ ≡ iσ2h
∗.

As we argued in section 4.2, the superpotential must be holomorphic, that is, it can-

not contain a field and its hermitian conjugate at the same time because it would

spoil supersymmetry. Since a term such as h̃ would imply the hermitian conjugate

of HU , we must add a new Higgs field with the same quantum numbers as h̃, namely

HD.

The Lagrangian in eq. (4.85) is invariant under the SU(3)C × SU(2)L × U(1)Y

gauge symmetry of the SM. SU(3) indices for Q, U and D were suppressed. The

‘·’ notation means the SU(2) invariant product of two SU(2) doublets. That is, for

two SU(2) doublets Ai and Bi, with i denoting one of the two SU(2) components

of A or B, we define the SU(2) invariant product

A ·B ≡ εijAiBj, (4.86)

with ε11 = ε22 = 0, ε12 = 1 and ε21 = −1.

However WMSSM is not the most general superpotential. There exist additional

renormalizable terms that can be included in it, such as

W∆L=1 = λIJKe LI · LJEK + λIJKL LI ·QJDk + µILLI ·HU (4.87)
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and

W∆B=1 = λIJKB UIDJDK . (4.88)

It happens that these terms violates lepton (L̂) and baryon number (B̂) con-

servation respectively. These quantum numbers are assigned such that QI carry

B̂ = 1/3 and L̂ = 0; DI and UI carry B̂ = −1/3 and L̂ = 0; LI carry B̂ = 0 and

L̂ = 1; E carries B̂ = 0 and L̂ = −1 and HU carries B̂ = L̂ = 0. Therefore, the

terms in W∆L=1 violate lepton number by one unit of L̂ and W∆B=1 violates baryon

number by one unit of B̂. Violation of this quantum numbers have not been detected

experimentally. Moreover, the presence of λL and λB would imply decay channels

for the proton. Since we have never seen such decays, the strength of those coupling

must be extremely and unnaturally small. One possibility is to postulate B̂ and L̂

conservation as a principle in the MSSM, but, actually, lepton and baryon number

are violated by non-pertubative electroweak effects in the SM. Then a new symme-

try called R-parity is postulated in order to avoid the terms in (4.87) and (4.88),

maintaining the interaction terms in (4.85). R-parity is multiplicatively conserved

and is defined by

R = (−1)3B̂+L̂+2s, (4.89)

where s denotes the spin of the particle.

The MSSM, as was formulated until now would predict that, for every particle

in the SM, must exist a superpartner with the same mass. Experiments should

have found such particles since those range of energies have already been explored.

Not having discovered those sparticles suggests that supersymmetry must be bro-

ken spontaneously at some high energy in such a way that, at the energies already

explored, supersymmetry is hidden. We do not know how such a spontaneous sym-

metry breaking mechanism works but we can postpone the answer to that question

and study instead the physics after the spontaneous SUSY breaking. In order to do

that we add terms to the Lagrangian that break SUSY explicitly. It is mandatory

for these terms to be soft, that is, they must have coefficients with positive mass

dimension in order to avoid introducing new divergences. Also they have to respect

the gauge symmetry of the theory, SU(3)C × SU(2)L × U(1)Y .

Completing the MSSM Lagrangian, we introduce all the possible soft SUSY-

breaking terms [36]:

(i) Mass terms for gauginos:

− 1

2

(
M3G̃

AG̃A +M2W̃
aW̃ a +M1B̃B̃ + h.c.

)
. (4.90)
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(ii) Non-holomorphic mass terms for sfermions:

−m2
Q,IJ q̃

†
I q̃J −m

2
L,IJ l̃

†
I l̃J −m

2
U,IJ ũ

†
I ũJ −m

2
D,IJ d̃

†
I d̃J −m

2
E,IJ ẽ

†
I ẽJ . (4.91)

(iii) Mass terms for Higgs fields:

−m2
HU
h†UhU −m

2
HD
h†DhD − (b hU · hD + h.c). (4.92)

(iv) Trilinear scalar couplings:

− aIJU ũI q̃J · hU + aIJD d̃I q̃J · hD + aIJE ẽI l̃J · hD + h.c.. (4.93)

Then, the complete Lagrangian of the MSSM is of the form

LMSSM = LSUSY + Lsoft, (4.94)

where LSUSY is the SUSY invariant part which contains the kinetic terms for all the

fields listed in Tables 4.1 and 4.2 as well as the supersymmetric gauge interaction

terms invariant under the gauge group SU(3)C ×SU(2)L×U(1)Y and those arising

from the superpotential in (4.85); and Lsoft contains all the soft-SUSY breaking

terms showed in eqns. (4.90) − (4.93).



Chapter 5

Extra Dimensions

The unification of the interactions has guided the development of physics through

its history. For instance, in the seventeenth century, Newton realized that the force

that attract objects to the Earth is the same as the one which causes the Moon to

orbit around it and explain both with his gravitational theory. Later on, Maxwell

succeeded in formulating the theory of electromagnetism, unifying the phenomena

of magnetism and electricity.

Following this path, the Finnish physicist Gunnar Nordström, in 1914, intro-

duced an extra spatial dimension for the first time in an attempt to unify Maxwell’s

theory of electromagnetism and a scalar version of gravity [37]. It must be noticed

that the Einstein’s Gravitational Theory was not formulated until 1915. Nordstrm’s

Scalar gravity failed in predicting the bending of light during a solar eclipse and was

forgotten. In 1921, Theodor Kaluza published a theory where he attempted to unify

now the electromagnetism and Einstein’s theory of gravity, also adding a fourth spa-

tial dimension [38]. Later, in 1926, Oskar Klein proposed that the extra dimension

in Kaluza theory is curled up forming a circle [39]. That is, unlike the common four

dimensions, the fifth one must be finite in size. This is a key concept because an

infinite fifth dimension could be easily detected by us. Moreover the finite size of

the extra dimension must be very small so we would not have noticed it so far. We

say that the extra dimension is compactified and the compactification scale is given

by the inverse radius of the circle. For us to be able to detect experimentally the

extra dimension it is necessary to reach energies comparable to the compactification

scale.

The Kaluza-Klein theory fails in accommodating chiral spinor fields, a funda-

mental feature of the SM [40]. But in modern theories this issue is overcome with

the introduction of compactifications with singularities.

37
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This chapter will serve as a review of the basic concepts of Extra Dimensions.

The content of this part is mainly based on Refs. [41, 42, 43]. We will work in the

simplest scenario, that is, we will add just one spatial extra dimension described by

the coordinate y = x5. Then, a general 5D theory is specified by an action of the

form

S5 =

∫
d4x

∫
dy L5[Φ(xµ, y)], (5.1)

where Φ stands for a general 5-dimensional field. Also, we will consider a flat 5D

metric ηMN = diag(1,−1,−1,−1,−1). Throughout this dissertation, capitalized

latin indices M , N run over 0, 1, 2, 3, 5 and lowercase Greek indices µ, ν run over

0, 1, 2, 3.

5.1 Compactification

We say that the theory is compactified on M4 × C if C is a compact (closed and

bounded) space described by the coordinate y = x5. M4 is the Minkowski spacetime.

Then, the four dimensional Lagrangian is obtained by integrating the fifth coordinate

y as

L4 =

∫
dy L5[Φ(xµ, y)]. (5.2)

C can be written as C = M/G, where M is a non-compact manifold and G

is a discrete group that acts freely on M through operators τg which constitute

a representation of G, namely, τg1g2 = τg1τg2 . That G acts freely on M means

that only the operator τi related with the identity element i ∈ G has fixed points

(τi(y) = y, ∀y ∈ M). Then, C is constructed by the identification of points in M

that belong to the same orbit:

y ≡ τ(y). (5.3)

Also, we state that physics should depend only on the points in C, that is

L5[Φ(x, y)] = L5[Φ(x, τ(y))]. (5.4)

A necessary and sufficient condition to satisfy this equation is

Φ(x, τg(y)) = TgΦ(x, y), (5.5)

where Tg are a representation of G, namely Tg1g2 = Tg1Tg2 for g1, g2 ∈ G and are

also elements of a symmetry group of the theory.



Chapter 5. Extra Dimensions 39

When Tg = I, ∀g ∈ G (trivial representation of G), eq.(5.5) reduces to

Φ(x, τg(y)) = Φ(x, y), (5.6)

which defines an ordinary compactification.

When Tg 6= I for some g ∈ G, eq. (5.5) defines a Scherk-Schwarz compactifi-

cation. Tg is known as Scherk-Schwarz twist and it is said that the field Φ(x, y)

satisfies twisted boundary conditions.

Let us describe the compactification in a circle. In this case, M = R (the set of

real numbers), G = Z (the set of integer numbers) and C = S1 (the circle). The

elements of the group Z that act on y ∈ R are represented by:

τn(y) = y + 2πnR, (5.7)

where R is the radius of the circle. Then, if we identify τn(y) ≡ y, we are left with

an interval of the form 〈y, y + 2πR]. We can conveniently choose y = πR to obtain

the fundamental domain:

〈−πR, πR] . (5.8)

If we define a Scherk-Schwarz boundary condition for the field:

Φ(x, y + 2πR) = TΦ(x, y), (5.9)

where T could be the element of a Z2 symmetry of the theory, we can complete

the interval in (5.8) to [−πR, πR]. For fields with untwisted boundary conditions

T = +1 (bosons) we make

Φ(x, πR) = Φ(x,−πR), (5.10)

and the field is a single-valued function on the circle S1.

For fields with twisted b.c.’s T = −1 (fermions) we make

Φ(x, φR) = −Φ(x,−φR), (5.11)

and the field is a non single-valued function on S1.

5.1.1 Orbifold Compactification

Just as we described ordinary and Scherk-Schwarz compactifications, we can define

an orbifold compactification in a similar way. This type of compactification is used
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to obtain chiral fermions in a 4D low energy description as needed in the Standard

Model.

Let us consider a compact manifold C and a discrete group H that acts non

freely on C through the operators ζh which constitutes a representation of H. That

H acts non freely on C means that there is more than one fixed point. We construct

the orbifold O = C/H by identifying points in C which differ by ζh for some h ∈ H.

Also, we define that fields evaluated at these two points differ by some operator Zh

which is an element of a global or local symmetry of the theory, that is:

y ≡ ζ(y), (5.12)

Φ(x, ζ(y)) = ZhΦ(x, y). (5.13)

O has singularities at the fixed points. Eqs.(5.12) and (5.13) specifies the orbifold

compactification and are known as orbifold boundary conditions.

A useful orbifold construction is O = S1/Z2 where S1 is the circle and Z2 is the

cyclic group of order 2, which relates two opposite points in S1:

ζ(y) = −y. (5.14)

Also, we have for fields

Φ(x,−y) = ZΦ(x, y), (5.15)

where Z2 = 1, that is, in field spacetime, Z is a matrix with eigenvalues ±1. The

orbifold O = S1/Z2 has two fixed points y = 0 and y = πR. Each of them defines a

4-dimensional spacetime slice also known as a brane.

5.2 Scalars

Let us consider a free massless real scalar field Φ in a 5D space with radius R

compactified on the orbifold O = S1/Z2 with fixed points y = 0 and y = πR. Its

action is given by

S5[Φ] =

∫
d5x

1

2
∂MΦ∂MΦ. (5.16)

In order to derive the equation of motion (EOM) and to find the boundary

conditions at the fixed points, we will follow the minimum action principle, δS = 0.

The variation of the action in eq.(5.16) is:

δS5[Φ] =

∫
d4x ∂5ΦδΦ

∣∣y=πR

y=0
−
∫
d5x

[
∂M∂

MΦ
]
δΦ, (5.17)
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where we used the usual boundary conditions for fields at infinity: Φ|xµ=inf = 0. By

making δS5 = 0 we obtain:

∂M∂
MΦ = 0, (5.18)

∂5ΦδΦ
∣∣
y=πR

− ∂5ΦδΦ
∣∣
y=0

= 0. (5.19)

Eq. (5.18) is the EOM for the field Φ and Eq.(5.19) defines the allowed b.c.’s. In

order to satisfy eq. (5.19) we need to impose Neumann or Dirichlet b.c.’ s:

Neumann(N): ∂5Φ| = 0,

Dirichlet(D): Φ| = 0

that can appear in four combinations:

(++) = (N at y = 0, N at y = πR),

(+−) = (N at y = 0, D at y = πR),

(−+) = (D at y = 0, N at y = πR),

(−−) = (D at y = 0, D at y = πR).

(5.20)

Since the spacetime is compact, Φ can be Fourier expanded in the y coordinate as

Φ(x, y) =
1√
2πR

+∞∑
n=−∞

φ(n)(x)ξn(y), (5.21)

where ξ(y) form a complete set of orthogonal functions on the interval. The

φ(n)(x) fields are called Kaluza-Klein modes. Complete sets of functions ξn(y) ap-

propriate to the conditions in eq.(5.20) are:

ξ(++)
n (y) = cos

[ny
R

]
, ξ(+−)

n (y) = cos

[
(2n+ 1)y

2R

]
,

ξ(−−)
n (y) = sin

[ny
R

]
, ξ(−+)

n (y) = sin

[
(2n+ 1)y

2R

]
,

(5.22)

where ξ
(++)
n satisfies a boundary condition of the type (++) and so on, and n takes

the values 0, 1, 2, .... Replacing the fields with different boundary conditions in the

action in eq. (5.16), we obtain

S
(++)
5 =

∫
d4x

[
1

2
∂µφ

(0)∂µφ(0) +
∞∑
n=1

(
∂µφ

(n)∂µφ(n) − n2

R2
φ(n)φ(n)

)]
, (5.23)

S
(−−)
5 =

∫
d4x

∞∑
n=1

(
∂µφ

(n)∂µφ(n) − n2

R2
φ(n)φ(n)

)
, (5.24)

S
(±∓)
5 =

∫
d4x

∞∑
n=−∞

1

2

(
∂µφ

(n)∂µφ(n) −
(

2n+ 1

2R

)2

φ(n)φ(n)

)
. (5.25)
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Then, S
(++)
5 is equivalent to a 4D action describing a real scalar massless mode cor-

responding to n = 0 (zero mode) and infinite real scalar fields with mass mn = n/R.

For S
(−−)
5 , the Kaluza Klein (KK) modes form a tower of real fields with masses

n/R. In the case of S
(±∓)
5 the theory is equivalent to a 4D action of an infinite tower

of real scalar fields with masses mn = (2n+ 1)/2R.

If extra dimensions really exist, the Kaluza-Klein modes could be detected ex-

perimentally in the form of a bunch of particles with increasing masses. The lightest

particle would correspond to the zero mode KK field. We note that the only fields

that posses zero modes are those with (++) boundary conditions. Then, particles

with these b.c.’s are expected to be detected at low energies.

We can see that the four combinations in eq.(5.20) can be obtained by different

combinations of values of T and Z in eqs.(5.9) and (5.15). More specifically, we have:

(T = +1) ∧ (Z = +1) −→ (++), (5.26)

(T = +1) ∧ (Z = −1) −→ (−−), (5.27)

(T = −1) ∧ (Z = +1) −→ (+−), (5.28)

(T = −1) ∧ (Z = −1) −→ (−+). (5.29)

So, in order to fully define the boundary conditions of a field we need to specify

both transformations of the field under reflections about y = 0 denoted by Z and

under translations by 2πR denoted by T . Or equivalently, we can specify Z trans-

formation and its transformation under reflections about y = πR, which we denote

by Z ′. We must note that T and Z are related by Z ′ = TZ. Then, in terms of Z

and Z ′ we have:

(Z ′ = +1) ∧ (Z = +1) −→ (++), (5.30)

(Z ′ = −1) ∧ (Z = −1) −→ (−−), (5.31)

(Z ′ = −1) ∧ (Z = +1) −→ (+−), (5.32)

(Z ′ = +1) ∧ (Z = −1) −→ (−+). (5.33)

5.3 5D fermions

In 5D we need 5 Dirac matrices in order to satisfy the Clifford algebra. We already

have a matrix in 4D that satisfy this condition: γ5. So we will take as a basis of
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Dirac matrices in 5D the following set:

ΓM = (γµ,−iγ5) =

((
0 σµ

σ̄µ 0

)
,

(
i 0

0 −i

))
, (5.34)

where σµ = (1,−→σ ), σ̄µ = (1,−−→σ ) and −→σ are the Pauli matrices.

We will work, as before, with a fifth extra dimension of radius R compactified

on the orbifold S1/Z2. The Lagrangian for the 5D Dirac field is written as

S5[ψ] =

∫
d5xΨ̄(iΓM∂M −mΨ)Ψ. (5.35)

We will follow the principle of minimum action as we did for the scalar case. The

variation of (5.35) is:

δS5[Ψ] =

∫
d4xΨ̄γ5δΨ|y=L

y=0 +

∫
d5xδΨ̄

(
iΓM∂M −mΨ

)
Ψ−
∫
d5x(i∂MΨ̄ΓM+mψΨ̄)δΨ.

(5.36)

Then, by making δS5[Ψ] = 0, from the second and third term of (5.36), we obtain

the EOM: (
iΓM∂M −mΨ

)
Ψ = 0 (5.37)

and

Ψ̄
(
i
←−
∂ MΓM +mΨ

)
= 0. (5.38)

Also, from the first term in eq.(5.36), boundary conditions must be defined such

that:

Ψ̄γ5δΨ|y=L − Ψ̄γ5δΨ|y=0 = 0. (5.39)

Expressing it in terms of ΨL,R ≡ PL,RΨ, with PL = (1− γ5)/2 and PR = (1 + γ5)/2,

we have (
δΨ̄LΨR − δΨ̄RΨL

)
|y=πR
y=0 = 0 (5.40)

and the EOM for these fields are:

iγµ∂µΨR = (∂5 +mΨ)ΨL, (5.41)

iγµ∂µΨL = (−∂5 +mΨ)ΨR. (5.42)

Then, we see that if we were to impose b.c.’s to the fields ΨL and ΨR, these will

not be independent but will be related by the EOM’s (5.41) and (5.42). So, at each

boundary y = 0, y = πR, there are two possible choices of b.c.’s:

ΨL = 0 which implies ∂5ΨR(y) = mΨΨR(y) (5.43)
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or

ΨR = 0 which implies ∂5ΨL(y) = −mΨΨL(y). (5.44)

For the particular case in which mΨ = 0, these conditions simplify to

ΨL| = 0 (Dirichlet,−) ∧ ∂5ΨR| = 0 (Neumann,+) (5.45)

or

∂5ΨL| = 0 (Neumann,+) ∧ΨR| = 0 (Dirichlet,−). (5.46)

Then, we note that ΨR and ΨL obey opposite boundary conditions.

Similarly to the scalar case, each chiral component can be decomposed in terms

of Kaluza-Klein modes as

ΨR(x, y) =
1√
2πR

∞∑
n=0

ψ
(n)
R (x)ξRn (y) (5.47)

and

ΨL(x, y) =
1√
2πR

∞∑
n=0

ψ
(n)
L (x)ξLn (y). (5.48)

For mΨ = 0 we can use the functions defined in eq.(5.22) as the orthogonal set of

functions ξRn or ξLn taking into account that if ξRn has (++) boundary conditions,

then ξLn must obey the opposite boundary conditions, that is, (−−). The same

happens with the other three possible b.c.’s.

From the Kaluza-Klein decomposition, we can see that for the (±,∓) fields, there

is a tower of four dimensional Dirac fields with masses mn = (2n + 1)π/2L. For

the (±,±) fields the massive levels are at mn = nπ/L and there is also a massless

chiral field for n = 0 (zero mode) corresponding to ξ
(++)
0 since this is the only field

that contains a non trivial solution (ξ
(−−)
0 doesn’t admit a Kaluza-Klein mode). The

existence of chiral fields is fundamental when applied to the Standard Model and

this is one of the main reasons why orbifold compactifications are preferred over

other ones.
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5.4 Spin-1 fields

The 5D action for a massless spin-1 field is

S5[Aµ] =

∫
d5x

[
−1

4
FMNF

MN

]
=

∫
d5x

[
−1

4
FµνF

µν − 1

2
Fµ5F

µ5

]
=

∫
d5x

[
−1

4
FµνF

µν +
1

2
∂µA5∂

µA5 +
1

2
∂5Aµ∂5A

µ − ∂5Aµ∂
µA5

]
=

∫
d5x

[
−1

4
FµνF

µν +
1

2
∂µA5∂

µA5 +
1

2
∂5Aµ∂5A

µ − ∂5A5∂µA
µ

]
−
∫
d4x(Aµ∂

µA5)|y=πR
y=0 ,

(5.49)

where in the last equality, it was used integration by parts and the usual vanishing

of fields at infinity.

We note that there is a bulk term mixing Aµ and A5. So, we will need to add a

gauge fixing term in order to cancel this. This gauge fixing term is chosen to be

SGF =

∫
d5x

[
− 1

2ξ
(∂µA

µ − ξ∂5A5)2

]
, (5.50)

where ξ is an arbitrary gauge fixing parameter. Then, the Lagrangian becomes

S ′5[A] =S5[A] + SGF

=

∫
d5x

[
−1

4
FµνF

µν − 1

2ξ
(∂µA

µ)2 +
1

2
∂5Aµ∂5A

µ +
1

2
∂µA5∂

µA5 −
1

2
ξ(∂5A5)2

]
.

(5.51)

Now, we can proceed with the variational principle as the previous cases. Varying

under δAµ we obtain

δS ′5[A] =

∫
d5xδAµ

[
ηµν∂ρ∂

ρ −
(

1− 1

ξ

)
∂µ∂ν − ηµν∂5∂5

]
Aν

+

∫
d4xδAµ[∂5A

µ − ∂µA5]|y=L
y=0

(5.52)

and varying under δA5, we have

δS ′5[A] =

∫
d5xδA5[−∂µ∂µ + ξ∂2

5 ]A5 −
∫
d4xδA5 [ξ∂5A5 − ∂µAµ] |y=πR

y=0 . (5.53)

Thus, making δS ′ = 0, we obtain the EOM[
ηµν∂ρ∂

ρ −
(

1− 1

ξ

)
∂µ∂ν

]
Aν − ∂5∂5Aµ = 0, (5.54)
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∂µ∂
µA5 − ξ∂2

5A5 = 0. (5.55)

Also, boundary conditions must satisfy the equations

(∂5A
µ − ∂µA5)|y=πR

y=0 = 0, (5.56)

(ξ∂5A5 − ∂µAµ)|y=πR
y=0 = 0. (5.57)

Then, we can identify two possibilities

(+) ≡ A5| = 0 ⇒ ∂5Aµ| = 0 (5.58)

or

(−) ≡ Aµ| = 0 ⇒ ∂5A5| = 0. (5.59)

Then, we have four cases labeled by

(+,+) (+,−) (−,+) (−,−), (5.60)

where the first entry indicates the boundary condition at y = 0 and the second one

the boundary condition at y = πR.

5.5 5D SUSY

In this part we will explore how supersymmetry manifests in a 5-dimensional the-

ory. This will be useful in the next chapter when we construct supersymmetric UV

completions in 5 dimensions for theories with folded supersymetry.

In 4D supersymmetry the smallest spinor is a Weyl spinor with 4 real compo-

nents. Then, the minimum number of anticommuting generators of 4D supersym-

metry amounts to four. On the other hand, in 5D, the smallest spinor is the Dirac

spinor with 8 real degrees of freedom meaning that there are, at least, 8 anticommut-

ing generators, that is, N = 2 supersymmetry from the 4D viewpoint. Therefore,

N = 1 supersymmetric theories in 5D have the same field content as a N = 2

supersymmetric theory in 4D. We will treat here two types of 5D supermultiplets:

the hypermultiplet and the vector multiplet.

5.5.1 Hypermultiplet

Off-shell 5D, N = 1 hypermultiplets are formed by a Dirac spinor Ψ, two complex

scalars φ and φc, and two complex auxiliary fields F and F c. We can construct

a 5-dimensional Lagrangian containing the components of the hypermultiplet but
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in order for us to be easier to work with, we will express the 5D supersymmetric

Lagrangians in the language of the already studied 4-dimensional N = 1 supermul-

tiplets. This was done in the articles of Ref. [63] and [64].

In 4D language, hypermultiplets can be described as containing twoN = 1 chiral

superfields Φ(y) and Φc(y), where y is the fifth coordinate which is acting as a label.

The 4D chiral supermultiplets are decomposed as

Φ(y) = φ(y) +
√

2θχ(y) + θ2F (y), (5.61)

Φc(y) = φc(y) +
√

2θχc(y) + θ2F c(y). (5.62)

The 5D action for a free hypermultiplet can be written as

SHyp.
5 =

∫
d4xdy

{∫
d4θ
(
Φ†Φ + Φc†Φc

)
+

(∫
d2θΦc(m+ ∂y)Φ + h.c.

)}
. (5.63)

We see that this form of the Lagrangian is manifestly supersymmetric from the

4D viewpoint. Let us show that it is equivalent to the 5D Lagrangian that describes

the components of the hypermultiplet. Expanding 5.63 in component fields, we have

SHyp.
5 =

∫
d5x

[
(∂µφ)†(∂µφ) + iχ̄σ̄µ∂µχ+ F †F + (∂µφc)†(∂µφ

c) + iχ̄cσ̄µ∂µχ
c + F c†F c

+ φc∂5F + φc†∂5F
† − χc∂5χ− χ̄c∂5χ̄+ F c∂5φ+ F c†∂5φ

†

+m(φcF − χcχ+ F cφ+ φc†F † − χ̄cχ̄+ F c†φ†)
]
.

(5.64)

Now, the EOM for the auxiliary fields F and F c are:

F = ∂5φ
c† −mφc†, (5.65)

F c = −∂5φ
† −mφ†. (5.66)

Replacing in eq.(5.64), in order to eliminate F and F c from the Lagrangian, we

obtain

SHyp
5 =

∫
d5x

[
(∂Mφ)†(∂Mφ) + (∂Mφc)†(∂Mφ

c) + iχ̄σ̄µ∂µχ+ iχ̄cσ̄µ∂µχ
c

−χc∂5χ− χ̄c∂5χ̄−m2(|φc|2 + |φ|2)−m(χcχ+ χ̄cχ̄)
]

SHyp
5 =

∫
d5x

[
(∂Mφ)†(∂Mφ) + (∂Mφc)†(∂Mφ

c)−m2(|φc|2 + |φ|2) + Ψ̄(iΓM∂M −m)Ψ
]
.

(5.67)

where Ψ = (χ, χ̄c). The last action clearly describes a 5D theory with a Dirac spinor

Ψ and the two complex scalars φ and φc.
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5.5.2 Vector multiplet

A D = 5 vector multiplet is composed by a 5-vector gauge field AM , a four compo-

nent Dirac gaugino field Ξ and a scalar σ. In terms of D = 4, N = 1 supersymmetry

it can be described as being composed by a gauge supermultiplet V and a chiral

supermultiplet Σ in such a way that their component decompositions are

V = θσµθ̄Aµ + iθ̄2θλ− iθ2θ̄λ̄+
1

2
θ̄2θ2D, (5.68)

Σ =
1√
2

(σ + iA5) +
√

2θλ′ + θ2F, (5.69)

where V is in the Wess-Zumino gauge.

The transformation of fields under a gauge transformation is given by

V −→ V + Λ + Λ̄, (5.70)

Σ −→ Σ +
√

2∂5Λ (5.71)

and the gauge invariant action is given by

SA5 =

∫
d5x

[
1

4g2

∫
d2θW aWa + h.c. +

∫
d4θ

1

g2
(∂5V −

1√
2

(Σ + Σ†))2

]
. (5.72)
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Folded Supersymmetry

This chapter is devoted to the introduction of a new way to stabilize the weak scale

against radiative corrections, namely, Folded Supersymmetry. It was introduced by

Burdman, Chacko, Goh and Harnik in 2006, and the content of this part is com-

pletely based on their paper [1]. I just expanded some calculations and tried to give

the reader a more detailed explanation.

As we said in section 3.4, the hierarchy problem arises due to quadratically di-

vergent one loop corrections to the mass parameter of the Higgs field. The largest

contribution is given by the diagram that involves the top quark running in the

loop. One way to address the problem is to add new degrees of freedom and inter-

actions that generate new one loop diagrams that make possible the cancellation of

divergences. Examples of models that follow this path are: supersymmetry, little

Higgs theories and twin Higgs theories. How they managed to remove divergences

are roughly described in the following.

Supersymmetry accomplishes the cancellation of the top loop divergence by the

introduction of new diagrams that involve stop fields running in the loop. These

stops are scalar fields that have the same quantum numbers as the top quark apart

from spin. In particular, they are charged under the SU(3)C color group of the SM.

Little Higgs theories [44, 45, 46, 47, 48, 49] realize the Higgs as a pseudo Nambu

Goldstone boson making necessary the introduction of ‘top partners’, which are

fermions carrying SM color, that run in the loop and cancel out the divergence.

The coupling parameters related to the top partners−Higgs interaction are related

to the Yukawa couplings by a global symmetry. Twin Higgs theories also realize

the Higgs as a pseudo Nambu Goldstone boson but the theory also respects a Z2

discrete symmetry. The diagram that cancels out the top quark one loop divergence

has the same form as in little Higgs theories but the fermionic field that runs in the

49
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loop is not necessarily charged under SU(3)C .

Folded Supersymmetry is a tool to construct theories beyond the Standard Model

that solve the hierarchy problem at least up to energies parametrically higher than

the weak scale. The new one loop diagrams that cancel divergences in these mod-

els are the same as in supersymmetric theories but, as in twin Higgs models, the

fields running in the loop are not charged under SU(3)C . In this chapter we de-

scribe how these kind of models are constructed and how the can cancellations occur.

The main idea of Folded supersymmetry arises from the fact that, in the limit

of large N , and for a certain class of theories, the correlation functions of orbifold

non-supersymmetric daughter theories are identical to the corresponding correlation

functions of the supersymmetric parent theory, modulo the rescaling of the gauge

coupling constant. This statement was proved by using string theory perturbative

techniques in [59, 60] and in the context of field theory in [61]. These results, in

turn, follow from those in [56, 57, 58]. The concepts of parent and daughter theory

as well as the orbifolding procedure will be explained in section 6.1.

As we already know, supersymmetry ensures that the masses of scalars are pro-

tected against quadratic divergences. So, the previous statement implies that in the

orbifold daughter theory (that follows from a supersymmetric parent Lagrangian),

the mass of the scalar fields must also be protected from radiative corrections, de-

spite not being supersymmetric. The understanding of the mechanism that allows

the cancellation of divergences can be used to construct extensions of the SM where

the mass of the Higgs field is protected against radiative corrections.

6.1 Orbifolding a theory: Examples

In this part we will explain the procedure to orbifold a parent theory. First, we have

to identify a discrete symmetry of the theory. “Orbifolding” the theory consists on

eliminating all the fields that are charged (not invariant) under that symmetry. The

remaining fields will be called daughter fields. The final daughter theory will be

described by a Lagrangian that contains the terms of the parent theory Lagrangian

that involves only daughter fields.

Following Ref. [1], we will give two examples of this procedure in order to clarify

it, one for a supersymmetric gauge theory and one for a supersymmetric theory

with Yukawa interactions. Then, we will identify the mechanism that guarantees
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the cancellation of divergences at one loop and give a prescription to construct

models where such a cancellation is realized.

6.1.1 Example 1: Supersymmetric gauge theory

Let us start by orbifolding a supersymmetric gauge theory with a Uc(2N) gauge

symmetry and a global Uf (2N) flavour symmetry down to a non-supersymmetric

daughter theory with a U(N)× U(N) gauge symmetry.

The field content of the parent theory is specified by:

(i) A chiral supermultiplet, Q that transforms in the fundamental representation

of Uc(2N) and in the antifundamental representation of Uf (2N):

Q→ e−2igΛcQeiα
GTGf , (6.1)

where Λc ≡ TGc ΛG
c , and TGc and TGf are the generators of the Uc(2N) and

Uf (2N) groups respectively (G runs from 1 to (2N)2). The component fields

of Q will be represented by 2N × 2N matrices in the form:

Q =

{
q̃ =

(
q̃Aa q̃Ab

q̃Ba q̃Bb

)
, q =

(
qAa qAb

qBa qBb

)}
, (6.2)

where A and B indices distinguish between the two U(N) gauge groups inside

Uc(2N) and a and b indices distinguish between the two U(N) global groups

inside Uf (2N). q̃ represents the scalar component field and q, the fermionic

one.

(ii) A chiral supermultiplet, Q̄ transforming in the antifundamental representation

of Uc(2N) and in the fundamental of Uf (2N):

Q̄→ e2igΛ∗c Q̄e−iα
aTaTf . (6.3)

The component fields of Q̄ will be represented as matrices in the form:

Q̄ =

{
r̃ =

(
r̃Aa r̃Ab

r̃Ba r̃Bb

)
, r =

(
rAa rAb

rBa rBb

)}
. (6.4)

Indices A, B, a and b represent the same distinction as for the components of

the superfield Q. r̃ is the scalar component field and r is the spin−1/2 spinor

field.
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(iii) A vector superfield V ≡ 2gV GTGc transforming as

eV → e−2igΛ†ceV e2igΛc , (6.5)

whose component fields will be represented as:

V =

{
Aµ =

(
Aµ,AA Aµ,AB

Aµ,BA Aµ,BB

)
, λ =

(
λAA λAB

λBA λBB

)
.

}
(6.6)

Here A and B, as before, distinguish between the two U(N) subgroups inside

the Uc(2N) gauge group. Aµ is the spin−1 gauge field component and λ is the

gaugino field component.

With these, we construct the supersymmetric Lagrangian:

L =

∫
d2θ

1

2
Tr(W aWa + W̄ aW̄a) +

∫
d4θTr(Φ†eV Φ) +

∫
d4θTr(Φ̄†eV

∗
Φ̄), (6.7)

which, expanded in component fields, takes the form:

L =Tr
{

(Dµq̃)
†(Dµq̃) + iq̄σ̄µDµq + (Dµr̃)

†(Dµr̃) + ir̄σ̄µDµr
}

+ Tr

{
−1

2
[WµνW

µν ] + 2iλ̄σ̄µDµλ

}
+ ig
√

2Tr
{
q̃†λq − q̄λ̄q̃ − r̃†λT r + r̄λ̄∗r̃

}
− g2

2
Tr(q̃†T ac q̃)Tr(q̃†T ac q̃)−

g2

2
Tr(r̃†T a∗c r̃)Tr(r̃†T a∗c r̃),

(6.8)

where

Wµν = WG
µνT

G; for G = 1, 2, ..., (2N)2, (6.9)

and

WG
µν = ∂µA

G
ν − ∂νAGµ − gfGHIAHµ AIν . (6.10)

Covariant derivatives are defined by

Dµq̃ = ∂µq̃ + igTGc A
Gµq̃, (6.11)

Dµq = ∂µq + igTGc A
Gµq, (6.12)

Dµr̃ = ∂µr̃ − igTG∗c AGµr̃, (6.13)

Dµr = ∂µr − igTG∗c AGµr, (6.14)

Dµλ = ∂µλ+ ig[Aµ, λ]. (6.15)

Now, in order to obtain the orbifold daughter theory we identify the discrete sym-

metries of the theory. These are:
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1. A Z2 symmetry labeled by Z2Γ which is an element of the Uc(2N) gauge group

generated by the 2N × 2N diagonal matrix with N ‘+1’ entries and N ‘−1’

entries:

Γ =



+1
. . .

+1

−1
. . .

−1


(6.16)

under which the superfields transform as:

Q→ ΓQ, Q̄→ Γ∗Q̄, V → ΓV Γ†. (6.17)

2. A Z2 symmetry labeled by Z2F which is an element of the Uf (2N) flavour

group generated by the 2N × 2N diagonal matrix with N ‘+1’ entries and N

‘−1’ entries:

F =



+1
. . .

+1

−1
. . .

−1


(6.18)

under which the superfields transform as:

Q→ QF †, Q̄→ Q̄F T , V → V. (6.19)

3. A Z2R symmetry under which all the bosonic fields are even and all the

fermionic fields are odd, that is they transform as:

q̃ → q̃, q → −q, ˜̄q → ˜̄q, q̄ → −q̄, Aµ → Aµ, λ→ −λ. (6.20)

So, the combined discrete symmetry is Z2Γ × Z2R × Z2R. We show now how each

field behave under this symmetry. They will be either even (+) or odd (−) under

it:

q̃ =

(
q̃Aa(+) q̃Ab(−)

q̃Ba(−) q̃Bb(+)

)
, q =

(
qAa(−) qAb(+)

qBa(+) qBb(−)

)
, (6.21)

r̃ =

(
r̃Aa(+) r̃Ab(−)

r̃Ba(−) r̃Bb(+)

)
, r =

(
rAa(−) rAb(+)

rBa(+) rBb(−)

)
, (6.22)
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Aµ =

(
Aµ,AA(+) Aµ,AB(−)

Aµ,BA(−) Aµ,BB(+)

)
, λ =

(
λAA(−) λAB(+)

λBA(+) λBB(−)

)
. (6.23)

The next step to obtain the orbifolded daughter theory is to eliminate all the fields

that are odd under Z2Γ × Z2R × Z2R and keep the terms in the Lagrangian that

involve only daughter fields. The orbifolded Lagrangian (eq.A.17) and how it was

obtained is shown in Appendix A. The remaining daughter theory is a non super-

symmetric U(N)× U(N) gauge theory.

It was proved in [62] that this orbifold daughter Lagrangian gives us the same

correlation functions as the parent one, up to the rescaling of the gauge coupling

constant g →
√

2g. The correspondence implies that the mass of q̃Aa is protected

against quadratic divergences at any loop order due to the supersymmetry of the

parent theory. The one loop quadratically divergent diagrams that contribute to the

mass of q̃Aa are shown in Figure 6.1 and their contributions are, respectively:

6.1a :
3g2Λ2N

32π2
, 6.1b : −g

2Λ2N

8π2
, 6.1c :

g2Λ2N

32π2
. (6.24)

The calculations are performed in detail in Appendix A. From 6.24 we check

that, at one loop, divergences cancel out as was expected from the correspondence.

Let us note that if we look at the terms of the orbifolded Lagrangian that generate

the one loop diagrams, we note that they have related coupling parameters. That is,

the gauge coupling constant in A.18, the scalar-gaugino-fermion coupling constant

in A.19 and the quartic scalar self-coupling in A.20 must be related in order for the

cancellation to take place. However, there is not any symmetry of the theory that

guarantees these connections. Then, it is important to build a theory that is valid

at higher energies and explains the values of these coupling parameters. It is said

that such a theory is an ultraviolet completion of the low energy theory. Such a

theory will be postponed until section 6.3 where we set up a UV completion in 5

dimensions for the Yukawa interaction in the SM.

6.1.2 Example 2: Yukawa coupling

In this example (also discussed in Ref. [1]) we will explore how the procedure of

orbifolding can be applied to theories with Yukawa couplings where matter fields

are in bifundamental representations.



Chapter 6. Folded Supersymmetry 55

Acµ

q̃Aa q̃Aa

(a)

Ψq;kl

ΨG
λ

q̃Aa q̃Aa

(b)

q̃kl

q̃Aa q̃Aa

(c)

Figure 6.1: One loop contributions to the mass of q̃Aa due to (a) gauge interaction,

(b) gaugino interaction and (c) autointeractions.

Let us consider a supersymmetric theory with a SU(2N)1×SU(2N)2×SU(2N)3

global symmetry and the superfields Q12(2N, 2N, 1), Q23(1, 2N, 2N), Q31(2N, 1, 2N)

as its matter content. That is, superfields transform as:

Q12 → U1Q12U
†
2 , (6.25)

Q23 → U2Q23U
†
3 , (6.26)

Q31 → U3Q31U
†
1 . (6.27)

The bosonic and fermionic field components of Q12 will be denoted as matrices

of the form

Q12 =

{
q̃12 =

(
q̃1A,2A q̃1A,2B

q̃1B,2A q̃1B,2B

)
, q12 =

(
q1A,2A q1A,2B

q1B,2A q1B,2B

)}
(6.28)

and those components of Q23 and Q31 will have the same form. In this notation A

and B distinguish between the two SU(N) groups inside each SU(2N) group. The

symmetry of the theory allows the Yukawa term

λTr(Q12Q23Q31) (6.29)
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in the superpotential. Then, the Lagrangian for this theory is:

L =

∫
d4θ
[
Tr(Q†12Q12) + Tr(Q†23Q23) + Tr(Q†31Q31)

]
+

∫
d2θ [λTr (Q12Q23Q31) + h.c.]

(6.30)

or, in field components,

L =Tr
(
∂µq̃

†
12∂

µq̃12 + iq̄12σ̄
µ∂µq12

)
+ Tr

(
∂µq̃

†
23∂

µq̃23 + iq̄23σ̄
µ∂µq23

)
+ Tr

(
∂µq̃

†
31∂

µq̃31 + iq̄31σ̄
µ∂µq31

)
− λTr (q̃31q12q23 + q̃12q23q31 + q̃23q12q31) + h.c.

− λ2
[
Tr
(
q̃†23q̃

†
12q̃12q̃23

)
+ Tr

(
q̃†31q̃

†
23q̃23q̃31

)
+ Tr

(
q̃†12q̃

†
31q̃31q̃12

)]
.

(6.31)

Now, the theory is invariant under the discrete symmetry Z2Γ × Z2R. Here Z2Γ

denote the discrete symmetry under which the superfields transform as:

Q12 → ΓQ12Γ†, Q23 → ΓQ23Γ†, Q31 → ΓQ31Γ† (6.32)

with Γ defined in eq.(6.16) and Z2R refers to the discrete symmetry under which the

bosonic fields are even and the fermionic ones are odd. The field components are

either even (+) or odd (−) under the action of Z2Γ × Z2R. Explicitly, we have for

Q12:

q̃12 =

(
q̃1A,2A(+) q̃1A,2B(−)

q̃1B,2A(−) q̃1B,2B(+)

)
, q12 =

(
q1A,2A(−) q1A,2B(+)

q1B,2A(+) q1B,2B(−)

)
(6.33)

and the transformation of the component fields of Q23 and Q31 are similar.

The orbifolded daughter theory is obtained by projecting out the fields that

are odd under Z2Γ × Z2R and keeping the terms in the Lagrangian that contain

only daughter fields. The daughter Lagrangian is showed in eq. (A.36) of Ap-

pendix A. This daughter theory is non-supersymmetric and invariant under an

SU(N)1A×SU(N)1B×SU(N)2A×SU(N)2B×SU(N)3A×SU(N)3B global symmetry.

The one loop diagrams that contribute to the mass of q̃1A,2A with quadratic

divergences are given by the diagrams in Figure 6.2. Their contributions are:

6.2a : −λ
2N

8π2
, 6.2b :

λ2N

16π2
6.2c :

λ2N

16π2
(6.34)

They are worked out in section A.2 and, as we see, they cancel out exactly as

expected by the correspondence with the parent theory. Since the other scalar fields

have similar interaction as those of q̃1A,2A, their masses will also be protected from
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quadratic divergences. As in the previous subsection, a UV completion is needed in

order to understand why the coupling parameters take the particular values at low

energies which allow the exact cancellation.

q2A;3B

q3B;1A

q̃1A,2A q̃1A,2A

(a)

q2A;3A

q̃1A,2A q̃1A,2A

(b)

q3A;1A

q̃1A,2A q̃1A,2A

(c)

Figure 6.2: One loop contributions to the mass of q̃1A,2A due to (a) Yukawa interac-

tion, and (b), (c) quartic scalar interactions.

6.2 Bifold protection and a prescription to construct an orb-

ifolded theory

So far, we treated two examples in which the one loop divergences cancel out in

a non-supersymmetric daughter theory. It would be useful to understand how this

cancellation is happening in order to be able to construct much larger theories and

eventually address the hierarchy problem in the SM.

Let us analyze how the cancellations operate. For that we will consider the theory

with Yukawa interaction studied in subsection 6.1.2. We saw that the diagrams in

Figure 6.2 generated from the orbifolded theory posses quadratic divergences that

cancel out. Let us analyze how cancellations occur in the supersymmetric parent

theory. In the parent theory there are three more diagrams that contribute with the

mass of q̃1A,2A. They are shown in Figure 6.3. We note that the only difference with

the diagrams in Figure 6.2 are the different fields running in the loops. Actually,

they have also the same value, that is, their contributions are:
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6.3a : −λ
2N

8π2
, 6.3b :

λ2N

16π2
6.3c :

λ2N

16π2
(6.35)

So, as it is expected for a supersymmetric theory, all quadratic divergences can-

cel out. However, we must notice that the fermionic loop diagram 6.2a could be

canceled either by the bosonic loop diagrams 6.2b and 6.2c or by the bosonic loop

diagrams 6.3b and 6.3c, and the same for the fermionic loop diagram 6.3a. Then,

we say that the mass of q̃1A,2A enjoys bifold protection in the parent theory.

Let explain this in other way. The difference between the fields running in the

loops of diagrams in Figure 6.2 and 6.3 relies on the SU(2N)3 group index, that

we will denote by ‘i’. We assigned 3A for fields with index i running from 1 to N

and 3B for fields with i running from N + 1 to 2N . In that way, we see that in

the supersymmetric case, both fermionic loops combine to form one fermionic loop

diagram with i running from 1 to 2N and the same for the bosonic loop diagrams.

Then, the fermionic loop diagram with i = 1, ...2N cancel out with bosonic loop

diagrams with i = 1, ...2N as expected in supersymmetry. However, we note that

it is possible to cancel the fermionic loop diagram with i = N + 1, ..., 2N either

with the bosonic loop diagrams with i = 1, ..., N or the bosonic loop diagrams with

i = N+1, ...N , and the same occurs for the fermionic loop diagrams with i = 1, ..., N .

The bifold protection of the mass of a scalar in the parent theory allows us to

project out bosonic fields with index i running from N +1 to 2N and fermionic field

with index i running from 1 to N and still have the cancellation.

With this information in mind, we are able to write down a prescription in

order to construct a one loop radiatively stable theory starting from a theory with

quadratically divergent contributions to the mass of a scalar arising from a specific

interaction. The steps are the following:

1) Supersymmetrize the theory by adding the correspondent degrees of freedom

(fermions or bosons).

2) Identify the index i that is summing from 1 to N in the relevant one loop

diagrams and extend the theory by adding new fields and enlarging the gauge,

global or discrete symmetries to have the index i now summed from 1 to 2N

but with the same vertices in each graph. In the cases of SU(N) gauge or

global theories and Yukawa interactions, this can always be done in such a

way that the mass of the scalar enjoys bifold protection. Also, the parent

theory is invariant under the Z2Γ and Z2R discrete symmetries.



Chapter 6. Folded Supersymmetry 59

q2A;3A

q3A;1A

q̃1A,2A q̃1A,2A

(a)

q2A;3B

q̃1A,2A q̃1A,2A

(b)

q3B;1A

q̃1A,2A q̃1A,2A

(c)

Figure 6.3: One loop diagrams that, together with those in Figure 6.2, contribute to

the mass of q̃1A,2A in the parent supersymmetric theory described by the Lagrangian

in A.32.

3) Project out the states odd under the combined Z2Γ × Z2R discrete symmetry.

Let us apply this prescription to a theory with a Yukawa coupling between a massless

scalar singlet s and massless chiral Weyl-spinor fields qi and ri transforming in the

fundamental and antifundamental representation of U(N) respectively. Index i runs

from 1 to N . The Lagrangian of this theory is written as:

L = (∂µs)†(∂µs) + iq̄iσ̄
µ∂µqi + ir̄iσ̄

µ∂µri − λsqiri − λs†q̄ir̄i. (6.36)

The only one loop contribution to the mass of s is given by the following diagram

qi

ri

s s

which corresponds to a quadratic divergence:

− 2λ2N

∫
d4k

(2π)4

1

k2
. (6.37)
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We will extend this theory in order to have a cancellation of this quadratic diver-

gence.

Following the rules established above, we first supersymmetrize the theory. We

make this by adding fields with opposite spin than s, qi and ri, that is, we add the

fields s̃ (spin 1/2), q̃i (spin 0) and r̃i (spin 0). Then we treat each couple of fields as

components of a respective chiral superfield. We will denote these superfields as S

(with component fields s and s̃), Qi (with component fields qi and q̃i) and Q̄i (with

component fields ri and r̃i). The supersymmetric generalization of the Lagrangian

in eq. (6.36) is

L =

∫
d4θ
(
S†S +Q†iQi + Q̄†iQ̄i

)
+

∫
d2θ
(
λSQiQ̄i + h.c.

)
, (6.38)

which, written in terms of field components and integrating out the auxiliary fields,

takes the form

L =(∂µs)
†(∂µs) + i¯̃sσ̄µ∂µs̃+ (∂µq̃i)

†(∂µq̃i) + iq̄iσ̄
µ∂µqi + (∂µr̃i)

†(∂µr̃i) + ir̄iσ̄
µ∂µri

− λ (sqiri + q̃is̃ri + r̃is̃qi + h.c.)− λ2
(
q̃†i r̃
†
i q̃j r̃j + s†sq̃†i q̃i + s†sr̃†i r̃i

)
.

(6.39)

Now, as expected from supersymmetry, the previous fermion loop is canceled by

the boson loops
qi

s s

ri

s s

with quadratically divergent contributions

λ2N

∫
d4k

(2π)4

1

k2
, (6.40)

each one. Indeed, if we sum the contributions in eqns.(6.40) and (6.37), the total

quadratic divergence vanish out. We realise that the cancellation of the one loop di-

vergent contributions to the mass of s is possible due to the presence of the following
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terms in the Lagrangian:

L ⊃ (−λsqiri + h.c)− λ2(s†sq̃†i q̃i + s†sr̃†i r̃i). (6.41)

The same pattern is present for the other scalars q̃i and r̃i. Then, we can in-

fer that the quadratic divergent contributions to mass of q̃i and r̃i also vanish out.

Again, this is a consequence of supersymmetry.

Following step 2) of our prescription, we recognize the summed index i in the

one loop corrections to the mass of s as the relevant one. Then, we promote the

global U(N) symmetry to a global U(2N) symmetry in order to now have the index

i running from 1 to 2N . For this to happen, we have to add N Q’s and N Q̄’s. The

new Lagrangian will have the same form as in eq.(6.39) just that now index i runs

from 1 to 2N . As before, quadratically divergent contributions to the mass of the

scalars s, q̃i and r̃i vanish out. Also, now, the mass of s enjoys bifold protection.

This new enlarged theory is invariant under the discrete symmetry Z2Γ × Z2R,

where Z2Γ is the symmetry under which superfields transform as:

S → S, Q→ ΓQ, Q̄→ ΓQ̄, (6.42)

with Γ defined in 6.16, and Z2R is the symmetry under which bosonic fields are

even and fermionic fields are odd. The transformation properties of fields under this

Z2Γ × Z2R are

s(+), s̃(−), (6.43)

q̃ =

(
q̃A(+)

q̃B(−)

)
, q =

(
qA(−)

qB(+)

)
, (6.44)

r̃ =

(
r̃A(+)

r̃B(−)

)
, r =

(
rA(−)

rB(+)

)
, (6.45)

where indices A and B distinguish between the two U(N) groups inside U(2N).

Step 3) consists on projecting out all fields odd under the Z2Γ × Z2R discrete

symmetry. By doing so, we obtain the final non-supersymmetric orbifolded daughter

Lagrangian

L =(∂µs)
†(∂µs) + (∂µq̃A)†(∂µq̃A) + iq̄Bσ̄

µ∂µqB + (∂µr̃A)†(∂µr̃A) + ir̄Bσ̄
µ∂µrB

− λ
(
sqBrB + s†q̄B r̄B

)
− λ2

(
|q̃TAr̃A|2 + s†sq̃†Aq̃A + s†sr̃†Ar̃A

)
,

(6.46)
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which is invariant under a U(N)A × U(N)B global symmetry. It is easy to see that

the one loop quadratically divergent contributions to the mass of the scalar s are

canceled out even though the theory is not supersymmetric (the terms in eq.(6.41)are

still present). However, now, the quadratically divergent contributions to the mass

of the scalar fields q̃A and r̃A do not cancel out. This means that at higher loop

orders there will be divergences in the contributions to the mass of s that will not

be canceled.

6.3 Application to the Standard Model

The most significant contribution of quadratic divergences to the mass of the Higgs

field in Standard Model is given by the top loop diagram. In this section we address

that sector of the SM by implementing the folded supersymmetry prescription and

outline an ultraviolet completion for it.

The top Yukawa coupling in the Standard Model is given by

LSM ⊃ −yt
(
q̄3H̃u3 + ū3H̃

†q3

)
. (6.47)

We want to cancel the divergent contribution to the Higgs mass parameter. For

that, we follow our prescription. Supersymmetrization implies having the term

ytQ
α
3 ·HUU

α
3 (6.48)

in the superpotential, where Q3, HU and U3 are the chiral superfields defined in

Table 4.1 and α is the SU(3) index which runs from 1 to 3, that is, it represents

each of the three colors of quark fields. The term in eq.(6.48) corresponds to the

first term in eq. (4.85) with the family indices I and J set to 3. As was stated in

section 4.5.1, fields transform under SU(3) and SU(2) as

Q3(3,2); HU(1,2); U3(3̄,1). (6.49)

The supersymmetric version of eq.(6.47), expressed in component fields, is

L ⊃− yt
[
ũα3 q

α
3 · h̃u + q̃α3 · h̃uuα3 + hu · qα3 uα3 + h.c.

]
− y2

t

[
|q̃3 · hu|2 + |hu|2|ũ3|2 + |q̃3|2|ũ3|2

]
.

(6.50)

Then, we identify the index α in the loop contributions of the mass of hu as the

relevant one. In order to have a theory that enjoys bifold protection, we make this

index to run from 1 to 6. This can be done in either of two ways: we can enlarge
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the symmetry group of the theory from SU(3) to SU(6), or we can extend it to an

SU(3) × SU(3) and a discrete symmetry that interchange the two SU(3). In this

part we will follow the first approach.

After enlarging the SU(3) gauge color group to an SU(6) gauge group the

Yukawa term in the superpotential have the same form as in (6.48), but now the

fields transform as

Q3(6,2); HU(1,2); U3(6̄,1), (6.51)

that is, Q3 contains, in addition to the three color states of the SM, three new

states charged under SU(2)L and U(1)Y but not under SU(3)C of the SM. Analo-

gously U3 contains, in addition to the 3 color states of the SM, three exotic states

charged under U(1)Y . These new fields will be called Folded partners (or F-partners,

for short) of the corresponding MSSM fields.

The theory, now, is invariant under a discrete symmetry Z2Γ under which fields

transform as

Q3 → −ΓQ3, U3 → −Γ∗U3, V6 → ΓV6Γ†, (6.52)

where Γ is the 6 × 6 matrix defined in eq.(6.16) and V6 is the vector superfield

corresponding to the SU(6) gauge group. Also, the theory is invariant under Z2R

under which bosonic fields are even and fermionic fields are odd. Under the combined

symmetry Z2Γ × Z2R, fields transform as

q̃3 =

(
q̃A(−)

q̃B(+)

)
, q3 =

(
qA(+)

qB(−)

)
, (6.53)

ũ3 =

(
ũA(−)

ũB(+)

)
, u3 =

(
uA(+)

uB(−)

)
, (6.54)

hu(+), h̃u(−), (6.55)

where indices A and B distinguish between the two SU(3) groups contained in

SU(6).

Orbifolding out the odd states under the combined discrete group Z2Γ×Z2R, the

remaining Lagrangian contains only the terms

L = −yt [hu · qαAuαA + h.c.]− y2
t

[
|q̃B · hu|2 + |hu|2|ũB|2 + |q̃B|2|ũB|2

]
(6.56)
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from where the relevant couplings for the one loop corrections to the mass of hu are

− yt [hu · qαAuαA + h.c.]− y2
t

[
|q̃B · hu|2 + |hu|2|ũB|2

]
. (6.57)

Here, we recognize the pattern in eq.(6.41) for hu. That is, one loop divergent con-

tributions to the mass of hu vanish out. Furthermore, we note that the fermionic

loop with fields charged under SU(3) SM color is canceling out with bosonic loops

not charged under SU(3) SM color but under another SU(3) color group.

Also, since the fields q̃B and ũB do not couple to fermionic fields, there will be

quadratically one loop contributions for their masses. Then, radiative stability of

the mass of hu is not guaranteed to orders higher than one.

6.3.1 Ultraviolet completion

In 6.57 are shown the relevant terms that allow the cancellation of divergences. As

we see, it is vital for the cancellation to take place that the coupling parameter for

the Yukawa term be yt and that of the quartic interaction be y2
t . However, there

is not a symmetry that explain why they take those values. Then, we need an ul-

traviolet completion for the orbifolded theory. Here, we outline such UV completion.

We will consider a five-dimensional supersymmetric theory with an extra dimen-

sion of radius R compactified on S1/Z2. It is represented schematically in Figure

6.4 The fixed points are located in y = 0 and y = πR. The gauge symmetry of the

theory is SU(6)×SU(2)L×U(1)Y . The SU(6) gauge symmetry will be broken up to

SU(3)×SU(3)×U(1) by boundary conditions and at the same time supersymmetry

will be broken by Scherk-Schwarz mechanism. Matter and gauge fields live in the

bulk of 5D space while HU and HD are localized in the brane where SU(6) is pre-

served which will happen to be at y = 0. As was explained in section (5.2), in order

to fully specify the boundary conditions of the various fields we need to define the

orbifold b.c.’s (transformations under reflections about y = 0) represented by Z and

the Scherk-Schwarz b.c.’s (transformations under translations by 2πR) represented

by T . Or, analogously, we can define transformations under Z and transformations

under reflections about y = πR denoted by Z ′ (Z ′ = TZ).

A five-dimensional supersymmetric gauge multiplet V̂ consists of a five-vector

AM , two Weyl spinors λ and λ′, and a real scalar σ. From the viewpoint of 4D

space the five dimensional theory posseses an N = 2 supersymmetry. This N = 2

supersymmetry is broken to a N = 1 supersymmetry by the action of Z. V̂ can be
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HD

HU

y
=

0

y
=
π
R

SU(6)× SU(2)L × U(1)Y

V̂6, V̂2, V̂

Q̂3, Û3

Figure 6.4: Sketch of the 5D theory that works as an ultraviolet completion for

the orbifolded theory described by 6.56. Vertical planes represent the branes

localized at y = 0 and y = πR respectively. The gauge bulk symmetry is

SU(6) × SU(2)L × U(1)Y . Gauge multiplets (V̂6, V̂2, V̂ ) and matter hypermulti-

plets (Q̂3, Û3) are localized in the bulk, while HU and HD are localized in the y = 0

brane.

thought as composed by a 4D vector multiplet V with components (Aµ, λ), and a

4D chiral multiplet Σ with components (σ+ iA5, λ
′). In order two break supersym-

metry from N = 2 to N = 1, V and Σ must transform in a opposite way under

Z. Since we want a low energy 4D effective non-supersymmetric theory, we cannot

have this remaining N = 1 supersymmetry. To correct this, we note that N = 2

supersymmetry can be broken up to N = 1 supersymmetry also by the action of

Z ′. But this N = 1 supersymmetry must be different from that which survives

the action of Z. For that, we break up V̂ in an alternative way: a vector super-

field V ′ with components (Aµ, λ
′), and a chiral superfield Σ′ with component fields

(σ+ iA5,−λ). Also, V ′ and Σ′ must have different transformation properties under

Z ′. Then, although either Z or Z ′ separately breaks supersymmetry from N = 2 to

N = 1, the combined action of Z and Z ′ breaks it completely.

A hypermultiplet Ĥ consists of two bosonic fields q̃ and q̃c, and two fermionic

fields q and qc. From the four dimensional point of view, the theory possesses N = 2

supersymmetry and can be decomposed in the two 4D chiral multiplets Q (with com-

ponent fields (q̃, q)) and Qc (with component fields (q̃c, qc)). We want Z to break

up N = 2 to N = 1 supersymmetry, then Q and Qc must transform differently

under Z. We also want Z ′ to break up N = 2 to N = 1 supersymmetry (different

from the previous N = 1 SUSY). For that, we decompose Q̂ alternatively into the
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chiral superfields Q′ (with component fields q̃∗c and q) and Q′c (with component

fields (−q̃∗, qc)) and make them transform differently under Z ′. Then, under the

combined action of Z and Z ′, supersymmetry is completely broken.

In the present example we want to break SU(6) to SU(3)×SU(3)×U(1) gauge

symmetry. We choose Z to preserve SU(6) and Z ′ to breaks SU(6). Then, denoting

the five dimensional SU(6) vector multiplet by V̂6, under the action of Z, V6 is even

while Σ6 is odd. However, under the action of Z ′, superfields transform as

V ′6 → ΓV ′6Γ†, Σ′6 → −ΓΣ′6Γ†. (6.58)

Explicitly, we have the field transformations:

UnderZ : V6 [Aµ,6(+), λ6(+)]

Σ6 [ρ6(−), λ′6(−)] .
(6.59)

UnderZ ′ : V ′6

[(
Aµ,6,AA(+) Aµ,6,AB(−)

Aµ,6,BA(−) Aµ,6,BB(+)

)
,

(
λ′6,AA(+) λ′6,AB(−)

λ′6,BA(−) λ′6,BB(+)

)]

Σ′6

[(
ρ6,AA(−) ρ6,AB(+)

ρ6,BA(+) ρ6,BB(−)

)
,

(
λ6,AA(−) λ6,AB(+)

λ6,BA(+) λ6,BB(−)

)]
.

(6.60)

where ρ6 ≡ σ6 + iA5,6.

As we saw in section 5.2, only the fields which are even under both Z and Z ′ will

have zero modes at low energies when decomposed in Kaluza-Klein modes. Then,

we notice that the only fields that will have a zero mode at low energies are the

gauge bosons corresponding to the gauge group SU(3)×SU(3)×U(1), Aµ,6,AA and

Aµ,6,BB, together with the fermionic fields λ6,BA and λ6,AB. Furthermore, we also

want to leave SU(2)L × U(1)Y unbroken; therefore, for the corresponding vector

fields V̂ , we will choose that, under Z, V is even and Σ is odd; and under Z ′, V ′ is

even and Σ′ is odd. Making this leaves us only with the gauge boson fields corre-

sponding to the groups SU(2)L and U(1)Y at low energies.

For matter fields, we introduce the hypermultiplet Q̂3 which transforms as (6, 2)

under SU(6)× SU(2) and has hypercharge 1/6. The boundary conditions for fields

are defined as

UnderZ : Q3 → +Q3, Qc
3 → −Qc

3, (6.61)
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or, in terms of component fields

Z : q̃3 =

(
q̃A(+)

q̃B(+)

)
, q3 =

(
qA(+)

qB(+)

)
,

q̃c3 =

(
q̃cA(−)

q̃cB(−)

)
, qc3 =

(
qcA(−)

qcB(−)

)
.

(6.62)

and

UnderZ ′ : Q′3 → ΓQ′3, Q′c3 → −Γ∗Q′c3 , (6.63)

or, in terms of component fields

Z ′ : q̃c3 =

(
q̃cA(+)

q̃cB(−)

)
, q3 =

(
qA(+)

qB(−)

)

q̃3 =

(
q̃A(−)

q̃B(+)

)
, qc3 =

(
qcA(−)

qcB(+)

)
.

(6.64)

Then the only fields that have zero modes are qA and q̃B.

We also introduce the hypermultiplet Û3 which transforms as (6̄, 1) under SU(6)×
SU(2) and has hypercharge −2/3. Boundary conditions are defined as

UnderZ : U3 → +U3, U c
3 → −U c

3 , (6.65)

or, in terms of component fields

Z : ũ3 =

(
ũA(+)

ũB(+)

)
, u3 =

(
uA(+)

uB(+)

)
,

ũc3 =

(
ũcA(−)

ũcB(−)

)
, uc3 =

(
ucA(−)

ucB(−)

)
.

(6.66)

and

UnderZ ′ : U ′3 → Γ∗U ′3, U ′c3 → −ΓU ′c3 , (6.67)

or, in terms of component fields

Z ′ : ũc3 =

(
ũcA(+)

ũcB(−)

)
, u3 =

(
uA(+)

uB(−)

)
,

ũ3 =

(
ũA(−)

ũB(+)

)
, uc3 =

(
ucA(−)

ucB(+)

)
.

(6.68)

Then the only fields that have zero modes are uA and ũB.
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Fields that do not vanish at the y = 0 brane are those which are even under

Z transformation. They are the vector superfield V6 = (Aµ,6, λ6) and the chiral

superfields Q3 = (q̃3, q3) and U3 = (ũ3, u3). Then, in the brane located at y = 0, it is

preserved an N = 1 supersymmetry and the field content is given by the superfields

V6, Q3, U3 and, as we anticipated, the chiral supermultiplets HU and HD.

We now write the part of the 5D Lagrangian that is relevant for the cancellation

of the one loop divergences in a 4D supersymmetric language following what was

studied in subsection 5.5.1.

L5 =

∫
d4θ
[
Q†3Q3 +Qc†

3 Q
c
3 + U †3U3 + U c†

3 U
c
3

]
+

∫
d4θ [Qc

3∂5Q3 + U c
3∂5U3 + h.c.]

+ δ(y)

{∫
d4θH†UHU +

∫
d2θ [ytQ

α
3 ·HUU

α
3 + h.c.]

}
.

(6.69)

It is convenient to write Q3, Qc
3, U3 and U c

3 as

Q3 =

(
QA

QB

)
, Qc

3 =

(
Qc
A

Qc
B

)
, U3 =

(
UA

UB

)
, U c

3 =

(
U c
A

U c
B

)
. (6.70)

Then, (6.69) becomes

L5 =

∫
d4θ
[
Q†AQA +Qc†

AQ
c
A + U †AUA + U c†

A U
c
A +Q†BQB +Qc†

BQ
c
B + U †BUB + U c†

B U
c
B

]
+

∫
d4θ [Qc

A∂5QA + U c
A∂5UA +Qc

B∂5QB + U c
B∂UB + h.c.]

+ δ(y)

{∫
d4θH†UHU +

∫
d2θ [ytHU ·QAUA + ytHU ·QBUB + h.c.]

}
.

(6.71)

By eliminating auxiliary fields and expanding 5D fields in Kaluza-Klein modes

(the derivation is made in Appendix B) we obtain the Lagrangian

L = L(0) + L(KK), (6.72)

where L(0) is the part of the relevant Lagrangian that contains the zero modes:

L(0) = [kinetic terms]

− y2
t |huq̃B0|2 − y2

t |hu|2|ũB|2 − (ythuqA0uA0 + h.c.)
(6.73)
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and L(KK) is the part of the relevant Lagrangian that contains Kaluza-Klein modes:

L(KK) = [Kinetic terms]

+
∑
n,m

[
ythuqBnuBm + y2

t |hu|2|q̃An|2 + y2
t |hu|2|ũAm|2

+ythuqAnuAm + y2
t |hu|2|q̃Bm|2 + y2

t |hu|2|ũBm|2
]

+
∑
n

[
ythuqAnuA0 + y2

t |hu|2|q̃Bn|2 + y2
t |hu|2|ũB0|2

]
+
∑
m

[
ythuqA0uAm + y2

t |hu|2|q̃B0|2 + y2
t |hu|2|ũBm|2

]
.

(6.74)

We note that 6.73 is equivalent to the Lagrangian in 6.57 which indicates that,

indeed, the theory is a UV completion.
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Conclusions

The Standard Model of particle physics is a well tested theory that predicts ex-

perimental data with great accuracy up to the range of energies currently reached.

Nevertheless, we saw in Chapter 3 that experimental and theoretical issues make

evident that it is incomplete and there must be new physics waiting to be under-

stood at higher energies. One of the main problems Standard Model faces is known

as Hierarchy problem and arises when we consider that the theory is valid up to

a certain high energy Λ usually took as the Planck scale. Within this assumption,

the Higgs mass receives large quantum corrections that are quadratically sensitive

to Λ, requiring a delicate fine tuning between the bare Higgs mass parameter and

the quantum corrections in order to obtain a fix value of the physical Higgs mass

(measured to be 125 GeV).

One of the possible solutions to hierarchy problem is based on supersymmetry

which was studied in Chapter 4. It accomplishes to avoid the large quadratic contri-

butions by adding a new field known as superpartner for every field in the SM. The

superpartners have the same properties as ordinary fields except for the spin which

differ by 1/2. They generate new quadratically sensitive contributions that have

the same value as that of the SM but with opposite sign making the cancellation

possible and solving the hierarchy problem. However, no experimental evidence of

supersymmetry has been found so far.

In Chapter 6, we studied two examples of orbifolded theories where quadratic

divergences due to one loop corrections to the mass of a scalar are canceled out.

One for a theory with gauge interactions and the other for a theory with Yukawa

coupling. We understood that cancellations take place because in the parent theory

the scalar mass enjoys bifold protection. It served us to write down a prescription

for constructing a folded supersymmetric theory. Then, we used that prescription to

70
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build a folded supersymmetric toy model out of the Yukawa interaction in Standard

Model. We focused in the top Yukawa interaction because it is what contributes

most to quadratic divergences in the SM. By doing so, we noticed that the orbifolded

theory possesses an unexplained relation between coupling parameters of different

interaction terms. So, we required to build a UV completion that account for that

relation. The outlined UV completion was constructed in a 5-dimensional spacetime

(whose basic concepts were reviewed in Chapter 5) with N = 1 supersymmetry and

made use of appropriate Scherk-Schwarz and orbifold boundary conditions to break

supersymmetry and obtain the correct effective folded supersymmetric theory at low

energies.

As future perspectives we intend to analyze realistic model where folded super-

symmetry is realized not only for the Yukawa sector but also for the gauge sector.



Appendix A

Derivation of orbifolded Lagrangians

In this part, it is shown in detail the calculations that were made to obtain the

orbifolded Lagrangians in the various examples worked in this dissertation as well as

their corresponding one loop diagrams that contributes with quadratic divergences.

A.1 Supersymmetric gauge theory

In section 6.1.1 we applied the orbifold procedure to the supersymmmetric La-

grangian invariant under the U(2N)c gauge group and the global U(2N)f group:

L =Tr
{

(Dµq̃)
†(Dµq̃) + iq̄σ̄µDµq + (Dµr̃)

†(Dµr̃) + ir̄σ̄µDµr
}

+ Tr

{
−1

2
[WµνW

µν ] + 2iλ̄σ̄µDµλ

}
+ ig
√

2Tr
{
q̃†λq − q̄λ̄q̃ − r̃†λT r + r̄λ̄∗r̃

}
− g2

2
Tr(q̃†T ac q̃)Tr(q̃†T ac q̃)−

g2

2
Tr(r̃†T a∗c r̃)Tr(r̃†T a∗c r̃).

(A.1)

Fields that remain after orbifolding are:

q̃ =

(
q̃Aa 0

0 q̃Bb

)
, q =

(
0 q̃Ab

q̃Ba 0

)
, (A.2)

r̃ =

(
r̃Aa 0

0 r̃Bb

)
, r =

(
0 r̃Ab

r̃Ba 0

)
, (A.3)

Aµ =

(
Aµ,Aa 0

0 Aµ,Bb

)
, λ =

(
0 λAB

λBA 0

)
, (A.4)
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Then, covariant derivatives reduce to

Dµq̃ =

(
∂µq̃Aa 0

0 ∂µq̃Bb

)
+ ig

(
Aµ,Aa 0

o Aµ,BB

)(
q̃Aa 0

0 q̃Bb

)

=

(
∂µq̃Aa + igAµ,AAq̃Aa 0

0 ∂µq̃Bb + igAµ,BB q̃Bb

)

≡

(
Dµq̃Aa 0

0 Dµq̃Bb

)
,

(A.5)

Dµr̃ =

(
∂µr̃Aa + igAµ,AAr̃Aa 0

0 ∂µr̃Bb + igAµ,BB r̃Bb

)

≡

(
Dµr̃Aa 0

0 Dµr̃Bb

)
,

(A.6)

Dµq =

(
0 ∂µqAb

∂µqBa 0

)
+ ig

(
Aµ,AA 0

0 Aµ,BB

)(
0 qAb

qBa 0

)

=

(
0 ∂µqAb + igAµ,AAqAb

∂µqBa + igAµ,BBqBa 0

)

≡

(
0 DµqAb

DµqBa 0

)
,

(A.7)

Dµr =

(
0 ∂µrAb + igAµ,AArAb

∂µrBa + igAµ,BBrBa 0

)

≡

(
0 DµrAb

DµrBa 0

)
,

(A.8)

Dµλ =

(
0 ∂µλAB

∂µλBA 0

)
+ ig

[(
Aµ,AA 0

0 Aµ,BB

)(
0 λAB

λBA 0

)

−

(
0 λAB

λBA 0

)(
Aµ,AA 0

0 Aµ,BB

)]

=

(
0 ∂µλAB + ig(Aµ,AB − λABAµ,BB)

∂µλBA + ig(Aµ,BBλBA − λBAAµ,AA) 0

)
,

(A.9)
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Also, the field strength becomes

Wµν =

(
∂µAν,AA 0

0 ∂µAν,BB

)(
∂νAµ,AA 0

0 ∂νAµ,BB

)

+ ig

[(
Aµ,AA 0

0 Aµ,BB

)(
Aν,AA 0

0 Aν,BB

)

−

(
Aν,AA 0

0 Aν,BB

)(
Aµ,AA 0

0 Aµ,BB

)]

=

(
∂µAν,AA − ∂νAµ,AA + ig[Aµ,AA;Aν;AA] 0

0 ∂µAν,BB + ig[Aµ,BB;Aν,BB]

)

≡

(
Wµν,AA 0

0 Wµν,BB

)
.

(A.10)

Applying the orbifold procedure will imply to decompose the generators TGc of the

U(2N)c group into N ×N block matrices of the form

TG =

(
TG1 T̃G

T̃G† TG2

)
. (A.11)

The 4N2 generators will be chosen such that:

1. The first N2 generators (G = 1, ..., N2) will have the form(
0 M i,j

M i,j 0

)
, (A.12)

where the element (m,n) of the matrices M i,j is given by

(M i,j)mn =
1

2
δimδ

j
n, (A.13)

that is, the matrix M i,j has all its entries equal to zero except for the entry

(i, j) which is equal to 1/2. The indices i and j both run from 1 to N giving

rise the N2 matrices M i,j.

2. The next N2 generators (G = N2 + 1, ..., 2N2) will have the form(
0 −iM i,j

iM i,j 0

)
. (A.14)
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For G = 2N2 + 1, ..., 3N2, the generators will have the form

(
T c 0

0 0

)
, (A.15)

where T c are the N2 generators of U(N) and they satisfy Tr(T cT d) = 1
2
δcd.

Indices c and d both run from 1 to N2.

3. For G = 3N2 + 1, ..., 4N2, the generators will be of the form(
0 0

0 T c

)
. (A.16)

Then, the matrices TG1 will be zero except for the values G = 2N2 + 1, ..., 3N2

where they are equal to T c. Then, the matrices TG2 will be zero except for the

values G = 3N2 + 1, ..., 4N2 where they are equal to T c. And the matrices

T̃G will be zero except for the values G = 1, ..., N2 where they take the values

of M i,j and for the values G = N2 + 1, ....2N2 where they take the values of

−iM i,j.

Then, the orbifold daughter Lagrangian is

L =Tr
{

(Dµq̃Aa)
†(Dµq̃Aa) + (Dµq̃Bb)

†(Dµq̃Bb) + iq†Baσ̄
µDµqBa + iq†Abσ̄

µDµqAb

}
+ Tr

{
(Dµr̃Aa)

†(Dµr̃Aa) + (Dµr̃Bb)
†(Dµr̃Bb) + ir†Baσ̄

µDµrBa + ir†Abσ̄
µDµrAb

}
− 1

2
Tr [Wµν,AAW

µν
AA +Wµν,BBW

µν
BB]

+ Tr
{

2iλ†BA [∂µλBA + ig(Aµ,BAλBA − λBAAµ,AA)] + h.c.
}

+ ig
√

2Tr
(
q̃†AaλABqBa − q

†
Baλ

†
AB q̃Aa + q̃†BbλBAqAb − q

†
Abλ

†
BAq̃Bb

)
+ ig
√

2Tr
(
−r̃†Aaλ

T
BArBa + r†Baλ

∗
BAr̃Aa − r̃

†
Bbλ

T
ABrAb + r†Abλ

∗
BAr̃Bb

)
− g2

2

[
Tr(q̃†AaT

G
1 q̃Aa)Tr(q̃†AaT

G
1 q̃Aa) + Tr(q̃†BbT

G
2 q̃Bb)Tr(q̃†BbT

G
2 q̃Bb)

]
− g2

2

[
Tr(r̃†AaT

G∗
1 r̃Aa)Tr(r̃†AaT

G∗
1 r̃Aa) + Tr(r̃†BbT

G∗
2 r̃Bb)Tr(r̃†BbT

G∗
2 r̃Bb)

]
.

(A.17)

We want to find the one loop corrections to the mass of q̃Aa. Therefore, now we

will focus just on the terms involving this field to write the corresponding Feynman

rules. For that, let us introduce a bit of notation that will be valid only for the

calculations that will be made from now on in this section:
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1. The N ×N matrix q̃Aa will be denoted just by q̃. Do not confuse it with the

2N × 2N matrix with the same notation in eq. A.2.

2. The N ×N matrix qBa will be denoted just by q. Do not confuse it with the

2N × 2N matrix in A.2 which is denoted in the same way.

Using these conventions, let us list the Feynman rules that involve q̃:

(i) Expanding the term Tr
[
(Dµq̃Aa)

†(Dµq̃Aa)
]

= Tr
[
(Dµq̃)

†(Dµq̃)
]

in the first line

of A.17, we have:

Tr
[
(Dµq̃)

† (Dµq̃)
]

=Tr
[(
∂µq̃ + igAGµT

G
1 q̃
)† (

∂µq̃ + igAµGTG1 q̃
)]

=∂µq̃
∗
ji∂

µq̃ji − igAcµ(T c)kj q̃
∗
ki∂

µq̃ji + ig∂µq̃
∗
jiA

µc(T c)jkq̃ki

+ g2Acµ(T c)kj q̃
∗
kiA

µd(T d)jlq̃li,

(A.18)

where T ′c are the hermitian generators of the U(N) group, with c running from

1 to N2. The last three terms in the last line of A.18 generate the Feynman

rules shown in Figures A.1 and A.2.

k

p

k + p
Acµ

q̃ij

q̃mn

Figure A.1: Trilinear interaction between the scalar q̃Aa and the gauge fields, with

Feynman rule: −ig(2pµ + kµ)(T c)imδnj

(ii) Expanding the term ig
√

2Tr
(
q̃†AaλABqBa − q

†
Baλ

†
AB q̃Aa

)
in the fifth line of A.17,
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q̃ij

q̃kl

Adν

Acµ

Figure A.2: Quartic interaction between the scalar field q̃Aa and the gauge fields,

with Feynman rule: ig2(T c)im(T d)mkδjlηµν

we obtain:

ig
√

2Tr
(
q̃†λGT̃Gq − q†λ̄GT̃G†q̃

)
= ig
√

2
[
q̃∗ji(T̃

G)jkλ
Gqki − q̄jiλ̄G(T̃G∗)kj q̃ki

]
= ig
√

2
[
−q̃∗ji(T̃G)jk(Ψ

G
λ )T (C̃−1PL)Ψq,ki + ΨT

q,ji(C̃
−1PR)(ΨG

λ )(T̃G∗)kj q̃ki

]
,

(A.19)

where ΨG
λ and Ψq are the Majorana fields constructed from λ and q respec-

tively, as in 2.42. Also, C̃−1 = −Cγ0. C = −iγ2 as it was defined in 2.40. The

Feynman rules associated to the terms in A.19 are shown in Figures A.3 and

A.4.

q̃ji

ΨG
λ

Ψq,km

Figure A.3: Interaction between the scalar q̃Aa, the gaugino λ and the fermionic

field qBa, with Feynman rule: g
√

2(T̃G)jk(C̃
−1PL)δim.

(iii) From the term−g2

2

[
Tr(q̃†AaT

G
1 q̃Aa)Tr(q̃†AaT

G
1 q̃Aa)

]
= −g2

2

[
Tr(q̃†TG1 q̃)Tr(q̃†TG1 q̃)

]
in A.17 we obtain

−g
2

2

[
Tr(q̃†TG1 q̃)Tr(q̃†TG1 q̃)

]
= −g

2

2

[
Tr(q̃†T cq̃)Tr(q̃†T cq̃)

]
= −g

2

2

[
q̃∗ji(T

c)jkq̃kiq̃
∗
nm(T c)npq̃pm

]
.

(A.20)

The corresponding Feynman rule is shown in Figure A.5.
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q̃ki

Ψλ

Ψq,jm

Figure A.4: Interaction between the scalar q̃Aa, the gaugino λ and the fermionic

field qBa, with Feynman rule: −g
√

2(T̃G†)jk(C̃
−1PR)δim.

q̃ij

q̃kl

q̃pq

q̃mn

Figure A.5: Quartic scalar self-interaction with Feynman rule:

−ig2
(
T cmkT

c
piδnlδqj + T cmiT

c
pkδnjδql

)
.

Now that we know the Feynman rules that involves the scalar field q̃Aa, we are

able to find the one loop contributions to the mass of q̃Aa. The relevant Feynman

diagrams are shown in Figures A.6,

Let us find what is the quadratically divergent contribution of each o the dia-

grams. For the diagram in Figure A.6 we have:

p

k

p− k

p

Acµ

q̃lm
q̃ij q̃np

Figure A.6: One loop contribution to the mass of q̃Aa due to gauge fields.
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−iM (1) =
N∑

l,m=1

N2∑
c=1

∫
d4k

(2π)4

{
[−ig(2pµ − kµ)(T c)liδjm]

[
i

(p− k)2

][−i(ηµν − (1− ξ)kµkν
k2

)

k2

]

× [−ig(2pν − kν)(T c)nlδpm]

}

=

∫
d4k

(2π)4

{
−g2 (2p− k)µ(2p− k)µk2 − (1− ξ)(2pµ − kµ)kµkν(2pν − kν)

(p− k)2(k2)2

}
×

N∑
l,m=1

N2∑
c=1

(T c)li(T
c)nlδjmδpm

=− g2

∫
d4k

(2π)4

{
4p2k2 − 4(p · k)2 + ξ [4(p · k)2 − 4(p · k)k2 + k4]

(p− k)2(k2)2

}
×

N∑
l=1

N2∑
c=1

(T c)li(T
c)nlδjp

(A.21)

We are interested just in the quadratically divergent contribution. That is

M
(1)
quad =− ig2ξ

∫
d4k

(2π)4

1

(k − p)2

N2∑
c=1

(T cT c)niδjp

=− ξg2NΛ2

32π2
δjpδni,

(A.22)

where we used the fact that, for the U(N) generators, we have

N2∑
c=1

(T cT c)ni =
N

2
δni. (A.23)

For the diagram in Figure A.7, we have:

−iM (2) =
N2∑
c=1

N∑
m=1

∫
d4k

(2π)4

[
ig2(T c)nm(T c)miδjpη

µν
] −i

(
ηµν − (1− ξ)kµkν

k2

)
k2


= g2

N2∑
c=1

∫
d4k

(2π)4

(
3

k2
+

ξ

k2

)
(T cT c)ni δjp

= (−i)× (3 + ξ)g2Λ2

16π2
δjp

N2∑
c=1

(T cT c)ni.

(A.24)

Then,

M
(2)
quad =

(3 + ξ)g2Λ2N

32π2
δjpδni. (A.25)
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Acµ

q̃ij q̃np

Figure A.7

For the diagram in Figure A.8, we obtain:

−iM (3) = (−1)
4N2∑
G

N∑
k,l

∫
d4k

(2π)4

[√
2g(T̃G)nkδpl

] [
−g
√

2(T̃G†)kiδjl

]
× Tr

[(
C̃−1PL

)(
− i

/p+ /k
C̃

)(
C̃−1PR

)(
− i
/k
C̃

)]

= −2g2

∫
d4k

(2π)4

4N2∑
G=1

N∑
k=1

(T̃G†)nk(T̃
G)ki

Tr
[(
C̃−1PL

)(
(/k + /p)C̃

)(
C̃−1PR

)(
/kC̃
)]

k2(k + p)2
δjp

= −4g2

∫
d4k

(2π)4

(k + p)k

k2(k + p)2

4N2∑
G

(T̃G†T̃G)niδjp

= −4g2δjp

∫
d4k

(2π)4

1

k2

4N2∑
G

(T̃G†T̃G)ni + non-quadratically divergent terms.

(A.26)

The sum in G actually reduces to

4N2∑
G

(T̃G†T̃G)ni =
N∑

p,q=1

(
2Mp,q†Mp,q

)
ni

=
N

2
δni. (A.27)

With this, we obtain that the quadratic part of −iM (3) is

−iM (3)
quad =− 2g2Nδjpδni

∫
d4k

(2π)4

1

k2

=− 2g2δjpδni

(
−i Λ2

16π2

)
.

(A.28)

Then

M
(3)
quad = −g

2Λ2N

8π2
. (A.29)

Finally, from the diagram in Figure A.9, we have
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p

p+ k

p

k

Ψq;kl

ΨG
λ

q̃ij q̃np

Figure A.8

−iM (4) =
1

2

N∑
l,k=1

N2∑
c=1

∫
d4k

(2π)4

[
−ig2 (T cniT

c
kkδpjδll + T cnkT

c
kiδplδlj)

] [ i
k2

]

=
1

2
g2

(
δni√
2N

√
N

2
δpjN +

Nδni
2

δpj

)∫
d4k

(2π)4

1

k2

=
1

2
g2Nδniδpj

(
−iΛ2

16π2

)
.

(A.30)

Then

M
(4)
quad =

g2Λ2N

32π2
δniδpj. (A.31)

q̃kl

q̃ij q̃np

Figure A.9
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A.2 Yukawa coupling

In section 6.1.2, we applied the orbifold procedure to the a supersymmetric La-

grangian containing the term

L =Tr
(
∂µq̃

†
12∂

µq̃12 + iq̄12σ̄
µ∂µq12

)
+ Tr

(
∂µq̃

†
23∂

µq̃23 + iq̄23σ̄
µ∂µq23

)
+ Tr

(
∂µq̃

†
31∂

µq̃31 + iq̄31σ̄
µ∂µq31

)
− λTr (q̃31q12q23 + q̃12q23q31 + q̃23q12q31) + h.c.

− λ2
[
Tr
(
q̃†23q̃

†
12q̃12q̃23

)
+ Tr

(
q̃†31q̃

†
23q̃23q̃31

)
+ Tr

(
q̃†12q̃

†
31q̃31q̃12

)]
.

(A.32)

Fields that remain after orbifolding are:

q̃12 =

(
q̃1A,2A 0

0 q̃1B,2B

)
, q12 =

(
0 q1A,2B

q1B,2A 0

)
(A.33)

and analogous expressions for Q23 and Q31. Let us calculate some relevant products

before obtaining the daughter theory:

Tr
(
q̃†23q̃

†
12q̃12q̃23

)
=Tr

[(
q̃†2A,3Aq̃

†
1A,2A 0

0 q̃†2B,3B q̃
†
1B,2B

)(
q̃1A,2Aq̃2A,3A 0

0 q̃1B,2B q̃2B,3B

)]
=Tr

(
q̃†2A,3Aq̃

†
1A,2Aq̃1A,2Aq̃2A,3A

)
+ Tr

(
q̃†2B,3B q̃

†
1B,2B q̃1B,2B q̃2B,3B

)
,

(A.34)

Tr (q̃12q23q31) = Tr

[(
q̃1A,2A 0

0 q̃1B,2B

)(
0 q2A,3B

q2B,3A 0

)(
0 q3A,1B

q3B,1A 0

)]
= Tr (q̃1A,2Aq2A,3Bq3B,1A) + Tr (q̃1B,2Bq2B,3Aq3A,1B) .

(A.35)

And analogous expressions for the other quartic and trilinear terms in eq.(A.32).

Using these results, the daughter Lagrangian is:
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L = Tr
(
∂µq̃

†
1A,2A∂

µq̃1A,2A + ∂µq̃
†
1B,2B∂

µq̃1B,2B + iq̄1A,2Bσ̄
µ∂µq1A,2B + iq̄1A,2Bσ̄

µ∂µq1A,2B

)
+Tr

(
∂µq̃

†
2A,3A∂

µq̃2A,3A + ∂µq̃
†
2B,3B∂

µq̃2B,3B + iq̄2A,3Bσ̄
µ∂µq2A,3B + iq̄2A,3Bσ̄

µ∂µq2A,3B

)
+Tr

(
∂µq̃

†
3A,1A∂

µq̃3A,1A + ∂µq̃
†
3B,1B∂

µq̃3B,1B + iq̄3A,1Bσ̄
µ∂µq3A,1B + iq̄3A,1Bσ̄

µ∂µq3A,1B

)
−λTr (q̃1A,2Aq2A,3Bq3B,1A + q̃1B,2Bq2B,3Aq3A,1B) + h.c.

−λTr (q̃2A,3Aq3A,1Bq1B,2A + q̃2B,3Bq3B,1Aq1A,2B) + h.c.

−λTr (q̃3A,1Aq1A,2Bq2B,3A + q̃3B,1Bq1B,2Aq2A,3B) + h.c.

−λ2
[
Tr
(
q̃†2A,3Aq̃

†
1A,2Aq̃1A,2Aq̃2A,3A

)
+ Tr

(
q̃†2B,3B q̃

†
1B,2B q̃1B,2B q̃2B,3B

)]
−λ2

[
Tr
(
q̃†3A,1Aq̃

†
2A,3Aq̃2A,3Aq̃3A,1A

)
+ Tr

(
q̃†3B,1B q̃

†
2B,3B q̃2B,3B q̃3B,1B

)]
−λ2

[
Tr
(
q̃†1A,2Aq̃

†
3A,1Aq̃3A,1Aq̃1A,2A

)
+ Tr

(
q̃†1B,2B q̃

†
3B,1B q̃3B,1B q̃1B,2B

)]
.

(A.36)

We will focus on corrections to the mass of q̃1A,2A. For that, we take the terms

involving this field and write down their Feynman rules:

(i) From the Yukawa interaction terms in A.36, we have

−λTr (q̃1A,2Aq2A,3Bq3B,1A) + h.c.

= λTr
[
q̃1A,2AΨT

q,2A,3BC̃
−1PLΨq,3B,1A + q̃†1A,2AΨT

q,2A,3BC̃
−1PLΨq,3B,1A

]
.

(A.37)

The corresponding Feynman rules are shown in Figures A.10 and A.11.

(q̃1A,2A) ji

(q2A,3B) lk

(q3B,1A) nm

Figure A.10: Yukawa interaction with Feynman rule: iλC̃−1PLδjkδlmδni

(ii) From the quartic scalar interaction terms in A.36 we have

− λ2
[
Tr
(
q̃†2A,3Aq̃

†
1A,2Aq̃1A,2Aq̃2A,3A

)
+ Tr

(
q̃†1A,2Aq̃

†
3A,1Aq̃3A,1Aq̃1A,2A

)]
, (A.38)



Appendix A. Derivation of orbifolded Lagrangians 84

(q̃1A,2A) ji

(q2A,3B) lk

(q3B,1A) nm

Figure A.11: Yukawa interaction with Feynman rule: iλC̃−1PRδjkδlmδni.

(q̃∗1A,2A) ji

(q̃1A,2A) lk

(q̃2A,3A) po

(q̃2A,3A) nm

Figure A.12: Quartic scalar interaction with Feynman rule: −iλ2δmjδkiδtoδnp.

which generates the Feynman rules shown in Figures A.12 and A.13.

(q̃∗1A,2A) ji

(q̃1A,2A) lk

(q̃3A,1A) po

(q̃3A,1A) nm

Figure A.13: Quartic scalar interaction with Feynman rule:−iλ2δmjδkiδtoδnp.

Thus, with the listed Feynman rules, the one loop diagrams that contribute to

the mass of q̃1A,2A are given by those shown in Figure A.14, A.15 and A.16.
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(q2A;3B)lk

(q3B;1A)nm

(q̃1A,2A) ji (q̃1A,2A) j
′

i′

Figure A.14: One loop contribution to the mass of ˜1A, 2A from the Yukawa

interaction.

(q2A;3A)lk

(q̃1A,2A) ji (q̃1A,2A) j
′

i′

Figure A.15: One loop contribution to the mass of q̃1A,2A from the quartic scalar

interaction q̃1A,2A-q̃2A,3A.

Let us calculate the contribution of each of them. For the diagram in Figure

A.14 we have:

(q3A;1A)lk

(q̃1A,2A) ji (q̃1A,2A) j
′

i′

Figure A.16: One loop contribution to the mass of q̃1A,2A from the quartic scalar

interaction q̃1A,2A-q̃3A,1A.
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−iM (1) = (−1)
N∑

k,l,m,n

∫
d4k

(2π)4
{[iλδjkδlmδni] [iλδj′kδlmδni′ ]

× Tr

[
C̃−1PL

(
−i
/k − /p

C̃

)
(C̃−1PR)

(
−i
/k
C̃

)]}
= −λ2δii′δjj′

∫
d4k

(2π)4

Tr[PL(/k − /p)PR/k]

(k − p)2k2

∑
l,m

δlmδlm

= −2λ2N

∫
d4k

(2π)4

1

k2
δii′δjj′

= −2λ2

(
−i Λ2

16π2

)
δii′δjj′ .

(A.39)

Then

M (1) = −λ
2N

8π2
. (A.40)

For the diagram in Figure A.15 we obtain

−iM (2) =
N∑

l,k=1

∫
d4k

(2π)4
[−iδkj′δii′δkjδll]

[
iλ2

k2

]

= λ2

(
N∑
l=1

δll

)∫
d4k

(2π)4

1

k2
δii′δjj′

= −i λN
16π2

.

(A.41)

Then

M (2) =
λ2N

16π2
. (A.42)

The diagram in Figure A.16 has the same form as that in Figure A.15. Then, its

contribution is the same:

M (3) =
λ2N

16π2
. (A.43)
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Radiative corrections in the 5-dimensional SU(6)

model

The SU(6) ultraviolet theory described by the Lagrangian in 6.69, with the defini-

tions in 6.70, takes the form

L5 =

∫
d4θ
[
Q†AQA +Qc†

AQ
c
A + U †AUA + U c†

A U
c
A +Q†BQB +Qc†

BQ
c
B + U †BUB + U c†

B U
c
B

]
+

∫
d4θ [Qc

A∂5QA + U c
A∂5UA +Qc

B∂5QB + U c
B∂UB + h.c.]

+ δ(y)

{∫
d4θH†UHU +

∫
d2θ [ytHU ·QAUA + ytHU ·QBUB + h.c.]

}
.

(B.1)

Written in terms of component fields, it takes the form

L5 =[
(∂µq̃A)†(∂µq̃A) + iq̄Aσ̄

µ∂µqA + F †Q,AFQ,A + (∂µq̃cA)†(∂µq̃
c
A) + iq̄cAσ̄

µ∂µq
c
A + F c†

Q,AF
c
Q,A

+ (∂µũA)†(∂µũA) + iūAσ̄
µ∂µuA + F †U,AFU,A + (∂µũcA)†(∂µũ

c
A) + iūcAσ̄

µ∂µu
c
A + F c†

U,AF
c
U,A

+ (∂µq̃B)†(∂µq̃B) + iq̄Bσ̄
µ∂µqB + F †Q,BFQ,B + (∂µq̃cB)†(∂µq̃

c
B) + iq̄cBσ̄

µ∂µq
c
B + F c†

Q,BF
c
Q,B

+(∂µũB)†(∂µũB) + iūBσ̄
µ∂µuB + F †U,BFU,B + (∂µũcB)†(∂µũ

c
B) + iūcBσ̄

µ∂µu
c
B + F c†

U,BF
c
U,B

]
+
[
q̃cA∂5FQ,A − qcA∂5qA + F c

Q,A∂5q̃A + ũcA∂5FU,A − ucA∂5uA + F c
U,A∂5ũA

+q̃cB∂5FQ,B − qcA∂5qB + F c
Q,B∂5q̃B + ũcB∂5FU,B − ucB∂5uB + F c

U,B∂5ũB + h.c.
]

+ δ(y)
[
(∂µhu)

†(∂µhu) + i¯̃huσ̄
µ∂µh̃u + F †HFH

+ yt

(
hu · q̃AFU,A + hu · FQ,AũA + FH · q̃AũA − hu · qAuA − h̃u · q̃AuA − h̃u · qAũA + h.c.

)
+yt

(
hu · q̃BFU,B + hu · FQ,BũB + FH · q̃BũB − hu · qBuB − h̃u · q̃BuB − h̃u · qBũB + h.c.

)]
.

(B.2)

Here, the first bracket contains the usual 4D kinetic terms with the auxiliary fields

FQ,A, F c
Q,A, FU,A, F c

U,A, FQ,B, F c
Q,B, FU,B and F c

U,B contained in the superfields QA,
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Qc
A, UA, U c

A, QB, Qc
B, UB and U c

B respectively. Now, in order to eliminate these

auxiliary fields, we replace their EOM

FQ,A = ∂5q̃
c∗
A − yth∗uũ∗Aδ(y), (B.3)

F c
Q,A = −∂5q̃

∗
A, (B.4)

FU,A = ∂5ũ
c∗
A − yth∗uq̃∗Aδ(y), (B.5)

F c
U,A = −∂5ũ

∗
A, (B.6)

FQ,B = ∂5q̃
c∗
B − yth∗uũ∗Bδ(y), (B.7)

F c
Q,B = −∂5q̃

∗
B, (B.8)

FU,B = ∂5ũ
c∗
B − yth∗uq̃∗Bδ(y), (B.9)

F c
U,B = −∂5ũ

∗
B (B.10)

into (B.2). The relevant terms for the one loop radiative corrections to the mass of

H, in the action, are

S5 ⊃
∫
d5x [5D kinetic terms]

− yt
∫
d5xδ(y)

[
|hu · q̃A|2 + |hu|2|ũA|2 + hu · qAuA − h̃u · q̃AuA − h̃u · qAũA + h.c.

]
− yt

∫
d5xδ(y)

[
|hu · q̃B|2 + |hu|2|ũB|2 + hu · qBuB − h̃u · q̃BuB − h̃u · qBũB + h.c.

]
.

(B.11)

Expanding the fields in Kaluza-Klein modes according to their boundary conditions

q̃A =
1√
2πR

∞∑
n=0

q̃Ancos

[
(2n+ 1)y

2R

]
, (B.12)

ũA =
1√
2πR

∞∑
n=0

ũAncos

[
(2n+ 1)y

2R

]
, (B.13)

qA =
1√
2πR

∞∑
n=0

qAncos
[ny
R

]
, (B.14)

uA =
1√
2πR

∞∑
n=0

uAncos
[ny
R

]
, (B.15)

q̃B =
1√
2πR

∞∑
n=0

q̃Bncos
[ny
R

]
, (B.16)
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ũB =
1√
2πR

∞∑
n=0

ũBncos
[ny
R

]
, (B.17)

qB =
1√
2πR

∞∑
n=0

qBncos

[
(2n+ 1)y

2R

]
, (B.18)

uB =
1√
2πR

∞∑
n=0

uBncos

[
(2n+ 1)y

2R

]
(B.19)

gives us

L = L(0) + L(KK), (B.20)

where L(0) is the part of the relevant Lagrangian that contains the zero modes:

L(0) = [kinetic terms]

− y2
t |huq̃B0|2 − y2

t |hu|2|ũB|2 − (ythuqA0uA0 + h.c.)
(B.21)

and L(KK) is the part of the relevant Lagrangian that contains Kaluza-Klein modes:

L(KK) = [Kinetic terms]

+
∑
n,m

[
ythuqBnuBm + y2

t |hu|2|q̃An|2 + y2
t |hu|2|ũAm|2

+ythuqAnuAm + y2
t |hu|2|q̃Bm|2 + y2

t |hu|2|ũBm|2
]

+
∑
n

[
ythuqAnuA0 + y2

t |hu|2|q̃Bn|2 + y2
t |hu|2|ũB0|2

]
+
∑
m

[
ythuqA0uAm + y2

t |hu|2|q̃B0|2 + y2
t |hu|2|ũBm|2

]
.

(B.22)
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[38] Theodor Kaluza. Zum Unitätsproblem in der Physik. Sitzungsber. Preuss.

Akad. Wiss. Berlin. (Math. Phys.): 966972 (1921).

[39] Oskar Klein. Quantentheorie und fünfdimensionale Relativitätstheorie.

Zeitschrift für Physik A. 37 (12): 895906 (1926).



BIBLIOGRAPHY 93

[40] E. Witten, Search for a Realistic Kaluza-Klein Theory, Nucl. Phys. B 186,

412 (1981).

[41] M. Quirós, New Ideas in Symmetry Breaking (TASI 2002), arXiv:hep-

ph/0302189.

[42] E. Pontón, TASI 2011: Four Lectures on TeV Scale Extra Dimensions,

arXiv:1207.3827 [hep-ph].

[43] R. Sundrum, To the fifth dimension and back (TASI 2004), arXiv:hep-

th/0508134.

[44] N. Arkani-Hamed, A. G. Cohen and H. Georgi, Electroweak symmetry breaking

from dimensional deconstruction, Phys. Lett. B 513, 232 (2001) [arXiv:hep-

ph/0105239].

[45] N. Arkani-Hamed, A. G. Cohen, T. Gregoire and J. G. Wacker, Phenomenology

of electroweak symmetry breaking from theory space, JHEP 0208, 020 (2002)

[arXiv:hep-ph/0202089].

[46] N. Arkani-Hamed, A. G. Cohen, E. Katz, A. E. Nelson, T. Gregoire and J.

G. Wacker, The minimal moose for a little Higgs, JHEP 0208, 021 (2002)

[arXiv:hep-ph/0206020].

[47] N. Arkani-Hamed, A. G. Cohen, E. Katz and A. E. Nelson, The littlest Higgs,

JHEP 0207, 034 (2002) [arXiv:hep-ph/0206021].

[48] D. E. Kaplan and M. Schmaltz, The little Higgs from a simple group, JHEP

0310, 039 (2003) [arXiv:hep-ph/0302049].

[49] S. Chang and J. G. Wacker, Little Higgs and custodial SU(2), Phys. Rev. D

69, 035002 (2004) [arXiv:hep-ph/0303001].

[50] Z. Chacko, H. S. Goh and R. Harnik, The Twin Higgs: Natural Electroweak

Breaking from Mirror Symmetry, Phys. Rev. Lett. 96 (2006) 231802 [hep-

ph/0506256].

[51] Z. Chacko, Y. Nomura, M. Papucci and G. Perez, Natural Little Hierarchy from

a Partially Goldstone Twin Higgs, JHEP 0601, 126 (2006) [hep-ph/0510273].

[52] Z. Chacko, H. S. Goh and R. Harnik, A Twin Higgs Model from Left-Right

Symmetry, JHEP 0601, 108 (2006) [hep-ph/0512088].



BIBLIOGRAPHY 94

[53] A. Falkowski, S. Pokorski and M. Schmaltz, Twin SUSY, Phys. Rev. D 74

(2006) 035003 [hep-ph/0604066].

[54] S. Chang, L. J. Hall and N. Weiner, A Supersymmetric Twin Higgs, Phys.

Rev. D 75 (2007) 035009 [hep-ph/0604076].

[55] P. Batra and Z. Chacko, A Composite Twin Higgs Model, Phys. Rev. D 79

(2009) 095012 [arXiv:0811.0394 [hep-ph]].

[56] J. Maldacena, The large N Limit of Superconformal Field Theories and Su-

pergravity, Adv. Theor. Math. Phys. 2: 231252 [hep-th/9711200].

[57] S. Kachru and E. Silverstein, 4-D conformal Theories and Strings on Orbifolds,

Phys. Rev. Lett. 80, 4855(1998) [hep-th/9802183].

[58] A. Lawrence, N. Nekrasov, and C. Vafa, On Conformal Field Theories in

four-Dimensions, Nucl. Phys. B 533, 199 (1998) [hep-th/9803015].

[59] M. Bershadsky, Z. Kakushadze,and C. Vafa, String Expansion as large N Ex-

pansion of Gauge Theories, Nucl. Phys. B 523, 59 (1998) [hep-th/9803076].

[60] Z. Kakushadze, Gauge Theories from Orientifolds and large N Limit, Nucl.

Phys. B 529, 157 (1998) [hep-th/9803214].

[61] M. Bershadsky and A. Johansen, Large N Limit of Orbifold Field Theories,

Nucl. Phys. B 529,157 (1998) [hep-th/9803249].

[62] Martin Schmaltz, Duality of Non-supersymmetric large N gauge theories, Phys.

Rev. D 59, 105018 (1999) [arXiv:hep-th/9805218]

[63] N. Arkani-Hamed, L. Hall, D. Smith and N. Weiner, Exponentially Small Su-

persymmetry Breaking from Extra Dimensions, arXiv:hep-ph/9911421.

[64] N. Arkani-Hamed, T. Gregoire and J. G. Wacker, JHEP 0203, 055 (2002)

arXiv:hep-th/0101233.

[65] E.A. Mirabelli and M.E. Peskin, Phys. Rev. D 58, 065002 (1998) [hep-

th/9712214].


	Introduction
	Outline of the dissertation

	Preliminary concepts, notation and conventions
	Grassmann numbers

	The Standard Model
	Higgs mechanism
	Gauge bosons masses
	Fermion masses
	Problems of the SM

	Supersymmetry and the Minimal Supersymmetric Standard Model
	Algebra of supersymmetry
	Chiral superfield
	Vector superfield
	Supersymmetric gauge invariant Lagrangian
	Abelian case
	Non-abelian case

	The Minimal Supersymmetric SM (MSSM)
	Field content
	The MSSM Lagrangian


	Extra Dimensions
	Compactification
	Orbifold Compactification

	Scalars
	5D fermions
	Spin-1 fields
	5D SUSY
	Hypermultiplet
	Vector multiplet


	Folded Supersymmetry
	Orbifolding a theory: Examples
	Example 1: Supersymmetric gauge theory
	Example 2: Yukawa coupling

	Bifold protection and a prescription to construct an orbifolded theory
	Application to the Standard Model
	Ultraviolet completion


	Conclusions
	Derivation of orbifolded Lagrangians
	Supersymmetric gauge theory
	Yukawa coupling

	Radiative corrections in the 5-dimensional SU(6) model
	Bibliography

