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Abstract
Using hollow plasma channels is one approach to com-

pact positron acceleration, potentially reducing the cost and
footprint of future linear colliders. However, it is prone
to transverse instabilities since beams misaligned from the
channel axis tend to get deflected into the channel boundary.
In contrast, asymmetric electron drive beams can tolerate
misalignment and propagate stably after the initial evolu-
tion, but this has only been reported for short distances. In
this work, we use quasi-static particle-in-cell simulations
to demonstrate the instability of asymmetric drivers even
after splitting into two beamlets and reaching equilibrium.
As the driver decelerates, its particles gradually return into
the channel, making the driver susceptible to deflection by
the transverse dipole mode. To understand this behavior, the
transverse motion of an individual beam particle is modeled.
Strategies to mitigate this instability are also proposed.

INTRODUCTION
The construction of a plasma-based electron-positron col-

lider could pave the way for precision studies of the Higgs
boson and other indirect searches beyond the Standard Model
at a relatively reasonable price and compact footprint. Al-
though plasma wakefield acceleration (PWFA) has seen sig-
nificant progress when it comes to electrons [1–7], positron
acceleration remains a challenge due to plasma’s asymmetric
response to charge [8].

Positron acceleration in hollow plasma channels has been
proposed [9, 10] and demonstrated [11], but it is prone to
transverse instabilities since beams misaligned from the
channel axis tend to get deflected into the boundary by the
dipole wakefield mode [12]. The dipole wakefield mode
excited by a longitudinal charge slice is given as [12, 13]

𝑊⃗⟂1 = 𝜆(𝜉)𝑊̂⟂1(𝜉)[(⟨𝑥⟩ ̂𝑥 + ⟨𝑦⟩ ̂𝑦)],

where 𝜉 = 𝑐𝑡 − 𝑧, 𝜆 is the linear charge density of the beam,
𝑊̂⟂𝑚 is a coefficient dependent on the parameters of the
channel, and ⟨.⟩ is a quantity averaged over all the ”selected”
particles, typically at a given 𝜉 slice. To mitigate this, the
use of asymmetric (𝜎𝑥 ≠ 𝜎𝑦) electron drive beams in the
nonlinear regime was proposed. The transverse asymmetry
excites the quadrupole wakefield mode, given as [12, 13]

𝑊⃗⟂2 =𝜆(𝜉)𝑊̂⟂2(𝜉) [⟨𝑥2 − 𝑦2⟩ ( ̂𝑥𝑥− ̂𝑦𝑦) + ⟨2𝑥𝑦⟩ ( ̂𝑥𝑦 + ̂𝑦𝑥)],

which defocuses the beam along its wider axis and focuses
it along its other transverse axis. This eventually splits the
beam into two beamlets at opposite sides of the channel,
minimizing the influence of the dipole mode and allowing
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stable propagation without further deflection. Additionally, 
the electron filament in its wake is suitable for accelerating 
and focusing a trailing positron beam.

Although the stable propagation of an initially misaligned 
asymmetric electron beam has been reported [13], this was 
only numerically demonstrated for distances (40 cm) less 
than the beam’s depletion length (distance until most of the 
drive beam’s energy has been depleted, which is around 
120 cm for this case). In this work, we use quasi-static 
particle-in-cell simulations to demonstrate the instability 
of asymmetric beams even after splitting into two beamlets 
and reaching equilibrium. To better understand this behavior, 
the transverse motion of a single beam particle is modeled. 
Strategies to mitigate this instability are also proposed.

SIMULATION SETTINGS
AND PARAMETERS

Simulations are done with HiPACE++, a quasi-static 
particle-in-cell code [14]. The plasma has a density of 
𝑛0 ≈ 3.11×1016 cm−3, corresponding to a plasma frequency
of 𝜔𝑝 = √𝑛0𝑒2/𝜖0𝑚𝑒 ≈ 9.949 THz (𝜔𝑝

−1 = 100 fs) and a 
skin depth of 𝑘𝑝

−1 = 𝑐/𝜔𝑝 = 30 µm. The time step size 
is d𝑡 = 5 𝜔𝑝

−1. The inner (𝑟0) and outer (𝑅0) radii of the 
channel are 50 µm and 150 µm respectively. The simulation
domain is (−6, 6) × (−6, 6) × (−12, 0) 𝑘𝑝

−3 in 𝑥 × 𝑦 × 𝜁, where 
𝑥 and 𝑦 are the transverse coordinates and 𝜁 = 𝑧 − 𝑐𝑡 is the 
co-moving longitudinal coordinate. This domain is divided 
into 1024 × 1024 × 1024 cells, corresponding to a resolution
of 0.011 × 0.011 × 0.011 𝑘𝑝

−3. The plasma electrons are rep-
resented by 16 macroparticles per cell. The simulations are 
run for 6000 steps, corresponding to the beam propagating 
for 𝑠 = 𝑐𝑡 = 90 cm along the channel.

Unless otherwise stated, the electron beam has a mean 
energy of 5.11 GeV (𝛾 = 10000), a peak electron density of 
𝑛𝑏 = 4.2475 𝑛0 (total charge of 2 nC or 1.248 × 1010 elec-
trons), a tri-Gaussian profile with 𝜎 𝑥 = 20 µm, 𝜎 𝑦 = 10 µm, 
and 𝜎𝑧 = 30 µm, and transverse normalized emittances 
of 𝜖𝑛𝑥 = 20 µm rad and 𝜖𝑛𝑦 = 10 µm rad; this is similar 
to the drive beam used in Ref. [13]. It is represented by 
227 ≈ 1.342 × 108 fixed-weight macroparticles.

NUMERICAL DEMONSTRATION
OF INSTABILITY

To demonstrate the instability, we initially misalign the 
beam centroid from the channel axis by 0.1 µm along the 𝑥 
(⟨𝑥⟩0 = 0.1 µm). The propagation of the misaligned beam 
in the hollow plasma channel is visualized in Fig. 1, and 
the deflection of the beam centroid is shown in Fig. 2. The 
deflection along 𝑥 agrees with R ef. [ 13]: the centroid off-
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Figure 1: The propagation of a misaligned asymmetric electron beam in a hollow plasma channel. Exposed plasma ions are
shown in grey, plasma electrons are shown in blue, and beam electrons are shown in green. These show the 𝑥-𝜁 slices at
𝑦 = 0.

Figure 2: The centroid offset of the beam along 𝑥 as it propa-
gates for 𝑠. The exact final centroid offset may not necessarily 
converge at higher resolutions, but this sudden deflection at 
𝑠 ≈ 60 cm is consistent across all simulations so far.

set exponentially increases until the beam splits into two 
beamlets and reaches equilibrium, saturating at around 2 µm. 
However, at 𝑠 ≈ 60 cm, it starts rapidly deflecting again.

To better understand the behavior of the misaligned beam, 
consider the aligned case (⟨𝑥⟩ = 0). The propagation of the 
aligned beam is visualized in Fig. 3. As the beam propagates 
through the channel, the quadrupole mode splits the beam 
along its wider axis into two beamlets. At first, the separa-
tion of the two beamlets is distinct. However, as the beam 
propagates further, the beamlets begin to ”smear” and the 
beam particles gradually get spread throughout the channel. 
This is quantified in Fig. 4.

This explains the misaligned beam’s behavior: as the 
beam particles return toward the center of the channel, where 
the dipole mode is dominant, they experience a kick in the di-
rection of the initial offset and get transferred to the beamlet 
at the opposite side. This starts a feedback loop: the transfer 
of particles to the other beamlet shifts the beam centroid, 
which amplifies the dipole mode and promotes the transfer 
of more particles.

TRANSVERSE MOTION 
OF A BEAM PARTICLE

But why do the beam particles spread throughout the 
channel? Consider the relativistic form of Newton’s second 
law:

⃗𝐹 = d ⃗𝑝
d𝑡 = d

d𝑡 (𝛾𝑚0 ⃗𝑣) = 𝑚0
d
d𝑡 (𝛾 ⃗𝑣) (1)

where 𝛾 is the Lorentz factor, 𝑚0 is the particle’s rest mass, ⃗𝑣
is its velocity, and ⃗𝑎 is its acceleration. When in a wakefield

𝑊⃗, it experiences a force.

⃗𝐹 = 𝑞𝑊⃗ = 𝑚0
d
d𝑡 (𝛾 ⃗𝑣) (2)

Here, 𝑞 is the particle’s charge. If we assume the particle to
be ultrarelativistic (𝑣𝑧 ≈ 𝑐), then:

𝑞𝑊𝑧 = 𝑚0
d
d𝑡 (𝛾𝑣𝑧) = 𝑚0𝑐d𝛾

d𝑡 ⟹ d𝛾
d𝑡 =

𝑞𝑊𝑧
𝑚0𝑐 (3)

Therefore, a beam particle’s equation of motion along 𝑥 is:

𝑞𝑊𝑥 = 𝑚0
d
d𝑡 (𝛾𝑣𝑥) = 𝑚0 (𝛾𝑎𝑥 + 𝑣𝑥

d𝛾
d𝑡 ) (4)

= 𝑚0 (𝛾𝑎𝑥 + 𝑣𝑥
𝑞𝑊𝑧
𝑚0𝑐 ) (5)

𝑎𝑥 = 1
𝛾𝑚0

(𝑞𝑊𝑥 − 𝑞𝑊𝑧
𝑣𝑥
𝑐 ) (6)

The same derivation applies for motion along 𝑦.
What does Eq. (6) imply? Suppose a beam particle is

experiencing a decelerating wakefield (𝑞𝑊𝑧 < 0). If 𝑣𝑥
(𝑣𝑦) and 𝑎𝑥 (𝑎𝑦) have the same sign, then the second term
augments the transverse acceleration of the particle. If they
have the opposite signs, the second term instead hinders the
transverse deceleration of the particle. This means that if
an ultrarelativistic particle is decelerating and is subject to
(not necessarily linear) focusing forces, then its transverse
oscillations tend to increase in amplitude.

Table 1: The parameters and initial conditions (IC) used to
solve Eq. (6)

Parameter Value

𝑊𝑧 4.25 GV m−1

𝑞 −𝑒
𝑚0 𝑚𝑒

IC Value

𝛾0 10000
𝑥0 15 µm

𝑣𝑥,0 0

To validate Eq. (6), we tracked the motion of an individual
beam particle in the particle-in-cell simulation and compared
it with the equation’s prediction given the parameters and
initial conditions in Table 1. For this model, we defined the
transverse wakefield 𝑊𝑥 to be:

𝑊𝑥 =
⎧{
⎨{⎩

−𝛼𝑥, if |𝑥| ≤ 𝑟0
𝑒𝑛0
2𝜖0

(𝑥 − 𝑟2
0
𝑥 ) − 𝛼𝑟0, if |𝑥| > 𝑟0

(7)
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Figure 3: The propagation of an aligned asymmetric electron beam in a hollow plasma channel.

Figure 4: The 𝜎𝑥 of the whole beam as it propagates through
the channel. Since 𝜎𝑥 is used to quantify how spread out the
beam particles are along 𝑥, its decrease corresponds to the
return of the beam particles toward the center.

The first condition models the quadrupole mode in the chan-
nel, while the second condition models the restoring force
exerted by the exposed ions at the channel boundary. 𝛼
is a coefficient determining the strength of the modeled
quadrupole mode. We used 𝛼 = 3060 GV/m2 for 𝑠 ≤ 9 cm
and 𝛼 = 30 600 GV/m2 for 𝑠 > 9 cm, but this may be deter-
mined from the simulation itself for a better prediction.

Figure 5 shows that although the simulation and the pre-
diction do not exactly match, Eq. (6) still captures the most
essential behavior: the gradual drift toward the center of the
channel (𝑥 = 0). Ths discrepancy can be attributed to the
inaccurate model of the quadrupole mode, especially since
it changes with the transverse asymmetry of the beam.

Figure 5: Comparing the particle motion predicted by Eq.
(6) and the motion of a particle in the beam’s center slice
(𝜁 = −90 µm) in Fig. 3. The dashed line at 𝑥 = 40 µm
is for assisting in discerning the amplitude increase of the
oscillations.

POTENTIAL MITIGATION STRATEGIES
The second term (−𝑞𝑊𝑧

𝑣𝑥
𝑐 ) in Eq. (6) implies that for

as long as a decelerating wakefield exists at the beam, the

instability is unavoidable. However, one potential mitigation
strategy is making this term less significant compared to
𝑊𝑥. The quadrupole mode can be enhanced by using flatter,
more asymmetric beam profiles. However, increasing the
rms momentum spread along the beam’s wider axis may be
more effective, as shown in Fig. 6. This is because the beam
head diverges faster on its own, becoming asymmetric faster
and creating a more intense quadrupole mode in its wake.

Figure 6: The behavior of an asymmetric beam with varied
rms momentum spread. This beam is similar to the previous
ones, but it has 𝜖𝑛𝑥 = 25 µm rad (𝜎𝑝𝑥

= 1.25𝑚𝑒𝑐). Notice
that the sudden deflection is delayed to 𝑠 ≈ 75 cm and is
smaller than before. A sufficiently high 𝜎𝑝𝑥

may even elimi-
nate deflection completely within the depletion length.

CONCLUSION
In this work, we have demonstrated the instability of a

misaligned asymmetric electron beam at longer propagation
distances. We have identified its cause to be beam particles
returning to the center of the channel, making it suscepti-
ble to deflection by the dipole mode. To better understand
this behavior, the transverse motion of an individual beam
particle was modeled and then compared to particle-in-cell
simulations, with general agreement. We have also presented
a potential mitigation strategy, which is by increasing the
rms momentum spread of the beam along its wider axis.
This makes the head of the beam diverge faster, creating a
more intense quadrupole wakefield mode in its wake. Fu-
ture works could explore other mitigation strategies, such as
decreasing the longitudinal wakefield at the drive beam.
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