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Abstract

Squeezed states of light exhibit a reduction of quantum noise in one of their phase-
space quadratures. They can be generated via a nonlinear interaction between a laser
and a nonlinear dielectric material. Multimode squeezed states of light contain en-
tanglement in the form of correlations between the quadratures of the modes in the
state. Scattering loss in the dielectric material used to generate the squeezed state
reduces the amount of squeezing and the strength of the correlations between the
modes in the state. In this thesis, I consider the nonlinear generation of multimode
squeezed states in resonant structures. The modes of these structures are inherently
lossy due to scattering and coupling loss and also form a nonorthogonal basis in
general. The central result of this thesis is that I show the analytic solution of the
Lindblad master equation for the density operator of the generated light in the mul-
tiple lossy nonorthogonal modes of a structure has the form of a multimode squeezed
thermal state. 1 show that using the analytic solution makes it fast to calculate the
amount of quadrature squeezing and the strength of the correlations between modes
in the state as a function of time. I apply this theory to the nonlinear generation of
a single-mode and two-mode squeezed thermal state in a microring resonator, and I
optimize the coupling parameters of the ring to maximize the squeezing in the pres-

ence of loss or to obtain a two-mode squeezed thermal state in which the two modes



are highly-correlated despite the loss. In addition, I derive a squeezing criterion that
if the multimode squeezed thermal state obeys it can be considered as a cluster state
and be used for continuous-variable quantum computing. Therefore, the multimode
squeezed thermal state is the natural state to describe the nonlinearly generated light
in systems of coupled-cavities and it provides a simply way to incorporate loss into
a practical theory of entangled squeezed light generation, which opens a path to

optimize this light for applications in quantum technologies.
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Glossary of Abbreviations

CROW Coupled-resonator optical waveguide.

CV Continuous-variable.
LME Gorini-Kossakowski-Sudarshan-Lindblad master equation.

MRR Microring resonator.
MSTS M-mode (multimode) squeezed thermal state.

MSVS M-mode (multimode) squeezed vacuum state.
OPO Optical parametric oscillator.

SFWM Spontaneous four-wave mixing.

SPDC Spontaneous parametric down-conversion.
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Chapter 1

Introduction

Quantum optics is a branch of research that combines the subjects of quantum
mechanics and electromagnetism. One of the first insights that these two subjects
could be combined was in 1905 with Einstein’s explanation of the photoelectric effect,
a phenomenon whereby electrons are emitted from a material when hit with light,
and the energy of the emitted electrons increases with the frequency of the incident
light. At the time, the dominant theory of light was Maxwell’s theory that describes
light as an electromagnetic wave. However, his theory incorrectly predicted that, in
the photoelectric effect experiments, the energy of the emitted electrons should in-
crease with the intensity of the incident light. Einstein solved this problem by using
Planck’s postulate from quantum theory that states the energy of the electromag-
netic wave is carried by quantized packets of energy proportional to frequency, called
photons. Thus, he showed that the electrons were being emitted from the material
because photons were colliding with the surface and imparting their energy. This gave
way to the idea of the dual nature of light since it exhibits both wave and particle
characteristics.

The quantization of the electromagnetic field led to quantum states of light that
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have no classical counterpart, such as states of light made from individual photons.
One of the consequences of the quantization of the electromagnetic field is that there
exists a vacuum state of the field, which has no photons but still exhibits fluctuations
in the intensity of the field. Remarkably, the intensity fluctuations of the vacuum
state create a measurable attractive force between parallel metal plates, placed close
enough together in the vacuum, called the Casimir force [1]. Vacuum fluctuations have
a negative effect on the sensitivity of measurements made with laser interferometers
because the noise causes a dark count on the photon detector. However, researchers
discovered a nonclassical state of light called a squeezed state that could improve
the sensitivity of the interferometer [2]. Squeezed states exhibit a reduction of the
vacuum fluctuations in a certain quadrature. Therefore, if a squeezed state is injected
into the port of the interferometer instead of the vacuum, then the dark count of the
photon detector can be reduced and the contrast between the bright and dark fringes
increases.

One way to generate nonclassical states of light is with a nonlinear interaction,
such as spontaneous parametric down-conversion (SPDC) [3], between a laser (called
the pump) and a crystal with a second-order nonlinearity. In SPDC, pump photons
from the laser are absorbed by the crystal and pairs of signal and idler photons are
emitted (see Fig. 1.1). The frequency of the signal and idler photons add up to the
frequency of the pump photons so that energy is conserved (w, = ws + w;), and the
wavevectors of the signal and idler photons add up to the wavevector of the pump
photons so that momentum is conserved (k, = k; + k;). Not only is this a source of
individual photons, but the emitted signal and idler photons have polarizations that

are highly correlated.
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Figure 1.1: Tllustration of SPDC using a nonlinear crystal (left), as well as illustrations
of energy conservation (center) and momentum conservation (right).

One approach to enhance the generation of photons via SPDC is to place the
nonlinear material inside an optical cavity. The wavelengths of light that are reso-
nant with the cavity will buildup their intensity due to coherent interference. In Fig.
1.2(a) an illustration of an optical parametric oscillator (OPO) is shown. It consists
of a nonlinear crystal inside of a cavity created with mirrors, that is resonant with
the signal (blue) and transparent to the idler (red) and pump (purple). This OPO
generates signal and idler photons via SPDC and enhances the generated signal light
through coherent interference. Variations of this design include a cavity that is reso-
nant with two of the fields (e.g. signal and idler) or all three fields. Another approach
similar to this is to use a microring resonator (MRR), as shown in Fig. 1.2(b). It
consists of a ring waveguide side-coupled to a channel, where both are made from
the same nonlinear material. The pump (blue) resonantly couples from the channel
into the ring, where it builds up intensity relative to the channel. This causes an
enhancement in the generation rate of signal and idler photons (both shown as red)
via SPDC. The signal and idler wavelengths are both resonant with the ring and they
can couple out of the ring into the channel. The benefit of an MRR is that it is a

compact source of nonclassical light that can be integrated into a chip.



(a) (b)

e
o
_______ 2] o, g
Optical pump Nonlinear medium A

T
(crystal)

() (d)

Figure 1.2: Schematics of platforms used to generate photon pairs via a nonlinear
interaction with a nonlinear crystal; (a) an OPO [1], (b) a MRR [5], (c¢) a line-defect
waveguide in a photonic crystal slab [6], and (d) a defect-cavity side-coupled to a
line-defect waveguide [7].

Another platform used to generate nonclassical light is a photonic crystal slab,
which can be created by drilling a lattice of airholes into a nonlinear material (see
Figs. 1.2(c) and 1.2(d)). In Fig. 1.2(c) a line-defect waveguide is created in the
photonic crystal by removing a row of airholes. The pump (blue) propagates in the
waveguide and creates signal (green) and idler (purple) photons. For the system in
Fig. 1.2(c) the group velocity for the pump pulse is small, causing its amplitude
to increase and allowing for a longer interaction time for SPDC. These two factors
enhance the generation rate of signal and idler photons [3]. Alternatively, a photonic
crystal can be constructed where a defect-cavity is side-coupled to the waveguide.
The cavity can be made to be resonant with the pump, signal, and idler light and
used to enhance SPDC. In Fig. 1.2(d) the intensity of the electric field in a single

mode of the structure consisting of a defect-cavity side-coupled to a waveguide is



shown. The intensity of the field is larger in the cavity relative to the waveguide,
similar to a MRR.

In all these structures there is photon loss due to scattering, which causes the
modes of the electromagnetic field in these structures to be lossy [9, 10]. The lossy
modes are eigenstates of a non-Hermitian Hamiltonian and are nonorthogonal in gen-
eral. This is because the standard arguments used to prove the modes are orthogonal
rely on the modes being lossless and being eigenstates of a Hermitian Hamiltonian [11].
Therefore, any realistic model of the generation of quantum states of light in these
structures must take into account the effects of photon loss due to scattering and the
mode nonorthogonality.

Nonclassical light also exhibits the property of entanglement, which is one of
the central concepts that distinguishes quantum mechanics from classical mechanics.
In 1935 Einstein, Podolsky, and Rosen (EPR) using quantum theory theoretically
showed that two distant particles that share an inseparable wave function had mo-
menta that were correlated [12]. These are known as an EPR pair. This violated the
classical principle of locality, where particles can only be influenced by local interac-
tions. For this reason, it was argued that quantum mechanics was not a complete
theory and additional variables should be included to restore local reality. In 1964,
Bell derived an inequality, consisting of statistical correlation measurements of the
momenta of the two particles, that would be obeyed if local hidden variables were
included in quantum mechanics [13]. Bell’s inequality was tested experimentally in
1982, by Aspect, Grangier, and Roger [I1]. In their experiment, they created EPR
pairs with photons. The photon pairs were created simultaneously and sent in op-

posite directions where polarization measurements were done on them individually.



They found that the polarization measurements exhibited correlations that violated
Bell’s inequality, demonstrating experimentally that local hidden variables is not con-
sistent with quantum theory.

Since the pioneering theory of entanglement and its experimental evidence, entan-
gled photons have found applications in quantum teleportation [15], secure quantum
key distribution [16], and quantum computing [17]. It is also possible now to create
multipartite entangled photon states where the entangled state is shared between
multiple parties rather than just two [18]. Examples of multipartite entangled pho-
ton states include GHZ states, W states, and cluster states [19,20]. GHZ states are
maximally entangled, meaning that each photon pair in the cluster can be projected
into an EPR pair. However, the entanglement is very sensitive to photon measure-
ment. If the polarization of a single photon in the GHZ state is measured, then all the
entanglement in the state is destroyed. On the other hand, W states are resilient to
photon measurement, because many photons in the W state can be measured before
all the entanglement is destroyed. However, the W state is not maximally entangled.
Cluster states are another multipartite entangled state that contain the best qualities
from GHZ and W states. Cluster states are maximally entangled and have a high
persistency of entanglement. The cluster state has gained a lot of attention from
researchers because it is a resource for measurement-based quantum computing.

Fully programmable quantum computers on the order of 100 qubits are currently
accessible to anyone over the cloud. In 2021, IBM announced they created a pro-
grammable quantum computer with 127 superconducting qubits, that they claim
cannot be simulated by any classical computer. By the end of 2023, IBM predicts

they will have a quantum processor with over 1000 qubits. Alternatively, quantum
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computers can be made using photons. In 2022, a company based in Toronto, Ontario
called Xanadu created the first programmable photonic quantum computer, with over
216 squeezed-state qubits, that is capable of quantum computational advantage [21].
Relative to superconducting qubits, photonic qubits have the advantage that they
do not require cryogenic temperatures to operate. With the progress being made by
companies such as IBM and Xanadu, the future looks bright for quantum computers
and their applications.

The objective of thesis is to characterize the quantum state of light that is pro-
duced via nonlinear optical processes in the multiple nonorthogonal modes of systems
of coupled, lossy cavities, like the ones in Fig. 1.2. As I will show, this opens a prac-
tical path to generate optimized sources of multimode entangled light that can be
used as an entanglement source for applications in quantum technologies. In the re-
mainder of this introduction, I discuss several quantum states of light important to
this thesis, quantum entanglement and some ways to characterize the entanglement

in nonclassical states, and finally I introduce continuous-variable (CV) cluster states.

1.1 Quantum states of light

In quantum optics, the Heisenberg picture electric field operator for a multimode

system, E(r, t), can be written as

7 h’wl’ ~ —twpt o~ * iwyt
Blr,t) =i\ [5er @ du(r)e ™ =l f(r)e) (11)

where @, and @), are the annihilation and creation operator for a single mode of the

field, v, with the frequency w,, and mode function f, (7). Here the label v serves as an
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index to label the mode and it may be discrete or it may be continuous, depending on
the boundary conditions imposed on the mode functions. The mode functions, f,(r),
are a solution to the Maxwell equations with outgoing wave boundary conditions and
they form a complete orthonormal basis. The annihilation and creation operators

vy Myl v/ ( )

It is common to write the electric field operator in terms of the orthogonal quadrature
operators )A(V and }A/V, since these are obervables that can be measured experimentally.

They can be defined as

X, =a,e % +ale, (1.3)
Y, = —id, e + ial e’ (1.4)

which have the same form as dimensionless position and momentum operators, where
0, is an angle in phase-space. They are orthogonal quadratures since 1/},, is equal to
X, rotated by 7/2 counter-clockwise in phase-space. Putting Eqs. (1.3) and (1.4)
into Eq. (1.1), the electric field operator can be written in terms of the quadrature

operators as

E(’l‘,t) _ Z /Z(’:: (Im [fy(r)e—i(wut—&,)} )?V + Re [fy(,,,)e—i(wut—eu)] }//\'V> . (15)

This form is convenient since it can be used to relate the quantum uncertainty in the

electric field operator to the variances of two orthogonal quadrature operators. Using
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Eq. (1.2), the quadrature operators satisfy the commutation relation
[)?V,?y,] = 28,1, (1.6)

The commutation relation in Eq. (1.6) implies that the orthogonal quadrature oper-

ators obey the uncertainty relation

AX,AY, > 1, (L.7)

where
AX, =1/(X2) - (X,)2, (1.8)
AY, =\/(Y2) - (V,)2, (1.9)

are the standard deviations of the quadrature operators )?l, and )A/,,, respectively. The
angle brackets, (), indicate that an average is to be taken with a particular state of
light. T refer to (AX,)? or (AY,)? as the quadrature noise. The quadrature noise can
be measured directly with homodyne detection, where the electric field signal is mixed
with a strong local oscillator at the input ports of a beamsplitter and the noise that is
detected in the output port of the beamsplitter is proportional to the quadrature noise
of the input signal. The quadrature of the electric field that is measured is determined
by the phase of the local oscillator. For a quantum state of light, the product of its
quadrature uncertainties, AX,AY,, is always greater than or equal to one, as stated
in Eq. (1.7). The minimum value of the uncertainty relation quantifies the vacuum

fluctuations, which in terms of a photon number measurement they correspond to
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the dark count of the photon detector. For the quadrature operators defined in Eqs.
(1.3) and (1.4), the quadrature noise for a vacuum state is equal to one.

Quantum states of light can be visualized in a phase space, that has orthogonal
axes defined by X and Y (see Fig. 1.3). In classical phase space there exists a
probability distribution function, f(X,Y’), that gives the simultaneous probability
of finding the state at the point (X,Y) in phase space. In quantum optics, the
uncertainty product (Eq. (1.7)) forbids this type of probability distribution in phase
space that gives the simultaneous probability of finding the state at a point (X,Y).
However, there exists a useful function to visualize quantum states of light called the
Wigner function, which is generally considered a quasiprobability distribution because
it can in general have negative values, unlike conventional probability distributions.
The Wigner function for a quantum state of light given by the density operator p is
defined as

1 S A% 5% e 'dl ’
WXY) = G / / dX'dY"Tr (ﬁe-“X v+ X>) GXYHYX)(1.10)
i
where Tr is the trace operation. The Wigner function is normalized according to

// AXdYW(X,Y) = 1. (1.11)

If the Wigner function for a particular quantum state of light has a negative value
anywhere in phase space, then it has no classical analogue and it is called a non-
classical state of light. Examples of the Wigner function for various quantum states
are shown in the subsections below.

Now the following three quantum states of light are introduced: 1) Fock states,
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which are eigenstates of the harmonic oscillator Hamiltonian and are the natural
states used to describe light as a collection of individual photons; 2) coherent states,
which are eigenstates of the annihilation operator and are the closest quantum state
to a classical field; and 3) squeezed states, which exhibit a reduction of the vacuum
noise in one of the quadratures of the electric field, contain the uniquely quantum
property of entanglement, and are widely used in applications ranging from increased
inference fringe visibility in an interferometer to quantum computing and quantum

information processing.

1.1.1 Fock states

Consider a system of M modes and in each mode, labelled by v, there are n,
photons. The state of this system, |n), is given by a tensor product of the Fock states

in each mode:

In) =|n1) [na) ... |nar) (1.12)

where |n,) (for v =1,2,..., M) is the Fock state for the mode v. The Fock states

are orthonormal, such that

(nu|nur) = . (1.13)

The annihilation and creation operators @, and @, act on the mode v only in the full

state of the system, |n), and they lower or raise the photon number in that mode by
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one:

Qy [n1) |ne) .. nw) oo na) = Vi [na) [na) o ny — 1) Lo nag) (1.14)
al 1) ne) . ) - nar) = Vi F 1 ng) [ne) .y 1) L nag) (1.15)

The vacuum state is defined as a Fock state with zero photons, n, = 0. It can be
written as |0). From Eq. (1.14) is can be seen that when the annihilation operator
acts on the vacuum the result is zero, @, |0) = 0. A single-mode Fock state with
n, photons can be created by repeatedly acting on the vacuum n, times with the

creation operator,

) = 2 10). (1.16)

The number operator is defined as @la,, since when it acts on the system ket |n) it
gives the photon number for the mode v (which follows from Eqs. (1.14) and (1.15)).
Therefore, the Fock state |n,) in Eq. (1.16) is an eigenstate of the number operator

with eigenvalue n,,
ala, [n,) =mn,|ny) . (1.17)

Now I will calculate the quadrature noise in a single mode v using the Fock state
in Eq. (1.16). It can be shown, using Egs. (1.8) and (1.9), that the uncertainty in

both quadratures are equal and given by

AX, =AY, =2n, + 1. (1.18)
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The quadrature noises, (AX,)? and (AY,)?, increase linearly with the number of
photons in the mode. When the photon number is zero, n, = 0, the quadrature noise
is minimized, with (AX,)? = (AY,)? = 1, which is the vacuum noise. Therefore the
uncertainty product for Fock states (Eq. (1.7)) is at its minimum for n, = 0. The
Wigner function of the Fock state |1) is shown in Fig. 1.3(a). Putting p = |1) (1] into

Eq. (1.10), we obtain
W(X,Y) = % (4(X* +Y?) — 1) exp(—2(X* + Y?)). (1.19)

The Wigner function is centred on the point (X,Y) = (0,0) since (1] X, [1) =
(1]Y,|1) = 0. The spread of the Wigner function around the point (0,0) is pro-
portional to the uncertainty product in Eq. (1.18) and thus it will increase when
the photon number increases. Since the Wigner function has negative values, it is a

quasiprobability distribution and the Fock state has no classical analogue.

1.1.2 Coherent states

A single-mode coherent state |«,) is the eigenstate of the annihilation operator @,

with eigenvalue «,,
al/ |O{1,> = Oy |OZ,/> . (120)

Using Eq. (1.20), it can be shown that the expected photon number for the coherent

state is given by n, = |a,|*>. An M-mode coherent state, |a), can be defined as a
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(a) (b)
2 . 2 0.6
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Figure 1.3: Phase-space Wigner functions for (a) the Fock state |1), (b) a single-mode
coherent state, |a, ), with complex amplitude o, = v/2 exp(i7/4), (c) the vacuum state
|0), and (d) a single-mode squeezed vacuum state with squeezing amplitude u, = 1/2,
that is squeezed along the X-axis.

tensor product of M single-mode coherent states as

la) = |aa) ) . .. |aas) - (1.21)

The eigenvalue equation for for the M-mode coherent state is

a,|la) =, |a) . (1.22)
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The coherent state can be constructed from the vacuum state using a unitary dis-

placement operator D(a,) as
o) = D(cw) [0) , (1.23)
where
D(o,) = exp(a,al, — aa,). (1.24)

The M-mode coherent state is obtained by acting on the vacuum state with M

displacement operators,
la) = D(ay)D(as) ... D(c) |0) . (1.25)

The displacement operator transforms the annihilation operator @, by displacing it

by the amplitude a,,,
D' (a,)a,D(ew,) = Gy + au. (1.26)

The expectation value the electric field operator (Eq. (1.1)) using |«) is

(@l Blr.0) o) =i 3 [5% (a fre ™ — apfilr)e), (127

which looks like a classical field. Furthermore, it can be shown (using Eqgs. (1.8) and
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(1.9)) that the quadrature uncertainties of the electric field operator are given by
AX, =AY, =1, (1.28)

which is the vacuum noise. The coherent state is the quantum state of light that is the
closest to a classical state because it reproduces the classical field expectation value
and it only contains the vacuum noise, thus minimizing the uncertainty product. The
Wigner function of the single-mode coherent state |a,) is shown in Fig. 1.3(b). The
Wigner function is a vacuum state («,, = 0) (see Fig. 1.3(c)) that is displaced with a
displacement operator with the amplitude o, = v/2 exp(in/4). This causes the center
of the distribution to be at the point ({(ov| X, |, (| Y, |w)) = (1,1). The spread
of the Wigner function around the point (1, 1) is a circle with radius AX,, equal to
the vacuum noise, AX, = 1. Increasing the photon number displaces the center of
the Wigner function out to a larger radius, but its spread will always equal the spread
of the vacuum state. Putting p = |a,) (| into Eq. (1.10), we obtain for the Wigner

function
2
W(X,Y) = - exp(—2 ((X — 1)+ (Y —1)%)), (1.29)
where we used o, = /2 exp(in/4).

1.1.3 Squeezed states

In this subsection I introduce the last quantum state that will be discussed, and
the most important state for this thesis. In the previous subsection, it was demon-

strated that coherent states have quadrature noise equal to the noise due to vacuum
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fluctuations. Squeezed states of light exhibit a reduction of the noise in a particu-
lar quadrature below the vacuum noise. However, to obey the uncertainty relation,
the noise in the orthogonal quadrature to the squeezed one is anti-squeezed, with a
noise level above the vacuum noise. The more squeezed the noise is in a particular
quadrature, the more stretched it becomes in the orthogonal quadrature, such that
the product of the uncertainties is always greater than or equal to one. Squeezed
states have applications in any experiments that suffer from noise due to vacuum
fluctuations. Incorporating a squeezed state into the experiment, instead of vacuum,
can reduce the noise in the experiment and provide more precise measurements. They
have found use in a wide range of applications, such as in interferometers used for
gravitational wave detection, quantum imaging systems, and quantum cryptography.
Moreover, as I will show, multimode squeezed states are a source of entanglement,
and they have applications in quantum computing, quantum communication, and
highly entangled many-body states such as cluster states. Squeezed states can be
generated experimentally by a nonlinear interaction between a coherent laser beam
and a nonlinear material with a second or third order nonlinearity. The main types
of nonlinear interactions to generate squeeze states that are considered in this thesis
are SPDC and spontaneous four-wave mixing (SFWM).

The single-mode squeezed vacuum state, |z,) is obtained by acting on the vacuum

with the unitary squeezing operator, S (z),

|2) = S(2,)10) , (1.30)
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where z, is the complex squeezing parameter for the mode v, and where

~ 1 1
S(z,) = exp (iz,ﬁjf - éz:ja?/). (1.31)

The single-mode squeezed state is formed by S (z,) creating pairs of photons out of
the vacuum, where each photon pair is created in the same mode v. The squeezing

operator transformation of the annihilation operator @, is
St(2,)4,5(2,) = cosh(w,)a, + sinh(w, e al, (1.32)

where wu, is the squeezing amplitude and (, is the squeezing phase, such that the

complex squeezing parameter can be written as
2, = U, e . (1.33)

The quadrature noises in the mode v using the single-mode squeezed vacuum state

|z,) in Eq. (1.30) can be calculated using Eqs. (1.8), (1.9), and (1.32). They are

(AX,)? = e*™ sin? <% - l,) + e cos? (% — ,,) , (1.34)
2 2uy .2 Q . 2wy 2 & .
(AY,)” = e sin 5 6, e~ cos” | e (1.35)

To demonstrate quadrature squeezing below the vacuum noise, I let the phase-space
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angle 6, be 6, = (,/2. Putting this angle into Eqgs. (1.34) and (1.35) results in

AX, =e ", (1.36)

AY, =e", (1.37)

which clearly demonstrates that the noise in the )A(V quadrature is exponentially
squeezed below the vacuum noise (AX, = 1) when the squeezing amplitude is greater
than zero, u, > 0. Consequently, the noise in the }A/V quadrature is exponentially in-
creased, so that the uncertainty relation is obeyed. The Wigner function for the
single-mode squeezed vacuum state |z,) is shown in Fig. 1.3(d). For this plot the
squeezing amplitude is v, = 1/2 and 6, = (,,/2 so that the noise is squeezed along the
X-axis. The Wigner function shows that there is a large uncertainty in the Y value
for the squeezed state, but that the state is localized near the line X = 0. Putting

p = |z,) (2] into Eq. (1.10), we obtain for the Wigner function

2 1 1
W(X,Y)=—exp <—§X26_2u” - §Y2e2u”). (1.38)
m

Other types of quadrature squeezing can be achieved by changing the phase-space
angle 6,. For example, if 0, = (,/2 + 7/2, then the Wigner function would be
similar to the one in Fig. 1.3(d) but rotated by the angle 7/2, such that the Y,
quadrature would be squeezed and the )?l, quadrature would be anti-squeezed. As
another example, squeezing in a mixture of the quadratures can be demonstrated by
letting 0, = (,/2+ /4. Putting this phase-angle into the Egs. (1.8) and (1.9) results
in (AX,)?>—(AY,)?)/2 = exp(—2u, ), where now the distribution of noise is squeezed

along an axis parallel to the direction in phase space defined by the angle 7/4, i.e.,
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along the line Y = X.

1.2 Quantum entanglement

It has been shown so far that single-mode squeezed vacuum states are useful be-
cause they reduce the vacuum fluctuations in a particular quadrature. However, they
do not exhibit the quantum property of entanglement. To show that squeezed states
contain entanglement the concept of multimode squeezed states must be introduced.
In these states, the photon pairs are generated into multiple modes and correlations
exist between the various quadratures of the modes. Entanglement is commonly first
introduced as being encoded in discrete variables such as the polarization of a photon
(e.g., horizontal or vertical) or the spin of an electron (e.g., up or down). These
are examples of two-level quantum states. However, the entanglement in multimode
squeezed states is encoded in the CVs X and Y, therefore this kind of entanglement
is called CV entanglement. First I discuss entangled photon pairs, then I move on to
CV entanglement in two-mode squeezed states, and finally generalize these results to
M-mode squeezed states.

A common way to generate entangled photon pairs is with SPDC with type-II
phase matching, as illustrated in Fig. 1.4. It is a process where a nonlinear crystal
is pumped with a laser and photons are emitted into two cones, one horizontally
polarized and the other vertically polarized. The cones intersect along two paths
labelled “17 and “2”, where it is uncertain if the light is horizontally or vertically

polarized. The light along these paths can be described by the entangled state

0 = S5 (H), V) + V), 1)), (1.39)
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where H and V indicate horizontal and vertical polarization, respectively. The state
in Eq. (1.39) is one of the maximally entangled Bell states. If one measures path 1

with (H|, ( (V|,), then path 2 is guaranteed to be in the state |V), ((H|,). This is an

crystal VoS

Figure 1.4: Creation of polarization-entangled photon pairs via SPDC with a nonlin-
ear crystal.

example of entanglement between the discrete polarization degrees of freedom of the
photon pairs. The notion of entanglement can be extended to CVs using a two-mode
squeezed state.
A two-mode squeezed state can be obtained by acting on the vacuum state with
a two-mode squeezing operator, defined by
S(2) = P N SUPA
(2) = e)<p<§zala2 - 57 a1a2>, (1.40)
where I have defined it such that the photon pairs are created only in the two distinct
modes and I have neglected the creation of photon pairs in the same mode, i.e., terms
in S (2) such as al* and @}’ are excluded, since for these processes it is assumed that
the squeezing parameter is negligible. Since the squeezing operator is symmetric with
respect to the interchange of the two indices, 1 <> 2, there is only a single squeezing
parameter, z = uexp(iC), for both modes, with squeezing amplitude u and squeezing

phase (. The two-mode squeezing transformations of the annihilation operators a;
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and a, are

St(2)a15(z) = cosh(u)a, + ¢ sinh(u)al, (1.41)

51(2)a25(2) = cosh(u)dy + € sinh(u)al. (1.42)

The two-mode squeezing operator couples the two modes.
The quadrature uncertainties in both modes can be calculated using Eqgs. (1.8)
using the two-mode squeezed vacuum state S(z) |0), (1.9), (1.41), and (1.42). Doing

this, the uncertainty is equal in both quadratures and both modes and given by

AX, =AY, = AXy = AY, = /cosh(2u). (1.43)

The result in Eq. (1.43) shows that for either mode individually the quadrature
noise is never squeezed, and furthermore since the expression does not depend on the
phase-angle, the quadrature noise forms a circle in phase space. It turns out that the
noise is squeezed in linear combinations of the quadratures from each mode. Consider
the following operators that are formed from linear combinations of the quadrature

operators:

N 1 /7~ -
o= <X1 - XQ) , (1.44)
N 1 /~ -

Pio = (Y1 +Y2) . (1.45)

Using the two-mode squeezed vacuum state, the noise in X 12 is equal to the noise in
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3/}12 and is given by

(AX12)? = (AYi)” = e sin? <w> + e~ %" cos? <w) , (1.46)

where 6, is the phase-space angle for the first mode and 65 is the phase-space angle
for the second mode. To show that the noise in these operators is squeezed below the

vacuum noise, let 6; + 0y = ¢ in Eq. (1.46) to obtain
AX:[Q = AYlQ = e_“, (147)

which clearly shows the noise is squeezed below the vacuum noise for u > 0. Also, the
phase-space uncertainty in )?1 - )A(Q and ?1 + 372 is reduced, meaning that there are
correlations between the quadratures X 1 and )/(\'2 and the quadratures }Afl and }72, such
that a homodyne measurement of X, (571) will reduce the set of possible results from a
homodyne measurement of X, (}?2) As a result, the two-mode squeezed state cannot
be written as a separable tensor product of single-mode squeezed states in each mode
and thus it is an entangled state. L. Duan et. al. [22] and R. Simon [23] derived a
necessary and sufficient condition for the separability of a two-mode Gaussian state
(e.g., a state that has a Gaussian Wigner function). For the operators in Eqgs. (1.44)

and (1.45) the criterion for the two-mode squeezed state can be written as
(AX12)* + (AY)* > 2. (1.48)

As long as this inequality is obeyed, then the two-mode squeezed state is separable.

Putting the noises in Eq. (1.47) into the left-hand side of the inequality (Eq. (1.48))
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results in
(AX12)2 —+ (AY&Q)Q = 26_2u. (149)

Therefore the inequality is violated ((AXj2)* + (AYi2)? < 2) when the noise is
squeezed below the vacuum noise, that is exp(—u) < 1. As an example, in Sec.
3 a two-mode squeezed state is generated in the ring modes of a MRR and it is
shown that it violates the Duan-Simon inequality, demonstrating the presence of CV
entanglement in the two ring modes.

Now I introduce the M-mode squeezed vacuum state (MSVS). It can be obtained

by acting on the vacuum state with an M-mode squeezing operator defined by

S(z) = exp( Z Z zsatar, — H.c.) : (1.50)

v=11v'=1

where z is the complex symmetric squeezing matrix, where the matrix element z,,,
gives the squeezing parameter that couples the modes v and /. The two-mode
squeezing operator (Eq. (1.40)) is recovered by letting M = 2 and z;; = 290 = 0 in
Eq. (1.50), and defining z = 215 + 29;. The M-mode squeezing transformation of the
annihilation operator @, can be written in a similar form to the single-mode case (Eq.

(1.32)). It is given by [24]

-~

M
ST(z Z (cosh |2])],,,, @ + [sinh(|2])|z| 2], ai,) ) (1.51)

where |z|7! is the inverse of the matrix |z| = v/z*z, such that |z|7!|z| = 1, where 1

is the M x M identity matrix. The M-mode squeezing operator causes every pair of
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modes to couple, as long as the squeezing parameter that connects them is non-zero.
I have assumed that the matrix z has an inverse and therefore is non-singular (i.e.,
det(z) # 0). If z does not have an inverse, then the second sum in Eq. (1.51) is
infinite. In this case, one can perform a polar decomposition on the matrix, z = ue',
where u and ¢ are Hermitian. Now the squeezing transformation can be written

as [25]

M
Stz Z ( [cosh(u)], @, + [sinh(u)eic]w, a, ) . (1.52)

The Duan-Simon inequality in Eq. (1.48) can be extended to M-mode Gaussian
states to determine if a particular pair of modes, (v,7), in the M-mode squeezed
state are entangled. The pair of modes are separable if the following inequality is

satisfied [20]:
(AX,,)? 4 (AY,,)* > 2, (1.53)

where X,/ and Y, are defined similar to Eqs. (1.44) and (1.45), but here the indices

can take on any value from 1 to M, that is v = 1,2,...,M and v/ = 1,2,..., M.

The noises in Eq. (1.53) can be calculated with Eqs. (1.8) and (1.9), using the
MSVS given by S(z)[0). In Sec. 4 it is shown how to calculate the noise using a
multimode squeezed state. The pair of modes (v, ') are entangled if the inequality in
Eq. (1.53) is violated. This means that the pair of modes (v, ') cannot be separated.
However, this does not exclude other modes from being separable modes. Thus,

violating a single inequality such as in Eq. (1.53) does not show that the MSVS is

fully inseparable, it only shows that the pair (v, ') are inseparable.
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One way to determine if the MSVS is fully inseparable is to check if it can be
separated into a single-mode state in mode 1 and an (M — 1)-mode state including
the modes 2,3,..., M. A graphical representation of a fully inseparable 4-mode state
is shown in Fig. 1.5(a) and a representation of a 4-mode state where mode 1 is separate
from the other modes is shown in Fig. 1.5(b). To test if the state is separable in this

way the following operators are defined:

1 (= Xo+ Xs+...+ X
V2 M-—1

~ 1 (4 Yo+ Ys+...4Y
Ve (4 (2t (1.55)
V2 M—1

where the noise in X measures the correlation between X 1 and )?2 + )?3 X M,

X

and the noise in Y measures the correlation between }A/l and ?2 + EA/3 + ...+ ?M,
respectively. Clearly, if the noise in X and Y approaches zero, then the quadratures
of mode 1 are correlated with the sum of the quadratures of modes 2,3, ..., M. Thus,
the MSVS is not separable into these two groups of modes. It was shown by P. van

Loock and A. Furusawa [20] that the violation of a single condition,

2

(AX)? + (AY)? > Tl

(1.56)

is sufficient to demonstrate M-partite entanglement. Therefore, if the sum of the
noises in X and Y are less than 2/(M — 1), then the MSVS is fully inseparable.

When M = 2, the bipartite inequality in Eq. (1.53) is recovered.
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(2) (b)
2 1 2 LR

3 4 3 4

Figure 1.5: Graphical representations of two different 4-mode states. The state in (a)
is fully inseparable since each mode is maximally connected, as indicated by the black
lines. However, the state in (b) is partially separable since mode 1 can be separated
from the other modes (2,3,4).

1.3 Continuous-variable cluster states

Cluster states are a specific type of entangled state consisting of a large number of
qubits [20]. Quantum logic gates such as the controlled-not gate, the Pauli gates, and
the Hadamard gate can be encoded in the cluster and an arbitray computation using
any combination of these can be executed by performing single qubit measurements
in a particular basis and in a particular order [19,27]. Thus, the cluster serves as a
universal source for any quantum computation. Cluster states can be extended to
CVs [28-32]. The CV cluster state can be made from a large number of entangled
single-mode squeezed states. Thus, it is an application of a multimode entangled
squeezed state.

Cluster states were originally introduced as a class of M-qubit quantum states
that are generated in arrays of qubits (two-level quantum states) with an Ising-type
interaction [20]. The procedure for creating an M qubit cluster state starts by placing
each qubit at a unique lattice site on a d-dimensional lattice (d = 1,2, 3). This defines
the initial state of the qubits to be a separable tensor product state. The cluster
state is created by entangling nearest-neighbours on the lattice with an interaction

Hamiltonian equivalent to the quantum Ising model, or alternatively with controlled
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phase gates. The cluster state is maximally entangled, meaning that any pair of qubits
in the cluster can be projected into a pure Bell state by doing local measurements on
the other qubits. This property allows quantum information to propagate through the
cluster since it means that a qubit can be teleported from one site of the cluster to any
other site. Also, the cluster has a high persistency of entanglement, meaning that the
entanglement persists even after many local measurements. For an M qubit cluster
state it takes M /2 measurements to completely destroy all the entanglement. Since
each measurement performed in a quantum computation reduces the entanglement in
the cluster, having a high persistency of entanglement means that the cluster contains
all the entanglement required for any quantum computation, provided that the cluster
is large enough [19].

CV cluster states can be prepared in a similar way to qubit cluster states. To
start, a collection of M eigenstates of the Y quadrature, |Y'), are prepared in a
separable product state, where the states |Y) satisfy Y |Y) = YV |[V). The states can
be organized on a graph, where each state is assigned to a node of the graph and
a real symmetric adjacency matrix A is defined for the graph [33,34]. The initial
separable state is defined as |0), [0), . ..|0),,. To generate the cluster state, the initial

state is acted upon with collection of CV controlled-phase operators, @Z(A), given

by
. M i .
CZ(A) = j:]l:ll exXp (ZAjj/Xij/), (157)

where A;; is equal to the weight of the edge connecting node j to node j' and the
factor of 1/4 in the argument of the exponential is included for convenience. The

elements of the adjacency matrix A determine which two nodes the operators GZ(A)
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are applied to and the strength of the interaction. In Fig. 1.6(a) an example of
a quantum circuit for preparing a 4-mode CV cluster state is shown that uses the
controlled-phase operation to entangle the states. The CV cluster state for the graph
defined by A is then

|6) = C.(A)]0), [0),...]0),, - (1.58)

In Fig. 1.6(b) an example graph for a 4-mode CV cluster state, with a weighted
adjacency matrix, is shown.
I now derive an eigenvalue equation that the state must satisfy in order for it to

be a cluster state [31]. The initial state is a stabilizer state of the eigenvalue equation

Hexp( V) 1001100, 10} 3 = 10, 10), 10} (1.59)

Putting Eq. (1.59) into Eq. (1.58) and using the fact that CT(A)C.(A) = 1, results

6) = K [9), (1.60)

where it can be shown (using the well known Baker-Campbell-Hausdorff formula and

the commutator in Eq. (1.6) ) that [32]

= exp (—ZZY +1 Z AJJ/X ) (1.61)

J:3'=1

Therefore K stabilizes the cluster state |¢) (via Eq. (1.60)). This means that the
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argument of the exponential in K satisfies the nullifier equation for each node j

(}/}J -y Ajj’%f) |¢) = 0. (1.62)

j'=1

The nullifier equation (Eq. (1.62)) is the defining equation for the cluster state. It
uniquely determines |¢) up to a phase factor. Each node j of the cluster must satisfy
Eq. (1.62), where the sum over j’ includes all the nodes connected to node j, by an

edge with weight equal to A;;.

(a) (b)

0), 2 ;
0),
=
0),
|0> 3 4

4

Figure 1.6: (a) Quantum circuit to generate a 4-mode cluster state, where controlled-
phase C.(A) operations (represented with vertical black lines) are applied between the
states, and (b) the equivalent representation using the graph defined by the adjacency
matrix A, that determines the weight (orange numbers) of every edge connecting a
pair nodes in the cluster.

The eigenstates |Y) are unphysical because they represent a state that has a
definite eigenvalue Y in the Y quadrature. Thus requires infinite squeezing in the Y
quadrature (see the uncertainty relation in Eq. (1.7)). For this reason, the cluster
state made from them represents an ideal CV cluster state. In practice, the initial
state of the graph is taken to be a collection of finite-squeezed states instead, which
are entangled using the controlled-phase gates according to A. The resulting cluster
state does not satisfy the nullifier equation (Eq. (1.62)) due to the presence of finite

squeezing. However, P. van Loock et. al. [31] and N. C. Meniccuci et. al. [31] define
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an approximate CV cluster state as one that is made from entangled finite-squeezed
states and exhibits correlations in combinations of the quadratures of the modes. The
multimode squeezed state |¢) is an approximate CV cluster state if the covariance of

the nullifier operator in Eq. (1.62) is sufficiently close to zero,

M
cov (l/}] — Z Ajj/)?j/) — 0, (163)
J'=1

where the arrow — indicates that the noise in the nullifier operator goes to zero as
the squeezing amplitude increases. Thus for an infinitely squeezed state the noise
is exactly equal to zero. In Sec. 6 the covariance in Eq. (1.63) using a multimode
squeezed state is evaluated, and a condition for the squeezing parameters is derived
such that the covariance will go to zero in the limit of infinite squeezing. Therefore
under the right conditions the multimode squeezed state is an approximate CV cluster

state, meaning it can be used a source of entanglement for CV quantum computing.

1.4 Thesis overview

The overview of this thesis is as follows. Chapters 2, 3, and 4 constitute the
three published manuscripts that I co-wrote with my supervisor Marc M. Dignam
and Chapter 5 consists of an unpublished manuscript, that we submitted and is cur-
rently being reviewed. The outline for Chapters 2 - 5 is as follows. In Chapter 2,
an MRR is optimized to generate a maximally-squeezed single-mode squeezed ther-
mal state in the ring. In Chapter 3, the theory of the nonlinear generation of an
entangled two-mode squeezed thermal state is developed, and it is applied to an

MRR to generate CV entanglement between the quadratures of two ring-modes. In
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Chapter 4, the two-mode theory of Chapter 3 is generalized to the nonlinear genera-
tion of an M-mode squeezed thermal state (MSTS) in M orthogonal quasimodes of a
coupled-cavity structure. In Chapter 5, the MSTS solution is extended to incorporate
the nonorthogonal quasimodes of a coupled-cavity structure. Chapter 6 is a regular
chapter, in which I derive a condition on the squeezing parameters of the MSTS in
order for it to be classified as an approximate CV cluster state. Finally, in Chapter

7 I conclude and discuss future directions for the work presented in this thesis.



Chapter 2

Optimization of a Lossy Microring Resonator
System for the (Generation of

Quadrature-Squeezed States

In this work, we model and optimize the generation of a squeezed thermal state
via SPDC in a single ring-mode of an MRR. The theory for generating the squeezed
thermal state was originally derived by John Sipe [35]. We applied his theory to the
generation of the state in the MRR, optimized the parameters of the ring to maximize
the squeezing, and derived an analytic expression for the pump pulse inside the ring.
This work is published as a regular article in Physical Review A [30].

Abstract — The intensity buildup of light inside a lossy microring resonator can
be used to enhance the generation of squeezed states via SPDC. In this work, we
model the generation of squeezed light in a microring resonator that is pumped with
a Gaussian pulse via a side-coupled channel waveguide. We theoretically determine
the optimum pump pulse duration and ring-to-channel coupling constant to minimize
the quadrature noise (maximize the squeezing) in the ring for a fixed input pump en-

ergy. We derive approximate analytic expressions for the optimal coupling and pump

33
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pulse duration as a function of scattering loss in the ring. These results will enable
researchers to easily determine the optimal design of microring resonator systems for

the generation of quadrature-squeezed states.

2.1 Introduction

Squeezed states are a type of nonclassical light that are characterized by squeezing
of the quantum uncertainty in a given quadrature below the level of vacuum noise.
They can be used in a variety of contexts, including in applications where quadrature
noise is a major concern, such as optical communications [37] and interferometers
[2,38,39]. Squeezed states can also be used as the starting point to create entangled
states of light. Weakly-squeezed states can be used as a source of entangled photons,
which can be used for quantum teleportation [10] and quantum cryptography [10].
Single-mode squeezed states can be combined using waveguide couplers to create
quadrature-entangled states [11]. In addition, two-mode quadrature-squeezed states
are a source of CV entanglement, which can also be used for quantum computation [12]
and quantum information [13]; such states are important as they are generally more
robust to loss than two-photon entangled states [14].

One way to generate squeezed states of light is via SPDC, where a strong coherent
pump field interacts with a material that has a x® nonlinearity [15]. The conversion
efficiency of pump photons into signal and idler pairs can be enhanced by enclosing
the nonlinear interaction within a cavity that is resonant with the pump. In this case,
if it is a multimode cavity, where a second mode is resonant at the signal and idler
frequencies, then it can play a dual role, by ensuring that essentially all generated

pairs end up in a single cavity mode.



2.1. INTRODUCTION 35

MRRs have been shown to enhance SPDC efficiency [16]. Thus, they are promis-
ing structures for on-chip applications such as entangled photon pair generation for
quantum communication [17] and generating squeezed light for discrete and CV en-
tanglement [18-51]. The schematic diagram of an MRR is shown in Fig. 2.1. The
ring waveguide has a radius chosen such that it has resonant modes at the frequencies
of the pump and the squeezed light. The straight waveguide (channel) and ring are
in proximity to each other, such that pump and squeezed light can be evanescently
coupled in and out of the resonator.

Considerable theoretical work has been done on a Hamiltonian treatment of SPDC
and SFWM in lossy MRRs [52-55]. The general approach is to solve the Heisenberg
equations of motion for the mode operators in the ring and channel. This procedure
is applicable to both the weak pumping limit for generating entangled photon pairs
and the strong pumping limit for generating quadrature squeezing. For example
single-mode quadrature squeezing of -10dB in the channel of a lossy SiN MRR was
recently shown to be theoretically achievable [1%], using a 100pJ Gaussian input pulse
of duration 30ps. Experimentally, about 4dB [19] to 5dB [56] of squeezing has been
inferred on-chip with SIN MRR s. Both the theory and experimental demonstration of
quadrature squeezing in lossy MRR s provides a promising path forward for creating
a practical CV entangled states for quantum computing applications.

Recent experimental work has demonstrated that one can tune the squeezing
level generated in coupled MRRs; by increasing the coupling efficiency, Dutt et al.
[57] demonstrated experimentally an increase of the on-chip squeezing level in a SiN
resonator from —0.9dB to —3.9dB. Although this and other work demonstrate the

promise of MRRs for generating squeezed light, it appears that very little has been



2.1. INTRODUCTION 36

done on the optimization of the MRR to obtain maximum squeezing.

In this paper, we theoretically study the quadrature squeezing inside a lossy MRR
pumped by a Gaussian input pulse. We focus on the optimization of the pump pulse
duration and ring-channel coupling, in order to achieve the conditions that maximize
the squeezing in the presence of scattering loss.

We consider the case of squeezed-state generation via SPDC in a single mode of the
ring. To allow us to compare the squeezing achieved for different pump durations, in
all that follows, the energy of the input pulse is held constant when the pulse duration
is changed. We model the dynamics of the density operator for the state in the ring
in the presence of loss using the Lindblad master equation (LME) for a cavity with
a single lossy mode. It has recently been shown that the general solution to this
LME is a single-mode squeezed thermal state [35] characterized by a time-dependent
squeezing amplitude, squeezing phase, and a thermal photon number. Using this
solution, we model the squeezed thermal state in the MRR as a function of time, and
derive an approximate analytic expression for the maximum squeezing in the presence
of loss.

Our theoretical approach is somewhat different from what is commonly done in
the literature. The strength of our method is that, because we know that the density
operator inside the ring is always a squeezed thermal state, the time-dependent prop-
erties of the state in the ring, such as the variance of the quadrature operator and
expectation value of the number operator, can be easily determined by simply solving
for the time dependence of the thermal photon number and squeezing parameter of
the state. Of course, our study is restricted to a single-mode squeezed state in the

ring, but this condition is easily satisfied by limiting the bandwidth of the input pulse,
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and carefully phase-matching the desired pump mode and squeezed light mode in the
ring.

Using our exact solution for the time evolution of the state, we derive approximate
but accurate analytic expressions for the optimum coupling value and optimum pump
pulse duration for a fixed pump energy. We show that they are in excellent agreement
with full numerical simulations when the pump and ring configuration is relatively
close to the optimal. We find that the optimum pulse duration depends on the loss
in the ring and is in the range of of 10 to 60 times the ring round-trip time. We also
show that the optimum coupling is slightly below critical coupling (undercoupling).

The paper is organized as follows. In section 2.2.1 we review the theory of the
coupling of a pulsed classical pump field from a channel waveguide into the ring,
discuss practical limitations on the pump pulse duration for generation in a single-
mode, and determine the exact and approximate expressions for the time-dependent
pump field inside the lossy ring. In section 2.2.2 we present the theory behind the
generation of a squeezed thermal state in a single leaky mode for a pulsed pump. In
section 2.3 we model the system and develop approximate analytic expressions for
the optimal pulse duration, coupling constant and quadrature noise for a given ring

loss. Finally, in section 2.4 we present our conclusions.

2.2 Theory

In this section we present the theory behind the generation of squeezed light inside
an MRR. The system consists of a ring resonator waveguide of radius R side-coupled
to a straight waveguide (the channel) (see Fig. 2.1). Both waveguides are made from

a material with a nonlinear y(® response. We treat the ring resonator as an optical
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cavity that generates squeezed light in a single leaky mode. The mode is leaky due
both to scattering loss and coupling to the channel. The input field to the system
is a classical pump pulse (F;(t)) propagating in the channel. The bandwidth of the
input pulse is limited such that it only couples appreciably into a single mode inside
the ring, with frequency, wp. Once inside the ring, the pump will produce squeezed
light in a separate mode with frequency, wg, that is half the frequency of the pump,
i.e. wg = wp/2. In section 2.2.1 we study the frequency response of the ring using a
transfer matrix approach in the presence of loss, and derive exact and approximate
expressions for the time-dependent pump field inside the ring. In section 2.2.2 we

give the solution to the LME for the quantum state of light generated inside the ring.

2.2.1 Time-Dependent Pump Field Inside the Ring Resonator

In this section we present the theory to obtain the time dependence of the pump
field inside the ring resonator and examine the dependence of the field build-up in
the ring on the pump pulse duration, the scattering loss in the ring, and the coupling
between the channel and ring waveguides.

The classical pump pulse field, Fi(t), incident on the ring resonator is taken to

be a classical Gaussian pulse of the form
Ev(t) = By (t) + E7(8),

where

EM @) = EO\/E exp <—2m (2) i-i) exp(—iwpt), (2.1)
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and EC)(t) = [E™) (t)r Here 7 is the duration of the pulse (FWHM of the in-
tensity), wp is the pulse carrier frequency, Tg is the ring round-trip time (discussed
in more detail below), and Ej is the amplitude of the pulse. The factor of 1/4/7 is
included so that the energy of the pulse is independent of the pulse duration. We do
this so that we can study the squeezing level in the ring for many different pumping
durations, with a constant amount of energy going into the system. In the following,
only the positive frequency part of the input field is needed, because we are using the
rotating wave approximation.

In calculating the coupling of the field in and out of the ring, it is easier to work
in the frequency domain. We define the Fourier transform of the time-dependent field

as

Ew) = /OO ED)(t) exp(iwt)dt, (2.2)

o0

and the inverse Fourier transform as

1 [ -

EH @) = E(w) exp(—iwt)dw. (2.3)

2r ) o

The Fourier transform of the input pulse of Eq. (2.1) is

By(w) = EO\/TzR exp (—%) : (2.4)

where Ey = EyTr+/7/(21n(2)). The bandwidth Aw (FWHM in frequency) of the
input pulse is related to the pulse duration 7 by Aw = 41n(2)/7.

The fields in the ring and channel are assumed to couple at a point, as indicated
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Figure 2.1: Schematic of the ring resonator coupled to a channel waveguide. The field
components incident to the coupling point are E; in the channel and E3 in the ring. The
field components leaving the coupling point are Es in the channel and Ej in the ring. The
cross-coupling coefficient is k, and the attenuation in the ring is a.

in Fig. 2.1. The fields incident on the coupling point are Fi(w) in the channel and
Es3(w) in the ring. The fields leaving the coupling point are Fs(w) in the channel and
E4(w) in the ring. The input and output field components are defined at locations

just to the left and right of the coupling point, respectively. The input and output

fields are related by a transfer matrix as

- , (2.5)

where o and x are real numbers called the self- and cross- coupling coefficients, re-
spectively. This is the form of the transfer matrix that is commonly used [58]. The
coupling is assumed to occur at a single point, so the field components that pass
through the coupling point and stay in the same waveguide do not acquire a phase.
However, the field components that cross-over into the other waveguide at the cou-
pling point do acquire the phase ¢. This phase is needed in order to conserve power

across the coupling point (i.e., the transfer matrix must be unitary). Additionally,
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the coupling is assumed to be lossless, so we obtain the relation |o|? + |x|> = 1. The

fields F,(w) and Es(w) are related by,

E3(w) = aexp(i®) Ey(w). (2.6)

Here, a, is the field attenuation after one circuit of the ring (excluding any coupling
to the straight waveguide); this is related to the scattering power-loss coefficient, ay,
in the ring by a = exp(—as.2mR/2). In what follows, we assume that a is frequency
independent, and also that a and x are independent of each other. The single-circuit
phase shift © in the ring is given by © = 2w Rk, where k = 27n.g/\, where n.g is
the effective index of refraction for the pump mode in the ring and A is the free space

wavelength. The phase shift can also be expressed as,

e = (JJTR, (27)

where Tg = neg2m R/c is the ring round-trip time. For light that is on resonance with
a mode in the ring, the phase shift is © = 27wm, where m is a positive integer (the
mode number). Thus, in order to ensure that the pump frequency is on resonance
with the ring, it is chosen to be wp = 2mmp/Tg, where mp is the pump mode number.
In all that follows, we will scale the time, the pump duration, and the pump pulse
amplitude by the round-trip time Tr; consequently, all of the results that follow are
independent of the ring radius and mode number.

We choose the frequency of the generated photons to be wg = wp/2 (where S
stands for “squeezed light”), such that the mode number for the squeezed light is

mg = mp/2. The coupling coefficients are assumed to be frequency independent.
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This is a good approximation as long as the pump pulse is in a single mode. We
assume that the ring waveguide dimensions have been chosen such that the squeezed
light mode has the same neg as the pump mode (i.e., they are phase matched). This
has been demonstrated in an AIN ring resonator [51] for a waveguide with a height
of 1lym and a width of 1.10um, and in AlGaAs nanowaveguides [59].

Using Egs. (2.5) and (2.6), we find that the field inside the ring is given by

~ iv1—oc%aexp(iwlg) ~
Eslw) = 1 — ocaexp(iwTr) Erw). (28)

The ratio of intensity inside the ring to the incident intensity in the channel is defined

as the buildup factor,

(1 —0?)a?

" 1-20acos(wTg) + o2a’

(2.9)

It is maximized for light that is on resonance with the ring, i.e. cos(wTg) = 1. Using

w=wp in Eq. (2.9) gives the maximum value of the buildup factor,

B(wp) = ((11__—02)‘122 (2.10)

The value of a that maximizes Eq. (2.10) is a = o. This is known as critical coupling.

To ensure that the squeezed light will be generated mostly in a single mode with
frequency wg we require that the pump pulse almost exclusively couples into a single
mode in the ring with frequency wp. In Fig. 2.2(a) we demonstrate that with an
incident pulse with duration 7 = 2T (thick line), virtually all of the pulse intensity

couples into a single ring resonance (thin red line). In contrast, in Fig. 2.2(b) we
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show that by reducing the pulse duration to 7 = Tg/4, the broadening of the pulse in
frequency causes some of its intensity to couple into adjacent modes. Thus, in all that
follows, we restrict ourselves to pulses with duration 7 > Tk to ensure the squeezed
light is generated almost entirely in a single mode. Although two-mode squeezed
light could also be generated in a number of different mode pairs that satisfy energy

conservation, we assume that generation in those other modes is suppressed because

they are not well phase matched.
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Figure 2.2: The intensity buildup (in three ring modes) of the pump pulse with a duration
of (a) 7 = 2T and (b) 7 = Tr/4. The normalized intensity of the input pulse in the channel
is |E1|?/EZ (thick curve), and the normalized intensity of the pulse in the ring, after its
intensity has built up, is |E3|?/EZ (thin red curve). The buildup factor (dashed line) and
intensity are calculated with ¢ = 0.6 and a = 1.

The intensity decay rate I' of light in the ring cavity is given by,

() (&)

where oo is the total loss coefficient for the ring. It is given by oy = Qige+arepr, where

r

2 1
o2l _ [ (2.11)

Tp  Tx

Qs is given above, and ap is defined by the equation o = exp (—aep2mR/2) [60] and

is the power-loss coefficient due to light coupling out of the ring into the channel.
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To obtain strong squeezing in the ring, the intensity decay rate multiplied by the
round-trip time must be small, i.e., 'Tr < 1. If the loss is small enough such that

(1 —oa) < 1 then from Eq. (2.11), we obtain,

2(1 —oa)
N~ —=. 2.12
- (212)

The decay rate I' gives an estimate of the width of the peaks in the the buildup factor.
The time-dependent pump field, F3(t), inside the ring just to the left of the
coupling point (see Fig. 2.1) is calculated by taking the inverse Fourier transform of

Eq. (2.8), giving:

Es (t) = exp (—i27rmpf) —_—

VT 81In2

b

- ikaEq 7 (/“onexp(—{F%%KSInQ)——iQf)
o exp(—if)) — oa

(2.13)

where Q = (w — wp)Tr, t = t/Tg, and ¥ = 7/Tk. The integral is real because
we integrate ) from —oo to co. This is the general expression that we use in our
simulations. In the low-loss limit, where (1 — 0a) < 1, the integral in Eq. (2.13)
can be evaluated using Voigt functions [(1] (see Appendix A.1), and we obtain the
approximate expression

_ /mkat /() erfe [y ()]

B ()] = NS B (1), (2.14)

where
(1-oa)7 +/8In(2)¢
81n(2) 27

y(t) =

, (2.15)

and erfc (y) = 1 — erf (y), where erf (y) is the error function. In the following
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sections, we shall use this expression to optimize the incident pump pulse duration
to achieve the greatest nonlinear response in the ring. We note parenthetically that
Eq. (2.14) would also be useful for calculating classical nonlinear processes such as
second harmonic generation or SPDC in a ring resonator, using the undepleted pump
approximation.

In this section, we have derived an expression for the time-dependent pump field
inside the ring, which we shall use in the following section to calculate the generation

of the squeezed state.

2.2.2 Quadrature Squeezing Inside a Lossy Ring Cavity

In this section we present the main theory behind quadrature squeezing inside the
ring.
The Hamiltonian for light inside the ring, using the undepleted pump approxima-

tion, is given by [(2]
H = Hy+~E;(t)b" +~v*EL ()07, (2.16)

where the interaction-free part of the Hamiltonian is fAIo = hws/b\T/b\, and the last two
terms account for the SPDC process. The operator D is the annihilation operator for
the squeezed light photons in the ring. The nonlinear coupling coefficient between
the pump, Fj3(t), and squeezed light is v = hwpxg? /n%e, where ng) is an effective
nonlinear susceptibility that depends on the intrinsic nonlinear susceptibility of the
ring material and spatial mode profiles in the ring [63]. Note that we neglect any

nonlinear interactions in the channel waveguide, because the pump intensity is much

smaller there. The pump field is given in Eq. (2.13), where only the positive frequency
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part is used, as we are using the rotating wave approximation.
The effects of scattering and coupling losses on the dynamics of the generated
light in the ring can be modelled using the LME for the density operator p [(4]:
dp i

~ ~ | PN 1 m
— —— |H. 5| +T (bpbt — Zb'bp— =0b'b 2.1
= h[,p]+ (p 50100 — 5P ) (2.17)

where I is the decay rate for the squeezed light generated in the cavity. It is given in
Eq. (2.11), where now o and a correspond to the coupling and loss parameter for the
squeezed light. For simplicity, we have assumed that the squeezed light and the pump
have the same coupling and loss parameters, but it is straightforward to generalize
this within our theory. The effects of thermal photon populations are negligible at
room temperature for the optical frequencies of interest, and so they are not included.

It was recently shown [35] that the exact solution to Eq. (2.17) for the Hamiltonian

given in Eq. (2.16) is a squeezed thermal state, which can be written as,

A(t) = S((1) P (B(1)ST(=(1)), (2.18)

where

Pn(B(1)) = (1 — e PWher/2) ™1 =B (2.19)

is the density operator for a thermal state at an effective time-dependent temperature
T(t) = (kgB(t))~!, where kg is the Boltzmann constant. In what follows, rather
than use the effective temperature, we characterize this thermal state by the average

thermal photon number, which is given by

nn(t) = (POmr/2 _1)7h (2.20)
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The operator Sisa unitary squeezing operator, given by
S(2(t) = exp - (z* ()5 — z(tﬁﬂ) , (2.21)

with a complex squeezing parameter z(t) = r(t) exp(i¢(t)). The form of the state
given in Eq. (2.18) is only a solution to the LME if the squeezing amplitude wu,
squeezing phase ¢, and average thermal photon number ny, obey the following three

nonlinear coupled first order differential equations:

1dr(?) g(t)  coshr(t)sinhr(t)

rdt 2 2ng()+1 222
do(t)
LU (2.23)
1dnth(t) o . 2
o sinh® r(t) — ngp(t). (2.24)
Here,
(t) = 4|v||7£3(t)| (2.25)

is a dimensionless function of time that we will refer to as the pumping strength [35];
it is the ratio of the pumping rate to the total decay rate of the squeezed light in the
cavity. It is constructed such that when ¢(¢) = 1, the rate of signal generation in the
ring equals the signal loss out of the ring. Using the approximate expression for the

field in Eq. (2.14), we can write the pumping strength as,

1) = o 8;2@@ (#2(2)752) vaeate [y ()], (220

where I' = I'Tx and gy = 4|y|EyTr/h is a dimensionless parameter. The pumping
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strength is the function that drives the squeezing processes, and directly affects the
amount of squeezing in the ring. A large peak value in the pumping strength will
generate substantial quadrature squeezing. In Fig. 2.3, the pumping strength in
the ring is plotted as a function of time for a = o = 0.99 (critical coupling) and
go = .413. Initially (t = —o0), the pumping strength in the ring is zero. As the input
pulse starts coupling into the ring the pumping strength begins to build up. At ¢ =0,
the input pulse takes on its peak value at the coupling point in the channel. Some
time later the pumping strength reaches its peak value. As can be seen, this time
and the maximum value that the pumping strength reaches depend on the duration
of the input pulse 7 in the channel. For a short input pulse duration of 7 = 1, the
pumping strength very quickly builds up to its peak value. The longer the input pulse
becomes, the more time it takes for this to occur. For very long input pulses, the
peak pumping strength will scale as 1/4/7, but the dependence on the pump duration
is more complicated for shorter pulses and as can be seen, the maximum pumping
strength is in fact achieved for intermediate pulse durations. We denote the input
pulse duration that maximizes the peak pumping strength by 7,. In Appendix A.2,
we derive the following approximate but accurate expression for 7, in the low-loss
limit (1 — oa) < 1:
V8In2

T, /= 0.342 . 2.27
Tg 1—coa ( )

Also in Appendix A.2, we show that a pulse duration of 7, given in Eq. (2.27) causes

the pumping strength to peak at the time

eak — S74 N> 2.2
peak 2(1 — oa) (2:28)
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which is 1/I", assuming that (1 — oa) < 1.

Before proceeding, we note that we could have used the field E,(¢) rather than
FE5(t) and produced similar results. They are related by Fs3(t) = aE,(t—Tg). However,
the field E5(t) is a more conservative representation of the field inside the ring, because

it has been reduced by the attenuation loss of one additional round trip relative to

Eu(t).

-500

Figure 2.3: The pumping strength ¢ (f ) in the ring for 0 = a = 0.99 (critical coupling)
generated with a short input pulse (7 = 1) (solid thin line), a pulse 7 = 7, that gives the
highest peak in g (solid bold line), and a long pulse (7 = 300) (dashed line).

The initial conditions for equations (2.22) to (2.24) are evaluated at an early time,
t; (< 0), when the incident pump pulse amplitude is negligible. The initial state of
the system is the vacuum state, which means that r(¢;) = 0 and n,(t;) = 0. We set
the initial squeezing phase, ¢(t;), to be ¢(t;) = 0, so that the time-dependent phase
is given by ¢(t) = —wp(t —t;). In numerical calculations, the absolute value of the
initial time must be chosen such that |¢t;| > 7.

The numerical solution of the coupled equations (2.22) to (2.24) enable us to

determine the time-dependent level of quadrature squeezing in the ring. To this end,
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quadrature operators X and Y are defined as,

X = ble ™0 4 pei?®) (2.29)

i (ET o=t _ Eei"(“) . (2.30)

=)
|

Here the quadrature phase 0(t) is defined as 0(t) = wg(t — t;). We include this phase
so that the expectation value of the quadrature does not contain fast oscillations in
time, because this choice cancels with the phase ¢(t) of the squeezed state. The noise

in the X and Y quadratures is defined as the square root of the variance, and written

as AX and AY. Using Eq. (2.18) they can be shown to be given by, [(7]

AX(t) = 2nu(t)+1e7®, (2.31)

AY(t) = /2ng(t)+1e®. (2.32)

Multiplying Eqgs. (2.31) and (2.32) together gives,

AX (DAY (t) = 2ne(t) + 1. (2.33)

If nyg, = 0, then AXAY =1 and a squeezed vacuum state is recovered, with AX =
exp(—r) and AY = exp(r). With our choice of quadrature operators, the noise
in either quadrature for a vacuum state (r = 0) is simply AX = 1 and AY =
1. Therefore, squeezing below the vacuum noise in the X quadrature occurs when

AX < 1in Eq. (2.31). The expectation value of the photon number for the squeezed
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thermal state can be shown to be given by [67]
() = <BTB> = n(t) cosh (2r(t)) + sinh? (r(t)) . (2.34)

When ny, = 0, the expectation value of the photon number is sinh?(r), which is the

result obtained for a squeezed vacuum state.

2.3 Results and Discussion

In this section, we present our numerical solutions to the set of equations (2.22)
to (2.24). We solve them using a fourth-order Runge-Kutta method; the total run
time for a given configuration is on the order of a few seconds on a standard PC. We
also derive an approximate analytic expression for the minimum quadrature noise in
terms of the peak pumping strength, and an expression for the optimum choice of o
(or alternatively, ) that produces the global minimum in the quadrature noise. In
addition, we numerically determine the pulse duration that produces the minimum
quadrature noise for a given x and show that it is close to 7,, as given in Eq. (2.27).
We discuss the effects of scattering loss a on the quadrature noise, and the opti-
mum coupling coefficient and pulse duration. Finally, we study the sensitivity of the
minimum quadrature noise to a phase offset due to imperfect homodyne detection.

In the remainder of this paper, we use the following values for our pump and ring
parameters. We take the ring material to be AlGaAs with ijf) = 100pm/V [52],

Neg = 2.85, and wp = 27 x 135.73THz (Ap = 775nm). The amplitude of the input
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pulse Ey can be written in terms of the total pump pulse energy U as,

am2\"* [ 20
Ey = _ 2.
0 < T ) AcnegeoTn’ (2.35)

where A = 0.71 um? is the cross-sectional area of the ring waveguide, €, is the per-

mittivity of free space, and c is the speed of light. The energy of the incident pulse
is chosen to be U = 0.188 pJ (independent of the pulse duration). This value of U
produces a substantial amount of squeezing, but generally does not lead to significant
pump depletion, even for low-loss cavities.

The radius of the ring required to give a resonance at the pump frequency is R =
mpc/(wpneg), where we have used Eq. (2.7) with w = wp and © = 27rmp. We choose
the pump mode number to be mp = 200, which makes the ring radius approximately
equal to R & 25 um. The ring round trip time is given by Tp = 2w Rneg/c, and in this
case is Tr ~ 1.47 ps. We present our results in terms of the dimensionless parameters;
t =t/Tx and 7 = 7/Tg. Once this is done, the only place where R enters our model
is in the amplitude of the pumping strength in Eq. (2.26). Thus in order to make our
results independent of R we require EyTx be constant. We collect all the dimensional
parameters above into the single dimensionless constant, gg, which was introduced in

Eq. (2.26). For the above choice of parameters, gy = 0.413.

2.3.1 Dynamics of the squeezing process

We begin by examining the time-dependent quadrature noise AX in the ring in
Fig. 2.4a for 0 = a = 0.99 (critical coupling), for an input pulse duration of 7 = 300.
Initially the pumping strength is zero and the quadrature noise is equal to the vacuum

noise AX = 1. As the pumping strength builds up, the quadrature noise gets squeezed



2.3. RESULTS AND DISCUSSION 53

below the vacuum noise AX < 1. We find that the quadrature noise is a minimum at
approximately (but not exactly) the time at which the pumping strength is at its peak,
that is, at #,;, ~ 40 (indicated by the vertical line). Finally, when the pump pulse
couples out of the ring, the quadrature noise returns to the vacuum noise. The time-
dependent squeezing amplitude r and thermal photon number ny, are shown in Fig.
2.4b for the same parameters. As the squeezing amplitude increases, the quadrature
noise is squeezed by the factor exp(—r). However, the trade off is that the thermal
photon number also increases, which results in an increase in the quadrature noise
by the factor v/2ny, + 1. Thus the minimum quadrature noise does not happen when
the squeezing amplitude is maximum, but instead at an earlier time closer to when

the pumping strength is maximum and the thermal photon number is much less than

its peak value.
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Figure 2.4: (a) The quadrature squeezing AX (thick line) and pumping strength g (thin
line) as a function of time, and (b) the squeezing amplitude r (thick line) and thermal
photon number ng, (thin line) as a function of time for an input pulse duration of 7 = 300
and coupling constant ¢ = a = 0.99. The time at which AX is minimum is tin ~ 40 is
indicated by the vertical line.

In Fig. 2.5a, we examine a similar setup as above, except our input pump pulse
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has a much shorter duration of 7 = 1. Here, the pumping strength quickly reaches its
peak value and does not spend much time building up in the ring. The quadrature
noise is not as squeezed as it was with the long pulse. Additionally, with the short
pulse, the minimum quadrature noise does not occur at the same time as when the
pumping strength is at its peak. In this case the peak pumping strength occurs at
approximately ¢ ~ 2 and the minimum quadrature noise occurs at approximately
tmin ~ 26. The time-dependent squeezing amplitude and thermal photon number
are shown in Fig. 2.5b for the same short pulse. The thermal photon number is
significantly smaller now, so the factor \/2ny, + 1 is less detrimental to the squeezing.
As a result we find that the minimum quadrature noise now occurs closer to the time

when the squeezing amplitude is at its peak value.
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Figure 2.5: The same plots as in Fig. 2.4 but for an input pulse duration of 7 = 1. Note
that now the time at which AX is minimum is tpi, ~ 26.

Having examined the two extreme cases of a long pulse and short pulse, we now
consider the most interesting case for quadrature squeezing. We pump the ring with
an input pulse duration 7, (given by Eq. (2.27)) that gives the greatest peak value of

the pumping strength. For o0 = a = 0.99, 7, = 40. In Fig. 2.6a the time-dependent
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quadrature noise is shown for this pulse. When compared to the short and long
pulse, we find that this duration produces the greatest quadrature squeezing. The
minimum quadrature noise occurs at roughly the same time as the peak value of the
pumping strength; using Eq. (2.28) the peak pumping strength occurs at fpeak ~ 25,
while the quadrature noise is a minimum, at 3, ~ 29. The time-dependent squeezing
amplitude and thermal photon number for this pulse duration are shown in Fig. 2.6b.
The peak squeezing amplitude is reduced by a factor of approximately 2 compared
to the long pulse. However, the depletion of the squeezing amplitude is counteracted
by the thermal photon number being reduced by a factor of roughly 10°. This shows
that the thermal noise is much more sensitive to the duration of the input pulse than
the squeezing amplitude is, and therefore it is better to err on the side of using a

relatively shorter pulse in a lossy MRR .
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Figure 2.6: The same plots as in Fig. 2.4 but for an input pulse duration of 7 = 7, ~ 40.
Note that now the time at which AX is minimum is 3, ~ 29.
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Minimum in the quadrature noise

We have demonstrated how the minimum in AX depends on the pulse duration
7. Here we derive an analytic expression for the minimum quadrature noise AX .
Setting the derivative of AX(t) in Eq. (2.31) equal to zero at the time ¢, and
simplifying gives,

dnth (t)
dt

— (2ngn (tmin) + 1) dizfst)

t=tmin t=tmin

= 0. (2.36)

Replacing the derivatives in Eq. (2.36) with Eq. (2.22) and Eq. (2.24) and using Eq.

(2.31) to simplify gives,

AX i (7) = ! (2.37)

V 1 + g(tmina 7—)’

where ¢(tmin, 7) is the pumping strength evaluated at the time when the quadrature
noise is at its minimum. In general, we evaluate ¢(tunm,7) numerically in order to
calculate the minimum quadrature noise for a given o, a, and 7. If the input pulse
duration is close to or larger than 7,, then the value of the pumping strength at the
time when the quadrature noise is minimum is roughly the same as the peak value of
the pumping strength (see Figs. 2.4a and 2.6a). Thus, we can neglect the difference
between ¢(tmin) and the peak value of the pumping strength. That is, if the pulse
duration is considerably longer than Tz, then the pumping strength does not vary
appreciably over a time scale of a few round-trips of the ring. This approximation
improves the longer the pulse. Conversely, this approximation is not valid for the
setup in Fig. 2.5a for the short pulse, as we discussed earlier. Let gmax(7) denote the

peak pumping strength as a function of 7. Then, since for pulses durations 7 > T
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Gmax(T) = g(tmin, T), we obtain the following approximate expression for the minimum
quadrature noise:

AXpin(7) ~ e (7 2 7). (2.38)

VT (D)
Therefore the minimum quadrature noise is expressed in terms of the peak pumping
strength, for which we have an expression in Eq. (2.26). The advantage of Eq. (2.38)
is that it gives the minimum quadrature noise as a function of 7 and o; without
having to solve the coupled differential equations numerically. Additionally, letting

T =7, in Eq. (2.38), and using Eq. (2.27) and Eq. (2.28), gives the following result,

AXmin ~ |1 . —
(7,) 065375 [

1—02| °
Jod U] . (2.39)

This is the minimum quadrature noise in the ring for the pulse duration of 7,, as a
function of o and a. For a given ¢ and a, we will show in the next section that this
expression approximately gives the best quadrature squeezing. We will assess the

accuracy of the expression given in Egs. (2.38) and (2.39) below.

2.3.2 Dependence of the minimum quadrature noise on pulse duration

and coupling

The minimum quadrature noise depends on the pulse duration 7, coupling o, and
scattering loss a. Thus far, the numerical results that we have presented have been
only for the case of very low scattering loss at critical coupling (¢ = a = 0.99), and
for only three pulses. We have shown that, compared to a short and long pulse, 7,
generates the best quadrature squeezing for a given ¢ and a. In this section, we

present numerical results for the maximum quadrature squeezing as a function of the



2.3. RESULTS AND DISCUSSION 58

coupling constant and pump duration for different scattering loss in the ring. We will
show that the choice of critical coupling, although an obvious starting point, is not
the optimal choice in order to achieve the global minimum in the quadrature noise
for a given a. In fact, we find the global minimum in the quadrature noise is in the
undercoupled (o > a) regime and derive an approximation analytic expression for the
optimal coupling.

Our analysis is done by computing the minimum quadrature noise A X, (7, £) as
a function of pulse duration and coupling for different attenuation constants a. Then
we numerically determine the optimal choices for the pulse duration and coupling,
and finally compare them to approximate analytic expressions that we derive.

In Fig. 2.7 we plot the minimum quadrature as a function of the coupling coeffi-
cient and pulse duration for four different loss parameters a. First, in Fig. 2.7a, we
consider the case where there is no scattering loss (a = 1). In this case, the minimum
quadrature noise decreases as the cross-coupling constant k goes to zero (or o goes
to one). Consequently, we find no optimum value of x that gives a global minimum
in the quadrature noise. This is expected, because as k goes to zero, the buildup
factor continues to increase without bound. In the figure, there are two hatched ar-
eas. The darker hatching (around x = 0.1) is where the expectation value of the
number of generated photons is at least 1% of the average number of pump photons
({(npump) ~ 2 x 10°); thus, our undepleted pump approximation is becoming less ac-
curate. The second, lighter hatching (where x < 0.1) indicates when our simulations
break down, because the decay rate I’ goes to zero as k goes to zero. The blue dotted
line in the figure indicates the computed pulse duration that gives the best quadrature

squeezing for a given x. The red curve is the input pulse duration 7,(x) given by Eq.
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(2.27). The fact that 7, fits agrees well with the computed optimal pulse duration
means that the minimum in the quadrature noise is approximately where the peak
pumping strength is the greatest. For short pulses, or pulses larger than 7, the peak
pumping strength is too small in the ring and we see that the squeezing gets worse.

We now consider how introducing scattering loss into the ring affects the squeezing.
When there is loss, the buildup factor has a peak value at critical coupling x =
V1—a? (or ¢ = a). In Fig. 2.7b the scattering loss is @ = 0.99. Consequently,
there is substantial squeezing at the peak in the buildup factor at critical coupling
(indicated by the vertical line), and the squeezing gets worse away from the peak, as
Kk goes to zero (undercoupling) or one (overcoupling). We observe excessive photon
generation, at least as much as 1% of the average number of photons in the pump
pulse (hatched area), for pulses longer than 7, near critical coupling. The optimum
squeezing point (indicated by the red circle) is at a x that is lower than critical
coupling in the undercoupled regime, where the buildup of pump intensity is less,
but the cavity decay rate is smaller. This shows that in order to achieve the largest
squeezing it is preferable to have a lower cavity decay rate than that obtained at
critical coupling.

In Figs. 2.7c and 2.7d we increase the attenuation loss in the ring to a = 0.98
and a = 0.95, respectively. As the scattering loss in the ring is increased, critical
coupling shifts to higher x and so does the optimum point (indicated by a red circle);
however, it still remains in the undercoupled regime. In addition, the optimum point
shifts to shorter pulses, which is expected, because the longer the pulse is, the more
thermal photons are generated. Our approximate expression 7,(x) is still in quite

good agreement with the numerical results, but is not as accurate as when the loss
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was very low (a = 0.99). This is because it is an approximate expression that is valid
only when (1 — oa) < 1 (see Appendix A.1). Interestingly, it still fits quite well at
the optimum coupling point, with a difference of less than 2.3T% or a relative error of
18% when a = 0.95. Using the approximate value for the pulse duration in this case
only leads to a 1% increase in the quadrature noise relative to the optimal value.
An approximate expression for the optimum coupling value cop (0T Kopt) is given

by minimizing AX i (7,) in Eq. (2.39) with respect to o for a fixed a. Doing this we

obtain,
—1++v3a2+1
Topt (@) ~ - . (2.40)
This is a good approximation as long as (1 —oa) < 1 and 7 2 7,. In Fig. 2.8

we compare the oq, given by Eq. (2.40) (curve) to the numerically-computed value
(circles). We find the analytic result fits well for a > 0.9. Note that as the scat-
tering loss increases, the difference between critical coupling (dashed line) and oqp
increases. Thus, for lossy systems the optimum coupling value o, shifts closer to
one (undercoupling) as compared to critical coupling. This compensates for the de-
crease in a and makes the decay rate smaller. We note that the difference between
the quadrature noise at critical coupling and optimum coupling is generally small; for
a = 0.95, the quadrature noise is reduced by only ~ 0.3 dB, and for a = 0.99 by only
~ 0.2 dB (see Figs. 2.7d and 2.7b). However, it is useful to know that one should err

on the side of undercoupling if possible.
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Figure 2.7: The minimum quadrature noise A X, as a function of the input pulse duration
7 and cross-coupling constant s for an attenuation constant of (a) a =1, (b) a = 0.99, (c)
a =0.98, and (d) a = 0.95. The blue dots indicate the computed pulse duration needed to
minimize AXy,, for a given k. The solid red line is the pulse duration 7,(x) as a function
of k given by Eq. (2.27). The red circles in (b)-(d) mark the point at which the quadrature
noise is at a global minimum for the given value of a. The vertical black line in (b)-(d)
indicates critical coupling (0 = a, i.e., K = v/1 — a?). The light hatched area in (a) marks
the parameter space where our simulation does not converge. The dark hatched areas in
(a) and (b) indicate regions where the number of generated photons is in excess of 1% of
the of photons in the incident pump.
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Figure 2.8: The computed optimum self-coupling constant (circles) and the approximate
optimum coupling constant given by Eq. (2.40) (solid line), as a function of attenuation
loss a. The dashed line indicates critical coupling.

2.3.3 Comparing the analytic expression for the minimum quadrature

noise to the numerical results

Generating the 3D plots in Fig. 2.7 is a relatively time-consuming process. To
solve Eqgs. (2.22) - (2.24) for each 7 and &, and at each time-step, we have do the
integral in Eq. (2.13) to obtain the pumping strength. To greatly speed-up this
process we can instead use the approximate expression for AX,,;,(7) given by Eq.
(2.38), which gives the minimum quadrature noise as a function of the peak pumping
strength, gmax(7). The maximum value of gua.x(7) can then be determined using
the analytic expression for g(7) given in Eq. (2.26). The relative error between the
approximate expression for the minimum quadrature noise in Eq. (2.38) and the

numerical result is defined as,

1 + g(tmin)
1 + gmax

Error = |1 — , (2.41)
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so that when gpax = g(tmin) the error is zero. In Figs. 2.9a and 2.9b we plot the
relative error as a function of 7 and & for (a) a = 0.99 and (b) a = 0.95, respectively.
As expected, the relative error approaches zero for long pulses. For a = 0.99, at
the optimum point (indicated by a red circle in Fig. 2.9a), the relative error is
approximately 0.02%. This reinforces our assumption that gmax ~ g(tmin) when 7 2 7,
and a =~ 1. The relative error increases when the scattering loss increases. However,
for a = 0.95, the relative error is still only &~ 1%, indicating that the approximation

can still be used confidently when a > 0.95.
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Figure 2.9: The absolute value of the relative error (see Eq. (2.41)) between the approxi-
mate expression for the minimum quadrature noise and the numerically computed result, as
a function of the coupling coefficient and pulse duration for (a) a = 0.99 and (b) a = 0.95.
The red circles in (a) and (b) mark the point at which the quadrature noise is at a global
minimum for the given value of a.

Letting 0 = oot in Eq. (2.39), we obtain the following approximate expression for

the global minimum in the quadrature noise AXop = AXyin(Topt, Oopt) as a function
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of the loss parameter a:

N|=

0.65340 \/a2 R s 2.4

AXi ~ |1+ = ,
opt 92— V32 +1

[(oopt)

where the cavity decay rate at the optimum coupling is given by,
[ (0op) = —21n (—1 V32t 1) . (2.43)

The optimum pulse duration 7.y is approximately given by 7,(0opt) = Topt,

_ V2
2 - V3a2+1

Fopt(@) & 0.342 (2.44)

The expression in Eq. (2.42) can be used to determine the approximate optimum
squeezing level in the ring as a function of a. In Fig. 2.10 (a) we compare the
computed optimum squeezing level (in dB) (circle) to the value obtained with the
expression in Eq. (2.42) (curve). As can be seen, the agreement is excellent, with a
maximum relative error of 3% (that is an absolute difference of 0.06dB) when a = 0.9.
The globally-optimal squeezing level (for the range of a considered) is approximately
—9.15dB for a = 0.99 and o = 0.995. In Fig. 2.10 (b), we also show the computed
anti-squeezing level (i.e., AY') (circles), when the squeezing is optimal. We see that
for the global optimum in the squeezing, the anti-squeezing level is approximately
44dB. Such a high level of anti-squeezing might be of concern if there is some jitter in
the homodyne detection, such that one is not measuring the light at the time when it
is maximally-squeezed. In the same figure, we show that by cutting the pulse duration

in half (i.e. Topt/2 (stars)), the anti-squeezing level reduces to approximately 26dB,
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while the squeezing level is only modestly affected (see the stars in Fig. 2.10 (a)) (a
change of less than 3%, or ~ 0.3 dB for @ = 0.99). This result is useful for applications

,66,67].
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Figure 2.10: (a) The computed squeezing and (b) anti-squeezing level versus scattering
loss a, for the optimum coupling constant kopy when 7 = 7ot (circles) and when 7 = 74p/2
(stars). The curve in (a) is our analytic expression for the squeezing, given by Eq. (2.42).

2.3.4 Sensitivity of the minimum quadrature noise to a phase offset

Thus far we have assumed that the measurement of AX is perfect; that is, the
phase of the local oscillator in a homodyne measurement is exactly matched to the
phase of the squeezed light signal. We now allow for a small phase offset, 6, between
the phase of the signal and local oscillator, and study the effect it has on the measured
quadrature noise. Letting 6(t) = —¢(t)/2 + 06 in the original definition for the

quadrature operator in Eq. (2.29), the quadrature variance now is,

(AX5)® = (2nm(t) + 1) (cosh2r(t) — cos (260) sinh 2r(t)) . (2.45)
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We interpret 06 as the angular deviation from the X quadrature in phase-space. If
96 = 0 then the squeezing AX is measured; and if 06 = 7/2, then the anti-squeezing
AY is measured. In Fig. 2.11, we plot the minimum quadrature noise that is measured
if the phase offset is 6§ = S mrad and the attenuation loss in the ring is a = 0.99.
We chose this value of phase offset, because it is close to what was found in a recent
experiment [68]. The hatched region shows where the measured quadrature noise
is greater than the vacuum noise (AX > 1). We find that the quadrature noise has
increased at the previous optimum point that we found for an offset of zero (indicated
by the red circle) to AX = 0.8. One can correct for the increase in noise caused by
the phase offset by reducing the pulse duration to approximately 7op/2 =~ 26. Doing
so reduces the squeezing level to approximately AX = 0.37, which is close to the
optimum level for an offset of zero (AX = 0.35). Note that the new optimal point
(when there is phase offset) occurs for essentially the same coupling constant and
only the pulse duration needs to be adjusted. Note also that there are a number of
combinations of 7 and x that achieve a squeezing level of AX < 0.4 where one could
work. The results are most sensitive to a phase offset when the scattering loss is small
(a close to 1). For a < 0.98, a phase offset of 5 mrad did not significantly perturb the

minimum squeezing level at 7,5 and Kgps.

2.4 Conclusion

In this work we have studied the time-dependent squeezing process in a lossy MRR
pumped by a Gaussian pulse. We derived approximate analytic expressions for the
optimum pulse duration (Eq. (2.27)) and optimum ring-channel coupling constant

(Eq. (2.40)) for a fixed pump energy. Using these optimal parameters, we derived
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Figure 2.11: The minimum quadrature noise AXsg(tmin, 7, %) for a phase deviation of
00 = bmrad as a function of the coupling constant and the pulse duration. The blue star
indicates the optimal operating point, while the red circle gives the optimum point found
when 00 = 0. The hatched area indicates where the noise is greater than the vacuum noise
(AX59 > 1).

an analytic expression for the maximum squeezing level achievable for a ring with
a given loss a (Eq. (2.42)). We found that for the chosen pump energy of 0.188pJ
and a scattering loss of a = 0.99, the optimal coupling constant and pulse duration
are oop = 0.995 and 7.,y = 561, while for a scattering loss of a = 0.95 we find
optimal values of oo = 0.974 and 7op = 137%. Under these optimal conditions,
we demonstrated a maximum squeezing level of —9.15dB and —3.67dB for a = 0.99
and a = 0.95, respectively. Furthermore, we demonstrated that by reducing the pulse
duration at optimal coupling, the anti-squeezing level can be drastically reduced, while
the squeezing level is only modestly affected. Moreover, we showed that our model
shows how one can reduce the impact of homodyning phase noise on the squeezing
simply by reducing the pump pulse duration from the nominally optimal value. We

believe that the analytic expressions that we have developed for this system will help

researchers looking to optimize the design of ring resonator systems for the generation
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of squeezed light.



Chapter 3

Continuous-variable entanglement in a two-mode

lossy cavity: An analytic solution

In the previous chapter, a numerical method was developed to model the nonlinear
generation of a squeezed thermal state in an MRR. However, the theory is only capable
of modelling a degenerate squeezing process, where the photons are generated at a
single frequency, and this means that it cannot be used to study the important case
where the quadratures of the signal and idler fields are correlated. In this work, we
derive a numerical method to model a non-degenerate squeezing process and study
the CV entanglement between the quadratures of two ring-modes in an MRR. This
work is published as a regular article in Physical Review A [69].

Abstract — Continuous-variable (CV) entanglement is a valuable resource in the
field of quantum information. Omne source of CV entanglement is the correlations
between the X and Y quadratures of photons in a two-mode squeezed state of light. In
this paper, we theoretically study the generation of squeezed states, via spontaneous
parametric downconversion (SPDC), inside a two-mode lossy cavity that is pumped

with a classical optical pulse. The dynamics of the density operator in the cavity is

69
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modelled using the Lindblad master equation, and we show that the solution to this
model is the density operator for a two-mode squeezed thermal state, with a time-
dependent squeezing amplitude and average thermal photon number for each mode.
We derive an expression for the minimum correlation variance inside the cavity that
depends crucially on the difference in the losses between the two modes. We apply
our analytic solution to the important example of an MRR that is pumped with a
Gaussian pulse. The expressions that we derive will help researchers optimize CV

entanglement in lossy cavities.

3.1 Introduction

Entanglement serves as a basis for many applications in the field of quantum
information [13], such as quantum teleportation [10,70] and quantum key distribution
[16,71]. Entanglement can occur as correlations between discrete variables of two
particles, such as the polarization of two photons, or as the correlations between
CVs, such as the quadratures of photons. In quantum-optical approaches to quantum
computing, those that use discrete-variable entanglement can achieve high-fidelity
operations, but are currently limited by imperfect generation and detection of single
photons [11]. The use of CV entanglement has the advantage that the entanglement is
shared between many photons, but it is not able to achieve as high fidelity operations
[11]. To remedy this trade-off and attempt to achieve large-scale quantum computing,
hybrid approaches that utilize both CV and discrete-variable have been demonstrated
72].

In the context of quantum optics, two-mode squeezed states are routinely used

as a source of CV entanglement. They can be generated by mixing two single-mode
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squeezed states on a beam-splitter [11], or via a nonlinear interaction [73] such as
SPDC (SPDC), where a strong coherent pump field interacts with a material that
has a x® nonlinearity. The resulting two beams of squeezed light are entangled by
the correlations between the quadratures of the photons in each beam.

The amount of CV entanglement in the squeezed state increases with the amount
of squeezing, so in the limit of infinite squeezing the two-mode squeezed state resem-
bles a maximally-entangled EPR state [71]. To enhance the amount of squeezing, and
thus entanglement, it is beneficial for the SPDC interaction to occur in a cavity that
is resonant with the pump field, as well as the generated signal and idler fields.

In this work, we model the evolution of a squeezed state inside a lossy multi-
mode cavity. We model the evolution with the LME. We show that the solution to
this model is a two-mode squeezed thermal state for all time, with time-dependent
squeezing amplitude, and thermal photon number for each mode.

In previous work [35] we studied single-mode squeezed states in a lossy cavity. We
modelled the dynamics of the generated squeezed light using the LME for a single-
mode lossy cavity and derived the solution for the state in the cavity to be a squeezed
thermal state. This present work builds on our previous work by including two modes
that have different frequencies and loss rates. As one of the main results in this paper,
we derive an analytic expression for the minimum correlation variance in the cavity
as a function of the time-dependent squeezing and mode thermal photon numbers.
This expression includes an explicit dependence on the mode losses and shows that
the correlation variance is minimized when the losses of the two modes are equal.

An important structure for generating CV entanglement is an MRR side-coupled

to a waveguide. It enhances the nonlinear interaction that produces squeezed light
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and can be integrated on a chip [16,51,75,76]. In the second part of the paper, we
apply our model to a side-coupled ring resonator that is pumped with a Gaussian
pulse that is coupled in from the linear waveguide. We derive an analytic expression
for the minimum correlation variance in the ring that depends on the pump duration,
coupling and scattering loss in the ring.

The paper is organized as follows. In Sec. 3.2 we derive the two-mode squeezed
thermal state solution, and give a set of coupled first-order differential equations
for the squeezing amplitude and thermal photon numbers of each mode. Using our
solution for the state in the cavity, in Sec. 3.3 we derive an expression for the insep-
arability of the state, the minimum correlation variance in the cavity, that depends
on the pump pulse, and we derive analytic results for the steady-state solution for a
continuous pump. In Sec. 3.4 we apply our theory to the example of generating CV
entanglement in a side-coupled MRR pumped with a Gaussian input pulse. Finally

in Sec. 3.5 we present our conclusions.

3.2 The Lindblad master equation for a two-mode lossy cavity

In this section we derive the solution to the LME for the generation of a two-mode
squeezed state in a lossy cavity. The cavity is pumped with a strong pump field, and
signal and idler photon pairs are generated via SPDC (SPDC) with frequencies w;
and wy, respectively. We assume that the cavity is resonant at the frequencies of the
signal and idler. Treating the pump as a strong classical field and neglecting depletion

of the pump due to the nonlinear interaction, the Hamiltonian for the signal and idler
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photons in the cavity is given by [(2]
H = Funb{by + hubbby + 7 E5(8)biby + vEp(£)b]b], (3.1)

where, b; (ZJ{) and by (3;) destroy (create) photons in the cavity in the mode 1 and 2
with frequency w; and ws, respectively. The last two terms in Eq. (3.1) account for
the nonlinear SPDC interaction that generates the two-mode squeezed light, where
the second-order nonlinear coefficient is y = —ihx?,/wiws, where x¥ is an effective
second-order nonlinear susceptibility. Here Ep(t) is the positive frequency part of the
time-dependent classical electric field, Ep(t), where Ep(t) = Ep(t) + Ep(t). In all
that follows, only the positive frequency part of the electric field is used, because
counter-rotating terms can be neglected.

To gain some insight into the state of the light inside the cavity, first consider
the case that the cavity is lossless and the pump is a continuous wave with Ep(t) =
Eo exp(—i(wy + wo)t). Then the state evolves in time with a unitary two-mode squeez-
ing operator [62] given by

§(Z) — ez*b1b2—2b1 , (32)

with a time-dependent complex squeezing parameter z = rexp(i¢), related to the
pump amplitude by z = ity&y/h.

Now we consider the general case where the cavity has loss and there is a pulsed
pump. In this case, the dynamics of the density operator p in the cavity are modelled

using the LME [64]:

2
> (2b70) — bibp — b, ) (3.3)

J=1



3.2. THE LINDBLAD MASTER EQUATION FOR A TWO-MODE LOSSY
CAVITY 74

where the loss of the cavity is captured by intensity decay rates I'y and I's for modes
1 and 2, respectively. With the inclusion of loss, the state does not simply evolve in
time by operating with a squeezing operator.

The main result of this paper is the derivation of the solution to the system of
Egs. (3.1) and (3.3). First, however, we consider a simpler situation where there is
no pump in the cavity (Ep(t) = 0), so that the last two terms in the Hamiltonian
in Eq. (3.1) are zero. In this case, we assume that the initial state is a two-mode

thermal state, which is formed by the product of single-mode thermal states:
2 o~
pn = (1 =) ()", (3.4)

J=1

where

hws
Tj = exp (— k‘B%) (3.5)
j

and n; is the photon number operator for the mode j. Here, kg is the Boltzmann
constant and 7} is the effective temperature of mode j. The average number of

photons in the thermal state in each mode n; is given by

L
=1 . (3.6)

1

We now prove that the state in the cavity remains a two-mode thermal state for all
time, with an average thermal photon number that decays exponentially over time.
This means that the solution to Eq. (3.3) when there is no interaction term in the

Hamiltonian in Eq. (3.1) can be written as

p(t) = pu(t), (3.7)
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where py,(t) is given in Eq. (3.4), except now the variable z; is time-dependent due

to the dynamical thermal photon number. Rearranging Eq. (3.7) we obtain

L= [pu(8)] 7 500) [un(8)] 77, (3.8)

where we have used the fact that the thermal state operator is Hermitian. Taking

the time derivative of both sides of Eq. (3.8) yields

d ~—1/2 ~~~1/2
0=— (pth/ PP’ ) : (3.9)

Applying the chain rule, we obtain

Ao 1y | apdp i | —1ppdpy”
0 = ——PPa" +Pu" ZPn" +Pu P—py—

(3.10)

Simplifying Eq. (3.10) using the derivative of p in Eq. (3.3) and the identity in Eq.
(3.8), we eliminate p from all the terms in Eq. (3.10), and are left with terms that

only contain py, and its derivative. Then, using the thermal state in Eq. (3.4), we

obtain
—~ Xy
= ; D A1
0 Eﬁ (n]+ P 1> i) (3.11)
7j=1
where
1 dx;
Dj = T o T = 1), (3.12)

In order for Eq. (3.11) to be true for all times we must have that D; = 0, which has
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the solution

1

where C is a constant determined by the initial conditions. Using Eqs. (3.5) and

(3.6), we can rewrite Eq. (3.13) as
ny(t) = ny(0)eT, (3.14)

which says that the average photon number in each mode decays from an initial value
n;(0) at the rate I';. Thus, if we start with a thermal state, it will remain a thermal
state for all times, but with different time-dependent temperatures for the two modes.

Our focus now is to include the pump, so that the last two terms in the Hamil-
tonian in Eq. (3.1) are not zero. In this case, as we shall see, the two-mode thermal
state will be squeezed with the two-mode squeezing operator S in Eq. (3.2). There-
fore, we propose that the solution to Eq. (3.3) is the squeezed two-mode thermal

state

At) = S(=(t)pu(t) ST (2 (1)), (3.15)

where now the thermal photon number and squeezing parameter are time-dependent.

Rearranging Eq. (3.15) we obtain

~

1= [Bun(t)] 2 ST(2(t))5S (2(1)) [Pun(t)]* . (3.16)
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Taking the time derivative of both sides, we obtain

d gy 1/2
o_dt< S1555; ) (3.17)

Applying the chain rule gives

dﬁ_lm 1 2 1 25 dﬂ 1/2 ~1 QdST AA 1 2 ~—1/25 AdS —1/2
dp ~ _
+ 28t dfs 2, (3.18)

Following a process similar to the one above in the case of no pump, we simplify the
terms in Eq. (3.18) and show (see Appendix B.1) that for the equality to be satisfied
for all times, the thermal photon numbers (n;(t) and ny(t)), squeezing amplitude
(r(t)), and squeezing phase (¢(t)) must be solutions of the following first-order coupled

differential equations:

dm

o n, (F2 sinh? r — T'; cosh? r) + Iy sinh? 7, (3.19)
% =y (F1 sinh? r — T’y cosh? 7“) + Iy sinh? 7, (3.20)
dr 1 L , cosh(r)sinh(r) [Ty +Ty T4 =Ty
D i ok k10 -
ai = ap (EPreT" — EpTe”) o+ g+ 1 ;T (),
(3.21)
do (Epre™™® + Epvye’?)
—_ = — 3.22
dt (o Fen) + htanh(2r) ’ (322)

where we have omitted the time-dependencies in all variables and Ep(t) for simplicity.
Egs. (3.19) to (3.22) describe the dynamics of the squeezing of the state in the
cavity. If we let the decay rates of the two modes be identical, i.e.I'y = I'y, this

set of equations reduces to the single mode squeezing equations from our previous



3.2. THE LINDBLAD MASTER EQUATION FOR A TWO-MODE LOSSY
CAVITY 78

work [30]. Note that Eq. (3.22) only depends on the sum-frequency frequency ws =
w1 + ws. Thus, the dynamics of the squeezed state does not depend on the individual
frequencies of the signal and idler photons, except implicitly through the effective
nonlinearity, .

In order to obtain a specific solution to this set of first-order differential equations,
an initial state in the cavity must be specified. In all that follows, we take the initial
state in the cavity to be the vacuum. We define an initial time ¢; when the state in
the cavity is vacuum, that is r(¢;) = 0, and n;(¢;) = 0, respectively. This causes the
denominator of the second term in Eq. (3.22) to be zero, because tanh(2r(t;)) = 0.
In order to eliminate the singularity, we choose the initial squeezing phase such that

the numerator of the second term is zero

Ep(ti)ye ) 4 E5(t;) v et = 0, (3.23)

where the initial pump in the cavity Ep(t;) is arbitrarily small but not zero. If we
let the pump and nonlinear parameter be written as a general complex number as
Ep(ti)y = |Ep(t;)||y]e®~“st then the solution to Eq. (3.23) for the initial squeezing
phase is ¢(t;) = —7m/2 — 0 + wst; [77]. Requiring that the first derivative of ¢(t) at t;
and the next time-step t; + At are equal, it can be shown that the squeezing phase

for all future times is given by

P(t) = —wst + ¢(t:) (3.24)

Therefore if the initial state is vacuum, then the squeezing phase does not depend on

the thermal photon numbers or squeezing amplitude, and simply rotates around the
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origin of phase space with the sum-frequency ws.
Using the expression in Eq. (3.24) for ¢(t) in Eq. (3.21), the equation for the

squeezing amplitude becomes,

dr _ |€p(t)||y]  cosh(r)sinh(r) (F1 + Iy N Iy —Ty

— . .2
dt h ny+ne+1 2 2 (n2 nl)) (3.25)

It is convenient to write Egs. (3.19), (3.20), and (3.25) in terms of the dimensionless

parameter ¢ = I',t, where I'x = (I'; & I'y) /2. Doing this, we obtain

dr _ g(t)  cosh(r)sinh(r)

== — (1+¢(ng—m)), (3.26)
% =ny ((1 — ¢)sinh®r — (1 4 ¢) cosh®r) + (1 — ¢) sinh®r, (3.27)
% =ny ((1 4 ¢)sinh®r — (1 — ¢) cosh®r) + (1 + ¢) sinh®r, (3.28)

where ( is defined as

r- nrn-r,
— = : 3.29
ry I'i+1y ( )

¢

and is proportional to the difference of the two decay rates, and g(t) is the pumping
strength in the ring; it is defined as the rate of light generation in the cavity divided
by the average decay rate of light out of the cavity

20€p(1)l1n|

9(t) A, (3.30)

Because the decay rates must be positive, it follows that || < 1. When ¢ = 0, the

decay rates of the modes are equal, the thermal photon numbers are the same, and
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consequently the coupled equations reduce to the single-mode squeezing case.

In summary, we have shown that the solution to the LME for the generation of a
two-mode squeezed state in a lossy cavity is a two-mode squeezed thermal state and
we have derived a set of coupled first-order differential equations that describe the
dynamics of the state as a function of the pumping strength and cavity decay rates
for each mode. We now use the two-mode squeezed thermal state to give a condition
for the CV entanglement in the cavity, and derive an expression for the minimum

correlation variance.

3.3 Continuous-variable entanglement in a two-mode squeezed thermal

state

In this section we give the entanglement condition for the light in the cavity and
derive a semi-analytic expression for the minimum correlation variance as a function
of the pump and the thermal photon number difference between the two modes.

We define the quadrature operators X 12 and 1712, that are linear combinations of

the quadrature operators for mode 1 and 2,

N o= L bt poa—ifa | Pl aib

X, = 2° ; 1 _ 2 2+ 2¢ (3.31)
N g o1 _gTez'el ’5 o0z _gTeiez
2=t (3.32)

The quadrature noises in )?12 and ?12 are equal and using the two-mode squeezed
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thermal state are given by

(1 4+ nq + ng) (cosh(2r) — cos (¢ — 01 — 63) sinh(2r)) ,

| =

((AX12)%) = ((AY1)?) =

(3.33)

where ¢ is the time-dependent squeezing phase in Eq. (3.24). For certain phase re-
lationships between 0, (t), 65(t), and ¢(t), the quadrature noise is reduced below vac-
uum. Choosing the relationship between the quadrature phases be 6, (¢)+02(t) = ¢(1),
the fast oscillations are removed and the quadrature noise is exponentially squeezed

to give
(AX0)?) = 14 ma(t) 4+ na(t)] (334)

In the limit of infinite squeezing, r — oo, the uncertainty in the relative quadrature
operator goes to zero, ((AX13)?) — 0. Thus, a measurement on X, would reduce the
uncertainity of a measurement on )?2 to zero, such that the two modes are perfectly
correlated. However, for finite squeezing the two modes will not be perfectly corre-
lated. To determine when there is entanglement between the two modes and to obtain
a measure of how robust the entanglement is, we define the correlation variance as

the sum of the quadrature noises in the relative position and momentum operators
ATy = ((AX12)*) + ((AY12)*), (3.35)
and using Eq. (3.34) we obtain

Afg(t) = [1 4 ny(t) + no(t)] e 2@, (3.36)
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It has been proved by Duan et al. [22] and Simon [23] that the two-mode squeezed

state is inseparable when the correlation variance is less than 1,
Aiz(zﬁ) < 1. (3.37)

This condition is achieved when the exponential squeezing factor (exp(—2r)) over-
comes the thermal noise factor in front.

The correlation variance in Eq. (3.36) is time dependent because the squeezing
amplitude and thermal photon numbers are time dependent. If we assume that
the pump is pulsed, then there should be a time when the correlation variance is
minimized. In order to find an expression for the minimum of the correlation variance

we find the extreme point of Eq. (3.36), i.e. we solve the following equation:

dA3
dt

= 0. (3.38)

t=tmin

Simplifying this equation by using Eq. (3.26) to Eq. (3.28) we obtain,

(A%,Z)mm _ 1+¢ [ni<imgz()t;n7)ll (tmm)] ' (3'39)

Thus, even a small difference in the decay rates of the two modes can cause an increase
in the minimum value of the correlation variance. In situations where we can treat
|C| as a small perturbation, we can neglect the second term in the numerator of Eq.

(3.39) and write,
9 1

(Ato)min ® TT 5000 (3.40)

This represents an ideal case, when the two decay rates for the modes are the same
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and we can drop the ¢ dependence. In this case, the correlation variance is always
decreased by increasing the pumping strength. We do not have an expression for the
time when the correlation variance is minimum, ¢,,;,, so Eq. (3.39) and Eq. (3.40)
must still be evaluated numerically. However, when the pump field is pulsed then, as
we show in the example below, it is often a good approximation to replace g(t,in)

with the peak value of the pump in the cavity, gmae.

3.3.1 Steady-state solution

Before considering the specific case of the response of a ring resonator system to a
pulsed pump, we briefly discuss the steady-state solution for the correlation variance
of a two-mode squeezed thermal state generated in a cavity that is pumped with a
continuous-wave pump field. The squeezing amplitude and thermal photon numbers
for each mode of the generated squeezed state are modelled using Eq. (3.26) to Eq.
(3.28) with a constant pumping strength g. The steady-state solution is found by
setting the time derivatives of the squeezing amplitude and thermal photon numbers

to zero. This results in the steady-state solutions

1
r=g tanh ™' (g), (3.41)

(1-F)V1-¢
1_92_C2 ’

Note that the steady-state squeezing amplitude is infinite at g = 1, and in Eq. (3.42)
the right-hand side is infinite at ¢ = /1 — (2. In fact, steady-state solutions do not

exist unless

g<1-C. (3.43)
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Putting Eqs. (3.41) and (3.42) into Eq. (3.36), we obtain for the steady-state corre-

lation variance

, _(1-¢3)(1-g)
Ma="Ta—a (3.44)

When ¢ = 0, the steady-state correlation variance is A7, = 1/(1 4 g), which is the

same as Eq. (3.40), with t,,;, being interpreted as the time that the steady-state
occurs. Furthermore, for a fixed (, the value of g that minimizes the correlation
variance in Eq. (3.44) is ¢ = 1 —|(|. Putting this g in Eq. (3.44), the minimum value
of the correlation variance in the steady-state is simply

(A2,) = HTM (3.45)

This result shows that in the steady-state one can never achieve a correlation variance
less than 1/2 (that is the 3dB limit). Additionally, it shows that even if the individual
cavity losses are large, one can still achieve the minimum correlation variance by
making the difference between the losses of the two modes the same. In the next
section, we will discuss the results of the correlation variance for a two-mode squeezed

thermal state generated in a side-coupled ring resonator using a pulsed pump.

3.4 Example: generating continuous-variable entanglement in a ring res-

onator

In this section we apply our formalism to a ring resonator, which is optimized
to produce a highly entangled state, and we study the dynamics of the correlation
variance. In previous work [30], we treated the same problem but for degenerate

squeezing, where the signal and idler have the same frequency. In this example,



3.4. EXAMPLE: GENERATING CONTINUOUS-VARIABLE ENTANGLEMENT
IN A RING RESONATOR 85

we will generalize our previous results to the case where the signal and idler are
distinguishable by their frequency and loss.

MRR s can be fabricated using electron-beam lithography in a variety of semicon-
ducting materials with third order nonlinearities, such as GaAs, LN, SiN, and AIN.
Because they have multiple resonances, they can result in the intense pump fields
needed for nonlinear interactions, such as SPDC. Thus, they have been employed by
several groups to generate squeezed light [56,57,78-80]. Moreover, they can be en-
gineered such that one mode is resonant with the pump field, while other modes are
resonant with the signal and idler modes that contain the generated squeezed light.
Due to the micrometer scale of MRR s, they can be integrated into a chip platform
that reduces the overall size of optical experiments. MRR s have been shown to be
capable of generating single-mode squeezed light with squeezing levels that are large
enough to meet the requirements for CV quantum computation [30]. For example,
these devices are being used to generate CV-entangled light for quantum information
processing on a scalable chip platform [31].

The ring resonator system we consider, shown in Fig. 3.1, consists of a straight
waveguide (channel) side-coupled to a ring waveguide with radius R. Both the ring
and channel are made from the same material that has a nonlinear Y response,
but we ignore the nonlinear interaction in the channel, since the pump field is much
weaker there than in the ring. The classical pump field incident on the ring is taken
to be a classical Gaussian pulse. The positive frequency part of the pump field in the

channel takes the form

Eonlt) = 50@ exp <—21n(2)7t_—22) exp(—iwpt), (3.46)
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> wr
—_— w1
w2

Figure 3.1: Schematic of the ring resonator side-coupled to a channel waveguide. The
thick arrows represent the components of the pump field (blue) with frequency wp,
incident from the left, and the signal and idler fields (both red) with frequencies w;
and wy, respectively. The cross-coupling coefficients and scattering loss parameters for
the pump, signal, and idler fields are kp, k1, and ko and ap, a;, and as, respectively.

where & is the amplitude, 7 is the FWHM of the intensity of the Gaussian, wp is
the central frequency, and Tr = 2w Rneg/c is the ring round-trip time, where neg is
the effective index for the pump. We scale the amplitude by 1/4/7 so that the pulse
energy is a constant that is independent of its duration. The coupling of the pulse
into the ring happens at a single coupling point, as indicated in Fig. 3.1. The pump
field in the ring, Eg(w), is calculated using a transfer matrix approach [36,00], and is

related to the field in the channel by

ikpap e“Tr

SR(LU) = gc]{((,u), (347)

1-— opap ewTr

where £(w) is the Fourier transform of £(t) defined as

E£(w) = /_ T o) et (3.48)
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and the inverse Fourier transform as

E(t) ! /00 E(w) e “dw. (3.49)

" or

—00

In Eq. (3.47), the constant xp is the frequency-independent cross-coupling constant
between the ring and channel, and is related to the self-coupling constant op through
the lossless coupling relation: k% + 0% = 1. The parameter ap is the amplitude
attenuation for the pump in the ring after a single round-trip. It is related to the
power attenuation coefficient ap by a% = exp(—ap2mR). This is the power lost due
to scattering only and not coupling. When ap = 1, there is no scattering loss.

The buildup factor is defined as the ratio of the intensity in the ring to the channel
and is given by

_ |&rW)P? Kha%
T |Een(W)]2 1 —20papcos(wTR) + oba?’

B(w) (3.50)

It contains resonant peaks when the incident light is on resonance with the ring, i.e.
cos(wTr) = 1, and the buildup is maximized. We choose the central frequency of the
pump pulse to be on resonance with the ring, wp = 2wmp/Tg, where mp is a positive
integer defining the pump mode number. Inside the ring, the pump field generates
signal and idler photons at the frequencies w; and wy, via SPDC, such that energy is
conserved: wp = wy + wo. The signal and idler fields are also resonant with the ring,
w1Tr = 2mmy and wyIr = 2mmsy, where m; and my are the mode numbers for the
signal and idler fields, respectively. For simplicity we assume perfect phase matching
between the three fields, and that the effective index of refraction is the same for the

pump, signal, and idler modes. The latter assumption is experimentally realized in
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an AIN MRR with a waveguide width of 1.10um [51], and makes the ring round-trip
time the same for each field. Using these assumptions the mode numbers are related
by mp = mq + ms.

Generally, signal and idler photons will be generated in a number of different pairs
of ring modes, as long as they satisfy energy conservation and phase matching. To
simply our theory however, we assume that only the two ring modes m; and ma
are perfectly phased matched, and squeezed light generation in all other modes is
neglected.

Since the pump is pulsed, in general it will couple into multiple ring modes de-
pending on how wide its bandwidth is. To ensure that most of the pump light couples
into a single mode mp we require that its duration is longer than the ring round-trip
time (7 > Tg). Doing so makes the pulse bandwidth overlap a single resonance peak
of the buildup factor and thus the adjacent peaks in the buildup factor do not sig-
nificantly couple any light into the ring. The buildup factor for the central pump

frequency wp becomes,

2 .2
B Kpap
Blwp) = A epar ] (3.51)

In all that follows we are only interested in the limit that the buildup factor is large,
which only occurs when (1 — opap) < 1, such that the denominator of Eq. (3.51) is
small. This limit produces the smallest correlation variance in the ring.

Now we need to find an expression for the time-dependent pump field in the ring
that we can use to solve for the dynamics of the squeezed state. This is done by
taking the inverse Fourier transform of the field component in the ring. As we have

shown in our previous work [30], in the limit when (1 — opap) < 1 the integral can
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be approximated very well by

B Trpapy/meVO erfefy(t)]

£alf) = /8In(2) T

Eon(t), (3.52)

where

_ (1 —opap)T 8In(2) ¢
y(t) = \/8T(2)TR - 2 :

Now to model the evolution of the state in the ring we use the pump field in Eq.

(3.53)

(3.52) in the coupled Eqgs. (3.26) to (3.28). The pumping strength in the ring defined
in Eq. (3.30) becomes

kpapy/meV erfe[y(t)] T
81n(2) Trl'+

9(5) =90

72
exp (—21n(2)§> , (3.54)
where we define the dimensionless parameter

_ 2|“Y|50

= 3.55
90 hF+ ) ( )

which is proportional to the input pump pulse amplitude &, divided by the average
decay rate of the signal and idler mode I',, where we have used the same parameters
defined above, t = I'yt and 7 = ', 7. At this point we could simply solve the dynamic
Egs. (3.26) to (3.28) numerically for any desired loss and pump parameters. However,
as we shall show, a key parameter that affects the correlation variance is the difference
in the loss in the signal and idler modes, (. Therefore, to simplify the discussion of
our results and to make the pumping strength in Eq. (3.54) dependent only on the
pump coupling and loss parameters, we assume that the average of the decay rate

of the signal and idler is equal to the pump decay rate, I'p, i.e., 'y = I'p. When
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(1 —opap) < 1, the pump decay rate is

2(1 —
rp— % (3.56)
R

Then using Eq. (3.56) in Eq. (3.54), the pumping strength in the ring can be written

as

101 e () i st

This completes the parameterization of our model.

Our focus now is to examine the numerical results for the correlation variance in
Eq. (3.36) found by solving the dynamic equations with the pump field given by the
expression in Eq. (3.57). To do this, we use a 4th-order Runge-Kutta method which
has a run-time of about 1 millisecond on a standard PC. Our model depends on the
parameters gg, kp, op, and ap, and the difference in the loss rates (. Thus, our results
are effectively independent of the ring radius, pump amplitude, and the nonlinear
parameter. However, to make connection to a specific, realistic system, we choose a
ring of radius R = 20 ym made from AlGaAs, with an effective second-order nonlinear
susceptibility of x® = 11pm/V [46]. Additionally, we let the central frequency
and amplitude of the pump pulse be wp = 27 x 128.9THz (Ap = 775nm) and
& = 1MV /cm. The frequencies of the signal and idler fields are w; = 27 x 64.68 THz
(A1 = 1545nm) and wy = 27 x 64.27 THz (A\y = 1555 nm), respectively. With these
parameter choices, gy = 4.

In our previous work [36], we derived the optimum value for the pulse duration

Topt by taking the derivative of the pumping strength in Eq. (3.57) with respect to
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7, at the peak value, and set it equal to zero. This results in the following accurate

estimate of the optimum pulse duration of

Fopr = 0.6841/81n(2). (3.58)

The prefactor of 0.684 in this expression arises from the solution of a transcendental
equation, and this can be evaluated to arbitrary accuracy. The optimum value for op
can be obtained [30] by taking the derivative of the pumping strength with respect
to op, at the peak value and 7 = 7,,;, and set it equal to zero. For a loss parameter
of ap = 0.99, this results in an optimum value of op = 0.868.

In Fig. 3.2a we plot the correlation variance when the decay rates of the two
modes are set to be the same by letting ¢ = 0. Since the photons in modes 1 and 2
are scattered from the ring at the same rate, the photon pairs are not separated due
to scattering and the state in the ring remains an entangled state with Af, < 1.

In Fig. 3.2b we again plot the correlation variance, but let ( = 1/3, which gives
[’y = 2Ty and 'y = 2I'p/3. The discrepancy between the two decay rates means that
photons are being scattered from mode 1 twice the rate as from mode 2. Effectively,
this means that half of the generated entangled state is being traced-out by the
scattering; 7.e., photon 1 escapes the ring while photon 2 stays inside the ring. Thus,
the state in the ring evolves into a thermal state. This is why the correlation variance
in Fig. 3.2b goes above 1 after £ ~ 2. After this time, the correlation variance
becomes as large as 60 (not shown in plot) and the state in the ring is essentially a
separable two-mode thermal state.

In Fig. 3.3 the minimum of the correlation variance, A} ,(tmin), is shown as a

function of 7 and (. The first thing to notice is that it is symmetric about ¢ = 0.
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Figure 3.2: The time-dependent correlation variance for (a) ¢ = 0, and (b) ¢ = 1/3,
pumping strength go = 4, using a pulsed pump of duration 7,,:, a pump scattering loss
of ap = 0.99, and optimum self-coupling constant op = 0.868. Also shown is the time-
dependent pumping strength.

This is because the product ((ny — ny) in Eq. (3.39) is always positive. Next we
observe that for a given 7, the smallest Ai2 is always where ¢ = 0, because this
makes the numerator of Eq. (3.39) as small as possible (i.e., equal to 1). The global
minimum in Af,(tmin) (indicated by the white cross) occurs with the 7 that makes
g(tmin) as large as possible (see Eq. (3.40)), which occurs approximately at 7,,: (black
line) given in Eq. (3.58). When we increase or decrease the pulse duration from the
optimum value, it causes Af,(tpin) to increase. This is because the energy of our
pulse is independent of its duration, so for long pulses its amplitude scales as 1//7
and for short pulses the energy is injected over too short a time interval for the
intensity to buildup. In both cases, for a long or short pulse, the pumping strength
decreases and A%Q increases. When |¢| > 0, the entangled state is degraded by the
unequal scattering of its photon pairs, and by increasing 7 we observe a rapid increase
of A?,. Conversely, when ( = 0 and 7 is increased, then the increase of A}, is less

rapid, because both photons are scattered at the same rate. However, when the pulse
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Figure 3.3: The minimum value of the correlation variance (A ,)min as a function of
the difference between the losses of the two-modes ( and the pump pulse duration 7.
The optimum pulse duration 7,, given by Eq. (3.58) is shown with the black line,
and the global minimum is indicated by the white cross. All other parameters are
the same as in Fig. (3.2).

duration is shorter than the optimum, A}, is not very sensitive to |C].

The thermal photon number in mode 1, evaluated at t,,,;,, is shown in Fig. 3.4 as a
function 7 and ( for the same parameters as above. A relatively large thermal photon
number implies that there is more generation of squeezed light, but if the thermal
photon number becomes too large, it destroys the entanglement (see Eq. (3.36)).
There is an average thermal photon number of approximately 2 for each mode at
the global minimum of the correlation variance. Where the average thermal photon
number is 10 there is more generation of squeezed light, but AiZ is larger due to the
increased thermal noise. The thermal photon number in mode 2 is a mirror reflection,
about ¢ = 0, of mode 1, which can be shown by letting ( — —( in Eqs. (3.27) and
(3.28).

In both Fig. 3.2a and Fig. 3.2b, the minimum value of the correlation variance
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Figure 3.4: The average number of thermal photons in mode 1, evaluated at the time when
the correlation variance is minimum, nq (¢ ), as a function of ¢ and 7. All parameters are
the same as in Fig. (3.3)

n)
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occurs very close to the time when the pumping strength is maximum in the ring
(gmaz). Thus, in Eq. (3.40), which gives the approximate minimum value of the
correlation variance, we can let g(tmin) = gmaz- In our previous work [36] we showed
that this is a valid approximation when the input pulse duration is longer than Tk.
Using Eq. (3.57) it can be shown that the pumping strength peaks at ¢ = 1 for the
optimum pulse duration. Putting £ = 1 and Topt iNto the pumping strength in Eq.

(3.57) gives the following expression for gq.:

Rpap
maz = 0.653g) ———. 3.99

Therefore, we can use Eq. (3.59) in Eq. (3.40) in place of g(tm:,) to obtain an

expression for the minimum of the correlation variance when |(| < 1 in terms of the
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pump parameters gg, Kp, op, and ap only,

Rpap

Al,) = |1+0.653g)———=
( 172)m1n QOW

(3.60)

The optimum coupling constant op that minimizes Eq. (3.60) for a fixed gy and ap

is,
1—+/1—a?
i ey (3.61)

ap

op =

Putting this optimum coupling constant into Eq. (3.60) gives a good approximation
to the global minimum in the correlation variance for a given gy and loss ap. In Fig.
3.5, the global minimum in the correlation variance is shown as a function of gy for
ap = 0.99 (circle) and ap = 0.75 (cross). The solid lines are the expression in Eq.
(3.60), and they show excellent agreement with the full numerical simulations across
a wide range of gy values for the two scattering losses. Also shown is the sum of the
thermal photon numbers in the two modes. This shows that the cost associated with
decreasing the correlation variance is an increase in the overall thermal noise in the
ring. By increasing the scattering loss we observe an increase in A%Q and the total
thermal photon number. In order to recover the variance we can increase gy, but this
causes an increase in the thermal noise. For example, when ap = 0.99 and gy = 4,
the minimum of the correlation variance is about 0.25 and there are a total of about 4
thermal photons. If we increase the scattering loss to ap = 0.75 and keep gy = 4, then
the variance jumps to about 0.35 and the total thermal photon number decreases to
about 2. In order to recover the variance, we would need to increase to gy = 7, and
as a result we would increase the total thermal photon number to about 20.

The expression for the correlation variance in Eq. (3.36) is what one would infer
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Figure 3.5: The global minimum in the correlation variance as a function of g for
pump scattering loss and optimum self-coupling constant of ap = 0.99 and op = 0.868
(circle) and ap = 0.75 and op = 0.451 (cross), respectively. Also shown is the total
number of thermal photons evaluated at the global minimum for each of these losses.

from measurements in a homodyne detection experiment, if the local oscillators are
perfectly phase matched to the squeezing phase ¢(t). It what follows, we will allow
for a small angle deviation §6 from perfect phase matching and see how this affects
the correlation variance. The correlation variance when there is an angular deviation

becomes

A% ) = (14 n1 + n2) [cosh(2r) — cos(66) sinh(2r)] . (3.62)

If 00 = 0 we recover the perfect case in Eq. (3.36). In Fig. 3.6a we show the
minimum of the correlation variance for an angular deviation of 5 mrad, with ap =
0.99, op = 0.868, and gy = 4. This angular deviation was measured in a recent
experiment [68]. Overall, the correlation variance is not changed significantly from the
ideal case (when there is no offset), but there is a small increase in the global minimum
from approximately 0.228 when there is no offset to approximately 0.229. In Fig.
3.6b and Fig. 3.6¢ the angle offset is increased to 06 = 20 mrad and 660 = 100 mrad,
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Figure 3.6: The minimum in the correlation variance as a function of 7 and ¢ for
homodyning angles of (a) 5 mrad, (b) 20 mrad, and (c) 100 mrad. All other parameters
are the same as in Fig. (3.3).
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respectively, while keeping all other parameters the same. For these two offsets,
the global minimum increases to approximately 0.235 and 0.282, respectively. The
general trend created by increasing the angle offset is that the global minimum of the
correlation variance shifts to shorter pulse durations and the optimal region flattens
out; becoming more sensitive to pulse duration and less sensitive to (. Thus, the
discrepancy between the two decay rates does not destroy the correlation variance
as much when there is an angle offset. Instead, the pulse duration is much more
destructive to the correlation variance. When there is an angle offset, it is always

better to shorten the optimum pulse duration to decrease the correlation variance.

3.5 Conclusion

In conclusion, we have shown that the solution to the LME for a two-mode cavity
pumped with a classical optical pulse is a two-mode squeezed thermal state for all
time. We derived a semi-analytic solution for the time-dependent squeezing ampli-
tude, and thermal photon numbers for the two modes, which we then used to derive

an expression for the minimum correlation variance in the cavity (see Eq. (3.39)).
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The main parameter that affects the correlation variance is the difference in the cav-
ity losses between the two modes (. In the ideal case, the losses for the two modes
are the same ¢ = 0 and the correlation variance just scales inversely proportional to
the peak pumping strength in the cavity (see Eq. (3.40)). However, the trade-off is
that when the pumping strength is increased the total thermal noise also increases.
We also showed that for a continuous pump the steady-state correlation variance can
never be less than 1/2.

We applied our theory to the important example of generating CV entanglement
in a ring resonator with different losses for each mode. We derived a semi-analytic
expression for the minimum correlation variance in the ring (see Eq. (3.60)) that
depends only on the pump scattering loss and coupling parameters. If the two modes
have unequal losses we demonstrated that it is always better to decrease the pulse
duration from the optimum in order to achieve a smaller correlation variance. We
considered the case of a phase offset in a homodyne detection experiment, which would
cause a degradation of the measured entanglement, and we showed that the minimum
of the correlation variance could be recovered to a high degree by reducing the pulse
duration from the optimum. Additionally, when the phase offset is increased, it was
shown that the correlation variance is less sensitive to the unequal losses of the two
modes.

These results will be of use to researchers that are trying to optimize CV entangle-
ment in lossy cavities when the losses of each mode are different. In future work, we
will apply this theory to the generation of two-mode squeezed light in a slab photonic

crystal, where a three-mode cavity is side-coupled to a defect waveguide.



Chapter 4

Simple way to incorporate loss when modelling

multimode entangled state generation

In this chapter, a numerical method is developed to model the nonlinear generation
of light in the modes of multiple lossy coupled nanocavities. In this work, we prove
that the density operator for the generated light has the analytic form of an MSTS.
Therefore we extend our numerical method for two modes from the previous chapter
to systems of multiple modes. We also derive expressions that can be used to test
for entanglement in the quadratures of the multimode squeezed state. This work is
published as a regular article in Physical Review A [32].

Abstract — We show that the light generated via spontaneous four-wave mix-
ing or parametric down conversion in multiple, coupled, lossy cavities is a multi-
mode squeezed thermal state. Requiring this state to be the solution of the Lindblad
master equation results in a set of coupled first-order differential equations for the
time-dependent squeezing parameters and thermal photon numbers of the state. The

benefit of this semi-analytic approach is that the number of coupled equations scales

99
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linearly with the number of modes and is independent of the number of photons gener-
ated. With this analytic form of the state, correlation variances are easily expressed
as analytic functions of the time-dependent mode parameters. Thus, our solution
makes it computationally tractable and relatively straight forward to calculate the
generation and evolution of multimode entangled states in multiple coupled, lossy

cavities, even when there are a large number of modes and/or photons.

4.1 Introduction

Multimode squeezed states can be generated via a nonlinear interaction in resonant
structures, such as MRRs (see Fig. 4.la) or coupled-resonator optical waveguides
(CROWS) in a photonic crystal (see Fig. 4.1c). They are a source of CV entanglement,
since the quadratures of the photons in different modes in the state can be correlated.
CV entanglement has applications in boson sampling [33, 84], quantum computing
[13,72,85], and CV cluster states [31,81,80].

The theoretical generation of multimode squeezed states via SEFWM or SPDC has
been studied extensively for MRRs [51], nonlinear waveguides [37, 85|, and CROWs
[89,90]. Photon loss is an important problem in these systems, since it can reduce
the squeezing and inseparability of the state.

Loss in MRRs and waveguides due to photon scattering can be handled by in-
troducing reservoir modes that photons can couple in to [51,91]. The waveguide-
reservoir coupling parameters can be estimated with phenomenological values taken
from experiment. In contrast, loss in CROWSs or coupled-cavities (see Fig. 4.1d) can
be handled intrinsically by calculating the complex frequencies of the CROW Bloch

modes or cavity modes [$9,90]. In this approach, the evolution in these lossy systems
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is expressed as the non-unitary evolution of the reduced density operator of the gen-
erated light, obtained from the solution of the LME. This is the approach that we

use in this work.

looo|

(a) (b)

Figure 4.1: Schematics of structures of potential interest. The thick arrow indicates
where the pump field is injected. The first structure (a) is an MRR coupled to a
waveguide. The second (b) are a series of coupled MRRs coupled to an input and
output waveguide. The thin black arrows in (a) and (b) indicate the direction of the
field components at the coupling points. The third (c¢) is a CROW made by
periodically removing air holes (shown as white circles) along a row in the crystal.
And the fourth (d) is three high-Q cavities that are coupled to a waveguide.

Before discussing our approach, we present in Fig. 4.1, four different lossy coupled-
cavity structures in which our theoretical method can be used to determine the quan-
tum state of light generated via SFWM or SPDC. In Fig. 4.1a, an MRR coupled to a
waveguide is shown. The pump pulse is injected into the straight waveguide; it then
couples into the ring, where it generates multimode entangled light via SFWM or
SPDC in the multiple, lossy modes of the ring. In Fig. 4.1b a series of three coupled
rings is shown. This structure allows for the generation and propagation of the mul-
timode state in the coupled-rings. Fig. 4.1c shows a CROW in a photonic crystal.
The pump pulse propagates in a set of Bloch modes of the CROW and generates sig-
nal and idler photons as it propagates. Lastly, Fig. 4.1d shows a three-mode cavity
coupled to a waveguide in a photonic crystal. The state is predominantly generated

inside the cavity and couples out into the waveguide.
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In this work, we prove that the density operator for entangled light generated in
multiple lossy modes via SFWM or SPDC takes the form of a multimode squeezed
thermal state (MSTS), where the thermal part of the state captures the effects of
photon loss. The loss can be handled either phenomenologically or intrinsically, de-
pending on the structure. For M modes, we derive a set of 3M coupled first-order
differential equations that provide the complete evolution of the squeezing parameters
and thermal photon numbers in the density operator. The number of equations is
independent of the number of generated photons which is generally many fewer equa-
tions than must be solved when using numerical methods that rely on Fock states [92],
since in those methods the number of equations can be as large as (M + N)![MIN1]~1,
where N is the total photon number.

Our solution of the LME applies to the discrete modes of a structure; for example,
the modes of the rings in Figs. 4.1a and 4.1b, and the Bloch modes of the CROW in
Fig. 4.1c. Our solution can also be applied to the structure in Fig. 4.1d as long as
the modes are discretized (e.g. by using periodic boundary conditions).

In the limit that the modes are lossless, our formalism reproduces the results for
a MSVS given by N. Quesada et al. [93]. Also, in the case of only one or two lossy
modes, our multimode formalism reproduces the results of previous work [35,65,69].

The rest of the paper is organized as follows. In Sec. 4.2 we define the lossy modes
of a structure, called quasimodes. In Sec. 4.3 we present the nonlinear Hamiltonian
for SFWM, and the LME in the basis of quasimodes. In Sec. 4.4 we show that the
analytic solution to the LME is the density operator for a MSTS, and obtain a set

of coupled first-order differential equations for the squeezing amplitudes, squeezing
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phases, and thermal photons numbers. In Sec. 4.5 we give expressions for the corre-
lation variance and the expectation value of the photon number operator. In Sec. 4.6
we show that in the limit when the modes are lossless our coupled equations describe
a squeezed vacuum state that agrees with other work, and that they produce results
that are consistent with previous work on single- and two- mode squeezed states. In
Sec. 4.7 we present our results from solving the coupled differential equations for a
squeezing process in the Bloch modes of a four-cavity CROW. Finally, in Sec. 4.8 we

conclude.

4.2 Quasimodes

We consider an open dielectric structure with a discrete set of quasimodes that
are defined within a computational volume, V. [9]. The positive frequency part of the

electric field in V. in a quasimode m takes the form

E{D(r t) = Ny, (r)e ™, (4.1)

where IN,,,(r) is the spatial profile of the quasimode and we define w,, = w,, — iV
the complex frequency with real part w,,, and the imaginary part ,, quantifies the

energy leakage. The quasimode is a solution to the Helmholtz equation

~2
wm

V xV x Nm(’l") — ?E(’I")Nm(’r) = 0, (42)

with outgoing wave boundary conditions, and €(r) is the relative dielectric function

of the structure. The quasimodes are defined in a computational volume V. that is

bounded by perfectly-matched layers to simulate the open boundary conditions. We
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assume the quasimodes are orthonormal inside V, in the following sense

/ Ere(r)NY(r) - Ni(r) = 0y, (4.3)

c

where the integral is over V. only. The orthogonality of the modes is strictly obeyed
if there is symmetry in the structure (e.g. rotational or translational). For example,
the Bloch modes of the CROW in Fig. 4.1c are orthogonal due to the translational
symmetry of the CROW, and the modes of the MRR are orthogonal due to the
rotational symmetry of the ring. In structures that lack symmetry, such as the cavity
coupled to a waveguide in Fig. 4.1d, the orthonormality in Eq. (4.3) is not generally
strictly obeyed. However, modes that are separated in frequency by more than their
linewidths will be very nearly orthogonal [91]. Therefore, in what follows, we will
assume mode orthogonality.

In the next section we present a quantized theory of SFWM and the LME in the

basis of these quasimodes.

4.3 The Lindblad master equation for a multimode lossy structure

Before discussing the solution to the LME for multiple lossy modes, we present
the system Hamiltonian in the undepleted pump approximation and the LME that
we reference throughout the paper.

In a lossy dielectric structure, a discrete basis of orthogonal quasimodes can be

used to construct the system Hamiltonian

H = Hy, + Hyi, (4.4)
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where linear Hamiltonian in the basis of the quasimodes is
Hy, =Y Wbl b, (4.5)

where Bin and Zm are the creation and annihilation operators for photons in the mth

quasimode satisfying the standard commutation relation
[bm, b}] = Sy (4.6)

Now we include the SFWM nonlinear interaction where two pump photons p; and
po are annihilated to create a pair of signal and idler photons m and [. The nonlinear

Hamiltonian in the basis of the quasimodes is [97]

]/—\INL = Z Gmlplp;[;in/gzrgp;b\pg + H.C., (47)

m7l7pl P2

where

Gmlplm = 16 \/wmwlwplwpzz Z /dgrxz]kh N* ( )Nl§<T)Np1k(T)Np2h(T) (48)

i,5,k,h

is the effective nonlinear parameter that depends on the spatial overlap of the quasi-
modes N,,(7). The subscripts 7, j, k, and h label the Cartesian components of the
electric field and the medium nonlinear tensor x®. In deriving this result we have
assumed that the imaginary part of the frequencies are small, such that we can ne-

glect them under the square root, so that v/w,, ~ \/w,,. This is valid for modes that
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have a quality factor on the order of 10° or higher. For a CROW studied in previ-
ous work [90], it was shown that the quality factors of the Bloch modes varied from
approximately 10* to 103. The relative dielectric function does not appear in ﬁINL,
because we have constructed it using the electric fields. If we used the displacement
fields, then the relative dielectric function would appear in the nonlinear parameter
in Eq. (4.8).

The dynamics of the density operator p for the pump, signal, and idler light can
be modeled using the LME [(4]

dp i -~

L= [H0] + D v (2, = BB — ) (19)

where H is the Hermitian part of the Hamiltonian in Eq. (4.4), given by

H=> hogblbm+ Y Gripypabl, by, by, + Hec.. (4.10)
m m7l7p11p2

General expressions for the Hamiltonian and LME, that are applicable to any lossy

structure, can be derived using a set of non-orthogonal quasimodes [97]. The extension

from the orthogonal to the non-orthogonal case is not straightforward. All derivations,

however, in this paper are done assuming the quasimodes are orthogonal according
to Eq. (4.3).
4.3.1 Restrictions on the pump field and nonlinear parameter

The Hamiltonian presented in Eq. (4.10) is valid for a general pump field with

a quantum description. However, since we are concerned with generating squeezed
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states, we let the pump be a classical field and make the undepleted pump approx-
imation. Furthermore, we restrict our analysis to pump fields that can be factored
into a function of space multiplied by a function of time. These two restrictions on
the pump are shown in Sec. 4.4 to be necessary in order to derive our solution to the
LME.

To make the undepleted pump approximation, we let the classical pump field
be represented by a lossy multimode coherent state |a(t)), defined as a product of

single-mode coherent states |ay,(t))
() = [ ] lan(1)) (4.11)
p
where the single-mode coherent states are defined as
|, (1)) = exp <ape_i°7pt?)\; — H.c.) |vac) . (4.12)
For a mode p with a frequency in the pump bandwidth we have
by la(t)) = ape™ (1)) (4.13)

where o, is the pump amplitude in the pth mode. The average total photon number

for the pump is
()] D biby o)) = > lay[*e™>". (4.14)
p p

To obtain the dynamics of the generated light only, the coherent state of the pump
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is traced-out from the LME in Eq. (4.9). This amounts to replacing the total den-
sity operator with the reduced density operator («(t)| p(t) |«(t)) and replacing the
nonlinear Hamiltonian in Eq. (4.7) with its form in the undepleted pump approxi-

mation [(2], given by

Hy = Z Gmlplmozplozme”'@”l*wp?)@,ﬁﬁ; + H.c., (4.15)

m7l1p17p2
where the pump operators gpl and /l;m were replaced with their the expectation value
using the coherent state. We now make the crucial assumption that the pump is in a

single mode P. Putting p; = p; = P into Eq. (4.15), we obtain

ﬁNL = 042<t) Z GmlPP/b\InB; + H.C., (416)
m,l
where
at) = ape” ™t (4.17)

is the time-dependent pump amplitude. For example in the CROW in Fig. 4.1c,
this assumption corresponds to the pump being in a single Bloch mode. For some
systems, however, this assumption can be relaxed. If, for example, one were to
take a Gaussian pump pulse that was normal to the surface of the CROW (as was
done in Ref. [89]), then the pump would be in a continuum of free-space modes.
However, if the transverse profile of the pump inside the crystal slab does not depend
on frequency, then only a single pump mode is important to the nonlinear interaction.

Another example is where one considers a pulsed pump in the continuum of modes of
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the channel waveguide in Fig. 4.1a. If the duration of the pump pulse in the channel
is much longer than the ring round-trip time, then the pump fits mostly into a single
mode of the ring (as we have shown in Ref. [30]). Since we neglect the nonlinear
interaction in the channel and only consider generation in the ring, then only a single
pump mode is crucial to the nonlinear interaction in the ring. In both of the last
two examples we can replace the constant pump amplitude ap in Eq. (4.17) with
a slowly-varying temporal envelope ap(t). The crucial point is that the nonlinear
Hamiltonian must take the form in Eq. (4.16) in order to derive our solution to the
LME.

Note that, although we are using the undepleted pump approximation, this for-
malism does include linear pump loss, through the imaginary parts of the pump mode
frequencies. Note also that one can easily adapt this formalism for SPDC, and all the
results below will follow, by just replacing o?(t) with a single pump amplitude «(t)
and using the nonlinear parameter y(?) for a second-order nonlinear process [39] in
Eq. (4.16) instead.

In the next section we derive a semi-analytic solution to the LME for the Hamil-

tonian given by Egs. (4.4) and (4.16) .

4.4 Analytic solution to the Lindblad master equation

In previous work we studied squeezed light generation in two-mode lossy cavities.
We showed that the density operator for the generated light in the cavity is a two-
mode squeezed thermal state for all time [09]. In this work we show that for a

structure with many lossy quasimodes, the density operator for the generated light is
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the MSTS,
pt) =S () pun(t)ST (1) . (4.18)

Here, S(t) is the unitary multimode squeezing operator given by [20]

S(t) = exp G > zm()b,b) — H.C.) : (4.19)

m,l

where z,,/(t) are the elements of the complex symmetric squeezing matrix z(t). The
multimode thermal state py,(¢) is a product of single-mode thermal states in each

mode [05], such that

~ | () \ PP
pu® =115 F nm(t) (1 + nm(t)) ’ (4.20)

m

where n,,(t) is defined as the average thermal photon number for the mth mode. We
stress that the thermal photons are not related to actual thermal effects, but rather
capture the process of photon loss. The presence of n,,(t) is due to a scattering
process that breaks the entanglement between the generated signal and idler photon
pairs. At this point the matrix z(t) and functions n,,(t) are unknown functions of
time; in Sec. 4.4.1 and Sec. 4.4.3 we will derive equations of motion for them.

To show that the MSTS in Eq. (4.18) is the solution to the LME in Eq. (4.9), we

require that the equality

L= 5,2 ()S ()PS5 (1) (4.21)
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is satisfied for all time. Taking the time derivative of Eq. (4.21), it can be shown that

s dsS__ g dp A dp,?
12 ~1/2 ~1/2 ~—1/2 ~1/2 ~—1/2 ~1/2
0= Pet= dt tl< + tl( St=— dt th/ pth/ STESPth/ +2 Ct;;f Pt£ , o (4.22)

where we drop the time-dependence for convenience.
The majority of the rest of this section is devoted to simplifying the four terms
on the right-hand side of Eq. (4.22).

Let the argument of the exponential squeezing operator be

~ 1 s

7= Zl Zmibl b — H.c., (4.23)
such that § = exp(o) and St = exp(—0o). In order to simplify Eq. (4.22) we need
to know the time derivative of the squeezing operator of Eq. (4.19). This is not
straightforward since ¢ does not commute with its time derivative. The derivative of

the squeezing operator can be written as

s _d 1+a+8—2+6—3+

dt  dt 2 3!
<~ §"oo*
- S 4.24
Zz(n—i-k—i-l)!’ (424)

00 00 1
o"oo VS
S5 Ty = et 425)
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To prove this, we expand the exponentials in the integral in a series

= % (4.26)

where the last line follows from the Euler integral of the first kind,

1 1k
nlk!
dy(l —y)"yf = ———— 4.27
/0 v =" = O ) (4.27)
Thus, putting Eq. (4.25) into Eq. (4.24) we obtain
ds ' (1-y) 5oyo
i i dye ae’’. (4.28)

Using the well-known Baker-Campbell-Hausdorff formula [98] on the integrand in Eq.

(4.28) and multiplying the equation by St = exp(—o) from the left, we obtain

~dS S (—1)F 4
(B N SO
s ;0 T 1)!3k, (4.29)

where the terms Sj, can be obtained recursively from
Spi1 = 7,8, (4.30)

for k=0,1,..., where

(4.31)

O
Il
Q)
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Each & or & that appears in Egs. (4.30) or (4.31) involves a double sum over the
quasimodes (see Eq. (4.23)). Thus, calculating the & > 0 terms of S, becomes
intractable for multiple modes since each term has 2(k + 1) sums. However, by
introducing a new Schmidt basis via a Takagi factorization of I/-jNL, in which the
squeezing operator is diagonal, we are able to calculate the terms §k and show that
the sum in Eq. (4.29) converges even for the case of a multimode squeezing operator

(see Eq. (4.48)). In the next subsection we introduce this new Schmidt basis.

4.4.1 The Schmidt basis and the diagonal multimode squeezing operator

In this subsection we diagonalize the nonlinear Hamiltonian in Eq. (4.16) and the
multimode squeezing operator in Eq. (4.19) so that we can simplify the four terms
in Eq. (4.22) and prove that the MSTS is the solution to the LME.

We start by performing a Takagi factorization of the nonlinear parameter G in
f-\INL. The Takagi factorization decomposes the complex symmetric square matrix G

into the form
G =UAU", (4.32)

where A = diag(\1, Ao, ...) is a diagonal matrix with complex entries, U is a unitary
matrix with UTU = 1 and U" is the transpose of U. The Takagi factorization is
a special case of symmetric singular value decomposition (SVD) [99]. The diagonal
matrix A from the Takagi factorization is just a scaled version of the matrix of singular

values obtained from the symmetric SVD (see Appendix C.1).
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Putting Eq. (4.32) into Eq. (4.16) we obtain the diagonalized nonlinear Hamilto-
nian

Hyp =o?(t)Y M\B? +He, (4.33)

m

where A, (1 =1,2,...) are the diagonal entries of A, and we define the new creation

and annihilation Schmidt operators

Bl =Y Uunbl,. (4.34)

m

that have the standard commutation relation
| By BY| = b (4.35)

due to the orthogonality of the basis (3 Uy, Um = 6,,). We call the E# Schmidt
operators, since when there is no loss they give the Schmidt decomposition of the
multimode squeezed state.

It is clear now why we have to assume the pump is separable into a spatial and
temporal part (see Hyr, in Eq. (4.16)). This makes the Schmidt mode basis indepen-
dent of time. Otherwise, a new Takagi factorization would have to be done at each
time and the operators B\u would become time-dependent. In practice one calculates
the nonlinear parameter G for a given structure by first calculating the quasimodes
of the structure using a method such as finite-difference time-domain (FDTD) and
then calculating the spatial overlap given in Eq. (4.8). Then one performs the Takagi

factorization of GG to obtain the matrices U and A.
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We now make the ansatz for the squeezing parameter matrix z(t),
2(t) = Ur(t)e®*OU™T, (4.36)

where 7(t) and ¢(t) are real diagonal matrices containing the squeezing amplitudes
and squeezing phases of the Schmidt modes, that is r(t) = diag(ri(t), r2(¢),...) and
¢(t) = diag(pi(t), pa(t),...). Putting Eq. (4.36) into Eq. (4.19), we obtain the

diagonal multimode squeezing operator
Sty =115, (4.37)
o

where §H(t) is the single mode squeezing operator for the pth Schmidt mode, given

by
~ 1 ) ~
S,(t) = exp (§r#(t)e“z’“(t)3jf - H.c.) : (4.38)

We show in Sec. 4.4.3 that this is the correct form of the multimode squeezing
operator, because when we impose this form, we can derive equations for the r,(¢)
and ¢,(t) (see Egs. (4.69) and (5.10)) that describe an MSTS that is a solution to the
LME. Note, one can obtain the squeezing matrix in the quasimode basis z(t), after
solving the equations for the r,(t) and ¢,(t) and putting them into Eq. (4.36).
Before moving to the next subsection, where we take the time derivative of S (1),
we present the squeezing transformation for the éu and /b\m operators. These transfor-

mations are necessary when squeezing the terms in Eq. (4.22). Using the squeezing
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operator in Eq. (4.37), we obtain

§15,5 - 58,5,

= cosh(?“u)gu + ¢ sinh(ru)éf“ (4.39)

where the time-dependence is dropped for convenience. All other squeezing transfor-
mations involving products of Schmidt operators (such as EHEZ,) can be derived from
Eq. (4.39) and the fact that different Schmidt operators commute. The squeezing

transformation of the Bm operators is
§5,5 = 3" UpnS1B,5,. (4.40)
o

4.4.2 The time derivative of the multimode squeezing operator

In this subsection we simplify the first two terms in Eq. (4.22) that involve the
derivative of the squeezing operator. We show that using the diagonal squeezing
operator in Eq. (4.37), we can calculate the sum in Eq. (4.29).

Using Eq. (4.37), along with the fact that the :9\“ commute and that L:S’\M =1,

the left-hand side of Eq. (4.29) can be written as

. dS . dS
T — ity 4.41
5% =29 )

Each term in the sum in Eq. (4.41) can be expanded using the right-hand side of Eq.
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(4.29)

~dS, S (—1)F 4
SI—F = Spou- 4.42
et ;(k‘-f-l)! ki (442)
Putting Eq. (4.42) into Eq. (4.41), we obtain
. dS = (—D)F 4
St— = S 4.43
dt Zz(kJrl)! ki (443)
© k=0
where the terms gk“ in Eq. (4.43) can be obtained recursively from
Skitp = [0 Skyl (4.44)
for k =0,1,..., where the kK = 0 term is defined as
Sop =0, (4.45)
where
~ _ 1 . nt2
Op = 5Tu exp(ig,) B, — H.c.. (4.46)

Since the definition of o, does not contain sums over Schmidt modes, the problem
is reduced to just evaluating a series of commutators involving only single mode

operators. This is straightforward to do using the commutation relation for the LA?M
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operators. The odd k and even k terms of the sum are

(

—5(2r,) 14, (2§L§H + 1) C oddk>1

Spy = (4.47)

L(2r,) g, (e"‘z’ﬂéff + H.c.) , evenk > 2.
\

Putting 7, and the terms in Eq. (4.47) into Eq. (4.43) and summing over k, we

obtain

5 dS i dby [ =~
ST% = Z (5 sth(rH)d—t“ (23;]:3# + 1)
n

Ldr, i . do RPN

R — h(2 H Z¢MBT2
+<2dt+4sm(r")dt)e z

Ldr, i . Ao\ _iv. 5
- (éd—: ~1 smh(?m)d—tﬂ) e ‘b“Bi). (4.48)

In order to derive Eq. (4.48) it is necessary that the Schmidt operators are time-
independent and have the standard commutator. In the next subsection we put Eq.
(4.48) into Eq. (4.22) and derive the set of coupled first-order differential equations for

the squeezing amplitudes (r,), squeezing phases (¢,), and thermal photon numbers

(12m)-
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4.4.3 Differential equations for the squeezing parameters and thermal

photon numbers

We are now in a position to simplify the four terms in Eq. (4.22).To make the

derivation clearer we redefine the terms in Eq. (4.22) to obtain
0=T1+T2+7T3, (4.49)

where

Tl = _b\t_hl/QS dt — P T P Epth ’ (4.50)
dp

T2 = p; /25 dps ~1/2, (4.51)
d 1/2A

73 =22 2°Fh 5. (4.52)

+1/2

The transformations involving p;;,’~ in T'1 and T2 are performed using the identity

P Bupin = DUl (4.53)
where
Ty = — (4.54)
1+n,,

It is simple to generalize this identity to transformations involving the product of
operators, such as ,bilﬂéuéyﬁﬁlm.
Our strategy is to reduce T'1, T2, and T3 to expressions that are a sum of

Schrodinger operators multiplied by time-dependent coefficients that depend on the
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squeezing amplitudes r,(t), squeezing phases ¢,(t), and thermal photon numbers
N, (t), respectively as well as their first derivatives. Then we force these coefficients
to be zero, such that Eq. (4.49) is satisfied. The result is a set of coupled first-order
differential equations for 7,(t), ¢, (t), and 7, ().

Putting Eq. (4.48) in T'1 and using Eq. (4.53), we obtain

1= Z (Dmlgjngj + D;zgm/b\l + le/l;;rn/gl> ; (4.55)

m,l

where the time-dependent coefficients D,,; and F,,; are

Ty — 1

D,y =—
: 2./TmT

> Uniliy (m - %sinh(zm)@) e'on (4.56)
I

and

Ly — Xy

le:Z

Ty

> UnyUs Gy sinh®(r,,). (4.57)
17

Obtaining these coefficients requires many lines of algebra but it is a straightforward
exercise.

In order to derive the equations for 7, and {bw we define new Schrodinger operators

~

—

Wit = —ibyby + b1, b, (4.59)
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such that Eq. (4.55) can be written as

Tl= Z (Re{Dml}‘?ml + Im{Dml}/Wml + legingl> ) (460)

m,l

where Re{D,,;} and Im{D,,,;} are the real and imaginary parts of D,,.

Next we write T2 in terms of the operators le and Wml. The main calculation
in 72 is the squeezing transformation of dp/dt. This is the LME in Eq. (4.9). The
nonlinear Hamiltonian in the master equation is replaced with its diagonal form in
Eq. (4.33). The squeezing transformations are performed using Eq. (4.40). Then by
using Eq. (4.53), it can be shown that Eq. (4.51) simplifies to

T2 = Z (Re{Eml}‘/}ml + Im{Eml}/Wml + Kml/b\In/b\l>
m,l
+ Z I',, cosh(r,) cosh(r,) Z UppUpm
[T8% m

— ) " Tyusinh®(r,), (4.61)
n

where

Low =2 YU Ui, (4.62)

and the time-dependent coefficients F,,; and K,, are
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il S
N T +2 K NG

ZUWUZ“ 9n (a?\ e cosh®(r,) + ™ \ie @ sinh®(r,))

| o —1 1 14,5 — 22,
En= ZUmHUwezd’” cosh(r,) sinh(r,) (—z’QW:E o R )

v
1 Ty — 1

h /Ty
(4.63)
xm—xl+1 20mT] — T — X}
Vamt 22" ram
_Il+1F*U2—ZEm—xl
Tz, 2" T

Z U Uy, cosh(r,) sinh(r,,) (a?A e/ 4 a*2/\;ei¢“) ) (4.64)

K, = Z Uy, U, cosh(r,) cosh(r,) ( i

v

+ Z U Ups e @e=%) sinh(r,,) sinh(r,)) <ZQ*
[T8%
2 Ty —

\/ T

where

Q= WUy U (4.65)

Since the derivative of the thermal state py, in Eq. (4.20) is easy, 1'3 requires no

special treatment in order to simplify. Putting Eq. (4.20) into Eq. (4.52) we obtain

E ~ i
T3 = —2pi b, m ) 4.
3 Z( b, +1_xm> (4.66)

m

To form the differential equations for 7, and gz'ﬁﬂ, we set the sum of the coefficients

in front of le and ﬁ/\ml in Egs. (4.60) and (4.61) to zero. This gives

Re{Dml} = — Re{Eml}, (467)

Im{D,,} = —Im{E,,;}. (4.68)
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In Appendix C.2.1, we show that Eq. (4.67) leads to an equation for 7, and Eq.

(4.68) for éu' The resulting differential equations are:

: —ip 1 :
Tw = (a®Ae™ % —c.c.) — 3 E cosh(r,) sinh(r,)
(Po—Pu) —Np + 1 + 1 * *
X <F,,Ue " E l —nm PR UmlIUlUUm#Ulu +c.c. |, (469)
R B (a®Ae% + c.c.)
a M htanh(2r,) a

cosh(r,) sinh(r,) , —Ny, + 1y + 1
-~ ) 7o Typei@rmo) N L 2 1 U U UL, —ce. |
Z cosh(r,) sinh(r,) ( ; Ny, + 1y + 1 lo™mp I

(4.70)

In order to obtain an equation for n,,, the operators /b\;fn/gl in T'1, T2, and /b\;g;b\m in
T3 are expanded in terms of the Schmidt operator Elﬁl, using Eq. (4.34). This is
necessary since it creates a common operator EZE,, that is shared between T'1, T2,
and T'3. Then setting the sum of the coefficients in front E;E, equal to zero, we show

in Appendix C.2.2 that this leads to the following equation for 7n,,,

= (14 ny,) Z U UE T e =¢0) sinh(r,) sinh(r,)

mao l/O’

— Ny, Z U U o Lo cosh(r,) cosh(r,). (4.71)

In order to complete the derivation, we have to show that the sum of the coeffi-

cients in front of the identity operator in 72 (Eq. (4.61)) and T3 (Eq. (4.66)) is zero.
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Collecting the appropriate terms from Eq. (4.61) and Eq. (4.66), we obtain

O_Zl+n ZFWsmh )

+ Z I',, cosh(r,) cosh(r,) Z Un U;Wl T (4.72)
Putting Eq. (4.71) into Eq. (4.72) and summing over m, it is easily shown that the
right-hand side is equal to zero, where we use the fact that > U, U} = 0,,, and
I, = Iy This completes the derivation since we have shown that the coefficients
in front of the operators f/ml, /Wml, E;&Ew and the identity operator sum to zero.
The key result of this work are Eqgs. (4.69) - (4.71), which describe the time-
dependence of the squeezing amplitudes, squeezing phases, and thermal photon num-
bers of the MSTS. For a system of M quasimodes, they form a set of 3M coupled
first-order differential equations, which can be easily solved on a standard PC. The
benefit of having these equations is that once they are solved, we have the time-
dependent density operator of the MSTS and with it we can calculate any observ-
ables such as the correlation variance and photon number. Note that the number of
equations does not depend on the number of photons at all. In contrast, numerical
techniques for calculating the density operator often require solving a large number
of coupled equations that depend on the photon number [92]. Therefore our approach
can greatly reduce the number of coupled equations, making it more feasible to study
large, multimode, lossy structures.
We note that the coupled equations as formulated apply only to a set of dis-

crete modes. If one has a continuum of modes, such as for the Bloch modes of a

CROW, one needs to simply discritize the modes by applying the appropriate (e.g.
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periodic) boundary conditions. Otherwise, the equations become a set of coupled
integro-differential equations, which become difficult to solve computationally with-
out discretization. In Sec. 4.7 we solve these equations for a CROW with four cavities,
where we use periodic boundary conditions to quantize the allowed Bloch vectors. In
Appendix C.3 we discuss how to solve Egs. (4.69) - (4.71) when the initial state is
the vacuum state.

In the next section we derive expressions for the expectation value of the photon
number operator and the same-time correlation variance between different quasimodes

using the MSTS.

4.5 Expectation values and the correlation variance

In this section we use the MST'S to evaluate the expectation value of the quasimode
number operator and to calculate the same-time correlation variance between pairs
of quasimodes. Let )/(\'ml and ?ml be linear combinations of the quasimode quadrature

operators

b~ 0m 4 bl eifm  pei0 4 blTeiel

X, = — 4.73

l 2 9 ) ( )

N ’5 o—i0m —/b\T oitm ’5[6491 —/b\Tewl

Y, = o m A 4.74
: % + 2 (4.74)

where 6,, and ; are angles in phase space. In order to quantify the inseparability of
the MSTS, the correlation variance [11] between two quasimodes m and [ is defined

as

AL (t) = <<A)?mz>2> + <<Al7ml>2> , (4.75)
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where

((a%w) )y = (%) (4.76)
<<A}7ml>2> =1 (p()72) (4.77)

is defined as the variance of the operator and p(t) is the density operator for the MSTS.
Here we have used the fact that <)/(\'ml> = <?ml> = 0. It can be proved [22,23] that
the MSTS is inseparable, and thus contains entanglement, iff A%, < 1.

In order to calculate the correlation variances one needs to know the expectation

values <31n31> and <ngz> Using the Schmidt operators, we obtain

<E;E> =N U, <§;§,,> , (4.78)
"%

(bubi) = > VUi (BB, ) (4.79)
v

where the expectation values of the Schmidt operators are

<A;§,,> — T [,Bth(t)@(t) A;B)?(t)} , (4.80)
<AM§V> - [ﬁth(t)@(t)éuéﬁ(t)} . (4.81)

These can be simplified using the squeezing transformation in Eq. (4.39) followed by

the thermal state transformation in Eq. (4.53). Doing this, Eq. (4.78) and Eq. (4.79)



4.6. LIMITING CASES AND COMPARISON TO OTHER WORK 127

become

<Zingl> = Z (Upe Ui cosh(r,,) cosh(ry) + Uy, Uy sinh(r,,) sinh(rl,)ei(d’“_%)) Ny
Z Uasinh?(r,), (4.82)

<Zm/b\l> = Z (UpmUp + UyuU,y) sinh(r,) cosh(r, )e'® 7,

wv

+ Z U,mU,; cosh(r,) sinh(r, )e"®, (4.83)

m

where

v (¢ Z UpinUson (4.84)

The time-dependent expectation value of the photon number operator for the mth
quasimode <gingm> can be obtained by letting m = [ in Eq. (4.82). Also, putting
Eq. (4.82) and Eq. (4.83) into Eq. (4.75) one can calculate the time-dependent
correlation variance between any two modes and quantify the inseparability of the

MSTS.

4.6 Limiting cases and comparison to other work

In this section we discuss three limiting cases to our multimode theory presented
above and compare the results to other work. The first limit is when the modes are all
lossless, such that the imaginary part of every quasimode is equal to zero (v, = 0).
In this limit we show that our theory gives a MSVS, and show that the squeezing

parameter and squeezing phase we obtain agree with other work [93]. The second
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limit we consider is when there is only a single lossy mode that holds the squeezed
light. We show that in this limit our multimode theory gives a single-mode squeezed
state in agreement with previous work [35]. In the third limit we allow two lossy
modes for the squeezed light and show that our theory gives a two-mode squeezed

thermal state in agreement with our previous work [69].

4.6.1 Lossless modes

If the modes are lossless, then the thermal photon number n,, of each mode is
equal to zero and the thermal state in Eq. (4.18) gets replaced with the vacuum state
|0) (0|. Furthermore, the terms proportional to =, are dropped in the LME, so it

becomes the quantum Liouville equation. Therefore the density operator becomes
p(t) = S(t)]0) (0] S" (1), (4.85)

which is the density operator for a MSVS. One can determine the squeezing parameter
r, and squeezing phase ¢, for this state by letting 7,, = 0in Eq. (4.69) and Eq. (5.10).

Doing this we obtain

) 1 -
T,u — E (042)\He bu _ C.C.) s (486>
: 2 (a® A7 +c.c.)

=20, — a 4.
O . htanh(2r,) (487)

Assuming that the system starts initially in vacuum at ¢ = ¢; with r,(¢;) = 0, the

second term in Eq. (4.87) goes to infinity. To prevent this we force the numerator to
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be zero initially and also at all later times. Thus to obtain our final solution we put
Re{a’\,e7} =0. (4.88)

Writing o(t) = |a(t)[?exp(—ix(¢)) and A, = |\, exp(if,), where x(t) is a time-
dependent phase and 6, is a time-independent phase, we obtain from Eq. (4.88) the

phase condition

—x(t) + 6, — ou(t) =7/2. (4.89)

Putting Eq. (4.89) into Eq. (4.86) and Eq. (4.87) and integrating gives

2|\ t , ,
) = 2 [ avjagee, (4.90)
t;

Gu(t) = =2(t — t:)Qupu + Bu(ts). (4.91)

Therefore the multimode squeezing operator can be written as
q [ Aul —2i o)
Sit)=]]ew (T“m(t)e Hhut B2 — Hee. |, (4.92)

where we let ¢,,(t;) = 2€,,t;. The MSVS we obtain is given by S(t)]0). This is the
same state obtained by Quesada N. et al., following a similar procedure that uses the
Takagi factorization (see Eq. (204) and Eqs. (237) - (238) in Ref. [93]). We note that
this state has the same form one obtains in the weak pump limit (i.e. o < 1) by
keeping only the first-order terms in the Dyson or Magnus expansion of the evolution

operator, a result that is also noted by Quesada N. et al. [93]. For lossless modes the
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expectation values of Eq. (4.82) and Eq. (4.83) become

< > Z U, sinh?(r,), (4.93)

<ngl> = Z U, U, cosh(r,) sinh(r,)e*. (4.94)

I

These are the same results that were derived by Quesada N. et al. (see Eqgs. (234) -
(235) in Ref. [93]).

4.6.2 Lossy single-mode squeezed states

In this subsection we show that for a single lossy mode the coupled differential
equations Eqgs. (4.69) - (5.11) give a squeezing amplitude, squeezing phase, and
thermal photon number that agrees with previous work on single-mode squeezed
thermal states [35]. In this case, the Takagi factorization of the nonlinear parameter
is trivial since there is only one mode. The matrix U has only a single entry Uy; = 1.
The single-mode squeezing operator can be written as

S(2()) = exp (%zn(t)ﬂ? - H.c.) , (4.95)

where the single squeezing parameter z1;(t) is given simply by

211 (t) = 7 (t)e9r®, (4.96)

Thus, using Eq. (4.39) the quasimode and Schmidt operators are identical b= B.

Only keeping the m = [ = p = v = 1 terms in Egs. (4.69) - (5.11) and putting
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U;; = 1 we obtain

C2aPA 2w |

R 11 cosh(ry) sinh(r), (4.97)
le = —2w1, (498)
hl = 2’71 (SiHhZ(T1> — nl) s (499)

where we have used the phase condition in Eq. (4.89) again to simplify the equations.
These equations are derived for SFWM, but they can be easily adapted for SPDC.
The only things that need to change are in Eq. (4.97), |A| has to be redefined for
SPDC, and |a|* becomes |«|. Therefore, the structure of the equations is unchanged
for SPDC. In light of this, these equations are seen to agree with previous work for
single-mode squeezed states in a lossy cavity [35].

For a single lossy mode, the expectation values in Eq. (4.82) and Eq. (4.83)

become

<ZJ{31> = ny cosh(2r;) + sinh?(ry), (4.100)
<A1/b\1> = (2ny + 1) cosh(ry) sinh(r). (4.101)

These are the same equations that were derived in previous work [65].

4.6.3 Lossy two-mode squeezed states

In this subsection, we show that for two lossy modes the coupled equations give re-

sults that agree with our previous work on two-mode squeezed states. For two modes,
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the nonlinear parameter is a 2 X 2 symmetric matrix and its Takagi factorization is

0 G G 0
I UT, (4.102)

G12 0 0 G12

where we neglect generation of squeezed light in single modes by letting G1; = Gay =

0. The unitary matrix U is given by

11— 144
U= 3 (4.103)
1+2 1—1
Using Eq. (4.36), the squeezing parameter is given by
0 z(t r(t)et*® 0
e g |70 U”, (4.104)
212(t) 0 0 r(t)er*®

where z15 = rexp(i¢). There is a single squeezing amplitude (r(t)) and squeezing
phase (¢(t)), but the thermal photon number for the two modes, n;(t) and ny(t), are
allowed to be different. This means that the photon loss rates are different for each

mode. Putting this U into Eqs. (4.69) - (5.11) and letting A = G2, we obtain

. 2|af?|Al  cosh(r)sinh(r)

" T n tny (1 +72+ (1 —72) (n2 —na)], (4.105)
¢ =— (w1 +wa), (4.106)
fiy = 20 [y2sinh®(r) — 41 cosh?(r)] + 27, sinh?(r), (4.107)

i = 2ns [ sinh®(r) — 4o cosh?®(r)] + 274 sinh®(r). (4.108)
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These equations have the same form as those that were derived in our previous work
on two-mode squeezed states (see Egs. (19) - (22) in Ref. [69]) generated via SPDC.
As mentioned in the previous subsection, we can adapt Eqs. (4.105) - (4.108) for

SPDC by replacing |a|? and A with |a| and the nonlinear parameter for SPDC.

4.7 Results for a four-cavity CROW

In this section we present our results from solving the coupled equations Egs.
(4.69) - (4.71) for SFWM in a system of four coupled-cavities. The structure is
the CROW in Fig. 4.1c, but we take the structure to have only four cavities and we
enforce periodic boundary conditions at the two ends of the four-cavity system. Thus,
the quasimodes are Bloch modes, but the allowed Bloch vectors, k, are quantized,
such that there are only four allowed values. Although such boundary conditions
are not physically realizable, we choose this system because it is simple and gives
analytic expressions for the complex mode frequencies and the effective nonlinear
parameters. This toy-model is intended to demonstrate how to go about solving the
system of equations when there are more than the two modes that have been modeled
in previous work [69].

To obtain our results we use parameters from a CROW studied in previous work.
The photonic crystal slab that contains the coupled-cavities has a refractive index of
n = 3.4 and a second-order refractive index of n(? = 4.5 x 107'¥ m? /W, corresponding
to Si at telecom wavelengths [100]. The photonic crystal is a square lattice with
lattice constant, d. The slab thickness is 0.8d and the air-hole radius is 0.4d. Using
these parameters, with find from finite-difference time domain calculations that each

individual cavity contains a single mode at the frequency @y = (0.305 — i7.71 X
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107%)2mc/d, resulting in a quality factor Qo = 19800 [96]. The Bloch modes and
their frequencies are obtained using a nearest-neighbour tight-binding model, where
the individual cavity modes form a basis [90]. The computed frequencies of the 4
Bloch modes at kD = {—n/2,0,7/2, 7} are shown in Tab. 4.1a, where D = 2d is the
periodicity of the CROW. Since the CROW is effectively a one-dimensional system,
we do not consider transverse wavevector components. The expression for the CROW

dispersion is approximately given by [29)]
e~ B <1 s cos(kD)) , (4.109)

where El = 9.87x107%—i1.97 x 107° is the complex coupling parameter between indi-
vidual nearest-neighbour cavity modes [96]. This expression gives the loss dispersion
of the CROW as well, it can be obtained by —2 Im{ws}.

We let the pump be a continuous-wave with frequency wp, modelled by a coherent

state with amplitude
aft) = |ae ™t (4.110)

where |a|? is the average pump photon number. The pump is in the single Bloch mode
with wavevector kp = 7/(2D) and frequency wp = 0.305(27c/d). Signal and idler
photons are generated via SEFWM into modes with wavevectors k; and ko, respectively.
The effective nonlinear parameter for this process (see Eq. (4.8)) has been shown to

be approximately given by [90]

_inkp2sine (MAED /2)

sinc (ARD/2) (4111)

lekgkpkp ~ Goe
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Table 4.1: (a) Bloch mode wavevectors k and their complex frequencies wy for a
CROW with 4 cavities. Here D = 2d is twice the lattice spacing d. (b) Diagonal
values A, and Schmidt frequencies €2, for the puth Schmidt mode. The four
Schmidt modes are obtained by taking the Takagi factorization of the nonlinear
parameter in Eq. (4.111).

(a) (b)

kD wrd/(27c) oA Qd/(2mc)
s 0.308010 — i1.38 x 107° 1 121 0.304877
+7/2  0.305000 — i7.71 x 107° 2 1.16 0.304999
0 0.301990 — i1.63 x 107° 3 0.742  0.304953
4 0.665 0.305170

where Ak = ki + ky — 2kp is the phase mismatch between the different Bloch modes,

M is the total number of cavities, and

3
Go = R2wx

= — < 4.112
1660]\4‘/91?7 ( )

where XS&) is the effective nonlinear coefficient, and Vg is the effective mode volume

of the individual cavity mode.

Now we perform a Takagi factorization of the nonlinear parameter in Eq. (4.111).
The resulting diagonal values A\, and Schmidt mode frequencies €2, (see Eq. (4.65))
are shown in Tab. 4.1b. We note that the A, do not add to one, since these are not
the eigenvalues of the density operator. The frequencies 2, are all within 0.06% of
the pump frequency wp. This is due to the dispersion of the Bloch mode frequencies
having a small bandwidth and choosing the pump to be at the center of the band.
This will not be the case for a general structure. As we show below, however, the

Schmidt modes with frequencies that are nearly on resonance with the pump have



4.7. RESULTS FOR A FOUR-CAVITY CROW 136

larger squeezing amplitudes than those that are off resonance.

To obtain a particular solution, we initially let the system be in the vacuum state
by setting all the squeezing amplitudes and thermal photon numbers equal to zero.
In Appendix C.3 we discuss how to solve the coupled equations starting from the
vacuum (see Egs. (C.22) and (C.23)), particularly how to choose the initial squeezing
phase. At time ¢t = 0 the pump is put into the Bloch mode kp = 7/(2D) and then it
generates signal and idler photons in the Bloch modes k; and k9, respectively. Using
these initial conditions, we solve Egs. (4.69) - (5.11) numerically using a Runge-Kutta
method (such as the ode45 function in MATLAB). For 4 modes it takes on the order
of 10 seconds to solve the equations using a standard PC.

In what follows, we use t. as our unit of time, where %, is defined as the time it
takes a pulse of light with group velocity v to propagate the total distance, L, of the

coupled-cavity structure:

~
e}
If

(4.113)

IS

For 4 cavities with a lattice constant of d = 480nm, the length of the structure is
L = 2.9um. If the pulse is centered at kD = 7/2, and assuming linear dispersion
in Eq. (4.109), then the group velocity of the pulse is approximately v = ¢/26.6.
Therefore, we obtain . = 0.25ps. Additionally, we define the pumping strength

dimensionless parameter,

4GQ |O[|2tc
g h Y

(4.114)

which scales the squeezing amplitude in all the Schmidt modes. In all that follows,
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we set ¢ = 1/12. This value of g can be achieved with an average pump photon
number of |a|*> = 4.6 x 107 and an effective mode volume of Vg = 3(um)? for the
cavity mode with frequency wy. It gives squeezing amplitudes in the Schmidt modes
that are on the order of one, while keeping the thermal photon number many orders
of magnitude below the number of photons in the pump.

We start by considering the Schmidt mode squeezing amplitudes in Fig. 4.2a. At
t = 0 the pump is turned on and the r, initially increase linearly with time, where it
can be shown using Eq. (4.69) that the slope is approximately given by 7, =~ g|A,|/2
(see also Eq. (D.79)). This is because for short times the thermal noise and detuning
€2, — wp| can be neglected. The Schmidt modes that are detuned from the pump
will have oscillations in their 7, and an 7, that is smaller than that of the modes that
are on resonance with the pump. The oscillations exist for Schmidt modes that have a
detuning from the pump frequency that satisfies |€2,, —wp|tc > g|A,|/2. Thus, these
oscillations will disappear if we increase the pumping strength ¢. If, however, ¢ is
small, then the period of the oscillations are approximately given by (|, —wp|t.) ™ .
For example, using this expression, the squeezing amplitude in the p =1 and p =4
Schmidt modes have periods of approximately 26t. and 19¢., respectively. As time
increases, the amplitude of the oscillations are dampened due to the intrinsic losses
of the Bloch modes.

Next, we consider the derivative of the Schmidt mode squeezing phases, QSN, in
Fig. 4.2b. Initially the derivative is approximately constant, corresponding to the
phases increasing linearly with time. In Appendix C.3 we show that for short times
éu(t) ~ (1, +wp. The modes 1 = 2 and p = 3 that are close to resonance with

the pump have an approximately constant phase derivative approaching 2wp. The
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detuned modes = 1 and p = 4 have peaks in their phase derivatives whenever
the squeezing amplitude is close to zero. This is because in Eq. (5.10) the term

proportional to 1/tanh(2r,) is large when 7, < 1, which causes qisu to increase.
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Figure 4.2: (a) Squeezing amplitudes r, and (b) derivatives of the squeezing phases
¢, in the four Schmidt modes of four coupled-cavities. Here t. = 0.25ps is the time
for a light pulse to cross the length of the structure.
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Figure 4.3: (a) Thermal photon number n; and (b) average total photon number in
the Bloch modes of four coupled-cavities.

Now, we present the average thermal photon numbers in the Bloch modes, ny, in
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Fig. 4.3a. At short times t < 10t¢. the ny are negligible. The n; do not go above
approximately 10 for the pumping strength g = 1/12. The majority of the thermal
noise is generated in the Bloch modes with positive wavevectors. The n; in the Bloch
mode with kD = —m/2 is only approximately 0.01.

In Fig. 4.3b we calculate the average total photon number using Eq. (4.79).
There are on the order of approximately 103 total photons generated by the nonlinear
process. The majority are generated in the forward-propagating Bloch mode, kD =
w/2 and kD = m and k = 0. Only approximately 0.1 photons, on average, are

generated in the backward-propagating Bloch mode, kD = —7 /2.

4.8 Conclusion

The key finding in this paper is that the solution to the LME for a set of lossy
quasimodes is the density operator for a MSTS (see Eq. (4.18)). In order to prove this
we introduce an orthogonal Schmidt basis via the Takagi factorization in Sec. 4.4.1
to diagonalize the nonlinear Hamiltonian and squeezing operator. The main result
is a set of coupled first-order differential equations that the squeezing amplitude,
squeezing phase, and thermal photon numbers must obey in order for the MSTS to
be a solution (see Eqgs. (4.69) - (4.71)).

In order to derive the solution, we make the undepleted pump approximation on
the nonlinear Hamiltonian and assume that the nonlinear parameter is essentially the
same for all pump modes in the pump bandwidth and neglect its dependence on the
pump frequencies (see Sec. 4.3.1). The latter assumption is valid for a pump pulse
in a waveguide or free space as long as the pulse is long in duration.

Our theory is applicable to the orthogonal set of discrete lossy modes in structures,
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such as MRRs, coupled-MRRs, CROWSs, and high-Q cavities coupled to a waveguide
in a photonic crystal (see Fig. 4.1).

Our results are consistent with previous work done on single-mode and two-mode
squeezed thermal states (see Refs. [35] and [09]) as presented in Sec. 4.6. Also in
the limit where the quasimodes become lossless, our solution reduces to a MSVS,
and it agrees with other work [93] that used a similar approach also using a Takagi
factorization.

To our knowledge, this is the first time the analytic solution for the quantum state
of light generated via nonlinear processes in M > 2 lossy modes has been derived.
Not only is the solution of theoretical importance, it can greatly reduce the number
of coupled differential equations required to solve for the density operator. One
alternative way to determine the density operator numerically, is by calculating its

matrix elements using Fock states. The number of possible states for N photons in M
quasimodes is z;.vzo (jH\f_l) = (M + N)I/(MIN) [92], where (}) = n!/[k!(n —k)!] is
the binomial coefficient. In order to find the matrix elements, the number of coupled
equations one has to solve is the square of this. However, using our results one can
determine the density operator by solving only 3M coupled first-order differential
equations that are independent of N. For example if N = 20 and M = 4 there are
10626 basis states and thus (10626)% coupled equations. But our theory would only
require solving 12 coupled equations.

The expressions we derive for the correlation variances (see Sec. 4.5) only contain
double sums over the Schmidt modes and do not require one to solve any additional

coupled equations. Thus, the differential equations only need to be solved once and

then any same-time correlation variances of interest can be quickly calculated.
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We believe that our new solution to this important problem will make it more
feasible to study large multimode lossy structures and to optimize them for a wide
variety of quantum information applications. In future work, we will apply our theory
to more physically realistic structures, such as many-cavity CROWs and MRRs. We
then hope to show that the generated MSTS is an approximate Gaussian cluster state
[34,101]. To do this, one needs to determine under what conditions on the nonlinear
parameter and/or the squeezing matrix, does the state satisfy nullifier equations. If
it is possible to determine these conditions for the MSTS we derived, then it can be

used as a cluster state resource for quantum computations [31].



Chapter 5

Nonlinear optical generation of entangled squeezed
states in lossy nonorthogonal quasimodes: an

analytic solution

In the previous chapter, we proved that the nonlinearly-generated light in the
lossy modes of resonant cavities has the density operator of an MSTS. However, we
assumed that the lossy modes were orthogonal in order to derive the solution. This
assumption means that our solution could only be applied to idealized structures that
have high-symmetry. In this chapter, we remove this assumption and consider the
general case of nonorthogonal lossy mode, and prove that the density operator still
has the analytic form of an MSTS in this most general case. This manuscript was
submitted to Physical Review Letters on the 13th of October, 2022.

Abstract — We prove that the density operator for the nonlinearly-generated
quantum state of light in the M lossy nonorthogonal quasimodes of a nanocavity
system has the analytic form of a multimode squeezed thermal state, where the time-
dependence of the squeezing and thermal photon parameters are given by a set of 3M

coupled differential equations. We apply our approach to a system with two highly

142
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nonorthogonal quasimodes and obtain good agreement with simulations using a basis
of Fock states. Our approach provides an efficient way to model and optimize the

generation of mixed Gaussian cluster states.

5.1 Introduction

Squeezed states of light are the fundamental states used to generate multimode
entangled states for CV quantum computing [102]. Multimode entangled states can
be made by propagating a series of squeezed states through an array of linear optical
elements, which together entangle the modes in both frequency and time [36,103-105].
Alternatively, they can be generated directly in multimode nanocavity systems using
the nonlinear optical processes of SEFWM or SPDC [106]. Using the first approach, it
has been demonstrated experimentally that three-dimensional cluster states can be
generated, which can be used to make a universal quantum computer [31]. Using the
second approach, universal CV cluster states have been created using an OPO, where
the quantum information is encoded in the quadratures of the optical frequency comb
of the OPO [107,108]. Also, cluster states have been generated using an MRR [109],
where the squeezed modes are simultaneously entangled in frequency and time. In
this paper, we use the second approach and theoretically study the generation of
multimode entangled states via SFWM in general lossy multimode structures.

Theoretical studies on CV cluster states have largely focused on the generation
of an MSVS, a pure Gaussian state, where the scattering losses are neglected during
its generation [34,80, 106]. However, the nonlinear nanophotonic structures used to
generate the light have lossy modes that leak energy into the surrounding environ-

ment. Therefore, the generated light in the lossy modes cannot be in a pure state.
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We refer to the lossy modes of a structure as quasimodes, which are eigenstates of the
non-Hermitian linear Hamiltonian, with complex frequencies, w,, = Wy, — iV, that
have a real part, w,,, as well as an imaginary part, v,,, that quantifies the energy

leakage.

Figure 5.1: Schematics of two different square lattice photonic crystal slab structures of
interest (the white circles are air-holes). The first structure (a) consists of two coupled
cavities side-coupled to a defect-waveguide. The second structure (b) consists of three
coupled high-Q cavities, side-coupled to a coupled-resonator optical waveguide.

Theoretical work including the effects of scattering loss has been done on the
generation of entangled states and squeezed states via SFWM or SPDC in MRRs
[36, 53, 69], nonlinear waveguides [110], and coupled-cavities in a photonic crystal
slab [29,90]. Recently, it was proven that the generated light in the quasimodes in
such systems takes the form of a MSTS [$2], where the thermal part of the state
captures the photon loss. It was demonstrated that the amount of squeezing in the
MSTS is less than it is in a MSVS with the same squeezing parameter, due to an
increase in quadrature noise arising from scattering loss during the generation and
propagation processes. Although these studies have not focused on generating cluster
states, the MSTS solution opens up a path to study cluster states generated by SFWM

in lossy structures.
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The MSTS solution has thus far only been proven for the case when the quasi-
modes are orthogonal, which will only occur for the modes in structures that have
high symmetry, such as the ring modes of an MRR or the Bloch modes of a defect
waveguide in a photonic crystal slab. In these structures, the quasimodes are eigen-
modes of symmetry operators (e.g. rotational or translational) that make quasimodes
of different frequency orthogonal. As a result, their spatial overlap integral is zero.
The quasimodes of general lossy structures are not orthogonal and thus the MST'S so-
lution has only been shown to be valid for a restricted set of idealized high-symmetry
structures.

There are many structures of interest that have quasimodes that are highly nonorthog-
onal; two examples are shown in Fig. 5.1. In Fig. 5.1(a), pairs of signal and idler
photons can be generated in the quasimodes of the two coupled cavities by pumping
them from above with a Gaussian beam. The defect CROW couples the generated
light out the of cavities, but it also breaks the symmetry of the lattice, causing the
modes to be nonorthogonal. The structure in Fig. 5.1(b) incorporates a CROW
for the pump, which resonantly couples to side-coupled nonlinear resonant cavities,
where it generates pairs of signal and idler photons. There are three modes in the
side-coupled cavities, one for the pump and one each for the generated signal and
idler photons. We have calculated the quasimodes for the structure in Fig. 5.1 (b)
and found that the overlap between some of the modes can be as high as 10%. This
system is of particular interest as it incorporates the pump, signal, and idler channel
as well as the nonlinear resonant structure all in one integrated system. Therefore, it
is important to find an efficient and accurate way to model the nonlinear generation

in such systems.
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In this work, we prove that the density operator for the generated light in a lossy
system with a set of quasimodes takes the form of a MSTS, even when the quasimodes
are nonorthogonal, but the thermal portion of the density operator is not diagonal
in the quasimode basis, but in a new orthogonalized basis. We apply our theory to
a simplified version of the structure in Fig. 5.1(a) to generate a two-mode squeezed
thermal state in the two nonorthogonal quasimodes of the resonant structure which
have an overlap of about 80%), and demonstrate agreement with numerical approaches
as well as the strong effect of the nonorthogonality.

The nonorthogonality of the quasimodes prevent the usual quantization procedure,
but there are two approaches to quantizing them. The first approach is based on a
Green’s function quantization method, and is applicable to general absorptive and
lossy media [111]. The second approach is to quantize the electric field in the standard
way using the lossless normal modes, and then to project onto the lossy quasimodes by
a non-Hermitian projection operator [9]. The projection approach is an approximate
approach that is applicable to non-absorptive media with scattering losses through
the open boundaries, and is the one that we use in this paper. In Appendix D.2 we
show that for the case of SFWM or SPDC in a non-absorptive medium with scattering
loss, both approaches give the exact same form for the LME for the density operator,
p(t), of the generated light:

dp  —i

=~ (_ PR ~~F A~ AT N AN
b= =2 [ H | + Yo xG (@i, — palya - ala) (5:1)

m,l
Therefore the form of p(t) is independent of the quantization approach used. Here H
is the Hermitian Hamiltonian, which includes the linear Hamiltonian as well as the

nonlinear interaction, and @, and @, are the annihilation and creation operator for
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photons in the symmetrized mode m, with [am,aj] = 0. The symmetrized modes
are linear combinations of the nonorthogonal quasimodes, chosen so that the sym-
metrized modes are orthogonal, but are no longer eigenstates of the non-Hermitian
linear Hamiltonian (see Appendix D.2). We define x(7) = % (X — XT), where x is
the quasimode coupling matrix. The off-diagonal coupling terms in x come from
the quasimode nonorthogonality, and have been shown to contribute to the spon-
taneous emission rate of a quantum dot in a cavity [94, 12]. In our approach, the
quasimode coupling matrix is related to the quasimode overlap and the quasimode
frequencies with x = O'?wO~'/2, where O is a matrix of the mode overlaps and
w = diag(wy, . ..) is a diagonal matrix of the quasimode frequencies.

The generation of the light in the cavity system can be modelled with Eq. (5.1).
Numerical solutions to Eq. (5.1) for the density operator can be obtained by expand-
ing the operators in a basis of Fock states and then integrating the resulting set of
coupled differential equations [113]. The number of equations is the square of the di-
mension of the basis. For example, for a state with M modes and a maximum photon
number of N, the number of possible Fock states is at least (M + N)!/(M!N!) [92],
and the number of equations is the square of this. Thus, for multimode states with
many photons there can be an impractical number of equations to solve in order to
obtain accurate results for the density matrix, unless dimension reduction techniques
are used. Alternatively, instead of solving for the time-dependent density operator,
one might be able to calculate the time-dependent expectation value of any mode
operators, with only the initial state, using a Heisenberg — Langevin approach gener-

alized to nonorthogonal modes. If one knows beforehand that the state is Gaussian
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at all times, then it is fully determined by its covariance matrix. Calculating the co-
variance matrix using this approach only requires solving on the order of M? coupled
differential equations. However, as we shall show, our method only requires one to
solve the 3M coupled first-order differential equations for the MSTS parameters. We

now present the derivation of our analytic solution to the LME.

5.2 Analytic solution to the Lindblad master equation

We consider a general lossy resonant structure that has a set of discrete nonorthog-
onal quasimodes, and we let the initial state of the system to be the vacuum state.
The squeezed light is generated in the quasimodes by a SFWM interaction, where
pairs of signal and idler photons are generated by the annihilation of pairs of pump
photons. We take the pump to be a classical electric field that is modelled as a
coherent state. Our analytic solution requires that the signal and idler modes are
effectively coupled to a single pump mode, such that we can factorize the nonlinear
parameter, for the SFWM interaction, into a part that only depends on the pump and
a separate part that only depends on the signal and idler modes. One way to achieve
this is to require the pump be in a coherent state, |a(t)), in a single quasimode, P,
with a time-dependent coherent state parameter given by a(t) = ap(t) exp(—iwpt),
where ap(t) is slowly-varying complex temporal envelope and wp is the pump fre-
quency. Alternatively, this can be achieved in a setup where the structure is pumped
from above, e.g. with a Gaussian beam in the free-space continuous modes, but the
pump beam modes all have essentially the same nonlinear overlap with a given pair

of signal and idler modes (see Ref. [89] and Appendix D.5). Using the undepleted
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pump approximation, the nonlinear Hamiltonian for the interaction takes the form
Hyy, = ho(t) Y " Spdl,a) + Hee., (5.2)
m,l

where the matrix S is the nonlinear parameter for SFWM (see Appendix D.2).
The generated light satisfies the LME (Eq. (5.1)), where the system Hamiltonian

is defined as, H= PAIL + ﬁNL, where the linear Hamiltonian is given by

Hy =1 x{ala, (5.3)
m,l
with x(*) = % (X + XT). The main result of this work is that the analytic solution to

Eq. (5.1) can be written in the form of an MSTS, defined as

At) = S(t)puw(t)S' (1), (5.4)

where S(t) is a unitary multimode squeezing operator and py,(t) is a density operator
describing a multimode thermal state. As we will show, with the right basis choice,
S (t) can be expressed as a product of single-mode squeezing operators, and pg,(¢) can
be expressed as a product of single-mode thermal density operators, but the basis
required for thermal-state factorization is different than that used to factorize the
squeezing operator. Expressing them in this way allows us to derive a set of coupled
differential equations that the squeezing parameters and thermal photon numbers
for the state must obey in order for p(t) to be the solution. To express 5 () as a

product of single-mode squeezing operators, we perform a symmetric singular value

decomposition of the nonlinear parameter in Eq. (5.2), § = UAUY, where UUT = 1
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and A = diag(\q,...) is a diagonal matrix of the singular values. Putting this into

Eq. (5.2), we obtain

Hyi, = ho®(t) Y "N\, BI? + He., (5.5)
o
where we define the Schmidt mode creation operators as EL => Uumaln, with

[Bu» E;ﬂ] = 0,,. In order to write py(t) as a product of single-mode thermal density
operators, we perform a singular value decomposition of x(*) (see Eq. (5.3)), x*) =
MB s M where M) M =1 and w® = diag(ws, .. .) is a diagonal matrix of

the singular values. Putting this into Eq. (5.3), we obtain

H,=hY_ wiCiC,, (5.6)
where we define the thermal mode creation operators as 6); => . M,.g?;)ain, with

[é\m 6,1/] - 5){/4"

Now in the Schmidt mode basis, S(t) can be written simply as [32]
N 1 s
S(t) =] exp <§ru(t)e o) B2 — H.c.) : (5.7)
m

where r,(t) and ¢,(t) are the squeezing amplitude and the squeezing phase of the

pth Schmidt mode. In the thermal mode basis, pyn(t) can be written simply as

~ 1 ne(t) ) CRO
i =M (m) >

K

~

where n,(t) = Tr [ﬁth (t) ;@] is the average thermal photon number of the thermal
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mode, k. The average thermal photon number is not related to thermal effects, but
rather captures the process of photon loss due to scattering.
We show in Appendix D.3 that requiring that Eq. (5.4) is the solution to the

LME leads to the following coupled differential equations for r,(t), ¢,(t), and n,(¢):

d 2 .
% == Im [0®(t) A6 %] — 2 ; cosh (r,) sinh (1) Re [N0] (5.9)
do, 4 cosh (r,) sinh (r,)
=920 — ———  Re /\ wﬁ” -2 I vol
dt M htanh(2r,) [0 () Z cosh (r,,) sinh (r,) m Njuvo]
(5.10)
dn,{ .
= —2n, Z Y., Y T, cosh(r,) cosh(r,)
2(1+ ny) Z Y,, Y I,y sinh(r,) sinh(r, )e’ @ =97 (5.11)

where €, is the pth Schmidt mode frequency, where £ = Y'w'Y, with Y =
MU [ and T = VIV, where V.= MU, Here M) is obtained from
a singular value decomposition of x(=) (found in the LME, Eq. (5.1)), x7) =
MO~y MO where MM =1 and 4° = diag(y5, . . .) is a diagonal matrix of

the singular values. For convenience we have also defined

. ! 1
Np,yo- = Fo—yez(ﬁba_d)ﬂ) Z Y Y Y* Y* —n + (512)

The coupled equations Eqgs. (5.9) - (5.11) can be solved numerically for the pa-
rameters r,(t), ¢,(t), and n.(¢) using a Runge Kutta method. For M modes, there
are only 3M coupled equations that need to be solved. Using these parameters in

Egs. (5.4), (5.7), and (5.8), the density operator of the MSTS is obtained for all times
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5.3 Quadrature squeezing of the Schmidt modes

With the MSTS one can derive simple analytic expressions for the expectation
value of observables written in terms of the Schmidt mode operators. As an example,
we derive an analytic expression for the quadrature squeezing of the Schmidt modes.

We define the quadrature operator

~

Q# = ei(wthrﬁu)EH + e*i(th+5u)§L7 (513)

where (3, is the initial phase at ¢ = 0. The quantum noise in the quadrature is defined
as the variance of the quadrature operator, <@i> = Tr(Aif)(t)). Using the MSTS in

Eq. (5.4) it can be shown that the quadrature noise is simply given by

<@i> = (1 + 27]uu) sin” (¢u/2 + wpt + Bu) e*n

+ (14 2n,) cos® (8,/2 + wpt + B,) e, (5.14)

where we define 1, (t) = > Y,.n.(t)Y,;.. It can be shown that for the Schmidt mode
frequencies, €2, that are on resonance with twice the pump frequency, the squeezing
phase solution is approximately given by, ¢,(t) ~ —2wpt — 2f3,,, and the amplitude
of the oscillations in Eq. (5.14) are greatly diminished. Thus, close to resonance we
obtain the approximate expression, <@i> ~ (1 + 2n,,) e 2™, which only contains the
exponential squeezing factor. The quadrature noise is squeezed below the vacuum
noise whenever (@f) < 1. The thermal factor (1 + 27,,) increases the noise, and
thus the squeezing level is less than it is in a pure MSVS with the same squeezing

parameter.
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5.4 Two-mode squeezed thermal state generated in two coupled-cavities

in a finite photonic crystal slab

We now apply our theory to study the generation of a two-mode squeezed thermal
state in two coupled defect cavities, that are embedded asymmetrically in a finite
square lattice photonic crystal slab with the period d (see Fig. 5.2(a)). This structure
has been studied in Refs. [9] and [97] in a different context, and we use the same
parameters for the photonic crystal slab here (see Appendix D.5). We have chosen
the system to be asymmetric so that (as we shall see) the two confined quasimodes of
the system are nonorthogonal. The individual cavity modes and their frequencies are
obtained from finite-difference time-domain (FDTD) calculations using Lumerical.
The two confined quasimodes are obtained with a tight-binding model [9], where the

individual cavity modes form the basis.
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Figure 5.2: (a) Schematic of the structure we model to obtain our results. This is a
simplified version of Fig. 5.1 (b). It consists of two coupled-cavities in a finite photonic
crystal slab that are embedded asymmetrically in a square lattice. The cavities are pumped
from above with a Gaussian pulse. Its transverse profile is shown as the large shaded circle
(where the solid line circle is its full width at half maximum). (b) Quadrature noise, (Q%),
calculated using the two-mode squeezed thermal state (solid black line), and using QuTiP
with 10, 20, and 40 Fock basis states in each mode. Also, we plot the quadrature noise
when the overlap is excluded (O12 = O2; = 0) (crosses).
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The overlap matrix (see Appendix D.1) for the two quasimodes for the structure
in Fig. 5.2(a) is

1 0.76 — i0.44
0= , (5.15)

0.76 +10.44 1

which shows that the quasimodes of different frequency are highly nonorthogonal
with a large overlap, |O12| = |Og1| = 0.88. The theoretical upper limit of the overlap
is 0.90 (see Appendix D.1). Thus, our calculation shows that the nonorthogonality
between the two modes is nearly at its maximum.

To generate the squeezed state in the coupled-cavities, we take the system to be
pumped from above with a 0.43mW Gaussian beam polarized in the y direction that is
continuous-wave in time, with frequency wpd/(2mc) = 0.3027 (its profile is illustrated
by the large shaded circle in Fig. 5.2(a)). We let its full width at half maximum be
5d (solid line circle). The details of the derivation of the nonlinear parameter S using
this Gaussian pump pulse are given in Appendix D.5.

We solve the coupled-equations Egs. (5.9) - (5.11) using a fourth-order Runge-
Kutta method. For t < 0 the state is the vacuum state, and then at ¢ = 0 the
continuous-wave pump is turned on and the generation process begins. For the two-
mode system, it takes about 0.5 seconds on a standard PC to solve the coupled-
equations.

In order to demonstrate the validity and efficiency of our results, we compare them
with numerical calculations done using QuTiP [114], which is a software package that
can solve the LME numerically (even for nonorthogonal quasimodes) by expanding

operators in a Fock basis. In Fig. 5.2(b) we plot the quadrature noise in the first
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quasimode, (Q?), calculated using Eq. (5.14) and QuTiP. The quadrature noise is
squeezed below the vacuum noise, (Q%) < 1, for all times. In the plot, the oscillations
in the noise shown in Eq. (5.14) are not evident, because the pump is resonant,
such that the squeezing phase is approximately given by ¢;(t) ~ —2wpt — m. The
Fock basis results converge to the MSTS result when the number of Fock basis states
in each quasimode is increased sufficiently. For our system, we see convergence for
t < 70d/(2mc) using 40 Fock states in each mode. With this number of states, the
density operator is represented as a 1600 x 1600 matrix in the Fock basis, and thus
one needs to solve as many as 2.56 million coupled equations (i.e., one for each
element of the density matrix). However, with our approach we only need to solve 6
equations. At t = 70d/(2mc) there are about 3 total photons generated on average,
and at t = 100d/(2mc) there are 9.

Finally, we demonstrate that the non-zero overlap between the quasimodes in Eq.
(5.15) has a significant effect on the quadrature squeezing. We do this by excluding
the overlap between the two quasimodes, i.e. O3 = O9; = 0, while keeping all other
values the same. This quantifies the effect that the overlap has on the results, but it
is not intended to represent a physical situation for the structure. In Fig. 5.2(b) we
plot (Q?) without the overlap (crosses); as can be seen, for ¢ = 100d/(2mc) there is
an increase in the noise of 6.3 dB above the correct value.

In this section we have shown that 1) the numerical results using our method agree
with those using a Fock basis, as long as enough states are included; 2) when the
photon number becomes large, the simulations using a Fock basis take a prohibitively
long time to run; and 3) our approach remains accurate and fast even when the effects

of the mode nonorthogonality is large.
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5.5 Conclusion

We have proven that the analytic solution to the LME for light generated by a
nonlinearity in the quasimodes of a general multimode structure is the density oper-
ator for an MSTS, even when the mode nonorthogonality is included. Our approach
can make it more feasible to study the important problem of nonlinear optical gener-
ation of entangled squeezed states in multimode lossy nanocavities, since the number
of equations to solve depends only linearly on the total number of system modes.
Our analytic solution opens up a path to investigate and optimize the generation and

evolution of cluster states made from a general mixed Gaussian state.



Chapter 6

Squeezing criterion to generate any mixed

Gaussian continuous-variable cluster state

In the previous chapters, I showed that the MSTS is the state produced by non-
linear optics in lossy coupled-cavities. In this chapter, I show that the MSTS is an
approximate CV cluster state, provided squeezing criterion (that I will derive) are
obeyed. Recent work has showed that any squeezed vacuum state (a pure Gaussian
state) can be considered a cluster state [101], however I believe this is the first time
that a condition has been derived for a mixed Gaussian state to be considered a clus-
ter state. This work is unpublished and is intended to be a regular chapter of this

thesis.

6.1 Introduction

The cluster state was originally introduced as a maximally entangled state of
qubits with a high persistency of entanglement [20]. It was shown that the cluster
state contains all the entanglement necessary for any quantum computation, such

that any quantum circuit can be imprinted on the cluster state by measuring the
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qubits in a particular basis and a particular order. Thus, a scheme of one-way,
measurement-based quantum computation was presented consisting of doing single
qubit measurements on the cluster state [19] and it was experimentally verified using
a four-qubit cluster state [115].

S. Lloyd and S. L. Braunstein [102] extended quantum computation from qubits
to CVs. They proved that for universal quantum computation with CVs, one only
needs linear operations and a single nonlinear operation (such as photon counting). It
was then shown that cluster states can be extended to CVs, where instead of the state
being made from qubits, it is made from eigenstates of the quadrature operator [28].
Eigenstates of the quadrature operator are not physical, however an approximation
to them are squeezed states that have a large but finite squeezing amplitude. Due
to finite squeezing, the practical CV cluster states are only approximations of the
ideal ones made with infinitely squeezed states. CV cluster states have the advan-
tage that they are simple to create since they only require linear operations and
photon counting, making them an experimentally viable option for quantum com-
puting [102]. Although, one of the challenges with CV cluster states is the presence
of finite squeezing and photon scattering noise, which leads to imperfect quantum
computation [116]. However, a theoretical finite squeezing threshold of about 17dB
has been established that the CV cluster state must obey in order for fault-tolerant
quantum computation [12, 117].

An approximate CV cluster state can be written as a pure Gaussian state that has
the form of an MSVS. Experimentally, there are mainly two methods to generate CV
cluster states. The first method consists of generating a series of single-mode squeezed

states (e.g. with an MRR), then entangling the modes with beamsplitters and phase
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shifters [105,118]. Collectively, these operations perform a multimode squeezing trans-
formation on the vacuum that results in the MSVS. The second method generates
the MSVS all at once using a nonlinear process in a resonant structure [106]. One
method to nonlinearly generate the MSVS is to generate signal and idler photons
with spontaneous four-wave mixing in the frequency comb of an MRR, where the
quadratures of the ring-modes are entangled [109,119,120]. However, as I have shown
in Chapters 4 and 5, nonlinear optics produces a MSTS, not an MSVS. Therefore, the
theory of generating cluster states should incorporate mized Gaussian states rather
than pure Gaussian states.

Theoretically, it was recently shown that any multimode squeezing transformation
on the vacuum creates a pure Gaussian cluster state [101]. These are approximate CV
cluster states since they satisfy a nullifier equation in the limit of infinite squeezing.
Using the nullifier equation it is possible to mathematically relate the squeezing pa-
rameters of the MSVS to the adjacency matrix of the cluster state [106]. This opens
up the possibility of engineering the squeezing parameters of the MSVS to generate
any cluster state.

There has been some preliminary work in the literature on how to generalize pure
Gaussian cluster states to mixed Gaussian cluster states [31]. The idea is to replace
the vacuum state with a thermal state, such that instead of the MSVS, one works
with a MSTS. The MSTS also must satisfy a nullifier equation in the limit of infinite
squeezing in order for it to be an approximate cluster state. However, it has not been
proved yet if the MSTS does satisfy the nullifier equation for perfect squeezing, nor
has a mathematical connection been derived between the parameters of the MSTS

and the adjacency matrix of the cluster state. This is an important generalization,
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since the resonant structures that are used to generated the squeezed states that
make the cluster state, are inherently lossy. Thus, the cluster state cannot be a pure
state and it must be a mixed state. Also, when the scattering loss is included, the
quadrature noise is increased and the amount of squeezing in the state is reduced. As
we will show, the loss can prevent the state from satisfying the nullifier equation and
thus prevent it from being characterized as a cluster state. Therefore, the loss should
not be neglected when considered the practical use of CV cluster states.

In this chapter, I derive squeezing criterion that the MSTS must satisfy in order
for it to be considered an approximate CV cluster state, I demonstrate that the MSTS
can be generated with a linear optics circuit, and I derive the adjacency matrix for

the cluster state, written in terms of the linear operations of the circuit.

6.2 M-mode squeezed thermal state

We consider a mixed Gaussian state with M modes. Let a' and @ be M x 1

column vectors
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where @l and @, are the creation and annihilation operator for the mth mode, and
(@')T denotes the transpose of the vector. We assume that the modes are orthogonal,
such that these operators satisfy the commutation relation [@a, (a")T] = 1, where 1
is the M x M identity matrix. For example, if the system that generates the MSTS

has nonorthogonal quasimodes (as was the case in Chapter 5), then here @l are the
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operators for the orthogonal symmetrized modes, that are linear combinations of the
nonorthgonal quasimodes (see Eq. (D.24)). On the other hand, if the system has
orthogonal quasimodes, then @, are quasimode operators. The vector of quadrature

~ N ~ \T — N AT
operators are defined as Y = <Y1, - ,YM> and X = (Xl, e ,XM> , Where

Y, = —i(@me’™ —af e7m), (6.3)
and
Xy = e’ + @l e7i0m, (6.4)

are conjugate quadrature operators for the mth mode, where the phase 6,, is a real
number parameter, and they satisfy the commutation relation [5(\ , f’T] = 2¢11. We
let the density operator for the mixed Gaussian state take the form of a squeezed,

thermal state
p=5(2)pn(B)5"(2), (6.5)
where § (z) is an M-mode squeezing operator defined by
S(z) = exp(% @h" zat — g (@) zfa), (6.6)

where z is an M x M symmetric matrix (27 = z) of complex squeezing parameters,

z is a real positive number that sets the squeezing strength, and py,(3) is the density
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operator for a thermal state, defined by

1

ﬁth(ﬁ) = Tr (exp(— (aT)T ﬁﬁ))

exp(— (&T)Tﬁa>, (6.7)

where 3 is an M x M Hermitian matrix.
It is convenient to decompose the squeezing parameter matrix, z, using the polar

decomposition

z = ue', (6.8)

T = w*) of squeezing amplitudes, and ¢

where u is an M x M Hermitian matrix (u
is an M x M real symmetric matrix (¢* = ¢ and ¢T = ¢) of squeezing phases.
In the next subsection we derive the conditions that the squeezed thermal state

in Eq. (6.5) must obey in order for it to be a Gaussian cluster state.

6.3 Conditions for the mixed Gaussian state to be a Gaussian cluster

state

A cluster state can be related to a weighted graph. Each node of the graph is
assigned to a mode of the state. A real symmetric adjacency matrix, A, gives the
weights between the nodes of the graph, whose (m,n)th element is defined as the
interaction strength between the modes m and n in the cluster state. For a given
A, the state with density operator p, that is parameterized by an overall squeezing

strength z, is a cluster state only if its covariance matrix of the nullifier operator
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(Y — AX\) goes to zero, in the limit of infinite z [34],

lim cov (? - AX\) =0. (6.9)

Z—r 00

The covariance of a vector operator O is defined as [34]
(0) =5 (00" + (667) (6.10)
cov =5 + . .

The central result of this chapter is that the squeezed thermal state in Eq. (6.5) obeys
the nullifier equation (Eq. (6.9)) and can be classified as an approximate CV cluster
state, with adjacency matrix A. As I will show, the nullifier equation (Eq. (6.9)) is

satisfied only if the squeezing phases ¢ of the squeezing operator satisfy the equation
e =e (11— A) " (i14 A)e®, (6.11)
where 8 = diag(6s,...,0x), and if the following squeezing criterion are met

lim e™/2nT +1 =0, (6.12)

Z— 00

where
n" =Tr ((@'a") " pu(8)), (6.13)

is an M x M Hermitian matrix with thermal photon numbers along the diagonal
(that quantify photon scattering loss) and the nonzero off-diagonal elements are due

to coupling between the modes. The limit in Eq. (6.12) is not trivial to evaluate,
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because both w and 1 have nontrivial dependence on z. As z — o0, the noise is

~#* and simultaneously increased by the thermal noise factor

squeezed by the factor e
(2nT+1). Thus, the noise will approach zero only if the squeezing factor can overcome
the thermal noise.

Now I will prove the central result in Eq. (6.11). It is useful to express the nullifier

operator in terms of the mode operators instead. Let

v= @ : (6.14)
at
such that the nullifier operator can be written as
Y - AX = Q¥, (6.15)
where the matrix @ is defined by
Q = (—ie” — Ae” ie7? — Ae™?). (6.16)
Taking the covariance of Eq. (6.15) with pin Eq. (6.5), we obtain [34]
¥ - %) - @1 (815 S ) @t 6n

The squeezing transformation of the v operators is [27]

St(2)85(z) = By, (6.18)
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where

cosh(zu)  sinh(zu)e®

™
Il

(6.19)
sinh(zu*)e™  cosh(zu*)

Putting Eq. (6.18) into Eq. (6.17), we obtain
= = 1
cov(Y — AX) = §QBKBTQT, (6.20)
where K is a symmetric matrix related to the photon scattering loss, given by

0 2nt+1
K = . (6.21)

2n+1 0
To show that the covariance given in Eq. (6.20) goes to zero as z — oo, define
QB = (F,F), (6.22)
where

F = —(i1 4 A)e" cosh(zu) + (i1l — A)e " sinh(zu*)e ™

= —(i1 4 A)e™ cosh(zu) + (i1 — A)e e~ sinh(zu), (6.23)

where to get the last line we used the fact that u* exp(—i¢) = exp(—i¢)w [25], which
follows from z being symmetric, and w and and ¢ being Hermitian. Expanding

the hyperbolic functions as, cosh(zu) = (exp(zu) + exp(—zu))/2 and sinh(zu) =
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(exp(zu) — exp(—zu))/2, and putting these into Eq. (6.23), we obtain

1 . 1 o
F = —5(2'1 + A)e(e™ 4 o) 4 5(21 — A)e e (e — o)

1 0 _; - 1, . i —i . 0\ —
=3 ((i1 — A)e e ™ — (i1 + A)e') ™ — 5 ((11 — A)e e + (i1 + A)e®) e
(6.24)
Therefore, Eq. (6.20) can be written as
Y = 1 T . T T
cov(Y — AX) = 5F(2n +1)F" + 3 (F(2n" +1)F")
1 f
— S FV2nT 41 (F ot + 1) + (transpose), (6.25)

where we used the fact that (nT)T = nT. Therefore, the equivalent requirement of
Eq. (6.9) for p to be a cluster state is

lim Fy/2nT +1 = 0. (6.26)

Z—00
Putting Eq. (6.24) into Eq. (6.26), there are two terms in Eq. (6.26) that both need
to approach zero. The first term is

((11 — A)e e — (i1 + A)e®) lim e™+/2nT +1 =0, (6.27)

Z— 00

which does not approach zero as z — oo because of the exponential factor e”*.
Thus, we force Eq. (6.27) to be zero by making the matrix multiplying the limit

((i1 — A)e™®e¢ — (i1 + A)e'®) be equal to the null matrix 0, which is achieved by
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requiring that ¢ satisfies Eq. (6.11). The second term in Eq. (6.26) is

((i1 — A)e e + (i1 + A)e) lim e /20T +1 =0, (6.28)

Z— 00

which approaches zero only if the squeezing criterion in Eq. (6.12) are satisfied.
Therefore, we have proven that p is a Gaussian cluster state only if it satisfies Eqs.

(6.11) and (6.12).

6.4 Cluster state for a given multimode squeezed thermal state

For a given multimode squeezed thermal state (Eq. (6.5)), Eq. (6.11) can be
inverted to solve for the adjacency matrix A for the cluster state in terms of the

squeezing phases ¢ and phases 6
A= —i(1—e®e ) (146 e e )7 (6.29)

Since exp(—i0) exp(—i¢) exp(—i0) is a unitary matrix, it can be written as exp(ik),

where Kk is a real symmetric matrix. Putting this into Eq. (6.29), results in

A=—g (1 — e“‘) (1 + e“‘)_1

= sin(k/2) (cos(k/2)) ", (6.30)

which shows that the adjacency matrix is real.
In Chapter 4, we showed that the multimode squeezed thermal state can be pro-
duced via nonlinear optics, and we derived coupled-equations for the squeezing ampli-

tudes, squeezing phases, and thermal photon numbers for the state (see Eqs. (4.69)



6.5. GENERATING A CLUSTER STATE WITH A LINEAR OPTICS CIRCUIE8

- (4.71)). From the solution of these equations, the squeezing phases of the state can
be obtained, and putting them into Eq. (6.29) the adjacency matrix for the resulting
cluster state is obtained. Therefore, the cluster state can be generated all at once with
a nonlinear interaction, and its adjacency matrix (given in Eq. (6.29)) can be calcu-
lated using the MSTS squeezing phases obtained from solving Eqs. (4.69) - (4.71).
In the next section, I show that the cluster state can be alternatively generated using

a linear optics circuit.

6.5 Generating a cluster state with a linear optics circuit

In this section, I consider the generation of an M-mode cluster state using a linear
optics circuit. Typically, the theoretical input state to the circuit is a set of uncoupled
single-mode squeezed vacuum states. However, I consider the input state to be M
uncoupled single-mode squeezed thermal states. Using a circuit consisting of linear
operations such as beam splitters and phase shifters the single-mode squeezed thermal
states are subsequently mixed and the output state of the circuit contains correlations
between the quadratures of the modes. There are a set of M uncoupled input ports
to the circuit and in each input port a single-mode squeezed thermal state is injected.
The separable input state can be written as a product of M single-mode squeezed

thermal states, defined as

b D —idu D 1 > DD Z by D b, D
Ty (e ¢”BZL2 —e ¢“Bi>>§ exp(—ﬁMBlBu> exp(—ﬁr“ (e d’“BlQ — e i Bi))
~ o~ ~ o\ 1 o~ ~
(B)Tre® BT — BTre—WB) >  oxp (—BTTﬁB)

x exp(-% ((E’T)T'Pe""l’fff — E’Tre’i@)), (6.31)
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where B; destroys a photon in the port p, r, and ¢, are the squeezing amplitude and
squeezing phase for the port p, Z is a normalization constant (partition function) for
the thermal state density operator, and ,Z)L is real parameter that is related to the

thermal photon number for the input port u, n,, given by

nﬂzszp<@J-—1>_3 (6.32)

In Eq. (6.31), » = diag(ry,...,7y) and ¢ = diag(¢y,...,¢n) are real diagonal
matrices. There are M output ports at the output of the circuit. It is assumed that
the destruction operators for each output port, @,,, are related to the input operators
Eu by the unitary transformation, U, that is enacted by the circuit. Thus, the vector

of output operators a can be written as
a=UB, (6.33)

where UTU = 1. In Fig. 6.1 we show an illustration of the linear optics circuit. The
horizontal black lines represent the input and output modes to the circuit, B and a,
respectively. The rectangle represents a sequence of beamsplitters and phase shifters
that perform a unitary transformation U on the input modes.

Putting Eq. (6.33) into Eq. (6.31), the output density operator is given by

pon =05 (a1)" =8l @)" #1a) 2 exp(-a1"8a) exp(— (@) " 20’ - | @) ='a),

(6.34)
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Figure 6.1: Illustration of a linear optics circuit, U, that transforms the M input
modes B,, to the M output modes @,,.

where

z=Ure?U". (6.35)

and

B =UBU" (6.36)

Since z and 3 are nondiagonal matrices the output state p,,; is inseparable to some
degree and it will contain correlations between the quadratures of the different output
ports. The output state po, has the same form as the density operator in Eq. (6.5)
and thus the same squeezing criterion that we derived in Eq. (6.12) can be used on
Pout tO test if it is a cluster state. Therefore if p,,¢ satisfies the squeezing criterion in
Eq. (6.12) then it is a cluster state.

The squeezing criterion is written in terms of the squeezing amplitudes uw and
squeezing phases ¢, that were obtained from the polar decomposition of z (i.e., z =

uexp(i€)). We can relate u to the input squeezing amplitudes =, and ¢ to the input
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squeezing phases ¢ using
u=UrU", (6.37)
and
¢ =Ue?U", (6.38)

such that with these choices, the polar decomposition of z and its symmetric singu-
lar value decomposition in Eq. (6.35) are equivalent. Putting Eq. (6.37) into the

squeezing criterion in Eq. (6.12) results in

lim e V™V /onT 41 = 0. (6.39)

Z—r 00

The exponential in Eq. (6.39) can be written as

o—AUTUT _ Z (=1)" (UzrUu")"

n!

n=0

— (—zr)" t
=U g i U
n=0

n

= Ue U, (6.40)

where I have used the fact that UUT = 1. Putting Eq. (6.40) into Eq. (6.39) results

n

U lim e ™ U\/2nT +1 = 0, (6.41)

Z—r 00
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where the matrix U was put in front of the limit, since it does not depend on z.

Multiplying Eq. (6.41) from the left with UT and from the right with U results in

lim e”*U'/2nT + 1U = 0, (6.42)

Z— 00

where I have used the fact that UUT = 1. To simplify the square-root factor in Eq.

(6.42), consider its square

(U'von™+ 1U)2 —U' (20" +1)U

=2U'n"U +1, (6.43)
Putting Eq. (6.43) into Eq. (6.42) results in
lim e™*"v2n +1 =0, (6.44)

Z—r 00

where n is simply a diagonal matrix of the thermal photon numbers for the input

ports, defined by

n=Un'U

= %Tr ((ﬁTET)T exp(—ﬁTTgﬁ)) ) (6.45)

Note that Eq. (6.45) is a diagonal matrix because the off-diagonal elements, such as
Tr (B\IB\Q exp(—ﬁTTE§>>, are zero.
The squeezing criterion in Eq. (6.44) is the the same as requiring that the quadra-

ture noise in each input port p is sufficiently squeezed. To show this connection, I
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define the quadrature operator for the input port u as
Xu = Eue_i‘i’“/z + Elei¢“/2. (6.46)

It can be shown using Eq. (1.8), that the quadrature noise in )A(H using pi, in Eq.
(6.31) is given by

(AX,)? =e 2™ (2n, +1). (6.47)

Taking the limit of Eq. (6.47) as r,, goes to infinity, for all u, gives the same criterion
as Eq. (6.44). That is, if the quadrature noise in the input port p satisfies the

condition

lim AX, =0 forall g, (6.48)

T —>00

then the output state poy: is a cluster state. Remarkably, one only needs to check
that the quadrature noise is sufficiently squeezed at each input port in order to show
that the output state is a valid cluster state. There is no measurement of the output
state required at the output ports to determine if it is a cluster state.

Assuming that the criterion in Eq. (6.48) are satisfied, the adjacency matrix, A,
for the cluster state at the output can be written in terms of U and ¢. Putting Eq.
(6.38) into Eq. (6.29) we obtain

A=—-i(1-e™Ure™U'e ™) (1+ e_mU*e_i‘ﬁUTe_“‘))_1 : (6.49)

Any linear optics circuit U can be put into Eq. (6.49) to obtain the resulting A for
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the cluster state at the output of the circuit. There can be many different circuits
U that produce the same A. It was proved by M. Reck and A. Zeillinger [121] that
any M x M unitary transformation U can be constructed experimentally with a
sequence of at most M (M — 1)/2 general beamsplitter transformations. It is difficult
to work out analytically what the phase and reflectivity of each beamsplitter in the
sequence should be in order to produce a particular U. However, the decomposition
of U into the correct sequence of operations can be guessed for simple circuits or
obtained algorithmically in more complex circuits. In the following subsections, we
give examples of the adjacency matrix obtained with Eq. (6.49) for 2- and 4-mode
cluster states that are made using simple circuits of 50/50 beamsplitters and phase

shifters.

6.5.1 2-mode cluster state

In this subsection, I show that the adjacency matrix of a 2-mode cluster state can
be created with a circuit consisting of a beamsplitter and two phase shifters on the
second mode. An illustration of the circuit is shown in Fig. 6.2(a) and the resulting

cluster state graph representation in Fig. 6.2(b).

1
él al
= T B (%) s -~
B, —1F(5) —F(3) as 2
Figure 6.2: ]

(a) Tllustration of a linear optics circuit consisting of two 7/2 phase shifters F'(m/2)
that act on the second mode and a 50/50 beamsplitter B(1/1/2), and (b) a graph
that illustrates the adjacency matrix for the output 2-mode cluster state made by
the circuit, with a single edge of weight 1 connecting the two nodes of the graph.
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The input state to the circuit, py,, is a product of two single-mode squeezed thermal
states (one for each of the two input ports), which is obtained by letting M = 2 in
Eq. (6.31). For simplicity we assume that the squeezing amplitudes and squeezing
phases of both squeezing operators are equal, 11 = 7o = r and ¢; = ¢ = ¢. The
thermal photon numbers for the two input ports are n; and no, respectively.

The circuit U(2) can be decomposed as

U@2) = F, (g) B (%) F (g) , (6.50)

where the 7/2 phase shifter transformation of the second mode is given by

F (Z>= ! 9 , (6.51)

B, (i):i B (6.52)

The beamsplitter mixes the two single-mode squeezed thermal states, effectively cre-
ating correlations between their quadratures. Putting Eqgs. (6.51) and (6.52) into Eq.
(6.50), U(2) can be written as

U(z):E Nk (6.53)

Now I put Eq. (6.53) into Eq. (6.49) to obtain the adjacency matrix A for the circuit
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U (2). Doing this, we obtain
A= . (6.54)

In Fig. 6.2(b) we show a graph representation of the cluster state created by U (2).
The weight of the edge connecting node 1 and node 2 is given by the element A5 in
the adjacency matrix in Eq. (6.54). The phases 6, and 6, are applied to the output
modes a; and as, repsectively, and they are parameters that can be freely chosen. To
obtain the adjacency matrix in Eq. (6.54) we chose ¢, = 6, = —¢, such that all the
phases in Eq. (6.49) cancel.

The output state of the circuit, pou, is given by letting M = 2 in Eq. (6.34).
The squeezing parameter matrix z for the squeezing operator in p,y is obtained by

putting Eq. (6.53) into Eq. (6.35). Doing this, I obtain
z =ireA, (6.55)

which gives the two-mode squeezing operator exp (z(r/ 2)el?alal — Hc) Both di-
agonal elements of A are zero, which means that there is no self-coupling in the
squeezing operator. For this simple circuit, the squeezing amplitude for the output
state is simply proportional to the adjacency matrix. The thermal photon matrix, n

in Eq. (6.13), for the output state is obtained by putting Eq. (6.53) into Eq. (6.45)

1 ny+n i(ng—n
n= 5 1 2 ( 1 2) (656)
—i(nl —ng) N+ N
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The diagonal elements in Eq. (6.56) are the thermal photon numbers for each output
port, which shows that the number of thermal photons at both output ports is the
average of the thermal photon numbers for the input ports. The off-diagonal elements
are proportional to the difference of the input photon numbers and they capture the
coupling between the thermal noise of each output port. When the thermal photon
numbers at the input are equal n; = n9, then the thermal noises at the two output

ports are not coupled.

6.5.2 4-mode cluster state

In this subsection, I show that the adjacency matrix of a 4-mode cluster state can
be created using the circuit shown in Fig. 6.2(a). The resulting graph representation
of the cluster state is shown in Fig. 6.2(b).

The input state to the circuit, pi,, is a product of four single-mode squeezed
thermal states (one for each of the four input ports), which is obtained by letting
M = 4 in Eq. (6.31). For simplicity we assume that the squeezing amplitudes and
squeezing phases of all four squeezing operators are equal and each of them are given
by r and ¢, respectively (r =rl and ¢ = ¢1). The thermal photon numbers for the
four input ports are allowed to be different.

The circuit U(4) can be decomposed as

- G o ()
* [FQ G) B (%) F (g)] ) (6.57)

where F),(7/2) is the 4 x 4 identity matrix except the element (y, ;1) is replaced with 4,
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(a)

B, f 5 a1
B () | |
B—r®H Href : %
| B2 (33) |
By —HF(3)H HF (5) Bu (%) as
B, ; Jrel]  Hrol—a
1 (b) 1
1
2 4
3

Figure 6.3: (a) Illustration of a linear optics circuit that generates a 4-mode cluster
state with similar operations to those in Fig. 6.2, and (b) a graph that illustrates the
adjacency matrix for the cluster state, with weighted edges shown.

that is [F},(7/2)],, = 4, and where B, (1/v/2) is the 4 x 4 identity matrix except the
elements (u, 1), (i, v), (v, 1), and (v, v) are replaced with the corresponding elements
from the 2 x 2 beamsplitter in Eq. (6.52). The first beamsplitter operation in Eq.
(6.57) mixes the input modes 1 and 2, creating a two-mode cluster state (as shown
above). The second beamsplitter mixes the modes 2 and 3, creating a one-dimensional
chain cluster state of the modes 1 —3. The third beamsplitter mixes the modes 4 and

2, linking mode 4 to mode 2 in the chain. Putting these definitions into Eq. (6.57),
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U (4) can be written as

1 i 0 0
1 i/2 12 /2 i
V2 ~1/vV2 i/v2 1 0
-1/2  i/2 —1/V2 1

(6.58)

Now I put Eq. (6.53) into Eq. (6.49) to obtain the adjacency matrix A for the circuit

U. Doing this, I obtain

0 2 0 0
2 0 V21

A= . (6.59)
0 v2 0 0
0 1 0 0

This cluster state is represented as a graph in Fig. 6.3(b), where the weights of the
edges connecting pairs of nodes are given by the adjacency matrix in Eq. (6.59).
Similar to the previous subsection, we also let @ = 01 and § = —¢ in Eq. (6.49) to
obtain the A in Eq. (6.59).

The output state of the circuit, poy, is obtained by putting M = 4 in Eq. (6.34).
The squeezing parameter matrix z for the squeezing operator in puy is obtained by
putting Eq. (6.58) into Eq. (6.35). The result of this is not a simple expression where
z is proportional to A, such as the one we derived in the case for 2-modes (see Eq.

(6.55)). However, for this case z can be written in terms of A as

z=re?(i1+A)"" (il — A). (6.60)
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6.6 Conclusion

In conclusion, I showed that the multimode squeezed thermal state can be clas-
sified as an approximate CV cluster state, as long as certain squeezing criterion are
obeyed, that take into account the noise due to scattered photons. I derived an ex-
pression for the adjacency matrix of the cluster state that is written in terms of the
squeezing phases of the squeezed thermal state and the phase-space angles of the
quadrature operators, as well as calculated the adjacency matrix for 2- and 4-mode
cluster states made from simple linear optics circuits. The cluster state can also be
generated all at once with a nonlinear interaction, and the adjacency matrix can be
calculated using the coupled-equations for the multimode squeezed thermal state that
we derived in Chapter 4. In the future, it would be interesting to develop more com-
plex linear optics circuits to generate larger cluster states, that incorporate squeezed

thermal states.



Chapter 7

Conclusion

In this thesis, I ultimately showed that the density operator for an MSTS is the
solution to the LME for the nonlinearly generated light in M coupled, lossy cavities.
I showed this for a general system with lossy nonorthogonal quasimodes, under the
assumptions that the dielectric function of the system is real, such that the dielectric
material is non-absorptive but can still scatter photons and the pump is classical field
in a single mode. I derived a set of 3M coupled first-order differential equations for the
squeezing amplitudes, squeezing phases, and thermal photon numbers of the MSTS.
These equations can make it much faster to numerically calculate the density operator
of the MSTS, since the number of equations to solve increases proportionally to M;
compared to other numerical techniques that use a basis of Fock states to calculate
the density operator, where the dimension of the problem can grow exponentially
with the size of the system. Therefore, the MSTS solution makes it more feasible
to study the nonlinear generation and propagation of nonclassical light in systems
with multiple, coupled lossy cavities. Using the simple expressions that were derived
for the variances and covariances of the quadrature operators using the MSTS, the

generated state of light in the cavities can be characterized, allowing one to detemine
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the amount of squeezing in its modes and/or its inseparability.

In Chapters 2 and 3, the MSTS solution was applied to a MRR to study the non-
linear optical generation of squeezed states in the ring. Using the MSTS, an analytic
expression was derived for the minimum quadrature noise (maximum squeezing) in
the ring, which was written in terms of the ring-coupling parameter and scattering loss
(see Eq. (2.39)). Also, an analytic expression for the minimum correlation variance
in a two-mode squeezed state in the ring was derived (see Eq. (3.60)). These simple
equations can be used to inform researchers as to what is the optimal ring-coupling
parameter in the presence of scattering loss, in order to generate highly inseparable
two-mode squeezed states in the ring, or to generate squeezed states in the ring that
are maximally squeezed.

In the coupled-cavity structures that were studied in this thesis, scattering loss
causes the quasimodes to be nonorthogonal, unless the structure has high-symmetry
and the modes are eigenstates of symmetry operators. In Chapter 5, I showed that the
MSTS solution to the Lindblad master equation is valid, even when the nonorthog-
onality of the quasimodes is included. This extends the applicability of the theory
to a general system of lossy coupled-cavities, including systems that have no symme-
try. I showed that in one of the simplest systems for squeezed light generation, just
two coupled defect-cavities that are asymmetrically placed in a photonic crystal slab,
the spatial overlap of the two nonorthogonal quasimodes is over 80% and it led to a
non-negligible detrimental effect on the squeezing level in the cavities.

Another application of the MSTS is for the generation of CV cluster states via
nonlinear optics. Theoretical studies of CV cluster states have largely focussed on

pure Gaussian states generated by a multimode squeezing transformation on the
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vacuum. However, this approach does not take into account the photon loss due
to scattering during the generation process. This loss can prevent the generated
squeezed state from being classified as a cluster state and thus it should be included.
The MSTS solution provides a simple way to incorporate loss during the generation
of the cluster state and it opens a path to extend the theory of pure Gaussian cluster
states to mixed Gaussian cluster states. In Chapter 6, I showed that the MSTS can
be classified as an approximate CV cluster state, provided squeezing criterion are
obeyed by the state that take into account the noise due to photon scattering. Also,
I derived the adjacency matrix for the cluster state in terms of the squeezing phase
parameters of the MSTS. Additionally, using the coupled-equations that were derived
for the parameters of the MSTS, one can easily calculate the adjacency matrix of the
nonlinearly generated cluster state.

There is ongoing work in the group that I will be apart of, at least for the next
few months, that is investigating the nonlinear generation of multimode squeezed
states in large systems of nonorthogonal quasimodes, such as a photonic crystal slab
with a three-mode defect-cavity side-coupled to a defect-waveguide. This system is
of interest since it can incorporate the generation and propagation of the MSTS on a
chip, and using the coupled-equations we derived we are able to characterize the state
at all times and at any point in the crystal. This work will help make it practical to
study nonclassical light in integrated circuits made from coupled-cavities in photonic
crystals.

Systems of coupled-cavities in a photonic crystal slab may also be of interest for

cluster state generation. In general, an MSTS can be generated in the coupled-cavities
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by pumping the slab from above with a laser beam, where each individual cavity sup-
ports a single mode of the MSTS. The squeezing parameters in the MSTS will depend
on the coupling strength between the modes of the individual cavities (via the mode
overlaps in the nonlinear parameter), and thus the adjacency matrix for the corre-
sponding cluster state will have elements that also depend on the coupling strengths.
Theoretically, it may be possible to engineer the coupling strengths to obtain any
cluster state. One of the challenges with this approach is that the generated MSTS
can have many modes that do not contain a sufficient enough squeezing level to obey
the squeezing criterion that we derived, and thus is will not be considered a valid
cluster state. It will take some effort to engineer the nonlinear interaction in large
systems of lossy coupled-cavities to create sufficiently squeezed light in all the modes.
However, I remain optimistic that if the appropriate structure were to be discovered,
then one can nonlinearly generate large cluster states all at once. I hope that this
line of work will continue in the group and that the theory I developed in Chapters
5 and 6 will serve as a valuable foundation for this future work.

MRRs are a platform that have proven to be useful for cluster state generation.
They offer an opportunity to engineer the interaction between the resonant modes of
the ring, and it is easy to show using our theory that there is sufficiently squeezed
light in each ring mode (even after photon loss is included), such that the squeezing
criterion are obeyed. Using the theory in Chapter 4, one could model a system where
a MRR is pumped in a single mode of the ring and it generates pairs of entangled
signal and idler photons in pairs of ring-modes that conserve energy and momentum
with respect to the pump mode. This should result in the generation of a sequence of

uncoupled, two-mode cluster states. The sequence of two-mode cluster states would
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then couple out of the ring and into a channel waveguide, where from there they can
become the input to a linear optics circuit that mixes the two-mode cluster states
with beamsplitters and phase shifters to form a larger cluster state (similar to what I
showed in Chapter 6). This hybrid approach uses the theory developed in Chapters 4
and 6 to nonlinearly generate sequences of smaller cluster states that are subsequently
mixed using a linear optics circuit to produce a larger cluster sate.

The future of the applications of nonlinear optics to generate CV cluster states is
very bright. The work presented in this thesis opens a path to investigate CV cluster
states that are generated in lossy systems by a combination of nonlinear and linear
optics, and will help researchers optimize CV quantum computation in the presence

of photon scattering loss.
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Appendix A

Supplemental material for Chapter 2

A.1 Derivation of the time-dependent pump pulse in the ring

In this section we derive an approximate expression for the pump field in the ring,
Es (f) We start with Eq. (2.13). To simplify this, we define

1

x(€) = exp(—iQ) — oa’ (A1)

We expand this in a Taylor series about €2 = 0,

% gy (n)
@) =3 ) (A.2)

—~ n!
where
d"x ()
(n) — A

is the n'" order derivative of y evaluated at Q = 0. In the high squeezing limit

(1 — 0a) < 1 it can be shown that for n > 2, the n'* and (n — 2)" derivatives are
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related by,

X™(0) 1 x"(0)
nl & (n-2)" (4.4)

where € = 1 — ga. Using Eq. (A.4) in Eq. (A.2) and after simplifying we find that

we can write x(2) as

@ = (1) (A.5)

The modulus-squared of this is a good approximation to the buildup factor around

the peak at {2 = 0. Now we define the integral in Eq. (2.13) as A (f) It is given by,

72 vV8In2 27

o0

A = e (222 [" avveen —( i +z’”8m2t> - ()

where we have completed the square in the argument of the exponential in Eq. (2.13)

to get this form. Using Eq. (A.5) in Eq. (A.6), we obtain

2
y 1 —21n(2)#? <1440 OF V8In2t
€ 72 1+ Q2/e v/81n 2 27

—00

(A7)

Now we make the following substitutions in Eq. (A.7): y = Q/e¢, s = 2In(2)/(*7?),

and = —it41n(2)/(¢72) . Doing this we obtain,

A(F) = exp (ﬂ) /Zdy

(A.8)

e~ (@=y)?/(4s) ‘ye—(m—y)Q/(‘lS)
“+1
1 + y2 1 + y2
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The integral in Eq. (A.8) can be expressed in terms of Voigt functions U(z, s) and

Vi(z,s) [122]:
- 1 o0 p e~ (z=y)?/(4s) A9
(x”g)m/;ooy 1_'_y2 ) ( )
and
1 o0 ye,(x,y)z/(%)
vV — dy———. Al
@) == [ (A.10)

It can be shown that

Ulx,s)+iV(x,s) = /%eZQerfcz (A.11)

with z = (1 —iz)/(2v/s). The Egs. (A.9) - (A.11) allow us to write Eq. (A.8) as,

7’:2

A(0) = exp (M) re () exfe (7). (A12)

Transforming back to our original variables 7 and ¢ we obtain z (£ ) = (1—0a)7/1/81In(2)—
\/81n(2)t/(27). Replacing the integral in Eq. (2.13) with the expression in Eq. (A.12)

gives Eq. (2.14) in the text.

A.2 Derivation of 7,

In this section we derive an approximate expression, Eq. (2.27) for the pulse
duration 7, that gives the peak in the pumping strength (see Fig. 2.3). In order to
do this, we first hold 7 constant and then find the time ¢, when the pump is at

its peak value. Then we determine the pulse duration that causes the greatest peak
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value. We solve the following two equations simultaneously;

9gtt.7) —0 (A.13)
ot bt oo ’ )
and,
ag(tpeaka T)
—_— p— . A.-14
or 0 ( )

T=Tg

Re-writing Eq. (2.14) in terms of z(¢) alone and ignoring the factors that do not

depend on t or 7, we find

- - 72 2e72(1) -
g(t) o< V7 exp <_81n 5+ m) erfe 2 (1), (A.15)

where € = 1 — oa, 7 = 7/Tg, and t = t/Tg. Also Tr0/Ot = 0/0t and /0t =
—(v2In2/7)0/0z. Using Eq. (A.15) in Eq. (A.13) and switching the derivatives to

z, we obtain the following implicit equation for z(Zpcar);

1 v8In2
NVZ

(A.16)

2
ereakerfc 2peq =

where Zpeak = 2(tpear). Now, using Eq. (A.15) in Eq. (A.14) and noting that
Tr0/OT = 0/07, we obtain
1 %962 2€Zpeak

0 = - +

27, 4In2  [’mm2

N < 27,€ 2 [ 2 ¢ ]—1) 0Zpeak
— —— |€®pearerfc 2,0, — |,
V82 /7 peat o7 |,
1 7 2
0 = To€ | ZCZpeak (A.17)

27, 42 B2
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where the second equation is obtained from the first by using Eq. (A.16). Solving

Eq. (A.17) for zpeqr gives,

~ €Tq V&In2

2(tpeak) = — —. A.18
( f2 k) \/m 467_9 ( )
Transforming Eq. (A.18) back to time ¢ and using Eq. (2.15) we find that
NG pp— (A.19)
peakiTg) = 2(1 —oa) '

is the time when g(7,) is at its peak value. The time fpeak is the inverse of the decay
rate 1/T in the low-loss limit (1 —ca) < 1. We can determine 7, by using Eq. (A.18)

in Eq. (A.16). Doing this gives the following transcendental equation:

—1 2 f —1 _ ! (A.20)
exp | x 1o erfc ( = P _ﬁm’ .

where * = ¢7,/(81n2)/2. We have numerically determined that the solution of Eq.

(A.20) is z ~ 0.34189. Thus, 7, is approximately given by

v8In2

1—o0a

7, ~ 0.342 , (A.21)

which is the expression given in Eq. (2.27).



Appendix B

Supplemental material for Chapter 3

B.1 Deriving the coupled equations for 2 orthogonal modes

In this section we simplify the RHS of Eq. (3.18) in order to find a condition for

when the equality is true. We define the first two terms on the RHS of (3.18) to be

T1 ="t StpSp,* + b, 25168 gz :

and then using Eq. (3.16) to simplify, we obtain

~—1/2

dp ~1/2
T1=2 g; Pth,

We used the two-mode thermal state in Eq. (3.4) to get the last line.

We define the middle two terms on the RHS of (3.18) to be

ds Ple

_1pdST _ _
2 ~—1/2 2 A
T2 pthl/ d pS / + p 1/ ST dt th )
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(B.2)
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and then using Eq. (3.16) to simplify, we obtain

1205t st . -
~—1/2 1/2 A1)2 ~—1/2
12 = pth/ ESP#{ - Pti{ %Spth/ : (B.4)

To simplify this expression we will need to take the time derivative of the two-mode
squeezing operator in Eq. (3.2), which is not straightforward, and thus requires us to

be careful. We let S = exp(0), where o = £*(t)byby — h.c. and ST = exp(—0), then

ot _d (o0 ot
a —ar\ T2
_ ii(_l)n+k+l a"go"
— (n+k+1)!
1
= —/ dX exp(—Ao)o exp(Ao) exp(—o), (B.5)
0

where the integral in the last line can be shown to be equivalent to the sum on the
previous line by expanding the exponential operators in a power series in ¢ and doing
the integration over A from 0 to 1. Multiplying Eq. (B.5) by S from the right, we
obtain

st

ES = —/0 dX exp(—Ao)d exp(Ao). (B.6)

Using the well-known Baker-Campbell-Hausdorff formulae on the integrand of Eq.

(B.6), and then integrating over A in each term in the series, we obtain

dSte 1.1 .
ES =—0+ 5[0, o] — 5[0’, lo,6]] + ...
<
=D (U (B.7)
n=1

where the first three terms in L™ are defined as L) = ¢, L® = [5, 6], and L®) =
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[0,[0,5]]. In general, we can write L™ = [0, L™ Y] for n > 2. It is straightforward

to show that,

LM — _% (Ny + Ay + 1) (2u)™, evenn > 2 (B.9)
L — _% (e babs + 6¥b{Bt) (2u)", oddin > 3. (B.10)

We then use Egs. (B.8) to (B.10) in Eq. (B.7) to simplify the derivative. The
sum over even n converges to cosh(2u) — 1 and the sum over odd n converges to
sinh(2u) — 2u. Using these results, we put this simplified form of Eq. (B.7) into Eq.

(B.4), along with the two-mode thermal state, to obtain

1-— T1T2

A 1 N
T2 = ' —sinh(2 B.11
N (uU + 5 Sin ( u)gbV) , ( )

where U = byby exp(—i¢) + h.c. and V = —ibyby exp(—i¢) 4 h.c.. We define the last
term of Eq. (3.18) to be
1258 dp p
T3 = 5y 21 S, (B.12)
Using Eq. (3.3) in Eq. (B.12) and simplifying by using Eq. (3.16) gives
U128 frEAl/2 A2 88 Fy oaml/2
73 = “n (pth/ STHSpt,{ - pti{ STHSpth/ )
2

A—1/2 815 G AL/2 A1/2 &t & am1/2
+ erpth/ STbjSptii Ptlé STb;‘Spth/

2
1 e s A
520 (pthl/ 28 Sp” + puy St Spy 2) (B.13)
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which can be simplified using the well-known Baker-Campbell-Hausdorff formulae to

obtain

1-— T1To | W1 + wo

. | U+iV
sinh(2u) (Epye™ cosh® uEpvy*e® sinh® u) + h.c.
A/ L1X2 2 ( h 2

V
1+ T1T9 1+ T1T9 i) 1 . ~

— 4/ —/— ) 2| zsinh(2u)U
|:( 2«/I1I2 T ) ( 2 3311’2 T ) 2:| 2 St ( u)
[y(x; — 1) cosh? u + ( ) 'y sinh? }

'y sinh? u| fig+

T3 =

+

+

+ |
+[F2 o — 1) cosh u+(
+]

I, (xl cosh? u — sinh? u) + Ty (xg cosh? u — sinh? u)} ) (B.14)

Using expressions for 71, 72, and T3 (see Egs. (B.2), (B.11), and (B.14)) in Eq.

(3.18), formally we can write
0=T1+T2+T3. (B.15)

In order for the equality in Eq. (B.15) to be true for all times we must have that
the coefficients in front of the operators, 1, 1y, na, U , and V are equal to zero for
all times. Setting these equal to zero and solving, we obtain the coupled differential

equations Eqs. (3.19) to (3.22).



Appendix C

Supplemental material for Chapter 4

C.1 Connection between SVD and the Takagi factorization

As mentioned in the text, the Takagi factorization is a special case of the sym-
metric SVD, where the diagonal matrix from the Takagi factorization is just a scaled
version of the singular values from the SVD. In this section we derive the Takagi
factorization from the SVD, and show how the diagonal values are related to the
singular values.

The SVD of the nonlinear parameter G is
G=UZWT, (C.1)

where ¥ is a diagonal matrix of real and positive singular values, and UTU = 1
and WIW = 1. To obtain the Takagi factorization we define the diagonal complex

matrix

A =3ISWiU, (C.2)
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where U* denotes the complex conjugate of U. Therefore the Takagi factorization is

G =UAU", (C.3)

where the SVD can be recovered by putting Eq. (C.2) into Eq. (C.3), since U*UT =
1. Therefore, to obtain the Takagi factorization of G, one can perform the SVD to
get the matrix U, and multiply the singular value matrix ¥ by the diagonal matrix
wWiU~.

Now we prove that WTU* in Eq. (C.2) is diagonal. If it is diagonal, then it
must be equal to its transpose, such that WU* = UTW*. Taking the Hermitian

conjugate of both sides, we obtain

wu =U'w. (C.4)

Moreover, since G is a symmetric matrix we have G = G. Taking the transpose of

Eq. (C.1) we obtain

WU =UZWT,
SUTW =wlux,

SU'WET =U'W, (C.5)

where to go from the second line to the third line we used Eq. (C.4). Eq. (C.5) implies
that if the singular values ¥ are distinct and nonzero, then UTW is a diagonal matrix.
Therefore, its Hermitian conjugate WTU* is also diagonal, and we have proved that

A is diagonal.
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C.2 Deriving the coupled equations for M orthogonal modes

In this section we provide the details on the derivation of the coupled differential

equations Eqs. (4.69) -(4.71).

C.2.1 Equations for 7, and q.b#

To start, we add Eqgs. (4.67) and (4.68), to obtain
Dy = —Ep. (C.6)

Putting the expression for D, in Eq. (4.56) into Eq. (C.6), we obtain

T — 1 ., i ;
Tm ; Um,u,Ul,u (7’# + TM Slnh<27’u>> € P = _ ml- (C?)

Multiplying both sides by val U, U and using the orthogonality relation Yo Ui U

J

v, We obtain

Ty + % sinh(2r,) = Z

m,l

24 /xmxlEml U;mU;le_i‘b“
1 — 2,7 '

(C.8)

Equating the real and imaginary parts of both sides of Eq. (C.8) gives the following

equations for 7, and éu

8 m,l b et
: 2/ Tz (EpU, Use™ % — EX Uy, Up,etr
b, = 3 2Tt (iU iU Ue'®) (C.10)

i(1 — xp;) sinh(2r,)

m,l
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Now, to simplify Eq. (C.9) and Eq. (C.10), we focus on the first term of the sum.

Using the expression for F,,; in Eq. (4.63), we obtain

xmx Em m € ZH I
5 VI TEUinUie ™SS U0 cosh(r ) sinbr,)

1—$m$l oV myl

1 1 mTl — 2%,
x [1Q,, + =T, + Tmy T
2 1—z,,1

_ 2 Z Z U U U ;lez (¢v—op)

x (a®A,e7"% cosh®(r,) + a**Ase'® sinh?(r,))

=i, cosh(r,) sinh(r,)

_ 7% (a®Xue™"% cosh®(ry,) + & Nie'® sinh®(r,,))
1 .
1 i(bv—u) '

+ . Z e [',, cosh(r,) sinh(r,)

Lt — 22,

xZUmU,V e (C.11)

Using Eq. (4.54) we can write Eq. (C.11) in terms of the thermal photon numbers as

Z T B U Upe ™

T =i, cosh(r,) sinh(r,)

— % (aQ)\Me_w“ coshz(ru) + Oz*Q)\Zeid’“ sinhQ(ru))

1 .
~5 Z e v=dup cosh(r,) sinh(r,)

o — M+ 41
XZUmOUllI wm ”lm (C12)
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The complex conjugate of Eq. (C.12) is

= —iQ,, cosh(r,) sinh(r,)

Z \/ I‘mxlE:nl U#mU#[ei¢”
m,l

1—z,,7

+ % (a?A e~ sinh?(r,,) + Oz*QAZew“ cosh?(r,))

1 .
b Z e~ e =0 cosh(r,) sinh(r)

Ny +1y+ 1

—_— C.13
TR (C.13)

XY U Up Ui U

m,l
where we have used the fact that Q7 , = €,,. Adding Eq. (C.12) and Eq. (C.13)
together gives the equation for 7, in Eq. (4.69) in the main text. Subtracting Eq.
(C.13) from Eq. (C.12) and dividing by % sinh(2r,) (see Eq. (C.10)) gives the equation

for ¢, in Eq. (4.70) in the main text.

C.2.2 Equation for n,,

As mentioned in Sec. 4.4.3 we obtain an equation for n,, by writing the operators
Efngm and g;fngl found in the expressions T'1, T2, and T3 in terms of the Schmidt
operator ELEV, and then force the sum of the coefficients in front of ELEV equal to

zero. The appropriate term in 73 (i.e. Eq. (4.52)) becomes

- ngmi—m =-> > U;uUmyi—mﬁléy, (C.14)

wy - m
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where we have used Eq. (4.34). The appropriate terms in 7'1 and 72 (i.e. Eq. (4.60)

and Eq. (4.61)) become

S Fubl =YY" FuU;, Ui BB, (C.15)
m,l w,y  m,l
and
S Kbl =Y KUy, UnBiB,. (C.16)
m,l wy m,l

Since we require that 0 = T'1 + 72 + T3 (see Eq. (4.49)), the sum of the coefficients
multiplying EZE,, in Egs. (C.14) - (C.16) must be equal to zero

L
> UrnuUn (le + Ky — —> =0. (C.17)
m,l

T

Multiplying Eq. (C.17) by >_, , Uy, Uny and using the orthogonality relation ) Uy, U, =
Omi, We obtain
T

T
but from Eq. (4.57) we have that F},,, = 0. Therefore

I K. (C.19)

Tm
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Using Eq. (4.64) in Eq. (C.19), we obtain

T

= Z UmMU;W( — Iy cosh(r,) cosh(r,) + Fzyei(dm—%) sinh(r,) sinh(rl,)) :
1V

1—=z,

(C.20)

Expressing Eq. (C.20) in terms of n,, gives

Tm * N s« _i(b,— . .
I Z UmNUmV( — mf‘w cosh(r,) cosh(r,) + I7,e (6u=%) sinh(r,) smh(rl,)),
[787%

(C.21)

which is Eq. (4.71) in the text.

C.3 Solving the coupled equations from an initial vacuum state

In this section we discuss how to solve Eqs. (4.69) - (4.71) for a system that

initially starts in the vacuum state. At time ¢t = 0 the vacuum state is defined by

ru(0) =0, (C.22)

N, (0) = 0, (C.23)

for all ;1 and m. Putting these initial conditions into Eq. (4.69) we obtain

_2[a(0)f A,

7u(0) sin (=¢(0) +0,) , (C.24)
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where we define
a(t)? = |a(t)|? exp(—2iwpt), (C.25)
and
A = Il exp(i6,), (C.26)
where 6, is a real number. We choose the initial squeezing phase, ¢,(0), to be

0u(0) =0, = 3. (C.27)

such that is maximizes the squeezing amplitude at the next time-step, r,(At):

2]a(0)” Al
h

ru(At) = At +0 ((A1?) . (C.28)

Now, let us move on to the equation for the squeezing phase, Eq. (4.70). It is easily
shown that using Eqgs. (C.22), (C.23), and (C.27) will result in the second and third
terms in Eq. (4.70) being indeterminate (0/0). Thus, at t = 0, we write this equation

as

¢u(0) = _QQ,uu - C;m (029)

where we let ¢, be the indeterminate form. We are unable to solve these equations

unless we define (,. We define (, by requiring that the derivatives of the squeezing
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phase at t = At and t = 0 are the same,

QBM(At) = QBM(O)a (C'?’O)

such that initially the squeezing phase is a linear function of time. Putting Egs.
(C.22), (C.23), (C.27), and (C.28) into Eq. (4.70) and using the fact that n,,(At) =0
(which can be proven by writing Eq. (4.71) as a difference equation and using the

initial conditions) it can be shown that

Su(AL) = —2wp + C,. (C.31)
Using Eq. (C.31) in Eq. (C.30), the indeterminate form (,, is defined as
Co =~ + wp. (C.32)

To solve Eqs. (4.69) - (4.71) we use MATLAB’s ode45 function, that is based on a
Runge-Kutta method. The initial conditions that we use for the squeezing amplitudes,
thermal photon numbers, and squeezing phases are in Egs. (C.22), (C.23), and (C.27).
We have to write an additional condition in the code that imposes the condition that
at t = 0 the derivatives of the squeezing phases are equal to (ﬁu(()) = —Q,, — wp,
otherwise the program will return a division-by-zero error (as discussed above). The
solution is sensitive to the initial squeezing phases ¢,,(0). It is crucial that they are set
to precisely the values given in Eq. (C.27) in order to obtain the results we present in
Sec. 4.7. We find, however, that the initial value of the derivative of the phase gz'SM(O)

has little impact on the final solution, since it quickly settles to the correct value,
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given by —€,, — wp.



Appendix D

Supplemental material for Chapter 5

D.1 Nonorthogonal quasimodes

In this section, we define the lossy nonorthogonal quasimodes of a resonant struc-
ture and their spatial overlap. We also derive an expression for the upper bound on
the overlap.

We consider an open dielectric system with out-going boundary conditions. The

positive frequency part of the electric field in a lossy quasimode m takes the form [9]
EM(r t) = N, (r)e"“nt, (D.1)

where IN,,(7) is the spatial profile of the quasimode, and its complex frequency is

Wm = Wm — Ym. Bach quasimode is a solution to the Helmholtz equation:
V XV x N, (r) — —*¢(r) Ny, (r) = 0, (D.2)

where €(r) is the real, relative dielectric function for the structure. We define the

221
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inner product between two quasimodes of different frequency w,, and w; as
(N N}) = / Fre(r) N2 (r) - Ni(r). (D.3)

The quasimodes are calculated within a computational volume that is bounded by
perfectly-matched layers (PMLs) in order to simulate open boundary conditions. The
integral in Eq. (D.3) is done over the computational volume only, that excludes the
PMLs. Throughout this work, the fields in the PMLs are excluded from all integrals.

The normalized quasimode overlap is

(N |INY) '
V (N No) (NI IN)

O = (D.4)

Note that O is a Hermitian matrix. For a general system of coupled-cavities, the
off-diagonal elements of the overlap are non-zero. Therefore, the quasimodes form a
nonorthogonal basis.

As we shall show below, the upper bound on the overlap in Eq. (D.4) is derived
by requiring that the quasimodes satisfy outgoing-wave boundary conditions at edge

of the computational volume. We will show it is given by

4’7m/7l
O,* < . D.5
Ol < e (B:5)

Using this result one can get some idea if the overlap between two quasimodes is
negligible or not. For example, if the difference between the real parts of the frequen-
cies is much larger than the sum of the imaginary parts (i.e. |w, —wi| > Ym + Y1),

then the overlap is approximately given by ]Oml|2 ~ 4/ (Wm — wy)?, and this
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will approach zero the larger the frequency difference is. Therefore, quasimodes that
are separated in frequency by much more than their line-widths will have a negligi-
ble overlap and will be approximately orthogonal. Alternatively, if two quasimodes
are close in frequency (i.e. w,, =~ w;), then the overlap is approximately given by
|Oml|2 ~ 491/ (Ym +71)%, which will be close to one. Therefore, quasimodes that are
close in frequency can generally have a large overlap, unless some symmetry forbids
it. We find that this overlap can be very large in systems of coupled-cavities in a
photonic crystal slab, such as the two-defect structure discussed in the paper.

Now we derive Eq. (D.5). First, we combine Egs. (D.2) and (D.3) to obtain

1

= (@ = &) (N[ ND) = A = A, (D.6)
where
A = /d3'r V % V x N-(r)] - Ni(r). (D.7)

Immediately, we see that if A is a Hermitian matrix, then O,,; must be zero and the
quasimodes are orthogonal. However, we show that A is not Hermitian due to the
lossy nature of the quasimodes. Using the vector calculus identity V - (P x Q) =
(VxP)-Q—(VxQ)-P,with P=V x N} and Q = N, Eq. (D.7) can be written

as

Ay = /d3r [V x Ni(r)] - [V x N, (r)] + /av (V x N (r)) x Ni(r)]-dA, (D.8)

where we have used the divergence theorem to obtain the last term in Eq. (D.8),
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with OV defined as the surface boundary of the computational volume V' and dA is
an infinitesimal area element on and normal to the surface boundary. The first term
in Eq. (D.8) is clearly Hermitian, however the surface integral in the second term is
not. It is this integral of the quasimodes on the surface boundary that causes the
problem to be non Hermitian and the quasimodes to be nonorthogonal. Using Eq.

(D.8), the right-hand side of Eq. (D.6) can be written as
A — Ay = / {(V X N> (r)) x Ni(r) — (V x Ni(r)) x N} (r)| -dA. (D.9)
av

The surface boundary is taken to be the edge of the computational volume (but
excluding the PMLs), and it must be far from any sources, such that the modes are
given by out-going waves. In the standard treatment of electric and magnetic field
normal modes, the surface integrals in Eq. (D.9) are zero because the normal modes
decay to zero at infinity. This is the origin of the orthogonality of the normal modes.
However, due to the lossy nature of the quasimodes, mathematically they do not decay
to zero at the surface boundary. This is because at the surface the quasimodes are
out-going waves, with a complex wavevector that causes them to diverge. Therefore,
the surface integral in Eq. (D.6) quantifies the nonorthogonality of the quasimodes.

To evaluate Eq. (D.9) we take the surface boundary to be a sphere of radius r,
and we let r — oo. We assume that at infinity there is a homogeneous background
dielectric material of a constant index of refraction. We let the quasimodes be given
by spherical outgoing waves as r — oo, that are polarized tangentially to the surface

of the sphere. They have the form

ez‘%m r

Nm(T7 07 ¢) = [hmﬁ(ea ¢)€9 + hm(f)(ev ¢)é¢] r ) (DlO)
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where Ky, = (wy, — im)n/c is the complex wavevector, where n is the index of refrac-
tion of the homogeneous background dielectric. The components of the quasimodes
in the éy and é, directions are hy,g(6, @) and h,,4(0, @), respectively, and they do not
depend on r. There is no component of the quasimodes in the ¢, direction. Note
that the combination of zEm in Eq. (D.10) causes the quasimodes to exponentially in-
crease as  — oo. This is because the exponential increases faster than 1/r decreases.
Putting Eq. (D.10) into Eq. (D.9), defining dA = r?sin(0)dfd¢e,, and doing the

cross-products in spherical coordinates, we obtain

ilm

At = Aj = — (B[ 0) (Em +El) o-iEn R (D.11)
n
where (h,,|h;) is the inner product on the surface boundary, defined by

(o [0 = n? / / he (0, 6) - hu(0, 6) sin(0)d0do. (D.12)

Putting Eq. (D.11) into Eq. (D.6), the quasimode inner product can be written as

‘ o—ilky,—k)r
(N | Ny =i (hpy|h) ———=—

S D.13
e (D.13)

where we used the fact that @}? —&? = (c¢/ n)Q(E:I —l—%ﬂ(%ﬁl —k;). Therefore if the inner
product on the boundary is zero, (h,,|h;) = 0, then the quasimodes are orthogonal.
Putting Eq. (D.13) into Eq. (D.4), it can be shown that the absolute square of the

overlap is given by

(B || 4V
(PP (Rl ha) (Wi — wi)? + (Y +7)?

1Opl|” = (D.14)
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Now using the Cauchy-Schwarz inequality, |(Fm|hi)|* < (Bum|hm) (Ry|hy), the upper

bound of the overlap in Eq. (D.14) is

47m7l
O,ul* = . D.15
Ol = G+ ) (D-13)

Therefore, \Om1]2 is always less than this upper bound, and we obtain the inequality

in Eq. (D.5).

D.2 The Lindblad master equation

In this section, we present the Lindblad master equation, that was derived using
the quasimode projection technique [9], written in terms of the quasimode operators.
We show that we obtain the exact same form for the Lindblad master equation that
was derived using a different quantization approach using quasi-normal modes [111].

The system Hamiltonian can be written as
H = Hy + Hyy. (D.16)

In the basis of the discrete quasimodes, it can be shown that the linear part is given

by [9]

= 1Y 502 (D7)

m,l

where ¢ and ¢, are the creation and annihilation operators for photons in the mth
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quasimode. They satisfy the commutation relation
[cm, cl} O, (D.18)
where O~ is the inverse of the overlap matrix of Eq. (D.4), satisfying
=0"'0. (D.19)

We let the nonlinear Hamiltonian account for the SFWM interaction that gener-
ates the squeezed light. We take the pump to be a classical field in a single quasimode,
P. Using the undepleted pump approximation, the nonlinear Hamiltonian is given

by

Hyy = ho(t) Y Gyl ¢ + Hec,, (D.20)

m,l

—iwpt

where a(t) = |aple is the pump amplitude with frequency wp, and G,,; is the

nonlinear parameter for SEFWM given by

Ohw *
Gt = 66: Z N / Crx ()N (PN () N (r) Npy(r),  (D.21)

where 4, j, k, and h are the Cartesian components of the spatially-dependent third-
order nonlinear susceptibility tensor XSZ:h("")
The Lindblad master equation for the density operator p(t) was derived in previous

work, using the quasimode projection approach, for nonorthogonal quasimodes. It is
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given by [97]
dp  —i o) g~ i ~ o~y o I SR R
E = 7 HL + HNL7 pi| + 5 Z (wl - wm) Oml (ZClpCm — PG — Cmclp) ) (D22>

m,l

where I/-jgr) is the Hermitian part of the linear Hamiltonian and is defined as
. A o R
Hfr) =— Z (@ +@5) Ol . (D.23)

The expressions for the quantized Hamiltonian and the Lindblad master equation
are written in terms of the quasimode annihilation and creation operators, which
do not obey the standard commutation relation for bosons. This is a result of the
quantization approach used. In a different quantization approach that uses quasi-
normal modes [111], the Hamiltonian and Lindblad master equation are written in
terms of photon operators that do obey the standard commutator. Now we show that
we can connect the two approaches by doing a symmetrization transformation of the

quasimode operators (similar to Ref. [111])
=y OJla, (D.24)
!
such that these operators have the standard commutation relation
(@, @] = i, (D.25)

which can be derived using Eqgs. (D.18) and (D.19). Writing ﬁf’) in Eq. (D.23) in
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terms of these operators, we obtain
A = n Yl (0.26)
m,l

and for the Lindblad master equation in Eq. (D.22), we obtain

dp  —ifo ~ e
d—/t) = f |:H£+> + HNLa p:| + Z Xa(nl) (zalpajn — pajnal — a;rna,lp) . (D27)

m,l

Here x(7) and x(*) are Hermitian matrices defined as

_ 1
) = 5 (x - x"), (D.28)
1
where,
x = 0?5072, (D.30)
where w = diag(wy, ...). The matrices Xf:lrl) and X;;l) give the coupling between dif-

ferent quasimodes in the Hamiltonian and Lindblad dissipator. The coupling will be
strong for quasimodes that have a large overlap. Note that if the quasimodes are or-
thogonal to each other, with O = 1, then x(7) = diag(i,...) and x*) = diag(wy, .. .)
are just proportional to the imaginary and real parts of the complex frequency w,,.
This will give the usual form of the Hamiltonian and Lindblad dissipator for orthog-

onal modes.
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The nonlinear Hamiltonian in Eq. (D.20) can be written using @,, and @, as
Hyy, = ho(t) Y Spdl,a) + Hee., (D.31)
m,l
where S is the nonlinear parameter defined by
S=0"'Gg[0]". (D.32)

Note that S is also a complex symmetric matrix, with ST = §S.

Equations (D.26) and (D.27), that were derived using the quasimode projection
approach, have the exact same form as those that were derived using a different quan-
tization approach using the quasi-normal mode formalism (see Egs. (28a) and (30)
in Ref. [112]). Therefore, the form of the density operator solution to the Lindblad
master equation does not depend on the quasimode quantization approach used, and
so our analytic solution is applicable to both approaches, provided that the dielectric

function for the material is real.

D.2.1 The diagonalized form of the Lindblad master equation

In this subsection we write the Lindblad master equation in Eq. (D.27) in its
diagonal form. It is important to do this, because it will help us derive the analytic
solution to the Lindblad master equation in the next section. The diagonalization can
be achieved by decomposing the quasimode coupling matrix x(~) with the singular

value decomposition

) = MO~ MO (D.33)
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where MMt = 1 and 4° = diag(75,...) is a diagonal matrix of the singular

values. Putting Eq. (D.33) into Eq. (D.27), we obtain

dp _ =i [ 50 pAT A, — AL A,p
D= 2B 4 Bp| + Yop (24,08, - pALA, - AAp), (D3
i 7 + [ANL nya P PAs o P ( 3>

which is the diagonal form of the Lindblad master equation. We define the creation

operator

Z )at | (D.35)

that statisfies the commutator [121\0, A\L,] = Opo'-

D.3 Deriving the coupled equations for M nonorthogonal modes

In this section, we show that the analytic solution to the Lindblad master equation

for SEFWM is the density operator, p(t), for an MSTS, given by

A(t) = S(t)pw(t)ST (1), (D.36)

where §(t) is given in Eq. (5.7) and pu, (%) is given in Eq. (5.8). To prove that this is

the solution, we require that p(t) to be a solution of

1= 5 (ST (O S ()h (1), (D.37)
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where we used the fact that ST(¢)S(t) = 1. Since Eq. (D.37) is true for all times, if
we take the time derivative of both sides, we obtain

~dS __ L jaadS
~1/2 —1/2 ~—1/2 ~1/2
0= ptl( STEpth/ - IOth/ STE/%}{

dA—l/ZA Aﬁ AdA
+2&P1/2+P 1/2ST_’0

S—1/2
gt P th dt Spth/ ) (D'38)

where we dropped the time-dependence of the operators for convenience. We obtain
the coupled-equations Egs. (5.9) - (5.11) by simplifying the four terms on the right-
hand side of Eq. (D.38). Our strategy is to put the expressions for S(t), pu(t), and
dp(t)/dt into Eq. (D.38). As we will show, the right-hand side can be written in terms
of three Schrédinger operators: ALA,, Q,, (Eq. (D.48)), and P,, (Eq. (D.49)), that
are common to each term, and are multiplied by time-dependent coefficients that
depend on 7,(t), ¢,(t), and n,(t) and their first time-derivatives. To satisfy Eq.
(D.38), and obtain the coupled-equations, we let the coefficients in front of the three
operators equal zero.

We define the following terms that help in the derivation:

d5-1/2

P ~1/2
T, =2 Z;; X (D.39)
~1/245 dé\/\—12 ~1/25% dé\/\lQ
T = ptl( STEpth/ - pth/ T%ﬂt}{ ’ (D.40)
1o dD A
Ty = 5,25t LG5, (D.A41)

dt
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Using the definition of py,(¢) in Eq. (5.8), it can be shown that 7} simplifies to

f= - oy e A,

+3° 1 dne (D.42)

1+n, dt

Moving on to T, we first simplify the time-derivative of the squeezing operator. It

can be shown that [32]

~

~.dS i by [~
STE = Z (5 smh2(r#)d—t“ (QBLBH + 1)
n

1d d o~
+ (—ﬁ + - ! h(QTu)ﬂ) e“z’“B;E2

odt ' 4° dt
Ldr, @ . dou\ _is. 5
- <§d—t“ ~1 smh(27’u)d—;> e ¢“B§>. (D.43)

Now to simplify 75 we need to perform the thermal transformations on Eq. (D.43).

These can be done with

P By = ZY:@U%A (D.44)
@11/2 ;Ajhl/z ZYwmﬂ/ZW:aAL» (D.45)

where W = YV and we define

. D.46
xﬂ 1 + nu ( )
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Using Egs. (D.44) and (D.43), it can be shown that 75 simplifies to

=3 (Fwﬁgﬁy + Re[D,,]0,, + Im[Dw]ﬁ,,,) , (D.47)

o,V

where we define two Schrodinger operators

Q,, = A,A, + AL AT, (D.48)
Py = —iA A, +iAL AT, (D.49)

and the time-dependent coefficients

. d¢ . . - -
Foy = isinh®(n,) Y0 Y,0, Wi Wiy [:c;/%ﬁ,” 2 1/%1{2} , (D.50)

K K
By,

1dr 7 . do i . rrs 1/2 _ ~1/2
D,, = Z (ﬁd_: + 1 smh(2ru)d—t“) eonY, Y Wi WS, [x,liﬂxﬁ{ -, 1/2%/ / ] ,
(D.51)

where Re[D,,| and Im[D,,,] are the real and imaginary parts of D,,.
Moving on to T3, the squeezing transformation of the Lindblad master equation

in Eq. (D.34) can be done using

§14,5- 31,883 (D.52)
o
516,53 v,,8'B,8. (D.53)

I
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where the squeezing transformation of the E# operators is

§'B,5 = cosh(r,)B, + ¢ sinh(r,,) B

E

(D.54)

After performing the squeezing transformation in 73, the remaining thermal transfor-

mation can be done using Eq. (D.44). Doing this we obtain

=Y (KU,,ELE,, + Re[Eqy] Qo + Im[Ew]ﬁw) +2 ) " Ty, cosh(ry) cosh(r,) Y, Yyua,

o,V v,o,v’

—2) T, sinh’*(r,), (D.55)
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where

By = Z e’ cosh(r,) sinh(r.) Y, Y Wi W, (D-56)
Bt K K

X (iQW/ [xipx,lf — x;,l/ngl/Q} —Lyp [w}fx}f + x;,l/Qx;l/Q — 290;1/290,1{{2} )

+1 Z (a2 (t))\# COSh2 (T,u> + a*2 (t) )‘Z SiIlh2 (T“)ezi(ﬁ“)
wK K

X Vi Yo W2 W, [;c}/ 2,1/2 _ =/ 256*1/2]

K, = Z Y Yo Wi, Wi, cosh(r,s) cosh(ry,) (D.57)

s
My KK

X (@'QW/ [;c}fx;l/z - a:;,lma:l/z} Y [1‘32:17,;1/2 + az';/l/Z:c,li/z - Qxi{Qxi/Q} )

K

+ Y Y Y5, Wi, Wy sinh(r,,) sinh(r, Je'@r =)

[
KK

X (z’Qulu [x1/2$;1/2 _ m;/l/zxt/z} T |:£L‘i{2$;1/2 n x;,l/Qxi/z _ 21_;/1/21:;1/2] )

K)/

—2i Z cosh(r,) sinh(r,) (OéQ(t))\uei‘b“ + a*2(t))\;e_i¢“)

/
KK

X Yo YW W [le/%l/? - xlpx_m] (D.58)

K K K K

Now in order for Eq. (D.38) to be satisfied, the three terms must add to zero,
T1+T5+T5 = 0. We achieve this by making the time-dependent coefficients in front of
each operator ﬁlﬁy, @UV, and I/D\JV equal zero. First, we let the sum of the coefficients

in front of @W and ﬁm, in Ty and T3 equal zero

0 = Re[Dy,] + Re[E, ], (D.59)

0 =Im[D,,] + Im[E,,]. (D.60)
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These are satisfied if we let

D,, = —E,,. (D.61)

As we shall see, solving Eq. (D.61) gives the differential equations for dr,/dt and
dg,/dt. To start, we multiply both sides of Eq. (D.61) by >, Wy, W, and use
Eq.(D.51) to obtain

1/2 _ _1/2 1dr 7. do ;
[x}i/%ﬁf — xml/Ql‘H, / } z“: (ﬁd_tu + 1 smh(27“u)d—: &Y, Y, = — ; WioWir oy,
(D.62)
where we used the fact that WIW = 1. Multiplying Eq. (D.62) by Z&H, Yo Yo,
and using the orthogonality relation Y'Y =1, we obtain
Ldr, @ do, —igy, VoY
5t T snh(2r,) 2t = —e Z R VER e T > WeoWirEoy.
(D.63)

Equating the real and imaginary parts of both sides of Eq. (D.63) gives the following

equations for dr,/dt and d¢,,/dt:

w3 Y Y Wig Wi By + 09, Yo Wi Wi B, (D.64)
dt wr o x,liﬂx,lf — x,Zl/Qx;,UQ

d¢u - - Z eiw#Y:NY/qu’WWH'VEUV B eid)#YnMYN’MW:aW:’vE;V (D 65)
dt  sinh(2r,) e x};ﬂx}f _ x;1/2x;1/2 - P

Now to simplify Eqgs. (D.64) and (D.65) we focus on the first term in the sum. Using
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the expression for E,, in Eq. (D.56), we obtain
5 TIY Y W W Ey
K,K! o,V ’1{/2xf1${2 - $;1/2.T;/1/2
= Z (@' =) cosh(r,,) sinh(ro) Yo Y, Y0, Yo,
Kokl ! o
Mo - x;/l/QI;I/Q _l_xlli{QxIl{/Q B 29:;1/2%1{//2
1 rg! — L gty — —
! g xf1§/2x,1${2 — Tk 1/2$n’1/2
4 e~ in Z (a?(t) A cosh® (1) + a2 (L)X, sinh?(r,,/)e* %) Y Yerw Y, Y0,
PTG
=i (a®(t)\, cosh®(r,)e " + Ot*z(t))\:: sinh?(r,)e™") + i€, cosh(r,) sinh(r,)
_ Z ei(¢g/—¢u) COSh(?“u/) Sinh(ra’)YNJ’YH’/L’Y:MY;;MFU’M’
Kokl 0!
x’:/1/2x;1/2 n xil/zxk/z B 2%:1/2%1!2
12 12 _—1/2_—1/2 : (D.66)
xn :L‘R/ - :E,L; :EH,

Using Eq. (D.46) we can write Eq. (D.66) in terms of the thermal photon numbers

as

iRy Y Wi WL E

Kkput k' vk/Hov.
1/2 1/2 -1/2 —-1/2
K,k o,V k Lo — Tk Lt

=i (a®(t)\, cosh?(r,)e " + a2 ()N sinh?®(r,)e*) + i€, cosh(r,) sinh(r,)

; K — TR/ 1
+ E ez(d)"/_qs”) COSh(TN/) sinh(rU/)Y,w/ YV,..@/H/Y:u :,#I‘J/u/ %ﬂil (D67)
IQ,K/I,’U,/,O'/ i "
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The complex conjugate of Eq. (D.67) is

Z id)uYnqu MWO'HWVH/ E;V o

1/2 1/2 -1/2 —-1/2
LUH/$/ I,g/fl,’ﬁ,/

= —i (a®(t)A, sinh?(r,)e "% + a*?(t)N, cosh®(r,)e'?) — i, cosh(r,) sinh(r,)

. ! 1
S e ) cosh(ry) sinh(rp) Y Y, Vi Vi Doy o

ko! L/ L Ept R p Gﬂn/+n +1
K K

(D.68)
Ko/ !0
where we used the fact that Q7 = Q,,. Putting Egs. (D.67) and (D.68) into Egs.
(D.64) and (D.65) give the equations for dr,/dt and d¢,/dt in the text, Egs. (5.9)
and Eq. (5.10).
Now we derive the equation for dn,/dt. To do this, we let the sum of the coeffi-
cients in front of the operators Ef,ﬁy in Ty, Ts, and T3 be zero. Doing this, we obtain

the equation

1 dn,,
0=— Wi W + Fyy + Koy D.69
Z n,.@(l + n,{) dt KO + + ( )

Multiplying Eq. (D.69) by Y, W,,W}, and using WIW = 1, we obtain

<1 ot~ 2 W Wi Fon 3 W WL K (D.70)

The first term on the right-hand side of Eq. (D.70) is zero, which can be proved by
using Eq. (D.50) and WTW = 1. For the second term, it can be shown that by

putting Eq. (D.57) into Eq. (D.70) we obtain
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STATE ”
1 dnn 27’LH .
1 + Ny dt - 1 + Ny ; Yl‘il/y ov COSh(TV> COSh(Ta_>
+2 Z Y, Y2 T,y sinh(r,) sinh(r, )’ (%62 .71)

which is Eq. (5.11) in the main text.
Finally we have to show that the sum of the coefficients in front of the identity
operator in 77 and T3 is zero. Collecting the appropriate coefficients from 7T} and T3,

we obtain

dn,,
= Z T th +2 Z [y, cosh(r,) cosh(r,)Y.: Y.,

2 T —2;Fyysinh2(r,,).

(D.72)

Putting Eq. (D.71) into Eq. (D.72) and using the fact that Y'Y = 1, it can be
shown that Eq. (D.72) is satisfied.

Therefore we have proven that the MSTS is the solution to the Lindblad mas-
ter equation, and we derived three coupled-equations for the squeezing amplitude,

squeezing phase, and thermal photon numbers.

D.4 Solving the coupled equations from an initial vacuum state

In this section, we discuss how to solve the coupled-equations (see Eqs. (5.9) -

(5.11) in the main text) for a system that initially starts in the vacuum state. At
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time ¢ = 0 the vacuum state is defined by

r,(0) =0, (D.73)

n.(0) =0, (D.74)

for all © and . Putting these initial conditions into Eq. (5.9), we obtain

i (0) = 29Ol o 04 6,. (D.75)
where we define
alt) = ap(t) exp(—iwpt), (D.76)
and
A = Dol xp(i6,), (0.77)

where 6, is a real number. We choose the initial squeezing phase, ¢,(0), to be
$u(0) =0, — 5 (D.78)
such that is maximizes the squeezing amplitude at the next time-step, r,(At):

ru(At) =

2]a(0)* |2l 2
——— A+ 0 ((At)7). (D.79)
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Now, let us move on to the equation for the squeezing phase, Eq. (5.10). It is easily
shown that using Egs. (D.73), (D.74), and (D.78) will result in the second and third
terms in Eq. (10) being indeterminate (0/0). Thus, at ¢ = 0, we write this equation

as

¢u<0) = =20 — (D.80)

where we let ¢, be the indeterminate form. We are unable to solve these equations
unless we define ¢,. We define ¢, by requiring that the derivatives of the squeezing

phase at t = At and ¢t = 0 are the same,

Ou(At) = 9,,(0), (D.81)

such that initially the squeezing phase is a linear function of time. Putting Egs.
(D.73), (D.74), (D.78), and (D.79) into Eq. (5.10) and using the fact that n.(At) =0
(which can be proven by writing Eq. (5.11) as a difference equation and using the

initial conditions) it can be shown that
du(At) = —2wp + . (D.82)
Using Eq. (D.82) in Eq. (D.81), the indeterminate form ¢, is defined as

o= = + wp. (D.83)

To solve the coupled-equations Egs. (5.9) - (5.11) we use Matlab’s ode45 function,

that is based on a Runge-Kutta method. The initial conditions that we use for the
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squeezing amplitudes, thermal photon numbers, and squeezing phases are in Egs.
(D.73), (D.74), and (D.78). We have to write an additional condition in the code
that imposes the condition that at ¢ = 0 the derivatives of the squeezing phases are
equal to (/B#(O) = —,, — wp, otherwise the program will return a division-by-zero
error (as discussed above). The solution is sensitive to the initial squeezing phases
¢,(0). It is crucial that they are set to precisely the values given in Eq. (D.78).
However, we find that the initial value of the derivative of the phase ¢,(0) has little
impact on the final solution, since it quickly settles to the correct value, given by

_Q,u,u — wp.

D.5 Details for the two-cavity system results

In this section, we give the details on how we obtain our results for the two-cavity
system in the paper. Specifically, we give the physical dimensions of the photonic
crystal slab and its material properties, and we derive the nonlinear parameter for
SFWM using a Gaussian pump.

We start by giving the details of the structure in Fig. 5.2(a). The structure is
placed in a computational volume of 13d x 14d x 3d, where d = 480nm is the lattice
period. The dielectric slab is parallel to the xy plane and centered at z = 0. It is
made from silicon with an index of n = 3.4 and has a thickness of 0.6d. The photonic
crystal is created by periodically drilling airholes (shown as white circles) of radius
0.35d into the silicon slab. The photonic crystal is finite in the z-y plane, with 10
periods in the z direction and 9 periods in the y direction. The individual cavities
are formed by removing an airhole.

We apply perfectly-matched layers (PMLs) to the boundary of the computational
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volume to simulate the transmission of energy into a continuum of modes. For the top
(T) and bottom (B) individual cavity modes, we obtain the frequencies Qrd/(2r¢) =
0.3027 — i5.62 x 107° (Qr = 2691) and ﬁBd/(ch) = 0.3028 — i9.54 x 107* (Qp =
159). Note that Qp is less than @Qr, since the bottom cavity mode leaks into the
dielectric slab more. The quasimode frequencies that are obtained from tight-binding
[9], where the individual cavity modes form the basis, are wid/(2mc) = 0.3026 —
i3.12 x 1071 (Q1 = 485) and Wed/(27c) = 0.3029 — 16.93 x 1071 (Q, = 218).
Following the presentation of H. Seifoory et. al. in Ref. [29] we now give the details
on the Gaussian pump that is used to generate the squeezed light in the quasimodes.
As shown in Fig. 5.2(a), the two cavities are pumped from above with a Gaussian
beam polarized in the y direction. The beam is focused between the two cavities at

z = 0 and has a Gaussian transverse profile given by

272

f(a‘:,y) WOQ (('T - 1:0)2 + y2) ) (D84>

1
:mexp —

where W is the spot size at z = 0 and x( is the position on the x axis where the
pulse is at its maximum. The full width at half maximum (FWHM) is related to the
spot size with FWHM = +/In(2)W,/7.

Next we derive the nonlinear parameter for SFWM for the Gaussian beam. We
assume the slab thickness is much smaller than the curvature of the optical wavefront,
such that it does not have a significant effect on the pump. We can thus take the

pump modes to be plane waves in free space, polarized in the y direction

Ngy(r) = "7, (D.85)
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where q is a continuous index that labels the different modes in three dimensions.
We make the undepleted pump approximation, and let the pump quasimode annihi-
lation operators, ¢4, be replaced by their expectation value using the coherent state

amplitude for the Gaussian beam

(a(t)|eq la(t)) = |arla(gs, 4,)B(a:) exp (—iwgt) . (D.86)

where the frequency wyq is real since the pump is in free-space modes and |g|* =

¢ + ¢; + ¢2. The function

a(qu, qy) = / / drdy f(x,y)e  (@rtay) (D.87)

is the Fourier transform of the transverse profile f(z,y), given in Eq. (D.84). It
is normalized according to [ dg,dg,|a(qs, q,)|* = 1. The function §(g.) is sharply

peaked at the value ¢p

B0 = ) e (- (0.~ ar?). (D.58)

where L = 3d is the height of the computational volume. It is chosen, such that

/ dg.18(0) = 1. (D.89)
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The average photon number for the pump is

Np = / d*q (a(t)| 82, [a(t)) (D.90)

= |apl?, (D.91)

which follows from the normalization of a(q,,q,) and S(q.).

In order to write Hyy, in the form in Eq. (D.20) where the nonlinear parameter,
G i1s independent of time, we assume that near the surface of the slab the pump is
propagating dominantly in the z direction, by letting |g| ~ ¢,. Thus we replace the

frequency wiq in Eq. (D.86) with w, . Then Hyy (Eq. (D.20)) can be written

Hyi, = Blap* > ehel // d*qd’q' Grigq (4, 4y) B(4) (4, @) B(dL) exp(—ilw,. + wyJt) + Hee,
m,l
(D.92)

where

Gmiqq 16602 W, W] We, Wt /dSTway (T)Nl’;('r)e"(q*q/)"". (D.93)

We assume that the interaction is strongest within the slab, and the interaction
strength does not vary significantly within the slab, such that we can set z = 0 in
Eq. (D.93), to obtain exp(ig,z) = 1.

The integral in Eq. (D.92) can be factored into an integral over ¢, only and a

separate integral over ¢, and g, only. Doing the integral over ¢, we obtain an overall
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function of time, «(t), for the coherent state, defined as

=l f%’wp / 4./ B(02) ex (—icoy 1) (D.94)

where wp = wy,. Since B(g,) is sharply peaked at gp, the integral in Eq. (D.94)

is dominated by a narrow band of ¢, centered on qp. Thus we can pull out from
the integral the fast oscillating exponential term, exp(—iwpt), and what is left is a
slowly-varying function of time. Taking the limit as the height of the computational
volume goes to infinity, L — oo, the function «(t) approaches a continuous-wave,
with a(t) ~ |ap|exp(—iwpt). Doing the integrals over ¢, and ¢, in Eq. (D.92), we

obtain the approximate expression

Gt = 1ot VBT [ @ra )N (NG [fe)f (D99

where we define the effective volume Vg = nWZL/(2\/7(27)*). To obtain this result
we assume that only the diagonal components, X?(Jz)yy(r), of the third-order nonlinear
tensor for silicon are non-zero [123]. The quasimode profiles N,,,(r) and Ny, (r) are
obtained from the tight-binding model used in Ref. [9]. Therefore, considering Eqgs.
(D.94) and (D.93), we have shown that Eq. (D.92) is equivalent to Eq. (D.20), as we
require.

To obtain our results, we let

9hWPnyyy ‘ |

D.96
1660 Verr ( )

where Y\, = 2.45x 1071°m2V 2 is the third-order nonlinear susceptibility for silicon
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[123]. Eq. (D.96) is satisfied for a spot size of Wy = 20d, and an average number of
photons in the pump of |ap|? = 3.87 x 107. We choose this combination of parameters
because it produces significant squeezing of the vacuum noise without generating too
many photons. Using the nonlinear parameter in Eq. (D.95), we can construct the
S matrix in Eq. (D.32), and then perform the Takagi factorization on it to get the

matrix U and the singular values A.
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