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corresponding eigenenergies with various kx. (a): Different kx’s with the same

E exhibit discrete scaling symmetry. kx,n−1/kx,n = exp
(

π(κ/E)1/2
)

. Curves

(Markers) represent eigenenergies of the continuous (discretized lattice) model.
(b): Three eigenstates with the short-range boundary condition ψ(κ−1/2) = 0
and the same eigenenergies E/κ = 8.5 but different kx show a discrete scaling
symmetry. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.2 Location of the funneling mouth, denoted by the shaded area, on the Poincaré
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2/(Mr2

0). . . . . . . . . . . . . . . . . . .

10



6.1 (a): The potential barrier (solid curves) outside the event horizon of the Schwarzschild
black hole. (b): The interaction between two molecules with high partial-wave
scattering or dipole-dipole interactions. At short distance, the unit probability
of reaction leads to an absorbing boundary condition that mimics the event hori-
zon. In both (a) and (b), |r|2 and |t|2 denote the reflection and transmission rate,
respectively, and dashed curves denote the IHO approximation. . . . . . . . . .

6.2 The reflection and transmission rate for high partial-wave scatterings at zero
electric field. (a) and (b) depict the reflection rate |r|2 and log(|t|2/|r|2) as a
function of the energy for p-wave scattering. (c): log(|t|2/|r|2) for various high
partial-wave scatterings. In (a,b,c), solid curves are results from the quantum
defect theory. Dashed curves are results from the approximation using IHO,
whose frequency is determined by the potential near the maximum of the potential
barrier. With increasing ℓ, the approximation using IHO covers a broader range
of energy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.3 (a) Two-body loss rates K2,ℓ of p (circle) and d-wave (square) scatterings. The
blue and black arrows indicate the characteristic temperature that corresponds
to the maximum of the potential barrier of p and d-wave scattering, respectively.
The Red dashed line depicts the low-temperature approximation of the p wave
scattering. (b) Markers are the results from an inverse Laplace transform of
(a). Twenty temperature points in the T -axis have been used. It recovers the
transmission rate as a function of the energy (solid and dash-dotted curves). . .

6.4 log(|t|2/|r|2) as a function of the incident energy in the presence of an external
electric field in 2D. (a) and (b) are results of m = 0 and m = 1, respectively.
d̃ = 2µd/(4π~

2ǫ0) denotes electric field induced dipole moment. Solid curves are
results from the quantum defect theory. Dashed curves are the results from the
approximation using IHO. Arrows indicate the energy of the potential maximum
Vmax. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6.5 A schematic of multiple scatterings caused by an imperfect event horizon. RR(L)→L(R)

and TR(L)→L(R) indicate the reflection and transmission amplitude for the “right(left)
to left(right)” scattering. Rtot(y) denotes the total reflection amplitude with
generic “quantum defect” parameter y. It can be obtained by summing over such
an infinite series of scatterings. Blue and red arrows denote the left and right
moving waves. The solid and dashed curves depict the interaction between two
molecules with high partial-wave scatterings (or dipole-dipole interactions) and
the IHO approximation, respectively. . . . . . . . . . . . . . . . . . . . . . . . .

6.6 Reflection rate |rℓ|2 and log(|tℓ|2/|rℓ|2) of reactive molecule under imperfect ab-
sorbing boundary condition for p-wave (a,b) and d-wave (c,d) scattering.The solid
curves depict the results of van der Waals potential and the dashed curves show
the results of IHO. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

11



ABSTRACT

The rapid developments in technique bring simulation of quantum dynamics and precise

coherence control to a new regime. The Atomic Molecular and Optical (AMO) platform

provides a highly tunable means to control unitary and non-unitary time evolution. While

the dissipation causes decoherence of a quantum system and is undesired in conventional un-

derstanding, manipulating dissipation in a controllable manner allows us to access a variety

of peculiar non-Hermitian phenomena. This dissertation focuses on emergent geometry from

SU(1,1) symmetry and non-Hermitian physics, two highly entangled concepts with different

realizations in the AMO system. Like SU(2) symmetry, a fundamental symmetry in various

physical systems, SU(1,1) symmetry plays an important role in coherent control of quantum

dynamics, dynamical instability, emergent curved space, and non-Hermitian phenomena. In

Chapters 2 and 3, we show how different geometric structures, including hyperbolic spaces

and anti-de Sitter spacetimes, are generated by SU(1,1) symmetry. We also discuss several

examples of coherent control of quantum systems based on their geometric representations.

In Chapters 4 and 5, we move on to non-Hermitian physics. Chapter 4 discusses the quantum

simulation of curved space in lattice systems. On the one hand, we demonstrate the simula-

tion of any Riemann surfaces using a lattice system with tunable tunnelings. In particular,

we consider hyperbolic spaces and show the emergences of the Efimov-like state and funnel-

ing effect on lattices. On the other hand, we build a duality between curved space and the

non-Hermitian system, using a non-Hermitian generalization of the tight-binding model with

chiral tunneling as an example. This duality and the highly controllable ultracold systems

in laboratories allow experimentalists to simulate curved spaces using dissipation. Chap-

ter 5 studies dissipations in ultracold molecules. While the ultracold molecules intrinsically

suffer from losses caused by reaction or formation of complexes, we show that universality

exists in ultracold reactive molecules. We apply contacts, a central quantity that captures

many-body correlations in dilute quantum systems, to establish universal relations between

various physical observables in reactive molecules. Ultracold molecules have emerged as a

powerful platform in quantum simulation. The universal relations, which hold for any par-

ticle number, temperature, or interaction strength, provide physicists with a unique tool to

12



explore and engineer ultracold molecules. In Chapter 6, we also point out that the unit rate

of reaction of ultracold molecules at a short distance amounts to a perfect event horizon.

The characteristic length scale of the intermolecular potential plays the role of the hori-

zon’s radius. Therefore, the highly controllable ultracold molecules can be implemented as

a simulator of black hole physics.
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1. INTRODUCTION

Dynamical systems have attracted great attention from academia in the long history of sci-

entific study. The Hamiltonian equation of motion was first introduced to describe dynamics

in classical systems. The physical observable v, as a function of the canonical coordinates qi

and momenta pi, evolves according to its Poisson bracket with the system’s Hamiltonian,

d

dt
v(qi, pi) = {v,H}. (1.1)

Canonical quantization [ ] leads to the Heisenberg equation of motion,

i~
d

dt
v̂ = [v̂, Ĥ] (1.2)

which describes the dynamics of observables in a quantum system. The Schrödinger repre-

sentation, equivalent to the Heisenberg equation of motion, simplifies the dynamical problem

by changing the dynamical variables into a quantum state that lives in the Hilbert space.

The Schrödinger equation that describes the dynamics of the state is written as

i~
∂

∂t
|ψ〉 = Ĥ |ψ〉 . (1.3)

Despite its historical development, it is widely believed that quantum dynamics is more

fundamental, and classical motions should be regarded as its limit as ~ → 0. On the one hand,

the introduction of Hilbert space and the time evolutions as trajectories over this space have

profoundly impacted people’s understanding of the quantum system. Since the dynamical

variables now live in the Hilbert space, the topology and geometric properties of Hilbert

space influence the behavior of the quantum system. On the other hand, the linearity of

Eq. ( ) provided us with a powerful group-theoretical method to characterize the system’s

dynamics. This dissertation focuses on the geometric properties with the group-theoretical

approach. When a time-dependent Hamiltonian is considered, an initial state evolves as

|ψ(t)〉 = e−iĤ(t−dt)dt/~e−iĤ(t−2dt)dt/~ . . . e−iĤ(0)dt/~ |ψ(0)〉 = T e−i
∫ t

0
Ĥ(t)dt/~ |ψ(0)〉 , (1.4)
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where T is the time-ordering operator, T e−i
∫ t

0
Ĥ(t)dt/~ = Û(t, 0) is the time evolution oper-

ator, or propagator. When the time-dependent Hamiltonian preserves certain symmetry, a

dynamical symmetry emerges. The quantum dynamics are then mapped to the correspond-

ing dynamical symmetry group.

1.1 Non-Unitary Quantum Dynamics

Inevitable system environment coupling in quantum systems causes dissipation and de-

coherence. Historically, the dissipation during the scattering process has been introduced

by non-Hermitian Hamiltonians through the Feshbach projection approach [ ], [ ]. Devel-

opments in quantum optics have provided us with another well-established approach, the

quantum master equation, that captures the dissipation and decoherence [ ]. To describe

the dissipation and decoherence using the master equation, we first write the Schrödinger

equation into the Liouville form

i~
∂

∂t
ρ̂T = [ĤT , ρ̂T ], (1.5)

where ρ̂T = |ψ〉 〈ψ| and ĤT are the pure state density matrix and Hamiltonian of the total

system, including the environment and the quantum system we want to study. All physical

observables of the quantum system are only captured by a reduced density matrix which is

obtained by tracing out the environment’s degree of freedom in ρ̂T . The reduced density

matrix of the quantum system, defined as ρ̂ = Trenv(ρ̂T ) =
∑

n 〈n| ρ̂T |n〉, where |n〉 is a set

of orthogonal basis of the environment, satisfies the following equation

i~
∂

∂t
ρ̂ = Trenv

(

[ĤT , ρ̂T ]
)

. (1.6)

Although we arrive at a differential equation that describes the dynamics of the interested

system, the solution to Eq. ( ) in general is quite involved. We, therefore, seek an approx-

imation of Eq. ( ), which can capture the system’s dynamics when certain conditions are

met. The Markov approximation is a reasonable assumption in most physical systems. The

Markov approximation is validated when the memory effect is negligible in the environment.
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More precisely, the characteristic timescales of the decay of the environment correlation

functions are much smaller than the timescale of system evolution [ ]. Under Markov ap-

proximation, the dynamical equation of ρ can, in general, be written into the Markovian

quantum master equation in its Lindblad form,

i~
∂

∂t
ρ̂ = [Ĥ, ρ̂] + i

∑

j
γÂj

DÂj
(ρ̂), DÂj

(ρ̂) = Âjρ̂Â
†
j − 1

2
{ρ̂, Â†

j Âj}, (1.7)

where γÂDÂ captures the dissipation and decoherence effects introduced by the system-

environment coupling. In general, a summation of a complete set of operator Âj needs to

be included. However, when the system-environment interaction is known and under certain

conditions, for instance, when the system-environment coupling is either strong or weak,

both γÂ and Â can be explicitly evaluated.

Here, we consider a continuous Âj = ψ̂(x), which annihilates a particle at location x.

Then the quantum master equation becomes

i~
∂

∂t
ρ̂ = [Ĥ, ρ̂] + i

∫

dxγ(x)
(

ψ̂(x)ρ̂ψ̂†(x) − 1

2
{ρ̂, ψ̂†(x)ψ̂(x)}

)

, (1.8)

It is worth mention that, if the total particle number is conserved by Ĥ and the initial state

has a definite particle number N , we can project the dynamics to the N particle sector,

i~
∂

∂t
ρ̂N = [Ĥ, ρ̂N ] + i

∫

dxγ(x)
(

− 1

2
{ρ̂N , ψ̂†(x)ψ̂(x)}

)

. (1.9)

Dynamics of ρ̂N is well described by a non-Hermitian Hamiltonian,

Ĥnh = Ĥ − 1

2
i
∫

dxγ(x)ψ̂†(x)ψ̂(x). (1.10)

−iγ(x)/2 now resembles an imaginary potential which captures the single particle loss at

short times.

At high temperatures, the system environment coupling leads to rapid loss of particles

and decreases in quantum coherence, such that the system quickly approaches a thermal

density matrix. However, in the ultracold system, the coherence is preserved at a longer
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timescale, such that the interplay between unitary evolution and decoherence becomes an

important subject, motivates the studies of non-Hermitian system. We hereby introduce

some intriguing properties of non-Hermitian Hamiltonian. A non-Hermitian Hamiltonian

satisfies Ĥ†
nh 6= Ĥnh is distinct from the Hermitian Hamiltonian we are familiar with. For

instance, the eigenenergy is no longer necessarily real, and the eigenstates are no longer

orthogonal to each other. Instead, we need to define the right and left eigenvectors for a

non-Hermitian Hamiltonian Ĥnh, which satisfy

Ĥnh |ψR〉 = E |ψR〉 , Ĥ†
nh |ψL〉 = E∗ |ψL〉 , (1.11)

where ∗ denotes complex conjugation. While Ĥnh can be decomposited into

Ĥnh =
∑

j

Ej |ψR,j〉 〈ψL,j| , (1.12)

the orthogonal condition now involves both the left and right eigenvectors, 〈ψL,i|ψR,j〉 = δij.

Although the non-Hermitian Hamiltonian seems can be any operator without constraints,

rich physics emerges when the non-Hermitian Hamiltonian respects the PT symmetry. A

non-Hermitian Hamiltonian has PT symmetry when it is invariant under a combination of

parity P and time reversal T transformation. A simplest PT symmetric system is a coupled

two-sites system with gain and loss on each site. The Hamiltonian of this system is written

as

ĤPT =







a+ ib g

g a− ib





 = aσ0 + gσx + ibσz, (1.13)

where σ0 is the identity matrix and σx,y,z are Pauli matrices. ĤPT is non-Hermitian and we

can easily check its complex eigenvalues and the orthogonal conditions between left and right

eigenvectors. ĤPT also exhibits PT symmetry, (PT )−1ĤPTPT = ĤPT. While P = σx ex-

changes two sites, T is antilinear and performs complex conjugation. PT symmetry provides
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powerful constraints on the eigenenergies of the system. Suppose |ψ〉 is an eigenstate of ĤPT

with eigenenergy E, PT |ψ〉 must also be an eigenstate with eigenenergy E∗, according to

ĤPTPT |ψ〉 = PT ĤPT |ψ〉 . (1.14)

If PT |ψ〉 is the same state as |ψ〉, the eigenenergy is real E = E∗. We conclude PT

symmetry is preserved by |ψ〉 or PT symmetry is unbroken. If these two states are different,

PT symmetry is broken, and the eigenenergies come in complex conjugate pairs. In this sense,

PT symmetry protects the reality of eigenenergies. PT symmetry transition only occurs when

two or more eigenenergies degenerate, known as the exceptional point. Unlike degenerate

eigenstates in the Hermitian system, eigenstates coalesce at an exceptional point. All these

results are captured by the simplest model ĤPT in Eq. ( ), where the eigenenergies and

the corresponding eigenstates are

E± = a±
√

g2 − b2, |ψR,±〉 =
(

bi ± √
g2 − b2 g

)T

. (1.15)

While the Hamiltonian respects the PT symmetry for any a, b and g, the system signifies

the PT symmetry breaking when g = b.

1.2 Ultracold Quantum Gases

As a new phase of matter, Bose-Einstein condensate (BEC) was predicted by Einstein in

1924 based on the bosonic statistics of identical particles and realized at JILA in ultracold

dilute Rb atomic cloud at 170nK using laser cooling in 1995 [ ]. In the past few decades,

BEC has been realized in different atoms, molecules or quasi-particles and also in reduced

dimensions [ ]–[ ]. Realizations of BEC in various systems extensively enrich the controlla-

bility of many-body quantum systems for physicists to explore coherent quantum dynamics

and exotic quantum phases.
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The bosonic statistics of the identical non-interacting particle leads to the boson number

in a state with quantum number v and energy ǫv

n(ǫv;µ, T ) =
1

e(ǫv−µ)/kBT − 1
, (1.16)

where µ is the chemical potential, T is the temperature. BEC occurs when the total boson

number exceeds a temperature-dependent critical value, beyond which the ground state

begins to have a macroscopic occupation, and µ becomes the ground state energy ǫ0. Since

the maximal number of bosons that can be hosted in the excited states is

Nex(Tc) =
∫ ∞

ǫ=ǫ0
g(ǫ)n(ǫ; ǫ0, Tc)dǫ, (1.17)

where g(ǫ) is the density of state, characterizing the number of states within energy interval

(ǫ, ǫ + dǫ). For instance, the density of states for bosons in n-dimensional free space with

volume V and isotropic harmonic trap with frequency ω are

gnD, free(ǫ) =
V

(2π)n/2Γ(n/2)

(

m

~2

)
n
2

ǫ
n
2

−1, gnD, trap(ǫ) =
1

Γ(n)(~ω)n
ǫn−1, (1.18)

respectively, where Γ(x) denotes the Gamma function, m is the boson’s mass. Conden-

sation occurs at temperature Tc when the total boson number is larger than Nex(Tc). In

3-dimensional free space and isotropic harmonic trap with frequency ω, this number be-

comes

Nex,free(Tc) = 2.61
V

λth(Tc)3
, Nex,trap(Tc) = 1.2

(

kBTc
~ω

)3

, (1.19)

where λth(T ) =
√

2π~2/(mkBT ) is the thermal de Broglie wavelength.

After the condensation, the ground state of the quantum system has a macroscopic

occupation, and the coherence of the quantum state turns into the off-diagonal long-range

order. It is useful to consider the zero-temperature limit where the quantum nature of the

many-body system is the most profound. At zero temperature, all particles condensate
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into the ground state, and we can model the quantum state of the many body system as a

coherent state,

|ψ〉 = eα
∫

dxψgs(x)ψ̂†(x) |0〉 , (1.20)

where ψgs(x) is the ground state wavefunction normalized to unity, ψ(†)(x) is the bosonic

annihilation (creation) operator satisfying [ψ(x), ψ†(x)] = δ(x − x), and |0〉 is the many-

body vacuum state. |α|2 = N characterizes the total boson number. The off-diagonal

term of one-body correlation function n(1)(x,y) characterizes quantum coherence between

different locations, and it is of order N even at large separation |x − y|. n(1)(x,y) for |ψ〉
reads

n(1)(x,y) = Tr(ψ̂†(x)ψ̂(y) |ψ〉 〈ψ|) = Nψ∗
gs(x)ψgs(y), (1.21)

n(1)(x,y)||x−y|→∞ → N/V for BEC in free space.

We have been so far considering non-interacting bosonic gases. We will include the

interaction effect in the following part of this section. Since BEC formed in laboratories is

dilute such that the interaction effect is minimized, we will focus on the two-body interaction.

The Schrödinger equation of two particles denoted by r1 and r2 with interaction V (r1 − r2)

is written as

(

− ~
2

2m
∇2

1 − ~
2

2m
∇2

2 + V (r1 − r2)

)

Ψ(r1, r2) = EΨ(r1, r2). (1.22)

The Schrödinger equation can be separated into relative and center of mass motion in the

absence of external trapping potential by Ψ(r1, r2) = ψrel(r)ΨCM(R), where r = r1 − r2,

R = (r1 + r2)/2. While ΨCM(R) satisfies the Schrödinger equation of free particles with

mass 2m, the relative motion along radial direction satisfies

(

− ~
2

m

1

r2

∂

∂r

(

r2 ∂

∂r

)

+
~

2

m

1

r2
l(l + 1) + V (r)

)

ψrel(r) = Eψrel(r). (1.23)

We have assumed an isotropic interaction and defined ψrel(r, θ, ϕ) = ψrel(r)Ylm(θ, ϕ), Ylm(θ, ϕ)

is the spherical harmonics. The angular part leads to a centrifugal potential barrier ~2

m
1
r2 l(l+

1) for l-th partial wave. In the absence of two-body bound states, the finite-range inter-
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action effect is purely captured by the phase shift of the asymptotic relative wavefunctions

at r → ∞ in different partial wave l. Without loss of generality, we consider the relative

wave vector pointing towards the ẑ-direction. Using the partial wave expansion, the relative

wavefunction of two non-interacting particles with relative k = kẑ is written as

ψrel, non−int(r) = eikz r→∞−−−→
∞
∑

l=0

(2l + 1)il
sin(kr − lπ/2)

kr
Pl(cos(θ)) (1.24)

where Pl(x) is the Legendre polynomial of degree l. When the isotropic interaction is in-

cluded, we have

ψrel, int(r)
r→∞−−−→

∞
∑

l=0

(2l + 1)ileiδl
sin(kr − lπ/2 + δl)

kr
Pl(cos(θ)), (1.25)

where δl is the phase shift in l-th partial wave, which appears due to the interaction effect.

A finite δl leads to the scattering cross section

σ =
4π

k2

∞
∑

l=0

(2l + 1) sin2(δl), (1.26)

characterizing the probability of elastic scattering event to happen between two particles.

Because of the centrifugal barrier in higher partial wave scattering, the phase shift δl scales

with k as k2l+1 for small k at ultracold temperatures, known as the Wigner’s threshold

law. An explicit example showing this relation is given by a square-well interaction, where

V (r) = −~
2α2/(mr2

0) for r < r0 and V (r) = 0 otherwise. In this case, the scattering phase

shift becomes

δsquare well
l = arctan

(

κjl(kr0)jl−1(κr0) − kjl−1(kr0)jl(κr0)

κyl(kr0)jl−1(κr0) − kyl−1(kr0)jl(κr0)

)

, (1.27)

where κ2 = k2 +α2/r2
0, jl(x) and yl(x) are the l-th order spherical Bessel function of the first

and second kind, respectively. By applying Taylor expansion to the leading order, we find

δsquare well
l (k) =

πjl+3/2(α)

22l+1jl−1/2(α)Γ(1/2 + l)Γ(3/2 + l)
(kr0)

2l+1. (1.28)
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The scaling δl(k) ∝ k2l+1 allows us to consider only the s-wave scattering in ultracold di-

lute Bose gases in the absence of higher partial wave resonances. While the l-th wave

resonance occurs, for example, when the prefactor in Eq. ( ) diverges. For s-wave scat-

tering, the interaction can be replaced by a zero-range contact interaction V (r) = V0δ(r),

V0 = 4π~
2a/m [ ]. Here we have introduced the s-wave scattering length a, which is related

to the s-wave phase shift by k cot(δ0) = −1/a. This effective interaction and mean-field

approximation allow us to describe the condensate at ultracold temperatures.

Having introduced the zero-range effective interaction for s-wave scattering, we can write

the Hamiltonian of the ultracold dilute Bose gases into the following form

Ĥ =
∫

dx

(

~
2

2m
∇ψ̂†∇ψ̂ +

V0

2
ψ̂†ψ̂†ψ̂ψ̂ + V (x)ψ̂†ψ̂

)

. (1.29)

The second term captures the zero-range contact interaction. Similar to the non-interacting

case, the ground state could be obtained by the mean field ansatz in writing the many-body

state into a coherent state,

|ψ〉 = eα
∫

dxψ0(x)ψ̂†(x) |0〉 . (1.30)

Instead of ψgs(x) being the single particle ground state in the non-interacting case, Ψ(x) ≡
αψ0(x) now becomes an order parameter of the condensate. The order parameter can be

evaluated by the expectation value of ψ̂, Ψ(x) = 〈ψ| ψ̂(x) |ψ〉. The expectation value of

Hamiltonian is written as

E[Ψ] = 〈ψ| Ĥ |ψ〉 =
∫

dx

(

~
2

2m
|∇Ψ|2 +

V0

2
|Ψ|4 + V (x)|Ψ|2

)

. (1.31)

Minimizing this energy functional leads to Ψ of the approximated ground state.

Meanwhile, we can calculate the dynamics of the order parameter field by assuming the

mean field wavefunction Eq. ( ) holds within the time interval we are interested in of
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the BEC dynamics. We, therefore, have Ψ(x, t) = 〈ψ(t)| ψ̂(x) |ψ(t)〉 for any t. Using the

Heisenberg equation of motion, we can write

i~∂tΨ(x, t) = 〈ψ| [ψ̂(x, t), Ĥ] |ψ〉 = − ~
2

2m
∇2Ψ(x, t) + V0|Ψ(x, t)|2Ψ(x, t) + V (x)Ψ(x, t).

(1.32)

This is the Gross-Pitaevskii equation capturing the dynamics of an ultracold dilute Bose gas.

Here we take an alternative approach to capture the dynamics of interacting ultracold

dilute Bose gases in free space. We first apply a Fourier transform to the field operator

ψ̂(x) = 1
V 1/2

∑

k eik·x/~âk, which transforms the Hamiltonian Eq. ( ) into

Ĥ =
∑

k

~
2k2

2m
â†

kâk +
V0

2V

∑

k,k1,k2

â†
k1+kâ

†
k2−kâk1

âk2
. (1.33)

The canonical commutation relation is preserved, [âk, â
†
k′ ] = δk,k′ . Instead of treating the

many-body wavefunction as a coherent state during time evolution, we set the initial state as

a Fock state |N0〉 at the single-particle ground state with k = 0. When the particle number

N0 at the ground state is large enough, we can replace â0 and â†
0 by

√
N0, such that to the

leading order of excitations in higher momentum states, we can write Ĥ into the Bogoliubov

Hamiltonian

ĤBog =
gN2

2V
+
∑

k 6=0

(

~
2k2

2m
+ V0n0

)

â†
kâk +

V0n0

2

∑

k 6=0

(

â†
kâ

†
−k + âkâ−k

)

, (1.34)

where n0 = N0/V is the particle density in the ground state. N is the total particle number,

which is conserved according to Eq. ( ). Diagonalizing the Bogoliubov Hamiltonian leads

to the well-known Bogoliubov excitation spectrum

Ek =

√

√

√

√

~2k2

2m

(

~2k2

2m
+ 2V0n0

)

, (1.35)

which exhibits a linear dispersion relation at small momenta.

We have seen the ability to cool atoms into an ultracold regime has led to the realization

of BEC and enables physicists to study intriguing quantum properties therein. On the
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other hand, forming ultracold atomic gases into molecules has opened a powerful platform

known as ultracold molecules. While two ultracold atoms can be brought into a weakly

bounded molecular state through a Fano Feshbach resonance, a pair of Raman lasers can

drive the atom pair into the molecular rovibrational ground state through an intermediate

electronic excited state. Microwaves can further transfer the formed molecules between

hyperfine states and the first rotational excited state, allowing full control of the hyperfine

state and the realization of the ground state of ultracold molecules. Implementation of

the abovementioned techniques led to the first realization of ultracold degenerate fermionic

molecules in KRb at JILA by Jun Ye’s group [ ].

Rovibrational ground state molecules realized in laboratories with highly controllable

hyperfine degrees of freedom provide a broad range of applications in quantum chemistry,

quantum simulation of exotic phases, and quantum information processing. For instance,

ultracold molecules in the same or different hyperfine states satisfy different statistics when

undergo two-body collisions, resulting in a centrifugal barrier in p-wave scattering, which

suppresses chemical reactions at ultracold temperatures [ ]. While the interaction between

ultracold molecules can be tuned in different means, including microwave dressing and exter-

nal electric fields, various exotic quantum phases could be accessed [ ]–[ ]. The hyperfine

and rotational states with long coherence times and highly tunable interactions together

allow the storage and process of quantum information, making the ultracold molecules a

promising candidate for the realization of quantum error-correcting codes [ ].

While ultracold molecules have emerged as a powerful platform with various applications,

a grand challenge exists as chemical reactions and formation of long-lived complexes cause

losses in the ultacold molecular systems [ ], [ ]. Using KRb molecules as an example, it

has the exothermic tetratomic reaction channel

KRb + KRb → K2Rb∗
2 → K2 + Rb2. (1.36)

K2Rb∗
2 denotes the intermediate complex, with a life-time τ = 2π~ρ according to the Rice-

Ramsperger-Kassel-Marcus theory [ ], [ ]. ρ is the density of states of the intermediate

complex near the incident energy. For p-wave scattering between KRb molecules, its life-time
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is 465 ms [ ]. The molecules pair effectively leaves the system if the interested dynamics

happens within a smaller timescale.

1.3 Curved Space

We have discussed the unitary and non-unitary quantum dynamics and provided a basic

introduction to the ultracold quantum systems we are interested in. Now let’s move to the

geometry and curved spaces. The interest in understanding the real world through geometry

can be traced back to the Platonic solid, introduced by the Greek philosopher Plato back

to thousands of years ago, trying to interpret the only five regular polyhedra in three-

dimensional space as classical elements forming our universe. Even earlier in history, people

realized that only specific regular polygons could periodically tessellate two-dimensional

surfaces. However, these discoveries about regular polyhedra and polygons will no longer be

true when we turn to curved spaces.

It was not until the 19th century, after the pioneering work by Gauss in two-dimensional

curved surfaces and the generalization of Riemannian geometry to higher dimensions by

Riemann, that people started to obtain a powerful mathematical tool for studying the prop-

erties of curved space. The Riemannian geometry and the idea of viewing spacetime as a

continuum underlie the theory of general relativity built by Einstein in the 20th century,

which has become one of the most influential theories in physics. In this section, we use

two-dimensional curved space as an example to introduce concepts of curved space with and

without resorting to a three-dimensional embedding. We also consider quantum dynamics

on these surfaces.

Surfaces in our daily life are, in general, curved. It is easy to name a few, such as the

surface of a water kettle, basketball, or bagel. We can set a coordinate system to describe

their surfaces. For instance, the basketball can be approximated by a sphere. By selecting

the center of a sphere as the origin, its surface is described by a parameterization

(x(θ, ϕ), y(θ, ϕ), z(θ, ϕ)) = (sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)), (1.37)
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where the radius of the sphere is set to 1. While the surface is only parameterized by θ and

ϕ, an embedding allows us to visualize this geometric object straightforwardly. Nevertheless,

generalization to higher dimensions is involved since a three-dimensional curved space em-

bedded in a four-dimensional flat space is often beyond human imagination. We, therefore,

need an intrinsic description of curved space. Notice the surface is only parameterized by

two parameters (θ, ϕ), it is upon the definition of distance between any two points (θ, ϕ) and

(θ + dθ, ϕ + dϕ) that the geometry is uniquely defined. This distance, ds, can be directly

inherited from its three dimensional embedding. We obtain

ds2 =
∣

∣

∣(x(θ + dθ, ϕ+ dϕ), y(θ + dθ, ϕ+ dϕ), z(θ + dθ, ϕ+ dϕ)) − (x(θ, ϕ), y(θ, ϕ), z(θ, ϕ))
∣

∣

∣

2

=

[(

∂x

∂θ

)2

+

(

∂y

∂θ

)2

+

(

∂z

∂θ

)2]

dθ2 +

[(

∂x

∂ϕ

)2

+

(

∂y

∂ϕ

)2

+

(

∂z

∂ϕ

)2]

dϕ2.

(1.38)

For the sphere, it becomes ds2 = dθ2 + sin2(θ)dϕ2. In general, we have

ds2 = gxxdx
2 + gyydy

2 + 2gxydxdy, (1.39)

where gij is known as the metric tensor. For Euclidean space in Cartesian coordinate, the

metric tensor is given by the Kronecker delta symbol δij. Mathematically, Eq. ( ) is

known as the induced metric on the surface (x(θ, ϕ), y(θ, ϕ), z(θ, ϕ)). As we mentioned,

while it is useful to view Eq. ( ) as a definition of distance induced from the metric of

the embedded space, we can directly treat Eq. ( ) as an intrinsic definition of distance of

a two-dimensional space parameterized by x and y.

Another essential geometric object on a curved space is the connection. While physicists

are used to considering scalar, vector, or tensor fields and their derivatives in a flat space, the

derivative needs to be modified in a curved space. The derivative of a scalar field φ(x, y) is

untouched, and a constant scalar field is defined as a scalar field that satisfies ∂iφ(x, y) = 0,
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i = x, y. However, for a constant vector field V µ(x, y) satisfying ∂xV
i(x, y) = ∂yV

i(x, y) = 0

in flat space, the partial derivatives need to be replaced by

∇µV
ν = ∂µV

ν + ΓνµλV
λ, (1.40)

in curved spaces. The Einstein summation notation has been applied. Namely, a constant

vector field in a curved space satisfies ∂xV
i + Γi

xjV
j = ∂yV

i + Γi
yjV

j = 0. Γλµν , which defines

constant fields, is called a connection. It is straightforward to generalize this definition to

tensor fields,

∇σT
µ1µ2...
ν1ν2...

= ∂σT
µ1µ2...
ν1ν2...

+ Γµ1

σλT
λµ2...
ν1ν2...

+ Γµ2

σλT
µ1λ...
ν1ν2...

+ . . . ,

− Γλσν1
T µ1µ2...
λν2...

− Γλσν2
T µ1µ2...
ν1λ...

+ . . . .
(1.41)

A connection that statisfies Γλµν = Γλνµ and ∇σgµν = 0 uniquely exists, and is termed as the

Levi-Civita connection, or Christoffel connection coefficients,

Γλµν = gλα(∂µgνα + ∂νgαµ − ∂αgµν)/2. (1.42)

The Christoffel symbol Γλµν defines a means to transport vectors on the curved spaces. For

a free particle moving on a curved space, its velocity is necessarily a constant. Its trajectories

are called geodesics denoted by (x(t), y(t)). Replacing V i by the velocity of a free particle

(∂tx, ∂ty), we immediately obtain the geodesic equations,

∂2x

∂t2
+
∂x

∂t
(Γxxx

∂x

∂t
+ Γxxy

∂y

∂t
) +

∂y

∂t
(Γxyx

∂x

∂t
+ Γxyy

∂y

∂t
) =0,

∂2y

∂t2
+
∂x

∂t
(Γyxx

∂x

∂t
+ Γyxy

∂y

∂t
) +

∂y

∂t
(Γyyx

∂x

∂t
+ Γyyy

∂y

∂t
) =0.

(1.43)

In a compact form, it reads
∂2xλ

∂t2
+ Γλµν

∂xµ

∂t

∂xν

∂t
= 0. (1.44)
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Similarly, the Schrödinger equation of free quantum particle needs to be modified in

curved space. Since the wavefunction is a scalar, ∂νψ = ων satisfies ∇µων = ∂µων − Γλµνωλ.

We then write
~

2

2m

(

− gµν∂µ∂ν + gµνΓλµν∂λ

)

ψ = Eψ. (1.45)

Using the identity of Christoffel symbol gµνΓλµν = − 1√
g
∂µ(

√
ggλµ), where g = det(gµν), g

µν

is the inverse of gµν , we arrived at the free Schrödinger equation on curved spaces,

−gµν∂µ∂νψ − 1√
g
∂µ(

√
ggλµ)∂λψ = − 1√

g
∂µ(

√
ggµν∂νψ) =

2mE

~2
ψ, (1.46)

where 1√
g
∂µ(

√
ggµν∂ν) is known as the Laplace Beltrami operator. For the metric of a

sphere, it becomes 1
sin(θ)

∂θ(sin(θ)∂θ) + ∂2
ϕ. It is worth mention that, while Eq. ( ) is

derived using its intrinsic property, it can also be obtained from confining the motion of a

three-dimensional quantum particle onto a two-dimensional curved surface by an external

potential. This physical constraint induces an extra potential on the two-dimensional curved

surface that depends on both the scalar and the mean curvature [ ].

The “flatness” or holonomy of the Christoffel symbol is characterized by the Riemann

curvature tensor [ ],

Rβ
αµν = ∂µΓβνα − ∂νΓ

β
µα + ΓβµλΓ

λ
να − ΓβνλΓ

λ
µα. (1.47)

In two-dimensional surfaces, it is uniquely determined by the scalar curvature, reads R =

gµνRλ
µλν .

1.4 Lie Algebra and Coherent State

Lie algebra is one of the most fundamental and useful concepts in physics and mathemat-

ics. It generates the Lie group with an intrinsic geometric structure and sets the symmetry

of the corresponding physical system. A Lie algebra is an abstract object which consists of

two ingredients, generators and their commutators. Any generators satisfying the commuta-

tion relations form a representation of the corresponding Lie algebra. For instance, we can
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consider p and q as two generators of a Lie algebra. Unlike ordinary variables, Lie algebra

generators may not commute, pq 6= qp. We, therefore, use p̂, q̂ to distinguish them from ordi-

nary variables. We can consider linear superposition or number multiplication of generators,

which still falls in the algebra. The commutator describes the extent to of the generators

do not commute with each other. Without loss of generality, we let q̂p̂ − p̂q̂ = Î, and Î

commutes with both p̂ and q̂ Then p̂, q̂, and Î and their commutators denoted by [q̂, p̂] = Î,

[p̂(q̂), Î] = 0 form the Heisenberg algebra, which is a crucial ingredient in performing the

canonical quantization. One may already find a straightforward representation which acting

on functions over a real line f(x) as q̂ = x, p̂ = −i∂x, Î = i. Another explicit representation

of the Heisenberg algebra is the generators of the Heisenberg group H3, which read

q̂ =















0 1 0

0 0 0

0 0 0















, p̂ =















0 0 0

0 0 1

0 0 0















, Î =















0 0 1

0 0 0

0 0 0















, (1.48)

one can easily check the commutation relations are satisfied.

In quantum mechanics, we are familiar with angular momentum operators Ŝx, Ŝy and

Ŝz. They form the su(2) algebra, together with the commutation relations [Ŝj, Ŝk] = iǫjklŜl,

where ǫjkl is the Levi-Civita symbol. An equally important algebra is the su(1,1) algebra,

where the generators K̂0, K̂1 and K̂2 satisfy the following commutation relation,

[K̂0, K̂1] = iK̂2, [K̂1, K̂2] = −iK̂0, [K̂2, K̂0] = iK̂1. (1.49)

This algebra has various representations in different physical systems. The most direct one

is the generators of “rotational” symmetry of hyperbolic surfaces, similar to that of spheres.

As we will show in Appendix A, K̂0 generates rotations of the hyperbolic surface and K̂1

and K̂2 are generators of boosts. In quantum systems, we can construct representations

of su(1,1) algebra similar to what we did using angular momentum operators. Namely, we

define K̂± = K̂1 ± iK̂2, such that

[K̂+, K̂−] = −2K̂0, [K̂0, K̂±] = ±K̂±. (1.50)
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We can also define the Casimir operator of su(1,1) algebra as Ĉ = K̂2
0 − K̂2

1 − K̂2
2 , which

commutes with K̂0, K̂1 and K̂2. Starting from an eigenstate of K̂0 with eigenvalue k that is

annihilated by K̂−, we are able to construct a series of eigenstates of K̂0 using the raising

operator K̂+. Unlike the angular momentum case, where such construction stops at a certain

n for Ŝn+ and leads to a negative norm state unless k is an integer or half-integer, here the

construction does not stop. We obtain an infinite-dimensional representation of su(1,1)

algebra, where

K̂0 |k, n〉 = (k + n) |k, n〉 , |k, n〉 =

√

√

√

√

Γ(2k)

Γ(n+ 1)Γ(2k + n)
K̂n

+ |k, 0〉 , (1.51)

a prefactor is included to normalize |k, n〉, and k is termed as the Bargmann index [ ] as

analog to the angular momentum quantum number.

The coherent state forms an overcomplete basis of the Hilbert space. The definition of a

coherent state system is directly related to the Lie group. And the coherent state method

is extremely effective when the interested physical system has a dynamical symmetry group

as the Lie group [ ]. To be more precise, a quantum system has a dynamical symmetry if

the time-dependent Hamiltonian falls into a Lie algebra such that the propagators fall into a

Lie group. For example, a spin precesses in a time-dependent magnetic field and a quantum

particle subjected to a harmonic potential with time-dependent frequency have dynamical

groups SU(2) and SU(1,1), respectively. Two interacting quantum harmonic oscillators

have a more complex dynamical group SO(3, 2). Coherent states allow us to implement the

powerful group-theoretical methods in studying the dynamics in these systems.

The coherent state system is built upon a reference state |R〉. All the other quantum

states of the coherent state system are obtained by acting all group elements on |R〉. For

instance, if we consider the infinite dimensional representation of su(1,1) algebra and set

|k, 0〉 as the reference state, the coherent state system can be defined as

|ξ0, ξ1, ξ2; k〉 = e−i(ξ0K̂0+ξ1K̂1+ξ2K̂2) |k, 0〉 . (1.52)
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Nevertheless, this definition contains a redundant global phase. |ξ0, 0, 0〉 for different ξ0

represents the same quantum state e−iξ0k |k, 0〉. It turns out we can have a more useful

parameterization of the coherent states such that this phase can be eliminated. We define

|η, θ, θ0; k〉 = e−iθK̂0e−iηK̂1e−i(θ0−θ)K̂0 |k, 0〉 . (1.53)

Elimilating the global phase, the quantum state now is purely characterized by η and θ. The

SU(1,1) coherent state system reads

|η, θ; k〉 = cosh−2k(
η

2
)

∞
∑

n=0

√

√

√

√

Γ(2k + n)

Γ(n+ 1)Γ(2k)

(

− i tanh
(

η

2

)

e−iθ

)n

|k, n〉 . (1.54)

We can find a one-to-one correspondence between these two parameterizations using the

Baker-Campbell-Hausdorff formula [ ]. If an initial state |k, 0〉 evolves with the SU(1,1)

dynamical symmetry, its dynamics correspond to a trajectory on the coherent state system.

We, therefore, obtain the system’s dynamics using the group-theoretical approach without

resorting to the time-ordered product as shown in Eq. ( ).

1.5 Tan’s Contact in Dilute Quantum Systems

Contact is proposed by Shina Tan in the serial works [ ]. It is a central quantity that

appears in ultracold dilute quantum systems where a length scale separation exists and

bridges the two-body physics and the many-body environment. Here we briefly introduce

the universal relations that involve contact in a bosonic system. One can refer to [ ], [ ]

for a review of contacts in various systems and derivations of universal relations.

We consider a many-body bosonic system with N particles. The Hamiltonian is

Ĥ =
∫

d3~r
~

2

2M
∇Ψ̂†(~r)∇Ψ̂(~r) +

1

2

∫

d3~r d3~r′V (|~r − ~r′|)Ψ̂†(~r)Ψ̂†(~r′)Ψ̂(~r)Ψ̂(~r′) (1.55)

The many-body wavefunction with eigenenergy E is written as

〈~r1, ~r2, . . . , ~rN |Ψ(E)〉 = Ψ(~r1, ~r2, . . . , ~rN ;E), (1.56)
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which is symmetric under exchange of particles. This wavefunction satisfies the many-body

Schrödinger equation



− ~
2

2M

N
∑

i=1

∇2
i +

∑

i>j

V (|~ri − ~rj|)


Ψ(~r1, ~r2, . . . , ~rN ;E) = EΨ(~r1, ~r2, . . . , ~rN ;E). (1.57)

The universality of the ultracold dilute quantum system comes in the behavior of many-

body wavefunction when two particles are close to each other, namely,

Ψ(~r1, . . . , ~ri, . . . , ~rj . . . , ~rN ;E)
|rij| ≪ k−1

F−−−−−−→
∫

dǫψ(rij; ǫ)G(Rij;E − ǫ) (1.58)

where k−1
F denotes the interparticle distance, we use the notation rij and Rij to represent

~ri − ~rj and {~r1, . . . , ~ri + ~rj, . . . , ~rN}, respectively. ψ(rij; ǫ) satisfies the two-body Schrödinger

equation
(

−~
2

M
∇2

ij + V (|rij|)
)

ψ(rij; ǫ) = ǫψ(rij; ǫ). (1.59)

In this limit, the two-body physics and many-body physics captured by ψ and G are sepa-

rated.

If we assume the range r0 of the interparticle interaction is much smaller than k−1
F , from

the low energy scattering theory, we obtain the behavior of many-body wavefunction within

the region r0 < |rij| ≪ k−1
F . The threshold law allows us to focus on the s-wave scattering,

we have

Ψ(rij,Rij;E)
r0 < |rij| ≪ k−1

F−−−−−−−−−→
∫

dǫ

[(

1

|rij|
− 1

a

)

+O(ǫ)

]

Y00G(Rij;E− ǫ)+other partial waves,

(1.60)

where the s-wave scattering length a depends on the two-body physics.

Since we consider an ultracold system and ǫ is related to its energy density, we have the

length scale
√

~2/ǫM ≫ k−1
F . We can ignore O(ǫ) term and then obtain the asymptotic form

of the s-wave channel wavefunction

Ψ00(rij,Rij;E)
r0 < |rij| ≪ k−1

F−−−−−−−−−→
(

1

|rij|
− 1

a

)

1√
4π

G(Rij;E). (1.61)

32



This asymptotic form is the starting point of various universal relations. Using Eq. ( ),

we obtain the asymptotic form of the density correlation function,

S(~r) = N(N − 1)
∫

dRij

∣

∣

∣Ψ(~r,Rij)
∣

∣

∣

2 |~r| → 0−−−−→ N(N − 1)
1

4π

1

|~r|2
∫

|G(Rij;E)|2 dRij. (1.62)

The large momentum tail of momentum distribution is

n(~k) = N
∫

∏

m6=j

d~rm

∣

∣

∣

∣

∣

∫

d~rjΨ(~rj, ~rm6=j)e
−i~k·~rj

∣

∣

∣

∣

∣

2
|~k| → ∞−−−−→= N(N − 1)

4π

|~k|4
∫

|G(Rij;E)|2 dRij.

(1.63)

We have used the relation
∫

d~re−λ|~r|e−i~k·~r 1
|~r| = 4π

2

|~k|2+λ2
. Here |~k| → ∞ means kF ≪ |~k| ≪ 1

r0
.

Another universal relation is the adiabatic relation, which can be derived from the many-

body Schrödinger equation. It reads

∂E

∂(−1/a)
=

~
2

2M
N(N − 1)

∫

|G(Rij;E)|2 dRij. (1.64)

The same factor, G(Rij;E), as the many-body part of the asymptotic wavefunction, shows

up in each relation. We, therefore, define the s-wave contact as

C00 = 4πN(N − 1)
∫

|G(Rij;E)|2 dRij. (1.65)

The universal relations can be rewritten intro

S(~r)
|~r| → 0−−−−→ 1

(4π)2

C00

|~r|2 , n(~k)
|~k| → ∞−−−−→ C00

|~k|4
,

∂E

∂(−1/a)
=

~
2

8πM
C00. (1.66)

In general, a contact matrix could be defined if the contributions from higher partial waves

need to be included [ ]. We note that the Efimov effect in the ultracold bosonic system is

ignored in the derivations above. If the three-body asymptotic state is taken into account, the

adiabatic relation needs to be modified and a three-body contact needs to be included [ ],

[ ].
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1.A Hyperbolic space and symmetry

This appendix introduces hyperbolic surfaces that are of fundamental importance in the

following chapters. A hyperbolic surface is a two-dimensional homogeneous surface with

constant negative curvature, which can be embedded as a two-dimensional surface X2 +

Y 2 −T 2 = −R2
0 in a three-dimensional Minkowski spacetime (X, Y, T ). Let’s reparameterize

this surface by (η, ϕ),

X = R0 sinh(η) cos(ϕ), Y = R0 sinh(η) sin(ϕ), T = R0 cosh(η). (1.67)

Using the modified Eq. ( ) since now we have the two-dimensional surface embedded in

a three-dimensional Minkowski spacetime, we find

ds2 =

[(

∂X

∂η

)2

+

(

∂Y

∂η

)2

−
(

∂T

∂η

)2]

dη2 +

[(

∂X

∂ϕ

)2

+

(

∂Y

∂ϕ

)2

−
(

∂T

∂ϕ

)2]

dϕ2

=R2
0(dη2 + sinh2(η)dϕ2).

(1.68)

This is the metric of a hyperbolic space. It is invariant under boosts and rotations in

the three-dimensional Minkowski spacetime according to its embedding. Its non-vanishing

Christoffel symbols are Γηϕϕ = − cosh(η) sinh(η) and Γϕηϕ = Γϕϕη = coth(η), which lead to the

scalar curvature R = −2/R2
0. Usine Eq. ( ), we can write down the Schrödinger equation

on this surface, reads

~
2

2mR2
0

(

− ∂2
η − 1

sinh2(η)
∂2
ϕ − coth(η)∂η

)

ψ = Eψ. (1.69)

Since the hyperbolic space is infinitely large, it is desired to bring the boundary of the

hyperbolic space to a finite distance. We therefore consider ρ = tanh(η/2), such that

ds2 =
4R2

0

(1 − ρ2)2
(dρ2 + ρ2dϕ2). (1.70)

η → ∞ is mapped to the boundary of a unit disk. Geodesics are circles with their origins

located on the boundary of the disk.
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We can further reparameterize ρ, ϕ into a complex number z = x + iy, where |z| < 1 is

defined in the unit disk.

ds2 =
4R2

0

(1 − x2 − y2)2
(dx2 + dy2). (1.71)

This metric is invariant under the Möbius transformation z → z̃, where

z̃ =
αz + β

β∗z + α∗ ≡







α β

β∗ α∗





 (z) = e−i(ξ0(σz/2)+ξ1(−iσy/2)+ξ2(iσx/2))(z), (1.72)

where |α|2 − |β|2 = 1. This transformation represents the SU(1,1) group, and K̂0 = σz/2,

K̂1 = (−i)σy/2,K̂2 = iσx/2 satisfy the su(1,1) algebra. For non-vanishing ξ0,1,2, these trans-

formations generate rotation, boost along x-direction and y-direction, respectively, as shown

in Fig. .

Another useful coordinate system of the hyperbolic space is the Poincaré half plane. It

is related to the Poincaré disk by the Cayley transform, z → (−iz + i)/(z + 1). The origin

of the disk is mapped to (0, i) on the complex plane, and the boundary circle is mapped to

the real axis and the point at infinity. Under such transformation, the metric now reads

ds2 =
R2

0

y2
(dx2 + dy2). (1.73)

Clearly, this metric diverges as y approaching 0, in consistent with the fact that the real axis

corresponds to infinity on the hyperbolic space.
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Figure 1.1. Trajectories of different points z’s under rotation (a), boost along
x direction (b) and boost along y direction (c) on the Poincaré disk. The black
dashed lines are the geodesics.
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2. EMERGENT HYPERBOLIC SPACE IN SU(1,1) SYSTEMS

AND QUANTUM CONTROL

The contents of this chapter are based on and modified from the published articles [ ] by
C. Lyu, C. Lv, and Q. Zhou, Geometrizing quantum dynamics of a Bose-Einstein condensate,
Phys. Rev. Lett. 125, 253401 (2020). Copyright (2020) by the American Physical Society,
and [ ] by C. Lv, R. Zhang, and Q. Zhou, SU(1,1) Echoes for Breathers in Quantum Gases,
Physical Review Letters 125 (25), 253002 (2020). Copyright (2020) by the American Physical
Society.

In this chapter, we discuss the geometrization of quantum dynamics of various systems

with SU(1,1) dynamical symmetry. We first consider weakly interacting Bose-Einstein con-

densates with time-dependent interaction strength. We show that quantum dynamics in

different momentum modes can be geometrized by a Poincaré disk. A single point on such

a disk is an SU(1,1) coherent state. In the weakly interacting bosons case, it is also a ther-

mofield double state. The overlap between different coherent states is equal to the metric of

the Poincaré disk, and stable and unstable modes are represented by closed and open trajec-

tories. The resonant modes that follow geodesics naturally equate fundamental quantities,

including the time, the length, and the temperature.

In general, quantum systems with SU(1,1) dynamical symmetry generate trajectories on

multiple Poincaré disks, depending on the initial state of the quantum system. The second

part of this chapter studies the SU(1,1) dynamical symmetry in scale-invariant quantum

gases. Three-dimensional unitary fermions, two-dimensional bosons, fermions with con-

tact interactions, and Calogero-Sutherland gases belong to this category. We will introduce

SU(1,1) echoes as an application of the group-theoretical method of engineering collective

excitations of interacting many-body systems with SU(1,1) dynamical symmetry, as well as

measuring symmetry breaking perturbations.

2.1 Introduction

Geometries may arise as emergent phenomena in certain quantum systems. Recent

decades have witnessed the emergent geometry in the AdS/CFT correspondence [ ], [ ],

the ER=EPR conjecture [ ]–[ ], and scale-invariant tensor networks [ ]–[ ], where hy-

perbolic geometries emerge as results of strong correlations in quantum many-body systems.
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In this chapter, we show that quantum dynamics of weakly interacting bosons are deeply

connected to the hyperbolic geometry. We also consider the dynamics of breathers in scale-

invariant quantum gases can be captured by multiple hyperbolic disks. This geometric pic-

ture provides us with new understanding of prior experimental results, including dynamical

instability and breathers with certain geometric shapes. It shows that dynamical instability,

a fundamental concept in various physical systems, has an underlying geometric interpreta-

tion. The dynamical instability corresponds to open trajectories that end at the boundary

of the hyperbolic space. In sharp contrast, stable modes form loops.

On the other hand, our approach offers experimentalists a powerful tool to access and

coherent control quantum dynamical phenomena. It delivers SU(1,1) echoes to reverse quan-

tum dynamics with SU(1,1) dynamical symmetry, as analogous to spin echoes overcoming

the dephasing in spin systems [ ], [ ]. Moreover, it could serve as a new framework for

detecting perturbations that leads SU(1,1) dynamical symmetry breaking, like utilizing spin

echoes to extract useful information in interacting spins [ ]–[ ].

2.2 SU(1,1) Dynamical Symmetry of Weakly Interacting Bose Gas

We first consider the Bogoliubov Hamiltonian which describes weakly interacting bosons,

H =
∑

~k

E~kc
†
~k
c~k +

Ũ

2V

∑

~k,~k,~q

c†
~k+~q

c†
~k−~qc~kc~k, (2.1)

where Ũ = 4π~
2 as

M
, c†

~k
(c~k) is the creation (annihilation) operator for bosons with the mo-

mentum ~k. as(t) is the time-dependent scattering length. While as(t) = 0 for t < 0 such that

the condensate is prepared at the zero momentum state, it is tuned dynamically using the

magnetic or optical Feshbach resonance for t > 0 [ ]. Our results apply to both quenching

as(t) = as or an arbitrary as(t).

Coherent dynamics can be achieved before considerable particle losses, even though a

BEC with attractive interactions is not stable [ ]–[ ]. We first focus on short-time dynam-

ics in which N~k 6=0, the particle number at a finite momentum, is small such that interactions
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among excited atoms are negligible. The quantum dynamics is governed by Heff =
∑

~kH~k,

where

H~k(t) = ξ0(~k)K0 + ξ1(~k)K1 + ξ2(~k)K2. (2.2)

We have introduced the su(1,1) generators in two-mode representation,

K0 =
1

2
(c†
~k
c~k + c−~kc

†
−~k)

K1 =
1

2
(c†
~k
c†

−~k + c~kc−~k)

K2 =
1

2i
(c†
~k
c†

−~k − c~kc−~k).

(2.3)

The field components that couple to the su(1,1) generators are ξ0(~k) = 2(E~k + Ũ |Ψ0|2),
ξ1(~k) = 2 ReU , ξ2(~k) = −2 ImU , U = ŨΨ2

0, and Ψ0 =
√

N0/V eiθ is the condensate wave-

function. ~ξ = {ξ0, ξ1, ξ2} is an external field, analogous to the magnetic field in the case

of SU(2), and its strength, ξ =
√

ξ2
0 − ξ2

1 − ξ2
2 , sets the energy scale. For instance, when

ξ2
0 > ξ2

1 + ξ2
2 , the energy spectrum is given by (m+ 1/2)ξ, where m is an integer. The above

equations show that the dynamics at different ~k are decoupled.

The Hamiltonian in Eq. with arbitrary choices of parameters, ξ0,1,2 belongs to an

su(1,1) algebra. As such, any propagator, P (t) = T e−i
∫ t

0
dt′H~k

(t′) is an element in SU(1,1) [ ].

We, therefore, claim that the quantum dynamics has the SU(1,1) dynamical symmetry [ ]–

[ ]. In order to fully capture the SU(1,1) dynamical group, three parameters are required

and later we will show such a complete picture leads to an emergent Anti de-Sitter space.

Here we consider the quotient with respect to the global U(1) phase, SU(1, 1)/U(1), whose

element is created by two operations,

R(ϕ0) = e−iϕ0K0 , B(ϕ1, 0) = e−iϕ1K1 , (2.4)

which correspond to a rotation and a boost, respectively. The group element which

corresponds to a generic boost along an arbitrary direction is defined by B(ϕ1, ϕ2) =

e−i(ϕ1K1+ϕ2K2).
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Figure 2.1. (a) Bosons from the condensate are scattered to states with op-
posite momenta through a negative interaction. Occupations in states with
small kinetic energies will grow exponentially. (b) Each point on a Poincaré
disk represents a TFD. The particle number or equivalently, the effective tem-
perature, is highlighted by the color scale. Geodesics are represented by the
dashed straight lines and curves. Trajectories representing dynamical evolu-
tions of the quantum system are denoted by arrowed curves. The blue curve
following the geodesic corresponds to an extreme of the time spent in quench
dynamics.

Eq. parameterizes the propagators using a Poincaré disk [ ], [ ], as shown in

Fig. (b). A similar approach was implemented to consider geometric phases in the adia-

batic limit [ ].

To establish a one-to-one correspondence between the quantum dynamics and a Poincaré

disk, we consider the vacuum as a reference state, |Ψ(0)〉 = |0〉~k|0〉−~k, where c~k|0〉~k = 0. The

two operators in Eq. lead to a wavefunction, |z〉 = R(ϕ0)B(ϕ1, 0)R†(ϕ0) |Ψ(0)〉, which is

written as

|z〉 =
√

1 − |z|2
∑

n

zn |n〉~k |n〉−~k , (2.5)

where z = −ie−iϕ0 tanh ϕ1

2
and |n〉~k = c†n

~k
|0〉/

√
n! denotes the Fock state. This coherent

state system can be regarded as the generalized SU(1,1) coherent state with the Bargmann

index k = 1/2. The expression in Eq. is termed as a thermofield double state (TFD)

state in high energy physics [ ]–[ ], [ ], [ ]. In quantum optics, this kind of two-mode

squeezed state can be created through non-degenerate parametric amplification [ ]. Cre-
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ating squeezed states from squeeze operators has been well studied in quantum optics [ ],

and such a connection with BECs has also been recently studied [ ].

In quantum optics, it has been extensively explored how to produce squeezed states from

squeeze operators [ ]. Recently, its connection with BECs has also been investigated [ ].

In TFD, we have two identical copies entangled with each other. Tracing over one copy

leaves the other with a thermal density matrix,

ρ~k = Tr−~k |z〉 〈z| = Z−1
∑

n

e
−

nE~k
kBT |n〉~k 〈n|~k , (2.6)

similar to Hawking radiation and Unruh effects [ ], [ ]. Using Eq. , we can identify the

Euclidean distance to the center of the disk, |z|, with a temperature,

T̃ ≡ kBT

Ek
= −1

2
ln−1 |z|, (2.7)

and Z = 1 − e−E~k
/kBT . We, therefore, assign each point on the Poincaré disk with a temper-

ature and the boundary circle has T = ∞. In quantum information, the closeness between

two states is often characterized by their overlap, i.e., their fidelity [ ]. Here, the fidelity

between TFDs, Fz,z′ = |〈z′|z〉|2, is written as,

|〈z|z′〉|2 =
(1 − |z|2)(1 − |z′|2)

|1 − z∗z′|2 . (2.8)

Consider two TFDs close to each other on the Poincaré disk, i.e., z′ = z+dz, from the above

expression, we obtain

ds2 = 4(1 − Fz,z+dz) =
4(dx2 + dy2)

(1 − x2 − y2)2
, (2.9)

which corresponds to the metric of a Poincaré disk. This definition of distance is deeply

related to the adiabatic connection. The metric of a Poincaré disk can also be correlated to

the complexities of the SU(1,1) coherent states [ ].
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2.3 SU(1,1) Dynamical Symmetry of Scale-Invariant Quantum Gases

In the previous section, we have found the dynamical instability of a BEC induced by

quenching the scattering length, which corresponds to a particular representation of the

SU(1,1) group. For study in periodical driven BECs, the same representation has also been

considered [ ], [ ]. In such a particular representation [ ], [ ], [ ], the Bargmann index

k, is either a positive integer or half-integer, similar to spin systems. As we will later show,

the integral or half-integral k guarantees echoes with a single period. In sharp contrast,

breathers in scale-invariant quantum gases correspond to a distinct representation with a

continuous spectrum of k. Such a fundamental difference provides breathers with much

richer phenomena ranging from an arbitrary multiplication of the period to dynamics with

non-commensurate frequencies.

Let’s introduce the su(1,1) algebra in the quantum gases from its scale invariance. The

Hamiltonian of scale-invariant quantum gas is written as

Hsi =
∑

i
− ~

2

2m
∇2

i +
∑

i<j
V (ri − rj). (2.10)

We define the scaling operator

K2 =
1

4i

∑

i
(ri · ∇i + ∇i · ri), (2.11)

the scaling dimension ∆ for an operator O is defined as [K2, O] = −i∆O. The scale invariance

of such Hamiltonian requires the interactions have the same scaling dimension ∆ = 2 as the

kinetic term. The contact interaction in 2-D falls in this category. For contact interaction,

V (ri−rj) ∼ gδ(ri−rj) and δ2D(λr) = λ−2δ2D(r). The inversed squared interaction considered

in Calogero–Sutherland model also has this property. The fermionic system at unitary

limit is also known as a scale-invariant system, where V (ri − rj) should be understood as

V (ri − rj) = Ṽ (ri − rj)δσi 6=σj , σi =↑, ↓, Ṽ produces a divergent scattering length.
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The su(1,1) symmetry appears upon introducing a harmonic potential Vho =
∑

i
m
2
ω2

0|ri|2.
Since [Vho, Hsi] ∼ K2, and Vho has scaling dimension ∆ = −2, the algebra closes and we have

the su(1,1) generators in two-dimensional scale-invariant many-body system defined as

K0 =
1

2

[

∑

i
−1

2
∇2

i +
1

2
r2

i +
∑

i<j
V (ri − rj)

]

,

K1 =
1

2

[

∑

i
−1

2
∇2

i − 1

2
r2

i +
∑

i<j
V (ri − rj)

]

,
(2.12)

and K2 defined in Eq. . We have chosen lho =
√

~/(mω0) as the unit length and ~ω0 as

the unit energy. The su(1,1) algebra is then satisfied by K0,1,2. Using the above definition,

a scale-invariant quantum system confined in an isotropic harmonic trap with frequency κω0

has the Hamiltonian H = (1 + κ2)K0 + (1 − κ2)K1.

Since H = 2K0 when κ = 1, its spectrum is bounded from below. For each eigenstate of

K0 satisfying (K1 − iK2) |k, 0〉 = 0, K0 |k, 0〉 = k |k, 0〉, we can define coherent states that

characterized by a complex number |z| < 1,

|k, z〉 = (1 − |z|2)k
∞
∑

n=0

√

√

√

√

Γ(2k + n)

Γ(n+ 1)Γ(2k)
zn |k, n〉 , (2.13)

The Bargmann index k is also determined by the Casimir operator C = K2
0 − K2

1 − K2
2 ,

where C |k, n〉 = k(k − 1) |k, n〉. A single Poincaré disk is characterized by a unique k.

|k, n〉 ∼ (K1 + iK2)
n |k, 0〉. The set of states |k, n〉 for a given k is also known as conformal

tower states [ ]. Since we consider a many-body system with the interaction strength could

be continuously tuned, k now is not necessarily integral or half-integral.

2.4 Quench Dynamics and Floquet Dynamics

In this section, we discuss the dynamics on the Poincaré disk, generated by quantum

quench or Floquet drivings, using the weakly interacting Bose gases as an example. We first

consider quenching as(t) from zero to a finite negative value. When E~k > 2|U | or equivalently,

ξ2 > 0, the growth of n~k is bounded from above and is referred as to a stable mode. On the

Poincaré disk, its trajectory is a closed loop, as shown in Fig. (b). When E~k = 2|U |, ξ
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Figure 2.2. (a) The dependence of N~k (left vertical axis) and the rescaled tem-
perature T̃ (right vertical axis) as a function of time. Ẽ~k = E~k/|U |. When U is
fixed, the resonant mode has the fastest growth. (b) On the Poincaré disk, the
dynamics of stable(unstable) modes are mapped to closed(open) trajectories.
The resonant mode follows the geodesic. (c) When |ξ| is fixed, the resonant
mode has the slowest growth. (d) An arbitrary initial state is mapped to the
vacuum at the origin of the Poincaré disk through a Möbius transformation.
The geodesic is mapped to a straight line.
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vanishes and the trajectory becomes critical. When E~k < 2|U |, i.e., ξ2 < 0, the well-known

dynamical instability occurs and n~k grows exponentially, mimicking the inflation in the early

universe [ ]. Any unstable mode on the Poincaré disk corresponds to an open trajectory

that extends from the origin to the circular boundary. However, because the boundary of

the Poincar’s disk corresponds to infinity, reaching there takes an infinity amount of time.

When Ek = |U |, starting from the center of the Poincaré disk, the trajectory follows the

diameter, i.e., a geodesic.

We can write the Euclidean distance to the center as

|z(t)| =







(

1 − ξ2

ξ2
1+ξ2

2

1

sinh2(
|ξ|t

2
)

)− 1
2

, ξ2 < 0
(

1 + ξ2

ξ2
1+ξ2

2

1

sin2(
|ξ|t

2
)

)− 1
2

, ξ2 > 0.

(2.14)

From Eq. , we see that if ξ2
1 + ξ2

2 is fixed, |z(t)| has the fastest growth when the system

moves along the geodesic, with ξ0 = 0. Under this situation,

|z(t)|g = tanh

(

|ξ|
2
t

)

. (2.15)

Using Eq. , the length along the geodesic measured in the hyperbolic space is given by

L̃ =
∫ |z(t)|g

0

2 dx

1 − x2
= |ξ|t. (2.16)

It is worth pointing out that, if it is |ξ| that is fixed, Eq. shows that the geodesic has

the slowest growth among unstable modes. This conclusion is demonstrated by numerical

results plotted in Fig. (c).

For off-resonant modes where ξ0 6= 0, the trajectories are no longer geodesics. However,

the length along such a trajectory as a function of the time still has an expression similar to

Eq. ( ) (Appendix).

The ground state is no longer a vacuum if the initial scattering length is finite. The

quantum dynamics starts from a point away from the center of the Poincaré disk. A Möbius
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transformation preserving the metric, z′ = M(z) = αz+β
β∗z+α∗ , |α|2 −|β|2 = 1, maps the origin

to any other point on the disk, therefore, all phenomena we discussed remain the same.

We now turn to periodic drivings. Consider an example,

H1 = 2(E~k + U)K0 + 2UK1, 0 < t < t1 (2.17)

H2 = 2E~kK0, t1 < t < Td, (2.18)

where the period Td = t1 + t2. It corresponds to periodically modifying the interaction

strength in Eq. . When as = 0, the propagator from t = t1 to t = Td is given by

Eq. , i.e., a rotation about the center of the Poincaré disk. The Floquet Hamiltonian,

∼ log
(

e−iH2te−iH1t
)

, is tunable by changing t1 or t2, which allows us to manipulate both the

stable and unstable modes. A quantum revival of the initial state at the end of the second

period is particularly interesting. We emphasize that such a revival is accessible for any initial

state, and any H1 in Eq. ( ), not requiring a vacuum as the initial state nor a Hamiltonian

H1 satisfying the resonant condition [ ], [ ]. This revival, which is originated purely from

the algebraic structure of the time-dependent Hamiltonian, can be directly implemented to

other systems with SU(1,1) dynamical symmetry in reversing quantum dynamics, as we will

show below.

2.5 SU(1,1) Echoes for Breathers in Scale-Invariant Quantum Gases

Reversing quantum many-body dynamics is famously challenging because it necessitates

simultaneously changing the signs of all components in the Hamiltonian and all particle

dynamics. The well-established spin echoes [ ], however, have been widely employed to

overcome dephasing in spin systems, providing the foundation of many modern technologies,

including nuclear magnetic resonance and the central spin problem in condensed matter

physics [ ], [ ], [ ].

This section will use two-dimensional Bose gases as an example to study the particular

case of Floquet dynamics for systems with SU(1,1) symmetry, the SU(1,1) echoes that

reverse collective excitation. In the study of ultracold atoms, collective excitations have
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Figure 2.3. (a) a1,2,3,4 denotes a spin echo. The sphere represents the Bloch
sphere. The initial state is represented by z0. Rotations about the y axis are
represented by a1 and a3. π-pulses about the z axis are represented by a2 and
a4. (b) b1,2,3,4 denotes a SU(1,1) echo. The unit disk represents the Poincaré
disk. Boosts along a radial direction induced by the same Hamiltonian are
represented by b1 and b3. π-rotations about the origin are represented by b2

and b4.

been a main and long-standing theme. [ ], [ ]–[ ]. In investigating superfluidity and

hydrodynamics of interacting fermions and bosons in the past two decades, breathing modes

(or breathers) have provided physicists with various valuable information [ ]–[ ]. However,

once collective excitations have been generated, it is typically extremely difficult to return

to the initial state. Since the relevant degrees of freedom do not obey the su(2) algebra in

breathers, the standard spin echoes do not apply. In the following, we consider breathers

excited by a harmonic potential and implement the SU(1,1) echoes to reverse collective

excitations.

Breathers in quantum gases have been extensively studied following the seminal work by

Pitaevskii and Rosch [ ]–[ ]. It wasn’t until the ENS experiment, which discovered that the

period of a breather in a harmonic trap depends on the breather’s initial geometrical shape

when the quantum anomaly is negligible, that the fundamental importance of initial shapes

was realized [ ]. For instance, the triangular breather in a two-dimension system agrees

with well-known results in harmonic traps. However, if the quantum gases has an initial

disk shape, an unprecedented period multiplication occurs, quadrupling that of a triangle.
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More strikingly, despite that the underlying Hamiltonian naturally determines a period,

other shapes do not exhibit regular periodicities in experimentally accessible timescales.

Such an observation is readily beyond understandings built upon previous works [ ]–[ ].

While the semi-classical dynamics of a triangular breather can be obtained analytically

with a nice duality between hydrodynamics and the Liouville equation for ideal gases [ ],

a complete picture of this remarkable ENS experiment remains open as of now. Here,

we demonstrate that these extraordinary behaviors of breathers originate from an intrinsic

property of representing the su(1,1) algebra. In particular, the underlying algebra and the

geometric representation of SU(1,1) echoes allow us to infer how initial shapes of breathers

lead to distinct superpositions of Poincaré disks and consequently, the revival times.

SU(1,1) echoes arise from the identity,

e−i(ϕ1K1+ϕ2K2)e−iπK0e−i(ϕ1K1+ϕ2K2)eiπK0 = I, (2.19)

where I is the identity operator, ϕ1 and ϕ2 are two arbitrary real numbers.

As shown in Fig. (b), U1 = e−iϕ1K1 moves a given initial state along a diameter and

it is then followed by a rotation U0 = e−iπK0 . Using Eq. , we conclude (U0U1)
2 =

e−i2πK0 . Namely, the dynamics amounts a rotation of 2π about the origin on the Poincaé

disk, recovers the initial state. This echo applies to any initial states on the Poincaré disk

and any ϕ1K1 + ϕ2K2.

While our results are applicable to any eigenstates of a harmonic trap, we first take the

initial state as the ground state of the Hamiltonian, H0 = 2K0, to illustrate our scheme.

We consider a periodical driving of trapping frequency, such that the Floquet Hamiltonian

is written as

H1 = (1 + κ2)K0 + (1 − κ2)K1, nT < t < nT + t1,

H0 = 2K0, nT + t1 < t < (n+ 1)T, (2.20)

where n is a non-negative integer, and T = t0 + t1 defines a period. Within the time

intervals nT < t < nT + t1, the trapping frequency is κω0, where κ could be an arbitrary
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real or imaginary number. When κ is imaginary, it corresponds to an inverted harmonic

trap. Within the time intervals nT + t1 < t < (n + 1)T , the original trap frequency ω0 is

restored. Using this time-dependent Hamiltonian, we obtain the propagator from t = nT to

t = (n+ 2)T , (U0U1)
2 = (e−iH0t0e−iH1t1)2, which can be rewritten as

e−i(ζ1+2t0)K0e−iη1K1e−i(2ζ1+2t0)K0e−iη1K1e−iζ1K0 , (2.21)

where ζ1 = arctan
(

1+κ2

2κ
tan κt1

)

and η1 = 2arcsinh
(

1−κ2

2κ
sin(κt1)

)

, the Baker-Campbell-

Hausdorff formula [ ] has been implemented. When π = 2(t0 + ζ1), or equivalently,

t0 =
π

2
− ζ1 =

π

2
− arctan

(

1 + κ2

2κ
tan κt1

)

, (2.22)

an echo is delivered. Under this condition, (U0U1)
2 = e−i2πK0 . After two driving periods, the

system revives with only an additional overall phase 2πk, since we consider an eigenstate of

a harmonic trap with a definite k. Once H0 and H1 are fixed, tuning t0 to deliver a SU(1,1)

echo is an analogue of adjusting the pulse’s duration in creating a π rotation on a Bloch

sphere in spin echoes.

Since K0 − K1 =
∑

i r
2
i /2, we can write the potential energy within the time interval

nT + t1 < t < (n + 1)T as Epot = 〈1
2

∑

i r
2
i 〉 = 〈K0 − K1〉. Using properties of SU(1,1)

coherent states, 〈k, z|K0|k, z〉 = k 1+|z|2
1−|z|2 , 〈k, z|K1|k, z〉 = 2k Re(z)

1−|z|2 , we obtain,

Epot = k[1 + |z|2 − 2Re(z)]/(1 − |z|2). (2.23)

In the time interval nT < t < nT + t1, the expectation value of Epot is simply multiplied

by κ2. Clearly, Epot has period 2T . We have k = Eg/2, if the system is precisely pre-

pared in the ground state of H0 with energy Eg. The aforementioned results hold for any

finite temperatures in thermal equilibrium since they are applicable to all eigenstates of the

initial Hamiltonian. Under inverse temperature β, k in Eq. ( ) should be replaced by

〈K0〉thermal = Tr(K0e
−βH0)/Tr(e−βH0).

We consider an explicit example as the two-dimensional bosons. While it is challenging

to determine the exact many-body state when we consider the quantum dynamics of two
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dimensional interacting bosons controlled by the su(1,1) algebra, in the weakly interacting

regime, such dynamics is well-captured by a Gross-Pitaevskii (GP) equation, The Gross-

Pitaevskii (GP) equation,

i
∂Ψ(r, t)

∂t
=

(

−∇2

2
+
κ(t)2r2

2
+ gN |Ψ(r, t)|2

)

Ψ(r, t), (2.24)

well capture the dynamics in the weakly interacting regime. Ψ(r, t) is the condensate wave-

function. where g = 4πa0 with a0 being the dimensionless scattering length, N denotes the

boson number. We can apply an imaginary time evolution in obtaining the ground state con-

densate wavefunction of H0. Then, we evolve the condensate according to the GP equation

with κ(t) determined by Eq. . We trace both the overlap intergral between the initial and

the condensate wavefunction at time t, F (t) = | ∫ drΨ∗(r, 0)Ψ(r, t)|, and the absolute value

of the potential energy, |Epot|. Fig. shows a few typical choices and the corresponding

dynamics on the Poincaé disk. (I), when we have real κ, H1 corresponds to a harmonic trap

with a different frequency. The field strength providing the energy scale of H1 is ξ = 2κ. The

trajectory on the Poincaré disk follows a closed loop. (II), when the harmonic trap is turned

off, κ = ξ = 0. The trajectory on Poincaré disk is critical, as it travels to the boundary circle

of the disk and eventually becomes tangent with it. (III), when κ is imaginary, we have a

deconfining potential pushing the BECs to expand and a purely imaginary spectrum, which

denotes the quasi-normal modes. On the Poincaré disk, the system follows open trajectory

towards the boundary of the disk. This result in scale-invariant quantum gases is similar

to that in momentum modes of weakly interacting Bose gases we discussed in the previous

section, underlies the powerful group theoretical approach. Without H0, quantum dynamics

governed by H1 are distinct for different κ’s, nevertheless, we can always design t0 and obtain

revivals using SU(1,1) echoes, as shown in Fig. .

When the initial state becomes a superposition of eigenstates with different k, we need

to consider trajectories on multiple Poincaré disks in capturing the dynamics. Without loss

of generality, we consider an initial state |Ψ〉 =
∑

n,k cnk |k, n〉 =
∑

k |ψk〉, where |ψk〉 =
∑

n cnk |k, n〉 and 〈ψk′|ψk〉 ∼ δk,k′ . Other quantum numbers for the same k, n are suppressed.

Applying an an arbitrary propagator U in the SU(1,1) group, |Ψ〉 becomes
∑

k U |ψk〉, where
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Figure 2.4. (a-b) F (t) and 〈r2(t)〉/2 of 2D BECs simulated by the GP equa-
tion with time-dependent κ(t). The initial state is prepared as the ground
state of the GP equation with κ = 0 using imaginary time evolution. κ = 2(0)
corresponds to a modified (vanished) trapping frequency in the time interval,
nT < t < nT + t1. κ = i, 2i correspond to inverted harmonic traps in the
time interval, nT < t < nT + t1. Ng = 25600, ω0 = 20 × 2πHz and t1 = π/8.
t0 is determined by Eq. . (c) Left panel: trapping potentials in different
time intervals. Right panel: density snapshots for κ = 2i at various times. (d)
Trajectories on the Poincaré disk. Dotted (solid) lines are evolutions governed
by H1 (H0) in the periodic driving. Dot-dashed lines represent the dynamics
if only H1 is applied.

each U |ψk〉 in the summation corresponds to an evolution on a single disk. Thus, the

dynamics are superpositions of trajectories on several Poincaré disks. If an echo, (U0U1)
2 =

e−2iπK0 , acts for m times on the initial state, we find

e−2iπmK0 |Ψ〉 =
∑

n,k
cnke

−2iπmk |k, n〉 . (2.25)

By substituting an integral over k for the sum in Eq. , this initial state will include

incommensurate k’s and the dynamics lacks a finite periodicity. Here, we only apply sum-

mation of discrete k’s such that the periodicity is well-defined. Since the factor e−2iπmk

is independent of the index n, the return probability P (m) = |〈Ψ(0)|Ψ(2mT )〉|2 becomes

P (m) =
∣

∣

∣

∑

k P̃ke
−2iπmk

∣

∣

∣

2
, where P̃k =

∑

n |cnk|2,
∑

k P̃k = 1. It is clear that P (m) = 1 only

if for all k’s with a non-vanishing cnk, e−2iπmk = eiφ0 , where φ0 is a k-independent constant.
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Figure 2.5. (a) Dynamics on different disks acquire the same phase at t = 2T
and the system revives. (b) Dynamics on different disks accumulate different
phases and a relative phase appears at t = 2T . The system revives after 8T .
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Figure 2.6. (a) F (t) of breathers with different shapes. In numerics, we use
ω0 = 40 × 2πHz, t1 = π/8, and κ = 0.5i. Ng = 25600 (12800) for the triangle
(disk). The time-dependent relative phase between different Poincaré disk
is represented by background color. (b) condensate wavefunction at various
times.

If the initial state only contains a single state |k0, n0〉, this condition is certainly satisfied.

Clearly, it will never be satisfied if incommensurate k’s are included. Whereas incommensu-

rate k’s does not exist when we consider excitations in momentum modes [ ], [ ], [ ], it

may arise in breathers with a continuous spectrum of k.

Commensurate k’s can be represented by k = k0 +p/Q, where k0 is a given reference with

a non-vanishing cnk0 , p ∈ Z and Q ∈ N+ are co-prime numbers. If only commensurate k’s

are involved in the initial state, the system revives with a period of 2QT . As such, different

superpositions of |k, n〉 in the initial state may result in distinct revival times. The period

multiplies for Q > 1. Examples corresponding to Q = 1 and Q = 4 with revival times 2T

and 8T are shown in Fig. .
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We can apply the analysis above to breathers with distinct initial shapes. Such breathers

are prepared as the ground states of flat-box potentials with the corresponding shapes. Since

such a Hamiltonian does not commute with K0, the initial state involves a superposition of

multiple |k, n〉. For the triangular shape, F (t) satisfies F (t) = F (t + 2T ). The differences

between k’s is necessarily integral. Therefore, it has Q = 1 as shown in Fig. (a). For the

circular shape, the revival time is 8T as shown in Fig. . We, therefore, conclude that the

initial state must have a superposition similar to Fig. (b).

While it is the exact many-body state instead of the condensate wavefunction that evolves

without the GP equation approach, the results from GP simulations are expected to serve as

a good approximation in the weakly interacting limit. The specific form of the many-body

state that corresponds to a given initial shape of the breather is still an intriguing unresolved

problem that merits further investigation. In contrast, cnk can be directly evaluated in few-

body systems. For example, eigenvalues of the Casimir operator are related to the angular

momenta in a two-body problem. As such, the initial shape of the two-body wavefunction

directly predicts the revival time (Appendix).

2.6 Detecting Imperfect Revivals

Similar to spin echoes, SU(1,1) echoes could be implemented to detect symmetry breaking

perturbations, such as an extra external potential in experiments. We have considered

systems with the SU(1,1) symmetry and designed echoes using the su(1,1) algebra. Once

a perturbation breaks the SU(1,1) symmetry, the echoes will not fully recover the initial

state. When interactions between spins or other effects break the SU(2) symmetry, one

uses the spin echo to trace these effects by measuring the imperfect revival. In this section,

we consider that a static quartic r4 potential exists as a non-harmonic perturbation in the

trapping potential. To be specific, the Hamiltonians are given by

H1 = (1 + κ2)K0 + (1 − κ2)K1 +
∑

i

aqr
4
i , nT < t < nT + t1,

H0 = 2K0 +
∑

i

aqr
4
i , nT + t1 < t < (n+ 1)T, (2.26)
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aq is made dimensionless with units set by ω0. Since there is no simple analytical solution,

we numerically solve the GP equation,

i
∂

∂t
Ψ(r, t) =

(

−1

2
∇2 +

1

2
κ(t)2r2 + aqr

4 + gN |Ψ(r, t)|2
)

Ψ(r, t), (2.27)

where the initial state is prepared as the ground state of 2K0 by an imaginary time evolution

such that the system has a period of 2T if perfect echoes are delivered.

As shown in Fig. (a-b), for a given aq, the overlap F (2nT ) between the wavefunction

at t = 2nT and initial state decreases with increasing n. The expectation value of r2 at 2nT

also deviates from a constant. In Fig. (c-d), we explicitly show how F (2T ) and 〈r2(2T )〉
change as functions of aq. Thus, these revival signals allow experimentalists to trace the

amplitude of the quartic potential.

Similarly, a symmetry breaking term in weakly interacting Bose gases causes the growth

of particle number even the echo is applied. Here, interactions between excited particles

are included. As the growth of population of the resonant mode, the dominant corrections

become interactions at this mode. The Hamiltonian becomes H̃~k = H~k + H ′
~k
, where H ′

~k
=

U ′(4c†
~k
c~kc

†
−~kc−~k + c†

~k
c†
~k
c~kc~k + c†

−~kc
†
−~kc−~kc−~k) can be rewritten as

H ′
~k

= 6U ′(K0 − 2/3)2, (2.28)

We have chosen the initial state as the two-mode vacuum. Here, U ′ = Ũ/2V . A finite U ′

leads to a K2
0 term, that breaks the SU(1,1) dynamical symmetry. As a result, an SU(1,1)

echo can not lead to perfect revivals. In the same way that the spin echo is used to extract

interactions between spins and other important information, the SU(1,1) echo can then be

used to measure the interactions between excited particles. Using the algebraic method, we

analytically obtain the population at t = 2mTd,m ∈ N,

N~k(2mTd) =
27 cosh

(

8Ũ |Ψ0|2t1
)

16Ũ2|Ψ0|4
m2U ′2. (2.29)
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(a)

(c)

(b)

(d)

Figure 2.7. (a-b) Numerical results of F (t) and 〈r2(t)〉/2 of 2D BECs at
stroboscopic time 2nT as functions of n for different aq’s. Ng = 9600, κ = 2,
ω0 = 20 × 2πHz and t1 = π/8. t0 is determined by Eq. . (c-d) Numerical
results of F (t) and 〈r2(t)〉/2 of 2D BECs at t = 2T as functions of aq for
different κ’s. Ng = 9600, ω0 = 20 × 2πHz and t1 = π/8. t0 for different κ is
determined by Eq. .

Confirmed by numerical calculations, Eq. shows that N~k(2mTd) vanishes when U ′ = 0.

If U ′ 6= 0, N~k(2mTd) increases quadratically as a function of m, as shown in Fig.( ). Thus,

the imperfect revival allows experimentalists to measure unveils U ′. In particular, N~k(2mTd)

depends on Ũ |Ψ0|2t1 exponentially. Increasing t1 could further improve the precision of

the measurement. Alternatively, if U ′ is known, Eq. allows experimentalists to mea-

sure Ũ |Ψ0|2t1 with high precision due to the exponential dependence of N~k(2mTd) on this

parameter.
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Figure 2.8. The particle number that is excited because of the imperfect echo
at stroboscopic time mTd. U < 0, t1|U | = 2.2, E~k/|U | = 1 and U ′/|U | = −5 ×
10−6. Inset shows the logarithm of N~k at t = 20Td, confirming an exponential
dependence of t1|U |.
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2.A Lengths of trajectories

We consider the quench dynamics where the initial state is the vacuum. The state at

time t is

|z(t)〉 = e−i(ξ0K0+ξ1K1+ξ2K2)t |0〉~k |0〉−~k = U(t) |0〉~k |0〉−~k . (2.30)

z(t) can be evaluated by writing U(t) in its normal ordering form [ ], and we will have

z(t) = −i
(ξ1 − iξ2) sin(ξt/2)

ξ cos(ξt/2) + iξ0 sin(ξt/2)
, ξ =

√

ξ2
0 − ξ2

1 − ξ2
2 . (2.31)

Therefore, the length of the trajectory as a function of t on the Poincaré disk is

L̃ =
∫ t

0

√

√

√

√4

∣

∣

∣

∣

∣

dz

dt′

∣

∣

∣

∣

∣

2
1

(1 − |z(t′)|2)2
dt′ = |ξ1 − iξ2|t, (2.32)

which holds for any ξ0,1,2 ∈ R. Eq. ( ) reduces to |ξ|t when we consider the resonance

mode, where ξ0 = 0, |ξ| = |ξ1 − iξ2|, which is Eq. ( ) in the main text.

We note that, this result is not accidental. Since different trajectories here have the same

ξ1,2 but different ξ0, we can apply the circuit depth, where the cost function is defined as

F [Yi] =
√

Y 2
1 + Y 2

2 , in geometrizing the quantum dynamics. While the detailed calculation

will be introduced in the following chapter, the resulted metric here is that of a Poincaré

disk. We, therefore, conclude that trajectories of any dynamics with the same
√

ξ2
1 + ξ2

2 share

the same length under the metric of the Poincaré disk.

2.B Two unitary fermions in a harmonic trap

We consider one spin-up and one spin-down fermion in a three-dimensional harmonic

trap, whose relative motion and the center of mass are decoupled. The su(1,1) algebra

applies to both degrees of freedom. The Hamiltonian is written as H = HCM +Hrel,

HCM = − ~
2

2M
∇2

R +
1

2
Mω2

0R
2,

Hrel = − ~
2

2µ
∇2

r +
1

2
µω2

0r
2.

(2.33)
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where M = 2m, µ = m/2, R = (r1 + r2)/2, r = r1 − r2, m is the mass of fermions. The

interaction in the unitary limit is replaced by the Bethe-Peierls boundary condition of the

relative motion, namely

Ψrel(r) ∝
r→0

1

r
, (2.34)

Ψrel(r) is the relative wave function and Ψ(R, r) = ΨCM(R)Ψrel(r). Since the center of

mass has the same simple dynamics of a single particle in a harmonic trap, we focus on the

relative motion, which has the SU(1,1) generators [ ],

Kr
0 =

1

2

(

−1

2
∇2 +

1

2
r2
)

, Kr
1 =

1

2

(

−1

2
∇2 − 1

2
r2
)

, Kr
2 =

1

4i
(r · ∇ + ∇ · r) . (2.35)

We have chosen the harmonic length lho =
√

~/(µω0) as the unit length and ~ω0 as the unit

energy. We first evaluate the Casimir operator of the su(1,1) algebra,

C = (Kr
0)2 − (Kr

1)2 − (Kr
2)2 =

L2

4~2
− 3

16
, (2.36)

where L is the angular momentum operator for the relative motion. C has the eigenvalue

l(l + 1)/4 − 3/16 for the angular momentum eigenstate |l,m〉. Therefore we denote the

eigenstate of C by |k, n; l,m〉. Here n is the principle quantum number, k is the Casimir

quantum number, l and m are the angular momentum and magnetic quantum number,

respectively. Since C |k, n; l,m〉 = k(k − 1) |k, n; l,m〉 = (l(l + 1)/4 − 3/16) |k, n; l,m〉, we

obtain

k =
l

2
+

3

4
, l ≥ 0; k =

1

4
or

3

4
, l = 0, (2.37)

where we only consider the positive discrete series for the representation of SU(1,1). Using

K− |k, 0; 0, 0〉 = 0, we find

〈

r
∣

∣

∣

∣

1

4
, 0; 0, 0

〉

∝
r→0

1

r
,

〈

r
∣

∣

∣

∣

3

4
, 0; 0, 0

〉

∝
r→0

1. (2.38)
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We conclude that the ground state of the relative motion of two unitary fermions in the

s-wave channel corresponds to |1/4, n; 0, 0〉. As for the center of mass, the same argument

leads to |3/4, n; 0, 0〉. The spectrum of the relative motion becomes

Er = l +
3

2
+ 2n, l ≥ 1, Er =

1

2
+ 2n, l = 0. (2.39)

The dynamics on multiple Poincaré disks can be generated by choosing an initial state as

a superposition of different angular momentums. For example, we consider the initial state

as a mixture of s and d-wave for their relative motion. The s-wave subspace has ks = 1/4

and the d-wave subspace has kd = 7/4 for any magnetic quantum number m′. The initial

state and the state at the end of 2m Floquet periods are

|Ψ(0)〉 = |ΨCM〉 ⊗
∑

n

(

sn |1/4, n; 0, 0〉 +
∑

m′
dnm′ |7/4, n; 2,m′〉

)

,

|Ψ(2mT )〉 = |ΨCM〉 ⊗
∑

n

(

e−i(1/4+n)2πmsn |1/4, n; 0, 0〉

+e−i(7/4+n)2πm
∑

m′
dnm′ |7/4, n; 2,m′〉

)

,

(2.40)

respectively. Since ks = kd − 3/2, Q = 2, using Eq. ( ), we conclude that it takes 4

Floquet periods for the systems to recover its initial state.

If the s-wave scattering length vanishes, the s-wave subspace has k′
s = 3/4, while d-wave

subspace still has k′
d = 7/4. Therefore, we obtain k′

s = k′
d − 1, Q = 1. It takes the same

initial state 2 Floquet periods to return to the initial state.
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3. EMERGENT SPACETIMES FROM HERMITIAN AND

NON-HERMITIAN QUANTUM DYNAMICS

The contents of this chapter are based on and modified from the article [ ] by C. Lv,
and Q. Zhou, Emergent spacetimes from Hermitian and non-Hermitian quantum dynamics,
arXiv preprint arXiv:2205.07429, (2022).

In the previous chapter, we show the su(1,1) dynamical symmetry gives rise to emergent

hyperbolic space as a Poincaré disk. Such a geometric approach leads to the SU(1,1) echo, a

powerful group-theoretical method for reversing quantum dynamics in various systems. This

chapter shows an Anti-de Sitter spacetime in 2+1 dimensions (AdS2+1) can emerge from any

quantum system with SU(1,1) dynamical symmetry, by applying the continuous circuit depth

in defining the distance. The time measured in laboratories becomes either the proper time or

distance, and quench dynamics now follow geodesics of AdS2+1. Such a geometric approach

unifies a broad range of prototypical phenomena that appear disconnected. For instance,

the light cone of AdS2+1 underlies the onsite parametric amplification, the expansions of

unitary fermions released from harmonic traps, and the exceptional points representing the

PT symmetry breaking in non-Hermitian systems. In practice, it provides a transparent

means of optimizing quantum controls by exploiting the shortest trajectories in the emergent

spacetimes. It also allows experimentalists to engineer emergent spacetimes and induce

tunnelings between different AdS2+1.

3.1 Introduction

Though the existence of spacetime is most self-evident in conventional wisdom, studies

have shown that spacetimes could arise as emergent phenomena in quantum systems. In

certain strongly coupled systems, the underlying gauge theory has a gravitational counterpart

with an extra dimension [ ], [ ], [ ]–[ ]. It has also been found that circuit depth, a

fundamental concept in quantum computation that represents the number of steps to reach a

target state, can be visualized using certain geometries [ ], [ ], [ ]–[ ]. These emergent

spacetimes provide physicists not only a unique means to explore quantum systems but also

a new perspective connecting multiple disciplines ranging from condensed matter physics

and quantum information to high energy physics.
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To derive an emergent spacetime metric from quantum dynamics, a continuous version of

circuit depth is often used [ ], [ ], [ ]–[ ]. Consider quantum gates that are produced

from a collection of unitary operators generated by {Ki}, a generic expression for a gate can

be written as e−i
∑

i
YiKi , where Yi are real numbers. A sequence of gates turns a reference

state, |R〉, prepared at the initial time τ = 0 into a target state at time τ , |T 〉 = U |R〉, where

U = Te−i
∫ τ

0
dτ [
∑

i
ξi(τ)Ki]/~ is the propagator and T is the time-ordering operator. In a single

gate operated in a time interval between τ and τ + dτ , Yi = ξi(τ)dτ/~, where ξi is the ith

component of a field coupled to Ki. The cost is written as

S =
∫ τ

0
F [Yi(τ)], (3.1)

where F [Yi] is a chosen function based on certain physical considerations. For instance,

if F [Yi] =
∑

i |Yi|, S amounts to the total number of steps of all operations produced by

independent Ki to reach the target state. A variety of other cost functions were considered

in the literature [ ], [ ], [ ], [ ]. Viewing S as a line integral, S =
∫

ds, an evolution

within an infinitesimal time dτ is mapped to a line element ds = F [Yi(τ)], from which the

corresponding metrics can be obtained.

3.2 Emergent AdS2+1 Spacetime

Here, we consider generators of the SU(1,1) group. As we have seen, they produce

Hamiltonians of a wide range of quantum systems with SU(1,1) symmetry, i.e., H(τ) =
∑

i ξi(τ)Ki, where ξi are real [ ], [ ], [ ], [ ], [ ]. They are also fundamental ingredients

in holographic tensor networks, determining how quantum entanglement is developed with

changing the length scales [ ], [ ]. Table summarizes a few examples in few-body and

many-body systems, which correspond to different representations of the SU(1,1) group.

Their dynamics can be unified once the underlying spacetimes are unfolded. Exploiting

such spacetimes delivers new quantum controls such that quantum systems can fast reach

any desired target states and also allow experimentalists to create intriguing spacetimes in

laboratories.
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We define the cost function as

F [Yi] =
√

−Y 2
0 + Y 2

1 + Y 2
2 /2, (3.2)

where 1/2 is included for later convenience. Such F is motivated by the following obser-

vations. Consider a Hamiltonian H(τ) =
∑

i ξi(τ)Ki, the instantaneous eigenenergies are

written as ±(m + k)
√

ξ2
0 − ξ2

1 − ξ2
2 , where m is an integer, k is the Bargmann index. The

strength of the field coupled to {Ki} is thus ξ =
√

ξ2
0 − ξ2

1 − ξ2
2 , as analogous to the strength

of a magnetic field coupled to a spin in the su(2) case. The equally spaced instantaneous

eigenenergies thus set a natural time scale ∼ ~/ξ. While it certainly takes less time to reach

a target state by applying a larger external field, there are always constraints on the largest

possible external fields accessible in realistic experiments. As such, it is desired to consider

the shortest possible time at a constant ξ. Meanwhile, the line element,

ds =
√

−ξ2
0 + ξ2

1 + ξ2
2dτ/(2~) (3.3)

is equivalent to the experimental time dτ once the field strength ξ is fixed. We can thus

directly correlate the experimental time to circuit depth and obtain the shortest possible

time to achieve the target state using the information provided by the metric of the emergent

spacetime. Whereas F ≥ 0 is often chosen, here, F defined in Eq.( ) can be either real

or imaginary, dependent on Sign(ξ2). This simply corresponds to whether it is spacelike or

timelike in the emergent spacetime as shown later.

We consider a parameterization of the propagator U = Te−i
∫

dτH(τ)/~ with H(τ) =
∑2

i=0 ξi(τ)Ki [ ],

U = e−iK0(ϕ−ψ)e−2iK1ηe−iK0(ϕ+ψ), (3.4)

where η, ψ and ϕ are functions of τ . Since i~dU
dτ
U−1 =

∑2
i=0 ξi(τ)Ki, we obtain ξi =

Tr[i~dU
dτ
U−1K†

i ], with Cartan-Killing inner product Tr(KiK
†
j ) = δij [ ]. Substituting Eq.( )

to the right-hand side of this expression, ξi is expressed as a function of η, ψ, ϕ and dη/dτ ,
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Table 3.1. Generators of su(1,1) algebra in some Hermitian and non-
Hermitian systems. a, b (a(†), b(†)) are bosonic annihilation (creation) op-
erators. R is the hyper-radius. s0 is the three-body parameter. R and ~ri has
the unit of harmonic length l0 = (~/(M(0)ω(0)))1/2. U has unit ~ω(0). The
two-body interaction satisfies U(λ~r) = λ−2U(~r) for any λ. Si=0,1,2 are angular
momentum operators.

K0 K1 K2

One mode squeezing (2a†a+ 1)/4 (a†2 + a2)/4 (a†2 − a2)/(4i)
Two mode squeezing (a†a+ b†b+ 1)/2 (a†b† + ab)/2 (a†b† − ab)/(2i)

Efimov states
(

− ∂2
R +R2 − (1/4 + s2

0)/R
2
)

/4
(

− ∂2
R −R2 − (1/4 + s2

0)/R
2
)

/4 (R∂R + 1/2)/(2i)

Scale-invariant quantum systems
(

∑

i(−∇2
i + r2

i ) +
∑

i 6=j U(~ri − ~rj)
)

/4
(

∑

i(−∇2
i − r2

i ) +
∑

i 6=j U(~ri − ~rj)
)

/4
∑

i (~ri · ∇i + ∇i · ~ri) /(4i)

a spin in a complex magnetic field S0 iS1 iS2

dψ/dτ , dϕ/dτ . The line element in Eq.( ) is then expressed in terms of η, ψ, ϕ and dη,

dψ, dϕ, and we obtain

ds2 = dη2 − cosh2(η) dϕ2 + sinh2(η) dψ2. (3.5)

Eq. describes a curved spacetime with a constant negative curvature, known as the Anti-

de Sitter (AdS) spacetime in (2+1) dimensions [ ]. A coordinate transformation η =

2arctanh(ρ) leads to

ds2 = −
(

1 + ρ2

1 − ρ2

)2

dϕ2 +
4

(1 − ρ2)2

(

dρ2 + ρ2 dψ2
)

, (3.6)

and brings the boundary η = ∞ to ρ = 1 as shown in Fig. . Starting from a reference

state, which is placed at the origin, any quantum evolution governed by a Hamiltonian H =
∑2

i=0 ξiKi is mapped to a trajectory (η(τ), ϕ(τ), ψ(τ)) in this AdS2+1. When ϕ is constant,

ds2 = dη2 + sinh2(η)dψ2, AdS2+1 reduces to a Poincaré disk, recovering the geometry we

previously obtained about geometrizing SU(1, 1)/U(1) [ ].
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Figure 3.1. An AdS2+1. Each cross section with a constant ϕ is a Poincaré
disk. Starting from the initial state O, the shortest path OPR minimizes the
cost or equivalently, the time spent from O to R. OP and PR lay on the light
cone of O and P , respectively. A deviation from this trajectory, for instance
OPR, where P is not on the light cone of O, increases the cost and the time
to reach the same target state R.

3.2.1 Quench dynamics as geodesics

If ξ = 0, from Eq.( ), we see that this gives rise to ds = 0, i.e., the light cone in

AdS2+1. Using Eq.( ), the explicit expression of the light cone can be obtained from

dη2 = cosh2(η)dϕ2 − sinh2(η)dψ2. The light cone centered at the origin is written as

ϕ± arctan(sinh(η)) = 0. (3.7)

When ξ2 < 0 (ξ2 > 0), the quantum evolution is mapped to a trajectory in the spacelike

(timelike) regime.

Being the local extreme of the proper time or the proper distance, geodesics distinguish

themselves from other trajectories. Counterparts of geodesics in AdS2+1 turn out to be

quench dynamics, in which ξi=0,1,2 are time-independent constants,

Tr

[

d

dτ

(

i
dU

dτ
U−1

)

K†
i

]

= 0. (3.8)
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Applying the parameterization of U in Eq. , we obtain

d2ϕ

dτ 2
= −2 tanh(η)

dϕ

dτ

dη

dτ
,

d2η

dτ 2
= − sinh(η) cosh(η)





(

dϕ

dτ

)2

−
(

dψ

dτ

)2


 ,

d2ψ

dτ 2
= −2 coth(η)

dψ

dτ

dη

dτ
.

(3.9)

This is precisely geodesic equations in AdS2+1,

d2xµ

ds2
= −Γµνλ

dxν

ds

dxλ

ds
, (3.10)

which are led by the Christoffel symbols

Γϕϕη = tanh(η), Γηϕϕ = sinh(η) cosh(η), Γηψψ = − sinh(η) cosh(η), Γψηψ = coth(η).

(3.11)

Geodesics of AdS2+1 thus underlie quantum quench dynamics of systems with SU(1,1) sym-

metry.

3.3 Applications in Various Systems

Since our results can be applied to any systems with SU(1,1) symmetry, this geometrical

approach provides a unified perspective to understand and explore a wide range of proto-

typical phenomena that appear disconnected, including but not limited to examples shown

in Table . In the following discussions, we will use a few different systems to demonstrate

various aspects of the emergent AdS2+1. Applications of our results to any other systems

with SU(1,1) symmetry are straightforward.

In the simplest representation using a single particle, K0 (K1) is the Hamiltonian in a

harmonic (inverted harmonic) trap and K2 is the scaling operator. More interesting repre-
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sentations arise in Efimov states in three-body problems and interacting many-body systems.

For instance, the Hamiltonian of unitary fermions in a 3D harmonic trap is written as

H =
∑

i

(

− ~
2

2M
∇2

i +
1

2
Mω2(τ)r2

i

)

+
∑

i<j

U(~ri − ~rj), (3.12)

where U(~r) is the interaction giving rise to a divergent scattering length and could be imple-

ment by the Bethe-Peierls boundary condition. Without loss of generality, we have considered

a time-dependent trapping frequency. Using the fourth row of Table , we see that

H = ~ω(τ)
[(

δ + δ−1
)

K0 −
(

δ − δ−1
)

K1

]

, (3.13)

where δ(τ) = M(τ)ω(τ)
M(0)ω(0)

. ω0 = ω(0) sets the time scale of the system. We have defined

the SU(1,1) generators using the Hamiltonian at τ = 0. The mass M is fixed for unitary

fermions in 3D harmonic traps, but can, in general, be tuned as a function of time. For

instance, the effective mass at band bottom in an optical lattice could be tuned through a

time-dependent tunnelling strength [ ]. Since ξ0 = ~ω(δ−1 + δ), ξ1 = ~ω(δ−1 − δ), when

ω(τ) = 0, ξ0 = ξ1, and ξ = 0. Turning off the harmonic trap, the free expansion of unitary

fermions thus corresponds to light propagating on the light cone of AdS2+1. If the system is

initially prepared at the many-body ground state in a harmonic trap of a frequency ω0, the

trajectory in AdS2+1 is written as (η(τ), ϕ(τ), ψ(τ)) = (arcsinh(ω0τ/2), arctan(ω0τ/2), 0).

Correspondingly, 〈K0〉(τ) = (1 + ω2
0τ

2/2)〈K0〉(0), 〈K1〉(τ) = −ω2
0τ

2/2〈K0〉(0). The radius

of the fermion cloud is then written as 〈r2〉(τ)/〈r2〉(0) = 1 + ω2
0τ

2.

Similarly, dynamics in a confining (repelling) potential with a positive (negative) ω2 is

mapped to trajectories in the timelike (spacetime) regime. The same conclusions also apply

to other scale-invariant many-body systems [ ], [ ], [ ]–[ ].

Two-mode and one-mode squeezing in quantum optics provide alternative representations

of SU(1,1) group, as shown in Table [ ]. Bose-Einstein condensates with time-dependent

interactions, spinor condensates with time-dependent quadratic Zeeman splitting, and fast

rotating gases in the lowest Landau levels also allow experimentalists to access two-mode

squeezing [ ], [ ]–[ ]. In all these systems, parametric amplifications, which are also
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referred to as dynamical instability [ ], [ ]–[ ], may occur when ξ2 < 0. As such, the

light cone in the emergent AdS2+1 underlies the onsite of parametric amplification. The

dynamically stable (unstable) regime then corresponds to the timelike (spacelike) regime.

Similar conclusions hold in Floquet deformed conformal field theory, where the non-heating

(heating) phase corresponds to the timelike (spacelike) regime [ ]–[ ].

Among all representations of SU(1,1) group, it is worth mentioning the non-Hermitian

one, as shown by the last row of Table . Since the angular momentum operators Si=0,1,2

satisfy [Si, Sj] = iǫijkSk, where ǫijk is the Levi-Civita symbol, it is clear that K1,2 = iS1,2 and

K0 = S0 transfer the su(2) algebra to the su(1,1) algebra. In other words, the Hamiltonian

of a spin subject to a complex magnetic field, ~B = {B0, B1, B2}, can be written as H(τ) =
∑2

i=0 ξiKi, or equivalently, H(τ) =
∑2

i=0 Bi(τ)Si, where B0 = ξ0 ∈ R and B1,2 = iξ1,2 ∈ I.

Such a Hamiltonian plays a fundamental role in non-Hermitian physics. A profound result

is the existence of an exceptional point denoted by
∑2

i=0 B
2
i = 0. Such an exceptional point

signifies the PT transition across which the energy spectrum becomes complex. It has also

been widely implemented in quantum sensing [ ]–[ ].

A unique feature of the exceptional point is that eigenstates coalesce. Such coalesced

eigenstates make it problematic to apply the conventional method of expanding the time-

dependent wavefunction using eigenstates. Here, we see that dynamics at the exceptional

point are dual to light propagating on the light cone of AdS2+1. For instance, starting

from the ground state of a Hamiltonian H = B0S0, where B0 ∈ R, a quantum quench

by suddenly turning on B1 = iB0, H = B0(S0 + iS1) accesses dynamics on the light cone.

Similarly, the PT symmetry broken(unbroken) phase is mapped to spacelike(timelike) regime

in AdS2+1. Though circuit depth and complexity are often used in unitary evolutions of

Hermitian systems, the intrinsic relation between SU(1,1) and SU(2) tells us they can also

be implemented in non-Hermitian systems.

3.3.1 Minimizing transport time in quantum control

In addition to providing a new theoretical perspective to equate quantum dynamics

and geometry, the emergent AdS2+1 offers experimentalists a unique means to manipulate
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quantum dynamics. In quantum controls, a primary question is how to fast access a target

state [ ]. Since our geometric approach has transformed time spent in laboratories to

length in AdS2+1, the shortest path in such a spacetime directly unfolds the optimal choice

with the least time. Though a geodesic in AdS2+1 is a local extreme, since AdS2+1 is a

pseudo-Riemannian manifold, the shortest length turns out to be zero. This can be easily

seen from Fig. , which shows the shortest path corresponding to a particular two-step

evolution. In the first step, starting from the initial state at the origin O, the Hamiltonian

is chosen as ~ω0(K0 + K1) and the propagator UPO = e−i(K0+K1)ω0T1 produces a trajectory

on the light cone of O. The length of OP is thus zero. After reaching a particular point

P , the Hamiltonian is quenched to ~ω0(K0 − K1) and the propagator URP = e−i(K0−K1)ω0T2

in the second step connecting P and R falls on the light cone of P . As such, the length in

the second step also vanishes. The total length of the shortest trajectory produced by the

propagator Utar = URPUPO is hence zero.

o future analyze the shortest path, we consider a deviation of the first step, i.e., H1(δ) =

~ω0

[

(δ−1 − δ)K0 + (δ−1 + δ)K1

]

for 0 < τ < τ1. We note that e−iH1(δ)τ1/~ becomes UPO as

δ → 0 while keeping τ1 = T1δ. To reach the target state, the Hamiltonian in the second

step is changed to H2 = ξ0K0 + ξ1K1 + ξ2K2 correspondingly for τ1 < τ < τ1 + τ2. To

be explicit, H2 = i~
τ2

log
(

Utare
iH1(δ)τ1/~

)

. The total cost S(δ, τ1) = S1 + S2 can be evaluated

(Supplementary Materials). Results depicted in Fig. clearly show that the cost increases

when δ 6= 0 and τ1 6= T1δ. We therefore conclude that, for any fixed field strength ξ, one

can adjust its direction such that the trajectory approaches the shortest path OPR shown

in Fig. so as to minimize the time to access the target state at R.

Each point (η, ψ, ϕ) in an AdS2+1 can be uniquely assigned with a wavefunction. For

instance, when considering two-mode squeezing, choosing the vacuum as the origin, (η, ψ, ϕ)

is mapped to the SU(1, 1) coherent state [ ]

|η, ϕ, ψ〉 = e−iϕ cosh−1(η)
∞
∑

n=0

(−i tanh(η)e−i(ϕ−ψ))n |n〉 (3.14)

where |n〉 denotes a Fock state with n particles in each bosonic mode. ϕ thus corresponds

to the overall phase of the wavefunction, η determines the average particle number n̄ =
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Figure 3.2. (a) S(δ, τ1) for trajectories deformed from the shortest path OPR.
(τ1 = T1δ, δ = 0) corresponds to OPR with a vanishing S. Representing results
of a particular class of deformed trajectories. T1 = 1/ω0, T2 = 2/ω0 are used.
(b) PR1 and PR2 are the shortest paths from a given initial state at P to a
spiral that corresponds to states with different ϕ. It takes longer time along
any other path such as PR to access the same η and ϕ− ψ.

2 sinh2(η), and ϕ−ψ gives rise to the relative phase between different Fock states. Whereas

both η and ϕ− ψ can be measured in experiments, the overall phase ϕ is more tricky.

We emphasize that the change of the overall phase ϕ is measurable, for instance, by

coupling the system to an external quantum spin-valve [ ]–[ ]. Nevertheless, it is useful

to consider platforms in which the change of ϕ is not easy to measure. In such a situation,

states with the same η and ϕ−ψ but different ϕ correspond to a spiral in AdS2+1, as shown

in Fig. b. When those states cannot be distinguished in experiments, experimentalists

could only access η and ϕ− ψ. It is thus desirable to seek the shortest time to transport an

initial state P to this spiral. Since the spiral and the light cone of P have two intersection

points R1 and R2, based on the previous discussions, it takes least time to reach R1 and R2

by using quench dynamics represented by the arrow PR1 or PR2 that lies on the light cone

of P . If one chooses a different quench dynamics such as PR that corresponds to a constant

ϕ, it takes a longer time to reach the spiral and access the same observables η and ϕ− ψ.
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3.4 Generalizations to Higher Dimensions

Similar to the conservation of the angular momentum in SU(2), the eigenvalue of the

Casimir operator, C = K2
0 − K2

1 − K2
2 , in SU(1,1) is also conserved. In other words, each

AdS2+1 spacetime emergent from quantum dynamics is characterized by a unique C. If we

view an AdS2+1 spacetime as a universe, trajectories corresponding to quantum dynamics

induced by K0,1,2 are always confined in the same universe. Nevertheless, other operators

can be introduced into the Hamiltonian such that tunnelings between different universes may

occur. This can also be demonstrated using the two-mode squeezing. Any state in a single

AdS2+1 can be written as

|η, ϕ, ψ;n0〉 =e−i(n0+1)ϕ cosh−(n0+1)(η)
∞
∑

n=0

√

√

√

√

√

√







n+ n0

n







(

−i tanh(η)e−i(ϕ−ψ)
)n |n, n+ n0〉 ,

(3.15)

where n0, the difference in the occupation numbers of these two modes, is a quantum number

associated with C, and relates to the Bargmann index by n0 = 2k−1. As particles are always

created in pairs, one in mode a and the other in mode b, k is conserved in quantum dynamics

induced by any H(τ) =
∑

i=0,1,2 ξi(τ)Ki and the trajectory is confined within a single AdS2+1.

Once we add an addition operator L, which is outside the su(1,1) algebra, to the Hamil-

tonian, SU(1,1) symmetry is broken and k is no longer conserved. The quantum system now

is allowed to move along a trajectory that passes through different AdS2+1. For instance,

such tunnelings between different universes can be induced by L = (a†b− b†a)/(2i). Includ-

ing L gives rise to a larger dynamical group SO(3,1). Nevertheless, we can still apply the

previous method in obtaining a curved spacetime. We consider the propagators parame-

terized by U = e−iK0(ϕ−ψ)e−2iK1ηe−iK0(ϕ+ψ)e−iLθ, which expands a four-dimensional subspace

of the six-dimensional group manifold. We let the field coupled to L be B(τ), such that

Y3 = B(τ)dτ/~. If we choose a simple F =
√

−Y 2
0 + Y 2

1 + Y 2
2 + 4Y 2

3 /2, the metric is written

as

ds2 = dη2 − cosh2(η) dϕ2 + sinh2(η) dψ2 + cosh2(2η) dθ2. (3.16)
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Adding L thus has created a higher dimensional spacetime. Whereas a fixed θ corresponds

to a single AdS2+1, moving along the θ direction amounts to tunnelings between different

AdS2+1 spacetimes.

3.A Squashed or stretched AdS, AdS black hole and soliton

While we have been focusing on an isotropic and homogeneous cost function F , our

results can be generalized to anisotropic or non-uniform F that may produce even more

intriguing spacetimes, as it might be easier or more difficult to implement some gates than

others in certain systems [ ]. To this end, we first consider a generalized form of the cost

function F̃1 =
√

−λY 2
0 + Y 2

1 + Y 2
2 /2, where λ 6= 1. Similar to the SU(2) case where such

deformation leads to a Berger sphere [ ], [ ], we obtain a squashed or stretched AdS2+1

spacetime along timelike directions,

ds2 = dη2 + sinh2(η)dψ2 − cosh2(η)dϕ2 + (1 − λ)(sinh2(η)dψ + cosh2(η)dϕ)2. (3.17)

In addition, it is of interest to explore a non-constant field strength that often leads to

exotic physics. For instance, in the SU(2) case, a magnetic field that varies over a sphere

gives rise to ’t Hooft-Polyakov monopole [ ], [ ]. Here, a non-constant field and the

corresponding cost function produces intriguing spacetime metrics. We emphasize that, in

addition to theoretical interest, it is an important question to consider inhomogeneous cost

function, as it may become easier or harder to apply certain gates when the system evolves to

a different state [ ]. For instance, in a driven BEC, all three components, ξi=0,1,2, depend

on the condensate density. Whereas the condensate density can be well approximated by a

constant at small times, at large times, the occupation at excited states becomes significant

such that the condensate density, as well as the field strength ξ, cannot be treated as a

constant anymore.
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As an example, we consider an inhomogeneous cost function, F̃2 = f 1/2(η, ψ, ϕ)F , which

corresponds to an isotropic but non-uniform field strength in the parameter space. Using

the same method as presented in the main text, we obtain the following metric

ds2 = f(η, ψ, ϕ)
(

dη2 − cosh(η)2 dϕ2 + sinh(η)2 dψ2
)

. (3.18)

Manipulating f(η, ψ, ϕ) provides us with different spacetimes. For instance, when f(η, ψ, ϕ) =

(ρ/zH)2 sinh−2(ρ/zH), where ρ(η, ψ, ϕ) = (cosh(η) cos(ϕ) − sinh(η) sin(ψ))−1, the spacetime

has an event horizon located at zH . This can be seen from a coordinate transformation into

the horospheric coordinates, defined as

ρ =
1

cosh(η) cos(ϕ) − sinh(η) sin(ψ)
,

x =
sinh(η) cos(ψ)

cosh(η) cos(ϕ) − sinh(η) sin(ψ)
,

t =
cosh(η) sin(ϕ)

cosh(η) cos(ϕ) − sinh(η) sin(ψ)
,

(3.19)

and the resulted metric reads

ds2 = (1/zH)2 sinh−2(ρ/zH)
(

− dt2 + dx2 + dρ2
)

. (3.20)

We further consider a coordinate transformation of ρ, z/zH = tanh(ρ/zH), such that

ds2 = −
(

1

z2
− 1

z2
H

)

dt2 +
1

z2 (1 − z2/z2
H)

dz2 +

(

1

z2
− 1

z2
H

)

dx2, (3.21)

ρ ∈ (0,∞) is mapped to z ∈ (0, zH). When z = zH , the speed of light vanishes as a

characteristic feature of event horizon. This metric is related to that of BTZ black hole [ ],

ds2 = −
(

1

z2
− 1

z2
H

)

dt2 +
1

z2(1 − z2/z2
H)

dz2 +
1

z2
dx2. (3.22)
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It is apparent that Eq.( ) and Eq.( ) become identical when dx = 0, i.e., for any fixed

x. Eq.( ) is also related to the AdS2+1 soliton metric [ ],

ds2 = − 1

z2
dt2 +

1

z2(1 − z2/z2
H)

dz2 +

(

1

z2
− 1

z2
H

)

dx2. (3.23)

Eq.( ) and Eq.( ) coincide when dt = 0.

3.B Deviations from the shortest path

We consider a path OPR where P is no longer on the light cone. When P is in the

timelike regime, the Hamiltonian is written as

H1 =
[

(δ + δ−1)K0 − (δ − δ−1)K1

]

~ω0, 0 < τ < τ1,

H2 =
i~

τ2

log
(

e−i(K0−K1)ω0T2e−i(K0+K1)ω0T1eiH1τ1/~
)

, τ1 < τ < τ2.
(3.24)

For any given δ and τ1, an appropriate H2 defined in the above equation can be chosen such

that the same target state at R can be accessed at a certain time τ2. When δ decreases down

to zero, the field strength remains constant. Choosing an appropriate τ1, P approaches P

and we recover the shortest path in the limit where δ → 0.

To compute the cost S, or equivalently, the time spent to reach R from O, as a function of

δ and τ1, the simplest means is to implement the representation using spin-1/2 in a complex

magnetic field, as shown in the last row of Table in the main text. For instance, the

propagator along the shortest path can be written as UOPR = e−iσ−ω0T2e−iσ+ω0T1 , correspond-

ing to dynamics at the exceptional points in non-Hermitian physics and the trajectory on

the light cones in AdS2+1, where σ± = (σx ± iσy)/2. For generic δ and τ1, the analytical

expression for the total cost reads

S(δ, τ1)/i = ω0τ1 +

∣

∣

∣

∣

∣

1

2i
log





f(δ, τ1) −
√

f(δ, τ1)2 − δ2

f(δ, τ1) +
√

f(δ, τ1)2 − δ2





∣

∣

∣

∣

∣

, (3.25)

where f(δ, τ1) = [(2−ω2
0T1T2)δ cos(ω0τ1)+ω0(T2+δ2T1) sin(ω0τ1)]/2. When δ 6= 0, S is finite.

When δ decreases down to zero and an appropriate τ1 = T1δ is chosen, S approaches zero,
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as we can see from Eq. ( ) limδ→0 S(δ, T1δ)/i = limδ→0(ω0T1 +
√

ω4
0T

3
1 T2/3)δ+O(δ3) = 0.

This is expected as the trajectory approaches the shortest path OPR.

We also consider that P falls in the spacelike regime. The Hamiltonian is written as

H1 =
[

− (δ − δ−1)K0 + (δ + δ−1)K1

]

~ω0, 0 < τ < τ1,

H2 =
i~

τ2

log
(

e−i(K0−K1)ω0T2e−i(K0+K1)ω0T1eiH1τ1/~
)

, τ1 < τ < τ2.
(3.26)

Its total cost can be obtained by analytically continuing δ and τ1 in Eq. to the complex

domain,

S(iδ, iτ1) = ω0τ1 +

∣

∣

∣

∣

∣

1

2
log





f(iδ, iτ1) −
√

f(iδ, iτ1)2 + δ2

f(iδ, iτ1) +
√

f(iδ, iτ1)2 + δ2





∣

∣

∣

∣

∣

. (3.27)
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4. SYNTHETIC HYPERBOLIC SURFACES ON LATTICE

SYSTEMS

The contents of this chapter are based on and modified from the published articles [ ]
by R. Zhang, C. Lv, Y. Yan, and Q. Zhou, Efimov-like states and quantum funneling effects
on synthetic hyperbolic surfaces, Science Bulletin, 66(19), 1967-1972. Copyright (2021) by
Science China Press., and [ ] by C. Lv, R. Zhang, Z. Zhai and Q. Zhou, Curving the space
by non-Hermiticity, Nature communications, 13(1), 1-6. Copyright (2022) by The Authors.

The preceding chapters have observed the emergent hyperbolic geometry in systems with

SU(1,1) dynamical symmetry, where the emergent geometries describing the quantum states

offer us a powerful tool for understanding and manipulating quantum dynamics. This chap-

ter studies synthetic curved spaces on Hermitian and non-Hermitian lattice systems. We

first show that engineering lattice models with tailored inter-site tunnelings and onsite en-

ergies could provide arbitrary Riemannian surfaces with highly tunable local curvatures.

Like a flat surface, discrete synthetic hyperbolic spaces on a lattice support infinitely de-

generate eigenstates for any nonzero eigenenergies. Such states exhibit a discrete scaling

symmetry upon a short-range boundary condition, similar to the Efimov effect. Moreover,

all eigenstates are exponentially localized in the hyperbolic coordinates. Any initial wave

packet travels towards a point named the funneling mouth, delivering the funneling effect,

like what has been observed in non-Hermitian systems. This observation motivates us to

a duality between hyperbolic space and non-Hermitian lattice system. Actually, the two-

dimensional hyperbolic surfaces are dual to a prototypical non-Hermitian lattice chain named

the Hatano-Nelson (HN) model [ ]. In the second part, we provide a generalized duality

between non-Hermitian lattice systems and curved spaces. Such a duality unfolds deep ge-

ometric roots of non-Hermitian phenomena, delivers an unprecedented routine connecting

Hermitian and non-Hermitian physics, and gives rise to a theoretical perspective reformu-

lating our understandings of curvatures and distance.

4.1 Introduction

Quantum effects and a quantum mechanical interpretation of gravity have been attracting

physicists’ attention since the establishment of quantum mechanics. The various quantum
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mechanical platforms allows quantum simulations of synthetic quantum matters [ ]–[ ].

However, the gravitational effect on quantum systems has been less investigated in labo-

ratories due to the difficulty in creating quantum systems in curved spaces, though novel

quantum phenomena that are inaccessible in flat spaces have been theoretical predicted in

curved spaces [ ], [ ]–[ ]. Despite its difficulty, recent years have witnessed exciting de-

velopments in quantum simulations of curved spaces [ ]–[ ]. However, a generic scheme

that simulates quantum systems in curved space with arbitrary local curvature distributions

is still desired.

On the other hand, the non-Hermitian system, which is led by inevitable system envi-

ronment couplings, seem to be disconnected from the curved space. While a plethora of

intriguing non-Hermitian phenomena exist [ ], [ ]–[ ], and have been extensively ex-

plored in quantum sciences and technologies [ ], [ ], [ ]–[ ], [ ], [ ]–[ ], it

always requires peculiar theoretical tools to study non-Hermitian physics.

In the following, we provide a lattice model for simulating arbitrary two-dimensional

Riemannian surfaces. Motivated by a funneling effect on the simulated hyperbolic space, we

show a duality between non-Hermitian Hamiltonians in flat spaces and their counterparts

in curved spaces. This duality provides a geometric framework that explains several non-

Hermitian phenomena. In practice, it not only establishes non-Hermiticity as a unique tool

to simulate intriguing quantum systems in curved spaces, but also allows experimentalists

to use curved spaces to explore non-Hermitian physics.

4.2 Simulation of Two-Dimensional Riemann Surface

Considering a two-dimensional Riemann surface, its metric, in general, is written as

ds2 = gijdx
idxj. It is known that this metric can be rewritten into a conformally flat form

ds2 = f(x, y)
(

dx2 + dy2
)

(4.1)
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under a coordinate transformation, in the two-dimensional case. As we show in the intro-

duction chapter, the wavefunction Ψ(x, y) satisfies the Schrödinger equation with replacing

the Laplace operator by the Laplacian Beltrami operator. Using the metric above, we obtain

~
2

2m

(

− 1√
g

∑

i=x,y
∂i

√
ggii∂i − κ

4

)

Ψ(x, y) = EΨ(x, y), (4.2)

where g = gxxgyy, and gxx = gyy = f , gxx = gyy = f−1. We have included an extra potential

proportional to the Gaussian curvature −κ [ ]. The normalization condition reads

∫

dxdy
√
g|Ψ(x, y)|2 = 1. (4.3)

In order to derive the lattice model, we consider an energy functional

H =
~

2

2m

∫

dxdy
√
g



− 1√
g

∑

i=x,y

Ψ∗∂i
√
ggii∂iΨ − κ

4
|Ψ|2



 , (4.4)

which gives Eq. ( ) as the equation of motion. We then uniformly discretize the continuous

model. Using xi+1 − xi = a, yj+1 − yj = b, the energy functional becomes

H = − ~
2

2ma2

∑

i,j

√
gi,j

[

gxxi,j

(

Ψ∗
i+1,jΨi,j + Ψ∗

i,jΨi+1,j

)

+
a2

b2
gyyi,j

(

Ψ∗
i,j+1Ψi,j + Ψ∗

i,jΨi,j+1

)

]

+
∑

i,j

√
gi,j

[

~
2

2ma2

(√
gi−1,j√
gi,j

gxxi−1,j + gxxi,j +
a2

b2

√
gi,j−1√
gi,j

gyyi,j−1 +
a2

b2
gyyi,j

)

− ~
2κ

8m

]

Ψ∗
i,jΨi,j

(4.5)

we have defined Ψi,j =
√
abΨ(ia, jb). a and b are the lattice constants along x and y-direction,

respectively. The normalization condition is discretized as

∑

i,j

√
gi,jΨ

∗
i,jΨi,j = 1. (4.6)
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Now, we define ϕi,j = g
1/4
i,j Ψi,j, such that the coefficient

√
gi,j in the normalization of the

lattice model, Eq. ( ), is absorbed. As a result, the normalization condition becomes
∑

i,j ϕ
∗
i,jϕi,j = 1. Using ϕi,j, the discretized energy functional is

H = − ~
2

2ma2

∑

i,j

[ √
gi,jg

xx
i,j

(gi+1,jgi,j)1/4

(

ϕ∗
i+1,jϕi,j + c.c

)

+
a2

b2

√
gi,jg

yy
i,j

(gi,j+1gi,j)1/4

(

ϕ∗
i,j+1ϕi,j + c.c.

)

]

+
∑

i,j

[

~
2

2ma2

(√
gi−1,j√
gi,j

gxxi−1,j + gxxi,j +
a2

b2

√
gi,j−1√
gi,j

gyyi,j−1 +
a2

b2
gyyi,j

)

− ~
2κ

8m

]

ϕ∗
i,jϕi,j

(4.7)

We, therefore, obtain a second quantized Hamiltonian on a uniform lattice,

Ĥ =
∑

i,j

[

txi,j
(

a†
i+1,jai,j + a†

i,jai+1,j

)

+ tyi,j
(

a†
i,j+1ai,j + a†

i,jai,j+1

)

+ ui,ja
†
i,jai,j

]

, (4.8)

where a
(†)
i,j denotes the annihilation (creation) operator on site (i, j). The parameters can be

read from Eq. ( ),

txi,j = − ~
2

2ma2

√
gi,jg

xx
i,j

(gi+1,jgi,j)1/4
,

tyi,j = − ~
2

2mb2

√
gi,jg

yy
i,j

(gi,j+1gi,j)1/4
,

ui,j =
~

2

2ma2

(√
gi−1,j√
gi,j

gxxi−1,j + gxxi,j +
a2

b2

√
gi,j−1√
gi,j

gyyi,j−1 +
a2

b2
gyyi,j

)

− ~
2κ

8m
.

(4.9)

For a Poincaré half-plane, another prototypical parameterization of hyperbolic surface,

we have f(x, y) = 1/(κy2) [ ]. It is related to the Poincaré disk by a coordinate transfor-

mation, which is also termed as a Cayley transformation [ ]

ρeiθ = −x+ i(y − 1)

x+ i(y + 1)
, (4.10)

where (ρ, θ) denote the radial and angular coordinate of a Poincaré disk. −κ is the Gaussian

curvature of the hyperbolic space.
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Using the method introduced above, we find a lattice model

Ĥp =
∞
∑

i=−∞

∞
∑

j=0

a†
i,j

[

txj ai+1,j + tyj ai,j+1 + ui,jai,j

]

+ h.c., (4.11)

where the non-uniform tunnelings are txj = −κj2, tyj = −κj(j + 1), and ui,j = (4j2 − 1/4)κ

is an on-site potential. j starts from 0 since we consider the upper half-plane with y > 0.

The solution, ϕi,j, of this lattice model in Eq.( ), directly provides the wavefunction on

the Poincaré half-plane via Ψ(xi, yj) = ϕi,jg
−1/4
i,j . The non-uniform tunnelings along the i

and j-direction reflect an intrinsic property of the Poincaré half-plane. While the Euclidean

distance between two points is fixed, their distance under the metric of the Poincaré half-

plane decreases with increasing y. Therefore, the tunnelings need to increase.

4.2.1 Scale-invariant states

Poincaré half-plane is a hyperbolic space with the SO(2, 1) isometric group. Especially,

it is invariant under the scaling transformation, y → λy, x → λx, with λ > 0. The scaling

invariance can be shown from the eigenstates in a Poincaré half-plane. Such scaling invariance

also appears in the Efimov state, where three bosons interact and form bound states with

discrete scaling symmetry.

To solve the eigenstates, we first write down the time-independent Schrödinger equation

on the Poincaré half-plane,

−κ
[

y2

(

∂2

∂x2
+

∂2

∂y2

)

+
1

4

]

Ψ(x, y) = EΨ(x, y), (4.12)

where y > 0, and the normalization condition reads

∫ ∞

0

dy

κy2

∫ L

−L
dxΨ∗(x, y)Ψ(x, y) = 1. (4.13)
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We the define Ψ(x, y) = φ(x)ψ(y), where φ(x) = 1√
L

eikxx, such that motions along the x and

y-directions are separated. ψ(y) satisfies

∂2

∂y2
ψ(y) +

1/4 + E/κ

y2
ψ(y) = ǫψ(y), (4.14)

where ǫ = k2
x depends on the wave vector kx along x-direction, and kx is continuous as L

approach infinity.

We notice that, the equation above is scale-invariant. It has the same form as the hyper-

radial equation in Efimov physics [ ],

∂2

∂R2
ψ(R) +

1/4 + s2
0

R2
ψ(R) = −Ẽbψ(R), (4.15)

whereR is the hyper radius, defined by the averaged separation among particles, s0 ≈ 1.00624

is the discrete scaling factor. Ẽb is the binding energy of an Efimov state. We therefore

identify y → R, E/κ → s2
0, and ǫ → −Ẽb,

In Efimov physics, there are infinite numbers of bound states for a given s0. These bound

state energies satisfy the discrete scaling law, Ẽb,n−1 = e2π/s0Ẽb,n. From the mapping, we

immediately conclude that similar behavior exists on the Poincaré half-plane. We notice that

the energy of a quantum particle moving on the Poincaré half-plane is always continuous

and non-negative without specifying the boundary condition, i.e., E ≥ 0. There is only one

eigenstate, y1/2, with E = 0. This corresponds to a divergent scaling factor. For any finite

E > 0, there are infinitely degenerate eigenstates with different ǫ, due to the continuous

scaling symmetry. We call it the Efimov-like eigenstates, since a discrete scaling law emerges

similar to the Efimov states, once we apply a short-range boundary condition at y = y0.

To be more specific, we can write down the eigenstate of Eq. ( ),

ψ(y) ∝ √
yK

i
√
E/κ

(
√
ǫy), (4.16)
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where Ka(x) is the modified Bessel function of the second kind. In the short-range limit, we

can recast the eigenstate into a more insightful form using the asymptotic form of the Bessel

function, which reads,

ψ(y) ∝ √
y cos

(

√

E/κ ln

√
ǫy

2
+ arg [Γ(−i

√

E/κ)]

)

, ǫy → 0. (4.17)

Imposing the open boundary condition ψ(y0) = 0, leads to the quantized kx and ǫ for a finite

E. The continuous scaling symmetry becomes discrete, ǫn−1 = e2π

√
κ/Eǫn. Correspondingly,

ψn(y) ∝ ψn−1(yeπ

√
κ/E). Namely, the (n − 1)-th eigenstate is transformed to the n-th one

with the same eigenenergy E by a dilation y → yeπ

√
κ/E, as shown in Fig. . Unlike

Efimov state where the scaling factor is fixed by the mass ratios and particle statistics, here

the scaling factor is given by the eigenenergy E and the Gaussian curvature κ and can be

continuously tuned.

Since a Cayley transformation relates the Poincaré half-plane and the Poincaré disk, the

eigenstates on the Poincaré disk can be directly obtained from the results of a Poincaré

half-plane. We need to note that the boundary conditions should also be transformed cor-

respondingly for such mapping to work. The boundaries with constant y’s on the Poincaré

half-plane are transformed to horocycles, which are circles with boundaries attached to the

same point on the boundary of the Poincaré disk, as shown in Fig. . The Efimov-like

states emerge on the Poincaré disk only under this particular boundary condition.

By applying the discrete lattice model, we numerically solve the eigenenergies and eigen-

states and then show the scaling behaviors. We demonstrate that a good agreement, as

expected, supports the validity of the lattice models as discrete versions of the hyperbolic

spaces in Fig. .
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Figure 4.1. The states with a short-range boundary condition on Poincaré
half-plane and the corresponding eigenenergies with various kx. (a): Differ-
ent kx’s with the same E exhibit discrete scaling symmetry. kx,n−1/kx,n =

exp
(

π(κ/E)1/2
)

. Curves (Markers) represent eigenenergies of the continuous

(discretized lattice) model. (b): Three eigenstates with the short-range bound-
ary condition ψ(κ−1/2) = 0 and the same eigenenergies E/κ = 8.5 but different
kx show a discrete scaling symmetry.
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Figure 4.2. Location of the funneling mouth, denoted by the shaded area, on
the Poincaré half-plane and disk. Lines with constant y’s in (a) are mapped
to horocycles in (b) through a Cayley transformation shown in Eq. ( ).

4.2.2 Localization and quantum funneling effect

In the last section, we have shown that the eigenstate with zero energy is written as

y1/2. In fact, all eigenstates on these hyperbolic surfaces are localized in the hyperbolic

coordinates. We use the Poincaré half-plane as an example. The distance from y0 to y is

s =
∫ y

y0

dy
1√
κy

=
1√
κ

ln
y

y0

. (4.18)
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Using s, we can rewritten the eigenstates as ψn(s) ∝ √
y0e

√
κs/2K

i
√
E/κ

(
√
ǫny0e

√
κs). When

ǫ = 0, it becomes ψ∞(s) ∝ √
y0e

√
κs/2 sin

(√
Es
)

. Therefore, a Euclidean space observer

would find that all eigenstates with vanishing kx localize in s to the large s-direction, which

also corresponds to the large y-direction of the Poincaré half-plane. Such a localization at

infinity precisely originates from the 1/y2 behavior of the metric of the Poincaré half-plane.

A finite ǫ leads to an extra effective potential that increases exponentially in the y-direction,

and the localization is compensated. As a result, any eigenstates decay to zero when s → ∞
for any finite ǫ. Nevertheless, the tendency of the localization towards infinity remains in

a length scale much smaller than the characteristic length scale ∼ 1/
√
ǫ of the effective

potential.

Such a phenomenon is reminiscent of the funneling effects in the non-Hermitian system.

In certain one-dimensional non-Hermitian systems, all eigenstates are also localized and any

initial wavepacket travels towards the end where eigenstates localize [ ], [ ]. In these

non-Hermitian systems, it is the chiral tunnelings that force eigenstates and wavepacket to

concentrate at one end. It is also termed as “non-Hermitian skin effect” [ ]. Nevertheless,

such a localization phenomenon on curved space occurs in a Hermitian system where chiral

tunnelings are absent. In such systems, it is the metric that induces localization of eigenstates

and the quantum funneling, as we will later show. The funneling mouth is located at

y = ∞ on the Poincaré half-plane, and the mapping between the Poincaré half-plane and

the Poincaré disk indicates the same phenomenon on the Poincaré disk. Now, the funneling

mouth is located around a particular point on the boundary of the Poincaré disk, as shown

by the shaded regions in Fig. . We emphasize that, in accordance with the su(1,1)

symmetry of the hyperbolic surface, appropriate boundary conditions can be implemented

to continuously change the locations of funneling mouths.

The fact that any wavefunction is localized at one end of the system has a profound

impact on quantum dynamics, which is termed as quantum funneling effect. Since any

initial wavepacket, which is prepared as a linear superposition of many eigenstates, will

disperse and finally become delocalized if we consider a flat and Hermitian one-dimensional

system as time evolves, the localization of all eigenstates means that the final state must be a

delocalized one multiply by the localization term. As a result, the final state here is localized
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Figure 4.3. Quantum dynamics of a wavepacket in the Poincaré half-plane
which is constant in the x-direction shows the funneling effect. We have
transformed the y-coordinate into the s-coordinate. A localized Gaussian
wavepacket (red solid curve) is prepared at t = 0. As time evolves, the
wavepacket disperses and travels towards the funneling mouth at the large
end in the s-direction. The wavepacket finally becomes localized at the large s
boundary with an exponential envelope (black dotted curve), in the long-time
limit. t0 = 2m/(~2κ) defines the time unit.

and any initial state will travel to the localized end, which is demonstrated in Fig. . This

phenomenon is analog of the funneling in a non-Hermitian system [ ].

4.3 Non-Hermitian Lattice Models and Their Duals in Curved Spaces

We have seen a Hermitian lattice model with tunneling strength and on-site potential

in Eq. ( ) can be used to simulate any Riemann surface. Nevertheless, it is ϕi,j that is

simulated, such that the normalization
∑

i,j |ϕ|2 = 1 is satisfied; and it is ψ which localizes.

Simulating Ψi,j directly leads to a non-Hermitian lattice model. In this section, we present
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the duality between non-Hermitian lattice model and curved space using the celebrated HN

model [ ]. The time-independent Schrödinger equation reads,

−tRψn−1 − tLψn+1 = Eψn, n = 0, 1, ...N − 1, (4.19)

where tR(L) denotes chiral nearest-neighbor tunneling amplitudes towards right (left). In

a Hermitian system, it is necessary to have tL = t∗R. Here, we no longer have such a

constraint. We now apply the open boundary condition (OBC), ψ0 = ψN−1 = 0. The

eigenstates become ψn = en ln(γ) sin(kmnd)/
√

(N − 1)/2, where d is the lattice constant,

km = mπ/((N − 1)d), m = 1, 2, ...N − 2. γ =
√

tR/tL characterizes the strength of non-

Hermiticity. The corresponding eigenenergies read Em = −2
√
tLtR cos(kmd).

To build the duality between a lattice model and a continuous one, we consider the

effective theory of Eq. ( ) near km = 0. Similar to the Hermitian lattice models, it

describes the motion of a non-relativistic particle. The effective theory near km = 0 for

any strength of non-Hermiticity is obtained by considering ψn =
√
dφ(sn)eqsn , where q =

ln(γ)/d = 1
2d

ln(tR/tL) and sn = nd. While q−1 captures the localization length, φ(s) is

the extension of the wavefunction ψn with discrete supports on a continuous variable s, it

now varies slowly with changing s. As such, we can apply the Taylor expansion of φ(s),

φ(sn±1) = φ(sn) ± d∂sφ+ 1
2
d2∂2

sφ. Substituting ψn into Eq. ( ), we obtain an equation of

φ, −√
tLtR(2 + ∂2

s )φ = Eφ. Translating back to ψ, the effective theory near km = 0 is

−
√
tLtRd

2
(

∂2
s − 2q∂s + q2 + 2/d2

)

ψ(s) = Eψ(s). (4.20)

This equation contents an imaginary vector potential, A ∼ iq [ ], [ ]. Here, an imaginary

vector potential curves the space, unlike a real one which amounts to a U(1) gauge field.

Applying a coordinate transformation y/y0 = e2qs and defining the effective mass M =

~
2/(2

√
tLtRd

2), curvature κ = 4 ln2(|γ|)/d2, we obtain

− ~
2

2M
κ
(

y2∂2
y +

1

4

)

ψ(y) = Eψ(y), (4.21)
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Table 4.1. The mapping between the continuum limit of the HN model near
the band bottom under OBC and the Poincaré half-plane.

2D Hyperbolic
surface

Curvature
−κ

Energy scales
~

2/(2Md2)
Coordinate

yn = y0e
n

√
κd

Eigenfunctions

ψ(y) ∝ (y/y0)
1
2 sin

(

mπ ln(y/y0)
ln(yN−1/y0)

)

Eigenenergies

Em = κ~2m2
π

2

2M ln(yN−1/y0)2

1D Non-Hermitian
chain

Non-Hermiticity
−4 ln2(|γ|)/d2

Tunneling strength√
tRtL

Lattice site
n

ψn ∝ γn sin
(

mπ

N−1
n
)

Em

2
√
tRtL

= (−1 + m2
π

2

2(N−1)2 +O(m
4

N4 ))

up to a constant energy shift −2
√
tLtR. We notice that, this is exactly the time-independent

Schrödinger equation on the Poincaré half plane with kx = 0. A finite kx just leads to an

external potential, as we have seen in the previous section. Actually, if we consider the

time-independent Schrödinger equation in the hyperbolic coordinate s on the Poincaré half

plane and perform discretization, using ψ, we obtain

Vnψn − tRψn−1 − tLψn+1 = Eψn, (4.22)

where Vn = a2
√
tRtLγ

4n is the potential led by finite kx. We have defined a dimensionless

quantity a2 = 4(ln2 |γ|)y2
0k

2
x that characterizes the strength of Vn. At the band top near

km = π, we have M → −M , and a relativistic theory on the Poincaré half plane needs to be

defined for other km’s since the dispersion is now linear.

We have summarized the mapping between these two models in Table , which serves

as a dictionary translating microscopic parameters between them.

4.3.1 Geometric interpretations of non-Hermitian phenomena

Several peculiar non-Hermitian phenomena have a natural explanation that is provided

by our duality. We first consider the orthonormal condition in a non-Hermitian system. As

we have discussed, the left and right eigenvectors need to be introduced. The orthonormal

condition on the Poincaré half plane with kx = 0 reads

∫ dy

κy2
ψ∗(y; ky)ψ(y; k′

y) = N δky ,k′
y
. (4.23)

N is a normalization constant that can be freely chosen. The curvature-dependent factor

(κy2)−1, has a physical meaning as the width of a strip in the domain x0 ≤ x ≤ x0 + L
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Figure 4.4. The curved spaces and corresponding microscopic parameters
with varying tL and fixed tR. The curvature κ and inversed mass M−1 have
units 1/d2 and 2tRd

2/(~2), respectively. In (i-v), we show the hyperbolic spaces
dual to the HN model at various tL > 0 using their three-dimensional embed-
dings. For tL < 0, the pseudosphere is the same as that for −tL while the mass
becomes imaginary.

decreases as (
√
κy)−1, since Lx(y) =

∫ x0+L
x=x0

dx/(
√
κy) = L/(

√
κy). Transforming into the s-

coordinate, Eq. ( ) becomes
∫ ds√

κy0
e−2qsψ∗

ky
(s)ψk′

y
(s) = N δky ,k′

y
. Discretizing this equation

leads to
∑

n

|γ|−2nψ∗
n(km)ψn(km′) = δkm,km′ , (4.24)

we have chosen N = (
√
κy0)

−1. This orthonormal condition is precisely that provided by

the left and right eigenvectors ψL(R), and |γ|−2n capturing the difference between ψL(R)

defines the metric operator [ ]. This mapping, therefore, provides an explicit physical

interpretation of non-Hermitian orthonormal conditions.

Secondly, the duality allows us to equate the non-Hermitian skin effect to its counterpart

on the Poincaré half-plane as we have shown above. The exponential factor of eigenstates

on hyperbolic spaces in the s-coordinate is precisely dual to the exponential localization on

the HN model due to non-Hermitian chiral tunnelings.

Thirdly, the coalesce eigenstates and collapsed spectrum also admit a natural geometric

interpretation. While κ vanishes when tL = tR, κ increases with decreasing tL for a given

tR(> tL). Therefore, the curvature of the hyperbolic space becomes larger with increasing

the non-Hermiticity, as shown in Fig. . Such changes can be visualized by embedding

the hyperbolic space into a three-dimensional Euclidean space as a pseudosphere, similar to
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Figure 4.5. A hyperbolic surface threaded by uniform magnetic fluxes (a)
and the non-Hermitian dual (b).

changing the radius of a sphere. This pseudosphere embedding with a negative curvature is

written as

(u, v, w) =
1√
κ

(

(η − tanh(η)),
cos(ϕ)

cosh(η)
,

sin(ϕ)

cosh(η)

)

. (4.25)

where y = r0 cosh(η), x = r0ϕ, with r0 an arbitrary constant. η > 0, ϕ ∈ (−π, π).

As approaching the exceptional point, tL → 0 and the localization length, 1/ ln(|γ|),
vanishes. All eigenstates are forced to coalesce. Since M is divergent, eigenenergies also

collapse to zero. With continuously decreasing tL < 0, M becomes imaginary and the

system goes across the exceptional point, all previous results apply provided M → ±iM .

Since the eigenenergy is imaginary, particles in hyperbolic spaces now are dissipative, and

stationary states no longer exist.

In a non-Hermitian system with chiral tunnelings, changing the boundary condition from

an open into a periodic one leads to drastic changes in the eigenstate and the spectrum. From

the duality, we immediately conclude the same phenomenon in curved space. This curved

space picture provides such drastic changes a physical interpretation, as we are connecting

two boundaries with exponentially different radii [ ].

4.3.2 Non-Hermitian realization of quantum Hall states in curved spaces

In practice, this duality can be applied to the simulation of intriguing curved space

phenomena using non-Hermitian systems. For example, it provides us a means to thread

magnetic fluxes on a curved space in studying the gravitational responses of quantum Hall

states.
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as shown in Fig. . To be more precise, we consider the Poincaré half plane. Under a uni-

form magnetic field in the Landau gauge, we have a vector potential A = (−B/(κy), 0) [ ].

The Schrödinger equation of a particle with a charge −e becomes

− ~
2

2M
κy2

[(

∂x − i
eB

~κ

1

y

)2

+ ∂2
y

]

Ψ(x, y) = EΨ(x, y). (4.26)

The lowest Landau level (LLL) wavefunctions are written As

ψLLL = (2kx)
eB
~κ

− 1
2

√

√

√

√

Nκ

Γ(2 eB
~κ

− 1)L
e−kxy+ikxxy

eB
~κ , (4.27)

where the corresponding eigenenergies, ELLL = −~2κ
8M

+ ~eB
2M

, are independent of kx. The

degeneracy of the Landau levels for different kx is similar to that in a flat space. Using the

method we introduced, we find the corresponding non-Hermitian systems as a HN model

with an extra onsite potential. A finite magnetic field, therefore, changes Vn in Eq.( )

into Vn + VB,n where VB,n = −baγ2n
√
tLtR, as shown in Fig. b. b = eBd2/(~ ln |γ|)

is a dimensionless parameter that characterizes strength of VB,n relative to Vn. y0kx =

a(2 ln |γ|)−1 is used. We also define the magnetic flux density, ρφ = eB/(2π~) = ln |γ|
2πd2 b.

Similar to the well-known result of flat spaces where the location of the minimum of a

harmonic potential is determined by kx in the Landau gauge, a finite kx shifts the minimum

of onsite potential Vn + VB,n.

A complete description of quantum Hall states requires its gravitational responses in

curved spaces. For example, the particle density, ρ, differs from the magnetic flux density,

ρφ, by the local curvature [ ],

ρ = νρφ − κ/(4π), (4.28)
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where ν is the filling factor, which is ν = 1 for integer quantum Hall states. Using Eq.( ),

Eq. ( ) for a hyperbolic surface can be directly proved (Appendix). The counterpart of

Eq.( ) in the non-Hermitian lattice is

|γ|2n
∫

daNn(a, b) = b ln(|γ|) − 2 ln2(|γ|), (4.29)

where Nn(a, b) = |γ|−2nψ∗
nψn denotes the particle number at lattice site n in the non-

Hermitian system. Eq.( ) and Eq.( ) are equivalent if we map the magnetic flux,

eB/(2π~), to the ratio between onsite potentials, b ln(|γ|)/(2πd2). The dependence of densi-

ties of quantum Hall states on curvatures is thus readily detectable using this non-Hermitian

realization.

4.4 Generalizations to Long-Range and Non-Uniform Tunnelings

While the HN model offers a useful illustration of the duality, it is simple to apply our

approach to general non-Hermitian models. We consider

−
M
∑

m=1

tRmψn−m −
M
∑

m=1

tLmψn+m = Eψn, (4.30)

where tRm and tLm are tunneling amplitudes from the (n∓m)th to nth sites. An eigenstate

under OBC is written as a linear combination of eiknd+qnd, where kd ∈ [0, 2π] and q is real.

Only one q dominates in the bulk. Unlike the HN model, where q = ln(tR/tL)/(2d) is a

constant, q is a function of k and defines the so-called generalized Brillouin zone in the

complex plane, once beyond the nearest neighbor tunnelings exist [ ], [ ], [ ], [ ],

[ ]. We define ψ(s) = eiK0seq(K0)sφ(s), in the vicinity of any point in the generalized

Brillouin zone specified by K0d ∈ [0, 2π], such that φ(s) changes slowly as a function of s. In

analog to the method we applied in formulating the effective theory of the HN model, using

the Taylor expansion of φ(s), we obtain

−B(K0)[∂
2
s − 2A(K0)∂s + C(K0)]ψ(s) = Eψ(s), (4.31)
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where A(K0), B(K0) and C(K0) depend on K0, as well as tRm and tLm. When only tR1 and

tL1 exist, the equation above at K0 = 0 recovers Eq.( ), and A(K0) provides a constant

imaginary vector potential. In the most generic case, A(K0) becomes complex, whose real

part, AR(K0), curves the space. Using a coordinate transformation defined by AR(K0),

y = y0e
2AR(K0)s, we obtain a hyperbolic surface in the same means as the HN model, with

the only difference that κ now depends on K0 and is written as κ = 4A2
R. Such K0-dependent

curvature delivers a geometric interpretation for the generalized Brillouin zone.

Whereas uniform chiral tunnelings result in a hyperbolic surface with a constant cur-

vature, non-uniform tunnelings lead to curved spaces with inhomogeneous local curvatures.

We consider non-uniform chiral tunneling amplitudes denoted by tR(L),n,

−tR,n−1ψn−1 − tL,nψn+1 = Eψn. (4.32)

For slowly varying tR(L),n, we first extend them to the continuous variables by defining t̄(s)

and γ̄(s), where t̄(nd) = 2Md2

~2

√
tR,ntL,n and γ̄(nd) =

√

tR,n/tL,n. We then introduce a slowly

changing function φ(s) = eν(s)/2ψ(s) with ν(s) = 2
d

∫ s
0 ln(γ̄(s)) ds. This approach generalizes

the uniform case. In the HN model, ν(s) = s ln(γ)/d reduces to a linear function of s. Using

the same procedure, we obtain

~
2

2M

(

− 1√
g
∂ig

ij√g∂j − κ

4
+ Vc

)

Ψ(x, y) = EΨ(x, y), (4.33)

where gxx = gyy =
√
g = t̄(sy)e

− 4
d

∫ sy

0
ln(γ̄(s)) ds, gxy = gyx = 0, Vc = ~2

2Md2

(

d
2
∂s ln γ̄|sy − 2

)

t̄(sy).

The inhomogeneous local curvatures becomes κ(y) = t̄(sy)
(

4 ln γ̄2(sy) − 2d∂s ln γ̄|sy

)

/d2. In

these expressions, sy is obtained from y − y0 =
∫ sy

0 dse
2
d

∫ s

0
ln(γ̄(s)) ds/t̄(s). When tR,n and tL,n

are constants, the constant κ of a hyperbolic surface is recovered. Changing tR,n and tL,n then

tunes local curvatures. For instance, when tR,n = ~2

2Md2 e−Θ(n−n∗)/(2n), tL,n = ~2

2Md2 eΘ(n−n∗)/(2n),

where Θ(x) is the Heaviside step function, the curvature vanishes everywhere except at a

particular location, i.e., κ ∼ δ(y − y∗), where y∗ = y0 + n∗d.
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4.A Coupled HN chains

In addition to one dimension, many non-Hermitian models in higher dimensions can be

constructed based on the HN model. For instance, 1D HN chains can be assembled through

inter-chain couplings to access higher dimensional curved spaces. For instance, the lattice

model with HN chains coupled vertically is illustrated in Fig. a, which reads

−tΨn,m+1 − tΨn,m−1 − tRΨn−1,m − tLΨn+1,m = EΨn,m. (4.34)

We define Ψ(s, z) such that Ψ(sn, zm) ≡ Ψn,m/d, and Ψ(s, z) = Φ(s, z)eqseiK0seikz0z, where

Φ is slowly varying. We have applied periodical boundary condition along the z-direction.

Near the band bottom (K0 = 0, kz0 = 0), substituting Ψ to Eq. ( ) and using the Taylor

expansion of Φ(s, z), we obtain

−
[(

2t+ tRe−qd + tLeqd
)

+
(

−tRe−qd + tLeqd
)

d∂s

+
d2

2

(

tRe−qd + tLeqd
)

∂2
s + td2∂z

]

Φ(s, z) = EΦ(s, z)
(4.35)

A generic solution is written as Φ = eiksseikzz. To ensure the open boundary condition in

s-direction and obtain an effective theory near (K0 = 0, kz0 = 0), we require E(ks, 0) =

E(−ks, 0), which leads to −tRe−qd + tLeqd = 0. The solution gives q = ln
(√

tR/tL
)

/d. For a

finite kz, the solution to Eq.( ) that satisfies the specified boundary conditions is written

b z kz

m

n

…
…

……
…

t

tL

tR

0
a z kz

m

n

… …

… …

tL

tR t

0

Figure 4.6. A set of coupled HN chains is dual to a 3D curved space. (a)
The curvature of each decoupled surface remains unchanged by the vertical
inter-chain couplings. (b) Inter-chain couplings fundamentally influence each
curved surface, and the curvature becomes energy-dependent.
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as eikzz sin(kss). In other words, q and the resultant curvature, is independent of kz. After

a coordinate transformation y
y0

= e2qs, Eq. ( ) is written as

−
[

2
(

t+
√
tLtR

)

+
√
tLtRd

2κ
(

y2∂2
y +

1

4

)

+ td2∂2
z

]

Ψ(y, z) = EΨ(y, z), (4.36)

where κ = 4 ln2
(√

tR
tL

)

/d2.

In contrast, the model in Fig. b reads

−tΨn−1,m−1 − tΨn+1,m−1 − tΨn−1,m+1 − tΨn+1,m+1 − tRΨn−1,m − tLΨn+1,m = EΨn,m. (4.37)

The slowly varying Φ(s, z) satisfies

−
[(

2te−qd + 2teqd + tRe−qd + tLeqd
)

+
(

−2te−qd + 2teqd − tRe−qd + tLeqd
)

d∂s

+
(

2te−qd + 2teqd + tRe−qd + tLeqd
) 1

2
d2∂2

s + 2t
(

eqd + e−qd
) 1

2
d2∂2

z

+t
(

eqd − e−qd
)

d3∂2
z∂s

]

Φ(s, z) = EΦ(s, z).

(4.38)

For the effective theory near (K0 = 0, kz0 = 0), the open boundary condition in s-direction

requires E(ks, 0) = E(−ks, 0) and −2te−qd + 2teqd − tRe−qd + tLeqd = 0. This provides us

with q = 1
d

ln
(√

tR+2t
tL+2t

)

, and

−
[

2t̃+ t̃d2∂2
s +

t

t̃
(4t+ tL + tR)d2∂2

z +
t

t̃
(tR − tL)d3∂2

z∂s

]

Φ(s, z) = EΦ(s, z), (4.39)

where t̃ =
√

(tR + 2t)(tL + 2t). When kz is finite, the solution to Eq.( ) reads Φ =

eikzz sin(kss)e

(

t(tR−tL)

2t̃2 kzd

)

kzs
. The extra exponential function gives rise to a kz-dependent

q(kz) = 1
d

ln
(√

tR+2t
tL+2t

)

+ td(tR−tL)
2t̃2

k2
z . After a coordinate transformation y

y0
= e2qs and Φ(s, z) =

Ψ(s, z)e−qs, Eq. ( ) is written as

−t̃d2

[

t(tR − tL)

t̃2
∂2
z

(

4t+ tR + tL
tR − tL

+ d
√
κc

(

y∂y − 1

2

))

+
2

d2
+ κc

(

y2∂2
y +

1

4

)]

Ψ(y, z) = EΨ(y, z),

(4.40)
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where κc = ln2
(

tR+2t
tL+2t

)

/d2. A finite kz modifies the curvature, κc(kz) = 1
d2 ln2

(

tR+2t
tL+2t

)

+

2t(tR−tL)
t̃2

log
(

tR+2t
tL+2t

)

k2
z + O((kzd)

4).

Whereas the above discussions apply to the band bottom, the effective theory can be

formulated at any energies. In the lattice models, we write Ψn,m = ψneikz0md, and obtain

−2t cos(kz0d)ψn − tRψn−1 − tLψn+1 = Eψn, (4.41)

and

−(tR + 2t cos(kz0d))ψn−1 − (tL + 2t cos(kz0d))ψn+1 = Eψn, (4.42)

for Eq. ( ) and ( ), respectively. Therefore, for each kz0, we have a dual model in

the curved space. Especially, for Eq. ( ), we obtain a kz0-dependent HN model and the

corresponding curved space can be derived in the same manner as in the main text, where

κ = ln2
(∣

∣

∣

∣

tR+2t cos(kz0d)
tL+2t cos(kz0d)

∣

∣

∣

∣

)

/d2, which is kz0 dependent. It reduces to κc if we take the limit of

kz0d → 0.

4.B Gravitational responses of quantum Hall states in hyperbolic spaces

The normalized wavefunction at the lowest Landau level on a Poincaré half-plane is

written as

ΨLLL(x, y) = 2α−1/2kα−1/2
x

√

κN
Γ(2α− 1)L

eikxxe−kxyyα, (4.43)

where Γ(x) is the Gamma function α = eB
~κ
> 0, and kx = 2πn/L. The particle density at

unit filling becomes

ρ(x, y) =
1

N
∑

kx

|ΨLLL|2 =
(

4π

L

)2α−1 κy2α

Γ(2α− 1)L
Li1−2α(e− 4π

L
y), (4.44)

where Lik(z) =
∑∞
n=1 z

n/nk is the polylogarithm function of order k. The summation is only

taken from n = 1 to ∞ since the wavefunction is not normalizable and Landau levels do not

exist for n ≤ 0. In the thermodynamic limit,

lim
L→∞

ρ(x, y) = (4π)−1 Γ(2α)κ

Γ(2α− 1)
=

eB

2π~
− κ

4π

. (4.45)
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We have used Lik(e
w) = Γ(1 − k)(−w)k−1 +

∑∞
j=0

ζ(k−j)
j!

wj, which is valid for |w| < 2π and

k /∈ N
+. ζ(x) denotes the zeta function.
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5. UNIVERSAL RELATIONS FOR ULTRACOLD REACTIVE

MOLECULES

The contents of this chapter are based on and modified from the published article [ ] by
M. He, C. Lv, H.-Q. Lin, and Q. Zhou, Universal relations for ultracold reactive molecules,
Science Advances, 6(51), eabd4699. Copyright (2020) by The Authors.

The laboratory realization of ultracold polar molecules has pushed physics and chem-

istry into new realms. Polar molecules, in particular, provide chemists with unparalleled

opportunities to investigate controllable chemical reactions in the ultracold regime, where

quantum effects become evident. Ultracold molecules with rich internal degrees of freedom

also provide a promising platform in quantum information processing. However, reactions or

formations of complexes due to collisions between ultracold molecules lead to two-body loss.

A key question about how two-body loss depends on quantum correlations in interacting

many-body systems remains open. In this chapter, we provide a set of universal relations

that correlate two-body loss to other physical observables, such as density correlation func-

tions and momentum distribution. These relations, which hold for any arbitrary microscopic

parameter, such as particle number, temperature, interaction strength, and dimensionality,

reveal the critical role of contacts, a fundamental quantity of dilute quantum systems, in

determining the reaction rate of quantum reactive molecules in a many-body environment.

5.1 Introduction

Highly controllable polar molecules in a temperature regime down to a few tens of nano-

Kelvin provide scientists with a powerful apparatus to study a vast range of new quantum

phenomena in quantum information processing, condensed matter physics, and quantum

chemistry, such as quantum gates with fast switching times [ ], [ ], exotic quantum

phases [ ]–[ ], and quantum chemical reactions [ ], [ ], [ ]–[ ]. The two-body loss is

an essential ingredient leading to non-Hermitian phenomena in all these studies. Collisions

between ultracold molecules may yield certain products and release energies, which allow

particles to escape the traps. For example, a prototype reaction, KRb+KRb → K2 +

Rb2, is the principal source of KRb molecule loss. Because of the rich internal degree of

freedom of molecules, four-body complexes that are not detectable may also develop during
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the scattering process. Such long-lived complexes also result in losses in the system of

interest [ ], [ ].

Whereas chemical reactions are known for their complexities, including quantum effects

imposes an even bigger challenge to both physicists and chemists. Quantitative analysis of

the reactions is difficult due to the exponentially large degrees of freedom and quantum corre-

lations built upon interactions. A standard approach is to consider two interacting particles,

the reaction rate of which is trackable [ ], [ ]. When the temperature is high enough and

correlations between different pairs of particles are negligible, such results are applicable in

many-body systems; however, when the temperature decreases, many-body correlations be-

come significant, and this method fails. To completely comprehend the quantum many-body

effects, a theory encompassing them needs to be developed.

This chapter shows that universality exists in ultracold reactive molecules when chemical

reactions are present. Contacts, the central quantity in dilute quantum systems [ ], are

implemented to build universal relations between the two-body loss rate and other quantities,

including the density correlation function and the momentum distribution. Previously, two-

body loss of zero-range potentials hosting inelastic s-wave scatterings were correlated to the

s-wave contact [ ], [ ]. Nevertheless, chemical reactions occur at a finite separation in

reality. Higher-partial wave scatterings are also needed in characterizing many systems. For

example, single-component fermionic KRb molecules interact with p-wave scatterings [ ],

[ ]. Therefore, it is necessary to develop a theory that can be applied to all short-range

reactive interactions. We will focus on single-component fermionic molecules to concretize

discussions. All of our results can be directly generalized to other systems with arbitrary

short-range interactions.

5.2 Length Scale Separation and Universal Relations

The Hamiltonian of N reactive molecules is written as

H =
∑

i

[ − ~
2

2M
∇2

i + Vext(ri)] +
∑

i>j

U(ri − rj), (5.1)
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U (r)

r
0

r
∗

|r |

|r |≪ k
F

−1

k
F

−1

Figure 5.1. A length scale separation in ultracold dilute systems. Potassium
(rubidium) atoms are represented by blue (red) solid spheres. Two molecules
inside the dashed circle are seperated much closer than the average inter-
particle spacing, |r| ≪ k−1

F . A schematic of the chemical reaction is shown
in the enlarged plot of the region within the dashed circle. The real (imag-
inary) part of the interaction, UR(r) (UI(r)) is represented the green solid
curve (shaded area), respectively. The reaction happens only at the shaded
area where UI(r) is finite.

whereM is the molecular mass, Vext(r) and U(r) are the external potential and a two-body in-

teraction, respectively, as shown in Fig. . The many-body wavefunction, Ψ(r1, r2, ..., rN),

satisfies the time-dependent Schrödinger equation,

i~∂tΨ(r1, r2, ..., rN) = HΨ(r1, r2, ..., rN). (5.2)

U(r) is a short-range interaction with a characteristic length scale, r0, in the absence of

electric fields. When |r| > r0, U(r) = 0. Chemical reactions have a finite range but happen

in an even shorter length scale, r∗ < r0. We apply a one-channel model with a complex

U(r) = UR(r) + iUI(r) in describing the chemical reaction [ ], where UI(r) ≤ 0. When

|r| > r∗, UI(r) = 0. The same universal relations can also be derived using the Lindblad

equation that models the losses by jump operators (Appendix A).
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5.2.1 Length scale separation in dilute ultracold quantum system

In ultracold dilute quantum systems, the average inter-particle separation, provided by

the inverse of the Fermi momentum, k−1
F , sets the largest length scale. Universal relations

are originated from a length scale separation r∗ < r0 ≪ k−1
F . When the distance between

two molecules is much smaller than k−1
F , we obtain,

Ψ(r1, r2, ..., rN)
|rij|≪k−1

F−−−−→
∑

m,ǫ

ψm(rij; ǫ)Gm(Rij;E − ǫ), (5.3)

where rij = ri − rj describes the relative motion between the ith and the jth molecules, and

Rij = {(ri + rj)/2, rk 6=i,j} denotes the center of mass motion and the coordinates of all other

particles. In the short-range limit, the many-body wavefunction is factorized into a two-body

and a many-body part. The two-body wavefunction ψm(rij; ǫ) is in p-wave and m = 0,±1

denotes the magnetic quantum number. ψm is determined by the two-body Hamiltonian,

H2 = −(~2/M)∇2 + U(rij), because all other particles are far away from the chosen pair in

the regime, |rij| ≪ k−1
F . E is the total energy of the many-body system which is conserved.

The two-body colliding energy, ǫ = ~
2q2
ǫ/M , is no longer a good quantum number, and a

sum shows up in Eq. ( ). Because both a continuous spectrum and discrete bound states

might occur at the same time, we employ sum rather than integral notation.

From the near threshold scattering theory, we can write down the universal asymptotic

wavefunction within the region r0 < |rij| ≪ k−1
F expanded by the two-body colliding energy

ǫ. We define ψm(rij; ǫ) = ϕm(|rij|; ǫ)Y1m(r̂ij), where Y1m(r̂ij) is the p-wave spherical harmon-

ics. The near threshold wavefunction is characterized by the energy dependent phase shift.

Despite the fact that there are many resonances, the phase shift of scattering between KRb

molecules remains a smooth function of energy due to the large average line width, which

much exceeds the mean level spacing of the bound states [ ]. The phase shift, η, then has

a well defined expansion, q3
ǫ cot [η(qǫ)] = −1/vp + q2

ǫ/re. Since we have reactive interaction,
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both the p-wave scattering volume vp and effective range re become complex. Consequently,

ϕm(|rij|; ǫ) = ϕ(0)
m (|rij|) + q2

ǫϕ
(1)
m (|rij|) + O(q4

ǫ ), where

ϕ(0)
m (|rij|)

r0<|rij|≪k−1
F−−−−−−→ 1

|rij|2
− 1

vp

|rij|
3
, (5.4)

ϕ(1)
m (|rij|)

r0<|rij|≪k−1
F−−−−−−→ 1

re

|rij|
3

+
1

vp

|rij|3
30

+
1

2
. (5.5)

We have considered isotropic p-wave interactions to simplify expressions. ϕ(|rij|) = ϕm(|rij|)
and G(Rij;E − ǫ) = Gm(Rij;E − ǫ). Other partial waves that do not show up in universal

relations relevant for our consideration are suppressed. Using the expressions above, we are

able to construct universal relations in the dilute gases.

5.2.2 Two-body loss rate

Using Eqs. ( , , ) and the low energy expansion, we find the decay rate,

∂tN = − ~

8π
2M

3
∑

ν=1

κνCν , (5.6)

The three contacts Cν are written as

C1 = 3(4π)2N(N − 1)
∫

dRij|g0|2, (5.7)

C2 = 6(4π)2N(N − 1)
∫

dRijRe(g0∗g1), (5.8)

C3 = 6(4π)2N(N − 1)
∫

dRijIm(g0∗g1), (5.9)

∫

dRij integrates over all coordinates in Rij, and gs =
∑

ǫ q
2s
ǫ G(Rij;E − ǫ). As we will show

later, C1 is the contact that determines the leading term in the large momentum tail, similar

to systems without losses [ ]–[ ]. C2,3 are new quantities in systems with two-body loss,

in contrast.
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κν in Eq. ( ) are microscopic parameters solely captured by the two-body physics.

Using the one-channel model, we can write their explicit expressions as

κ1 = −M

~2

∫ ∞

0
UI (r)

∣

∣

∣ϕ(0)(r)
∣

∣

∣

2
r2 dr, (5.10)

κ2 = −M

~2
Re

(∫ ∞

0
UI (r)ϕ(0)∗(r)ϕ(1)(r)r2 dr

)

, (5.11)

κ3 =
M

~2
Im

(∫ ∞

0
UI (r)ϕ(0)∗(r)ϕ(1)(r)r2 dr

)

, (5.12)

where r = |r|.
Equation ( ) is universal and it applies to any particle number, any short-range interac-

tion strengths, as well as any conservative external potential. It separates Cν , which capture

the many-body physics, from two-body parameters, κν , that is captured by the microscopic

details of reactive interaction. Moreover, even when microscopic details of the reactive in-

teraction, such as the exact expression of UR(I)(r), are unknown, κν can still be accessed in

systems whose Cν are easily measurable using other universal relations (Appendix B). Eq.

( ) also applies for any finite temperatures if the reaction rate is slow compared to the

time scale of establishing quasi-equilibrium. In this case, Cν should be interpreted as their

thermal averages.

We have found that κ1 and κ2 can be rewritten as familiar parameters. In fact, κ1 =

Im(v−1
p ) and κ2 = Im[ − 1/(2re)] (see details in Appendix B). In contrast, κ3 is a new

parameter that has not been addressed in previous works to the best of our knowledge.

Similar to the effective range, κ3 can be expressed as the difference between the realistic

wavefunction at |r| < r0 and the extrapolation of the two-body wavefunction at |r| > r0

toward |r| < r0 (Appendix B) [ ]. Using these expressions, Equation ( ) becomes

∂tN = − ~

8π
2M

[

Im(v−1
p )C1 − 1

2
Im(r−1

e )C2 + κ3C3

]

. (5.13)

The first term in the bracket was previously derived for s-wave complex zero-range interac-

tions, with v−1
p replaced by the complex s-wave scattering length [ ]. All three contacts

and all three microscopic parameters are required for a generic short-range interaction, as
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shown in Eqs. ( , ). These expressions allow us to directly relate the two-body loss

rate to a broad range of physical quantities.

5.2.3 Momentum distribution

The first physical quantity we consider is the momentum distribution. Since the universal

form of the short-range wavefunction and the contacts together determine the short-range

behavior of the many-body wavefunction, the momentum distribution led by the universal

form of the short-range wavefunction can be directly correlated with the contact. The

universal behavior of momentum distribution appears when |k| ≪ 1/r0 but much larger

than all other momentum scales, including the thermal wavelength, kF , and the inverses of

the scattering length. The angular averaged total momentum becomes

n(|k|) =
∑

m=0,±1

∫

dΩnm(k) → C1

|k|2 , (5.14)

where Ω is the solid angle. The first term in Eqs. ( , ) is known once n(|k|) is

measured. If an radio-frequency (RF) spectroscopy exists for molecules, similar to that for

atoms, Eq. ( ) also indicates a universal tail in the transition rate,

Γ(ω) → [(ΩrfV )/(8π
2)]C1(~ω/M)−1/2, (5.15)

where ω and Ωrf is the RF frequency and RF Rabi frequency, respectively. V denotes the

system’s volume. It is worth noting that, Eq. ( ) describes the leading term of the large

momentum tail for atoms with elastic p-wave interactions [ ]–[ ]. We have found no

connection between the subleading term ∼ |k|−4 and two-body loss.

5.2.4 Density correlation function

The density correlation function, S(r) =
∫

dR〈n(R + r/2)n(R − r/2)〉, is another funda-

mentally important quantity. It measures the probability of having two particles separated by

a distance r. Using Eqs. ( , , ), S(r) can be evaluated in the regime, r0 < |r| ≪ k−1
F .
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S(r) can be integrated over a shell with thickness D to enhance the signal, which is given

by P (x,D) =
∫ x+D
x drS(r), and

∂P (x,D)

∂D

∣

∣

∣

∣

∣

D→0

=
1

16π
2

{

C1
1

x2
+

1

2
C2 −

[

2Re(
1

vp
)C1 − Re(

1

re

)C2 + Im(
1

re

)C3

]

x

3

}

. (5.16)

We have suppressed other partial waves since their contributions are provided by different

spherical harmonics. Provided that vp and re are known, using the power series to fit

∂P (x,D)/∂D|D→0 measured in experiments in Eq. ( ) allows one to obtain all three

contacts, C1,2,3. Higher order terms need to be included in the expansion if these two

parameters are unknown (Appendix B).

We would like to address that, equations ( , , , ) allow experimentalists to

explore the role of contacts in interacting few-body and many-body systems in determining

chemical reactions, despite whether correlation functions and thermodynamic quantities can

be computed accurately in theories. In fact, when exact theoretical results are not accessible

in the strongly interacting regime, these universal relations become most powerful.

5.3 Calculation With a Complex Finite Square Well Interaction

In the following, we will focus on the two-body loss rate by considering the analytical

result from an explicit example. We first consider the two-body loss in a two-body quantum

system and compute κ’s and contact. Then we apply the virial expansion to the second

order to obtain the high temperature loss rate.

5.3.1 Result from a two-body problem

We model U(r) by two square well potentials. One is real with strength −ŨR and another

is imaginary with strength −ŨI . For simplicity, we set the range of both as r0 = r∗, such

that U(r) = −ŨR − iŨI when |r| ≤ r0 = r∗ and 0 elsewhere. The ratio r0/r
∗ does not

qualitatively change any results. Fig. shows the dependency of κ1,2,3 on ŨI with various

fixed ŨR. κ1,2,3 = 0 in the absence of ŨI . κ1,2,3 change non-monotonically with increasing

ŨI , and all approach zero when ŨI is large, which signifies the quantum Zeno limit.
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Figure 5.2. The three microscopic parameters as functions of the reactive
interactions, ŨI , which has the unit of ~

2/(Mr2
0). ṽp denotes the scattering

volume when ŨI = 0. κ1,2,3 are in unit of r−3
0 , r−1

0 and r−1
0 , respectively.

The location of the maximum of κ1 (κ3) first approaches and then leaves the
origin when ṽp crosses zero. κ1 (κ3) remains positive (negative). When ŨI is
small, κ2 quickly changes from positive to negative as ṽp crosses zero. All three
microscopic parameters vanish in the large ŨI limit, as shown by the insets.
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Figure 5.3. Contact C1 in scattering and bound states of a two-body system
in free space. (a) Scattering state C1 with the unit r4

0/V as a function of ŨI
with the unit ~2/(Mr2

0), for various fixed ṽp. qǫ = 0.01/r0. (b) Bound state C1

with the unit r0 as a function of ŨI with the unit ~
2/(Mr2

0).

Table 5.1. Analytical expressions for contacts Cν of two particles in different
limits. Line 1 show the results in the weakly interacting regime. Line 2 show
the results at resonance. Line 3 includes the results for bound states with
considering a single angular momentum m.

𝐶! 𝐶" 𝐶#

𝑣$ → 0± 12 4𝜋 #𝑞&
" 𝑣$

"
/𝑉 2𝐶!Re(𝑞&

") 0

𝑣$ → ∞ 12 4𝜋 #𝑞&
'" 𝑟(

"/𝑉 2𝐶!Re(𝑞&
") 0

bound 2 4𝜋 "Re(−𝑟() 2𝐶!Re(𝑞&
") 2𝐶!Im(𝑞&

")

We consider a two-body system in free space in evaluating the contacts. In such a system,

ǫ in Eqs. ( , , ) becomes a good quantum number, and G(Rij;E− ǫ) becomes a delta

function in the energy space. We consider the wavefunction, Ψ[2](r1, r2) = φc(R12)ψ(r12),

for scattering states, where φc(R12) is a normalized wavefunction of the center of mass and

ψ(r12) =
√

8π/V [i/(cot η − i)][ cot ηj1(qǫ|r12|) − n1(qǫ|r12|)]
∑

m Y1m(r̂12). Fig. shows the

dependence of C1 on ŨI when ṽp is fixed at various values. Bound state results with complex

ǫ are also shown. C1 approaches a non-zero constant in both cases with increasing ŨI . Here,

C2 = 2C1Re(q2
ǫ ). C3 = 0 if a scattering state is considered. In contrast, C3 = 2C1Im(q2

ǫ ) for

a bound state. Table. shows the analytical results in the limits, vp = 0±,∞.
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Table 5.2. Analytical expressions for thermal averaged contacts 〈Cν〉T in
different limits. The weakly interacting regime results are shown in Line 1 and
2. The results at resonance are shown in Line 3. The contributions of Bound
states exist when vp is positive and are included in Line 1. ND is the number
of dimers. λT = [(2π~

2)/(MkBT )]1/2 is the thermal wave length.

𝑣! 𝐶" # 𝐶$ # 𝐶% #

𝑣! → 0&
72 2𝜋 ' 𝑣!

$
𝜆#
($𝑁𝑛

+2 4𝜋 $Re −𝑟) 𝑁*

360 2𝜋 + 𝑣!
$
𝜆#
('𝑁𝑛 +

4 4𝜋 $Re −𝑟) Re(
𝑟)

𝑣!
)𝑁*

4 4𝜋 $Re −𝑟) Im(
𝑟)

𝑣!
)𝑁*

𝑣! → 0( 72 2𝜋 ' 𝑣!
$
𝜆#
($𝑁𝑛 360 2𝜋 + 𝑣!

$
𝜆#
('𝑁𝑛 0

𝑣! → ∞ 24 4𝜋 $ 𝑟)
$𝜆#

$𝑁𝑛 12 4𝜋 % 𝑟)
$𝑁𝑛 0

5.3.2 High temperature results from virial expansion

Using the two-body results, we study a thermal gas at high temperatures with the second

order virial expansion. The partition function is written as

Z = Z0 + e2µ/(kBT )
∑

Ec,n

(e−(Ec+ǫn)/(kBT ) − e−(Ec+ǫ0n)/(kBT )), (5.17)

where µ is the chemical potential, Ec = ~
2K2/(4M) (K) is the energy (momentum) of

thecenter of mass motion, and Z0 is the partition function of non-interacting fermions. ǫn and

ǫ0
n denote the eigenenergies of the relative motion with and without interactions, respectively.

Based on results of the two-body problem, we can derive the thermal averaged contacts

〈Cν〉T = Z−1e2µ/(kBT )(
∑

Ec
e−Ec/(kBT ))(

∑

nCν(ǫn)e−ǫn/(kBT )). Using N = kBT∂µ lnZ, we ob-

tain 〈Cν〉T . Analytical expressions of 〈Cν〉T in the weakly interacting and resonance limits

are shown in Table. .

In a homogenous system without bound states, we obtain,

∂tN =
144π

2

h
Im(vp)NnkBT +

360π
2

h
Im(

vp
v∗
p

r−1
e )

M |vp|2
~2

Nnk2
BT

2. (5.18)
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The first term in Eq. ( ) was derived in a previous work using a different approach [ ].

The second term, which leads to a different power of the dependence on T , as the contribution

from re, needs to be included in a complete expression.

The dependence on T could be completely different as a harmonic trap may exist in

experiments. In order to include the effect of an external trapping potential, we apply

the local density approximation and integrate over local contacts. As a result, we find

Ctrap
ν = [(πkBT )/(Mω2)]3/2Cν(0), where ω is harmonic trapping frequency, and Cν(0) are the

contact densities at the trap’s center (Appendix C). Consequently,

∂tN
trap =

18
√

π

h
(Mω2)

3
2 Im(vp)(N

trap)2 1√
kBT

+
45

√
π

h
(Mω2)

3
2 Im(

vp
v∗
p

r−1
e )

M |vp|2
~2

(N trap)2
√

kBT .

(5.19)

In sharp contrast to the homogeneous case, the first term now decreases with increasing T .

When the temperature increases in a trap, the molecular cloud expands such that the total

contacts and densities decrease for a fixed particle number N . Similarly, with increasing T ,

the second term increases linearly, which is slower than the homogenous case. Alternatively,

the leading order of decay rate linearly depends on T again if we consider the density at the

trap’s center (Appendix C).

Though a high temperature example is used in explaining Eqs. ( , , , ),

we need to emphasize that these universal relations are powerful tools at any temperatures.

Contacts, in particular, are no longer proportional to N2 at lower temperatures, thus showing

the crucial roles of many-body correlations in determining the reaction rate. For instance,

contacts may be directly related to superfluid order parameters below the superfluid transi-

tion temperature [ ], [ ].
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5.A The Lindblad equation

Simiar to the single-body dissipator which leads to an imaginary potential as we shown

in the Introduction chapter, the two-body dissipator leads to an imaginary inter-particle

interaction. We consider a Lindblad master equation,

~
dρ

dt
= −i[H, ρ] + D[ρ]. (5.20)

H is a Hermitian Hamiltonian. It describes the unitary time evolution. The dissipator D
provides quantum jump and it captures the two-body inelastic collisions,

D[ρ] = −
∫

d3x1 d3x2
1

2
Γ(|x1 − x2|)

(

2Ψ(x2)Ψ(x1)ρΨ†(x1)Ψ†(x2) − {Ψ†(x1)Ψ†(x2)Ψ(x2)Ψ(x1), ρ}
)

,

(5.21)

Ψ(x) satisfying {Ψ(x),Ψ†(x′)} = δ(3)(x−x′) is the fermionic field operator. (1/2)Γ(|x1−x2|)
denotes a finite-range dissipation. The loss rate of the total particle number, dN/dt =
∫

d3x(d/dt)Tr(n(x)ρ), n(x) = Ψ†(x)Ψ(x), is written as

dN

dt
= − 1

~
Tr
( ∫

d3xΨ†(x)Ψ(x)
∫

d3x1 d3x2
1

2
Γ(|x1 − x2|)

[

2Ψ(x2)Ψ(x1)ρΨ
†(x1)Ψ

†(x2)

−{Ψ†(x1)Ψ
†(x2)Ψ(x2)Ψ(x1), ρ}

]

)

= − 1

~

∫

d3x1 d3x2 d3xΓ(|x1 − x2|)Tr
(

ρ[Ψ†(x1)Ψ
†(x2),Ψ

†(x)Ψ(x)]Ψ(x2)Ψ(x1)
)

=
2

~

∫

d3x d3x′Γ(|x′ − x|)
〈

Ψ†(x)Ψ†(x′)Ψ(x′)Ψ(x)
〉

.

(5.22)

For any finite range dissipator, this equation is valid. In zero-range approximation, Γ =

gδ(3)(x − x′), the loss rate reduces to [ ], [ ], [ ]

dN

dt
=

2

~
g
∫

d3x
〈

Ψ†(x)Ψ†(x)Ψ(x)Ψ(x)
〉

. (5.23)

109



Reference [ ] considered two-component fermions and obtained d〈N1〉/dt = d〈N2〉/dt =

−[~/(2πm)]Im(1/a)C, where N1 (N2) is the number of spin-up (spin-down) fermions, a and

C denote the s-wave scattering length and the s-wave contact, respectively.

We note that Eq. ( ) is equivalent to results derived from a non-Hermitian Hamilto-

nian, namely, the Hamiltonian with a complex interaction as we shown in the main text,

provided UI is identified with Γ. Therefore, as the probability of having more than two

particles at small distances is negligible in dilute systems, universal relations obtained using

the Lindblad master equation are the same as what we obtained in the main text.

5.B Universal relations

In the section, we provide the detailed derivations of universal relations presented in the

main text. We consider a non-Hermitian many-body Hamiltonian with complex short-range

interactions. The many-body time-dependent Schrödinger equation becomes

i~∂tΨ(r1, r2, ..., rN) =
[ N
∑

i=1

[ − ~
2

2M
∇2

i + Vext(ri)] +
∑

i>j

U(rij)
]

Ψ(r1, r2, ..., rN). (5.24)

5.B.1 Decay rate

Net current vanishes at the boundary for any finite size system. Using the time-dependent

Schrödinger equation, we obtain

∂tN =
4

~

∑

i>j

∫

dRij drijUI(rij)|Ψ(Rij, rij)|2. (5.25)

We can also write it into a second quantization form,

∂tN =
2

~

∫

d3x d3x′UI(|x′ − x|)
〈

Ψ†(x)Ψ†(x′)Ψ(x′)Ψ(x)
〉

. (5.26)
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Using Eq. ( ) in the main text, and ǫψm(rij; ǫ) = [ − (~2/M)∇2
rij

+ U(rij)]ψm(rij; ǫ), we

obtain

2i
∑

j>i

∫

dRij

∫ r0

0
drij|Ψ (Rij, rij) |2UI (rij)

−
∑

j>i

∫

dRij

∫ r0

0
drijΨ

∗ (Rij, rij)
∑

m,ǫ
ǫGm (Rij;E − ǫ)ψm(rij; ǫ)

+
∑

j>i

∫

dRij

∫ r0

0
drijΨ (Rij, rij)

∑

m,ǫ
ǫ∗G∗

m (Rij;E − ǫ)ψ∗
m(rij; ǫ)

=
~

2

M

∑

j>i

∫

dRij

∫ r0

0
drij

[

Ψ∗ (Rij, rij) ∇2
rij

Ψ (Rij, rij) − Ψ (Rij, rij) ∇2
rij

Ψ∗ (Rij, rij)
]

.

(5.27)

Note that, for the system with isotropic interactions U(r) = U(|r|) and ψm(rij; ǫ) =

ϕ(|rij|; ǫ)Y1m(r̂ij), one has [ ]

vp =
r3

0

3

r0ς − 2

r0ς + 1
, (5.28)

1

re

= − 1

r0

− r2
0

3

1

vp
+
r5

0

45

1

(vp)2
−
∫ r0

0
[ϕ(0)(r)]2r2 dr, (5.29)

where ς = {∂ ln [rϕ(r; ǫ)]/∂r}|ǫ=0. Based on Eqs. ( , ) in the main text and Eq. ( ),

we define

Css′

1m = (4π)2N (N − 1)
∫

dRijg
s∗
mg

s′

m, gsm =
∑

ǫ
q2s
ǫ Gm(Rij;E − ǫ), C1m = C00

1m, (5.30)

and obtain

∑

m

[

Im
(

−v−1
p

)

C1m +
1

2
Im

(

r−1
e

) (

C01
1m + C10

1m

)

− iκ3

(

C01
1m − C10

1m

)

+ O
(

(E − E∗)2
)

]

=
(4π)2 2M

~2

∑

i>j

∫

dRij

∫ r0

0
drij

∣

∣

∣

∣

∑

m,ǫ
Gm (Rij;E − ǫ)ψm(rij; ǫ)

∣

∣

∣

∣

2

UI (rij),

(5.31)
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which leads to Eqs. ( , , ) in the main text,

κ1 =Im
(

v−1
p

)

= −M

~2

∫ ∞

0
drr2

∣

∣

∣ϕ(0)(r)
∣

∣

∣

2
UI(r),

κ2 =Im
(

−r−1
e /2

)

= −M

~2
Re

(∫ ∞

0
drr2ϕ(0)∗(r)ϕ(1)(r)UI(r)

)

,

κ3 = −
∫ r0

0

{

[

Imϕ(0) (r)
]2 −

[

Imϕ̃(0) (r)
]2
}

r2 dr

=
M

~2
Im

(∫ ∞

0
drr2ϕ(0)∗(r)ϕ(1)(r)UI(r)

)

,

(5.32)

where ϕ̃(0) (r) is a wave function obtained from extending the actual wave function ϕ(0) (r)

outside the potential (r > r0) into the regime r < r0. We obtain Eq. ( ) in the main

text,

∂tN = − ~

8π
2M

[

Im(v−1
p )C1 − 1

2
Im(r−1

e )C2 + κ3C3

]

, (5.33)

where C1 =
∑

mC1m, C2 = 2
∑

m Re(C01
1m) and C3 = 2

∑

m Im(C01
1m). The above equation

leads to Eqs. ( , , ) in the main text by considering Gm(Rij;E − ǫ) = G(Rij;E − ǫ).

5.B.2 Momentum distribution

The momentum distribution of a many-body wavefunction is

n (k) =
∑N

i=1

∫

∏

j6=i
drj|

∫

driΨ (r1, r2, ..., rN) e−ik·ri|2, (5.34)

similar to systems with real interactions [ ]. Using the asymptotic form, we obtain

n(k)
kF ≪|k|≪r−1

0−−−−−−→ C1

3|k|2
∑

m

|Y1m(k̂)|2, (5.35)

which leads to

n(|k|) =
∫

dΩn(k) =
C1

|k|2 . (5.36)
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5.B.3 Density correlations

In the second quantized form, the density correlation function is written as S(r) =
∫

dR〈n(R + r/2)n(R − r/2)〉. It can be rewritten into

S(r) = N(N − 1)
∫ (

∏

k 6=i,j
drk

) ∣

∣

∣

∣

Ψ
(

r1, ..., ri = R +
r

2
, ..., rj = R − r

2
, ..., rN

)∣

∣

∣

∣

2

, (5.37)

using the many-body wavefunction. In the regime, r ≪ k−1
F , we have

S(r) =N(N − 1)
∫

dRij

∑

m

|Y1m(r̂)|2

[

|ϕ(0)
m (r)|2|g(0)

m |2 + ϕ(0)
m (r)ϕ(1)∗

m (r)g(1)∗
m g(0)

m + ϕ(1)
m (r)ϕ(0)∗

m (r)g(0)∗
m g(1)

m

]

,

(5.38)

where r = |r|. The integral over a shell allows us to obtain

P (x,D) =
∫ x+D

x
drS(r) =

1

(4π)2

∑

m

∫ x+D

x
r2 dr

[

ϕ(0)
m (r)ϕ(0)∗

m (r)C1m + ϕ(0)
m (r)ϕ(1)∗

m (r)C10
1m + ϕ(1)

m (r)ϕ(0)∗
m (r)C01

1m

]

.

(5.39)

Using Eqs. ( , ) in the main text, we obtain

∂P (x,D)

∂D

∣

∣

∣

∣

∣

D→0

=
1

16π
2

{

C1
1

x2
+ C2

1

2
+

[

−2Re(
1

vp
)C1 + Re(

1

re

)C2 − Im(
1

re

)C3

]

x

3

+

[

−2

3
Re(

1

vp
)C2 − Im(

1

vp
)C3

]

x3

5
+

[

C1

|vp|2
− Re(

1

v∗
pre

)C2 + Im(
1

v∗
pre

)C3

]

x4

9
− C2

90|vp|2
x6

}

.

(5.40)

Eq. ( ) in the main text is recovered in the first line. Higher order terms are included

in the second line. Fitting the first line with the experimental data readily allows one to

obtain the three contacts Cν provided vp and re are known. In the case where vp and re are

unknown, the fitting prefactors of the second line are then required.
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5.C Reactive molecules in a harmonic trap

The density of the reactive molecules can be well approximated by n = exp[µ/(kBT )]λ−3
T

in the high temperature regime. We apply the local density approximation in the presence

of an external potential, by replacing the chemical potential µ with the local chemical po-

tential µ(r) = µ(0) − Vext(r). For a harmonic trap, Vext(r) = (1/2)Mω2(x2
1 + x2

2 + x2
3),

ω is the harmonic frequency. The local density now becomes n(r) = exp[µ(r)/(kBT )]λ−3
T .

The chemical potential at the trap’s center, µ(0), is fixed by the total particle number,
∫

d3rn(r) = N trap. Applying this approach, we find the density at the trap’s center n(0) =

[(2πkBT )/(Mω2)]−3/2N trap. Integrating the local contacts provides the total contacts,

〈Ctrap
ν 〉T = Cν(0)

∫

e−2Vext(r)/(kBT ) dr =

(

πkBT

Mω2

)3/2

Cν(0). (5.41)

where Cν = 〈Cν/V 〉T is the contact density of νth contact at the center of the trap. If the

decay rate at the center of the trap β̃, which satisfies

∂tn(0) = −β̃n2(0), (5.42)

is considered, one has

β̃
∣

∣

∣

vp→0
(T ) = 36

√
2π

2d3
h

~ω

h

∣

∣

∣

∣

∣

vp
d3
h

∣

∣

∣

∣

∣

2 [

Im

(

d3
h

vp

)

k2
Fd

2
h

T

TF
− 5

2
Im

(

vp
v∗
p

dh
re

)

k4
Fd

4
h

T 2

T 2
F

]

,(5.43)

β̃
∣

∣

∣

vp→∞
(T ) = −24

√
2π

2d3
h

~ω

h

∣

∣

∣

∣

re

dh

∣

∣

∣

∣

2
[

Im

(

dh
re

)

+ 2Im

(

− re

r∗
e

d3
h

vp

)

1

k2
Fd

2
h

TF
T

]

. (5.44)

where kF = (2Mω/~)1/2(3N trap)1/6, TF = (~ω/kB)(3N trap)1/3, and dh = [~/(Mω)]1/2.

5.D Measure microscopic parameters in a two-body system

In this section, we provide a means of measuring the microscopic parameters κν using a

two-body system. In a two-body system, ∂tN is determined by Im(ǫ). To be more explicit,

we can rewrite Equation ( ) as ∂tN = −[(~C1)/(8π
2M)][κ1 +2Re(q2

ǫ )κ2]/[1+C1κ3/(16π
2)].

Since the contact C1 and the real part of the energy can be measured from the momentum
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distribution and a spectroscopy measurement, respectively, κ1,2,3 can be accessed from the

experimental data of the decay rate.
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6. ANALOGUE BLACK HOLES IN REACTIVE MOLECULES

This chapter is based on and modified from the article [ ] by R. Zhang, C. Lv, and Q.
Zhou, Analogue Black Holes in Reactive Molecules, arXiv preprint arXiv:2204.04595, (2022)

The previous chapter shows that contacts, the central quantities in dilute quantum sys-

tems, capture the two-body loss and deliver various universal relations that correlate two-

body physics and many-body correlation in reactive polar molecules. This chapter presents

another result brought by the dissipation and the controllability of reactive molecules, a

simulator of black hole physics. The unit reaction rate at short inter-molecular distances

acts as an event horizon. It leads to one-way traffic for matter-wave passing through the po-

tential barrier when two molecules interact by higher partial wave scattering or dipole-dipole

interactions. When the incident relative energy gets close to the maximum of the interaction

potential barrier, the scattering rate exhibits a thermal distribution in the same manner as

a scalar field scatters with a black hole. While the thermal distribution of scattering rate is

ready to be observed in the two-body loss rate, a non-unit reaction rate at short distances

allows us to study imperfect horizons in AMO setups.

6.1 Introduction

Black holes give rise to a variety of intriguing phenomena in our universe. The event

horizon provides a perfect absorption for any objects traveling towards it. As such, once

a matter or gravitational wave passes through a barrier produced by the black hole space-

time outside the event horizon, it must propagate in a one-way traffic without returning.

The potential barrier itself is responsible for producing quasi-normal modes and black hole

ringdown [ ]–[ ]. Near its maximum, the potential barrier can be well approximated

by an inverted parabola. The resultant transmission and reflection rate exhibit thermal-like

behaviors similar to a quantum mechanical problem of a particle scattered with an inverted

harmonic potential [ ]–[ ]. The effective temperature in this thermal-like scattering en-

codes the mass of the black hole. Interestingly, the inverted harmonic oscillator (IHO) also

underlies the profound Hawking-Unruh radiation [ ], [ ]–[ ]. Both the dynamics near

the event horizon and in the accelerating reference frame can be mapped to IHOs.
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While significant progress has been made in observational astronomy in the study of

black holes in the past few decades [ ], [ ], there have been long-term efforts of exploring

analogue black holes in laboratories. Therein, the spacetime metrics of black holes can be

synthesized using a variety of platforms, such as supersonic fluid [ ]–[ ], Bose-Einstein

condensates [ ]–[ ], metamaterials [ ]–[ ], and superconductor circuits [ ]. In

parallel, it has been found that certain quantum systems can be used to simulate scatterings

problems of black holes. For instance, when quantum Hall states are subject to saddle

potentials, an effective inverted harmonic potential arises, and the transmission and reflection

rate become thermal-like [ ], [ ], [ ].

In this chapter, we point out that reactive molecules with a unit probability of reaction

at a short distance provide a natural simulator to study scattering problems in black holes.

While the long-range part of the interaction between two molecules is a van der Waals

potential, chemical reactions occur or two molecules form long-lived complexes in the short

range [ ], [ ], [ ]. Some molecules like KRb have a unit probability of reaction such that

whenever the separation between two molecules decreases down to a certain short length,

chemical reactions occur with 100% probability [ ], [ ]. In other words, the incident wave

moves towards the origin in the relative motion coordinates without returning. This one-way

traffic is reminiscent of what happens to matter or gravitational waves traveling towards the

event horizon of a black hole. Moreover, when molecules interact with high partial-wave

scatterings or dipole-dipole interactions, a potential barrier arises. Near its maximum, the

potential barrier is well approximated by an inverted parabola, similar to the barrier outside

of the event horizon of a black hole. Therefore, reactive molecules could serve as a natural

quantum simulator of relevant black hole physics, as shown in Fig. .

6.2 Black Hole Physics and Inverted Harmonic Oscillators

Before moving into simulating black hole physics in the reactive molecules, we first dis-

cuss some basics of black hole scatterings. Black hole scatterings are a fundamental property

of black holes. Unlike the common thought that once a black hole is formed, anything will

be absorbed into it and nothing can escape from it, carefully solving the Einstein equations
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Figure 6.1. (a): The potential barrier (solid curves) outside the event horizon
of the Schwarzschild black hole. (b): The interaction between two molecules
with high partial-wave scattering or dipole-dipole interactions. At short dis-
tance, the unit probability of reaction leads to an absorbing boundary condition
that mimics the event horizon. In both (a) and (b), |r|2 and |t|2 denote the
reflection and transmission rate, respectively, and dashed curves denote the
IHO approximation.
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shows that both matter fields and perturbations of gravitational fields moving towards the

black hole could be reflected back due to an effective barrier outside the event horizon.

Moreover, the effective potential barrier features eigenstates with complex energies. Such

eigenstates are termed the quasi-normal modes, whose eigenenergies determine the proper-

ties of the reflected waves. To be more precise, these eigenenergies provide the ringdown

frequency and amplitude of gravitational waves emitted from black holes [ ]. While in the

scattering of ultracold atoms, we are familiar with the higher partial wave scatterings where

a potential barrier at rpb may also occur, the near threshold phase shift is determined by the

short-range physics r . rpb. Such a phenomenon where the reflected gravitational waves are

only captured by the potential barrier relies on the very fact that the presence of an event

horizon replaces the short-range physics directly by an absorption boundary condition.

An IHO serves as a minimal example in studying the scattering behavior of a potential

barrier. Its quasi-normal modes actually well capture the behavior of black hole scattering in

the eikonal limit with ℓ ≫ 1, where ℓ denotes the partial wave [ ]. In this section, we also

discuss some analytical results on IHOs and show how it is correlated to black hole physics.

6.2.1 Black hole scatterings

The spacetime metric of a Schwarzschild black hole is written as

ds2 = f(r)d(ct)2 − f(r)−1dr2 − r2dθ2 − r2 sin2 θdϕ2, (6.1)

where f(r) ≡ (1 − rs/r), and rs = 2GM/c2 denotes the Schwarzschild radius with G being

the gravitational constant, M the black hole mass and c the speed of light. The event

horizon is located where f(r) = 0, i.e., r = rs. In the so-called “tortoise” coordinate r∗,

r∗ = r + rs ln (r/rs − 1), the event horizon is moved to r∗ = −∞. A scalar field Φ(t, r, θ, ϕ)

interacting with a Schwarzschild black hole satisfies

(

− d2

dr2
∗

+ Vblackhole(ℓ, r∗)

)

ψλ(r∗) =
λ2

c2
ψλ(r∗), (6.2)

119



where we have defined the single mode field with angular momentum ℓ as

ψλ(r∗)Y
m
ℓ (θ, ϕ) = eiλtrΦ(t, r∗, θ, ϕ) (6.3)

with λ being the frequency and Y m
ℓ (θ, ϕ) the spherical harmonic function. Eq.( ) is remi-

niscent of a stationary Schrödinger equation with potential Vblackhole(ℓ, r∗),

Vblackhole(ℓ, r∗) =

(

1 − rs
r(r∗)

)(

rs
r(r∗)3

+
ℓ(ℓ+ 1)

r(r∗)2

)

. (6.4)

As shown in Fig. (a), Vblackhole(ℓ, r∗) has a potential barrier outside of the event hori-

zon. Near the maximum of the potential, it can be approximated by the IHO, where the

Hamiltonian is written as

Ĥ = −1

2

d2

dr2
∗

− 1

2
ω2(r∗ − rmax

∗ )2 +
1

2
Vblackhole(r

max
∗ ), (6.5)

where ω =
√

−1
2
∂2
r∗
Vblackhole(ℓ, r∗)|rmax

∗
and rmax

∗ is defined via ∂r∗Vblackhole(ℓ, r∗)|rmax
∗

= 0.

The larger is ℓ, the better is the approximation. We want to point out that this effective

potential approach is generic, as it applies to other matter fields or blackholes under the

Newman-Penrose formalism [ ].

6.2.2 Inverted harmonic oscillators

The IHO approximation leads to a Fermi-Dirac distribution of transmission probabil-

ity with respect to the incident energy. Using the results in Appendix A, we obtain the

approximated S matrix of scattering from black hole as

S =
Γ
(

1
2

− iE
ω

)

√
2π







−ie− πE
2ω e

πE
2ω

e
πE
2ω −ie− πE

2ω





 , (6.6)
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where E = (λ2/c2 − Vblackhole∗)/2 is now measured from Vblackhole∗. Therefore, the reflection

and transmission rate can be written as

|r|2BH =
1

e
2πE

ω + 1
; |t|2BH =

1

e− 2πE
ω + 1

, (6.7)

respectively, where |t|2BH follows a Fermi-Dirac distribution, with an effective inverse tem-

perature 2π/ω. While ω is related to the Schwarzschild radius and the number of partial

wave, the thermal-like tunneling unfolds the mass of black hole. When ℓ = 0, the effective

temperature is written as

Teff =
27

1024
√

2

~
2c4

πkBµ̃M2G2
. (6.8)

Since kBTeff determined from Eq.( ) has the dimension L−2, the same as ω, we have added

in Eq.( ) an extra factor, ~2/µ̃, where µ̃ is an arbitrary mass scale, to ensure that Teff has

the same dimension as the temperature.

For another ℓ, the corresponding Teff can be obtained in the same way. It should be noted

that there is a difference between Vblackhole∗ and Vblackhole(r
max
∗ ), a constant energy shift from

the top of the IHO to the maximum of the realistic potential. Such a shift exists since the

IHO is applied as an approximation for a generic potential barrier, such as the Pöschl-Teller

potential that has analytical solutions [ ]. With increasing ℓ, the IHO approximation

becomes better in the sense that it describes the potential barrier in a wider range of energy

and the percentage difference between Vblackhole∗ and Vblackhole(r
max
∗ ) decreases.

6.3 Reactive Molecules

In the absence of an external electric field, two molecules interact via the van der Waals

potential at large distance and the Hamiltonian of the relative motion is written as

[

d2

dr2
− ℓ(ℓ+ 1)

r2
+
β4

6

r6
+

2µǫ

~2

]

uℓ(r) = 0, (6.9)

where µ is the reduced mass, β6 is the characteristic length of the van der Waals potential,

and uℓ(r) = rψℓ(r) with ψℓ(r) being the radial wave function of ℓ-th partial wave. The
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analytical solutions have been obtained by the quantum defect theory (QDT) [ ], [ ].

The van der Waals potential and the centrifugal potential lead to an effective potential that

has a maximum. As illustrated in Fig. (b), near the potential maximum, the effective

potential can be expanded as

VvdW(r) ≈ − 1

2
µω2

(

r − 31/4β6

(ℓ(ℓ+ 1))1/4

)2

+ Vmax, (6.10)

where ω = 2ℓ(ℓ + 1)~/(
√

3µβ2
6), and the maximum of the potential is Vmax = ~

2(ℓ(ℓ +

1))3/2/(3
√

3µβ2
6). As such, similar to scatterings of a scalar field by black hole, the high

partial wave scattering of molecules can also be approximated by the IHO. The reaction

with unit probability at short distance plays the role of an event horizon. Specifically, the

asymptotic wave function at the short-range takes the following form

uℓ(r → 0) ∝r3/2

β6

exp

[

i

(

β2
6

2r2
− ν0π

2
− π

4

)]

, (6.11)

where ν0 = (2ℓ + 1)/4. The absence of exp[−iβ2
6/(2r

2)] in the wave function signifies unit

probability of reaction such that there is no outgoing flux. As such, similar to the previously

discussed black hole physics, the transmission and reflection rate become thermal-like when

the incident energy is near the maximum of the potential barrier,

Teff =
ℓ(ℓ+ 1)√

3π

~
2

kBµβ2
6

. (6.12)

Comparing Eq.( ) and Eq.( ), we see that, if identifying µ and µ̃, β6 plays the role of

the mass of a black hole, i.e., β6 ∼ MG/c2.

The comparison between the exact results of the van der Waals potential and the result

of IHO is shown in Fig. . Near the Vmax, an IHO well reproduces the result of the van der

Waals potential. The slope of log(|t|2/|r|2) is given by the frequency of the IHO near the

maximum of the barrier, as shown in Fig. (a,b). Similar to black hole scattering, there

is a small difference between V ∗
max and Vmax. We find |V ∗

max − Vmax|/Vmax ≈ 34% for ℓ = 1.

We also find that with increasing ℓ, the IHO approximation works well in a larger energy
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Figure 6.2. The reflection and transmission rate for high partial-wave scat-
terings at zero electric field. (a) and (b) depict the reflection rate |r|2 and
log(|t|2/|r|2) as a function of the energy for p-wave scattering. (c): log(|t|2/|r|2)
for various high partial-wave scatterings. In (a,b,c), solid curves are results
from the quantum defect theory. Dashed curves are results from the approx-
imation using IHO, whose frequency is determined by the potential near the
maximum of the potential barrier. With increasing ℓ, the approximation using
IHO covers a broader range of energy.
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window near, as shown in Fig. (c). Meanwhile, |V ∗
max − Vmax|/Vmax decreases. For ℓ = 4,

|V ∗
max − Vmax|/Vmax is readily as small as 3%. Therefore, such thermal-like transmission and

reflection become more evident in higher partial wave scatterings.

Whereas the energy-dependent transmission or reflection rate readily unfolds thermal-

like scatterings in theory, it is not easy to prepare molecule pairs with given relative incident

energy. What can be directly measured in experiments is the temperature-dependent two-

body loss rate Kinel
ℓ (T ), which is related to the transmission rate by a thermal average,

Kinel
ℓ (T ) = (2ℓ+ 1)

4π~
2

(2µ)3/2

∫∞
0 e

− ǫ
kBT |t|2dǫ

∫∞
0

√
ǫe

− ǫ
kBT dǫ

. (6.13)

Using QDT, we can calculate both t, r and Kinel
ℓ (T ) explicitly [ ], [ ]. When the tem-

perature is much smaller than the maximum of the barrier, we find that the loss rate is a

constant and linearly dependent on T for the s and p-wave scatterings, respectively, i.e.,

Kinel
ℓ=0 ≈ 4hā/µ and Kinel

ℓ=1 ≈ 1512.58ā3kBT/h with ā = 2πβ6/Γ(1/4)2 and h being the Planck

constant, which are consistent with the results previously obtained in Ref. [ ], [ ], [ ],

[ ], as shown in Fig. (a).

Here, we are interested in the high-temperature regime of the order of µK, which is

comparable to the typical value of the potential barrier maximum from the van der Waals

interaction and the centrifugal potential. The scatterings near the maximum of the barrier

thus become relevant. In Fig. (a), we show the two-body loss rate as a function of

temperature for p and d-wave scatterings. Though this thermal average convolutes the

previously discussed thermal-like quantum tunnelings near the maximum of the potential

barrier with scatterings at other energies, Eq.( ) shows that such a thermal average is

in fact a Laplace transform of the energy-dependent tunneling rate. An inverse Laplace

transform thus could recover the energy-dependent reflection and transmission rate from the

thermal averaged value. We have numerically confirmed that standard numerical techniques

of the inverse Laplace transform are readily capable of recovering the thermal-like quantum

tunneling from the thermally averaged decay rate. As shown in Fig. (b), using Talbot’s

method, we could reproduce energy-dependent reflection and transmission rates from 20 data

points of the thermal averaged decay rate around T = 4~2/(2µβ2
6kB). This method works so
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Figure 6.3. (a) Two-body loss rates K2,ℓ of p (circle) and d-wave (square)
scatterings. The blue and black arrows indicate the characteristic temperature
that corresponds to the maximum of the potential barrier of p and d-wave
scattering, respectively. The Red dashed line depicts the low-temperature
approximation of the p wave scattering. (b) Markers are the results from an
inverse Laplace transform of (a). Twenty temperature points in the T -axis
have been used. It recovers the transmission rate as a function of the energy
(solid and dash-dotted curves).

well that the results by inverse Laplace transformation (markers) are indistinguishable from

that given by QDT.

6.3.1 Dipole-dipole interaction

When an electric field is turned on, a dipole-dipole interaction between molecules is

induced. Whereas such an interaction is anisotropic in three dimensions, to simplify discus-

sions, we consider two dimensions and the electric field is perpendicular to the plane [ ],

[ ]. As a result, an isotropic dipole-dipole repulsion creates a potential barrier even for

s-wave scatterings. The dipole-dipole interaction depends on the electric field, providing
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another knob to control the thermal-like tunnelings. The Schrödinger equation along the

radial direction reads,

(

d2

dρ2
− m2 − 1/4

ρ2
+
β4

6

ρ6
− 2µd2

4π~2ε0ρ3
+

2µǫ

~2

)

um(ρ) = 0, (6.14)

where ε0 is vacuum permittivity, and d is the induced electric dipole moment that depends

on the electric field. m is the quantum number of the angular momentum about the nor-

mal direction of the plane. Since there is no simple analytical solution to Eq.( ), we

numerically solve it and extract the scattering properties.

Fig. shows the log of |tm|2/|rm|2 with a varying electric dipole moment for the s-wave

and p-wave scattering. In most current experiments, the trapping potential height is around a

van der Waals energy ~
2/(2µβ2

6). We thus consider incident energies smaller than ~
2/(2µβ2

6).

By increasing the dipole moment, the IHO approximation works better and better. Even for

the s-wave scattering, thermal scattering can be observed. In other words, the linear region

near Vmax becomes broader and broader by increasing the electric field, which is hopefully

to be observed in current experiments.

6.4 Imperfect Event Horizon

Whereas we have been focusing on unit reaction probabilities at a short distance, it is

worth considering smaller reaction probabilities. The reactive rate is characterized by a

dimensionless “quantum-defect” parameter 0 ≤ y ≤ 1 [ ]. y = 1 and y = 0 indicate that

the molecule collision at a short range is complete lossy and elastic, respectively. Experiments

have reported y = 0.26, 1.0 for RbCs, KRb [ ], [ ]. Recent experiments have further

shown that y can be manipulated by the external magnetic or electric field, which offers

an unprecedented means to tune the boundary condition from a perfect event horizon to

an imperfect one that partially or totally reflects the incident wave [ ]–[ ]. The latter

case mimics matter waves bouncing back and forth between the potential barrier and the

imperfect event horizon. A schematic plot of this process is shown in Fig. . Again, near

the maximum of the potential barrier, such a multiple scattering problem of IHO (Appendix

A) well captures the exact result which is obtained by QDT, as shown in Fig.
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Figure 6.4. log(|t|2/|r|2) as a function of the incident energy in the presence
of an external electric field in 2D. (a) and (b) are results of m = 0 and m = 1,
respectively. d̃ = 2µd/(4π~

2ǫ0) denotes electric field induced dipole moment.
Solid curves are results from the quantum defect theory. Dashed curves are
the results from the approximation using IHO. Arrows indicate the energy of
the potential maximum Vmax.
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6.A Scattering and multi-scattering from an inverted harmonic oscillator

We consider the Schrodinger equation

[

d2

dr2
+

1

~2
µ2ω2r2 +

2µǫ

~2

]

ul(r) = 0, (6.15)

which can be further simplified as

[

d2

dr2
+ r2 + ǫ

]

ul(r) = 0, (6.16)

by choosing the harmonic length
√

~/(µω) and energy ~ω as unit. The generic solution reads

u(r) = c1U
(

1

2
iǫ, (1 + i)r

)

+ c2U
(

−1

2
iǫ,−(1 − i)r

)

, (6.17)

where U is Weber parabolic cylinder function. U(a, z) has the asymptotic behavior at large

|z| as

U(a, z → ∞) = e−z2/4z−(a+1/2), |Arg(z)| < 3

4
π − δ,

U(a, z → ∞) = e−z2/4z−(a+1/2) ± i

√
2π

Γ(a+ 1/2)
e∓iπaez

2/4za−1/2,
1

4
π + δ ≤ ±Arg(z) <

5

4
π − δ,

(6.18)

for infinitesimal δ. We have following the asymptotic behavior of U
(

1
2
iǫ, (1 + i)r

)

U
(

1

2
iǫ, (1 + i)r

)

=r→∞ e−ir2/2(
√

2|r|)− 1
2

(iǫ+1)α,

U
(

1

2
iǫ, (1 + i)r

)

=r→−∞ e−ir2/2(
√

2|r|)− 1
2

(iǫ+1)β + eir2/2(
√

2|r|)− 1
2

(−iǫ+1)γ.
(6.19)

we have defined

α = e−iπ/8eǫπ/8, β = ei3π/8e−3ǫπ/8, γ = e−iπ/8e−ǫπ/8

√
2π

Γ((iǫ+ 1)/2)
. (6.20)
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Similarly, for U
(

−1
2
iǫ,−(1 − i)r

)

,

U
(

−1

2
iǫ,−(1 − i)r

)

=r→∞ eir2/2(
√

2|r|)− 1
2

(−iǫ+1)β∗ + e−ir2/2(
√

2|r|)− 1
2

(iǫ+1)γ∗,

U
(

−1

2
iǫ,−(1 − i)r

)

=r→−∞ eir2/2(
√

2|r|)− 1
2

(−iǫ+1)α∗.
(6.21)

To construct a scattering state, we take

u+(r) = − eiπ/4e−ǫπ/4

√
2π

Γ((−iǫ+ 1)/2)
U
(

1

2
iǫ, (1 + i)r

)

+ U
(

−1

2
iǫ,−(1 − i)r

)

= − γ∗

α
U
(

1

2
iǫ, (1 + i)r

)

+ U
(

−1

2
iǫ,−(1 − i)r

)

(6.22)

Another state with incoming state from +∞ reads

u−(r) = − γ∗

α
U
(

1

2
iǫ,−(1 + i)r

)

+ U
(

−1

2
iǫ, (1 − i)r

)

= u+(−r), (6.23)

such that u+ and u− only have transmitted wave at +∞ and −∞, respectively. We obtain

the elements of S matrix,

t =
β∗α

−γ∗β
= eǫπ/4 Γ((−iǫ+ 1)/2)√

2π

, (6.24)

r =
−|γ|2 + |α|2

−γ∗β
= −eiπ/2 eǫπ/4

1 + eǫπ

√
2π

Γ((iǫ+ 1)/2)
. (6.25)

and the transmission and reflection rate,

T = |t|2 =
1

1 + e−ǫπ , R = |r|2 =
1

1 + eǫπ
=

e−ǫπ

1 + e−ǫπ . (6.26)

T exhibits a Fermi-Dirac distribution with inverse temperature β = π.

With finite flux reflected from ±∞, the boundary condition at large distance becomes

u (r → +∞) ∝ eir2/2(
√

2|r|)− 1
2

(−iǫ+1) + e−ir2/2(
√

2|r|)− 1
2

(iǫ+1)R0. (6.27)
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where R0 is related to the quantum defect parameter y by R0 = −(1 − y)/(1 + y). By

matching the boundary condition using a linear combination of u±, we find

t(R0) =
β∗α

R0|β|2 − γ∗β
, r(R0) =

R0β
∗γ − |γ|2 + |α|2
R0|β|2 − γ∗β

. (6.28)

The reflection amplitude can be understood as a multi-scattering process,

r(R0) =
|γ|2 − |α|2

βγ∗ +

(

−|α|2
βγ∗

) ∞
∑

n=1

(

β∗

γ∗R0

)n

= r + t2
R0

1 − rR0

. (6.29)

The reflection rate becomes

R = |r|2 =
1 +R2

0(1 + eǫπ) +R0e
−ǫπ/4(1 + eǫπ)

√

2/πIm(Γ(1/2 + iǫ/2))

(1 +R2
0 + eǫπ) +R0e−ǫπ/4(1 + eǫπ)

√

2/πIm(Γ(1/2 + iǫ/2))
. (6.30)
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7. SUMMARY

In this dissertation, we discussed the interplay between symmetry, geometry, dissipation, and

quantum dynamics in ultracold systems. When certain dynamical symmetry is preserved

in quantum dynamics, the structure of the symmetry group provides us with a geometrical

approach to describe and coherently control the quantum system. Defining costs of quantum

gates leads to a metric tensor, which delivers a method in simulations of curved spacetimes

and fast transportation of quantum systems. The highly controllable interactions in ul-

tracold AMO platforms allow the realizations of the group theoretical methods in various

systems and provide us a means to simulate quantum dynamics in curved spaces without

physical distortions. Simulating hyperbolic space on a lattice system leads to a funneling

effect that attracts any initial wavepacket to the funneling mouth, equating hyperbolic space

and the lattice system gives us an unprecedented duality between non-Hermitian models

with intrinsic dissipations and curved spaces. While dissipation is undesired in conventional

systems, manipulating dissipation in a controllable manner supplies experimentalists means

to study quantum dynamics in curved spaces. We also apply contacts, a central quantity

in ultracold dilute systems, to the non-Hermitian regime in the presence of dissipation. We

show universality exists and correlates two-body loss rate, momentum distribution, and den-

sity correlation functions. These relations are valid for arbitrary microscopic parameters

and therefore deliver a unique tool to explore interacting non-Hermitian many-body systems

and engineer ultracold molecules. Meanwhile, reactive molecules to the universal limit also

provide a platform for studying black hole physics.

In Chapter 2, we considered the quantum dynamics in weakly interacting Bose gases

with time-dependent interaction strength and that in scale-invariant quantum systems in a

harmonic potential with time-dependent frequency. Both cases are characterized by a dy-

namical group, the SU(1,1) group. Using the underlying group structure, we can correlate

the quantum dynamics to trajectories on a single or multiple Poincaré disks. Such a geomet-

rical approach provides us with means of quantum control, the SU(1,1) echoes, as an analog

of the spin echo on the Bloch sphere. With this driving scheme, we can reverse the quantum

dynamics of a many-body system with SU(1,1) symmetry. In the situation where some
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perturbations break the SU(1,1) symmetry, the imperfect revival could potentially provide

us with a means to detect symmetry-breaking terms in the same spirit of using spin echoes.

In Chapter 3, the same dynamical symmetry is considered. We implement the cost

function, a continuous version of circuit depth that characterizes cost for each quantum

gate, to derive a metric. This approach equals the time spent in laboratories to either the

proper distance or proper time in curved spacetime. Using this method, we can minimize the

total time transporting one state to another by moving the quantum system along the light

cone or the geodesics. As some gates might be easier or more difficult to be implemented

than others in certain systems, we show an inhomogeneous or anisotropic cost function leads

to spacetimes with more interesting structures.

Chapter 4 moves on to the simulation of synthetic curved space in laboratories. We show

the simulation of a quantum particle moving on any Riemann surface using a lattice system

with tunable tunneling amplitudes. Using the hyperbolic space as an example, we find the

Efimov-like state and funneling effect on the corresponding lattice system. We also propose a

duality between generic non-Hermitian one-dimensional lattice models and two-dimensional

curved spaces. This duality provides us not only with a coherent picture of understanding

peculiar non-Hermitian physics but also an experimental method for simulating quantum

dynamics on curved spaces using dissipations or exploring non-Hermitian phenomena in

curved spaces.

In Chapter 5, we turn to the dilute ultracold reactive molecules. We systematically stud-

ied the universal relations for quantum gases with p-wave collision and complex interactions.

We show that both scattering volume and effective range become complex in the presence of

non-Hermiticity. Moreover, to capture the loss rate in the presence of bound states, we intro-

duce a new microscopic two-body parameter κ3. κ1,2,3 obtained from two-body physics, and

the contacts captured by many-body physics together determine the loss rate. To concretize

our discussion, we consider an exact solvable two-body quantum system as an example and

obtain a finite temperature result using the virial expansion.

In the last chapter, we continue the investigation of reactive molecules. Using exact

calculations, we demonstrate the reactive molecules allow physicists to simulate scatterings

from black holes, and the unit probability of reaction acts as an event horizon. Tuning inter-
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molecular interaction provides us with different temperatures of thermal-like scattering rates.

The ability to manipulate quantum defect parameters delivers a unique means to tune the

boundary condition from a perfect event horizon to an imperfect one. With a time-dependent

resolution of the two-body reaction process, reactive molecules are also promising candidates

for studying other profound features of black holes, such as quasi-normal modes and black

hole ringdown. Therefore, the dissipation in reactive molecules offers us an unprecedented

playground for studying black hole physics.

In conclusion, the coherent, highly controllable ultracold platforms provide us with a

unique means of studying the interplay between geometry and quantum dynamics. Exploring

the AMO toolbox has pushed the quantum simulation in laboratories to new regimes. While

there are numerous developments in this direction, and we only introduced a few, we hope

our works will stimulate more interest in implementing the geometric approach to quantum

dynamics and exploring the coherent control and universality in the presence of dissipation.
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