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Resumo

O problema da hierarquia no Modelo Padrao surge devido a presenca de di-
vergéncias quadraticas provenientes de corregoes quanticas ao parametro de massa
do bdson de Higgs. O presente trabalho trata sobre um recurso conhecido como
Supersimetria Dobrada (Folded Supersymmetry), que pode ser usado para construir
extensoes do Modelo Padrao que estejam livres dessas divergéncias. Dado que a
contribuicao do top quark é a mais significativa, este trabalho se propoe centralizar
nele demonstrando que o cancelamento é possivel mediante um parceiro do top
quark de spin oposto e carga de cor diferente ao da particula top. Deve-se notar a
diferencia com as teorias supersimétricas, onde o parceiro, apesar de ter spin oposto,
necessariamente possui a mesma carga de cor. Finalmente, construimos uma teoria
com uma dimensao espacial extra que serve como UV Completion para explicar a

origem dos cancelamentos a energias maiores.

Palavras Chaves: Supersimetria Dobrada; Supersimetria, Modelo Padrao; Prob-

lema de hierarquia; MSSM; Dimensoes extra.

Areas do conhecimento: Além do Modelo Padrio .
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Abstract

The hierarchy problem in the Standard Model arises due to the presence of
quadratic divergences coming from loop corrections to the mass parameter of the
Higgs boson. The present work reviews a tool known as Folded Supersymmetry
that can be used to build Standard Model extensions which are free of those diver-
gences. Since the top quark contribution is the most significant, this dissertation
focuses on it showing that it is possible to cancel it out with a top quark partner
with opposite spin-statistics and the same color charge as the top particle. We must
note the difference with supersymmetric theories where the partner (superpartner),
despite having opposite spin-statistics, necessarily has the same color charge. Fi-
nally, we construct a suitable UV completion in a 5-dimensional spacetime for the
folded supersymmetric theory that explains the origin of the cancellations at higher

energies.

Keywords: Folded Supersymmetry; Supersymmetry; Standard Model; Hierarchy
problem; MSSM; Extra Dimensions.

Knowledge areas: Beyond the Standard Model.
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Chapter 1

Introduction

There exist four known fundamental interactions in nature: electromagnetism, weak
interaction, strong interaction and gravitation. In the search for unification, physi-
cist have achieved a description of the first three of them in one theory known as the
Standard Model (SM). It is, so far, the best theory to describe elementary particle
interactions neglecting the effects of gravity. Its predictions have been tested with
great accuracy including the discovery of the Higgs particle at the LHC in 2012. All

currently known elementary particles, along with some of their properties, are listed
in Table [L11

However, lots of phenomena are still not explained by the SM. Among them we
have: the nature of dark matter, the origin of the mass of the neutrinos, the matter-
antimatter asymmetry, the strong CP problem and the hierarchy problem. These
suggest that the SM is, actually, an effective theory valid up to some high energy,
above which new physics is expected. New physics means new particles which must

have specific properties that could solve some or all those phenomena.

One of the problems that the SM faces is the Hierarchy problem, which arises
when one calculates the quantum corrections to the mass parameter of the Higgs
particle. It turns out that these corrections are quadratically sensitive to high en-
ergy scales, making the physical mass of the Higgs field extremely large unless an

incredible fine tuning is impose, which seems to be unnatural.

Naturalness in the form of the hierarchy problem is one of the basis upon which
extended realizations of the SM are constructed. In this dissertation we describe one
possible way of extending the Standard Model in order to partially solve it called
Folded Supersymmetry which was first introduced by Burdman, Chacko, Goh and
Harnik in [1].
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Particle Mass Electric charge | Spin
e 0.5109989461 £ 0000000031 MeV -1 1/2
Ve <2eV 0 1/2
i 105.6583745 £ 0.0000024 MeV —1 1/2
v, < 0.19 MeV 0 1/2
T 1776.86 + 0.12 MeV -1 1/2
Vr < 18.2 MeV 0 1/2
u 2.270¢ MeV 2/3 1/2
d 47105 MeV -1/3 1/2
s 9615 MeV -1/3 1/2
c 1.275 £ 0.003 GeV 2/3 1/2
b 4187303 GeV (MS) -1/3 1/2
t 173.21 £ 0.51 GeV 2/3 1/2
ol <1x10718 eV <1073 1

W 80.385 £ 00151 GeV +1 1
Z 91.1876 £ 0.0021 GeV 0 1
g 0 (theoretically) 1

H° 125.09 £ 0.11 GeV 0

Table 1.1: Masses, electric charges and spin of the elementary known particles. [13]

1.1 Outline of the dissertation

The present work is structured as follows.

e In Chapter 2, we present the notation and conventions used in the dissertation.
We also review some concepts such as Dirac, Weyl and Majorana spinors and

Grassmann numbers.

e In Chapter 3, we review the Standard Model. We show how the Higgs mech-
anism works in order to give mass to fermions and gauge bosons and finally
we list some problems within the SM that serve as motivation for looking for

extended theories.

e In Chapter 4, we review basic concepts of supersymmetry in 4 dimensions. We

study the chiral and the vector supermultiplet and construct supersymmetric
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Lagrangians out of them. Then we treat the minimal extension of the SM

with supersymmetry, namely, the Minimal Supersymmetric Standard Model

(MSSM).

e Chapter 5 deals with the topic of Extra dimensions. We study the particular
case of a 5-dimensional spacetime. We introduce the concepts of orbifold and

Scherk-Schwarz compactifications as well as the Kaluza-Klein decomposition.

e In Chapter 6, Folded supersymmetry is introduced. We begin by studying two
examples of orbifolded theories in order to understand how they overcome the
hierarchy problem and elaborate a prescription to build folded supersymmetric
theories. We also note the need for a UV completion which is constructed in

a H-dimensional spacetime framework.

Appendix A and Appendix B contain derivations that are useful to understand

some implications of folded supersymmetric theories and their UV completions.



Chapter 2

Preliminary concepts, notation and conventions

This chapter is devoted to specify the notation, conventions and preliminary con-
cepts used throughout the dissertation for four dimensions of space-time, one tem-
poral and three spatial dimensions. In chapter 5| and beyond we will work with 5

dimensions. The respective conventions are specified there.

As is usual in high energy physics, we work in natural units where physical con-
stants like the speed of light (¢) and the reduced Planck constant (%) are set to 1.
The space-time metric in 4 dimensions chosen here is 7, = diag (+1,—1,—1,—1).

Lorentz indices are represented by greek letters u, v, etc. and they run from 0 to 3.

With the chosen conventions, a free complex scalar field ¢ with mass my is

described by the Lagrangian
Lo = ,61086 — m34', (2.1)

a free spin—1 field A, with mass m, is described by

1
La=—7FuF" + m4 A, A" (2.2)

where the strength field tensor is
F. =0,A, —0,A,, (2.3)
and a free four component Dirac spinor field ¥ with mass my is described by
LDirac = i\iw’@u\l/ — mg UV, (2.4)

where

U = Uiy, (2.5)
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We will work with the Weyl representation of the Gamma matrices v which is defined

by
0 o
b= , 2.6
v (0# 0) (2.6)

where ot = (12X2,7) and ot = (12X2,—?). Here, 7 denotes the three Pauli

matrices
01 0 —2 1 0
= , = , = . 2.7

Gamma matrices satisfy the Clifford algebra

{2} =20, (2.8)

Also, we define the chirality operator

. —lowo O
V5 = 170717273 = x ) (2.9)
O 12><2

If we decompose a Dirac spinor in two 2-component form as

U= ( zz ) (2.10)

we note that y and v are eigenvectors of the chirality operator in the sense that

(6 () e

The 2-component spinors y and ¢ are known as Weyl-spinors. The chirality eigen-
value of x is —1 and it is said that it has left-handed chirality and the chirality
eigenvalue of v is +1 and it is said that it has right-handed chirality. They can be
obtained from ¥ by applying the projector operators P, and Pg defined as

PL= (17, 2.12)
Py = %(1 +75) - (2.13)

Then, indeed

\IILEPL\I/:<>(§), \IIREPR\II:<Z>. (2.14)

U, and Vg are the left-handed and right-handed projection of W respectively.
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Weyl fermions are extremely useful when we work with supersymmetric theo-
ries. Therefore, it is convenient to develop a manageable notation when dealing
with them. In order to distinguish between right and left handed Weyl spinors we
will use the ‘dot notation’. The components of a left-handed Weyl spinor y will be
denoted by an undotted lower index x, where a takes the values 1,2. The compo-
nents of a right-handed Weyl spinor ¢ will be denoted by a dotted upstairs index
and a bar above as 1)* with a = 1,2. The last bar notation must not be confused
with that which was used in since, in that case, it was defined for 4-component

spinors, while here it is defined for two-component Weyl spinors.

It is worth emphasizing that, when quantized, the components y, and % are
anticommuting quantities or Grassmann numbers (explained later).

Index a can be raised by

X = €y (2.15)
and index a can be lowered by
Ja = el (2.16)
where
el =6 =0, €? = +1, el =1, (2.17)
€ij = €335 = 0, €iy = —1, €i = +1. (2.18)

Also, we can define the matrices e, and €

€ap€™ = 0, (2.19)

e = 0%, (2.20)

which lower undotted indices and raised dotted indices respectively. Their compo-
nents are

€11 = €39 = 0, €10 = —1, €21 = +1, (2.21)

el = 2 =, el? = 41, =1 (2.22)

Left-handed and right-handed Weyl spinors have different but well defined transfor-
mations under Lorentz transformations. However, we can construct Lorentz scalars

terms out of them. Example of them are

Xa€® = € Xa&ps (2.23)

X = e, XE". (2.24)
Also, we can construct four-vectors as

i (") X, (2.25)
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CORPY (2.26)

The transformation properties of these terms as well as that of the Weyl spinors
are explored in more detail in Ref. [2]. Terms in (2.23)—([2.26|) will be used to con-
struct Lorentz invariant terms in Lagrangians. However, wherever it is understood

that we are working with Weyl-spinors, repeated indices contracted as

@ or O (2.27)

a a

will be omitted to avoid clutter.

Finally, we must know that the hermitian conjugate of any left-handed Weyl

spinor is a right-handed Weyl spinor and viceversa. That is, we can write
(xa)" = Xa, (2.28)

()" =x" (2.29)

Here we list some identities involving Weyl spinors that will be useful later

XY =YX, (2.30)

XY =¥y, (231)

(x)' = xv, (2.32)

xotp = —paty, (2.33)

6000075 — %999977“'/, (2.34)
w0 0

€ b@ = 39 (2.35)

(6X)(6) =~ (60)(06), (2.36)

(TX)(00) = —5(00)(00). (2.37)

These and more identities can be found in the appendices section of the references

[3] and [4], although care must be taken with some different conventions.

Now, we are able to write the Dirac Lagrangian in (2.4)) in terms of Weyl spinors.
With ¥ decomposed as in (2.10)), it takes the form

EDiraC = Z'X(T“aux + Z'%U(Tua;ﬂz — My ()7(7[) + X¢) : (238)
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Just as we use Weyl spinors we can also use Majorana spinors since they both
have the same number of degrees of freedom. A Majorana fermion is defined as
being the same as its charge conjugate. The charge conjugate of a 4-component
spinor V¥ is given by

ve = Cvr, (2.39)

where

C = —iv>. (2.40)

Then, ¥, is a Majorana fermion if it fulfills the condition
T, = Wy (2.41)

Given the left-handed Weyl spinors x and &, we can construct the Majorana spinors

x%:(’%), qf§4=<§_) (2.42)
X

and use the relations

X = WY, PLYS,, (2.43)
XE = U§, Pr¥s,, (2.44)
X0 = Uyt PLUs,, (2.45)
Xo"E = WX " Pr¥s, (2.46)

to translate from Weyl to Majorana language.

2.1 Grassmann numbers

Grasmann numbers are defined as being anticommuting quantities, that is, two

Grassmann numbers 7 and £ satisfy

ng +&n =0, (2.47)

from where, it follows that
(n)* = () =0. (2.48)

Then, if we have a general function of, let us say, n, f(n), the power expansion in 7

fm) = fo+ fin (2.49)

will only contain terms up to the linear order in 1 because higher order terms will

vanish.



Chapter 2. Preliminary concepts, notation and conventions 9

Grassmann numbers can be multiplied by ordinary numbers in the usual way, as

well as they can be added and subtracted normally. Differentiation is defined by

d(an)

o =a, (2.50)

where a is any ordinary number. Also, for the differentiation of the product of two

Grassmann numbers, we have

o) _
oy ¢ (2.51)
and a(en)
n —
oy~ ¢ (2.52)
Then, for f we have of
8_77 = fi. (2.53)

Integration is defined by

/dn =0, /ndn =1 (2.54)

and the imposition of linearity. Then

/ dnf(n) = fi, (2.55)

from were we notice that differentiation and integration are equivalent for Grass-

mann numbers.

Finally, for a Weyl spinor field # which, as we already said, has anticommuting

components, we will use the following definitions

1 1
d*0 = 0% df, = —-dfdo, (2.56)

_ 1 - _ 1 - _
d?0 = —402d0" = —-.dfdo, (2.57)
d*0 = d*0d?0, (2.58)

which lead to the following properties

/d29(09) =1, /d29‘ (06) =1, (2.59)

that are widely used in supersymmetry.
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The Standard Model

The Standard Model (SM) is the theory that best describes the electromagnetic,
weak and strong interactions of all known elementary particles so far as well as the
mechanism by which some of them acquire a mass. It is a gauge field theory build
on the local symmetry group U(1)y x SU(2), x SU(3)¢, where Y | L, and C' denote
hypercharge, left-handed chirality and color, respectively. The field content of the
theory and their representations under the symmetry group is shown in Table
There, we describe all three families of fermions. Here, for simplicity, we write the

SM Lagrangian just for one family:

Lsn :iZV“DHl +iqy" D,q + ey D e + v D ju + iaﬂy“Dﬂd

1 v 1 a my A ~Auv
= BB — W — 4GWG "
2
+ (Db (D"R) — A (h*h - 5&) (3.1)

— ye (lhe + €h'l)
— ya (qhd + dh'q) — y., (Gﬁu + ﬂfz*é]) :

where covariant derivatives are defined as:

Dl—é)l+ng “W“l—z LB, (3.2)
AA .92 T 91
D,q= 0,9+ z—)\ Gq+ 2 Wiq+i— 5 B,q, (3.3)
D,e=0,e— Zngue, (3.4)
AA 201
8u—|—z AG —I—Z?)Buu (3.5)
D,d=0,d+i )\AGAd — i B.d, (3.6)

3

10
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Duh =0 h+2922 o Weh + i 9213 h, (3.7)

where g1, g2 and g3 are the coupling constants associated with the groups U(1)y,
SU(2)., and SU(3)¢, respectively. Also, in eq.(3.1)), SU(3)¢ indices for ¢, d and u

were not written explicitly.

Names Fields (I =1,2,3) SU@B3)c SU(2)r UQ)y
Lepton doublet Iy = VL 1 2 -1/2
lr
Lepton singlet er = €rr 1 1 -1
Quark doublet a="* 3 2 1/6
drr,
Up-type quark singlet Uy = UrR 3 1 2/3
Down-type quark singlet drr 3 1 -1/3
Bt
Higgs doublet h = ( 10 ) 1 2 1/2
Gluons G;‘ 1 0
W bosons Wi 3 0
B boson B, 1 0

SAEAE

€1 = €R, €2 = UR, €3 = TR

(i)

Uy = UR, U2 = CR, U3 = tR

dy = dg, do = sg, d3 = bg

b‘

)
(1)

Table 3.1: Field content of the Standard Model with corresponding transformations
under the gauge group. The index I labels the three generations (or families) of
leptons and quarks; index a (= 1,2,3) label the three SU(2); gauge bosons; and
index A (= 1, ..., 8) label the eight SU(3)¢ gauge bosons (gluons). Quantum numbers
of fields respect the Gell-Mann Nishijima relation (Q = T5+Y"), where @, T3 and Y

denotes electric charge, third component of isoespin and hypercharge, respectively.

The terms in the first line of the Lagrangian in eq.(3.1)) are the fermionic (mat-

ter content) kinetic terms as well as the interaction of these with the gauge bosons
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contained in the covariant derivatives.

The second line describes the kinetic terms for gauge bosons. The field strength

tensors are defined as

B,, = d,B, —0,B,, (3.8)
Wi, = 0 Wy — 0,W! — goe™WIWY, (3.9)
Gh, = 0,Gy — 0,G) — g3 [*PCGRGY, (3.10)

where € (a,b,c run from 1 to 3) is the Levi Civita symbol and A\P¢ (A, B, C
run from 1 to 8) are the completely antisymmetric structure constants of the SU(3)

algebra. The non-zero values are

1

123:1 147: 246: 257: 345: 516: 637:_

f . f f f f f f 5
V3

458 _ 678 _ VO
fi = o = 2

(3.11)

with their corresponding permutations.

The third line contains the Higgs kinetic term and its potential which will be

important for the Higgs mechanism explained later.

Finally, the fourth and fifth lines in eq.(3.1]) are the Yukawa interaction terms
from which masses of fermion fields and interaction of the Higgs field with fermions

will appear after the mentioned Higgs mechanism. A is defined as

h=ioh". (3.12)

3.1 Higgs mechanism

We note that in the Lagrangian in eq., there are no mass term neither for the
gauge bosons nor for the leptons and quarks. For fermions, a mass term would be
proportional to ff = fifr + frfr and this would be invariant only if left and right
components of fields transform in the same way under gauge transformations. Since
the SM is a chiral theory, that is, left and right components interact in different

ways, a term of this form is also forbidden.

However, we know by experimental data, that quarks, leptons and some gauge
bosons actually have a mass. So, how is this possible? The answer to this relies on

the Higgs mechanism [5],6] [7]. This consists on the spontaneous breaking of a gauge
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symmetry. We say that a symmetry is spontaneously broken when the Lagrangian
of the theory is invariant under the action of the symmetry group but its vacuum

does not. Let us see how this works in the SM.

The principal ingredient in the SM that allows the Higgs mechanism is the Higgs

potential:
1 \2
V(h) =\ (h*h — 5&) : (3.13)

In order to have a theory with a bounded from below energy, A must be positive,

and, to allow spontaneous symmetry breaking, v? also has to be positive.

The minimum of the potential in eq. (3.13)) is achieved when

1
hth = éqﬂ. (3.14)

There exist infinite equivalent configurations for H such that (3.14) is satisfied.
Each of them has the same energy and we can go from one to another by an SU(2)

trannsformation. So, we can choose any of them without lose of generality. We

1 0
h0:ﬁ<v>, (315)

where v is real. A state ¢ is invariant under the action of a generator G if

choose

exp(iaG)y = ¢ (3.16)

or, infinitesimally, if
(I+iaG)p=¢ < Gp=0. (3.17)

Let us see how Hy behaves under the action of the generators of the group SU(2), x

U(l)y
ozl 1 0 1 0 1 v
Tlh0—7h0—5<1 o><v/ﬁ)—m<o)*0’ (3.18)

09 _1 0 — 0 __z' v
T2h0_?h0_2<i 0)(1}/\/§>_ —2\/§<0>7A0, (3.19)

oy, 1{1 0 o\ 1 (v
Tgho—?ho—2(0 —1)<v/\/§>_ —2\/§<0)7§0, (3.20)

1



Chapter 3. The Standard Model 14

but

" 22l o0 0 v

Then, the vacuum hy remains invariant under gauge transformations of the group
U(1)g, that is

Qho = (13 + Yp)ho = %(J3+I)<I>o ! < Lo ) < 0 ) =0. (3.22)

We say that the Higgs vacuum hy produce the spontaneous breaking

The gauge field corresponding to this U(1)q local group will be interpreted as
the photon.
In order to derive the interactions and mass terms after the spontaneous sym-

metry breaking it is more convenient to write the Higgs field as

1 1 0
h(z) = —=exp [ 209(x)7 . , 3.25
() = seww (Lo ( i b ) (3.29
where 0%(x) and h(z) are four real scalar fields. Since the exponential in (3.25)) is an

element of the SU(2) gauge group, it can be rotated away by a particular element
of the group. This choice is called unitary gauge. Then, only the physical field h(z)

remains and the Higgs doublet reads

1 0
h@o:;§<v+ﬁ@)>. (3.26)

3.2 Gauge bosons masses

Let us see how masses for gauge bosons are generated. In unitary gauge, we have

DA@h@):%L+%@Wf@pﬂ+%mBA@]M@

_ (Ot 5eWit 0B, 5e(W, — WD) 0
592(W, +iW2) 0. — 5(92W; + ¢'B,.) (v +h)
1 A i%Wﬁ@+Bu»A
0uh(2) — g 7, (x) (v + ()

V2

(3.27)

where we used the definitions

= 1

o

(W, FiW)), (3.28)

Sl

2
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A, = sin@WWf;’ + cosbw B,,, (3.29)
Z,, = costy W, — sinfy B,,. (3.30)

Replacing this on the second and third line in eq. (3.1]), we obtain

1 17 1 a apuv 1 ?
Loy D — ZBWB“ - ZW‘“’W W 4 (D, k) (DFR) — A (hTh - 51)2>
1 1 2,2
:—ZEJW“%CEW$W”W+%%W;W”>+
1 gav?
——Z I == 7
( 47" * 8 cos? Oy " (3.31)
1 . N
+ 5(8Mh)(8"h) — \?h? — Mvh?® — Zh4
2 2
D2V yp- i, 92v 7 7h],
+ 2 W w +400829W a
9 72 9% 72
ZWoWHhE 4+ —2=— 7 7Mh
+ 4 * 8cos2 By ’
where
W, =0.W,; —o,W;, (3.32)
Zyw = 02y — 0,2y, (3.33)
F,., =0,A,—0,A,. (3.34)

Then, the Lagrangian (3.31)) describes a massless gauge field A, (photon), a com-
plex vector field W (W bosons) with mass my = gov/2, a real vector field Z, (Z

boson) with mass my = gav/2cosfy and a real scalar field h (Higgs boson) with

mass my, = V2 \v2.

We note that the masses of the W and Z bosons are related by

my = —W (3.35)

cosly

In 1973, in the Gargamelle bubble chamber located at CERN, it was observed for
the first time the effects of neutral current interactions as was predicted by the
electroweak theory [§]. The W and Z vector bosons were experimentally detected
in 1983 in a series of experiments led by Carlo Rubbia and Simon van der Meer
[9, 10, 1T, 12]. Their measured masses are my = 80.385 £ 0.015 GeV and my =
91.1876+0.0021 GeV [13]. The experimental measure of sinfy, is 0.23176 £ 0.00060.
Then, we can see that relation is satisfied with great precision in nature.
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3.3 Fermion masses

Fermions acquire their masses after electroweak symmetry breaking due to the Higgs
mechanism and it occurs through the Yukawa interactions between the fermionic
fields and the Higgs field.

As we explained before, a fermionic mass term must contain the left and right
handed components of the field. Since in the SM, neutrino fields do not have a right
handed component, they will not acquire a mass [] However, charged fermionic
fields, having both chiralities, will posses a mass term. Let us consider the fourth
and fifth lines of the SM Lagrangian written in (3.1

Lsar O —Ye (lhe +eh'l) — yq (qhd + dh'q) —y, <§ﬁu + ﬂiﬁq) . (3.36)

We emphasize that here we are considering just one family of fields for simplicity.
After spontaneous symmetry breaking, H takes the form in (3.26)), and the previous

sector of Lg); converts into

Ye 7 _ _ Yd A - _
ﬁ(v +h)(érer + éger) — %( +h) (drdp + drdy)
_ %(U + h) (Gpug + agur) (3.37)

Yel ee — ydv dd — Ly ~ hee — Yd 24 hee — ﬁﬁée
NIV RV \/_ V2 V2
which shows mass terms for the electron, down quark and up quark fields with
masses M. = Yov/V2, mg = yqv/v/2 and m,, = y,v/v/2, respectively. Also, it shows
Yukawa interaction terms between the fermions and the Higgs boson. In this way,

we managed to generate mass for fermion fields through the Higgs mechanism.

3.4 Problems of the SM

The Standard Model predictions have been tested with great accuracy over the last
years, being the discovery of the Higgs particle in 2012 its greatest recent triumph
[14, 15]. However, it is far from being the complete theory of nature. Here we list
some of the problems that the SM faces:

Neutrino mass: Neutrinos are massless in the Standard Model. However, it
was discovered in the late 1960s that neutrinos can change its lepton flavour (elec-

tron, muon or tau) during its travel through space; and this phenomenon, known

*Actually, it is an experimental fact that neutrinos do have a mass but it is not explained in
the SM.
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as Neutrino oscillation, is only possible if neutrinos are massive. We do not know
how neutrinos acquire its mass and even more we do not know how they are ordered

(Neutrino mass hierarchy problem).

Dark Matter: In 1975, the astronomer Vera Rubin, after taking measurements
of rotation curves of galazies (the plot of orbital speeds of stars and gas as a function
of their distances from the center of the galaxy), announced the discovery that stars
in spiral galaxies at large distances from the center rotate around it with almost
the same speed [16]. Theoretically, taking into account the visible matter, it was
expected that the orbital speed of stars in these galaxies decrease at large radial
distances. The conflict between what we expect and what we see is known as the
galaxy rotation problem. In order to solve this problem, it is considered that some
kind of dark matter m which is forming a giant but invisible halo around the galaxy

must exist in addition to the normal matter.

Apart from the galaxy rotation problem there exist various other observations
that reinforce the existence of the dark matter (DM). For instance, a galaxy with
great amount of mass can distort the images of other galaxies. This is because it
interacts gravitationally and bends the light that pass near it (gravitational lensing).
The effect of DM on gravitational lensing can be measured and in fact, it is possible
to map the distribution of DM in a galaxy through these measurements E| Also,
dark matter has notable effects on structure formation, redshift space distortions

and the distribution of the cosmic microwave background.

Cosmological measurements shows that ordinary known matter (which is com-
posed by the particles in the SM) constitutes just a 5% of the mass-energy of the
universe; 27% is dark matter and 68%, dark energy. Then, extensions of the SM

that incorporate new particles with the DM characteristics are sought.

Strong CP Problem: Besides the known terms in the SM Lagrangian, there

could be an additional natural one of the form

2
9" 7 A ~YApuv
206G, (3.38)

where @ is an arbitrary dimensionless parameter and GA* = %e“l’p"G;‘g is the dual

"The term “dark” comes from the fact that it does not interact with electromagnetism and thus

it is not visible.
!The most detailed map of dark matter recently released was made around the MACS .J0416

galaxy cluster [I7].
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strength tensor corresponding to the gluon fields. This term would violate C'P
symmetry in the strong sector (C' corresponds to charge conjugation under which
particle and antiparticle states are interchanged and P refers to parity symmetry
under which left and right component fields are interchanged). However, there is no
experimental detection of violation of CP in quantum chromodynamics. This is why
we called this apparent contradiction as the Strong CP problem. Furthermore, the
existence of the f-term would contribute with the electric dipole moment of the neu-
tron estimated by dg(n) ~ 107fecm. The current experimental measurements
put an upper limit of dg(n) < 2.9 x 107%ccm [I8]. Then, § < 107'°, which is an
extremely small number if we compare it with the values of the other SM parame-

ters. Even, if we start with & = 0 in the SM Lagrangian, quantum corrections will

induce a term like (3.38]).

A possible solution to this problem was proposed by Peccei and Quinn in 1977 [19],
in which a new global chiral symmetry U(1)pc is introduced under which both
quarks and Higgs doublets transform non-trivially allowing the parameter 6 to be
promoted to a dynamical field. The U(1)pc symmetry is spontaneously broken by
the vacuum, generating a Goldstone boson, named axion, with bare mass equals to
zero but that acquires a small mass due to anomalous quantum corrections. This
particle has been searched without success. It also can be a constituent or the whole

of dark matter.

The interested reader can find more information about the strong CP problem

and other solution proposals in references [20, 21, 22].

Hierarchy problem: 1t happens to be that the Higgs mass parameter receives
quadratically divergent quantum corrections due to loop contributions with large
momentum. The most relevant of them are due to the diagrams in Figure |3.1

Their contributions are [23]:

3

s
for the top loop,
o3 gaA? ~ (700GeV)? (3.40)
s
for the gauge loop, and
1
s

for the Higgs loop.
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Figure 3.1: One loop contributions to the Higgs mass parameter due to (a) top

quark, (b) gauge boson and (c) Higgs autointeractions.

In the last equations A is a parameter that regulates the divergent loop integrals
resulting from the diagrams. It is interpreted as the energy until which the theory
is still valid. For the sake of illustration it was assumed a cutoff energy A = 10 TeV.

Then, the physical Higgs mass is approximately
M by = Miare — (100 — 10 — 5)(200GeV)?. (3.42)

The measured Higgs mass is my, ,ny = 125 GeV; so, in order to keep it to that
value, we need to finely tune the bare mass. This is even worse if we consider A to
be the Planck scale mp = 1.2 x 10! GeV, the energy at which it is believed that

the effects of gravity becomes important.

Among possible solutions to this problem are the Composite Higgs models [24],
in which the Higgs boson is not anymore considered a fundamental particle but it
is a bound state of new strong interactions. Other candidate theories to solve the
hierarchy problem add new particles that interact with the Higgs such that the total
corrections cancel out stabilizing the mass of the Higgs boson. Examples of these

are Little Higgs theories, twin Higgs theories and weak scale supersymmetry.



Chapter 4

Supersymmetry and the Minimal

Supersymmetric Standard Model

An interesting way to solve the hierarchy problem is based on a new type of symme-
try called supersymmmetry (SUSY) which is discussed in the present chapter. This
transformations convert fermionic into bosonic states and viceversa by the action of

elements of the group generated by spinor operators @):
@ |fermion) = |boson) , @ |boson) = |fermion) . (4.1)

The history of supersymmetry dates back to the late 1960’s. In 1967, Coleman
and Mandula, based on certain assumptions, proved a no-go theorem which states
that the biggest symmetry any 4-dimensional quantum field theory could have is
always a direct product of the Poincaré group and an internal group, that is, space-
time and internal symmetries cannot mix in any but a trivial way [25]. The first
supersymmetric theories were constructed around 1971 in the context of the string
theory as 2-dimensional theories where fermionic and bosonic fields can be inter-
changed leaving the action invariant [20, 27, 28, 29]. The first 4D realization of
supersymmetry was done by Golfand and Likhtman [30] at approximately the same
time but, surprisingly, their work did not attract so much attention [3I]. About
three years later, Wess and Zumino published a series of articles in the same direc-
tion [32, B3, B4] where they established the foundations of the construction of 4D
supersymmetric theories. They also pointed out that the Coleman-Mandula theorem
does not apply to supersymmetric theories because one of the assumptions of the
theorem is violated, namely, that only generators that satisfy commutation relations
are allowed. In supersymmmetry, the generators are fermionic operators, satisfying
anticommutation relations. This condition enlarges the most general symmetry that
a theory can have to be a direct product of the so-called superPoincaré group and

an internal symmetry, as shown by Haag, Lopuszanski and Sohnius in 1975 [35].

20
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Now we proceed with the technical treatment of supersymmetry.

4.1 Algebra of supersymmetry

As we said, supersymmetry generators are fermionic operators which we will denote
by @. Furthermore, they are Weyl-spinors carrying two spinor indices. Then, there
exist in total four fermionic supersymmetric generators @, and Q; with a and @
both taking the values 1 and 2. We can extend the number of generators having N
distinct copies of these four generators giving rise to an extended N’ = N supersym-

metry.

Here we will focus on N' = 1 supersymmetry. Its algebra is defined by the

relations
[Qu, P = [Qa, Pu] = [Py, P,] = 0, (4.2)
{Qa, Qv} = {Qs, @y} =0, (4.3)
{Qa, Qa} = 204, P, (4.4)

where P, is the usual translation generator. Relation (4.4)) is an important one
because therein lies the direct connection between the supersymmetry transforma-
tions and space-time translations. Therefore, we can regard SUSY as an extended

space-time symmetry.

The supersymmetry algebra can be seen as a Lie algebra with anticommutating
elements. So, we can define a finite supersymmetric transformation (element of the
algebra) as:

G(z",6,0) = 0 T0Q-zuP"), (4.5)
Here, 6, 6 and x, are real constant parameters associated with each generator. In or-
der to find out how the successive action of supersymmetric transformations change

the coordinates, we multiply two of this group elements with different parameters
(au, &, €) and (,,0,0). Then, we obtain

G(a" €, 6)G(2",0,0) = G(a" + a" — i€ +i€at0,0 +€,0 + €), (4.6)
that is, if we set the initial values of the spacetime and fermionic coordinates to 0,

after the two successive transformations defined by G(z*,6,0) and G(a*, &, §), they

will transform as
0 — a# — 2t + a* — ifotE + ilatd,
0—60—0+¢, (4.7)
0— 0 —0+E&.
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The first line of the last equation reinforces what was said lines above, that SUSY

transformations affect space-time translations and, moreover, shows how they do it.

Now we introduce a concept that will help us in dealing with supersymmetric
theories: the superfield. Any function of the coordinates 2, # and @ will be called
a superfield and will be denoted by S. Then, if we start from a superfield S(0, 0, 0)
and we make two successive SUSY transformations on it, by the previous analysis,

we will end up with the superfield
S(x" + a* —ifo"E +ikotd, O+&, O+€). (4.8)

With the aim to find how infinitesimal SUSY transformations act on superfields we
make an expansion of this field considering the parameters a,, £ and ¢ as infinitesimal

ones:

S(z* + a* —ifotE +iatd, 0+¢& 0+ €)
= S(2",0,0) + (a" — i00"E 4 i0"0)0,S + £90,S + £,0%S

_ _ . _ 4.9
= S(2",60,0) + a"0,S + £°(0,S + 10"00,.5) + £,(0°S + 10"00,.5) (4.9)
= S(z",0,0) + (—ia" P, + i"Qq + i£,Q") S,
where

P, =10,, (4.10)

N Y
Qo= —1 (60“ + 0,0 ﬁ) : (4.11)

. 8 sna M (9
Qo= —1 (—% — 6 0adﬁ> . (4.12)

Then, the expressions in (4.10)), (4.11)) and (4.12) are the supersymmetry gener-

ators expressed in field representation, i.e. the supersymmetric transformations act
on superfields as:
S(z",6,0) — CQTEQ=a"Pa gz g §). (4.13)

Any given superfield S can be expanded in power series in the coordinates # and

0 as

S(z,0,0) =A(z) + B(z)0 + C(x)0 + D(z)00 + E(x)00

_ T - 4.14
+ F,(2)00"0 + G(2)000 + H(x)000 + G00. (414)

Every field that is a function of z* in the previous expansion is known as component
fields. We must say that Lorentz invariance was imposed in (4.14]). With the help

of the generators in field representation found in (4.10), (4.11)) and (4.12), we can
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know how each field component changes under a SUSY transformation. There are
some group of field components that form irreducible representations of the SUSY
algebra, that is, they transform into each other. These irreducible representations
are described by special superfields that can be obtained by imposing constraints to
a general superfield S(z, 6, ). Here we study two of them: the chiral and the vector
superfields.

4.2 Chiral superfield

A chiral superfield (a.k.a. matter or scalar superfield) is defined by the constraint

D;S(x,6,0) =0, (4.15)
where 5 p
D, — ———_ 0o, —
D, 55 + 0%, pt (4.16)
0 . 0
D, = 505 ioh.0 ot (4.17)

We normally denote a chiral superfield by ®. The general solution for eq. (4.15]) is
of the form
®(y,0) = d(y) + V20x(y) + 6 F(y) (4.18)

with y* given by
y" = ot — ifohf. (4.19)

o(y), x(y) and F(y) are the component fields of the chiral superfield ® and it is said
that they form a chiral supermultiplet. ¢ and F are complex scalar fields while y is
a left-handed Weyl spinor field.

Expressing (4.18) in terms of #*, # and 0, we have

O(x,0,0) = d(z) + V20x(x) + 0>°F(x) — i00"00,6(x)

_ _ 4.20
+ %eﬁxo—#e - }192923#3%(9;). (4:20)
The adjoint
o' (x,0,0) = ¢ (x) + V20x(x) + *F'(2) + i05+00,¢' ()
(4.21)

- .
- é@%a“@ux — 10°6°0,0"6! (x)

satisfies the constraint
D,®" = 0. (4.22)
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These type of superfields are known as antichiral superfields.

We now see how the component fields vary under a supersymmetric transforma-
tion. The supersymmetric infinitesimal transformation of the chiral supermultiplet
® is given by:

0P =i(6Q +£Q)D, (4.23)

where @ and Q are defined in (4.11)) and (4.12). Then, by comparison with

60 = 6¢ + V200X + 0% F, (4.24)

we can infer the supersymmetric infinitesimal variations for the component fields ¢,
x and F":

06 = V28, (4.25)
0Xa = V26, F —iv2 (0"€), 0,0, (4.26)
OF = iv/20,x0"E (4.27)

from where we notice that, indeed, ¢, xy and F' form an irreducible representation

of the SUSY algebra.

We eventually will want to construct realistic supersymmetric theories. For that,
we have to be able to construct supersymmetric Lagrangians out of superfields. The
most general supersymmetric and renormalizable Lagrangian including just chiral

superfields ®; can be written in the form:
L= / d'0D!®; + { / d*OW (®;) +h.c.] , (4.28)
where W (®), called superpotential has the form

1 1
W(d;) = §mz‘jq’z@j + g)\ijkq)iq)jq)k- (4.29)

An important feature of the superpotential is that it is holomorphic, meaning that
it cannot contain adjoints of ®. The presence of ®f in W (®;) would spoil supersym-

metry.

In terms of component fields, the Lagrangian in eq.(4.28) is:

L =08,010"¢; + ixic"d,x; + FIF;
(4.30)

1
+ (mij i Fj + Nijiichj Fr — §minin — NijeXiX;%k + h.c.).
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Since there are no derivatives of F' in the Lagrangian, this is an auxiliary field and

can be removed by replacing its EOM:
El = —mijp — Nijrdion. (4.31)
Using this into eq. we obtain:
L =0,6{0" ¢ + iX:0" 0 xi — |mijd; + Nijud;dx)?
1

- <§minin + NijkXiXi Pk + h-C) :

(4.32)

Let us analyze the case for just one chiral superfield ®. In this case the superpotential
becomes . .
W(®) = §m¢>2 + gm?’ (4.33)

and the Lagrangian after integrating out the auxiliary field F' is
L= 0,0'0"p +ix5"0,x — |me + A¢?|> — (mxx + Axxé + h.c.) (4.34)

from which we see that the theory describes a complex scalar field ¢ and a Weyl

spinor 'y, both with the same mass m.

Let us analyze the matching between degrees of freedom (d.o.f.) of fields with
opposite statistic in a chiral supermultiplet. An off-shell chiral supermultiplet (with-
out using EOM’s) contains three fields: two complex scalar fields ¢ and F', each of
them with 2 d.o.f., and one off-shell Weyl spinor with 4 d.o.f.; then we note that the
number of fermionic and bosonic degrees of freedom is equal. Also, an on-shell chiral
multiplet contains a complex scalar ¢ with 2 d.o.f. which match with the 2 d.o.f. of
the on-shell Weyl spinor x. This must not be surprising, since we are working in the
SUSY framework where transformations change bosons into fermions and viceversa

and we cannot loose or gain degrees of freedom after the transformations.

Finally, let us see how SUSY theories can solve the hierarchy problem. Let us
expand the Lagrangian in (4.34)):
L =0,0'0"p +ix5"d,x — m*¢'d — N2(¢'¢)* — mAp'd* — mAgTo
o o (4.35)
— mxYX — MXX — AXX® — AXX¢',

and find the quadratic one loop contributions to the mass of the scalar field ¢.
These are given by the diagrams in Figure [4.1]
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Figure 4.1: Quadratically divergent one loop contributions to the mass of the field

¢ due to (a) a x loop and (b) a ¢ loop.

with quadratic contributions

d*k 1
4 / G (4.36)
for the x loop, and
d*k 1

for the ¢ loop. Then, both divergences cancel each other making the supersymmetric
theory free of quadratic divergences. We see that the existence of the fermionic
counterpart y of the scalar ¢ is crucial for the cancellation to take place, since its
contribution have the same value as the bosonic one but with opposite sign. Also,
the parameters of the boson-fermion and boson-boson interaction terms must be

related.

4.3 Vector superfield

The second type of irreducible representation of the SUSY algebra to be studied is
the vector superfield. A vector superfield, which we will denote by V', is defined by

the constraint

V(z,0,0) =V(z,0,0). (4.38)
The most general solution to can be written in the form:

V(x,0,0) =C(z) + 03 (x) — i0d(z) + %92 (M () + iN(2)

— SPIM(x) — iN(@)] + 0054 ()

N ) ;o (4.39)
+i6%0 {)\ - 50#@,@(@] — i0%0 {)\ - éauéuzb(x)]

1, 1
+ 0 [D - 5auauc} ,
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where C, M, N and D are real scalar fields; V), is a real vector field and x, A are
Weyl spinor fields.

Using the definitions and we can obtain

Vi=C (4.40)
D, V| =ixXa, DiV| = —iXa, (4.41)
DDV | = —4i)s, D*D,V| = 4i),, (4.42)
D'D?*D,V| = 4Dé" — 2i(a"5" ) F,,, (4.43)
D“D*D,V| = 8D, (4.44)
where the vertical line | means evaluation at § = 8 = 0.
The infinitesimal supersymmetric variations of the superfield V' is:
0V =i(€Q +£Q)V, (4.45)

with @ and Q defined in (4.11) and (4.12). Then, with the help of the identi-
ties (4.40)-(4.44]), we obtain the infinitesimal supersymmetric variations of the field

components:

0C =i(6Q +£Q)V| = (€D + ED)V] = i(&x — €X), (4.46)
g :i(é’D +xD)D?*D,V| = iD¢, + %(O'MUV)Z&)FIW, (4.47)
SAM = —iAG"E + ot N\ — OM(Ex + £X), (4.48)
6D =Eo" O\ + D NE (4.49)
Also, for F* = gtAY — 9" A*:
SF™ =i [0" (£0"A — AaV€E) — 0¥ (Eo™ A — Ao™€)] . (4.50)

It is easy to construct a vector superfield out of a chiral superfield. It just needs to
fulfill the constraint in eq.(4.38]). This is:

© + 0 =6+ o' + V2(0x +0) + 0°F + 8 F' +i05"00,(¢" — ¢)
K X
V2 V2

Now, we define the generalization of a gauge transformation for superfields as

(4.51)

_ _ 1 .-
+ —=020,x0"0 — m&wmx—1¢¢@ﬁ%¢+¢w

V=V 4o+ of (4.52)
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under which the component fields transform as:

C—C+o+ 0
Y= —iv2y,

M +iN — M +iN — 2iF,
A = Ay +i0,(0" = 9),
A=A,
D —D.

(4.53)

We see that A and D remain invariant under this gauge transformation, while A,
varies as expected for a massless spin-1 field , that is, A, — A, + J,a, where « is
a real arbitrary x-dependent parameter. Also, we note that there exists a special

gauge where C, ¢, M and N are all zero. This is known as the Wess-Zumino (WZ)
gauge. In this gauge, V in eq.(4.39) becomes

V = 60404, + i0*I — 0N + 60D, (4.54)
In order to write a Lagrangian for a vector superfield, we define:
W, — —iDdDdDaV, (4.55)
which is a chiral superfield since
DWW, = 0. (4.56)
Computing W, in Wess-Zumino gauge, we have
Wo = —idaly) + | 52D () + (00" o | 00— 00240,3° (1), (4.57)

from where
1

N 1
WaWa|.92 = 2@)\0"“(9#)\ —+ D2 _ §FuVF,LLl/ + 1

Fyu F e (4.58)

So, now, we are able to write a supersymmetric action for a vector superfield. That
is,
4 291 r1ra T T
S—/dx/dGZ[WWanLWdW}. (4.59)
Expanding it in field components we obtain

- 1 1
S = / d'zL = / d'z {i)\auau)\ = " + 5D2 : (4.60)
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which describes a massless spinor A, a massless spin-1 field A, and a real scalar D.
We say that A\, A, and D form a vector supermultiplet. The spinor A in this context

is known as gaugino.

There are no derivative terms of D in the Lagrangian. Then, this is an auxiliary
field and can be integrated out by its EOM D = 0 leaving just the fields A and A,,.

Let us analyze the degrees of freedom as in the chiral supermultiplet case. An off-
shell vector superfield contains an off-shell gaugino with 4 d.o.f., an off-shell spin-1
vector A, with 3 d.o.f. and a real scalar D with 1 d.o.f. Then, the number of bosonic
and fermionic degrees of freedom is equal. For the on-shell vector supermultiplet we
have an on-shell gaugino with 2 d.o.f. that matches with the 2 degrees of freedom

of the massless on-shell spin-1 vector field A,,.

4.4 Supersymmetric gauge invariant Lagrangian

In this part we treat supersymmetric gauge theories.

4.4.1 Abelian case

Let us start with a global U(1) theory. Consider a chiral field ® that transforms

under U(1) global transformations as
b — 20, (4.61)

where 6 is real and constant. Since any constant parameter ¢ satisfies the constraint
Dyc =0, 0 can be considered as a chiral superfield. Moreover, a product of chiral
superfields is also a chiral superfield. Then, the superfield ® transform into another

chiral superfield.

When the theory is promoted to a local U(1) invariant theory, 6 is not anymore
constant but it depends on x. Then, it has to be promoted to a chiral superfield,

such that ® transforms into another one as
b — e 2D, (4.62)

of — 29N (4.63)

where g is a dimensionless parameter which is identified as the gauge coupling that

corresponds to the U(1) symmetry group. Now, writing a kinetic term for ¢ of the
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/ d*0dTd

as we did in section would not respect gauge symmetry. Therefore, in order to

form

fix this we introduce a vector superfield V' that transforms as
V — V4i(A— A" (4.64)
under U(1) local group, and write instead
/ d*0dTe?V @ (4.65)

which is gauge invariant. Furthermore, the product ®7e29V'® in (4.65) is real making

it a vector superfield. Then (4.65]) is also supersymmetric.

We note that a superpotential of the form (4.33)) cannot be introduced because
it is not gauge invariant. However, if we consider more than one superfield ®;

transforming as
O; — e HuIND, (4.66)

where ¢; is the U(1) charge corresponding to the superfield ®;, it is possible to have

a superpotential of the form

1 1

5 Xijr @i PPy, (4.67)
where m;; is different from zero only if ¢; + ¢; = 0 and ;i is different from zero

only when ¢; + ¢; +q, = 0.

Finally, the total Lagrangian for a supersymmetric theory with U(1) local in-

variance is written as
1 .
L= / dQGZ(W“Wa + W W%) + / AP 29V o, + { / d*W (®;) —|—h.c] . (4.68)
In field components and considering the WZ gauge, (4.68) becomes

1 _ 1
L =(D,¢:) (D" ;) +ix:6"D,x; + F F; — ZFWF’“’ + NG DN + 5D2

1
+ (mijdiFj + Nijrid; Fre — 3MiXiXi — NijkXiX; Ok + h.c.) (4.69)

+ V290 (I xi\ — pxiNi) — Gl i D,

where

D,¢; = 0,0; +19q: A, ¢, (4.70)
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D, xi = 0uXi + 199 A, X (4.71)
After eliminating the auxiliary fields F; and D replacing its EOM in (4.69), we
obtain

1 _
L =(D,¢:) (D"¢;) +ix:0"D,xi — ZFWF“” + iNG" O\

1
— Imyd; + Nijrdion]* — (ﬁmin"Xj + NijkXiX; Pr + h-C) (4.72)

_ 1 2
+iV29q(PIxiN — o) — 5%2 <¢I¢i> ‘

4.4.2 Non-abelian case

The generalization of the previous discussion to the non-abelian case is relatively
straightforward. Let us consider a theory which is invariant under a non-abelian
local group G and suppose that it contains a chiral superfield ® that transforms

non-trivially under G:

b — e O, (4.73)

of — ol (4.74)
where now A is the matrix

A = 2¢T*A°, (4.75)

with T® being the hermitian generators of G in the representation at which ® trans-

forms, and ¢ is the gauge coupling constant corresponding to the group G.

The generalization of (4.65])
/ d'0dTeV @, (4.76)

with V' given by
V =21V (4.77)

will be SUSY invariant if the transformation for V' is extended to
eV — e iN Vel (4.78)
Also, the field strength W, in (4.55) is generalized to
W, = —}lDDeVDaeV, (4.79)

so that it transforms as
W, — e MW,e, (4.80)
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Finally, the full non-abelian superysmmetric Lagrangian is written as
1 - .
L= / d4¢91Tr (WeW, + WaW?) + / d'0dTe" @, (4.81)

where the superpotential was not considered. After writing it in terms of field

components and eliminating auxiliary fields, it takes the form

[ 1 a [ A% -y a = a
L =(D,¢:) (D" ¢;) + ix:6" D, — 1 E T AN N

4.82
+ivag (@A — X (T - S (G 00 (61T"0)), "
where the covariant derivatives are
D,¢i = 0u¢; +igT" A} ¢, (4.83)
Dyuxi = Ouxi +igT* A} x:. (4.84)

4.5 The Minimal Supersymmetric SM (MSSM)

In this section, we will study the minimal supersymmetric extension of the SM, also
known as the MSSM. The purpose of this section is to get used to build super-
symmetric theories. We will describe the field content of the theory as well as the
Lagrangian. We will also introduce terminology and notation that will be useful in

future chapters.

4.5.1 Field content

The first thing to note in order to construct a supersymmmetric version of the SM,
is that every field within the SM must be part of a supermultiplet (either chiral
or gauge). So, one adds a supersymmetric partner (superpartner) with opposite
statistic but with the same gauge transformations for every field in the SM. In the
MSSM, this is done in the following way: leptons and quarks belong to chiral su-
permultiplets, and the corresponding spin-0 superpartners are named by adding the
letter ‘s’ (for ‘scalar’) at the beginning of the SM field name; thereby they are called
sleptons and squarks. Also, for the electron we have its superpartner, the selec-
tron; for the neutrinos, the sneutrinos; for the muon, the smuon, and so on. Gauge
bosons belong to vector multiplets and the corresponding spin-1/2 superpartners
are named by adding the suffix ‘-ino’ to the regular SM field names. Thus, they
are called gauginos. The superpartner of the photon is called photino; that of the
gluon is called gluino and so on. Finally, in the MSSM, it is necessary to introduce

two Higgs doublets unlike the SM where there is just one (this will be explained
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Names Spin-0 Spin-1/2 SU(3)e,SU(2)L,U(1)y

sleptons, leptons  L; I = YL Iy = YL 1,2 -1/2

lrz lrz
E] é[ er = (GIR)C ]_, ]_, 1

- urr, urr

squarks, quarks Qr q = - qr = 3,2,1/6
drr drr,

U[ lNL[ ur = (U[R)C 37 ]_, —2/3

D[ CZ[ d[ = (d[R)c 3, 1, 1/3
h; . h;

Higgs, higgsinos  Hy hy = hOU hy = ﬁOU 1,2,1/2
U U
hY - hY

Hp hp=| 2| hp=1{ " 1,2 -1/2
hp hp

Table 4.1: Chiral supermultiplet fields in the MSSM with corresponding transfor-
mations under the gauge group. The index I runs from 1 to 3 and denotes each of

the three families of particles. Adapted from [36].

afterwards). These Higgs doublets belong also to a chiral supermultiplet and the
corresponding superpartners are called Higgsinos. All superpartners are denoted by
putting a tilde above the normal symbol for the SM field. The superfields contained
in the MSSM and their components are listed in Tables [4.1] and [4.2]

Names Spin-0 Spin-1/2 SU(3)c,SU(2),U(1)y
gluino, gluon G G, 81,0
winos, W bosons 1474 w, 1,3,0
bino, B boson B B, 1,1,0

Table 4.2: Gauge supermultiplet fields in the MSSM with corresponding transfor-
mations under the gauge group. Adapted from [36].
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4.5.2 The MSSM Lagrangian

To specify the Lagrangian of a supersymmetric theory we need to define its super-

potential. The MSSM superpotential is given by
Wssu = ¥y UiQy - Hy — yy’DiQy - Hp — y’ ErLy - Hp + pHy - Hp.  (4.85)

Here, y,, yq4 and gy, are 3 X 3 matrices in family space. They are the same Yukawa
couplings of the SM (eq. [3.1]), now for three families. These trilinear terms consti-
tute the supersymetric version of the Yukawa terms of the Standard model in the
sense that they are responsible for giving mass to leptons and quarks after the Higss

fields hY; and hY, acquire vacuum expectation values.

Now, we can justify the presence of two Higgs doublets in the MSSM rather than
the single h field in the SM. If we refer to the Yukawa terms of the SM Lagrangian
(3.36)), we notice that the Higgs field h gives mass to the down quark and the electron
when it acquires a vev while the responsible for giving mass to the up quark is the
field h defined as

FL = iUgh*.
As we argued in section [£.2] the superpotential must be holomorphic, that is, it can-
not contain a field and its hermitian conjugate at the same time because it would
spoil supersymmetry. Since a term such as & would imply the hermitian conjugate
of Hy, we must add a new Higgs field with the same quantum numbers as iL, namely
Hp.

The Lagrangian in eq. is invariant under the SU(3)¢c x SU(2)r x U(1)y
gauge symmetry of the SM. SU(3) indices for @), U and D were suppressed. The
‘> notation means the SU(2) invariant product of two SU(2) doublets. That is, for
two SU(2) doublets A; and B;, with ¢ denoting one of the two SU(2) components
of A or B, we define the SU(2) invariant product

A-B=é7A;B;, (4.86)

with €' = €22 =0, €2 =1 and ! = —1.

However Wy ssas is not the most general superpotential. There exist additional

renormalizable terms that can be included in it, such as

Ware1 = NELr LB + M5 Lp - QuDy 4 ph Ly - Hy (4.87)
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and
Wap—1 = \Y*U;D;Dg. (4.88)

It happens that these terms violates lepton (ﬁ) and baryon number (E) con-
servation respectively. These quantum numbers are assigned such that @); carry
B = 1/3 and L= 0; Dy and U; carry B = —1/3 and L= 0; L; carry B =0 and
L= 1; E carries B=0and L = —1 and Hy carries B=1L=0. Therefore, the
terms in Wy, violate lepton number by one unit of L and Wap=1 violates baryon
number by one unit of B. Violation of this quantum numbers have not been detected
experimentally. Moreover, the presence of \;, and Ag would imply decay channels
for the proton. Since we have never seen such decays, the strength of those coupling
must be extremely and unnaturally small. One possibility is to postulate Band L
conservation as a principle in the MSSM, but, actually, lepton and baryon number
are violated by non-pertubative electroweak effects in the SM. Then a new symme-
try called R-parity is postulated in order to avoid the terms in and ,
maintaining the interaction terms in (4.85)). R-parity is multiplicatively conserved
and is defined by

R— (_1):’)B+£+2s7 (4.89)

where s denotes the spin of the particle.

The MSSM, as was formulated until now would predict that, for every particle
in the SM, must exist a superpartner with the same mass. Experiments should
have found such particles since those range of energies have already been explored.
Not having discovered those sparticles suggests that supersymmetry must be bro-
ken spontaneously at some high energy in such a way that, at the energies already
explored, supersymmetry is hidden. We do not know how such a spontaneous sym-
metry breaking mechanism works but we can postpone the answer to that question
and study instead the physics after the spontaneous SUSY breaking. In order to do
that we add terms to the Lagrangian that break SUSY explicitly. It is mandatory
for these terms to be soft, that is, they must have coefficients with positive mass
dimension in order to avoid introducing new divergences. Also they have to respect
the gauge symmetry of the theory, SU(3)¢ x SU(2)r x U(1)y.

Completing the MSSM Lagrangian, we introduce all the possible soft SUSY-
breaking terms [36]:

(i) Mass terms for gauginos:

1 . L .
-5 (MgGAGA + MyWeWe + M, BB + h.c.) . (4.90)
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(ii) Non-holomorphic mass terms for sfermions:
- mé,lJ‘ﬁQJ - m%,uiﬁJ - m?J,IJa}ﬂJ - m%,IJdJ;JJ - m%,ljé;é(]' (4.91)
(iii) Mass terms for Higgs fields:
—m}y, hihy —m3 hbhp — (bhy - hp + hee). (4.92)
(iv) Trilinear scalar couplings:
—a Gy - hy +alddiGy - hp +a el - hp +hec.. (4.93)
Then, the complete Lagrangian of the MSSM is of the form

Lyssm = Lsusy + Lot (4.94)

where Lsysy is the SUSY invariant part which contains the kinetic terms for all the
fields listed in Tables 4.1] and as well as the supersymmetric gauge interaction
terms invariant under the gauge group SU(3)¢ x SU(2) x U(1)y and those arising
from the superpotential in (4.85); and L contains all the soft-SUSY breaking

terms showed in eqns. (4.90) — (4.93)).



Chapter 5

Extra Dimensions

The unification of the interactions has guided the development of physics through
its history. For instance, in the seventeenth century, Newton realized that the force
that attract objects to the Earth is the same as the one which causes the Moon to
orbit around it and explain both with his gravitational theory. Later on, Maxwell
succeeded in formulating the theory of electromagnetism, unifying the phenomena

of magnetism and electricity.

Following this path, the Finnish physicist Gunnar Nordstrom, in 1914, intro-
duced an extra spatial dimension for the first time in an attempt to unify Maxwell’s
theory of electromagnetism and a scalar version of gravity [37]. It must be noticed
that the Einstein’s Gravitational Theory was not formulated until 1915. Nordstrm’s
Scalar gravity failed in predicting the bending of light during a solar eclipse and was
forgotten. In 1921, Theodor Kaluza published a theory where he attempted to unify
now the electromagnetism and Einstein’s theory of gravity, also adding a fourth spa-
tial dimension [38]. Later, in 1926, Oskar Klein proposed that the extra dimension
in Kaluza theory is curled up forming a circle [39]. That is, unlike the common four
dimensions, the fifth one must be finite in size. This is a key concept because an
infinite fifth dimension could be easily detected by us. Moreover the finite size of
the extra dimension must be very small so we would not have noticed it so far. We
say that the extra dimension is compactified and the compactification scale is given
by the inverse radius of the circle. For us to be able to detect experimentally the
extra dimension it is necessary to reach energies comparable to the compactification

scale.

The Kaluza-Klein theory fails in accommodating chiral spinor fields, a funda-
mental feature of the SM [40]. But in modern theories this issue is overcome with

the introduction of compactifications with singularities.

37
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This chapter will serve as a review of the basic concepts of Extra Dimensions.
The content of this part is mainly based on Refs. 41l [42] 43]. We will work in the
simplest scenario, that is, we will add just one spatial extra dimension described by
the coordinate y = z°. Then, a general 5D theory is specified by an action of the

form

S5 = /d4x/dy Ls[®(z", )], (5.1)

where ® stands for a general 5-dimensional field. Also, we will consider a flat 5D
metric nyy = diag(l,—1,—1,—1,—1). Throughout this dissertation, capitalized
latin indices M, N run over 0,1,2,3,5 and lowercase Greek indices u, v run over
0,1,2,3.

5.1 Compactification

We say that the theory is compactified on My x C' if C' is a compact (closed and
bounded) space described by the coordinate y = x°. M, is the Minkowski spacetime.
Then, the four dimensional Lagrangian is obtained by integrating the fifth coordinate

Y as
Lo [y Lol v) (5.2)

C' can be written as C = M/G, where M is a non-compact manifold and G
is a discrete group that acts freely on M through operators 7, which constitute
a representation of G, namely, 7,4, = 7, 75,. That G acts freely on M means
that only the operator 7; related with the identity element i € G has fixed points
(1i(y) =y, Yy € M). Then, C is constructed by the identification of points in M
that belong to the same orbit:

y=7(y) (5.3)

Also, we state that physics should depend only on the points in C, that is
Ls[P(x,y)] = Ls[P(x, 7(y))). (5.4)
A necessary and sufficient condition to satisfy this equation is
O(z,74(y)) = Ty®(z,y), (5.5)

where Tj are a representation of G, namely Ty, ,, = T, 7T, for gi,92 € G and are

also elements of a symmetry group of the theory.
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When T, = I, Vg € G (trivial representation of G), eq.(5.5) reduces to

(I)(JI,Tg<y)) - (I)(J}7 y)a (56)
which defines an ordinary compactification.
When T, # I for some g € G, eq. ({5.5) defines a Scherk-Schwarz compactifi-

cation. T, is known as Scherk-Schwarz twist and it is said that the field ®(x,y)

satisfies twisted boundary conditions.

Let us describe the compactification in a circle. In this case, M = R (the set of
real numbers), G = Z (the set of integer numbers) and C' = S' (the circle). The
elements of the group Z that act on y € R are represented by:

Tu(y) =y + 2mnR, (5.7)

where R is the radius of the circle. Then, if we identify 7,(y) = y, we are left with
an interval of the form (y,y + 27w R]. We can conveniently choose y = TR to obtain
the fundamental domain:

(—mR,TR]. (5.8)

If we define a Scherk-Schwarz boundary condition for the field:
(z,y +27R) = TP(z,y), (5.9)

where T could be the element of a Zs symmetry of the theory, we can complete
the interval in (5.8)) to [-7R,wR|. For fields with untwisted boundary conditions
T = +1 (bosons) we make

®(z,7R) = &(z, —7R), (5.10)

and the field is a single-valued function on the circle S*.

For fields with twisted b.c.’s T'= —1 (fermions) we make

and the field is a non single-valued function on S*.

5.1.1 Orbifold Compactification

Just as we described ordinary and Scherk-Schwarz compactifications, we can define

an orbifold compactification in a similar way. This type of compactification is used
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to obtain chiral fermions in a 4D low energy description as needed in the Standard
Model.

Let us consider a compact manifold C' and a discrete group H that acts non
freely on C' through the operators (; which constitutes a representation of H. That
H acts non freely on C' means that there is more than one fixed point. We construct
the orbifold O = C/H by identifying points in C' which differ by ¢, for some h € H.
Also, we define that fields evaluated at these two points differ by some operator Zj,

which is an element of a global or local symmetry of the theory, that is:

y = C(y), (5.12)
D(z,((y)) = Zp2(z,y). (5.13)
O has singularities at the fixed points. Eqs.(5.12)) and (5.13|) specifies the orbifold

compactification and are known as orbifold boundary conditions.

A useful orbifold construction is O = S1/Z, where S! is the circle and Z, is the

cyclic group of order 2, which relates two opposite points in S*:

C(y) =~y (5.14)

Also, we have for fields

where Z? = 1, that is, in field spacetime, Z is a matrix with eigenvalues 1. The
orbifold O = S1/7Z, has two fixed points y = 0 and y = 7 R. Each of them defines a

4-dimensional spacetime slice also known as a brane.

5.2 Scalars

Let us consider a free massless real scalar field ® in a 5D space with radius R
compactified on the orbifold O = S'/Z, with fixed points y = 0 and y = 7R. Its

action is given by

S5[®] = /d% %aMcpaM@. (5.16)

In order to derive the equation of motion (EOM) and to find the boundary
conditions at the fixed points, we will follow the minimum action principle, 65 = 0.
The variation of the action in eq.(5.16]) is:

055[P] = / d'x a%w\gng— / P’z [0y 0 D] 69, (5.17)
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where we used the usual boundary conditions for fields at infinity: ®|,u—j,s = 0. By

making 655 = 0 we obtain:
OOMd =0, (5.18)

PPIP| _ . — 0P| _ = 0. (5.19)

Eq. (5.18)) is the EOM for the field ® and Eq.(5.19)) defines the allowed b.c.’s. In
order to satisfy eq. (5.19) we need to impose Neumann or Dirichlet b.c.” s

Neumann(N): 0;®| =0,
Dirichlet(D): ®| =0
that can appear in four combinations:
(+4+)=Naty =0, Nat y =7R),
(+-)=Naty=0, Daty=nR),
(—+)=(Daty=0, Nat y =7R),
(—)=(Daty=0, Daty=nR).

Since the spacetime is compact, ® can be Fourier expanded in the y coordinate as

(5.20)

B(a.y) = ﬁ S 60 (@)a(y), (5.21)

where £(y) form a complete set of orthogonal functions on the interval. The
™ (x) fields are called Kaluza-Klein modes. Complete sets of functions &,(y) ap-
propriate to the conditions in eq.(5.20)) are:

o =[] = [25221],
(5.22)
G =[] e —sin [ 2],

(++)

where &," "’ satisfies a boundary condition of the type (++) and so on, and n takes

the values 0, 1, 2, .... Replacing the fields with different boundary conditions in the
action in eq. (5.16)), we obtain

o0

2
SE(>++) _ /d4x [%ap¢(0)a“¢(0) + Z <(9“¢(")(9“¢(”) _ % (n)¢(n))] 7 (5.23)
Sé__) _ /d4l‘z (8 ¢(n a,u¢ ¢ n)¢(n)) (524)

2
SED / T Z . <8M¢(n)@u¢(n) _ (2"2;1) ¢<n>¢<n>>. (5.25)

n=—oo
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Then, Sé++) is equivalent to a 4D action describing a real scalar massless mode cor-
responding to n = 0 (zero mode) and infinite real scalar fields with mass m,, = n/R.
For Sé__), the Kaluza Klein (KK) modes form a tower of real fields with masses
n/R. In the case of SéijF) the theory is equivalent to a 4D action of an infinite tower
of real scalar fields with masses m,, = (2n + 1)/2R.

If extra dimensions really exist, the Kaluza-Klein modes could be detected ex-
perimentally in the form of a bunch of particles with increasing masses. The lightest
particle would correspond to the zero mode KK field. We note that the only fields
that posses zero modes are those with (++) boundary conditions. Then, particles

with these b.c.’s are expected to be detected at low energies.

We can see that the four combinations in eq.(5.20) can be obtained by different
combinations of values of 7" and Z in egs.([5.9)) and ([5.15)). More specifically, we have:

(T=+1)A(Z=41) — (++), (5.26)
(T=41)A(Z=—1) — (——), (5.27)
(T'=-1)AN(Z=+1) — (+-), (5.28)
(T=-1)A(Z=-1) — (—+). (5.29)

So, in order to fully define the boundary conditions of a field we need to specify
both transformations of the field under reflections about y = 0 denoted by Z and
under translations by 27 R denoted by T'. Or equivalently, we can specify Z trans-
formation and its transformation under reflections about y = 7R, which we denote
by Z’. We must note that 7" and Z are related by Z/ = T'Z. Then, in terms of Z

and 7' we have:

(Z'=4+1)AN(Z = +1) — (++), (5.30)
(Z'=-)N(Z=-1)— (—), (5.31)
(Z'=-1)N(Z=+41) — (+-), (5.32)
(Z'=+1)AN(Z =-1) — (—+). (5.33)

5.3 5D fermions

In 5D we need 5 Dirac matrices in order to satisfy the Clifford algebra. We already

have a matrix in 4D that satisfy this condition: v°. So we will take as a basis of
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Dirac matrices in 5D the following set:

TM — (4, —is) = << UOM 0: ) , ( é _OZ )) , (5.34)

where o# = (1,7), 3" = (1,— ) and & are the Pauli matrices.

We will work, as before, with a fifth extra dimension of radius R compactified
on the orbifold S'/Z,. The Lagrangian for the 5D Dirac field is written as

Ss[¢)] = / dxU (T 0y — my) V. (5.35)

We will follow the principle of minimum action as we did for the scalar case. The

variation of ([5.35) is:

3S5[V] = /d4x\11755\11|z;£+/ 200 (iTM 0y — my) \I/—/d5x(iaM\I/FM—|—m¢\I/)5\I/.
(5.36)
Then, by making §55[¥] = 0, from the second and third term of (5.36)), we obtain
the EOM:
(iTY 0y — my) ¥ =0 (5.37)

and
U <2’<5MFM +my) =0. (5.38)

Also, from the first term in eq.({5.36]), boundary conditions must be defined such
that:
@755\1/’3/:[/ - \I]’}/5(5\Ij|y:0 =0. (539)

Expressing it in terms of ¥, p = P gV, with P, = (1 —5)/2 and Pr = (1+5)/2,
we have

(0T Wg — 0WRTyL) 1= =0 (5.40)
and the EOM for these fields are:

iw“@M\DR = (85 + mq;)\IfL, (541)

iy“@H\I/L = (—85 + m\p)\I/R (542)

Then, we see that if we were to impose b.c.’s to the fields ¥, and Vg, these will
not be independent but will be related by the EOM’s (5.41)) and (5.42)). So, at each

boundary y = 0, y = mR, there are two possible choices of b.c.’s:

U, = 0 which implies 5V g(y) = meVr(y) (5.43)
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or

Ur = 0 which implies 05V (y) = —mg VL (y). (5.44)

For the particular case in which mg = 0, these conditions simplify to

V| = 0 (Dirichlet, —) A 95V g| = 0 (Neumann, +) (5.45)

or

05V 1| = 0 (Neumann, +) A Ug| = 0 (Dirichlet, —). (5.46)

Then, we note that Uz and ¥, obey opposite boundary conditions.

Similarly to the scalar case, each chiral component can be decomposed in terms

of Kaluza-Klein modes as

1

\IIR(xa y) = \/ﬁ

> o (@)Ely) (5.47)

and

Vi(r.9) = <=3 i @)k ). (549

For mg = 0 we can use the functions defined in eq.(5.22)) as the orthogonal set of
functions £ or €& taking into account that if £% has (++) boundary conditions,
then €& must obey the opposite boundary conditions, that is, (——). The same

happens with the other three possible b.c.’s.

From the Kaluza-Klein decomposition, we can see that for the (£, F) fields, there
is a tower of four dimensional Dirac fields with masses m,, = (2n + 1)7/2L. For
the (£, 4) fields the massive levels are at m,, = nw/L and there is also a massless

(()++) since this is the only field

chiral field for n = 0 (zero mode) corresponding to ¢
that contains a non trivial solution (5(()__) doesn’t admit a Kaluza-Klein mode). The
existence of chiral fields is fundamental when applied to the Standard Model and
this is one of the main reasons why orbifold compactifications are preferred over

other ones.
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5.4 Spin-1 fields

The 5D action for a massless spin-1 field is

1
S5[AM] :/d5l' —ZFMNFMN:|
o 1
:i/d%lfz WFW-—iﬂme]
L1 L1 1
= | x| = FuF" 4 S0, A0" As + 504,05 A" — 0, 4,0" A (5.49)
! 1 1
:/fx—fwwuia%w&+§%@%w—&&mw}

—/&a@w&mﬁﬁ

where in the last equality, it was used integration by parts and the usual vanishing
of fields at infinity.

We note that there is a bulk term mixing A, and As. So, we will need to add a

gauge fixing term in order to cancel this. This gauge fixing term is chosen to be

&szkaiumw—wﬂy, (5.50)

where ¢ is an arbitrary gauge fixing parameter. Then, the Lagrangian becomes
Si[A] =S5[A] + Sar
:/d% —lF Y — i(a A2 4 l(9514 Os A" + 18 As0M A — 15(85145)2 .
4" 26 M 2 Tk 2 2
(5.51)

Now, we can proceed with the variational principle as the previous cases. Varying

under dA4,, we obtain

<%%ﬂ=/fﬁ4{ﬁ@ﬁ“—O—%)W&LWW&&}%

(5.52)
+/&m&@m—w&mj

and varying under d As, we have
dSL[A] = /d5$5A5[—8u8“ + £02) A5 — /d4x5A5 [£05 A5 — 0, A"] |ZESR. (5.53)
Thus, making 65" = 0, we obtain the EOM

PW@W—(h%)WW}%—&&@:Q (5.54)
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00" As — D2 A5 = 0. (5.55)

Also, boundary conditions must satisfy the equations

(B5 A — 0" A5)|\=5" = 0, (5.56)
(£05A5 — 0, AM)|'=5" = 0. (5.57)

Then, we can identify two possibilities
(+)= Asl=0 = 054,]=0 (5.58)

or

(=)= AJf=0 = 0:A;]=0. (5.59)

Then, we have four cases labeled by
(+7+) (+7_) (_7+) (_7_)7 (560)

where the first entry indicates the boundary condition at y = 0 and the second one
the boundary condition at y = mR.

5.5 5D SUSY

In this part we will explore how supersymmetry manifests in a 5-dimensional the-
ory. This will be useful in the next chapter when we construct supersymmetric UV

completions in 5 dimensions for theories with folded supersymetry.

In 4D supersymmetry the smallest spinor is a Weyl spinor with 4 real compo-
nents. Then, the minimum number of anticommuting generators of 4D supersym-
metry amounts to four. On the other hand, in 5D, the smallest spinor is the Dirac
spinor with 8 real degrees of freedom meaning that there are, at least, 8 anticommut-
ing generators, that is, N' = 2 supersymmetry from the 4D viewpoint. Therefore,
N = 1 supersymmetric theories in 5D have the same field content as a N = 2
supersymmetric theory in 4D. We will treat here two types of 5D supermultiplets:
the hypermultiplet and the vector multiplet.

5.5.1 Hypermultiplet

Off-shell 5D, N/ = 1 hypermultiplets are formed by a Dirac spinor ¥, two complex
scalars ¢ and ¢¢, and two complex auxiliary fields F' and F°. We can construct

a b-dimensional Lagrangian containing the components of the hypermultiplet but
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in order for us to be easier to work with, we will express the 5D supersymmetric
Lagrangians in the language of the already studied 4-dimensional N’ = 1 supermul-
tiplets. This was done in the articles of Ref. [63] and [64].

In 4D language, hypermultiplets can be described as containing two A/ = 1 chiral
superfields ®(y) and ®¢(y), where y is the fifth coordinate which is acting as a label.

The 4D chiral supermultiplets are decomposed as
O(y) = ¢(y) + V20x(y) + 0*F (y), (5.61)
O(y) = ¢°(y) + V20x°(y) + 0*F*(y). (5.62)

The 5D action for a free hypermultiplet can be written as

SHvp /d4:1:dy {/d49 ((I)TCID + (I)CTq)C) + (/ d*0®°(m + 9,)® + h.C.) } . (5.63)

We see that this form of the Lagrangian is manifestly supersymmetric from the
4D viewpoint. Let us show that it is equivalent to the 5D Lagrangian that describes
the components of the hypermultiplet. Expanding[5.63|in component fields, we have
S / P [(076)1(8,6) + X Dux + FIF + (0°6) (0,6°) + ixeo" Oy + FF

+ ¢085F + ¢CT85FT - X685X - )5685)_( + F685¢ + FCT85¢T
+m(0°F — X°x + Feo + ¢TFT — xex + FoM)] .

(5.64)

Now, the EOM for the auxiliary fields F' and F are:
F = 056" — mo*, (5.65)
F¢ = —05¢0" —mo. (5.66)

Replacing in eq.(5.64]), in order to eliminate F' and F° from the Lagrangian, we

obtain
SEve — / &z [(0" 0)'(Ond) + (0" ¢°)1(0a1¢%) + X" x + iX°T" X
=X Osx — X°05X — m*(|¢°]* + [¢]*) — m(x“x + X°X)]
ghve _ / @ [(0"6)(Or0) + (9™ 6°)! (9nr0%) — m2(|&° + |9[2) + WM Dy — m)W]
(5.67)

where U = (x, x¢). The last action clearly describes a 5D theory with a Dirac spinor

U and the two complex scalars ¢ and ¢°.
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5.5.2 Vector multiplet

A D =5 vector multiplet is composed by a 5-vector gauge field Ay, a four compo-
nent Dirac gaugino field = and a scalar . In terms of D = 4, N' = 1 supersymmetry
it can be described as being composed by a gauge supermultiplet V' and a chiral

supermultiplet ¥ in such a way that their component decompositions are

_ _ 1=
V =00"0A, + i0*0\ — i0*0\ + 592921), (5.68)

5 %(a 1 iAs) + V0N 1 6°F, (5.69)

where V' is in the Wess-Zumino gauge.

The transformation of fields under a gauge transformation is given by
V — V+A+A, (5.70)

Y — ¥+ V205A (5.71)
and the gauge invariant action is given by

1 1 1
A 5 201170 4 V)2
Se = /d T {4 . /d OW*W, + h.c. /d 992(05V \/§(E+Z ). (5.72)
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Folded Supersymmetry

This chapter is devoted to the introduction of a new way to stabilize the weak scale
against radiative corrections, namely, Folded Supersymmetry. It was introduced by
Burdman, Chacko, Goh and Harnik in 2006, and the content of this part is com-
pletely based on their paper [I]. T just expanded some calculations and tried to give

the reader a more detailed explanation.

As we said in section [3.4] the hierarchy problem arises due to quadratically di-
vergent one loop corrections to the mass parameter of the Higgs field. The largest
contribution is given by the diagram that involves the top quark running in the
loop. One way to address the problem is to add new degrees of freedom and inter-
actions that generate new one loop diagrams that make possible the cancellation of
divergences. Examples of models that follow this path are: supersymmetry, little
Higgs theories and twin Higgs theories. How they managed to remove divergences

are roughly described in the following.

Supersymmetry accomplishes the cancellation of the top loop divergence by the
introduction of new diagrams that involve stop fields running in the loop. These
stops are scalar fields that have the same quantum numbers as the top quark apart
from spin. In particular, they are charged under the SU(3)¢ color group of the SM.
Little Higgs theories [44], [45], [46], [47) [48] [49] realize the Higgs as a pseudo Nambu
Goldstone boson making necessary the introduction of ‘top partners’, which are
fermions carrying SM color, that run in the loop and cancel out the divergence.
The coupling parameters related to the top partners—Higgs interaction are related
to the Yukawa couplings by a global symmetry. Twin Higgs theories also realize
the Higgs as a pseudo Nambu Goldstone boson but the theory also respects a Z,
discrete symmetry. The diagram that cancels out the top quark one loop divergence

has the same form as in little Higgs theories but the fermionic field that runs in the

49
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loop is not necessarily charged under SU(3)¢.

Folded Supersymmetry is a tool to construct theories beyond the Standard Model
that solve the hierarchy problem at least up to energies parametrically higher than
the weak scale. The new one loop diagrams that cancel divergences in these mod-
els are the same as in supersymmetric theories but, as in twin Higgs models, the
fields running in the loop are not charged under SU(3)¢. In this chapter we de-

scribe how these kind of models are constructed and how the can cancellations occur.

The main idea of Folded supersymmetry arises from the fact that, in the limit
of large N, and for a certain class of theories, the correlation functions of orbifold
non-supersymmetric daughter theories are identical to the corresponding correlation
functions of the supersymmetric parent theory, modulo the rescaling of the gauge
coupling constant. This statement was proved by using string theory perturbative
techniques in [59] [60] and in the context of field theory in [61]. These results, in
turn, follow from those in [56, [57, [5§]. The concepts of parent and daughter theory

as well as the orbifolding procedure will be explained in section [6.1}

As we already know, supersymmetry ensures that the masses of scalars are pro-
tected against quadratic divergences. So, the previous statement implies that in the
orbifold daughter theory (that follows from a supersymmetric parent Lagrangian),
the mass of the scalar fields must also be protected from radiative corrections, de-
spite not being supersymmetric. The understanding of the mechanism that allows
the cancellation of divergences can be used to construct extensions of the SM where

the mass of the Higgs field is protected against radiative corrections.

6.1 Orbifolding a theory: Examples

In this part we will explain the procedure to orbifold a parent theory. First, we have
to identify a discrete symmetry of the theory. “Orbifolding” the theory consists on
eliminating all the fields that are charged (not invariant) under that symmetry. The
remaining fields will be called daughter fields. The final daughter theory will be
described by a Lagrangian that contains the terms of the parent theory Lagrangian
that involves only daughter fields.

Following Ref. [I], we will give two examples of this procedure in order to clarify
it, one for a supersymmetric gauge theory and one for a supersymmetric theory

with Yukawa interactions. Then, we will identify the mechanism that guarantees
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the cancellation of divergences at one loop and give a prescription to construct

models where such a cancellation is realized.

6.1.1 Example 1: Supersymmetric gauge theory

Let us start by orbifolding a supersymmetric gauge theory with a U.(2N) gauge

symmetry and a global Uf(2N) flavour symmetry down to a non-supersymmetric

daughter theory with a U(N) x U(N) gauge symmetry.

The field content of the parent theory is specified by:

(i)

A chiral supermultiplet, @) that transforms in the fundamental representation
of U.(2N) and in the antifundamental representation of U;(2N):

Q — 6_2igAchio‘GTfG, (6.1)

where A, = TEAY, and T¢ and Tf are the generators of the U.(2N) and

Us(2N) groups respectively (G runs from 1 to (2V)?). The component fields
of @ will be represented by 2N x 2N matrices in the form:

- Jaa  Gab Gaa  Gab
Q - {q - ( ] ] > ’ q - < ) } , (6'2)
dBa 4Bb dBa 4Bb

where A and B indices distinguish between the two U(N) gauge groups inside
U.(2N) and a and b indices distinguish between the two U(N) global groups
inside Uf(2N). ¢ represents the scalar component field and ¢, the fermionic

one.

A chiral supermultiplet, Q transforming in the antifundamental representation
of U.(2N) and in the fundamental of Uf(2N):

Q — XM Qe T} (6.3)

The component fields of Q will be represented as matrices in the form:

Q:{f:<7:Aa 7:Ab>’ T:<TAa TAb)}' (6.4)
TBa TBb T"Ba TBb

Indices A, B, a and b represent the same distinction as for the components of
the superfield Q. 7 is the scalar component field and r is the spin—1/2 spinor
field.
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(iii) A vector superfield V = 2gVET transforming as
eV — e_zigAIeVGQigAc, (6.5)

whose component fields will be represented as:

A A A A
v=Ja, - wAA  Ap AB , 3\ — A4 AAB ) (6.6)
Aupa AuBB ABA BB
Here A and B, as before, distinguish between the two U(N) subgroups inside

the U.(2N) gauge group. A, is the spin—1 gauge field component and A is the

gaugino field component.

With these, we construct the supersymmetric Lagrangian:
L= / d%%Tr(W“Wa +WW,) + / d*0Tr(®Te” @) + / d*0Te(dTe"" @), (6.7)
which, expanded in component fields, takes the form:
L —Tr {(Duc])T(D”q) + Z’qa—ﬂDuq + (Duf)T(D“f) + z'F&HDMr}

1 _
+ Tr {—§[WWW“”] + QiAa“DuA}

- - (6.8)
+igV2Tr {G'Ag — gAG — P ATr + FAF)
2 2
- ST T ) — ST R T T,
where
W =WaT%  for G=1,2,..,(2N)?, (6.9)
and
WS = 0,A5 — 0,AG — gf M AT AL (6.10)
Covariant derivatives are defined by
DHG = 0MG + igTC AHg, (6.11)
Dtq = 9"q + igTC A%"q, (6.12)
D! = O — igTC* A9HF, (6.13)
Dty = OFr — igTS* A%y, (6.14)
DFX = 0P + ig[A* \]. (6.15)

Now, in order to obtain the orbifold daughter theory we identify the discrete sym-

metries of the theory. These are:
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1. A Z; symmetry labeled by Zor which is an element of the U.(2N) gauge group
generated by the 2N x 2N diagonal matrix with N ‘41’ entries and N ‘-1’

entries:
+1
1
r— * (6.16)
-1
-1

under which the superfields transform as:

Q—-TQ, Q—=I"Q, V -=TIVI (6.17)

2. A Z, symmetry labeled by Zyp which is an element of the Uy(2N) flavour
group generated by the 2N x 2N diagonal matrix with N ‘41’ entries and N

‘—1’ entries:
+1
1
Fe + (6.18)
-1
-1

under which the superfields transform as:

Q—QF, Q—QF", V-V (6.19)

3. A Zyr symmetry under which all the bosonic fields are even and all the

fermionic fields are odd, that is they transform as:

§—=q 9= —q¢ (—q §— -7 A,— A, A==\ (6.20)

So, the combined discrete symmetry is Zor X Zogp X Zor. We show now how each
field behave under this symmetry. They will be either even (4) or odd (—) under
it:

(j:<qAa<+> qAb<—>>, q:(m—) qAb<+>>, (6.21)

dBa(—) Gdps(+) qBa(+) qBb(—)

7= Faa(+) Tap(—) - Taa(=) Tap(+)
( Ba(=) TBo(+) ) ’ ( roa(+) TEo(=) ) : (6.22)



Chapter 6. Folded Supersymmetry 54

— AM,AA(‘F) Au,AB(_) B )\AA(_) )\AB(+)
e ( Aupa(=) Aups(+) ) ’ A= < Apa(+) App(—) ) ' (6.23)

The next step to obtain the orbifolded daughter theory is to eliminate all the fields
that are odd under Zor X Zor X Zsg and keep the terms in the Lagrangian that
involve only daughter fields. The orbifolded Lagrangian (eqfA.17)) and how it was

obtained is shown in Appendix [A] The remaining daughter theory is a non super-

symmetric U(N) x U(N) gauge theory.

It was proved in [62] that this orbifold daughter Lagrangian gives us the same
correlation functions as the parent one, up to the rescaling of the gauge coupling
constant ¢ — v/2¢. The correspondence implies that the mass of §a, is protected
against quadratic divergences at any loop order due to the supersymmetry of the
parent theory. The one loop quadratically divergent diagrams that contribute to the

mass of ¢4, are shown in Figure [6.1| and their contributions are, respectively:

g?N°N

242 272
M 6.1b - _9 AN -
3272

o RO 52 6.1d:

0.1qal:

(6.24)

The calculations are performed in detail in Appendix [A]l From we check

that, at one loop, divergences cancel out as was expected from the correspondence.

Let us note that if we look at the terms of the orbifolded Lagrangian that generate
the one loop diagrams, we note that they have related coupling parameters. That is,
the gauge coupling constant in [A.I8] the scalar-gaugino-fermion coupling constant
in and the quartic scalar self-coupling in must be related in order for the
cancellation to take place. However, there is not any symmetry of the theory that
guarantees these connections. Then, it is important to build a theory that is valid
at higher energies and explains the values of these coupling parameters. It is said
that such a theory is an ultraviolet completion of the low energy theory. Such a
theory will be postponed until section [6.3f where we set up a UV completion in 5

dimensions for the Yukawa interaction in the SM.

6.1.2 Example 2: Yukawa coupling

In this example (also discussed in Ref. [1]) we will explore how the procedure of
orbifolding can be applied to theories with Yukawa couplings where matter fields

are in bifundamental representations.
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A
Wik
Gag ———-®— ==L —— = (y, Gaq --—~- - (aq
5%
(a) (b)
ki
-~
H !
\ [}
\ /’
\
~ \ / ~
JAg ———-B———=4———P———— (y,

Figure 6.1: One loop contributions to the mass of G4, due to (a) gauge interaction,

(b) gaugino interaction and (c) autointeractions.

Let us consider a supersymmetric theory with a SU(2N); x SU(2N )y x SU(2N )3
global symmetry and the superfields Q12(2N, 2N, 1), Qo3(1,2N,2N), Q31 (2N, 1,2N)
as its matter content. That is, superfields transform as:

Q12 = U1Q12U3, (6.25)
Qa3 — UaQxU1, (6.26)
Qs1 — UsQs:UY. (6.27)

The bosonic and fermionic field components of ()1» will be denoted as matrices
of the form

. GiA24 (1A2B 1424 (1A2B
Quz2=<q2=| _ N ; Q12 = (6.28)
d1B2A 41B2B d1B2A 41B2B
and those components of (023 and (J3; will have the same form. In this notation A

and B distinguish between the two SU(N) groups inside each SU(2N) group. The
symmetry of the theory allows the Yukawa term

ATr(Q12Q23Q31) (6.29)
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in the superpotential. Then, the Lagrangian for this theory is:

L= /d48 [TI(QIQQH) + Tr(Q£3Q23) + Tr(lele)] +/ d?0 ATr (Q12Q23Q31) + h.c.]

(6.30)
or, in field components,
L =Tr <aufﬂza“§12 + iq—125”3u(h2) + Tr <8#§£38”c]23 + i5235“5pCI23>
+ Tr <8 b, 0" Gs1 + 143150 Q31)
nd31 10 (6.31)

— ATt (G31G12G23 + G12423¢31 + G23G12G31) + h.c.
— )\ [Tr (C];?,Cﬂz%ﬁm) + Tr (@;,1@;3@23@31) + Tr (c]kcj;lcjglqmﬂ '

Now, the theory is invariant under the discrete symmetry Zor X Zsg. Here Zor

denote the discrete symmetry under which the superfields transform as:

Q2 = TQpRIT, Qo3 — TQul, Q3 — T'Qa I (6.32)

with I defined in eq.(6.16]) and Zyg refers to the discrete symmetry under which the
bosonic fields are even and the fermionic ones are odd. The field components are

either even (4) or odd (—) under the action of Zor X Zyg. Explicitly, we have for
Q12

Gy = ( ?1A,2A(+) Giaze(—) ) ’ Gy = ( qia24(—) qraze(+) ) (6.33)

Gi24(—) Gip2s(+) Gi2a(+) Gip2s(—

and the transformation of the component fields of ()o3 and (D31 are similar.

The orbifolded daughter theory is obtained by projecting out the fields that
are odd under Zor X Zsr and keeping the terms in the Lagrangian that contain
only daughter fields. The daughter Lagrangian is showed in eq. of Ap-
pendix [A] This daughter theory is non-supersymmetric and invariant under an
SU(N)1axSU(N)1pXSU(N )24 X SU(N)2px SU(N)34xSU(N )35 global symmetry.

The one loop diagrams that contribute to the mass of ¢1424 with quadratic

divergences are given by the diagrams in Figure [6.2l Their contributions are:

AZN AZN AZN
R 6.2b : 6.2 :
872’ 1672 T 167

They are worked out in section and, as we see, they cancel out exactly as

6.2a| :

(6.34)

expected by the correspondence with the parent theory. Since the other scalar fields

have similar interaction as those of Gj424, their masses will also be protected from
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quadratic divergences. As in the previous subsection, a UV completion is needed in
order to understand why the coupling parameters take the particular values at low

energies which allow the exact cancellation.

q24;3A
42A;3B : .
q14,24 --*-Q-*—- 1424 Q1A2A ———-B———————- —--=- (1A24
q3B;1A
(a) (b)
43A:1A
':' \\\\
]
n M
N
- N -
(1424 == =B ===l ——— (1424

()

Figure 6.2: One loop contributions to the mass of ¢4 24 due to (a) Yukawa interac-

tion, and (b), (c) quartic scalar interactions.

6.2 Bifold protection and a prescription to construct an orb-
ifolded theory

So far, we treated two examples in which the one loop divergences cancel out in
a non-supersymmetric daughter theory. It would be useful to understand how this
cancellation is happening in order to be able to construct much larger theories and

eventually address the hierarchy problem in the SM.

Let us analyze how the cancellations operate. For that we will consider the theory
with Yukawa interaction studied in subsection [6.1.2] We saw that the diagrams in
Figure generated from the orbifolded theory posses quadratic divergences that
cancel out. Let us analyze how cancellations occur in the supersymmetric parent
theory. In the parent theory there are three more diagrams that contribute with the
mass of G1424. They are shown in Figure . We note that the only difference with
the diagrams in Figure [6.2] are the different fields running in the loops. Actually,

they have also the same value, that is, their contributions are:
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AZN AZN AZN
6.3a]: ——— 6.30]: 6.3c:
TR 1672 T 167

So, as it is expected for a supersymmetric theory, all quadratic divergences can-

(6.35)

cel out. However, we must notice that the fermionic loop diagram could be
canceled either by the bosonic loop diagrams and or by the bosonic loop
diagrams and [6.3d, and the same for the fermionic loop diagram [6.3a] Then,

we say that the mass of ¢1424 enjoys bifold protection in the parent theory.

Let explain this in other way. The difference between the fields running in the
loops of diagrams in Figure and relies on the SU(2N)3 group index, that
we will denote by ‘2’. We assigned 3A for fields with index ¢ running from 1 to N
and 3B for fields with ¢ running from N + 1 to 2N. In that way, we see that in
the supersymmetric case, both fermionic loops combine to form one fermionic loop
diagram with ¢ running from 1 to 2N and the same for the bosonic loop diagrams.
Then, the fermionic loop diagram with ¢ = 1,...2N cancel out with bosonic loop
diagrams with ¢« = 1,...2N as expected in supersymmetry. However, we note that
it is possible to cancel the fermionic loop diagram with ¢ = N 4+ 1,...,2N either
with the bosonic loop diagrams with ¢+ = 1, ..., N or the bosonic loop diagrams with

1 = N+1,...N, and the same occurs for the fermionic loop diagrams with =1, ..., V.

The bifold protection of the mass of a scalar in the parent theory allows us to
project out bosonic fields with index ¢ running from N 41 to 2N and fermionic field

with index ¢ running from 1 to N and still have the cancellation.

With this information in mind, we are able to write down a prescription in
order to construct a one loop radiatively stable theory starting from a theory with
quadratically divergent contributions to the mass of a scalar arising from a specific

interaction. The steps are the following:

1) Supersymmetrize the theory by adding the correspondent degrees of freedom

(fermions or bosons).

2) Identify the index 7 that is summing from 1 to N in the relevant one loop
diagrams and extend the theory by adding new fields and enlarging the gauge,
global or discrete symmetries to have the index ¢ now summed from 1 to 2N
but with the same vertices in each graph. In the cases of SU(NN) gauge or
global theories and Yukawa interactions, this can always be done in such a
way that the mass of the scalar enjoys bifold protection. Also, the parent

theory is invariant under the Zyr and Zsg discrete symmetries.
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G2A;3B
q24;34 : .
q1A24 ---»-Q--»—- q1424 QIA2A ————B———————~— ———- (1424
q3A;1A
(a) (b)
q3B;1A
':' \\\\
n
" Ui
\Y
- NI -
Q1424 —=—=—B———=%———p———— (1424
(c)

Figure 6.3: One loop diagrams that, together with those in Figure , contribute to
the mass of g1 424 in the parent supersymmetric theory described by the Lagrangian
in [A.32

3) Project out the states odd under the combined Zor X Zsg discrete symmetry.

Let us apply this prescription to a theory with a Yukawa coupling between a massless
scalar singlet s and massless chiral Weyl-spinor fields ¢; and r; transforming in the
fundamental and antifundamental representation of U (V) respectively. Index ¢ runs

from 1 to N. The Lagrangian of this theory is written as:

L= (8%)*(@3) +1q;0"0,q; + 170" 0pri — Asqir; — s q;7;. (6.36)

The only one loop contribution to the mass of s is given by the following diagram

q;
S ---»--Q--»—- S
T

which corresponds to a quadratic divergence:

d'k 1
. 2
2\2N / T (6.37)
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We will extend this theory in order to have a cancellation of this quadratic diver-

gence.

Following the rules established above, we first supersymmetrize the theory. We
make this by adding fields with opposite spin than s, ¢; and r;, that is, we add the
fields § (spin 1/2), ¢; (spin 0) and 7; (spin 0). Then we treat each couple of fields as
components of a respective chiral superfield. We will denote these superfields as S
(with component fields s and 3), Q; (with component fields ¢; and §;) and Q; (with

component fields r; and 7;). The supersymmetric generalization of the Lagrangian

in eq. (6.36) is
L= / d*0 (STS +QIQ: + Qj@i) + / 4?0 (ASQiQ; +h.c.), (6.38)

which, written in terms of field components and integrating out the auxiliary fields,

takes the form
L =(0,8)1(0"s) +1i56"0,5 + (0,G:) (0" @) + 1G:6"0,qs + (0,71 (0"F;) + iF:6" Dy
— X (sqirs + Gidrs + Fifigs + hue.) — A2 (gj A+ stsgiq + stsil r) .
(6.39)

Now, as expected from supersymmetry, the previous fermion loop is canceled by

the boson loops

q;
§ m—— P ——————— —---
Ty
':' \\\\
n
" I
1\
y
N
S mm— el ——— 3

with quadratically divergent contributions

d*k 1
NN [ —— 6.40

each one. Indeed, if we sum the contributions in eqns.(6.40) and (6.37)), the total
quadratic divergence vanish out. We realise that the cancellation of the one loop di-

vergent contributions to the mass of s is possible due to the presence of the following
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terms in the Lagrangian:
LD (=Asqr; + he) — N(sTsq § + sTsil 7). (6.41)

The same pattern is present for the other scalars ¢; and 7;. Then, we can in-
fer that the quadratic divergent contributions to mass of ¢; and 7; also vanish out.

Again, this is a consequence of supersymmetry.

Following step 2) of our prescription, we recognize the summed index ¢ in the
one loop corrections to the mass of s as the relevant one. Then, we promote the
global U(N) symmetry to a global U(2N) symmetry in order to now have the index
i running from 1 to 2V. For this to happen, we have to add N Q’s and N Q’s. The
new Lagrangian will have the same form as in eq. just that now index ¢ runs
from 1 to 2N. As before, quadratically divergent contributions to the mass of the

scalars s, ¢; and 7; vanish out. Also, now, the mass of s enjoys bifold protection.

This new enlarged theory is invariant under the discrete symmetry Zor X Zsg,

where Zor is the symmetry under which superfields transform as:
S—=S5 Q—-=TQ, Q—=rQ, (6.42)

with [' defined in [6.16] and Z3r is the symmetry under which bosonic fields are
even and fermionic fields are odd. The transformation properties of fields under this

Zor X Zapg are
S<+>7 §<_>7 (643>

)

I ) : (6.44)
)
)

) , (6.45)

where indices A and B distinguish between the two U(NN) groups inside U(2N).

Step 3) consists on projecting out all fields odd under the Zor x Zsg discrete
symmetry. By doing so, we obtain the final non-supersymmetric orbifolded daughter
Lagrangian

L =(9,5)1(0"s) + (0,Ga)"(0"Ga) + iqp6"0uqn + (8,7 a) 1 (0"F4) + iTp0"Ourp

— A (qurB + STQBFB) — )2 (|<j£fA|2 + STSQLQA + sTstfA) ,
(6.46)



Chapter 6. Folded Supersymmetry 62

which is invariant under a U(N)4 x U(N)p global symmetry. It is easy to see that
the one loop quadratically divergent contributions to the mass of the scalar s are
canceled out even though the theory is not supersymmetric (the terms in eq. are
still present). However, now, the quadratically divergent contributions to the mass
of the scalar fields g4 and 74 do not cancel out. This means that at higher loop
orders there will be divergences in the contributions to the mass of s that will not

be canceled.

6.3 Application to the Standard Model

The most significant contribution of quadratic divergences to the mass of the Higgs
field in Standard Model is given by the top loop diagram. In this section we address
that sector of the SM by implementing the folded supersymmetry prescription and

outline an ultraviolet completion for it.

The top Yukawa coupling in the Standard Model is given by
LSM D =Y (cng:IU3 + agﬁTq;),) . (647)

We want to cancel the divergent contribution to the Higgs mass parameter. For

that, we follow our prescription. Supersymmetrization implies having the term
v Q3 - HyUs' (6.48)

in the superpotential, where ()3, Hy and Uz are the chiral superfields defined in
Table and « is the SU(3) index which runs from 1 to 3, that is, it represents
each of the three colors of quark fields. The term in eq. corresponds to the
first term in eq. with the family indices I and J set to 3. As was stated in
section fields transform under SU(3) and SU(2) as

Q3(3,2);  Hy(1,2);  Us(3,1). (6.49)
The supersymmetric version of eq.([6.47]), expressed in component fields, is

£ =y [@565 - b+ G5 - b + - g5 + e 650)
— i 1G5 - hal® + |hal?|s]? + |Gs]*|as|*] -

Then, we identify the index « in the loop contributions of the mass of h, as the

relevant one. In order to have a theory that enjoys bifold protection, we make this

index to run from 1 to 6. This can be done in either of two ways: we can enlarge
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the symmetry group of the theory from SU(3) to SU(6), or we can extend it to an
SU(3) x SU(3) and a discrete symmetry that interchange the two SU(3). In this
part we will follow the first approach.

After enlarging the SU(3) gauge color group to an SU(6) gauge group the
Yukawa term in the superpotential have the same form as in (6.48), but now the

fields transform as

Q3(6,2); Hy(1,2); Us(6,1), (6.51)

that is, (03 contains, in addition to the three color states of the SM, three new
states charged under SU(2), and U(1)y but not under SU(3)c of the SM. Analo-
gously Us contains, in addition to the 3 color states of the SM, three exotic states
charged under U(1)y. These new fields will be called Folded partners (or F-partners,
for short) of the corresponding MSSM fields.

The theory, now, is invariant under a discrete symmetry Z,r under which fields

transform as

Qs — —TQ;, U;— —I"Us, Vi — VI, (6.52)

where I' is the 6 x 6 matrix defined in eq.(6.16) and Vg is the vector superfield
corresponding to the SU(6) gauge group. Also, the theory is invariant under Zsg
under which bosonic fields are even and fermionic fields are odd. Under the combined

symmetry Zor X Zsg, fields transform as

(@) [ aa®)
qs = ( dn(+) ) s a3 ( a5(=) ) ; (6.53)

_ [ aa(-) [ ual+)
Us = ( in(4) ) . Uz = ( wp(—) ) , (6.54)

hu("—)» ﬁu(_)ﬂ (655)

where indices A and B distinguish between the two SU(3) groups contained in
SU(6).

Orbifolding out the odd states under the combined discrete group Zor X Zsg, the

remaining Lagrangian contains only the terms

L=~y - qiud +he] =i |3 - hul® + |ha*las® + |G5as]?] (6.56)
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from where the relevant couplings for the one loop corrections to the mass of A, are
— 4y [h - ghul + hee] — 7 [|ds - hal® + [ha]as]?] - (6.57)

Here, we recognize the pattern in eq. for h,. That is, one loop divergent con-
tributions to the mass of h, vanish out. Furthermore, we note that the fermionic
loop with fields charged under SU(3) SM color is canceling out with bosonic loops
not charged under SU(3) SM color but under another SU(3) color group.

Also, since the fields g and up do not couple to fermionic fields, there will be
quadratically one loop contributions for their masses. Then, radiative stability of

the mass of h, is not guaranteed to orders higher than one.

6.3.1 Ultraviolet completion

In [6.57] are shown the relevant terms that allow the cancellation of divergences. As
we see, it is vital for the cancellation to take place that the coupling parameter for
the Yukawa term be y; and that of the quartic interaction be y2. However, there
is not a symmetry that explain why they take those values. Then, we need an ul-

traviolet completion for the orbifolded theory. Here, we outline such UV completion.

We will consider a five-dimensional supersymmetric theory with an extra dimen-
sion of radius R compactified on S*/Z,. It is represented schematically in Figure
The fixed points are located in y = 0 and y = mR. The gauge symmetry of the
theory is SU(6) x SU(2), x U(1)y. The SU(6) gauge symmetry will be broken up to
SU(3)xSU(3) xU(1) by boundary conditions and at the same time supersymmetry
will be broken by Scherk-Schwarz mechanism. Matter and gauge fields live in the
bulk of 5D space while Hy and Hp are localized in the brane where SU(6) is pre-
served which will happen to be at y = 0. As was explained in section , in order
to fully specify the boundary conditions of the various fields we need to define the
orbifold b.c.’s (transformations under reflections about y = 0) represented by Z and
the Scherk-Schwarz b.c.’s (transformations under translations by 27 R) represented
by T'. Or, analogously, we can define transformations under Z and transformations
under reflections about y = 7R denoted by 2’ (Z' =T7Z).

A five-dimensional supersymmetric gauge multiplet V consists of a five-vector
Ay, two Weyl spinors A and ), and a real scalar 0. From the viewpoint of 4D
space the five dimensional theory posseses an N = 2 supersymmetry. This N = 2

supersymmetry is broken to a A/ = 1 supersymmetry by the action of Z. V can be
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Q £
y

Hp
Hu Vs, Va, V

/ /

Figure 6.4: Sketch of the 5D theory that works as an ultraviolet completion for
the orbifolded theory described by Vertical planes represent the branes
localized at y = 0 and y = 7R respectively. The gauge bulk symmetry is
SU(6) x SU(2), x U(1)y. Gauge multiplets (Vg, V2, V) and matter hypermulti-
plets (Qg,, Ug) are localized in the bulk, while Hy; and Hp are localized in the y =0

brane.

thought as composed by a 4D vector multiplet V' with components (A,, A), and a
4D chiral multiplet ¥ with components (o + A5, \'). In order two break supersym-
metry from N' = 2 to N = 1, V and ¥ must transform in a opposite way under
Z. Since we want a low energy 4D effective non-supersymmetric theory, we cannot
have this remaining N’ = 1 supersymmetry. To correct this, we note that N = 2
supersymmetry can be broken up to NV = 1 supersymmetry also by the action of
Z'. But this N' = 1 supersymmetry must be different from that which survives
the action of Z. For that, we break up V in an alternative way: a vector super-
field V' with components (A,, '), and a chiral superfield ¥’ with component fields
(0 +1iAs5,—A). Also, V' and ¥’ must have different transformation properties under
Z'. Then, although either Z or Z’ separately breaks supersymmetry from N = 2 to
N =1, the combined action of Z and Z’ breaks it completely.

A hypermultiplet H consists of two bosonic fields § and ¢¢, and two fermionic
fields ¢ and ¢¢. From the four dimensional point of view, the theory possesses N = 2
supersymmetry and can be decomposed in the two 4D chiral multiplets @) (with com-
ponent fields (¢, ¢)) and Q¢ (with component fields (¢¢, ¢°)). We want Z to break
up N = 2 to N = 1 supersymmetry, then () and Q¢ must transform differently
under Z. We also want Z’ to break up N' = 2 to N/ = 1 supersymmetry (different
from the previous N'= 1 SUSY). For that, we decompose Q alternatively into the
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chiral superfields @' (with component fields ¢*¢ and ¢) and Q" (with component
fields (—@*,¢%)) and make them transform differently under Z’. Then, under the

combined action of Z and Z’, supersymmetry is completely broken.

In the present example we want to break SU(6) to SU(3) x SU(3) x U(1) gauge
symmetry. We choose Z to preserve SU(6) and Z’ to breaks SU(6). Then, denoting
the five dimensional SU(6) vector multiplet by Vs, under the action of Z, Vg is even

while Y is odd. However, under the action of Z’, superfields transform as
V{ — TV, ¥ — —I2Tt (6.58)
Explicitly, we have the field transformations:

Under Z : Ve [Aue(+), Ae(+)]
Y6 [pe(—), As(—)]-

(AM,G,AAH) AM,G,AB<—>> ( baa(+) g,AB<—>>

Auepa(=) Auepp(+) 6.84(—) g pp(+)
5 [( pe,aa(—)  pe.an(+) > < Xe,aa(—) AeaB(+) )
¢ pe,8A(+) pe.B(—) ’ Xe,sa(+) Ne.BB(—)

where pg = 06 + 1A56.

(6.59)

Under Z' : |74

(6.60)

As we saw in section [5.2}, only the fields which are even under both Z and Z’ will
have zero modes at low energies when decomposed in Kaluza-Klein modes. Then,
we notice that the only fields that will have a zero mode at low energies are the
gauge bosons corresponding to the gauge group SU(3) x SU(3) x U(1), A, 44 and
A,6,8B, together with the fermionic fields A\¢ pa and A 4p. Furthermore, we also
want to leave SU(2), x U(1)y unbroken; therefore, for the corresponding vector
fields V, we will choose that, under Z, V is even and ¥ is odd; and under Z/, V' is
even and Y’ is odd. Making this leaves us only with the gauge boson fields corre-

sponding to the groups SU(2), and U(1)y at low energies.

For matter fields, we introduce the hypermultiplet Qg which transforms as (6, 2)
under SU(6) x SU(2) and has hypercharge 1/6. The boundary conditions for fields

are defined as

Under Z : Q3 — +Q3, Q5 — —Q%5, (6.61)
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or, in terms of component fields

. 3:<%HU7%:<Mﬂ>’
5(+) as(+) 6.62
¢:<ﬁPw fzﬁmw>.
C\ae) )T o)

and
Under Z' : Qs — T'Q5, ¥ — —T*Q¥, (6.63)

or, in terms of component fields

: . ja(+) qa(+)
z" q§=(?j‘ >,q3=< >
q5(—) q5(—) (6.64)
%:(@e» f:CMA>'
s(+) )7 q5(+)

Then the only fields that have zero modes are ¢4 and ¢p.

We also introduce the hypermultiplet Us which transforms as (6, 1) under SU(6) x
SU(2) and has hypercharge —2/3. Boundary conditions are defined as

Under 7 : Us = +Us, U5 — —Us, (6.65)

) (6.66)

or, in terms of component fields

7 a3:<“’4+

and
Under Z" : Uy —I*U;, Uy — —TUY, (6.67)

or, in terms of component fields

,&C
Z': ag:( Al

)

)

T
S\ as(4)

Then the only fields that have zero modes are u4 and up.

(6.68)

N—— ~—
< <
wo w
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Fields that do not vanish at the y = 0 brane are those which are even under
Z transformation. They are the vector superfield V5 = (4,6, A¢) and the chiral
superfields Q3 = (g3, q3) and Us = (@3, uz). Then, in the brane located at y = 0, it is
preserved an N = 1 supersymmetry and the field content is given by the superfields
Vs, Q3, U3 and, as we anticipated, the chiral supermultiplets Hy and Hp.

We now write the part of the 5D Lagrangian that is relevant for the cancellation
of the one loop divergences in a 4D supersymmetric language following what was

studied in subsection [5.5.1]

Ls— / d*0 [Q§Q3 + Q5 Qs + Ulus + Ut Ug] + / d*0 [Q505Qs + US0sUs + h.c.]

+4(y) {/d40H(T]HU + /d26 Q5 - HyUs + h.c.]} :
(6.69)

It is convenient to write Q3, ()5, Us and U5 as

_ [ @a e _ [ @i _ [ Ua c_ [ Ui
Q?)_(QB)?QS_(QCB)aU3_(UB>7U3_<U§>‘ (670)

Then, becomes
Ls= / d*0 [Q;QA +QTQ + ULUL + USUS + QLQs + Q5Q% + ULUs + U?Ug]
+ /d49 [Q405Q 4 + Ui0sUs + Q305Qp + UgdUp + h.c.

+4(y) {/ d*0H] Hy + /d29 lyeHy - QaUa + y:Hy - QpUp + h.c.]} .
(6.71)

By eliminating auxiliary fields and expanding 5D fields in Kaluza-Klein modes

(the derivation is made in Appendix |B)) we obtain the Lagrangian

L= L)+ LEE) (6.72)

where L is the part of the relevant Lagrangian that contains the zero modes:

Loy = [kinetic terms]
2 ~ 12 2 21~ |2 (6'73)
— Y |huQBO| — Y |hu| |UB’ - (ythuQAOUAO + hC)
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and LX) is the part of the relevant Lagrangian that contains Kaluza-Klein modes:

LEE) = [Kinetic terms]

+ Z [ythuQBnuBm + thIhu|2|CjAn|2 + yt2|hu|2|a/§m|2

+Yrhugantam + yt2|hu|2|(ij|2 + yt2|hu|2|ﬂ3m|2} (6.74)
+ 3 [vehulantiao + 67 Pul*dal* + v} [l |iis0 ]

n

+ Z [Yehugaotam + v | hal?ldsol® + v7 |l ?|Gsm]?] -

We note that is equivalent to the Lagrangian in [6.57] which indicates that,
indeed, the theory is a UV completion.



Chapter 7

Conclusions

The Standard Model of particle physics is a well tested theory that predicts ex-
perimental data with great accuracy up to the range of energies currently reached.
Nevertheless, we saw in Chapter |3| that experimental and theoretical issues make
evident that it is incomplete and there must be new physics waiting to be under-
stood at higher energies. One of the main problems Standard Model faces is known
as Hierarchy problem and arises when we consider that the theory is valid up to
a certain high energy A usually took as the Planck scale. Within this assumption,
the Higgs mass receives large quantum corrections that are quadratically sensitive
to A, requiring a delicate fine tuning between the bare Higgs mass parameter and
the quantum corrections in order to obtain a fix value of the physical Higgs mass
(measured to be 125 GeV).

One of the possible solutions to hierarchy problem is based on supersymmetry
which was studied in Chapter[d It accomplishes to avoid the large quadratic contri-
butions by adding a new field known as superpartner for every field in the SM. The
superpartners have the same properties as ordinary fields except for the spin which
differ by 1/2. They generate new quadratically sensitive contributions that have
the same value as that of the SM but with opposite sign making the cancellation
possible and solving the hierarchy problem. However, no experimental evidence of

supersymmetry has been found so far.

In Chapter [6] we studied two examples of orbifolded theories where quadratic
divergences due to one loop corrections to the mass of a scalar are canceled out.
One for a theory with gauge interactions and the other for a theory with Yukawa
coupling. We understood that cancellations take place because in the parent theory
the scalar mass enjoys bifold protection. It served us to write down a prescription

for constructing a folded supersymmetric theory. Then, we used that prescription to

70
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build a folded supersymmetric toy model out of the Yukawa interaction in Standard
Model. We focused in the top Yukawa interaction because it is what contributes
most to quadratic divergences in the SM. By doing so, we noticed that the orbifolded
theory possesses an unexplained relation between coupling parameters of different
interaction terms. So, we required to build a UV completion that account for that
relation. The outlined UV completion was constructed in a 5-dimensional spacetime
(whose basic concepts were reviewed in Chapter [5)) with A' = 1 supersymmetry and
made use of appropriate Scherk-Schwarz and orbifold boundary conditions to break
supersymmetry and obtain the correct effective folded supersymmetric theory at low

energies.

As future perspectives we intend to analyze realistic model where folded super-

symmetry is realized not only for the Yukawa sector but also for the gauge sector.



Appendix A

Derivation of orbifolded Lagrangians

In this part, it is shown in detail the calculations that were made to obtain the
orbifolded Lagrangians in the various examples worked in this dissertation as well as

their corresponding one loop diagrams that contributes with quadratic divergences.

A.1 Supersymmetric gauge theory

In section we applied the orbifold procedure to the supersymmmetric La-
grangian invariant under the U(2N). gauge group and the global U(2N) group:

L =Tr{(D,q)"(D"q) +iqc" D,q + (D,F)'(D"¥) + ir6"D,r}
1 _
+ Tr {—E[WWWW] + 2@'A5“DNA}
+igV2Tr {G'Ag — GG — P ATr + FAF)

2 2
- GO T TG 1) — ST ().

Fields that remain after orbifolding are:

~ . 0 0 ~

§= qA ) ’ g= ) dAb ’ (A.2)
- . 0 0 ~

e IRt D e (A.3)
0 Bb T'Ba 0

A = A%Aa 0 _ 0 )\AB (A 4)
: 0 A,p )’ Apa 0 )7 '
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Then, covariant derivatives reduce to

0,0 Aa 0 A, 0 Jaa O
DMQ _ uqdA ’ +ig 1, A ga )
0 Ouim o A.Bs 0 dmo
0 O,y + 194, BBB
_( Dyina O
0 Dude 7
Do ( OuT aa + 19 AL AAT Aa 0
wl = - . -
0 0,Tgy + 1gA ,BBTBb
! ! (A.6)
~( Dyiaa 0O
N 0  Dyigy )’
0 0 A 0 0
Dyg — wdan | i 1 AA qab
auQBa 0 0 AM,BB dBa 0
_ 0 Ouqay +19Au 44940
auQBa + Z‘gAu,BBQBa 0
— 0 DuQAb
DuQBa 0 ’
(A7)
Doy ( 0 O ap + 19 A AAT A
ul = .
8 TBa+ZgA ,BBT Ba 0
g ! (A.8)
o 0 D;ﬂnAb
~\ Dyoga O ’
0 O, A 0 0 A
DHA _ u/\AB + Zg uwAA AB
8;/\3,4 0 0 Au,BB ABA 0
(0 N\ [ A O
ABA 0 0 AM,BB
_ 0 OuAa +19(Auap — AaBA,.BB)
Oy Ba +1i9(AuBBABA — ABAA,A4) 0 ’

(A.9)
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Also, the field strength becomes

|- 8/JAV,AA 0 a,,A%AA 0
e 0 A, B 0 d,A, BB
Ay aa 0 Ay an 0

0 AMBB 0 AV,BB

{ Avaa 0 Ajaa 0

0 A, BB 0 A, BB

B < OpAy aa — 0y A a4+ 19[Auaa; Aviaal 0 )

+ig

B 0 0,AL BB +19[A. BB AV BB

_ W,uu,AA 0
0 W,uV,BB

Applying the orbifold procedure will imply to decompose the generators T of the
U(2N). group into N x N block matrices of the form

TG TG
G 1
TC = ( ot 1g ) . (A.11)

(A.10)

The 4N? generators will be chosen such that:

1. The first N? generators (G = 1, ..., N?) will have the form

0 M
(M : ) (A12)

where the element (m,n) of the matrices M* is given by
(M) = =60 6 (A.13)

_2mn7

that is, the matrix M%’ has all its entries equal to zero except for the entry
(i, 7) which is equal to 1/2. The indices i and j both run from 1 to N giving
rise the N2 matrices M*.

2. The next N? generators (G = N? + 1, ...,2N?) will have the form

0  —iMw
(M 0 ) (A1)
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For G = 2N? +1,...,3N?, the generators will have the form

¢ 0
(71 o

where T are the N? generators of U(N) and they satisfy Tr(7°T%) = £5°.
Indices ¢ and d both run from 1 to N2

3. For G =3N?+1,...,4N?, the generators will be of the form

0 O
(1) o

Then, the matrices TE will be zero except for the values G = 2N? +1, ..., 3N?
where they are equal to T¢. Then, the matrices T§ will be zero except for the
values G = 3N2% + 1,...,4N? where they are equal to 7°. And the matrices
TC will be zero except for the values G = 1, ..., N? where they take the values
of M* and for the values G = N% + 1,....2N? where they take the values of
—i M.

Then, the orbifold daughter Lagrangian is

£ =T {(Dyiaa) (D"Gaa) + (Dyiisn) (D) + i}y, 7" Do + i Dun

+Tr {(DJAG)T (D7 4q) + (D) (D*gy) + i1}, 3 Dy pa + irly, 5" Dy Ab}
1

5l Wi, aaWhiy + W, W)

+ Tr {22'/\1.314 [8M/\BA + ig(AM,BA)\BA — )\BAAM,AA)] + hC}
+igV/2Tr (QLQAABQBLL — g N pdae + G Baqas — QLb)\ng@BO

o+ igV2Tr (<7 b arma + ThNbaTan = T Nasran + TN )
92

2
2

— O T T P T (T o) + T, T T T (7 T )

(T2 T Gaa) Te(@h T ) + T, T ) Tl T )|

(A.17)

We want to find the one loop corrections to the mass of ¢4,. Therefore, now we
will focus just on the terms involving this field to write the corresponding Feynman
rules. For that, let us introduce a bit of notation that will be valid only for the

calculations that will be made from now on in this section:



Appendix A. Derivation of orbifolded Lagrangians 76

1. The N x N matrix ga, will be denoted just by ¢. Do not confuse it with the
2N x 2N matrix with the same notation in eq. [A.2]

2. The N x N matrix qp, will be denoted just by ¢q. Do not confuse it with the
2N x 2N matrix in which is denoted in the same way.

Using these conventions, let us list the Feynman rules that involve ¢:

(i) Expanding the term Tr [(DyGaa)(D"qaq)] = Tr [(D,q)T(D*q)] in the first line
of [A.17], we have:
Te [(Du)! (D4)| =Tr | (9,4 +igASTEG)" (6% + ig AT )|
=0uq;;0" @i — 19 AL (T)1; 0" @i + 190,35 A" (T°) jrGrs
+ g* AL (TG A (T) i
(A.18)

where T"¢ are the hermitian generators of the U(N) group, with ¢ running from
1 to N2. The last three terms in the last line of generate the Feynman

rules shown in Figures and [A.2]

qij

Figure A.1: Trilinear interaction between the scalar ¢4, and the gauge fields, with

Feynman rule: —ig(2p,, + k) (1) im0n;

(ii) Expanding the term igy/2Tr (QLGAABqBa — q;a)\TABQAa) in the fifth line of |A.17]
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Qi A
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qij Ad

Figure A.2: Quartic interaction between the scalar field G4, and the gauge fields,
with Feynman rule: igz(TC)im(Td)mk(Sij

we obtain:
Z'9\/§T1f (@U\GTGC] - QTE\GTGT(}) = ig\/§ [d;i(TG)jkAGQki - jSj\G(TG*)kaki}
= igV/2 | =5 (1) (U5) " (CT PL)W i + 0 1 (O PR) () (T iy
(A.19)

where ¥§ and ¥, are the Majorana fields constructed from A and ¢ respec-

tively, as in[2.420 Also, C~! = —C°. C' = —in? as it was defined in m The

Feynman rules associated to the terms in are shown in Figures and
A4

\Ijq,km

Gji - m

v
Figure A.3: Interaction between the scalar ¢a,, the gaugino A\ and the fermionic
field gpa, with Feynman rule: gv/2(T%);1(C ' PL)6ip.

(iii) From the term —% [Tr(QLanqAa)Tr(Q"LQTIG(jAa)] = _% [Te(G TEG) Te(GTTE )]
in [A17] we obtain
g’ g°
=5 (@ TEYTe(q'TF9)] = =5 [Tr(@T*q)Tx(q'T7q)]
2 (A.20)
9" [k (oY sk ey~
- _5 [ jl(T )ijkiqnm(T )anpm:| .

The corresponding Feynman rule is shown in Figure
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Y

i ----»---\

W

q,jm

Figure A.4: Interaction between the scalar ¢u,, the gaugino A\ and the fermionic
field gpa, with Feynman rule: —gv/2(T1) ;4 (C~' Pr)im.

le qmn
\\ ,
N 4
\ 7
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N
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, A Y
i Gpq
Figure A.5: Quartic  scalar  self-interaction ~ with ~ Feynman  rule:
—ig* (T, T50mi0q; + T T 0ni0q)-

Now that we know the Feynman rules that involves the scalar field §a,, we are
able to find the one loop contributions to the mass of ¢4,. The relevant Feynman
diagrams are shown in Figures [A.6]

Let us find what is the quadratically divergent contribution of each o the dia-
grams. For the diagram in Figure we have:

Figure A.6: One loop contribution to the mass of ¢4, due to gauge fields.
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—iMe Z Z / { —ig(2p, — k) (T)1i67m) [(p_ik)z] [—iww—;—&)k‘;?”)]

I,m=1 c=1
x [—ig(2p, — ku)(TC)nl5pm]}

:/'*k{_f@p—MA%—kww—wl—o@m—kmww@m—k»}

(2m)* (p— k)2 (k?)?
N N2
X Z Z TC lz nléjm(spm
I;m=1 c=1
_ 2/ d*k (4p°k* —4A(p- k) +E[4(p-k)* —4(p- k)K* + K]
7 ey (b — ()2
N N2
X Z Z T)mbjp
=1 c=1
(A.21)
We are interested just in the quadratically divergent contribution. That is
N2
qiad Zg Z(TCTC)niéjp
=1 (A.22)
£g°N A2
=7 g Ot
where we used the fact that, for the U(N) generators, we have
N2
N
> (TT)n = ~ Oni- (A.23)
c=1

For the diagram in Figure [A.7] we have:

o FE [ e [0

c=1 m=1

Noroak (3 ¢
_ 2§ crc .
! c=1 / (271’)4 (kQ k2) (T g )m 5317

N2
Ny BN ere
= (—1) x ez g (T°T*)

(A.24)

Then,
L@ BTOFAN

quad = T 3002

8jp0ni- (A.25)
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Gij === ==L ==

Figure A.7

For the diagram in Figure [A.8] we obtain:

MO ()Y [ o [V Data] [~V E TN,
G k|l

The sum in G actually reduces to

4N? N

e~ N
GtGY P,qt ) [P:q — )
E (T T )m = E (2]\/[ M )m =3 Oni-

G p,q=1

With this, we obtain that the quadratic part of —iM® is

4
_ZMquad - 29 N(Sjp(sn’b / —(2704@
A2
— 2 ;
= — 2g (5Jp5m (—Z 167T2> .
Then
3 g2A2N
quad — {72

Finally, from the diagram in Figure [A.9] we have

(A.26)

(A.27)

(A.28)

(A.29)
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<k
qkl
Gij e Q = (np
J—i—k
Figure A.8
N N2 Sk i
i =550 5 [ i (i + Tt [ ]
Lk=1 c
L2 Noy; d'k 1 (A.30)
=5 5 N 4 s ek L .
2" ( van V2t T ”)/(%)%2
L, —iA?
— Z2NSS '
29 NV Oni0n (167r2>
Then
242
@ _ gA°N
Mquad - 327T2 577,15;)‘7 (AS].)
il
-
/ \‘
(\ !
\ /
_ N i
Jij ————W— ===l ———

Figure A.9
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A.2 Yukawa coupling

In section [6.1.2, we applied the orbifold procedure to the a supersymmetric La-

grangian containing the term

L =Tr (3#67128“512 + i(jmﬁuau(hz) +Tr (@diﬁ”dgs + 1'67235”@(]23)

+ Tr (8 45,0 31 + 13160, )
14310" 431 3107031 (A32)

— AT (G31¢12923 + G12923G31 + Ga3qr2q31) + h.c.
— \? [Tr (@;3512(]126123> + Tr (Cf?t1qg36723§31> + Tr (c]hcj?tlcjglgmﬂ '

Fields that remain after orbifolding are:

q 0 0
Grz = q1A,2A i 7 s = q1A2B (A.33)
0 q1B2B q1B2A 0

and analogous expressions for (093 and (3;. Let us calculate some relevant products

before obtaining the daughter theory:

Tr (@;3@2@12@29

quBAﬂAQA 0 G1A,2442A,34 0
0 Cj;B,gB(ﬁB,QB 0 ¢1B,2B92B3B

=Tr (cj;AﬁACﬁA,ZA61A,2Aq~2A,3A) +Tr ((];B’;;,B6713723613,23@23,33> )

Giaza O 0  @uagss 0  @a1B
0  ¢iB2B (2B,34 0 g3B,14 0

=Tr (dlA,zAQ2A,BBQ3B,1A) +Tr ((.713,236]23,3AC]3A,1B) .

=Tr (A.34)

Tr (G12g23q31) = Tr

(A.35)

And analogous expressions for the other quartic and trilinear terms in eq.(A.32).
Using these results, the daughter Lagrangian is:
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L="Tr (@dh,zf;auﬁfl,zfx + 3@13,236“%3,23 +1G14,280" 0 q1a 2B + i(?1A,235“3uQ1A,2B)
+Tr (@@A,Ma“@m,w + 3MQ;B,3B(9“§2B,3B +1G24380"0,q24 38 + iq—QA,3B5”3p92A,3B>
+Tr (aqu;,A,lAaMCISA,lA + aud:;B,lBaMCjBB,lB +1G34180"0uq34,18 + i@3A,1B5“aMQ3A,1B>

—ATr (G1424924,38038,14 + G1B28%28,34934,18) + h.c.
—ATr (Goa34934,18018,24 + G2B,38938,14¢14,28) + h.c.

—ATr (G34,14014,2B92B,34 + (3B,1Bq1B,24G24,38) + h.c.
22T <Q§A,3AﬂA,zA%A,zAdzA,zzA) + Tr (‘7;3,33513,23513,23523,33)

2 |Tr (@;,AJA@;A,3A52A,3A€73A,1A) + Tr <Q£B’13Q$B73BQVQB,3BQ3B,IB)

2Ty (@IA,zAqu,lAC]:sAJA{?lA,zA) + Tr (qIBQBq;’B’quN?)B,lBngvQB) '
(A.36)

We will focus on corrections to the mass of gia24. For that, we take the terms

involving this field and write down their Feynman rules:

(i) From the Yukawa interaction terms in we have

—ATr (Gia,24924,3893B,14) + h.c.

= ATt | G1a2a V0 54 55C " Pr¥spia + GluoaVionssC PrVysp a4l -
(A.37)

The corresponding Feynman rules are shown in Figures |A.10] and [A.11}]

(g3B,14),

(@1A,2A)ij = -
(QQA,SB)kl
Figure A.10: Yukawa interaction with Feynman rule: i)\é_IPLéjkélm(sni

(ii) From the quartic scalar interaction terms in we have

— )2 [Tr (C];A,3A€?IA,2A§1A,2AQQA,3A) + Tr <(_?IAQACEAJAQ?)AJA@A,QA)} , (A.38)
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(g3B,14)

((.71A,2A)ij - -
(QQA,?)B)kl

Figure A.11: Yukawa interaction with Feynman rule: i/\C~”1PR5jk51m5m.

(Gra2a)} R (G24,34)m
VA
((leA,QA)ij (‘72A,3A)op

Figure A.12: Quartic scalar interaction with Feynman rule: —z')\2(5mj5ki(5t0(5np.

which generates the Feynman rules shown in Figures |A.12| and [A.13]

Figure A.13: Quartic scalar interaction with Feynman rule:—iA20,,;04i01001,-

Thus, with the listed Feynman rules, the one loop diagrams that contribute to

the mass of ¢14,24 are given by those shown in Figure [A.14] |A.15| and [A.16]
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Q2A 3B

(C]1A2A '---P- Q - Q1A2A)

QsB 1A

Figure A.14: One loop contribution to the mass of 14,2A from the Yukawa

interaction.

(QQA;?,A)%C
|-

Figure A.15: One loop contribution to the mass of ¢i424 from the quartic scalar

interaction ¢4 24-GoA3A-

Let us calculate the contribution of each of them. For the diagram in Figure

[A.14] we have:

-/

. ; 3 .
(Graga)] ———-#=——=4-—-®———— (Gia24);

Figure A.16: One loop contribution to the mass of ¢1424 from the quartic scalar

interaction ¢i424-Gsa,14-
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4
—lM(l Z / d’k z)\ékélmém] [Z/\(Sj’kélmém’]
k,l,mmn
cnleon () ()]
[ ) @
1k Tr[P, )P
/\25u 5]]/ d'k r L% p R% Zélmélm

(k — p)2k?
4
—2/\2]\7/ d*k 1

4k,2 ” ]J

-_— 2 )
o () s

(A.39)
Then N
Mo — 2 A.40
s (A.40)
For the diagram in Figure we obtain
d4 iN2
—iM©? Z (=050 0;0u] | 25
Lk=1
d*k 1 A.41
<Z 6[[) / 4 ]CQ 511 5)] ( )
_ AN
T
Then 2N
M® = : A.42
1672 ( )

The diagram in Figure has the same form as that in Figure [A.15] Then, its

contribution is the same:

AN

M® = .
1672

(A.43)
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Radiative corrections in the 5-dimensional SU(6)

model

The SU(6) ultraviolet theory described by the Lagrangian in [6.69 with the defini-
tions in takes the form

£ = [ 4'9[Q4Qa+ QQ5 + ULUa + USUS + QhQn + Q5Q5 + ULV + UFU3)
+/&0wﬁﬂh+Uﬁuu+Qth+w@m@+hq

-+ 5<y) {/d49H(TJHU + /d29 [ytHU . QAUA + ytHU . QBUB + hC]} .
(B.1)
Written in terms of component fields, it takes the form
Ly =
[(3“QA)T( Ouia) + 134" Duqa + F 4 Fo.u + (0"33)1(0405) + 1050 0uds + FG AF 4
+ (0"14) (0tia) + i0aG"Oun + Ff yFya + (0"14)1(0,05) + 146" 0,uy + F 4 FG 4
+(0"5) (Oudn) + iG80"0uqs + Fl sFo.5 + (0"45) (0405) + 1056”045 + Fo 5F6 5
+(0"up)'(0,tp) + iupctd,up + F,} sFup + (0M05)1(0,45) + iughe”0,us + FéTBFé, B}
+ (305 F .4 — 450504 + F§ 405G + 1505 Fya — u$0sua + Ff; 4O5lia
+c7%85FQ,B — qf485q3 + F5’385q~3 + ﬂ%85FU,B - u%(%UB + F5’3851~LB + hC]
o+ 0(y) | (Buha) (" h) + iR D + Fy Fiy
+ Y (hu GaFya+ Py - Foatia+ Fy - Gatia — hy - qatia — hy - Gatta — by - qatia + h-C-)
+Yt (hu -qgFyp + hy - Fopup + Fy - ggip — hy - qgup — o - Gpup — hy - qplip + h.c.)} )
(B.2)

Here, the first bracket contains the usual 4D kinetic terms with the auxiliary fields

Foa, FG Ay Fua, Fas Fo.B, F§ p, Fup and I g contained in the superfields Q 4,

87
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Q%, Ua, UG, OB, Q%, Up and Uj respectively. Now, in order to eliminate these

auxiliary fields, we replace their EOM

Fo.a = 05G% — yihy 40(y), (B.3)
Fo = —0hdl (B.4)
Fya = 05ty — yehy @46 (y), (B.5)
FG 4 = =05, (B.6)
Fo.p = 0545 — yehyupd(y), (B.7)
o p = —0sdp, (B.8)
Fyp = 0su — yeh,qpo(y), (B.9)
Fl(},B = —0OsUp (B.10)

into (B.2). The relevant terms for the one loop radiative corrections to the mass of

H. in the action, are

S5 D / d°x [5D kinetic terms]

- yt/d5$5(y) [’hu cGal® A hal? Al + By - qata — by - Gata — Ty, - qatia + h-C-}

— yt/d%é(y) [lhu - Gg|* + |hu|*lis|* + hy - @euB — hy - Geup — hy - qBiip + h.c.

(B.11)

Expanding the fields in Kaluza-Klein modes according to their boundary conditions

_ 1 . (2n + 1)y}
= nCOS | —————| | B.12
U= VR ; i [ oR (B.12)
_ 1 . (2n + 1)y}
Ug = UARCOS | ————| , B.13
4 V2T R RZ:O 4 l 2R ( )

= — E nCoS | — 1, B.14
i V2R = 14 [ R ( )

1 o
Ug = N ngzo UApCOS [n_f?] : (B.15)
~ 1 = ny
qB = \/ﬁ E BnCOS [E:| ’ (B16)

i
[e=)

.
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up = Ly UpnCOS [%} (B.17)
B /_27TR rar Bn R 9 .
- (2n + l)y}
nCOS , B.18
B arR ; 1 { 2R (B.18)
- 2n + l)y}
U B, COS B.19
0= e [ ®19)
gives us
L = ﬁ(o) -+ ﬁ(KK)7 (B20)

where L is the part of the relevant Lagrangian that contains the zero modes:
Loy = |kinetic terms
Y [ 2 ~2]2 21~ |2 (B'21>
= Y; [hupol” — yi [hul*|us]” — (Yehugaouao + h.c.)
and L£55) is the part of the relevant Lagrangian that contains Kaluza-Klein modes:
LEE) — [Kinetic terms]

+ Z [ythuQBnuBm + y?‘h/u’Q‘QAn’Q + y?’hu‘ZyﬂAmP

+ Z [ythuQAnuAO + yt2|hu|2|qun|2 + yt2|hu|2|aBO|2}

+ Z [ythuQAOUAm + yt2|hu|2|(jBO|2 + yt2|hu|2|a3m|2} :

m
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