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350 Gravity and the geometrization of physics

singularity

Figure 9.6 The Schwarzschild geometry (a) in the original (f,r) coordinates, (c) in Kruskal-Szekeres
coordinates and (b) the transitionary stadium of the mapping from (a) to (c). A light ray directed
toward the black hole follows the A-C-D-F path, while a particle with a non-vanishing mass directed
toward the black hole follows the B-C-E-G path. The depiction (9.55) is spherically symmetric and
angular coordinates 6, ¢ are not shown; every point in the figure lies on a sphere of the given radius.
The diagram (b) shows how the diagram (a) “opens” in the mapping to the diagram (c).

time t =0, passes through the horizon (r =) in coordinate time ¢t = + oo (at the “point” E), and
then returns retrograde in coordinate time within the horizon, and falls into the » =0 singularity
(G). Throughout, the proper time of a massive particle passes forward, and remains finite.

Besides the appearance of a fictitious singularity at » = rs, the discontinuity of the
path — along which we know that the proper time is not discontinuous — also indicates that
the Schwarzschild coordinates (t,7,6,¢) are not appropriate. The Eddington-Lemaitre coordi-
nates (9.60) do remove the first but not also the second of these two problems. In 1950, John
L. Synge discovered the incompleteness of the Schwarzschild coordinates, as well as a sys-
tem of coordinates that is complete. Independently and unaware of Synge’s results, Christian
Fronsdal again proved the incompleteness of Schwarzschild coordinates in 1959 (at CERN),
and found a complete analytical description of the Schwarzschild geometry in the form of
a higher-dimensional coordinate system with an algebraic constraint.?# His solution turned
out to be very similar to the solution that Martin Kruskal (at Princeton University) found a
little earlier but did not publish, and of which D. Finkelstein and J. A. Wheeler (then profes-
sors at Princeton University) knew and to whom Fronsdal, in his original work [181], gave
thanks for the communication. Independently from this group of explorers, the same solu-
tion was discovered also by Szekeres Gyorgy, in Australia; the independent works by Kruskal
and Szekeres were published in 1960 and this finite — and explicit — version of the descrip-
tion is today called the Kruskal-Szekeres diagram, and u and v in Figure 9.6(c), p.350, are
the Kruskal-Szekeres coordinates [367]. In turn, Fronsdal’s implicit description is today rarely
mentioned.

24 By definition, spaces of solutions of systems of algebraic equations are called algebraic varieties and form a major subject
in the mathematical discipline of algebraic geometry. This connection between mathematics and physics will recur later,
and much more vigorously, with the exploration of (super)strings.
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The Schwarzschild and Kruskal-Szekeres coordinates are related as follows:

K-Sz Schwarzschild K-Sz Schwarzschild

up, —um = (/% —le/"scosh (5£)  up, —upy = HW’S Sinh(%) (9.98a)
o, —onr = /&1 Ssinh (gE) o, oy = \/qer/rSCOSh(%)

27‘5 v : : .
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(%71)67/1‘5:”2702’ t:{ 2; (u) g
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""tn

(9.98b)

where the subscript to Kruskal-Szekeres coordinates denotes the region in which the stated rela-
tion holds. By definition, r > 0, so the half-plane (¢,7),<o has no physical meaning. However, the
half-plane (¢,7),>0 with the boundary (» = 0) is not geodesically complete — as was shown: paths
that start outside the horizon, pass through the horizon and then fall into the singularity “pass”
through the point at infinity and come back from it. In turn, the domain of Kruskal-Szekeres coor-
dinates (shown in Figure 9.6(c), p. 350, as the part of the (u, v)-plane bounded by the singularity
hyperbolas) is geodesically complete: All geodesic lines are either completely contained within
this region or have a limiting point at infinity and outside the singularity hyperbolas. Also, ev-
ery finite part of every geodesic path is entirely contained within the domain of Kruskal-Szekeres
coordinates.

Figure 9.6(c), p. 350, is the Schwarzschild geometry presented in Kruskal-Szekeres coordi-
nates (u,v): the half-plane (¢,7),>o from Figure 9.6(a) is mapped into the region bounded by the
“r =rs, t = —o00” diagonal and the upper singularity hyperbola. Figure 9.6(b) shows the “interme-
diate phase” between the Schwarzschild picture and the Kruskal-Szekeres picture, where one sees
that:

1. the diagonal “r = rs, t = —oo” appears by “splitting” the lower Schwarzschild semi-axis
r=rs, t € (—o0,0] into two semi-axes that then open into the “r = rs, t = —co” diagonal;

2. the “splitting” of the lower Schwarzschild semi-axis r = rs, t € (—o0,0] provides the space of
regions III and 1V,

3. the upper Schwarzschild semi-axis r = rs, t € [0, +00) becomes the semi-axis that divides the
regions I and II, and its copy divides the regions IIT and IV.

The comparative examination of these two coordinates of the Schwarzschild geometry clearly

demonstrates that the mapping (t,7),>0 12, (u,v) is two-valued, i.e., that the Kruskal-Szekeres
picture is a double covering of the Schwarzschild picture.

This double covering implies that every spacetime region with the Schwarzschild geometry
there automatically must have an exact copy, and these two regions touch along the “r = rs,
t = —o0” diagonal in the Kruskal-Szekeres picture. By means of Figure 9.6(b), p. 350, we see that
in the Schwarzschild picture this means that the two copies of spacetime touch along the event
horizon, but only up to the coordinate time ¢t = 0. As the coordinates may be changed by arbitrary
general coordinate transformations [ Definition 9.1 on p.319], the time t = 0 of course has
no invariant meaning and the moment when the two spacetime regions separate depends on the
choice of the observer; the text [367] shows the detailed history of this process from the vantage
point of two different observers.

Since arth(x) = tanh !(x) = Yo (£)%*1, in regions I and III and for sufficiently large
but fixed u., we have that t(u,) ~ 2rs v, and the Kruskal-Szekeres coordinate v approximates
the Schwarzschild time ¢. Thus, the Schwarzschlld simultaneous points in Kruskal-Szekeres Fig-
ure 9.6(c), p.350, all lie on predominantly horizontal and approximately straight lines when
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“sufficiently deep” within the regions I and III;?° in passing through the regions II and IV, these
Schwarzschild-simultaneous points are depicted by the nonlinear curves in the Kruskal-Szekeres
coordinates.

Figure 9.6 (c), p. 350, then clearly indicates that this depicts a dynamical process where, from
the vantage point of a fixed observer outside the event horizon, a “bridge” (or tunnel) appears that
connects the spacetime regions I and III. This process was discovered by Albert Einstein and Nathan
Rosen in 1935, hence its name. However, only in 1962 did John A. Wheeler and Robert W. Fuller
discover that this bridge is in fact an unstable configuration and that neither material objects
nor light can pass through it. Because of this impassability and topological form S? x R! that is
a 3-dimensional generalization of the cylinder (S! x R'), these configurations became known as
wormholes.

> ) Two separate “sides” of a black hole, one side
seen from region I, the other from region III.

O
. observer H The Einstein—Rosen bridge closes.

o, e Einstein—Rosen bridge begins to close;

AF ) The Einstein-Rosen bridge begi 1

regions I and III are still spatially connected.

) @:ﬂ (D The Einstein-Rosen bridge is maximally open.

) The Einstein—Rosen bridge is partially open;
regions I and III are spatially connected.

H The Einstein—-Rosen bridge is about to open.

) Two separate “sides” of a black hole, one side
seen from region I, the other from region III.

Figure 9.7 The Einstein—Rosen “bridge” as a dynamical process. The (= time) v coordinate distance
between the lower (earlier) and upper (later) singularity has no physical meaning: Particles directed
towards the “bridge” end up in the upper (future) singularity: massive particles follow the path depicted
by the solid line, light follows the dashed one. The physically accessible regions I and III meet only at
the Kruskal-Szekeres coordinate origin, usually thought of as the circumference of the “throat” of the
bridge.

Figure 9.7 shows the Schwarzschild geometry in the Kruskal-Szekeres coordinates, where
the Schwarzschild-simultaneous hypersurfaces are depicted as predominantly horizontal lines,
which indicate to the right the status of the Einstein—Rosen bridge by a sketch of its cross-section.
The lines ¥ that connect the regions I and III through the Einstein—Rosen bridge always have
a spatial character, i.e., tangent 4-vectors V € Tx(%) along these lines (x € %) are space-like,
gu(x)VI(x)VV(x) > 0 for every x € . The diagram in Figure 9.7 shows that not even light rays —
in the Kruskal-Szekeres coordinate system, light travels along straight 45° lines — can reach either
from the inside of region I into the inside of region III, or the other way. The same is true of real,
massive particles.

Only light rays that are entirely within the event horizon (diagonal lines that intersect in the
center of the diagram in Figure 9.7) pass from the boundary of region I into the boundary of region

25 Recall that the angular coordinates 6 and ¢ are not depicted in the diagrams in Figure 9.6 on p. 350, so every point
represents an entire sphere of indicated radius, and every line is then a 3-dimensional space of the R! x $? topology,
where the radius of the sphere S? varies along the line R, collapsing to a point only where this line R! touches the
singularity.
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III and the other way around. However, these paths (of light-like character) are forever trapped in
the event horizon.

Conclusion 9.11 In spite of the existence of spatial connections (by paths to which all tan-
gent vectors are of spatial character) between regions I and III, the Einstein-Rosen “bridge”
is forever closed for real particles (which travel along paths of time-like character), including
here light and all other gauge fields.

Comment 9.5 The Einstein-Rosen bridge, however, is not closed to virtual particles.
This in principle permits an interference of wave-functions that permeate through the
Einstein—Rosen bridge, and provides a form of Aharonov-Bohm effect: The spacetime for
Feynman-esque integration over paths (histories) [ Procedure 11.1 on p. 416] is multiply
connected and connects otherwise unreachable portions of the universe.

Notice that the topology of spacetime is necessarily a dynamical concept since one of the
dimensions is time-like. Abstractly, the 4-dimensional mathematical space of the physical spacetime
is multiply connected, and the bridge is “always” present. However, the simultaneous points for
any real physical observer, F, form a 3-dimensional subspace, 7;, of space-like character, so
that all tangent vectors V € Tx(Zr;) to this subspace (for each x € ) are space-like 4-vectors:
Su(x)VF(x)V(x) > 0 for every x € ;. As the time t of the physical observer F passes, the
topology of this subspace &r; varies, as sketched in the right-hand half of Figure 9.7 on p. 352.
In the example of the Einstein—Rosen “bridge” in the Schwarzschild geometry, the two separated
regions of space:

1. have a black hole each;

2. these two black holes connect in a moment;

3. the connection of these black holes opens into a space-like “bridge” (wormhole) of the
$% x R! topology;

4. this “bridge” closes before even light can pass through it;

5. there remain two separated regions, with a black hole each.

It can, however, not be overstated that every real physical observer, F, can see only the events that
can signal F from the interior of the “past” light cone ‘Kﬁt, the vertex (“here, now”) of which is in
the spacetime point xr ;. Figure 9.7 on p. 352 then makes it clear that no real physical observer can
even see through an Einstein—Rosen bridge. Owing to the somewhat “instantaneous” nature of the
Einstein—Rosen bridge, it vaguely recalls the instantons mentioned in Chapter 6 and the tunneling
through them; see Footnote 16 on p. 248.

Stabilization of traversable wormholes

Recall that the Schwarzschild geometry solves the Einstein equations without an energy-
momentum tensor density on the right-hand side. The above description of the Einstein—Rosen
“bridge” shows that even the topology and geometry of otherwise empty spacetime may be highly
nontrivial.

The geodesically complete picture of the Schwarzschild geometry [# Figures 9.6 on p. 350
and 9.7 on p.352] indicates that the Einstein equations have solutions where the spacetime is
topologically nontrivial. Namely, the regions I and III may be either regions in otherwise separate
universes, or regions in the same universe, which are however arbitrarily far from one another as
measured along any path that does not pass through the Einstein—Rosen “bridge.” Concretely, sup-
pose in a given moment one such “bridge” opens temporarily between a black hole near Earth and
some black hole in this same spacetime, but in the Andromeda Galaxy. In this case our spacetime
would become multiply connected, and the space would become momentarily multiply connected,
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as there exist closed paths that do pass through that “bridge” from Earth to Andromeda, and then
return to Earth along a (much) longer way. In the moment when such a path (space-like, for the
Einstein—-Rosen “bridge” is impassable) exists, such a path cannot be continuously shrunk to a
point. Alternatively, such a path is not the boundary of any surface that is entirely contained in the
given spacetime.

This topological property is identical to the property of the surface of a torus, which contains
closed paths that traverse the “big” or the “small” circle at least once, so they cannot be continu-
ously deformed into a point. In contrast to such non-contractible paths, there also exist of course
closed paths that are the boundaries of surfaces that are completely contained in the given space,
and which then may be continuously contracted to a point. Thus “topologically” seen, the surface
of a torus is equivalent to the surface of a 2-sphere to which was added a cylindrical “handle”
(wormhole), as shown in Figure 9.8.

\Y
\
\

2

Figure 9.8 The torus surface with three topologically distinct closed paths: Neither A nor B can be
continuously deformed into a point as can be done with the path C. Besides, the path A cannot be
continuously deformed into the path B. The same holds for the “sphere with a handle” to the right,
which is topologically equivalent to the torus.

In turn, that multiple connectedness — for real particles, fields and objects — has no practical
meaning as the Einstein—Rosen “bridge” is impassable for them.

It is then reasonable to ask if there may exist some deformation of the Schwarzschild (or
similar) geometry in which some such bridge between otherwise distant spacetime regions could
exist and which would be traversable by real particles, fields and objects.

The metric tensor that exactly describes such a geometry evidently must have elements that
are at least quadratic functions of at least some spatial coordinates, so that the spacetime solution
would have two “branches,” i.e., “sheets,” which would then be connected by a tunnel, and so
that in an adequate geodesically complete spacetime diagram (such as the Kruskal-Szekeres dia-
gram for the Schwarzschild geometry) the otherwise separated regions of spacetime are connected
through that tunnel by time-like paths. For solutions of this type the popular name “wormhole”
was kept, but unlike the Einstein—-Rosen space-like “bridge,” these time-like wormholes are named
Lorentzian wormholes [541, 543].

The simplest example is provided by the metric tensor

ds® = —c?df? + de? + (K2 4%) (d6? + sin®(0)dg?), (9.99)

where r = +vk2+¢2 is the “true” radial coordinate, and k > 0 is a constant. For this metric tensor
one computes the Einstein tensor, in spherical coordinates:

2
sdiag[—c?, —1, (K2 +£2), (kK*+£%) sin*(0)]. (9.100)

k
[GPW = Ryy — %gWR] = m
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The Einstein equations then equate this tensor with the energy-momentum tensor density of the
matter/energy that is necessary at the connection of the two “branches” of the solution to maintain
this geometry.

This use of the Einstein equations is identical to the use of the Gauss—Ampere equations in
electrodynamics. There, the spherically symmetric electric field, for example, with a magnitude
that decays as 1/r% implies that there must exist an electric charge at the coordinate origin that
maintains this field.

As the physical meaning of the T;; component of the energy—-momentum tensor density is the
usual matter/energy density (including all non-gravitational fields), and T, is the radial pressure
of this matter density, we see that the energy—-momentum tensor density that is being equated with
the result (9.100) must represent a very unusual matter/energy: both its density and its radial
pressure are negative. However, in the original paper in 1989, Matt Visser [541] pointed out that
there do exist physical systems that have been realized in laboratories, such as for the Casimir
effect, and which exhibit at least some of these exotic properties. Later research in this respect
discovered several other physical systems, the combinations of which could - in principle — be
used to open and stabilize such Lorentz wormholes.

The fact that the matter/energy that maintains a traversable wormhole must have exotic
properties follows from the simple insight [519]: When light enters a traversable wormhole, the
rays are being focused towards a fictitious center, following the spacetime curvature caused by the
gravitational effect of the energy/matter that maintains the wormhole traversable. The incoming
rays therefore behave precisely as if they are gravitationally focused by the gravitational field of
a massive object. In turn, when the light comes out on the “other side” of a traversable worm-
hole, the rays must be emanating as if they were welling from a center, following the spacetime
curvature caused by the gravitational effects of the energy/matter that maintains the wormhole
traversable. Effectively, these rays are then refracted by the gravitational field, indicating that the
matter/energy density that maintains the wormhole traversable must be less than the density of
empty, flat spacetime, i.e., must be negative.

The interested Reader should consult Refs. [546, 544] for additional examples and literature.

9.3.5 Exercises for Section 9.3
N 9.3.1 Verify that the substitutions (9.77) eliminate the cosmological constant from the

equations (9.76).

N 9.3.2 Adapting the relation (9.94), specify the proportion of cosmological constant and co-
rotating perfect fluid that can emulate (a) dark energy, (b) quintessence, and (c) phantom
energy.

% 9.3.3 Estimate the energy conditions (9.95) for (a) dark energy, (b) quintessence, (c) cos-
mological constant, and (d) phantom energy.

% 9.3.4 Determine which of the energy conditions (9.95) are violated by the matter/energy
distribution required to support the Lorentzian wormhole (9.100).






Supersymmetry: boson-fermion
unification

The previous chapters, and foremost Chapter 8, show that the development of fundamental physics
is inherently based on the idea of unification, and in three related but distinct ways [= Conclu-
sion 8.1 on p. 300]. However, one aspect remains in which the objects in fundamental physics, as
discussed so far, remain separated:

1. The basic building blocks of matter — quarks and leptons — have spin 3/ and so are fermions:
they are subject to Pauli’s exclusion principle (no two fermions can coexist in the same state)
and an ensemble of fermions obeys the Fermi-Dirac statistics.

2. Interaction mediators — gauge and Higgs’ fields — have integral spin and so are bosons:
not subject to Pauli’s exclusion principle, their ensemble obeys the Bose-Einstein statistics;
infinitely many bosons in the same state form a Bose condensate.

Digression 10.1 The following parallel practically suggests itself:

1. Subject to Pauli’s exclusion principle, two fermions cannot be simultaneously
in the same quantum state, i.e., “in the same place” in the Hilbert space — just
as in classical physics two material objects cannot be simultaneously in the
same place in the real space.

2. Not subject to Pauli’s exclusion principle, two bosons can be simultaneously
in the same quantum state, i.e., “in the same place” in the Hilbert space — just
as in classical physics two interaction fields can be simultaneously in the same
place in the real space.

Also, matter (substance) elementary particles are fermions, and mediating elementary
particles of interaction fields are bosons [#= Table 2.3 on p. 67]. As if, by extending clas-
sical physics into quantum, we transported the “events” of physics from spacetime into
the Hilbert space.

T Recall Conclusion 7.4 on p. 265: Higgs bosons mediate the interaction of other particles with the true vacuum.
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This chapter offers a brief review of the only possible way to bridge this last divide: the sym-
metry transformations that change bosons into fermions and back. The so-extended symmetries of
spacetime are called supersymmetries.

The mathematical structure of supersymmetry is a kind of superalgebras, i.e., of supergroups,
which are abstract algebraic structures that mathematicians have studied since the 1960s. The
special property of supersymmetries among superalgebras is that they contain the Poincaré alge-
bra (i.e., group) in flat spacetime, as well as the corresponding generalization for anti de Sitter
spacetime? or with so-called conformal symmetry. In 1971, Yuri A. Gol'fand and Evgeny Likhtman
discovered that supersymmetry [t Section 10.3] helps in dealing with divergences and renormal-
ization computations in field theory. Besides the conceptual importance, the aim of this chapter
is then also to show this practical aspect of supersymmetry application. The interested Reader is,
besides texts and monographs in physics [189, 387, 562, 560, 129, 76, 344, 308, 556, 516, 8] and
mathematics [178, 125, 535, 4611, also directed to the on-line sources [144, 351, 356, 60, 19];
finally, Refs. [115, 186] give a detailed review of the effects and application of supersymmetry in
quantum mechanics.

v —

Supersymmetry that will be considered here is a global, i.e., rigid symmetry: the symmetry transfor-
mation parameters [= definition (10.62)] are constants over all spacetime. Of course, there also
exists a gauge generalization of supersymmetry, where the supersymmetry transformation param-
eters are free functions over spacetime, in perfect analogy with the procedure in Section 5.1. Such
a gauge, i.e., local supersymmetry, turns out necessarily to include gravitation, as well as interac-
tions that are mediated by spin-% gravitinos, the superpartners of spin-2 gravitons. The structure
of these models is a fascinating unification of gravitation and the gravitons with particles of lower
spin — including gauge 4-vectors, Dirac fermions and scalars, but is also technically much more
demanding than the material covered so far, so the interested Reader is directed to the abundant
literature, and especially to the textbooks [189, 562, 560, 76]. Besides, it turns out that these
“supergravity” models are — by themselves — neither renormalizable nor can they include all the
delicate details of the Standard Model without extension within superstring theory, which will be
reviewed in Chapter 11.

10.1 The linear harmonic oscillator and its extensions

Before delving into a review of concrete applications of supersymmetry in field theory and elemen-
tary particle physics, consider the appearance of supersymmetry in one of the simplest and most
familiar quantum-mechanical systems, in the supersymmetric extension of the linear harmonic
oscillator.

10.1.1 The harmonic oscillator
The linear harmonic oscillator is very well known and studied in full within every quantum me-
chanics course, so we recall only the basic relations, to set up the notation. With the standard
notation

[A,B] := AB—BA and {A,B}:= AB+BA, (10.1)

2 The generalization of empty spacetime when the cosmological constant is positive (as is the case with the real spacetime
in which we live) is called de Sitter geometry, whereas the empty spacetime with a negative cosmological constant is
called anti de Sitter geometry [/ relations (9.81)]. Supersymmetry turns out not to be definable in spacetimes with
de Sitter geometry (A > 0). Thus, the value of the cosmological constant is an indirect measure of supersymmetry
breaking, if the fundamental description of Nature indeed is supersymmetric.
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in the “excitation representation,” we have

Hipo = %hw{a*,a} = hw(a+a+ D, [a, a*} =1; (10.2a)
Hino = { n) s (nn) = 8y, Yon)n| =1, nn' €0,1,2,... } (10.2b)
n
aln) = /n|ln-1), atln) =vn+1jn+1), (10.20)
as well as
Himo|n) = Ey|n), E, =hw(n+1}). (10.2d)

The ground state, |0) is characterized by the fact that
|0) : a0)=0 and Eg= ihw #0. (10.3)

The Hilbert space (10.2b) is sketched in Figure 10.1(a), on p. 362. Since every observable physical
quantity F for the linear harmonic oscillator may be expressed as a function of operators a, a',

[ why?] the relations (10.2a) and (10.2¢) suffice to compute every matrix element (1’ |ﬁ |n):

g

p.q=0

NpqOu—pn—q q<nandp<n',

cpala VP, 0GP = { |

otherwise,
(10.4a)

Npq = \/"(n—l) - (n=g+1) (n—q+1) (n—q+2) - - - (n—q-+p). (10.4b)

q p
The linear harmonic oscillator is said to be completely solved.

10.1.2 The fermionic extension
Now extend the oscillator (10.2) with a degree of freedom represented by the operators b, b',
which obey

{bb'} =1 and {bb} =0={b',b'} = P =0=0b"7, (10.5)
[a,b] =0, [ab']=0, [a/,b]=0, [af,b']=0, (10.6)

and where the Hamiltonian for the extended system is
Huor = shw{a', a} + n@[b’,b) = n(wa'a+@b'b) + in(w — @). (10.7)

Just as in the well-known algebraic analysis of the linear harmonic oscillator, suppose that
the operator btb (as it occurs in the Hamiltonian) has eigenstates

bth ‘V>f _ 1/|1/>f_ (10.8)
Then,
bt (1 —v)|v)s = (1—v)(b'v)y),
Bt ) = BT — bTh :{ 10.9
e B T Y S A

computed in two different ways, produces the relation (1—v)b'|v) F= bt |v) - Thatis, v bt |v) F=0,
so that
either b+\1/>f =0, or v=0 and b+|0>f o 1) (10.10)
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Similarly,
b' b2 bln) =0, =0,
b'b(blv)s) = = ) (10.11)
(1—=bb")blv)f = b(1—b"b)|v)s = b(1—v)|v)s = (1-v)(blv)s),
computed in two different ways, produces the relation (1-v)blv) ¢ = 0. Thus,
either blv)f =0, or v=1 and b|1)f & [0). (10.12)
Consistently with these results, we have that
bl0)f =0,  b'(0)f=[1);,  blI);=0),  b'[1);=0. (10.13)
We define for the extended system:
|n,v) := |n)®|v>f, n=20,123,..., v=0,1, (10.14a)
which defines the b, b'-extended Hilbert space:
ot = { vy« (n,vlm,p) = 6pmbypu, Y In,v)(n,v] =1 }, (10.14b)
nv
where n,n’ =0,1,2,3... and v,v’ = 0,1, and where the energy levels are given as
Hinot |1, V) = Eny|n,v), Eny =hlwn+1)+a(v—1)]. (10.14¢)
The energy of the ground state, |0,0), is
Eo,o = %Tl ((U — CD) (10.15)

Since n = 0,1,2,3..., it follows that the a'-excitations of the familiar linear harmonic oscillator
are not limited by Pauli’s exclusion principle, and so are identified as bosonic excitations/particles.
Since v = 0,1, it follows that the (single possible) b'-excitation does obey Pauli’s exclusion princi-
ple, and so is identified as a fermionic excitation/particle with which the linear harmonic oscillator
is extended.

The Hilbert space of this fermion-extended linear harmonic oscillator is sketched in Fig-
ure 10.1(b), where the white nodes represent bosonic states and the black ones are fermionic
states. In that figure, w is chosen to be equal to ¢w, so that the difference in the energies of the
ground state and the first fermionic excitation, |0,1), is ¢ of the energy gap between the ground
state and the first bosonic excitation, |1,0).

Digression 10.2 By the way, there exist two distinct conventions for Hermitian conjuga-
tion:

1. the physicists’ rule [189, 76], where (XY)' = Y*TX" regardless whether “X”
and “Y” are commuting or anticommuting objects;

2. the mathematicians’ rule [178, 124], where (XY)" = (—1)7(X)7(M)y*x*t and
where 77(X) = 0 for commuting X and 77(X) = 1 for anticommuting X.
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These rules coincide except for anticommuting (fermionic) objects, xi = —px:
physicists’ rule:  (px)t = +xto’, = —pTx T, (10.16a)
mathematicians’ rule:  (yx)" = —xT¢t, = +ofx". (10.16b)

The product of two real fermions is imaginary by the physicists’ rule, but real by the
mathematicians’ rule. Herein, we adopt the physicists’ practice and rule.

10.1.3 The supersymmetric oscillator

With the operators a, a’, b and b', we define the bilinear operators (b'a) and (a'b), for which we
compute

[Hyot, bta] = 11(@ — w)b'a, [Hyos,a b = 1i(w — @)a'b, (10.17)
{a*b, b*a} =a'a+b'p. (10.18)

This shows that the choice & — w gives a special case, where the operators
H:= an)(a*a—{— b+b), Q:=V2hwa'sp, Q= V2hwb'a, (10.19)
define the so-called supersymmetry algebra, for which
{@",Q} =2H, [H,Q]=0=[H,Q" (10.20)

are the defining relations. The last two relations show that the operators Q and Q' generate sym-

metries of this specially tuned (w0 — w) fermion-extended oscillator. The first relation identifies

the operators Q and Q' as square-roots of this specially tuned fermion-extended Hamiltonian H.
Finally, we compute

aQtin+1,0) = \/2hw(n+1)|n,1), and  Q|n,1) = y/2hw(n+1)|n+1,0), (10.21)

1at, Q}n,v) = Hn,v) = hw(n+v)|n,v), (10.22)
so that

Eyy = hw(n+v). (10.23)

Thus, for every n =0,1,2,3..., the states |n+1,0) and |n, 1) form a degenerate pair of states that
the operators Q and Q' map one into another, as is shown in Figure 10.1(c).

It is now clear that the ground state, |0,0), is the only non-degenerate state and that it has a
vanishing energy; the spectrum in Figure 10.1(c) fully exhausts the Hilbert space (10.14b) for this
specially tuned (w = w) extended harmonic oscillator. The action of the operators Q, Q' on the
Hilbert space (10.14b) is manifestly a symmetry. With respect to this symmetry, only the ground
state |0,0) is invariant, while for every n = 1,2,3..., (|n+1,0);|n,1)) is a boson—fermion pair of
superpartner states, a so-called supermultiplet.

Definition 10.1 A symmetry is called supersymmetry if (1) it maps bosonic states into
fermionic ones and vice versa, and (2) it is generated by operators Q and Q' the anticom-
mutator of which contains the Hamiltonian H of the system.
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E ot
—hwﬁ |4) ~ En,v(i =

Ni(3w— 1) [4,0)

o & |3) ni;wmc 3.1) 4nwo.(\4,0>;|371>)
shw : B N

; &S f2) hf(fé(;]c:f:g)cblsg?m 3nwo.(\3,0>;|2.,1>)
5w s~

Shwo [1) ff(zi(?wfz%)c'p’(i?n QTWOO(‘ZO>; )
;ﬁw 0) I;zﬁwﬁ?)c.uj%%l) nwc (J1.0):]0.1))
2 j?0 (a) %h(w_w) --0'0’0> (b) © lo(Jo0) —)

Figure 10.1 A sketch of Hilbert spaces: (a) the linear harmonic oscillator, (b) its fermionic extension
with @ ~ %w, (c) its supersymmetric fermionic extension.

Digression 10.3 The dimensions (units) of the quantum-mechanical supersymmetry
generator follow directly from relations (10.20), and are given as [Q] = @

The system described by the creation and annihilation operators, af, b' and a, b respectively,
for which the (anti)commutation relations (10.2a) and (10.5)—(10.6) hold and the Hamiltonian is
specified by the first of equations (10.19), is the supersymmetric harmonic oscillator. In the general
case the states are represented by wave-functions, which are functions of time and of the general
form:

$(t) := L n(t)[1,0), and Y(t) 3= L pu(t)[n—1,1),

= T n(H2210,0), = 205 10,0), (10.24)

where ¢(t) is a bosonic state and ¢(t) a fermionic one. Let # and .# be the vector spaces spanned
by bosonic and fermionic wave-functions, respectively. Then the operators Q and Q' map

e Q' : {Z‘Pn \no} = {2% )n—1, 1} (10.25)

except for the ground state, |0,0), which both @ and Q' annihilate. The ground state thus forms the
kernel of the supersymmetry mapping (10.25) [== the lexicon entry for “kernel,” in Appendix B.1].
Since the mapping Q & Q' acts both ways, the kernel could — in general — have both a bosonic and
a fermionic component, so the precise statement is that

{¢0(£)]0,0)} = ker(Q@® Q") N %. (10.26)

The function ¢o()]0,0), as a special mode in the expansion (10.24), is often referred to as the
“zero mode.”

In the general supersymmetric case® it is possible that the mapping (10.25) has both bosonic
and fermionic components in the kernel, i.e., it is possible that there exist nz bosonic and #n;
fermionic states that are annihilated by both Q@ and Q. With such a generalization in mind, we
have:

3 A quantum-mechanical system with the general Hamiltonian for which there exist adequately general operators Q and
Q" so that the relations (10.20) hold is supersymmetric [8= Refs. [115, 186] for a classification and examples].
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Definition 10.2 (the Witten index) For a quantum-mechanical system with a Hamiltonian H
and a Hermitian-conjugate pair of operators (Q, Q") that satisfy the relations (10.20), define

Iy ‘= N — Ng (the Witten index), (10.27)
1y = dim(ker(Q ®ahn %), 1y = dim(ker(o@ ahn ﬂ) (10.28)

where # and % are the vector spaces of bosonic and fermionic states, so that the Hilbert
space of the system is # = Z® Z, and (Q Q') : B S F.

In 1981, Edward Witten showed that this index — by definition integral — can change only with
radical changes in the Hamiltonian, such as the radical change in the potential from the harmonic
%mgbz to the anharmonic %Agb“. For example, if the potential is given as

V(p) = L(mp+A¢p?)?, with |m], |A|<oo, (10.29)

the Witten index continues to have the constant value (4y = 2) for arbitrary finite values of the
parameter m while A # 0. The value of the index changes discontinuously (into 1y = 1) in the
parameter subspace where A = 0. The Witten index is similarly constant with almost all continuous
changes in parameters such as the parameters in the Lagrangian density (7.9). Using this stability,
Witten proved the theorem within field theory [573]:

Theorem 10.1 (Witten) Supersymmetry may be broken spontaneously only if 1,y =0. Con-
versely, supersymmetry must remain an exact symmetry while 1,y # 0.

This theorem then automatically also holds within quantum mechanics (adequate for this section),
and within statistical physics.

That is, the Witten index 1 is an obstruction for supersymmetry breaking. By definition in-
tegral, 1,y cannot change continuously with continuous changes in parameters and so can change
only abruptly. This property makes the Witten index one of the first examples of quasi-topological
invariants in physics, after Dirac’s quantization of the magnetic monopole (5.98) charges. How-
ever, the relationship between the Witten index and (super)symmetry breaking is definitely the
first example where such an invariant plays the role of an obstruction for a physical process such
as the breaking of a symmetry and the accompanying phase transition.

Digression 10.4 It proves useful to list the parameters of a model, then designate the sub-
spaces of this parameter space according to the values of the Witten index; this produces
the first, rough sketch of the phase diagram for the system.

If the parameter space has at least two subspaces (two phases), each labeled by “its”
value of the Witten index, then a change of the parameters that moves from one into the
other subspace describes a phase transition. In a phase transition, the Hilbert space of
the model changes radically: if we treat the potential (10.29) quantum mechanically, so
¢ = ¢(t), the radical change is seen from the fact that:

1. For A # 0, the Hilbert space .77} ( consists of wave-functions that must decay
asymptotically as exp{—a|¢[3}, for ¢ — F-o0 and a suitable a > 0.

2. For A = 0, the Hilbert space J#,_ consists of wave-functions that must decay
asymptotically as exp{—pB|¢|*}, for ¢ — oo and a suitable g > 0.
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Since exp{—«|¢|>} decays faster than exp{—pB|¢|*}, then 7%} o C 7 o, and the Hilbert
space over the generic part of the parameter space (where A # 0) is thus more limited
than the Hilbert space over the special subspace where A = 0, and where the Hilbert
space is strictly larger.

10.1.4 Exercises for Section 10.1

% 10.1.1 Compute the results (10.4).

% 10.1.2 Find an alternative to equation (10.13), or prove that this is the only possibility.
% 10.1.3 Using the definitions (10.19), compute equations (10.20).

% 10.1.4 Compute equation (10.23).

% 10.1.5 Verify (or disprove) the claims made in Digression 10.4.

10.2 Supersymmetry in descriptions of Nature

The previous section introduced and defined supersymmetry as a symmetry of a very simple model,
which may perhaps appear to be an artificial toy, an abstract example that is not applicable in the
“real world.” However, the early history of the discovery and application of supersymmetry is a
meandering and branching story that indicates both a wide applicability, as well as the fact that
many ideas in physics are conceived of in one area, but are then applied more successfully and
notably in another area. Something like that was already seen in the telegraphic review of the
discovery of spontaneous symmetry breaking, on p. 252.

10.2.1 Applications of supersymmetry

While supersymmetry in fundamental physics is still awaiting experimental confirmation [182],
this fermion-boson symmetry has found rather successful applications elsewhere. In fact, novel
applications of supersymmetry are still being discovered, so that this review is, at best, a starting
point for the interested Reader.

Supersymmetry and hadrons Already in 1966-8, Hironari Miyazawa had discovered the (approx-
imate) boson—fermion symmetry as a formal mapping between mesons (bosons) and baryons
(fermions). Miyazawa’s approach required the use of the su(6|21) superalgebra, which was a very
unfamiliar structure at the time, and this phenomenological approach did not gain much accep-
tance. Recall Pauli’s denigrating stance towards group theory and its methods [= p.150], which
remained well-entrenched until Gell-Mann and Ne’emann used SU(3)y in hadron classification —
seven or eight years after Miyazawa! Much later, it turned out [ e.g., Ref. [100]] that Miyzawa’s
approach together with the quark model (which was accepted only several years after Miyazawa’s
work) yields quite good results, and is useful in hadron phenomenology.

Supersymmetry and strings In 1971, Jean-Loup Gervais and Bunji Sakita [549] discovered the
boson—fermion symmetry in fermionic string theories, which is actually a superconformal sym-
metry — a combination of supersymmetry and conformal symmetry. At the time, string theory
competed with the quark model in attempting to describe hadrons and strong interactions. As the
quark model soon (1973-4) proved to be superior in describing hadrons and strong interactions,
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this application of supersymmetry also fell by the wayside until 1984, when (super)string theory
was revived as a theory of fundamental physics, and not of hadronic bound states [#= Chapter 11].

Supersymmetry and field theory In the same year, 1971, Yuri A. Gol’fand and Evgeny Likhtman dis-
covered that the use of supersymmetry in field theory removes a large number of divergent results
and markedly simplifies (and sometimes even trivializes) the problem of renormalization [== Sec-
tions 5.3.3 and 6.2.4]. Similar conclusions were soon — and independently — published by Dmytro
V. Volkov and V. P. Akulov, in 1972, as well as Julius Wess and Bruno Zumino in 1974. Also in 1974,
Abdus Salam and John A. Strathdee introduced the notion of superspace as a supersymmetric exten-
sion of spacetime, and superfield as fields defined over superspace, and which contain both bosonic
and fermionic fields as components. These ideas soon generated significant interest, and in less
than ten years, Marcus Grisaru, S. James Gates, Jr., Martin Ro¢ek and Warren Siegel had already
published the first textbook on supersymmetry, superspace, superfields and supergravity [1897];
for more details and topically organized original references, see Ref. [76].

Supersymmetry and nuclear structure On the other, phenomenological side, supersymmetry is used
also in the analysis of nuclear structure; see Ref. [364] for experimental confirmation, a recent arti-
cle [185], the review [399] and references therein. Indeed, atomic nuclei of adjacent isotopes and
elements, which differ only in one neutron or proton, may be treated as superpartners: Suppose a
particular atomic nucleus 4 X has an even atomic number (the number of protons and neutrons to-
gether) and so is a boson. Then the nuclei that have one neutron more or less, %} X’, or one proton
more or less, 4%} X", are fermions. The formal boson-fermion (supersymmetric) transformations

A+lel
)
XY S 4X S ANXT (10.30)
1
Alexl

may all be used to predict the structure and the energy levels of the #*}X’ and %3] X” nuclei,
starting with the known properties of the 4 X nucleus. This approximate supersymmetry may even
be used for estimating information about nuclei that in comparison to a well-known 4 X nucleus
have both an additional proton and an additional neutron, 433 X""" [401], which fit in the corners of
the diagram (10.30), as well as the so-called hypernuclei, which are short-lived nuclei that captured
a Al baryon [400] and which extend the diagram (10.30) in a third dimension. This application
of supersymmetry is similar to Gell-Mann’s application of SU(3) algebra in classifying hadrons.

Supersymmetry as an approximate, phenomenological symmetry Supersymmetry may be applied
in a similar, approximate and phenomenological fashion wherever bosonic states clearly differ from
fermionic but have (approximately) the same energy [#= Theorem 10.3 on p. 369 and Eq. (10.20)],
and where the process by which a bosonic state may be transformed into a fermionic one and back
is easy to identify. The simplest example in atomic physics would be the simple ionization of any
neutral atom. Indeed,

1. a neutral atom has A+Z spin—% particles: Z protons, (A—Z) neutrons and Z electrons;
2. simple ionization removes a single electron, leaving the atom with one fewer electrons.

If A+Z is even, the original neutral atom was a boson, and the once-ionized atom is a fermion,
and vice versa. In any case, the ionization process turns a bosonic state into a fermionic one or the
other way around. The same holds for molecules, and the question is only whether the application
of supersymmetry may help to discover anything new about these relatively well studied systems.
Leaving this to the interested Reader, we return to the supersymmetry in field theory and as a
possible fundamental symmetry.
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Supersymmetry in lower-dimensional systems By far the majority of the real physical systems ex-
tend through all three dimensions of real space. However, there do exist physical systems that may
be regarded, to a good approximation, as 2-dimensional (such as the monolayer systems in solid
state physics: crystals and materials that consists of mostly a single layer of atoms, molecules or
ions) or even just 1-dimensional (such as the enormously long molecules of DNA in biophysics).

Supersymmetry may, of course, also be discovered in such systems, as is the case with the
monolayer system of graphene, where supersymmetry and the Witten index successfully describe
the appearance of the unconventional quantum Hall effect; see, e.g., the articles [402, 153, 5, 408,
347] as well as the references cited therein.

Three levels of fundamental physics Even in fundamental physics, supersymmetry [s= Defini-
tion 10.1 on p.361] may occur in either of the three very different (albeit closely related) levels;
see also Section 11.2 for a slightly different layering of the (super)string theoretical system, and
so also the layered appearance and application of supersymmetry. These are:

1. The description of the physical system itself — whether in the classical Hamiltonian
formalism, or in the formalism of quantum mechanics or field theory — in the real
(3 + 1)-dimensional spacetime. If supersymmetric, the list of supersymmetry generators
contain the Hamiltonian density for the given physical system, and also the linear mo-
mentum densities. The algebra of operators that are assigned to these physical quantities
is then given by relations that contain the algebra (10.20), but are typically rather more
complicated (10.63).

2. In analyzing any physical system, the dynamics and the evolution in time are important,
and the so-called dimensional reduction to the worldline offers a frequently used approach
to analysis. In this approach, for every physical quantity:#

(a) First neglect the dependence on spatial coordinates, and treat the result as a (relativistic
or non-relativistic, as needed) quantum-mechanical system.

(b) All symmetries of the higher-dimensional theory remain to be symmetries of the dimen-
sionally reduced quantum-mechanical “shadow,” but the dynamics of the 1-dimensional
system — and of the supersymmetry algebra (10.20) or (10.31) too — is simpler to
analyze.

(c) A dynamical solution to the 1-dimensional system and its symmetries (which con-
tain the “shadows” of the Lorentz symmetries of the original higher-dimensional
system) are used to reconstruct a corresponding dynamical solution to the original
higher-dimensional system.

3. In the Schrodinger picture, every quantum description of any model has a Hilbert space
of state functions (or state operators), upon which the Hamiltonian of the system has an
induced action. If the system has a supersymmetry, it then manifests as an (induced) su-
persymmetry in the Hilbert space. Owing to the separate role of time in the Schrédinger
picture, this supersymmetry always has the 1-dimensional algebra (10.31).

Conclusion 10.1 Every supersymmetric model always contains an inherently 1-dimensional
(induced) supersymmetry (10.31) in the Hilbert space, which is physically distinct from
the dimensional reduction in the second item of the above list, even if they turn out to be
mathematically isomorphic. See also Digression 10.1 on p. 357.

4 Although many researchers intuitively use this conceptual approach, to the best of my knowledge, the first formal
description of this conceptual approach to the research program appeared in Ref. [197].
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10.2.2 Additional (super)symmetry
The introductory form of supersymmetry, given in relations (10.20), and Definition 10.1 on p. 361,
suggests some simple generalizations.

On one hand, it is evidently possible to find systems with several pairs of supersymmetry
generators, e.g., proton and neutron ones in supersymmetric models of nuclear structure; see the
diagram (10.30). Denote such replicas by Q;, Q"/, so that the defining relations (10.20) become

{aQ", Qi } =20'H, [H,Q]]=0=[H,QY], ij=12,...,N. (10.31)
Equivalently, it is possible to introduce a real basis

Q:=@+@7 and Quy:=i(@"-q), j=12,...,N, (10.32a)
{91,91}2251]H, [H, QI} =0, I,J]=1,2,...,2N, (10.32b)

and then generalize to a supersymmetric algebra (10.32b) with an odd number of real gener-
ators Qj. In this real (Hermitian) basis, QIZ = H holds, and Q; may literally be treated as
square-roots of the Hamiltonian. On the other hand, the supersymmetry algebra may be defined
starting with the relations (10.32b), including the case of an odd number of real operators Q;. The
supersymmetry (10.31)—(10.32) is referred to as “2N-extended supersymmetry.”

Superalgebras (10.31) and (10.32) may be further extended by adding bosonic operators
(with various possible actions upon the considered physical system), as well as by adding com-
mutation relations among these additional bosonic operators and the operators given by (10.31),
i.e., (10.32). For example, to the relations (10.32b) we may add a matrix of operators Zj;, so that
the relations (10.32b) are replaced with

{Ql! Q]}:25[IH+ZI]/ [Hr Ql]:O/ I/]:1r2r"'/2N/ (10-33)
where

Nzyy=0,  [Q1, zx]=0=[H, zy], |2y, Z.] =0, (10.34)

which represents a central extension of the superalgebra (10.32b). On the other hand, the last
group of commutation relations, [Z;, Zx;| = 0, may also be replaced by

(217, Zxe ] = fycc™™ Zun, (10.35)

so that the operators Z;; generate some nontrivial Lie algebra [== Appendix A]. The physical mean-
ing of some of the operators Z;; may well be spacetime (such as translations, rotations and Lorentz
boosts), in which case at least some of the commutators [H, Zjj] become non-vanishing. The re-
maining Z;;’s may generate “internal” symmetries such as the gauge symmetries corresponding to
changes in the phases of complex wave-functions, weak isospin and color in the Standard Model.

In the equations (10.33)-(10.35), it was assumed that [Z};] = [H] = MT—QZ, so that the coeffi-
cients fi; x.MN must have these same dimensions (units) — or be scaled by an appropriate constant

of such dimensions. In a concrete application, this may well need to be modified by introducing
appropriate constants (7, ¢, etc.) in these equations.

Extending this analysis to include fermionic (super)symmetry operators, and correspondingly
to superalgebras where the binary operation is the supercommutator:

XY 0 if X isaboson,
[X, Y} = XY — (-1 Y X, |X| = i . . (10.36)
1 if X isafermion.
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The general theory of algebraic structure imposes only the requirement that the various
(anti)commutation relations (10.20)—(10.35) be self-consistent, for which the verification of the
generalization of the Jacobi identities is necessary and sufficient:

0= [By,[Ba, Bs]] + [Ba, [Bs, B1]] + [Bs,[B1, Ba)], (10.37a)
0= [By, By, F5]] + [Ba, [F3, B1]] + [F3, [B1, Ba]], (10.37b)
0= {F,[F2,Bs]} + {Fo, [F1, B3]} + [Bs, {F1, F2}], (10.37¢)
0= [Fi,{F2 F3}] + [F2, {F3, F1}] + [F3, {F1, F2}], (10.37d)

where Bj, By, B3 are any three bosonic operators and F;, Fp, F3 are any three fermionic operators
from the considered superalgebra.

Digression 10.5 A superalgebra & is the generalization of the algebraic structure of alge-
bra, the elements of which are either even (bosonic) By, By, ... € &°, or odd (fermionic)
Fi,Fy,... € &', The binary “multiplication” operation is called the “supercommutator,”
denoted [ , }, such that:

[B1,By} :=[B1,B,] € &°, [By,Fi}:=[B1,F] €&, [F,F}:={F, F}ec&’

(10.38a)
The supersymmetry algebra is then specified by the defining relations
[Xa, Xp} = ifap" Xe, (10.39)
which define the Killing—Cartan metric tensor:
8ab *= fac” fod"- (10.40)

For example, in the supersymmetry algebra (10.32b), define Xy = H and X; = Q) where [ =
1,2,...,2N. Then

foo? = 0= foo, i’ =—ioy,  fo! =0=f%, (10.41)
so the complete Killing-Cartan metric tensor vanishes identically:

800 = foo® foo° + fox® foo* + foo" for® + fox™ for*=0, (10.42a)

307 = foo® f10° + fox® fro¥ + foo® f]iLO + foc X =0, (10.42b)

g17 = f10° f1o° + fi° fro¥ +fIOLf]7LO+fH<Lf]LK =0, (10.42¢)

where the only nonzero factors are underlined. This high level of degeneracy prevents an effective
application of standard (Lie-algebraic) methods of classification and study.

Also, representations of supersymmetry algebras are vector spaces of the form % & .#, where
% denotes the vector space of bosonic wave-functions and % is the vector space of fermionic
wave-functions, which the supersymmetry transformations map into each other, generalizing the
relation (10.25). Note that s = % ¢ Z is actually a complete Hilbert space for the consid-
ered model, and in supersymmetric theories one automatically and by definition considers the
(super)symmetries of this complete Hilbert space. Automatically, we obtain results of the form

(lFID) =0 = (fIFlf), (fIBI) =0=(fIBf), Vi) e®, VIf)eF,  (10.43)
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where B is any bosonic operator and F any fermionic operator; they are called super-selection
rules and hold in all models with supersymmetry. This result is consistent with the definition of
the “fermionic number,” which is 1 for all fermions (states, functions, operators, ...) and O for all
bosons. In products, this number is added, and it is defined modulo 2. Thus, e.g.,

F((b|Fb)) =F((b]) +F(F) +F(|b)) =0+1+0=1+#0, (10.44a)
F((fIFIf)) =F({f]) +F(F) +F(|f)) =1+1+1=3~1(mod2), #0, (10.44b)

and so on. It turns out that this “fermionic number” may be defined consistently in spacetimes
of all dimensions, and that it differentiates spinorial from tensorial representations of the Lorentz
group. Also, the Witten index (10.27) may be formally defined as

w=Tr[(-1)F]. (10.45)

10.2.3 Exercises for Section 10.2

% 10.2.1 By explicit computation show that the operators Q;, Q'/ and H that satisfy the
algebra (10.33) also satisfy the Jacobi identities (10.37).

% 10.2.2 By explicit computation show that the operators Q; Z;; and H that satisfy the
algebra (10.31) also satisfy the Jacobi identities (10.37).

10.3 Supersymmetric field theory
In the 1960s (before the experimental confirmation and consequent wide acceptance of the quark
model!), many elementary particle physics researchers explored how much and what may all be
proven and established about the behavior of leptons and hadrons — without a detailed knowledge
of their dynamics, i.e., without knowing the “microscopic” theory of these interactions. Also, at-
tempts were made to combine the symmetries of spacetime, such as the rotational (i.e., angular
momentum or spin) SU(2) group of symmetries, with the so-called internal symmetries of ele-
mentary particles, such as isospin and its SU(3) ; generalization by Gell-Mann and Ne’emann. The
successful non-relativistic combination SU(2) x SU(3); C SU(6) surprisingly turned up the frus-
tration:” a fully relativistic generalization could not be found, rousing suspicions of a profound
obstruction.

Indeed, in 1965, Lochlainn O’Raifeartaigh published a proof [396, 397] of the theorem that
today bears his name, and which may be paraphrased simply as [344]:

Theorem 10.2 (O’Raifeartaigh) The Hilbert space of the states of a particle with finite and
non-vanishing mass is invariant with respect to the action of the Lie group of trans-
formations that contains the Poincaré group (Lorentz transformations and spacetime
translations).

A sharper version of one key aspect of this theorem was provided by P. Roman and C. J. Koh the
same year [463]:

Theorem 10.3 (Roman-Koh) Distinct particles and states transformed into each other by a
Lie group have the same Lorentz-invariant mass m := /p-p.

Only two years later, Sidney Coleman and Jeffrey Mandula (in 1967) proved the theorem [111]
for all relativistic field theories:

° This SU(6) is indeed part of Miyazawa’s su(6|21) superalgebra framework mentioned in Section 10.2.1.
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Theorem 10.4 (Coleman-Mandula) In any model of particles with finite and non-vanishing
masses and which (directly or indirectly) interact with each other, the only permissible
symmetries form the Poincaré group and some Lie group, the elements of which commute
with all of the Poincaré group of symmetries.

It then follows that no (bosonic) symmetry transformation can change the fermionic number of
any state or particle upon which the operator acts, i.e., the fermionic number of the wave-function
that represents this state or particle.

In 1975, Rudolf Haag, Jan Lopuszanski and Martin Sohnius noticed the “hole” in these results:

It was tacitly assumed that the symmetry operators were bosonic, so that the symmetries form a
Lie group, and the group generators satisfy a Lie algebra where the operation of multiplication is a
commutator. The more general algebraic structures defined by bosonic as well as fermionic opera-
tors together are superalgebras, where the binary operation is a supercommutator (10.36). Within
this extension of the Lie algebras, Haag, Lopuszanski and Sohnius proved the theorem [255]:

Theorem 10.5 (Haag-t opuszanski-Sohnius) In every model with a (1) finite number of dis-
tinct types of particles, (2) each of which has a finite and non-vanishing mass, and (3) with
an asymptotically complete S-matrix,® the only permissible symmetries form a so-called
supersymmetric extension of the product of the Poincaré group and some Lie group, the el-
ements of which commute with all of the Poincaré group of symmetries [v Definition 10.3].

Definition 10.3 The Poincaré algebra, po(1,3) = spin(1,3)  te(R'3), [ Section A.5.3] is
generated by Lorentz transformations (A.110) and spacetime translations (A.109), i.e., the
operators Ly, and Py, respectively, which satisfy the relations schematically given as [ also
the definition (10.64)]

[L,L']=L" [L,P]=P, [P,P]=0. (10.46)

The supersymmetric extension of the Poincaré algebra then has the additional spin-%
generators Q, which satisfy the relations schematically given as

{Q,d} =Pz L, Q] =1d, [P,Q] =0, (10.47a)
z,Z]=2" [L,Z] =0, [z,P] =0, [Z,Q] = 0. (10.47b)

The generators Q are called supercharges, and Z are central charges.

Comment 10.1 Theorem 10.5 also guarantees that in all relativistic field theories only the
supersymmetric generators, and exclusively with spin %, may change the spin (and also the
fermionic number) of the particles upon which they act, and to extend the symmetries into
supersymmetry. Also, it is known that the inclusion of massless particles does not change
the conclusion of the theorem if those particles are Yang—Mills gauge bosons and their
superpartners (gauginos).

Digression 10.6 Without inserting any dimensionful constants such as 7 or ¢ in the
equations (10.46)—(10.47), the implied dimensions of these field theory supersymmetry

generators Q and central charges Z are [Q] = \/% and [Z] = #, which differ from
their quantum-mechanical counterparts because of Py = —H/ c; see Digressions 10.3 on

p-362 and 10.7 on p. 378.

6 The S-matrix by definition maps all possible incoming states of the system into all possible outgoing states.
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10.3.1 Supersymmetry stabilizes the vacuum

Upon review — with the benefit of a century’s worth of hindsight — the need to include quan-
tumness in the description of Nature may be understood as the only universal property that
stabilizes the atoms and so also all the tangible matter [== Digression 2.3 on p.45]. Besides, the
quantumness of physics unifies the concepts (our idealized mnemonic imagery) of particles and
waves [r= Section 8.1.1 on p. 297].

On the other hand, the need to include (general) relativity in the description of Nature was
seen in Chapters 5, 6 and 9 to be part of a universal gauge principle that connects the existence of
unmeasurable degrees of freedom in the description of Nature with local symmetries, then interac-
tions and curvature of spacetime in which the physical particles move and fields extend. Besides,
the special theory of relativity unifies space and time into spacetime, energy and momentum into
4-momentum, rotations and boosts into the Lorentz group, etc. The general theory of relativity
unifies the notion of gravitation and acceleration, and provides the inherent relation between the
curvature of spacetime and the presence of matter.

On the third hand, already the classical and certainly the quantum field theory indicate that
the precise definition of observable quantities is not infrequently a very delicate task — the naive
expressions even for the energy of empty spacetime not infrequently diverge [= Digression 3.13
on p. 123, and Sections 5.3.3 and 6.2.4]. Besides, in interactive field theories that include gravity
even the ground state of a system is not guaranteed to have a non-negative energy, nor in fact is it
guaranteed to have a globally defined energy bounded from below.

Regarding this last issue, supersymmetry helps (which is stated here with no detailed and
mathematically strict justification and proof):

Conclusion 10.2 Supersymmetry offers (as best as known) the only universal mecha-
nism for stabilizing the vacuum: in every system without gravity [ Ref. [73] for energy
positivity conditions without supersymmetry],

1. the minimum of energy is zero if and only if the system is supersymmetric;
2. the minimum of energy is positive if the system has a spontaneously broken super-

symmetry.

Comment 10.2 If the description of the system includes the general theory of relativity (to
describe gravity), the energy is not a globally well-defined quantity, and statements of non-
negativity of energy do not have an invariant meaning.

Besides, supersymmetry is the only property that may unify bosons and fermions [#= Theo-
rems 10.2 on p. 369, and 10.4 on p.370]. For a compact and comprehensive summary of these
properties, see Table P.1 on p. xiii, i.e., Table 11.1 on p. 409.

Technical advantages of supersymmetry
Even when spontaneously broken, supersymmetry also has two technically very advantageous
consequences:

1. it significantly lessens (or even eliminates) the need for renormalization of parameters in
field theory;
2. it prevents the “mixing” of characteristic energies.

That is, in any model (in field theory without supersymmetry) where in the classical version
there exist two distinct characteristic energies (such as the energy of electro-weak unification,
myc” ~10? GeV and the energy of grand unification my ~ 10'°> GeV), quantum effects “spoil” results
such as masses of the order 102GeV/c? via renormalization “corrections” of order 101°GeV/c2.
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Since masses are by definition invariant with respect to the action of Lorentz symmetries as
well as all gauge symmetries, no fundamental symmetry principle — except supersymmetry — can
“protect” them from such catastrophic quantum corrections.” Thus, in models without supersym-
metry we may expect only one (the largest) effective characteristic energy, which in theories with
gravity must be the Planck mass, Mp ~ 101°GeV/c”. All other masses then would have to be a multi-
ple of this big mass and there is no reason for the existence of minuscule dimensionless coefficients
such as [= result (7.132b), and Tables 4.1 on p. 152, and C.2 on p. 526]

My, 28 e —23 My _»

M, <107-°, M, 107~ M, 10744, (10.48)
for them to remain stable with respect to quantum corrections, and much smaller than O(1) num-
bers. It follows that in models without supersymmetry there is neither a fundamental reason for
the masses of the elementary particles to be so many orders of magnitude smaller than the Planck
mass, nor a mechanism that would “protect” such minuscule masses (were we to choose them so
“by hand”) from quantum corrections.

The presence of supersymmetry in any theoretical model (and so too in the Standard Model),
has an important effect on the appearance (and stability with respect to quantum corrections) of
experimentally established minuscule parameters such as (10.48) [189, 562, 560, 76]:

Theorem 10.6 In any supersymmetric model, quantum effects do not change the part of the
Lagrangian density that stems from the so-called superpotential [v Section 10.3.2].

Corollary 10.1 Although - all by itself — supersymmetry cannot cause minuscule parameters
such as (10.48), supersymmetry does “protect” them if they enter via Lagrangian terms that
stem from the superpotential, and in particular owing to the shift in the Higgs field in the
process of spontaneous symmetry breaking. In practice, that includes all masses.

This property of supersymmetry is exceptionally advantageous in the technical sense, because of the
fact that most field theory models are analyzed and used in practice within perturbative computa-
tional frameworks described in Procedure 5.1. Renormalization is inherently a feature of iterative
additions of ever higher contributions within a perturbative computational framework. Therefore,
the appearance of divergences, the need for renormalization as well as the property of softening
and limiting this need via supersymmetry is — by definition — a technical and not a conceptual
property. This characterization holds even if some of the “non-perturbative” results and properties
of a particular model are known [== Section 6.3], and they are:

1. statements about the existence of alternative vacua which cannot be computed by pertur-
bative methods defined about the usual vacuum, but where the results are again obtained
by some kind of perturbative computation about some such alternative vacuum,

2. general statements about the whole Hilbert space.

I~y
— e —

In all Yang-Mills type gauge field theories [s= Chapters 5 and 6], the divergences can be removed
from precisely defined expressions for measurable physical quantities [#= Section 3.3.4, especially
the closing part and the discussion about Digression 3.11 on p. 122, to begin with]. In as much
as the renormalization procedure has not satisfied the intuition and conceptual insight of some of
the most influential twentieth-century physicists, the number of live physicists who do not accept

7 The notable exceptions to this reasoning are the “pseudo-Goldstone modes” mentioned in Section 7.2.3.
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renormalization pragmatically as a “procedure that works” is ever smaller [== paraphrasing Max
Planck, on p. 124 and Digression 3.11 on p. 122]. However, the renormalization procedure is, indu-
bitably, a technical detail of the current understanding of Nature, and not a fundamental principle
of this (not even the current) understanding.

It should then be clear that the original motivation for supersymmetry stemmed from the
very practical fact, of which Gol’fand and Likhtman discovered the first glimpses in 1971, that
this peculiar type of symmetry automatically removes many of the divergences that occur in field
theory. A detailed analysis of this general procedure is far outside the scope of this book, although
some of the simplest aspects will nevertheless be made visible.

Sections 5.3.3 and 6.2.4 showed concrete (albeit the simplest) Feynman computations with
diagrams where the need for renormalization appears. In the remainder of this section we will
consider one (the simplest) conceptual problem in field theory, and then also the mechanism by
which supersymmetry completely removes this problem.

Vacuum energy
Consider, for example, a scalar field with the Lagrangian density (7.9), where we set for simplicity
A —0:

L = 30" (3,9) (0vp) — 1(19)?9? = SL¢? — L[V2 4 (20)?] g2 (10.49)

The Euler-Lagrange equation of motion derived from this Lagrangian density is

(L0} — 92+ (2)%]p(x) = 0, (10.50)
the so-called Klein-Gordon equation. If we expand ¢(x) in plane waves,
P00 = G [ Rgpx), 9plx) = ) e, (10.51)
the V2-term produces the eigenvalue —k2, and the equation of motion becomes

[0F + (" + m;f)]f;?(ﬂ = 0. (10.52)

The wave-modes ¢;(x) are linearly independent, so every plane wave ¢;(x) behaves as an
independent degree of freedom, “counted” by the vectors k, and with the dynamics of the harmonic

oscillator with the frequency c/k2 + m;Z"Z. The presence of interactions (as would be produced by

the 1A¢* term in the Lagrangian density (7.9) and which we have omitted for simplicity) couples
these independent oscillators but does not reduce their number nor does it destroy their linear inde-
pendence. Every such quantum oscillator has its stationary states with energies [== relation (3.37)]
:=Ticy [R2 4+ 22 (1K)2c2 + m2c4, (10.53)

En,]z = Ek*(i’lJr%), EE

and the energy of the entire field (summed over all oscﬂlators, of course) in the ground state is

Evacuum = § / &k E, =27 /0 K2dk \/ 12K2c2 + m2c, (10.54)

This ev1dently diverges ~ k* as k — oo: there are (continuously) infinitely many vectors k and all
except k =0 have a positive magnitude k2 >o0.

For the free electromagnetic field, the result is virtually identical, only with the ultra-
relativistic expression Ej; = |Tzl?|c, since m,, = 0, so the result for Eyacyum diverges again.

However, modeling after the supersymmetric harmonic oscillator in Section 10.1.3, we may
construct a supersymmetric model beginning with:
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a pair of fields (10.51) combined into a complex scalar field ¢(x);
the Lagrangian density of the type (7.19), but with A — 0;
adding a complex Weyl fermion ¥ (x) of left chirality [= Section 5.2.1 on p.172] and an
auxiliary complex field F(x);
adding Lagrangian (counter)terms that are specially tuned so that:
(a) the Hamilton action for the whole system (¢;¥;F) is invariant with respect to the
linear action of supersymmetry;
(b) the Euler-Lagrange equations of motion form a system of:

i. one differential equation of the second order for the complex field ¢(x),

ii. one pair of differential equations of the first order for the two components of the
complex Weyl fermion ¥, (x) — which also means that one linear combination
of these components is the canonical coordinate while another is the canonically
conjugate momentum,

iii. one non-differential equation or the auxiliary complex field F(x).

W=

»

The non-differential equation obtained in step 4(b)iii holds point-by-point in all of spacetime sepa-
rately, and so can be used — at least in principle — to substitute its solution back into the Lagrangian
density, whereupon the differential equations in steps 4(b)i and 4(b)ii need to be re-derived from
the so-substituted Lagrangian density. These differential equations of motion, however, express the
values of the fields ¢(x) and ¥ (x) at any one point in spacetime in terms of the values of those
fields at infinitesimally nearby points, and so describe dynamical (continually propagating) fields.
A detailed analysis of the physical degrees of freedom then shows that all states in the Hilbert space
(except for the ground states, with a vanishing energy) occur in boson—fermion pairs, generalizing
the situation shown in Figure 10.1(c), on p. 362.

In so-constructed models the result (10.23) guarantees that the equivalent computation for
the vacuum energy gives Evacuum = 0. This, in fact, is a direct (and so universal) consequence
of the algebra (10.31), and up to a factor ¢! also of the algebra (10.47) [+ Digression 10.6 on
p. 370], where ' A

Y {o", @} =2NH,  since Tr[5]] =N, (10.55)
1

and where it is easy to show that the left-hand side is non-negative. The algebraic details of
all consistent generalizations of supersymmetry — as long as the trace of the coefficient in front
of the Hamiltonian ((5;) on the right-hand side of equation (10.31) is positive — guarantee the
non-negativity of the Hamiltonian spectrum, so that (H) > 0 is a universal result in all (rigidly)
supersymmetric theories.

Supersymmetric states, supersymmetry breaking and details
The states |(}) with vanishing energy, for which (Q|H |Q)) = 0, must in turn satisfy

0 = (Q|H|Q) = <Q|NZ{Q“ a}|0) = 4 L {ale o)+ (0| a"|0)|

1
= AL {lalof +|a"o)*}, (10.56)
i
which is a sum of non-negative contributions, so each must vanish separately, whereupon
both @;|Q)=0 and Q'Q)=0 forall i (10.57)
From there, it follows that

UeelQ) = |Q),  Uee:=exp{ —i(e-a+e"-aQ")}, (10.58)
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whereby the states |()) are supersymmetric, i.e., unchanged under the supersymmetry transforma-
tion.

There may exist several supersymmetric states, and even continuously many. In the general
case, when the bosonic (fermionic) states form a space ¥; (i.e., ¥7), the Witten index is given by
the relation

w = xe(¥) — xe(Y%), (10.59)

where x:(%) is the Euler characteristic of the space 2, which reduces to the previous defini-
tion (10.27) since the Euler characteristic of a point equals x:(-) = 1 — and which also holds for
any space that contracts (continuously) to a point, such as R” and C".

From this analysis it follows that the Hilbert space of every supersymmetric model can only
consist of:

1. supersymmetric states (of zero energy, so these are the ground states of the system),
2. supersymmetric boson-fermion pairs of states with positive energy.

In supersymmetric models, every E > 0 energy level must be evenly degenerate. That is, for each
bosonic state, |b,;) with E; # 0, we construct the fermionic state |f, ;) := Qj|b,) and vice versa:

H
Hibw) = Ealtn) = o) = -lbg) = S

1
[ba) = £ (Qulfar)), (10.60)

which is evidently possible if and only if E, # 0. (It is possible to prove further also that the total
number of bosonic and fermionic states with a given energy E, # 0 must be the same [560].)
Thus, only the degeneracy of the ground state(s) (where E =0) is not determined and only the
ground state(s) may be non-degenerate, and only if the Witten index is nonzero, iy # 0.

In supersymmetric models, the Hilbert space is of the form of a direct sum of so-called
“sectors,” of which every one consists of one ground state (with E=0) and an infinite ladder
of boson-fermion pairs of states (with E > 0), formally obtained by acting with operators of cre-
ation on the given ground state, just as is the case in Figure 10.2(a), and which generalizes the
situation shown in Figure 10.1(c), p. 362.

(a)

Figure 10.2 A sketch of a sector in the Hilbert space of a supersymmetric system, before (a) and
after (b) spontaneous supersymmetry breaking; Es,, is the supersymmetry-breaking parameter. For
supersymmetry to be broken, the Witten index must vanish, which means that the ground states must
occur in boson—fermion degenerate pairs.

If there are no supersymmetric (ground) states with E =0 energy, supersymmetry is broken:
The states in the Hilbert space are formally obtained as a direct sum of sectors, each of which is
obtained by choosing a state with lowest, albeit positive, energy and upon which one acts with
creation operators. These sectors of the Hilbert space in the general case form semi-infinite ladders
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of bosonic and (independently) fermionic states, and those states are not guaranteed to be ordered
in pairs as shown in Figure 10.1 on p. 362, and in Figure 10.2.

Spontaneous supersymmetry breaking If supersymmetry is broken because the system of Euler—
Lagrange equations of motion in the list on p. 374 does not have a solution for which the potential
energy minimum? equals zero, and Hamilton’s action functional continues to be supersymmetric,
supersymmetry is said to be spontaneously broken. In such cases, every sector of the Hilbert space
looks like a semi-infinite ladder of states, as shown in Figure 10.2(b), and where the difference
between the masses of adjacent bosonic and fermionic states, Eg,sy, is the supersymmetry-breaking
parameter; in the limiting case Eg,s, — 0, this sector returns from the shape in Figure 10.2(b) into
the shape in Figure 10.2(a). In practice, this case is confirmed by analyzing the subsystem of non-
differential equations in step 4(b)iii on p. 374, and the simplest model (named after the physicist
who discovered this possibility, Lochlainn O’Raifeartaigh) where supersymmetry is spontaneously
broken requires at least three distinct super-multiplets (¢*; ¥ ;F?) a = 1,2,3 [189, 560]; see
Digression 10.11 on p. 385.

Explicit supersymmetry breaking If supersymmetry of the Hamilton action is breaking because of
the occurrence (or addition “by hand”) of a term in the Lagrangian density, supersymmetry is said
to be explicitly broken by that term. The effect of the explicit supersymmetry breaking on the Hilbert
space of course depends on the concrete Lagrangian term that breaks supersymmetry.

Y

A detailed analysis of the mechanism whereby supersymmetry removes the need for renormalizing
parameters in the Lagrangian density that stem from the superpotential [== Section 10.3.2] is far
beyond the scope of this book. However, at least intuitively, the source of this property is seen
from the fact listed in Rule 7 for Feynman calculus with the diagrams in quantum electrodynam-
ics [= Procedure 5.2 on p.193]. That is, each fermionic loop (closed path) in a given Feynman
diagram requires an additional factor of (—1) as compared to an otherwise identical diagram
where that same loop is bosonic. If then the Feynman diagrams I' and I" differ only by:

1. the loop ¥ C I is a closed path of particle X in the diagram T,
2. the loop ¥ C I' is a closed path of the superpartner of particle X in the diagram I”,

the contributions to the amplitude of probability cancel 9(T') + 9M(T’) = 0.

It remains of course to precisely determine when and in precisely which perturbative cal-
culations do contributions always occur in such canceling pairs. For the details and a precise
formulation of this theorem on non-renormalization in supersymmetric models, the interested
Reader is directed to the standard textbooks [189, 562, 560, 76].

10.8.2 Supersymmetry in 14-3-dimensional spacetime
In spacetime, the Hamiltonian is the time component of the 4-momentum operator, so the rela-
tion (10.33) may be adapted by replacing the operator Z;; with the operators of linear momentum.
Also, since the supersymmetry generators Q;, according to the Haag-t.opuszanski—Sohnius the-
orem, transform as spin-% representations of the Lorentz group, the index I must count the
components of the corresponding spinor, or several copies of it.

For the purposes of this introductory text, we restrict to simple (unextended) supersymmetry,
the generators of which form a single Dirac spinor. Generalizations are described in the literature;

8 By potential energy we mean the value of the total energy, i.e., Hamiltonian where all derivatives of all fields are set to
zero.
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see e.g., Refs. [189, 562, 560, 129, 76, 308, 178, 535, 461, 144, 351, 356, 60, 19, 115, 186] for
starters.

Superalgebra and supersymmetry
We are interested in the Lorentz group in 14-3-dimensional spacetime, with the very convenient
fact (A.5.2) that the algebra of the Lorentz group Spin(1,3) = SL(2; C) is isomorphic with the direct
sum of two copies of the algebra spin(3) = su(2), which is in turn very familiar both from classical
as well as from quantum mechanics as the group of rotations, i.e., spin. It is then convenient to
use the notation that expresses this mathematical structure [ Section A.5 to begin with, and the
textbooks [189, 560, 76] for more precise and abundant details].

The 4-component Dirac spinor may be decomposed, in a Lorentz-invariant way, into two
2-component Weyl spinors [== Section 5.2.1 on p. 172, Appendix A.6 and especially A.6.2], which
in Weyl’s (chiral) basis of the Dirac matrices (A.132) is

YW, Y = (1, 8) 4 (v ), ¥, {‘/g)] and ¥ Lﬂ  wi=1,2. (10.61)
w

In simple supersymmetry, the total number of generators, Q, and Q;, is minimal and itself
forms a Dirac spinor. The supersymmetry transformation operator, following the definitions (5.20)
and (6.2), then is

Uee i= e =14d5(e)+---,  dg(e) := —i(eQ+&Q). (10.62)

The defining relations of supersymmetry without any central extension are”

{Qu, @} =200 P, [Lyv, Qu ] =il (o) Qp, (10.63a)
(L, Po] =il (1upPv = pPu),  [Luw, Q3] = if (EVV)&’SC_?Bf (10.63b)
[Luv, Loo | = il (uoLve — HuoLve + voLup — Muoluo), (10.63¢)

with all other (anti)commutators vanishing, and where the matrices o, are defined in rela-
tions (A.158) [== Appendix A.6.2 in more detail]. The generators P, and L, have the well-known
differential operator representation over spacetime [ also relations (A.111)],

Py = ?8}, and Ly = %(prpav — ypxPay), (10.64)

while Q, and Q; are at this point abstract operators. For them to acquire a differential operator
representation, spacetime itself must be extended, and we now turn to this.

Superspace

In 1974, Abdus Salam and John Strathdee postulated superspace, as an extension of spacetime and
in which spacetime is contained as a subspace. Since then, supersymmetry researchers mostly form
two schools: those who fully rely on superspace and the methods of super-functional analysis, and
those who regard superspace as an irrelevant crutch. However, it has been proven recently [282]
that the canonical relation! [H, t] = il and self-consistency of the supersymmetry algebra (10.31)
via Jacobi identities (10.37) implies the existence of superspace. Although the very existence of

9 The negative sign in the first of relations (10.63) follows from that in relations (3.35) and (3.38).

10 In spacetime, this is [P, x"] = —iNd};, where the negative sign in the right-hand side stems from the definition (p,) =

(—E/c,p) [*= the derivation of equation (3.35)], as well as the identification of E — ih% and § — Z—’@ in the
coordinate representation. Keep in mind that time f in quantum mechanics and spacetime coordinates x* in quantum
field theory are not eigenvalues of any Hermitian operators but parameters [0¥ Ref. [29] for a detailed discussion in
quantum mechanics].
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superspace does not force us to use it, this will be convenient for the purposes of this book, since it
explicitly represents and effectively uses the unification of bosons and fermions.
The standard superspace is the extension of spacetime that in addition to the four bosonic
coordinates has another four fermionic, anticommuting coordinates:
X o (% 0%,8Y) = (ct,x!, 22,2301, 02,81, 82),  {6%,0F) =0 ={6°,8"). (10.65)
The corresponding derivatives also anticommute:
] = 9 = = =
e T Rl {0a,9p} = {90,095} = {9;,05} = 0. (10.66)
It is not hard to verify that the combined operators
Qu i=i0y +10".8%,  and  Q; :=i0; + nc’.6%, (10.67)

satisfy the relations (10.63) and so, together with the definitions (10.64), give a differential rep-
resentation of the abstract operators in the algebra (10.63). Newcomers in this field usually find it
surprising that there exists a second pair of operators

Dy i= 3y +ih0!.8%0,  and D :=0; +inc’, 09, (10.68)
that satisfy _
{ Dy, D } = —20%. P, =207’ 9, (10.69)
as well as the other relations (10.63) upon substituting Q — D and Q — D, and finally that
{Da,Qp}=0=1{Du, s} | { U_2DyUez = Dy,
{Di, @p} =0={D;, @y} U_1D;Uez = D;.
Recalling the property (10.70), D, and D;, are usually called super-covariant derivatives, although

they are in fact invariant with respect to supersymmetry transformations; for brevity and to avoid
this imprecision, we use “super-derivative” instead. Note that

—iQy = Dy —2in0".0%9,  and  —iQ; = Dy — 2ilc’0%9,. (10.71)

(10.70)

Digression 10.7 The definitions (10.64) and relations (10.63) and (10.69) imply that the
physical dimensions (units) of the operators in the supersymmetry algebra are

ML ML? — ML _
Pl =" Iwl= T (@l=[@]=\/" =B =[B;].  (1072a)
Also,
1 T v 2 i I .y A
[0%] = [6*] = i [n6%c . 6] = [x¥]. (10.72b)

In turn, using the high energy particle physics convention where powers of /7 and ¢ are
implied and unwritten, the dimensions of these field theory operators are expressed by
specifying the appropriate power of energy:

[Py] =1= [H]/ [LW] =0, [Qa] = [Q&] = % = [Da} = [51;(],

—a 10.72
] = =3 [#]=1 1R

implying, e.g., that 4/ @ are units for Q, and IVTIléV for x#; see Digressions 10.3 on p. 362

and 10.6 on p. 370, as well as Table C.5 on p. 528.
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Superfields

Since all the operators in the algebra (10.63) are now realized as differential operators (10.64),
(10.67) and (10.68) with respect to the coordinates of superspace (10.65), it is natural to
introduce functions over superspace, so-called “superfields,” F(x;6,6). The very definition of
coordinates (10.65) implies that they are nilpotent:

{6%,6f} =0 i - {6%,0"} =2(0%)? = (04? =0, a=1,2; (10.73a)
@, =0 £ 0=1"9)=20"? = @)72=0 a=12 (10.73b)

Therefore, every function of the variables 6%, 6% has a formal Taylor expansion that terminates and
gives a finite polynomial:

F(x;0,0) = ¢(x) + 0%9n (%) + 0553 (x) + - - - + 0202 F (x), (10.74)

where the coefficients in the expansion are ordinary functions over ordinary spacetime and where
62 1= Je,30"0F and 6 := %s& B@”‘?ﬁ [« Appendix A.6.2 and especially Comment A.3 on p. 490, for

notation]. If F(x; 6, 5) is given as a commuting, scalar superfield and since the 6, § coordinates anti-
commute, the coefficient functions — called component fields — alternate between being commuting
and anticommuting:

0. ¢(x) is a commuting function and a scalar,
1. ¢, (x) and x; (x) are anticommuting functions and spin-% spinors,
4. F(x) is a commuting function and a scalar.

Alternatively, the component fields may be defined as the coefficients in the Taylor expansion
over (6“,50‘), using the super-derivatives projected to the spacetime subspace of superspace:

o(x) :=F(x6,0); (10.75a)
Pu(x) := [DaF(x;0,0)]; (10.75b)
X (x) := [D;F(x;6,0)]|; (10.75¢)

F(x) := —1[0219()(-9 é)} ; (10.75d)
Vi (x) := —1[[Ds, D] F(x;6,0)] |, V= 2(f”“"V,m, (10.75e)
G(x) := —1[D*F(x; 9 0)]]; (10.75f)
A (X) 1= HD F(x;6,0)]|; (10.75g)
K (x) := %[ D;F(x;6,0)]|; (10.75h)
F(x) := %[(D*D* + D*D*)F(x;06,0)]| (10.750)

where the vertical right-delimiter denotes the projection to the “ordinary” spacetime:
(X)| := lim (X). (10.76)

8,0—0
These definitions use super-derivatives instead of ordinary partial derivatives:

1. Since all definitions (19.75) contain a projection 6,0 — 0 that annihilates contribu-
tions that include ifig*-00, and i76-0%0,, the end result is the same as if D, — 9, and
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D; — 0, were used — up to spacetime derivatives of component fields of “lower” physical
dimensions (units), obtained upon multiple application of super-derivatives, where one of
these derivatives acts on the 8,6 coordinates in the other.

2. The advantage of using super-derivatives in the definitions (10.75) follows from the rela-
tions (10.70): Q and Q may be freely anticommuted with the super-derivatives D, D, which
is not true of ordinary partial derivatives 9y, d;.

3. The super-covariant derivatives may be used for imposing superdifferential constraints,
which are then evidently covariant with respect to supersymmetry transformations, im-
plemented by the operator (10.62) [= Section 10.3.3].

Note: when acting upon superfields and superdifferential expressions of superfields, whereas
the super-derivatives Dy, D;, act as usual, from the left, the supersymmetry generators Q,, Q; act
from the right [189, 76]1. Thus,

—
Qu(F) =F Qq = +(Qu.F), but Qu (DgF) = (DgF) Qe —(QuoDgF), (10.77)

where in the final expressions, both +Q,IF and —Q, DglF act as usual, from the left. It is useful to
note that the operators used in the definitions (10.75) form a hierarchy of super-derivatives:

(10 70)

~1D2p,

<

This structure is partially ordered by the physical dimension [ Digression 10.7 on p. 378], which
grows upward in the diagram (10.78), and by successive application of D, and D; denoted by
arrows in the diagram (10.78).

(w]
=
/
\—

ol
=

Example 10.1 The infinitesimal supersymmetry transformations of any component field
may be obtained by computing the projection

2165()F]| "L 6o(e)(2F)| = [ —i(e-Q+&-Q)(2F)]|
= (e-(D—2ino*-00,) +€-(D — 2i16-0"9,)) (ZF)| = (e-D+€-D)(2F)],
(10.79)

where & is the specific D-operator from the basis (10.78) that projects on the desired
component field within the superfield [F. For example,

50(€)p = (€* Dy + €Dy ) F| = e*yu + %;; (10.80)
Sg(€)yn = (e:D+&D)(DuF)| = yePepuD*F| +& (3{Da, Dy} — 3 (D, Dy) )|
= lePeg, (—4F) +ino’,e(0,9) — 1o/ (7 5Dy, D D;IF)]
= 2e,p€PF +ino!. 84 (3,9) + 0. E Fy; et (10.81)
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Another key property is that every function of the form
[D*D* f(FFy,Fy, ... )]| (10.82)

is automatically an invariant under the supersymmetry transformation. More precisely, we have
the standard result:

Theorem 10.7 For every analytic functional expression f(IF1,IF,,...) constructed from su-
perfields Fy, Ty, etc., the Hamilton action of the form [ dx [D*D? f]| is supersymmetric:

e)/d4x [D°D? f(Fy, Fy, ... )]| = /d4x 9, KM =0, (10.83)

where the functional expression and the component fields of the superfields F; satisfy
the restrictions that are usual in field theory, and which guarantee that the spacetime
integrals (10.83) are well defined and convergent.

Comment 10.3 The concrete choice of the functional expression f(IF1,IF,...) of course
depends on which concrete terms one desires in the Lagrangian density:

& = [D*D° f(Fy,Fa, ... )] (10.84)

By definition, the Lagrangian density is said to be supersymmetric if it defines a supersym-
metric Hamilton action, which means that dg(e).£ = 0, KV suffices.

Proof The result (10.83) follows from direct computation with the two terms:
€) /d4x [D°B? f(F4, o, ... )] | 122 /dx{(e-D,X +&D+... )00 f(F) }|

V0 [ aix{et D2 B (F) + &5, 0°5° £(F) }|

(4.164) /d4 41?10” E)ys"‘ﬁDﬁ +D*D ]Bzf(]F)H
:/d4x oy [—4ine” (7" s""g’DﬁD2 (IF)H+E‘;‘D25&52 f(lF)]}
N
= KCH =0
- / d*x 9,k = f (&), K*, (10.85)
spacetime d(spacetime)

where the last integral vanishes, since the “boundary” of spacetime is an infinitely distant 3-sphere,
where the fields, and also the integral of K#, are routinely required to vanish.

Comment 10.4 As it is only necessary for the entire integral f d3x ICH to vanish, it would

(spwcerxme)

suffice for the expression K* to vary “at infinity” so that the sum over the infinitely distant
(spacetime) 3-sphere should evaluate to zero.

Digression 10.8 Given an anticommuting (Grassmann) variable 6, integration over 6 that
is invariant with respect to constant translations 6 — 6 + ¢ must in fact be functionally
identical to the partial f-derivative: [d6 f(0) = % £(0); this is called Berezin integration,
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after Felix Alexandrovich Berezin. Since 6 must be nilpotent, the result of such integration
must be 6-independent, and no loss is incurred by appending the &6 — 0 projection.
However dehnnted by this trailing projection, the action of a super-derivative such as
D := ae + zh() (where x is a commuting variable) is identical to the action of a partial
0-derivative, Wthh in turn is 1dent1cal to Berezin integration:

0)]| = a O] = [a0£6) (10.86)
The 6,0 — 0 projection (10.76) of the 4-fold super-derivative (10.84) of any superfield
function is thus equal to its d29d2§-integral. In turn, this re-interprets the integral-super-
derivative combination such as in (10.83) as a d4xd26d25—integration over the whole
superspace and so provides a completely uniform and geometrical treatment. In prac-
tice, however, one evaluates these integrals by means of projections of super-derivatives,
which is why they are so indicated throughout this chapter.

10.3.3 The chiral and the gauge superfield

The superfield IF(x;6,0) may also be regarded a partially ordered set of component fields, which
may be partially ordered by growing physical dimensions (units) akin to the diagram (10.78).
Preserving this structure, it is possible to impose constraints on some of the component fields,
which is most effectively achieved using super-derivatives.

Super-constraints and the chiral superfield
Using the superfields and super-derivatives D, and D;, it is possible to specify superdifferential
equations that — because of the relations (10.70) — transform covariantly with respect to the action
of supersymmetry transformations U, g, given by equation (10.62).

One of the simplest such superdifferential equations defines the so-called chiral (and the
conjugate, anti-chiral) superfield:’!

chiral D; ® =0 and anti-chiral D, ® = 0. (10.87)

It is then not hard to show that

;Y= [Dg®]|,  Fi=—}[D?®] (10.88)

are the only non-trivial component fields: two complex scalar fields ¢ and F, and one 2-component
complex spin-% field 1,; the physical dimensions (units) of these two scalar fields, however, are

not equal: [F] = [¢]-ME. The remaining components either vanish or do not include new fields;
for example,

D) "o, [pPe]| ), (10.89)
10.69 = 10.87 )
D;0u®]| "% [(20". P, — DD;)®]| "% [(~2i0",113,)®]| = ~2ifi0", (3u9).  (10.90)
Supersymmetric transformations are easily derived following Example 10.1 on p. 380:

bg(e)p = (e:D+ED)P| = e-y; (10.91a)

T The analogy with complex-analytic functions is fully justified and valuable.
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00(€)ip = (€:D +&D) Dy ®@| = (3€Pep, D + ZinE‘S‘Ug&ay)¢

7

= 2e4p6P F + 2i110".8 (9,); (10.91b)
dg(€)F = (e:D+€D)(—10*®)| = —%E‘;‘ (41’1‘705&8“58;05)(1) ,
= —ihol. e e (9,p). (10.91¢)

Digression 10.9 Iterating the result (10.91), one can show that
[6g(ewy), 0q(€0)|(¢; Yu; F) = 2ifi (€)o7 €0) — €0)0™-€2))0u (s Pu; F). (10.92a)

That is, the commutator of two supersymmetry transformations formally equals a
translation in spacetime. However, notice that this translation parameter,

E(VLZ) = (6(2)'0'H'E(1) — €(1)'0'H'E(2)), (1092]))

is not an ordinary spacetime vector! The supersymmetry transformation parameters,

e’("l),e‘("z) anticommute, and so are nilpotent [== relations (10.73)]; the vector (10.92b)

is therefore itself (degree-4) nilpotent: (412))4 = 0 for any y = 0,1,2,3. Similarly,

€-p is only formally a “shift” in the scalar field ¢, according to the transformation
relation (10.91a), since the expression e-y(x) is in every spacetime point (degree-4)
nilpotent and the function ¢(x) in every spacetime point has values that are ordinary,
i.e., non-nilpotent commuting complex numbers.

Conclusion 10.3 Although the (symmetrized) iterative application of the supersymmetry
generators Q, and Q, is equivalent to the application of the spacetime translation gener-
ator Py, supersymmetry transformations (10.62) do not produce transformations in “real”
spacetime.

The fact that supersymmetry transformations map the fields ¢(x) < ,(x) < F(x) (and
their derivatives) in every spacetime point, however, remains.

Notice that chiral superfields (at the same spacetime point) form the “ring” algebraic struc-
ture [= the lexicon entry, in Appendix B.1]:

Conclusion 10.4 The product of two chiral superfields is again a chiral superfield:
5&@1 =0= 5&@2, = 55‘ (@1@2) =0, (10.93)

with the usual rules of distribution between multiplication and addition. It follows that
chiral fields (at the same spacetime point) form the “chiral ring.” Moreover; it follows that
an arbitrary analytic function of chiral superfields (defined by its Taylor expansion) is also
a chiral superfield.

Theorem 10.8 The most general supersymmetric Lagrangian density for a chiral superfield
& must be of the form

21®] = [P K(@,®)]| + [02W(®)]| + [P W (D)) (10.94)

Proof Since the Lagrangian density must be real, for the first term of the general form (10.84)
one selects a real function K(®', ®), and adds the second term and its Hermitian conjugate where
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W(®) is an arbitrary analytic function. Indeed, this second term is also (and independently!)
supersymmetric:
(e:Q+eQ) D*W(D)|
097 ex(ip, — 210" 6"3,) D> W(®)| + € (iD; — 20" 6%9,) D> W()|

6,6—0 . — . —
=" ie* D, D? W(P)| + 16“(—21}‘105&8H8“5Dﬁ + DZD&)W(CD)]
=0
=0y [2n%0". P DgW (®)|] + ie* D? D W(®) | = 0,k", (10.95)
———

KH =0

so the [ d*x-integral vanishes again, owing to the usual restrictions on the fields. Listing all possible
Lorentz-invariant terms, one shows that the expression (10.94) is the most general form of a
supersymmetric Lagrangian density.

The standard choice K(®',®) = &'® gives (after some “D-gymnastics” [= rela-
tions (A.162)-(A.165)]) the standard Lagrangian density for a scalar ¢ and a fermion ,, and
the total resulting Lagrangian density is — up to integration by parts for symmetrization of the
expression,

Z1®] = (@)1 (9u9) — 57 [ (0upa) — (Oi) ] + FF
+EW (@) + 3 Ppups W(9) + F' W (9°) + 3P, 9, W' (9°). (10.96)

Since the Euler-Lagrange equations of motion for the component fields F and F*,
= -W'(¢) and F=-W(¢*), (10.97)

are non-differential equations in F and F*, they may be used to substitute F and F*:

Z(®] = — 5T [53.00) — @ui)pa] — (0091 (3u9)
— W) + 3ePpaipp W () + 39,9, W (¢°). (10.98)

The constant 77 has been eliminated in the expressions such as (10.94)-(10.98) by redefining
the component fields to emphasize the similarity with the Lagrangian density (7.34) [s= Exer-
cise 10.3.6 on p.388]. A similar redefinition of the fermion fields i, ; and the use of the
basis (A.132) for the Dirac 9-matrices shows the first term (10.98) to give the standard Lagrangian
density (5.68a) for Dirac fermions.

The computation (10.94)-(10.98) clearly shows that the DZEZCI>+<I>| term produced the stan-
dard “kinetic” part of the Lagrangian density, while the terms D*W (®)| + D*W (®")| produce, after
eliminating F and F* via their equations of motion (10.97), the potential

V(g) = W (g)]> > 0. (10.99)
Finally, the terms —p?W" (¢*) — EZW’ '(¢*) provide the supersymmetric completion of the poten-

tial |W’(¢)|?>. Owing to the relation (10.99) with the potential, the function W(®) is called the
superpotential.
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Digression 10.10 On one hand, owing to Theorem 10.7 on p.381, and the similar re-
sult (10.95), the Lagrangian density (10.96) is known to be supersymmetric, i.e., its
infinitesimal supersymmetry transformation dg(e) = —i(e-Q + €-Q) changes the La-
grangian density (10.96) into a total derivative. This may also be directly verified by
substituting the supersymmetry transformations of the component fields

So(e)p = €"Yu, 0q(€)yn = 2e4pePF + 2iN0". T (3,),

: (10.100a)
So(e)F = inal. e*Fe (9,1p)

into the Lagrangian density (10.96).

However, the Lagrangian density (10.98) is not invariant with respect to the super-
symmetry transformations (10.100a)! These transformations represent the original (and
linear) supersymmetry action upon the superfield &, i.e., upon the component fields —
including F. The elimination of F by (10.97) changes this action, so that the transforma-
tion rules (10.100a) also change, and the Lagrangian density (10.98) is invariant with
respect to the so-changed transformations. As W’/(¢) is nonlinear in the general case,
these changed supersymmetry transformation rules are also nonlinear.

Digression 10.11 The simplest model in which supersymmetry is spontaneously broken
was found by O’Raifeartaigh, and has the superpotential

D*[A®y + m®P1®; + g ®;7]| + h.c., (10.101a)

where ®,, P, and P, are three chiral superfields. The non-differential equations of
motion for the auxiliary components Fy, F; and F, are (10.98)

Fo=—A—g¢? F=—mp —29pop1, F»=—mgs, (10.101b)
which make the potential in this model into (10.99)

? (10.101¢)

2
2 2
V=Y [l = [A 4897 + [mgot2gg0n|” + [mepn
k=0
This cannot possibly vanish: the last term can vanish only where ¢; = 0 and where

the potential becomes V = |A[> + [m¢,|?> > 0. Supersymmetry is therefore broken
spontaneously as there is no solution to the equations of motion where V = 0.

One of the original ideas for the application of supersymmetry was to find superfields where the
bosons and fermions of the Standard Model [+ Table 2.3 on p. 67] would all be component fields
of the same superfields. However, the component fields of the same superfield differ only by spin,
and not by charges (electric, weak isospin or color), so this is not possible: the Standard Model
fermions have completely different charges from the bosons.

It follows that identifying the 2-component Weyl fermion 1, (x) € ®(x;6,0) with a left-
handed chiral half of a Dirac 4-component wave-function of the electron, the complex scalar field
$(x) € D(x;6,0) is the electron superpartner, the so-called selectron, which must be added to the
list in Table 2.3 on p. 67. Bosons with the charges given in Table 7.1 on p.275 have not been de-
tected experimentally, while supersymmetry implies their existence; one jokes that supersymmetry
is already 50% experimentally verified. However, this means that supersymmetry — in Nature —
must be broken, and in such a way that the masses of the bosonic superpartners of the elementary
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fermions from Table 2.3 on p.67 are sufficiently big, bigger than the masses of the elemen-
tary fermions by the amount Eg,g,/ c?, so that this explains why they have not been detected
experimentally so far [= examples in Figure 10.2 on p.375].

The gauge superfield
Consider now the real superfield A' = A. The component fields may be found by means of
Taylor-esque projections (10.75); specifically, the projection (10.75e) finds the real 4-vector field
Au(x) € A(x;6,6). On the other hand, the same component of the combined superfield i(®—")
gives .

1058 [[Da, Dy i (@ — @7)] | = 271 (9, Re(9p)), (10.102)

so that the superfield transformation
A — AN=A+i(®-d") > A, — A, =A,+09,(27Re(9)) (10.103)

contains the gauge transformation (5.89) of the vector component field, where —% Re(¢) plays
the role of the gauge local parameter. Of course, if the chiral superfields ®; are intended one for
each Standard Model elementary fermion and we introduce the real superfield A > A, for the
electromagnetic field, to parametrize the gauge transformation of the electromagnetic field we
must introduce a separate chiral superfield A, the scalar component of which plays the role of the
gauge local parameter.

A detailed analysis [189, 562, 560, 76] of the component fields in the combination A +
i(A — A) shows that a suitable choice of the superfield A eliminates the component fields in the
“lower half” of the superfield A, as per diagram (10.78). However, it is more practical to define
the chiral-anti-chiral pair of fermionic superfields:

A, := (D*DyA) and A, := (D*D;A), (10.104)
which satisfy .
A=A" = ePDuAg=cPDA (10.105)
and the components of which include
Ayl =: Mg, Ayl =: A, (10.106a)
Dulg| =t eagD +i(0")a" gy Fu, Dyl =tey;D+ i@, 5 Fuv, (10.106b)
DA,| = —indleh (9,1), D2A;| = —ifio”. "B (3, Ap). (10.106¢)
Here,
Fu = (0, Ay — 9y Ap), (10.107)

and the component fields from the “lower half” of the original superfield A show up neither in the
expressions (10.106) nor in any other projection of the superfields A, and A;. A supersymmetric
Lagrangian density that includes the standard — %FWFVV Lagrangian density is then obtained from
the expression

Z[A] = —}[D* P Aug]| - 07 AR
= LR FM — DG R (3 A,) — (3u4;)Aa] + 2D (10.108)

The first term is — up to a (re)scaling of the field A, — the Lagrangian density that is identical to
the density in the expression (5.76) for electromagnetic fields. The equations of motion for the
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spinor fields (A, A;) are the Dirac equations, which is typical for spin-% fermions, but the mass
of these spinors vanishes. These then are the superpartners of the gauge fields and are in general
called gauginos.!? Notice that the relation (10.105) equates the component functions that occur in
D- and D-projections (10.106b), but leaves A; formally independent of A,. The condition (10.105),
however, guarantees that the Dirac spinor (A4, A;) has four real independent components.

Supersymmetric electrodynamics
The minimal supersymmetric Lagrangian density where the chiral field FF interacts with the gauge
superfield A, for the supersymmetric version of electrodynamics for example, is obtained in the
form

L = {0 P AuAg)| — {07 AR + [DPD DA @] . (10.109)

This Lagrangian density is invariant with respect to the gauge transformations
A—A+i(A—R), @—rd PP, (10.110)

which coincide with the transformations (5.14a) for the component fields A,, and that of the
1, € ® with the left-handed chiral projection of the transformation (5.14b). Expanding the ex-
pression (10.109) produces the Lagrangian density for supersymmetric electrodynamics, where the
additional terms involve the superpartners of both the photon (itself represented by the 4-vector
potential A;), and the left-handed chiral electron (represented by the fermion field ¥,).

To extend this minimal model so as to include also the right-handed chiral electron, we must
introduce another chiral field, ¢ := C(®), which is defined so that 5 is the left-handed chiral
spin-% fermionic field with the electric charge opposite to that of the electron. Then, @; € &° s
the right-handed chiral spin-% fermions field with the electric charge equal to the electron charge.
Therefore, the Lagrangian density for electrodynamics with a massive electron must be of the form

2 = A0 P A HDP R+ [DPD B @]+ [DPD B A ]|
+ m{[chpcpr + [526@]1}, (10.111)

where we added terms in the second row, which produce the Lagrangian terms m(y-y¢ + -1p°)
for the electron, as well as (after eliminating the auxiliary scalar fields F and F¢ using their non-
differential equations of motion) m2¢¢° = m?|¢|? for the selectron.

The minimal supersymmetric Standard Model

The construction of the complete supersymmetric Standard Model is now seen as a generalization
of the procedure that led us to the Lagrangian density (10.111). For the details of this construction,
the interested Reader is directed to the abundant literature [s textbooks [189, 562, 560, 76] to
begin with]. However, note:

1. On one hand, supersymmetry conceptually unites bosons and fermions — and requires that
every boson has a fermion superpartner, and vice versa.

2. On the other hand, the concrete bosons and fermions of the Standard Model cannot be each
others’ superpartners, since the (gauge and Higgs) bosons in the Standard Model transform
differently from the fundamental fermions in the Standard Model with respect to the action
of the gauge group SU(3). x SU(2)y x U(1)q.

12 superpartners of bosonic particles are named using the boson’s name with an attached -ino suffix, such as photino,
gluino and higgsino. The superpartners of fermionic particles are named by attaching an s- prefix to the fermion’s name,
such as selectron, sneutrino and squark.
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it turns out that the details of the fermion mass hierarchy require introducing not one but

two chiral superfields for each Higgs field in the Standard Model, and it follows:

Conclusion 10.5 The so-called Minimally Supersymmetric Standard Model (MSSM) re-
quires a little over twice as many particles as the Standard Model.

Considering this simple counting of degrees of freedom used to describe Nature, the rea-

son for supersymmetrizing the Standard Model certainly is not economy. However, recall the
conceptual and practical (technical) consequences of supersymmetry [#= Section 10.3.1]:

1.
2.
3.

Note

vacuum stabilization,
mass hierarchy stabilization, and
simplification of the renormalization procedure.

also the fact that before the invention of supersymmetry, which successfully solves these

problems of the Standard Model, these problems were hardly mentioned. Of course, that owes
partly to the approach of describing Nature pragmatically and axiomatically:

Comment 10.5 Theoretical models are constructed with the aim to describe, in a logi-
cally coherent and consistent theoretical system, the known phenomena without predicting
nonexistent phenomena, and while keeping the necessary assumptions as few as possible.

These assumptions (axioms) are re-examined only when the resulting theoretical sys-
tem “paints” the development of the model “into a corner” and when within this theoretical
system it is not possible to construct a model that does not err in a concrete aspect of the
description of Nature, or when an opportunity emerges to explain it in a conceptually more
fundamental or practically simpler system of assumptions.

Of course, the question remains: In what measure is supersymmetry of help in models of

quantum physics that contain the general theory of relativity? Considering that the complete theory
of quantum gravity does not exist yet, a final answer to this question then does not exist either&.
However, the next chapter will permit us to say a little more about this.

10.3.4 Exercises for Section 10.3

% 10.3.1 Prove that the left-hand side of the relation (10.55) is non-negative.

% 10.3.2 Show that the operators (10.67) and (10.68) satisfy the operatorial relations (10.69)

and (10.70).

% 10.3.3 Confirm the relations (10.91).

2 10.3.4 Confirm the result (10.95).

% 10.3.5 By iterative and consistent use of relations (10.69) and definitions (10.88) (a.k.a.

“D-gymnastics”), derive equation (10.96) from (10.94).

% 10.3.6 Return the proper factors of i and ¢ in the expressions (10.96)—(10.98).
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10.4 Classification of off-shell supermultiplets

Recall Procedure 5.1 on p. 193, which is generally accepted as the only systematic procedure ap-
plicable in all known models of quantum field theory [#= also Procedure 11.1 on p.416]. For the
purposes of this procedure we must define an integral of the general type

/D[<p] giSlel/n (10.112)

to be computed over all possible fields, here represented by the symbol ¢. S[¢] is the classical
Hamilton action, which according to Hamilton’s principle has a minimum for the choice of fields
¢ that satisfy the classical (Euler-Lagrange) equations of motion, i.e., for fields ¢ that are on
shell. For such classical fields, S[¢] is minimal, and the integrand exp{iS[¢]//1} oscillates min-
imally. By contrast, a choice of the fields that are “far” from such classical fields then causes
the integrand to oscillate very fast, so that the contributions mostly cancel. The naive reason-
ing then is that the contributions of the classical fields dominate the formal integral (10.112). This
is in no way proven rigorously, as the space of the choices of the fields ¢ is infinite-dimensional:
although the contribution to the integral (10.112) from any one non-classical field is infinites-
imally small, there are continuously many such fields and the sum over them may well even
diverge.

However, we certainly know that the fields over which the integration (10.112) is to be
performed must a priori be off-shell, i.e., not subject to any differential equation, and foremost
not the classical (Euler-Lagrange) equations of motion: that would be outright contradic-
tory. Quantum supersymmetric models then must be constructed using off-shell supermultiplets
(collections of particles and their superpartners); in models of supersymmetric quantum field
theory, both the known particles and all their superpartners must be represented by off-shell
fields.

With that in mind it is then surprising that four decades after the introduction of supersym-
metry in field theory there is still no complete theory of off-shell representation of supersymmetry
algebrasg. Recent research in this direction [139, 140, 141, 142] indicates a fantastic and com-
binatorially complex multitude of possibilities, very different from the well-known theory of the
finite-dimensional unitary representations of Lie algebras, and even the supersymmetric on-shell
representations, which are well known.

The remainder of this section gives a telegraphic description of this research, mostly so as
to indicate some open possibilities for research. However, this introduction is restricted to intact
supermultiplets’® — those that have not been constrained or gauged in any way. Constrained and
gauged (gauge-equivalences of) supermultiplets are indeed very widely used, and the interested
Reader is directed to the textbooks [189, 562, 560, 76].

10.4.1 One-dimensional supersymmetry as the common denominator

Recall the three levels of theoretical analysis of physical systems [#= description on p.366] where
supersymmetry may show up, and especially the second and third levels of analysis, where
supersymmetry reduces to supersymmetric quantum mechanics, with the algebra

{Q[,Q]}ZZ&IIH, [H, Q]]:O, I,]=1,...,N, (10.113)

where H = i1d; is the Hamiltonian and 7 the proper time, and where in the general case one does

not require N to be even as in the relations (10.32). Note that we revert to the quantum-mechanical

normalization, [Q;] = @

13 The adjective “intact” is simply shorter than the detailed “unconstrained and ungauged.”



390 Supersymmetry: boson-fermion unification

Following the lesson from the conclusion in Digression 10.9 on p.383, or even just sim-
ply the pragmatic application of supersymmetry as a transformation that maps bosons into
fermions and back, the goal of classifying representations of supersymmetry is to classify all
possible supermultiplets, i.e., collections of bosons and fermions that supersymmetry maps one
into the other. To this end, it is convenient to introduce a graphical notation as described in
Table 10.1.14

Table 10.1 The correspondence between Adinkras and supersymmetry transformations gives:
node <> component field; white/black node < boson/fermion; Ith color/index edge < Qj; dashed
edge <« — sign; edge direction <~ 1 (d; when following an edge in the opposite direction). In addi-
tion, the Adinkras are drawn putting the nodes at levels proportional to their relative units, so the
implicit edge directions are upward.

Adinkra Supersymmetry transf. Adinkra Supersymmetry transf.
eB . 0OA .
2= 3]-[4
I A < [‘P/J LPB [IB < Pa —ys
e . 0OA .
A ¢a| _ | ¥B X Pal _ | —¥s
R

Edges are here labeled by the index I; for a fixed I, they are drawn in the Ith color.

The next two examples of supermultiplets of N = 2 supersymmetric quantum mechanics
should clarify the application of the rules in Table 10.1.

Example 10.2 The simplest supermultiplet is of the general form that reflects the basis of
the type (10.78):

Q¢ =11, OF ¢ =1, (10.114a)
Q1 1 = ig, A ¥ = —iF, (10.114b)
Q1 ¢ =iF, = v ¥y = i, (10.114¢)

Q1 F =1, - F = —41. (10.1144d)

The black edges depict the action of the Q; supercharge and the gray edges the Q-
action. The fact that in a two-colored quadrangle (10.114) an odd number of edges must
be dashed (i.e., the corresponding supercharge action has an additional —1 sign) follows
from the fact that

Q . - _
¢ = Py ;F- F=-0,(21(¢)), } = 0,0,=-0,0y, (10.115)
4)—>¢1—>F F:Q1( (¢))1

in agreement with equation (10.31).

14 A graphical representation of a system of equations offers the evident advantage of heuristic insight and is not at all a
new idea [177]; the formalization of such graphs — called Adinkras — for the purposes of supersymmetry, however, is of
recent origin [139]. They are particularly useful in depicting intact supermultiplets.
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Example 10.3 Another example of an N = 2 supermultiplet is

Q1 91 = x1, ‘c o ?1= X2, (10.116a)
Q1 92 = X2, T‘/’T 2= —x1, (10.116b)
Qi x1 =gy, X1= —igo, (10.116c¢)
Q1x2 =i, O O X2 = i1 (10.116d)

Formally, equating (¢; 142, F) = (¢1; X1, X2; ¢2) identifies the two supermultiplets, but
this implies the relation F = ¢, and so ¢» = f dt F, which is evidently non-local. The two
supermultiplets, (10.114) and (10.116), thus cannot be considered equivalent off-shell
supermultiplets.

Both examples, 10.2 and 10.3, depict supermultiplets that consist of two bosons and two
fermions. The difference is indicated by the fact that in Example 10.2 [F] = [(/)]MT—QZ, whereas
in Example 10.3 [¢1] = [¢2]; see Table C.5 on p.528. It is then evident that the supersymmetric
Lagrangian of the form

L= 5u((91)* + (¢2)* + Z(xax2 — X1x2)], (10.117)
with an appropriate characteristic constant y, produces the familiar equations of motion: second

order in time derivatives for the bosons ¢1, ¢, and first order for fermions x1, x». By contrast, the
analogous supersymmetric Lagrangian

A= 5@+ 2P+ F (e — 19 (10.118)

produces the usual equations of motion for the boson ¢ and the fermions 4, ¢, but an algebraic
equation for the boson F [ step 4(b)iii on p. 374, as well as the equations of motion (10.97)].

This dynamical information is thus encoded by the “height arrangement” of the nodes in
the Adinkra, which defines the relative physical units of the component fields in the depicted
supermultiplet.

Digression 10.12 The formal difference between the supermultiplets (10.114)
and (10.116) is seen by analyzing the identifications
(1,92 F) —  (euxLxz(¢2)), (10.119)

(¢, (JATF); 91, 42) — (91, 92 X1, X2)-

This gives a formal bijection between the two supermultiplets. However, since d; : ¢p —
(¢2) annihilates the constant term in a power expansion of the function ¢, (7) and 97! :
F — ([dtF) adds an arbitrary (integration) constant, this formal bijection is not a
perfect 1-1 mapping in both ways, and the supermultiplets (10.116) and (10.114) must
be considered different.

Digression 10.13 For the Lagrangians (not Lagrangian densities!) .4; and .% to have the
2
units of energy and u to be identifiable as a mass, [¢] = [¢;] = L, [¢;] = [xi] = Y

T
and [F| = MT—QS
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Supermultiplets that can be depicted with Adinkras (graphs that are constructed based on
the rules in Table 10.1 on p. 390 [s= article [139] for the appropriate theorems and details]) have
the property that the supersymmetric mapping from bosonic to fermionic component fields and
back may also be represented by a system of superdifferential relations:

Di®; = (L1);*Ya,  Di¥a = ili(Ry),'®;, (10.120)

where the index I counts supercharges, i the bosonic superfields ®;, « the fermionic superfields
Y¥,, chosen so that:

1. component fields ¢; = ®;| and ¢, = ¥,| (up to a d- or 5 '-prefactor as needed) are the
complete system of component fields for the desired supermultiplet, and

2. in every row and every column, the numerical matrices (L;);* and (R;),’ have precisely
one nonzero entry, which equals +1.

Because of the relations (10.71), the system of superdifferential relations specifies the supersym-
metric transformations within the supermultiplet.

Although there exist supermultiplets that do not satisfy these requirements, all worldline
off-shell supermultiplets may be constructed starting with such “adinkraic” supermultiplets [284,
143]. Adinkras for a few such supermultiplets for small N (in the variant where neither d;- nor
o7 l-prefactors were used) are

W

It should now be clear that there exist a combinatorially (hyper-exponentially) growing number
of different node-height arrangements in Adinkras with growing N. Every new node-height ar-
rangement corresponds to a new application of .- and 97 !-prefactors, which then specifies a
new supermultiplet, which in turn results in a number of different supermultiplets that grows
combinatorially with a growing N.

In turn, the matrices IL; and IR; in the equations (10.120) satisfy the relations

(L[)l‘a (R])ak + (L])i“ (R[)ak = 2(5” 55(, (10.122)
(Ro)al (L)) + (R))al (Lp)f = 2617 F, (10.123)

(10.121)

A4

which define a double cover of the Clifford algebre €[(0, N).!” In the original articles [195, 197,
196, 198, 199, 194, 193] the algebra (10.123) was denoted GR(d, N), where it is assumed that,
as needed, the superfields ®;, ¥, may be replaced by their d.-derivatives. Indeed, this formal
dr-mapping connects all supermultiplets with the same “chromo-topology” [139]. For the rela-
tively simple case of quantum-mechanical N = 2 supersymmetry, iterations of such d-mapping
yield the cyclic sequence

(10.124)

15 The double-covered Clifford algebra is obtained by identifying IL;, R; L ey.
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For quantum-mechanical N = 3 supersymmetry, the analogous cyclic sequence is

=g

. (10.125)

S5 S
where the gray-highlighted Adinkra (bottom, right) is identical (up to the overall level, indi-
cated by the gray dot-n-dash line) to the initial one, at far left, thus repeating the cycle. These
illustrations show that for the (even just adinkraic) finite-dimensional representations of quantum-
mechanical N-extended supersymmetries the number of possible node-height arrangements — and
so the number of different supermultiplets — grows combinatorially with the growing number of
supersymmetries, N.

In addition, starting with N = 4, there emerges a new possibility — “projections” — of which
more in the next section. May it suffice here to show but one example:

#1100 = 0011

0011 #1100
O-._ < O .20 _.-Q

(10.126)

o 2 50 ,
#0000 o7 “p1111/ 1) Goo00 = (07 Zo111¢ 1)

The dashed double-ended arrows indicate some of the pairs of component fields in the left-
hand supermultiplet that are identified so as to obtain the component fields of the right-hand
supermultiplet. The naming convention of the labeled component fields is explained in the next
section.

It has been proven that the number of such “adinkraic” off-shell supermultiplets grows
fantastically fast with the number of supersymmetries, and one expects about 104 distinct super-
multiplets for N < 32, which are expected to form about 10!2 equivalence classes [141, 142].
Finally, it has been shown that an infinite number of ever larger (and non-adinkraic) super-
multiplets can be constructed as networks of adinkraic supermultiplets, connected by one-way
supersymmetry transformations [284]; this is also the structure of some rather well-known
supermultiplets of simple supersymmetry in 4-dimensional spacetime [190].

v

For such a (worldline) supermultiplet to be the 1-dimensional “shadow” of a supermultiplet from a
4-dimensional supersymmetric field theory, it is necesary that both the component fields and the su-
percharge action are compatible with Poincaré symmetry in 4-dimensional spacetime. One expects
this to be a rather nontrivial requirement [197, 157, 158, 191, 283], which should drastically re-
duce the number of possible supermultiplets in higher-dimensional spacetime, but this verification
(dimensional reconstruction) is far from solved in general&; see Refs. [157, 158, 191, 283, 4091.

10.4.2 Supermultiplets and binary encryption

It is fascinating that the classification of off-shell quantum-mechanical supermultiplets [140, 142]
is closely related to the classification of doubly even binary linear block codes, which may be used
in error-detecting and error-correcting encryption [286].
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That is, in the quantum-mechanical N-extended supersymmetry (10.113) we have N real
supercharges 9, so that a supermultiplet may be identified — up to an application of d,- and/or
o7 l-prefactors — with a complete iterative application of all Q;’s upon some starting component
field. The supermultiplet in Example 10.2 on p. 390 may be reconstructed also as

{¢, P1:=Q1(d), ¥o:=Qa(¢), F:=Q1(2(9)) }, (10.127)
and the supermultiplet in Example 10.3 on p. 391 as
{o1, x1:= Qie1), x2:= (1), ¢2:=97" (Q1(Qa(e) }- (10.128)
As the defining relations of the supersymmetry algebra (10.113) imply that
Q19;=-9,9Q, I1#], (10.129a)
(Q1)*=H, I=1,...,N, (10.129b)

it follows that every formal @-monomial can be expressed as a linear combination of H-multiples
of lexicographically ordered monomials from the basis

{@t=0qraf---Ql, br=01 1=1.. N} (10.130)

Evidently, there are Z,ZCV:O (1,\(] ) = 2N so-ordered Q-monomials and they are unambiguously encoded
by the binary exponents b;, which may be concatenated into a binary number of a formal binary
exponent b. Following the examples (10.127) and (10.128), we define

D) . Ab oy { even,
{¢b} = Q"(¢poo...), when |b| := I;bl 51 odd. (10.131)

The field identification in the relation between the two Adinkras (10.126) requires the
imposition of the operatorial conditions’®

Q197 ~+93Qy, 193~ —-020Q;, Q194 ~+9,03, (10.132a)

in addition to the relations (10.113), i.e., (10.129). Indeed, acting (always only from the right!)
by the operators Q1, O, O3 and Q4 on the relations (10.132a) produces

HO1 ~ +09793Qy, HQOy ~ —01093Qy, HQO3~+09190,0Q;, HOy~—-019,093, (10.132b)

and then, finally, also
(H* = —1"92) ~ —Q1Q,Q03Q,. (10.132¢)

This last relation corresponds to the identification of the component fields:

(H2<P0000 = *le(a%%ooo)) = (* Q19>93Q4(¢o000) =: *471111) (10.133)

Similarly, other relations (10.132) encode all other identifications (10.126), and so also the pro-
jection of the bigger, left-hand side supermultiplet to the smaller, right-hand side supermultiplet.
It is essential to note that the relations (10.132) do not impose any d,-differential equation upon
any of the component fields, and each field — and so the entire supermultiplet — remains off-shell.

16 By operatorial conditions/relations one implies conditions/relations between two operatorial expressions, and which
conditions/relations must hold when the left-hand and the right-hand sides of the equality are applied on any object
upon which the operation of the given operators is defined.
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Digression 10.14 Note that — up to additional H-factors — each of the eight
relations (10.132) may be obtained from any other one. For example,

HO ~ —0103Qs 2 HQ,03~ —0105040; = +HO; Q. (10.134a)

In that sense are the three relations (10.132a) “basic” since all other relations (10.132b)-
(10.132c¢) follow with no additional H-factors, whereas the converse does not follow.
Jointly, the relations (10.132a) may be written as

Q19Q) — ber<" Qk QL ~ 0, (10.134b)

which indicates the need for the Levi-Civita symbol e7jxr, where all four indices have
precisely one of the four possible values — corresponding to the binary number b =
1111 [= Ref. [141] for analogous relations that correspond to other codes].

All the relations (10.132), and so also all the identifications (10.126) are almost unambigu-
ously encoded by the binary number b = 1111,!” which generates a so-called “binary doubly
even linear block code” d, [286], which is also the simplest such code. These codes are used in
binary encryption that helps in communications by enabling the detection of transmission errors
and even some corrections, and without re-transmitting the original message. Once projected, as
in the example (10.126), the smaller supermultiplet may be connected with various “node-height
rearrangements” by applying the formal d.- and 9 !-prefactors, which then generates all possible
supermultiplets with that chromo-topology [142].

Thus, the classification of off-shell worldline supermultiplets is closely related to the clas-
sification of “binary doubly even linear block codes,” and gives a close relationship between
supersymmetry and encryption — which is a fully unexpected and fascinating result in this research.
Numerically, it is even more fascinating that there are at least ~10% such codes for N < 32
(which is a limit suggested by the M-theoretic extension of superstrings), and that they form at
least ~10'? equivalence classes; moreover, the number of supermultiplets of which the “chromo-
topology” [142] is defined by any one such code itself grows combinatorially with N, which further
increases the “menagerie.”

The construction and classification of off-shell supermultiplets in higher-dimensional space-
times starting from the so far discussed worldline off-shell supermultiplets is in progress [157, 158,
191, 283, 409] &. In addition, other approaches and methods can complement these efforts, even
if in more specific setting (such as for a fixed number of supersymmetries, N): see, for example,
Refs. [281, 292, 471, to begin with.

10.4.3 Exercises for Section 10.4

% 10.4.1 Prove that the Lagrangian terms (10.117) and (10.118) are invariant with respect to
the supersymmetry transformations (10.114)-(10.116).

% 10.4.2 Derive and solve the equations of motion defined by the Lagrangian density (10.117).

% 10.4.3 Complete the Lagrangian term .43 = w(@i1¢2—¢2¢1) + -+ so it is invariant with
respect to the supersymmetry transformations (10.116).

% 10.4.4 Derive and solve the equations of motion defined by the Lagrangian density £ + %3,
as defined in the expression (10.117) and the solutions of Exercise 10.4.3.

17 Except for the choice of the relative sign in equation (10.134b), for cases with a total of N = 4k supersymmetries.






Strings: unification of all
foundations of reality

The theory (i.e., theoretical system) of strings was already mentioned in Chapter 1 and Sec-
tion 10.2, and in a very fleeting way also in the historical review in Chapter 2 — which must
be supplemented before we turn to even a non-technical review of the theoretical system as well
as some of the lessons from this research. The historical review will therefore introduce a few new
terms, which will thereafter be clarified in the remainder of this chapter.

By now, there exist complete and pedagogically well organized texts on string theory [225,
224, 417, 483, 434, 124, 594, 398, 298, 46, 312, 251, 5101, lecture notes [424, 381, 432, 170,
4301, in relation to Yang-Mills gauge theories [439], recent reviews [373] and even popular books
at the “guide for complete idiots” level [375, 358, 299]. This, final chapter — and the entire book —
can then possibly serve only as an aperitif and prerequisite to most of this growing literature.

11.1 Strings: recycling, recycling...

Only about four decades old, the string theoretical system is based on the fundamental idea that the
elementary particles — the basic building blocks of Nature and the Democritean ideal indivisibles —
are not point-like. As we have concluded (with the benefit of hindsight!) already in Section 1.3.3,
there exist natural limits to the tininess of elementary objects, and the “material point” is merely
an idealization.! For students who have successfully completed a course in electrodynamics, it will
be natural to regard these basic building blocks as 1-dimensional elementary objects in the next
order of approximation (multipole expansion). Except, unlike a rigid dipole (rigid bodies being a
non-relativistic idealization), strings are relativistic one-dimensional objects that possess “internal”
dynamics, which essentially stems from their 1-dimensionality. However, these fundamental strings
do not consist of anything “more elementary,” and it is precisely the dynamics of this irreducible

T As was mentioned in the Preface, what exactly is identified as an elementary object is historically qualified. Chemists
of the nineteenth century had rightly considered atoms as elementary; in the transition into the twentieth century,
electrons and atomic nuclei appeared elementary, but it soon became evident that the nuclei consist of more elementary
nucleons, and up until the last quarter of the twentieth century the list of elementary particles consisted of several
leptons and a combinatorially growing list of hadrons. In the last quarter of the twentieth century, the list of elementary
particles shortened to the compact Table 2.3 on p. 67, to a dozen or so elementary fermions and another dozen or so
mediators of their interactions.
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non-point-likeness that produces the unexpected complexity of the string theoretical system as well
as many other properties with no precedent in the physics of elementary particles.

11.1.1 The original idea and application

The basic ideas (roots) of the string theoretical system date back to 1943, when Werner Heisenberg
introduced the idea of the S-matrix. Namely, Heisenberg noticed that the familiar notions used in
the classical description of physics (space, time, particle, etc.) need not be well defined in quantum
physics, and tried to design a formalism that deals only with observable quantities [ quote on
p.xi].? By definition, the S-matrix of a physical process maps precisely every incoming state into
every possible outgoing state, and depends only on the positions, momenta, energies, etc., defined
and measured sufficiently far from the location of all interactions. Thus designed, the incoming
and the outgoing states are called asymptotic, and the S-matrix theory is maximally non-local in
the sense that it specifies relations only between events that are sufficiently separated in spacetime.

In the late 1950s and the 1960s, this approach grew into a program, the so-called “S-matrix
theory,” the most notable advocates of which were Stanley Mandelstam and Geoffrey Chew. Hen-
drik Kramers and Ralph Kronig discovered that assuming the S-matrix to be analytic allowed one
to derive dispersion relations, which in turn imply causality between the asymptotic states even
when causality is not microscopically well defined.

String theory — or, more precisely, the “dual resonant model” — was originally invented to
describe hadrons, in the late 1960s. Namely, in collisions at sufficiently high energies, mesons
become spatially elongated, somewhat akin to Figure 1.5 on p.28, i.e., in display (4.101). In
1968, Gabrielle Veneziano discovered the formula (soon to be dubbed the Veneziano amplitude)
that describes very well the amplitude of the effective cross-section of mesonic A+B — C+D
collisions [s== [434, Vol. 1] as well as [594]1]:

2
M (P4, Py P Pp) & %I(Sff), (11.12)
1 e i T(=a/s—1)T(—a't-1)
. 's—201__ at=2
I(s,8) = [ dAA™2(1-2) e (11.1b)
where I'(z) is the Euler gamma function, and the ratio B(a,b) := rr(?a)i(hl;) that appears in the

Veneziano formula (11.1) is the Euler beta function. The variables s, t, u in the Veneziano ampli-
tude (11.1) are the Mandelstam variables (3.62), which appear in the analysis of the lowest order
Feynman calculus for the process A+B — C+D:

be Po Pc Po
q 7
q
Pa Ps Py Ps (11.2)
(@ @]
si=—q* = —(p +p;) t:=—(q)*=—-(ps —pd) u:=—(q")?=—-(p - py)
The amplitudes for these sub-processes evidently satisfy the relations
im(a) (PA/ Ps, Pc, PD) = Em(b)(PA/ —Pc; —Ps, PD) = m(c) (PA/ —Pb; Pc, *PD)- (11.3)

2 One knew that protons and neutrons have finite sizes, about 107> m, and that the strength of the interaction between
them at such distance was without precedent. As one after another of the attempts to model this force failed to correctly
account for its peculiarities, Heisenberg believed the properties of space and time to radically change at nuclear and
smaller distances.
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However, for A+B — C+D meson collisions, experiments show that the first two amplitudes
are in fact equal — which agrees with the Veneziano formula (11.1). In other words, the first two
diagrams are only two different depictions of the very same physical process, so that these two
depictions are equivalent, i.e., dual to one another.

Generalizations for amplitudes of collisions where more than four incoming and outgoing
mesons appear were soon discovered by Yoichiro Nambu (1968), Holger Bech Nielsen (1969) and
Leonard Susskind (1969) [549]. All these results indicated that the mediating state that carries the
transfer 4-momenta q,q’ and q” in the diagrams (11.2), may be represented as a linear superpo-
sition of infinitely many linear harmonic oscillators (resonances) with masses and frequencies that
were determined by the poles of the Euler gamma function, and which are all integral multiples
of a fundamental mass, i.e., frequency. This property evidently points to the possibility of interpre-
tation of the mediating state as something filamentary, of which these linear harmonic oscillators
are the Fourier modes.

This is where the original identification of mesons with open strings (akin to the letter “I”)
emerges from the so-called “dual resonant model,” where duality refers to the equivalence in the
description of the first two collision processes (11.2) using either one of the two string-diagrams:

> T e\ 7R
d ~ g (11.4)
pAé /N \ka p 7\/\,\ s

It is evident that the two surfaces in the Feynman diagrams (11.4) are equal, merely specified in
somewhat different parametrization and with a differing interpretation of the “mediating” state,
here denoted by the gray line. In the model name, “dual resonant model,” the adjective resonant
refers to the infinite sequence of harmonic resonances — the Fourier modes of the mediating state —
whether these are identified with a virtual string that propagates upward (time-like) in the left-
hand diagram, or to the right (space-like) in the right-hand diagram. In this model, each concrete
meson is identified with one of the Fourier modes of the string, whereby the incoming and the
outgoing mesons are also represented as strings, fixed into the configuration of the particular
Fourier mode that corresponds to the given meson.

These diagrams make it evident that strings interact by joining the end-points and splitting
in two, so the two incoming open strings in the left-hand diagram (11.4) join into one, mediating,
which subsequently splits into the two outgoing strings. The dual resonant model (of strings)
was very popular and intensively explored in the period 1968-74, by which time certain essential
properties of this model were discovered:

1. Open strings (akin to the letter “I”) may join into closed strings (akin to the letter “O”), the
Fourier modes of which have no charge and for which the effective cross-section grows with
the energy. In the late 1960s, Vladimir Gribov dubbed this subset of mesons the “pomeron
sector,” after Isaak Pomeranc¢uk, who proved their necessary existence in all string models.®

2. In the pomeron sector, the Veneziano amplitude is fully (s, ¢, #)-symmetric, so that

2
Dﬁ(pA/ pB;pC’pD) & % [I(S,t) + I(t,u) =+ I(u,s)], (11.5)

3 Geoffrey Chew and Steven Frautschi brought many of the results obtained by (then) Soviet Union physicists to the
West within their “democratic” theory, in which “hadrons consist of hadrons” and have no other, “more elementary”
constituent factors and which is sometimes also referred to as the “bootstrap model,” alluding to a story involving Karl
Friedrich Hieronymus, Freiherr von Miinchhausen [65]. This reminds us of fractals — an idea that Benoit Mandelbrot
would introduce in mathematics several years later, in 1975.
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which is depicted by the fact that the three string-diagrams for these three sub-processes:

) o\ X (11.6)
\ ; AN
are in fact the same surface, merely differently parametrized.

3. The pomeron sector always contains also a massless spin-2 Fourier mode (this particle was
dubbed the pomeron), whereas such a hadron was never experimentally detected.

4. The consistency of the dynamics of (bosonic) strings, which must move relativistically, re-
quires them to propagate through a flat spacetime of 25 + 1 dimensions. Supersymmetric
strings, which Jean-Loup Gervais and Bunji Sakita discovered in 1971 [551], consistently
propagate through (9 + 1)-dimensional flat spacetime.

5. All string models without supersymmetry contain tachyons, the presence of which in the spec-
trum indicates an instability [ Digression 7.1 on p.261]. Supersymmetry — in any model,
not just string models — precludes the existence of tachyons and so stabilizes the vacuum
(ground state) of the model [*= Section 10.3.1].

The well-nigh overnight success of the quark model [== Sections 2.3.12 and 2.3.13] in 1974
completely suppressed the dual resonant model of hadrons and their depiction as strings, and
string theory became ignored.

In the same year, 1974, Tamiaki Yoneya and independently Joél Scherk and John Schwarz
noticed that string theory can be applied not as a model for hadrons, but as a model of grav-
ity [== Footnote 13 on p.13]. The pomeron (the nonexistent massless spin-2 hadron) was thus
identified with the graviton, and the string tension (Tp) and parameter &’ in the Veneziano
formulae (11.1) and (11.5) were now related through the extended equality

, 1 Gn

n = 2Tohc =55 (11.7)
with the Newton constant, where the units are
T4 ML  renergy
= = =2 = —_—— =
W)= <577 = (energy) 2, [To] = = {length ] (11.8)

This changes the characteristic length of strings from the characteristic size of hadrons to the
Planck length:

hic
ls:=Vahic = ~107Pm — l3=40p~10"Pm. (11.9)
27 TO
This suggestion remained mostly ignored, partly because of the sudden focus on the quark model,
and partly owing to the fantastic requirement that spacetime in string theory would have to have
25+1 dimensions (941 with supersymmetry). Scherk and Schwarz supposed that the so-called
(Nordstrgm)-Katuza—Klein compactified geometry could reduce the effective spacetime dimension
to 3+1.4
4 The idea that space may be more than 3-dimensional, and that the additional dimensions are periodic and with too
small a radius to be detected stems from Gunnar Nordstrgm, in 1914. However, this model was based on his model of
gravity, which differs from the general theory of relativity, and (as determined by 1919) also from Nature. Thus, this

compactification idea was mostly forgotten together with his theory of gravity, until Theodor Katuza in 1919 and Oscar
Klein in 1926 independently revived it.
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By the early 1980s, relatively few physicists were working on string theory, but even in this
period of relative isolation, several significant results were derived:

1. In 1979, Daniel Friedan proved a fascinating fact about the (1+1)-dimensional field theory
defined on the worldsheet swept out in time by strings. Requiring that quantum corrections
do not renormalize the background metric of the spacetime through which the string prop-
agates reproduces and generalizes the Einstein equations for gravity. That is, the quantum
dynamics of strings implies gravity in the spacetime through which the strings move.

2. In 1981, Alexander Polyakov proved that the Hamilton action

—# 32 ap v
SIX] = g [ d°€ 8@ (0uX") Gy (X) (3pX") (11.10)

is classically equivalent to the Hamilton action

5[x] =~ [ /= det [0 X1) Gy (X) (3X)], (11.11)
which Yoichiro Nambu and independently Tetsuo Goto originally formulated as the surface
area of the worldsheet X that the string sweeps in spacetime .2". Here X*(t,0) are the coor-
dinates that indicate where in spacetime 2" is the point {* = (c¢t, ) of the string worldsheet
X.. The advantage of the Polyakov theory for the quantum theory of strings is evident: The
quantization of the Hamilton action (11.11) is far more complicated (and without a generally
accepted treatment) than that of the action (11.10). In turn, the geometric interpretation of
equation (11.11) as the surface area of the string’s worldsheet, which the Hamilton’s minimal
action principle minimizes, is retained by the virtue of the fact that the matrix

(X*G)ap = (3X") Guu(X) (9pX") (11.12)

is the metric tensor on the worldsheet, induced (“pulled back”) by the mapping X : £ — 2~
from the metric tensor Gy, (X) in spacetime.

3. Michael B. Green and John Schwarz discovered that two string models (ITA and IIB) are
the T-dual of one another. This “T-duality” and its generalizations later proved to be one of
the most important properties in the string theoretical system, by which all stringy models
essentially differ from all pointillist models.®

4. In 1984, Louis Alvarez-Gaumé and Edward Witten published Ref. [12] (which had in its
preprint form circulated since August 1983) with a detailed analysis of anomalies [ Sec-
tion 7.2.3] in interactions with gravity, and with the result that the only models in
(9+1)-dimensional spacetime where these anomalies do not destroy self-consistency are the
string models IT A (which is not chiral and so has no anomalies) and II B (where the anomalies
cancel).

11.1.2 The string revolution

In summer of 1984, a preprint by Michael B. Green and John Schwarz started the “first string rev-
olution,” by publishing the proof [223] that Alvarez-Gaumé and Witten had omitted an important
anomaly-cancellation possibility, and then demonstrated a concrete — and unexpected — mechanism
(now called the Green—Schwarz mechanism) whereby anomalies cancel in the particular cases of
SO(32) and Eg x Eg gauge symmetries! (Open strings with SO(32) gauge symmetry were known;
no string model with the Eg x Eg gauge symmetry was then known.)

> To emphasize the fact that picturing elementary particles as idealized point-particles is but an approximation, in this
chapter I will use the suggestive adjective pointillist.
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Early in 1985, the papers (in circulation since late in 1984) by David J. Gross, Jeffrey
A. Harvey, Emil Martinec and Ryan Rohm [247, 246, 248] were published, wherein the so-
called heterotic string models were constructed: one with SO(32) and another with Eg x Eg
gauge symmetry. Only a few months later, Philip Candelas, Gary Horowitz, Andy Strominger
and Edward Witten showed [88], following the just-published work by Candelas with Derek
Reine [90], that the (9 + 1)-dimensional spacetime of the Eg x Eg heterotic string model may
be compactified (a la Nordstrgm-Katuza—Klein) on a complex Calabi-Yau 3-fold % 0 50 as to
produce an effective model with E4 x Eg gauge symmetry in (3+1)-dimensional spacetime and
with }x(#) families of left-handed (chiral) fermions in the 27-dimensional representation of
the E¢ gauge group! (x:(#) is the so-called Euler characteristic of the space #.) Since Eg
contains the SU(5), the SO(10) and the SU(3). x SU(3), x SU(3)x grand-unifying groups, it
was clear that there exist string models that can contain the Standard Model of elementary
particles.

Candelas soon showed that the details of the geometry of the complex Calabi—Yau 3-fold used
in the compactification correlate with dynamical parameters in the Standard Model [114], which
indicates that many if not all details of the Standard Model very likely may be derived from details
of the geometry of so-compactified string models. This correlates many (if not all) of the physics
properties of superstring models with the geometry of (generalized) spacetime!

Between spring 1984 and spring 1985, the attitude of most researchers in elementary particle
physics completely changed, from totally ignoring string theory to fully focusing on constructing
and exploring its models, including their compactifications.”

Soon, string models were constructed that at first blush had no geometric interpreta-
tion [377, 378]. Namely, in pointillist models, the configuration space is directly generated from
the spacetime 2" through which these points move, and the dynamics of these material points
is determined by the familiar geometry of the spacetime 2°. In string models, the configuration
space has a more complex structure. The Fourier spectrum of strings contains modes that propa-
gate both in one and in the other direction around the closed string, these two classes of modes are
independent and may satisfy different boundary conditions. This not only effectively doubles the
configuration space but also permits constructions that are simply impossible in pointillist theories.
This also requires a generalization of the usual structures in geometry — where the research is still
developing®. In 1993 Edward Witten constructed, and Jacques Distler and Shamit Kachru asym-
metrically generalized the first class of models [574, 136] that interpolate between “geometric”
Calabi-Yau models and “non-geometric” Landau-Ginzburg orbifold models first proposed by Cum-
run Vafa. The name of these latter models indeed points to the fact that these are generalizations
of the Landau-Ginzburg model as we have seen in Section 7.1.1. In these interpolating models,
the “geometric” and “non-geometric” constructions appear as different phases of the same physical
system defined on the worldsheet.

11.1.3 The second string revolution

It was already known in 1976 [482] that string models also include p-dimensional hypersurfaces
where the open strings end if they are to satisfy Dirichlet boundary conditions [== Digression 11.6
on p.415]. The integral parameter p = 0 here denotes a point, p = 1 refers to a string (filament),

6 The term “compactification” implies that the spacetime geometry changes 2~ = RY? — R? x &, where & is a com-
pact real 6-dimensional space, and R'? is the (34-1)-dimensional flat spacetime. Here, % is a complex 3-dimensional
subspace of some better known space, typically specified by a system of algebraic equations.

7 In April 1983, I was present at a lecture by John Schwarz about strings at ICTP, in Trieste, when no one from the
audience of some 300 or so active researchers in elementary particle physics asked a question after the lecture, except
for Herman Nicolai who hosted the event.
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p = 2 to a membrane, etc. During 1989-95, Joe Polchinski showed that these so-called Dp-branes,®

for consistency, must be treated as independent dynamical objects. They are then as fundamental
as the strings from which one may have started [w= articles [438, 433] or books [434, vol. 2]
and [298]]. In this nomenclature, in the original model of open bosonic strings with SO(32)
gauge group, the full (25+1)-dimensional spacetime is a D25-brane, and the end-points of the
open strings are restricted to this 25-dimensional space but move freely in it. Many of these various
elementary p-branes are, in the string theoretical system, in fact elementary (extremely charged)
black objects — a realization (recycling [= Footnote 13 on p. 13]) of the idea in Digression 9.5 on
p. 340, just not for electrons but for these new, p-dimensional objects. This makes it clear that the
name “string theory,” and even “string theoretical system,” is a misnomer: this theoretical system
must include objects of various dimensions® [= Section 11.4]!

By 1995, Leonard Susskind had included Gerardus 't Hooft’s holography principle in string
theory, whereby the high-energy excitations of strings coincide with the thermal states of black
holes and by which the fluctuations of the event horizon describe not only the degrees of freedom
of the black hole itself but also of the nearby objects. That same year, Edward Witten showed that
the five basic string models (open, the SO(32) heterotic, the Eg x Eg heterotic, the Type II A and the
Type I1 B) as well as their various compactifications may be regarded as limiting cases of a more fun-
damental, so-called “M-theory,” which he showed to also have a sixth limiting case, which contains
the (otherwise unique) point-particle supergravity in (10+1)-dimensional spacetime [575].

Digression 11.1 M-theory extended string theory thus incorporates (rather than falsifies
in a Popperian sense) point-particle field theory, and requires it to have the specific sym-
metries and structure of the 11-dimensional supergravity, enriched by including also
specific 5-branes.

The unification of these various models into a theoretical system of strings (by now extended
by various p-branes), i.e., M-theory, around 1995, is regarded as the “second string revolution,”
whereby the revolution of 1984 is in retrospect counted as the first. Some Authors regard the
change of application of string models in 1974 (from hadrons to gravity) as the first revolution, so
their counting is shifted by one from the one used herein.

Following Witten’s implicit “definition” of M-theory, Tom Banks, Willy Fischler, Stephen
Shenker and Leonard Susskind generalized the holography principle to the whole M-theory. Juan
Maldacena then noticed [354] the following sequence of relationships:

1. Low-energy excitations near a black hole are represented by physical objects that are
localized near the event horizon of the black hole.

2. In the case of extremely charged Reissner-Nordstrgm black holes, the event horizon is of
the form AdS? x $9~, where AdS? denotes the d-dimensional anti de Sitter space (9.81)
and the sphere 5%~ carries the flux of some gauge field.

3. This latter configuration may be described by an N = 4 supersymmetric (and conformally
symmetric) version of Yang—Mills field theory [s= Chapter 6 and 10].

8 The coinage “p-brane” appears in the literature, as a back-formation from membrane, and where the number p denotes
the number of spatial dimensions. Continuing this back-formation, the term “brane” is used even all by itself as a
dimensionally non-specific collective name.

9 This provides an opportunity for a neatly rhyming recap: the theoretical system of strings and things.
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This sequence of relationships was soon generalized, worked out and theoretically confirmed in
detail (by Edward Witten, Steven Gubser, Igor Klebanov and Alexander Polyakov, among oth-
ers [510]), and is today called the AdS/CFT (or, more generally, the gravity/gauge) correspondence
and represents a concrete theoretical realization of the holography principle. In a roundabout way,
the string theoretical system has thus returned to its original application, to the description of
interactions via gauge fields.

On the other hand, soon after Witten’s proposal of M-theory, Cumrun Vafa generalized this
proposal into the so-called F-theory, which indicates the existence of a phase of this united theory
in which the spacetime has 12 dimensions [530] — and for which the effective 12-dimensional field
theory is known only in various (partially) compact variants, and for which it is not determined if
it has 1042 or 11+1 space+time dimensions (there exist arguments for both cases) g,

11.1.4 The third string revolution
The numerologically inclined Reader must have noticed the approximate cycle of about 11 years
(just like Sun-spots?) between:

1. since 1974: strings are used to describe gravity and not hadrons;

2. since 1985: the five basic string models and their compactifications;

3. since 1995-7: indirect hints of M- and F-theory as the completion of the string theoretical
system, as well as the establishment of the AdS/CFT correspondence.

However, 2007 arrived after an unhurried percolation of several ideas that fused into the picture
of the landscape of string theories and the swamp of other models [+ the book [505], a partial
critique [152], the works [531, 395], as well as the rest of this chapter for starters]. For some
participants and observers, the shift in understanding the task, the purpose, and even the power of
physics — with the backdrop of this landscape and swamp — represents an anti-catharsis. Namely,
the very idea of the existence of an enormous and connected “web” of all possible string models is
not new, % and draws its roots from the phase diagrams in grand-unified models [= Chapter 8],
which in turn conceptually remind us of the phase diagrams in the physics of bulk materials.
The open question is, however:

1. is there a principle (such as minimization of free energy in statistical mechanics) that singles
out one of all those models — hopefully such that it describes Nature just the way we observe
it?

2. or is this Universe of ours selected by the fact that we — such as we are — could not even exist
in some different Universe; which is the so-called “anthropic principle?”

Some regard the adoption of this anthropic principle as a revolution in understanding Nature, while
others on the opposite end of a continuous palette of opinions regard this as a sign of intellectual
capitulation; yet others regard it as a signal of the hopelessness of “string theory” within the science
of physics [# paraphrasing Planck, on p. 124]. And then, there is also the infrequently adopted,
but to my mind important view, best stated by Douglas Adams:

This is rather as if you imagine a puddle waking up one morning and thinking, “This is
an interesting world I find myself in — an interesting hole I find myself in - fits me rather
neatly, doesn’t it? In fact it fits me staggeringly well, must have been made to have me
in it!” This is such a powerful idea that as the sun rises in the sky and the air heats up

10 Early results in this direction [227, 226, 86, 87] came before their time: seven years later, their physics aspects started
clearing in cases with more supersymmetry [22, 23, 24]. Two years after that, the original application of this physical
process was shown to require some “isolated” models [304]; see however also recent works such as Refs. [492, 582,
290, 365] and references therein for some recent developments&.
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and as, gradually, the puddle gets smaller and smaller, it’s still frantically hanging on to
the notion that everything’s going to be alright, because this world was meant to have
him in it, was built to have him in it; so the moment he disappears catches him rather
by surprise. I think this may be something we need to be on the watch out for. [6]

Somewhat in response to the realization of this seemingly unprecedented and complex
opulence of the landscape and the swamp,’! and the development in the vantage point (the
ambivalence between the anthropic and the minimizing principle) within the string theoretical
system, and partly also as a reply from the shadow of the fantastic activity around string models,
there emerged critical reviews [490, 5771, which are not infrequently kibitzing and criticize even
just the interest in “string theory” since it is “too general to be experimentally falsified” [para-
phrased, T.H.].?? The basis of this critique stems from the fact that the string theoretical system has
an immense (perhaps even infinite-dimensional [453]) continuous parameter space, which makes
it seem impossible to refute, i.e., demonstrate that none of those choices can produce a realistic
theory — or, more precisely, a concrete model that describes the observed Nature.

However, this is a very naive view of both the refutation process, as well as the logical jus-
tification of refuting. For example, the N = 8 supergravity in (3+1)-dimensional spacetime also
contains a continuum of parameter choices, but since the 1980s it has been known with certainty
that all the models within this theory possess the (non-realistic) unbroken parity symmetry; as
of recently, we also know that all these models are most probably non-renormalizable [== Defi-
nition 5.1 on p.211]. In fact, before the Green-Schwarz discovery (in 1984) of the mechanism
of anomaly cancellation that was missed by the otherwise complete analysis of Alvarez-Gaumé
and Witten, it was trusted that the analysis of anomalies offers a systematic characteristic of all
string models (except for Type IIA and Type IIB, which in turn do not contain the Standard Model)
that disqualified them all [= Section 11.1.2]. This definitely proves that even infinite-dimensional
collections of models can in principle be ruled out. By virtue of the Green-Schwarz mechanism
of anomaly cancellation in specific cases, the number of possible string models is significantly
restricted.

In turn, even the Standard Model of elementary particles contains a continuum of parametric
possibilities [== Chapter 7], and is reliably known to contain neither explanation nor a selection
mechanism from among the possible choices of these parameters. By contrast, the last decade of
research — and the imagery of the landscape and the swamp - indicates that the parameters in the
string theoretical system in fact form a discretuum — a sufficiently dense but countable (and perhaps
even finite) subset of parametric choices that is fixed among others also by a generalization of the
Dirac mutual quantization of the electric and magnetic charges [== originally [74] and also the
more recent general review [31]].

More generally and paraphrasing Refs. [505, 531, 395], there exists an immense landscape
of perfectly quantum-consistent string models that contain the characteristics of Nature as we
know it and which we inhabit. It is then believable that amongst those models there exists one that
simultaneously features all of the characteristics of precisely our Nature, and with no “surplus.”

11 In reality, the plethora of theoretical models could always have been seen, but was not since many of the properties
such as the dimension of spacetime or the choice of the gauge groups were taken for granted.

12 For example, Lee Smolin [489, 4901 promotes loop (quantum) gravity [¥° below] as competing with strings. Peter
Woit [577] applies Pauli’s denigrating “not even wrong” to “string theory” (which he openly calls a “failure”) and
lobbies theorists to do something else — without himself contributing to any concrete research. Bert Schroer, amid
numerous historical-philosophical essays, lobbies for a very non-standard formalism that also contains a “delocalization”
of point-particles [478, 479, and references quoted therein], which is “mistakenly interpreted as a string” (whatever
that might mean). The critical review of Smolin’s and Woit’s books [490, 577] that Joe Polchinski published in the
bimonthly American Scientist (Jan./Feb. 2007) caused a highly ramified tree of internet blog-debates that are freely
accessible [(=° [436, 491, 429, 435] as well as [576], for starters].
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There also exists a much larger swamp of classical, semi-classical and otherwise partially quantum-
consistent models, which are however not completely quantum-consistent (and do not belong to
the theoretical system of strings with its M- and F-theoretic extensions). The landscape models
emerge from this swamp like islands.

Conclusion 11.1 The (M- and F-theory extended) (super)string theoretical system is the
first one in the history of fundamental physics that can predict a countability — and maybe
even finiteness — of the number of perfectly quantum-consistent models with an adequate
content of matter, broken P- and CP-symmetries, gravity and gauge interactions, and the
first one that still maintains the hope that one of its models faithfully and completely
describes our Nature.

Given the fact that theoretical systems are by construction axiomatic systems that seem complex
enough to be subject to Godel’s incompleteness theorem [ the lexicon entry, in Appendix B.1,
and Appendix B.3], this feature of the string theoretical system is even surprising!

Besides, “string theory” is actually a theoretical system, which is pointless to falsify much
as the theoretical system of classical mechanics is not falsified, nor can it be falsified in the naive
Popperian sense [= Digression 1.1 on p.9, Section 8.3.1 and Digression 11.2 on p.408]. The
string theoretical system contains models that are very successful in describing various natu-
ral phenomena, amongst which are also some characteristics that previously had been simply
taken for granted [= Section 11.2]! Finally, as understood nowadays, the string theoretical sys-
tem [434, Vol. 2, Figure 14.4] contains various (super)string models that are in fact limiting cases
of a more fundamental theory (provisionally identified with the hints of M- or even F-theory)
of which we so far know only what can be discerned from the vantage points of known special
limiting cases. It is simply too early to tell.

11.1.5 Quantum gravity

The string theoretical system is by no means the only attempt at a rigorous definition and con-
struction of both a qualitative and a quantitative description of quantum gravity [367, 322, 291,
495, 310, 67, 465, 342].

Namely, unlike Yang-Mills gauge theories, the (gauge) general theory of relativity is not
renormalizable [2171, nor is any field theory that includes gravity.!> The technical part of the
problem indubitably stems from the essentially nonlinear nature of the general theory of relativ-
ity [== Chapter 9]. Thus, a “complete theory of quantum gravity” simply (so far) does not exist
(and even less existent is its quantum-consistent unification with the Standard Model). There exist
the following more or less well developed candidates:

1. the (M- and F-theory extended) (super)string theoretical system,
2. loop (quantum) gravity (LQG),
3. various modifications of gravity.

The original idea in the loop (quantum) gravity approach is that the quantization procedure
should be applied starting from a classical Hamilton action for gravity, which is classically equiva-
lent to the Einstein—Hilbert action (9.38), but offers some (technical) advantage in the quantization
procedure. By contrast, the Einstein equations (9.44) and the Einstein—Hilbert action (9.38) are
only approximate results in the string theoretical system [s= Section 11.1.1].

13 5o-called perturbative gravity is an effective description of quantum gravity where the perturbative contributions are sys-
tematically suppressed by powers of ratios of the form E/(Mpc?), where E is the characteristic energy of the considered
process. In this formulation, there evidently is no chance of obtaining convergent results when the energy E approaches

Mpc? ~ 10GeV/c?, but the description becomes ever better at ever lower energies [343, and the references therein].
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There exist more or less critical and relatively contemporary reviews of these alternative
approaches (2 and 3), and the interested Reader is directed to these resources, e.g., starting
with [11, 386, 385, 467, 466, 468] and the plentiful references in those works.

The alternative approach to quantizing gravity, the so-called loop (quantum) gravity, draws
on the earlier geometrodynamics approach [310] and the use of Abhay Ashtekar’s variables [21].
These were defined (in 1986) as certain contour integrals and so correspond to the (homotopy)
classes of these contours. The practice within this approach regarding the treatment of symmetries
and the subsequent constraints upon quantum states, however, radically differs from canoni-
cal (and so also Dirac, BRST, BV and BVF) quantum treatment of constraints [386, 385, 111,
which is the essential building block element in the whole fundamental physics that led to the
Standard Model, grand-unified models, and also the string theoretical system [#== texts such
as [554, 555, 484, 4961]. In this respect, it is not clear whether the approach to quantization
in loop (quantum) gravity is in agreement with Nature as canonical quantization is known to be.
Namely, the formalism of loop (quantum) gravity does not seem to detect any of the anomalies, 4
so it is not clear how this procedure could possibly be consistent with the Standard Model wherein
anomalies play a crucial role.

However, the very definition (and evident possibility of identifying these contours with
strings) indicates a possible connection between loop (quantum) gravity and string models. At
any rate, however, loop (quantum) gravity for now does not even try seriously to unify gravity
with other interactions and matter, and this approach is in this sense in a very different (and much
more modest) category than the string theoretical system.

In other conceptual approaches, one postulates that on small enough distances either the
Lorentz symmetry is no longer valid [ [273] and the recent review [545]], and perhaps
even the space ceases to be a continuous topological space as one otherwise usually regards it
and becomes something akin to foam [= Footnote 2 on p.398], or the law of gravity changes
on cosmic scales [155, and references therein], or some other characteristic of gravity and/or
spacetime varies. In the spacetime foam approach, the macroscopic and well-known character-
istics of spacetime (continuity, smoothness) are simply a result of averaging over an enormous
ensemble of structures that are, each by itself, of a wholly different nature. For astrophysical
considerations that prompt such modifications of the “ACDM” (Einstein gravity with a cosmo-
logical constant, A, and cold dark matter) model and a review of modified Newtonian dynamics
(MOND) proposals, see recent reviews such as Refs. [180, 498, 156] and references therein.
In loop (quantum) gravity, spacetime also emerges as a dynamical and produced structure: The
space itself is produced from so-called spin networks, which in time sweep out the so-called
spin foam, whereby these two a-priori independent approaches turn out to have a common
point.

Somewhat more recent are approaches wherein gravity emerges from a simpler theory that
included neither general coordinate invariance nor a version of Einstein’s equivalence princi-
ple [486, 315]. It is also possible to apply the gauge principle to different subsets of general
coordinate transformations or treat them in somewhat different ways, and so obtain differently
gauged theories of gravity [451, 276].

Finally, the common characteristic of all these approaches to quantum gravity is that, so far,
no feasible experiment is known that would rule out or confirm any one of them. For example,
the stringy corrections to the Einstein equations are too small to be measurable except in strongly
curved spacetime, as should be the case near a singularity.

14 See Digression 7.2. Also, LQG fails to explain the ultimate fate of the well-known Goroff-Sagnotti two-loop diver-
gence [217] that signals the failure of conventional renormalization within quantum gravity; see also Refs. [386, 385,
11] for a more detailed discussion of shortcomings of the LQG approach.
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11.2 The theoretical system of (super)strings

The subject matter of elementary particle physics had by the end of the twentieth century
grown beyond the usual confines of a physics discipline such as, e.g., atomic physics, molecu-
lar physics or astrophysics. On one hand, the subject matter is not a single, relatively bounded
domain of natural phenomena and structures, but forms a hierarchy of at least two levels of such
structures!® [ Table 2.5 on p-71]:

1. hadron physics,
2. quark-lepton physics,

and a third, essentially different level, temporarily identified as

3. (M- and F-theory extended) (super)string physics, including alternative approaches such as
loop (quantum) gravity, spacetime foam and other modifications of gravity.

On the other hand, (super)string theory is no longer a concrete theory of one concrete (our)
reality, but a theoretical system that we hope will be able to describe our reality also. In the same
sense, nor is classical (non-relativistic and non-quantum) physics a single, particular theory of a
single, particular mechanical system, but a theoretical system applicable to a broad (continuous,
in fact!) spectrum of phenomena, both natural and also completely artificial.’®

Digression 11.2 Classical mechanics — as a very well known theoretical system — is

perfectly applicable to force laws: F = axV7, F = Bx*/%, F = 7%, etc. From
among uncountably many functional forms, our Nature chose F = —kx 4+ O(x%) for

springs, but F = k7/ for gravity. In 3-dimensional space (and with one dimension of time),
Bertrand’s theorem [327, 213] guarantees that only these two force laws provide for sta-
ble orbits, but nothing — within the theoretical system of classical mechanics — prevents
the existence of F o J:XO springs, or F « —r gravity. Yet, no one deems classical mechan-
ics any less “scientific” because of its inability to “predict” the correct force law from first
principles.

Amusingly, extending classical mechanics by including the gauge principle permits
one to derive the o< 1/r force law for gravity (in (3 + 1)-dimensional spacetime). Extend-
ing it by including some ideas about elasticity (either by postulate or as derived from the
microscopic structure and interactions within materials) permits one to derive the o< —x
restoring force law of springs. This supports the expectation that many of the particular
but unexplained characteristics of the Standard Model will be explained by (and derived
from) developments beyond the Standard Model itself.

The next step in the evolution of that theoretical system is provided by the theory of relativity
and quantum theory; the coherent unification (but without gravity, and so without accelera-
tion) is known as quantum field theory. Conceptually, this is a well-defined theoretical system,

15 The delineation of these “levels” is of course practical but artificial; Nature is one. Just as there exist chemical processes
that belong both in organic and in inorganic chemistry, so does the structure of small nuclei (those of deuterium, tritium,
helium,. . .) belong both in nuclear and in hadron physics, and the structure and dynamics of quark bound states both in
hadron and in “quark-lepton physics.” Finally, the electromagnetic (and also gravitational) interaction of course appears
through all this physics, from microscopic to macroscopic scales.

16 It is not difficult to see that even a small change in the concrete value of some of the natural constants would have
significant repercussions with the end result that such a World would be significantly different from ours — and, thus, very
unnatural. Numerous humorous examples of such ilk form the scientific basis for the popular books for laymen [183].
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in that it is known that all field theory necessary in the Standard Model of elementary particle
physics [s== Chapters 3-7] is renormalizable and has no anomalies.

The remaining step in this evolution then must include gravity, and for this the (M- and
F-theory extended) (super)string theoretical system is the most successful candidate.

One hopes that the true fundamental Theory of Everything is simply finite, and that no renor-
malization is needed; there do exist indications that this may well be the case with (super)string
models. Finally, string models as a class of theoretical constructions are still the most likely milieu
for approaching the Theory of Everything. It is literally too early to judge, owing to the simple
reason that the class of (M- and F-theory extended) (super)string models is by far not known
sufficiently well [505] - although one knows things about string models that one would not even
have thought of asking of the physics before strings.

11.2.1 General requirements

The basic characteristics of Nature, as uncovered by the physics of the twentieth century, are sum-
marized in Table 11.1. Any theoretical system with the ambition to describe Nature must contain
these characteristics as its integral properties. Alternatively, were we to wish to substitute any of
the listed characteristics with something else, we would have to prove not only that the alternative
equally well generates models of natural phenomena, but also that it fits equally well with all other
characteristics of Nature.

Table 11.1 Characteristics of describing Nature, key properties/purpose and the resulting unifications

Characteristic Universal property Unifies/describes

Quantumness Stabilizes atoms Waves and particles

Special relativity Links symmetries, Spacetime, energy—-momentum

General relativity | conservation laws, Acceleration-gravitation, mass-inertia
forces/interactions

and geometry

Gauge
principle

(Electro-magneto) +weak,
and strong interactions

Relativity of phases
(of wave-functions)

Supersymmetry* Stabilizes vacuum  Bosons and fermions

* Supersymmetry is the only characteristic listed here that is not yet experimentally verified, but is the only
(known!) universal characteristic of which the consequences include vacuum stabilization.

Conclusion 11.2 Nature is one; the fragments of our description of Nature sooner or later
must fit into a single, coherent and consistent whole.

11.2.2 The spacetime perspective

Start with the simplest example, where an open string moves through flat space. Let ¢ be a co-
ordinate along the string, so that ¢ = 0 and ¢ = /s are the end-points (and ¢ € [0,2/s] for a
closed string, where we identify the ends to form a circle of circumference 2/;), and let T be the
proper time of the string.!” If X* are the coordinates in the target spacetime .2" through which
that string moves, then (X°(t,0), X!(t,0),..., X" "1 (1,0)) is the n-plet of coordinate functions that
specify where the point ¢ on the string, at the proper time 7, is located in the target spacetime 2,
where dim(2°) = n.

17 Since a string is not a point and different parts of the string may move with different velocities, every point on the string
has its own proper time, and we only require that the parametrization of proper time vary continuously from point to
point along the string so that the pair of variables (7, 0) provides a coordinate system covering the worldsheet swept
out by the string.
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As the proper time T passes, the string sweeps out the worldsheet on which we may introduce
the general coordinates (&°,¢!). Suppose that the string is at rest so ct = ¥ = X° and that it
extends along the coordinate X! = &' = ¢. Then, the surface of the worldsheet is obtained by
the integral [ dX%dX!. In the general case, when the string moves arbitrarily through the target
spacetime, a coordinate change must include all coordinates X* as well as the metric tensor of the
target spacetime, and the result is the Nambu-Goto action (11.11).

Geometrically, the n-tuplet of functions X* (&) provides the mapping X : ¥ — 2 of the
worldsheet X (that the string sweeps out in the process of moving) in the target spacetime 2, and
the Hamilton action (11.11) characterizes this mapping.

Comment 11.1 To be precise, X(X) C 2 denotes the image of the worldsheet in the target
spacetime, to be distinguished from the abstract worldsheet X. For example, a constant
mapping X produces the image X(X) that is a single point in 2.

Namely, for every possible image of the worldsheet that connects the string in any given initial
position and the string in any given final position, one can compute the action S[X]. The classi-
cal worldsheet is the one that minimizes the Hamilton functional S[X], and provides a textbook
example of the application of Hamilton’s variation principle [#== Figure 11.1]. From this vantage

\Time g'ﬁ\")\
Final
XM x
b Spacetime
Start

Figure 11.1 An image of the worldsheet of an open string in spacetime.

point, of primary importance is the motion of the string from its initial into its final position and
the image of the worldsheet that this string sweeps out in the spacetime X(X) € 2". The canonical
quantization of the dynamics of this motion — using the Hamiltonian defined originally from the
Nambu-Goto action (11.11) and subsequently from the Polyakov action (11.10) — gave the origi-
nal results such as the critical dimension dim(.2") = 26 for the ordinary string, i.e., dim(.2") = 10
for the supersymmetric string, where the string oscillators are accompanied also by supersymmet-
ric partners. The string end-points (i.e., the “side” edges of the surface X(X)) may be assigned
charges. Strings interact by splitting in two and by joining ends [# Figure 11.2] — recall that

Time 4

Fina)

Time T Final 1

Start @ “ Start 2 v

Figure 11.2 String interactions: splitting of one string into two, and joining two strings into one.
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the original inspiration for strings were mesons.’® In mesons, the string end-points are identified
as the locations of the quark and the antiquark that carry charges (isospin, electric charge, ...),
while the string itself represents the continuous and two-way flux of the chromodynamic field
that binds the quark and the antiquark. It follows that one end-point of a string may join with
another end-point of that or another string only if all charges on one of the two end-points are of
the opposite type from the charges on the other of the two end-points. Also, when a string splits,
the two newly created end-points must have opposite charges. Thus, open strings with charged
end-points represent the combination (g,q), where q is the n-dimensional “charge.”!? For either
of the two end-points of one string to be able to join with either of the two end-points of an-
other, their interactions must be governed by the group SO(n); quantum consistence then requires
n = 32 [225].

(o Time B C

Interaction: the worldline

bifurcates at a Interaction: the worldsheet is
Lorentz-invariantly everywhere smooth
specified place

(@) (b)
A A

Figure 11.3 The A — B + C decay in the pointillist description (a), and in the stringy description (b).

The conceptual difference between pointillist and stringy descriptions of a simple process,
e.g., the decay of a particle (3.130) A — B+C, may be seen in Figure 11.3, for an example
with a closed string. In the case of the interaction of open strings [= illustrations (11.4)], in
certain subsets of coordinate systems there still exist special points at the edge of the string’s
worldsheet [== the cusp-like edge-points of the surfaces in the illustrations (11.4)]. However, it
may be shown that this worldsheet parametrization is, via a conformal mapping, equivalent to
another, where these particular points are not singled out.

Since the parametrization of the worldsheet that connects the starting and the final positions
of the strings in any process cannot even in principle be measured, the measurable quantities in
the stringy description must be averaged over all possible parametrizations. In doing so, not only
do we have to average over all parametrizations of a fixed abstractly specified worldsheet that
connects the starting with the final positions of the strings, but we must average also over all
possible worldsheets that satisfy those boundary conditions. The decay process A — B + C is thus
described by Feynman diagrams such as in Figure 11.3 only in the lowest approximation. The next
approximation requires adding the probability amplitudes depicted by the Feynman diagrams such
as in Figure 11.4. In the pointillist description of elementary particles, the two Feynman diagrams
contribute differently and separately — and in fact contribute to the renormalization of different
physical quantities. In the stringy variant the contributions of the two Feynman diagrams are equal,
since the worldsheets of those diagrams are equivalent: one of these worldsheets may be mapped
into the other by means of a continuous deformation.

18 It is certainly not clear how to represent baryons in this naive picture, which is the additional reason for neglecting
strings as a model for hadrons.

19 In the sense that the electric charge is a 1-dimensional charge, isospin is a 2-dimensional charge, color is a 3-dimensional
charge, etc.
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R A"

Figure 11.4 Feynman diagrams for first-order corrections to the A — B + C decay, in the pointillist
description (a), and in the stringy description (b).

This engenders the intuitive impression that the string theoretical system is much better
defined in the technical sense, and that the renormalization process may in fact not even be
necessary.

11.2.3 The worldsheet perspective
The geometrical difference between the pointillist and the stringy depiction of physical pro-
cesses [= Figures 11.3-11.4 on pp. 411-412] as well as the form of the action (11.10) points to an
alternative perspective: the Hamilton action (11.10) evidently can be interpreted as an action for
a physical system that “lives” in the (1+1)-dimensional spacetime of the abstract worldsheet of the
string. The function X*(¢) is here simply the uth field that is a scalar with respect to the (1+1)-
dimensional Lorentz symmetry transformations. From this perspective, the (1+1)-dimensional
worldsheet spacetime X is the fundamental spacetime, in which the geometry is specified by the
metric tensor gaﬁ(g). The spacetime 2 is here simply the (abstract) target space in which the
fields X*(¢) take values and in which the metric tensor G, (X) specifies how to compute the
kinetic Lagrangian term for the 26-ple of fields (X?,..., X??).

From the worldsheet perspective, the choice 2~ = R'?® simply produces a model with 26
scalar (coordinate) fields, subject to the Polyakov action

S[Z; Thw] = /Z dz‘: g“ﬁ((f) o (a“X;t)(aﬁXV)
1 2 alB 0 0 25 ; ; (1113)
= g Jo €8P0 [uX0)@pX) - Y 0:X) (2",

4rta’hic?

where we note that the contributions of 25 scalar functions X!, ..., X® have the “wrong” sign of
this generalized “kinetic” term,?’ which is specified by the choice of parameters:

[Guv(X)] g cnay — 1] = diagll,—1,...,-1],  wv=0,...,25, (11.14)

which in the target space 2" = R1"®® represents the metric tensor.

20 The sign of the whole Hamilton action depends on the choice of whether the metric tensor 8ap(¢) on the worldsheet
follows the “particle” or “relativist” convention — compare Chapters 3 and 9 — which is not essential here. The relative
negative sign in the Lagrangian density (11.13), however, is essential and follows from the choice of the signature of the
metric tensor Gy, (X) in the target space 2.
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Digression 11.3 In the familiar application of field theory in elementary particle physics
in (3+1)-dimensional spacetime, the fields in the Lagrangian densities such as (5.118),
(6.23) and (7.78) represent quarks, leptons, gauge and Higgs fields. Each of these (clas-
sical!) fields takes values in a corresponding number of copies of the real or complex
space, R or C. The geometry — and topology — of these “target” spaces is trivial: they
are contractible; they can be continuously contracted (by scaling) to a point, and so also
contain no subspace that could not be continuously contracted to a point.

Digression 11.4 The essential reason for the existence of a critical dimension is precisely
the non-point-like nature of strings. Owing to their spatial extension, each string it-
self has an infinite sequence of harmonic resonances, each of which contributes to the
Hamiltonian. Each of the infinitely many such quantum oscillators contributes a non-
vanishing “zero energy” [ the constant term in equation (10.2a)], making a formally
divergent sum — but one that may be unambiguously assigned a unique, finite and def-
inite value [259]. These contributions to the Hamiltonian are offset by the freedom
of general coordinate transformations [= Definition 9.1 on p.319] on the worldsheet,
&*(t,0) — {*(&(t,0)). For the ground state and the observables of a quantum theory
of strings to be well defined, the net “zero energy” must in fact vanish. This cancella-
tion limits the ways in which the string can oscillate, and thereby the structure of the
(generalized) spacetime probed/spanned by those oscillations [224, 434, 594, 46, 312].

In particular, the types of oscillation possible in flat spacetime limits this spacetime
to have the “critical” 25+ 1 dimensions. Including fermionic and other types of oscillators
reduces the critical dimension of the spacetime at the expense of adding structure to it.
In particular, to reduce the critical dimension of this flat “target” spacetime to 9+1, one
may include oscillators that generate N = 1 supersymmetry and either Eg x Eg or SO(32)
gauge symmetry, or one may include oscillators that generate N = 2 supersymmetry in
the (9+1)-dimensional spacetime.

Herein, we cannot delve into the details of such computations as existing texts
do [225, 224, 434, 594, 46, 312]. Suffice it here to mention that Polchinski [434]
demonstrates the existence and computes the value of the critical dimension in seven
different ways; one of these is detailed accessibly by Zwiebach [594], another by Kir-
itsis [312]. In turn, it seems that the quantization approach in loop (quantum) gravity
does not identify the anomalies of which the cancellation produces the critical dimen-
sion [386, 385], whereby the results of this quantization approach do not agree with the
results of standard methods.

Amusingly, the shift in perspective, from spacetime to the worldsheet, provided inspiration to
explore the analogous shift in perspective in pointillist models: from spacetime to the worldline.
Evidently, instead of a field theory in (141)-dimensional worldsheet spacetime, here we have a
field theory in (0+1)-dimensional time — i.e., ordinary mechanics!

Indeed, this formalism is much better understood, and the analysis ought in fact to be simpler!
However, even a swift glance at the Feynman diagrams in the left-hand side of Figures 11.3 on
p.411 and 11.4 on p. 412 indicate serious difficulties: The worldline on which one is to construct
the (quantum and relativistic) mechanical model bifurcates and so is not a Hausdorff space! In
the so-designed model, one would have to define functions such as scalar fields X*(¢) in the



414 Strings: unification of all foundations of reality

expression (11.13), but now as functions of one argument, X* (7). Here, T stands for the proper
time 7, which is however not even unambiguously defined: its domain space — the worldline - is
in fact not a simple line. Also, at the bifurcation points even the first derivatives with respect to
the variable T (necessary in Lagrangian dynamics) are multi-valued, and already the set-up of this
approach indicates serious technical difficulties.

On the other hand, the worldsheet swept out by interacting strings is everywhere smooth
(and so also all the worldsheet derivatives, not just d, X*(¢) needed in Lagrangian dynamics)
and each Hamilton action such as (11.10) is perfectly well defined — even with arbitrarily many
“handles” (the right-hand diagrams in Figure 11.4 on p.412, both have one “handle”), i.e., even
for an arbitrarily high order contribution in the stringy version of the usual Feynman perturbation
theory.

Digression 11.5 The shift in perspective — from spacetime, understanding this to be the
“real” spacetime in which we live,?! into the worldsheet spacetime — inexorably leads to
the question: “Can the spacetime dimension, n = dim(Z"), be something other than
n = 4?” In all of the “pre-stringy” development of fundamental physics through the Stan-
dard Model and beyond [= Chapter 8], the “obvious” dimension of spacetime, 3 + 1,
was taken for granted. The Nordstrgm-Katuza—Klein model (in 1914, and 1919-26) was
a small exception to this fact, but one that was forgotten owing to its initial lack of success
in unifying gravity and electromagnetism — which solidified the opinion (prejudice?) that
the 4-dimensionality and even uniqueness of spacetime were obvious. Also, all particle
research implicitly assumed spacetime to be flat, open and infinitely large, 2~ = R!3.
Nontrivial geometries [r= Chapter 9] had occupied the attention of the separate team of
researchers, mostly “relativists,” who for the most part did not follow the contemporary
developments in elementary particle physics; in turn, neither did “particle physicists” fol-
low the contemporary developments in the research of nontrivial solutions in the general
theory of relativity.
The stringy shift in perspective irrevocably erased that chasm.

There is another property of the string theoretical model that is easiest to see from this
perspective. Consider the Hamilton action (11.13) and simplify it by choosing coordinates ¢ = T

and ¢! = o, so that (8ap) = [h‘(; 7(” ; to describe a closed string, take the coordinate o to be
periodic ¢ ~ ¢ + 27tR. Varying the action (11.13) then produces the equations of motion

9,0-X"=0, pu=0,...,25 0:=3[2£l2] (11.15)
the general solutions of which are
Xt(t,0) =X (et +Xk(e™), 0. Xk(e)=0=0_X'(cT), o :=(ctto). (11.16)

That is, the general solution of the D’Alembert equation in (1+1)-dimensional spacetime is a linear
combination of two arbitrary functions, X! and X%, each of which depends however only on one
variable, o+ and o, respectively. Since X! (c") remains constant when after the time At > 0

21 This manifest subjectivity is the first indication that the (3-+1)-dimensional spacetime in which we live is neither the
only one nor is it uniquely defined in physics models. Namely, this “real” or “true” spacetime is no more “real” than the
(141)-dimensional spacetime of the string worldsheet, or even the 1-dimensional worldline that a point-particle sweeps
out as time passes. The spacetime in which objects (particles, strings, ...) move is typically called the target spacetime,
in the sense of the mapping depicted in Figure 11.1 on p. 410, and as will become clearer in Section 11.2.4.
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the o coordinate shifts to the left (Ao = —cAT < 0), the function Xf (c") “moves” to the left;
analogously, the function X} (c~) “moves” to the right.

It is of paramount importance that the Lorentz group Spin(1,1) in (141)-dimensional space-
time is abelian (commutative), whereby all irreducible representations are 1-dimensional. It is not
hard to show that the Lorentz group does not mix X} (¢+) and X!'(¢~). The only linear trans-
formation that swaps X! (c7) « X! (0™) is the discrete transformation of parity, P : 0" « o .
Thus, every string model automatically has for every scalar field X*(¢) two independent functions
X¥(ot) and X! (c~), which may well be treated completely independently. The generalization of
this phenomenon to worldsheets with arbitrary metric is only technically more complex, but con-
ceptually remains the same, precisely owing to the signature and commutativity of the Lorentz
group on the string worldsheet.

This type of “doubling” of degrees of freedom evidently does not exist in pointillist models.
In turn, in models where the material points are replaced by p-dimensional objects with p > 1, the
Lorentz group on the world-“(p+1)-volume,” Spin(1, p), for p > 1 is no longer abelian (commuta-
tive), and there is no Lorentz-invariant separation of the fields X* into two or more independent
functions. The separation of fields on the string worldsheet into left- and right-moving functions
is therefore a unique phenomenon in string models, and ensures the uniqueness of some of the
features in string models.

Digression 11.6 The combination of these two perspectives may even offer a useful
insight into a phenomenon that is harder to understand from either one of the two
perspectives.

Let X*(t,0) be the fith string coordinate for some fixed fi; as a function of the
string proper time, 7, and coordinate ¢ along the string, the function X#(t,c) has the
classical equation of motion (11.15) and one may consider two basic types of boundary
conditions in the spatial coordinate o

Dirichlet condition Xﬂ(T,O) (11.17a)

(11.17b)

= xg, Xﬁ(T,gs) x;lq,
von Neumann condition agXﬂ(T,O) = chg, agXﬁ(T, ls) = 3?12,

where xg and x{‘ are constant positions along the fi-axis, and Jég and 92? are dimensionless
constants. The von Neumann condition at either end of the string imposes no restriction
on either the position of that end-point or the velocity of its motion. Thus, string end-

points with von Neumann conditions are simply free. However, imposing the Dirichlet
condition to an end of a string fixes the target space position of that end, at the location

xg, ie., xi‘.
So, if a certain string is to satisfy the boundary conditions, say,
von Neumann d,X"(7,0) =0, 9,X*(t,¢s) =0, u=0,...,9, (11.17¢)
Dirichlet XH#(t,0) =0, Xt (T, ls) =L, u=10,...,25, (11.174d)

the ¢ = 0 and ¢ = /s ends of that string are trapped on the (9 + 1)-dimensional co-
ordinate hypersurfaces specified, respectively, by the conditions xg = 0 and xi‘ =1L
for y = 10,...,25. These two (9 + 1)-dimensional spacetime hypersurfaces are two
D9-branes (each with 9 space-like and 1 time-like dimension).

The existence of such p-dimensional (0 < p <25) objects — called “Dp-branes” —
in string theory was already known in 1976 [482]; their dynamics was explored and
emphasized only much later [434, 433, 438, 298].
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11.2.4 Of models, again

It will be useful to reflect on the importance of the shift in perspective from Section 11.2.2 to
Section 11.2.3. Note the common denominator in both perspectives — and with the benefit of
hindsight we see that this is the case also in all theoretical systems of contemporary physics — the
fact that scientific models have the following canonical geometrical content:

Procedure 11.1 Theoretical models in general are constructed by specifying the following
structural elements [v= also the Procedure 5.1 on p. 193]:

1. A domain space, ©, with local coordinates ¢.

2. A target space, %.

3. Maps ¢ : ® — ¥, values of which serve as local coordinates in . In physics
parlance, ¢ represents the generalized coordinates, i.e., the fields of the model.

4. The dynamical functional S[¢; C f© (¢, ¢,...;C) and boundary conditions,
where C denote auxiliary parameters that specify the model.

5. Probing currents/sources ¢, which are fields over the domain space ®, chosen so
that |, o U@ Is invariant under the action of all symmetries and general coordinate
transformations [ Definition 9.1 on p. 319] in the model.

The classical version of the so-specified model is immediate: varying the action S|¢;C]
produces the equations of motion, to which one must find solutions that satisfy the given
initial/boundary conditions.

Instead of a formal proof of the identifications made in Procedure 11.1, suffice it here to consider
the following examples:

Example 11.1 Non-relativistic classical mechanics of a massive point-particle
The domain space is ® = R! (time), the target space is ¥ = R3 (space),

S[7] = /dtL(?,?,...), LF7,...) =272~ V(F), (11.18)

where V/(7) is the potential energy and 7(t) the mapping 7 : (D =R!) — (T=R3).
Choosing the coordinates 7 = ¢'¢;, Hamilton’s variational principle produces the Euler—
Lagrange equations of motion

°° d 1 oL

> (-1 ¢ [dkg] =0, (11.19)

k=0 o(‘gr)

which are to be solved subject to the boundary conditions for the classical solution.
Relativistic theory is conceptually the same, but with L = —mc”{/1 — %2 — V(7).

Example 11.2 Non-relativistic classical mechanics of n massive point-particles

The domain space is © = R! (time), the target spaces is T = R¥" = @"_ (R?);,
. n
S[7] = /dt L(a¥ar...),  L(Fafa,...)=1 Z ) (11.20)

where the n-tuple of 3-vectors {7(t),a = 1,...,n} is the mapping 7, : (D =R') —
(¥ =1R3"). Choosing the coordinates 7, = &.¢&;, Hamilton’s variational principle produces
the Euler-Lagrange equations of motion
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00 k
I L T Y S (11.21)
dtk | 5 e
=t ()

which are to be solved subject to the boundary conditions for the classical solution.

Example 11.3 Classical electromagnetic field without free charges and currents

The domain space is ® = R!? (the (3+1)-dimensional spacetime), the target space is
now the quotient space [ Appendix A.1.1] ¥ = (R3/R!!) = R%? (the physical po-
larizations of all gauge fields are 4-vector potentials modulo gauge transformations),

S[A, :/d4x$((8yAV),...), L(@yAy),...) = —2ZQF, FW, (11.22)

where F,, := (9, Ay — dyAy), and the 4-vector A, is the function that maps A : R —
R3, but owing to gauge invariance all four components Ay, ..., A3 are not independent.
Imposing the Lorenz and the Coulomb gauge [+ discussion about equation (5.91)] the
temporal and longitudinal component are eliminated, which leaves the 2-dimensional
space R%2. Hamilton’s variational principle produces the Euler-Lagrange equations of

motion oL oL oL
oA, ~ Vam,A, T%5@,0,4, =Y E

which are to be solved subject to the boundary conditions for the classical solution.

Example 11.4 Classical electromagnetic field with free charges and currents

The previous example is easily modified by adding the “probing currents/sources.” These
are — reading off from the Lagrangian density (5.22) — simply the probing/test electric
charge density and current density, p, j. These should be distinguished from any charge
and current density that are provided so as to produce a particular desired field. Notice
that the gauge transformations (5.14a) change

(0@ —-A) — p® —pA—J-A—7VA = (p@—T-A) — (7-VA+pA).
(11.24)

Under the spacetime integral, partial integrations yields

5gaUge/d4x (0® —T-A) = /d4x (6-7+p)A—/dt7£éd2? (v]m)—/d% [pA]=re.
(11.25)

The requirement that (p® — Tﬁ) remain gauge-invariant for all arbitrary gauge param-
eter functions A(x) imposes the conditions on the probing charge and current densities:
(1) they must vanish sulfficiently fast at the boundary of the spacetime domain (7 at spa-
tial infinity, p at time-like infinity) for the first integral to vanish after the application of
Gauss’s theorem, and (2) they must satisfy the continuity equation, p = —@j’
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The quantum version of the model described in Procedure 11.1 may be obtained — among a
historical sequence of various approaches that conceptually follow the so-called canonical quanti-
zation?? — using the Feynman-Hibbs path-integral formalism. A proper and detailed introduction
to the path-integral formalism and its applications is best deferred to the texts on the sub-
ject [459, 537, 509, 165, 123, 316, 277]. Suffice it here to provide a heuristic motivation, based
on Feynman’s original intuitive imagery of summing over all possible histories of a system and
extending the analysis familiar from quantum mechanics.
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Figure 11.5 Three progressively more complicated double-slit experiments: Left, with two options,
passing either through one or the other slit; middle with 22 = 4 options; right, with 23 = 8 options.

Consider the standard two-slit experiment, where a quantum particle is emitted from one
side of the two-slitted screen and is then detected on the other side, at a specific location on a
scintillating screen, as shown on the left-hand side of Figure 11.5. This arrangement is discussed
in most texts of quantum mechanics, and the intensity of the glint on the scintillating screen
is determined by computing the interference between the particle/wave traveling along the two
distinct types of paths, one passing through the top slit, the other through the bottom one. The
middle arrangement, with two consecutive two-slit experiments offers 22 = 4 options: top—top,
top-bottom, bottom-top and bottom-bottom. The right-most arrangement offers 23 = 8 options,
and so on. With n consecutive screens, each with p slits, there are p” options for the particle
passing through them, and the intensity of the glint on the scintillating screen is determined by the
interference of the particle/wave traveling along all possible paths.

By letting both the number of screens and the number of slits in them grow infinitely, the
collection of possible paths grows to include all possible paths that start at the source and end
at the glint.?® This is precisely as if there were no screens at all, but we expressly avoid presup-
posing which way a particle/wave moves from one point to the next. That in turn is precisely
the situation with quantum physics, where we expressly avoid relying on classical equations
of motion to determine the path of a particle between the only two points where it has been
observed!

The intensity of the glint is thus determined by the total interference of the particle/wave
traveling along each one from the ensemble of all possible paths from the source to the glint. Along
each path, one should calculate the net phase of the particle/wave, as the difference between them
determines the result of interference between particles/waves arriving along any two of the paths.
This is effectively accomplished by summing phase factors ¢!PPas¢ over the ensemble of all possible
paths. Feynman and Hibbs proved [165] that (1) this reasoning can be extended to all models of
quantum physics, and (2) the correct phase-factor is in fact exp{—iS[¢;C|/71}, with S[¢;C]| the
classical action for the system considered, as in Procedure 11.1.

22 The contemporary BRST- and ZJBV-quantization in the Lagrangian formalism and the BFV-quantization in the Hamilto-
nian formalism are direct and universal generalizations of canonical quantization (as it is traditionally called), and are
thus just as canonical. See Ref. [554] for pre-BRST methods, and [268, 555, 484, 496, 589, 590] for contemporary
treatments.

23 In fact, there is no a-priori reason to exclude back-tracking paths either.
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With the data provided in Procedure 11.1, one then defines the partition functional

7[8;C) := /D[q)] ¢~ H(SIpiCl+ [d'x 9-9) (11.26)

where [D[¢] is the functional integral summing over all (independent and unconstrained, i.e., free
and certainly off-shell) fields ¢. This quantity turns out to be a generating function for so-called
n-point correlation functions [459, 165, 123, 316, 277]

G(&1,82 ) 1= (PG 9(G) ) 1127)
1 54
~ Z[9;C] [(519@1) oy Y C]} oy - (11.28)

which produce the probability amplitude for the correlation of perturbations in the field ¢ at the n
points in the domain space, ¢; € ©. They generalize the (2-point) Green function. From (11.26),
one can also easily define the so-called effective action

Seft [@+; C'] :=ih log (/D[(p] e_%s[(q’*ﬂ”);q). (11.29)

The fields ¢, are called “background,” and provide the interpretation of ¢ as the (quantum) fluc-
tuations around this background. The effective action S [¢+; C'| may well be used as if a classical
action, producing equations of motion for the background fields, ¢.. However, owing to the in-
tegration over all “fluctuations” in the right-hand side of the definition (11.29), S. effectively
includes quantum corrections.

The concrete and technically precise use of the general framework based on (11.26)-(11.29)
requires the expanse afforded by quantum field theory texts such as Refs. [459, 165, 123, 316,
2771, but the above intuitive motivation, formal definitions and concepts still permit making two
key observations. First, note that the definition in no way guarantees that Seg [¢+; C'] would even
resemble the original action S[¢; C']. We thus revisit Definition 5.1 on p.211 and make it more
precise:

Definition 11.1 A quantum system is renormalizable if the effective action, Ses[¢«;C'],
has the same functional form and dependence of its parameters as the original action,
S[¢; C], and where the formal transformation S[¢; C] — Seg[@+; C'] is fully described by
the renormalization of the system parameters, C — C'.

Second, we note that the quantities such as (11.26), (11.28) and (11.29) are in practice
most often calculated perturbatively, and individual contributions turn out to be calculable using
Feynman diagrams — the same tools we have seen in Sections 3.3, 5.3-5.4 and 6.2. It turns out
that the partition functional Z[9; C] receives contributions from all possible Feynman diagrams,
whereas the effective action S [@+; C’'] receives contributions only from the connected diagrams.
That is, contributions to the effective action are those of the partition functional, however with the
contributions from disconnected Feynman diagrams subtracted [425, 586]. Both formally and in
their physical meaning, these subtractions depicted by disconnected Feynman diagrams generalize
the “excisions” that appear in the quantum-mechanical perturbative calculations (3.93)-(3.102).

e —

The space of all mappings ¥ := {® — T} over which the integral (11.26) is to be computed — in
the general case — is not the same as the configuration space. Namely, a concrete physical system
is very often limited by constraints, x(¢) = 0, which “restrict” the mappings. The integral (11.26)
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is defined over free mappings, and constraints are to be included into the dynamics by means of
Lagrange multipliers S[¢; C] — S[¢;C] + [5 A-x(¢), so that varying the Lagrange multipliers A
imposes the constraints x(¢) = 0. Among other cases, every symmetry of a system is a constraint
since the symmetry transformation, S, does not change the physical state |¥), whereby it is always
true that

S|¥)=1|¥Y) ie, x.¥)=0, where px,:= and S =ei'xe, (11.30)

_17
€ le=0

and where €¢” denotes the ath symmetry transformation parameter.

Digression 11.7 In 1950-1, P. A. M. Dirac showed [132, 133] that it is essential to en-
sure that the dynamics of the system (in the Hamiltonian formalism, generated by the
Hamiltonian) preserves the constraints ;. In classical physics, this means that all Pois-
son brackets {x;, x;} and {H, x;} must automatically equal a linear combination of the
constraints, and the model is consistent only if this can be achieved by a combination of:

1. extending the collection of all constraints, {x1, x2,--- },
2. redefining the Poisson brackets (into Dirac brackets),

whereby the (redefined or not) brackets must satisfy the Jacobi identity (6.18).

In quantum physics, the analogous situation must hold for commutators, i.e., an-
ticommutators between spinor operators, including the generalization of the Jacobi
identities (10.37). So far, the most general known procedures that ensure this are the
Zinn—Justin—Batalin—Vilkovisky (BV) quantization [40, 41, 555, 484] in the Lagrangian
formalism, and the Batalin—-Fradkin-Vilkovisky (BFV) quantization [174, 39, 172, 36] in
the Hamiltonian formalism.

Considerations and statements such as these, in this section and also in Sections 8.1.1
and 8.3, actually are not themselves part of physics (the subject matter of which is Nature), but of
a discipline the subject matter of which is the scientific discipline “physics” and its structure. In the
analogous situation, the discipline of which the subject matter is mathematics is called metamath-
ematics [314]. Analogously, the discipline of which the subject matter is physics should be called
metaphysics, but this name is already the standard moniker for a branch of philosophy concerned
with the nature of existence and of the world.

As this discipline (about the formal structure of physics) is by its nature (just as in the descrip-
tion of the Procedure 11.1 and in Appendix B.3) rather mathematical, perhaps metamatephysics
would not be too inappropriate?

11.2.5 Reconstructing the spacetime perspective
The shift in perspective from the spacetime (in Section 11.2.2) to the worldsheet (in Sec-
tion 11.2.3) of course has its inverse process that reconstructs the effective spacetime field theory
from the original worldsheet field theory.

Namely, the worldsheet Hamilton action and partition functional

SIX; G, ... ] = / L(X", @0uX1),...; G- ),
JE N——r
parameters (11.31)

Z[Y; G| = /D[X] et SIXiGpum [ [ VX
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where the parameters specify the concrete model in question. In the concrete actions (11.13)
and (11.31), for example, there appears the metric tensor

[Guv (X)) g sy — ] = diag(1,—1,...,-1),  pv=0,...,25 (11.32)

Using the partition functional Z[Y; G], we may compute how quantum fluctuations alter these
specified parameters, and in 1979, Daniel Friedan showed that the condition — that these quantum
fluctuations do not alter the chosen metric tensor — reproduces (at the lowest order in perturbative
computations) the Einstein equations for the given metric tensor.

Similar results hold for all parameters in the Hamilton action (11.31): the condition for quan-
tum stability of every parameter is an equation that in the lowest order of perturbative computation
looks like a classical equation of motion for the physical quantity represented by this parameter.
Thus, quantum stability of models defined on the worldsheet X defines the effective field theory
in the spacetime 2, such that the classical equations of motion equal the condition for quantum
stability of the original worldsheet model. Let {¢" ~ 6G,,,, ... } be the collection of all parameter
fluctuations in the Hamilton action (11.31).24

Next, construct a Hamilton action (of the second level):

/%V g(¢/ (ayﬁb)/ ceey gab/ v )/ L = gub G]ll/ (a}4¢a)(av¢b) + ’ (1133)

where G,;, (and similar) parameters in the Lagrangian density (11.34) are chosen so that the classi-

cal equations of motion for the ¢* ~ 5G,, ... variations of the parameters in the Hamilton action

of the first level precisely produce the conditions for the quantum stability of the model (11.31).
Of course, this new Hamilton action defines the quantum model

Sp:Gap, -1 = /gﬁ(«p @™, -5 Gabr--- ),
parameters (]. ]. 34)
Z[J;6] = /D[(P] e7 S0 Gar 1[5 T9,

where .7 is the target space, where ¢ take values. This quantum model is then the effective quan-
tum field theory in spacetime 2" of which a part (in a realistic model, see Section 11.3) is identified
with the “real” spacetime in which we live. In this model, ¢* ~ G, ... are fields that are iden-
tified with the “real” fields such as the graviton (for 6G,,,), the photon, the electron, the quark,...
To keep the notation simple, only the graviton is explicitly written (in ¢* ~ 6Gyy,...), but each
of the fields in the Standard Model may be identified as the variation of some parameter in the
Hamilton action (11.31).

Evidently, the concept of generating the Hamilton action (11.34) from the previous, world-
sheet Hamilton action (11.31) can be repeated: The quantum model (11.34) itself depends on
parameters G, ... The quantum stability of the model (11.34) produces conditions for the vari-
ations ®4 ~ 6G,p, - .. One then constructs a Hamilton action (of the third level) for the variables
&4 which is chosen so that the equations of motion for ® are precisely the conditions for quan-
tum stability of the model (11.34) from the previous (second) level. This Hamilton action of the
third level then defines the effective quantum field theory that “lives” in the target space of the
quantum model (11.34) of the previous, second level. In principle, this iterative construction of

24 The presentation here is drastically simplified! In practice, one must first construct the Hilbert space where the states
are constructed akin to the linear harmonic oscillator, and with the creation operators from the expansion (11.38).
In this Hilbert space there exist, e.g., states such as G,(J"J”’)(X)a’:n’R aZ'L|O), amongst which the expectation values with
m = —1 = n define the metric tensor G, (X) on the spacetime 2" in which the coordinate fields X/ (&) take values.

The variables {¢" >~ 6Gy, ... } therefore parametrize the fluctuations in the Hilbert space of the worldsheet model.
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ever higher levels of effective field theories never stops; the iterative scheme may be presented
formally:

Pk+1)
{g(k+l) — Tty },' 0S4y [@+1); Cesn)) = 0; 0qu.Ciarny = 0; (11.35a)
|
/(p(:m:: 6Chy choice of S(iy1)[@(k+1); Cies)]
P(k)
(D9 —%w}  8Swlew:Cwl =0 quaneaumCiy = 0; (11.35b)
classical physics quantum stability
where the scheme begins with the level where ©;) = X is the string worldsheet, T ;) the (ex-

tended) target spacetime (in the (3 + 1)-dimensional portion of which we seem to live), @) are
the coordinate fields immersing © ;) — %(y), and C; are the “coupling constants” of this first level
field theory, including quantities that are in turn identified as structural characteristics of ¥(;), such
as the metric tensor.

Conclusion 11.3 String models contain an infinitely iterative hierarchy of (effective) field
theories, defined by iteratively following the construction of the Hamilton action (11.34)
from (11.31) [== scheme (11.35)].

Of these, (at least) the first three “levels” are used routinely: the first level describes the dynamics
of the (super)strings themselves (11.31), the second level describes the dynamics of the fields such
as the quarks and leptons (11.34), the third level is used to explore the so-called modular spaces.
Namely, the parameters G,;, in the second level Hamilton action, in the expressions (11.34), deter-
mine the geometry of the domain spacetime of this (second) level, and represent points in the space
of possible geometries. Variations of these parameters then represent variations of these geome-
tries and so represent local coordinates in the space of possible geometries, the so-called modular
space. Such a modular space is then the target space in the third level and the Hamilton action in
this third level then contains parameters that correspond to the structure of this modular space. In
this way, the third level field theory within (super)string theories serves also as a “laboratory” for
studying the structure of this modular space. It is interesting to mention that the physically moti-
vated choice of the Zamolodchikov metric tensor on modular spaces of so-defined models coincides
with the mathematically “natural” choice of the Weil-Petersson metric tensor [89], whereby the
successful applications of these physical models in mathematics — amongst which some original
works are collected in Refs. [85, 84] — were a fascinating surprise.

11.3 Towards realistic string models

The choice (11.13) is clearly but the simplest case, when the strings move through flat, empty and
infinitely large spacetime. However, it is fairly simple to change this geometry in this model. For
example, some of the scalar fields X# (&) may be required to satisfy a periodicity condition, and
constantly so over the worldsheet X, for simplicity:

X&) ~ X'(&) +2nR;, i=4,..,25 Ve (11.36)

As a result, the scalar fields X°(&),..., X3(&) still take values in an open, flat and infinitely large
space, R!. However, each of the scalar fields X*(¢),..., X?°(&) now takes values in what is
seen to be a closed and finite (compact!) circle of radius Ry,..., Rys5. The shape of the target
space (in which the functions X°(¢),..., X?*(&) take values) has through the imposition of the
conditions (11.36) turned into

2 =RW W30 g0 RI3 72 2._gl .y gl
4 (Ryg) (Rp5)

(11.37)
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The space 2" is compact in 22 directions, but remains non-compact in the X°,..., X3 di-
rections. The conditions (11.37) represent a direct application of the Nordstrgm-Katuza—Klein
compactification.

Besides, two additional modifications may be introduced owing to the special properties of
the (1+1)-dimensional worldsheet:

1. For the scalar “coordinate” fields, such as X4,..., X??, one may use the opportunity described
in the discussion of the relations (11.15)—-(11.16): Each of these 22 fields harbors two in-
dependent functions, upon which boundary and/or periodicity conditions may be imposed
independently — and so differently.

2. The oscillators obtained through Fourier decomposition of functions (11.16) are bosonic and
in the quantum variant correspond to creation and annihilation operators, just as with linear
harmonic oscillators. Exclusively in physics defined on the (141)-dimensional worldsheet,
every pair of bosonic creation/annihilation operators may be substituted with two pairs of
fermionic creation/annihilation operators.?®

The above two peculiarities of field theory in (141)-dimensional worldsheet spacetime (the
independence of left- and right-moving modes in fields and the possibility of fermionization of
bosons — and reciprocally of bosonizing fermions) makes the following construction possible:

Construction 11.1 (heterotic string) Replace the 16 right-moving functions X1, ..., X2° with
32 right-moving fermions, AL,...,A32. Impose periodicity to the left-moving functions
X10,..., X%, so that this 16-tuple of functions X1, ..., X?° takes values on a 16-dimensional
torus that is identical with the so-called maximal torus of either the Eg x Eg or the
D1 = s0(32) algebra. The Hilbert space in such a model is built akin to the Hilbert
space in Section 10.1.3, applying creation operators from the Fourier expansion following
Refs. [225, 224, 434, 594],

XH _ M Pu ol ] az,R —27ming ™t az,L 27ting = (11.38)
(r,0) =xM+ Jret+i En;oo - +—Ce , .
n#0
where
¢ = (o EeT)/Ls, and a’in,R = (aZ,R)+/ a;in,L = (aZ,L)Jr' (11.39)
and where p4 are the momenta corresponding to the coordinates x* := %(XO +x1). By

choosing x™* to be along proper time, x™ = 7, x" and p are to be treated as simple parame-
ters, but x~,x?,...,x° and aZ,R, aﬁ’L and their canonically conjugate variables p_, p», ..., p9
and al‘an, a n, are all the familiar quantum operators. The traditional normalization is
provided by the canonical commutation relations

[x~,p_] = —ih, [x?, pg] = indh, n,0=2,..,9 (11.40a)
(& rs @b r) = 10" S —m, @y, @] = 1ot Sy . (11.40b)

A similar oscillator expansion also exists for X}0,..., X% and Al,...,A32. Gross, Harvey,
Martinec and Rohm showed [247, 246, 248] that such a model:

25 This transformation and its unique existence within field theory in (1+1)-dimensional spacetime was noticed in 1935-7
by Pascual Jordan, who attempted to explain a photon as a bound state of a neutrino and an antineutrino [301];
owing to the failure of this application, the basic idea of fermionization was itself neglected until its successful
recycling [ Footnote 13 on p. 13] within string theory.
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1. effectively describes the propagation of strings through a (9+1)-dimensional, flat
and infinitely large spacetime, R, parametrized by the values of the scalar fields
X0(8), .., X°(8);

2. the geometric and physical meaning of x°,...,x° is that they are the center of
mass coordinates of the string;

3. with a suitable choice of the relative coefficients in the Hamilton action, the sys-
tem exhibits a supersymmetry owing to the presence of fermionic modes that
replaced the bosonic functions X1°,..., X25;

4. with a suitable choice of the radii Ryg,...,Ros and angles between the coordi-
nates X'9,..., X%, the system also has either the Eg x Eg or the SO(32) gauge

symmetry.

These two specifically stringy constructions are called heterotic strings and proffer the possi-
bility to construct models that contain (much more than) enough gauge symmetry and matter to
describe the “real world” [247, 246, 248].

This telegraphic synopsis is a far cry from describing the details of the construction of these
string models, whereby the construction certainly appears to be rather ad hoc. The technical details
and consistency conditions in these constructions are, however, very rigorous; for example, these
conditions single out the gauge group to be either Eg x Eg or SO(32), and the number of “flat and
infinitely large” spacetime dimensions to be precisely 941 and only if the model is supersymmetric.

11.3.1 Partially compact topology and geometry
Somewhat in the manner of the Nordstrgm—Katuza—Klein compactification (11.37), Philip Cande-
las, Gary Horowitz, Andy Strominger and Edward Witten showed that by substituting the spacetime
geometry

RY — R x & (11.41)

in the Eg x Eg heterotic string model, the system remains minimally (simply) supersymmetric pre-
cisely if the real 6-dimensional space % is chosen to be in fact a complex 3-dimensional, compact
and so-called Calabi-Yau space,?® a.k.a., 3-fold. The hallmark feature of such spaces is that they
admit a metric tensor g;; for which:

1. gj; is Kahler, i.e., g;; = %%K (z,%), where K(z, z) is the Kéhler potential;

2. the Ricci tensor computed from this metric is a total derivative, so ¢ dz-R-dz =0 for every
closed real 2-dimensional (complex 1-dimensional) surface S € #.

Here (z!,22,2%) are complex local coordinates for %, and z' = (z')*. Since the space R'3 x % is
compact in the % -directions, such constructions are referred to as Calabi-Yau compactifications.
Note that, unlike the original Nordstrgm-Katuza—Klein compactification, here the metric tensor
components in the directions of the compact space % do not produce any gauge fields, as Calabi-
Yau 3-folds have no isometries.

Without delving into the details of such constructions (to which end the interested Reader
is directed to the book [279] and the references therein), may it suffice here to mention that
the complex 3-dimensional compact Calabi-Yau spaces have two variable characteristic numbers,
denoted i and h?!, and that Calabi-Yau compactifications of the Eg x Eg heterotic string models
produce:

26 Eugenio Calabi’s conjecture, that the necessary and sufficient criterion for a complex 3-dimensional, compact space to
admit a Kébler metric is that its first Chern class should vanish, was proven in 1974 by Shing-Tung Yau, for which
he was awarded the Fields Medal. For a detailed history of both the related mathematical discoveries as well as their
applications in physics and especially in (super)string theory, see Ref. [584].
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1. an effectively (3+1)-dimensional, flat and infinitely large spacetime, R'3;
2. minimal (simple) supersymmetry, as described in Section 10.3.2;
3. the gauge symmetry group is reduced to Eg X Eg;
4. matter fields, in the following collections:
(a) h*! copies of the 27-representation of the group Eg,
(b) h'! copies of the 27-representation of the group Eg;
5. a connection between the otherwise arbitrary Standard Model parameters, such as the
Yukawa coupling parameters k., by, hy, by, [ Section 7.3.1] and the geometry of the
selected Calabi-Yau space #'.

Every 27-representation of the (compactification-reduced) gauge group E4 contains one family of
Standard Model fundamental fermions with the usual SU(3). x SU(2)y x U(1)q C Eg charges,
and the 27-representation contains the same particles but with wrong (opposite) charges. Ideally,
one would like to construct a Calabi-Yau space with #>! = 3 and k' = 0, or the other way
around.?” Besides, if the given Calabi-Yau space is not simply connected, it is possible to establish
a flux of “background” gauge field along a closed contour that cannot be continuously contracted to
a point. Such a non-contractible closed-contour integral of such a flux effectively serves as a Higgs
field: It breaks the gauge symmetry and can “pair” fields from the 27-representation with fields
from the 27-representation and provide them with a mass of the order of 1017 ~19GeV/c”. For further
details about constructing Calabi-Yau spaces and analyzing the models obtained by compactifying
on Calabi-Yau spaces, the interested Reader is directed to search the contemporary literature (at
www.arXiv.org), perhaps with some help from the by now two decades old Ref. [279] for starters.

11.3.2 Mirror symmetry

The analysis of the application of Calabi-Yau spaces in compactification of string models discov-
ered the phenomenon that for every model with > “families” and k! anti-“families” one may
construct a “mirror-dual” model in which the number of “families” and anti-“families” is flipped
(Brian Greene and Ronen Plesser, 1990 [236]):

(@, %) :  BYw)=nYw), WNw)=nrY\ D). (11.42)

It was soon proved [51, 83] that the phenomenon is rather typical, which provided support for a re-
search field that may rightly be called experimental mathematics. Namely, between 1984 and 2002,
the catalogue of constructions grew from a handful to nearly half a billion [== review [321] and
references therein], and the statistically significant tendencies in this collection acquire significant
probabilities of being systemic, and then are well worth exploring as candidates for mathemati-
cally rigorous theorems. Besides, the insight into the physical qualities of the models in which these
tendencies are noted may provide an argumentation that is fully alien to the mathematical tradi-
tion, whence these tendencies may appear surprising or even “magical” from the mathematicians’
vantage point.

One such example is precisely the “mirror duality,” where the identifications are in fact not
only on the level of numerical characteristics (11.42), but also among certain physically moti-
vated algebraic structures that correspond to Yukawa interactions (7.133f). Using this physics
insight, mirror duality may be used to compute certain mathematical characteristics of Calabi-
Yau spaces [85, 84, 49, 501, to which end the “purely mathematical” methods are still not known,
and which at first seemed fantastic and unbelievable.

However, intrigued by the manifest computational efficiency, mathematicians had already in
the same year, 1993—4, proved the phenomenon of “mirror duality” within a well-defined class of

27 It is always possible to completely flip the construction, so that all Yang-Mills gauge charges are reversed.
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constructions [42, 71, 43]. In turn, this gave rise to a whole “industry” of research [583, 235,
426, 117, 124, 2741, and then also the proof that the “mirror duality” — in the general case — is an
example of the so-called T-duality [501].

Definition 11.2 Two spacetimes, 2 and 2", are T-dual if the string model that describes
string propagation through the spacetime 2 is physically identical to the string model that
describes string propagation through the spacetime 2.

In other words, the spacetimes 2" and 2"/ are T-dual if strings, by propagating through them, do
not distinguish between them. In the case when 2" = R x % a 2”7 = R® x %/, T-duality is
naturally referring to the % and %' (“purely” space-like) factors. This relation between the spaces
% and %' is thus indirect, as it is based on an identification of structures between observable
quantities, as schematically presented in Figure 11.6. Precisely because of this indirectness are

Quantum string observables = Quantum string observables
T
Hilbert space 77 [¥ X, 2] Hilbert space 7' [Z RNy ]
Partition functional f D[x] erSIZ] Partition functional [D[X'] eh SI]
Hamilton action Hamilton action
SI2) = [y 2(XX,..) for 252 S[27) = [y 2(X,X,...) for 25527

Figure 11.6 A depiction of the indirect relation of “stringy duality” between spacetimes 2" and 2.

the so-obtained relations very unexpected, so that the construction and exploration of relations
between string models may be regarded also as a machine for generating mathematically non-
trivial conjectures, the final proof of which then significantly advances both mathematics and,
reciprocally, also physics [455].

Recently, one such physically motivated and unusual general construction [51] of “mirror
dual” Calabi-Yau spaces from 1993 was re-examined, providing it with a mathematically more
natural formulation 16 years later, and then also with a rigorous proof [320, 108, 72]. It seems
worthwhile to note that this construction of “mirror dual” spaces holds even when not all of the
defining conditions of Calabi—Yau spaces are fulfilled, and so points to a much more general phe-
nomenon in algebraic geometry, for which there is no other indication, and the mathematical
implications of which are only now being explored &.

Notice also that the so-defined “stringy duality” is being identified at the level of quantum
observables, which are understood to act upon a Hilbert space, and a partition functional for
concrete computations. In particular, it is logically not necessary for a model to have a Lagrangian
formulation and the associated geometric interpretation. In fact, models have been constructed for
which at the time only the partition function was known, and neither a Lagrangian formulation nor
a geometrical interpretation was known or needed; see Ref. [203], for starters, and [26, 503, 335]
for related recent references.

11.3.3 \Variable geometry and cosmology

The basic idea in the Nordstrgm—-Kaluza—Klein compactification was the assumption that the entire
spacetime has the structure of a product such as 2~ = R3 x % That is, at every point of the first
factor there exists an entire copy of the second factor and vice versa; also, all copies of the second
factor “along” the first factor are identical, and vice versa.
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Of course, this may be generalized so that one factor varies from point to point of the other
factor. That is, the compact Calabi-Yau space % may depend on the location in the non-compact
space R13. In the general case, such variations define a structure called fibration in mathematics,
and the type of the variation provides a finer classification of such constructions. Two examples
of fibration are shown in Figure 11.7. In the case of fibering a complex 3-dimensional compact
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Figure 11.7 Two simple examples of fibration of a loop (~ sh along a line: (a) the loop changes its
geometry but not its topology, (b) the loop changes both its geometry and its topology (S! — 25! —

S1). In the latter case, there necessarily exist points in the base (horizontal) space where the loop is
singular (indicated by the stars).

Calabi-Yau space “along” a (3+1)-dimensional spacetime, the situation is of course much more
complicated than the simple examples in Figure 11.7 [237, 228]. However, if we suppose that the
variations of the compact complex 3-dimensional Calabi-Yau space % along the spacetime R
occur subject to certain complex-analytic limitations, it follows that [228]:

1. The compactification space % must become singular at some spacetime points x, € R3,
similarly to the situation in Figure 11.7(b).

2. The spacetime locations x. € R'® where the Calabi-Yau space % becomes singular for a
typical (3+1)-dimensional observer look like massive objects.

3. The metric tensor in spacetime in the vicinity of these objects has an additional contribution

8w = (0u9") Rap(9) (99", (11.43)

where ¢ (x) are the scalar fields in spacetime R (not on the worldsheet X), which rep-
resent the changes in the complex-analytical structure of the compactifying space %'. The
tensor R, is the Ricci tensor, computed from the metric tensor G,;,(¢) given on the target
(modular) space in which the scalar field ¢*(x) takes values.

4. The total number and degree of singularizations may be computed exactly for any concrete
model, and is a topological characteristic of the model.

5. With the analytic limitations specified in Refs. [237, 228], these massive objects are lines of
cosmic proportions — cosmic strings — and affect the distribution of matter (galaxies) in the
universe. The gravitational field of filamentary objects in 3-dimensional space decreases as
~r~1, and so dominates in accreting matter from which stars, stellar systems, galaxies and
clusters form.

6. Relaxing the analytic limitations [237, 228], the dynamics of these cosmic strings may be
analyzed perturbatively, but the total number of interactions (joining and splitting) of these
cosmic strings is an exactly computable topological invariant for every model.

Thus, in this rather unexpected way, the details of the (microscopic!) string models also have
direct cosmological consequences. The connection between the physics of elementary particles and
cosmology is already known even in the popular literature [551], but contemporary research in
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this area is outside the scope of this book. However, this connection became much more direct
in constructing stringy models, whereby the purpose of the following section is to at least offer a
sampling from this rich research palette.

11.3.4 Localization of gravity

Courses in electrodynamics show that the discontinuities in the electric and the magnetic fields
stem from distributions of electric charges and currents. The coordinate origin, » = 0, is in this
sense a discontinuity in the radially directed electric field, ﬁm%? The reason behind the re-
lation between discontinuities in the electromagnetic field and the electric charge and current
distributions is of course provided by the Gauss—Ampeére laws. The differential equations (5.72a),
i.e., (5.78), that represent these laws may be applied both ways:

1. For a given electromagnetic field, we may compute the electric charge and current
distribution that produces it.

2. For a given electric charge and current distribution, solve the differential equation and find
the produced field.

Regarding gravity and the general theory of relativity, the Einstein equations (9.44) are analo-
gous to the Gauss—Ampére equations. One then expects that discontinuities and other peculiarities
in the gravitational field and spacetime curvature may be addressed in an “engineering” fashion,
by assembling appropriate distributions of matter [ Section 9.3.4].

In typical superstring models, the consistency in dynamics requires that the spacetime
through which the superstrings move has 9+1 dimensions. It is then reasonable to ask if it is possi-
ble to construct a model where the (9+1)-dimensional spacetime has (3+1)-dimensional isolated
subspaces (“defects”) of which some may perhaps serve as our universe. In such a construction,
one must establish:

Q.1 Are there (9+1)-dimensional spacetimes with (3+1)-dimensional “defects”?

Q.2 Are there matter modes that are effectively “trapped” in these “defects”?

Q.3 Do Yang-Mills fields have modes that are effectively “trapped” in these “defects”?

Q.4 Does gravity have precisely one mode that is effectively “trapped” in these “defects”?

Q.5 And, of course, is there at least one (3+1)-dimensional “defect” in which all of the above-cited
features occur&?

Applying Gauss’s law within the (3+1)-dimensional spacetime of such defects uses a static sub-
space of the 3-dimensional space that encloses the source — electric charge or mass — and may be
“radially” contracted to the very location of the source. For point-like sources [= Section 11.4] in
3-dimensional space, these then are 2-dimensional surfaces, the surface area of which grows with
the square of the linear size, whereby the electrostatic and gravitational fields decrease ~ 2 to
maintain the constant flux — as we know is the case in Nature.

In turn, if Yang-Mills gauge fields and/or gravity are not trapped in the (3+1)-dimensi-
onal defect, the fields will decrease faster: If the field permeates an n-dimensional space, the
Gaussian enclosing “wrap” is an (n—1)-dimensional sphere, whereupon the Yang-Mills as well as
gravitational fields (and forces) decrease following a ~ r1 =" law.

[~
— e —

It turns out that the answers to the first three of the above questions are positive, and under very
general conditions [280]. Namely, the condition that the compactification space (11.41) is of the
Calabi-Yau type (that it admits a metric tensor of which the Ricci tensor is a total derivative), in
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the worldsheet field theory perspective (“first level” [s= Section 11.2.4]) becomes a cancellation
condition for certain anomalies.

From that same perspective, this same anomaly cancellation condition holds equally for the
non-compactified part of the spacetime; for the R! factor (11.41), this anomaly cancellation con-
dition is trivially satisfied. Recall that anomalies are an indication of contradictions in the quantum
model - here, in the quantum field theory in the (1+1)-dimensional worldsheet spacetime.

The corresponding geometric condition in (9+1)-dimensional spacetime field theory (“sec-
ond level”) is that the entire spacetime must admit a metric tensor, the Ricci tensor of which is
a total derivative. Of course, in the situation (11.41), this is trivially satisfied, since the entire
Riemann tensor over the R!? factor vanishes. However, this implies that the Wick-rotated t — it
analytic continuation of spacetime may be chosen to be a non-compact, complex 5-dimensional
Calabi-Yau space.

Existence of large universes with isolated sub-universes

The general property of all Calabi-Yau spaces is that they typically have a large number of non-
trivial subspaces, which neither have boundaries themselves nor are the boundary of some other
subspace — just like the closed contours A and B in Figure 9.8 on p.354 and the left-hand
illustration in Figure 11.8. The complex 3-dimensional Calabi-Yau spaces — used in compactifi-
cation (11.41) — have such real 2-, 3- and 4-dimensional subspaces [279]. Complex 5-dimensional
Calabi-Yau spaces have such real k-dimensional subspaces with k = 2,...,8. However, such sub-
spaces are not isolated, just as the closed paths of type A and B on the surface of a torus are not:
each of these contours has continuous deformations/shifts, such as those depicted in the left-hand
side of Figure 11.8.

\

Figure 11.8 The torus surface (left) with two deformable topologically nontrivial closed paths: neither
A nor B can be continuously deformed to a point but they can both be deformed into a continuum of

“nearby” paths. In the “pinched” torus surface (right), however, the point A? is isolated [ text].

In stark contrast, the surface of the “pinched” torus, on the right-hand side of Figure 11.8
contains the point A?, which is the limiting case of the 1-dimensional subspaces, the closed paths
of type A. The point A? is geometrically and even topologically singled out: any sufficiently small
neighborhood of every other point on the surface of the “pinched” torus is of the form of a circle
(disc); every neighborhood of the point A is of the form of two cones joined at their vertices, and
this vertex is a “double point,” which is the property that isolates this point.

The surface of a torus is in fact a compact complex 1-dimensional Calabi-Yau space, and
serves as an intuitive model for higher-dimensional constructions. However, the fact that the
double point is also necessarily singular happens only in spaces of one complex dimension.
Within complex 3-dimensional Calabi-Yau spaces, such special isolated subspaces are of the form
of non-singular real 2-dimensional spheres; they have smooth neighborhoods, but nevertheless
cannot be deformed/shifted within the given complex 3-dimensional Calabi-Yau space and so are
isolated [279].
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In general, virtually all complex n-dimensional Calabi-Yau spaces contain special subspaces
of complex dimension L”T_lj, the integral part of the fraction ”T_l For n = 5, these are complex
2-dimensional, i.e., real 4-dimensional subspaces!

Much as a real 2-dimensional surface of a torus serves as an example of a compact complex 1-
dimensional Calabi-Yau space, the 2-dimensional cylinder serves as an example of a non-compact
complex 1-dimensional Calabi-Yau space. Besides, note that the 2-dimensional sphere has a posi-
tive curvature, but that excising two separate points (the 0-dimensional Calabi-Yau space) leaves
behind a surface that is a continuous deformation of a cylinder, which is flat: there exists a global
and single-valued metric tensor for which the Riemann tensor vanishes.

Similarly, every non-compact complex n-dimensional Calabi-Yau space may be obtained by ex-
cising from a compact complex n-dimensional Fano space?® a compact complex (n—1)-dimensional
Calabi-Yau subspace [520, 521]. If the surgery is arranged to also excise part of a special, iso-
lated real 4-dimensional subspace, its remainder is then also non-compact. After a “reverse” it — ¢
analytical continuation so that one of the four real dimensions is again time-like, these now (3 +1)-
dimensional non-compact subspaces really can serve as isolated examples of (3+1)-dimensional
spacetime [280].

Conclusion 11.4 It follows that the analytical continuation of a typical non-compact com-
plex 5-dimensional Calabi-Yau space is a (9+1)-dimensional spacetime that contains
numerous isolated (3+1)-dimensional sub-spacetimes.

Localization of matter and Yang-Mills gauge interactions
For every example of a complex space Z with a complex algebraic subspace X C Z, specified as
the space of solutions of the system of algebraic equations

XCZ: Xi={z€Z, ®(z)=0}, (11.44)

there exists a class of restricted functions [# [82, 52] and the references therein], defined via the
complex n-dimensional generalization of residues,

z
flx) i= Res LJ;((Z))] x € X =o 10). (11.45)
These functions vanish outside X C Z, and within X adequately represent fields — both for matter,
and also for Yang—Mills gauge fields. It remains of course “merely” to find a concrete non-compact
complex 5-dimensional Calabi-Yau space, with a suitable isolated subspace in which (after analytic
continuation so that one of the coordinates in X is time-like) the number and type of localized
fields can reproduce the contents of the elementary particle physics Standard Model [t Table 2.3
on p. 67, as well as Conclusion 2.2 on p. 46].

In the 1990s, string models were routinely constructed containing various p-branes on which,
by their very definition, end-points of open strings are trapped on the given p-brane. This then
guarantees localized degrees of freedom amongst which it seems realistic to seek the particle
content of the Standard Model, including the Yang-Mills gauge fields.

However, owing to significant differences between Yang—Mills gauge fields and the gravita-
tional field [== Section 9.2] and since the graviton is inherently realized in string theory by closed
strings [== discussion that leads to (11.7)], it is not clear that the analysis in Refs. [82, 52] may
be adapted so as to be applied to gravity.?’ Thus, the proposal wherein the additional six spatial

28 after the Italian mathematician, Gino Fano, spaces with a positive curvature are called Fano spaces.

29 The works of Keiichi Akama and other researchers in Japan and the Soviet Union 1967-82 [ [9] and the references
therein], where it is shown that an effective general relativity and gravity may be induced in (5+1)-dimensional models
with (3+1)-dimensional vortices, until recently were not known outside Japan and the former Soviet Union. However,
these models are not renormalizable, and cannot be part of a fundamental theoretical system.
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dimensions are not compactified and unobservably small, but it is our (3+1)-dimensional space-
time that is an isolated part — “defect” — within the (9+1)-dimensional spacetime, could not be
taken seriously. Compactification a la Nordstrgm—Katuza—Klein remained the only known logical
possibility for constructing realistic string (and so also M- and F-theory extended) models, almost
to the end of the twentieth century.

Localization of gravity

In 1999, Lisa Randall and Raman Sundrum discovered a relatively simple situation in which gravity
is localized at (a part of) the boundary of a space [450], which “opened vistas and paved avenues”
for constructing alternatives to compactification models.

yel=[o]

Figure 11.9 The Randall-Sundrum cosmology toy-model.

Randall and Sundrum studied the toy-model wherein spacetime is 5-dimensional geometry
reminiscent of a capacitor: the 5-dimensional spacetime is of the form R' x I, where I = [0, L] is
the closed interval, i.e., the interval together with its boundary points, as in Figure 11.9. From the
definition of the coordinate y, it follows that it can only have non-negative values, and the metric
tensor in the 5-dimensional spacetime R' x [0, L] must depend on |y|. However, since the Einstein
tensor — the left-hand side of the Einstein equations (9.44) — is a differential expression of second
order in spacetime derivatives of the metric tensor components, it follows that the Riemann, Ricci
and Einstein tensors, as well as the scalar curvature, must include terms proportional to the Dirac
J-function, 5(y).

Concretely, Randall and Sundrum define

e~y o 0 0 0
_ . 0 e W o 0 o
ds* = —e 2"'y‘lyw,dx”dxv +dy?, e, g(xy)] = 0 0 2 o ol (11.46)
0 0 0 e
0 0 0 1

whereby the Ricci tensor and the scalar curvature are

o2yl _ 2k sig?
Rl = | e | o ] , { fw) = 2k[0() - 2k sig’ ()], (11.472)
0 | 8(y) 8(y) = 4k[24(y) — k sig*(y)],
1 =
R = 16k8(y) — 202 sig?(y) = { 6f;é£ i B gi (11.47b)
Here . 0
-1, y< B
sig(y) := { 0, y=0, o) sig?(y) = { +(1)’ zi 8’ (11.48)
+1, y>0, ' '



432 Strings: unification of all foundations of reality

and the results hold in the vicinity of y = 0, as if L — oo. The exact result is more complicated and
of course must include terms with d(y—L) and sig?(y—L) because of the analogous effect of the
y = L boundary.

The Einstein equations then dictate that T}, must contain terms proportional to §(y), 6(y—L),
sig?(y) and sig?(y—L). This implies that the maintenance of such a geometry requires the existence
of matter that is localized at the y = 0 and the y = L boundaries of this 5-dimensional “universe,”
as well as matter that permeates this universe along the fifth, y-coordinate. However, it is more
important that the differential equations for the metric tensor components, after separation of
variables and a suitable substitution z = z(y), include the differential equation [450],

1d - R ~ 15k? 3 m2c’
[—§@+Vi(z)}¢(z)—0/ Vi(z)—mizkfs(z)—?,

z,y >0, (11.49)
with the upper sign at the position y = L and the lower sign at y = 0. The appearance of the Dirac
o-function in the otherwise rather mildly peaking “potential” reminds us of the familiar system
from non-relativistic quantum mechanics. This implies that the case V_(z) - i.e., at the y = 0
copy of the R'3-like “capacitor” plate in Figure 11.9 on p. 431 — has solutions with the following
properties:

1. There exists a single, square-normalizable mode with negative energy, localized at y = 0,
and its amplitude decays exponentially with y.
2. There is a continuum of modes:
(a) with continuous mass/energy m? e [0, +00),
(b) the envelopes (amplitudes) of which are very small near z = 0 because of the 8(k1\25|7]jr21)2
barrier,
(c) which asymptotically (for |z| — co) approach plane waves.
3. Owing to the property 2(b), the interference between the unique localized (“bound-state”)
mode and the continuum of modes is suppressed.

Randall and Sundrum then showed [450] that the unique localized mode in the metric tensor
effectively serves as the metric tensor in the ]R;fo-boundary of their 5-dimensional model, and leads
to a usual formulation of the general theory of relativity in this part of the boundary, as well as
to the familiar Newton/Kepler gravitational potential ~ 1. The continuum of modes produces a
correction of Newton’s law of gravity:

V() =G, ML

(1+ (;)2), (11.50)

where the parameter k is a measure of the curvature (not the size!) of the 5-dimensional spacetime
along the fifth coordinate.

Conclusion 11.5 Comparing equations (11.50) and (11.47b) shows that the correction to
Newton’s law of gravity is suppressed by the curvature of the “big” spacetime along the
fifth dimension, and not the size of this fifth dimension. This result is qualitatively differ-
ent from similar results in compactification models: There, all corrections that stem from
the existence of compact dimensions are always suppressed by the volume of the (small)
compact space.

The fifth coordinate in the Randall-Sundrum model may well be even infinitely
large(!); its existence nevertheless changes the effective (3+1)-dimensionality of physics
in the y = 0 boundary 3-brane no more than as specified in equation (11.50).
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This important result started a “minor industry” of elaborations of this and similar ideas, whereby
the string theoretical system again forayed into cosmology with these brane geometry models. In
the 1990s, many details of the interactions between various p-branes and other more-or-less exotic
objects that appear in the string theoretical system were worked out. Now that we know of the
Randall-Sundrum mechanism for localizing gravity, it is worth exploring the possibility that some
of these p-branes — as well as other (9+1)-dimensional spacetimes — are of cosmic proportions,
and that we happen to live on one of these 3-branes, which provides the basic conceptual idea of
the cosmology of so-called brane-worlds [ [352], for a recent review].

% —

Amongst such models an interesting possibility emerges that again links the microscopic and the
macroscopic physics in unusual ways: Namely, we know that no supersymmetric partner particle of
any of the known particles has ever been found, so - if the fundamental theory of Nature is super-
symmetric at all, supersymmetry must be broken, and direct experimental evidence for this (e.g., a
Goldstone fermion) is also lacking. On the other hand, the discovery that our universe is expanding
in an accelerated fashion implies that the corresponding geometry (in large, cosmic proportions) is
the de Sitter geometry. However, it is known [189, 562, 560, 76] that the de Sitter geometry does
not admit supersymmetry. Nevertheless, it is possible to construct superstring models containing a
(3+1)-dimensional sub-spacetime, i.e., 3-brane [53] [ also [485, 303, 302] and [16, 120] for
recent works]:

with the de Sitter geometry,

with localized gravity,

with an exponential relation between the Planck mass and the mass of W*- and Z’-bosons,
where the geometry is induced by the presence of a modular field,?

with the cosmological constant related to the supersymmetry breaking [54].

Uk wihe

It follows that it is possible to break supersymmetry by means of the spacetime geometry, which
in turn is produced by the interaction of gravity with modular fields that are unique to stringy
models.

However, this is but one of many possibilities; one “merely” ought to find the model in which
on some of its 3-branes with localized gravity there exist enough localized matter and Yang-Mills
gauge fields for the Standard Model [== Table 2.3 on p.67, and Conclusion 2.2 on p.46]. The
Reader interested in this class of brane-world models is directed to the rich literature, starting for
example with Ref. [452] for relations with strings, and Ref. [101] for F-theory extensions.

Exospace
Besides the two general mechanisms discussed so far,

compactified worlds the Norstrgm-Katuza—Klein compactification, both the
constant (11.41), and the variable kind as discussed in Section 11.3.3,

brane-worlds the Randall-Sundrum mechanism of localizing gravity to some
of the sub-spacetimes of a big, (9+1)-dimensional spacetime,

there is however also a third possibility.
Namely, physics without strings is based on describing the motion of point-like particles (“ma-
terial points”) and their extension, “point-local” fields: Although a field by definition extends and

30 This is literally a stringy “signature.” The particular modular field involved here is not single-valued: rotations in a
plane within the “extra” dimensions induce a so-called Mébius, or SL(2; Z) transformation in the field. This occurs in
no non-stringy theory/model, and every string model contains this particular modular field.
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permeates the entire space, functions that are used to describe fields are fundamentally local quan-
tities. For example, the gauge potential A,(x) depends on the coordinates of a single point in
spacetime, and the differential equations that mathematically represent the laws about such fields
are local: the fluctuation of the field at any one point in spacetime causes — via the local differ-
ential equation of motion — the propagation of the fluctuation from one spacetime point to the
infinitesimally neighboring points.

The physics of strings is not local in the same sense. From the worldsheet perspective, the
field theory in (1+1)-dimensional worldsheet spacetime is not local in the same sense as it is
in the (3+41)-dimensional spacetime. Students who have successfully passed a course in elec-
trodynamics must know that the Green functions for the wave operator (the d’Alembertian) in
(n+1)-dimensional spacetime grow with the distance when n < 2. Thus, scalar fields in (1+1)-
dimensional spacetime correlate between arbitrarily distant fluctuations, and so are fundamentally
global and non-local fields.

On the other hand, from the spacetime perspective in which the strings propagate, it is clear
that strings are not local objects, but exist simultaneously (however this to be understood) in a
continuum of space-like separated points within the spacetime — this is a property of all extended
objects, including also all p-branes with p > 0. Besides, the following facts also hold about string
interactions:

e String interaction is local in the spacetime in which the strings propagate: From any ob-
server’s reference system, the joining of two strings into one and the splitting of a string into
two happens at one spacetime point.

e String interaction is not local in the configuration space of strings; if it were, two strings
would be joining into one (and one splitting into two) in a single point in the configuration
space — which is a particular configuration of the entire string.

e String interaction is not local in the string worldsheet spacetime; moreover, a string interac-
tion represents a “cosmological” fusion of two such (1+1)-dimensional spacetimes into one,
or the splitting of one into two.

Of course, these are merely picturesque indications that the motion and interactions of strings (in
fact, of all p-branes for p > 0) differ essentially from those of point-particles (0-branes).

It turns out, however, that these differences are crucial in determining through what kinds
of spacetimes strings — and more generally, p-branes with p >0 — can consistently propagate. It
was already known in 1985 that so-called orbifolds — spaces with conical singularities of the form
IR"/D where D is the action of some finite group of rotations — pose no problem [138, 137].
A complete and final criterion to answer the question “through how singular a spacetime can
strings consistently propagate” is not yet known§, but it is known that requiring supersymmetry
in stringy dynamics permits singularities of rather high degree [278]. This certainly includes both
orbifold and canonical singularities [= the “Young Persons’ Guide” [454]]. The hallmark prop-
erty of these types of singularities is that they can be smoothed by means of processes called
blow-up, deformation and small resolution, which either maintain or can be restricted to main-
tain all the characteristics essential for superstring dynamics, such as Ricci flatness [279, for
starters].

Closely related to singular spaces are so-called stratified pseudo-manifolds through which
strings also move consistently [24]1.3! Such spaces generalize the cases shown in Figure 11.9 on
p. 431, where the 5-dimensional space has 4-dimensional “boundary” parts. In general, stratified
pseudo-manifolds are connected unions of several parts organized by dimension so that:

31 The Authors of Ref. [24] have not emphasized this fact explicitly, but their Figure 19 explicitly depicts a complex
3-dimensional pseudo-manifold with a complex 1-dimensional connected additional part.
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1. separately taken, every part is a space of constant dimension,
2. subspaces of the same dimension form a stratum,
3. there may exist more than one stratum, i.e., parts of more than one dimension.

Instead of detailed definitions, may it suffice here to consider the two examples in Figure 11.10.
The left-hand example is a surface (a), defined by the equation z = (x/ y)z, with a self-intersection
along the non-negative part of the z-axis, where the surface evidently has two-fold defined tangent
vectors and has “unusual” (exotic) neighborhoods. However, this surface may be decomposed into:

0. the (excised) 0-dimensional stratum: the coordinate origin O,
1. the (excised) 1-dimensional stratum: positive z-axis denoted z,,
2. the (remaining) 2-dimensional stratum: two surfaces, A and B.

In this example, every point x, of every stratum has arbitrarily near points that belong to a higher-
dimensional stratum; in general, this need not be true.

The right-hand side of Figure 11.10 shows a more unusual but also more general example (b),
which may be decomposed into:

(b)

Figure 11.10 Two stratified pseudo-manifolds.

0. the (excised) 0-dimensional stratum: the point D,

1. the (excised) 1-dimensional stratum: the “seams” C; and C, (on the back side) and the “tail”
E,

2. the (remaining) 2-dimensional stratum: two “wings” By and B, and the surface of the sphere
A with three holes (two line-like cuts where the “seams” C; and C, were excised, and one
point-like hole where the point D was excised).

Unlike example (a), not every point of the 1-dimensional stratum has points in the higher-
dimensional stratum (the surface of the sphere A and of the wings B; and B, and without the
“seams” Cq and C,) that are arbitrarily close to it. To wit, each point in the “seams” C; is arbitrarily
near some points in both wings, B; and B;, and in the sphere A. On the other hand, most points
in the “tail” E are nowhere near any point in the 2-dimensional stratum. One says that the “tail”
E is outside the 2-dimensional stratum. Extending the nomenclature of Ref. [24], let the prefix
exo- denote the exotic parts that are mostly outside the highest(-dimensional) stratum. As the high-
est dimension in this example is two (2), the only exo-space (here, exo-line) is the 1-dimensional
“tail” E.

Also, the complete pseudo-manifold (b) in Figure 11.10 does not have well (unambiguously)
defined derivatives at the “seams” C; and C, as well as at the joining point D. This is also true of
the example (a), along the non-negative semi-axis z > 0.
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Finally, the spacetime (so-called brane geometry) in a string model can easily be some such
stratified pseudo-manifold % that contains (3+1)-dimensional exo-space 2" C %, i.e., that &
admits a metric tensor’? that gives a 4-dimensional exo-space 2" the Lorentzian signature, (1,3).
For example, & could be caricatured by the right-hand example in Figure 11.10, where 2" could
be represented by the “tail” E and which could of course easily be of cosmic proportions. To an
observer who is in a part of 2" sufficiently far from the region where 2" joins with the “rest” of
the complete spacetime %, the spacetime evidently looks 3+1 dimensional. However, an observer
who is sufficiently close to the connecting region between 2" and the “rest of 2" will of course be
able to experimentally verify that by passing from 2" into the “rest of Z” the number of spacetime
dimensions changes. In such a model, all (gravitational and Yang-Mills gauge) fields must be
localized, simply as they have nowhere else to propagate in the neighborhood of almost all points
in Z". Then, the Gaussian surface that encloses point-like sources (charges and/or masses) may
almost everywhere in .2” be chosen to be a sphere of surface 47172 at a distance r from the source,
whereby the Coulomb and the Newton/Kepler forces indeed decrease as ~ r~2. The exploration
of such models is in its infancy®, but it is clear that in many models the p-branes may well be
exo-branes, just like in Figure 19 of Ref. [24] or in the right-hand example in Figure 11.10. For
mathematical details about stratified pseudo-manifolds, the Reader is directed to the literature,
e.g., starting with the book [313].

11.3.5 Exercises for Section 11.3

% 11.3.1 For the metric tensor in (2+1)-dimensional spacetime

—e2klyl o 0
‘ } (11.51)

ds? = —e 2 2 4 o2l dx® + dy?, ie, [g(xy)]= [ 0 2l g
0 1

compute (form,n,p,r =0,1,2):

the Christoffel symbol P

the Riemann tensor Ry’ ;

the Ricci tensor Ry, ;

the scalar curvature Ry;;;

the Einstein tensor G, = Ry — % gmnR.

A=

& 11.3.2 Show by direct computation that the change e=2lYl — ¢=2K in the metric tensor

definition in the previous exercise “erases” all matter localized in the spacetime planey = 0
and that the results for T, Riunp”s Rmn, R and Gy, agree with the formal substitution
sig?(y) — 1 in the results of the previous exercise.

11.4 Duality and dual worldviews

Section 5.2.2 showed that there exists a symmetry between the electric field, charge and current
on one hand, and the magnetic field, charge and current on the other [= Conclusion 5.4 on
p- 185]. The fact that — as best as known — there are no magnetic monopoles in Nature, i.e.,
monopole magnetic charges and currents means that the duality rotation (5.85), @y (¢), may be
applied simultaneously both to electromagnetic fields and to electromagnetic sources so that this
basis is — everywhere in the universe “simultaneously”! — “turned” orthogonal to (0, /c, 7 /c”) so
that only (cp,,J.) remain. However, the same system can be equally well described in the “basis”

32 The metric tensor may be defined separately in each part of constant dimension, and then require that these tensors
coincide in places where the various parts touch.
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that is “turned” orthogonal to (cp,,7.) so that only (o, /c,7,/c’) remain, as was summarized in
Conclusion 5.4 on p. 185. This then provides two dual descriptions of Nature.

Exploration of the string theoretical system discovered many other such dual relations
between many (sometimes very) different models. In this sense, one says:

Definition 11.3 Two given descriptions of Nature, O, and O,, are dual if they are physically
indistinguishable, i.e., if the collection of all physical observables (together with all rela-
tions between them) in the description O, is isomorphic to the corresponding collection in
the description O;.

(There may be more than two dual descriptions, so one talks of triality, but in
practice one never talks of quadrality, quintality, or any other n-ality.)

Given the complexity of the relations between the physical system, the mathematical model, the
solutions to that model and measurable (verifiable) results [== Figure A.2 on p.457], the limita-
tions on the mathematical model itself are evidently very indirect and roundabout. It should then
be clear that the mental caricatures and images that one uses in formulating the model are merely
a crutch in the construction of the model, and not “the one and true” image of “reality” — recall
the Copernican legacy [== Section 1.1.1]. Thus, as long as two or more models (even if based
on different images) equally well describe Nature, we are free to choose which of these two (or
more) images to tentatively identify with Nature [s= Section 11.3.2, and especially Figure 11.6 on
p- 426]. In doing so, we must stick to the facts [== Example 1.1 on p. 11]:

1. The chosen image is but one of the a-priori equally “real” formulation images.

2. The choice of the formulation image is, without an experimentally verifiable difference,
subjective and tentative.

3. Measurable results (and not the formulation image) of a model make up its goal, and so also
its point.

The last two decades made it ever clearer that the string theoretical system integrally con-
tains multiple differing formulation images in describing the same “thing” — which lends support
to conceiving of a new (unexplored and undeveloped£) kind of “symmetry,” acting via correspond-
ing transformations between different formulation images, and which are not the usual gauge
symmetries [126, 77, 470].

11.4.1 T-duality

The first examples of duality were discovered more-or-less accidentally, whereby this research re-
minds us of experimental physics where the first task is to find as many examples as possible so
as to perceive the common properties, so as to then seek the basic principles of this phenomenon.
Although there exist many seemingly different examples of T-duality, it turns out that this is one of
the simpler classes of duality, and that other types of duality are progressively more and more un-
usual - from the vantage point of the well-known general properties in previously known physical
models. This of course merely points to the fact that the (M- and F-theory extended) (super)string
theoretical system has radically new, unknown and unexpected properties.

R—1/R duality

The first signal of this multiplicity is the so-called R — 1/R duality, which is described in detail in
textbooks [434, 594, 46]. This is an essential consequence of the fact that strings are not point-like
and that the relation between strings and the spacetime through which they move is very different
from the analogous relation for point-like particles.



438 Strings: unification of all foundations of reality

Let the 7th spacetime coordinate (for some fixed 7 > 0) be periodic and closed into a circle of
circumference 27tR. To a string that propagates through such a spacetime, the coordinate field in
this periodic direction must satisfy the same periodicity condition:

X'(t,0) ~ X'(1,0) +2rwR, wEZ, (11.52)

where w counts how many times the string is wrapped around the circle of the periodic coordinate.
This periodicity changes neither the Hamilton action nor the Lagrangian density, but imposes the
linear momentum quantization in the direction of the periodic (compact) coordinate:

Pin = %h, neZ, fixedi. (11.53)

The proper generalization of the relation (3.36) gives the square of the Lorentz-invariant mass of
that string [434, 594] as
242 27102
20  Nn°h w"R 2

mec” = Rz + 70{’2712?1 + ool (NL + N — 2)/ (11.54)
where N; and Ny are the total excitation numbers for the left-moving and the right-moving os-
cillators (11.38), respectively, counting only oscillators that are transversal to the worldsheet and
which satisfy the condition

nw—+ Ny — N, = 0. (11.55)
Manifestly, the relations (11.54)-(11.55) remain unchanged under the exchange
a'h?cr 4P
d R = = 11.56
ne w, an ©— R ( )

which implies that string models do not distinguish between spacetimes in which a periodic coor-
dinate describes a circle of circumference 277R and those with a circle of circumference 271(¢s%/R).
For a complete proof of this equivalence according to the diagram in Figure 11.6 on p.426, see
Chapter 8 in the textbook [434, Vol. 1].

Manifestly, if R < ¢5, then (652 /R) > [s. Thus, a spacetime with a compact dimension
that is smaller than the string characteristic size, /s ~ 107> m, is equivalent to a spacetime where
the compact dimension is reciprocally larger than this characteristic length. In this sense, com-
pact dimensions cannot be “too small” to be “seen” by strings — which is exactly the opposite
behavior from that in “pointillist” models, for which ¢/, ~ 1073 m is the minimal discernible
distance [= Section 1.3].

This duality between “big” and reciprocally “small” dimensions is called the T-duality, in that
the target space in which the coordinates are all periodic has the geometry of a torus, T" :=
Sl x ... x S! (with n factors).

Mirror duality, again

Mirror duality, discussed in Section 11.3.2, was first discovered as a relation between two Calabi-
Yau compactification models that use two very concrete constructions [236]: the first Calabi-Yau
manifold, X, is the space of solutions to the algebraic equation

5
Y z°=0, z€C, (z,...,25) ~(Az1,...,Az5), 0#A€EC. (11.57)
i=1

The other Calabi-Yau manifold is obtained as the quotient space Y = X/(Zs x Zs5 X Zs), where
each factor Zs denotes an independent symmetry of the fifth order, such as the transformation

(z1,22,...,25) > (wlzl,wzzz,...,w525), w = e¥M/5 (5 =1, (11.58)
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It may be computed [236, 279] that h''1(X) = 1 = h*!(Y) and h*!(X) = 101 = h¥!(Y), which
is an indication of the “mirror duality” X < Y. The complete proof [236] is much more detailed
and requires showing that compactifications on the manifolds X and Y are physically equiva-
lent, in the sense of the diagram in Figure 11.6 on p.426. This construction of an explicit pair of
mirror-dual Calabi-Yau manifolds was soon generalized in several different ways, and Andy Stro-
minger, Shing-Tung Yau and Eric Zaslow had by 1996 proven that all such pairs are special cases
of T-duality [501]. Complementary to this research, done from the perspective of the spacetime
through which the string moves, models in (1+41)-dimensional worldsheet spacetime were also
soon constructed that completely reproduce the mirror duality [188, 371, 192].

e —

In all these examples, many of the geometric and topological properties of the space X and its
T-dual space X" are different, but dim(X") = dim(X). Even this need not be the case in other
types of duality.

11.4.2 Gauss’s law and its consequences

The insight that the Einstein equations are the analogue of Gauss’s law for the gauge symmetry of
general coordinate reparametrizations motivates a re-examination of Gauss’s law for the various
possible cases.

Electric and magnetic sources in 4-dimensional spacetime

Electric charge is — in principle — measured by means of measuring the total flux of the electric
field through a closed (Gaussian) surface that encloses the given charge distribution. From the
practical application of this (Gauss’s) law in electrostatics, we know that for the electric field
the smallest possible electric charge is point-like, i.e., 0-dimensional. Of course, a collection of
point-like charges may well form a linear, surface or volume distribution of charges, as most often
observed in Nature. However, the point here is that nothing in the structure of electrodynamics
obstructs an electric charge from being as little as 0-dimensional.

Analogously, the same thought-experiment/measuring may also be set up for a magnetic
field, and it follows that the smallest possible magnetic charge is also point-like — as discussed in
Section 5.2.3. The fact that point-like magnetic charges (magnetic monopoles) are not observed
in Nature is then a puzzling property of our particular Nature, even if we take into account the
relativity of what is called “electric” and what “magnetic” [== Conclusion 5.4 on p. 185] &.

In preparation to re-examine this fact in the more general case, consider in a bit more detail
how the application of Gauss’s law produces the minimal dimension (= 0) for electric and magnetic
charges in (3+1)-dimensional spacetime.

Using the 4-vector notation (5.73), the components of the electric field are identified as E; =
Fo;. The flux of the electric field is maximal when measured (integrated) over a surface of which
the tangent plane at every point is orthogonal to the direction of the electric field. (As the electric
field is a 3-vector, in 3-dimensional space the orthogonal subspace is of course a 2-dimensional
surface.) The Gaussian integral over the closed surface (2-dimensional sphere) is then written

&, :=¢ d’¢-E=¢ d*'E = % d?c’ Ry = 7{ dxdx" e, " Fy;. (11.59)
JSg JSa JSg 7S¢

Owing to the defining properties of the Levi-Civita symbol, ¢,,f" := swmn"ﬁy)‘”, we know that

u,v # 0,i, i.e, that dx* and dx" are differentials of coordinates that are, in every point of the

Gaussian surface S¢, orthogonal to the direction of the electric field E;, as well as to the direction

of time — i.e., they are constant in time. As the electric field E is directed from the source (positive

electric charge) or towards the sink (negative electric charge), the Gaussian surface S; can then be
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shrunk “radially” — along the ith coordinate in equation (11.59) — to the source/sink of the E-field,
electric charge itself. The dimension of this source/sink then must be equal to

dim(p,) > dim(space) — dim(S;) — dim(radius) =3 —-2—-1=0. (11.60)

That is, electric charges may well be as little as 0-dimensional (point-like). '
The components of the magnetic field are identified as B* := %elkl-”jk = %SOlijk, ie, Fy =
Biegix, so unlike equation (11.59), for the magnetic flux we have

D, = dzal- B = dxidx/ BF €oiik = da/ d* Fi
S/ Sl ] s/ ]
G G G
’ (5.85) ;
- 7{5 a0 (10 Fy) 2 72 a0 (+FY). (11.61)
G G
Again, the use of the Levi-Civita symbol e?/K guarantees that dx’, dx/ and B¥ are mutually orthog-

onal. The Gaussian surface S/ again may be shrunk “radially” to the magnetic charge itself, the
dimension of which then must be equal to

dim(py,) > dim(space) — dim(S;;) — dim(radius) =3 -2 —1 = 0. (11.62)

Thus, in (3+1)-dimensional spacetime the sources (or sinks) of both electric and magnetic fields
may be as little as 0-dimensional (point-like). Notice the similarity between equations (11.59)
and (11.61) owing to the fact that both F,, and its dual, *F*", are rank-2 tensors.

Sources for gauge fields in n-dimensional spacetime
The above analysis probably seems unnecessarily complicated for such an “obvious” result.
However, in more than (341)-dimensional spacetime, the results are less obvious.

In n-dimensional spacetime, the electric flux is

;= \ dx#1 ... dxHn-2 em...y,,iy”"*oq””iFO,-, (11.63a)
G

dim(p,) > (n—1) — (n—2) =1 =0: = point-like electric charges. (11.63b)

The magnetic flux (writing (*F)P1Pn-2 ;= g1 Pu-2jk Fi) is

Oy = %Sc dot'dx” ey (RF)PTP02, (11.64a)
dim(py) > (n—1) — (2) =1 =n—4: = (n—4)-dimensional magnetic charges. ~ (11.64b)

Thus, in spacetime of more than 3 + 1 dimensions, the magnetic sources/sinks may no longer
be point-like. This follows from the fact that in n-dimensional spacetime the components of the
magnetic field are identified with the components of the dual tensor:

Ei:=Fy,  but  Bvs = dhhakp, (11.65)

so the components of the electric field always form a spatial vector, but the components of the
magnetic field form a spatial rank-(n—3) tensor: A rank-r tensor “emanates” radially from the
source (or towards a sink) that is therefore (»—1)-dimensional.

In string models for the first time there routinely also appear gauge fields for which the gauge
potential itself is an antisymmetric rank-r spacetime (Lorentz) tensor, Ay, ...,, (x). The gauge fields
are then defined using the rank-(r+1) tensor:

Ei1~~~iy = Foil"'iy’ A]xlr“}l, = A[Vlflr]’ (1166)
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(11.67)

R T S o
B 2=t 2 ]HFh“'hH' FP]VZ"'VVH T a[HlAﬂz"'ﬂwﬂ
where the square brackets around the indices denote total antisymmetrization [== the lexicon entry,
in Appendix B.1]:
apby) = 3 (auby —ayby) = ﬁewm---pnfzfmplmp"’zﬂnbm (11.68a)
1
by o) = 31 @by Co + apbycy + apbyicy)

= s Epor-a, €T Al ete (11.68b)
These imply the generalization of the relations (11.63b) and (11.64b):

Conclusion 11.6 The minimal dimensions of the electric and magnetic charges in n-dimen-
sional spacetime for gauge interactions with a rank-r gauge potential are

dim(pe) > ((n—1)) — (n—(r+1)) =1 =r—1: electric (r—1)-branes; (11.69a)
dim(py) > ((n—1)) — (r+1) =1 =n—r—3: magnetic (n—r—3)-branes. = (11.69b)

For neither of these to become negative, it follows that
0< [p:=(r—1)] < (n—4). (11.70)

The upper limit is then always taken to be (n—4) = 7, corresponding to n = 11 in the
M-theory extension of string theory. It is not clear if the F-theory extension could also
permit 8-branes, but 7-branes certainly do play a key role in the original definition of F-
theory [530].

Comment 11.2 Note that all branes have a tension that is determined by a relation of the
type (11.7), and that the largest branes have n—4 spatial dimensions. Such branes can then
“trap” n—4 dimensions of space, obstructing their expansion during the Big Bang, which
provides the possibility of a dynamical explanation of the fact that only 4 dimensions of
spacetime have characteristic scales of cosmic proportions, while the remaining n—4 spatial
dimensions may have a size of the order of the Planck length, ¢, — thus supporting the
compactification type of spacetime geometry.

This image is supported by the example of the vibrations and motion of a closed string
(as a 1-brane): The vibrations of the string are not limited by the string tension except in
the “radial” direction, which would significantly change the length/circumference of the
string itself. The range of motion of a closed string may thus be parametrized by (1) a
“radial” coordinate that is effectively and naturally “trapped” to be within the order of
magnitude of {p, and (2) one or more “transversal” coordinates that are not so limited. In
this perspective [ Section 11.2.3], spacetime is indeed spanned/generated by the modes
of string motion/oscillation, and the range of these oscillations thus describes the geometry
of this generated spacetime as effectively compactified in the “radial” direction but flat in
the “transversal” directions.

Thus, the electro-magnetic duality then implies that the observable dynamics of electric
(r—1)-branes is dual to the dynamics of magnetic (n—r—3)-branes — although these are in most
cases objects of differing dimensions. For example, for rank-2 antisymmetric tensor gauge poten-
tials, Ayy = — Ayy, so that Fuyp = (9, 4,)) = 1(9pAvp + 0y Ay + 9pAuy), we have that r = 2, so

dim(p.) > 1, dim(py) = (n—5). (11.71)
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Electric charges are then at least 1-dimensional (linear, filamentary distributions), and magnetic
charges are at least (n—>5)-dimensional — point-like in (441)-dimensional spacetime, but linear in
(5+1)-dimensional spacetime, etc.

For all these generalized abelian (commutative) fluxes, one defines

d :=dx"9,, Ay i=dxtt - dxtr Ay, (x), (11.72a)
F(,+1) = dA(r) = dxH1 ... dxtr+1 [Fﬂl”',”r-f—l (X) = (a[ﬂlAﬂT"VrJrl}(X))] . (1172b)

Then, by direct generalization of the Dirac dual charge quantization condition (5.112), one obtains

g /S Foop =gl jgs Ay =2mng, €21Z, S, dim(S) = (r+1). (11.73a)

However, the duality between the magnetic and electric fields in F,,,, then implies also
q%iriz) /g/(*F><717771) = q(mn—r—Z) fg;sl (11)(,,,,,2) = 27T N(n—r-2) €2n”Z, (1173b)

for every (n—r—1)-dimensional subspace S’ C 2" of the spacetime 2" in which the magnetic
charge is or moves; following Comment 5.6, we define A to satisfy *F = dAA.

These two quantization relations (11.73) of course produce the same generalization of the
result (5.108). The important novelty follows from its application in cases when the total spacetime
is a product, 2" = 2" x %, and the pair of quantization conditions (11.73) may be applied using
(iteratively) the dualization (denoted by the symbol *) independently within either one of the three
spaces, 2", 2"/ and/or % . For example, if dim(.2") = 10, dim(2") = 4 and dim(%') = 6, we
have

Fiiy, (*.%'F)(l[)—r—l)/ (*%/F)(z;—r—l)/ (*@/F)(é—r—l) (11.74)

at our disposal, as well as the independent charge-quantization for all these fields. This property
was first noticed in 1996 [500], and four years later it was shown that this condition, within
the string theoretical system, implies the quantization of many quantities that are continuous in
pointillist theories. The resulting discrete available space of models is thus dubbed (in distinction
from continuum) discretuum [74].

Comment 11.3 Interestingly, string models are being applied, fully in the spirit of Sec-
tion 11.1, also in areas of physics that seemingly have no relation with either (relativistic)
elementary particle fundamental physics or cosmology, but where experiments are possible
and even rather easily accessible [v= for example, Refs. [529, 3371, for starters].

Swamp and landscape

In the first decade of the twenty-first century, a trend was noticed in several general properties in
the (M- and F-theory extended) (super)string theoretical system, which distinguishes this theoret-
ical system from the pointillist theoretical system.*? Conceptual differences are mostly in favor of
the stringy models, although they are technically (much more) demanding.

Wherever possible, one can compare the “volume” of the space of possible models within the
string theoretical system with the corresponding result for the pointillist models. For example, in
a model where a scalar field appears, one may inquire how big is the space in which the scalar
field takes values. To this end, we need a preferred “volume” measure, which usually follows from

33 The nomenclature is necessarily imprecise here: The theoretical system of strings necessarily also includes various
irreducible p-branes (of various origins, of various properties and also for various values of 0 < p < 7 or perhaps < 8),
and even O-branes that are really point-like objects; “theoretical system of strings and things” thus does seem to be a
nitpickingly correct name. By contrast, in pointillist models, all spatially extended objects (and charge distributions as
well as fields) may be reduced to collections of functions that depend on the coordinates of only one spacetime point.
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the (preferred) choice of the metric tensor on the space of values of this scalar field, and the same
choice then also dictates the dynamics in the given model. (Notice that such questions were rarely
if ever raised before the advent of string theory.) The “physically preferred choice” is thus obtained
by reverse reasoning:

metric on the volume element for the

space of field values space of field values. (11.75)

field dynamics —

Even in the case of a periodic dimension of radius R [== first part of Section 11.4.1], strings
effectively “reduce” the space of possible radii, M(R), to the semi-infinite interval R € [{s, 00),
which is equivalent to the interval R € (0, /], and the “volume” of which Vol(M(R)) = | fO‘)’S $| =
| ;SO %| diverges but only logarithmically, and only at the limit R — 0, which is dual to the infinitely
large radius where periodicity fails to make sense. By contrast, pointillist models have no reason
for excluding any part of the whole interval R € [0,00), except that in the limiting case R — oo
periodicity fails to make sense; however, the limiting case R — 0 now effectively corresponds to a
new model with spacetime of one fewer dimensions.

The interval [0, o) is thus the parametric space of every pointillist model with one periodic
coordinate — together with the limiting case R = 0, which in fact represents a radically different
model. By contrast, the interval [{s, 00) is the parametric space for stringy models with one periodic
coordinate — and does not include the lower-dimensional “stowaway.”

Even better motivated is the case of a so-called modulus®# in Calabi-Yau compactifications,
including the so-called dilaton—axion (complex) scalar field, where various dualities help to reduce
the otherwise infinite space of choices of values for this field to a space of finite volume. Besides,
every concrete compactification has a finite number of parameters, and so — for every compacti-
fication model - the total number of choices is described by a space of which the volume in the
Weil-Petersson—Zamolodchikov metric [89, and references therein] is finite [522, 3481, just as
was the case for the much simpler torus compactifications, where % in the decomposition (11.41)
is a real 6-dimensional torus.

Conclusion 11.7 From the ever more rigorously verified property that the (M- and F-theory
extended) (super)string theoretical system consists of a discretuum (and not a continuum)
of models,> it follows that the string theoretical system is a far better defined theoretical
system than any pointillist theoretical system.

This induced the picturesque vision [531] where the vast majority of models that can be
constructed within classical, (in various ways) incompletely quantum and/or quantum but non
general-relativistic physics form a swamp, from which emerge the models that are completely quan-
tum and general-relativistically consistent, and which form the landscape. These latter models, or
at least their non-empty subset, one believes are string models.

Of course, for our Nature, one believes it to be described by some model within the landscape,
and the problem is “only” that there are so many models that one does not know where to start
looking.

AdS/CFT, i.e., gravity/gauge duality
The idea of duality has, for the first time, clearly been manifested in the example of the particle—
wave duality in the creation of standard quantum physics — which belongs to the pointillist

34 Moduli are scalar fields, the expectation values of which parametrize the geometrical characteristics of the compactifica-
tion Calabi-Yau spaces, such as the choice of the complex structure and of the complexified Kéhler class. More generally,
the analogous reasoning may apply to all parameters in stringy models [/ the structure (11.35)].

35 Conceptually, all limitations on the theoretical system that indicate the discreteness of the string theoretical system
follow from a combination of quantumness and general relativity of Nature.
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theoretical system. The electro-magnetic duality — although in fact part of the classical theory —
has acquired a wide application only through its generalization within stringy models and their
M- and F-theory extensions, where it indicates that neither the dimension of mathematical objects
used to represent physical objects nor the dimension of spacetime in which these objects move and
interact are inviolable and sacrosanct constants.

Within the theoretical system of strings, however, a duality was discovered in 1997 that
relates string models with point-particle quantum field theory, the so-called AdS/CFT dual-
ity [354, 440]. By now, this duality has been generalized to many other examples, into a general
gravity/gauge duality [s= lecture notes [437], where this phenomenon was related to a loophole
in the Weinberg-Witten theorem 6.1 on p. 249]. The general characteristic of the gravity/gauge
dual examples is the identity between the physical observables and relations between them, for
two models that were obtained as different limiting cases of the same superstring model, where

1. one limiting case represents a superstring model with the spacetime geometry that contains
an (n + 1)-dimensional anti de Sitter factor [+ definition (9.81)],

2. the other limiting case is a point-particle supersymmetric gauge theory, the degrees of
freedom of which are “trapped” at the (n—1)+1-dimensional conformal boundary (with
the Minkowski metric) of the anti de Sitter space [= expression (9.83) and the related
discussion].

Contemporary (at the beginning of the twenty-first century) understanding of the string the-
oretical system contains both the consistent and the absolutely comprehensive application of both
(1) the gauge principle and (2) the principle of source/sink completeness [*== [31] and references
therein]:

Conclusion 11.8 (conjecture) In consistent quantum models with gravity, (1) all symme-
tries are gauged, and (2) all sources/sinks (electric and magnetic) for all gauge fields are
included and satisfy the appropriate generalization of the Dirac dual charge quantization
condition [ Section 5.2.3 and relation (5.108)].

This conclusion is so far the strictest known formulation of fundamental limitations on models in
the string theoretical system, and so far has the status of a very strong conjecture: in spite of very
strong indications, there is no rigorous proof (as yet)& [= also the discussion in the Polchinski—
Smolin debate [429, 435]1].

The early twenty-first century understanding of the so-called string theory — and especially
with its M- and F-theory extensions — is by far not “just a theory.” Just as classical and statistical
mechanics are (axiomatic) theoretical systems that provide a conceptual and technical framework
for addressing large classes of respective phenomena, so is “string theory” also a theoretical system
and not a (single) theory. In fact, “string theory” includes three major theories: quantum theory,
gauge theory and the theory of relativity, and is moreover the one known framework that unifies
them in a coherent, cohesive and logically consistent fashion.

While all these considerations in no way oblige Nature to be describable within the string
theoretical system, they do make it our best candidate, ever.

Discrete spacetime

The whole basis of the Democritean atomistic worldview relies on the idea that — everyday sensory
experiences to the contrary — matter is not continuous, but consists of an immense number of
very teeny elementary particles. The fundamental physics of the twentieth century, and foremost
quantum physics, convinces us that all existent matter, including also the interaction fields, may
be described in this same atomistic fashion:
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Conclusion 11.9 All “ingredients” of the Standard Model [v Section 7.3.3] and including
the gravitational field [v= Chapter 9] are represented by quantum fields, i.e., elementary
particles [ the lexicon entry, in Appendix B.1, entries for field (physical) and quantum,
as well as Footnote 17 on p. 196].

Thus, there is no logical obstruction for spacetime to also be discrete. For example, from the
worldsheet perspective of the string theoretical system, target spacetime is simply the space of
values spanned (dynamically generated) by the coordinate fields such as X*(¢) in the Polyakov
action (11.10).

The idea that spacetime is (at least in some directions) not in fact a continuous, commuta-
tive topological space is not new [= e.g., [130, 92, 361] and references therein]. One of many
and various possibilities is very close to the computational method that is used in so-called “lattice
QCD” [== description on p. 230]. The results of recent experiments in the LHC installation at CERN
seem to lend support to a variant of this idea [374, 14, 13]. Here, in the simplest model, spacetime
literally has the lattice structure of a crystal, in the sense that it consists of discrete points through
which all material objects pass as if those points are ordered at constant distances and in uniform
directions, just like atoms in crystalline lattices. Note that this is a very radical idea where the aux-
iliary space (the one throughout which the points of the true spacetime are distributed in regularly
periodic and uniform fashion as a crystalline lattice) is a purely fictitious structure. If we further
assume that the points in this “crystalline” spacetime are ordered akin to Cartesian directions and
that the distances between the points in different directions are significantly different,

L > Ly > Ly > Loy, (11.76)

then, denoting Ag4p the de Broglie wavelength, we have that:

1. to probes with A4z > L.; spacetime appears continuous and 341 dimensional;

2. to probes with L; > Aqg > L, the whole spacetime appears to be a vertical stack (uniform
sequence) of horizontal and continuous (2 + 1)-dimensional (surface) spacetimes;

3. to probes with L, > Agg > Ly the whole spacetime appears to be a two-directional stack of
horizontal and continuous (1 + 1)-dimensional (linear) spacetimes;

4. to probes with L, > Agg > L.; the whole spacetime appears to be a three-directional stack
of (0 + 1)-dimensional space-like arrangement of points with (still) a continuous passage of
time;

5. to probes with L.y > A4p the whole spacetime appears to be a four-directional stack of
spacetime points, i.e., disconnected events.

Amusingly, such a discrete structure of spacetime is implied by the assumption that the space
of conjugate momenta is compact. This concrete Cartesian “crystalline” structure is simply ob-
tained, e.g., in the momentum representation of quantum mechanics where one imposes periodic
conditions to the linear momenta,®® which gives to the momentum space the geometry of a 3-
dimensional torus, the radii proportional to the reciprocals of the distances Ly, L, land L7 1.
Evidently, more complicated (and for now ad hoc imposed) compact geometry of the 4-momentum
space then implies a more complicated structure of the discrete spacetime.

11.4.3 Lessons of fundamental physics as a model of nature

The duality between different — and even different-dimensional — models reminds us that the
picturesque formulation imagery at the foundation of a given model is merely a mental caricature
and image — a crutch - just as the hydrogen atom is merely represented/imagined as a point-like

36 Within non-relativistic quantum mechanics at least, it seems essentially contradictory to require periodicity of energy.
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electron orbiting a point-like proton. The real atom is not two point-like charges orbiting each
other, nor is the atom a charged standing wave undulating along a circle around an oppositely
charged point-particle, nor is the atom a negatively charged cloud centered on a positively charged
proton... Of course, such picturesque formulation imagery is very useful in describing the atom,
in that it dictates the construction of a corresponding mathematical model, which is then used to
“produce” predictions of the model - intending to compare those predictions with Nature.

The connection between the picturesque formulation imagery and the ultimate authority,
Nature, is very indirect, and so then is the justification of the formulation imagery, however impres-
sively picturesque it may be. It should thus come as no surprise that even very different formulation
images may turn out to produce models that agree equally with Nature [ Definition 11.3 on
p.- 437, and the discussion after this definition; see also the recent work [222]1].

The caution that “the map is not the territory” (Alfred Korzybsky) is perfectly in agreement
with this lesson, and omits the cultural-historical and perhaps even religious connotations of the
ancient Tao principle “The way you can go is not the real way. The name you can say is not the
real name” [527].

11.4.4 Exercises for Section 11.4

% 11.4.1 Verify the results (11.69).

% 11.4.2 Using the definitions (11.72), generalize the flux definitions (11.63a) and (11.64a)
for a rank-r antisymmetric gauge potential. Show the conditions (11.73a) and (11.73b) to

reproduce the same quantization condition for the product qé’)qfﬁ_’_z).

11.5 Instead of an epilogue: unified theory of everything

The fluffiness of clouds and the babbling of a brook are examples of emergent phenomena, which
is not within the domain of fundamental physics, but of the physics of collectives — and that is a
relatively new and emerging discipline in physics. The subject matter here is precisely the regularity
and circumstances wherein relatively simple basic rules and their theoretical systems may produce
(by means of nonlinear and/or self-interactive coupling) very complex phenomena.

For example, the basic laws of chemical bonds are relatively simple and stem from elemen-
tary quantum mechanics [ Schrodinger’s quotation on p. 13 and its discussion], but nevertheless
produce a fantastically diverse palette of an uncounted number of chemical compounds, as well
as different materials. These compounds and materials then, through their dynamics and interac-
tions, produce complex structures and behaviors that can in no particular sense or case be simply
and completely reduced to elementary quantum mechanics, although in a completely literal sense
they stem — draw roots — from it.

This reminds us of the fact that the stability, functionality and beauty of a palace are not
properties of its bricks, shingles and other materials of which the palace is built [+ also the discus-
sion in Section 1.1.4]. Similarly, neither is the evolutionary role, nor the mimicry function or the
beauty of the complicated patterns on butterfly wings simply the “diffraction and coherent scatter-
ing of light,” although this is the basic mechanism for the appearance of most colors in the often
stunningly exquisite wings.

In a sense, akin to the term “epiphenomenon,” this new discipline could be called epiphysics.
On one hand, this new discipline would be concerned with phenomena that are beyond currently
familiar physics, and on the other, the subject matter of this new discipline would still be the Nature
(pUowc ~ physis, Greek) of this next level of natural phenomena. However, it is important to keep
in mind that the demarcation between fundamental physics and this epiphysics must be hazy; in
the end, Nature is one [# Conclusion 11.2 on p. 409].
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The helix of learning has thus come full circle, and hopefully one floor higher: Bohr’s thought,
quoted in the Preface, on p.xi, resonates through the entire development of the fundamental
physics of elementary particles, appears explicitly also in the discussion around Digression 1.1 on
p. 9, then again in Section 8.3, and completely permeates Chapter 11 and especially Section 11.4.
At any rate, during the twentieth century, the fundamental physics of elementary particles has been
developing from a discipline in which one believed to have almost everything solved to a discipline
that is bound to separate into at least two or three separate disciplines within physics [== Sec-
tion 11.2], and possibly also into a discipline the subject matter of which is the structure of
(theoretical) physics itself. Evidently, within this development, a theoretical system has been dis-
covered within which there is hope of finding a description of the fundamentals of Nature, but this
has, en route, instructed us very pointedly about the very nature of our understanding of Nature.
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Groups: structure and notation

In high energy theory one has plenty of opportunity to use results from group theory, for which
Ref. [488] is one of the most often used sources. We will be interested in linear representa-
tions of groups, i.e., the applications of abstract groups in the form of linear transformations
of a vector space, V. By specifying this vector space together with a basis, the group repre-
sentation is specified in the form of matrices that map vectors from V linearly into vectors
that are also in V. A telegraphically brief and cursory review of some of the useful re-
sults in group theory provided here cannot possibly compete with the serious sources such as
Refs. [565, 258, 287, 581, 201, 80, 333, 260, 334, 256, 447].

A.1 Groups: definitions and applications

This cluster of appendices describes the general algebraic structure of groups and in particular of
Lie groups, and then discusses the general properties of the application of groups in physics. This
is important for understanding the content of scientific models and their relation with Nature, for
the description of which these models were invented.

A.1.1 Axioms and a rough classification
We will need several group-theoretical and algebraic structures and their concrete applications,
and they are briefly described here.

Groups
A group G consists of a set of elements {4, b, ¢, ... } equipped with a binary operation * that satisfies
the following axioms (given here with a textual “translation” of the formal symbolism):

1. Va,be G, axb e G; (A.1a)
For each (V) two elements a, b from the group G, the result of the binary operation a x b is also in
(€ ) the group G, making the operation * closed;

2. Va,b,ce G, ax(bxc)=(axb)xc; (A.1b)
The binary operation * is associative, i.e., the result of a repeated application of the binary
operation * is independent from the order in which the two operations are computed;

3. deeG,VaeG: axe=exa=uaq (A.10)
There exists (3) a neutral element (e) of the group G, such that the results of the binary operations
axe and e *a equal the original element a, for each (V) a of the group G.
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4. YaeG JateG: axal=alxa=e. (A.1d)
For each (V) element a of the group G, there exists (V) an inverse element a~1in the group, such
that the results of the binary operations a+a~ ' and a~! «a equal the neutral element, e.

Pedantically, it is not necessary to require that the neutral and the inverse elements are both-sided:
it suffices to require that there exist, say, the left-neutral element (1, * a = a) and the left-inverse
element (a;l * a4 = 1); the existence of the right-neutral element (a * 1, = a) and the right-inverse
element (a * a;,l), as well as the equalities (1, = 1, and a[1 = a;l) then follow [331, 332].

A group is called abelian (commutative) if the binary operation commutes: (a x b) = (b x a),
for each two 4, b € G; otherwise, the group is called non-abelian (non-commutative). A group G is
called additive if  is an addition, and multiplicative if * is a multiplication.

According to the number of their elements, groups are classified as:

1. Finite, with a finite number of elements. For example, Z, = {1, —1;-} is the multiplicative
group that consists of two elements, 1 and —1.

2. Countably infinite, with countably infinitely many elements. For example, {Z; +} is the
additive group of all (countably many) integers.

3. Continuous, with a continuum of elements, which are further subdivided as:

(a) Finite-dimensional. For example, U(1) is the multiplicative group of (complex) unitary
numbers,? i.e., numbers of the form ¢/?, where ¢ ~ ¢ + 27t. The number of group
elements is continuously infinite, since there is one element for each of the continuously
many angles ¢ € [0,27]. These angles evidently form a subset of the 1-dimensional real
axis, R!, and U(1) is a 1-dimensional group.

(b) Infinite-dimensional.? For example, Diff(S') is the multiplicative group of all diffeomor-
phisms (continuous reparametrizations) of the circle, which is a concrete example of
the group of general coordinate transformations [= Definition 9.1 on p.319], useful
within the theoretical system of strings.

Coset
Besides groups, we also need the concept of a coset: For any group G and its subgroup H, the
(right) coset G/ H consists of the elements

coset: G/H:={g~gxh: geG, heH}, (A.2)

where * is the binary operation in the group G and in the subgroup H C G. In other words, the
coset elements are defined as equivalence classes “up to right ‘multiplication’ by elements from
H.” The left coset is defined similarly, and if the group G is abelian, the left and the right coset are
identical, of course.

This formal definition describes some very familiar examples:

Days of the week Consider the additive group of integers Z_ (which is abelian, i.e., commutative),
and its subgroup 7Z ., the additive group of integers that are divisible by 7. The coset Z7 :=
7. /77 is then defined as the additive group of equivalence classes of integers Z ., where
numbers n € Z and n + k (for each k € 7Z) are regarded as equivalent (~). The coset Zy
therefore consists of elements

0~7~14~.. ], 1=28~15~...], 2~9~16~...], ... (A.3)

which may be represented:

{100,11),12,13], 14 ), 61 } = Z, A4

T It follows that their modulus, i.e., absolute valueis 1: z71 = z* = 1 =2z = [z|> = |z| = 1, as |z| > 0.
2 These are further subdivided into several classes, but this will not concern us here.
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and where the classes [n] may be identified with the days of the week, [0]=Sunday,
[1]=Monday, etc. Indeed, seven days from Monday is again Monday, twenty-one days before
Saturday was again Saturday, 7n days from Tuesday is again Tuesday, etc.

Circle Consider the additive group of real numbers R and its subgroup of additive numbers
27tZ., the elements of which are integral multiples of 27t. The coset Ry /27tZ then may
be identified with the circle S, as the coset R, /271Z, is parametrized by the equiva-
lence classes of real number [¢ ~ ¢ + 2nr|, for each n € Z, known as angles. Thus,
R, /2nZ, = S!.

It is useful to know that all n-dimensional spheres may be identified with the coset
n
St = {x eR™: Y x?= rz} ~ SO(n+1)/SO0(n), (A.5)
i=0

where SO(n) is the group of real and orthogonal nx# matrices of determinant +1. For the details
of the isomorphism (£), the Reader is directed to the literature on Lie groups [565, 258, 581, 256,
80, 260, 333, 4471.

Quotient space
The following generalization of the coset turns out to be very useful. Let V be a vector space over
the field k, and y : V — V some mapping of that vector space into itself. One then says that

V/ip = {[F=u@): veVv} (A.6)

is a quotient space of the vector space V by the action of the mapping u. The coset is then the
special case of the quotient space, where V is regarded as an additive group,® and y is a mapping
that preserves this structure, e.g.:

1. Adding integral linear combinations of a specified collection of vectors w; € V, i =
1,2,3,...; indeed, the subset {n% : n € Z} evidently forms a subgroup of the additive
group V.

Example: The 2-dimensional torus T? = R?/ A, where A = {nL,&; +mLy&,} is a Cartesian
lattice with spacings L, and Lp, which are then the circumferences of one and the other
circle in the torus.

2. (An)isotropic homothety: rescaling of the (basis) vectors

pe(el,e?,..) — (Amel,Ame?,. ) eV (A7)

where 0 #£ A € k, and since d = a,«éi is an invariantly defined vector, the definition (A.7) is
in fact independent of the choice of a basis {&',82,...} € V.

Example: The n-dimensional sphere S” may be identified also with the quotient space
R"*1/R*,, where R*, is the multiplicative group of positive real numbers and the particular
action on R"*! is isotropic:

e (%2 ) = (A AxL, L), Ao, (A.8)

Every element R"*!/IR*, then looks like a ray in the (n+1)-dimensional space, starting
at the coordinate origin (not including the origin itself) to infinity (not including infinity).
Taking one point to represent each ray, e.g., at a same, fixed distance from the coordinate
origin, then gives the familiar image of the n-dimensional sphere.

3 The sum of any two vectors is again a vector; adding vectors is associative; 0 is the neutral element with respect to
addition; —7 is the “inverse” vector with respect to addition.
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Besides, the physical degrees of freedom in all gauge fields and potentials (including also
gravitation) always have the structure of a quotient space [= Examples 11.1-11.4, p. 416-417]:
the number of physical polarizations of a gauge particle is always smaller than the number of
components of the mathematical object (gauge 4-vector, metric tensor, etc.) that must be used to
represent the particle.

A.1.2 Lie groups

Of the finite-dimensional continuous groups, of special interest are the so-called Lie groups, G, the
elements of which may be written as g(a) := exp{ia/ T;}, where summing over j is understood,
a:= (a',...,a") is an n-tuple of parameters, n the dimension of the group, and T; are the group
generators. Conversely, the group generators, T;, are obtained by linearizing:

_ _;98(a)
Tji=—i o ko (A.9)
This means that the space of elements of every Lie group has a well-defined tangent plane in every
point, whereupon this group space is a smooth manifold, which locally looks like a Euclidean
n-dimensional space. The non-abelian structure of a group G reflects in the difference

1—g(a)g(b)g(a) ' g(b) ™" =a'b[T;, Tj] + - (A.10)

where “...” denotes contributions of higher order in parameters a,b.# Since a product of group
elements must again be a group element, the product g(a) g(b) g(a) ! g(b) ! must be expressible
as g(c) =1 +ic/T;+ - -- for some c, from which it follows that the generators T; must satisfy the
relations

(T30 Ti] =i fi" T, (A11a)

where the coefficients fijk =— ]‘]«ik are the group structure constants, and the binary operation [ , ]
is called the commutator, or the Lie bracket.

Definition A.1 Formally, the n-dimensional vector space 2, the elements of which are of the
form a/T;, and for which the multiplicative operation

(@ Tj)  (V*T) := d/bM[T), ] = (ia/b* f") T € 2 (A.11b)
is defined is called the algebra of the group G.

Comment A.1 Since both the Lie groups and the Lie algebras have continuously many ele-
ments, omitting (the action of) finitely many elements does not change the formal relation
between a group and its algebra, but it is important to account for such elements.

Example A.1 For example, the Pauli matrices

ol = [(1)(1)], o’ = {?75} . o= [(1)7(1)] (A.12)

may be used as generators of the group SU(2), the elements of which are of the form
exp {i ajo! }, and also as a basis for the su(2) algebra, the elements of which are of the

4 Recall that, in this book, n-vectors as a whole are denoted by upright letters, so a and b are n-vectors with components
aand b',i=1,2,...,n.
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form ajo'j .°On the other hand, the SU(2) group elements are defined (in its funda-
mental representation) as 2x2 unitary matrices with unit determinant. That certainly
includes both the 2x2 identity matrix 1 = exp{i O} that corresponds to the coordinate
origin in the a-space, a = (0,0,0). However, the SU(2) group also includes the element
—1 = exp{inrl}, which is omitted in the relation between the SU(2) group and the
su(2) algebra, since 71l # ajaf ,and 71l ¢ su(2). Thus, although exp{i IZjO'j } differs from
SU(2) by continuously infinitely many elements of the form —T exp{ia; o/}, all the omit-
ted elements may be recovered by multiplying (from left or from right) exp{i ajcrf} by
—1, the action of which then is the one (and so finite) difference between SU(2) and
exp{iajo’}.

Together, 1 C exp{i aj ol } and this omitted element, —1, form a multiplicative finite
subgroup of SU(2), denoted Z, = {1, —1} C SU(2). The representations of the group
SU(2) that are eigenspaces of the exp{irrl} element of this subgroup Z, C SU(2) and
have the eigenvalue +1 are called tensorial, while the ones with the eigenspace —1 are
spinors. Notice that the choice a = (0,0, ¢) represents the rotation about the third axis;
by writing the standard generator as 1 ¢, we find this to represent a rotation by the angle
1¢ —as befits, e.g., a 2-component spin-% wave-function, and which is why it changes sign
upon a 27t-rotation.

Whereas every algebra 2 gives rise to a group G by means of “exponentiating,” i.e., by
defining that g := exp{a} € G for every a € 2, not infrequently the algebra 2 also contains a
multiplicative group 2* with the algebra “multiplication” as the binary operation in 2*. We thus

. €
have the formal relation of these three structures 2* C 2 2, 6.

Example A.2 Note that the {1,i, —1, —i}-multiples of the 2 x 2 identity matrix and the
Pauli matrices also form a multiplicative group of 16 elements:

1 2 23

, 0%, 10>,
-1, —o!, —0% -0, —il, —ic!, —ic?, —ic>}. (A.13)

{1, o, 0% o3 i, io

Indeed, the Pauli matrices satisfy two relations:
[aj, o'k] =2, ot as well as { o, ok } = 257k, (A.14)
where {A, B} := AB + B A is the anticommutator. Thus, the formula
ol of = 5% 1 + i, ot (A.15)

has, for each j, k = 1, 2, 3, precisely one element on the right-hand side. Thus, multiplying
Pauli matrices, one produces the identity matrix and i-multiples of the Pauli matrices, and
these must be added to the list of elements of the group. Multiplying in that extended
collection, one obtains the (—1)- and (—i)-multiples of the Pauli matrices as well as

° The standard choice of using the halves of the Pauli matrices makes the structure constants equal to i-fold multiples
of the Levi-Civita symbol, the same algebra as the rotation generators, L* := i (y% — z%), etc. cyclically, so that

[Lf , Lk] = ie/k,L¢. Using the Pauli matrices instead, we have that [0’f , o'k] =2iek, ot.
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(—1) and (i1), which also must be added to the list of elements. Multiplication within
that again-extended collection also yields the (—il), and this completes the procedure
of closing the set: The 16 elements (A.13) form a group with respect to the familiar
matrix-multiplication.

For all semisimple Lie algebras,® the Killing form
it = —fi" fim" (A.16)
is positive-definite, and serves as a metric tensor, and defines

fixt := fix™ mis (A.17)

which may be shown to be a totally antisymmetric tensor.

Digression A.1 It is worth noting that the relation (A.11a) determines only the antisym-
metric product of the generators. The symmetric product, the so-called anticommutator,
remains free to be specified separately:

{ Ti, Ty It = N oyl + % di™ T, if the set {1, Ty,..., T, } is complete. (A.18a)

In any given representation, the vector space (representation) V of dimension r :=
dim(V) is given, upon which the operators T; act as r x r matrices, and the normalization
constant N depends on r. Also, these r x r matrices that play the role of the generators T;
typically satisfy certain additional conditions: they may be symmetric, Hermitian, trace-
less, etc. If the collection of matrix representatives {1, Ty,..., T, } is complete for the
specified type of matrices, the relation (A.18a) follows automatically. Otherwise, one ex-
pects that the anticommutators {T;, Ty} include matrices that cannot be represented as
the linear combination 1 and T Thus, both the existence of the relation (A.18a) and
then also the constants d;;" strongly depend on the representation of the generators T;.
If the additional relation (A.18a) exists, its combination with the relation (A.11a)
reduces
T]' T = Né]kﬂ = (Zf]km -+ % d]km) e (A.18b)
to a linear combination of the identity 1 and algebra generators T; — which provides more
information than the abstract defining requirement of the Lie algebra (A.11a). Thus,
abstract Lie algebras include less structure than what their applications in physics not
infrequently have [== Section A.1.4].

A.1.3 Groups in (fundamental) physics

Every model of every physical system uses some collection of variables” that quantify the system,
and imposes relations between those variables in the form of systems of equations and conditions
for those variables, appropriate for the physical system being described. That system of equa-
tions, together with all conditions on the domain of variables and the operators used to write

6 A Lie algebra 2 is semisimple if it has no abelian (commutative) direct summand, i.e., no abelian subalgebra that
commutes with the whole algebra 2; for the precise statement, see Refs. [581, 256].

7 In this general description, “variables” includes every mathematical symbol that may have a value, thus, variables
include both arguments of some functions, as well as those functions, and various additional parameters.
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out the specified equations forms the mathematical model, M, of the physical system. In lieu of
experimental results against the model, one regards the model as adequately representing the
considered physical system, and one often identifies experimental results in routine conversation.
However, it is very important not to confuse in principle the components in this description of the

physical system [s= Figure A.1].

2 (M)
Solution space of the
mathematical model

Physical
system
observables

\//

def.

Description of the
Physical system Physical sysiom

Mathematical model

_)of the physical system

--------

Teay

Figure A.1 Relations between the physical system and its observables, as well as the mathematical
model and its space of solutions. The smoothness of the mathematical side of this image indicates the

fundamental idealizations.

Symmetries of physics systems and symmetry breaking
The situation is actually more complicated than shown in Figure A.1. Namely, the observables in

realistic physical systems are usually not specified “once and for all,” and their improved definition
is an iterative process. In turn, in realistic cases, only some of the theoretically definable observ-
ables can be measured in practice, and this subset must be marked. Besides, real physical systems
often contain details that are either included in the mathematical model or neglected from it in
an iterative or layered fashion. The situation in realistic cases then looks more like the diagram in

Figure A.2.

2 (M)
Solution space of the
mathematical model

system
observables = Measurable é A
- results of the H
- -
: e, :
O, e, =
- e/ ‘e, H
- "'.?:".I//(») "0,' = def.
: b P :
: : "of)?(( . -
= % ment r o *, H
K Description of the H

0 Physical gatem Mathematical model
D> of the physical system

Modeling the physical systeﬂ}“‘ M

Figure A.2 Relations between the physical system and its observables, as well as the mathematical
model, its space of solutions, and their comparisons via experiments.

The collection and domain of variables and operators needed for the description of the
physical system usually permits certain changes of those variables and operators, without such
re-definitions affecting any concrete, measurable result for the physical system, and obtained by
means of this model. Alternatively, the model may be viewed as a mathematical system of equations
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and conditions, which defines the space of solutions of the system, i.e., the space of solutions of
the model, 2 (M) — regardless whether those solutions can be computed.

The procedure of changing those variables in a way that changes no measurable aspect of the
model is called a symmetry transformation of the model of the physical system, and the property
of the system that permits such a change is called a symmetry of the model, i.e., of the system
represented by the model. Similarly, instead of the physical system one may consider any system
of equations where the “aspect of measurability” need not have a specific meaning. A symmetry
is then by definition a transformation that does not change the space of solutions of the specified
mathematical model, i.e., the system of equations that represents a physical system. It is impor-
tant to conceptually distinguish the physical criterion for symmetries (the non-changing of the
collection of all measurable results) from the mathematical one (the non-changing of the space of
solutions to the given system). It is also important to note that both criteria are hard:

1. One cannot a priori know which physically measurable results may possibly exist in a
given model, even when these “observables” are “well defined” in general; for example,
in classical physics these are “all real C¥-functions over the phase space.”®

2. Most mathematical systems are insoluble. Indeed, for a randomly chosen system of (dif-
ferential and algebraic equation) one knows neither how to find or determine the exact
solution (“in closed form”), nor of an algorithm of an iterative method for obtaining such
a solution, and sometimes even all the known approximations do not suffice for a concrete
application. Moreover, it may well be the case that many mathematical systems are not
soluble even in principle.

In spite of that — in practice, and so in models that have so far been considered - it is not infre-
quently possible to definitively determine if a particular transformation is a symmetry of the system
or not. In addition, the models used in practice of course form an “infinitesimally” teeny subset of
all possible models, and they are chosen precisely so that — besides adequately representing the
interesting physical systems — they are “sufficiently soluble” so as to be of practical use.

Comment A.2 In addition, note that the concrete solutions often do not possess all the sym-
metries of the system that they solve. In that case, however, the symmetry of the system
transforms one concrete solution into another.

Symmetry transformations evidently satisfy the group axioms (A.1) when the binary opera-
tion of two transformations implies their successive application, and one thus speaks of symmetry
groups, in this mathematical sense. Also, because of this nature of application of group theory,
groups are always regarded as groups of concrete transformations within a concrete model, and
not as an abstract structure.

That also implies that by the “symmetry of a physical system” one in fact understands the sym-
metry of the model of that system, conditioned also by the approximations that have been applied
in the model by way of neglecting details of the physical system, and mathematical idealizations
in the model. As improvements to the model often add details that lessen the number and domain
of symmetries, improvements to the model reduce the symmetry group to a subgroup G; of the
original group Gy. One says that the additional details break the original group into its subgroup,
Gy C Gp. Although only G; is then the “real” symmetry group, the extended structure G; C Gy
provides useful additional information about the model. Not infrequently, the improvements to the

8 The choice of k and the type of functions (CO-functions are continuous, C!-functions are smooth, etc.) depends on the
requirements in a concrete application. In classical physics, one usually restricts to C2-functions, as the equations of
motion are differential equations of second order, and at least the second derivatives need to be well defined. However,
more detailed requirements in the analysis of deformations require higher derivatives, so the required function type
must be adapted.
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model may be organized iteratively, corresponding to a chain G, C G; C Gy of subgroups, which
may have an alternative G, C G} C Gy. The entire web of such chains of subgroups provides a
hierarchy of model improvements, which corresponds to a hierarchy of physical phenomena and
corresponding corrections to measurable results of the model, such as energy.

A simple example
As an illustration of the ideas and concepts depicted in Figure A.2 on p.457, consider the very
familiar example:
2

F =ma=m %, with the conditions X|t=t, = Xo, % t:tO:
In the familiar application of these equations, F and m are parameters in the problem; respectively,
the force that acts upon a given body and the mass (measure of inertia) of that body. The function
of time, x = x(t), is the position of the body, and xg, vy are boundary (initial) conditions.

The physical system of all bodies of mass m under the action of a force F is thus represented by
the model M, which is the abstraction and simplification of the physical system and which consists
of the differential equation (A.19) together with the conditions xg, vy that specify the concrete
conditions of a concrete body in a concrete situation to which the model may be applied.’

The mathematical solution of this model (assuming that F and m are independent of time) is
the function

0. (A 19)

F
x = x(t) = x9 + vo(t—tg) + %(t—to)z, (A.20)

so the space of mathematical solutions is the abstract space 2 (M), of the four-parameter family of
functions x = x(t; F,m, xo,vp). Since the {-dependence is determined by the equation (A.20), this
space of mathematical solutions has four dimensions, with the coordinates F, m, xg, vg. The phase
diagram is the partitioning of this 4-dimensional space into regions where the model behaves
uniformly, and where the passage from one region into another — through some interface region —
represents a phase transition in the system.

Similarly named, but something entirely different, is the phase space, ®. For this system,
this is the 2-dimensional space parametrized by the values of the pair of functions (x(t), p(t)),
where p(t) := m%. The motion of the body sweeps a path in ®, parametrized by time. The space
of physical observables is then the infinite-dimensional space of all (continuous, and if desired
perhaps also analytic and/or square-integrable, etc.) real functions .# (P) over the 2-dimensional
phase space .

Finally, the space of measurable model results, Z(M), is — in principle — a subspace of the
space .# (®); see Figure A.3. In this simple model, however, every element of the space .Z (®P)
in fact may be represented as a model result, the question is only whether it is experimentally
possible to directly measure that result: Namely, it may be that the result must be “factored” into
factors and/or summands, which one measures directly and which are then “put together” into
the indirectly “measured” complex result — but our goal here is not to delve into the details of
experimental methods.!? For the model (A.19), in fact, Z(M) = .#(®), i.e., every observable
of this physical system may in fact be represented by an (in principle measurable) result of the
model (A.19).

Some symmetries: Assuming that the mass of the body is an absolute constant, the differential
equation (A.19) has (among others, also) two independent symmetries:

X — —X,
P {F_> F (A.21a)

9 Model (A.19) neglects whatever friction may exist, the resistance of the medium through which the body may be
moving, etc.

10 For example, even a relatively simple observable such as speed is usually not measured directly, but one measures
independently the observables of “traversed distance” and “elapsed time,” and speed is then computed as their ratio.
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Figure A.3 Relations between the physical system (a body of mass m under the influence of the force F)
and its observables, its mathematical model, the space of solutions thereof and the measurable results
of this model, as well as their comparisons via experiments. The reason for the relation Z(M) C .# (P)
is evident: there exist real functions over the phase space ® = {x, px} which are therefore observables
in the formal sense, but for which no one knows how such a function in fact might be measured,
whereupon they do not belong to Z(M).

Tr: t —t+T, T€ER. (A.21b)

The operation P is the mirror reflection of one of the spatial coordinates, which is in 3-dimensional
space equivalent to the reflection of all three coordinates through the coordinate original. Its phys-
ical meaning is that one is free to pick the direction of measuring the position x either to the right
or to the left, from some initially specified point identified as the coordinate origin. Of course, a
change of this convention requires the sign of the force to also be changed simultaneously and cor-
respondingly. The other symmetry, T, is the time-translation. The solution (A.20) is also invariant
with respect to the first of these two symmetries if the parameters (the integration constants) xg, vg
simultaneously satisfy

X0 — —Xp,
P { (A.22)
(4] - —0p,

which is in agreement with the definition xy, vy as the position and speed in the t = t; moment:
if the convention of measuring positions is changed from right-ward to left-ward, all quantities
x(t), xp, vo, F evidently change signs. With respect to the simultaneous action of the operation P,
specified by the relations (A.21)-(A.22), both the system (A.19) and its solutions (A.20) — each a
solution by itself! — are invariant with respect to P, i.e., this transformation is a symmetry in the
most direct sense.

On the other hand, the physical interpretation of the time-translation is that the behavior
of the system does not depend on when we begin to measure time, and this is a symmetry in a
slightly indirect sense. Namely, from the fact that the function (A.20) remains a solution of the
system (A.19) although it is not invariant under the action of 7,1 it follows that the solutions of a

1T The constant t; does not change under the action of the operation T — indeed, t; is chosen so as to be an absolute
constant that specifies the beginning of time measurements for the purposes of the applications of the model to a
concrete physical model.
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system need not possess all the symmetries of the system [== Comment A.2 on p.458]. However,
with ty as a fixed constant, we have

Te: to — th =ty + T, (A.23)

F 2
t;tg) = t—t —(t—t
x(t;to) = xo + vo( 0)+2m( 0)

F F F
— x(tt)) = (xo—vo’r—k%rz) + (Uo—aT)(t—to) + ﬂ(t—to)z. (A.24)
~—_———— ——

/

/
X0

%
Indeed, the symmetry transformation of the system (A.19) changes the integration constants and
turns the solution where the time measurement began at ty, into the solution where the time
measurement began at t. Thereby, the symmetry T; of the system (A.19) is not a symmetry of
a concrete solution (A.20), but transforms one concrete solution into another concrete solution.
Thus, the transformation (A.19) is a symmetry of the entire space of solutions, 2 (M).

Symmetries and conservation laws In classical physics, the implications of such symmetries are the
content of the (Amalie Emmy) Noether theorem, whereby in classical physics and briefly:

Theorem A.1 (Amalie Emmy Noether) Every continuous symmetry has a corresponding cur-
rent 4-vector, j', which satisfies the continuity equation, d,j* = 0, and f &7 j0 is the
corresponding “charge,” conserved in time.

Generally, additive symmetries (such as T;) have additive conserved charges, and for T, this is the
total energy of the system:

dx dx d®>x  dx
dE m ;dx\2
Fri 0, where E:= E(E) — xF. (A.26)

The energy E therefore does not change in time, and the Noether theorem connects this property to
the symmetry T : t — t + 7 of the differential equation (A.19), owing to the fact that 3 o) H)

The additivity of energy means that the energy of a combined system is the sum of energies of the
individual sub-systems.

Similarly, the multiplicative symmetries (such as P), have multiplicative conserved “charges”;
for P, this is the parity of the system.’? P: f(x) = f(—x) = pf(x), p = £1. The multiplicativity of
parity means that the parity of a combined system is the product of the parities of the individual
sub-systems.

v —
In quantum physics, the relation between symmetries and conserved quantities is even more direct:

Conclusion A.1 Let P and Q be two canonically conjugate variables in the sense of the
classical description of a system, and P and Q the respectively corresponding operators so
[P, Q] = ili. Then the operator %P generates translations of the eigenvalues of the operator
Q and vice versa:

0P/ @ =ia0P/ — q 4 qo- (A.27)

12 Of course, the eigenvalue of parity may be written ¢/, with p = 0 or 1, and this p would then be a conserved mod-2
additive quantity. The “multiplicative” practice followed herein is, however, the generally accepted one.
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If the translation of eigenvalues of Q is a symmetry of the system and H the Hamil-
tonian of the quantum description of this system, then P is a conserved quantity, and vice
versa. More precisely, if Q ~ Q + qo then

dpr 1 oP

@ Pl =0 (A.28)
and conversely: if [H, P] = 0 and P does not explicitly depend on time, the eigenvalues of P
are conserved quantities and Q — Q + qq is a symmetry of the system; the unitary operators
Uy, ‘= exp{+qoP} realize this symmetry.

For a proof and a detailed discussion, see standard textbooks of quantum mechanics, such as [407,
471, 328, 480, 472, 242, 360, 29, 339, 324].

The best known example of this relation is provided by the canonically conjugate pair (posi-
tion, momentum). In coordinate representation, the operator % Py = —i d% is indeed the generator
of translation in the x-coordinate:

0 kdk

, & gk
PN f(x) = }: it ZO ol () = flx+a). (A4.29)

Since p does not explicitly depend on time, the condition that p is a conserved quantity reduces
to the condition that p commutes with the Hamiltonian. Since evidently [p, ﬁ p2] = 0 this con-
dition becomes [p, V(x)] = 0 = %[%,V(x)], i.e., that the potential is a constant. Indeed, for
a constant potential, x — x + x¢ is a manifest symmetry. Table A.1 lists several examples of
often used symmetries and the corresponding conserved quantities. Absolutely essential is the
fact that conserved quantities are eigenvalues of operators that generate corresponding transfor-
mations. So, for example, the unitary operator U; = exp{id-p} produces translation in space

7 — 7+ d, and the operator Ug = exp{iET} produces translation in the momentum space:
p—p+e.

Table A.1 Some examples of continuous symmetries and corresponding conserved quantities. For
various transformations, “charge” denotes various physical quantities; for translation of the phase of
complex wave-functions, “charge” is indeed the electric charge.

Symmetry Conserved quantity

Time translation t -t+ty <« Energy E

Space translation 7 —-7+7 <« Linear momentum §

Rotation (about the z-axis) ¢—¢+¢y <« Angular momentum L,
Gauge transformation (general) Phase shift <« Charge (general) q

Reflection (through coordinate origin) 7 — —7 < Parity P

A.1.4 Matrix groups and bilinear invariants

Application of group theory in physics always implies concrete action of the group elements upon
concrete physical objects, i.e., upon the mathematical variables that represent those objects in the
particular model of the physical system. The linear group action is then always in the form of a
linear transformation of a vector space that those mathematical variables span, so these are always
matrix groups.
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The most often used matrix groups for n, p,q € IN are defined as follows [581, 260]:

GL(n;k) is the group of invertible n xn matrices with k-elements, where k = Q, R, C, H denotes
the base field of rational, real, complex and quaternion numbers, respectively.

SL(n;k) is the subgroup of GL(1;k), the elements, A, of which have unit determinant, and so
preserve the volume element: d" (A x) = d"x for x € k".

O(p, q;k) is the subgroup GL(p+g;k) the elements of which are 7, -orthogonal,

L' L= , := diag(1,...,1,-1,...,-1 A.30
Mva) Nipa) N 8( ) ( )
p times q times

and preserve the pseudo-Riemannian scalar product:

4 p+q
(X,5) (pg) :=xV Hyv Yy = Z xtyt — Z xtyt, X,y € kP, (A.31)
p=1 p=p+1

SO(p, q;k) is the subgroup of O(p, ¢;k), the elements of which have unit determinant.

Sp(2n;k), for k = R or C, is the subgroup of SL(2n;k), the elements of which preserve the
symplectic quadratic form

2n

XAy i= 2 2 xH AT = Xt Oy 1Y, O] = { (A.32)

u=1

and where the 21 x2n matrix [(),,] is called the “symplectic identity.”

U(p,q) is the subgroup of GL(p+g;C), the elements of which are unitary and preserve the
Hermitian scalar product

0O 1
-1 0O}’

P ptq
X[y) () : Z (xF)y yt— Y ()M, xyeCPa (A.33)
p=1 p=p+1

Sp(p,q) = U(p,q;H) is the subgroup of GL(2p+24;H), the elements of which are quaternion-
unitary and preserve the quaternion-Hermitian scalar product

p+q
(2|W) () =2 " = ZZV w'— Yk, z,w € HP, (A.34)
i=pu u=p+1

where X" denotes the quaternion-conjugate of x¥. This group in fact is not symplectic, in
the sense that it does not preserve any symplectic quadratic form. Because of this, for the
previous group, Sp(2n;k), the base field is always denoted, and for Sp(p,q) never, and by
convention Sp(n) = Sp(n,0).

SU(p, q) is the subgroup of U(p, q), the elements of which have unit determinant.

Quaternion (also known as hyper-complex) numbers and algebra were invented by William
Rowan Hamilton, in 1843. Quaternion numbers may be defined as the formal sum q = x + ix! +
jx? + kx3, where i,j,k are the formal quaternion units that satisfy i? = j* = k> = ik = —1. The
quaternion-conjugate number is then equal to Z = z0 — ]z — kz°. Quaternions do not com-
mute, and ij = k but ji = —k, etc. Quaternion “units” may be represented by the complex matrices

1= 391, i=[5%], i—=1[98], k—=1[%], (A35)

so the definitions that use quaternions may be rewritten as complex-matrix definitions.

Owing to frequent use, the base field R is not written for orthogonal groups so that “SO(1, 3)”
means SO(1,3;R), the base field C is not written for unitary groups so that “SU(3)” means
SuU(3;C).
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A.1.5 Exercises for Section A.1

% A.1.1 Prove relation (A.10) by explicit expansion of exponential functions.

% A.1.2 Prove that the collection {1, (ic!), (ie?), (i0°), -1, (—ict), (—io?), (—io®)} forms a
group, which is a subgroup of the group (A.13).

% A.1.3 Show that scaling operations {R, : x — px, p € (—oo,+0c0)} form a group if the
binary operation is consecutive application. For R, to be a symmetry of the system (A.19),
one must require that simultaneously R, : F — pF. Determine the action that is con-
sistent with (a) the group structure, and (b) physical meaning of all symbols in the
expressions (A.19)-(A.20).

% A.1.4 Show that {1, P} forms a subgroup of {R, : x — px, p € (—00,+00)}.
% A.1.5 Show that {1, T: t — —t} forms a group.

% A.1.6 Show that {1, T,P, (PT)} forms a group. Show that [T, P| = 0.

A2 The U(1) group

The multiplicative group of unitary complex numbers, U(1) = {¢/?,-} where ¢ € R! and ¢ ~
¢ + 27, is one of the best known in theoretical physics. Representations of the group U(1) are
complex functions upon which the group acts by phase transformation: f — ¢'7/?f, f € C. In the
general case, the real number g is called the “charge” of the particle represented by the function
f, and the representation is unambiguously specified by the charge. In the case of the application
in electromagnetism, the charge is the electric charge. The U(1) charges are simply additive:

U(L): f = eUPf, g —ellsfy, = (fg) = U7 (fg). (A.36)
It is possible — although it is rarely so denoted - to define the U(1) group elements as
U(l) = {ei‘/’o, p~¢+2m}, (A.37)

where the operator Q is the generator of the group, and ¢ the eigenvalue of the eigenfunction:
Qf = qy f. Thus, e?9f = ¢ f = ¢?f. In complex analysis, g is called the winding number of
the complex function f, and in the physical application of complex analysis the product (g¢¢) is
called the phase of the function f. This relationship between complex analysis and its application
in gauge models is of special importance in string models from the worldsheet perspective [r= Sec-
tion 11.2.3], where one easily switches to the complex coordinate system (7,0) — z = ¢ + i1, and
so also to complex analysis.

A.2.1 Exercises for Section A.2

% A.2.1 Given two mutually commuting U(1) groups, generated respectively by the mutually
commuting Hermitian operators A and B, show that the two-parameter family of elements
Sap ‘= exp{i(aA +bB)} form the abelian group U(1), x U(1) fora,b € R with respect to
the usual multiplication.
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% A.2.2 Show that any two linearly independent linear combinations of A and B from the
previous exercise can serve as generators for the group U(1), x U(1)p. The particular
choice C. := A+B generates the diagonal subgroup U(1)y C U(1), x U(1)s, while the
combination C_ := A—B generates the complementary U(1)_ C U(1)4 x U(1)s.

% A.2.3 Show that U(1)4 and U(1)_ as defined in the previous problem commute with each
other and that, as groups, U(1)4 x U(1)— = U(1)x x U(1)s.

A.3 The SU(2) group
This group is familiar from the quantum-mechanical formalism of spin and orbital angular
momentum. The group is generated by any three operators that satisfy the relations

[J]', Jk] :isjkl §lme Z:iS]'km Jm. (A.38a)
The SU(2) group elements are then operators of the form U; := exp{iaij}. Conversely, the
generators may be formally defined by the relation
1 r0g(a)
= - . A. b
= [ 9 ak ]a—ﬁ (A.-38b)

It follows that the quadratic J 2 operator commutes with all three J It
(/2,01 =0, j=1,23 where J*:=J2+J7+J7, (A.38¢)
so the operators’® J? and J3 have a simultaneous (common) basis of eigenfunctions lj, m):
Plj,m) = j(j+1)j,m),  Jalj,m) = ml|j,m), (A.38d)

where
AmeZ, j:=max(m) = —j<m< 4. (A.38e)

It follows that j and m are both either integral (tensorial) or half-integral (spinorial), and that

Jii= (i Eida), Jeljm) = \Jj(+1) — m(m£1) |j, mE1). (A.380)

Note that
J+lj,j) =0, aswellas  J_|j,—j) =0 (A.39)

by virtue of relations (A.38f), as derived in Digression A.2.

Digression A.2 (Proof of equation (A.38), following Ref. [18]) As no two operators from
the collection {J;, J, J3} commute, there is no subsystem of mutually commuting oper-
ators that would have a simultaneous eigenbasis. One thus chooses one, usually J3, to
find its eigenstates. Then, one proves by direct computation that

[Ji, 2] =0, JSi=Jl+JP+J?, i=1,23. (A.40a)

13 The choice of J3 is arbitrary, and is called the quantization axis choice for angular momentum in quantum mechanics.
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Since J3 and J? commute, they have a simultaneous (common) eigenbasis:
SPA,m) = AA,m),  J3|A,m) =m|A,m), (A.40b)
which may always be ortho-normalized via the Gram-Schmidt procedure:
(A, m'|A,m) = 6p1 ) 6t - (A.40¢)

Using the remaining two operators, J1, J», we define

Ji = J1+idy, (o)t =ue, (A.40d)

so that
Jadg = J2 +J2 U3, S =dido+J_Jdp +d2, (A.40e)
[J3, Ji] =+J4 and [Ji,Jy] = £2J3. (A.40f)

Next, check how J+ act upon |A,m):

J3(J+|A,m)) = (Jeds £J1)[A,m) = (m£1)(J+]|A,m)), (A.40g)

so it must be that
Ji|A,m) = Ni(m) |A, m£1). (A.40h)
Thus, the operators J. raise/lower the second eigenvalue, m, but do not change the

first, A.
Since J3 and J? are Hermitian operators, A, m must be real numbers. Also,
A= () = () + (o) + (IF)

= |1, m)|? + [ |A, m) ||+ P = (A.401)
Thus m?, and so also m, has a maximum; let j := max(m). Then J |A, +j) would have to
be proportional to |A, j+1). However, since (j+1) > j = max(m), |A, j+1) cannot exist.
It follows that

Ji|A,j) =0, (A.40))

Applying (A, m|J_ to this result, we have that

0= (A, jlU=J+ I ) = (A 12 + 2" = J3)A, ) = (A, fI(J 2 =I5 = J3) A, f)

=A—j(j+1), = A =j(j+1). (A.40k)
Following the analogous reasoning for J < J_, we obtain that
min(m) = —j, J_|A, —j) =0. (A.40D)
Renaming the basis |A, m) +— |j, m), we have that

Llj,m) = jG+1)lj,m),  Jalj,m) = m]j,m). (A.40m)
In addition, the operators J;, J?, J+ can change m only in unit increments. It follows that

j €Zxo, tensors;
AmeZ, |m|<j:=max(m), = { , 1 ' (A.40n)

] €Zxp+ 5, spinors.
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Similarly, we have that
N (m)P = (j,mlddzlj,m) = j(+1) — m(m=£1), (A.400)

SO

N (m) = /j(j+1) — m(m1). (A.40p)

A.3.1 Representations of SU(2)
The relations (A.38d)—-(A.38f) imply that

. i k . . _ .
Uglj,m) = €9 %|j,m) = exp {i(¢TJy + ¢~ J_ + ¢°J3) }|j,m)
_ P (A.41)
Y. cumlim’).

Im'|<j

That is, the action of the unitary operator U does not change j in |j, m) upon which it acts, but -
for a general choice of @ — transforms any one |j, m) into a linear combination of all |j, m’) with all
the permitted values of m’. The abstract vector space

Vii=3 Y culjym), (c_j,...,c;) €k and equation (A.41) p 2k¥™,  (A.42a)
Im|<j
. : t ial ;o oie g integral
Ug:V; =V, Vi isa { S%?;gﬂgl } representation if j { i&f-iﬁegral } (A.42b)

is a (2j+1)-dimensional (unitary) representation of the SU(2) group, i.e., the SU(2) group maps
the vector space V; into itself, and SU(2) is a group of symmetries of the vector space V;, for every
2j € Z>y. Correspondingly, the same partitioning of representations into these two subclasses is
also obtained by partitioning into the eigen-representations of the element exp{inl} € Z, C
SU(2) [= Example A.1 on p. 454].

Table A.2 on p. 469 lists the first several such representations. It is important to keep in mind
that the spaces V; are not simply copies of k%*1 (where k = Q, R, C or H, as required), but imply
the SU(2) action (A.41). It follows that no SU(2) representation V; contains a strictly smaller
representation V, with j* < j. One says that every representation V; is irreducible.

Digression A.3 The results (A.40m)—(A.40n) give a complete list of irreducible represen-
tations of the SU(2) group and its algebra (A.38a):

1. tensorial representations, of which the most familiar are:
(a) scalars, i.e., invariants, represented by |0, 0);
(b) 3-vectors, represented by the basis {|1, —1),[1,0), |1, +1)};
(¢) (spin-2) quadrupoles, represented by {|2, —2), (2, —1),(2,0), |2, +1), |2, +2)};
etc.
2. spinorial representations, of which the most familiar are:
(a) spin-J systems, represented by the basis {|1, —1), [}, +1)};
1
2

(b) spin-3 systems, represented by the basis {|3,—32),|3,—1), (3, +1), 13, +3)}

27 27 2 27
etc.
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Note that the bases of formal vectors {|j, m), |m| < j} are just a formal notation for bases
of spherical harmonics {Y].'”(Q,gb), |m| < j}, which are the coordinate representation of
the formal |j, m). For example,

1L, +1) < Y{(6,9) = —4/ 8371 sinfet?, (A.43a)
11,0) < YY(6,0) = +,/% cos®, (A.43b)
11,-1) < Y{'(8,¢) = ﬂ/gin sinfe ?, (A.43c)

from which it follows that Cartesian coordinates may be expressed as

rsinf cosp = —r4/ z?n(Yll(Q,cp) + Yl_l(e,q))) < |1,+1)+]1,-1), (A.43d)

y:rs'mesinq;:ir,/zg(yll(e,cla)—yﬁ(e,(p)) o L4 —1,-1),  (A43e)

z=rsing = 4; Y06, 9) o [1,0). (A.43f)

X

Similar relations exist for all bases {|j,m), |m| < j} for j € Z. The other half of
representations, the spinors {|j,m), |m| < j} for (j+1) € Z also have an analogous
representation in terms of spherical and Cartesian coordinates, but are less well known,
and are double-valued and so are not determined unambiguously.

Table A.2 lists several well-known irreducible representations of the SU(2) group, denoted
in several alternative and oft-used forms, and Table A.3 on p.470 lists the first few spherical
harmonics ij(e,(p), which are the functional representation!# (in spherical coordinates) of the

abstract elements |j, m). Of course, the abstract operators J+,J3 and J? also have a corresponding
functional representation:

Ji = +etit {839 +icot(0) 5 (P} (A.44a)

Jo = iz)a(p’ (A.44D)
2 1 o0 P} 1 92

= [sm( )aa(sm( )86) + sin ( )84)2} (A.440)

Evidently and except for J3, computations with the abstract operators and eigenstates of the SU(2)
group are simpler than with the functional representation of these.

v

Other than the formal (|j,m)) and the functional (Y].’”(G, ¢)) notation, the matrix notation is also
widely used. It is well known that halves of the Pauli matrices (A.147)

I P SR T P SR TE R P L

4 Unfortunately, the word “representation” is used in two slightly different senses: here, it is in the sense of “realization,”
in distinction from the technical sense of an “SU(2) group representation,” according to the definition (A.42).
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Table A.2 Several smallest representations of the SU(2) group; formal ket-notation precisely corre-
sponds to spherical harmonics |j, m) < Y]-’”(0,4>) when j € Z.

Dim. Formal ket-notation Index” Matrix
Vo 1 {10,0)} t [x]
xl
Vo2 {IL-0. 154D} p H
X = t(ll)
i 3 {I1,-1),|1,0),]1,+1)} ¢(ab) y = t(12)
z = t(22)
1 — ¢(111)
vi 4 {B-Dn - R} @ :
4 — (222)
1 = ¢(1111)
Va5 {]2,-2),]2,-1),[2,0),]2,+1),[2,+2)}  tlabed) :
¥5 = $(2222)
x1 _ t(1...1)

Vi 241 {0 gl )y ) :
w21 — 4(2-2)

?The indices are a, b, c... € {1,2}; round parentheses denote symmetrization: ¢lab) — 4 4(ba)

satisfy the relations (A.38a), which identifies the eigenvectors of the ]Iél/ ?_matrix with the

eigenvectors of the abstract operator Jj:
0] < b+h)  ad 9] = [L-b. (A.45b)

In a fully identical fashion, the matrices

m_ 1 010:| o _ 1 Q_i,Q (1)_[10 0]
el WG] W=l e

also satisfy the relations (A.38a), which identifies the eigenvectors of the ]Igl)-matrix with the
eigenvectors of the abstract operator Js:

1 0 0
[8} o |1,41), m & |1,0)  and m o [1,-1), (A.46b)
and,
0Vv30 0 0 —v3 0 0 30 0 0
H(s/z):l V30 2 0 B<3/2>:1 V3 0 =2i 0 ]I(a/z):; 01 0 0 (A.460)
1 210 2 0+v3|” 72 20 20 0-vB|” 3 288—(1)8)’ ’
0 0 V30 0 0 V3 0 B
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Table A.3 The first few spherical harmonics

1__ /3 o i _ /3 xtiy
Y= S—Hsmﬂe"’ = 877

2.2
W= Geoon) =y

Y2 =/ 42 sin? f e%¢

_ [3 (xtiy)?
- 81 r
Yzl—y/ sm9cos€e’¢—\/%w

Yg’:f\/gf sin® 9 %9

2 _ 105
Y5 =

_ \/?(*W)
- 64t 13

/105 (x+iy)*z

32 B
Yi=\/& 21 L sin 6(1—>5 cos? 0)el® = — @Wﬂ
Y0 = /% (5c0s26 —3) cosf — /L 230

sm2 6 cos 0 ¢%i¢

similarly provide a 4-dimensional realization for spin—% systems. An analogous matrix realization
of the operators J and eigenvectors |j, m) is of course possible for all ;.
Finally, in the tensor notation, we have

oo 3+

which, with the definition (u,v) :=

and £ < |}, 1), (A.47a)

(t!,t?), implies the definitions

W 162 D), (62 D), (a2

ou v ou v ou v (A-47b)

For j = 1, one typically identifies the formal tensor variables t(11),+12) +(22) with the Cartesian
x,Y, z, respectively, and we have the well-known

NV I W ) IV AN I RN O BT NN

Ji7e Z( ay yax)' Y27 = l(yaz Zay)’ J3 ( ox xaz>' (A.470)

As each of these notations and representations is convenient in some but not all computa-
tions, it behooves the Reader to practice “translating” from any one of these representations into
any other one.

It is useful to note that the Levi-Civita symbol,

€y €12=1=—¢p, €11 =0=¢n, (A.48)
is invariant with respect to SU(2) transformations, since, using relations (B.38) and after the
computation (B.37), it follows that the change of basis t* — t* produces

&t := le,, di"dt? = de t["’“ ”} e, drdr? = d2r,

ST ) (A.49)

since the determinant of SU(2) transformations equals det [aa ((Itj’fz))] = 1 by definition. The anal-

ogous situation holds by definition for all SU(n) groups, but for SU(2), exceptionally, ¢, is a
rank-2 tensor, and so may also serve as an (antisymmetric!) metric tensor, which is appropriate for
anticommuting variables that are used in supersymmetry [*== Chapter 10].

A.3.2 The SU(2) and SO (3) groups

Rotations in real, 3-dimensional space may be represented as real, orthogonal 3 x3 matrices with
unit determinant. Their successive application may be identified with matrix multiplication, which
does not commute, and this multiplicative group is denoted SO(3). Its algebra, so(3), is identical
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to the su(2) algebra. However, although s0(3) = su(2), the groups SO(3) and SU(2) differ: the
SU(2) action upon all representations V; = {|j,m), |m| < j} is single-valued.

In distinction, the group SO(3) action is single-valued upon integral (tensorial) represen-
tations V; = {|j,m), |m| < j € Z}, but not upon half-integral (spinorial) representations,
Vi = {lj,m), |m| < j, (j+}) € Z}. Since a ¢-rotation about the x-axis acts by exp{i ¢ Js}
and eigenvalues of J3 on elements of spinorial representations V; are half-integral, spinors are
“double-valued functions” under SO(3) rotations. By an appropriate change of basis, it is easy to
show that the eigenvalues of any one component J, in any direction, are equal to their J3 eigen-
values. Thus, the conclusion about double-valuedness of the elements of spinorial representations
Vj holds for rotations about any axis. Thus, spinors change their sign upon any 360°-rotation; only
720°-rotations act upon them as the identity.

Since the algebras are identical, s0(3) = su(2), the elements of both algebras — and so also
both the SU(2) and the SO(3) generators — are rightfully called angular momenta. Understanding
this 2-1 relationship between these groups, SU(2) is the two-fold covering of the SO(3) group, and
the elements of the SU(2) group are also frequently called rotations. Pedantically, the SU(2) group
is the double covering of the SO(3) group of rotations.

A.3.3 Addition of angular momenta
In the concrete application of the SU(2) group in elementary particle physics, it is important to
keep in mind that angular momentum is not a directly measurable quantity.

This is partly true also in classical physics of macroscopic bodies: for an ice-skater in a pirou-
ette or a spinning top, the angular momentum cannot be measured directly. Instead, usually, one
identifies a “marking” on the spinning object (the ice-skater’s face or a pattern on the top), and the
angular velocity is determined by following the motion of this marking. Independently, one deter-
mines the moment of inertia for the same object in some way,’° and then computes the angular
momentum from the so-obtained values of the moment of inertia and the angular velocity. That is,
there’s no such thing as an “angularmomentumometer.”

With elementary particles, the situation is even more indirect: by definition, elementary par-
ticles cannot have a “marking” the motion of which one could follow even in principle, so as to
measure the angular velocity, compute the moment of inertia, etc. Instead, the angular momentum
is even defined indirectly. For example, the intrinsic angular moment of an electron — the so-called
spin — is in fact a fictive rotation [~ Digression 4.1 on p.132] which one computes, by way of
relation (4.24a), from the measured magnetic dipole momentum.

In the situation when we have several magnetic fields, it is perfectly logical to compute their
vectorial sum. Conversely, since the dipole momenta of these magnetic fields define spins and
orbital angular momenta,’® to the sum of magnetic fields then corresponds a sum of angular
momenta, both intrinsic (“spins”) and relative (“orbital”).

-

The technique of adding angular momenta in quantum theory differs from “ordinary vectorial
addition” which is expected in classical physics, and this is discussed in great detail in standard
textbooks of quantum mechanics. We recall here the basic relations.

15 In principle, this is possible by approximating the geometry of the object and its mass distribution, whereupon one
computes the moment of inertia by integrating, or by physically applying a force, and the moment of inertia is computed
as the ratio of the applied torque and the produced change in its angular velocity.

16 Although Bohr’s model of the atom depicts the electron as a point-particle that rotates about a point-like proton, so that
the rotation of the electron’s charge forms a current that produces an “orbiting magnetic field,” experiments actually
only measure this magnetic field, from which then - in turn — one concludes about the rotating of the mental image of
the point-like electron in Bohr’s atom.
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Let {L1, Lo, L3} and {S;, Sz, S3} be two triples of operators, of which each independently
satisfies the relations (A.38a) — regardless of their physical meaning — and let

[Lj, Sx] =0 for every pair of indices j, k = 1,2, 3. (A.50)

These two triples then generate two separate copies of the SU(2) group, where elements of one
commute with the elements of the other, and we have SU(2), x SU(2)s. One then defines

J]' = L]' + S]' = [J]', Jk] = ie]-kam, (A.51)

and the triple J; generates the diagonal subgroup SU(2); C SU(2), x SU(2)s. For each triple, one
defines operators such as J? and J., yielding results akin to (A.38), repeating the computations in
Digression A.2 on p. 465:

L2|€, m€> = Z(E—i—l)w, m€>, L3|f, m€> = m4|€, mg>; (A.52a)
82|s, ms) = s(s+1)l|s, ms), Ssls, mg) = mg|s, ms); (A.52b)
J2j,mp) = j(j+1)]j,mj), Jaj,mj) = mjlj, mj). (A.520)

The relation (A.50) implies that L?, L3, S% S all mutually commute, so that the tensor
product of the eigenbases (A.52a) and (A.52b),

|€,s;mp,ms) 1= €, my) @ |s,ms), (A.53a)
is a simultaneous eigenbasis of all four operators:

L2|€,s; myp,ms) = L(0+1)|L,s;my, ms), Sz\ﬁ,s; my, ms) = s(s+1)|¢,s;my, ms), (A.53b)
L3|,s;my, ms) = my|l,s;my, ms), Ss|l,s;my, ms) = mg|l, s; myp, ms). (A.53¢0)

The operator J3 commutes with L?, L3, S?, S3, but is of course not linearly independent since
equation (A.51) implies that J3 = L3 + S3. We thus also have that

Js|l,s;my, ms) = (mg+ms)|L,s;my, ms). (A.53d)

In turn, ‘
(U2, La] = 2i %318, = 2i(L1S5 — Lr81) = —[J2, S3), (A.54)

and J? does not commute with every operator from the collection {L?, L3, S?, S3}. Thus, the 4-plet
{L?,13,8?%,S3} is a maximal collection of linearly independent mutually commuting operators.

In turn, the operators {JZ, 12,82, J3} also all mutually commute, and since L3 and S3 do not
commute with J2, this second operator quartet is also a maximal collection of linearly independent
mutually commuting operators. Thus, they too have a simultaneous eigenbasis:

i 6 s;mp)y = j(j+1)]], €,5;m;), L2[j, €,5;mj) = L(+1)|j, £, 5;m)), (A.55a)
Jslj, €,s;mp) = mjlj, £,s;mj), S2j, b 5;mj) = s(s+1)|j, £, 5;m)). (A.55b)

In textbooks of quantum mechanics, L are identified with the orbital angular momentum, S
with the spin and J with the “total” angular momentum, (e.g., of an electron in a hydrogen atom).
Ignoring the fact that J does not include the nuclear spin, and so in reality is not the total angular
momentum, there exist many situations where there are more than two triples of operators each
of which satisfies the relations such as do L and S, and where at least some of such operators have
no relation with rotations, even if fictitious. For example, there is no obstruction to add - akin to
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equations (A.51) — the angular momentum of a nucleon in one nucleus, say, with the isospin of
that or any other nucleon.

Thus, L and S as well as their eigenbasis (A.53a) will be referred to as “constituent,” and J
and the eigenbasis (A.55) will be referred to as “composite.”

Of course, since both bases are complete, it follows that every element of one may be
expressed in terms of the elements of the other:

l+s

jom; )
|0, s;my, mg) = Z Cg/s;inhms\],é,s;mﬁ, (A.56a)
j=[¢—s|
. ¢ Jjm; *
|, €, s;mj) = Z[ (Cé,s;mé,ms) |€,s;m,ms), (A.56b)
\mﬂz\frv—ﬂ}ﬂés
where ‘
éT;n/ms = (j,ﬁ,s;m]-|£,s;mg,ms> = (j,m]-|€,s;mg,ms> (A.560)

are the Clebsch—-Gordan coefficients, which by standard convention all have real values. In
addition, we have:

Theorem A.2 For the sum of two triples of operators, L; + S; = J;, each of which satisfies
relations (A.38) and (A.50), the relations (A.52) follow, as well as:

[l=s|<j<(b4s),  [j—l<s<(G+0),  [j—sI<E<(+5), (A.57)

mj = my + ms, lmi| <j, |my| < ¢, |ms| <s, (A.58)

where j, ¢ and s assume precisely once all the integrally separated values within the
indicated limits.

Thus, using the notation from the left-most two columns of Table A.2 on p. 469, we have that

V@V, = fj jjs‘vj & (2041) ® (2541) = @J@’jjﬂ 4 @7+). (A.59)

For example:

Ve ® Vs =V; & (2041) ® (2s4+1) = (2j+1)
Vip@Vip=V1®W & 2 ® 2 =3@1
Vi @Vipp=V50® Vi & 3 ® 2 =432 (A.60)
Vieoev =WweVieV, & 3 ® 3 =503d1
VoV =VeWheol, & 5 (9 3 =705D3
and so on. The first row here corresponds to the detailed relations
Vipp = {exlh +4) +e-1h -1}, (4.61)

{elb +a) +e-li =3} @ {ch L +3) + L3, -1}
= {c1]1,+1) + ¢0[1,0) + c_1|1, —-1) } & {(|0,0) } (A.62)

where {cy,c_}, {c/,¢"_} and {c1,co,c_1; ¢} are coefficients in the linear combinations appropriate
for the vector spaces V;,,, V{,,, V1 and V;, and where

L+1) =[5, +D)[+1), (A-632)
Viss 100 = (15D - LDl +)), (A63b)

2 2
11, -1) = |1, =D, -1, (A.63¢)
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Vi 10,0) = (15 +015 -1 = 1L -DIL+1)). (A.63d)
For bigger groups this detailed representation is also possible, but the notation becomes more
complicated, so statements expressed in the “dimensional” notation, in the right-hand side of

tabulation (A.60), are more often found in the physics literature.

Corollary A.1 Every representation V; may be assigned a parity, 7t(V;) := 2j (mod 2), so
7T(V]) = 0 for tensors, and n(VJ) =1 for spinors [r= definition (A.42)]. Then it follows that
parity is mod-2 additive: (V,QV;) = 2(¢+s) mod 2.

Finally, the tensor/index-notation is also used, especially for larger groups, and in that
notation the relations (A.63) become

_ w B — (aB) ;] ——:T
202=331 o Hfeuf= 1o @(v —ve ) (A.64)

3 comps. ST
1 component

where
Vo = {C0‘0,0>} = {bo t}, (A.65a)
Vip = {cg|l,+1) +e-|}, =1} = {b1t' + b 1*}, (A.65b)
Vi = {c1|1,+1) +co|1,0) +c_1|1, =1)} = {byg M) 4515 112 by 12201, (A.65¢)

and so on. The formal variables t for Vy, {t!, 12} for Vi, {t(V),+(12) +(22)} for V;, etc., play the
role of basis vectors in the tensor notation. Also, the Levi-Civita symbol ¢, is an SU(2)-invariant
antisymmetric 2-form, so the antisymmetric rank-2 tensor may be identified with the invariant:
olbl s p = (%saﬁv["‘ﬁ]). Similarly, we have the projections

Vi@Vipd Vi & HEPUT 1 v 1= (ep, t*PIUT), (A.66a)
Vap @ Vi D Vi & Hab1) 0 p@B) = (swt(”‘ﬁwu‘s), (A.66Db)
Vi1V DV & H@B)yy (10) s plar) = (sﬁét(“ﬁ)u('ﬂs)), (A.66¢)
VievioVy e 0400 0= (ehyepst*Pu1?), (A.66d)

and so on.

A.3.4 SU(2)-covariant operators and the Wigner-Eckart theorem
Relations (A.38d) and (A.38f) have a very simple generalization from eigen-vectors to cova-
riant/eigen-operators: If a (2r+1)-tuple of operators {T(r), lo| < r} satisfies the relations

(2,70 =), (05, T ] =0T, (A.672)
then also
(s, 7] = \/r(r+1) —plp+ )T, (A.67b)

and the formal vector space {},—_, ¢, T,(f), ¢o € R} = R¥ 1 s also an SU(2) group representation.
Then we have [362, 363, 471, 328, 480, 134, 391, 407, 472, 360, 29, 339, 242, 3, 110, 324, for
example] :
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Theorem A.3 (Wigner—Eckart) For the (2r+1)-tuple of operators {Tg), lo| < r} that sat-
isfy relations (A.67), for vectors |j, mj,'oc> that satisfy relations (A.38d) and if « represents
additional eigenvalues of operators independent of J, we have

(Gl ol | T3 gz ) = (i, o, mg) (5! | T ), (A.68)

where (j';a/|| T ||j;a) is the so-called reduced matrix element (amplitude) that does not
depend on m;j, p, m}, and (j', m]f|r, i, m]-> is a Clebsch—Gordan coefficient.

This theorem is most often used when ratios of matrix elements are needed where the reduced
matrix elements are equal and cancel in the ratio.

— v —
For a practical use of relations (A.56) and the Wigner—Eckart theorem A.3, one needs the nu-
merical values of the Clebsch—-Gordan coefficients. To this end one most often uses tables [242,
105] [== also [294]], although there is a “closed formula” [328]:

Jij jij Jonj

— j
ls;mp,ms 5m]"mf+m5 AZ,S Bf,s;m[,ms £,s;my,ms ’ (A693)
1if mi=my+m
_ ] l Ss
(Sm]v,mﬁ»ms - { 0 lf m] 7& mg + ms; (A69b)
i [ Us=) (jH—s)! (s+j—€)! (2j+1)
A = \/ e : (A.69¢)
Bt = A Gm) G=m) (Etmg ) (€=mg)! (s-+ms)! (s—=ms)! (A.694)
jomj L (-1
Cismyms " ; (L—=mp—r)! (s+ms—r)! (j—s+mp+r)! (j—l—ms—+r)! ({+s—j—71)!r! ! (A.69¢)

where the sum over r is limited by the facts that division by factors in the denominator produces a
zero when

r> (0—my), (s+ms), (L+s—j), r<0, (s—j—my), ({+ms—j), (A.69)

which makes the sum finite. Evidently, formula (A.69) is not best suited for quick computations
“by heart,” but is appropriate for machine computation.

[~

— e —
In view of these well-known results for the SU(2) group and its algebra, we have:

Conclusion A.2 For applications of any group in physics, it is desired to have, in order of
importance (and technical demand):

1. the complete list of finite-dimensional unitary representations, such as (A.42),

2. the complete list of decompositions of products, such as (A.59),

3. the complete list of Clebsch—-Gordan coefficients, such as (A.69), or at least a
method/algorithm for their computation.

It is fascinating that for off-shell representations of supersymmetry not even the first task is solved &,
not even in N-extended supersymmetric quantum mechanics [# Section 10.4].
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A.3.5 Exercises for Section A.3

2. A.3.1 Using the differential representation (A.44) of J%, J3 and J+ as well as the func-
tional representations (A.43a)-(A.43c), verify the general results (A.40m), and (A.40h)
with (A.40p) for the cases j =1, m = +1,0.

% A.3.2 Verify by explicit computation that the matrices (A.46a) satisfy the su(2) algebra
relations (A.38a). Construct the 3 x 3 matrix representative of (]T(l))z.

% A.3.3 Given two separate triples of Hermitian operators, L and S, satisfying the su(2) alge-
bra (A.38a) and commuting mutually (A.50), prove that equation (A.51) defines the one
and only nontrivial linear combination that also satisfies the su(2) algebra (A.38a).

A.4 The SU(3) group
The SU(3) group is defined as the group of 3 x 3 unitary matrices with unit determinant.

Digression A.4 Corollary A.1 on p.474 defines parity for representations of the SU(2)
group, which is additive for products of representations. Similarly, the SU(3) group has
a triality: representations are either real with triality O, or a conjugate pair of complex
representations with triality 1 and —1 =2 2. The triality of a product of two representations
with trialities #; and t,, respectively, is (t;+t,) (mod 3). Similarly, one defines a mod-n
additive “n-ality” of representations of the SU(n) group for every n.

A.4.1 Thesu(3) algebra
As a generalization of the relations (A.38a) for the SU(2) group generators and a special case of
the general relation for all Lie algebras (A.11a), the SU(3) group is generated by eight operators
Q, that satisfy the relations

[Qu, Qp] =ifa Q. (A.70)

It is useful to note the SU(3) analogue of the generator matrices (A.45a), i.e., the standard
choice among the matrix realizations (of the doubles!”) of the SU(3) generators in the smallest,
3-dimensional and fundamental representation are the so-called Gell-Mann matrices:

Al:[%é%]' )‘Zz[zié(é]r Aa:[éfgg], A4—[§§é}, (A.71a)
rs = [0070], ae=[o0n], ar=[a0 ], A= 5[0 8] (A71b)

The first three matrices evidently generate one of continuously many SU(2) C SU(3) sub-
groups. This choice of matrix representations of generators shows that the structure constants
fabe = fabd 8ac are totally antisymmetric, fope = — fpac = — faco = — fepa, @and we have

fizz =1, fiss = fers = ? fia7 = — fis6 = foa6 = fo57 = fass = —f367 = 5. (A.71¢)

It is useful to know that
Tr(A"AP) = 267 (A.72)

17 Just as halves of Pauli matrices close the su(2) algebra, halves of the Gell-Mann matrices close the su(3) algebra.
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A.4.2 Representations of SU(3)
One may define the ket-notation as well as the matrix notation for every Lie group, but only the
dimensional and the tensor/index notation are shown here:
1t 3~ 1%, 3ty = teap, PV, a By, =1,23, (A.73)
6 ~ t(“‘ﬁ), 6" ~ t(ap)s 8 ~ t”‘ﬁ, ", =0, 10 ~ t(“m), etc. (A.74)

Here, e.g., t(@h) is the symmetric 3x3 matrix, tlhl s the antisymmetric 3x3 matrix, {5 is the
Hermitian 3 x3 matrix the trace of which vanishes, etc. It is important to recall the identities:

Eupy €™ = 830508 — 630065 + 00305 — 608509 + 95655 — 65408, (A.75a)
= Eapy @) = 5255 — (5;%, eupy &P =289, Eupy€PT = 6. (A.75b)
Then,
tash) = (1P 4 tBs¥)
- ; agb — plagh) 4 glaghl 2 /
3®3=6503, & t's 1P/ 4 Pl { Jaghl %(t“sﬁ—tﬁs"‘); (A.76a)

where subscripts S and A, respectively, denote the symmetric and antisymmetric parts of a product.
Next,

603=1008 < th) g7 = f(@hg)) +§t(“[ )s,
“,357 (t («B) sVt .B'Y)S + t('w‘)sﬁ)
¢(alB (H@B)sY — @) gP) 4 (¢B2)g7 — (BDIgn))  (A.76D)
2t@B)gr — plar)gB — t(B7)g )

P e
/\A

where it follows that +(<[8)s7] eupy = 0;
3*R3=8@1 & t,sP = (tasﬂ — %55(1?757)) + %55(@57). (A.76¢)
Besides, we also have that
%t("‘[ﬁ)sﬂ epys =tV gg 5 =2 (H)57)%5 c 6 (t)s)%s =0, (A.764d)

so that (+)s")*s is a Hermitian matrix with vanishing trace. Since ¢ m(;seﬁ"‘s = (55 5;—53 55, we have
also the “converse” relations:

(1575 €810 = pB)g7 _ pen)gB | (45 (g )70 — 4 p(alB) 0], (A.76€)
Finally, we also need the combination (A.76a), (A.76b) and (A.76c):
3033 =(6533})®3=(10;D8)® (8®1,), (A.76f)

where the subscripts S and A, respectively, denote the totally symmetric and totally antisymmetric
product, and two 8-plets have a mixed symmetry:

B33®3)s « tWuPo?,  B3@393), < tuPol. (A.762)
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For the cubic expressions with mixed symmetry, there exist many possible choices, one of which
follows from the iterative procedure (A.76f):

(3®3®3)s,, = ((3@3)5@@3) o (t*uP)oVep,s, (A.76h)
A 8

303®3)s, = (3®3),3 o (1uPeygs) v (6269 — 15062). (A.76i)

( e = (3230, )S(Z) (FuPeygs)ort (6265 — Lab60)

3%

These two expressions provide two linearly independent 3 x 3 Hermitian matrices with a vanishing
trace.

These results indicate that the answer to Exercises A.3.1 and A.3.2 on 476, is given by Weyl’s
general construction:

Construction A.1 (Weyl) All finitely dimensional unitary representations of every Lie group
may be constructed projecting n-fold tensor products of the fundamental (spinorial for
Spin groups) representation, V®", by means of the so-called Young symmetrizer.

The computations (A.76a)—(A.76f) provide concrete examples of this construction:

0. For the SU(3) group, the fundamental (defining) representation is the complex
3-dimensional, denoted 3, also denoted in the tensor representation as 3 = {t*, « = 1,2,3}.
1. The product 3 ® 3 may be projected to:
(a) the symmetric part of the product, 6: t@yf) = (%) and
(b) the antisymmetric part of the product, 3*: t*ufl = —¢lfy4l which is isomorphic to the
conjugate 3-dimensional representation: t[“uﬂ]sam = (tu)y.
2. The product 6 ® 3 may be projected to:
(a) the totally symmetric part of the product, 10: t(*fy) = 4(Bayr) = (B0 —
+t@7yP) "and
(b) the part of the product with mixed symmetry, 8: $(alB) 7] = —l—t(ﬁ[“)uﬂ, but the < v
antisymmetrization in #(218) 7] is broken by imposing the & <  symmetrization.

Projecting may be understood also as a linear mapping of vector spaces:
Sym:3®3 —6 and 3" =ker (Sym(3®3)), (A.77)

that is, 3* is the part of the product 3 ® 3 that is annihilated by symmetrization. A consistent and
iterative application of this procedure is called “Young symmetrization.”
To decompose the triple tensor product, we may use the table of coefficients:

afy ayp yap ypa Pya pay
10 @Y 41 41 41 41 41 41
g tlalB)rl 42 1 1 -1 -1 42 (A.78)

g @l 12 41 -1 41 -1 2
LT R I B B |

so that, e.g.:

#(@lB)7] o (426787 — p29B _ prep _ prBa _ yBre g opPary o (2,5(“/5)7 _ 4lamp _ t(vﬁ)ﬂc)
(X [(t(aﬁ)v _ t(m)ﬁ) + (t(aﬁ)v _ t(ﬁv)%)] I (tw[ﬁﬂ + tﬂ[w]), (A.79)
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which agrees with the result (A.76b). However, table (A.78) also provides the identity

by — ¢(wBr) g p(alB)r] o glalBly)  flap) (A.80)

which reproduces the decomposition (A.76f).

To simplify decompositions such as (A.76), we use (Alfred) Young tableaux, which provide
yet another alternative notation for representations of Lie groups [581, 168] and for the Young
symmetrization mentioned in Construction A.1.

Construction A.2 (Young) The fundamental, complex n-dimensional SU(n) group represen-
tation is depicted by a box, . A symmetric product Sym(n ® n) is depicted by placing two
boxes next to each other: [T1. An antisymmetric product ker(Sym (n ® n)) is depicted by

placing two boxes one under the other: E Therefore,

OeO=MMaeH (A.81)

A Young tableau is no more than n vertically stacked horizontal series of boxes, where:

1. all horizontal series being from the same position on the left,

2. no horizontal series has more boxes than the one above it;

3. a column of n boxes depicts the SU(n)-invariant tensor 1",
and may be deleted from the tableau.

Example A.3 Decomposition (A.76f), i.e., (A.80) is then depicted as

D@D@D—(E@H)@D—(D:D@Hj)@(ﬁj@@, (A.82)

where multiplication and decomposition are performed iteratively, by attaching the right-
hand box to the left-hand tableau in all possible and permitted ways.

For complete rules for multiplying arbitrary tableaux — and for all Lie groups — the interested
Reader is directed to the literature [581, 168].

Example A.4 May it suffice here to list the following four examples:

MDeO=O00eHL, F@D:B:D@HH@HI, (A.83a)
@@D:ﬁj@@ Hﬂ@ﬂzaﬂj@@ﬂ (A.83b)

where it is understood that tableaux that have more than n vertically stacked boxes are
discarded for the SU(n) group. Thus, in the third example, only the first tableau remains
for SU(3), but both summands remain for SU(n), n > 3.
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When the SU(3) group structure is applied to the “flavor” of hadrons, the 3-dimensional
representation, 3, which is spanned by u-, d- and s-quarks, in the Young tableau notation, the
quarks are depicted by a box and antiquarks with a column of two boxes. Then, it is clear that:

1. Mesons (bound states of a quark and an antiquark) are depicted by Young tableaux from the
product E ®0,ie,3*®3=1¢8.

2. Baryons (bound states of tri quarks) are depicted by Young tableaux (A.82).

3. Other SU(3); group representations can appear only in “exotic” bound states such as di-
mesons (74qq), di-baryons (799qqq), etc.

There exist two useful combinatorial formulae, for which we first need a function that asso-
ciates to every box one more than the total number of boxes to the right and below a given box.
Because of the geometric shape of the union of the counted boxes, this function is called the “hook
number.” In Young tableaux (A.84) the values of the “hook numbers” are inscribed into the boxes:

5[3[1]
, , 151

4] ete. (A.84)

Then, the representation depicted by the tableau YT appears
N!
nYT =

~ product of “hook numbers”

(A.85)

times in the tensor product VN,

Example A.5 For the examples in the series (A.84) this formula yields:

3! 4! 6!

131 % 12412 135131

16. (A.86)

This number is also the dimension of the representation of the permutation group Sy repre-
sented by this Young tableau, so that N! = Y_(ny7)?, with the sum extending over all the tableaux
with N boxes.

Example A.6 For baryons represented as 3-quark bound states, we cited the fact that
33®3 = 1d 8@ 8@ 10; see the discussion around equation (2.40) and also in
Section 4.4. The formula (A.85) then proves that there are two separately counted,
2-dimensional representations of permutation symmetries Ss:

! NEE |
Dobet= (30 © GI)a © Gz =1Z ey ol@mm,
3= (25 =1+ (525 =2+ (325 = 1)’ =1+4+1, (A.87b)

where the “hook numbers” are inserted into the respective boxes on the right, to aid the
computation. These two separately counted identical representations in the middle of the

expansion, depicted as E], have mixed symmetry and correspond to the baryon octets,
8. In turn, the totally antisymmetric and the totally symmetric representations occur at
the beginning and the end of the expansion, respectively; these are both 1-dimensional
(unique) and occur once in the expansion.
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For the second formula, for the SU(n) group, inscribe into every row of boxes the ascending
series of integers, starting with # in the top row, with (n—1) in the second row and so on; these
are called the “box numbers.” The dimension of the SU(n) representation depicted by the tableau
YT is then given by the formula

product of “box numbers”

~ product of “hook numbers”’

(A.88)

YT

Example A.7 For the examples (A.84) and the SU(4) group, we have the dimensions

(4-5)(3) (4-5-6)(3) (4-5-6)(3-4)(2)

131 2% 1241 135131 ¥ S8
while for the SU(3) group, the same tableaux have the dimensions
) _, (490 _ . (49 _, A.90)

1-3-1 ’ 1241 1.3-5-1-3-1

Note that the formula for dimensions of SU(n) tableaux (A.88) automatically returns

zero if the tableau contains a column of more than n boxes: for SU(2), the third tableau

in the sequence (A.84) yields % =0.

~

— Q —
The notational systems presented have their advantages but also their shortcomings:

1. The dimensional notation is unambiguous only for the SU(2) group, and one must use addi-
tional “decorations” to distinguish the distinct representations that happen to have the same
dimension.

2. The ket-notation is unambiguous, but requires specifying some complete collection of
mutually commuting (Casimir) operators — such as J?> and J3 for SU(2) — and their
eigenvalues [#= [488] for a list of Casimir operators].

3. The tensor/index notation is unambiguous, but the specification of the various symmetriza-
tion patterns using round parentheses and square brackets quickly becomes unwieldy and
confusing.

4. The matrix notation requires ever bigger matrices.

5. Young tableaux are unambiguous and very compact, but products of arbitrary representations
for some of the Lie groups may well require very complex rules [168].

Thus, in practice, one typically uses a combination of at least two notational systems, and so it is
very important to know all the notational systems and how to successfully “translate” from any
one into any other one of them.

A.4.3 Exercises for Section A.4

% A.4.1 Using the formula (A.88), compute the dimensions of the representations depicted by
all the Young tableaux in the decomposition (A.81) and verify agreement for n = 3,4,5.
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% A.4.2 Using the formula (A.88), compute the dimensions of the representations depicted by
all the Young tableaux in the decomposition (A.82) and verify agreement for n = 3,4, 5.

% A.4.3 Using the formula (A.88), compute the dimensions of the representations depicted by
all the Young tableaux in the decomposition (A.83) and verify agreement for n = 3,4, 5.

A.5 Orthogonal and Spin groups

We have already encountered the rotation group SO(3), and the Lorentz group SO(1,3). In the
general case, the group SO(p, q) is the group of linear transformations of real (p+g)-dimensional
vectors (xl, ..., xPT1), which preserve the bilinear scalar product [581, 260, 334]:

(X.y)p,q = xlyl + .- xpyp — xp+1yp+l —_ .. xp+qyp+q' (A91)

This definition is equivalent to the statement that elements of the SO(p,q) group may be repre-
sented as (p+q) x (p+¢) matrices L, which satisfy the requirement of the generalized orthogonality

T = T L1
L ﬂ(m)L =M =~ ’I(p,q)L Ny = L, (A.92)

where 5 () 1 the diagonal matrix with the first p diagonal elements equal to +1, and the remaining
q elements equal to —1. In the usual case (p,q) = (1,3) and 77 := 77, 5.

A.5.1 Spinors

Just as Dirac constructed the spinorial representation {&,%"}, starting from the 4-vector p = é'p,
of the Lorentz group SO(1,3), this can also be done for every SO(p,q), and the SO(p,q) trans-
formation of those spinors is just as two-valued. Analogously to the double covering of the
SO(3) group one also defines the double covering of every SO(p,q) group, denoted Spin(p,q).
As representations of the Spin(p,q) group, both tensors and spinors are single-valued func-
tions. The algebra of the Spin(p,q) group is denoted spin(p,q), and it is worth knowing that
spin(p,q) = spin(p+q,0) = spin(p+q). In other words, for a fixed p+g, different Spin(p,q)
groups differ only in the “finite part” [w Definition A.1 on p.454, and Comment A.1 on
p.-454] and their algebras are identical. For p+q < 6, there exist additional identities among
algebras:

spin(3) = su(2), spin(4) =su(2) dsu(2), spin(5) =sp(4), spin(6) = su(4), (A.93)

Table A.4 Some low-dimensional (p+¢ < 6) spin groups; Spin(p,q) = Spin(q, p) [*= Section A.1.4]

Spin(1) =~ 0(1) = Z, Spin(2,2) = SU(1,1) x SU(1,1)
Spin(2) = U(1) = SO(2) Spin(5) = Sp(2)

Spin(1,1) = GL(1;R) Spin(1,4) = Sp(1,1)

Spin(3) = SU(2) = Sp(1) = SL(,H)  Spin(2,3) = Sp(2;R)

Spin(1,2) = SU(1,1) Spin(6) = SU(4)

Spin(4) = SU(2) x SU(2) Spin(1,5) = SL(2;H)
Spin(1,3) = SL(2;C) = Spin(3;C) Spin(2,4) = SU(2,2)

S0'(1,3) = 50(3;C) Spin(3,3) = SL(4;R)
Spin(p,q) groups for p+¢ > 6 are not isomorphic to other Lie groups.
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which imply identities between the corresponding groups. Spin groups are defined as double
coverings of orthogonal groups, i.e., the general relation

SO(p,q) = Spin(p,q)/ Z,. (A.94)

For physics applications, the practical meaning of this relation is that the multiplicative group
Z; = {1, -1} is a subgroup of Spin(p,q). Tensorial representations do not transform under this
Z,-action, while spinorial ones change their sign under the action of —1 € Z,. This sign equals
(—1)F, where F is the so-called “fermion number” defined in the text leading to equations (10.44):
F = 0 for bosons and F = 1 for fermions. Thus, spinorial representations of the Spin(p,q) group
are double-valued with respect to the SO(p, q)-action, and are not “true” functions; tensorial repre-
sentations are single-valued under both the Spin(p, 7)- as well as the SO(p, q)-action. May it suffice
here to quote without proof [565, 258, 581, 256, 80, 260, 333, 447]:

Theorem A.4 If for two groups, G; and Gy, it is true that Gy = G,/H, then H C G, is a
subgroup of G, and elements of G, are obtained by identifying those elements from G, that
differ only by the action of the subgroup H C G,. Besides, the representations of G, are
H-invariant representations of G,.

The relation SO(p,q) = Spin(p,q)/Z, then implies that the SO(p,q) representations are Zj-
invariant Spin(p, q) representations — and those are the tensors, the fermion number of which is
F=0.

Spinors are, however, the Spin(p, q) representations that are not invariant with respect to the
action of the subgroup Z, C Spin(p,q) — the spinors’ fermion number is F = 1 and they change
their sign pod under the action of the nontrivial Z, element. Let g1, g € Spin(p,q) be group
elements that differ only by the Z,-action, so g+ does not change its sign while ¢_ does. Since the
relation SO(p,q) = Spin(p,q)/Z, implies that the group elements ¢ € SO(p,q) are obtained by
identifying ¢ := ¢+ ~ g |, it is clear that the SO(p, q)-action upon spinors is double-valued.

A5.2 Spin(1,3)

In relativistic physics, what is physically relevant is not the Euclidean length in spacetime, but the
interval, of the form +/(x0)2 — (x1)2 — ... . Thus, for relativistic physics purposes, we are most
often interested in Lorentz groups SO(1,#) and their double coverings, Spin(1,n), where n is the
number of spatial dimensions. The algebras of these groups are the same as for their Euclidean
counterparts, so the identities (A.93) may be used, but it is important to keep in mind that the
group Spin(1, n) differ from Spin(1+n); see Table A.4 on p. 482.

From Table A.4 on p. 482, we have that

Spin(1,3) = SL(2,C), (A.95)

where SL(2,C) denotes the group of complex 2x2 matrices of unit determinant. This group is
generated by

Ti:=10/ and T;:=i0/, =123, (A.96)

the nonzero commutation relations of which are
[T]', Tk] = iSjkm Tm, [T]', %k] = iSjkm %m, [%], %k} = —iSjkm Tm- (A97)
On the other hand, starting from relation (5.45):

(Y, A7) = Py — P g Tt — P (A.98)
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This shows that J; := %sjkl'ykl with j, k, I = 1,2,3 satisfy the su(2) = so(3) subalgebra:
[Jll JZ] —_ [(_i,yZ?))/ (—i’)’gl)] _ _7723,),31 +1721733 _ ’731,723 +;733721 _ (—])(—iJ3)
=1iJs, (A.99)
and so forth, for the remaining two permutations, [J>,J3] and [J3,J1]. Denote the remaining
elements K; := iy, and find
[Kl/ KZ] _ [l")’m, i,YOZ} — _1700712 + ;702,)(10 . 1712,)/00 +1710,YO2 — —(+1)(+iJ3)
= —iJs, (A.100)

and so forth, for the remaining two permutations, [K, K3] and [K3, Ki]. Finally, the mixed
commutators yield

[Jl , Kl] — [(71,),23) , i')’(n] — 1720,),31 _ 1721,),30 + 7]31,)(20 _ 1730,),21 — O/ (A.lOl)
[Jl , KZ] — [(—i’)!23) , i,YO2] — +’720,732 _ 7,]22,),30 + 1732,),20 _ ’730,),22 — —(—1)(iK3)
= iK;, (A.102)

and so forth, for the remaining two permutations, [Ky, K3] and [K3, K1]. We thus have the general
structure of commutators:

[J]', Jk] = iEjkam, [J], Kk] = iSjkam, [K]’, Kk] = —iﬂjkam, (A].O?))

which are identical in form to the relations (A.97). This shows that the groups SL(2,C) and
Spin(1,3), and thus also SO(1,3) = Spin(1,3)/Z,, have identical algebras.
Finally, define

M] = %J] + éK] and I\_/I] = %J] — %K]’, (A.104)
and find
[M]', Mk] = iSjkmMm, [/\77], /\_ﬂk] = iEjkm/\_/lm, [M], /\_ﬂk} = 0, (A].OS)
which demonstrates that
alg( SL(2;C)) = alg( Spin(1,3)) = alg( Spin(3;C)) = alg( SO(1,3))
= s5u(2); @ su(2)g. (A.106)

In the physics literature one sometimes comes across the statement that the Lorentz group is iso-
morphic (or even equals) the product SU(2), x SU(2)g, which is false. Luckily, the precise details
of the Lorentz group Spin(1,3) and its precise relationship with the groups SU(2), and SU(2)
generated by the operators M; and I\_/Ij are usually not relevant, and the relation (A.5.2) for the
corresponding algebras suffices.

Note that the discrete operations P and T generate the “finite part” of the O(1,3) group,
the group of real 4 x4-matrix transformations of spacetime 4-vectors that preserve the relativistic
interval. The action of the P and T transformations may then also be represented in the form of
4 x4-matrices: 18

100
_lo-1 0
P—[o 0-1

000

18 Caution: the matrix representation of the operations Pand T evidently describes linear operations. However, in quantum
theory the operation T is anti-linear and its action cannot be represented this way.

0 -1000
8] and Tzlggg)g], so  PT=-1 (A.107)
1 0001
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The definition of the O(1,3) group does not include the requirement of a unit determinant,
but orthogonality implies that the determinant of O(1,3)-matrices equals +1. Elements with
the determinant —1 do not form a group, as they exclude the identity element, while the
elements with determinant +1 do form the SO(1,3) group, which then is evidently a subgroup
of O(1,3).

The physical meaning of Lorentz transformations requires that the direction of the flow of
time remains unchanged. Such transformations form a subgroup of SO(1,3), which is called the
orthochronous Lorentz group,’? denoted LI = SO'(1,3). It may be shown that this is a connected
group, i.e., every element of the orthochronous Lorentz group may be continuously “shrunk” to
the identity element: Every Lorentz transformation may be factorized into the product of three
rotations and three Lorentz boosts, akin to the well-known factorization of every rotation into
three Euler angle rotations. Each of those six parameters, three angles and three components of
velocity, may be continuously shrunk to 0, whereby every orthochronous Lorentz transformation
may be continuously shrunk to 1.

Denote by TL the collection of all products of elements from L' with the element T; since
[! is continuously connected, so is TL'. The analogy holds for PLI and for PTL!. It should be
evident that the TL!, PL and PTL components cannot be continuously turned into 1, nor can
an element of one of these three components be continuously turned into an element of another
component. It then follows that the O(1,3) group is a disconnected union of four components:
L', 7L, PLI and PTL!, and that the disconnected unions L' and PTL form a subgroup SO(1,3)
C 0(1,3).

A.5.3 The Poincaré algebra and group in 14-3-dimensional spacetime
Transformations of the tangent space of 1+3-dimensional spacetime are linear transformations of
the space R, of the form

xt —yt =11, x" + ¢V, (A.108)

where the matrix L = [L¥,] provides the Lorentz transformations of 4-vectors in (flat) spacetime,
and the 4-vector ¢# parametrizes translations in spacetime. These transformations have an induced
action of functions of spacetime, by means of the differential operators

x4+ 3 = f(x) = f(x+8) =exp {¢M"0,} f(x); (A.109)
=Lt = f(x) > f(Lx) = exp {1 L} F(x). (A.110)

The translation generators are then differential operators d,, and the Lorentz transformation
generators are

LYy = xtoy — n"Piyyex70), (A.111a)
so that:
boost L; = x%9; — qoonijxjao = ct% + (5ijxj%%, (A.111b)
Ll() = xlao — 171]77003(08]' = Xl%% + (SIJCt% = (Ct% + (5]-kxk(l_%)
=LY, (A.111c)
rot. L, = x'0; — ™ x'oy = o (nknx”% - njnx”%)i =yt x”%. (A.111d)

19 The nomenclature here is not quite standard: some Authors call the full O(1,3) group the Lorentz group while others
reserve this name only for the orthochronous component, SO' (1,3), of the SO(1,3) group.
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For example,
© 1 k 9
exp {9} f(x) = kgo a ( [E(;% ayﬂf]f@)yﬂ
1
o

1 (9f(y) 1oy ()
(X) + FCH( ByP‘ )yﬂx + Egyg (E)yﬂay")yﬁx +

— f(x+0). (A.112)

Translations in 14-3-dimensional space R commute and are parametrized by the 4-vector
& € R13. As the operators % also span the vector space R, we may write that tt(IR)l(’B) o~ IR;’?’,
where tt(Z") denotes “the algebra of translations in space 2".” It is not hard to verify that

[AL, ML) =A"L  [AL,gd]=¢9  [¢d,8-9]=0, (A.113a)
ALi= AMF,,  E9:=EM,, (A.113b)

so that the Poincaré algebra is po(1,3) = spin(1,3)  te(R"3), and the Poincaré group is Po(1,3) =
Spin(1,3) x R'3, where the asymmetric binary symbol : (ix) denotes the semidirect sum (product)
and recalls the fact that the left-hand summand (factor) acts upon the right-hand one [ the
lexicon entry, in Appendix B.1].

A.5.4 Exercises for Section A.5

% A.5.1 Verify equations (A.103) by explicit computation, using however only the defini-
tions (5.45).

% A.5.2 Verify equations (A.105), using the definitions (A.104) and the previous results.

2 A.5.3 Verify equations (A.113) by explicit computation, using however only the defini-
tions (A.111).

% A.5.4 Using the definitions (A.111) and your results in the above problems, reconstruct the
differential operator representation of the operators 1\77]- and M.

A.6 Spinors and Dirac 9-matrices
SO(p,q) denotes the group of homogeneous and linear transformations of (p,q)-vectors ¥ that
preserve the bilinear product

ptq . ptq k . v
TS Zviui — Z ViU = Z (Ml uk)-nl] (M] ug), (A.114)
i=1 i=p+1 i=1

where the (p+¢) x (p+4g) matrices M have a unit determinant and where

7] = 4¥ = diag( +1,...,+1,~1,...,—1). (A.115)
P q

The vectors ¥ form the defining vector space V. One also writes SO(p, q) = SO(Vy; 5'*9)), where
the latter notation quite literally stands for “the group of unimodular orthogonal transformations
of the vector space V, that preserve the bilinear product obtained using the matrix ##.”
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Every (unimodular orthogonal) group SO(p, q) has a double covering (that is also a group),
denoted Spin(p,q) [3331, the single-valued spinorial representations of which are double-valued
representations of the SO(p, q) group. Every Spin(p, q) group has the (Dirac) spinor representation
Vy as well as its formally dual representation (Vi )* = Vs, for which the relation

Ve @ Ve DV, (A.116)
holds, where V;, (p, q) is the defining vector representation of SO(p, q). For any chosen bases,
8, Vy, & c Vg, and &t c vy, (A.117)
and the Dirac 9-matrices are arrays of the coefficients in the projection (A.116):
ea(yf) " = el (A.118)

A.6.1 Dirac matrices in (3+1) dimensional spacetime
The elements ¢#, y = 0, 1,2, 3, which satisfy

{2, 9"} =29", with 7] = diag(+1,-1,-1,-1), (A.119)
form the Clifford algebra €I(1,3). Following Feynman, one defines
Fi=9" Pu for each 4-vector p. (A.120)

This implies the following definitions and results:

3= 170'717273 fepeY Y vy, {7, 9"} =0, @?’=1 (A.121a)
yei=30%7, [vov-]1=0  yi+r =1 (1) =7 (A.121b)
Y i[‘r” ) [ A7) = gt = Ty T — P (A.121¢)
Y, =41, Yo'y, =47, (A.1222)

Y'Y =-27, YV, =29 (A.122b)

Yo'y =ty — gy Pyt ey (A.122¢)

Theorem A.5 Owing to the relations (A.119), (A.121a) and (A.122c), it follows that every
-matrix polynomial may be reduced to the quadratic polynomial

Col + Cuy* + 1Cu ¥ + Cuy" + Co. (A.123)

That is, the basis
19" 9", ¥, (A.124)

for the Dirac algebra (A.119) is complete.

We also have
Tr[y"] =0, Te[y' '] =0, Tely"y'y"27y'] =0, et (A.1252)
Te[yf o] =4n",  Te[y' "y y7] = 4(""nP7 — n"0n" + 0" yP), (A.125Db)
Te[y] =0, Te[y' 'yl =0, Tely'y"yfy 7] = —4ie*. (A.1250)
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These relations imply

=01, Pq = (p-q—2ip " qu)1; (A.1262)
P9+ ¥ =2(p-q) 1, P9 — ¥ = —4i(puy"q0)1; (A.126b)
Tr[pq) = 4p-q1, Tr[pay) = 4[(p-q)(r's) — (pr)(q:s) + (ps)(qT)); (A.1260¢)
Tr[p] = 0 = Tr[pay|, Tr[ypavy] = 4ie""F p,qurpse; (A.126d)
Y'Pey, = 4pql, Y'Y, =28 YRy, = -2 (A.126€)

In physics applications, besides the relations (A.119) that define the Clifford algebra, one
additionally requires the matrices y* to satisfy

(Y =% and (¢")'=-9,i=123, s (Y= 2" (A.127)

This requirement is not an integral part of the definition and structure of Clifford algebras, which
one must keep in mind when using mathematical results about Clifford algebras. The use of the
algebra (A.119) in the physics literature always assumes the additional conditions (A.127) - as
well as their consequences.

Corresponding to Dirac conjugation of spin-5 1 fermions (5.49), we have

¥ =990 & =0 ()T A2 (A.128)
Therefore,
7: = i’y )Ty (Z o ()T 0( 0@ YO = =i 210
=7 —iryyly® —i'y vy’ = -7, (A.129)
and so
T =7+ whereby ¥ =Y. (A.130)
Besides the Dirac basis:
o [1 O i [ o o ~ o 1
the most often used choices are the Weyl basis:
o [0 -1 i [ o o -~ _[1 o [y,
Y = |:_]1 ®:| N |:_0,i o’ Y= O -1l lFDlrac —ly_|” (A132)

and the Majorana basis:

0 __ ()] 0'2 1 _ 1(73 0] 2 0 —0'2 3 —iU’l 0
T=12 o7 T |o " Y T2 ol VYT| o -it|

. [e?2 O
T = {(D 02} , (A.133)

in which all components of the Dirac spinor ¥ are real, while the Dirac matrices themselves are all
imaginary in the Majorana basis.
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A.6.2 Weyl’s notation for spinors

The literature about supersymmetry [= [189, 562, 560, 129, 76, 308], to list only textbooks] is
unfortunately replete with differences in notation and conventions. For consistency, the conven-
tions of Ref. [76] are adopted herein, and the Reader is left to compare with other sources and
correctly translate the notation and conventions.

Left and right spinors
The result (5.58) indicates the fact that the Dirac 4-component spinor may, in a Lorentz-invariant
way, be separated into a pair of two-component spinors, ¥ = (¥4,¥_), where Y. are de-
fined by the projections <, (5.57). This separation reflects the fact that the Lorentz group
in 1+3-dimensional spacetime is Spin(1,3) = Spin(3;C) = SL(2;C), and that the Lorentz
algebra is

spin(1,3) = su(2), & su(2)x. (A.134)

That is, ¥ transforms under the su(2),-action and is invariant under the su(2)z-action, while ¥ _
transforms the other way around:

Y.~ (4,0, ¥Y-~(01) with respect to spin(1,3) = su(2); & su(2)x. (A.135)

In physics literature one often encounters the statement “Spin(1,3) = SU(2); x SU(2)g,” which
does not hold for the group. For most all of physics purposes, however, the relation (A.135) suffices,
which is true of the algebra; the Reader is directed to the literature [565, 258, 581, 256, 80, 260,
333, 447] for the precise details about these groups, their representations and differences.

For the Weyl spinors (5.58), one uses the 2-component notation:

Y=, ¥ g, e — P = M,P ¥p, (A.136a)

Y o=y Y—Xi Xy — K= X; (M)A, (A.136b)
Here,iMaﬁ and MP ; are matrix elements of SL(2;C)-matrices M = exp{m,} with m; € su(2);
and M = exp{mg} with my € su(2)g; the matrices M and M are independent, and one refers to
independent “left” and “right” action.

The spin-% wave-functions ¢ and x are used to represent fermionic wave-functions, so that
the components §, and ¥; are anticommuting functions.?’ Thus the Levi-Civita symbols ¢*f and

¢*P serve as (antisymmetric!) metric tensors for “left” and “right” Weyl spinors, ¢, x and ¥, x:

(Px) == e xp = Y1220 — P2x1 = —Xpe"P P = X" P = (X°9), (A.137)
(PX) = 98X = Y1 — a1 = —Xe" s = X" P = (X9), (A.138)
where we must pay attention to detail:

eeg, = (5%, but e,z = —5%; 8&’;8[% = (52, but 8&&8“}5 = —52. (A.139)

By convention, we set ¢!2 = 1 = ¢*f,

20 To be precise, every component of the field ¢, and x, may be identified with a spacetime-dependent linear combination

of anticommuting operators, such as b and b' in Section 10.1, where creation operators act upon a vacuum state and
create states with appropriate fermionic excitations.



490 Groups: structure and notation

Products of 2-component Weyl spinors satisfy the following identities:

Yaxp = Seap(Px) — 3005 (PO X), (A-140)

ViX = bes(9%) — 105 (DT X), (A-141)

¥ =1 e = —1o (PO ), (A.142)
(1-92) (3-9a) = —(1-93) (Y2-9a) — (1-¢a) (2-¢3), (A.143)
(192) (P3-94) = =3 (1079, ($20P3). (A.144)

Comment A.3 Since fermionic wave-functions are anticommuting, they must also be nilpo-

tent: )
(), 90} =0 = ()’ =0 (A.145)
The notation “p*” is then free for the definition:
Y2(x) = 1 ()P2(x) = 3 (X)p(x). (A.146)

4-Vectors and Pauli’s matrices
4-vectors such as the spacetime 4-vector x transform as the (1, }) representation of the spin(1,3) =
su(2), @ su(2)r algebra, i.e., of the Spin(1,3) = SL(2;C) group. The SL(2;C) group action on the
4-vector x* is easiest represented using Pauli matrices:
. . 1._ . [0 —i 1
Wi =39, =[98 2=, =09,
which are identified with the index notation ¢*. so that, e.g., (7122 = —i. Using ¢*f and eif to “raise”

spinor indices and 7, to “lower” the vector irtlxéex, we have
it = eé‘ﬁs“ﬁnwagﬁ L ] = (), [0, (02, [0%) = [t (A.148)

That is, the matrices ¢ and ¢, look alike. However, the matrices

oy = o’ and o' = n"o, (A.149)
have a differing sign: [0!] = —[¢!], [?] = —[0?], [0°] = —[¢°], as well as [o1] = —[71], [02] =
—[02], [o3] = —[3].

One therefore writes
x:=x'g,, x—x=MxM'!, MM e SL2C), (A.150)

where the matrices M = exp{iw,0"} and M = exp{i7,0"} are independent, and represent the
independent “left” and “right” action, so that

xXxy)=GxM - MxM ' My) = (xxy) (A.151)
is an SL(2; C)-invariant. In the index notation,
— i i — g k4 .
(X X" ) = (Rp 2" ) = %3 (M )Py M5 277 (M), MaP g
= (X ¥ u). (A.152)
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Finally, notice that

det[x] = (x%)2 — (x1)2 = (x2)2 — (32 = ¥ L) 2, (A.153)
which is also an SL(2; C)-invariant:
det[x] — det[x'] = det{ MxM '] = det[M] det[x] det[M!] = det[x], (A.154)

since the SL(2;C) elements are unimodular, det[M] = 1 = detM].
The Pauli matrices (A.147) and (A.148) satisfy the following useful identities:

(000 +00,)af =20 8, (@0 +500,) 5 = 20,068 b (A.155)

Tr [0,7,] = T [G400] = 29, o bP = 26 (5*-”’ (A.156)
and are suitable for the conversion of Spin(1,3)-tensors into (bl)splnor expressions:
Vi =0V e Vy=1ev,. (A.157)
It is convenient to also define the matrices
(‘THV)’Xﬁ = %(Uy rx&ﬁvaﬁ -0 miﬁy aﬁ), (EIW)NB = %(Ey W(Tu afp vao—y ac[%)’ (A.1582)

which, ¢, and 7, independently, close the spin(1,3) algebra (A.121c), and for which

(@)ap := (Ou)aTeg, and  (070)"F 1= € (o), P, (A.158b)
@) = @) 5Pt and (@) i = €2y (@) 75 (A.158¢)
For these matrices (with gg103 = 1), it is true that
(Vyv)aﬁ(vpv)ﬁ“ = %(77,‘140771/(7 - Uyaﬂvp) + %gyvpa/ (A.159)
(@) ﬁ(crpa)’s = 3(luptve — Muotlvp) — SEuvpor- (A.160)

Super-derivatives
In supersymmetry research, the so-called “super-derivatives”
Dy i= 9, — iag&@;‘aﬂ and D :=0; — ch 20"y (10.68")

o

are of special importance. They anticommute with the generators of supersymmetry, Q,, Q;, and
so commute with the operator of the supersymmetry transformation:

DoUce = UeeDy and DyUee = UeeDy,  Uee = exp{ —i(€%Qu +€2Q3) }. (A.161)

The operators D,, D;, are then, in fact, literally invariant with respect to the supersymmetry action,
but their name, “(super)covariant,” stuck in the literature; herein, the shorter and more precise
term “super-derivative” is used.

The basic property of the super-derivatives,

{Dy, Dy } =201 "d!. P, = —2i0".9,, (10.69")
is sometimes called super-commutativity and permits simplifying higher-order super-derivatives:
DyDg = 1,507, D;Dj = 3¢, ﬂDZ (A.162)
DxDgDy =0, D&DBD& =0; (A.163)
(0%, D;] = 4ic”.e*¥9,D5,  [D?, Dy = 41'05&85‘53”5/;; (A.164)

D’D* + D*D* — Zs“ﬂE&DZEﬁ- =—160, O:=7"0,0,. (A.165)
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A.6.3 Exercises for Section A.6

% A.6.1 Prove the relations (A.121) using only the anticommutation relations (A.119).
% A.6.2 Prove the relations (A.122) using only the anticommutation relations (A.119).
% A.6.3 Prove Theorem A.5 using only the anticommutation relations (A.119).

% A.6.4 Prove Theorem A.5 using the Cayley—Hamilton theorem.

% A.6.5 Prove the relations (A.125) using only the anticommutation relations (A.119).
% A.6.6 Prove the relations (A.126) using only the anticommutation relations (A.119).

% A.6.7 Prove the relations (A.162)-(A.165) using only the relations (10.69).



A lexicon

When describing previously uncharted territories, discoverers and inventors are forced to adopt
and adapt previously known terms, concepts and techniques for the new phenomena, or invent
wholly new ones. This appendix collects a listing of perhaps less familiar but oft-used terms in our
field, then turns to the vector/tensor and even functional extension to the hopefully well-familiar
rules of multivariate calculus, and closes with a brief on Gédel’s incompleteness theorem.

B.1 The jargon
The jargon of theoretical and mathematical physics is very much in development and in some
cases not yet standardized. With the aim of using compact but precise terms to name very spe-
cific ideas, many scientists begin using an otherwise rarely used word and, at times, their choice
“catches on” and becomes standardized. At other times, different terms are used by competing
(or non-communicating) research groups for the same or closely related concepts, whereupon
one of the two “competing” terms may turn into a standard but only after a long period dur-
ing which both terms are used. As the fundamental physics of elementary particles is still
very much in development, consistency and expediency required me to make certain choices
in terminology, which I have, to the best of my knowledge, indicated together with possible
alternatives.

The subsequent lexicon offers brief explanations for some of the perhaps less familiar tech-
nical terms and expressions, most of which are fairly standard, but in a field other than particle
physics.

Abelian (commutative, symmetric) A binary operation x is abelian if a x b = b x a. By extension,
structures defined using an abelian binary operation are also called abelian. Operations that
are not abelian are called non-abelian (= non-commutative, = asymmetric), as are structures
defined using them.

Algebra A vector space 2 over a field k, equipped with a binary operation *, which satisfies the
distribution law over addition: a * (b +c¢) = (a*b) + (a % ¢), for all elements a,b,c C 2, and
for which it is true that a(a xb) = («xa) xb = a* (ab), for each « € k and a,b € 2. The
operation  is typically a type of multiplication; it is often commutative, i.e., symmetric, but
in Lie algebras it is antisymmetric: a x b = —b * a.
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Amplitude In the context of field theory and so also in (high energy) elementary particle physics,
this is the matrix element M;_, r := (f|Hin|i) where |i) and |f) are the initial and final states
and Hyy, is the (algebraic sum of all) interaction operator(s) that can bring about the process
|i) — |f). The probability for this process is then proportional to |91;_, f|2 [== display (3.85)
and Section 3.3.3 on p. 113].

Analytic function A function f(x) is analytic in a domain 2 if it has a (convergent) Taylor
expansion f(x) = Y5>, an(x—xp)" for every xp, (x—xg) € 2.

Anomaly Structural changes in relations between observables caused by passing from classical to
quantum theory. If those relations represent the algebra of symmetry transformations and
anomalies obstruct the closure or change the structure of that algebra, then anomalies de-
stroy or change the symmetry that was built into the system originally — which points to an
inconsistency. Models with an anomaly in a gauge symmetry are simply inconsistent [== Sec-
tion 7.2.3], whereupon all gauge anomaly ought to cancel. [@ geometric quantization;
canonical quantization] In turn, anomalies in global and approximate symmetries need not
cancel, but are characteristic quantities that cannot be altered by field redefinitions, and
so must remain conserved throughout the evolution of a system, including phase transi-
tions. This is a direct consequence of the underlying principle in Dirac quantization. [« Dirac
quantization]

Auxiliary field A field that has a non-differential equation of motion, which determines the field
point-by-point. If this equation of motion can be solved, the solution can be reinserted in
the Lagrangian density, which is classically equivalent to the original Lagrangian density but
involves fewer fields. The equivalence need not hold between the quantum models defined
from the two Lagrangian densities.

Baryon Since the acceptance of the quark model in 1973, a bound state of three quarks. Originally,
a particle that interacts by means of the strong nuclear force (at ~10~235s), can be detected
as an isolated particle, and has a mass that is not smaller than that of the proton, such as a
neutron.

Bijection A mapping f : X — Y that is both (1) an injection (i.e., “1-1"), so for every x € X there
is precisely one y = f(x) € Y, and (2) a surjection, so for every y € Y there is an x € X
so that f(x) = y. Bijection = surjective injection, i.e., injective surjection. [@ injection,
surjection]

BFV-quantization A contemporary version (by Igor Batalin, Efim S. Fradkin and Grigori Vilkovisky)
of canonical quantization in the Hamiltonian formalism, which generalizes the evolution
of the canonical-Dirac-BRST quantization to the general case when the constraints do not
close the structure of an algebra [174, 39, 172, 36, 37, 345, 38, and references therein];
see also the texts [268, 555, 484, 496, 589, 590] and [509]. [« BRST quantization; Dirac
quantization; canonical quantization]

Bose condensation The state of a system where infinitely many particles (bosons) are in the same
quantum state. The Coulomb static potential may be understood as a Bose condensation of
infinitely many photons.

Boson By definition, a particle (as well as its mathematical representatives: wave-functions, cre-
ation and annihilation operators or fields) that obeys the Bose-Einstein statistics; Pauli’s
exclusion principle does not apply to bosons and bosons may condense [@ Bose conden-
sate]. By the spin-statistics theorem (in Lorentz-covariant models), physical particles whose
mathematical representatives transform as tensor representations of the Lorentz group are
bosons. The possible values of bosonic wave-functions and fields are (ordinary) commuting
numbers (“c-numbers”).

BRST quantization A procedure (by Carlo M. Becchi, Alain Rouet and Raymond Stora, and sep-
arately by Igor V. Tyutin) of constructing a quantum theory from an originally classical
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field theory with a gauge symmetry, in which the gauge symmetry reduces to a BRST sym-
metry and counterterms are added to the Lagrangian density that are invariant with respect
to the BRST symmetry, although not with respect to the original (classical) gauge sym-
metry. As a gauge symmetry is realized in quantum theory by imposing constraints (that
the physical states are invariant under the action of the symmetry) and these constraints
close an algebra, BRST quantization is a canonical generalization of the Dirac quantiza-
tion with constraints of the first class in Dirac’s classification [445, 425, 345]; see also the
texts [555, 484, 496, 589, 590]. [« Dirac quantization; canonical quantization]

BRST symmetry A reduction of a gauge symmetry where the parameters in a gauge transformation
are replaced by ghost fields: functions of spacetime that have the opposite statistics from the
original parameters but transform identically as the original parameters under the action
of both the gauge and the Lorentz transformations. For example, Yang-Mills gauge theories
have ordinary (commutative) scalar functions as gauge parameters. In the corresponding
BRST symmetry, to the system is added a pair of canonically conjugate anticommutative scalar
fields that otherwise, in every other aspect, transform identically as the original parameters
of the given gauge transformation. Interactions of these ghost fields with other fields are
determined precisely so that they cancel the contributions of the unphysical components in
the gauge fields [44]; see also the texts [268, 555, 484, 496, 589, 590]. [« ghost fields;
nonphysical components]

Bundle [ vector bundle]

BV-quantization A contemporary version of canonical quantization (by Jean Zinn—Justin, then by
Igor Batalin and Grigori Vilkovisky) in the Lagrangian formalism, which generalizes the evo-
lution of the canonical-Dirac-BRST quantization to the general case when the constraints
do not close the structure of an algebra [41, 345]; see also the texts [555, 484]. [« BRST
quantization; Dirac quantization; canonical quantization]

Canonical quantization Also known as the second quantization; the adjective “canonical” stems
from using the canonical Hamiltonian formalism of classical physics and its quantum reinter-
pretation, where the relations between observables in a given model are preserved as well as
possible, and with a formal replacement of the Poisson brackets by commutators. Changes in
these relations, e.g., if the Poisson bracket {.A, B} = C upon canonical quantization becomes
[A, B] = C + A, the additional term A is one of the measures of this anomaly. [® anomaly]

Cartesian product Also known as the direct product: for two sets X and Y, the Cartesian product is
the set of all ordered pairs:

XxY:={(xvy):xeX yeY}. (B.1D

Cauchy sequence Given a metric space (a set of points x; with a well-defined distance function
d(x;, x;) between any two points), this is a sequence of points x1,xy, ..., where

d(x;, xj) <e€, Vij>N, (B.2)

for some predefined integer N and positive real number (tolerance) e. That is, all points
sufficiently far up the sequence are closer than € to each other.

Chirality The eigenvalue of the operator 7. A particle is said to have a well-defined chirality if its
wave-function is an eigenfunction of this operator. The operators }[1 + 7], with the 4-matrix
defined in Appendix A.6.1, project to spin-% particles of chirality i%. By construction, chi-
rality is Lorentz-invariant. However, as 9 anticommutes with the Dirac operator 99, and
commutes with the mass,

[i9"9y, — mc1] 11+ 7] o 1[0+ 4] [ihy"d, — mel], (B.3)

and the chirality of a massive particle is not a constant.
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CM system For a system of particles located at the positions 7; and having the masses m;, the
position and velocity of the center of mass are, by definition,

L YimT L XimiT;

= : . B.
TYem Y m; ’ Ucm Y m; (B.4)

A coordinate system where 7¢,; = 0 is called the center of momentum frame, where 7¢;; need
not vanish; a coordinate system where additionally also 7, = 0 is called the center of mass
system, or “CM-system” for short.

Codimension For a subspace X C Y, cod(X C Y) := dim(Y)—dim(X). If the subspace X is
defined by means of a system of algebraic equations, near every point x € X, that system
must have cod(X C Y) independent equations.

Codomain For a mapping f : X — Y, the collection of elements Y wherein the map points, and
wherein the values of f and its image lie; f(x) =y € Y forall x € X.

Cokernel For a linear mapping f : X — Y of a vector space X into Y, the cokernel of f consists of
the equivalence classes cok(f) := {[y ~y+ f(x)]: x€ X, y € Y}.

Color In the context of elementary particles, the 3-dimensional SU(3). charges of quarks, such
that baryons consist of three quarks with one of the three linearly independent colors (“red,”
“yellow,” “blue”) each, so that the baryon is “colorless,” or more precisely, SU(3).-invariant.
Owing to the ubiquity of computer graphics, the so-called subtractive color system is ever
more familiar, but we adopt the familiar additive color system. Here, red and yellow produces
orange, and its mix with blue produces colorless, i.e., black. The opposite (anti-)colors of
primary colors are: anti-red = green, anti-yellow = purple, anti-blue = orange; the mixture
of any color and its anti-color produces colorless. Because of this regularity the name color is
convenient as a mnemonic crutch for adding SU(3). vectors [*= Appendix A.4].

Compact space A topological space [« topological space] X where every open neighborhood
(and so also the whole X) may be covered by a finite number of open neighborhoods
is called quasi-compact. A topological space where every two distinct points have some
non-intersecting neighborhoods,

Vx#£Ax €X, IUU cX: Usx, Usx, UnU =02 (B.5)

is called Hausdorff. A Hausdorff space that is also quasi-compact is compact. In practice in
theoretical physics, it is crucial that compact spaces have a well-defined size, so that compact
spaces may be chosen to be smaller (or larger) than a given size/length.

Compactification The procedure where a non-compact topological space X is added to a topolog-
ical space Y of strictly lesser dimension, so that X¢ := (X UY) is compact. The simplest
example is S = R! U {point}, where a point “at infinity” was added to the open line (R'),
so as to obtain the circle (S1).

Concrete applications of this procedure within the present subject stem from the proposal
originally made by Gunnar Nordstrgm, in 1914, whereby the spatial dimension of the form
of an open and infinitely large line, R!, is replaced by a closed, compact and small circle,
S!. The proposal was rediscovered by Theodor F. E. Katuza in 1919 (published in 1921)
and also Oscar Klein in 1921. The latter two publications being generally known, this is
typically called “Katuza—Klein compactification.” Symmetries of the compactified space result
in Yang-Mills gauge symmetries in the non-compact spacetime. The special case when the
compact space is a Calabi-Yau manifold is called “Calabi-Yau compactification.” As Calabi-
Yau spaces of more than one complex dimension do not have continuous symmetries, Calabi—
Yau compactification does not give rise to any gauge symmetry, and in fact typically reduces
what gauge symmetry there was prior to compactification; see Section 11.3.1.
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Complex structure [@ conjugation]

Commutative [@ abelian]

Conjugation is a mapping of one (generalized) complex structure into its equivalent partner. Most
generally, a complex structure is specified by an operation Z, the two-fold repetition of which
results in a sign change: 7 o Z = —1. Therefore, —Z is always also a complex structure,
distinct from Z but equivalent to it for all purposes, and all complex structures always occur
in such equivalent pairs.

Complex conjugation Every rule by which a pair of real numbers (x,y) is assigned a com-
plex number z has a conjugate rule. For example, relative to the definition z:= (x + iy),
z*:=(x — iy) is the complex conjugation of the complex number z. Operatively, complex
conjugation changes i — —i. The analogous situation holds also for matrices, functions,
operators, etc.

Hermitian conjugation of matrices is the combination of complex conjugation (of every
element) of the matrix with its transposition: (aij)+ = a;-*l-. [@ Digression 10.2 on p. 360]

Dirac conjugation of a Dirac spinor ¥ is the Hermitian conjugation combined with right-
multiplication by the 9° matrix: ¥ := ¥9%. Correspondingly, the Dirac conjugate of
the operator R is R := (q4°)"'R9". For a Cartesian basis of 7-matrices with the met-
ric tensor (3.19), it follows that (4°)~! = 9% so B = 9°R9°, which agrees with the
definition (5.132).

Contact interaction Interaction that requires that all participants in the interaction are localized in
the same spacetime point — akin to the collision of two marbles. All elementary processes in
the Standard Model are contact interactions. For example, the emission and the absorption of
a (virtual) photon by an electron requires that the “incoming” electron in a spacetime point
turn into the “outgoing” electron and that the photon in this interaction is emitted from or ab-
sorbed at that same point. The Yukawa interaction is analogous, except that a scalar particle
is emitted or absorbed instead of a photon. The Fermi interaction is also analogous, except
that here two fermions collide in a spacetime point from which then two other fermions
emerge, or one fermion decays into three fermions, all emitted from the same spacetime

point.
Contravariant vector A vector the components of which, A#(x), are transformed as
oxt
H(x) — v
AM (x) ( 3 ) A" (y) (3.110)

by the coordinate system transformation x — y.

Coset [@ Appendix A.1.1.]

Cotangent bundle The vector bundle .75 := E(27;T;(Z"); m) where T;(Z") is the cotangent
space of the space 2 at the point x € 2. If x# are local coordinates in the space 2~
at the given point, then T; (2 ) may be represented as the formal vector space of linear
combinations w,,dx*.

Coulomb field, potential A stationary electric charge is surrounded by the constant Coulomb elec-
trostatic field, E; qoﬁ is the force that acts upon the probing particle of charge gg. For the
same situation, E = —V®, where ® is the Coulomb potential; qo® is the potential energy
of the probing charge g in the field E. It follows from Gauss’s law that the Coulomb field of
a point-like charge is E o« 1/7%~1, where d is the dimension of the space and r the distance
between the source of the field and the place where the field is measured; also, ® « 1/ =2,

Covariant derivative A measure of the amount of change in the “overall value” of a generalized
function F owing to a change of one of the arguments of F in the limiting case when
the change in the argument is infinitesimal and tends to zero. For a real scalar (invariant)
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function, the “overall value” is simply the “value” or intensity, and the covariant derivative
of such a function is the same as the partial derivative. However, for more general functions
F that take values in a multi-dimensional space, such as spacetime itself or some abstract
space, the covariant derivative also takes into account that the space of values of F may well
change over the space of arguments. This then additionally changes the “overall value” (both
the intensity and the “direction”) of F at an infinitesimally close neighboring value of the
argument. The covariant derivatives therefore have the general form D := d + I', where T is
the gauge potential and encodes the variation in the space of values of F. [® gauge potential,

gauge field]
Covariant vector A vector the components of which, B, (x), are transformed as
a %
Bu(x) = (ﬁ) By (y) (3.11d)

by the coordinate system transformation x — y.

Covering For a given (topologial) space X, the n-fold (finite) cover Y is a space for which there
exists an n—1 mapping 77 : Y — X such that for every point x € U C X, where U is any open
neighborhood in X, there exist exactly n points and non-intersecting open neighborhoods
y; € V; C Y, such that (y;) = x and 7(V;) = U. That is, 7t is a continuous surjection. The
points y; are called the 7r-inverse images of x, i.e., 71 (x) = {y1,v2,...}.

Curvature Given a space 2" over which the functions f(x#) are defined locally, i.e., in sufficiently
small open neighborhoods, f(x#) is unambiguously defined. Let D, be local derivatives that
(in sufficiently small open neighborhoods) correctly compute the difference dx*(D,f) =
f(x#+dx*) — f(x*). Then, in general, the relations

[Dy, Dy ] =T Dy + Ry (B.6)

define the torsion T’ and the curvature Ry, of the space 2. These two (local) structures
specify the (local) geometry of the space 2" and a class of functions f(x*) over this space.

In examples where 2" is spacetime and f(x#) a complex wave-function representing a
lepton or a quark, the torsion vanishes, and R, is the Yang-Mills gauge field (denoted
IF,y [»= Chapters 5 and 6]). The torsion vanishes also when f (x#) represents a tensor over
spacetime 27, in which case is R, the Riemann tensor [ Chapter 9]. In turn, when D, D;
are super-derivatives (10.68), so the commutator in the relation (B.6) is replaced by an an-
ticommutator, the curvature vanishes and the torsion does not [== relation (10.69), which
holds for the extended basis of super-spacetime derivatives {D,, 5&, a;,}]. Finally, in the the-
ory of Lie groups, the Lie group itself is a differentiable space where the derivatives are
closely related to the generators Q, and their commutator, akin to (A.70), defines the structure
constants of the Lie group as the torsion and where the curvature vanishes.

Dirac quantization The development of general canonical quantization for systems in which there
exist constraints, and the specification how to treat these constraints in quantum theory so
they remain satisfied throughout the evolution of the system in time; see Digression 11.7 on
p. 420, the texts [64, 445, 425], as well as Dirac’s book [134]. Dirac’s procedure proves the
fundamental equivalence between Heisenberg’s “matrix mechanics” and Schrédinger’s “wave
mechanics” and connects the ideas from both approaches. [@ canonical quantization]

Direct product [ Cartesian product]

Domain For a map f : X — Y, this is X, the collection of elements that are being mapped by f;
X :={x: f(x) is well defined}.

Einstein—-Rosen bridge A wormhole that connects the inside of the event horizon of one of two
Schwarzschild black holes with the inside of the event horizon of another black hole of the
same type. [® wormhole]
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Energy-momentum (4-momentum) transfer In collisions A + B — A’ + ---, where B is initially a
target at rest and A and A’ the incoming and outgoing probe,’ q := (p,—p,/) is the 4-
momentum that the probe transfers to the target. In elastic collisions, A + B — A’ + B’, we
have that q = (py —p;)-

Equivalence A binary relation ~ between elements of a set A is an equivalence if and only if it
is (1) reflexive (a ~ a), (2) symmetric (if 2 ~ b then b ~ a), (3) transitive (if 2 ~ b and
b ~ ¢ then a ~ ¢). An equivalence class is a subset of A consisting of elements that are all
equivalent to each other; different equivalence classes are disjoint subsets of A, and their
union equals A.

Euler characteristic Denoted x:(Z"), the Euler (or the Euler-Poincaré) characteristic is the topo-
logical invariant of the topological space 2°. If 2  is a real 2-dimensional surface that
has a triangulation (an approximation by a network of finitely many triangles), x:(2") =
ko — k1 + ko, where kg is the number of vertices (corners), k1 the number of edges and k, the
number of triangles. A generalization exists also to higher-dimensional spaces (using a gen-
eralization of triangles): x:(Z') = Z?fgx (—1)'k;, where ko, k1, ko are defined as for surfaces,
k3 the number of (exclusively tetrahedral) 3-dimensional elements, etc.

Extremal black hole A nontrivial solution of the Einstein equations, such as the Reissner-Nord-
strom solutions (9.61) where the two horizons coincide, 2r; = rs, and which is marginal
between the solutions where the singularity is screened by the event horizon and the
solutions where it is not, i.e., solutions with a naked singularity.

Fermion By definition, a particle (as well as its mathematical representatives: wave-functions,
creation and annihilation operators, or fields) that obeys Pauli’s exclusion principle (two
fermions cannot be in the same quantum state) and therefore also the Fermi-Dirac statis-
tics. Owing to the spin-statistics theorem (in Lorentz-covariant models), physical particles
whose mathematical representatives transform as spinorial representations of the Lorentz
group are fermions. Fermionic wave-functions and fields have values that are anticommuting
“numbers” (“a-numbers”).

Fibration The space obtained by generalizing the tensor product of two spaces, where one of
the factors in the product changes “along” the other factor. The type of that change (con-
tinuous, smooth, analytic, complex-analytic, ...) distinguishes the various fibrations. Even
the topology, i.e., homotopy of the variable factor may change, i.e., this factor may change
discontinuously. [® homotopy class, Figure 11.7 on p. 427]

Field (mathematics) A collection of elements, k, for which two operations, # and x*, are defined so
that:

1. (k,#) is an abelian (commutative) group, with ¢ € k the neutral element;
2. (k~{e}, *) is an abelian (commutative) group;
3. the distribution rules a x (b#c) = (axb)#(axc) and (a#b) xc = (ac)# (bx*c) hold.

Field (physics) A function over spacetime. A scalar field is a function the values of which are
scalars, a vector field is a function the values of which are vectors, etc. By a “gauge field,”
however, one means the concrete fields such as the electric and magnetic fields, and their
generalizations to other gauge models. [@ gauge field] Variations/perturbations in a field
are quantized in quantum physics. [® quantum]

Flavor The type of quark — distinguished by their masses and various charges, see the tabula-
tion (2.44a). These are eigenstate of the free (propagation) Hamiltonian, and flavor ranges
over up, down, strange, charm, beauty and top.

Gauge fields In the most familiar example, electromagnetism, these are the electric and the mag-
netic fields, which jointly form Maxwell’s tensor F,, [#= relations (5.73)]. More generally,

T'A and A’ are one and the same particle, with changed kinematical parameters: energy, linear momentum and angular
momentum, including spin.
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Yang-Mills gauge fields are the components of the matrix-valued tensor IF,, [+= defini-
tion (6.15)], and for gravity these are the components of the Riemann tensor (9.30). In
the most general case, gauge fields are defined, up to multiplicative constants, as the re-
sult of computing [D,, D,|, where D, are the correspondingly gauge-covariant derivatives,
so [Dy, Dy] is a measure of the non-commutativity of the changes of the considered general-
ized (complex-, vector-, tensor-, spinor-, matrix-, Lie-algebra-, ... valued) functions, i.e., the
curvature of the space of such generalized functions. [« covariant derivative]

Gauge potential In the most familiar example, electromagnetism, these are the scalar and the
vector potentials that jointly form the 4-vector Ay [= relations (5.73)] and represent the
difference between the covariant and the partial derivative [= definition (5.13)]. More gen-
erally, Yang-Mills gauge potentials form a matrix-valued 4-vector A, [+= definition (6.6a)],
and for gravity these are the Christoffel symbols (9.17). In the most general case, the gauge
potential is the difference between the gauge-covariant and the partial derivative: I' = D — 9.
[« covariant derivative, potential]

Geodesic completeness The property of a given coordinate system with the given metric tensor
that the limiting points of all geodesic lines (9.48) are within the range of those coordinates.
A typical nontrivial example is the surface of a torus, for which we choose the coordinates
(x,y), where x parametrizes the “little circle” so x ~ x + 27R;, and y parametrizes the
“big circle” so y ~ y + 27tR,, with Ry, > Rj. The coordinate system (x,y) is thus geodesi-
cally complete. As a counter-example, consider the “northern” stereographic projection of a
sphere to the (x,y)-plane, so that the south pole corresponds to the coordinate origin and
the equator to the circle of unit radius centered at the coordinate origin. Then geodesic lines
on the sphere that contain the north pole correspond to geodesic lines in the plane that con-
tain the point at infinity — which is not within the range of the coordinates. Such geodesic
lines are thus incomplete or even disconnected, so that the coordinate system (x, y) with any
Euclidean metric is geodesically incomplete as a description of a sphere.

Geometric quantization The process of constructing a quantum theory from the original classical
theory, which uses the symplectic structure w of the phase space ® of the classical the-
ory [288, 173, 579, 56]. Observables in classical theory are simply real functions A, B,C, ...
over ®. Geometric quantization is based on the introduction of a w-compatible polarization
7t(P). In physics practice, 7 denotes the concrete choice of the half of the coordinates in
the phase space ®, which are the canonical coordinates, g, for which the w-complementary
half of the coordinates over & play the role of canonically conjugate momenta, p;. With
that standard notation, the symplectic structure is simply given by the Poisson brackets
w(A, B) - 0A 9B JdA 9B

9 dpi ~ opiog That same polarization produces the quantum observables
1 1

A = 1t(A), B= mt(B), etc. The difference
A= [r(A), m(B)] — m(w(A, B)) (B.7)

is one of the measures of anomaly. [® anomaly]

Geometrization of physics The process by which physics is increasingly described in terms of geom-
etry. At its simplest, this is the dual interpretation of the geodesic equation either as a bending
of trajectories owing to spacetime curvature (9.48) or owing to the action of a gravitational
force (9.49). At a rather more comprehensive level, in string theory models compactified
on a space %, many of the physical properties of the effective particle physics model are
derived as geometrical and topological characteristics of #/; see discussion on p.402 and in
Section 11.3.1.

Ghost field Of the four components of the gauge 4-vector potential A, only two correspond to
degrees of freedom with a physical meaning. It turns out that it is possible to introduce two
(anticommuting scalar) “ghost fields,” the detailed kinematics and dynamics of which are
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chosen precisely so as to cancel the extraneous contributions of the two unphysical degrees
of freedom in the 4-vector A, [441, 425, 555, 484, 496, 589, 590]. The gauge symmetry is
thereby reduced to the nilpotent BRST symmetry.

Gluon The particle (quantum) that mediates the strong interaction. Gluons interact with each
other as well as with quarks and antiquarks, which they bind into hadrons. The interac-
tion between hadrons is then a residual interaction, just as the molecular forces between
electrically neutral atoms are modeled as dipole-dipole and higher order electromagnetic
interactions [#== Section 6.1.1].

Godel’s incompleteness theorem This theorem proves that no axiomatic system that is sufficiently
complex to contain arithmetics can be both complete and self-consistent. Godel’s proof is
constructive, and shows that within all such self-consistent axiomatic systems it is explicitly
possible to construct a statement that can neither be proven nor disproven within the given
axiomatic system. Therefore, either that statement or its logical negation may always be
added to the axiomatic system as a new axiom, and this extensibility never stops [211, 376].
Although Godel constructed a particular undecidable statement in his proof, and expressly
for the purpose of proving the theorem, it does follow that there exist infinitely many such
undecidable statements — and some of those, within physics as a formal axiomatic system,
are bound to be of interest. [@ Appendix B.3]

Gram-Schmidt procedure In a vector space V, equipped with a finite scalar product, i.e., where
(a|b) < oo for every a,b € V, the Gram-Schmidt procedure produces an orthonormal basis:

1. Pick an element a € V and define ay :=a/+/{ala) and set k = 1.
2. If there is some b € V that is linearly independent from a; € By := {aq,..., ax},
(a) Define ayyq := Zﬁ‘:l citi + cxa1b.
(b) Determine {cy,...,cky1} so that
i (agyqla;) =0,foralli=1,...k,
ii. and <Dék+1‘06k+1> =1.
(c) Increase k by one (k — k+1), and return to step 2.
3. The basis for the vector space V is y = {ay,...,a;} and dim(V) = k.

Group A collection of elements G equipped with a binary operation « that satisfies the four axioms
[@ Appendix A.1.1]:
closure Va,b € G, (axb) € G;
associativity Va,b,c € G, (axb)xc=a* (bxc);
neutral element Je € G such thatVa € G,axe =a = ex*a;
inverse element Va € G, 3a~! € Gsuchthata lxa=e=axa" 1.

That is, a group is an invertible monoid.

Groupoid [® magma]

Hadron A particle that interacts by means of the strong nuclear force (at ~1072%s) and can be
detected as an isolated particle; e.g., a proton or a pion.

Hausdorff space A topological space in which distinct points have disjoint neighborhoods. Most
variables typically considered in physics models span/form Hausdorff spaces. Examples of
non-Hausdorff spaces include bifurcating (Y-shaped) 1-dimensional lines such as the Feyn-
man diagrams (3.130)-(3.131) and the left-hand side of Figures 11.3 on p.411 and 11.4 on
p.412. [« topological space]

Helicity The eigenvalue of the operator p-S/1, i.e., the projection of spin in the direction of motion
of the particle, in units of /7. As massless particles move at the speed of light in vacuum, their
helicity is Lorentz-invariant and equals their chirality.

Hermitian conjugation [@ Digression 10.2 on p. 360]

Homotopy class Geometric objects that can be continuously transformed one into another form a
homotopy class of such objects; different objects in the same homotopy class are homotopy
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equivalents of each other. Continuous interpolation between two homotopy equivalent ob-
jects is called the homotopy (between those two objects). Thus is the surface of a sphere a
homotopy equivalent of the surface of a cube and a tetrahedron for example, but not of a
torus or a pretzel.

Hypersurface The subspace X C Y is a hypersurface if the codimension cod(X C Y) = 1; near
every point x € X, the subspace X C Y is specified by a single constraint.

Image For a mapping f : X — Y, the f-image of the space X is the collection of points in Y
obtained by mapping the points of X: im(f) = f(X) = {f(x) =y € Y: x € X}.

Injection A “1-1” (one-to-one) mapping f : X — Y, such that for every a € A there is precisely
oney=f(x)eY

Isometry A symmetry of a space £ that leaves the metric on 2" unchanged.

Isomorphism Bijective homomorphism, i.e., a bijection f : X — Y for which both f and f~!
preserve the algebraic structure of the objects X and Y, and so are homomorphisms. For
example, if X and Y are groups, the f-image of every group axiom in X results in the
corresponding group axiom in Y, and vice versa. We write X = Y.

KamiokaNDE The Kamioka Nucleon Decay Experiment, run at the Kamioka Observatory, Institute
for Cosmic Ray Research, near the Kamioka section of the city of Hida, Japan. KamiokaNDE
was initially designed to detect proton decay, but was successfully used to detect solar and
atmospheric neutrinos, through upgrades known as KamiokaNDE-II, Super-KamiokaNDE,
Super-KamiokaNDE-II and -III.

Kernel Elements of a vector space X that a linear mapping f : X — Y maps to 0 € Y form the
kernel of the linear mapping f, denoted ker(f) := {x € X, f(y) = 0 € Y}. In other words,
ker(f) consists of the elements of the vector space X annihilated by the mapping f.

Kronecker product The special case of the tensor product for matrices of arbitrary size, so including
also column-matrices and row-matrices. The result of the Kronecker product is the block-

matrix:
the ’ ofp olp] <[5 ] _ [ 4w cp
a=[3t5], B=[3], then AeB= ) ﬁ] pop ] = lemra| B8
5] ¢[s] 1] 4 ef 1B
Note that B® A # A ® B:
«ac] wivens | [vensn] | [opopes
BoA= o0 = popppe| T |apepes | 7 |deeaso| SASB (BI)
def pd pe Bf dp ep fB dp ep fB
Kronecker symbol The index representation of the identity matrix
5l = { é ii z;; (B.10)
allows the generalizations after the pattern:
Sy = (010, = 8i8L), 4l = (310, + i), (B.11a)
(5[231'1 ¢ =% (6561,0K — 8i8)8%, + 51,5155, — 61,610k + 61,8465 — 51,515%), (B.11b)

5(%‘”) i= L (601,05 + 616)8%, + 5.510%, + 61,61,0% + 61,640k + 61,615K), ete,  (B.110)

which are also called (anti-)symmetrized Kronecker symbols.
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Lepton A particle that does not interact by means of the strong nuclear force (at ~10~23

the electron.
Levi-Civita symbol The index representation of the permutation symbol

s); e.g.,

+1, ifthe orderiy,...,i, is an even permutation of 1,2,...,n,
€ 1= —1, iftheorderiy,...,i, is an odd permutation of 1,2,...,n, (B.12)
0, otherwise.

We also define ¢t 1= &,...i,- (Some Authors prefer using a definition such that ghin =
—&;,...i,,» for numerical convenience in some computations.) The key relation between the
Levi-Civita and the Kronecker symbols is

P— il"'in
1n T 5U1"'jn], (B.13)

— 1 (s, gn-1gin g sin1gin e (n! i
o ((5]1 5]'771(5]” 5]1 5];1 5]”71 + (n! permutations, total)).

i g
S S]

Lie group [« Appendix A.1.1]

Luxon a particle that travels through vacuum at the speed of light in vacuum, ¢, and has no
mass. All mediators of gauge interactions that correspond to unbroken gauge symmetries are
luxons.

Magma (groupoid) A collection of elements M equipped with a closed binary operation «, i.e.,
Ya,b € M, (axb) € M.

Manifold A space where every sufficiently small neighborhood of every point is isomorphic to the
flat space R", where n is the dimension of the manifold. A manifold is everywhere smooth
and the tangent space at every point is a copy of R”.

Mass shell In the 4-dimensional space of 4-momentum, the “mass shell” for a particle of mass m
is the subspace defined by the relation E> — p2c” = m?c*. For m*> > 0 (ordinary particles
and antiparticles), this is the two-component hyperboloid, where E = +./m2c* + p%¢° on
both “shells.” For m = 0 (photons, gluons and gravitons), this is the “light cone” the two
portions of which touch in the point (E/c,§) = (0,0). For m? < 0 (tachyons), this is the
single-component hyperboloid.

Meson Since the acceptance of the quark model in 1973, a bound state of a quark and an anti-
quark. Originally, a particle that interacts by means of the strong nuclear force (at ~10~23s),
can be detected as an isolated particle, and has a mass that is between the electron mass and
the proton mass; e.g., 7+, 7.

Minimal coupling The coupling between matter and interaction field that occurs by the interaction
field modifying the spacetime derivative of the matter field. The gauge principle introduces
only minimal coupling [@ Chapters 5-7 and 9].

For example, let ¥ (x) represent the matter field and A, (x) the gauge potential of the
interaction field. They are minimally coupled through replacing 0, — (0, +igA;)¥, where
g is a suitable (coupling) parameter; ¢ = 7T in electromagnetism, where gy is the electric
charge of the matter particle represented by ¥ (x).

Monoid A collection of elements M equipped with a binary operation  that satisfies the three
axioms [ Appendix A.1.1]:
closure Va,b € M, (axb) € M;
associativity Va,b,c € M, (axb)*c=ax* (bxc);
neutral element Jde € M suchthatVa € M, axe =a = ex*a.

That is, a monoid is a semigroup with a neutral element.
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Multipole expansion The expansion of a function over 3-dimensional flat space, in which we use
spherical coordinates, over the complete system of spherical harmonics [== relations (4.2)—

4.1
(r.0,¢) =} fi"(r) Y["(0,¢), (B.14)
{m
where
= /0.27T(1§lb /HSiI‘IGdG (Y}"(9,¢))*P(r,9,¢), (B.15)
2
2F(r,9,¢) 1{%%"& 0, qb)} [ ZF(r 0, 4))} B.16)

L2Y['(0,¢) = L(L+1) Y[ (0,9);  [*:=—=V?| _, £>0. (B.17)

Notice that the coordinates 6, ¢ parametrize a 2-sphere, S?> = ]R3‘r:1. More generally, for

every compact Riemann space .7, the Laplacian @%(h:l has a non-positive spectrum (col-
lection of eigenvalues), and corresponding eigenfunctions, which generalize the spherical
harmonics.

Noether theorem To every continuous symmetry of a physical system in classical physics, there
corresponds an additive current density that satisfies the continuity equation, and produces
an additive conserved charge. In quantum theory, the conserved charges are eigenvalues of
generators of the corresponding symmetries, and these in turn are the momenta canonically
conjugate to the canonical variables the (eigen)values of which the symmetries change. For
example, the linear momentum { is the eigenvalue of the operator of linear momentum p,
and also the conserved “charge” of the corresponding translations in position 7, which is
generated by p = ?@ and implemented by the unitary operator exp{id-g/%} = exp{a-V}.

Conserved “charges” of finite symmetries are multiplicative: a product of two parity eigen-
functions is also a parity eigenfunction, with the eigenvalue that is a product of eigenvalues
of the factors. Although Noether’s original theorem does not apply to finite symmetries, the
generalization is easy to derive. However, the operators that implement discrete symmetries
may be both linear (and so unitary), and anti-linear (and then anti-unitary), such as the
operator of charge conjugation: C(a«A) = a*C(A), for every operator A and constant & € C.

Non-abelian [@ abelian]

Non-commutative [@ abelian]

Nonphysical components Within every Lorentz-covariant formalism, one uses only fields and op-
erators that form complete representations of the Lorentz group. Thus, for example, gauge
potentials in (3+1)-dimensional spacetime are always presented by 4-vectors, A (x). How-
ever, only two components of this 4-vector are physically measurable, while two are not:
for example, for a freely propagating field in empty space, the temporal and the longitudi-
nal components are nonphysical. There exists no Lorentz-covariant method of isolating them
from the 4-tuple (Ao, A1, Az, A3). For example, the Lorenz gauge, n*o, A, = 0 specifies
one differential relation between the 4-vector components Ay(x),..., A3(x) in a Lorentz-
invariant way, which formally permits expressing one of the four components in terms of an
integral of the derivatives of the other three components. This effectively removes one degree
of freedom, but this relation is not local. However, for the removal of the other nonphysical
component, there does not even exist a Lorentz-invariant gauge condition — neither algebraic
nor differential. [« BRST quantization]

Normal subgroup A subgroup N C G is normal if

Vne NCG, VgeG, gng ! €N. (B.18)
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Ockham’s principle Also known as Ockham’s razor, as well as the principle of parsimony, of economy
and of succinctness, whereby from among two competing possible explanations one must
choose the simpler. Although this principle is useful in research practice, one must recognize
that its application depends strongly on the cultural “background”: ideas and elements that
are well known within one culture (and are therefore regarded simpler) may well be alien
in another culture. Thus, there is a danger that the application of this principle is simply a
facade of a prejudice.

Pauli’s principle Two identical fermions cannot simultaneously be in the same quantum state, i.e.,
they cannot simultaneously occupy the same “place” in the Hilbert space.

Photon The particle (quantum) that mediates the electromagnetic interaction. Photons interact
directly with quarks, antiquarks, (electrically) charged leptons (e~, ¢~ and 7~) and also
with the charged weak gauge bosons W+ [ Sections 2.3.4 and 5.2.2].

Physical components In practice, physical quantities are not infrequently represented by multi-
component mathematical objects such as vectors, tensors and spinors. Components that in
some way may be measured experimentally (such as the transversal polarizations of the
electromagnetic radiation, for example) are physical. [® nonphysical components]

Point-like The property of showing sign of neither internal structure nor spatial extension.

Potential Short for “gauge potential,” this term is used as a generalization of the electro-static
potential, where we have that if ®(7,t) is the potential, then:

1. g®(7,t) is the potential energy of a particle with charge ¢ when placed in the potential

®(7,t) that interacts with this charge,

2. —@@(1’ t) is the (gauge) field corresponding to the potential,

3. —g V®(7,1) is the force that the potential (7, t) exerts on a particle of charge g.
In the relativistic generalization, one speaks of the “4-vector potential,” (®, —c A), for which
the fields are the components of the F,;, := (8 A,—0,A ) tensor [= deﬁnltions (5.73)1; in
the non-abelian (non-commutative) generalization the ﬁelds are defined as the components
of the F,, := [D,,D,] tensor, where D, := 9, + %Ay [r= definition (6.15)]. Finally, in
the general theory of relativity, Christoffel symbols and the connection 4-vector play the role
of the potential and the components of the Riemann tensor are the fields [ Sections 9.2.1
and 9.2.2]. [« gauge potential]

Quantum In quantum physics, all material entities (matter as well as interactions thereof) are sub-
ject to quantization of the Hamilton action, which cannot vary continuously, but as integral
multiples of the Planck constant, /. Note that the “background” (settled, static, infinitely
spread-out, classical, i.e., non-quantum) fields, such as the Coulomb field of a static charge
distribution, are but a convenient idealization, representable by averaging over an infinite
number of quanta. [« field (physics)]

Quotient space [« Appendix A.1.1]

Range (of a mapping) For a mapping f : X — Y, this can variously denote either the codomain or
the image of f; this ambiguity and this term are avoided herein.

Rank (of a mapping) For a mapping f : X — Y, rank(f) = dim (im(f)) = dim (f(X)).

Rank (of a tensor density) [@ definition on p.511]

Ring A collection of elements, k, for which two operations, # and *, are defined so that:

1. (k,#) is an abelian (commutative) group, with e € k the neutral element;
2. (k, %) is a monoid (like a group, but without invertibility);
3. the distribution rules: a x (b#c) = (axb)#(axc) and (a#b) xc = (axc)# (b *c) hold.

Semidirect product Some groups have the structure G = H x N, where H C G is a subgroup,
and N C G is a normal subgroup [@ normal subgroup]. This implies that the only common
element is NN H =1 € G, and that every group element ¢ € G can be factorized as g =
hon=n'oh',wheren,n’ € Nandh,h' € H. The group G is said to be an N-extension of the
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group H; it is also true that H is isomorphic to the quotient group G/ N [s= definition (A.6)
for the quotient space, which here inherits the group structure].

A well-known example is the Poincaré group, Po(1,3) = Spin(1,3) x R, which is the
extension of the Lorentz group Spin(1,3) by translations R'3 in spacetime, and where the
asymmetry of the symbol x reminds us that the elements of the subgroup Spin(1,3) map
RL3 — R13,

Semidirect sum Some algebras have the structure 2 = 2 #+ 2, where for every a,b € 2; and

c,d € 2, it is true that
axbe®y, but cxd, axc, cxaecy, (B.19)
and where * is a “multiplication” in the algebra 2. Formally,
Ay xAp € A1, but A Ay, Ao x2Aq, AUs x A € As. (B.20)

The algebra 2l is said to be a ,-extension of the algebra 2. The asymmetry symbol “i” here
reminds us that 2(; maps 2; : 2 %, 20, but it is not a standard notation in the literature,
where mostly the uninformative symmetrical symbols + and & are used, and it is left to the
Reader to figure out from the context the direction of the inherently asymmetrical relation,
i.e., whether 1 * Ay € A or 2, x2A; € Ay.

Semigroup A collection of elements S equipped with a binary operation x that satisfies the two

axioms [« Appendix A.1.1]:

closure Va,b € S, (axb) € S;

associativity Va,b,c € S, (axb) xc=ax* (b*c).
That is, a semigroup is an associative magma.

Signature In every real n-dimensional vector space V (over the scalar field k) in which the scalar

Span

Spin

product ¢(v1,v;) € k is defined for every vy, v, € V, one may find a basis in which g(, ) is
a diagonal matrix. For real vector fields (where k =1IR) the number of positive, negative and
vanishing diagonal elements in the diagonalized g(, ) is called the signature. The metric ten-
sor (3.19), (WV) = diag(1,—1,—1,—1), in (341)-dimensional spacetime has the signature
(1,3). A group of linear transformations is also said to have signature (1, 3) if those transfor-
mations preserve the scalar product (3.17) defined by the metric tensor of signature (1,3);
such transformations form the group O(1,3); SO(1, 3) is the subgroup of transformations the
determinant of which equals +1.

A maximal collection of linearly independent elements &;, i = 1,2,3..., is said to span the
vector space V := {0’ &;, v' € k} over a given field of scalars k.

Intrinsic (albeit perhaps fictitious) angular momentum of an object (particle or physical sys-
tem) X, meaning that under rotations of the coordinate system the orientation of the object
X transforms as a representation of the rotation group with the given “angular momentum.”
For example, a photon has spin 17, meaning that its orientation (i.e., polarization) trans-
forms as a spin-171 (vector) representation of the rotation group, the electron as a spin-%h
(spinor) representation of the rotation group, and the graviton as a spin-2/; (rank-2 tensor)
representation. The spin of composite systems is the vector sum of all angular momenta of
its constituents,? but the spin of an elementary particle is not the result of any rotation:
elementary particles are point-like.

Stiickelberg—Feynman interpretation The antiparticle is identified with the particle moving back-

wards in time. This interpretation follows from the fact that if ¥(x) is the wave-function of
the particle, then its Hermitian conjugate (and, for spin—% particles, also the right multiple

2 The spin of the hydrogen atom as a bound state of an electron and a proton is the vector sum of the orbital angular
momentum of the electron in its orbit around the proton, as well as the electron’s and the proton’s spin.
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by 9") produces the wave-function of the antiparticle. Expanding into a Fourier series we
have that ¥(x) = ¥, ¢“*1,,(7), so the Hermitian conjugation is formally identical with the
reversal of time.

Surjection A mapping f : X — Y, such that for every y € Y there is an x € X such that f(x) = y.

Symmetry breaking vs. violation A particular process is said to violate a symmetry Xif either (1) the
X-image of the process does not occur as frequently, i.e., with the same probability, as the
original process, or (2) the conserved quantity corresponding to symmetry X is not constant
(conserved) during the considered process.

In turn, the symmetry X is broken in a physical system if either (1) the symmetry does
not preserve some of the conditions (such as a boundary condition) required of the concrete
physical system, or (2) X does not commute with the full Hamiltonian of the system.

Tachyon A particle that propagates through vacuum faster than light, and has an imaginary mass;
the appearance of tachyons indicates that the vacuum is not stable [= Digression 7.1 on
p.261].

Tangent bundle A vector bundle Jy := E(2; Ty ; w) where T, (Z2") = T4 is the tangent space
of the space 2" at the point x € 2. If x# are local coordinates in the space 2" at the given
point, then Ty(.2") may be represented as the vector space of linear combinations U“%.

Tardion a particle that propagates through vacuum slower than light, and has a real mass; all
known matter (and anti-matter) is tardionic, whereupon this term is rarely used.

Tensor product The most general bilinear product of two algebraic structures of the same type,
such as vector spaces, algebras, etc. Let X and Y be two vector spaces over the same field, k.
The elements of the tensor product X ® Y are k-linear combinations of elements of the direct
product of the sets of elements X and Y, where additionally one requires that the pairs of
elements satisfy the relations

R e {E(HX’,y) ~e(xy) +e(xy), e(xyty) ~e(xy) +e(xy), B.21)
o ce(x,y) ~e(cx,y) ~e(x,cy). '
Then formally,
XQY= {Zcie(xi,yi) ek, (x,y;) € X X Y}/R, (B.22)
i

which is again a vector space. Similarly, the tensor product of two algebras is again an
algebra. In other words, the tensor product inherits the algebraic structure of its factors.
Alternatively, Definition B.6 on p. 514 also holds — given using the components with respect
to any chosen basis.

Topological space A set of elements (“points”) .2~ with the topology T, which consists of a
collection of subsets of the set .2 such that they satisfy the axioms:

1. The empty set and the whole set 2" belong to 7.

2. The union of an arbitrary number of sets in 7 is also in 7.

3. The intersection of an arbitrary finite number of sets in 7 is also in 7.
For this system of axioms, the sets in T are called open subsets of the set 2”; every point x € X
is contained in at least one such open subset, which is then called the open neighborhood of
the point x. There also exists a complementary definition of topology, using closed subsets of
the set 27; the empty set and the set 2" itself here too belong to T. [« also Hausdorff space]

Torsion [@ curvature]

Vector bundle Let 2 be the “base” space, equipped with a copy of a vector space V, at every point
x € 4 of the base space, so that the vector spaces V, transform homogeneously one into
another when the basis point x moves through the base space. The union (J,c 9~ Vi is then
called the vector bundle over the base space 2.
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There is also a reverse definition: the total space E(27;V; ) of a vector bundle with a
given vector space V over the base space 2 is such that 7 is the “vertical” projection with
the property that 77(E) = 27, and 7~ (x) = V, 2 V for each x € 2.
Vector space A collection of elements (vectors) of which every linear combination with coefficients
from a field k is also an element of this collection is called a vector space V over the field k.
Warp, weft and woof are the mutually transversal strands of yarn in a simply woven fabric: warp
stretches lengthwise from beginning to end, and the strand that is woven left to right and
back, weaving through the strands of warp, is variably called weft or woof.

Figure B.1 The triple weave: leaving out any one of the strands dissolves the fabric.

In the theoretical fundamental physics as described herein, the three conceptual strands are
provided by (1) the Democritean idea of a smallest portion of matter that shows no further,
internal constituents, (2) the gauge principle of local symmetry, which provides a coherent
description of all known fundamental interactions, and (3) the idea that all of Nature is to be
understood within a unified, comprehensive and logically consistent framework. The (M- and
F-theory extended) superstring theoretical system is a framework that conceptually unifies all
matter, all of its interactions, as well as the spacetime in which they exist. [® Section 1.3.3;
Chapters 5-7 and 9]

Wormholes The region in spacetime shaped as a “tunnel,” R” x K" for 1 < r < d, where d
denotes the total dimension of spacetime, and which either connects two otherwise distant
regions of one spacetime, or two otherwise separate spacetimes; K%~ is some compact space
(e.g., the 2-sphere, S?) and represents the “cross-section” of the “tunnel.” In known exam-
ples, the size of the “cross-section” is typically very small, of the order of £, ~ 1073 m and
most often has a nonzero size only for a very short time, t, ~ 10~%3s. The matter required
to keep the wormhole open for a material body or even light to pass through must have “ex-
otic” properties (negative energy density and/or pressure). [@ Section 9.3.4, Einstein—Rosen
bridge]

Yang-Mills interaction, symmetry, theory A gauge interaction, model, symmetry and/or theory is
said to be of Yang-Mills type when the gauge 4-vector potential, A, o (D, —9,), is the
fundamental physical degree of freedom that describes such an interaction. This is the
case with electromagnetic, strong and weak nuclear interactions [= Chapters 5 and 6],
but not with gravity: there, the Christoffel symbol, T' « (D, — 9,), may be expressed as
an algebraic combination of the inverse metric tensor and the derivatives of the metric
tensor [== Chapter 9].

Yukawa field, potential (screened Coulomb field, potential) The Yukawa potential in d-dimensional
space is @y = e~ "/70 /-2 and the Yukawa field is —V®y; the negative sign is chosen so that
the rg — oo limiting case of the Yukawa field coincides with the traditional definition of the
electrostatic field. Here, rj is the range of the Yukawa potential and the field.

Yukawa interaction (Yukawa coupling) The coupling between matter field ¥ (x) and the Yukawa
potential ®(x) produced by the Lagrangian density term hy Y®Y, where hy is the Yukawa
coupling parameter [« contact interaction].

ZJBV-quantization [@ BV-quantization]
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B.2 Tensor calculus basics
We start with 4-tuples of coordinates such as x = (x0, x!, x2, x3), two functions of such coordinates,
f and g, and the well-known derivative rules in multi-variate calculus:

product rule % (f(x)g(x)) = (agiﬁ) )g(x) + f(x) (agg) ), (B.23)
chain rule %(yv (z(x))) = (%) (%) (B.24)

Taking x = (x0,x1,x2,x%), y = (v°,y%,y%,y%) and z = (2%, 2,22, 2%) to provide general coordinate

systems, these 4-tuples need not span vector spaces in general: In general coordinate systems, lin-
ear combinations ¢, x# with numerical (dimensionless) constants ¢, need make no sense at all. At
the very least, the constants c, could be equipped with appropriate physical units. For example, in
the familiar spherical coordinate system (r, 6, ¢), a linear combination such as (¥ r — v/36) makes
no sense since the two summands have wholly different physical units. In turn, denoting by L some
suitable and constant length, the linear combination (- r — v/30) does make sense in general, al-
though it does not seem to provide any physically reasonable quantity. Even so, and owing to the
generally curvilinear nature of general coordinates and their diverse behavior (e.g., 8 ~ 6 +27
while » > 0), linear combinations (even if adjusted for physical units) of general coordinates do
not, in general, represent a point in the space parametrized by these coordinates.

However, owing to the infinitesimal nature of the differentials dx* and the operators %,
the 4-tuples (dx?,dx!,dx?,dx?) and (aa?, %, %, aa?) do span two vector spaces — again with the
proviso that the constants in the respective linear combinations may have to be equipped with
adequate physical units. The application of the chain rule to these clearly distinguishes them and
permits the definition of two distinct types of 4-vectors:

dxt dxt ) )

contravariant vector (3.11c) dx* =dy" (8y”) - Af(x)= A'(y) (W (B.25)

. d _ /ay’\ 0 s
covariant vector (3.11d) Py (E)xP‘) W — Bu(x) = (W) B, (y), (B.26)

simply by observing that they transform with the opposite partial derivatives, as was already done

in Digression 3.2 on p. 88.

B.2.1 Basis elements
We then proceed as follows: Given any coordinate system x := (x°,x!,x?,x3) equipped with a
metric tensor, g,y (x), we specify:

1. The line element ds provides the invariant norm of the coordinate differentials:
ds:=Vdx-dx, dx-dx:= gy (x)dxtdx". (B.27)
2. The invariant Kronecker symbol

5 ._aﬁ_{ lifu=v,
Vioxy - L 0ifu#u,
is simply the statement that the coordinates x* are mutually independent.

3. The invariant Levi-Civita symbol is defined implicitly by expanding the Jacobian of a
coordinate transformation x — y:

oy* dy¥ dyP oy’ T THVpO ayo ayl 8y2 8y3 ’

(B.28)

(B.29)

aj’ = hvpo
dy
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that is,

+1 if y,v,p, 0 =even permutation of 0, 1,2, 3;
"’ = eyypo 1= { —1 if u,v,p,0 =odd permutation of 0,1, 2, 3; (B.30)
0 otherwise.

It follows that

Eapro T = 4151407 (B.31)
e Oug) = (5H‘55 - 55‘” g = 3 g + Oyt SpB)
and so Sy = 3 (0185 — 05y + O 05 — U0 |
. Owing to the reciprocal transformation rules (3.11¢)-(3.11d), the contractions
A(x)-B(x) = A¥(x) By(x), A(x)-0 = A¥(x)9,, dx-B(x)=dx"B,(x), (3.12a)
and d:=dx0:= dx”a% (B.33)

are all invariant under general coordinate transformations x* — y#(x), as specified in Def-
inition 9.1 on p. 319. Thus, the dx* may be used as basis vectors for covariant components
B, (x), and the 9, may be used as basis vectors for contravariant components A" (x). This is
the typical choice in the mathematics literature as it connects tensor algebra and differential
geometry; see Comment B.1 on p.512.

Let e(x) denote an event — a point in spacetime specified, with the coordinates x, and let
the displacement to an infinitesimally near event be de = gx%dx", expressed in the x*
coordinates. Then, we define:

de

covariant basis element e, (x) := pTE (B.34)
contravariant basis element e¥(x) := ¢"Ve, (x). (B.35)

The scalar product of these basis elements is defined so that
eu(x)-ev(x) = guv(x), ef(x)e"(x) =¢"(x) and eu(x)e’(x) =4, (B.36)

Given the contravariant components of a 4-vector, A¥(x), the 4-vector is invariantly specified
as A(x) = A¥(x) ey (x). Given the covariant components of a 4-vector, By (x), the 4-vector is
invariantly specified as B(x) = B, (x) " (x).

o«

“invariant,” “covariant” and “contravariant” all refer to transformation properties with

respect to the general coordinate transformations specified in Definition 9.1 on p. 319.

Given the definition of contravariant vectors (B.25), it is straightforward to compute the

transformation rule for the differential “volume” element:

d*x = dx¥dx'dx?dx® = i,ew,pg dx#dxVdxPdx” (B.37a)

oxH oaxV oxP ax7
fene (5,00°) (5,540°) (5r07) (5500")
dxH oxV dxP ox” 5
_ 1 IE T T avrduPdyY dvyd
= mEuvpo aya ayﬁ ay'y ay dy dy dy d]/
ax” axv axp ax (Xﬁ"/&

€3.,9 A,
47 yvp(f ay“ ayﬂ a]/’Y ay [€¢AK] d]/ dy dy d]/
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B {1 oxt 9x¥ 9xP dx” (B0

1 A
IEMV‘OU Wwayi’yaiyé ISE(P/\K dyedy(pdy dyK

_ 4
= det [ 5 “| dy, (B.37b)
where the key relation (B.31) between the Levi-Civita and the Kronecker symbols was used. We

have also used the general expressions for the determinants of n x n matrices representing rank-2
tensor densities:

type (1,1)  det[M] := Jep ., M- - Mp" €170, (B.38a)
type (0,2) det[IN] := e/ Ny - Nygyoy, €177, (B.38b)
type (2,0) det[IP] := &g, P11 Py gy (B.38¢)

Given the definitions of the “ingredients”:

1. a contravariant vector (3.11c),
2. a covariant vector (3.11d),
3. ascalar density (9.8),

we adapt Weyl’s Construction A.1 and generate representations of the group of general coordinate
transformations, by taking tensor products of the “ingredients” and symmetrizing like factors in all
possible ways. More precisely,

Definition B.1 Tensor densities may be formally constructed from a scalar density U, a
contravariant vector V = Ve, and a covariant vector W = Wye,:

dy ayt oxV
= 2 p v _ o
U(y) = (det [ST])UGD, V() = S5 VI ), Waly) = 50 Wal) (8.39)
One constructs first the vector space of ordered products,
T(pqw) =U"-V@--- VAW ---aW, (B.40)
P q

on which the permutation group S, x S, acts, where S, permutes the V-factors and S, per-
mutes the W-factors. The vector space T(p,q;w) may then be decomposed, in a unique
fashion, into a direct sum of irreducible representations of the permutation group (in-
dex symmetrization). Finally, each summand in the so-obtained direct sum may be further
decomposed by contracting with invariant tensors 5/, euvpo and el'rr,

Focusing on the structure of the transformation properties, i.e., how a quantity transforms with
respect to general coordinate transformations, rather than how it may have been constructed,
produces the complementary general definition:

Definition B.2 (tensor density) A quantity that is in some coordinate system (with coordi-
nates x*) specified by its components {Tlfl1 VH "(x)} and the components of which in some

other coordinate system (with coordinates y”) may be computed using the relations
Ay T1\¥ Jyf1 oyPr ox"1 ox"1
£1-Pp y vy 9 . ppp
Toyay () = (d t[axD oxi1 9xtr oyt 9y Ty / (x) (B.41)
is called a tensor density of weight w, type (p,q) and rank p+q. Weight-0 tensor densi-
ties are called tensors; rank-1 tensors are called vectors, and rank-0 tensors are scalars,

i.e., invariants. The symbol [a ] denotes the matrix of partial derivatives that appear in
equation (B.26).
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This special meaning of the word “density” — which in this special use always follows the adjective
“tensor,” “vector” or “scalar” — must not be confused with the familiar notion as in “per unit of
volume.” Thus, for example, “Lagrangian density” literally means “Lagrangian per unit of volume.”
On the other hand, in the sense of Definition B.2 and in the typical practice in theoretical and
mathematical physics, Lagrangian densities are — as well as the Lagrangians and Hamiltonians and
Hamiltonian densities — scalars, i.e., weight-0 scalar densities [#= Conclusion 9.5 on p. 328].

Comment B.1 Specifying all components in any one concrete basis does specify the tensor
density abstractly, since the relations (B.41) provide the transformation rules from one ba-
sis into any other one. In the mathematical literature one typically uses the natural basis
{dx#, 2.}, whereby a tensor density is specified invariantly as

7 oxF
T(x) : d"®---®dx" THHp (x) J R R ai (B.42a)
: g S 3o .
Using the relations (B.25)—(B.26) and (B.41), it is then easy to show that
) w
T(y) = (det [a—ZD T(x). (B.42b)

In this book, I follow the physicists’ practice of specifying and manipulating components
(with respect to any one particular basis) as the representatives of the whole tensor density;
see Digression 3.3 on p. 88, as well as the discussion in Wald’s textbook [548].

B.2.2 Tensor algebra
Scalar functions (weight-0 scalar densities) over spacetime are, in the physics nomenclature, typi-
cally called scalar fields. These scalar fields (in the physics sense) form — at every spacetime point
separately — a field in the mathematical sense. That is, addition and multiplication of scalar fields —
taken at any particular spacetime point — follows the usual rules of addition and multiplication
of “ordinary” (real and complex) numbers. It is, however, important to note that this is not the
case when adding/multiplying scalar fields where the summands/factors are taken at different
spacetime points: f(x) g(y) is not a function of either just x or just y, but of both. Thus, scalar
functions (over the whole spacetime) do not form the usual algebraic structure of a field. However,
restricting the binary operations to the cases when both summands/factors are taken at the same
spacetime point produces an algebraic structure that minimally deviates from the standard defini-
tion of the (mathematical) field, i.e., extends this definition.® The corresponding generalizations
of functions (and all the tensor densities as well) over general, curved spaces are called sections of
various bundles [w [563, 210, 379, 176], to begin with].

Similarly, tensor densities Tf]lf.‘.;,’;p (x) may be multiplied by scalar densities f(x) by simply
multiplying each component. Also, it should be clear that the tensor densities of the same type and
weight may be added, which permits defining point-by-point linear combinations such as

FX) Ty (%) + h(x) Uy 7 (x), (B.43)

as long as the sum of weights of f and T equals the sum of weights of  and U, and this generates
a structure that minimally generalizes the structure of a vector space:

3 The deviation pertains precisely to the general case, when the arguments of the two factors in a product are not the
same. For those cases, one may simply declare that multiplication is not defined — which is already a departure from the
standard definition of a field, or one may define such a product via some formal expansion into a series in powers of
the difference (x—y) — when such a power series is well defined, etc.
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Definition B.3 Tensor densities of the same type form a generalization of the vector space as
their linear combination is defined by specifying

F) T (%) + h(x) UL (%), (B.44)
where the coefficients are scalar densities of complementary weights:
w| f(x) Tfllﬂ‘.;f]” (x) ] =w[h(x) uﬁ‘f.l'ﬁjf]” (x)]. (B.45)

The linearity of the definition guarantees that the result (B.44) is again a tensor density of
the same rank, type and weight.

The structure of a vector space is recovered by restricting to constant coefficients and tensor
densities of the same weight.
The following two operations are also important:

Definition B.4 (Contraction) For any type-(p,q) tensor density, where p # 0 # g, one
constructs the contraction
A Pt o (sviepee e
S+ TR ) e T () = ((sgj:rm...,,iqu”(x)), (B.46)

where ji; denotes that the index y; is omitted from the sequence. The result of contracting
is a type-(p—1,q—1) tensor density of the same weight as the original tensor density.

Definition B.5 For any two indices of the same type, one defines
T = LT T, and T = LT - T, (B.47)

the so-called symmetric and antisymmetric part of the original tensor density. The linearity
of the definition guarantees that both parts retain the rank, type and weight of the original
tensor density.

With tensor densities of a rank higher than two, the combinatorial possibilities and wealth of
various (anti)symmetrization patterns grow very quickly; some simple examples are given in re-
lations (A.66) and (A.76). Technically more precisely, the various forms of (anti)symmetrization
provide various representations of the permutation group that acts by permuting the indices of the
same type (here, subscript vs. superscripts).

Comment B.2 Every tensor density with at least two indices of the same type may always
be decomposed:

AR B A R S, (B.48)

where T and T transform the same as the original tensor density, T"'"". More
generally, every tensor density may be decomposed into a sum of tensor densities, each
of which is an irreducible representation of the permutation group that acts by permuting
indices of the same type.

The operations provided by the definitions B.3, B.4 and B.5 generate a structure that is usually
called simply “linear algebra.”
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Finally, define also the multiplication of tensor densities:

. .. 10,/ A
Definition B.6 For any two tensor densities T,f‘ll J ’(x) and uﬁlf,’; (x), respectively of type

(p,q) and (p'q') and weights w and w', the tensor product may be specified by the relation
Hip Hp+1 Byt
(T & Wagoa ) (0 = T 00 Usy o () (8.49)

G+1" Vg

the result of which is a type-(p+ p’ ,q+q') and weight-(w + w') tensor density.

B.2.3 Tensor calculus
The rate of change of a vector such as A(x) = A¥(x) e, (x) over spacetime is then

A I [, Ay vy 98
= (AT en() = Soreu(x) + A'(x) 5 (B.50)

Since e, form a complete set, the partial derivative in the second term must be expressible as a
linear combination in the same basis:

oe

ﬁ =: Ff,v(x) ep(x), (B.51)
where 1",’11, (x) are, for each pair (¢, v) and at each point x in spacetime, simply the 4-tuple of
coefficient functions in the linear combination of basis vectors e,(x). Combining results (B.50)
and (B.51), we have

0A 0AF -
5 = Lo A Thv ] eo(x). (B:52)
It is straightforward that
d oeP
w(ev-ep = 55) =0 = 5= —TIy (%) €¥(x), (B.53)
whereby 3 5 et 5
B B e B
= s e () +Bu(x) 5o [ — — B rPV}eV(x). (B.54)

The quantities in the square brackets in equations (B.52) and (B.54) are then defined as the
covariant derivatives of the components

D, AP := [0,A? +T4,A"] and DB, := [9,B, —T,B,]. (B.55)

The formula (9.17) is then the straightforward iteration of these two definitions, as dictated by
Weyl’s Construction A.1 on p.478, adapted here to provide Definition B.1 on p.511.

The definition of Fﬁv (x) in equation (B.51) and the relations (B.36) then imply several im-
portant properties of FfW (x). First,

de, e e

0 _ v _ _ 1P P _ 1P
Twep = o 3o 3ot iuep = T =Ty (B.56)
Next, compute
9y 0
e w(ey-e,,) =Tj.e0ev +euTyer =T3¢0 + Suoly, (B.57)

Reusing this equality with permuted indices y, v, p, we obtain

agya agwf agyv 0
oxV + oxt  oxC = 2800w, (B.58)
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which implies the standard formula [508, 62, 367, 548, 66, 96]

0g ) 0
01 po S 8uv
Tho = 38 [ 55+ 55 — 9ar ) (B.59)

It is then straightforward to show that
Dugvp =0= D,g"". (B.60)

We close with a useful result and a comment. The Jacobi identity for derivatives of the
determinant g := det(g ] is
aig _ vpagVP vpagVP _ laig _ 1 a(ig) _ aln(fg)
oxt PR M P goxt  (—g) oxt  oxt (B.61)

where the sign-change was necessary as spacetime metrics have an odd number of negative
eigenvalues and so a negative determinant. Now contract the expression (B.59):

g 0 O uv 0o
Ho_ 1, uc Ho v _ JSHV | 1 uo oK
T = 28 { oxV + oxH 0x7 } 2 oxV ’ (B.62)

; 9Quo 10 op98vn _ o 98wy i identi
Sl'nfg gt s = g7 5 = gM" 57 and the last two terms cancel. Using then the identity (B.61)
yields

dln(g) 9ln(/3) 1 9%
o1 _ _ b
T =2 oxH oxH Vg oxt’ (B.63)
Therefore,

3 oA v J0AH

D-A=e¢l S (D AY) et e, = (D AF) = e + T, AY,
AL (108 1OWEA) 1LINESA) g
oxVv V8 0x¥ Vs oxY V3 oxV )

provides the definition of the spacetime gradient of a 4-vector, alternatively given for a vector spec-
ified in terms of contravariant and covariant components. The spacetime gradient of a type-(p, q)
tensor density of weight w is then obtained by iterating this result. For example, the spacetime
divergence of a type-(2,0) tensor is

m (/3T
(D.’I[‘)U _ 8;;# + rzaTW + FZUTW — \}g(\gif) +r:,gTW. (B.65)

The general result is

— ay |\ ¥ ayf1 dyPr ox"1 ox"1 9x* 1 pp
P1Pp el L. L. el H1H
(D)\T(Y))alma: = (det [8 ) Fy 3 9y 3% I (DKT(X))H”_H‘_ (B.66)

That is, the covariant derivative of a type-(p, q) tensor density of weight w is a type-(p, +1) tensor
density of weight w.

Finally, we note that for every u the vector e, (x) is defined infinitesimally near the point x.
Using the 4-vector of partial derivatives %, we may define

0
e ' (x): ey =e,"(x) FT (B.67)
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exhibiting that the basis elements e, (x) span a linear vector space. This locally (infinitesimally)

defined (tangent) spacetime must then be isomorphic to R, and we are free to choose Cartesian

coordinates in it, say ¢", for which gy, (§) = —#mn, so that e, (x) = e, (x) %. In turn, comparing
the straightforward computation

o L 20 0" 3

Hooxi 9k o¢m’

(B.68)

with the definition of ¢,"(x) given in (B.67), we see that ¢, (x) = %, when the local tangent-
space derivatives % are used as covariant basis elements, instead of the curvilinear aBTeu-

The so-defined 4 x 4 matrix of coefficients e," (x) is variously called a tetrad, a Fierbein (Ger-
man: fier = four, Bein = leg), a “moving frame,” or a “soldering form” [508, 62, 367, 548, 66, 961,
as it relates curvilinear derivatives to the local, tangent-space, % = eym(x)a%m, at every point in

spacetime. Straightforwardly,
e}lm (X) (_777”71) ey (X) = gyv(x>/ (B.69)

and e, (x) may be regarded as a square-root of the metric tensor. By abuse of language, one
says that y, v, ... are “curved indices,” meaning that they indicate curvilinear coordinates; in turn,
m,n,... are dubbed “flat indices,” meaning that they indicate Cartesian coordinates in the flat
tangent spacetime = R'3, which is defined locally (infinitesimally) at every point x of otherwise
arbitrarily curved but smooth spacetime.

Clearly, at any point where the local system of partial derivatives % is ill-defined, this con-
struction in the specified coordinates breaks down, detecting a candidate (putative) singularity;
see the discussion in Section 9.3.1, starting on p. 334.

B.2.4 Functionals and functional derivatives
Without delving into technical details and a rigorous definition of functionals and functional
derivatives, we provide here a heuristic introduction and a few results that prove useful in
computations such as done in Digression 5.9 on p. 191 or Section 11.2.4.

Consider first a 4-vector x = (x0, x1, x2, x3). The value of the symbol “k*” clearly depends on
the choice of the index, which indicates one of the four components. Note that there are only a
finite number of choices for y, and thus a finite number of components of k*. This is conceptually
similar to the notion of a function f(x), the value of which depends on the choice of the argument
x — except that x varies continuously over a range of values. For each of the permissible choices
of the argument x, f(x) returns a value and so the space of possible values may well also form a
continuously infinite set.

We frequently consider summation over the indices — which we will write explicitly in this
section, such as,

3
(x-m)y =Y X = oy + %1y + iy + 213, (B.70)
u=0

In the 4-vector quantity so defined, the index v appears on both sides of the equation and remains
free: it may be freely chosen and changed at will. By contrast, the index u has been summed over,
does not even appear in the right-most, expanded version of the sum, and is not free to substitute
arbitrarily chosen values (from within 0,1,2,3); it is a dummy summation variable. Conceptually,
this is identical to the fact that in the integral

b
F(f;y] ::/‘Z dx f(x) H(x,y), (B.71)
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the argument y remains free and available for substitution with any of its allowed values, while
the variable x has been “used up” to compute the integral. Just as the sum (B.70) depends on the
4-vector x and its 4 components (xo, x1, x2, x3), so does the integral (B.71) depend on the choice
of the function f(x) and its values. Just as (x-#), no longer depends on the “used-up” index x,
neither does the integral F[f;y] depend on the “used-up” variable x.

Both of these expressions depend on the summation (integration) limits, they also depend on
the additional rank-2 tensor (2-argument function) quantities, #,, (H (x,y)), but we focus here the
dependence on the 4-vector x* vs. the function f(x). In particular, we easily compute the derivative
by x* of the first of these quantities:

) 9 o 3.9 3. oxH My
g (e = g Y = 1 gt = 1 (Gt 5 )
u=0 u=0 u=0 ~——
assume =0
3. oxt
= Z (ﬁ = 55)77;11/ = Nav- (B.72)

In the indicated assumption, we state that the rank-2 tensor 7, is defined independently of the
4-vector x*. In perfect analogy with (B.72), we compute the functional (also called variational)
derivative of the integral (B.71):

6 k) b b 5
WF[f;y] = m/a dx f(x) H(x,y) :/a dx Wf(x)H(x’y)

— [[ax (F e + o )
e

f(z) of(2)
) ) 5f(x) B assumejo
= /u dx <5f(z) = (5(x—z)>H(x,y) = H(z,y). (B.73)

In the indicated assumption, we state that the 2-argument function H(x,y) is defined indepen-
dently of the function f(x). Still more generally, consider a nonlinear functional of the function

£
b
Flf) = [ ax 7 (F(x)), (B.74

(f())?

O Requiring the

where . is an arbitrary functional expression involving f(x), such as

basic chain rule to apply, we obtain

 Flf) = /bdx 0
of(z) Ja " 5f(2)
where the symbol f is used in the partial derivative within the square brackets as a formal argument
of the function % and the derivative is calculated in the standard way. Once the derivative is
computed, { — f(x) is substituted back in the resulting (derivative) functional expression. Note
that the Dirac é-function, é(x — z), quenches the integration to an evaluation at x — z.

There is, however, an aspect of functional derivatives that does not have a direct analogue
in the 4-vector calculus framework of (B.72), and it has to do with cases where the definition
of the functional such as (B.71) depends not only on the function, but also on its derivatives.

2(F0) = [ axsx—2)[25E

, (B.75)
L%f(x)
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This is actually a fairly typical case as most Lagrangians are functional expressions involving not
only fields, but also their time derivatives. The time-integral of any Lagrangian is then Hamilton’s
action, and it is a functional of the fields involved. For example,

$;C] = /TdtL 6.0, 9",...). (B.76)
5 /d%¢ L, ¢, ¢",...)
T / 9 " 9
(B e

where all the expressions in the square brackets treat ¢,¢’,¢"”,... as independent variables to
perform the indicated partial derivatives, then re-submit ¢ — ¢(t), ¢’ — ¢'(¢), etc. Next, we use

without proof that f‘;p’(t) = (4 09(1) ):

p(r) — \di 59(7)
ds b d* s b
= e {SE 1] + (5500 [55] + (o) o]+ }
2
= [afonlig)+ o))+ (o) )+ )

Next, we integrate by parts; the second term once, the third term twice and so on:

2
—/dtét r{ (P} (i[;;})qt(;ﬂ[iﬁ,})jt---}ws.r, (B.78)

where “B.T.” denotes boundary terms stemming from the integrations by part. Finally,

0 e ol o qk 4 AL, (D), ¢"(T), ...)

A further generalization of this to n-tuples of fields, and to dependence on more than one variable
is straightforward:

) > 9 L(¢.(x),0'¢.(x),9%¢.(x),...)
Slp;C| = —1)kok +B.T,, (B.80a)
MM)W] g() (¢ (x))
=909, and a=12...n (B.80b)
N——

k factors

and where a summation is implied between each spacetime partial derivative occurring within the
two copies of 9% — one acting on the partial derivative of the Lagrangian density and the other in the
specification of the derivative field with respect to which the partial derivative of the Lagrangian is
computed:

oL . oL 9.9,——F . BT (B.80c)

T 00 Ma@upa®) Y 3(0u0ua(x))
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B.2.5 Exercises for Section B.2

% B.2.1 Using the results (9.4) and (3.11c), prove that the line element (B.27) is invariant
under general coordinate transformations.

% B.2.2 Using the standard rules of calculus (B.23)-(B.24), prove that (B.28) is invariant
under general coordinate transformations.

% B.2.3 Using the standard rules of calculus (B.23)-(B.24), prove that the Levi-Civita
symbol (B.29)—(B.30) is invariant under general coordinate transformations.

% B.2.4 Prove the relationship (B.31).

B.3 A telegraphic introduction to Gédelian incompleteness

This sketchy and perforce incomplete account of Kurt Godel’s incompleteness theorem and its
corollary, as well as their implications for all sufficiently complex theoretical systems, is meant
to alleviate the fact that most physics students are not familiar with it. For a more complete and
precise introduction, see Refs. [211, 376].

With excellent prospects of hilariously oversimplifying the historical background and signifi-
cance of Godel’s theorem, let me just mention as a backdrop the incredible Principia Mathematica
by A. N. Whitehead and B. Russell: This three-tome opus [571, 568, 569, ~ 2,000 pages in total],
justifying even a 500-page abridged version of Vol. 1 [570], collects the best efforts to cast the
complete and rigorous foundation of all mathematics in Peano’s formal symbolic logic and Frege’s
set theory. The first edition of the Principia Mathematica was published in 1910, and was then
improved for the second edition in 1927.

The ultimate hope was that all of mathematics could be shown to be deducible from an ef-
fectively generable collection of axioms,? and by means of perfectly rigorous logic. Whitehead and
Russell’s opus not only set formidable standards for the rigor of proof (hereafter to be pursued in
mathematics), but provided an indelible influence on a century of development in (mathematical)
logic and set theory, and metamathematics — the mathematics of how mathematics is to be practiced
and understood.

In 1931, Kurt Godel published an announcement of his incompleteness theorem, its corollary
(often referred to as the second incompleteness theorem) and an elaborate sketch of proof, defer-
ring the complete proof (to the level of rigor as set by the Principia Mathematica). His results were,
however, accepted at once and Godel never did get around to publishing the completely detailed
proof [211, 376].

GoOdel’s incompleteness theorem and its corollary pertain to axiomatic systems that are suffi-
ciently complex to contain the axiomatic system of standard arithmetic. Recall that an axiomatic
system is a logical system that has, roughly:

1. a fixed list of symbols,

2. a fixed list of “syntactic/grammatical” rules specifying which strings of symbols represent
“well-formed” (meaningful) expressions and statements,

3. afixed list of adopted logical rules of manipulating and combining statements, and

4. afixed list of “axioms” (postulates) — statements that are adopted as the “primary statements
(truths)” of the given system.

4 A collection of objects is effectively generable if there exists an algorithm that will enumerate all the objects in the
collection without ever enumerating anything else.
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Every such axiomatic system then has statements that are spelled out with its symbols (1) and
which are well-formed (2); those that can be derived using the rules (3) from the axioms (4) are
called “theorems.”

Within this framework, it was the hope of the research culminating with Whitehead and Rus-
sell’s Principia Mathematica that a suitable system of axioms could be found for all of mathematics,
such that every well-formed mathematical statement could either be proven (by deriving it from
the axioms) or disproven (by deriving its logical negation instead).

Godel’s incompleteness theorem states that no axiomatic system that is sufficiently complex
to contain arithmetics can both be complete and not be self-contradictory. That is, to avoid being
self-contradictory, every such axiomatic system must contain statements that can be neither proven
nor disproven within the axiomatic system as given. Godel also drew an immediate corollary (oft-
cited as his second incompleteness theorem owing to its importance), which states that no such
axiomatic system can prove/demonstrate its own consistency [211].

Even more remarkably, Godel’s proof is constructive! Within any such axiomatic system,
Godel’s proof explicitly shows how to construct a very specific statement, which can neither be
proven nor disproven within the given axiomatic system. Although Gédel constructed this partic-
ular undecidable statement in his proof, and expressly for the purpose of proving the theorem,
it does follow that there exist infinitely many such undecidable statements — and some of those,
within physics as a formal axiomatic system, are bound to be of interest. Such undecidable state-
ments are then often called Goédelian, although strictly speaking this name should be reserved for
the specific statement constructed in Gédel’s proof for the given axiomatic system.

Conclusion B.1 To any axiomatic system (sufficiently complex so as to contain arithmetic),
either a Gédelian undecidable statement or its logical negation may be added as a new
axiom — and this extension may be repeated recursively forever [211, 376].

It is worth noticing that the Popperian notion of falsifiability (at least in an admittedy naive
understanding [== Digression 1.1 on p. 9]) presupposes all statements that one may spell out within
some theory (or theoretical system) necessarily to be either falsified or confirmed - so that there
must exist provable/derivable statements within that theory, which then Nature (experiment) could
falsify. In turn, a theory may well be undecided about any particular and otherwise perfectly self-
consistent statement being tested. Nature then may choose one of the options, so effectively decide
the statement — and extend the theory.

Example B.1 Within the standard theoretical system of Newtonian classical mechanics,
Bertrand’s theorem [ textbooks of classical mechanics such as [213]] guarantees that
stable circular orbits in (3 + 1)-dimensional spacetime are ensured only by two central
potentials:

1. the Kepler/Newton potential, —Z,
2. the radial harmonic potential, 1kr?.

However, there is nothing within this theoretical system that could decide which one
is the one that keeps the planets in stable and nearly circular orbits around the Sun. It
is the correlation between the orbital linear velocities of the planets and their distance
from the Sun — observed in Nature to be v « r~1/2[2 derive]— that clearly picks the
Kepler/Newton potential over the v o 13/2 [ derive] of the harmonic potential.
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Example B.2 Within the standard theoretical system of Newtonian classical mechanics,
there exists no reason to impose Bohr’s ad hoc quantization of the angular momentum
for the electron orbiting the proton and so forming a hydrogen atom. However, neither
does there exist a reason against such a quantization: strictly speaking, the assumed con-
tinuous variability of the magnitude of angular momentum in various physical systems
is merely an implicit assumption, bolstered by no noticed exemption in the macro-
scopic world; see, however, the discussion in Section 8.3.1 and Footnote 11 on p.310
in particular.

Therefore, from within the formal theoretical system of classical mechanics,
whether or not the angular momentum of an electron orbiting a proton is to be quan-
tized and in what units is in fact an undecidable statement in Godel’s sense. Nature quite
clearly resolves the issue: Experiments show that the angular momentum of any physical
system can only change in integral multiples of /7, and so must be either an integral or
a half-integral multiple of this unit. The quantum extension of classical mechanics is in
this sense precisely a Godelian extension of the axiomatic theoretical system of classical
physics to the axiomatic theoretical system of quantum physics.

Example B.3 As discussed in Section 9.1.1 and Digression 8.1 on p. 295, attempting to
fuse Newtonian mechanics and Maxwell’s electrodynamics requires one to either mod-
ify electrodynamics so as to become Galilean-symmetric, or mechanics so as to become
Lorentz-symmetric. Since the Galilean group is the ¢ — oo limit of the Lorentz group,
the former of these options is achievable only if we take the ¢ — oo limit of the Maxwell
equations. Both resulting systems are consistent, so that a choice between them is not
decidable from within the theory alone. It is indeed Nature’s “choice” that light does
propagate at a finite speed, which then implies the latter option for the electrodynamics
of moving electric charges.

While one may wish for such a “resolution by Nature,” as described in the Examples B.1,
B.2 and B.3 above, there is in fact no guarantee that all “theoretical” dichotomies in our at-
tempts to describe Nature will be similarly resolvable by observation. Indeed, the discovery of
the ever-increasing list of ever more various dualities [ Section 11.4, to begin with] seems
to indicate that this “plurality” of description is an innate characteristic of our understanding
Nature.

Finally, the prospect of perpetual Godelian extensions — in as much as it seems applicable to
physics — seems to agree with some of the historical lessons, seen with the benefit of hindsight.
Within the theoretical system of classical vector fields, the model described by the Maxwell equa-
tions is “well-formed,” but undecidable. There is nothing in classical field theory formalism that
could prove or disprove the Maxwell equations from any system of axioms, which does not in fact
include either the electrodynamics laws that those differential equations represent or the gauge
principle as introduced in Chapter 5.

In this sense then, the gauge principle (or the electrodynamics laws represented by the
Maxwell equations) is a Gédelian undecidable statement within the theoretical system of classi-
cal fields. By including the gauge principle, we obtain the particular theoretical system of classical
fields that is called electrodynamics, in which the vector fields E, B, A and the scalar field ® acquire
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a specific meaning and application. The theoretical system at hand has at once both become more
specific and acquired a richer structure (less arbitrariness).

Godel’s incompleteness theorem then implies that the axiomatic system of theoretical physics
definitely can be extended indefinitely, and in infinitely many ways. Which of those extensions will
turn out to be useful towards the intended purpose of theoretical physics, of course, remains an
open question — and may well remain so indefinitely&.



A few more details

Ci

Nobel Prizes

Success in science is, strictly speaking, measured only in ells of time: Democritus’ and Leucippus’
idea of elementary particles, even after two and a half millennia, serves successfully as a guiding
thought and Leitmotif, and Newton’s and Leibniz’s calculus still forms the basis of the mathemati-
cal formulation of the laws of Nature. The fact that more than a third of twentieth century Nobel
Prizes were awarded to discoveries relating to the physics of elementary particles and fundamen-
tal physics is probably foreordained by the selection effect: in a field where one knows less, the
probability of discovering something fundamentally new is higher. Nevertheless, I hope that this,
perhaps even pompous, review of major successes in the past century will serve as a convenient
reminder.

Table C.1 Nobel Prizes awarded for discoveries and contributions in fundamental physics

Year Awardee Award for [paraphrase; T.H.]
1901 Wilhelm C. Rontgen discovery of the remarkable rays subsequently named after
him, also known as X-rays
1903 A. Henri Becquerel (%) discovery of spontaneous radioactivity
Pierre Curie, Marie their joint researches on radiation phenomena
Curie, née Sklodowska
1906 Joseph J. Thomson investigations on the conduction of electricity by gases
[i.e., discovery of the electron; T.H.]
1918 Max K. E. L. Planck advancement of physics by his discovery of energy quanta
[quantization of electromagnetic radiation emission; T.H.]
1921 Albert Einstein discovery of the law of the photoelectric effect
[not the discovery that electromagnetic radiation exists in quanta —
photons; T.H.]
1922 Niels H. D. Bohr investigation of the structure of atoms and of the radiation

emanating from them
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Year Awardee Award for [paraphrase; T.H.]
1923 Robert A. Millikan work on the elementary charge of electricity and on the
photoelectric effect
1925 James Franck, discovery of the laws governing the impact of an
Gustav L. Hertz electron upon an atom [confirming the quantization of
atomic states; T.H.]
1927 Arthur H. Compton discovery of the effect named after him
Charles T. R. Wilson method of making the paths of electrically charged
particles visible by condensation of vapor [invention of
the cloud chamber; T.H.]
1929 Prince Louis-Victor discovery of the wave nature of electrons [and not the
P. R. de Broglie universal wave—particle duality; T.H.]
1932 Werner K. Heisenberg creation of quantum mechanics
1933 Erwin Schrodinger, discovery of new productive forms of atomic theory
Paul A. M. Dirac
1935 James Chadwick discovery of the neutron
1936 Victor F. Hess discovery of cosmic radiation
Carl D. Anderson discovery of the positron
1939 Ernest O. Lawrence invention and development of the cyclotron
1945 Wolfgang Pauli discovery of the exclusion principle
1949 Hideki Yukawa prediction of the existence of mesons
1950 Cecil F. Powell development of the photographic method of studying
nuclear processes and his discoveries regarding mesons
made with this method
1954 Max Born statistical interpretation of the wave-function
Walther W. G Bothe the coincidence method
1955 Willis E. Lamb discoveries concerning the fine structure of the hydrogen
spectrum
Polykarp Kusch precision determination of the magnetic moment of the
electron
1957 Chen-Ning Yang, penetrating investigation of the so-called parity
Tsung-Dao Lee laws [i.e., of C-, P- and CP-violation; T.H.]
1958 Pavel A. Cherenkov, discovery and the interpretation of the Cherenkov effect
I'ja M. Frank,
Igor Ye. Tamm
1959 Emilio G. Segre, discovery of the antiproton
Owen Chamberlain
1960 Donald A. Glaser invention of the bubble chamber
1963 Eugene P. Wigner (%) discovery and application of fundamental symmetry
principles [%: Maria Goeppert-Meyer and J. Hans D. Jensen,
nuclear shell structure; T.H.]
1965 Shin-Ichiro Tomonaga, fundamental work in quantum electrodynamics,
Julian Schwinger, with deep-ploughing consequences for the physics of
Richard P. Feynman elementary particles [renormalization in QED; Freeman
Dyson showed the equivalence of the methods of Tomonaga,
Schwinger and Feynman; T.H.]
1968 Luis W. Alvarez discovery of a large number of resonance states

(hadrons)
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Year Awardee Award for [paraphrase; T.H.]

1969  Murray Gell-Mann classification of elementary particles and their interactions

1976  Burton Richter, discovery of a heavy elementary particle of a new kind
Samuel Chao-Chung Ting

1979  Sheldon L. Glashow, theory of the unified weak and electromagnetic interaction
Abdus Salam, between elementary particles, including, inter alia, the
Steven Weinberg prediction of the weak neutral current

1980 James W. Cronin, discovery of violations of fundamental symmetry principles
Val L. Fitch in the decay of neutral K-mesons [CP-violation; T.H.]

1982  Kenneth Wilson theory for critical phenomena in connection with phase

transitions
[this theory contains the approach to renormalization that is built
into the foundations of contemporary field theory; T.H.]

1984  Carlo Rubia, decisive contributions to the large project that led to the
Simon van der Meer discovery of the field particles W and Z, communicators of

the weak interaction

1988 Leon M. Lederman, neutrino beam method and the demonstration of v, # v,
Melvin Schwartz,

Jack Steinberger

1990 Jerome I. Friedman, pioneering investigations concerning deep inelastic scattering
Henry W. Kendall, of electrons on protons and bound neutrons, of essential
Richard E. Taylor importance for the development of the quark model

1992  Georges Charpak invention and development of particle detectors, in particular

the multiwire proportional chamber

1995 Martin L. Perl discovery of the tau lepton
Frederick Reines detection of the neutrino [already in 1956 — 39 years earlier!

C. Cowan died in 1974, and was not awarded; T.H.]

1999  Gerardus 't Hooft, elucidating the quantum structure of electroweak

Martinus Veltman interactions in physics [renormalization in models with Higgs
fields; T.H.]

2002 Raymond Davis Jr., pioneering contributions in astrophysics: detection of cosmic
Masatoshi Koshiba; neutrinos and the solar neutrino problem (the Homestake
Riccardo Giacconi Experiment) pioneering contributions in astrophysics: cosmic

X-rays

2004 David J. Gross, discovery of asymptotic freedom in the theory of the strong
H. David Politzer, interaction
Frank Wilczek

2006 John C. Mather, discovery of the blackbody form and anisotropy of the cosmic
George D. Smoot microwave background radiation

2008  Yoichiro Nambu (%) discovery of the mechanism of spontaneous broken symmetry

in subatomic physics
Makoto Kobayashi, discovery of the origin of the broken symmetry that predicts
Toshihide Maskawa the existence of at least three families of quarks in Nature
2011  Saul Perlmutter (%), discovery of the accelerating expansion of the universe

Brian P. Schmidt,
Adam G. Riess

through observations of distant supernovae
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It is worth noting that several physicists with very important contributions to fundamental
physics were awarded for their contributions in other areas, instead of their main discoveries: For
example, Ernest Rutherford was awarded the 1908 prize in chemistry, while his work on classifying
radioactivity, identifying a-particles as helium ions, establishment of the exponential decay law
and its use as a clock, and — most importantly — the discovery of the atomic nuclei were not so
awarded. Similarly, Enrico Fermi was awarded in 1938 for “demonstrations of the existence of
new radioactive elements produced by neutron irradiation, and for his related discovery of nuclear
reactions brought about by slow neutrons,” while his theoretical model of B-decay and his other
contributions to fundamental physics remained not so awarded; Vitaly L. Ginzburg was awarded in
2003, together with Alexei A. Abrikosov and Anthony J. Legett, “for pioneering contributions to the
theory of superconductors and superfluids,” but not for the groundbreaking work with Lev Landau
on spontaneous magnetization, which eventually led to the general idea of spontaneous symmetry
breaking and the so-called Higgs mechanism [# Section 7.1]. Bohr’s principle of complementarity,
Pauli’s prediction of the neutrino, and even Einstein’s theory of relativity, among others, remained
similarly un-awarded by the Nobel committee. After all, Nobel Prizes are also a testament to the
socio-political milieu. Finally, it is important to keep in mind the defined limitations: “In no case
may a [Nobel] prize amount be divided between more than three persons.” Also, “a [Nobel] Prize
cannot be awarded posthumously, unless death has occurred after the announcement of the Nobel
Prize” [517].

C.2 Some numerical values and useful formulae

While following the narrative in this book, numerical values of various constants are mostly
unnecessary, but it is useful to have an idea about the relative numerical values of the vari-
ous results, so that the Reader is expected to work through the derivations and complete the
skipped steps, as well as to complete the exercises. Tables C.2, C.3 and C.4 should help in this
endeavor.

When including electromagnetic phenomena in a study, note that the electric charge (divided
by the natural constant \/471¢p) may be measured in purely “mechanical” units, as shown in
equations (1.12). However, it is frequently useful to extend the unit system based on the mea-
surement of the physical quantities of mass, length and time (M, L, T) by adding, minimally, the
measurement of electric charge, C, and then consistently retaining all factors of \/47¢). Owing
to the identity ¢ =1/ €opo, the constant 1o may always be expressed as o =1/ eoc”. How-
ever, in order to emphasize the electro-magnetic duality, Table C.4 on p. 527 retains both ¢, and
1o = 1/egc® = 4 x 1077 kgm/ C2.

Table C.2 Natural constants and some useful characteristic values

I 1.054572 x 1073*Js  6.582119 x 10" eVs M; 217645 x 10~ 8kg  1.22090 x 10 GeV/c?

¢ 299,792,458 m/s me 9.109382 x 10731 kg 0.510999 MeV/c>
€p 8.854187817 x 1012 % my 1.883531 x 1028 kg 105.658 MeV/c”
e 1602176 x 10717 C my 3.167772 x 107% kg 1.776 99 GeV/c?
Gy 6.6742x 10711 1 67087 x 10~ Cr}le(\; my 1.672621 x 10~% kg 938.272 MeV/c”

kgs
N, 6.0221415 x 1023 /mol my 1.674927 x 1072 kg 939.566 MeV/c”

ks 1.3806505 x 1023 J/K 8.617343 x 105 eV/K "Mw 14333 X102 kg 80.403 GeV/c”
8 (28.74+0.01)° (“weak” mixing angle, 6;,) m, 1.62557 x 1072 kg  91.187 6 GeV/c”
615 (120 £0.08)° (the CKM matrix phase, 6;3) M 2.244x 1072 kg 1259 GeV/c”
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Table C.3 Some useful abbreviations and numerical values

X, ﬁ = % molw fine structure constant

Te hqfﬁ 2.817940325 x 10~ ° m classical electron radius

Ry ﬁ = %m.c®  13.6056922€V Rydberg, H-atom ion. energy
Ae m% = ;—i 3.861592678 x 10~ 13 m Compton electron wavelength
U ziZE 5.788381804 x 10~ MeV/T Bohr magneton

a S = b= 5291772108 <10 1'm  Bohr radius

Other electromagnetic units (farad, tesla, volt, ampere, etc.) are expressed in terms of N,
m, s, C. The unit C and the constants ¢y and /o may be eliminated by using the relation ¢ =
1/./€o}to, and by redefining the electric charge ¢ — q/./47tey, which then is expressed in purely
“mechanical” units. In general, note that precisely three base units are required in any system of
units, and it is merely a tradition to choose units of mass, length and time.

Alternatively, as practiced in fundamental physics, one chooses a unit of speed (c), a unit of
the Hamilton action or angular momentum (/) and a unit of the gravitational force per product of
the gravitating masses times the square of the distance between them (G, ). In addition to adopting
this choice, the first two of these units are not even written in high energy particle physics prac-
tice, which is often phrased by stating (somewhat confusingly) that “7# = 1 = ¢.” Every physical
quantity is now expressible in terms (and units) of, say, energy — which is convenient in particle
physics, since energy is in most cases the measured and controlled quantity [ Table 1.2 on p. 25];
Table C.5 could be helpful in this.

This practice is in fact no different than if one chose to adhere to a limited version of the
SI system of units where (1) all distances are expressed in meters and all masses in kilograms,
(2) no derivative units are ever used, and (3) one agrees to not even write the powers of ‘m’ and
‘kg.” Every physical quantity would then be expressed in terms of time, and measured in units of
suitable powers of seconds. In this system, length, mass and volume-specific mass (density) would
have no written dimensions, speed and linear momentum would be measured in s~! alike, while
s~2 would be the appropriate (written) unit for acceleration, force and energy.

The ultimately natural (and parsimonious) unit system is then the one attributed to Planck,
in which the natural constants ¢, /: and G, are implied but never written. This results, for example,

Table C.4 Comparative listing of primary (mechanical) SI units, minimally extended by the unit of
electric charge, coulomb (C), and the dimensions of some oft-used electromagnetic quantities

€0 E/ Fyv @, Ay Pe Te Ho E A Om Tm
Primary s?C? kgm kgm® C C kgm kg kgm C C
Sl units kgm® s?C  s$2C m?} sm? ¢z sC sC s2m s
St units ¢ N Nm C C N& Ns Ns C C
(kg—Ns*m) Nm? C C m3 sm? 2 mcC C ?m s3
i ) r°c> ML ML* C C ML M ML C C
imensions M3 T2C TC @ T2 C* TC TC TL T
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Table C.5 Dimensions of some oft-used physical quantities, in the general M*LYT* format (first row),
and the power-of-energy (particle physics) convention where 7 and ¢ are implied and unwritten units
(second row); e.g., [-Z] = 4 means [.Z] = MeV* up to powers of / and ¢

Basic units In Lagrangian densities Feynman calculus
c h Gy 2% ¢ Ay P Ju (YY) (@u) M T o
LoM2 L0 M M2 MZ o MLM T ML 1
T T MT? 2T T2 T2 T2 T2 L4 T T
0 0 2 4 1 1 2 3 3 1 0 1 -2
“ Relativistic Lagrangian densities .# are normalized so that [[d'x.#] = [i], with xX° = ct and

[d*x] = [LY]. Similarly, [ [ d*x¥mc>¥] =[], and Feynman calculus uses u o v/7ic3 [ dte ™'¥(x); see
also equation (5.53).

Table C.6 Natural (Planck) units and their SI equivalent value

Name Expression Sl equivalent Practical equivalent
Length 0 = \/ﬁ 1.61625x10~ B m

Mass M, = ﬁ 2.17644x10 8 kg 1.22086x10'° GeV/c?
Time tpo=/"% 539124x10 ¥s

Charge’ gp = Ameghc 1.87555x10718C  ey/a, ~ 11.7062¢

Temperature T :éMpcz 1.416 79%x 1022 K

a

a, &~ 1/137.035999679 in low-energy scattering experiments, but grows to about 1/127 near
~200 GeV energies [F< Section 5.3.3].

in the units for physical quantities that are listed in Table C.6 on p. 528, and the Reader is invited to
compute many more along the lines of the computations practiced in Section 1.2. Notice, however,
that once all physical quantities are expressed in units of 7z, ¢, G, — which are not written explicitly —
all physical quantities appear to have no (written) dimensions/units! Note that the Boltzmann
constant k; = 1.38 x 10723 J/K is clearly simply a unit conversion factor, from temperature to
energy, and need be written only if one wishes to emphasize the statistical nature of a certain
quoted energy (temperature).

Table C.7 lists a few symbols used in this book, many of which are fairly standard in formal
logic and set theory, but are not as frequently used in the physics literature. The symbols: o« (“pro-
portional”), = (“isomorphic”), ~ (“equivalent”), ~ (“approximate,” but “homomorphic” for groups
and algebras), ~ (“asymptotic” for functions, but “of the order of” for numbers), x (Cartesian or
direct product, but “vector product” for 3-vectors and the usual product of a decimal number
and a power of ten), ® (Kronecker, i.e., tensor product), x (semidirect product), <— (injection),
—» (surjection) and — (“maps/assigns to”) are probably more familiar, but are listed here for
completeness; see also the lexicon of jargon in Section B.1.

Finally, Table C.8 lists symbols that have been constructed for their specific indicated purpose
in this book, and which to the best of my knowledge do not appear elsewhere in the literature.
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Symbol

Table C.7 Symbols borrowed from formal logic and set theory

Meaning of the symbol as used in this book

$lw<am/s D2CHn

“subset”; e.g., “A C B” means “A is a subset” of B”

“proper subset”; e.g., “A & B” means “A is a subset” of B and A # B”
“union”; an element belongs to A U B if it belongs to A or B (inclusively)
“intersection”; an element belongs to A N B if it belongs to both A and B
“minus”; an element belongs to A ~\ B if it belongs to A but not to B

“in” or “is an element of”; e.g., “x € X” means “x is an element of X”
“empty set”, i.e., the formal set that has no element at all

“for all”; e.g., “Vx” means “for every x”

“exists”; e.g., “Ix” means “there exists an x”

“implies”; e.g., “x = y” means “x implies y” (said of claims x, y)

“is equivalent”; e.g., “x < y” means “x is equivalent to y” (said of claims x, y)

71If B has a structure (of an algebra, a group, ...), A inherits this structure from B — unless noted otherwise.

Table C.8 The definition of some less frequently used or here constructed mathematical symbols

Symbol

Meaning of the symbol as used in this book

- 4 0

LF

the left-hand symbol is defined to equal the right-hand expression

the previously undefined right-hand symbol is defined so as to make the
equality hold for all values of the remaining symbols

the left-hand symbol is defined to be equivalent (by an implicit
equivalence, such as integration by parts) to the right-hand expression
need not be equal - in distinction to the “(certainly) not equal” symbol, #

required to be equal
equals, owing to (by use of) the relation/property “ - -”

semidirect sum of two algebras a # b, the first summand maps a: b — b;
e.g., for Lie algebras, [a,b] € b, fora € aand b € b.
antisymmetric product of two forms [#= Digression 5.8 on p. 184]

C.3 Answers to some exercises
A successful solving of the end-of-section exercises should confirm the understanding of the mate-
rial of that section. For assistance and orientation, some partial and final results to these exercises
are listed here.

529

Ex. 1.2.1 and 1.2.3 Admittedly, these are trick exercises. Let a standing person’s horizontal linear
dimensions be scaled down by a factor of A, while the vertical measurements scale by A,
and let W denote the person’s weight, A the cross-section area of the bones in the legs (femur,
tibia, fibula, etc.) and P = % the pressure of the person’s own weight on these bones. Then,

WaApA2, AxA2 Py,

(C.1)

so that the vertical pressure in the bones is, in this rough estimate, independent of the hor-
izontal scaling factor and only depends on the vertical scaling factor. Therefore, in part 1 of
this exercise, for this pressure to be about the same as in ordinary humans, A, ~ 1 and not
Ay = 40 as stated.
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This then implies that, in Lilliputians and small animals, the structure and even chemical
composition of bones may be proportionally weaker than in ordinary humans. In turn, in
animals larger than humans, bones must support greater pressures than in ordinary humans.
Since the structure and chemical composition of bones cannot vary too much, this provides
a strong limitation on the height of land-dwelling animals. Sorry: there can exist no 25-foot,
20-ton gorillas.

Ex. 1.2.6 The principal quantum number n becomes continuous.

_ 19 p B _
Ex.24.1 Ay(6) = 34 (2 7. Az =0.
Ex.3.24 T, — Ty = (my—my)(1 — "5"2)c?, so that T, — Ty = 5 (M—my)c” when my = 0.
Ex. 4.2.1 With only the orthonormal states |a) and |b) given, eigenstates must be of the form
ala) + B|b). Then P|a|a) + B|b)| = mp[a|a) + B|b)], where 77, is the eigenvalue, so that

reo[ala) + BIb)] = Plala) + BIb)] = [a[b) + Bla)]. (C2)
Projecting with (a| and (b| yields
mea=p, mB=a = nl=1, mp==L (C.3)
From that,
me=+1, )= (la)+1b),  PlH) = (1)) (C4)
me=-1  [-)i=Z(la) b)), Pl-)=(-1)|-) (C.5)
Ex. 5.3.2 Using the relations from Digression 5.9 on p. 191, we have
0Zorn  _ J _ ing — oy Vo —
a“a(a“Aﬁ) - a"‘a(a“Aﬁ) [ 4 (aVAV aVAﬂ)” U) (aPA‘T aUAP)}
s, o 0, A0, Ay)
+ (a#AV_avAy)W”pUW(ngg—(Sgg)}
= 1%, [(555—53‘5)(3%*14”—3%”) + (aPAU—aUAP)((s;’;ﬁ—(s:’;ﬁ)}
= — 523, [ (6 —asf P + PP (82— 03]
= 4300, [P — PP PP — PP = —drre 0, PP, (C.6)
Similarly,
BXQED o d

oA, m [ -Y(x) [i'ﬂ‘ (7cdy, — iqTAH)—mCQ} ‘I’(X)}

- ¥(x) [iw( - iwaﬁ)] ¥(x) = —qy ¥ (x)yP¥(x). ()

The relation (5.120f) follows upon equating these two results.
Ex. 5.4.4 Using definition m; := z;M, the property §(ax) = 6(x)/a and that x; = x/z; yields
, Q? x Q? x Q?
1 __ i - — =i s ) = L .
M= 50z 5(21- 1) 2M ‘S(Z’zi Z’) an O E) 8

Also, using that §(x—1) = x?§(x—1) yields
o 2mic Q7 2(Mz;) 2 Q?
Wé = _mlcizglxi25<xi_l) — _(Z(;zLQinzZi(Xx_zi)

2Mc*Q?
— qul x?6(x—2z;). (C.9)
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Ex. 6.1.3 Write the equation 9, F"*" = ]‘” in matrix notation, 9, F*" = J,, where we also have

equation (6.16), IF’ = U(,, ]FW . It then follows that
"M = 9, (Up F U, 1) (C.10)
= (3 Up) ™ U, " + Up (9, 1)U, + Up M (9, U, ). (C.11)

To simplify this result, use that 1 = UpU,, 1. the derivative of which gives

0= (0uUp)U," + Up(9,U,") = (0uU,") = —U," (0,Up) U, " (C.12)

Combining, we have
QM = (3,Up) M u, "’U(l’(aHlFW)U_l Uq,]FVVU_l(aqu,) Ut
= (9uUp) Uy (UM UY) + (Up T U, 1) — (Up B U, 1) (04U U,
=T+ (a%U¢) IF,PV F'1 (2, Up) Uy '
=Ji5+ [(BVU(P)U([JI/ F'], (C.13)

the form of which could have been guessed from relations (6.39) and (6.6c).
Ex. 7.1.2 Motivated by the form of the result to be proven, use the polar coordinates ¢; = ¢ cos 6,
¢» = osin 6, where the potential density in the Lagrangian density (7.21) becomes

so that the stationary values of the variable ¢ are given by

2 .

~(5)e+r’=0 = 9=0, ox=%/7. (C.15)
It is not hard to prove that gy = 0 is a maximum, and ¢4 = h"% a minimum; the third
solution, o— =

result follows by transforming back into Cartesian parametrization, (¢1, ¢,).
Ex. 9.1.4 In the extended equality (9.14) only the last one is not evident, and follows from the fact
that

g}ll/g’“/ =4 :(5> (s(g;u/g'uv) =0 = (ngv)g'uv = _gyv((sgyv>- (C16)
With no extra effort, we also have the general result:

(%

g 8" =0y = 5w g ) =0 = (6gw)g" = —gu(6g""). (C.17)
Contracting this last equality with gf¥ yields [== also Digression 9.3 on p. 329]
08" = =g (0gu)8"" (C.18)
Ex. 10.3.1 Direct computation yields
Tr [{Q, @} = 33 {@, Q") +3 ) {Q", a;}
i i
- %;w+% Yia,af+3) (@ a}+3) {a" Q")

i i i
=0 =0
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1Y {ai+a", a+a™)] (10320) 310 =199

1

Yl =o, (C.19)

where 9,0, = |Ql-|2 as the operators Q; are Hermitian.
Ex. 11.3.1 The Ricci tensor is

—2¢~ ¥ [k sig? (y) —o(y)] 0 0
[Rinn] = 0 2620 [k sig? (1) —6(y)] 0 : (C.20)
0 2k[5(y) —k sig? (y)]

and the scalar curvature is R = 2k[45(y) — 3k sig?(y)].
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