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Abstract

I present an overview of detailed and redundant measurements of dark matter properties, and dis-
cuss discrepancies with current limits.

1 Introduction

At the 2020 Guadeloupe meeting I presented measurements of dark matter properties published in
References [1], [2], [3], [4], and [5]. These detailed, precise and redundant measurements, summa-
rized in Table 1 below, are in disagreement with some limits on thermal relic masses [6] [7] [8] [9].
In these Proceedings I present a short overview of the measurements, and a few comments on the
disagreements.

Figure 1: Guadeloupe Islands.
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2 Motivation

We assume that dark matter is a gas of particles, either fermions or bosons. As the universe expands,
this gas becomes non-relativistic. We assume that these non-relativistic particles have negligible in-
teractions with the standard model sector, and negligible inelastic self interactions, except for grav-
itation. Let a be the expansion parameter of the universe normalized to a = 1 at the present time.
As the universe expands and cools, the root-mean-square (rms) velocity of the dark matter particles
scales as ∝ 1/a, and the dark matter density scales as ∝ 1/a3:

vhrms(a) =
vhrms(1)

a
, ρh(a) =

Ωcρcrit

a3
. (1)

Note that the adiabatic invariant vhrms(a)/ρh(a)1/3 is independent of a. (Throughout, the sub-index h
stands for “dark matter halo". We use the standard notation of [10].) The adiabatic invariant remains
constant if the mean number of particles per orbital remains constant.

Now consider a free observer in a density peak in the expanding universe. This observer feels no
gravity. The matter in this peak expands, reaches maximum expansion, and then, due to gravitational
attraction, collapses adiabatically forming the core of a galaxy. Let

√
3
〈
v2rh

〉1/2 be the rms velocity of
dark matter particles in the galaxy (vrh is the radial component), and ρ(r → 0) be the dark matter
density in the core of the galaxy. Adiabatic expansion implies

vhrms(a)

ρh(a)1/3
=

vhrms(1)

(Ωcρcrit)1/3
=

√
3
〈
v2rh

〉1/2
ρ(r → 0)1/3

. (2)

The interest in Equation (2) is that we can measure both
〈
v2rh

〉1/2 and ρh(r → 0), and hence vhrms(1),
in spiral galaxies. Furthermore, the core of spiral galaxies can have 108 times the mean dark matter
density of the universe [3], and therefore, is a promising place to study dark matter.

In conclusion, we predict that the adiabatic invariant vhrms(1) is of cosmological origin, and there-
fore is the same for all relaxed, steady-state, spiral galaxies.

Fermions vhrms(1) a′hNR × 106 mh kfs log10(Mfs/M�)

Observable [km/s] [eV] [Mpc−1]

Spiral galaxies 0.76± 0.29 2.54± 0.97 79+35
−17 0.80+0.42

−0.24 12.08± 0.50
No freeze-in/-out 0.81+0.47

−0.25 2.69+1.57
−0.84 75± 23 0.76± 0.31 12.14± 0.52

Ms distribution 0.90+0.44
−0.34 11.93± 0.56

Bosons vhrms(1) a′hNR × 106 mh kfs log10(Mfs/M�)

Observable [km/s] [eV] [Mpc−1]

Spiral galaxies 0.76± 0.29 2.54± 0.97 51+22
−11 0.51+0.28

−0.15 12.66± 0.50
No freeze-in/-out 0.26+0.16

−0.08 0.88+0.52
−0.28 113± 35 1.26± 0.50 11.49± 0.52

Ms distribution 0.90+0.44
−0.34 11.93± 0.56

Table 1: Summary of three independent measurements of the adiabatic invariant vhrms(1) [4], the
expansion parameter at which dark matter particles become non-relativistic a′hNR ≡ vhrms(1)/c, the
cut-off wavenumber of warm dark matter kfs, the transition galaxy mass Mfs, and the mass mh of
dark matter particles (for the case of zero chemical potential). The top (bottom) table is for fermions
with Nf = 2 (bosons with Nb = 1). Update of Table 2 of Reference [4].

3 Validation

To test this prediction we study spiral galaxies in the “Spitzer Photometry and Accurate Rotation
Curves" (SPARC) sample [11]. The SPARC galaxy sample includes a very broad range of lumi-
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Figure 2: Observed rotation curve vtot(r) ≡ v(r) (dots) and the baryon contribution vb(r) (triangles)
of galaxy DDO161 [11]. The dot-dash line is from vh(r)2 = v(r)2− vb(r)2. The solid lines are obtained
by numerical integration [1].

nosities, surface brightnesses, rotation velocities, and Hubble types. As an example, the rotation
curves of galaxy DDO161 are presented in Figure 2. vtot(r) ≡ v(r) is the velocity of rotation of
a test particle in a circular orbit of radius r in the plane of the galaxy. This rotation velocity v(r)
has contributions from baryons (stars in the disk and bulge, and gas), and from the halo of dark
matter: v(r)2 = vb(r)

2 + vh(r)2. The flat rotation velocity v(r) at large r determines the root-mean-
square (rms) of the radial component of the velocities of the dark matter particles

〈
v2rh

〉1/2
= vflat/

√
2.

The slopes of v(r) and vb(r) at small r determine the dark matter density in the core of the galaxy:
ρh(r → 0) = 3

[
v(r)2 − vb(r)2

]
/(4πGr2). So we are able to measure the adiabatic invariant (2) for

each SPARC galaxy.
To take full advantage of all measured rotation velocities v(r) and vb(r), we fit four boundary

conditions needed to integrate differential equations describing two self-gravitating non-relativistic
gases: dark matter and baryons. These numerical integrations are shown with continuous lines in
Figure 2. Note that we do not fit templates. Good fits are obtained assuming that the dark matter
rms velocity

√
3
〈
v2rh

〉1/2 is independent of r. This important observation implies that the velocities
of dark matter particles satisfy approximately the Boltzmann distribution. How did dark matter
acquire the Boltzmann distribution of velocities? Was dark matter ever in thermal equilibrium with
“something"? From the rotation curves of 40 well measured, relaxed, steady-state galaxies we obtain
the distribution of vhrms(1) presented in Figure 3 [3]. This distribution has a mean 0.87 km/s, and a
standard deviation of 0.27 km/s. This small relative standard deviation is noteworthy given that the
galaxies in this sample have luminosities, central densities, and central surface brightnesses that span
three orders of magnitude. We do not find any statistically significant dependence of vhrms(1) on the
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galaxy properties, see Table 2.

h
Entries  40
Mean    0.866
Std Dev    0.2728

0 0.5 1 1.5 2 2.5 3
0

1

2

3

4

5

6

7

8

h
Entries  40
Mean    0.866
Std Dev    0.2728

(1), [km/s]
hrms

Distribution of v

Figure 3: Distribution of the adiabatic invariant vhrms(1) obtained from fits to rotation curves of 40
spiral galaxies in the SPARC sample [11]. Case for chemical potential µ� 0.

From Figure 3, and a similar figure for fermions with chemical potential µ = 0 [3], we take

vhrms(1) = (0.82± 0.31)
√

1− κh km/s = 0.76± 0.29 km/s. (3)

The factor
√

1− κh is a correction for possible dark matter rotation. We take κ = 0.15±0.15 [1] [2] [3].
This range is also consistent with vhrms(1) obtained from 10 different galaxies in the THINGS sample
[2] [12].

Galaxy selection N Mean vhrms(1) Std. dev.
[km/s] [km/s]

All 40 0.866 0.273
L3.6 < 1× 109L� 11 0.838 0.297
L3.6 > 4× 109L� 11 1.036 0.192
MHI < 1× 109M� 17 0.714 0.239〈
v2rh

〉1/2
< 50 km/s 17 0.786 0.259〈

v2rh
〉1/2

> 60 km/s 16 0.969 0.227
de Vaucouleurs class 5, 6 or 7 15 0.820 0.277
de Vaucouleurs class 9 or 10 18 0.869 0.258
SBdisk < 100× 109L�/pc2 10 0.843 0.174
ρh(0) > ρb(0) 37 0.842 0.255

Table 2: Mean and standard deviation of vhrms(1) for several galaxy selections [3]. N is the number
of galaxies in the selection. L3.6 is the absolute luminosity at 3.6 µm. MHI is the mass of atomic
hydrogen gas (HI). “SBdisk" is the Disk Central Surface Brightness at 3.6 µm. The galaxy classes are
5 = Sc, 6 = Scd, 7 = Sd, 9 = Sm, 10 = Im. The data is from the SPARC sample of spiral galaxies [11].

In conclusion, we observe that, within experimental uncertainties, the “adiabatic invariant" vhrms(1)
is approximately the same for all relaxed, steady-state, galaxies in our sample. This observation sug-
gests that vhrms(1) is indeed of cosmological origin.
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We define a′hNR ≡ vhrms(1)/c. Dark matter is ultra-relativistic for a � a′hNR, and non-relativistic
for a� a′hNR. Note that the mass of matter inside the horizon at a = a′hNR is ≈ 3× 1011M�, not much
smaller than the Milky Way mass. Is this a coincidence?

4 Lower bounds to the dark matter particle mass mh

As we lower the dark matter particle massmh in the fits to the observed spiral galaxy rotation curves,
we obtain disagreement due to the onset of Fermi-Dirac or Bose-Einstein degeneracy in the galaxy
core. This disagreement sets lower bounds to mh of 16 eV for fermions, and 45 eV for bosons, at 99
% confidence [1]. These limits exclude Einstein condensation, and exclude full fermion degeneracy.
Chemical potential µ ≤ 0 is allowed for both fermions and bosons.

5 Why a core and not a cusp?

Consider galaxy UGC11914. The measured dark matter density in the core ρh(r → 0) is (2.1±0.5)×108

times the mean dark matter density of the universe Ωcρcrit [3]! What prevented dark matter from
collapsing to infinite density as suggested by simulations in the cold dark matter ΛCDM scenario?
Why a core and not a cusp? The answer: a galaxy with a given vflat =

√
2
〈
v2rh

〉1/2 has a well defined
dark matter density in the core ρh(r → 0) given by Equation (2).

6 Free-streaming

Let P (k) be the power spectrum of linear density perturbations in the cold dark matter ΛCDM model.
k is the comoving wavenumber. If dark matter is warm, the power spectrum becomes P (k)τ2(k/kfs),
where τ2(k/kfs) is a cut-off factor due to dark matter free-streaming. We use the approximation
τ2(k/kfs) = exp (−k2/k2fs) [5]. The cut-off wavenumber kfs can be calculated from a′hNR, see Refer-
ence [4]. We obtain kfs = 0.80+0.42

−0.24 Mpc−1. The halo “transition" mass, corresponding to a gaussian
cut-off factor, is defined to be Mfs ≡ 4π(1.555/kfs)

3Ωmρcrit/3. Results derived from Equation (3) are
presented in Table 1. Note that the measured Mfs is similar to the Milky Way mass, and hence ad-
dresses the “small scale crisis" problems.

7 Measurement of the cut-off wavenumber with galaxy stellar mass
distributions

Figure 4 compares galaxy stellar mass distribution predictions with observations at z ≈ 4.5. The
cold and warm dark matter models coincide for halo masses Mh > Mfs, and differ for Mh < Mfs.
Therefore, to measure the cut-off wavenumber kfs, we first adjust the relation between the halo mass
Mh and the stellar mass Ms to obtain agreement for Mh > Mfs, and obtain log10(Ms/Mh) = −1.5,
consistent with Figure 9 of Reference [13]. From Figure 4, and similar figures at z = 6, 7, and 8, we
obtain kfs = 0.90+0.44

−0.34 Mpc−1 [5]. The agreement with the value of kfs obtained in Section 6 is evidence
that kfs is indeed due to free-streaming, and confirms, once again, that vhrms(1) is of cosmological
origin.

8 Warm dark matter with no freeze-in and no freeze-out

The measurements of vhrms(1), or equivalently kfs, described above do not determine the dark matter
particle mass mh, only the dark matter temperature-to-mass ratio Th(a)/mh. To obtain mh and Th(a)
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Figure 4: Calculated stellar mass functions with the Press-Schechter [14], Ellipsoidal Collapse with
ν̃ = ν, and Ellipsoidal Collapse with ν̃ = 0.84ν [15] [16] approximations, for ΛCDM, and ΛWDM
with kfs = 1.6, 1.2, and 0.8 Mpc−1, at redshift z = 4.5, compared with observations at z ≈ 4.5 [13] [17]
[18] [19]. log10(Mh) = log10(Ms) + 1.5.

separately, we need one more constraint. It turns out that if we assume that dark matter decoupled
while ultra-relativistic and has zero chemical potential, then dark matter was in thermal equilibrium
with the standard model sector in the early universe, with the measured adiabatic invariant vhrms(1)
and the measured cosmic microwave background radiation temperature T0 [1] [2] [4]. This miracle is either
a coincidence, or strong evidence that dark matter was once in diffusive and thermal equilibrium
with the standard model sector in the early universe, and decoupled from the standard model sector
and from self annihilations while still ultra-relativistic. In other words, strong evidence that dark
matter has no freeze-in and no freeze-out. The assumption of no freeze-in and no freeze-out leads to
parameters presented in Table 1.

9 Comments on discrepancies with thermal relic limits

Fermion phase space density limits: Limits on fermion dark matter mass, from phase space density
considerations, are obtained from a study of dwarf spheroidals (dSph) of the Milky Way [6]. From
the Pauli exclusion principle the limit obtained is mDEG = 0.41 keV. Stronger limits are obtained with
additional assumptions, e.g. the Tremaine-Gunn limit. These limits assume that dwarf spheroids are
dominated by dark matter. However, at this 2020 Guadeloupe meeting, Francois Hammer presented
evidence that dwarf spheroids have negligible amounts of dark matter [20], [21], [22], [23], so these
limits need to be revised. In Section 4 above we present the corresponding limits from spiral galaxy
rotation curves.

The UV luminosity function limit: We comment on Reference [8]. The analysis in [8] is very
similar to our analysis in [5]. The conclusions, however, are quite different. In [5] we obtain excellent
agreement with observations, see Figure 4, while [8] obtains a limit on the thermal relic massmh ≥ 2.4
keV at 2σ.

There are three differences between these analysis: 1) The cut-off function in [8] has the form
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τ2 =
[
1 + (αk)2µ

]−10/µ, originally derived in [24]. This functional form is numerically the same as
our gaussian cut-off function for all practical purposes. The values of α, and the equivalent kfs’s, for
several early thermal relic masses, are presented in Table 3. The values of kfs used in [5], calculated
with the method outlined in [4], is also presented in the Table. 2) To calculate the variance σ2(M, z),
needed by the Press-Schechter calculation of the galaxy mass distribution, Reference [8] uses the
top-hat window function in k-space, while in [5] we use the gaussian window function. The “knee"
between the asymptotes for k � kfs and k � kfs is more pronounced in the former, and more rounded
in the latter analysis. However, neither 1) nor 2) can account for the very different conclusions. 3) The
main source of difference between the two analysis appears to be the different approximations for
P (k). The analysis in [5] uses Eq. (8.1.42) of Reference [25] with the astrophysical parameters in [10].
This approximation to P (k) is valid for all k, so normalizing P (k) to the measured σ8 is accurate, and
coincides with the Planck normalization in [10]. Reference [8] does not specify the approximation
used for P (k), and obtains a steeper slope in Figure 1 of [8] at large M than we do.

mh 1/α [8] kfs [8] kfs [5][4] kJ
3000 eV 48.5 Mpc−1 18.9 Mpc−1 20.9 Mpc−1 39.6 Mpc−1

1000 eV 14.3 Mpc−1 5.59 Mpc−1 7.8 Mpc−1 13.2 Mpc−1

79 eV 0.86 Mpc−1 * 0.33 Mpc−1 * 0.86 Mpc−1 1.04 Mpc−1

Table 3: Relation between the early thermal relic mass mh, and the corresponding free-streaming
cut-off wavenumber kfs, obtained by the methods described in References [8], and [5][4]. Also shown
is the Jeans wavenumber kJ : modes with k < kJ grow due to gravity, modes with k > kJ are damped
due to free-streaming. * Out of range?

Lyman-α forest limits: The Lyman-α forest allows measurements of the neutral hydrogen den-
sity profile along the line of sight to far away quasars (at redshifts z ≈ 5.5). From the analysis of
these density profiles, with model dependent simulations of the inter-galactic medium (including the
highly ionized hydrogen), the cut-off wavenumber kfs is excluded in the range from ≈ 0.4 Mpc−1 to
≈ 27 Mpc−1 [7]. In comparison, the measured galaxy stellar mass distributions presented in [5] obtain
kfs = 0.90+0.44

−0.34 Mpc−1 [5]. So, these two analysis, based on very different data sets, are incompatible.
This discrepancy needs to be resolved.

Limits from quasar gravitational lensing: We consider Reference [9]. Strong lensing with mul-
tiple images often have anomalous flux ratios between the images. The anomaly may be due to
halos with mass in the range 106M� to 108M� along the line of sight [9]. To constrain kfs it is nec-
essary to predict the halo mass function in the mass range 106M� to 108M� at redshifts z < 3. Do
we really know how to predict the halo mass function at these low masses and redshifts where the
Press-Schechter formalisms is already saturated [5]? Note that the Press-Schechter method, and its
Sheth-Tormen modification, can only be used so long as the fraction of mass locked up in halos with
mass greater than M , F (M, z), is less than approximately 0.01. If F (M, z) > 0.01, a “would be galaxy
of mass M" may “not fit", will loose mass to neighboring galaxies, and will collapse as a halo with
mass < M [4]. At z < 3, the Press-Schechter method for halos of mass M < 1012M� is already
saturated, and does not predict correctly the galaxy mass function [5].

10 Extension of the Standard Model

An integration of the Boltzmann equation for the production of sterile Majorana neutrinos after Elec-
troweak Symmetry Breaking (when sterile and active neutrinos acquire mass and couple together) is
presented in Figure 5. This example is consistent with the measurements presented in Table 1. Such
sterile Majorana neutrinos evade all current (and future?) dark matter searches, and are consistent
with Big Bang Nucleosynthesis.
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Figure 5: Example. Number density n of photons, electrons, and Majorana sterile neutrino dark mat-
ter particles withmh = 89.5 eV, divided by T 3, as a function of 1/T . T is the photon temperature. The
lifetime of this sterile Majorana neutrino is 7 × 1027 yr. Big Bang Nucleosynthesis (BBN) is satisfied.
From Reference [1].

11 Conclusions

We have presented detailed, precise, and redundant measurements of dark matter properties, that do
not depend on any particular extension of the standard model, see Table 1. These measurements
result in several “miracles": 1) the adiabatic invariant vhrms(1) is the same, within experimental un-
certainties, for 50 measured spiral galaxies, indicating that vhrms(1) is of cosmological origin; 2) the
measured vhrms(1) obtains kfs in agreement with kfs obtained from the galaxy stellar mass functions,
demonstrating that kfs is due to free-streaming and vhrms(1) is of cosmological origin; 3) the measured
vhrms(1) is consistent with no freeze-in and no freeze-out; 4) the measured transition mass Mfs is sim-
ilar to the Milky Way mass, and so addresses the “small scale crisis"; 5) the mass of matter inside
the horizon at a′hNR is ≈ 3 × 1011M�, not much less than the Milky Way mass. Are these “miracles"
coincidences, or are they suggesting that these measurements are indeed correct? In conclusion, these
measurements should be taken seriously, and the disagreements with limits need to be resolved. Na-
ture will have the last word.
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