h \% ° IMPACT
photonics e

Communication

The Effect of Quantum Noise on
Multipartite Entanglement from a
Cascaded Parametric Amplifier

Hailong Wang, Yajuan Zhang, Xiong Zhang, Jun Chen, Huaping Gong and Chunliu Zhao

Special Issue
Advances and Application of Optical Manipulation

Edited by
Dr. Jian Chen and Dr. Liping Shi



https://www.mdpi.com/journal/photonics
https://www.scopus.com/sourceid/21100833027
https://www.mdpi.com/journal/photonics/stats
https://www.mdpi.com/journal/photonics/special_issues/optic_manipulat
https://www.mdpi.com
https://doi.org/10.3390/photonics10030307

hv .
Ry Photonics

Communication

The Effect of Quantum Noise on Multipartite Entanglement
from a Cascaded Parametric Amplifier

Hailong Wang !, Yajuan Zhang 2, Xiong Zhang !, Jun Chen !, Huaping Gong ! and Chunliu Zhao *

check for
updates

Citation: Wang, H.; Zhang, Y.; Zhang,
X.; Chen, J.; Gong, H.; Zhao, C. The
Effect of Quantum Noise on
Multipartite Entanglement from a
Cascaded Parametric Amplifier.
Photonics 2023, 10, 307. https://
doi.org/10.3390/ photonics10030307

Received: 20 February 2023
Revised: 9 March 2023
Accepted: 9 March 2023
Published: 13 March 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

College of Optical and Electronic Technology, China Jiliang University, Hangzhou 310018, China;
hlwang@cjlu.edu.cn (H.W.); zhangx@cjlu.edu.cn (X.Z.); chenjun.sun@cjlu.edu.cn (J.C.);

gonghp@cijlu.edu.cn (H.G.)

NMPA Key Laboratory for Biomedical Optics, Zhejiang Institute of Medical Device Supervision and Testing,
Hangzhou 310018, China; zhangyajuanmdst@163.com

Correspondence: clzhao@cjlu.edu.cn

Abstract: The tripartite entanglement generated from a cascaded parametric amplifier is always
present in the whole gain region in the ideal condition. However, in practical applications, the quan-
tum entanglement is very fragile and easily deteriorated by quantum noise from interactions with
external environments, e.g., the avoidable attenuation and amplification operations may lead to some
degradation effects on the quantum entanglement. Therefore, in this work, bipartite entanglement for
the three pairs and tripartite entanglement in this cascaded parametric amplifier under the circum-
stances of attenuation and amplification operations are analyzed by using positivity under partial
transposition criterion. The results show that tripartite entanglement is robust to the deterioration
effects from the attenuation and amplification operations rather than bipartite entanglement. Our
results may find some practical applications of multipartite quantum entanglement in quantum
secure communications.

Keywords: quantum noise; bipartite entanglement; tripartite entanglement; cascaded parametric
amplifier

1. Introduction

Attenuation and amplification operations can both introduce extra noise, which can in-
evitably affect the physical properties of the different systems. For example, in the classical
regime it has been found that for an ideal amplification process, the noise figure (NF) of a
transmitted light beam never exceeds a factor of two, while for an attenuation process, there
is no limit as to how large the NF can become [1]. More importantly, in the quantum regime,
the effects of attenuation and amplification on the exact solution to the master equation of
a nonlinear oscillator are presented, and it is shown that amplification destroys quantum
coherence more rapidly than attenuation does [2]; the behavior of the non-Gaussian state
of light under the actions of probabilistic noiseless amplification and attenuation is exam-
ined, and it is found that the mean-field amplitude may decrease (increase) in the process
of noiseless amplification (attenuation) [3], and the authors analyze the general laws of
continuous-variable (CV) entanglement dynamics during the deterministic attenuation and
amplification of the physical signal carrying the entanglement [4]. As discussed above, the
attenuation and amplification operations can largely influence the behaviors of the physical
systems by means of the different ways.

The parametric amplifier, for example, the four-wave mixing (FWM) process, acts as
an effective quantum device to generate bipartite entanglement [5-9] in the CV domain. Re-
cently, it has been reported that by cascading the two FWM processes, the tunable delay of
the Einstein-Podolsky-Rosen entangled state [10], the low-noise amplification of an entan-
gled state [11], SU(1,1) interferometer [12,13], and quantum mutual information [14] have
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been experimentally realized. In 2014, it has been theoretically proposed and experimen-
tally demonstrated that a cascaded FWM system can be used to generate multiple quantum
correlated beams based on the atomic ensemble [15]. After that, tripartite entanglement gen-
erated from this cascaded parametric amplifier has been theoretically proved to be present
in the whole gain region in the ideal condition [16]. However, in practical applications,
quantum entanglement is very fragile and easily deteriorated by the quantum noise from
the interaction with external environment, e.g., unavoidable attenuation and amplification
operations may lead to some deterioration effects to quantum entanglement [17]. It should
be emphasized that in Ref. [18] the optical losses introduced by the attenuation operation
as the inevitable experimental imperfections are used to consider their deterioration effect
on the entanglement of subsystems and multipartite entanglement generated by cascaded
FWM processes. In the present work the deterioration effect introduced by the amplification
operation is also considered. Therefore, here bipartite entanglement for the three pairs
and tripartite entanglement in this cascaded parametric amplifier under the circumstances
of attenuation and amplification operations are both analyzed by using positivity under
partial transposition (PPT) criterion [19-22]. The results show that tripartite entanglement
is robust to the deterioration effects from the attenuation and amplification operations
rather than bipartite entanglement.

This work is organized as follows. In Section 2, we describe the physical system
of the cascaded FWM processes under the cases of the attenuation and amplification
operations. In Section 3, the effect of the detector imperfections on bipartite entanglement
and tripartite entanglement is characterized by using PPT criterion. In Section 4, the effects
of the attenuation and amplification operations are also analyzed. In Section 5, we give a
brief summary of this work.

2. Cascaded FWM Processes under the Cases of the Attenuation and
Amplification Operations

Cascaded FWM processes under the cases of attenuation and amplification operations
are depicted in Figure 1. As depicted in Figure 1la, an intense pump beam and a much
weaker signal mode are crossed in the center of cell; with a small angle; then, the signal
mode is amplified and a new idler mode is generated on the other side of the pump beam
at the same time. After that, the signal mode from the first FWM process (cell; ) as the seed
is again seeded into the second FWM process (cellp). 41, 42, and 4,3 are three newly-
generated modes in the output stage of the cascaded processes. The detection efficiencies
for the three modes 4,1, 4,2, and 4,3 are assumed to be the same for the sake of simplicity.
More importantly, the attenuation operation is acted upon by # in Figure 1a. To analyze
the effect of the attenuation operation on bipartite entanglement for the three pairs and
tripartite entanglement, the input-output relation in Figure 1a can be written as

4y = \/iIDly + /1 — piyD1
= Vo[V Gidn + v/&18] + /1 = by
= 1Ddy1 + /811Dy — pAyD1,
VG + f+ 1 ” (1)
ap = DVGadg+ 2] + /1= piyp2
= V/Ganpig + /22D, + /T 1piyn:
= VG Vg + /1= iy + /3210 + /T = 1pityn2
= /Ganpnig+\/Gonp(1 = )ay + v/S21ipiky + /T— Npiypa
= VGV Gido + /18] + 1/ Ganp (1 — )iy
+v/82Dhk + /1= 1piyD2
= V/GiGanypio + /Gaginnpaty + 1/ Ganp (1 — 1)ay
+/821D N + /1= 1Dy, ()
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a3 = iiplVGader + v2280"] + /1= 1payps
= 21DAy2 211Dy — YplyD3
VGanpiu + /Z2piy" + /1 —1pay,
= /Ganpiwy + /320 Vg + /T —ndf] + /T = 1payps
= /Gaply + /21101 G1ag + +/$1001 S2p(1—1n)a — pAyD3
Callpios + v/Z2TDTV/Citg + v/Zifor] + 1/ 821D (1 — )t} + /T = pd
= V/Ganpiwy + \/Giganpniy + /318270701 + \/ 21 (1 — 1)}
++/1—14piyps, 3)

where G; (j =1, 2) is the power gain in the FWM process and G; — g; = 1. Equations (1)-(3)
can be rewritten in the form of the quadrature operators as follows:

Xp = ap+ay = /GipXe + 8pXo + /1= 10Xy, 4)
Rpp = dp+ijp=/GiGunpXo + V/GaginiipXen + 1/ Ganp (1 — 1) Xy
+v/82p X2 + V1= 10Xy, ®)

Ry = dp+afs = /GopXey + /Giganip Xo + V18270 X
+v/&2(1 =Xy + /1= 1pXyyps, )

and
Yip = —ilay - ﬁ%) = VGipYor — 8170 Y0 + /1= 110 Yy, @)
Vo = —i(aga —afy) = /GiGanypYo — v/Gag1ipip Yor + 1/ Ganpp (1 — 7)Y
_\/%sz + v/ 1-— UDYﬂsz ®)
Vs = —i(ays— ﬁ%) = /Ganp Yoo — /Gig2nnp Yo + /31821710 Yo

Y, g2(1 - 17)77DY/17 + V 1- UD?WDy (9)

where X and Y represent the amplitude and phase quadratures, respectively, and have the
commutation relation [X, Y] = 2i. From the above expressions for the quadrature operators,
the variances and covariances of amplitude and phase quadratures can be obtained to
construct covariance matrix (CM;123). (X2,) denotes the amplitude quadrature variance
due to the zero mean value of <Xm) Similarly, for the covariance, we use the notation
(X Xy) and for the case where m = n it will reduce to the usual variance, (X2,). Therefore,
the variances and covariances of tripartite entanglement under the case of attenuation
operation can be expressed as

(2) = (¥4) =G —1p+(1-1p), (10)
<X$2> = < A;?z> =2Goyyp(G1 —1) + (2G2 — 1)yp + (1 — 1p), (11)
<qu> = <§3> =2p(G1 = 1)(G2 = 1) + (2G2 = )ip
+(1—1np), (12)
(EnXip) = —(YpYie) = 2py/G1(G1 = 1)Gar, (13)
(XpXp) = (YY) =21p \/Gl(Gl —1)(G = 1), (14)
(Xp2Xyp) = —(VaYis) = 20p(G1 = 1)1/ G2 (G2 — 1)

+217p4/G2(G2 — 1). (15)
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Equations (10)—(15) contain all of the information about tripartite entanglement under
the case of attenuation operation when attenuation operation is switched to amplification
operation. Similarly, the input—output relation of tripartite entanglement under the case of
amplification operation in Figure 1b can be given by

= /Giphy + /S11pd¢ + /1 — 1pdyp,, (16)
= /G1GyGypag + \/Gag1Grpily + 1/ Ganp (G — 1)ak,
+/827D + /1= 1piyp,, (17)

= V/Gajpie +1/G1(G2 — 1)Gpal +1/G(G1 — 1)(Ga — Vjpiien
+ \/ g2<G - 1>77DﬁG + \Y 1- UDﬁUDy (18)

similarly, the corresponding quadrature operators of the three modes 41, Ay, and dg3 can
also be written as

and

= dg1+i5 = /GinpXe + vE1pXo + V1= 10Xy, (19)
= d4g + QEZ = \/GleGﬂDXO + \/GZglGUDle + 4/ GZ’?D(G — 1)5((;

+/21p X2 + /1 — 10Xy (20)

= dgs+aky = /Gap X2 + V/G182G1pXo + /91826110 X1

+1/82(G = 1)p X + /1 — 10 Xyps, (21)

—i(dg1 — a%1) = /Gip Yo — Zuip Yo + /1 — 1Yy, (22)
—i(flcz - flgz) = 4/ G1G2G1’]D?0 — 1/ nglGnDle — Gzi’]D(G — 1)?@
—V2211p Yo + /1= 110 Yyp,, (23)

—i(Ags — 8%3) = /Ganp Y2 — /G1£2G11p Yo + /8182G1p Yor

+1/82(G — DipYs + /1 =10 Yy, (24)

thus the variances and covariances under the case of amplification operation can also be

given by

<Xé1> = < Aé1> = (2G1 = 1)np + (1 —1p), (25)
(%2%,) = (V&) =2G:GiGyp + (1-21p), (26)
(%2;) = (V&) =26Gi(G~1)p+1, 27)
(Xc1Xa2) = —(Ya1Ye) =21py/Gi1(G1 — 1)G,G, (28)
(Rc1%es) = (Yor¥es) = 21p1/Gi(G1 —1)(G2 — 1)G, (29)
(Xe2Xas) = —(YeoYa3) =2GGinpy/Ga(Gy — 1), (30)

similarly, Equations (25)—(30) contain all of the information about tripartite entanglement
under the case of the amplification operation. We will use the above expressions to analyze
the entanglement properties of bipartite entanglement for the three pairs and tripartite
entanglement under the cases of attenuation and amplification operations because the three
modes output from the cascaded FWM system are Gaussian states, and the entanglement
properties of Gaussian states can be fully quantified by CM123 (CM; 123 and CMg123) using
the PPT criterion.



Photonics 2023, 10, 307

50f11

Figure 1. Cascaded FWM processes under the cases of the attenuation and amplification opera-
tions. (a) Cascaded FWM processes under the case of the attenuation operation. 4, 4,1, and 4, are
vacuum inputs; %, ﬁg ,and ﬁ'vl are the generated modes from the first FWM process; 4y, , 4yp,, and
dyp, are the vacuum states induced by the detector imperfections; and 4, and dg are the vacuum
states introduced by the attenuation operation and amplification operation, respectively. #p is the
detector efficiency, and 7 is the attenuation operation. G; and G; are the power gains of cell; and
cellp, respectively. 4,1, 42, and ;3 are three output modes. (b) Cascaded FWM processes under the
case of the amplification operation. 451, 4Gy, and dg3 are three output modes. G is the amplification

operation. See (a) for others.

3. The Effect of the Detector Imperfections on Bipartite and Tripartite Entanglement

In this section, we will analyze the effect of the detector imperfections #p on bipartite
and tripartite entanglement. PPT criterion as a sufficient and necessary criterion can be
used to quantify the effect of the detector imperfections on quantum entanglement. Firstly,
we will focus on bipartite entanglement for the three pairs. For example, only when both of
the symplectic eigenvalues of the partially transposed (PT) CM;12 no less than 1 [19-22],
will bipartite entanglement between 4,1 and 4, not be present. Following this idea, the
smaller symplectic eigenvalue E;; 5 can be used to quantify the entanglement between
ay1 and 4y, i.e., if the smaller symplectic eigenvalue E;;_» is smaller than 1, bipartite
entanglement is present between 4,1 and 4, Utilizing Equations (10)-(15), we can get the
detailed expression of E;1 > as below

E77172 = 1+ [—2+ G+ (1 -+ UGl)GZ]TlD
—\/[G%+2G1Gz(—1—77+7761)+G%(1—17+1161)2]17%), (31)

the dependence of E;; 5 on the detector imperfections 7p is the black dashed line (G; =
Gz =2 and 57 = 1) in Figure 2a. The degree of bipartite entanglement between 4,7 and 4,
increases with the increasing of 7p. We can explain this as follows. Firstly, when 7p =1
the two entangled modes 4,1 and 4, are fully detected, the symplectic eigenvalue E;; »
is smaller than 1 [16]; secondly, when 7p =0, the two detected modes 4;; and 4, are in a
vacuum state, respectively, and the entangled state translate into the product state between
the two vacuum state (because the correlation term vanishes, i.e., the value of Equation (13)
is equal to 0), thus the value of E;;; 5 is equal to the variance of vacuum state, i.e., E;1 2 = 1;
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thirdly, based on the above arguments, the value of E;; » decreases with the increasing
of 7p. However, it can be shown that the value of E;; » is always smaller than or equal
to 1, meaning that bipartite entanglement between 4,7 and 4 is robust to the detector
imperfections. Similarly, the smaller symplectic eigenvalue E;;1 3 of 4,1 and 4,3 is given by

Ejps = [-n+(=1+1)G+Gi(1+5—nGa)lnp +

1+ 2[—2 +n17— (—1 + 17)G1 + Gy + 17(—1 + Gl)GZ]WD
—4(=1417)(-1+G)(-14+G)np + [ — (1+1)Gy , (32)
+Ga + (=14 G1)Ga)*

the dependence of E;;_3 on 7/p is the blue dotted line in Figure 2a. Its behavior can be
understood as follows. Firstly, when 7p =1, the two modes 4, and 4,3 with 100% detector
efficiency are in thermal state, respectively, because they have been amplified by the
independent parametric amplification from different FWM processes, and this leads to the
absence of the direct interaction and quantum entanglement. Consequently, the symplectic
eigenvalue E; ;3 is greater than 1 [16]; secondly, when 7p = 0, the two modes ;1 and i3
with 0% detector efficiency are in the vacuum state, respectively, and the unentangled state
translates into the product state between the two vacuum states (because the correlation
term vanishes, i.e., the value of Equation (14) is equal to 0); thus, the value of E;;; 3 is equal
to the variance of the vacuum state, i.e., Ejns=1; finally, according to the above discussions,
the value of E;;; 3 increases with the increasing of #7p in Figure 2a. However, its value is
always greater than or equal to 1, meaning that bipartite entanglement between 4,; and
ay3 is not robust to the detector imperfections 7p.
In addition, the smaller symplectic eigenvalue E;» 3 of 4, and 4,3 is given by

Ep3 = 1+[-2+17-2(-1+1)G+nGi(—=1+2G2)|np
/(14 G1)2 —4(1 — 5 + 7G2Gy +4(1 —  + 7G2Gy, (33)

the dependence of E;z3 on 7p is the red solid line in Figure 2a. Its explanations are
analogous to the ones of E;; > and E;;; 3. Its value is always smaller than or equal to 1,
meaning that bipartite entanglement between 4, and 4,3 is also robust to the detector
imperfections.

Secondly, the PPT criterion can also be applied to quantify the effect of quantum noise
on tripartite entanglement due to PPT criterion as a sufficient and necessary criterion for all
1 x N decompositions of Gaussian states, where N + 1 is the total number of the entangled
modes. For the tripartite entanglement condition, the three possible 1 x 2 partitions have
to be tested. All of the partitions of the tripartite entangled state are robust to the detector
imperfections when the smallest symplectic eigenvalue for each of the three PT CMs is
smaller than 1, i.e., tripartite entanglement is robust to the detector imperfections. When PT
operation is applied to the modes 4,1, 42, and 4,3, the corresponding smallest symplectic
eigenvalues are E;;1 23, E;p 13, and E;3_ 12, respectively. The detailed expressions of E;123,
Ey2-13, and E;3_12 are not listed here due to their complexity. However, the results are
depicted in Figure 2b; the values of E;;;_»3 (black dashed line), E;;» 13 (blue dotted line), and
Ey3-12 (red solid line) in Figure 2b are all smaller than or equal to 1, meaning that the three
1 x 2 partitions are robust to the detector imperfections, i.e., the tripartite entanglement is
robust to the detector imperfections.

Finally, as the above discussed, bipartite entanglement for the two pairs is not robust
to the detector imperfections, while tripartite entanglement is robust to the detector im-
perfections; this is because bipartite entanglement is the result of the decoherence effect of
tripartite entanglement, e.g., bipartite entanglement between 4, and 4,3 can be obtained
by tracing the mode 4, in tripartite entanglement. Therefore, tripartite entanglement
containing more entanglement resources is more robust.
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Figure 2. The effect of the detector imperfections on bipartite and tripartite entanglement. (a) The
dependence of E;1_» (black dashed line), E;;1 3 (blue dotted line), and E;» 3 (red solid line) on the
detector imperfections #7p with G = G =2 and 57 = 1. (b) The dependence of E;;; >3 (black dashed
line), E;»—15 (blue dotted line), and E;3_1> (red solid line) on the detector imperfections 7p with
G1 = G =2 and 7 = 1. The horizontal line: E = 1.

4. The Effect of Attenuation Operation #7 and Amplification Operation G on Bipartite
and Tripartite Entanglement

After the effect of detector imperfections on bipartite entanglement for the three pairs
and tripartite entanglement is analyzed, their robustness degree to attenuation operation 7
and amplification operation G will be investigated in this section. Firstly, we will consider
the condition of bipartite entanglement using PPT criterion. The dependence of E;;_»
(black dashed line), E;13 (blue dotted line), and E;»_3 (red solid line) on attenuation
operation # with G; = Gy =2 and #p =1 is depicted in Figure 3a. As depicted in Figure 3a,
the value of E;;; » decreases with the increasing of 77 and is not always smaller than 1; thus,
bipartite entanglement between 4, and 4, is not always robust to attenuation operation.
These phenomena can be understood as follows. When 77 = 1, the two modes 4,1 and 4, are
in entangled state and the value of E;;; 5 is smaller than 1 [16]; when 77 = 0, the entangled
state between 4, and 4, translates into the product state between the two thermal states
(the value of Equation (13) is equal to 0), so the value of E;; » is equal to the smaller
variance between 4,1 (2G1-1 > 1 for any G; > 1 in terms of 77 = 0 and #p = 1 in Equation (10))
and 4,3 (2G-1 > 1 for any G, >1 in terms of 7 = 0 and 77p = 1 in Equation (11)). Therefore,
based on the above arguments, the value of E;; ; is greater than 1 when 7 = 0 (1) and not
always robust to 7. Similarly, the value of E;; 3 decreases with the increasing of 77 and is
always greater than 1; therefore, bipartite entanglement between 4,1 and 4,3 is not robust
to attenuation operation. Similar to the above analysis, as for E,ﬂ,g, when 5 =1, the two
modes 4,1 and 4,3 are not entangled; consequently, the value of E;;; 3 is greater than 1 [16].
When 77 = 0, the unentangled state between 4,1 and 4,3 translates into the product state
between the two thermal states (the value of Equation (14) is equal to 0), so the value of
E;1-3 is equal to the smaller variance between ;1 (2G;~1 > 1 for any G; > 1 in terms of
1 =0and 7p = 1 in Equation (10)) and 2,3 (2G,~1 > 1 for any G, > 1 in terms of 77 = 0 and
7p =1 in Equation (12)). In addition, the value of E;; 3 with 7 =0 (2G;-1 = 2G,-1 = 3)
is greater than 1.8 with 7 = 1 [16]). Therefore, E;; 3 also decrease with the increasing of
11- More interesting is E;»3; its value slightly increases with the increasing of 77, meaning
that a amplified vacuum seed can degrade the bipartite entanglement between a,, and
ﬁ,73. These phenomena can be understood as follows. When # = 1, the seed mode for the
second FWM process is a amplified vacuum state amplified by the first FWM process; it
can deteriorate the bipartite entanglement between 4, and 4,3. When 71 = 0, the seed mode
is a vacuum state, which is better for bipartite entanglement. Thus, based on the above
arguments, the symplectic eigenvalue E;»_3 characterizing bipartite entanglement with
17 = 0 is smaller than the one with 7 = 1; therefore, the value of E,> 3 increases with the
increasing of . However, it is still robust to attenuation operation.
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Secondly, the effect of amplification operation on bipartite entanglement for the three
pairs in Figure 1b will be investigated. Utilizing Equations (25)—(30), the smaller symplectic
eigenvalue of 4g; and 4, can be expressed as

Egio = 1-=2np+ Giyp + GG1Ganp
—/Gl3, — 4GG1Garp, +2GG3Gar + G2GRG31R, (34)

EG1-» is the black dashed line (G1 = G, =2 and #p = 1) in Figure 3b. The degree of bipartite
entanglement between dg; and dgy decreases with the increasing of G. When G is large
enough, the entanglement between dg; and dgy disappears because Egj_; is equal to 1.
More importantly, as compared to the case of E;; 5, it can be shown that the value of Eg1 >
is always smaller than or equal to 1, meaning that bipartite entanglement between 4
and dgp is robust to amplification operation. In other words, the attenuation operation
destroys bipartite entanglement between 4,1 and 4;; more rapidly than the amplification
operation does; this is because the correlation term Equation (28) for introducing bipartite
entanglement increases with the increasing of G in the amplification operation. Similarly,
the smaller symplectic eigenvalue Eg1_3 of 4G and dg3 is given by

Eci-3 = —np+ Giyp+ GGiyp — GG1Garp

1+ 2[—1 + G1(1 -G+ GGz)]T]D
+[—1 + G1(1 + G — GGz)]zﬂ% ’

(35)

EG1-3 is the blue dotted line in Figure 3b and its value is always greater than or equal to 1.
In addition, the smaller symplectic eigenvalue of 4g, and dg3 can be expressed as

Eca-3 = 1—1np—GGiyp +2GG1Garp
—\/1} —2GGuyh, + GGl — 4G2GIGyh +4G2GIGHR,  (36)

Egp-3 is the red solid line as depicted in Figure 3b. Bipartite entanglement between 4,
and g3 is robust to amplification operation due to its value is always smaller than or equal
to 1 and increases with the increasing of G. Let us discuss the behavior of Egy_3. When
G =1, the seed mode for the second FWM process is a amplified vacuum state amplified
by the first FWM process, and it can deteriorate bipartite entanglement between 4, and
dg3- When G > 1, more extra uncorrelated noise will be introduced into the seed mode,
and it will totally destroy bipartite entanglement; thus, the symplectic eigenvalue Eg;_3
charactering bipartite entanglement with G = 1 is smaller than the one with G > 1. Therefore
the value of Eg,_3 increases with the increasing of G.

Finally, the effect of attenuation and amplification operations on tripartite entangle-
ment is depicted in Figure 4. As depicted in Figure 4a, the values of E,; >3 (black dashed
line), E;»_13 (blue dotted line), and E;3_15 (red solid line) with G; = G, =2 and y7p =1 are
all smaller than or equal to 1, meaning that tripartite entanglement is robust to attenuation
operation. Similarly, the values of Egj_p3 (black dashed line), Eg,_13 (blue dotted line),
and Egz_1p (red solid line) in Figure 4b are also all smaller than or equal to 1, meaning
that tripartite entanglement is also robust to amplification operation. Additionally, all of
the traces increase with the increasing of G, which can be explained as follows. With the
increasing of G, more extra uncorrelated noise will be introduced into the seed mode for the
second FWM process, which can lead to the decoherence effect to tripartite entanglement;
thus, the three symplectic eigenvalues (Eg1_23, Eg2—13, and Egz_12) with G > 1 are all
greater than the ones with G = 1. Therefore, all of the traces in Figure 4b increase with
the increasing of G. Therefore, tripartite entanglement is robust to both attenuation and
amplification operations.
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Figure 3. The effect of attenuation operation # and amplification operation G on bipartite and
tripartite entanglement. (a) The dependence of E;;; _» (black dashed line), E;;; 3 (blue dotted line),
and E,5_3 (red solid line) on attenuation operation 57 with G = G =2 and 7p = 1. (b) The dependence
of Eg1_» (black dashed line), Eg;_3 (blue dotted line), and Eg;_3 (red solid line) on amplification
operation G with G = G, =2 and 77p = 1. The horizontal line: E = 1. Inset: the expanded gain region
plot for (b).

(a) (b)

o 1.0f
\\ -
\\ go08f T
§ 0.8F . § 0,83?06
E A = %04
§ 06* \\\E\'nl»%’ § 0‘67“‘“ o )
g Sl K— T
0 0.4} o &0 0.4] - -
R R 204 -
0.2r n3-12 _ E:12-13 ~~~~~~~~~ ;
0.0

=)
=
o
[}
S
~
=
=)
(=]
0
—_
=1

Figure 4. The effect of attenuation operation # and amplification operation G on tripartite entangle-
ment. (a) The dependence of E;1 >3 (black dashed line), E;» 13 (blue dotted line), and E;3_1> (red
solid line) on attenuation operation 1 with G; = Gy =2 and #p = 1. (b) The dependence of Eg1_p3
(black dashed line), Egp—13 (blue dotted line), and Eg3_15 (red solid line) on amplification operation
G with G; = Gy =2 and yjp = 1. The horizontal line: E = 1. Inset: the expanded gain region plot for (b).

5. Conclusions

In conclusion, the effect of attenuation and amplification operations on bipartite
entanglement for the three pairs and tripartite entanglement generated from a cascaded
parametric amplifier are analyzed by using PPT criterion. The results show that tripartite en-
tanglement is robust to deterioration effects from attenuation and amplification operations
rather than bipartite entanglement. The results presented here may find some practical ap-
plications of multipartite quantum entanglement in quantum secure communications [23]
and quantum key distribution [24-26].
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