Physics Letters B 819 (2021) 136428

Contents lists available at ScienceDirect

PHYSICS LETTERS B

Physics Letters B

www.elsevier.com/locate/physletb

L))

Check for
updates

Actions, equations of motion and boundary conditions for
Chern-Simons branes

Pablo Mora

Centro Universitario Regional Este (CURE), Universidad de la Reptiblica, Uruguay, Ruta 9 km. 207, Rocha, Uruguay

ARTICLE INFO ABSTRACT
Arfid? history: Actions for extended objects based on Transgression and Chern-Simons forms for space-time groups and
Received 19 May 2021 supergroups provide a gauge theoretic framework in which to embed previously studied String and Brane

Accepted 2 June 2021
Available online 4 June 2021
Editor: N. Lambert

actions, extending them in interesting ways that may be useful in a future non perturbative formulation
of String Theory. In this Letter I investigate aspects of the actions of these theories, including equations of
motion and boundary conditions, gauge and space-time symmetries, and Dirac quantization of tensions.
This theoretical framework is shown to include in certain limit and for a suitable gauge group the
standard Bosonic String Theory.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Actions for extended objects (branes) based on Chern-Simons and Transgression forms for space-time groups were introduced in [1,2]
by H. Nishino and myself, aiming to build a framework in which previous string and brane models could be embedded, endowing them
with desirable additional features. Those models are background independent gauge systems for the space-time groups. The background
is not fixed and given a priori, but participates of the dynamics of the extended objects, which are sources of the gauge fields. The actions
of the branes have the same mathematical form than that of the background, in what we called “brane-background democracy”.

The above mentioned work built on, and was inspired by, several previous lines of research:

(I) It introduces extended objects in a gauge invariance way in Chern-Simons (super)gravity theories [3-9], which had the goal of ex-
tending General Relativity to describe gravity as a gauge theory for some space-time (super)group.

(I) It generalizes Dixon et al. (DDS) models [10] for the coupling of extended objects to non abelian gauge fields (heterotic branes)
to space-time groups and their supersymmetric extensions (treated in the same footing as other possible gauge groups). It differs
from the DDS models in that the background described is described by Chern-Simons/Transgression gravity or supergravity, in a way
formally analogous to the extended objects themselves, and not by standard gravity or supergravity; and in the fact that our models
allow both sets of gauge fields involved to be non pure gauge.

(1IT) It was motivated by Green’s construction [11] of the superstring action as a gauged Wess-Zumino-Witten (WZW) model for a super-
group.

(IV) It was also motivated by the Chern-Simons supergravity theory for the supergroup OSp(32,1) proposed by Troncoso and Zanelli
[12,13] and its conjectured relationship with eleven dimensional supergravity [14], and by Horava’'s work [15] suggesting a possible
relation between a Chern-Simons supergravity with gauge group 0Sp(32,1) x 0SP(32,1) and M-theory [16-18].

In the following years there were several works exploring diverse aspects of models of Chern-Simons branes [19-26], including explicit
solutions and conserved charges.

In Ref. [1] we suggested that a model of this class may be useful for of a non perturbative description of String Theory, or M-theory. I
still believe that possibility is the main reason to study these models. Some of the motivations to do so, and the features that distinguish
them from other extended objects models are:

E-mail address: pablomora@cure.edu.uy.
URL: http://www.cure.edu.uy.

https://doi.org/10.1016/j.physletb.2021.136428
0370-2693/© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
SCOAP3.


https://doi.org/10.1016/j.physletb.2021.136428
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2021.136428&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:pablomora@cure.edu.uy
http://www.cure.edu.uy
https://doi.org/10.1016/j.physletb.2021.136428
http://creativecommons.org/licenses/by/4.0/

P. Mora Physics Letters B 819 (2021) 136428

(i) As stated in Ref. [1],' considering an action that is a sum of integrals of differential forms of different orders but similar mathematical
form? can be understood as a way to give physical content to the differential structure of the manifold, as General Relativity had given
physical content to the metric structure, giving another way to justify the possible existence of fundamental extended objects. The
frequent question “what are strings made of?” is often answered with the question “what are particles made of?”, somehow implying
the first question is moot, yet from our point of view the answer may be a key to the foundations of String Theory.

(ii) The only dynamical fields are gauge fields, although some of them are fermionic in the case of a gauge supergroup, providing the
fermions required for a connection with Superstrings. The p-form fields that would be associated to those occurring in String Theories
are composite, and given by Chern-Simons forms of our gauge fields, which means that the anomalous gauge transformations and
Bianchi identities of those fields are built-in. The notion that the fundamental degrees of freedom of String Theory may not be the
apparent ones has been widely accepted for quite some time, see for instance Ref. [27].> In the field theory case it has been found
that full gauge invariance (instead of quasi-invariance) leads from Chern-Simons forms to Transgressions, which automatically dictates
the correct boundary terms to regularize Noether conserved charges and black hole thermodynamics [28-30]. This can be taken as
evidence for requiring a gauge invariant background independent theory being the right path to follow.

(iii) These theories are already first quantized, analogous to strings on non-flat backgrounds. They differ from those string models in
that the background is described by Chern-Simons (super)gravity instead of standard (super)gravity. It is remarkable that the above
mentioned theory with supergroup OSp(32,1) of Troncoso and Zanelli [12,13] has been shown by Izaurieta and Rodriguez [31]
to reduce in certain limit to a theory very similar to standard eleven dimensional supergravity [14], with corrections given by an
expansion in powers of the parameter used in the limit. It seems possible that with further analysis of the correspondences between
the fields of both theories, and a suitable choice of the invariant trace involved, the correspondence may be more precise, and the
additional terms could be coherent with anomalous M-theoretic corrections from dualities [18].

(iv) In a sort of holographic property, if the gauge fields are pure gauge then only degrees of freedom at the boundaries of the branes and
the space-time remain.

The plan of this Letter is the following: I review the issue of the equations of motion and boundary conditions, both in the case
of generic and pure gauge connections, and the symmetries of these theories. I discuss some additional conditions, leading to desirable
properties on these models. These include the inclusion of the kinetic term, added at the boundary and its coefficient relative to the bulk
Chern-Simons term in the bosonic case, independently of the argument based in kappa-symmetry given in [1], as well as the exclusion of
additional possible bulk terms. Afterwards [ consider the particular case or sub-sector of the theory that makes contact with the Bosonic
String in some limit. Finally I discuss the existence of Dirac quantization conditions on the tensions or coupling constants of the branes.

2. Transgression actions for branes

I consider actions for extended objects (branes) with dynamical variables given by gauge fields given as differential 1-forms A =
AQG adx* valued on the gauge group G algebra with generators G4, with u =0, ..., D, with D even, the embedding coordinates of each
brane Xé§+1)(§(id+l)), where 5(id+1)v with i =0, ..., d, with d even, are the coordinates of the d brane, and the intrinsic metrics defined at
the boundaries of the branes yg)s, with r,s =0, ...,d — 1. The space-time in which the branes are embedded can be considered itself
as a brane, and is itself described by an action of the same class as the actions of the branes, therefore its coordinates are 5(’3 o =xM,
While the branes themselves may or may not have boundaries, the boundaries of the branes have no boundary. The actions considered,
introduced in Ref. [1], are given as a sum of terms of diverse dimensions corresponding to the various branes and the space-time in which
these branes are embedded

D
S= 2 IS+ M
d=2, d even

where the Transgression action part is given by

T
S oo [ o (2)
Sd+1

with the Transgression forms given by

d
2

1
_d
‘Id+1(A,A):[§+1]/dt<AAFt > . 3)
0

There AA=A—A, A,=tA+ (1 —1t)A and F; =dA; + Atz. The brackets < ... > denote symmetrized (super)traces in the algebra of the
gauge (super)group, corresponding to symmetric invariant tensors ga,..a; =< Ga,...Ga, >. These symmetrized traces or invariant tensors,

1 The quote is [1]: “A heuristic motivation for the kind of models presented here is that if there is some underlying pregeometric theory in which the de Rham complex
get physical content through some kind of antighost field variables, we must expect the effective action to be a sum of pieces of diverse dimensions of the form considered
here. We believe that this simple observation is the key to understand the existence of extended objects in a fundamental theory of nature.”

2 One may think of the action as a sort of generalized integral of a polynomial, or truncated expansion (as befits to Grassmann variables), on the differentials dx/*.

3 Quoting from this Reference: “In my opinion, the basic challenge in string theory is not, as sometimes said, to ‘understand non-perturbative processes in string theory’.
In fact, the basic problem does not lie in the quantum domain at all. The basic problem, now and probably for many years to come, is to understand the classical theory
properly.” And “So the central task is to (i) find the right degrees of freedom; (ii) find the right invariance group; and (iii) formulate the right lagrangian.”
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for which the simplest choice is < ... >= STr[...], are not unique. Through all this work we use a notation where the exterior (wedge)
product of differential forms is implied ap A Bg = oy fq.
The Kinetic parts of the action has support on the boundaries of the branes, if such boundaries exist, and are of the form

sEm — gy / A&/~ Va) V(Z>[< AAAAj > —(d = 2)] @
Sl=gsi+

ax”
here AA; = AAA Q@
where i “ "% Ga.

3. Equations of motion
3.1. Equations of motion associated to the variations of the gauge fields

Under variations of A and A the variation of the Transgression part of the action is
D d d

T d —

SaaSi = Y g (G+DI<Fi8A>—<F

d=2, d even

d
2 SA ]_
Sd+1

N dd ¢
- > SGHD [dt <AAFE 5, 54>, (5)
d=2,deven Sd=ygd+1

where 8, 7A; =t5A + (1 — )8 A.
The variations of the kinetic terms are
X - o
84755 =24 / A& /= Vi) Vg < DAIGBA] — 54)) > . (6)
Sd=p8d+1
We will need that using Dirac deltas we can rewrite

fdd+15(d+1) Ly = / dPH1x / AT gy ST (e — (d+])(§(d+])))£’d+1v (7)
Sd+1 SD+1 Sd+1

with L4,1 of the form

axﬂl 8Xﬂ2n+1
(d+1) (2n+1) (8)

a fg41
Wy 05
where ei1-a+1 is the Levi-Civita symbol, so that the equations of motion that correspond to variations of the gauge potentials can be

written as a sum of various terms describing the coupled dynamic of the gauge fields (that for space-time groups include the vielbein and
spin connection) and the brane sources.

__ i1..g
Lapr =€ gy

3.1.1. Case of non zero field strength
If the field strengths (or curvatures) F and F are non zero, the equations of motion corresponding to §A are

Jz(bulk)_l_JZ(boundary) +jv(k1n) 0, (9)
where
D 8D+] (XU (g ))
bulk d 1) a1
Juemo — 3 sl +1] / e ) d(' ) S+
d=2, d even gl ’
ax[V aleZ axﬂd+1]
d .
X < GAFS >ty gy e O el (10)

id+1
01y %) &G

D D+1 (v
d SO — Xy i)
Y =3 egal—dG + D) / d'&q) Tata
Sd

|
d=2, d even @-1
1 [v 753 Hdl
d_ axlh axk2 px .
fdtt<AAFt2 'Ga >y — 2D D g (11)
0 L
v(kin) 2 d D+1,,v ax(d)
1 = N 28y [ dlE@sP T — XY (El) X Vi@ Yy < AAIGA > — 2. (12)
d=2, d even S s(d)
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The equations of motion corresponding to §A are

—v(bulk)y = —v(boundary) = —v(kin)
T+ T, YT =o, (13)
where
D D+1 v
v (bulk) _ d di1 3 (x" — (d+1)(‘§(d+1)))
- - +1 d
Ja > da1l; +1] / @+ 0
d=2, d even Sd+1
J axlv axke - gxtdn]
—d d+1 d+1 d+1 i
X < GAF2 >H«2~--H'd+1 3 Cad) 3 @+ ).. l(dj; ) l] ~ld+1 (14)
Edvn P 05
D D+1/4v
—v(boundary) d ) (x" — d (%‘ d ))
Ja = N agl-d(5 +1>]/d"s<d) *oCa
2 d-n!
d=2, d even d
1
J_ axl axt2 gxid
x/dt (1-0) < AAF2 T GA >ppppy — 2 — D O i (15)
5 0k 05 0&¢,
—vikin) _ 0 de D41 ax(d)
Ja — Z 284 | d%@ys" T (x" — X(d)(S(d))) X /=Y V(d) <AAiGp > —— (16)
d=2, d even Sd (d)

3.1.2. Case of vanishing field strengths

A somewhat subtle case of the variational problem when the gauge fields are varied occurs if F = F =0 in the bulk, implying that
both A and A should be pure gauge, a condition that must hold also at the boundary by continuity. In that case the bulk contribution
to the variation of the action vanishes identically, while the variations of the gauge fields at the boundary are not the general ones but
only those compatible with the pure gauge conditions, which in turn yields weaker equations of motion (or boundary conditions) at the
boundary. In that case the equations of motion obtained above for the case in which the gauge fields are not pure gauge must be replaced
by the ones resulting from this new variational problem.

In the pure gauge case F = F = 0 all the bulk equations are satisfied, and only boundary conditions/equations of motion remain. The
boundary equations associated to variations of both the metric and the embedding coordinates are also the same, except for the fact
that now the gauge field strengths vanish and the gauge potentials are pure gauge. In the case considered in this subsection A = g~ldg
and A =g 'dg locally, with some elements g and g of the gauge group. In this case §A = D(g~'8g) = d(g'6g) + (g~ 'dg)(g~15g) —
(g7 182)(g"1dg) and SA=D(g '68) =d(@ %) + (& 'dg)(g '68) — (g '68)(z 'dg). The required variations of the various terms of the
action are, obtained integrating by parts and discarding total derivatives are

8aSq " =24 / d'&\/=vay] <Dj(AA) (g 'sg) > (17)
5354 = <28 [ s /~vav <Dy8ANE 5D >, a8)
Sd

where the gauge and world-volume covariant derivatives are D;(AAj) = 3i(AAj) + [Ai, AAj] — l"fjAAk, with Fifj the Christoffel symbol
corresponding to the world-volume metrics y;j, and

54Sg " = ez ( +1d— 1B+, 2) / < (aAY(gog) > (19)

_ c(Trans) __ d.d d nd =1 ¢—

5254 —+ad§(§+1)(d—1)3(571+§) < (AA) (g™ 62 >, (20)
Sd

where B(1 + %, %) = B(%, 1+ %) is the Euler Beta function of the given arguments. With these variations it is straightforward to proceed
as in the previous subsection, using Dirac deltas and factorizing the g~18g and §_18§ variational parameter to leave group generators G,

to obtain the equations of motion of the branes interacting with the fields for which they are also sources. These equations have now the
generic form 7, v(boundary) T4 — 0, without the bulk contribution and with the currents implied by the variations given above.

3.2. Equations of motion associated to the variation of the world volume metric

The world-volume metric yq)- appears in the action only in the kinetic term S((jK n s equations of motion are

1
< AAiAA; > —Ey(d)ij[y(’fjl) < AAAA; > —(d—2)]=0. (21)
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The solution of these equations is

Ydyij =< AAjAA; > . (22)

In d = 2, just like in the case of the Polyakov String Action, these equations of motion only imply a local proportionality between both
members of the previous equation, but in that dimension the action is invariant under local rescaling of the metric, allowing to stablish
the equality also in that case.

3.3. Equations of motion associated to the variation of the embedding coordinates of the branes

To determine the equations of motion associated to the X(d 41y We need that the variation of Sg:fns) and Sé’“”) under a variation of
X are
(d
ax:“’l axl’bdwq
T d+1 (d+1) (d+1)
) Sfjﬁ”s) =aqq / A E S v o 5 € 'd+18X(d+1) +
gin Sdany  OEG)
]
d+1 k
+ag / e [PlasidXiasn | (23)
Sd+1 @d+1)
xSy =2ps [ dteax
Sd—pSd+1
- dAA BXM
ij H
V@Y < M (,/ YV < AAIAAL ) | 8Xl +
(d) ag(d) aS(d)
d
+2B4 / d gd— (V=rrd) < aninn, > oxt)., (24)
Sl—58d+1 (d)
where §442) and the momenta conjugate to X(d+1)' Pé‘dﬁ)v, are
d —d4q
S =T =< F271 > — <F27 > (25)
n2 Md41
1 X X
k (d+1) (d+1) ek
Plariw = gy St liszepn D iz, (26)

af(dﬂ) ag(dJrl)

Considering that X441y and X4y are the same at the same point of the boundary of the brane, we obtain the equations of motion for the
bulk
1 Md41
Xty v g _ g -
3(11-5-2)!41«1-.#(14-1 3 : i1 =Y (27)
Sdeny 05

At the boundary, for those values of v with X" corresponding to free boundary conditions we obtain the conditions/equations of motion
pL
dAA X (g
LIPS

L iy
0=0aq Pk +2Pd | V=V V(lé) < AA; IX"
(d) a%—(d) 85@1)

(ﬁy(d) < AAAA, >) , (28)

where n is the normal to the boundary from Gauss’s Theorem (see Ref. [32], section 4.23). For instance, if the boundary coordinates
are such that S(Jd) = E(Jdﬂ) if j=0,...,d —1, then ngy = 8kg. No further equations are obtained for those values of v such that Dirichlet
boundary conditions §X" =0 are imposed.

4. Comments on form of the action, symmetries and equations of motion
4.1. Symmetries

The symmetries of the Chern-Simons action were discussed in the original article [1]. These are: invariance under general coordinate
transformations of the background space-time and the branes world volumes, and gauge invariance under gauge transformations that are

the same for both A and A, given by A" =h~1[A +d]h and A" — h=1[A +dJh for any element h of the gauge group. Gauge invariance
follows from the properties of the symmetrized trace and the covariance of F, F, F; and AA.

The action is not invariant under gauge transformations for which only one of the gauge fields transforms, or both of them transform
with different gauge group elements, but these variations yield only boundary terms, therefore the action is said to be quasi-invariant
under these transformations. It is worthwhile to emphasize that possible bulk terms of the form < (AA)¥*! > are invariant under gauge
transformations that transform both gauge fields in the same way, but they are neither invariant nor quasi-invariant under gauge trans-
formations of only one of the gauge fields. As d is even, candidate boundary terms < (AA)¢ > are in fact identically zero. The action of

5
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Chern-Simons branes satisfies then not only the condition of being gauge invariant under transformations of both gauge potentials with
the same group element, but also the above mentioned quasi-invariance condition, which can be taken as a requirement on the form of
the action that rules out terms such as < (AA)¥t! >_ It is also true, and related with the previous remarks, that if both gauge potentials
are pure gauge, then the only local degrees of freedom that remain are located at the boundaries, and there are no local degrees of
freedom in the bulk, what can be seen as a holographic property of the action.

The interchange of both gauge potentials transforms the transgression part of the action by a minus sign, while it leaves the kinetic
part unchanged.

4.2. Special choices for the action

The requirement on the form of the action mentioned in the previous subsection, that it be such that in the pure gauge case only
boundary degrees of freedom remain, and the related condition that under gauge transformations of only one of the gauge potentials the
action must be quasi-invariant, exclude not only terms of the form < (AA)4t1 >, but also kinetic terms with support in the bulk.

Furthermore, if one imposes the condition that the only true degrees of freedom are those of the gauge fields one must exclude also
all the boundary kinetic terms except for the d = 2 one, making 84 = 0 for d # 2. The reason is that in d = 2, because of Weyl invariance,
the metric is an auxiliary variable with no local degrees of freedom, which can be locally reduced to the flat metric, while that is not the
case for d # 2, and one should in principle add also terms involving the curvature of these metrics. In d = 2 there are two choices of 8,
that result in special properties for the action, particularly the decoupling of left and right movers, and Weyl invariance of the action, in
a way analogous to Ref. [33]. It is interesting that the same relative coefficient between the kinetic and transgression parts resulted in
Ref. [1] from the requirement of kappa symmetry.

We define
pi=lpie (29)
2 v=v
which has the properties of a projector: IP’;"IP’ki =PY (that is, P2 = P+) and IP’I]P’,; = ]P’g‘]P’ki =0 (that is, P+P = PzPy = 0).

Furthermore ]P’:ig = ]P’:]F'i, or P] = P. Given vectors V; and W; in S? we define the projections Vi = IP’:'EVJ-, Wi = ]P’:ing, and it holds
that PYW,;V; = Wy, VL.

There are two special choices for B, which are 8, = j:%az. For these choices the variation of the d =2 part of the action under
variations of A and A are

SalsM 4 glTrans)y — 2a2/ < F§A > +2a; / e /=y P < AASA; >=

S3 §2=383
= 20{2/ < FSA > 20 / d’e/—y < AAn8AL > (30)
S3 §2=383
57[S™ 4 s{Trans ) — —2052/ <F8A > —2a; / & /~y PY < AASA; >=
S3 52=383
- —20[2/ <F8A > —2ar / s /=y < AAi,-aﬁiF >. (31)
S3 §2=383

In the pure gauge case of vanishing field strengths we have

SA[Sékin) + SéTTﬂﬂS)] — :i:az/d2§ Pg < DJ(AA,)(g_](Sg) -
S2
— 0, [ @ <DoaAng 58) > (32)
S2
SIS 4 s{Tam ) — _ 4 gy f d*e PY <Dj(AA)E 168) >=
S2
=—+4w / d’e <DL(AA$) (T 168) > . (33)
S2
For instance, the equation of motion obtained from eq. (32), if there are no other overlapping branes, is < D+(AA$)G4 >=0, but Weyl

invariance allows to choose the world-volume metric to be flat, making the Christoffel symbols zero, and D+ = D4 and IP’E = %[n’j + €l

In that case 0 =< D1(AA$)Ga >=< D1(AA$)Ga >=0+(AA3)p < GGy >. If we take A =0 and < GgGy4 > is invertible, then we
obtain 9+ (gila;g)s =0, as in Ref. [33], which implies the decoupling of right and left movers, as claimed.

6
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5. The bosonic string

The AdS group in D+1 dimensions SO (D —1, 2), which is also the Conformal group in D dimensions, corresponds to linear transforma-
tions that leave invariant the metric nap, A, B =0, ..., D+1, with zero off-diagonal entries and diagonal elements (—1, +1, +1, ..., +1, —1).
The algebra of the generators Jap of the AdS group is

[JaB, Jepl=+nacJsp +nBpJac — nBcJap — Nap JBC (34)

Splitting the indices into a,b=0,...,D and D + 1 = %, and defining the Lorentz generators J,, and the linear momentum generator
Py = J—‘,’* where [ is a real and positive parameter with the dimension of length called the “AdS radius”, we get

[Jab> Jeal = +Mac Jbd + Mbd Jac — Mbe Jad — Nad Jbe (35)
[Jabs Pc]l = +nacPp + —1pc Pq (36)

1 1
[Pa»Pb]=+l_277**]ab=_l_2.]ab (37)

In the limit | — oo, known as Inonu-Wigner contraction, this algebra turns into the Poincaré group algebra in D 4+ 1 dimensions.
The invariant trace of two generators is

STr(Jab Jcd] = NacNbd — MadMbe (38)
1
Str[JapPc]1=0 5Tr[Pan]=—l—277ab (39)

It is possible to show that the bosonic string with Polyakov Action is obtained as part of the space of solutions of Chern-Simons branes
in a background Chern-Simons AdS gravity in the limit of large I, by proceeding as follows.

We consider gauge group elements of the form g(x) = exp[—)V“(x)P,], where the gauge parameters V?(x) are some function of the
space-time point, instead of the generic g(x) = exp[—V%(x) Py + W™ (x) J4»]. Notice that VIP, = VTa]a*, where the Jq. are dimensionless,
and therefore the V* must have the dimension of length. Assuming the exponent to be small, which amounts to require V? « I, we can
consider only the first terms of the expansions for the group element g =1+ VP, + %V“Vb PgPy + ..., its inverse g~ =1 — V9P, +
TVVb PPy + ..., its exterior derivative dg = dV?Pq + 3dVIVP Py Py + 3VdVPPyPy + ... and the Maurer-Cartan form g~'dg = dV9Pq +

217dV”Vb Jab + ..., with leading order V/I. Considering the form of the gauge potential in Chern-Simons AdS gravity in terms of the vielbein

. . b . .
e? =ej,dx* and the spin connection w® = a)ffdx“, A=e"Ps+ % Jab, then the pure gauge potential associated to the Maurer-Cartan form
Alpure gauge) — o—14g jmplies e = d)? and w® = —ﬁv[ﬂdv'ﬂ. Notice that the vielbein part is the one of leading order in the expansion

in powers of /I, even considering, as we must, e?/l. We make a choice of coordinates such that ?,XL: =8, + .., or VI =50 x + ..., valid

in a neighbourhood of x* = 0 such that x* « I. For this coordinate choice the vielbein is e‘,ﬂ = 8;1 + ...

Given the embeddings X" (&') we obtain the pull-backs 8;V? = a(j\; = % = 978X, With the approximations and choice of
coordinates considered 8;V" = 873; X* 4 ... = 9; X" + ...

We focus now in the case F =0 (A pure gauge), concretely an AdS space-time, and a 2-brane with Dirichlet boundary conditions
and its boundary in the flat AdS boundary. For the A configuration we choose the “Kounterterms” vacuum of Ref. [30], that has a zero
vielbein = 0, and a non-zero field strength F # 0, but does nonetheless satisfy the bulk field equations. In that case, and keeping only the
leading order terms in 1/I, the bulk equations are satisfied for the bulk of both the background and any branes, and the only remaining
boundary contribution corresponds to the boundary of the 2-branes. We have STr[(g‘18ig)(g‘lajg)] = —,lzna,,a,-xaaij + .... This means

that STr[AA] =0 to that order, as it is proportional to the previous expression contracted with antisymmetric €. The WZW term of the
action has contributions of order higher than 1/I3, and what remains of the 2-brane action is the Polyakov action

. 1
sy = _ﬂZ/dzfﬁyl]ljnabaixaaij +-- (40)
S2

Notice that the coordinate normal to the boundary is fixed for the brane 9;XP =0 and hence in the previous expression a,b=0,...,D —1.
6. Quantization of the constants in the brane actions

There are at least two ways to see that the constants in front of the brane actions (tensions or coupling constants) must be quantized.

The first argument, which was originally given in Refs. [34,35,33], applies to branes with boundaries in the pure gauge (F = 0) case,
where the actions reduce to WZW actions at the boundary, arises from the condition that the Feynman Path Integral must be invariant
under large gauge transformations and independent of the way in which the boundary is extended into the bulk to define the WZW
term. The existence of inequivalent ways of extending the branes into de bulk is classified by the homotopy groups 741(G) for the
d-brane. The space-time group G is in general non compact, then the relevant result is that its homotopy groups are those of its maximal
compact subgroups. For instance, if G is the AdS group SO (D — 1, 2), then its maximal compact subgroup is SO(D — 1) x SO(2), and
Tg+1(SO0(D —1,2)) = m341(SO(D — 1) x SO(2)) = 1g11(SO(D — 1)) & m3+1(SO(2)) = m3+1(SO(D — 1)), which can be looked up in
standard tables. In the case of the 2-brane the relevant homotopy group is 73(SO(D — 1)) = Z, implying that its tension constant is
quantized.

A second way to see that the tensions are quantized, valid for closed branes, is analogous to the Dirac quantization condition, and
also to the argument of Ref. [36]. The idea is that if one swings a d-brane in a loop (a d+1 dimensional manifold), and then shrinks that

7
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loop until it vanishes, so that the brane actually does not move, then the amplitude for this process must be 1, but that amplitude is
exp (iS/h), which when the loop shrinks to zero is exp(% fMd+2 < F5H >) (where M9*2 is some manifold with the loop as a boundary,

and without boundary when the loop vanishes) and must be e2"N for some integer N. It results fMd+2 < F3+l 5= 2mhN, which is
possible if the symmetrized trace < ... > is such that the integral corresponds to some index theorem, and the tension is quantized. If
the integral considered does not vanish that would signal de presence of a dual “magnetic” solitonic (D-d-3)-brane. Notice that these
conditions constrain the set of acceptable symmetrized traces.

7. Conclusions and further directions

The class of theories considered in this Letter has several attractive properties that merit further investigation. Among possible lines
for future research are:

(i) The detailed study of supersymmetric cases in which the gauge group is a supergroup, which was started in Ref. [1], with the goal of
finding a model with a suitable symmetrized invariant trace and gauge group to connect with various known limits of M-theory.
(ii) The analysis of conserved charges and anomalies of these theories.
(iii) Looking for solitonic dual “magnetic” brane solutions to these theories, in analogy to [37], and looking for dualities between funda-
mental and solitonic branes, reinterpreting the strategy of Refs. [38,39,18] in our framework. In those references it is also pointed
out that duality mixes tree level (classical) effects with one-loop (quantum) effects. It would be interesting to know if that has a
counterpart in our framework, and what is its meaning if it does.
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